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IITI. SUMMARY OF RESULTS:

Thig investigation Ims clearly established the fact
thet, for sections built up of straight line elements, theoreti-
cal caleulstions can be made with a degree of accuracy suf;

Ticient for practical application and will be on the conservative

side,

IV, STATDINT NF PROBLEM:

Sections built up of straisht line elements are ex-
tenaively used as stiffeners In geranautical construction and
consequently knowledge of their sfrength under compressive load
is of importance to the industry., All shapes of stiffener sections
made up of thin flat sheet of reasonable length, are subject to
three classes of fallure, namely:

’ 1) Loeal wrinkling or buckling of the sheet in the
component parts,
2) EBuler feilure as long slender columns due to their
use in lenzths which are ordinafily large compared to
the crossesection, and
3} Torsion fallure due to toraional instebility.
The question at once arises as to the points of transition from one
type of failure to enother, i1.e. the limits within which each type

of failure may be expected to occur.



T4 is spparent from consideretion of the problem
thot the stiffener will fall et whichever criticel value of the
thres tyves of failure is the minimum for a given size of
stiffencr. 4n investizetion of angle seéticn stiffeners of
gqual leg lengths has previously been made by A, B. Vosseller
and C. C.\Jeromel), consequently, as &n extension of their re-
search, the extensively used channel section was chosen for this

investization,



V. THEORETICAL CALCULATIONS:

In order 40 present the results of the investigetion in
a clear and concise memner it is necessery to express the formulaav
for the three different tyves of‘ failure in ferms of the same
parameters, In addition, it is desirable té have these para.
meters dimensionléss. The crifical stresshto eause buckling of
e flat plate under compreasion was seleeted_és the type equation.
This equation and the edgé conditions arfeeting'the congtant,
are summarized in a recent vaper by Donneléz) in which he gives the

equation in the form

o

er width

= XE {thickness}‘z
This formula safisfies the conditions of dimensionless parameters
in that X is8 a dimensionless eoeffiéient depending upon the ratio
of the length to the width of the platevand upon the edge condi tions.
The edge conditions in the problem under investigation result in
X becoming a function of b, w, L, t and//L
where b = length of leg (depth of channel)

w width of back

]

L = length of channel

o
it

thicknees
#

-

= Poissons rutic {Taken sz 2.3 for
materisl tested)



Since the variables which were to be considered
in this investigation were b, w end 4, it was thought advisable
to obtain X as a function‘bf the dimensionless ratio b/w
since by holding L, ¢ and//b constant X can be expressed as 8
function of (b/w). X, (Youne's Modulus),of course, is & coustant
for eany given material.

{a) Bulsr Failure:

The theory for the failure of struts as Buler
columms 1s well known and has been checked closely by Dr, von
KarmanS) who originated the general method of varying the end
conditions to counteract initial eccentricities, which was used
in this i{nvestigation. -The Huler long column formuls for

critical stress is expressaed as

2
7, = crE)E
where: C = coaffiﬁient of end Pixity
r = least radius o: gyretion of sross-~section
E = Young's Modulus
L = length of column

The end eccnditions under which the stiffeners were tested were
mede as nearly pin ended as poszaible by mounting the channels in
grooves on steel plates which rested on a hemisphere of hordened

steel (Fig. I),hence the end fixity was taken ag unity lor sll



caleulations. The effective length of the ehannel (L) to bve

] *

usged In the Muler colummn formula was deduced by Dr. von Karman

ag follows:

The equation for the bending of & bean is

END BlLocK

D END BLOCK

1 |
EIfé—?{%:—Py (1)

the solution of which is

Boundary conditions?

[ ]
AB and CD are supposed to be of infinite
rigidity and hence are straight lines,

therefors

tan o =«(fi’) =% for amall angles
Yeg =a&= ~a/(g‘$)x£i

or A cosr‘/E—g = 'G[’A VB SN f?gj ﬁ:l
or cot /7/}?;%;4/*7;1 o)

and equation 3 gives the exact value of the

Payler for the case considered,

For & = O we obtain eot ¥ Zr % =0



Putting ) B —‘2~.=.- Z ecuntion (4) may be rewritten

El
Ztonz=4k (5)
and % /F” = .27—1.
or P-= -E—Ll'-fiz {6)

and comparins equation (8) with equation (4)
it 13 seen that the effective 1l=ngth
L, =4Lim (7)
therefore a'=%¢(LC,,;— L)-: %(%z*l) or substituting from equation
(5):
a'=a(¥% -7)tanz (1)
and from {5)
9 = zxtonz (11)
and so 17 we toke differsnt values of 7 we can calculate corres-

