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ABSTRACT 

Current sheets i n  inverse pinch MHD shock tubes 

exhibi t  the  strange property of forming shocks in the very 

rear  of the  sheet when accelerating heavy gases. When 

accelerating l i g h t  gases, shocks a re  formed fur ther  t o  the 

f ront  i n  the sheet ,  but in  no case do the shocks separate 

from the driving current  sheet.  This "piston dragging 

shock" e f f e c t  is explained on the b a s i s  of a single-fluid 

model with var iable  conductivity, Shocks a re  shown t o  

always form within current sheets which move a t  supersonic 

speeds with respect  t o  the driven gas, The relevant para- 

meters for  determining the shock posit ion are  the  Mach 

number and the magnetic Reynolds number. Large magnetic 

Reynolds numbers and small Mach numbers enhance forward 

shock formation. !These conditions are  obtained i n  l i g h t  

gases with high speeds of sound. Similar i ty  methods are  

developed t o  estimate gas conductivit ies,  electron tempera- 

tures .  and degrees of ionization for  the  experiments which 

are  conducted. In hydrogen typica l  e lectron temperatures 

of 4 ev a re  produced by the ohmic heating, but twice t h i s  

value is shown necessary t o  achieve separation a t  the  

current sheet speeds of 2-3 cm/~sec used. Higher current  

sheet speeds produce shocks i n  the  rear  s f  the  current  

sheet where separation can never occur. The correct  method 

s f  procedure and the relevant design parameters t o  achieve 



separation are given. The success of single-fluid methods 

in explaining plasma phenomena is especially notable, and 

these methods can be extended to other similar problems. 

Based on these methods, multiple-fluid and microscopic 

effects are easily detectable and can be accounted for. 
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I. INTRODUCTION 

In  recent  years the  use of body forces t o  produce and 

control  the  motion of f l u i d s  has received g rea t  a t t en t ion .  

The most useful  body force  is of course the  Jxll force  

produced by discharging a current  through a conducting 

f l u i d  i n  t he  presence of a perpendicular magnetic f i e l d .  

For f l u i d s  such as  l i qu id  metals t h e  problems a re  wel l  

formulated, though by no means e a s i l y  solved, t o  t h e  extent  

t h a t  c l a s s i c a l  f l u i d  mechanics techniques may be employed, 

The addi t ional  complications caused by the  body force  and 

the  equations governing i t s  behavior form the  f i e l d  of 

Magnetohydrodynamics, which, a s  %he name implies,  i s  

standard hydrodynamics i n  the  presence of magnetic f i e l d s '  

which influence the  f l u i d  flow, 

The high temperatures necessary t o  produce conduc- 

t i v i t y  i n  compressible f l u i d s ,  such a s  gases, unfortunately 

produce addi t iona l  e f f e c t s ,  and the  formulation of a 

p a r t i c u l a r  problem now becomes a s  d i f f i c u l t ,  and ce r t a in ly  

as  important, a s  t he  ac tua l  so lu t ion  of the  problem, The 

gas ,  which i s  now properly ca l led  a plasma, cons i s t s  not of 

one f l u i d ,  but  of a t  l e a s t  th ree ;  e lec t rons ,  ions, and 

neu t r a l s ,  and the  propr ie ty  of even c a l l i n g  each individual  

component a f l u i d  is i n  doubt. The treatment of a plasma 

on a microscopic s ca l e  is exceedingly d i f f i c u l t ;  it i s  a t  

Peast an order of rnaqnitude more so  than the corresponding 



k i n e t i c  theory approach t o  r a r e f i ed ,  low temperature gas 

flows. The importance of cor rec t ly  formulating the  problem 

becomes evident when one considers t he  s ign i f i can t  simpli- 

f i c a t i o n s  t h a t  can be achieved i f  t he  plasma can i n  any way 

be considered a f l u i d ,  even a multi-component one, and the  

powerful techniques of f l u i d  mechanics be brought t o  bear.  

It i s  t h e  purpose of t h i s  paper t o  inves t iga te  a f i e l d  of 

research t h a t  has suffered from both a Pack of formulation 

a s  a problem greatable  by macroscopic f l u i d  equations,  and 

a Back of understanding of the  cor rec t  macroscopic behavior. 

The demonstration of t he  a b i l i t y  t o  extend f l u i d  mechanics 

t o  new regions s f  i n t e r e s t ,  and t o  explain new phenomena, 

i s  perhaps more important than t h e  ac tua l  e luc ida t ion  of 

t h i s  p a r t i c u l a r  problem. 
I 

The probgern t o  be invest igated i s  t h a t  of accelera t -  

ing plasmas through the  use of l a rge  a r e  discharges which 

a r e  acted upon by t h e i r  own magnetic f i e l d s ,  The geometries 

a r e  many, and vary according t o  t he  purposes of t he  accel- 

e r a t ion ,  which a re  threefold;  propulsion, fus ion,  and shock 

production. The f i r s t  two do not depend e x p l i c i t l y  on the  

plasma being a f l u i d P  The t h i r d ,  however, i s  dependent on 

the  appropriateness of a f l u i d  descr ip t ion  s ince  a conven- 

t i o n a l  shock wave i s  of necessi ty a f l u i d  phenomenon in- 

volving the  hyperbolic nature of t he  macrsscopie f l u i d  

equations of motion. MiD shock tubes,  as  these  shock 

producing acce le ra tors  a r e  ca l led ,  depend f o r  t h e i r  success 



on the effect iveness  of the a rc  discharge, or  current  sheet ,  

on acting as a so l id  piston and sweeping up a l l  the  gas in 

i t s  path, as does a conventional shock tube piston.  I f  the 

current sheet does ac t  a s  an impermeable piston,  then it 

would be expected, by analogy t o  the standard shock tube, 

t h a t  a shock would be driven out in  f ront  of it, and the 

normal shock tube re l a t ions  would apply. However, it has 

been found t h a t  i n  a l l  cases where a shock does form, it 

does so within the current  sheet and never separates from 

it. This is so even though, based on the macroscopic 

equations of motion, the current sheet should be th in  

compared t o  the distance a shock would be expected t o  

separate from a conventional so l id  piston.  Because of 

t h i s ,  and in  s p i t e  of the f a c t  tha t  a shock did  form, 

experimenters were quick t o  claim t h a t  the  f lu id  equations 

did not apply, and the microscopic behavior must  be held 

accountable. This microscopic behavior, involving pa r t i c l e  

o r b i t s  and endothermic co l l i s ions ,  is important and w i l l  be 

considered i n  a l a t e r  chapter, but it can  only be investi-  

gated sensibly once the gross behavior s f  the various 

devices has been established.  This is  a l so  t rue  for  the 

propulsion applications,  and t o  some extent  may even apply 

t o  the fusion devices. For the MHD shock tubes, the micro- 

scopic behavior w i l l  be considered as  a perturbation, 

a l b e i t  an important one, on the correct  macroscopic 

behavior, which w i l l .  thus be discussed f i r s t .  



MHD a c c e l e r a t o r s  must be  d i s t i n g u i s h e d  from t h e  o l d e r  

a r c  h e a t i n g  dev ices ,  such a s  t h e  "TI' t ube ,  which employ an 

ohmic h e a t i n g  energy source and a r e  sometimes aided by a  

Jxg d r i v i n g  f o r c e  provided by a backs t rap .  The newer - 
p a r a l l e l  p l a t e ,  coax ia l  (MAST), and inver se  pinch shock 

tubes  make use of a gxg  source term a s  t h e  primary d r i v i n g  

mechanism. I n  f a c t ,  i n  t h e s e  newer dev ices  t h e  ohmic 

h e a t i n g ,  which a c t s  d i r e c t l y  on t h e  e l e c t r o n s ,  has  s o  

l i t t l e  e f f e c t  on t h e  a c c e l e r a t i o n  o r  h e a t i n g  of  t h e  heavy 

p a r t i c l e s ,  t h a t  it can be  neglected.  This is due t o  t h e  

l a r g e  mass d i f f e r e n c e  between t h e  e l e c t r o n s  and t h e  ions  o r  

n e u t r a l s  which prec ludes  energy t r a n s f e r  t o  t h e  heav ie r  

p a r t i c l e s  i n  t h e  t y p i c a l l y  s h o r t  ope ra t ing  t i m e s  i n  t h e s e  

dev ices .  Since t h e  e l e c t r o n s  c a r r y  t h e  c u r r e n t ,  t h e  fo rce  

a c t s  d i r e c t l y  on them, b u t  t h e  s h o r t  Debye l e n g t h  e f f e c t i v e -  

l y  couples  them t o  t h e  ions  i n  t r a n s f e r r i n g  momentum. The 

ions ,  i n  t u r n ,  a r e  coupled t o  any n e u t r a l s  p resen t  through 

e i t h e r  a l a r g e  e l a s t i c  o r  charge exchange c r o s s  s e c t i o n .  

These assumptions w i l l .  b e  used a s  a  f i r s t  approximation t o  

j u s t i f y  t h e  use  of a  macroscopic t rea tment  of t h e  plasma 

flow and shock formation phenomenon, bu t  l a t e r ,  d e v i a t i o n s  

from t h e s e  cond i t  ions  w i l l  be  considered. 

Previous f l u i d  models f o r  MHD shock tubes  have been of 

two types ;  t h e  d e t a i l e d  shock s o l u t i o n ,  and t h e  s i m p l i f i e d  

combined shock and p i s t o n  so lu t ion .  'Fhe f i r s t  type  t r e a t s  



only t h e  shock i t s e l f ,  assuming e i t h e r  a  s i n g l e - f l u i d  model 

wi th  given f i n i t e  c o n d u c t i v i t i e s  such a s  M a r s h a l l ' s  (Ref. 1) 

o r  more complicated mul t i - f lu id  behavior  wi th  chemical 

r e a c t i o n s  t y p i f i e d  by Gross ' work (Ref. 2 )  , The second 

type  i s  t h e  snowplow, o r  i n f i n i t e  conduc t iv i ty  s i m i l a r i t y  

s o l u t i o n  of Gre i f inger  and Cole (Ref. 3 )  which t r e a t s  t h e  

problem a s  a  whole. However, t h i s  method s t i l l  does nothing 

t o  e l u c i d a t e  t h e  i n t e r a c t i o n  between the driving f o r c e  and 

t h e  r e s u l t a n t  shock, s i n c e  t h e  d r i v i n g  f o r c e  f i e l d  is  

assumed t o  be  i n f i n i t e l y  t h i n .  Since t h i s  f o r c e  f i e l d  

shock i n t e r a c t i o n  i s  t h e  primary c h a r a c t e r i s t i c  of a l l  MHD 

shock tubes ,  it must be  accounted f o r  i n  any macroscopic 

f i r s t  approximation of  t h e  flow problem. The p a t t e r n  t o  be 

foPlowed i n  t h i s  paper w i l l  be  a  s e r i e s  of ref inements  on 

t h e  s imples t  model one can c o n s t r u c t  which s t i l l  e x h i b i t s  

t h e  g r o s s  behavior  observed i n  experiments.  The more 

advanced ref inements  w i l l  depend on t h e  experimental  r e s u l t s  

themselves f o r  eva lua t ing  t h e  microscopic in f luences  which 

a r e  t o o  complicated t o  e s t ima te  by t h e o r e t i c a l  methods a lone ,  

The v a l i d i t y  of t h e  o r i g i n a l  assumptions can then  be  

evalua ted  t o  determine t h e  consis tency s f  t h e  method. 

In order  t o  i n v e s t i g a t e  t h e  d e t a i l s  of  t h e  shock 

formation problem, a  simple,  one dimensional,  s t a b l e ,  and 

r e p e a t a b l e  experiment is  des i red .  The inver se  pinch 

geometry, f i r s t  conceived by Eiepmann and VBases (Ref-  41,  

s a t i s f i e s  all t h e s e  requirements and o f f e r s  g r e a t  advantages 



over the pinch, p a r a l l e l  p l a t e ,  and coaxial geometries for  

t h i s  pa r t i cu la r  problem. It has the fur ther  advantage of 

yie lding a s imi la r i ty  solution with a constant speed shock 

and piston for  a l inea r ly  r i s i n g  discharge current ,  which 

can eas i ly  be produced experimentally. The so-called snow- 

plow speed derived from a simple momentum balance, assuming 

a l l  the gas t o  be swept in to  a th in  sheet ,  w i l l  be the 

cha rac te r i s t i c  velocity of the  problem. I n i t i a l  experiments 

i n  the inverse pinch yielded the somewhat s t a r t l i n g  r e s u l t  

t h a t  a shock was always located within the current  sheet ,  

and for  heavy qases was in  f a c t  located in  the very rear- 

most portion of the  sheet.  This would correspond t o  a 

pis ton dragging a shock behind i t ,  and for  t h i s  reason s i m -  

p le  f l u i d  mechanical arguments were considered inadequate 

t o  explain t he  action of the  device. Exotic models such 

as  a current  carrying electron sheet dragging an ion sheet 

were proposed, but were quickly ruled out from energy con- 

s iderat ions .  More plausible  arguments considering ion 

s l i p  (Ref. 6)  were proposed t o  deal  with the growth of the  

current  sheet ,  but they could i n  no way account f o r  the 

observed shock formation phenomena. 

Current sheet growth w i l l  be considered here from 

gross conductivity arguments, and the relevant atomic cross 

sect ions  fo r  both conductivity and ion s l i p  w i l l  be dis- 

cussed i n  the sect ion dealing with atomic parameters. The 

most s igni f icant  observation as t o  the  posit ion of the 



shock within the current  sheet w i l l  be t rea ted  purely from 

f l u i d  mechanical arguments, which w i l l  be shown adequate t o  

explain the observed phenomena. These arguments w i l l  a lso 

both qua l i t a t ive ly  and quant i ta t ive ly  account f o r  the  

strange dependence of the  shock posit ion on the atomic mass 

of the  driven gas (Refs. 6 ,  1 2 )  . 



11. QUALITATIVE BEHAVIOR OF DIFFUSIVE FORCE FIELDS USED TO 
ACCELERATE GASES 

2.1 ~ q u a t i o n s  of Motion With a Source Term 

The s imples t  model f o r  gas  a c c e l e r a t i o n  by 2x2 body 

f o r c e s  must a t  l e a s t  account f o r  two t h i n g s ;  t h e  d i s t r i b -  

u ted  n a t u r e  of t h e  f o r c e  f i e l d  and its permeabi l i ty .  To 

o b t a i n  an i n t k i t i v e  f e e l i n g  f o r  t h e  p o s s i b l e  phenomena, an 

i d e a l ,  i n v i s c i d ,  and non-heat conducting f l u i d  w i l l  be  con- 

s i d e r e d  s u b j e c t  t o  a momentum source term i n  i t s  equat ions  

of motion. A l l  shock producing devices  r e q u i r e  some such 

source term t o  produce g r a d i e n t s  i n  t h e  flow v a r i a b l e s ,  

which w i l l  s teepen i n t o  a narrow region  of h igh  g r a d i e n t s  

due t o  t h e  hyperbol ic  n a t u r e  of  t h e  equat ions .  The c l a s s i -  

c a l  shock tube p i s t o n  can be  thought of  a s  e i t h e r  a s t e p  

func t ion  source of  mass o r  a d e l t a  func t ion  of app l i ed  

f o r c e .  Exploding wi res ,  l a s e r s ,  and MID a c c e l e r a t o r s  make 

use  s f  mass, energy, and momentum r e s p e c t i v e l y  a s  t h e  

primary source t e r m s  t o  produce shock waves. The momentum 

source term considered i n  t h i s  simple case  w i l l  be  one 

dimensional,  and of cons tan t  b u t  a r b i t r a r y  shape. 

References w i l l .  b e  made t o  t h e  - -  JxB body f o r c e  i n  a con- 

duc t ing  plasma, b u t  t h e  fol lowing d i scuss ion  a p p l i e s  

equa l ly  we l l  t o  any p o s s i b l e  body f o r c e  i n  an i d e a l  f l u i d .  

Sec t ion  111 w i l l  t a k e  i n t o  account t h e  behavior  s f  t h e  

s p e c i f i c  - JxB - f o r c e  of  f i n a l  i n t e r e s t .  It  is  t h e  use  of  t h e  

momentum source t e r m  a lone t h a t  r e t a i n s  t h e  most e s s e n t i a l  



n a t u r e  of t h e  problem, and which w i l l  a l low a n a l y t i c  

s o l u t i o n s  t o  be  der ived  t o  h e l p  v i s u a l i z e  t h e  shock tube  

behavior .  

For tfie case  of  a f o r c e  f i e l d  t r a v e l i n g  through t h e  

f l u i d  a t  some cons tan t  speed U,  t h e  mass and qomentum 

equat ions  a r e  simple t o  w r i t e .  However, c a r e  must be  taken 

i n  w r i t i n g  t h e  energy equat ion  t o  make it c o n s i s t e n t  wi th  

t h e  assumption of  ohmic h e a t i n g  having no e f r e c t  on t h e  

heavy p a r t i c l e s  ( o r  g r o s s  f l u i d ) .  Ignor ing  v i s c o s i t y  and 

thermal conduc t iv i ty ,  t h e  equat ions  o f  motion can b e  w r i t t e n  

a s  follows: 

wi th  s tandard  no ta t ion .  The t o t a l  r a t e  of work done by t h e  

e x t e r n a l  f o r c e  f  i e l d  is Uf ( x  - U t )  , of which uf  ( x  - U t )  

goes d i r e c t l y  i n t o  a c c e l e r a t i n g  t h e  f l u i d .  The remainder, 

(U - u ) f  (x  - U t )  i s  an e f f e c t i v e  f r i c t i o n  due t o  t h e  fo rce  

f i e l d  moving f a s t e r  than  t h e  f l u i d e  This  mayP o r  may not  be 

accounted f o r  i n  t h e  h e a t  input  term q, depending on whether 

t h e  h e a t  of  f r i c t i o n  is  o r  is no t  t r a n s f e r r e d  t o  t h e  f l u i d .  

For t h e  case  of  a Jxg f o r c e  caused by a moving c u r r e n t  

s h e e t ,  the f r i c t i o n  t e r m  is  due t o  t h e  f i n i t e  conduc t iv i ty  



which allows the current  t o  d i f fuse  through the gas. I t  

i s  shown i n  section I11 t h a t  t h i s  f r i c t i o n  is jus t  the ohmic 

d iss ipa t ion  and should be ignored i n  the flow equations for  

the  heavy p a r t i c l e s .  In  t h a t  case the electrons a c t  as a 

separate heat absorbing medium. In t h i s  general discussion 

the heat of f r i c t i o n  is a l so  assumed not t o  go in to  the 

f l u i d  under consideration and q is s e t  equal t o  zero, 

Thus, the  energy equation reduces t o  the simple form: 

where s is the entropy, A s  long as  no shock i s  formed the 

entropy remains constant. 

Using the f a c t  t h a t  the  entropy i s  constant t o  r e l a t e  

the  density p t o  the  sound speed a, and t ransfer r ing  t o  a 

moving frame X = x - Ut, u" IJ - u ,  the mass and momentsum 

equations become: 

with the a rb i t r a ry  force applied so tha t  it is proportional 

t o  p .  Written in  cha rac te r i s t i c  form with cp = - u g  + a #  

$ = -  u g  - a ,  the  equations a re  a s  follows: 



The i n i t i a l  value problem i s  the important case t o  consider 

where rp = qo, $ = 4, a t  t = 0 for  a l l  X. However, it i s  

useful  t o  look f i r s t  fo r  steady solutions since the i n i t i a l  

value problem w i l l  contain regions of steady flow. Steady 

solut ions  can only be wri t ten implic i t ly ,  and are  most 

eas i ly  expressed i n  the physical var iables  u' and a. Call- 

ing n = 2 / ( ~  - I), the  steady solutions are: 

These two equations, plus the standard shock jump conditions 

give a f u l l  description of the flow i n  regions where tran- 

s i e n t s  from the  i n i t i a l  s t a r t i n g  process a re  not important. 

To t r e a t  the  t r ans ien t s ,  which include the phenomenon of 

shock formation, the  f u l l  time dependent equations (1) and 

( 2 )  must be used with a numerical scheme employed t o  

in tegra te  along both s e t s  of charac ter i s t ics  q and $,  

However, t h i s  scheme can be great ly  simplified by choosing 

a f i c t i t i o u s  gas with a spec i f ic  heat r a t i o  Y = 3 ,  While 

no gas of in t e res t  is  of t h i s  type, the  value of y does 

not a l t e r  the  general behavior, which i s  a l l  that i s  of 

i n t e r e s t  i n  t h i s  f i r s t  approximation. 



2.2 Y = 3 Approximation 

For a gas  wi th  Y = 3 t h e  c h a r a c t e r i s t i c  equat ions  

uncouple and only (1) is necessary t o  d e s c r i b e  t h e  flow i n  

t e r m s  of v ,  a l though (2)  is of course  necessary t o  o b t a i n  

t h e  phys ica l  q u a n t i t i e s  u @ and a .  Equation (1) can now be  

w r i t t e n :  

and t h e  corresponding s teady s o l u t i o n  is  seen  t o  have two 

branches : 

>8 f o r  cpm <o (6)  . 

X 

where qm is  t h e  va lue  of  cp a t  X = =. It is immediately 

obvious t h a t  t h e r e  is  a c r i t i c a l  t o t a l  f o r c e  H = h(X)dX L 
and t h a t  t h e  equat ion  w i l l  have d i f f e r e n t  s o l u t i o n s  depend- 

2 i n g  on whether H is  g r e a t e r  o r  less than  %CL I n  t h e  X, t 

coordina tes  t h e  f l u i d  v e l o c i t y  is u ' ,  (cp = a - u ' ) ,  s o  t h a t  

t h e  flow is supersonic  f o r  cp < 0 and subsonic f o r  cp > 8 .  

2 For supersonic  flow and H l e s s  than  equat ion  (6)  must 

apply,  s i n c e  t h e  e f f e c t s  s f  t h e  t r a n s i e n t s  a r e  swept down- 

stream. For subsonic flow o r  H l a r g e  t h i s  is  no longer  t h e  

case  and t h e  e f f e c t s  o f  t r a n s i e n t s  must be  considered,  

mere a r e  t h u s  t h r e e  cases  o f  i n t e r e s t  f o r  t h e  i n i t i a l  

va lue  problem with cp, = a - W t  
0 1) Po > 0 : 2) cp, < 0, 

2 
H > &cp 3) p, < 0, H < %cpo - The c h a r a c t e r i s t i c  equat ion  

0 "  



(5)  can be wri t ten as: 

dX along = cp 

and the cha rac te r i s t i c  diagrams fo r  these cases are  drawn 

i n  f igure  1 for  a f i n i t e  force region (shown shaded). The 

shapes of the resu l tan t  disturbances a re  shown in  f igure  2 

fo r  some reasonably large time. The subsonic case (cpo > 0)  

i s  the one which would be in tu i t ive ly  expected with the 

force f i e l d  causing a disturbance in  f ront  of it which 

immediately steepens in to  a shock. However, when the  force 

f i e l d  i s  moving a t  a supersonic speed (cpo < 0). the  shock, 

i f  one occurs a t  a l l ,  is  formed within the force f i e l d  and 

i ts  posit ion depends on both the s i z e  s f  the  force f i e l d  

and the i n i t i a l  slope of the  cha rac te r i s t i c s  (value of po) .  

I n  f a c t ,  for  the  weak f i e l d  of case 3 ,  it is  seen t h a t  the  

solution consis ts  only of an expansion and compression 

region, without a shock ever being formed, It is a notable 

r e s u l t  t h a t  the  compression region do@sn8t  steepen, as it 

would be expected t o  when d iss ipa t ive  mechanisms are  not 

included, The steady solutions a re  applicable i n  these 

regions, which always include the region of applied force-  

Shock speeds can be simply derived from the physical 

equations wri t ten in  conservation form outside the applied 

force region and the problem is thus essent ia l ly  solved for  

any given h (XI 



Although t h e  c h a r a c t e r i s t i c  diagrams were drawn f o r  

Y = 3 ,  t h i s  s p e c i a l  choice i n  no way a l t e r s  t h e  behavior  of  

t h e  s o l u t i o n s .  The decoupling of  t h e  c h a r a c t e r i s t i c  

equat ions  does no t  in f luence  t h e  func t ion  of  t h e  charac ter -  

i s t i c s  i n  c a r r y i n g  information,  b u t  it does al low one s e t  

t o  be  drawn independent of  t h e  o the r .  This  should not  be  

confused w i t h  a simple wave s o l u t i o n  where only one s e t  of  

c h a r a c t e r i s t i c s  c a r r i e s  information. The approximation 

Y = 3 can even b e  j u s t i f i e d  i n  c e r t a i n  cases  f o r  r e a l  gases  

where one s e t  o f  c h a r a c t e r i s t i c s  i s  l e s s  inf luenced by t h e  

appl ied  f o r c e s  than  t h e  o t h e r  (Ref, 5) . 
One important r e s u l t  t o  n o t i c e  which is  independent of 

Y is t h e  p o s i t i o n  of t h e  expansion wave f o r  case  2. The 

rearmost c h a r a c k e r i s t i c  remaining i n  t h e  r eg ion  of  appl ied  

f o r c e  must b e  v e r t i c a l ,  a s  long a s  it i s  ou t  o f  t h e  i n f l u -  

ence of  t h e  expansion i n  t h e  $ c h a r a c t e r i s t i c s .  This  con- 

d i t i o n  w i l l  be d iscussed  f u l l y  i n  t h e  fol lowing subsect ion.  

