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Appendix D

Derivation of the Finite Time
Lyapunov Exponent

Consider an arbitrary fluid particle 2(t) in a given domain € X at time ¢. Let ®!*7 define a function
which maps a particle at time z(t) to time (¢ + 7). Given that fluid is a continuum and behaves
according to conservation of mass and conservation of momentum particles near z(t) will behave
similarly in time.

Consider the location y(t) on the opposite side of a divergent manifold where:

y(t) — (t) = 52 (t) (D.1)

Where dz(t) is an infinitismal distance in an arbitrary orientation. After some time period 7" the

particle has moved a distance of

Sx(t+T) =yt +T) —a(t+T) =0T (y) — d+T () (D.2)

Performing a Taylor expansion about x:

T dq)?_T 2 t+T
Sx(t+T) = oLt + = (y(t) = 2(t) +...0|oa(t + T)|| — T () (D.3)
d t+T
du(t+T) = —L—ou(t) (D.4)

deLtT " qattT
|62(t + T)|| = <5x(t), - - Sz (t)
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Now we define the symmetric matrix e given by:

dq)t;T * d@ng
€= . . (D.7)

Since we are investigating stretching, we notice dx(t) is maximum when aligned with the eigen-
vector associated with the maximum eigenvalue of e.

If Anaz(€) is the maximum eigenvalue of € then:

s 320+ 7)1 = 1 (5200 Amas (5210 (.5)
max||dz(¢ + T)|| = 62(t) Amaz (€) (D.9)
ma |5(t + 7)| = |[520)| v/ Amas (9 (D.10)

Now define the finite time Lyapunov exponent (FTLE) at location z at time ¢ with integration

time T as:

ol (z) = — In v/ Anax(€) (D.11)

Therefore the factor by which the flow is maximally stretched is given by:

et OITI = /X (6 (D.12)

Substituting equation (D.12) into (D.11) yields:

max ||0z(t + T)| = H(Sa;(t)‘ et @)IT] (D.13)
dx(t)