V4
nondir~ valuss of a and &/l

| tanz | (@ % @
: o p ;

11.43 | 0,028 | 0.e09

i 732 0.102 0,992

1,752 275 0,207




It may be seen from the table that even in such
extreme cases where the rigid‘ block equals 27.,5% of the length
- of the beam proper, 90,7% of the length of the rigid portion is
to be added to the length of the beam to give the effective
long ecolumn length. A standard chamnel length' of 22 inches
was used in this investigation, and the combined depth of the
two end blocks from the bottom of the grooves to the top of
the bemispheres was determined as 2.3" glving an effective
Buler columm length of 24.3" to be used in the Buler formula.

In order to determine the value of X for the Euler
¢olumn formula, the Euler e¢ritical stiress is equated to the

eritical stress of the type equation which gives

En (F)=c K (8)
from which
K&'ul..;r.—'g = Eér’;'fz (9)

Considering that the channels are of thin sheet and the area

1s approximately (2bew)t; calculation of the C,G. gives

z

é= 'E-E%VY— when t° terms are neglected. (10)



Homents of Tnertis: Caleulations about 72, zive

3 .
Tee = 3724 +2¢6(Y% -e)*rwte*

:*[% z?;b+wﬂ+<z‘g+ﬁ1] ) v ;f
[zt S0
- [3(;b+w)] i €

‘ b b wb
Note: z e = 92’ 2—,;%., = 22b+w) X

- Lrz | B (bMezbw) | pCRSS 208%)
zz = A - 3(zbewWIT T J(zb/;,\/):

v
then

and substitutin-e in (9)

b+ 204
Kegieom £, [(J(Jb/ jl]

an¢ similarly for the Euler failure in the other direction, which
is outside the region investigated since it cccurs only in
chaniels whieh have very narrow backs and only then provided they

are kent from torsion or leg nlate fallure,

2

Kxx_" "Z’?:_ %CZ’
I+ 6 Y ] 126 [ 146 %
= /_z tRL2[(G0 38T~ 21 | 12(8 ) [25,+1]

(b} TPlate Failure:

If the eriticsl stresses for the flat plate failure of

the lezs and back are considered separately, the formula for the

-10 -



legs is given by the tType equation

0;_:.I<E'(;%)z

“in which b = length of leg and the critical stress for flat plafe

failure of the back is expressed as
2
7= KE (%)

where w = width of back. If- the lég is considered as having simple
support alons the)edge where ‘t joins the baekx, the value of
Donnell's K&} for this condi tion is 0.4 and considefing the same
edge conditiona for the baeck, which would result in simple support
on a1l four sides, «2ives a K of 3.5. When the edge joining the leg
and baclk is considered fixed, X becomes 1.2 for teg plate failure
and 6.3 for back plate failure. (For the purpose of comparison,
the value of X used by Donnell in Ref. 2 1s related to the ¥ found
in Timdshenko4) and other books on élasticity by the squation

Kp = Ky xa&%ﬁiz) when A is taken as'O.S). It is apparent that
the ekact value of K for the specimens tested is somewhere between
these two sxtremes of simplé sapport and fixed edge conditions and
must be determined by combining the effect of the legs end back on

each other.

-1l -



The failure of the legs ag plates buckline under
compressive load is essentially a problem of the elastic support
given the legs by the baeck as the width of the back varies. It
is, however, still a problem df plate buckling and may be
snalyzed in one of two or three methods 8l1l quite complex.

Of these the Tnergy Method -was taken -es the least involved,
and the following theoretical expressions were developed by
Dr, von Karman,

The internal energy stored up in the plate during de-
formation is first set un using a sine curve apvroximation to
the true deflection curve in the lensth directicn and in the
direction of the width of the back cdnsidefing that the el ements
of the leg lensth b remain straight. The work done by the
external force is then set uvn in terms of the deflection, =nd
considering that the ensrgy change is zero, the work done is nut
equal to the energy stared up in the Dlate. The critical value
of the compressive stress for buckling is so determined and the
value of the coefficient ¥ for this type of feilure found in
terms of the parameters of the channel.