When it is s a t i s f i e d ,  t h e  c h a r a c t e r i s t i c  d i r e c t i o n  c p ,  which 

d o e s n ' t  con ta in  Y ,  must be  zero  a t  t h e  r e a r  o f  t h e  f o r c e  

f i e l d .  This  corresponds t o  t h e  Chapman-Jouget cond i t ion  of  

t h e  flow be ing  j u s t  s o n i c  behind an explos ive ly  produced 

shock wave, and is necessary t o  so lve  f o r  t h e  complete flow 

f i e l d  i n  t h e  l i m i t i n g  cond i t ion  of  a concentrated force .  

The l a r g e  f o r c e  supersonic  case (case  2 )  is t h e  one of  

primary i n t e r e s t  f o r  most t r u e  MHD a c c e l e r a t o r s ,  al though 

c a s e  3 may have some a p p l i c a t i o n  t o  MAST type  devices  where 



it i s  doubtful i f  a  t r u e  shock i s  ever formed. In  the  

inverse pinch experiments described in  sect ion 4 ,  the  shock 

pos i t ion  was accurately defined by the  use of a piezo- 

e l e c t r i c  pressure probe. (A  shock always formed when the  

neutra l -neutra l  mean f r e e  path  was small compared t o  the  

current  sheet  dimensions.) From the  simple model. presented 

here ,  t he  important parameters governing the  shock formation 

pos i t ion  can be ascertained.  Normalizing the force, and the  

v e l o c i t i e s ,  

The condition t h a t  = 0 a t  Xs. the  shock formation 

pos i t ion ,  can be wri t ten:  

where MF = u/ao is  the  force  f i e l d  Mach number. A s  MF 

increases.  Xs decreases,  and the  shock w i l l  form fur ther  t o  

t he  r e a r  i n  the  current  sheet ,  This explains the  strange 

behavior described i n  t he  introduction where heavy gases 

y i e ld  shocks in  t h e  r e a r  s f  the  dr iv ing  p i s ton  (current  

s h e e t ) .  The phenomenon i s  due so l e ly  t o  the  l a rge  Mach 

numbers produced when dr iv ing  heavy gases a t  high speeds. 

The problem can be r e l a t e d  t o  t h a t  of supersonic choking 

where it w i l l  take longer ts choke highly supersonic flows 



down t o  sonic v e l o c i t i e s .  This can a l s o  be seen from case 

2 of f igure  1 where the  i n i t i a l l y  more hor izonta l  character- 
- 

i s t i c s  (cpo ^ I ,  MF + -) take longer t o  be turned around. 

A second important parameter i s  obviously the  value of H 

and a l so  the  d i s t r i b u t i o n  and width of t h e  force  f i e l d  

h(X).  In  t h e  more de t a i l ed  numerical so lu t ions ,  the  pis ton 

w i l l  be assumed impermeable and H w i l l  be well  defined,  but  

t he  width w i l l  be a r b i t r a r y  and w i l l  be characterized by 

t h e  magnetic Reynolds number which governs t h e  d i f fus ion  of 

t h e  current  shee t ,  The ac tua l  dependence on the  Mach number 

w i l l  a l s o  become more pronounced. Before going i n t o  t h i s  

next l eve l  of approximation, one more important so lu t ion ,  

t h a t  fo r  a concentrated force ,  can be worked out from the  

simple force  f i e l d  model which is done i n  t he  following 

subsect ion. 



2 . 3  So lu t ion  f o r  a Concentrated Force 

I n  t h e  l i m i t  of  d e l t a  func t ion  appl ied  f o r c e s ,  t h e  

previous  problem can b e  extended t o  gases  wi th  a r b i t r a r y  

Y and t h e  r e s t r i c t i o n  of  a mass dependent body f o r c e  can be 

l i f t e d .  Of course ,  no information can b e  obta ined  a s  t o  

shock formation p o s i t i o n  wi th in  t h e  f o r c e  f i e l d .  The upper 

l i m i t  on t h e  appl ied  f o r c e  is j u s t  t h e  p i s t o n  p r e s s u r e  i n  

an o rd ina ry  shock tube  i n  which a l l  t h e  d r iven  gas  is  

a c c e l e r a t e d  t o  t h e  p i s t o n  o r  f o r c e  f i e l d  v e l o c i t y .  Forces 

Pess than  t h i s  va lue  must correspond t o  leakage through t h e  

f o r c e  f i e l d ,  A good analogy f o r  t h i s  case  i s  t h a t  of 

moving a screen  through a gas .  Again, t h e  d i f f e r e n c e  i n  

screen  and gas  v e l o c i t i e s  c o n s t i t u t e s  an e f f e c t i v e  

f r i c t i o n ,  b u t  t o  be  c o n s i s t e n t ,  t h i s  h e a t  a d d i t i o n  must b e  

ignored s i n c e  only t h e  e l e c t r o n s  a r e  a f f e c t e d .  I n  f a c t ,  

so lv ing  t h e  problem wi th  and without  h e a t  a d d i t i o n  l e a d s  t o  

approximately t h e  same r e s u l t s ,  except  t h a t  t h e  gas  i n  t h e  

expansion wave behind t h e  p i s t o n  is h o t t e r  when t h e  f r i c t i o n  

term is included. Phys ica l ly ,  t h e s e  leaky p i s t o n  s o l u t i o n s  

correspond t o  cases  where a l l  t h e  gas  has  not  been f u l l y  

swept up, and t h e r e  i s  evidence of  t h i s  expansion wave i n  

t h e  inver se  pinch experiments.  

The previous  d i s c u s s i o n s  have not  explained t h e  f a c t  

t h a t  t h e  shock, once formed, is not  observed t o  s e p a r a t e  

from t h e  c u r r e n t  shee t .  For t h e  convent ional  shock tube 

wi th  a s o l i d  p i s t o n  t h e  shock s e p a r a t i o n  is obviously due 



t o  t h e  mass accumulation behind t h e  shock, b u t  i n  f r o n t  o f  

t h e  p i s t o n .  Two c r i t e r i a  can in f luence  t h e  tendency of a  

shock t o  s e p a r a t e  from a d i f f u s e ,  non-solid p i s t o n .  They 

a r e  mass accumulation ahead of  t h e  shock, and leakage 

through t h e  p i s t o n ,  bo th  e f f e c t s  be ing  impossible f o r  a  

s o l i d  p i s t o n .  The f i r s t  of  t h e s e  w i l l  be  i n v e s t i g a t e d  i n  

conjunct ion  wi th  t h e  d i scuss ion  on c u r r e n t  s h e e t  spreading 

i n  s e c t i o n  111 b u t  t h e  second e f f e c t  can be  d e a l t  wi th  i n  

t h e  p r e s e n t  d i scuss ion .  The r a t e  of s e p a r a t i o n  depends on 

t h e  amount of leakage,  and hence on t h e  s i z e  of  t h e  t o t a l  

f o r c e ,  Only t h e  p h y s i c a l l y  important supersonic  ease  

( case  2 )  wi th  shock formation w i l l  b e  considered and it is 

t h e r e f o r e  of i n t e r e s t  t o  determine t h e  minimum t o t a l  f o r c e  

necessary t o  form a shock ( r e l a t e d  t o  t h e  o l d  cond i t ion  

2 
H > J i r p O L  

When t h e  minimum f o r c e  F (where f ( x  - U t )  = F6 (x - U t )  

i s  exceeded, t h e  s o l u t i o n  w i l l  c o n s i s t  o f  an ord inary  shock 

moving f a s t e r  than  t h e  f o r c e  f i e l d ,  a  uniform reg ion  between 

t h e  two, and an expansion region  behind t h e  f o r c e  f i e l d .  

The jump cond i t ions  a c r o s s  t h e  f o r c e  a r e  der ived  from t h e  

mass, momentum, and energy equat ions  w r i t t e n  i n  conaervat ion  
- 2 2 form. c a l l i n g  i = U/U, i; = p/po.  p = p / p , ~  , j? = F / ~ ~ u  , 

t h e  jump cond i t ions  a r e  w r i t t e n :  



- - 
I n  f o r c e  f i x e d  coord ina tes ,  u' = 1 - u ,  t h e  equat ions  

become : 

In  f i n d i n g  t h e  s o l u t i o n ,  a  shock v e l o c i t y  V is  chosen 

such t h a t  U 5 V I {- * * i-+]U. and t h e  va lue  of 
- 4 

M~ F needed t o  produce it is  determined. The maximum value  of  

V corresponds t o  a  s o l i d  p i s t o n  wi th  no leakage and t h e  

corresponding maximum f o r c e  F  w i l l  be  j u s t  t h e  nsn-dimen- 

s i o n a l  p i s t o n  p ressu re  f o r  an i d e a l  shock tube.  For a  

given f o r c e  f i e l d  Mach number and a  g iven  shock v e l o c i t y  

t h e  cond i t ions  behind t h e  shock a r e  known. However, t h e r e  
- - 

a r e  only t h r e e  jump cond i t ions  t o  s o l v e  f o r  p,  u \  and 

behind t h e  f o r c e  f i e l d ,  p l u s  t h e  f o r c e  F, One a d d i t i o n a l  

cond i t ion  is requ i red ,  which i n  an ord inary  shock tube  is 

provided by matching t o  t h e  downstream expansion wave i n  

t h e  d r i v e r  gas .  Here, t h e  c o r r e c t  cond i t ion ,  f o r  t h e  case 

when t h e  f o r c e  f i e l d  is moving f a s t e r  than  t h e  escape speed 

2 of - Y - l  "0' 
i s  t h a t  cp = u + a  - U = 0 behind t h e  f o r c e  f i e l d -  

This  "escape speed" c r i t e r i o n  is der ived  i n  appendix A where 



t he  f u l l  so lu t ion  behind the  force  f i e l d  i s  found. For the  

previous y = 3 approximation, t he  escape speed is j u s t  ao, 

and a l l  supersonic force  f i e l d s  move f a s t e r  than t h i s  speed, 

so  i t s  e f f e c t  is ne;er noticed a s  a lower l i m i t  on the  

simple solut ion.  

The c ~ n d i t i o n  behind the  force  can be wri t ten:  

Since a = a / ~  can be r e l a t e d  t o  t he  other  var iab les ,  the  

problem is completely determined. A simple program, shown 

i n  appendix B, gives  a p l o t  of F as a function of t he  shock 

speed = V/U f o r  a given Y and MF = IJ/aoe % is denoted 

by RMO i n  t he  program and KK is a cont ro l ,  The r e s u l t s  a re  

shown i n  f igure  3 f o r  % = 10. Making MF l a rge r  a l t e r s  the  

r e s u l t s  only s l i g h t l y .  Also included is  the  case where 

energy instead of entropy is conserved across the  force  t o  

i l l u s t r a t e  t he  lack of influence on the  gross behavior. ~t 

is obvious from the  so lu t ion  shown i n  f igu re  3 t h a t  unless 

t he  force  is q u i t e  small,  leakage alone cannot account fo r  

the  f a c t  t h a t  t h e  shock does not separate  from t h e  current  

sheet ,  



111. CURRENT SHEET DIFFUSION 

3.1 Induct ion  Equation with a  Magnetic F i e l d  

The previous s e c t i o n  has  proceeded a s  f a r  a s  p o s s i b l e  

based on a  model wi th  an a r b i t r a r y  and non-spreading f o r c e  

f i e l d .  Even wi th  t h i s  model, a  more d e t a i l e d  knowledge of  

t h e  f o r c e  f i e l d  is requ i red  t o  determine t h e  shock formation 

p o s i t i o n  a s  def ined  by equat ion  (8 ) .  Also, t o  account f o r  

t h e  l ack  of  s e p a r a t i o n ,  some knowledge of  t h e  f o r c e  f i e l d  

growth is requ i red  s i n c e  it has  been shown t h a t  leakage,  

a lone ,  cannot account f o r  t h i s  f a i l u r e  t o  s e p a r a t e ,  Using 

t h e  s i n g l e - f l u i d  model, a  form s f  t h e  induct ion  equat ion  must 

b e  included i f  one wishes t o  i n v e s t i g a t e  t h e  spreading of 

t h e  c u r r e n t  s h e e t  i n  MHE) shock tubes.  Howevpr, due t o  t h e  

l a r g e  magnetic f i e l d s  which a r e  p r e s e n t ,  t h e  e l e c t r o n  

cyc lo t ron  frequency w i l l  be  l a r g e r  than  t h e  e l e c t r o n  

c o l l i s i o n  frequency, and it is  not  immediately obvious what 

e f f e c t  t h e  conduc t iv i ty  of  t h e  gas  w i l l  have on t h e  c u r r e n t  

d i f f u s i o n .  For t h i s  reason a  b r i e f  d e r i v a t i o n  of t h e  

induct ion  equat ion  w i l l  be  presented a t  t h i s  t ime,  along 

wi th  a d e r i v a t i o n  of t h e  r e l a t i o n s h i p  between ohmic hea t ing  

and f o r c e  f i e l d  f r i c t i o n .  

Figure 4 i s  a  one dimensional model of t h e  c u r r e n t  

s h e e t  wi th  t h e  q u a n t i t i e s  of  i n t e r e s t  def ined ,  Considering 

t h e  c u r r e n t  s h e e t  from t h e  s teady coord ina tes ,  t h e  i n e r t i a  

t e r m s  i n  t h e  e l e c t r o n  momentum equat ion  a r e  n e g l i g i b l e  and 



t h e  f i e l d  f o r c e s  must j u s t  ba lance  t h e  c o l l i s i o n  l o s s e s .  

Therefore,  

where ne is t h e  e l e c t r o n  number d e n s i t y .  pe i s  t h e  e l e c t r o n  

p ressu re ,  and Gi and gen a r e  t h e  momentum l o s s  terms f o r  

c o l l i s i o n s  w i t h  ions  and n e u t r a l s .  When t h e  ion  and 

n e u t r a l  v e l o c i t i e s  a re  smal l  compared t o  t h e  e l e c t r o n  

v e l o c i t y ,  ITV, i n  t h e  c u r r e n t  ca r ry ing  d i r e c t i o n ,  t h e  

c o l l i s i o n  terms can b e  wr i t t en :  

P =-n v m v  -en e  en e-e 

v and ven a r e  t h e  r e s p e c t i v e  c o l l i s i o n  f requencies  f o r  e i  

t h e  e l e c t r o n  c o l l i s i a n s  wi th  ions  and n e u t r a l s .  C a l l i n g  

vT = v + v and d e f i n i n g  an e l e c t r i c a l  r e s i s t i v i t y ,  e i  en 

and c a l l i n g  t h e  c u r r e n t  ;B = -n e v  , equat ion  (9) can be 
e -e 

w r i t t e n :  

A A 
C a l l i n g  2 = Bk, where k is  a  u n i t  vec to r  i n  t h e  z d i r e c t i o n ,  

and d e f i n i n g  a  cyc lo t ron  frequency wc = eB equat ion  (11) 
e 



t a k e s  t h e  form: 

W 
C A I  - - u lxB + - 1 vpel. (12) 

J + -  - Jxk = - v - VT 
- - 

T nee 

This  somewhat a r b i t r a r y  n o t a t i o n  can be  used t o  d e f i n e  a  

t e n s o r  conduc t iv i ty  s o  t h a t :  

W 
,a  t a k e s  t h e  form: C a l l i n g  a? = - 

VT = 

This  d e s c r i p t i o n  is u s e f u l  when computing f i e l d  q u a n t i t i e s  

b u t  is  extremely confusing when d i s c u s s i n g  d i s s i p a t i v e  

mechanisms such a s  ohmic h e a t i n g  and d i f f u s i o n  s i n c e  t h e  

increased  r e s i s t i v i t y  q fiZ due t o  t h e  cyc lo t ron  frequency T 

is not  d i s s i p a t i v e .  I n  d e r i v i n g  t h e  induct ion  equat ion ,  

equat ion  (11) w i l l  be  used r a t h e r  than  equat ions  (13) and 

(14) - 
I n  l abora to ry  coordina tes  _e3 remains unchanged and 

E = E' - Wxg . Assuming t h a t  t h e r e  is  no charge separa t ion  - - 
s o  t h a t  - J remains i n  t h e  y  d i r e c t i o n ,  equat ion (BPI becomes 



Using Maxwell's equat ions ,  

vxg = - and ox2 = Cl& t 

ignor ing  smal ler  terms,  and t a k i n g  t h e  c u r l  of equat ion  

(15) # I 

rl P - vx,,, = v x [ ~ v x E ]  + ox(;;, a t  (2x2 - ope) 1 . (16) vo e 

For t h e  one dimensional problem wi th  t h e  d i r e c t i o n s  def ined  

i n  f i g u r e  4 ,  and v a r i a t i o n  only i n  t h e  x d i r e c t i o n  

equat ion (16) t a k e s  t h e  s c a l a r  form: 

I t  is  important t o  n o t i c e  t h a t  f o r  t h e  case  when Jx = 0 

t h e  l a s t  term i n  equat ion  ( 1 6 ) ,  which g r e a t l y  a f f e c t s  t h e  

conduc t iv i ty  a s  def ined  by equat ion (13), has  no e f f e c t  o n  

t h e  d i f f u s i o n  of  t h e  c u r r e n t  s h e e t .  I n  f a c t  Sch lu te r  

shows i n  genera l  (Ref. 2 1 )  t h a t  t h i s  is t r u e  f o r  a  f u l l y  

ionized  gas  where - Jxg can be w r i t t e n  a s  t h e  g r a d i e n t  of t h e  

t o t a l  p ressu re ,  This  can a l s o  b e  extended t o  p a r t i a l l y  

ionized  gases  where t h e  heavy p a r t i c l e s  a r e  acce le ra ted  by 

g r a d i e n t s  i n  p ressu re  and e l e c t r i c  p o t e n t i a l  which a r e  

balanced by t h e  2 x 3  f o r c e s  Q i r r o t a t i o n a l  flow) . 
It  was mentioned previous ly  t h a t  t h e  hea t  input  term 

q in t h e  equat ions  sf motion f o r  a c u r r e n t  shee t  f o r c e  f i e l d  

i s  e x a c t l y  t h e  ohmic d i s s i p a t i o n .  T h i s  is  e a s i l y  seen f o r  



t h e  c u r r e n t  shee t  i n  f i g u r e  4 .  The t o t a l  energy added t o  

t h e  s teady flow i s  j u s t  J O E ' .  Using equat ion  (11): 

s i n c e  - JxB - and Ope a r e  perpendicular  t o  J. Thus aga in ,  t h e  

non-diss ipa t ive  p a r t  of t h e  r e s i s t i v i t y  has no e % f e e t .  For 

2 a conducting f l u i d  E' w O and t h e  ohmic hea t ing  qTJ is 

approximately equal  t o  t h e  f r i c t i o n  t e r m  u'JB. For an 

i n f i n i t e l y  conducting f l u i d ,  "qT = '0. t h e r e  can b e  no 

r e l a t i v e  v e l o c i t y  u' between t h e  f l u i d  and f i e l d .  For t h e  

unsteady case: 

2  J'E = qTS + U J B  w UJB . - -  

"qTJ2 is  e x a c t l y  t h e  f r i c t i o n  h e a t  input  term q which was 

ignored i n  s e c t i o n  P I .  

Some use  can b e  made of t h e  t e n s o r  equat ion  (13) .  

Since 9;, = 0: 



Thus : 

It i s  seen t h a t  t h e  Ha l l  parameter 0 c r e a t e s  a  s t r o n g  

e l e c t r i c  f i e l d  Ex and t h a t  t h e  e l e c t r o n  c u r r e n t  is due t o  

ExB d r i f t .  Equation (20)can b e  used t o  caPcula te  t h e  - -  
e l e c t r o n  number d e n s i t y  ne. S o r r e l l  (Ref. 6 )  e s s e n t i a l l y  

makes use  of t h i s  equat ion  t o  c a l c u l a t e  t h e  degree of 

i o n i z a t i o n ,  although h i s  reasoning is more phys ica l .  I f  

t h e  e l e c t r o n s  c a r r y  t h e  c u r r e n t  J then  a  f o r c e  J B w i l l  
Y '  Y 

be  exe r t ed  on them, This f o r c e  w i l l  b e  t r a n s f e r r e d  t o  t h e  

ions  through t h e  e l e c t r i c  f i e l d  Ex. Therefore J Bdx = J y 
ln ieExdx ac ross  t h e  c u r r e n t  s h e e t  where ni is  t h e  ion  

concent ra t ion  and equal  t o  ne. Since t h e  ions  must 

even tua l ly  a c c e l e r a t e  a l l  t h e  gas  by c o l l i s i o n s ,  t h e  above 

equat ion  can be  w r i t t e n  i n  t e r m s  of  t h e  vo l t age  Vx a c r o s s  

t h e  s h e e t ,  

o r  c a l l i n g  a = ni/n f o r  cons tan t  a ,  

where is t h e  t o t a l  energy pe r  p a r t i c l e  which is  known 



from gross momentum balance for any experiment. Sorrel1 

uses equation (21) to great advantage to calculate average 

degrees of ionization and confirms these measurements with 

Stark broadening data where possible. His results will be 

used in section IV to confirm some of the methods developed 

there to estimate electron temperatures and degrees of 

ionization - 



3 . 2  S i m i l a r i t y  Solu t ion  f o r  F i n i t e  Conduct ivi ty  i n  
C y l i n d r i c a l  Geometry 

The induct ion  equat ion (17) along wi th  t h e  f l u i d  

equat ions  of  motion previous ly  used i n  s e c t i o n  I1 form t h e  

second Pevel of approximation t o  be  inves t iga ted .  The most 

c r i t i c a l  a d d i t i o n a l  parameter introduced is t h e  e l e c t r i c a l  

conduc t iv i ty  u = - which governs t h e  t h i c k n e s s  of t h e  
TT 

c u r r e n t  sheet, ,  The two o t h e r  plasma t r anspoy t  parameters ,  

t h e  v i s c o s i t y  and t h e  thermal conduc t iv i ty ,  a r e  ignored,  s o  

t h a t  t h e  mathematical model d e s c r i b e s  a  f o r c e  f i e l d  of  

f i n i t e  dimension, b u t  an i n f i n i t e l y  t h i n  shock d i s c o n t i -  

n u i t y .  I n  e f f e c t ,  t h i s  a l lows t h e  flow v a r i a b l e s  p ,  u, and 

p  t o  have d i s c o n t i n u i t i e s ,  b u t  r e q u i r e s  t h e  magnetic f i e l d  

B t o  be continuous.  The shock w i l l  b e  ord inary  i n  t h e  gas  

dynamic sense ,  and not  a  so-cal led MHD shock. The flow 

equat ions  t h u s  e x h i b i t  l o c a l  hyperbol ic  p r o p e r t i e s ,  b u t  

become b a s i c a l l y  p a r a b o l i c  due t o  t h e  d i f f u s i o n  equat ion 

f o r  B. For t h i s  reason tinusual p r o p e r t i e s  must be expected, 

such a s  t h e  compression upstream of t h e  shock mentioned i n  

s e c t i o n  H I .  

m e  l e v e l  s f  s o p h i s t i c a t i o n  of t h i s  model depends 

e s s e n t i a l l y  on t h e  method of d e s c r i b i n g  t h e  conduct iv i ty  a .  

The most u s u a l  method is  t o  s e t  o equal  t o  some funct ion  of 

t h e  temperature,  However, i n  t h e s e  s h o r t  dura t ion  devices  

t h e  e l e c t r o n  temperature,  which is  the f a c t o r  t h a t  determines 

t h e  e l e c t r i c a l  conduc t iv i ty ,  beaEs no r e l a t i o n s h i p  t o  t h e  



heavy p a r t i c l e  gas temperature given by the  flow equations. 

There is not enough time f o r  t he  e lec t rons  t o  e q u i l i b r a t e  

wi th  the  heavy species.  The e lec t ron  temperature i s  then 

only a  function of the  ohmic heating,  t he  ionizat ion losses ,  

r ad i a t ion ,  and many other  e f f e c t s  t h a t  a re  too complicated 

t o  t r e a t  t heo re t i ca l ly .  The method t o  be followed here is 

t o  assume conductivi ty d i s t r i b u t i o n s  and then use the  

experimental r e s u l t s  t o  est imate the  accuracy s f  the 

assumptions. I t  i s  found t h a t  t he  general  behavior of MED 

shock producing devices is not too dependent on the  exact 

conductivity d i s t r i b u t i o n  chosen, bu t  r a the r  on the  average 

of t he  d i s t r i b u t i o n .  I n  some cases,  where t h e  shock i t s e l f  

influences the  conductivi ty,  the  devia t ion from the  theo- 

r e t i c a l  model is  obvious and the  e f f e c t  of t he  shock on the  

conductivi ty can be determined. Thus, t h i s  simple model 

even serves a s  a powerful t o o l  i n  inves t iga t ing  e f f e c t s  t h a t  

would seem t o  l i m i t  i t s  v a l i d i t y .  Its main s ignif icance is 

t h a t  it gives  one a stan6ard with which t o  compare experi- 

mental r e s u l t s ,  t h a t  has so f a r  been lacking i n  problems such 

a s  these.  The importance of t h i s  cannot be over-emphasized, 

t he  model is  not meant t o  be an exact solut ion of the  t r u e  

physical  case, but  r a the r  it i s  meant t o  e s t a b l i s h  a  view- 

point  from which t o  i n t e r p r e t  t he  experiments, I t  is a  good 

approximation f o r  many flows, and is a l so  extremely usefu l ,  

perhaps even more so, f o r  flows where a t  some point  t he  

b a s i c  assumptions break down. 



