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Abstract

Robust control has not been used as widely as it could because modelling tools
have not advanced as far as analysis and synthesis tools. This becomes readily ap-
parent when applying robust control theory to real problems. With this in mind,
an experimental platform was designed and built to study the application of robust
control. This platform consists of a real-time computer and a radio-controlled model
helicopter mounted on a six degree-of-freedom stand. Experimental systems provide
the opportunity not only to verify the applicability of new control theory but also to
highlight potential deficiencies.

Traditional system identification and control techniques were used to construct
hover controllers for the model helicopter. These techniques are not suitable for the
construction of robust models for a system of this complexity. In particular, there was
no systematic way to augment nominal identified models with uncertainty suitable
for the construction of robust controllers.

To address this issue, frequency-domain model validation algorithms and software
were developed. These algorithms provide a methodology for verifying the applica-
bility and consistency between experimental data and robust models. Additionally,
they provide a method whereby nominal model parameters can be tuned in a robust
setting. This is the first set of software tools which provide this capability for general
linear uncertain systems.

Using these new software tools, a systematic design process was developed which
incorporated frequency-domain model validation analysis, p-analysis and u-synthesis,
simulation, and implementation. This design process proved to be a valuable new tool
for constructing robust models and designing robust control systems. In particular,
by applying this design process to the helicopter, the size of uncertainty in the robust
model was substantially reduced without sacrificing the ability of the model to “cover”
experimental data and the first controller implemented performed well. This was
strikingly different from the results obtained when using standard robust control
techniques, where several controllers destabilized the helicopter when implemented,
even though they performed well under simulation.

The model validation software and design process provide a consistent methodol-
ogy and systematic framework which connects system identification, the construction
of robust models, and controller synthesis with experimental data. For the first time
the control engineer can compute measures on the validity of a robust model, with
respect to all observed data on the actual physical system, which are directly related
to the robustness measures resulting from p-analysis and p-synthesis.
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Chapter 1

Introduction

“Where shall I begin, please your Majesty?” he asked. “Begin at the begin-
ning,” the King said, gravely, “and go on till you come to the end: then stop.”

—Lewis Carroll, Alice’s Adventures in Wonderland

The application of robust control theory is fundamentally limited by the fidelity
of the nominal model and the applicability of the uncertainty description. Unfor-
tunately, theoretical development in the field of control engineering has diverged in
many directions, often leaving no hint as to how techniques might be applied to a
real system. In particular, there have been strikingly disparate approaches taken in
the two areas of system identification and robust control.

Traditionally, experimental control has been an iterative process: (i) develop
a nominal model through first principles and identification, (i) verify the nominal
model with simulation, (ii7) develop a robust model, (iv) design a robust controller,
and finally (v) implement and test the robust controller. This process often involves
multiple stages of iteration. There has historically been a gap between the methods
used for identifying nominal models and the methods used for augmenting these nom-
inal models with uncertainty suitable for robustness analysis and synthesis of robust
controllers. This gap results from the lack of a consistent set of tools for identifying
nominal models using experimental data, and for constructing robust models and
synthesizing robust controllers.

Under these circumstances, the concept of robustness is poorly defined: it only
addresses the robustness of the control system with respect to the model set. What we
seek as control engineers is a systematic method which produces robustness measures
which are relatable to all observed data from the actual system under study.

Following is a discussion of several fundamental areas of control theory which
are used in this dissertation. It will be demonstrated that new theoretical results
can be systematically exploited to provide a methodology for robustness analysis and
synthesis in the context of experimental systems.

Trends in ID

A trend in system identification research has been to develop models which minimize
the predictive error of the model in the time-domain. A classic treatment of this



subject is presented by Ljung [44]. The advantage of the predictive error method is
that it provides an explicit technique for identifying parameters in state-space multi-
input/multi-output (MIMO) systems. More recently, frequency-domain approaches
have matured to the point that they can effectively deal with MIMO identification,
Bayard [6].

Trends in Control

The last ten years have witnessed substantial progress in both nonlinear control and
in robust multi-variable control. The results in both areas have been revolutionary,
offering both mathematical depth and practical applicability. Consider a helicopter:
during large maneuvers helicopter dynamics are highly nonlinear with certain well-
understood characteristics that can be exploited with the nonlinear theories of Isidori,
Krener, Hunt-Su-Meyer, and others [36, 37, 41]. Unfortunately, there is also substan-
tial modelling uncertainty that precludes systematic application of these techniques.

It is exactly the kind of poorly modelled dynamics that arise in the helicopter
problem that have been the focus of research in robust control [16, 17, 20, 19, 28].
Unfortunately, even the most powerful techniques such as H., , p-analysis, and pu-
synthesis work with nominally linear models and treat nonlinearities as uncertainty,
even when aspects of those nonlinearities are well known. Thus, to fully address
the helicopter control problem a new blend of these methods is required, and recent
developments in both areas suggest that the time is right to do this in specific problem
domains such as helicopter control.