Considering that the channel is made up of threc thin
plates simply supnported or hinged at thelir top and bottom edges

and are deformsd by the compression load, the ensrgy of bending

- 12 -



and twisting for the deformed shset is:

L
£t a I*z )2 ]
U= /2(//0.’)// ,)+2(l/a)<d Jy ) *2/9—-—“1 Jay,_ dxdy
and, I1f it is sssumsd that the deflection of the leg may be

represented by Z = AX SN .Q’Z_y

and that the deflection of the back is

Z = B.smlvalzsw!i[_ﬂ {(3)

the internal ensrgy f‘or 1?01;11 legs is
U8y [ 10 ) 5 Y 2 sl ocos by

the internal energy of the back is
. .
- Et3 2% 2 2N 4 2
U= 2t Jo % [B Lz St e siv -P+B"(1F) .S//v”e:vx,. Smﬁgry
+ 2(0) B ()] (4) cos* Lk cos* Y

+ 2 u BT () siw? Tk 5/N72LMY] dxdy
and the total internal alastic energy is:

U s Uy e [ o4 S e

But if the angle bhetween the back and leg is pressrved, we have

at the joint:

Y, =X,=0 and 9% _ JZ.
“ .cjx' d)(z

- 13 «



Then

A sin ATY & BF cos L St AILY

or A= EWII

o ER e fr poar : 7wl ik z
U= sy B[RV [ + 20mtie)] e S (B ) ()
The externsl work dons Aurinz busklinz is given by:

. I f LT
W= }irt[o/ (f}—gg) dxdy
then for the two legses
e e L
W : y2 /N 2 .
W= d“t_[:fM (4E) cos* 41 che.cly
and for the baek:.
- (NI 2 s 2 X, Coct AT o
W=t [ [ 8 ) s mh cost Y o oy
and the total external work dme is: subetituting for A:

We=W + W = 0t B2 (HT)2 {!;} (4L}

Putting B = W

5o 23 (PRI L 20l 54 ] S [ e (47T}
i (1-4%) t(&n)t [ﬂ_(g)ﬂ-,. wil 7

*.’.4*



and putting this in the fom g= %ta:z K
ke [ ) S G 20 it B T e 42

é(%")s* 477'2

To find the minimum ¢ , Nmust teke a value such that

K is & minimum or 3'5 0*2”2” (/{v) (2’) i}?s( )(5’)+-M(/i)

” . .
and N = —l—"—j/;;%ms

b | _3

Let ,@:0( and V= ¢,,z(%)3{_3

Simplifying
X "‘/2[//0(_’) V‘Xz[(V‘f")'f‘/V“ (I/a)] (7)

It is realized that the assumption made in @ap-
proximating the deflected shspe of the leg is sumewhat in error
when 1t is assumed that the laeg element in the B direction re-
mains straight, To approach the actual conditlon any c¢loser,
however, an analytical expression must be chosen to get the . actual
deformetion, and the ecaleulation becomes too ‘involved to be mwe-

sentved here,



(¢) Torsion Feilure:

The fheory for fallure of this type of stiffener
due to torsional instability has been treated recently by
Ha Wagnef end 7, Pretsehner®), This method was chosen by the
authors as being most sultable for their use and expresses the

value for the ecritical load of a section under compression as
P=7& (cL+Ex* C
=15 (CL+&F Cor,

where Qw = polar radius of g&ratiOn of the seetion with
regspect to the sheer point or elastic centrum.

G = Modulus of elasticity in shear

E = Young's Modulus of elesticity
Io = ZEffevtive moment of inertis for thin sheet
open sections
CBT = CQConstant determined by the bending rigidity

of the flanges

Thie formula is made up of two parts which will be

treated separately and coubined later.
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¥For Part T

A _ B £t 6%
KRl A /T G L

2

o - b
From thiCh K 6(/}“) L:'}’