I n  o r d e r  t o  compare t h e  t h e o r e t i c a l  r e s u l t s  wi th  t h e  

geometry of  t h e  inver se  pinch (Fig. 7 ) ,  t h e  equa t ions  o f  

motion a r e  w r i t t e n  below i n  c y l i n d r i c a l  coordina tes .  The 

mass, momentum, induct  ion ,  and entropy equat ions  are: 

where B is t h e  va lue  of t h e  magnetic f i e l d  i n  t h e  8 

d i r e c t i o n .  Except f o r  t h e  c y l i n d r i c a l  geometry and t h e  

coupled d i f f u s i o n  equat ion  f o r  t h e  momentum source  term, 

t h e  equat ions  a r e  i d e n t i c a l  t o  t h e  ones used i n  t h e  genera l  

a n a l y s i s  of  s e c t i o n  I. Even f o r  a s p e c i f i e d  a ,  equat ions  

(22) a r e  extremely d i f f i c u l t  t o  so lve  s i n c e  they  con ta in  

hyperbol ic  c h a r a c t e r i s t i c s ,  b u t  are e s s e n t i a l l y  pa rabo l i c ,  

The problem can b e  s i m p l i f i e d  by looking f o r  s i m i l a r i t y  

s o l u t i o n s .  Gre i f inger  and Cole ( R e f .  3 )  have done t h i s  f o r  

e s s e n t i a l l y  t h e  same equat ions  w i t h  a = Assuming 

i n f i n i t e  conduc t iv i ty ,  however, removes a l l  d i f f u s i o n  e f f e c t s ,  

and f o r  a s i m i l a r i t y  soPution t o  apply,  r e q u i r e s  t h e  c u r r e n t  

s h e e t  t o  b e  i n f i n i t e l y  t h i n .  Thus t h e  problem is  t h e  same 

a s  f o r  an o rd ina ry  so l id  piston. In t h e i r  c a s e , .  they  have 



included an a x i a l  magnetic f i e l d  which remains p r o p o r t i o n a l  

t o  t h e  d e n s i t y  and d o e s n ' t  complicate t h e  problem. With 

a = m ,  equat ions  ( 2 2 )  y i e l d  s i m i l a r i t y  s o l u t i o n s  i n  any 

v a r i a b l e  5 a r/tn' , n '  be ing  determined by t h e  boundary 

cond i t ions .  For a  f i n i t e  conduc t iv i ty ,  s i m i l a r i t y  can a l s o  

be achieved f o r  any n ' ,  b u t  choosing n '  w i l l  determine t h e  

r a d i a l  o r  t i m e  dependence of  0 -  The most n a t u r a l  choice 

f o r  t h e  conduc t iv i ty  would be a = const .  , which can be 

f i t t e d  i n t o  a s i m i l a r i t y  s o l u t i o n  only f o r  n g  = %, (This  is 

due t o  t h e  p a r a b o l i c  d i f f u s i o n  sf t h e  c u r r e n t  s h e e t  

A r  a&.) However, t h i s  type  o f  s i m i l a r i t y  corresponds t o  a  
. - 

cons tan t  d r i v i n g  c u r r e n t ,  f o r ,  choosing B i n  t h e  form 

= 
( 5  and looking a t  t h e  s o l u t i o n  f o r  a f ixed  

l a r g e  t ime behind t h e  c u r r e n t  s h e e t ,  B must approach a  P / r  ' 

r B  dependence, Hence B 4 - - a - . A l l  i nve r se  pinches use t ,2 r 
5 

a s i n u s o i d a l  d r i v i n g  c u r r e n t  provided by a  simple capac i to r  

d ischarge  i n t o  an induc t ive  c i r c u i t .  This  can be approxi- 

mated by a  l i n e a r  c u r r e n t  f o r  t h e  i n i t i a l  phase and r e q u i r e s  

r 1 
a 5 r/t dependence, y i e l d i n g  B 4 - - a: - ' behind t h e  t 5 2  r 

c u r r e n t  s h e e t ,  The cons tan t  c u r r e n t  s o l u t i o n  is l e s s  

i n t e r e s t i n g  from a  p r a c t i c a l  viewpoint s i n c e  t h e  r e s u l t a n t  

shock waves would propagate  a t  non-constant speeds. How- 

e v e r ,  t o  f i t  a s i m i l a r i t y  . so lu t ion  t o  t h e  r e a l i s t i c ,  

Binearly i n c r e a s i n g  d r i v i n g  c u r r e n t ,  a o a B / r  dependence 

is requ i red .  

A conduc t iv i ty  dependence p ropor t iona l  t o  P/r y i e l d s  



a l i n e a r l y  expanding c u r r e n t  s h e e t  due t o  t h e  cons tan t ly  

expanding d i f f u s i v e  l eng th  s c a l e  p ropor t iona l  t o  l / a .  This  

l i n e a r  spreading is observed experimental ly ,  and can b e  

accounted f o r  by two f a c t o r s .  (1) I f  t h e  c u r r e n t  s h e e t  

o r i g i n a l l y  forms w i t h  a f i n i t e  width,  t h e  p a r a b o l i c  spread- 

ing  may not  be  d i s t i n g u i s h a b l e  from a l i n e a r  growth over 

t h e  l eng th  s c a l e s  involved. Even i f  t h e  breakdown region  

is narrow, t h e  spreading a t  Barge radii w i l l  s t i l l  appear 

l i n e a r  over small  d i s t a n c e s .  (2)  The conduc t iv i ty  depends 

on t h e  e l e c t r o n  temperature,  which, i n  t u r n ,  depends on t h e  

ohmic hea t ing .  A s  t h e  c u r r e n t  s h e e t  d i f f u s e s ,  t h e  c u r r e n t  

d e n s i t y  decreases  and t h e  ohmic hea t ing  is  reduced, y i e l d i n g  

an approximate l/r dependence i n  t h e  conduct iv i ty .  This  can 

a l s o  be  thougpt of  a s  a decrease  of  t h e  d i r e c t e d  e l e c t r o n  

v e l o c i t y  necessary t o  c a r r y  t h e  decreas ing  c u r r e n t  d e n s i t y  

J, l i kewise  y i e l d i n g  a P / r  dependence i n  t h e  conduc t iv i ty ,  

Obviously t h e  f i r s t  f a c t o r  i s  important ,  b u t  an observat ion  

o f  t h e  experimental  c u r r e n t  s h e e t  growth, a s  seen i n  

f i g u r e s  14 ,  24, and 31, shows t h a t  t h e  l i n e a r i t y  cannot be  

f u l l y  accounted f o r  by t h i s  i n a b i l i t y  to d i s t i n g u i s h  a 

p a r a b o l i c  growth r a t e  from a l i n e a r  oneo Therefore,  t h e  

B a %/r r e l a t i o n  has mer i t  o t h e r  than  j u s t  making t h e  

c a l c u l a t i o n s  p o s s i b l e .  It cannot hold near t h e  c e n t e r  of  

t h e  device  b u t ,  of  course ,  t h e  c e n t r a l  reg ion  i s  not  we l l  

def ined  experimental ly .  A f u l l  d i scuss ion  of  t h e  importance 

o f  t h e  va r ious  approximations w i l l  be  postponed u n t i l  



section IV where the s imi la r i ty  solut ions  t o  be developed 

here w i l l  be used t o  in te rpre t  the  experimental r e s u l t s  

and t o  estimate the conductivity. The extreme usefulness 

of the  s imi la r i ty  description w i l l  then become evident. 

Suffice it t o  say here,  t h a t  it is a  good approximation for  

a t  l e a s t  port ions of the  flow f i e l d ,  and w i l l  give quanti- 

t a t i v e  r e s u l t s  a s  t o  shock formation posi t ion,  but care must 

be exercised in interpret ing these r e s u l t s .  
u r r O O and a s imi la r i ty  var iable  q = - Choosing u = - r U t  

where U is some cha rac te r i s t i c  speed re la ted  to the  force 

f i e l d  speed used e a r l i e r ,  equations ( 2 2 )  can be wri t ten i n  

the  following simplif ied form: 

The normalized variables used are: 

* 
Also, Rm = p 0 r U is assumed constant. but the equations 

0 o 8 

can be modified t o  l e t  it vary with (uo = oo (q) ) . The new 

var iables  introduced are: 



which have a special significance. Greifinger and Cole 

expressed their simplified version of equations (22) in 

alu terms of a stream function Y defined by - = (p/po)rp br 
a Y  - =  2 
at - (p/po)urp and a variable @ = 2Y/r which they showed 

to be equal to the expression in equation (24). Then, 

is the ratio of the mass between q(or r) and the center, 

divided by the mass originally there. Thus @ (m)  = 1 and 

@(q,) = 0, where qc is the contact surface between gas and 

vacuum at which u = q,. S is the converted pressure term 

whose magnitude depends on the parameter K, which is given 

by the initial conditions. Calling "a" the sound speed 

JyP/p. S can be shown by simple substitution to be the 

inverse sf the local Mach number squared: 

Thus the characteristic Mach number MF is again found to be 

important, and the additional parameter governing the 

current sheet width is the magnetic Reynolds nuniber as 



might have been expected. The exact Mach number dependence 

w i l l  be seen from numerical ca lcu la t ions ,  bu t  its 

q u a l i t a t i v e  e f f e c t  can e a s i l y  be determined. Equations ( 2 3 )  

are singular at S = 1, as ehould be expected when the 

incoming flow is  decelerated t o  sonic  ve loc i ty  i n  current  

sheet  f ixed coordinates.  Allowance must be made f o r  a  

d i scont inu i ty ,  which d i c t a t e s  t h a t  a  shock must be present .  

For a  l a rge  value of X (small &IF), S w i l l  approach uni ty  

quickly and the  shock w i l l  be located a t  t he  f ron t  of t he  

current  sheet .  Again, t h i s  i s  the  same supersonic choking 

noticed i n  t he  force  f i e l d  model. 

The only d i f f i c u l t y  i n  numerically in tegra t ing  

equations ( 2 3 )  i s  knowing how t o  s t a r t .  Greifinger and 

Cole expressed t h e i r  equations in  terms of t h e  independent 

var iab le  @, put i n  a  shock a t  cP = 1 ,  and s t a r t e d  in tegrat -  

ing a t  the  known conditions behind the  shock. In  t he  

present  case the  shock posi t ion is  unknown and must be found 

by an i t e r a t i v e  procedure. In  terms of i ,  the  equations 

exhib i t  a  saddle point  behavior a t  @ = 1 ,  and it is impossi- 

b l e  t o  s t a r t  t he  in tegra t ion  procedure there .  However, i n  

A - Rmq terms of q, a  l inear ized  solut ion (-fl ) = ~e  i s  
T 

applicable when q + rn, and the  in tegra t ion  can proceed from 

t h i s  i n i t i a l  path. A governs the  magnitude of t h e  dr ive  

current  and w i l l  be r e l a t ed  t o  it through the  ac tua l  

solut ion.  A computer program, shown i n  appendix C,  performs 

the  des i red in tegra t ion  f o r  a  given A, K ,  and Rm. (A is  



denoted by RKAPPA, K/Y by CO, and Rm by MOLD i n  t h e  

program.) It searches  f o r  a shock p o s i t i o n  a s  t h e  

s i n g u l a r i t y  S = 1 is  approached, t h e  exac t  shock p o s i t i o n  

be ing  determined by r e q u i r i n g  t h a t  t h e  p r e s s u r e  be  ze ro  a t  

Q = 0, s i n c e  f o r  f i n i t e  conduct iv i ty  t h e r e  can b e  no jump 

i n  t h e  magnetic f i e l d  t o  support  any p r e s s u r e  a t  t h e  r e a r  

of  t h e  c u r r e n t  shee t .  The shock jump cond i t ions  a r e  

s tandard ,  w i t h  energy r a t h e r  than  entropy conserved. 

Neither  t h e  c u r r e n t  nor t h e  magnetic f i e l d  can jump ac ross  

t h e  shock. A jump i n  conduc t iv i ty  is allowed f o r  by s e t t i n g  

PPHn = RMNEW behind t h e  shock., b u t  i n  a l l  t h e  runs made he re  

RMNEW was s e t  equal  t o  MOLD. The conduc t iv i ty  oo was, 

however, s e t  proporkionaP t o  t h e  e l e c t r o n  temperature t o  

t h e  three-halves power behind t h e  shsck,and t h e  e l e c t r o n  

temperature was assumed t o  behave a d i a b a t i c a l l y ,  This  i s  

not  a good assumption, b u t  it had l i t t l e  e f f e c t  on t h e  

s o l u t i o n  and was necessary i n  some cases  t o  a s su re  

convergence o f  t h e  i t e r a t i v e  procedure and t o  i n s u r e  t h a t  

t h e  c u r r e n t  went t o  zero  when t h e  d e n s i t y  d i d .  The Pack of 

in f luence  on t h e  s o l u t i o n  demonstrates t h e  weak dependence 

on t h e  exact  form of  B.  

So lu t ions  were obta ined  f o r  v a r i o u s  combinations of 

Rm and K O  t o  cover t h e  experimental  r eg ion  of i n t e r e s t  i n  

t h e  inverse  pinch. I n i t i a l  va lues  of W were chosen t o  

p l a c e  t h e  c u r r e n t  s h e e t  near  'q = 1 f o r  purposes of  com- 

par i son .  Since Rm = o r U, each s o l u t i o n  corresponds t o  Po 0 0 



many d i f f e r e n t  combinat ions  of  (ooro) U. Choosing t o  t h i n k  

of U a s  f i x e d ,  varying Rm corresponds t o  vary ing  t h e  con- 

d u c t i v i t y .  I f  t h e  conduc t iv i ty  i s  assumed f i x e d ,  then  

vary ing  Rm corresponds t o  vary ing  t h e  c h a r a c t e r i s t i c  c u r r e n t  

s h e e t  speed, and hence K = a. 2 / ~ 2  must b e  changed i f  t h e  

same i n i t i a l  cond i t ion  a is d e s i r e d -  Equating t h e  magnetic 
8 

f i e l d  a t  t h e  con tac t  s u r f a c e  (denoted by a  s u b s c r i p t  c) t o  

the d r i v i n g  c u r r e n t ,  1 = 1 w t ,  necessary t o  produce i t ,  t h e  
0 

experimental  cond i t ion  corresponding t o  A is  a r r i v e d  a t .  

u  is t h e  snowplow speed f i r s t  suggested by RosenbPuth, 
0 

which is der ived  from a  momentum balance  assuming t h a t  a l l  

t h e  mass is  swept i n t o  a t h i n  shee t .  P t  is  t h e  t h i r d  

numerical parameter d e s i r e d  r a t h e r  t h a n  A, The experimental  

cond i t ions  (o  r ) , a  . and u  a r e  t h u s  determined from Rm, 
0 0 0 8 

K ,  and equat ion  (27) where qc and a r e  g iven  by t h e  

numerical s o l u t i o n ,  which a c t s  a s  t h e  r e l a t i o n s h i p  between 

A and uo. The s p e c i f i c  h e a t  r a t i o  is a l s o  suppl ied  and was 

taken a s  1.67. 



2 .3  Numerical Resu l t s  

Table 1 con ta ins  a summary of t h e  computer s o l u t i o n s  

wi th  t h e  n o t a t i o n  ind ica ted  i n  f i g u r e  5. F igures  5 and 6 

a r e  t y p i c a l  r e s u l t s  f o r  l a r g e  and small  Mach numbers. Ms 

is t h e  e f f e c t i v e  Mach number of  t h e  shock wi th  r e s p e c t  t o  

t h e  gas  immediately ahead o f  it. It is always lower than  

t h e  Mach nuniber wi th  r e s p e c t  t o  t h e  i n i t i a l  cond i t ions  

s i n c e  t h e  g a s  is hea ted  and a c c e l e r a t e d  b e f o r e  t h e  shock 

reaches  i t ,  t h u s  r a i s i n g  t h e  sound speed and lowering t h e  

r e l a t i v e  v e l o c i t y .  For completeness, the r a t i o  uo/w is 

a l s o  given. This  r a t i o  h a s  been kep t  as c l o s e  t o  u n i t y  a s  

p o s s i b l e  i n  o rde r  t o  g i v e  U some phys ica l  meaning, s i n c e  

U is used t o  d e f i n e  t h e  parameters Rm and K and t h e  s i m i -  

P a r i t y  v a r i a b l e  q = r / U t .  I n s t ead  o f  P i s t i n g  K, which was 

suppl ied  t o  t h e  computer, t h e  Mach number Mo, based on u 
0 

is  shown i n  table 9. 

The magnetic Reynolds number Rm is l e f t  i n  terms of  U. For 

an example of  t h e  q u a n t i t i e s  involved. cons ider  Rm = 4 and 

U = 2 cm/wsec; it is  found t h a t  t h e  corresponding (ooro) 

is 16.000 wi th  ro expressed i n  cent imeters  and o in 
0 

Pnhos/meter. If t h e  conduc t iv i ty  is dominated by Coulomb 

c o l l i s i o n s ,  t h i s  corresponds t o  an e l e c t r o n  temperature of  

approximately 2.9 ev  a t  ro = l em. However. it is 



d i f f i c u l t  t o  i n t e r p r e t  ooro f o r  c a s e s  where t h e  c u r r e n t  

shee t  does not  o r i g i n a t e  i n  a t h i n  s h e e t .  L a t e r ,  i n  

s e c t i o n  I V ,  where some experiments from t h e  inver se  pinch 

a r e  described, an i n i t i a l l y  t h i c k  c u r r e n t  s h e e t  is  account- 

ed f o r  by d e f i n i n g  an e f f e c t i v e  o r i g i n  a t  some -Ro. 

The va lues  of R used i n  t h e  numerical s o l u t i o n  were m 

chosen t o  y i e l d  c u r r e n t  s h e e t s  of  approximately t h e  same 

dimensions a s  observed experimental ly .  From t a b l e  B it i s  

seen t h a t  t h e  e f f e c t  of  t h e  i n i t i a l  Mach number becomes 

l e s s  important a s  t h e  c u r r e n t  s h e e t  is  made t h i n n e r  

( i n c r e a s i n g  Rm).  For t h e  wider c u r r e n t  s h e e t s  t h e  va lue  of  

M is  very c r i t i c a l  i n  determining t h e  shock p o s i t i o n .  For 
0 

l a r g e  Mach numbers t h e  shock i s  loca ted  i n  t h e  very r e a r  of  

t h e  c u r r e n t  shee t  ( q )  while  f o r  smal l  Mach numbers. 

t h e  shock is loca ted  near  t h e  peak c u r r e n t  (qs rip) - A s  

t h e  c u r r e n t  s h e e t  is made t h i n n e r ,  t h e  v a r i a t i o n  of  shock 

p o s i t i o n  wi th  Mach number becomes l e s s  smooth. For t h e  

case  R = 6 t h e  shock was loca ted  a t  t h e  c u r r e n t  peak f o r  rn 

a l l  Mach nunibers inves t iga ted .  However, f o r  t h e  case  

= 6 g 0  5, it was found t h a t  a second s o l u t i o n  (not  t abu la ted )  

developed wi th  t h e  shock loca ted  i n  t h e  r e a r .  This  does not  

mean t h e  s o l u t i o n  is non-unique, because t h e  two s o l u t i o n s  

corresponded to s l i g h t l y  d i f f e r e n t  boundary condi t ions .  If 

t h e  Mach number is increased it is  expected t h a t  %his  rea r -  

ward s o l u t i o n  would predominate. This discont inuous  n a t u r e  

of the  solukion h a s  been observed as an i n s t a b i l i t y  i n  t h e  



ac tua l  experiments a s  w i l l  be shown. A reasonable explana- 

t i o n  f o r  t h i s  is  t h a t  the  dimensions of the  cur ren t  sheet  

have been reduced t o  the  idea l  separat ion d i s tance  between a 

shock and a s o l i d  p i s ton  which means t h a t  shocks a r e  more 

d i f f i c u l t  t o  form i n  the  r ea r  of t he  current  shee t ,  unless  

l a rge  compression r a t i o s  a r e  obtained. 

For t he  range of i n t e r e s t ,  increasing Rm does not 

cause the  shock t o  move pas t  t he  current  peak. This is 

p a r t i a l l y  due t o  t he  incorrect  conductivity d i s t r i b u t i o n  

oo (q) assumed behind the  shock. I f  a b e t t e r  approximation 

were used the  current  peak would be located fu r the r  t o  the  

r e a r p  It is noticed,  hawever, t h a t  t he  r e l a t i v e  pos i t ion  

of the  shock with respect  t o  the  t o t a l  current  sheet  width 

does move forward. This r e s u l t  i s  r e l a t i v e l y  independent of 

the  exact current  d i s t r i b u t i o n  and is assumed t o  be cor rec t .  

The ac tua l  t o t a l  width of t h e  current  sheet  does not decrease 

proport ionately as  Rm i s  increased. This is  due t o  t he  f a c t  

t h a t  behind the  shock the  current  is  moving. with the  f l u i d ,  

bu t  i n  f r o n t  of i t ,  the  current  sheet  must d i f fuse  agains t  

t he  f l u i d  ve loc i ty ,  Thus, the  r a t e  of d i f fus ion  appears 

much g rea t e r  behind the  shock, and these  expansion regions 

w i l l  be wider than the  corresponding regions ahead of t he  

shock. For t h i s  reason Rm must be increased t o  very l a rge  

values before the  l imi t ing  case of a separated shock can 

be achievede Unfortunately, increasing R by increasing m 

t he  current  sheet  ve loc i ty  a l s o  increases Mo and the  shock 



tends t o  form fur ther  back. Methods of counteracting t h i s  

e f f e c t  w i l l  be discussed i n  section V I .  

From the above discussion it becomes obvious why a l l  

previous attempts t o  produce separated shocks have fa i led .  

I t  i s  d i f f i c u l t  t o  achieve electron temperatures much 

above 5 ev, which would increase the conductivity of the 

gas. Also, attempts t o  produce th in  current  sheets by 

driving them a t  high ve loc i t i e s  a re  p a r t i a l l y  self-defeating 

because of the  high Mach numbers produced, with the r e s u l t  

t h a t  the  shock forms more toward the r ea r .  These numerical 

r e s u l t s  a re  applicable even where the a B / r  dependence is 

not s t r i c t l y  obeyed. In f a c t ,  they s e t  an upper l i m i t  of 

performance up t o  the point  ro fo r  flows where the  conduc- 

t i v i t y  is a constant oo. since the  spreading i n  t h a t  case 

would be grea ter  than i n  the  higher conductivit ies of the 

conical case. The only e f fec t ive  method of destroying the 

s imi la r i ty  e f f e c t s  with respect  t o  the current  sheet dif fu-  

sion i s  t o  have the shock i t s e l f  influence the conductivity. 

I f  Coulomb co l l i s ions  a re  dominant, it can only do t h i s  by 

ra i s ing  the  e lectron temperature above a few electron vo l t s ,  

which would necessi ta te  very high Mach n u d e r  shocks. Of 

course, the  shocks would then be formed in  the r e a r ,  and 

the  deviation from s imi la r i ty  i n  the narrow region behind 

the shock would have l i t t l e  e f fec t .  For Bow degrees of 

ionization,  co l l i s ions  with neutrals  might be important and 

the  shock could have some e f f e c t  i n  increasing the ioniza- 



t i o n  o r  t h e  d i s s o c i a t i o n  of diatomic gases ,  t h u s  changing 

t h e  e l e c t r o n - n e u t r a l  c o l l i s i o n  c o n t r i b u t i o n  t o  t h e  con- 

d u c t i v i t y .  A l l  t h i s  w i l l  become c l e a r e r  i n  t h e  next  

s e c t i o n  when app l i ed  t o  t h e  experiments performed. 

The main va lue  of t h i s  model i n  provid ing  a p o i n t  

of  view from which t o  e v a l u a t e  t h e  experiments must again 

be s t r e s s e d .  A l l  .devia t ions  from s i n g l e - f l u i d  behavior  

w i l l  be  d i scussed  based on t h i s  c o n i c a l  model, and the 

model w i l l  b e  extended a s  far a s  p o s s i b l e  to cope wi th  

t h e s e  d e v i a t i o n s .  



IV. EXPERIMENTS 

4.1 Description of Apparatus 

All the experiments were run in an inverse pinch of 

the standard design originally developed by Liepmann and 

Vlases (Ref. 7). The actual construction was governed by 

the desire to locate the device between the poles of a 

large electromagnet with 12 inch diameter pole pieces 

placed 4 inches apart. The inverse pinch is shown in 

figure 7 alon$ with the circuit parameters. Provision has 

been made for preionization through the use sf the smaller 

28 pf capacitor bank which can be charged to a high voltage. 

Switching is performed by a khyrotron-ignatron combination 

described elsewhere (Ref, 8). The small gap distance 

between the electrodes of the inverse pinch was necessitated 

by the thickness of the glass plates necessary %s support 

the pressure difference over the BO inch diameter. The use 

of glass electrodes eliminated electrode (Ref. 6) effects, 

and since boundary layer effects were negligible, the 

current sheet discharge was uniform over most sf the length. 

Since the problem of shock production by current 

sheet drivers was not understood, and is complicated enough 

in its own right, no attempt was made to study the problem 

of shocks with an axial field present. The behavior of 

the inverse pinch in the presence of axial magnetic fields 

is discussed briefly in subsection 4.3. The use sf pre- 



ionization, which is discussed in subsection 4.2, was 

distinguished only by its ineffectiveness, the reasons for 

which will be discussed later. However, the preionization 

bank was put to an originally unforeseen use in conjunction 

with the theory developed in the last section. Thus, the 

main emphasis of the experiments is a detailed analysis of 

the factors influencing the formation of the driven shock, 

and the shock's interaction with the driving current sheet, 

This process must be well understood before any more com- 

plicated cases can be studiede 

Many techniques are available for probing the 

structure of the current sheet, The two most useful by far, 

however, are the use of insulated induction Poops for 

measuring B and hence inferring the current distribution, Q 

and the use of fast risetime piezoelectric pressure probes 

for defining *he shock position. These probes are described 

in detail in reference 8. The only.differences between the 

probes described in reference $ and those used in this 

investigation are that a stainless steel backing bar was 

used instead of a brass one in the pressure probe to reduce 

the radial ringing (Ref. 91, and that a small diameter 

(1 m) loop was employed for measuring Be to investigate 

the detailed current sheet structure, The close relation- 

ship between Be and the current density J can be seen from 

the numerical solution in figure 8. In fact, in some 

calculations Be is a more useful experimental measurement 



than  J, a s  w i l l  become ev iden t  i n  subsec t ion  4.4. E l e c t r i c  

f i e l d  probes,  o r i g i n a l l y  developed by Loveberg (Ref. l o ) ,  

g i v e  information about t h e  composition of t h e  plasma, a s  

d iscussed  i n  subsec t ion  3.1, r a t h e r  than  about t h e  s t r u c t u r e  

of  t h e  c u r r e n t  s h e e t ,  and were n o t  used i n  t h i s  s tudy.  

However, t h e  r e s u l t s  obta ined  by S o r r e l 1  (Ref. 6) i n  t h i s  

l a b o r a t o r y  w i l l  be  r e f e r r e d  t o  a s  a check on t h e  methods 

developed h e r e  t o  o b t a i n  t h e  same information. 



4.2  Preionization Survey 

In normal operation, MHD shock tubes a re  run i n  a cold 

gas with the driving current  sheet i t s e l f  ionizing the gas 

and creat ing the plasma. ~ d e a l l y ,  i f  a shock were t o  

separate from the current  sheet ,  it would be a so-called 

ionizing shock, which has been successfully studied only 

theore t i ca l ly ,  although experimental attempts have been made 

(Ref. 11)- The ionizing shock would crea te  the high tempera- 

tu re  plasma i n  which the current sheet i s  supported. A t  

high Mach nunibers electron temperatures may be produced 

which are  high enough t o  l i m i t  the  current sheet dif fusion 

t o  a minimum. However, in  ac tua l i ty ,  no t r u l y  separated 

shockshave been produced, and a t  the  high Mach numbers 

necessary t o  produce high temperatures, the shocks tend t o  

be located i n  the rear  of the  current  sheet where they are  

ineffect ive i n  heating the gas, 

In  an attempt t o  obtain high electron temperatures by 

other means, the  technique of preionization has been employ- 

ed, !The motivation behind preionization i s  t o  create  a 

plasma of such high temperature and high conductivity as t o  

l i m i t  the  current sheet thickness t o  a s i ze  so t h in  as  t o  

force the shock t o  separate. The fa l lacy  here is the  pre- 

supposition t h a t  higher electron temperatures can be 

achieved than those due to the driving current sheet i t s e l f .  

A more l ike ly  e f f e c t  t o  be noticed is t h a t  due t o  the re- 

duction of the current  sheet Mach number because s f  the 



h e a t i n g  of  t h e  heavy p a r t i c l e s .  

Klein (Ref. 12) has  made a  d e t a i l e d  s tudy of t h e  

e f f e c t s  of p r e i o n i z a t i o n  by running h i s  inve r se  pinch i n  

t h e  region  behind t h e  i n c i d e n t  and r e f l e c t e d  shock waves 

i n  convent ional  shock tubes .  However, f o r  reasons he d i s -  

cusses ,  t h e  test  cond i t ions  a r e  l e s s  than  i d e a l ,  and addi- 

t i o n a l  complicat ions a r i s e .  He observed no in f luence  on 

t h e  c u r r e n t  sheet d i f f u s i o n  and d i d  no t  conduct any experi-  

ments under cond i t ions  where t h e  theory  developed i n  

s e c t i o n  111 would p r e d i c t  much in f luence  on t h e  shock 

p o s i t i o n .  Thus, he no t i ced  only a  small  e f f e c t .  

The method s f  p r e i o n i z a t i o n  used h e r e  was t o  d ischarge  

a smal ler  c a p a c i t o r  bank a t  a h igher  vo l t age  i n t o  t h e  

dev ice ,  and then  f i r e  t h e  main bank a f t e r  t h e  first d i s -  

charge had d ied  down. The l ack  of  knowledge about ,  and t h e  

non-uniformity of t h e  r e s u l t a n t  pre ionized  plasma were t h e  

f a c t o r s  t h a t  l e d  Kle in  t o  conduct h i s  s t u d i e s  i n  t h e  ord inary  

shock tube.  I n  hydrogen, t h e  e f f e c t  of  t h e s e  non-ideal con- 

d i t i o n s  was t o  prevent  t h e  formation of  t h e  t h i n  c u r r e n t  

s h e e t s  shown i n  f i g u r e s  26 - 33 ,  and t h e  r e s u l t  was t h e  

s t r u c t u r e  shown i n  f i g u r e  9. This  is a  s i m i l a r  s t r u c t u r e  

t o  t h a t  observed when t h e  e l e c t r o d e s  become worn o r  extreme 

care is n o t  taken t o  insure  p u r i t y  of t h e  o r i g i n a l  gas ,  I n  

f i g u r e  9 and t h e  fol lowing s i m i l a r  f i g u r e s ,  t h e  shock t r a -  

j e c t o r y  and t h e  d i s t i n g u i s h i n g  f e a t u r e s  sf t h e  c u r r e n t  s h e e t  

a r e  p l o t t e d .  An a c t u a l  osc i l loscope  t r a c e  is  reproduced 



wi th  t ime running from r i g h t  t o  l e f t .  This  p r o f i l e  can a l s o  

be  thought o f  a s  a  c u r r e n t  s h e e t  a t  a  given t ime propagat ing 

from l e f t  t o  r i g h t .  Only t h e  shapes of t h e s e  p r o f i l e s  have 

s i g n i f i c a n c e  s i n c e  they  a r e  made a t  d i f f e r e n t  r a d i a l  posi-  

t i o n s  and a t  d i f f e r e n t  vo l t age  s e n s i t i v i t i e s .  Once t h e  

dep ic ted  shape was achieved, it r e t a i n e d  t h e  same form, 

al though of  course it d i f f u s e d  wi th  t i m e .  The a c t u a l  widths  

and d i f f u s i o n  r a t e s  can be found from t h e  p l o t s  s f  t h e  

t r a j e c t o r i e s ,  

No p a r t i c u l a r  c a r e  was needed t o  produce uniform, w e l l  

de f ined ,  and reproducib le  c u r r e n t  s h e e t s  i n  argon, This  is 

ev iden t  by t h e  l ack  of  s c a t t e r  i n  f i g u r e s  10 and l 2  where 

each s e t  s f  p o i n t s  was made wi th  t h e  probes a t  a d i f f e r e n t  

r a d i a l  p o s i t i o n ,  The r e p r o d u c i b i l i t y  is  probably due t o  

t h e  Pack of  inf luence  of  t h e  i n i t i a l  breakdown on t h e  shock 

p o s i t i o n ,  which in f luences  t h e  c u r r e n t  s h e e t  s t r u c t u r e .  I n  

f i g u r e  9 t h e  double humped s t r u c t u r e  r e s u l t s  from t h e  non- 

uniformity produced by t h e  shock loca ted  between t h e  humps, 

I n  f i g u r e s  PO through 13 ,  no p ressu re  probe was used and 

t h e  ind ica ted  shock p o s i t i o n  is  t h e  l o c a t i o n  of t h e  f irst  

d i s c o n t i n u i t y  i n  t h e  c u r r e n t  s h e e t  s t r u c t u r e ,  Pressure  

probe measurements i n d i c a t e  t h a t  t h i s  f i r s t  d i s c o n t i n u i t y  

i n  argon l e a d s  t h e  shock by about 2 mm, b u t  t h i s  is  wi th in  

t h e  experimental  accuracy i n  p o s i t i o n i n g  t h e  probes and 

deducing t h e  de lay  t ime i n  t h e  p r e s s u r e  probe, However, 

t h e  d i s c o n t i n u i t y  is  expected t o  be i n  f r o n t  of t h e  shock 



so the calibration appears correct. I n  a l l  other figures 

the shock trajectory is  obtained from the pressure probes. 

The defini t ion of position 3  as the rear of the current 

sheet is arbi t rary.  However, the f i n i t e  amplitude of the 

Be trace a f t e r  t h i s  point i s  misleading since the l inearly 

r i s ing  drive current w i l l  produce a  s ignif icant  voltage on 

the Be probe a f t e r  the current sheet has passed. This i s  

especially noticeable i n  argon where the current sheets are 

thicker and slower. 

The ef fec t  of non-linearity of the sinusoidal drive 

current i s  evident near the quarter cycle time of 6 @ see. 

It is  evident, however, from figures 18 and 12 tha t  the 

current sheet growth appears l inear.  The speed of the peak 

of the Be t race has been used as a  reference t o  determine 

the effectiveness of the current sheet in  sweeping up the 

i n i t i a l  gas, and also the influence of impurities that  are 

burned off the electrodes by the arc. Referring t o  figure 

5 ,  it i s  seen tha t  most of the mass is  accelerated i n  front 

of the shock and the use of the Be peak i n  a comparison with 

the snowplow speed is jus t i f ied  for argon. me importance 

of determining exactly where the swept mass is located w i l l  

become evident for the shots i n  hydrogen. 

I n  figures 11 and 13 the main bank was f i red 80 p sec 

a f t e r  the preionization bank. The ef fec t  of the preioniza- 

t ion  on both current sheet structure and shock position is  

negligible, The higher veloci t ies  are due to  some of the 



i n i t i a l  gas  b e i n g  d r i v e n  t o  t h e  o u t e r  w a l l s  and maybe o u t  

o f  t h e  dev ice  through t h e  vacuum p o r t .  The c u r r e n t  s h e e t  

i n  f i g u r e  11 may b e  t h i n n e r  due t o  t h i s  h ighe r  speed. The 

a c t u a l  c o n d u c t i v i t i e s  i n  a l l  fou r  c a s e s  a r e  e s t ima ted  i n  

subsec t ion  4.5. The a d d i t i o n a l  s c a t t e r  i n  t h e  d a t a  due t o  

p r e i o n i z a t i o n  i s  e s p e c i a l l y  e v i d e n t  i n  f i g u r e  11. The 

r a p i d  d i f f u s i o n  of t h e  c u r r e n t  s h e e t  nea r  t h e  o u t e r  p o r t i o n  

o f  t h e  dev ice  may b e  due to the non-uniformit ies  in t roduced  

by t h e  p r e i o n i z i n g  p rocess ,  such a s  a dense c o l d  l a y e r  on 

t h e  o u t e r  w a l l s .  Th i s  tendency was a l s o  n o t i c e d  i n  some 

c a s e s  by K l e i n ,  b u t  may have been due t o  t h e  shock tube  

w a l l  boundary l a y e r s  which w e r e  p r e s e n t  i n  h i s  experiment,  



4.3 Axial  Magnetic F i e l d s  

The s imples t  type  of MHI> shock involves  only a  

magnetic f i e l d  perpendicular  t o  t h e  flow d i r e c t i o n .  Jump 

cond i t ions  a r e  der ived  analagous t o  t h e  o rd ina ry  Rankine- 

Hugoniot r e l a t i o n s  f o r  t h e  l i m i t  of t h i n  shocks. The 

a c t u a l  s t r u c t u r e , o f  t h e  shock now depends no t  only on t h e  

v i s c o s i t y  and thermal conduc t iv i ty ,  b u t  on t h e  r e s i s t i v i t y  

sf t h e  gas .  Marshall  (Ref, 1) d i s c u s s e s  the  va r ious  l i m i t -  

i ng  cases  where one o f  t h e  t h r e e  d i s s i p a t i v e  mechanisms is 

l a r g e r ,  and he f i n d s  shocks wi th in  a shock, t h e  t h i c k e r  

shock s t r u c t u r e  be ing  determined by t h e  l a r g e r  d i s s i p a t i v e  

mechanism. 

I n  most cases  of i n t e r e s t  i n  t h e  inver se  pinch t h e  

o rd ina ry  gas  dynamic shock is t h i n  whi le  t h e  s t r u c t u r e  of 

t h e  a x i a l  magnetic f i e l d  compression is  t h i c k  (on t h e  o rde r  

o f  a  c e n t i m e t e r ) ,  This  a x i a l  f i e l d  s t r u c t u r e  is s t i l l  o f  

i n t e r e s t ,  b u t  it would r e q u i r e  a  l a r g e r  flow f i e l d  than  is 

a v a i l a b l e  t o  observe it. Since t h e  o rd ina ry  shock is  

contained i n  t h e  d r i v i n g  c u r r e n t  s h e e t  and t h e  dimensions of 

t h e  c u r r e n t  shee t  a r e  a l s o  determined by t h e  r e s i s t i v i t y  of  

t h e  gas ,  t h e  c u r r e n t  s h e e t  and t h e  a x i a l  magnetic f i e l d  

s t r u c t u r e  w i l l  be  of  t h e  same dimensions and occupy t h e  

same region ,  Thus, t h e  s t r u c t u r e  of  t h e  a x i a l  f i e l d  

compression w i l l  be  determined by t h e  flow f i e l d  s f  t h e  

c u r r e n t  s h e e t ,  r a t h e r  than  t h e  flow induced by t h e  shock 

alone,  This cam e a s i l y  be seen by t h e  t r a j e c t o r i e s  s f  t h e  



current  sheet ,  represented by so l id  l i n e s ,  and those of the 

ax ia l  f i e l d  compression, indicated by the broken l i n e s  in  

f igure  14. In  the ideal  Gase the  ax ia l  magnetic f i e l d  would 

be expected t o  jump across the shock. Here, the  compression 

takes place ahead of the  shock and is of the same dimensions 

as  the current  sheet. The ax ia l  f i e l d  is  coupled t o  the 

current  sheet only through the induced ve loc i t i e s ,  and since 

the  flow f i e l d  in  argon has a very s teep compression region 

ahead of the  shock, which i t s e l f  resembles a shock (f igure  

5 ) , t h e  ax ia l  f i e l d  compression is not much d i f f e ren t  than 

it would be for  a shock act ing alone. The f a c t  t h a t  it 

leads the current  sheet is  due solely  t o  i t s  diffusion 

r a t e ,  and is no sign of any flow acceleration ahead of 

the  current  sheet ,  

Greifinger and Cole have computed s imi lar i ty  solutions 

fo r  the  i n f i n i t e  conductivity case t h a t  show tha t  the  e f f e c t  

of an ax ia l  magnetic f i e l d  i s  t o  increase the shock velocity 

and decrease the current  sheet velocity.  This is due t o  

the  e f fec t ive  pressure of the  ax ia l  f i e l d  compression, 

Originally,  it was hoped t h a t  t h i s  e f f e c t  would enhance 

separation. However, in  the  actual  case with the ax ia l  

f i e l d  csmpression ahead o f ,  ra ther  than behind the shock, 

no such e f f e c t  on separation can be assumed. I n  f a c t ,  from 

f igure  14, it appears t h a t  exactly the opposite e f f e c t  is  

t rue .  The mass is compressed near the  shock, and i t s  

velocity must be lowered due t o  the e f f e c t  s f  the ax ia l  



magnetic pressure. The current  sheet appears t o  be propa- 

gating a t  a higher velocity than in  f igure  1 2  due t o  the 

f a c t  t h a t  it was i n i t i a l l y  thinner and is  diffusing a t  a 

f a s t e r  r a t e .  This points out one advantage of ax ia l  

magnetic f i e l d s ,  in  t h a t  thinner current  sheets can be 

produced i n i t i a l l y ,  enhancing forward shock formation. 

However, t he  end r e s u l t s  do not seem t o  be improved. The 

current sheet expands t o  its normal width, and the shock 

assumes i t s  nqrmal posit ion in the r ea r  of the current  

sheet .  One should a l so  notice t h a t  the  current sheet 

spreading is very l inear  even though it broke down f a i r l y  

th in .  This, i n  p a r t ,  confirms the assumptions made i n  

deriving the previous conical solutions.  

One disadvantage of using an electromagnet t o  produce 

the ax ia l  magnetic f i e l d  is the close proximity of the  high 

pole pieces t o  the experiment. The magnetic f i e l d  Pines 

a r e  t i e d  t o  the pole pieces and must be stretched as  well 

as  be compres$ed by the current  sheet ,  producing an addi- 

t i o n a l  re tarding force on the sheet.  For large values s f  

ax ia l  magnetic f i e l d  the current sheet can not propagate 

against t h i s  force,  and it i s  confined to the center of the 

device except fo r  dif fusion and i n s t a b i l i t i e s .  The in- 

s t a b i l i t i e s  introduced can even be seen a t  low values of 

ax ia l  f i e l d  a s  shown i n  the  oscilloscope t race  reproduced 

i n  f igure  14. They are  due to the  gas i n  the  rear  sf the 



sheet  being pushed backward by the decreasing portion o f  

the  a x i a l  f i e l d ,  which is  an unstable configuration. 



4.4 Numerical Techniques - Estimation of Conductivity and 
Degree of Ionization 

In order t o  t r e a t  the experimental data  i n t e l l i g e n t l y ,  

it is absolutely e s sen t i a l  t o  have some means of estimating 

the conductivity of the  gas, and t o  a  l e s se r  extent ,  i t s  

degree of ionization. Unfortunately, the  calculat ions  most 

commonly referred t o ,  Falk and Turcot te ' s  (Ref. 1 3 1 ,  are  

not applicable t o  the phenomenon observed i n  the inverse 

pinch. They gssume a  shock well separated from the  current  

sheet and propagating a t  a  speed proportional t o  d so t h a t  

s imi la r i ty  solutions can be found fo r  a = eonst. However, 

the  most ser ious defect  of t h e i r  method is t h a t  i n e r t i a  

terms are  ignored, which is  correct  i n  t h e i r  l i m i t  but  is  

t o t a l l y  wrong for  the  case when the shock i s  not separated 

from the current  sheet ,  In  the  case of no separation, the  

gas ve loc i t i e s  go from zero up t o  the  current  sheet speed. 

Since the current  sheet dif fusion takes place with respect  t o  

the  plasma, the speed of the  plasma a t  each point i n  the  

current  sheet grea t ly  influences the  apparent dif fusion and 

the  current sheet s t ructure .  Their estimate of the  current 

sheet s i z e  as approximately equal tad- may lead t o  

estimates of conductivity t h a t  a re  off  by an order of 

magnitude. 

Aside from the  d i f f i c u l t y  of accounting for  the  plasma 

velocity theore t ica l ly ,  it is necessary t o  f ind some char- 

a c t e r i s t i c  quanti ty t h a t  may be measured experimentally, 



For a constant speed current sheet ,  a uniform conductivity 

would give r i s e  t o  parabolic diffusion.  However, even i f  

t h i s  were the case, it would be impossible t o  evaluate t h i s  

parabolic spreading t o  any degree of accuracy, since the 

da ta  presented show the  current  sheet spreading l inea r ly  

a f t e r  the  i n i t i a l  few centimeters. 

The previous s imi la r i ty  solut ions  can prove extremely 

useful  now, but the  i n i t i a l  width a t  r = 0, due e i t h e r  t o  a 

f i n i t e  breakdown width o r  i n i t i a l  parabolic dif fusion,  must 

be accounted for .  This can be done by assuming an imaginary 

or ig in  a t  -%, and a conductivity s f  the  form 

For large % t h i s  ye i lds  an approximately constant con- 

duct iv i ty  and the  r e s u l t s  can be expected t o  be very 

accurate. However, fo r  cy l indr ica l  geometry s imi la r i ty  is  

not s t r i c t l y  observed i n  the primed coordinates a s  it would 

be f o r  Linear geometry, I n  order t o  separate the e f f e c t s  

due t o  v io la t ion  of s imi la r i ty  from the t r u e  theore t ica l  

behavior under the given assumptions, the  following analysis 

w i l l  be carr ied out for  both l inea r  and cyl indrical  geom- 

For Binear geometry the conductivity is assumed t o  be 

of the form a = oo(xo + Xo) / (x  + Xo) = aoxo8/x8 . Then the  

respective induction equations become: 



To a r r i v e  a t  a n a l y t i c  answers, t h e s e  equat ions  w i l l  only be 

used i n  r eg ions  where u  is  cons tant .  From t h e  numerical  

s o l u t i o n s  of s e c t i o n  111, t h i s  is seen t o  be t h e  case  i n  t h e  

f r o n t  of t h e  c u r r e n t  s h e e t  f o r  heavy gases  where u w 8, 

s i n c e  a l l  t h e  compression t a k e s  p l a c e  a t  t h e  very r e a r .  

For l i g h t  gases  t h e  cond i t ions  behind t h e  shock a r e  no t  

very accura te  s i n c e  r e a l  gas  e f f e c t s  have been ignored,  b u t  

a  good approximation i s  t h a t  u  i s  cons tan t  and equal  t o  t h e  

speed of  t h e  r e a r  of t h e  c u r r e n t  s h e e t -  Under t h i s  assump- 

t i o n  of  cons tan t  u ,  and us ing  t h e  n o t a t i o n  of s e c t i o n  111 

where 7 is e i t h e r  x ' / ~ t  o r  r ' / ~ t  and % equals  o p x 'U o r  
0 0 0  

oovoro'U. equat ions  (28 )  and (29) become: 

a a~ - Linear  : a B  1 = Rrnb - 71% 

a 2 a B  - 
arl 

a B  4- Conical: - (q ) = Rm(u - q ) ~  

Equation (31) i s  s i m i l a r  only f o r  % = 0. However. it can 

be seen from t h e  s o l u t i o n  t h a t  a ~ / i 3 q  a - r g B / ( r g -  % I .  The 

Pas t  t e r m  is  small  s o  t h a t  equat ion (31) i s  approximately 



similar. Obviously this is not true for small r = r' - Rot 
but the approximation should be good elsewhere. Equation 

(30) will be solved to see the exact effects when similarity 

is strictly obeyed. Ignoring the non-similar term, 

equations (30) and (31) have the solutions: 

- 
a~ R - 1) -Rmq Linear: - = - a v  A77 e 

- 
aB CRmu - 2) -Rmq Conical: - = - 
arl Aq e 

where A is some constant. What is measured experimentally 

at a given r v  is: 

for cylindrical geometry. 