Caleulation of shear center

to deternine (,:f
£ b
In each leg dM 0 fr_:r
= W] Z '
Y —eea - & —
-~ —@ LW
and dJ, 4 if-o \Fr:*'—‘———m (
d.y dx ) ‘-t
.y |
but Jy L SHEAR DISTRIBUTION
than differentisting and substituting
Ghe G - -gE %
X =T
7 7 A
and integrating Iy
r= - __g% X + CONSTANT
for each leg Z= Y§
at the edge of esach lez X:bl r=0 then by substitution

S Qub,op o c- Qb

- 1?7 =



the solution hepomeg

. Qw.
T“ ZI (b“X)
che ar - Quwt e
and the shear over each leg is given by &7 = gﬁ‘j(b-x)dx

from which 4= Q_M
I
Then the moment of shear force in both legs sbout ghesr center

P A
Mt‘%u

e is

This 1s balanced by the direct shear force in the back (Q) acting

at distance 6.

ﬁeme Me = Qe= Q_gz:bﬂ'.

and €= .W"_IZ:t-

but Ly = v;/;t (64+1)

and, substituling for I,x

_ wrbtiz _3pr . 3h(Z
é= f’w‘l‘(ébfw)'gi,éﬁ'v = Fgé‘%‘

- 18 -



Caleulation of C'z

‘ 5P
(o = Legsy
A
= _.].xxjf‘ﬁ_a_ + (X, + e)‘a
= Wiréw2b b 2bw 2 z 7%
-+~ b 3o
/IR(26+ w) 3(26+w)* +[(2 brw) +(é46rw)]

. 4 ) b
Lsp - _/+62S .L.Cz_iﬁl w_ 4

b*  12(L)%2k,) T (k. gr 1|7 Tk
(&)izlr) = 3(zk+1)F 2+ (24,

from which for Part I of Torsion Formula:

6(/2e) (.,
for Paxft IT /€= i:‘rz %T
5P
cﬁr‘ /‘U *aA

where a2 = twice the area swedt through by a radius
vector from the shear center to outline of

section. W = warping = O at line of symmetry.

For the back w=2F =2 ez
, 2

\ | z - «
For half the back then T '
iy — >X
ﬁ) dA d‘z *e*qz = L:_g'__vv_
Rr—— |

- 19 -
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VI. EXPERIMENTAL INVESTIGATTON:.

The determination of the commressive strength of channsl
sections involves three variahles, namely thickness of materisl,
width of baek, and length of legz. In order to determine the sffect
of sach variable, it becomes necessary to vary onlyone at o Hime
and this was done by using two thicknesses of mterial, .025" and
.051", variation of width of back from 0.4" to 2.,0", and variation
of length of leg from 0.4" to 1.5". The tests were made with
equeal length channel section struts 22" long which, with the
supporting blocks, ete., gave an effective length of 24.3" for
Muler failure.

Since accurate knowledge of the snd Tixity is essential
For the determination of column buclkling loadé, a grest deal of
care was teken to approach 88 nearly as possible the hinged ends
condition for the channels tested. & sketeh of an end block and
plate used is shown in Fig. 1. The plete A was muchined on the
upper side with V grooves =smd these grooves recelved the ond of
the specimen, which had been filed to an angle of 60 degrees, as
shown in sketeh., In filing the ends, great care was taken not to
filé away sny of the centsr line mnd to keep the ends square.

The key and keyway connecting A and B allow a movement of A,
(and thus the end of the specimen) by means of the set screws C,

relative to E (the point of spplication of the load). The motion



of A and B is such that B always moves along the axis of symmetlry
of the specimen, end in this manner the point of application could
be placed exactly on the center of gravity of the section. In
order to obtain definite end conditions for Buler buckling, a

5/8" hardened steel ball inserted in the opposite side of the

end blocks transmitted the compressive load from the test machine
to the end bloék, plates and chamnnels. The sbruts thus had pure
hinged ends and could buekle in any direetion. It was found,
however, that a slight dent made by the steel ball in the cage
plate by one or two tests 'in the same spot would give erratic
results for Euler failure, du¢ to the change in fixity of the

ends if the bell was placed in the dent for subssquent tests. To
eliminate this source of error, hardened steel discs were made

for the ball to rest on and the discs shifted after each test.