Equation (34) gives the theoretical profile for a 

portion of the current sheet where u is constant. Rm can 

be found from measuring B at any two points in a region of 

a ' *  constant u or from the slope (B) at any point in such a 

region. Choosing two points B and 2, and calling 



NOW u O  = Rm/wOrO 'U, and ca l l ing  the point of measurement 

r g  = r ' - 
Ar12 = A r i 2  - rot AqI2, equations (35) and (36) 

become: 

- 
For u = 0 equation (37)  s t a t e s  t h a t  oo is only 

dependent on the width of the  B p r o f i l e  a t  rot  and not on 

the  i n i t i a l  breakdown width. This means tha t  a wide break- 

down with Ro large ( r o ) and u = o o r o '/rq a oo w i l l  

spead t o  the  same width a t  ro as  w i l l  an i n i t i a l l y  thin  

current  sheet .  with % small, propagating in to  a more 

highly conducting region, 0 = u o r o '/r ' > a (rot = ro+Ro > 

r' = r + R o )  Looking a t  some fixed time instead of a fixed 

radial  posi t ion,  the B prof i l e  would be wider fo r  the  

i n i t i a l l y  wider current  sheet propagating in to  the Power 

conductivity plasma, as  would be expected, but t h i s  e f f e c t  

i s  only s l i g h t .  This strange behavior is  not due t o  the 

Pack of s t r i c t  s imi la r i ty  since equation (32) for  the 



l i n e a r  geometry y i e l d s  t h e  same r e s u l t  a s  equat ion  (37) f o r  - 
a B  Rmu -Rmq measurements a t  f i x e d  t (- = - = a t  t a q  t . I n  

f a c t ,  f o r  corresponding measurements a t  f i x e d  x ,  . - 
(Rmu+l, -Rmq 

B a r l  e and, 

Thus, a t  x = x an i n i t i a l l y  wide c u r r e n t  s h e e t  ( x  ' l a r g e )  
0 0 

spreading  t o . t h e  same Axl2 a s  an i n i t i a l l y  t h i n  one, w i l l  

correspond t o  a smal ler  a . 
0 - 

For no t  equal  t o  zero ,  t h e  t e r m  (l - u/q) is  

important s i n c e  u may b e  nea r ly  equal  t o  q .  Now, f o r  an 

i n i t i a l l y  wide c u r r e n t  s h e e t ,  Aq12 is  small  f o r  a given 
- 

r = ro8Aq12 and 1 -  u )  i s  small ,  r e q u i r i n g  amuch  12 

l a r g e r  oo t o  keep t h e  i n i t i a l l y  wider c u r r e n t  shee t  from 

spreading  t o  a l a r g e r  width than  t h e  i n i t i a l l y  t h i n  one. 

The unusual s o l u t i o n s  t o  equat ions  (30) and (31) f o r  
- 
u = O a r e  due t o  t h e  coun te rac t ing  e f f e c t  of t h e  c u r r e n t  

s h e e t  t r y i n g  t o  d i f f u s e  a g a i n s t  a r e l a t i v e  incoming plasma 

v e l o c i t y ,  The i n t u i t i v e  idea ,  t h a t  an i n i t i a l l y  t h i n  

c u r r e n t  s h e e t ,  propagat ing i n t o  a gas  of high conduc t iv i ty  

must b e  narrower than  an i n i t i a l l y  t h i c k  cu r r en t  s h e e t ,  

propagat ing t h e  same d i s t a n c e  i n t o  a Power conduct iv i ty  gas ,  

is  i n c o r r e c t .  For r >> r the  i n i t i a l l y  t h i n  c u r r e n t  s h e e t  
0 

must b e  t h i c k e r  s i n c e  t h e  conduc t iv i ty  decreases  f a s t e r  



than it does for  the  i n i t i a l l y  wide(1arge Ro) case. How- 

ever,  the f a c t  t h a t  the  cross-over point  i s  a t  ro i s  not 

obvious, s ince up t o  t h a t  point the  i n i t i a l l y  thinner 

current  sheet was propagating in to  a gas of higher con- 

duct ivi ty .  This behavior is the reason why a11 the  current  

sheets i n  argon a t  a given velocity seem t o  achieve the 

same cha rac te r i s t i c  width i r regardless  of t h e i r  i n i t i a l  

breakdown width ( f igures  11 and 14) .  Of course, the  above 
f 

argument brea&s down and s imi lar i ty  no longer holds i f  the  

i n i t i a l  breakdown width is la rger  than the theore t ica l ly  

allowed width a t  r = ro. This does not seem t o  be the  case 

i n  the  experiments, 

For flows where the shock is not separated from the 

driving current  sheet pis ton,  the  e f f e c t  of the  i n e r t i a  
- 

term (1 - u/q) is large.  I f  a shock were t o  form i n  f ron t ,  

the  conductivity would have t o  increase by P / ( P  - G/q) 

behind the sh,ock t o  maintain even the same spreading r a t e  

a s  before the shock was formed, I n  the  case where the shock 

forms in  the r e a r ,  the  spreading of the  current  sheet is  not 

increased, The current  sheet remains th in  only because of 

the  oppositely directed plasma flow. When the shock forms 

i n  f ront ,  the  current sheet is in  e f f e c t  dragged with it, 

thus,  grea t ly  increasing the d i f f i c u l t y  i n  achieving t rue  

separation. A l l  t h i s  w i l l  become c learer  in  the actual  

applications of equations (37) and (38) t o  the  experimental 

data.  Both equations w i l l  be used since it is sometimes 



more convenient  t o  measure one q u a n t i t y  than  the o t h e r .  

Once the r e s i s t i v i t y  of  the plasma h a s  been found, the 

degree  of  i o n i z a t i o n  can b e  e s t ima ted  i n  a very s imple 

manner by equa t ing  the power l o s s  due t o  ohmic h e a t i n g  t o  

the energy p e r  second needed t o  i o n i z e  t h e  n e u t r a l  atoms o r  

molecules.  Th i s  y i e l d s  a maximum p o s s i b l e  degree  o f  

i o n i z a t i o n  s i n c e  t h e r e  a r e  r a d i a t i o n  l o s s e s  and thermal  

energy accumulation by t h e  e l e c t r o n  swarm. However, shock 

induced i o n i z a t i o n  is n o t  accounted f o r ,  b u t  t h i s  can b e  

e s t ima ted  i n  the s t anda rd  manner f o r  c a s e s  when a shock is 

produced i n  the f r o n t  of  t h e  c u r r e n t  s h e e t ,  

These f a c t o r s  w i l l  be d i scussed  f o r  each g a s  s t u d i e d  

and a d d i t i o n a l  e s t i m a t e s  of  t h e  e l e c t r o n  temperature  w i l l  b e  

made, The fo l lowing  c a l c u l a t i o n s ,  based  s o l e l y  on t h e  con- 

d u c t i v i t y  measurements, w i l l  be compared w i t h ,  and used t o  

check,  t h e  d i r e c t  s p e c t r o s c o p i c  measurements o f  e l e c t r o n  

tempera ture  and number d e n s i t y .  Gross energy ba lance  must 

be s a t i s f i e d ,  and t h e  d i r e c t  measurements cannot v i o l a t e  

t h i s  ba lance  i f  they  a r e  c o r r e c t ,  

2 Equating the power l o s s  J /200 i n  t h e  t o t a l  c u r r e n t  

sheet width O r  t o  t h e  energy gained p e r  second by t h e  

incoming n e u t r a l s  n (euei)U, where uei is the i o n i z a t i o n  o i  

energy i n  e l e c t r o n  v o l t s ,  and noi is t h e  number o f  i ons  

formed 



This has a  very simple interpretation in microscopic terms 

i f  J is  writ ten as  n ev e  ed' where is the average ed 

directed electron velocity in the axial  direction, and i f  

2 uO is  expressed as nee /mevT, where vT i s  the t o t a l  

electron col l i s ion  frequency with ions and neutrals. Then 

2 - 2 
J / 2 ~  = ne(%meved )vT, which i s  the t o t a l  energy lo s t  by 

the electrons assuming they lose a l l  t he i r  directed energy 

i n  each colblision. I t  is more consistent t o  keep the gross 

equations, and since n  = an where a is the degree of o i  on  

ionization, and no i s  the i n i t i a l  number density. it is 

found from equation (40) thati 

This a gives as an upper l i m i t  on the degree of arc  

ionization. The fac t  tha t  it can be achieved was verified 

by calculating the appropriate excitation ra tes  for  the 

calculated values of electron temperature (Ref, 221,  



4.5 Argon 

Figure 15 shows a typica l  s e t  of pressure and Be 

measurements in  argon a t  d i f f e ren t  r a d i a l  posi t ions ,  with r 

being measured from the edge of the  center insu la tor ,  which 

i t s e l f  has a radius of % inche The compression of the  gas 

due t o  the current  sheet is  noticeable down t o  r = & inch, 

but  the  shock i t s e l f  is  not f u l l y  formed u n t i l  it reaches a 

distance of about r = 1 inch. Once the shock is formed, 

i t s  thickness cannot be distinguished from the r i s e  time of 

the  probe, which is about .1 p see, The small response i n  

the  pressure t r ace  before the shock a r r ives  i s  due t o  

e l e c t r o s t a t i c  e f f e c t s ,  and the oscilBations a f t e r  the  shock 

has passed are  due t o  the in te rna l  "ringing" of the  piezo- 

e l e c t r i c  c rys ta l .  It is evident from the theore t i ca l  pro- 

f i l e s  tha t  the  shock cannot r e a l l y  be completely d i s t in -  

guished from the  rapid compression region i n  f ront  of i t ,  

which y ie lds  a large dynamic pressure when stopped by the  

probe, but the  two occur so close together t h a t  it is not 

necessary t o  make such a d i s t inc t ion ,  The s imi la r i ty  

solution assumes t h a t  the  current sheet forms a t  zero 

thickness and the shock forms immediately, but it is evident 

from the cha rac te r i s t i c s  argument t h a t  for  a f i n i t e  forma- 

t i o n  width t h i s  is not the case. For argon it takes 

approximately 2 p, sec for  the cha rac te r i s t i c s  t o  f u l l y  

in te rsec t  and form the shock. The large width of the  Be 

t r ace  i n  the  f i r s t  p ic ture  a t  P = % inch is deceiving since 



it i s  a  t ime r a t h e r  than  space p r o f i l e .  The t r u e  breakdown 

width can b e  seen  t o  b e  ve ry  t h i n  from t h e  t r a j e c t o r y  p l o t s  

i n  f i g u r e s  1 8  - 22 .  

It is  e v i d e n t  t h a t  t h e  shock causes  a  sma l l  d i s c o n t i -  

n u i t y  i n  t h e  Be t r a c e .  Th i s  e f f e c t ,  due t o  t h e  shock. is  

t o o  f a r  back t o  have any r e a l  i n f l u e n c e  on t h e  c u r r e n t  s h e e t  

s t r u c t u r e ,  b u t  it can b e ,  and h a s  been,  used a s  an i n d i c a t i o n  

of  t h e  shock p o s i t i o n  (which is a c t u a l l y  s l i g h t l y  behind i t) .  

Th i s  h a s  t h e  advantage o f  g i v i n g  c u r r e n t  s h e e t  t r a c e s  and 

shock p o s i t i o n s  a t  t h e  e x a c t  same l o c a t i o n  i n  t h e  device .  I n  

argon t h e  c u r r e n t  s h e e t  i s  always p e r f e c t l y  symmetrical  s o  

e i t h e r  method of d e f i n i n g  t h e  shock p o s i t i o n  is  e q u a l l y  

good, b u t  i n  l i g h t  g a s e s  uneven e l e c t r o d e  wear may cause  

some asymmetries. However, i n  those  e a s e s ,  t h e  d i scon t inu -  

i t y  h a s  more s t r u c t u r e  and i n t e r p r e t a t i o n  is  more d i f f i c u l t ;  

hence,  c a r e  was taken  t o  produce a  symmetrical  breakdown, 

and a d d i t i o n a l  checking probes were used t o  i n s u r e  t h a t  

t h i s  was always t h e  case .  

A second d i s c o n t i n u i t y  i n  t h e  Be t r a c e  is e v i d e n t  i n  

t h e  osc i l8oscope  t r a c e s  f o r  argon, and its t r a j e c t o r y  is 

p l o t t e d  ( p o s i t i o n  4)  i n  f i g u r e s  l 9  - 22. I t  i s  l o c a t e d  

w e l l  behind t h e  c u r r e n t  s h e e t  i n  t h e  r e g i o n  where t h e  Be 

probe measures mainly t h e  changing magnetic f i e l d  due t o  

t h e  s i n u s o i d a l  c a p a c i t o r  d i scha rge .  Based on t h e  continuum 

i n t e n s i t y  measurements made by S o r r e l l  ( R e f .  6 )  behind 

t h e  c u r r e n t  s h e e t  i n  argon, t h i s  d i s c o n t i n u i t y  is assumed 



t o  measure the end of an expansion region behind the current 

sheet.   his expansion region is  predicted by the charac- 

t e r i s t i c s  argument and is discussed i n  appendix A. The 

expansion implies tha t  the t o t a l  force is less  than the 

maximum allowed value for the given current sheet speed. 

This must  be due in part  t o  the high pressures created i n  

the narrow region behind the shock, causing the plasma t o  

expand backwar9 against the magnetic pressure. The same 

expansion region would be expected i f  the gas were not fu l ly  

ionized and the neutral-ion col l i s ion  mean free path were 

long, which would not allow the neutrals t o  be fu l ly  swept 

up. Neutrals, however, would not af fec t  the magnetic f i e ld  

and d i s to r t  the Be profi le .  No dis tor t ion  was noticed i n  

figures 16 and 18 a t  lower pressures, so it must be assumed 

that  both neutrals and ions may be present. 

Figures 16 - 22 show current sheet and shock trajee- 

t o r i e s  under various conditions t o  i l l u s t r a t e  the lack of 

influence of the exact experimental conditions on the gross 

behavior. The i n i t i a l  breakdown region is  hard t o  define, 

but the current sheet does seem t o  be thin enough i n i t i a l l y  

so that  the i n i t i a l  diffusion i s  parabolic, However, from a 

distance of r = 1 inch up t o  the point where the non- 

l inear i ty  of the driving current becomes important, the 

current sheet appears t o  spread s t r i c t l y  l inearly,  This 

l inear  growth i s  used to define the speeds of various 

portions of the current sheet, which are indicated i n  



cm/psec i n  t h e  f i g u r e s .  These speeds a r e ,  i n  t u r n ,  used 

t o  d e f i n e  an apparent  o r i g i n  a t  -Ro. This  o r i g i n  is  used 

i n  r t  = r + Ro t o  d e f i n e  'tl = r ' / ~ t ,  which i s  used i n  t h e  

c a l c u l a t i o n s  t o  determine c o n d u c t i v i t i e s .  The t h e o r e t i c a l  

conduc t iv i ty  d i s t r i b u t i o n ,  of  course ,  a l s o  depends on Ro, 

s i n c e  o = o r r and f o r  l a r g e  Rot o w i l l  be  more nea r ly  
0 0 

uniform. 

The p o s i t i o n  of  t h e  shock, ind ica ted  by a  heavy l i n e  

i n  t h e  f i g u r e a ,  r e l a t i v e  t o  t h e  p o s i t i o n  of t h e  r e a r  of  t h e  

c u r r e n t  s h e e t ,  cannot b e  t a k e  t o o  l i t e r a l P y o  This  uncer ta in-  

t y  is  due t o  t h e  r e a r  of t h e  c u r r e n t  s h e e t  be ing  a r b i t r a r i l y  

def ined  a s  t h e  p o s i t i o n  where a  l i n e  tangent  t o  t h e  maximum 

s l o p e  of t h e  Be t r a c e  i n t e r s e c t s  t h e  t ime a x i s .  Obviously 

t h e r e  m u s t  b e  some f o r c e  r eg ion  behind t h e  shock, so t h a t  

f i g u r e s  17 and 21 a r e  misleading. However, a s  p red ic ted  

t h e o r e t i c a l l y ,  t h i s  reg ion  is exceedingly narrow, The 

speed s f  t h e  va r ious  p o r t i o n s  of  t h e  c u r r e n t  s h e e t  can be  

taken  a s  an i n d i c a t i o n  of  where t h e  swept up mass is  

accumulated, s i n c e  t h e  swept mass must move a t  approximately 

t h e  snowplow speed uo. Leakage through t h e  cu r ren t shee t  

w i l l  cause t h e  c u r r e n t  shee t  t o  propagate  a t  a f a s t e r  

v e l o c i t y ,  s i n c e  t h e  e f f e c t i v e  i n i t i a l  d e n s i t y  i s  Powered. 

-% However. s i n c e  u  is  only  p ropor t iona l  t o  ( p o l  . t h i s  
0 

e f f e c t  is  not  l a r g e  u n l e s s  t h e  leakage is  g r e a t ,  There w i l l  

a l s o  be a smal l  coun te rac t ing  e f f e c t  tending  t o  produce 

slower c u r r e n t  s h e e t s  due t o  t h e  breakdown occurr ing  a t  t h e  



o u t e r  edge of  t h e  i n s u l a t o r  r a t h e r  than  a t  t h e  c e n t e r  o f  t h e  

device .  For a l l  t h e  runs  i n  argon, except  those  a t  14 KV, 

t h e  B8 peak ( p o s i t i o n  2 )  seems t o  move a t  more nea r ly  t h e  

snowplow speed than  t h e  shock does. This  is  j u s t  an indi-  

c a t i o n  t h a t  t h e  mass is  swept up ahead of t h e  shock, and is  

no t  t o  be  taken a s  some magical proper ty  of  t h e  device.  

For o t h e r  gases  t h i s  w i l l  no t  be  t h e  case .  A t  14 KV t h e  

shock v e l o c i t y  seems t o  correspond more c l o s e l y  t o  t h e  

snowplow speed. This  may be due t o  leakage,  o r  t o  t h e  

shock forming i n i t i a l l y  i n  f r o n t  of i t s  s i m i l a r i t y  e q u i l i b -  

rium p o s i t i o n ,  a s  it appears t o  f o r  t h e  400 Hg run.  How- 

e v e r ,  it may a l s o  be  p a r t i a l l y  due to  experimental  in- 

accurac ies ,  s i n c e  t h e  d i f f e r e n c e s  i n  v e l o c i t i e s  a r e  only 

about 5%, which is o f  t h e  o rde r  of t h e  experimental  e r r o r .  

The conduc t iv i ty  i n  t h e  f r o n t  of t h e  c u r r e n t  s h e e t  i n  

argon is  easy t o  c a l c u l a t e  from e i t h e r  equat ion  (37) o r  (38) 
- P a B  s i n c e  u  = 0 t h e r e .  It is  d i f f i c u l t  t o  measure 5~ 

accura te ly ,  s o  t h a t  equat ion (37) was used,  with equat ion 

(38) being  used a s  a check. oo i n  a l l  runs  was c a l c u l a t e d  

a t  r = r = 2% inches,  and t h e  r e s u l t s  a r e  presented  i n  
0 

t a b l e  2 .  Also presented is  t h e  va lue  of  RoQ t h e  maximum 

p o s s i b l e  degree of a r c  i o n i z a t i o n  a ( a s  c a l c u l a t e d  from 

equat ion ( 4 l ) ) ,  and t h e  e l e c t r o n  temperature ue i n  e l e c t r o n  

v o l t s .  u i s  c a l c u l a t e d  from t h e  conduct iv i ty  by a  method e  

shown i n  s e c t i o n  V. Since t h e  c u r r e n t  shee t  has  an ef fec-  

t i v e  f i n i t e  width when t h e  shock forms, it i s  d i f f i c u l t  t o  



choose a  magnetic Reynolds number Rm t o  correspond wi th  t h e  

t h e o r e t i c a l  Rm used i n  t h e  s i m i l a r i t y  s o l u t i o n .  However, 

t h e  shock t ends  t o  s t a r t  forming a t  about r = 1 cm, and 

t h e  experimental  Rmt t o  be compared wi th  t h e  theory ,  must 

r e f l e c t  t h e  th ickness  of t h e  c u r r e n t  s h e e t  a t  t h i s  po in t .  

Thus. i n  t a b l e  2 ,  Rm is s e t  equal  t o  . O 1  p a U, where U is  
0 0 

t h e  v e l o c i t y  of t h e  Bg peak. This  d e f i n i t i o n  i s  f a i r l y  

a r b i t r a r y .  b u t  it does r e f l e c t  an e f f e c t i v e  c u r r e n t  shee t  

th ickness  t o  determine t h e  shock p o s i t i o n ,  and it is  

c o n s i s t e n t l y  app l i ed  f o r  a l l  t h e  runs.  

For t h e  va lues  of Rm and Mo presented  i n  t a b l e  2 ,  it 

is  ev iden t ,  on comparison wi th  t a b l e  1 ,  t h a t  forward shock 

formation w i l 4  never occur .  The l i n e a r  growth of t h e  

c u r r e n t  s h e e t  is s u f f i c i e n t  t o  i n s u r e  t h a t  t h e  shock w i l l  

n o t  move forward r e l a t i v e  t o  t h e  s h e e t .  Even i f  much 

l a r g e r  devices  were b u i l t ,  and t h e  conduct iv i ty  of  t h e  

plasma werecons tant ,  no p r a c t i c a l  l eng th  would be s u f f i -  

c i e n t  t o  achieve separa t ion .  This  i n a b i l i t y  t o  produce 

separa t ion  is  due t o  t h e  mass accumulation ahead o f ,  r a t h e r  

than  behind t h e  shock. The mass accumulation and r e s u l t a n t  

~ l a s m a  v e l o c i t y  would tend t o  spread t h e  c u r r e n t  s h e e t  t o  

even g r e a t e r  widths .  The shock might even appear t o  move 

rearward due t o  s l i g h t  leakages of  t h e  plasma, from t h e  

small  amount of  plasma accumulated behind it. This  may 

account f o r  t h e  shock t r a j e c t o r i e s  i n  f i g u r e s  17 and 22.  



The measured conduc t iv i ty  d i s p l a y s  a tendency t o  

inc rease  wi th  vo l t age  and decrease  wi th  inc reas ing  i n i t i a l  

d e n s i t y ,  a s  might be  expected. The only  except ion  is  t h e  

14 KV, 170 v Hg experiment,  which d i s p l a y s  an abnormally 

low conduct iv i ty .  This  may be due t o  some double ioniza-  

t i o n  t a k i n g  p l a c e ,  s i n c e  a i s  a good d e a l  g r e a t e r  than  1 ,  

b u t  it i s  not  obvious why t h i s  should a f f e c t  t h e  conductiv- 

i t y .  More l i k e l y ,  t h e  small  va lue  of Ro ( i n i t i a l l y  t h i n  

breakdown) l e a d s  t o  an under-estimation s f  t h e  conduc t iv i ty ,  

s i n c e  t h e  h igher  c o n d u c t i v i t i e s  near  t h e  c e n t e r ,  needed f o r  

t h e  s i m i l a r i t y  s o l u t i o n  t o  hold ,  a r e  no t  p resen t .  Thus, 

t h e  c u r r e n t  s h e e t  w i l l  spread more than  is t h e o r e t i c a l l y  

accounted f o r ,  and t h e  i n f e r r e d  conduc t iv i ty  a t  ro w i l l  be  

t o o  Pow, This  e f f e c t  i s  oppos i t e  t o  what would be  

i n t u i t i v e l y  expected,  b u t  t h e  previous  d i scuss ion  i n  

subsec t ion  4.4 should make it c l e a r  why it occurs .  

The va lues  of  a ,  reduced by about 20% t o  account f o r  

h e a t i n g  s f  t h e  e l e c t r o n s ,  agree wi th  S o r r e l l ' s  measurements 

a t  500 p Hg, b u t  no t  a t  lower p r e s s u r e s ,  where he f i n d s  

a M -5. Radiat ion Posses may account f o r  t h i s  discrepancy 

s i n c e  t h e  degrees o f  i o n i z a t i o n  measured he re  a r e  t o o  h igho  

The va lues  of e l e c t r o n  temperature s f  approximately 2 .7  ev 

seem t o  be c h a r a c t e r i s t i c  of  t h e s e  devices ,  and agree  wi th  

spec t roscop ic  d a t a .  It is seen t h a t  t h i s  temperature,  

r a t h e r  than  a p red ic ted  temperature due to shock hea t ing ,  

must be used t o  e v a l u a t e  c u r r e n t  s h e e t  th icknesses .  Also,  



t he  e f f e c t  of the  shock of increasing the  plasma ve loc i ty  

and the  current  sheet  spreading must be accounted f o r ,  even 

f o r  non-similar flows. The s i m i l a r i t y  arguments, however, 

can be extended, a s  they were above, t o  p red ic t  t he  

behavior. For argon, t he re  is no hope of achieving separa- 

t i o n  unless t h e  conductivity can be doubled through pre- 

ionizat ion.  This explains t he  f a i l u r e  of previous attempts,  

where the  required e lec t ron  temperatures of above 5 ev were 

not even approached. To achieve such temperatures i n  

equilibrium (through shock heating o r  otherwise) , enormous 

amounts of energy would have t o  be expended, due t o  the  

lo s ses  t o  mult iple ionizat ion.  Preionizing shock speeds of 

t he  order of those achievable only i n  MHD shock tubes would 

be necessary t o  produce the  desired conduct ivi t ies  i n  t he  

t e s t  gas behiAd the  shock. This would make obsolete t he  

MHD shock tubes,  i f  such high speed separated shocks could 

be obtained by other  means. For t h i s  reason, t he  following 

experiments were run i n  l i g h t e r  gases,  y ie ld ing  higher 

current  sheet  speeds and Power Mach numers .  



4.6 Helium 

Helium is  the simplest l i g h t  gas t o  analyze, and hence 

the l e a s t  in te res t ing  since it exhib i t s  no r e a l  gas e f fec ts .  

However, it does serve t o  i l l u s t r a t e  the ideal  behavior and 

it i s  useful  i n  explaining the more complicated e f f e c t s  in  

diatomic hydrogen. Two runs are  shown i n  f igures  23 and 24 

t o  demonstrate the  e f r e c t  of the  shock on the  current  sheet.  

For the  run made a t  80 p, Hg i n i t i a l  pressure, the  mean f ree  

paths, which w i l l  be discussed in  sect ion V, a r e  too long t o  

allow a th in  shock t o  form. The shock s t ruc ture  i t s e l f  is 

of the same length scale  a s  the current  sheet s t ruc ture ,  and 

thus the inviseid,  adiabat ic  f l u i d  equations used in  the 

theore t ica l  models do not apply* However, the b a s i c  current 

sheet s t ruc ture  remains unchanged and appears t o  spread 

l inear ly ,  Its shape is bas ica l ly  Bike those of the  argon 

runs, but  of course no discontinuity is noticed a t  the  rear  

due t o  a shock. There i s ,  however, a small discontinuity 

a t  the Be peak. as i l l u s t r a t e d  in  the t r a c e  in  f igure  24, 

which may be due t o  ionization induced by both the 

isentropic  and non-isentropic compression within the wide 

s t ruc ture ,  This s t ruc ture  i s  revealed as  a region of 

increasing pressure by the p iezoelec t r ic  probe, with no 

sharp front  indicated. 

FOP the run made a t  250 p Hg, the  mean f r e e  path is 

approximately P/3 the length of the  $8 Hg mean f ree  path, 

and a shock is formed, although it is  somewhat thicker than 



t h e  shocks i n  argon. The shock 's  in f luence  on t h e  c u r r e n t  

s h e e t ,  mainly t h e  tendency t o  d rag  it along i n  t h e  accel-  

e r a t e d  gas  behind t h e  shock, is  apparent .  Before i n v e s t i -  

g a t i n g  t h e  f u l l  s i g n i f i c a n c e  o f  f i g u r e  23, however, t h e  

same b a s i c  ca lcuLat ions  a s  were made f o r  argon must be made 

here .  Equation (38) is  used,  s i n c e  t h e r e  a r e  n o t  enough 

samples t o  choose t h e  c o r r e c t  va lue  of  B ~ / B ~ .  For t h e  
- 

250 v Hg run t h e  term (1 - u/q) becomes important ;  
- 

(1 - u/q) = .225 i f  ';; i s  taken a s  t h e  speed of  t h e  r e a r  of  

t h e  c u r r e n t  s h e e t .  a. 4 i s  found t o  be  1.4 x 10 mhos/m 

behind t h e  shock, The 80 Hg run is  much more d i f f i c u l t  

a B  t o  analyze.  b u t  i f  t h e  s lope  is measured a t  t h e  very 

f r o n t  of t h e  s h e e t ,  and u is  assumed equal  t o  ze ro ,  t h e  

4 same va lue  of  conduc t iv i ty ,  1.4 x 10  mhos/m is  found. 

The e f f e c t i v e  Ro f o r  t h e  80 p Hg s h o t  is 1 .5  inches ,  meaning 

t h a t  t h e  i n i t i a l  breakdown is  f a i r l y  t h i n .  Due t o  t h e  

s t r u c t u r e  o f  t h e  250 Hg t r a j e c t o r i e s ,  it is impossible t o  

f i n d  an e f f e c t i v e  Ro f o r  t h e  f r o n t  o f  t h e  c u r r e n t  shee t .  

b u t  it is smal l ,  The t a b l e  below c o n t a i n s  t h e  same informa- 

t i o n  a s  table 2  f o r  argon. 

Helium Data 

Vol t s  Pressure  U Mo Ro a  0 Rm u  e 01 
KV e~ Hq cm/~sec - - in mRos/m - ev - 

9 80 2 - 9  34 1.5 1 . 4 ~ 1 0 ~  5.2 2.7 .13 

9 250 4 2.45 26 - 1 . 4 ~ 1 0  4.4 2.7 .07 



These values of a agree f a i r l y  well  with independent 

e l e c t r i c  f i e l d  measurements (Sorre l1  f i nds  a = .068 a t  

400 p Hg and uo = 2.45 cm/pec.) The low degrees of 

ion iza t ion  were su rp r i s ing  when f i r s t  discovered by those 

o ther  measurements, bu t  from an energy balance po in t  of 

view, it is  obvious t h a t  higher degrees cannot be supported. 

The shock i t s e l f  may increase t h e  degree of ion iza t ion ,  

s ince  fo r  t he  250 Eg sho t ,  it i s  located i n  the f r o n t  of 

t h e  cur ren t  sheet .  The equil ibrium condit ions behind a 

Mach 24 shock (2.45 cm/psec) i n  helium a r e  a  temperature 

of 1.66 ev and a degree of ion iza t ion  of .28. For t he  

degrees of a r c  induced ion iza t ion  i n  helium the  e l ec t ron  

c o l l i s i o n s  with neu t r a l s  contr ibute  neg l ig ib ly  t o  the  

r e s i s t i v i t y  (Eq, 44) and only an increase  i n  e l ec t ron  

temperature w i l l  increase  t h e  conductivi ty.  Depending on 

the  re laxa t ion  t i m e  behind the  shock, and t h e  r a t e  of 

energy t r a n s f e r  from the  heavy p a r t i c l e s  t o  t he  e lec t rons ,  

t h e  shock may have no e f f e c t  whatsoever on the  e lec t ron  

temperature. For the  present  case,  with an i n i t i a l  degree 

of ion iza t ion  ahead of t he  shock, t h e  re laxa t ion  time is 

s h o r t ,  bu t  t he  add i t iona l  e lec t rons  created by shock 

ion iza t ion  may tend t o  decrease t he  t o t a l  e l ec t ron  tempera- 

t u r e  r a t h e r  than r a i s e  it. This would have the  e f f e c t  of 

lowering the  conductivi ty.  Therefore, even a t  t h i s  high 

Mach number, t he  shock would be expected t o  have very l i t t l e  

inf luence i n  increasing t h e  gas conductivi.&y behind it, 



This is  ver i f ied  by f igure  23, The degree of ionization,  

however, w i l l  be increased in  the rear  of the  current  

sheet .  

It is easy t o  in t e rp re t  qua l i t a t ive ly  what is happen- 

ing i n  the  current  sheet and why the sheet d i f fuses  f a s t e r  

behind the shock, b u t  it is more d i f f i c u l t  t o  r e l a t e  these 

e f f e c t s  t o  the conical s imi la r i ty  solutions.  Those 

solutions were useful  i n  giving the exact behavior of a 

shock in  argon and i n  explaining the e f f e c t  of the  plasma 

veloci ty  on the current sheet spreading. However, they 

cannot be rigorously applied t o  determine %he f u l l  current 

sheet  p r o f i l e  and shock posi t ion when the  current  sheet is 

i n i t i a t e d  a t  a f i n i t e  width and the  shock is not formed i n  

t h e  r e a r -  The conical theory w i l l  accurately predict  where 

the  shock w i l l  form, e.g., fo r  t h i s  value of Rm and Mot 

near the  Be peak, but  it cannot give the subsequent behavior 

because the current  sheet i s  not conical with respect  t o  

the  t r u e  or ig in ,  In  calculat ing the conductivity, t h i s  

could be accounted fo r  by assuming an imaginary or ig in  a t  

-W but the gas accumulation behind the  shock mst be based oP 

on %he t r u e  or ig in ,  This i s  a lso t r u e  for  Binear geometries. 

Based on the t r u e  or ig in ,  the  rear  portion of the current 

sheet remains a t  a prac t ica l ly  constant width. The shock 

speed, r e l a t i v e  t o  the maximum force region (approximately 

a t  the  Be peak). w i l l  be determined by the compression r a t i o  

across the shock. For a so l id  piston moving a t  a speed v2, 



and a  shock moving a t  v2 + Av, and ca l l ing  c = Av/v2, the  

e f fec t ive  density compression r a t i o  is  defined as ,  

Thus, i n  f igure  23, with s = - 2 ,  equation (42) gives a  

C equal t o  3.3. Since the shock and Be peak are  approxi- 

mately conical ( t h e i r  t r a j e c t o r i e s  in t e r sec t  near the  

center of the device) ,  and the ideal  density compression 

r a t i o  for  helium a t  M = 24 is  4 ( r e a l  gas e f f e c t s  increase 

t h i s  value) ,  the  expansion region m u s t  begin before the B 8 

peak, There must a l so  be some gas in  the very rearmost 

portion of the  current  sheet ,  so the e f fec t ive  compression 

r a t i o  of 3 . 3  between the shock and Be peak is a maximum. 

The net r e s u l t  shown by the above discussion is  t h a t  the  

shock is separating from the  Be peak f a s t e r  than it would 

from an ideal  so l id  piston.  It is  seen once again t h a t  it 

is  not leakage, but  ra ther  current  sheet dif fusion in the 

accePerated gas region t h a t  prevents f u l l  separation 

between the shock and the current sheet.  

The two runs made in  helium, and i l l u s t r a t e d  i n  

f igures  23 and 24,  demonstrate the  great  usefulness of the  

theore t ica l  models in  explaining the observed phenomena, 

even in  regions where the theore t ica l  assumptions do not 

applyo Not only can the  main charac ter i s t ics  of the 

current  sheet and shock wave be eas i ly  explained in  terms 

of simple f lu id  behavior, but  the  conductivity can be 



estimated fairly accurately by a method exactly tailored 

to the experimental measurements. Also, now that a simple 

gas is understood, more complicated analysis can be 

attempted for gases where real gas effects may be important. 

This is done in the following subsection. 



4.7 Hydrogen 

Hydrogen is  a d i f f i c u l t  gas  t o  analyze because of a 

combination of e f f e c t s  t h a t  add up t o  produce a  plasma of  

r a p i d l y  varying conduct iv i ty .  A s  w i l l  be  seen i n  t h e  next  

s e c t i o n ,  t h e  e l ec t ron-neu t ra l  e l a s t i c  c o l l i s i o n  c r o s s  

s e c t i o n  f o r  molecular hydrogen is  s o  l a r g e  t h a t ,  f o r  t h e  

low l e v e l s  of  i o n i z a t i o n  produced by t h e  small  c u r r e n t  

d e n s i t i e s  necessary t o  d r i v e  hydrogen, the e l e c t r o n - n e u t r a l  

c o l l i s i o n  frequency c o n t r i b u t e s  s i g n i f i c a n t l y  t o  t h e  

r e s i s t i v i t y  of  t h e  gas .  This  c o n t r i b u t i o n  d i sappears  

behind t h e  shock due t o  bo th  shock i o n i z a t i o n  and d i s soc ia -  

t i o n ,  t h e  l a t t e r  process  be ing  e f f e c t i v e  due t o  t h e  much 

smal ler  e l e c t r o n - n e u t r a l  e l a s t i c  c r o s s  s e c t i o n  f o r  atomic, 

a s  opposed t o ,  molecular hydrogen. 

I n  o rde r  t o  observe t h e  expected, shock produced 

e f f e c t s  i n  hydrogen, experiments were run. a t  low v o l t a g e s  

s o  a s  t o  produce lower Mach numbers, thereby enhancing for-  

ward shock formation. Runs a t  va r ious  Mach numbers and 

snowplow speeds w e r e  made t o  i n v e s t i g a t e  the counterac t ing  

e f f e c t s  of inc reas ing  bo th  t h e  Mach number and t h e  magnetic 

Reynolds number and, a l s o ,  t o  at tempt  t o  observe t h e  d i s -  

continuous type  of  behavior  p red ic ted  by t h e  c o n i c a l  

s i m i l a r i t y  s o l u t i o n s ,  The now very c r i t i c a l  in f luence  of  

t h e  shock on t h e  c u r r e n t  shee t  should enhance t h e  possi-  

b i l i t i e s  s f  observing any such e f f e c t s .  

Figure 25  shows t h e  a c t u a l  o s c i l l o s c o p e  traces of  a  



run made a t  6 KV and 700 p Hg i n i t i a l  p r e s s u r e  i n  hydrogen. 

The p o s i t i o n  of t h e  shock a s  shown by t h e  p r e s s u r e  probe 

t r a c e ,  and i t s  in f luence  on t h e  c u r r e n t  s h e e t ,  a s  represent -  

ed by t h e  Be t r a c e ,  a r e  c l e a r l y  ev iden t .  The shock forms a t  

about r = 1 inch,  near t h e  c e n t e r  of t h e  c u r r e n t  s h e e t  a s  

p red ic ted .  With t ime,  it then  moves forward r e l a t i v e  t o  

t h e  c u r r e n t  s h e e t ,  a s  t h e  shock d i d  i n  helium. However, i n  

t h i s  case ,  the conduc t iv i ty  behind t h e  shock is inc reased ,  

and t h e  main p o r t i o n  of  t h e  c u r r e n t  s h e e t  does no t  d i f f u s e  

as r a p i d l y  a s  it would o therwise .  The change i n  conductiv- 

i t y  e f f e c t i v e l y  d i v i d e s  the c u r r e n t  s h e e t  i n t o  two regions .  

The f i r s t  r eg ion  con ta ins  t h e  p o r t i o n  sf t h e  e u r r e n t  s h e e t  

i n  t h e  low conduc t iv i ty  region  ahead of  t h e  shock. This 

p o r t i o n  which i s  pushed forward by t h e  shock, resembles t h e  

i n i t i a l  p a r t  of  t h e  helium current. shee t .  Behind t h i s  

xegion t h e r e  is i n i t i a l l y  an a r e a  o f  low c u r r e n t  d e n s i t y  

which extends back t o  t h e  main c u r r e n t  s h e e t  i n  region  2 ,  

The d i f  f e r e n t  c o n d u c t i v i t i e s ,  and hence Sf i f  f e r e n t  

d i f f u s i o n  r a t e s ,  a r e  t h e  f a c t o r s  which g ive  r i s e  t o  t h e  

d iscont inuous  behavior .  For longer  times, however, it is 

ev iden t  from eg~za t ions  (37) and (38 )  that t h e  spreading 
- 

rate w i l l  b e  p r o p o r t i o n a l  t o  l / u  (1 - u/q , s o  t h a t  a l though 

t h e  conduct iv i ty  is h igher  i n  r eg ion  2 ,  the effect of t h e  

plasma v e l o c i t y  behind t h e  shock will be to cause t h e  main 

e u r r e n t  sheet t o  expand t o  f i l l  t h e  t o t a l  area behind t h e  

shock and prevent  t r u e  separa t ion .  Since t h e  i n i t i a l  



cur ren t  i n  region 1 w i l l  decay rap id ly ,  separa t ion could be  

achieved i f  t h e  r a t i o  of conduc t iv i t i es  a f t e r  and before  the  
- 

shock would be g rea t e r  than (1 - u/?)-'. Sect ion V w i l l  show 

t h a t  t h i s  i s n ' t  t he  case and the  measurements made a t  l a r g e r  

r a d i a l  d i s tances  ( r  = 3.5 inches i n  t h i s  device p lus  sub- 

sequent measurements i n  l a rge r  devices (Ref. 14)) show the  

main cur ren t  region expands t o  reach t h e  shock and the  

i n i t i a l  low cur ren t  dens i ty  area  disappears.  

The behavior described above w i l l  be  ca l l ed  normal, o r  

i d e a l  f o r  hydrogen. The t i m e  i n t e r v a l s  of i n t e r e s t  here  

a r e  t he  i n i t i a l  shock formation time, and the  t i m e  i n t e r v a l  

during which the  current  sheet  is divided by t h e  shock i n t o  

two regions. The t h i r d  time i n t e r v a l ,  during which the  

main current  sheet  expands rap id ly ,  is not of immediate 

i n t e r e s t  i n  these  experiments. Once t h e  configurat ion of 

time i n t e r v a l  2 i s  achieved, it is  easy t o  p red i c t  i f  f u l l  

separa t ion w i l l  be  achieved. Thus, a t t e n t i o n  must be  

d i r ec t ed  t o  t he  f a c t o r s  governing t h e  i n i t i a l  shock separa- 

t i o n  from t h e  main body of the  current  shee t ,  

Figures 26  - 32 show the  cur ren t  sheet  and shock 

t r a j e c t o r i e s  f o r  runs made under various experimental 

condit ions.  One of t he  t r a c e s  of f i gu re  2% is shown i n  

f i gu re  26 with the  time sca l e  inver ted ,  t o  show the  posi- 

t i o n s  p lo t ted .  Posi t ion 4 ,  i n  t he  Bow conductivi ty region, 

moves a t  t he  same speed a s  t he  shock s ince  it is t h e  shock 

t h a t  d iv ides  t he  current  sheet  i n t o  two regions,  



A s  the voltage was raised from 6 t o  7% KV, the 

behavior became very e r r a t i c  and was not reproducible. 

However, it was found tha t  t h i s  was due t o  two separate 

solutions being possible; the one exhibited in figure 27, 

and another of the type shown in  figure 28 a t  9 KV. They 

were distinguished by keeping a th i rd  probe a t  a fixed 

position and grouping a l l  runs together for  which t h i s  

th i rd  probe gave the same readings. A t  9 KV the more 

rearward shock solution became dominant, a l te r ing  the 

current sheet prof i le  as shown i n  figure 28. The Bow 

conductivity region continued t o  diffuse a t  a rapid r a t e ,  

which appeared t o  be the same r a t e  the curren%.sheet would 

diffuse i f  the shock were not present. Eventually for  

t h i s  case too, the shock began t o  separate from the  main 

current carrying region. 

The runs a t  10% and 1 2  KV in  figures 29 and 38 show 

further the complicated interactions introduced by 

increasing both the Mach number and magnetic Reynolds, 

number simultaneously. It i s  impossible t o  predict 

accurately exactly what form the soLution w i l l  take for 

these densi t ies  and voltages, but the de ta i l s ,  while 

interesting, are not as important as  the observation sf  the 

general tendencies. A t  12 KV and 708 y Hg it was so 

d i f f i c u l t  to achieve the desired breakdown tha t  only two 

shock positions are indicated. The other runs, Pike the 

runs made a t  higher voltages, resulted i n  current sheets of 



the form shown in figure 9. I n  order t o  observe higher 

speed shocks i n  hydrogen with the desired character is t ics ,  

experiments were r u n  a t  lower i n i t i a l  pressures, resul t ing 

i n  greater current sheet veloci t ies .  The complementary 

ef fec ts  of higher speeds and delayed shock formation, due 

t o  the lower densi t ies  and longer mean free paths, resulted 

i n  effect ive magnetic Reynolds numbers great enough t o  off- 

s e t  the ef fec t  of the increased Mach nunibers. High Mach 

numbers prevent forward shock formation in low Rm flows. 

Figure 31 shows the trajectory of a Ma = 22.7 current 

sheet run into 290 Hg of i n i t i a l  pressure. The behavior 

resembles tha t  of the lower Mach number runs a t  higher 

i n i t i a l  pressures, except tha t  the shock is  formed l a t e r ,  

a t  about r = 1% inches. Reducing the pressure s t i l l  further 

t o  120 p Hg k e s u ~ t s  i n  the t ra jec to r ies  shown in figure 32. 

A s  was the case for  the Pow pressure helium run, the mean 

f ree  paths are too long t o  allow a th in  shock t o  form. The 

forward current sheet s t ructure,  which was due t o  the shock 

i n  the higher density runs, is  absent here, 

Table 3 contains the important character is t ics  for 

the hydrogen runs .  The velocity U is that  of the Be peak 

trajectory.  For most cases, where the shock is  out front ,  

U is l e s s  than the snowplow speed uo. which in turn,  is  

l e s s  than the shock speed. This is t o  be expected, since 

the main portion of the accumulated mass is  contained . 
between the shock and the Be peak. It is d i f f i c u l t  t o  



c a l c u l a t e  t h e  conduc t iv i ty  oo behind t h e  shock, s i n c e  t h e  

shock ' s  in f luence  on t h e  conduc t iv i ty  d e s t r o y s  t h e  o r i g i n a l  

s i m i l a r i t y .  However, a  minimum conduc t iv i ty  can b e  

c a l c u l a t e d  ignor ing  t h e  f a c t o r  (1 - c/q) i n  equat ion  ( 3 7 ) .  

The t r u e  conduc t iv i ty  is  somewhat l a r g e r  than  t h i s  f i c t i -  

t i o u s  conduc t iv i ty ,  which is denoted by t h e  syHibol a. ' . 
However, t o  d i v i d e  o o g  by (l - / g i v e s  a  l a r g e r  con- 

d u c t i v i t y  than  is p h y s i c a l l y  p o s s i b l e ,  as w i l l  b e  seen i n  

t h e  next  s e c t i o n ,  and indeed, t h e  spreading r a t e  i n c r e a s e s  

r a p i d l y  a t  l a r g e r  d i s t a n c e s ,  where t h e  s i m i l a r i t y  s o l u t i o n s  

once again become app l i cab le .  

The va lues  corresponding t o  go'  a r e  l i s t e d  and a l s o  

denoted by primes. Rmq and u e Q  a r e  too  smal l ,  while  a' is  

t o o  l a r g e .  B$ t t e r  e s t i m a t e s  w i l l  be made i n  s e c t i o n  V. 

The tendency of  a o 8  t o  decrease  wi th  inc reas ing  vo l t age  is 

p a r t i a l l y  due t o  t h e  omission of  t h e  (1 - G/q) term. !Phis 

term is smal ler  f o r  t h e  735 and 9 KV runs ,  s i n c e  Ro 

i n c r e a s e s  and hl/q approaches u n i t y .  However, t h e  decrease  

i n  a ' is  a l s o  a  r e a l  e f f e c t  f o r  t h e  cases  when a shock h a s  
0 

n o t  y e t  moved ou t  f r o n t  a t  r = 2% inches.  The conduc t iv i ty  

i s  measured between p o s i t i o n s  l and 2 i n  t h e  c u r r e n t  s h e e t  

t r a c e ,  and it is increased  by t h e  shock only when t h e  shock 

is i n  f r o n t  o f  p o s i t i o n  1. This  is no t  t h e  case  f o r  t h e  

9 ,  lo%,  and 12 KV, 700 v Hg runs.  For t h e  298 p Hg run ,  

(1 - / is very  small .  and t h u s  ooQ is  small .  An es t ima te  

of t h e  conduc t iv i ty  ahead of t h e  shock is  given by t h e  



120 y Hg run, where no shock i s  present .  This a o V  must 

a l s o  be considered a minimum value, s ince  t he re  w i l l  be 

some e f f e c t  due t o  the  plasma compression. The a l * s  

cannot be considered too accurate a s  a a r e s u l t  of both  

inaccuracies i n  determining the  conduc t iv i t i es  and t h e  non- 

uniformity of t he  conductivi ty throughout the  cur ren t  sheet .  

The R used t o  determine t h e  pos i t ion  of shock forma- m 

t i o n  should be based on t he  conductivi ty before t he  shock 

i s  formed, which is lower than the  ooo value used t o  

compute 4,' However, f o r  hydrogen, t he  ro used i n  comput- 

ing Rm should be  g rea t e r  than . 0 l  m. These unknown f a c t o r s  

make q u a n t i t a t i v e  t h e o r e t i c a l  p red ic t ions  impossible. This 

is the  reason t h a t  t he  de t a i l ed  experimental program was 

i n i t i a t e d .  One main value of t he  preceding theory and the  

simple experiments i n  argon and helium is  t h a t  they provide 

a base on which the  hydrogen experiments may be i n t e r p r e t e d .  

Without t h i s  base it would be  impossible t o  make any sense 

whatsoever out  of t he  complicated experimental r e s u l t s ,  



V. INTERPRETATION AND ATOMIC QUANTITIES 

5.1 Elec t ron  C o l l i s i o n s  and Elec t ron  Temperature 

The r e s i s t i v i t y  of  a  plasma a r i s e s  from t h e  c o l l i s i o n s  

made by t h e  c u r r e n t  ca r ry ing  e l e c t r o n s .  I t  can b e  def ined  

2 a s  qT = m vT/nee , where rn is t h e  e l e c t r o n  mass. n t h e  e e e  

e l e c t r o n  number d e n s i t y .  e  t h e  e l e c t r o n i c  charge,  and vT is  

t h e  t o t a l  e l e c t r o n  c o l l i s i o n  frequency wi th  o t h e r  p a r t i c l e s .  

The c o l l i s i o n  frequency can,  i n  t u r n ,  be d iv ided  i n t o  two 

p a r t s :  t h e  f i r s t .  vei, due t o  Coulomb i n t e r a c t i o n s  wi th  

i o n s ,  and the second, ven# due t o  colBis ions  wi th  n e u t r a l s .  

v  is  equal  t o  nnveoenr en where n  i s  %he n e u t r a l  nu&er n  

dens i ty .  ve is  t h e  e l e c t r o n  v e l o c i t y ,  and o is  t h e  en 

e lec t ron-neu t ra l  e l a s t i c  c o l l i s i o n  c r o s s  s e c t i o n ,  s i n c e  

t h e  e l a s t i c  c r o s s  s e c t i o n  is by f a r  t h e  l a r g e s t .  The 

e l e c t r o n s  w i l l  a c t u a l l y  be  i n  a Boltzrnann d i s t r f i u t i o n ,  

wi th  an average d i r e c t e d  v e l o c i t y  i n  t h e  a x i a l  d i r e c t i o n ,  

and thea re rage  va lue  veoen should be  used, b u t  f o r  t h e  

accurac ies  d e s i r e d  h e r e  it is s u f f i c i e n t  t o  cons ider  ve 

a s  t h e  mean square v e l o c i t y .  This  w i l l  be  much l a r g e r  

than  t h e  d i r e c t e d ,  c u r r e n t  ca r ry ing  v e l o c i t y .  S p i t z e r ' s  

formula (Ref. 15)  can be  used f o r  vei = niveoei' and 

d e f i n i n g  qT = q, + q,. t h e  Coulomb c o n t r i b u t i o n  is 

given  by, 



where i n h  i s  taken a s  6 ,  and ue i s  given i n  e l e c t r o n  v o l t s .  