Tt was also found that the slight support given a channel by the
Ames dlal gaugevuéed for 1ihing up the specimen would prevent
Euler failure at the thearetical peint and carry the load, in many
cages, far above the Zuler value., TFor this‘re&sou,‘after the
channel was lined up (initial eccentricities removed), the dial

gauge was removed before continuing the test.
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The tests were made on a Riehle Bros. testing machine
of 3000 1lbs,. capacity. The machine was a tension type but was
converted for compression tests by means of the cage shown in
the illustrations, Fig. 2.

The specimens tested were of 173T aluminum alloy
and center line dimensions were used for all calcuilasions. The
specimens of .025" thickness were rmde in an ordinary hand brake
with redius of eurveture at the corners of approximately 1/18",
but the specimens of .051" thickness were manufactured by the
Douglas Aireraft Company of Senta Monica, Californis, since
this material was too heasvy to bend oﬁ a hand brake without
cracking. Ixtreme care was necessary in squaring the ends, due
to the tendency to have torsionsal fallure from uneven stress
distribution 1if the entire end of thé channel was not flush in
the bottom of the grooves. This was accomplished by milling off
approximately .O01" on each end after the ends had been chamfered.
The channels were made with the grain (i.e. direction of rolling)
of the material narallel to the angles. This was done due to the
marked difference in -the stress strain curve taken normal or parallel
to the direction of rolling found by tests of the Bureau of Standards

8)

for N.A.C.A. on duralumin sheet, and the common practice of

manufacturing stiffeners with the grain in this direction.



In order to properly line up the specimen in the
cage, wooden jigs were constructed which would place the two
points of contact (E) directly over one another when the end
blocks were fitted in the jigs. An Ames disl gauge was then
placed at the center of the speeimen and the end plates adjusted
equally, as load was applied, until all the eccentricity of
the channel was removed ag indicated by a constant reading on
the géuge for eonsiderable part of the expected load. The
‘ rémoval of all initial eccentricity must be very eiacting for
satisfactory results due to its influence both in IBuler and
torsion failure. The gauge wes then removed and the load in-

ereased by small {ncrements until the specimen failed,

- 24 -



VII. DISCUSSION OF EXPERIMENTAL RESULTS:

The first tests made were of the $ = 025" b = 0.4"
chennels varyine the back from 0.4" to 2,0" for which quite
consistent Buler failures were obtained and which followed the
Buler ourve very c¢losely (Fig. 3) showing that the end conditions
were as desired (approximately unity). The next set of channels
tested wes t = 4025" b =0,6" which'geve three torsion failures
with the shorter backs and the remeinder HEuler failure as may
be seen on Fig. 4, It will be noted that the torgion failures
ohﬁéined‘ﬁuring the investigation were all consistently higher
than thelr theoretical torsion curves. The theoretical curves
ars. baged on an assumption of fres ends, i.e., the ends are
allowed to warp when the channel twists. Thls condition naturally
is practically imvossible to obtain and resulted in the chemnels
resisting the %drsional,mamants-until a higher load than the
theoretical value was obtained. The channel would then fail in
torsion and in failing would csuse a local buckling of one corner
of a leg indicatine the tendéncy. for the legs to warp in torsion
failure. If, however, the streas reached the Euler value before
this occurred, Euler failure would result, as claarly‘shown by
this set of points following the Euler curve after three torsional

failures.



It being desirable to obtein plate failure also,
channels were chogen it = ;025“’ b =084 t = ,023" b = 1,0";

t T J0B5" b = 1.3%; 't = 051" b = 1.5"; to insure plate failurs
of thé legs. The test values obtainsd for these channels, as
may be seen in Fig., 9, followed the gemeral curvature of the
thenfetical plate-faflﬂre cwrve except for those points where

£ —»/ . Tt is suggested for design that the dotted curve
fatred through the experimental points shown in this figure be
used.

In this pegion, considersble.scatter is apparent due
tc the tendency toward torsionel failure, five of which were
definitely so. Tt 'is felt that several of the other points were
probebly a combination of torsioh‘and~p1ate failure, sinqe 8
 small additional 10ad after plate failure in thie region would
result in a~tﬁist1ng‘0f the channel, but the inltial failure
could not be &éfinit&ly designatéd'és 6thar‘than.pléte failure.
For all the points ‘shown, not marked as torsiomal, in this group
of channels plete failure of the legs occurred similar to Fig.‘a.
The low velues obtained ror'this‘aét.offehanneié as‘comparéd to

the theoretical plate fallure curve is explainable by the fact



that in the theoretical analysis for this case, the assumption
wasl'made that the energy of the deformed section could be ob-
;ta;ﬁed byvaasuming that the legs deform as a straight line;

This assumption will hold for very large #alues_of W, or small
b/w ratios, but as w becomes small, or b large (large b/w ratios),
then the gssumptionuofanetraight line deflecﬁion for the legs |
‘breeks down. This must be true since at the limit (w—p O,

b/w —» oo), the legs af’thé chennel will act as plates fixed
along one side, anQIW111’dbviously not have a straight lihe
 deflection curve, Thus for large velues of_ﬁ/w‘the treatment
greviquély'given~leads to a higher velue of X than would be
expected froﬁ éxperiméntal testé. 'Prqbable discrepancies in

the end conditions may élso be held partially accountable for

the low value.
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VIII. CONCLUSIONS:

It is fully apvreciated thet the method of securing
8 channel strutiin a structure will vary from noc support to
rigia support for the back, and that the degree of this support
will greatly influence the amount of fixity given the edge of
the legs. It is hoﬁed, however, that this investigation will
at least‘éive gome basis'for making a first approximation of
fhe strength of, channel section struts.

The authors belieQe’that this investigation has
demonstrated the feasibility of analyzing all seetions built
v up of flat sheet elemeﬁts such as‘J_l.;l_)jf,etc., theoretieally»
with some degree of accuracy, since fundamenta;ly they all re-
duce to the same question of‘detqrmination of K at the corners.
' It will be noted that the experimental points check the theoretical
values for the plate failure curve Quite closely in the usual
range.of channel sections, i.e. Qe <:ﬁ%-<:0.7 and beyond this
range the torsion failure region is entered and failure occurs
~in this manner.

It is recommended that further lnvestigation of this
type of channel be mﬁde.tor di{ Pferent methods of securing in a
;tructure.‘ Investigation of thin sheet stiffener sections made up
of éurved sections would also be of considerasble value to the

asronaut ical industry.
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TEST DATA

Chanrel Dimensions Test Values -

Thickness Back Leg B/W " Load Stress X
025 1.0 x 1.0 1.000 388 5220 835
1.2 x 1.0 .833 329 4150 5885

l.4 x 1.0 714 400 4730 76

1.6 x 1.0 «825 395 4420 . 708

1.8 x 1.0 «500 - 383 3860 818

<025 B x .8 1,330 330 6140 528
B x 8 “1.000 388 - 6500 663

1.0 x .8 +«800 581 9080 915

l.2x .8 .+ 587 503 7230 2735

le4 x .8 «571 493 a620 873

ls6 x .8 « 200 481 8040 «815
1.8x .8 o444 474 5610 D74
2.0x .8 « 400 499 5570 « 574

<025 b X .6 1,500 138 3510 « 202
8 X o8 1.000 200 4575 <263

B X o6 750 294 8000 o047

1,0 x .6 600 348 #8480 375

l.2x .6 « 500 385 6850 . 382
led x .8 «428 396 8210 +360

1.6 x .6 4375 - 400 5850 « 339

1.8 x .8 333 397 5390 o213
2,0 x .8 . 300 420 534.0 0310

+025 4 X 4 1.000 "84 2900 «074
B X L4 870 103.5 3040 .078

3 X o4 300 125 3200 082

1.0 x .4 .400 117 2670 .068

1.2 x .4 «330 142 2800 074

l.4x .4 286 147 2720 070

1.6 x .4 +250 153 2800 .087

1.8 x .4 «2823 155 2470 T L083

2.0 x .4 «200 148 2150 036
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Channel Dimensions
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TEST DATA (cont'd)

B/W

1008

1.08
+930
930
814
»B3l4
o788
o722
» 550
+ 550

1.020
938
0938
834
«834
« 750
+ 750

10 .

Load

2197
1978
2100
2350
2469
2427
25495
2810
2200
2588

1820
2200
2200
2175
2106
2205
2044
2185

Test Values
Stress

11400
10350
10420
11550
11550
11450
11450
11750

9500
11150

8650
9900
9480
9380
11500
10975
12340
11550

. 747
872
578
755
« 730
<745
<747
1765
0817
726

«750
L] 858
«820
«811
. 752
« 789
«700
+748
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