C a l l i n g  n = ni + nn, wi th  a = ni/n (a is  t h e  degree  of  

i o n i z a t i o n  f o r  a  monatomic gas  assuming t h a t  it is s i n g l y  

i o n i z e d ) ,  t h e  n e u t r a l  c o n t r i b u t i o n  t o  t h e  r e s i s t i v i t y  can 

b e  w r i t t e n  a s  

q  n = 2.1 ~o-~<G ohm-m 

- 2 - 
= o and oen is  expressed i n  m . oen is  p l o t t e d  

Oen en 

i n  f i g u r e  34 f o r  e l e c t r o n  c o l l i s i o n s  w i t h  H, H2, He, and A 

(Ref. 1 7 ) .  For e l e c t r o n  temperatures  of about 3 ev,  it is 

obvious t h a t  qn w i l l  b e  s i g n i f i c a n t  only f o r  very  low 

degrees  of  i o n i z a t i o n ,  

For t h e  degrees  of  i o n i z a t i o n  a t t a i n e d  i n  argon and 

helium, and f o r  reasonable  va lues  sf e l e c t r o n  temperature,  

it is ev iden t  t h a t  qn g i v e s  a  n e g l i g i b l e  c o n t r i b u t i o n  t o  

t h e  t o t a l  r e s i s t i v i t y .  Thus, equat ion  (43)  can be used 

a lone ,  wi th  qT = q,, t o  e s t ima te  t h e  e l e c t r o n  temperature.  

A s  seen i n  t h e  previous  t a b l e s ,  t h i s  g i v e s  reasonable  

va lues  f o r  ue of approximately 3 e l e c t r o n  v o l t s .  Hydrogen. 

however, s i n c e  it is d ia tomic ,  has  a l a r g e  e l ec t ron-neu t ra l  

c o l l i s i o n  c r o s s  s e c t i o n  a t  low energ ies .  For t h e  i n i t i a l l y  

low degrees  of  i o n i z a t i o n  and d i s s o c i a t i o n  b e f o r e  t h e  

shock, q, may be a s  l a r g e  o r  l a r g e r  than  qce I n  t a b l e  3 

a ' was c a l c u l a t e d  a s  an average degree of  i o n i z a t i o n ,  and i n  

aPP cases  is  l a r g e r  than  t h e  t r u e  va lue  of a.  



87 

A good estimate of the  value of a in  f ront  of the  

shock can be made from the measured r e s i s t i v i t y  of the 

hydrogen plasma for  the case i n  which no shock was formed. 

For t h i s  case qT is equal t o  1.6 x ohm/m. For ue 
- 

between 0 and 4 ev, oen i s  re l a t ive ly  constant.  as seen in  

f igure  34, and equations (43) and (44) can be combined t o  

yield:  

For u, = 2 . 5  ev, a = .056, and for  ue = 4 ev, a = -048, so 

t h a t  a must be approximately equal t o  ,05. When electron 

heating is accounted f o r ,  t h i s  value agrees with S o r r e l l ' s  

e l e c t r i c  f i e l d  measurements of a = .044. I f  ue were much 

l e s s  than 2,5 ev the Coulonib co l l i s ions  would account fo r  

the  t o t a l  r e s i s t i v i t y  and the shock would have no e f f e c t  

on the plasma conductivity. This is contrary t o  the 

experimental observations. Values of ue much above 4 ev 

a re  likewise unrea l i s t i c :  thus,  the  range chosen above is  

reasonable, 

The equilibrium conditions behind a conventional shock 

t ravel ing a t  a velocity us a re  shown i n  tab le  4 (Ref. 1 6 ) .  

For most cases ionization does not occur, b u t  the  degree of 

dissociat ion,  which a t  these Mach nurribers has a short  

relaxation time, is high. In f a c t ,  s ince the upstream gas 

has i t s  enthalpy increased by the a rc ,  it is reasonable t o  

assume tha t  i n  a l l  cases the gas behind the shock is f u l l y  



dissociated.  I f  ue remains the  same, qc w i l l  a lso be 
- 

unchanged, but qn w i l l  decrease since oen i s  so much smaller 

f o r  atomic hydrogen, even though there  w i l l  be twice a s  many 

hydrogen atoms as  there  were hydrogen molecules, No 

accurate measurements of the cross sections fo r  e l a s t i c  

e lectron co l l i s ions  with hydrogen atoms could be found fo r  

low electron energies, but  an interpolat ion s f  the  ex is t ing  

data  implies t h a t  they a re  very small- Thus, behind the 

shock qn w i l l  be ignored i n  calculat ing the r e s i s t i v i t y .  

For ue = 2.5 and 4 ev. the  corresponding values of 17, a re  

-88 x and -51 x ohm/m. Since the 6 KV run has a 

minimum u of 3 . 6  ev, and since the observed e f f e c t  of the e 

shock on the current  sheet shape is Barge, the la rger  value 

of ue is most l ike ly  more accurate. It gives an approximate 

threefold increase of conductivity across the shock, which, 

while not large enough t o  overcome the  (1 - G/q) term and 

allow separation, is large enough t o  produce a noticeable 

u ' and a' are  not good e f f e c t .  The values of oo' .  Rm , e , 
approximations i n  t h i s  complicated case, 'lout along- with the  

estimations used above, b e t t e r  approximations can be made. 

I n  order t o  ensure separation, the  conductivity behind 

the  shock would have t o  be increased t o  so Barge a value 

t h a t ,  even accounting f o r  the  (1 - G/q) term, the  r a t e  of 

current  sheet spreading would be much l e s s  than the ideal  

shock separating velocity.  When s e a l  gas e f f e c t s  become 

important, the  density compression r a t i o  across the shock 



w i l l  i n c r e a s e  t o  much g r e a t e r  va lues  than  t h e  i d e a l  6 (about  

12 f o r  us between 3 and 7 cm/psec). u n l e s s  very h igh  shock 

speeds a r e  achieved. For shock speeds i n  t h e  range of  t h e s e  

experiments,  t h e  compression r a t i o  may b e  a s  h igh  a s  1 7 .  

Using equat ion  ( 4 2 ) ,  however, C is only about 4 f o r  t h e  6 

and 735 KV s h o t s  where t h e  shock is w e l l  i n  f r o n t  o f  t h e  main 

c u r r e n t  s h e e t ;  t h u s ,  t h e  expansion through t h e  f r o n t  o f  t h e  

c u r r e n t  s h e e t  offers some a s s i s t a n c e  toward achieving  

separa t ion .  S t i l l ,  much h igher  c u r r e n t  s h e e t  v e l o c i t i e s  

and e l e c t r o n  temperatures  than  have been a t t a i n a b l e  i n  t h e s e  

experiments a r e  necessary.  A method s f  overcoming t h e  

tendency of t h e  shock t o  form i n  t h e  r e a r  a t  h igher  Mach 

numbers w i l l  be d iscussed  i n  s e c t i o n  VI. 



5.2 Ion and Neutral Coll ision Cross Sections 

A l l  the  analysis i n  t h i s  paper i s  based on a single- 

f l u i d  model' for  an inviscid gas. For these approximations 

t o  hold, the  mean f r e e  paths of the  heavy species must be 

small compared t o  the widths of the  current  sheets,  which 

are  the order of centimeters thick.  In  order t o  deter- 

mine these mean f r e e  paths, and es tab l i sh  the v a l i d i t y  of 

the  approximations, a b r i e f  investigation of the  relevant 

cross sect ions  is presented i n  t h i s  subsection. 

The mean f r e e  path fo r  co l l i s ions  of species - a with 

species 2 can be approximated: 

where % = %/3.5 x 1015 is the reduced number of p a r t i c l e s  

per cubic centimeter of species b. and oab is  the appro- 

15 p r i a t e  cross section.  3.5 x 10 particles/cm3 is the 

number of p a r t i c l e s  i n  a gas a t  room temperature and a 

pressure of 100 p Hg. must be l e s s  than P m t o  be 

considered small, The important mean f r e e  paths t o  be con- 

sidered are  those involving co1Pisions of neutrals  with 

ions and also those involving self-colPisions between the 

dominant heavy pa r t i c l e s .  The f i r s t  type s f  coPPision 
A 

allows the neutrals  t o  be accelerated and the second type 

enables th in  shocks t o  form and inviscid equations t o  be 

used. 



For the single-fluid assumptions t o  hold, the ion- 

neutral col l is ion cross section must be large enough t o  

prevent ion s l i p .  The lower the degree of ionization, the 

larger t h i s  cross section must  be. A t  high energies (above 

about 25  ev) the charge exchange mechanism is dominant, and 

a t  low energies e l a s t i c  col l is ions dominate. The appropri- 

a te  cross sections are given i n  table  5 for  ions moving a t  

the snowplow velocity with energies ui. 

For argon, the mean f ree  path for  a neutral undergoing 

charge exchange with an ion, An, i , i s  el/aC!Eo cm, where a 

i s  the degree of ionization, n i s  the i n i t i a l  n u d e r  density, 
0 

and @ i s  the compressibility factor.  Even for the lowest 

densi t ies  where no = 1 ,  h is  of the order s f  B m. I n  n u  i 

the front of the current sheet where @ = B and a may be low, 
- 

the re la t ive  veloci t ies  are lower and oni i s  much larger. 

(Both the e l aa t i c  and charge exchange cross sections are 

larger for lower re la t ive  energies or  veloci t ies . )  Thus, 

'n, i 
remains small. 

The mean f ree  path A n t i  for  helium and hydrogen is  

larger than the respective mean f ree  path for argon since 

the degree of ionization is  lower, although X i n n  (mean 

f ree  path for  an ion) is shorter. For the higher density 

runs X n I i  i s  s t i l l  small, especially behind the shock where 

@ is  large. However, for the Pow density r u n s  (120 @ Hg in 

hydrogen and $0 p Hg in  helium) where no shock is  formed, 

i is  approximately .15/a~ an and for  about 15% ioniza- 



t ion  (a = .15) there could be considerable ion s l i p .  Even 

i n  these l imiting cases the low re la t ive  veloci t ies  i n  the 

front of the current sheet, and the compression i n  the rear ,  

make A n t i  considerably smaller. The neutral-neutral mean 

f ree  path, which governs the shock formation, is the largest  

important mean f ree  path and i t s  ef fec t  is  the most serious. 

I n  order t o  t r e a t  the plasma as an ideal f lu id ,  the 

dominant heavy par t i c le  must  have a small mean f ree  path 

for col l is ions with i t s e l f .  The ion-ion coPlision cross 

sections are calculated in table 5 assuming pure Coulomb 

col l is ions,  but they w i l l  be be t te r  approximated by the 

neutral-neutral cross sections a t  high energies. The 

neutral-neutral cross sections i n  table  5  were calculated 

from viscosity measurements (Refs. 18 and 19) and have the 

s l igh t  temperature dependence noted. 

Argon ions, due t o  the i r  high energies, have fa r  too 

small a Coulomb cross section t o  allow shocks t o  form, how- 

ever, the neutral-neutral cross section is reasonable for 

the 30,000-40,000~~ temperatures expected behind any shocks. 

0 For a temperature of 40,000 K. h n g n  = - 2 5 1 ~ ; ~  cm, which i s  

l e s s  than 1 m for  > 2 .5 .  as it is  for  a l l  cases i n  

argon. A s  long as the degree s f  ionization is  not too high, 

the ions are coupled through the charge exchange col l is ions,  

and shocks can form, Even i f  the degree sf  ionization is 

high, the ions w i l l  undergo inelas t ic  and other non-Coulomb 



type co l l i s ions ,  so  t h a t  the  t o t a l  cross section w i l l  be 

large enough t o  allow for  shock waves. The experimental 

r e s u l t s  ver i fy  the f a c t  t h a t  the heavy p a r t i c l e  mean f r e e  

path is small. 

In  helium the ion-ion and neutral-neutral  cross 

sect ions  a re  of the  same order, but the  degree of ioniza- 

t i o n  is low, and neutral-neutral  co l l i s ions  a re  dominant. 

For a temperature of 2 0 , 0 0 0 ~ ~  behind the  shock for  the  
i 

250 Hg  run,'^ = . 2 5 / ~  cm, which is  l e s s  than 1 m for  
n ,n  

C > 2.5, verifying the experimental evidence qf t h i n  shocks. 

For the $0 pl Hg run, however, A is approximately .8/@ cm, n p n  

which is  too large t o  form a t h i n  shock i n  the current  sheet.  

In  hydrogen, $he degree of ionization is a l so  Pow, and for  

the  120 p Hg shot X fo r  H2 is approximately equal t o  
n ,n  

. 2 / ~  em. This is small, but  is probably not the  relevant 

cross section.  since H2 w i l l  be dissociated,  and H has a 

much smaller cross section than H2. This accounts for  the 

experimental observation t h a t  a th in  shock is not present,  

More accurate estimations cannot be made as  t o  the 

v a l i d i t y  of the  s ing l  e-fluid assumptions because nei ther  

the  s t a t e  of the  gas nor the exact relevant cross sections 

a re  well known. However, it can be seen t h a t  i n  host cases 

the  assumptions do holdp and when they do not the  experi- 

mental r e s u l t s  show the breakdown quite c lear ly .  



V I .  SUMMARY AND CONCLUSIONS 

By successive approximations, a model has been 

developed which successful ly  accounts f o r  t h e  observed 

behavior i n  MHD shock tubes.  Considering t h e  dr iv ing  

current  sheet  as  an a r b i t r a r y  non-diffusive force  f i e l d  

q u a l i t a t i v e l y  explained the  phenomenon of shock formation 

wi thin  the  current  sheet  and a l s o  revealed the  Mach number 

a s  t he  important parameter governing the  pos i t ion  of t he  

shock. Proceeding from t h i s  point ,  a s i m i l a r i t y  so lu t ion  

was developed f o r  t he  cy l ind r i ca l  geometry used i n  t he  

experiments performed- A second parameter, the  magnetic 

Reynolds number, governing t h e  current  sheet  thickness and 

d i f fus ion ,  wag shown t o  be important Numerical so lu t ions  

f o r  d i f f e r e n t  values of t he  two parameters were shown t o  be 

applicable even t o  experiments where s i m i l a r i t y  was not 

s t r i c t l y  observed. Accurate r e s u l t s  were obtained f o r  

heavy gases where the  shock formed i n  the  r e a r  of the  

current  sheet  and s i m i l a r i t y  was not disturbed by the  shock. 

For Bight gases t he  s i m i l a r i t y  so lu t ions  cor rec t ly  pre- 

d ic ted  where the  shocks would form, and other  considerat ions 

could be used t o  pred ic t  the behavior from t h a t  point .  

Numerical techniques based on the  s i m i l a r i t y  so lu t ions  

were developed t o  est imate the  conductivity of t he  plasma. 

They were found t o  be applicable even when the  shock 

destroyed the  flow s i m i l a r i t y  ( f o r  f i n i t e  breakdown widths) ,  



as long as the shock did not affect the plasma conductivity. 

By considering the simple monatomic gases argon and helium 

where this was so, and examining the collision cross 

sections for all gases treated, the more complicated behav- 

ior of diatomic hydrogen could be accounted for. The in- 

sensitivity of the shock position to the exact current 

distribution in the similarity solutions enabled one to 

extend the similarity solutions to predict the behavior of 

flows where the finite initial breakdown width sf the 

axrrent sheet (or the rapid diffusion in the central portion 

sf the inverse pinch where the conductivity is not pro- 

portional to l/r) destroyed similarityo 

Shocks have the possibility of separating from the 

current sheet only when they are formed near the front, so 

that the gas swept up is accumulated behind the shock- ~t 

is then necessary to increase the conductivity behind the 

shock to such a degree that the shock will separate faster 

than the current sheet can diffuse. Increasing the current 

sheet speed, or using a heavier gas to increase the shock 

strength has the adverse effect of causing the shock to 

form further to the rear in the current sheet, This 

results in the gas being accelerated and compressed 

isentropically in front of the shock. 

A t  Bower current sheet speeds, the temperatures needed 

to achieve the desired conductivities are so high that 



preionization has no appreciable e f f e c t .  Preheating the  gas 

tends t o  cause the shock t o  form i n  f ron t ,  but  then the 

shock is  weaker and the f i n a l  temperature lower than it 

would be behind a shock propagating a t  the  same veloci ty  

in to  a cold gas. 

One method t h a t  has been proposed t o  achieve separa- 

t i o n  is t o  i n i t i a t e  a current  sheet i n  the  hot gas behind a 

shock wave i n  a conventional shock tube, thus increasing 

the  or ig ina l  shock's speed. However, the  temperatures 

behind conventional shocks are  not high enough t o  prevent 

a rapid spreading s f  the  current  sheet ,  and, i f  the  current  

sheet were not b u i l t  up slowly, a second shock would form 

within it and prevent the  desired acceleration s f  the  con- 

ventional shock. A b e t t e r  method would be t o  t a i l o r  the  

i n i t i a l  discharge i n  an inverse pinch type device so t h a t  

the  current  sheet would s t a r t  a t  a low velocity and, once 

a shock was formed i n  f ron t ,  the current  could be grea t ly  

increased t o  achieve the  desired high ve loc i t i e s  and Mach 

numbers without causing the shock t o  form in  the rear .  

These kinds sf t a i lo red  current  p r o f i l e s  couPd be achieved 

by transmission l i n e  d i s t r ibu t ions  of capacitors and 

inductors. 

The p o s s i b i l i t i e s  of t h i s  type of ta i lored  accelera- 

t ion  were investigated in  the inverse pinch used i n  t h i s  

experiment by f i r s t  f i r i n g  the preionization bank a t  a low 

voltage and then f i r i n g  the  main bank a short  time l a t e r ,  



a t  a higher voltage, a f t e r  a shock had formed i n  f ront .  I f  

the  voltages on the two banks d i f fe red  by too much, a second 

shock formed, as  it would in  the experiment described above. 

However, a continuously increasing dr ive current  would 

eliminate t h i s  e f fec t .  Figure 33 shows the  t r a j ec to ry  of 

a current  sheet produced by discharging the preionization 

bank a t  6 KV in to  hydrogen a t  a pressure of 700 p Hg with 

the  main bank a t  7% KV discharged 1.4 g ~ ,  sec l a t e r ,  For a l l  

the  shots comprising t h i s  run, no tendency whatsoever was 

noticed for  a shock t o  form fur ther  t o  the r ea r  than is  

shown, as was the ease when the  main bank was f i r e d  alone 

This idea was not pursued fur ther  because the  small 

s i z e  of the  inverse pinch does not allow observations t o  

be carr ied out for  times which are  Bong enough fo r  separa- 

t i o n  t o  be observed, This is due t o  the Parge compression 

behind high speed shocks, which decreases the ideal  separa- 

t i o n  distance between the shock and a so l id  piston.  A 

ta i lored  current  sheet can be used i n  MAST type devices 

where the  necessary lengths s f  the  order of several  meters 

have been achieved (Ref. 20), but i n s t a b i l i t i e s  due t o  the  

Pack of hydromagnetic s t a b i l i t y  may then defeat  one's  

purposeo The bes t  solution may be some inverse pinch type 

configuration which channels all. the  energy in to  a wedge 

shaped section.  

Using the knowledge developed here about the  workings 



of MHD accelerators ,  and about the  s t ruc ture  of the current  

sheet and resu l t an t  flow, some possible experiments may be 

attempted even fo r  the  incompletely separated shocks pro- 

duced i n  hydrogen and helium. One such experiment planned 

for  the future  w i l l  be performed a t  the Pow dens i t i e s  where 

the  mean f r e e  paths are  such a s  t o  prevent ordinary shocks 

from forming. The addit ion of an ax ia l  magnetic f i e l d ,  while 

not producing a th in  MHij s t ruc ture ,  w i l l  y ie ld  a small 

Larmor radius fo r  the  ions. Deviations from the expected 

s t ruc ture  w i l l  'Pde sought i n  an attempt t o  observe the 

theore t ica l ly  predicted coPPision f r ee  shocks. Pressure 

probes can be used t o  measure any shock s t ruc ture  t h a t  

appears due t o  the addition of the  ax ia l  f i e l d .  For higher 

density cases, when an ordinary shock i s  present,  the  a r e  

heating of %$e heavy p a r t i c l e s  is  negl igible  and r e a l  gas 

e f f e c t s  behind the shock can be investigated under conditions 

sf i n i t i a l l y  high electron concentrations. However, the  

expansion region due t o  the  non-solid pis ton w i l l  make such 

observations d i f f i cu l t . ,  Any fur ther  e f f o r t  i n  such devices 

should f i r s t  be devoted t o  producing t r u l y  separated shocks 

with uniform regions of reasonable length between the shock 

and the f ront  of the  current  sheet.  

The main value of the  work presented here is  the 

revelation s f  the  correct  procedure to be followed t o  

achieve separation. Eight gases o f fe r  the  bes t  psss ibiPi ty  

fo r  success due t o  the lower resu l tan t  Mach nurkbers a t  the  



high magnetic Reynolds numbers necessary t o  keep the current 

sheet thin.' The experiments performed i n  helium and hydro- 

gen, plus the f lu id  mechanical arguments used in the analy- 

s i s ,  should be useful in the design of future experiments. 

The success of a basically MHD approach t o  such a complicat- 

ed plasma problem is especially notable, and future experi- 

menters might'do well t o  consider the use of a macroscopic 

description in  cases where the more general equations of 

plasma physics are too d i f f i c u l t  to solve. 



APPENDIX A 

FULL DELTA FUNCTION FORCE SOLUTION 

The diagram below shows both the cp and J1 character- 

i s t i c s  behind the concentrated piston in  laboratory 
A 

coordinatesP Besides the  normal expansion region (4)  in  

the  J1 charac te r i s t i c s  there  is a l so  an expansion region (3 )  

i n  the  cp charac ter i s t ics ,  If the  flow consis ts  so le ly  of 

simple wave regions as  shown, these two expansion fans must 

not overlap, This condition w i l l  be shown t o  be re la ted  t o  

the  escape speed of the  gas. 

Calling n = 2 / ( y  - P) and 5 = dx/dt = x/ t ,  the con- 

d i t ions  in  the expansion fan behind the pis ton i n  region (3) 

can be writ ten:  



where Q is given by the solutions of subsection 2.3. Thus: 

In the expansion fan of region (4 ) :  

There are two possible cases, governed by whether a 

does or does not go to zero between regions ( 3 )  and (4). 

Since the cases being considered have pistons moving faster 

than the escape speed, a solid piston produces a vacuum 

and a is zero. The amount of leakage through a non-solid 

piston determines whether the gas that has leaked through 

comp1etel.y fills the vacuum region. The two possib8e cases 

are shown on the next page. 

For ease 1, a equals zero before 5 reaches s2 and Q 
must be greater than C2 as shown by equations (11, ( 5  

decreases as the characteristics become more vertical). 

The expansion fan in region (4)  extends forward to 5 = S 3  



Case 1 Case 2 

where a = 0. Using equations ( 2 ) .  C3 = na and u = nad 
0 

I 

S1 = P for a = 0 

Thus, for  cape 1 Q must be greater than na . 
0 

If Q is less than nao. a never goes to zero. Then: 

Equating a  from equations ( 2 )  at S 3  t o  a from equations 

(11 a t  S2:  

(nao - S3) / (n  + 1) = (S2 - ~ ) / ( n  + 1) a (4) 

Equations ( 3 )  and (4)  can be  used to so lve  for S 2  and S3. 



The condition Q < nao insures tha t  T2 > c 3  a s  shown. The 

other condition t h a t  mus t  be s a t i s f i e d  is t h a t  S2 < U. 

When F2 is  grea ter  than U the  above simple wave 

argument breaks down, so the  c r i t e r i a  governing t h i s  

occurrence must be found. The maximum possible value of Q 

occurs fo r  the  case of no leakage, and a3 = 0 ,  uj = U. and 

Q = U. Thus, the  maximum value of T2 is. 

The condition SZmax > u can be expressed: 

2ao/(y - 1) is the escape speed of the  gas and, i f  the  

piston moves a t  a velocity l e s s  than t h i s  escape veloci ty ,  

the  simple wave solutions may not hold. However, t h i s  is 

a maximum s t ipu la t ion  and fo r  Q < U it can be relaxed. 

Equation (5)  determines the  exact requirement for  the 

simple wave solution t o  hold. 



Dl&'-1 --- -- - - - 
1 R E A D  I 5 * l r )  RVOI G A W A e  KK 

-- - LO- FORMAT f t F l Q & c  €51-  - - -- -. 
G A M Y A l  * GAMMA - 10 

- GAYMA2- r GAMKA-+ 1. - -- - - - -- 
GAMMA3 = GAMMAl /GPMHA2.  
GG = G A M M A 2 / 4 0  .- - -- - - - - - . - - - - 
UMAX 9 G 6  9 S Q R T I G G * + 2  + f l o / R M 0 + * 2 ) 1  

- - -  UMAXO. = GG_ + SORT.(GG_+_+2 + lr) _ 
FMAX = ( 2 o / G A M Y A 2 l * U M A X * + Z  - G A M Y A 3 / ~ G A M Y A * H V ~ O * * 2 ~  

- FMAXO = UMaXO + 0 to/GAM'FnA)-.- 
W R I T E  f b r l l )  RMO* GAMMA* UMAXI F M A X  

11 FORMAT 1Hl t 5 X r 4 H M O  = r F I O o 5 r 5 X e 7 H G A M M A  * ~ F ~ O & ~ ~ X D ~ H U M _ I \ _ ~ ( - Z Q F ~ ~ S . R  . ' 
P 5 X c 6 H F M A X  s r F l O e 5 )  

--_---.-k!!UTE (6~121 - - - - -- - -- --- --- . - -. -- - - 
12 FORMAT ( I / / /  ~ O X ~ ~ H S U ~ ~ X ~ ~ H ~ ~ ~ X ~ ~ H P P B B X P ~ H U P O ~ X D ~ W A B ~ ~ X ~ ~ H P ~ D  

-_. - .- - f - -e~.eZ_L!ILZ 9!L&2H_AZp9XrEHX-I/ L . .  - -_ 
D E L T  = fUMAX - 1 . ) / 2 5 e  

-. - . . S u _ - % l e  4 RELX*tRI[ -4P - ----- - - 
RMS = t S t j * R V 0 ) * * 2  
P (GAMMA2*RM$9/ IGAMMAP*RMS 9 200 -- - 
U 8 S U * f l e  - Yls/PlI 
A ~ S Q R f ( l a +  i ~ M A 2 1 * P t A M i 4 A + P P a / U * I L R n % - U P 1 M  - -  
EE a 2 o / G B M M A 2  

- - ~ ? % P e - ~  11 - -- - -. 

5 = t A / u P ) + * E E  
- _ -- R K  Q t A / U P J  * * 2 / G A M M L . -  -- - - -  

FP = R K * f l o  - (Po /S)+*GAMMAB 4 P o  - S 
. F_LLE-*~*uB**~ - __- __ - - - - -- - - - - 

t F  G A M V A l / 2 e  
U 2  -= l o  - S * Y P  - - - -  -- - 
P 2  = P / 5  

-- - A t  Q A / S * * E F  - - -- 
X  * l e  - AZ/GAMMA?) 
I F  I X  Q L T O  O e l  X = t G A M M A l & d + X  - - -- - - 

2  W R I T E  ( 6 9 1 3 9  S U v F l  I )  P P P ~ J ~ A P P ~ V ~ J ~ ~ A Z V X  
- B Z & F O R M A L  ( S ~ ~ ~ F P Q Q ~  1 __ - -- 

S U  = \JMAX 
RMS = (_SU*RMOB**P 
P o tGAMMA2*RMSI/(GAMMAl+RMS 9 2 0 )  
U * S U + l P 0  - PPf,/P)P -- - - - - - - -- -- - 

A * SORT f  1 o  4 0 2o*GAMMA3/GAMMA2 ) * (GAMHA 4 ( P o / R H S i t + P H M S - l o  j 0 /W6- 
P 2  = O e  -. -- 
U2 a P e  
A 2  a O o  
x * B e  

W R P T E P ~ s A z n L 3 P  - - - - - - 
J4 * 25e* (11MAXO/UVAXI  9 P o  

DO 3 1 = 9 5 9 4 9  
3 F ( O )  * FMAX 

C A L L  CPLOB (F ~ J J S J J ~ D D S F W Q Q O ~ ~ ~ ( K U  
HF (KK s N t c  08 GO TO 4 
to ~n B ---- 

4 wutfe 4 6 ~ 1 4 1  UMBXOPFMAXO 
14 FORYAP P/I SXe7PIUMAXO * P F B o ~ ~ B S X B ? H F M A X B  * ~ F B 0 e 5 9  

STOP 
END 



A P P E N D I X  C C Y I I N D R L C A L  S I M I t A R I T Y  S O ~ T l O N P R O G R & 4  ..._ - _ 

DI- S E T A ( 2 0 O l r  S U ( Z 0 0 1 .  S P ( ? O O J *  -1. 
l S C U R ( 2 O O ) *  S P H I I 2 O O ) r  S E M A S S t 2 O O ) r  R P H O B E ( 2 O O ) r  S C O O P t Z 0 0 )  r 
2 E T A M t 2 5 ) r  U M t 2 5 ) ~  P M ( 2 5 1 r  B E M 1 2 5 ) h B E N M t 2 5 I *  E F l A 5 S M I I l )  -- 

100 R E A D ( 5 * 1 1 l  RMOLD* RMNEW* GAMMA* I P I T  
11 FORMAT ( 3 F 1 0 . 5 ~  1 5 )  - -- --a -- 

RM = RMOLD 
I F  (RM mLTm 0.) S T O P  - - 
GAMMA1 = GAMMA - 1. 
GAMMA2 .I GAMMA 9 l a  - - - - 

GAMMA3 = GAMMAZ/GAMMAP 
R E A D  ( 5 9 1 0 )  R K A P P A *  O Q  E T A  --- -- - 

10 ERMAT f2E10.4 .  F5.2: 
- 

RFN = (~PPA/IETAI*+7I/CEXPIETA,RM) I --- - 
B E  = B E N / 2 e  
11 - n.o -- - - - 
P = l o 0  

R E B I Z . l L I . 2  1 D E L T *  NUM -- - 
1 2  FORMAT ( F 1 0 . 5 ~  I S )  

~ F I  Y P B  s I ~ * ~ F L T  -- 
C 
C SF? I N I T I A L . V A l l t F S  TO ZFRO - -- - - - 

I = P  
- -  IT = P -- 

EMASS t 00 
KUCHK = 0 - - - - - - - 
KOOP = 0 

&P&l = Oe - - - --- 
CONS? = CO*GAMMA 
PMAX =_ 00  -- -- - 
MOCK = d 
M = O  -- -- - 

E T A S  n 00 
- BPMAX 00  - . . --- 

CURMAX = 09 
IIMIED = Q _ _ - -- - 
PIM = 0 
B W R I T E  n 0 - - . 

KDOPE 9 0 
= -- -. - 

SPRE .'100& 
C-- -_ . -  - . -- . - . -- - --- --- - - - 

C STAR? COMPUTAT PONS * 
-39 R M O Q D * R ~ A P P A *  Em* E f A  .- - - - -- - 

13 FORMAT O ~ H ~ ~ ~ X I ~ H R M O L D ~ I F B ~ ~ ~ ~ X ~ ~ H K A P P A ~ ~ E B ~ ~ ~ ~ ~ X ~ ~ H C O ~ ~ E ~ ~ ~ ~ ~  
- _---I 5Xv4_H_BM=vE120498H A T  E l A r s F 5 - d l -  - 

W R I T E  ( 6 9 1 8 9  
. -_- _- P&FO_BMBe-P . / -3Xv3HEfAe9X*  PHP*PlXnlliYrP_O#dHBEcB(DXv?IPIBEMg 

P ~ X ~ ~ H C U R ~ ~ X P ~ H P H I ~ ~ X ~ ~ H C O O P ~ ~ X ~ ~ H A B ~ ~ X ~ ~ H  / / P  
I K n 0  - - -- - - -- 
2 T E M P I  = W/ETA 

_ _  - --_--A_= I p - = . J U  - 
IF ( A  .CEO a 0 0 l B  W TO 3 2  

- -_IE_MCIL peBn_aB GQ TO3'% - 
GO TO 30 

9 2  PHs r P Q A  -- - - - 
CUR = 'IETA*BENO - B E  

- I F . P L P . _ O . B  _ W R  fa  glo - -- - - 
E T A S O  = ETAW.2 

_ -AB -I cmstaa P * * ~ P ~ ~ ~ E H B S Q Q P H O * A P  



ABP - 1- - A 6  - - --- -. 
C 
r F- FW UHF= ON IIN I <  ~ C . A T ~  AFTFR ISHDCI[ 

I F  (KUCHK .NE. 0 )  GO TO 8 
-- , _ _IF IK-ONE. Q ~ U W ~ A N D ~ W L ~ N E O  1) G Q - I Q  8- -  

RKS = GAMMAZ/ (GAMMA2 - 2 * * A B P )  . 
-- --- - RKPS *. la -. 11mIRKSI - -- - 

UZS = RKPS*ETA + ( U I R K S )  
AR<7 I 1C-7 + - ! / I - >  - 2-I +--- - .- 

GOOP ABSt*UZS - ( B E + C U R I I t P H I * E T A I  
-- - - I F - l G O D P  & G L L L 4 t Q a  - -- 

KDOPE = KDOPE + 1 
--- - _IElKRQPE: &LZL -GQ-IQ.tOQ - 

IMED = 1-2 
F T A  r + F T M N F D I  - - - - - -- - . - - 
P a SP( IMED9 

- . - U_-= S U ~ I M E D J ~  - - 
BE I SEE 1 I WED 9 
BEN = S B E N I I L  g 

EMASS = SEMASS(1MED) 
_r=.:w - - - - - - - -  ---- - --- - --- - . - - .- - - 

GO TO 5 
---.--50 W E D  = K-P . - - - 

KIJCHK = 1 
IK = NUM*fMED 9 KMED -- 

WRITE ( 6 r 1 7 ) l M E D v  KMED 
1 9 4 1 1  '7 I f f !  - -- --- - --- - 

C 
-- C TEST FOR SHOCK AND PUT M-SHQCIC-VALUES AT K a KK 

8 IF PKOOPmEQmOP GO TO 36 
-- .- I F  (K rNEc KK) GO 9 0 - 3 8 - - -  - - - -- - . . .- -- 

RK I GAMMAZ/(GAMMAZ - 2.+ABP) 
W Y P  r 1 , ' -  E l a n  ---- -- - - 
RMOCKN = + l m / S Q R T ( A B )  

-. .- - -- .-PRESS -=- RKeaP*  I [ETA-Uj  +*2 B a CO* tP*-*GAMW 
P = RK*P 

- - U I- RKP*ETA 9 (UIRKI- -. - - -  -- - 
CONST = GAMMA*tPRESS/(P**GAMMA)b 
A t P H B  I.5it(iAMMjiI - -- 
RMS = RMNEW/fP*+ALPHA) 

- -  - KOOP E-D - -- -- - - - -. -- - -- - - 
ETAS = ETA 

- GO T O 2  - - - -- - - - -- - - - - - 
C 
r TFCT Fnw +PNC;III AR 1 ty R F F ~ W  AFFTFB C- - 

36 I F  (MOCK *EQm 0  .OR* KOOP .EO* 1 9  GO TO 35 
---__.re:rn~p -I r -  -UFI t m  t n  PO 92 - -  -- -- - - 

WRITE ( 6 r l 6 )  c O ~ S T *  PRESS 
- -- - 16 E O R W - t l l S W . 6 C 1 C 4 N S T ~ ~ ~ ~ ~ ~ b  E - - 

MOCK = 2 

35 ~ F ~ A R P  ~ G V .  DELB10)  GO TO 35 
- - - 3 7 - L W R P X E - P  - - . . 

I F  (MOCK eEQe 08 GO TO 51  
WRlTE L b s i t Q B A l Q C k - - - -  I - -  . - 

69 FORMAT t I I I I  SXcSHMOCK~olSP 
cfOP ---- 

51 MOCK a 3 
- - #AB@-=-K--?--.-.-. -- 

l A R P  = 8 - 1 
mu= LYLPM+BABB-P - - -- - -- - 



1 

- K S P A C L L  L W IK_ -- -- - - -- - - - 

NSAVE = (KSPACE/NVC) 4 5 
DO 57 N = 16NSAVE - 
18 = IABP + 1 - N 

- E U M ( K L  r S E t A U f i -  -- -- - . 
PM(N) = SP(I f3)  

. -  U N  YI.  = - U L B L  - -- -- -- 
BEMtN) = SBE(1B) 
B E W )  = SBENI 10) - 

57 EMASSMtN) * SEMASSt 18) L 

R K A U C  r- K SeK!+NuM 
RKSPJ = tRKSPAC)**e333333 
J J 2  = RKSP3 -- - - 
JJl = JJ2**2 
MAX = J J 7  + 5 +- 
MAX1 = Z * ( J J Z + l )  

ETA = ETA + DEL-r-- -- -- - - - - -- -. - - 
U = U - UNWDELT 

ABP I l o  - .@B 
WRITE ( 6 r 1 5 )  lABPo KABPo ABP 

-- 3.5 FORMAT ( / /  qX22Hf A B P I , 1 4 W K A B P z ,  H ~ P % P ~ ~ ~ Q _ A B P ~ o E P  P/D 
I F  (KUCHK ONE* 0 )  GO PO 36 

- WRITF ( 6 9 6 8  KUCHK - - -- 
68 FORMAT (///I 5 x 0  6HKUCHK=rI50 

STOP - 

39 UN = P1BE*CUR)/fPHI*ETASQl - AB*TEMPl)/ABP 
PN ( P * W ~ T E M P I l L L P A a E f A _ )  _L.- - ,  

I F  (MOCK eFQe 0 eORa KOOP oEQc P P  64) TO 33 
RM 9 RMS*f P**Al PHAI . -  

33 CURN a ETA*RM*(A*BEN - ftBE*UN)IE?A)9 + OALPHA*PN+CWR1/fP*EVAP 
BE NN a- LCPL!!3&t..&+REKELE_TA - - - - -  
ETA = ETA -,DEL? 

- _-rJ. =.I) 4 .pE_LT*!.fN. - -- 
P a P 4 ~ F L T * P N  
PHI = P * ~ I o - ~ U / E T A ~ )  -- 
BE a BE 4 DFLT* BEN 
BEN = BEN 4 DELT*BENN - --- -- - 

CUR 8 CUR 4 CURN*DELT 
-EMAS_ASS.E EMASS 4 6 c 2 8 2 8  _Q%TA*DEL?+tP-.P.O - 

K = K + B  

9IFI(W'21 o N E e O t - 4 0 ! - - _  - - - . - -- 

COOP * l o  - fEMASS/19e14P4 QEVASQIP 
_. - _  - .WRITE t S r l 4  1 -EZALPL.ULBE~-~ENP CUR* COOP* ABc 1 

1 4  FORMAT IF9.49 8612.40 159 

SEEN( I 9 -=_BEN. -- - -- --- - 
SCURII)  = CUR 



-- . -_GP IQ 1 - - -- - -- - - -- - .- - 
C 
C S r A R m A N D - -  

30 PRESS (CONST/GAMMA)+tP**GAMMAl 
- -  _ - Y L  L ~ S O R T I ~ ~ E T A ) / . T O R T  ( BE+*! _+- Z**PRESSI I 

WRITE ( 6 r 1 9 )  ETAS, E T A *  PRESS*  V E L *  EMASS* RMOCKN 
- -- - - 1P F Q R M A T L l  __ 4X *5HETAS= ~ F ~ B ~ ~ ~ X * ~ H E T A = S F ~ ~ S ~ X J ~ H P R ~ S S U R E = * F ~ O ~ ~ ~ X I  

1 9 H V E L O C I T Y n  ~ F ~ . ~ * ~ X * ~ H S N O W P L O Y * ~ X * ~ H E M A S S * * F ~ O ~ * ~ X I  
7 Qm Nt l r= .FQ-& l  --- -- 

COOP I 1. - ( E M A S S / f 3 n 1 4 1 4  *ETASOB) 
~ ~ R I T E W T ~ A . P ~ - L I . R E . B E ~ . W .  PHPPB* P o  K 

66 FORMAT 4F9.49 8E12.49 2 1 5  / / I9 
- L Q U U I 1 O 1 L f A M M A  - --- - - - - 
ALPHA 0.  
OM = w n  - - -. -. .- - - 
IF ( L W R I T E  .EQ. 0 )  GO TO 56 

-- - - - - l F - _ l M O C L & E d l _ t O  111.90- - 
1F f P R E  .GEe SPRE)  GO TO 91 

- - SPRE = P I E  - . - - - - -- - 
MM = 0 
GO -in 9n - -- - 

91 MM = MM 4 1 
- ---- - I F  (MM ILT. 21 U Q 9 L  - - - -  -- - 

lKMAX lKMAX - JJ*OM-39 
. .- - M = O  

MAX = M A X I  
I F  1.1.j *-%blF = n ----- 
I F  1 J J  c E Q e J J 2 )  JJ * P 

- -- I F  (JJ nEQs a19 J 4  =- 9 s  - - - -- 
MM = O 

-- _ - - SPRE P q O O o  . .. .- - - - - - -- - - -. - - 
90 W = M4P 

IF $3 - I  F, M A X I  cn yo QS - - -- --  
WRITE ( 6 9 6 4 )  MAX 

- -  I 6 L I _ O R M A L ( / /  5 X r 4 H M A X = r 1 4 1  - - -  - -- 
STOP 

.- 9 2 - I K N E W  4 SKMAX - S J * M  
f IKNEW/NUM 

I I K  a V K N F W  - NllM*! -- ---------. 

BB = I A R P  4 1 - H 
ETA-=-ETAMt It39 -- - - - -- 
P I P M ( I R 9  

-- U c m m I  ----  - --- - -- 
RE a B E M ( I R 1  
RFfU m RCLMIO)P - - 
EMASS a E M A S S M f I B 9  

- - - - ium-1- .- - - - -- - - 

MOCK 1 
. _ 60 P0.3 -- _ -- _ -  - - - -- - - - - 

e: 
r BPnP CUPLUJFK I F  avr?  GRFATFR n -------- 

36 1 = 1-1 
- _PMAX = &L - - - 

DO 4 0  L = 1 1 9 1  
BPROBEQLb  a P eSEYA~L~j+*29+SBWILP---- -- . . 
BPPAX A M A X l l b P M A X 9 B P R O B E I L 9 9  
D ~ Y  n a-8 - .-- - 

40 CURMAX a AVAX l (CURMAXeSCURBL l9  
PROBE EYASOaEEdL-- ----- -- 
BPMAX a AMAXI(BPMAX*PROREI  
BEF BN = SBR?&RU-! -- - - 



--a I t - =  I + 1 - -  - - - 
COOP = 1. - I E M A S S / t 3 * 1 4 i 4  - ; ( E f b * * z ) )  ) 
00 4 1  L = 1 1 ,  2 0 0  - - -- - - -- 
S P t L )  = 0.  
S R E ( l . 1  = B E F I N  - - -- -- - - ----- 
SCURI  L )  - CUR 

- RP2ORE_IL = PROBE - 

41 SCOOPI L) = COOP- 
CURWAX = AVAX I (CURMAX , SCOR ( 209 1 l - - . - - - . - - - -  -. 

I F  ( I P I T  4LE4 0 1  GO TO 1 0 0  
-__. .- CALL- CPLOT ( S ~ * ~ O ~ ~ ~ ~ O * . ~ O ~ P _ P ~ ~ X O Q O  -__ 

CALL CPLOT I S R E ~ 2 0 0 ~ 2 0 0 ~ D D r R E F I N ~ O e * 0 9  
CALI. ._C_PIOT tSCUR*ZOQ* tOOr  DDICURMAX*~ .  r O  l - - - - - - - . - - -  
CALL CPLOT t B P R O B E ~ 2 0 0 r 2 0 0 ~ D 0 ~ B P M A X ~ O ~ ~ O )  
CALL CPLOT ( S C O O P * 2 0 0 ~ s l . s O ~ ~ l  I - -. 

.GO TO 100 
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Table 1. Summary of e l even  computer runs for the  con ica l  
s o l u t i o n  t o  an inverse pinch undei various 
operating condi t ions .  Notation is shown i n  
f igure  5 .  



V o l t s  Pressure U Mo Ro O o  Rm u a - - e -  
(KV) (v  Hg) (cm4sec) (in) (rnhZ/m) (3 
7 100 1.63 51 3.9 1.53~10~ 3.1 2.8 .9 

8% 100 1.77 56 2.2 1.62 3.6 3.0 1.1 

10 100 1.98 60 3.6 1.62 4.0 3.0 1.1 

Table 2. Argon E x p e r i m e n t a l  D a t a  



Volts Pressure U Mo Ro OO ' Rm ' u ' a' - e - - 
(KV) ( w  Hg) (cmasec) (in) ( m h ~ r n )  (ev) 

6 700 1.72 15 3.8 2.18~10~ 4.8 3.6 .05 

74 700 1,89 17 8.1 1.57 3.8 2.9 .07 

9 700 2.24 18 9.7 9.68 4.8 3.0 .08 

10% 700 2.59 20 4.2 1.23 4.9. 2.5 .E3 

12 aoo 2.62 21 1.0 1.02 3.4 2.2 .14 

Table 3. Hydrogen Experimental Data 



Pressure us 
(p Hg) ' (cm7Fsec) 

700 2.09 

700 2.45 

700 2.32 

700 2.43 

700 2,70 

Temp. 

(OK) 

Table 4. Equilibrium Conditions Behind a Shock in 
Hydrogen 
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Figure 2 .  Disturbance p r o f i l e s  corresponding t o  t h e  c h a r a c t e r i s t i c  
diagrams f o r  l a r g e  t imes.  The steady flow regions  a r e  
ind ica ted .  
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Figure 3 .  Force diagram for the  normalized shock 
v e l o c i t y  a s  a function sf the  normalized 
p i s ton  force  for a p i s ton  which is  moving 
a t  Mach 10 with respect  t o  the gas  upstream 
o f  the  shock. 
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Figure 4 .  One dimensional s i m p l i f i e d  model of a 
current shee t  wi th  f i e l d  and Blow 
q u a n t i t i e s  indicated i n  both laboratory 
and current sheet  coordinates .  
E = E' + UBZ. 
Y Y 
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Figure 7. Inverse pinch geometry including circuit 
parameters. 



Figure 8 .  Simi lar i ty  s s lu t iqn  showing the relation- 
ships between J, Bg. and B. 
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Figure 9. Shock and current sheet 
trajectories for pre- 
.ionized hydrogenP 
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Figure 10. Shock and current sheet 
era jectories for argon. 
500 p Hg 10 KV. 



Figure 11. Shock and current sheet 
trajectories for pre- 
ionized argon. 500 p HCJ 
10 KV. 
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Figure 12. Shock and current s h e e t  
t r a j e c t o r i e s  for argon., 
125 p. Hg 10 KV. 



Figure 13.  Shock and current shee t  
t r a j e c t o r i e s  f o r  pre- 
ionized  argon, 3.25 p Hg 
hO KV* 
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Figure 14, Shock, current sheet, and 
h profiles for argon. z 
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RADl US (in) 

Figure 16. Shock and current sheet 
trajectories for argon, 
l o o p ~ g  ~ K V .  
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Figure 3.7, Shock and current sheet 
tra j ector ies for argon. 
100 p Hg 835 KV. 
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Figure 18. Shock and current sheet  
t r a j e c t o r i e s  for argon. 
100 p, Hg 10 KV. 



Figure 19. Shock and current sheet 
t r a j e c t o r i e s  for argon, 
1 7 8 ~ H g  1 0 # V O  
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Figure 2 0 .  Shock and current sheet 
trajectories for argon. 
170 PIg 12 KV. 
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Figure 21.  Shock and current sheet  
t r a j e c t o r i e s  for argon. 
1 7 0  r ~ 1  Hg 14 KV. 
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Figure 22.  Shock and current sheet 
trajectories for argon. 
400 p H g  14 KV. 
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Figure 23. Shock and current sheet 
trajectories for helium, 



Figure 24. current sheet  t rajec tor ies  
for  l o w  densi ty  helium* 



r = 2" 1. + =  24" r = 3" 

Figure 25. Actual oscilloscope traces for hydrog~n at 7 0 0 ~  and 6 KV. 
Time scale, 1 psec/div. Upper trace Bg, 1 v/div. Lower 
trace pressure, . 2  v/cm- 
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Figure 2 6 ,  Shock and current sheet  
t r a j e c t o r i e s  f o r  hydrogen. 
700 p, Hg 6 KV. 
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Figure 27. Shock and current sheet 
era j ectories for hydrogen. 
700 Hg 7% KV. 
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Figure 28, Shock and current sheet  
t r a j e c t o r i e s  f o r  hydrogen, 
700 p Hg 9 KV. 
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Figure 29. Shock and current sheet  
t r a j e c t o r i e s  f o r  hydrogen. 
700 p, Hg 10% KV. 
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Figure 38. Shock and current sheet  
t r a j e c t o r i e s  for hydrogen. 
700 Hg 12 KV. 



Figure 31. Shock and current sheet  
t r a j e c t o r i e s  for  hydrogen. 
2 9 0 p H g  9 K V .  
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Figure 32. ~urreht sheet trajectories 
for low density hydrogen. 
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Figure 33 .  Shock and current sheet trajec- 
t o r i e s  in  hydrogen w i t h  the 
main capacitor bank charged t o  
7+ KV and f i r ed  1 .4  psec.  a f t e r  
the preionization bank which i s  
charged t o  6 KV, 



Figure 34. Electron neutral collision cross- 
sections as a function sf electron 
energy, 