In the nonlinear area, the work of Krener, Hauser, and others on approximate
linearization has extended the range of systems for which their geometric techniques
are applicable [33, 32, 31, 30, 40]. Their work can be viewed as providing a way
to remove the effects of certain dominant and well-understood nonlinearities. The
remaining nonlinearities and uncertainty can then be handled with robust control
methods. To be more specific, suppose that an approximate linearization of a non-
linear system neglects modelling uncertainty and disturbances in such a way that the
resulting system has acceptable behavior for a class of maneuvers. Then p-synthesis
techniques can be used to design additional feedback that will provide robustness to
the unmodelled dynamics and disturbances.

Nonetheless, there are several unresolved issues that must be addressed before
such techniques can be carried out. Approximate linearization typically assumes that
the desired response is a single linear system across the entire operating envelope.
This assumption is clearly undesirable in helicopters, because desired helicopter be-
havior near hover is vastly different from that during an obstacle avoidance maneuver,
so it is natural to consider the ideal response to be a function of operating point. Fur-
thermore, the residual nonlinearities mean that even if the ideal response were linear
across the operating conditions, the robust controller is faced with a nonlinear sys-
tem. While it might be possible to simply design a fixed linear robust controller to
handle these nonlinearities, it is almost certain that some scheduling would improve
performance.



Fortunately, there are new extensions to the H., and p theories which provide
systematic methods for the design of robust gain scheduled controllers [2, 9, 57, 54].
While these results are too new to have been applied to many practical problems,
they appear particularly promising.

Model Validation

The focus of modern control research has been the development of a consistent set
of tools which provide a suitably rich modelling structure, including uncertainty de-
scriptions which incorporate unmodelled dynamics and parametric uncertainty, dis-
turbances, and noise, and which is computationally tractable. Currently there is no
systematic procedure which solves both identification and control simultaneously in
a robust framework.

For the first time, the disparate methods in identification and robust control are
being brought together into a consistent, end-to-end methodology through the use
of model validation. The “model validation” problem was originally formulated by
Smith and Doyle to provide a connection between a robust model and data measured
from a physical system [63]. Model validation seeks to answer the question: “Does
the robust model account for the measurements from the physical system?”

A new end-to-end iterative design process, that incorporates frequency-domain
model validation analysis, p-analysis and u-synthesis, simulation, and implementation
is proposed in this dissertation which provides a direct connection between experi-
mental data and both nominal and uncertainty modelling. This methodology closes
a circle, bringing together for the first time the disparate methods for identifying
nominal models and the construction of uncertainty models suitable for robustness
analysis and the synthesis of robust controllers.

1.1 A helicopter case study

Experimentation is of great benefit to any theoretical work which has been motivated
by practical application, not only to demonstrate the applicability of the theory, but
to highlight its potential deficiencies. The use of simulation, while an integral aspect
of research, is not entirely adequate because it often fails to adequately characterize
the properties of complex systems. The helicopter provides an excellent case study for
robust control, as the helicopter industry has long been plagued with a very difficult
problem: the high degree of nonlinearity, modelling uncertainty, modal coupling, and
instability in rotorcraft has made the design of autonomous autopilots capable of
tracking and obstacle avoidance nearly impossible.

Motivation for studying the helicopter comes from problems experienced when
designing autonomous guidance and control systems for helicopters in Nap-of-the-
Earth (NOE) flight. When flying NOE (“hugging the ground”), the guidance and
control system must not only track a desired nominal path but also dynamically sense
and avoid local obstacles. During these flight maneuvers, the helicopter dynamics
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are highly nonlinear and there is also a great deal of model uncertainty. Current
control design methodologies do not fully address the problems of uncertain nonlinear
systems.

Radio Controlled (RC) rotorcraft technology has reached a point where reason-
able experiments can now be developed with RC helicopters. RC helicopters share
most of the properties of real helicopters. In particular, the presence of strong cross-
couplings and nonlinearities makes them difficult to identify and control. Further-
more, research conducted on an experimental platform based on an RC helicopter is
directly applicable to most complex systems, because they share the same type of
difficulties, such as complicated dynamics, leading to both parametric and dynamic
uncertainty, unmeasurable states, sensor and actuator noise, saturation and quanti-
zation, bandwidth limitations, friction, and delays.

To assess the new methodologies developed in this dissertation, an experimen-
tal RC helicopter platform was developed. The experimental platform consists of
a fly-by-wire RC helicopter under direct real-time computer control. The real-time
computer is integrated to the helicopter through direct driven actuators on the heli-
copter, on-board sensors, and a two-way telemetry system. The real-time hardware
and software platform was specifically designed to provide rapid and transparent
implementation of theoretical control methodologies on experimental systems. The
experimental platform provides a unified system for data collection, identification,
analysis and synthesis, simulation, and real-time controller implementation.

The experimental helicopter platform is used to assess the effectiveness of tra-
ditional methods available to the control engineer, e.g., system identification using
experimentally collected input/output data and H,, and p-synthesis. The inability
of these methods to address problems typically found in complex systems like he-
licopters, provided the motivation to develop new more systematic methodologies
which leverage experimental data.

1.2 Contribution of the dissertation

The contribution of this dissertation is the development of a consistent methodology
and systematic framework which connects system identification with the construction
of robust models through the use of experimental data. Throughout this dissertation
the helicopter platform is used as a testbed for all new techniques.

The helicopter is a real nonlinear platform which is extremely useful and suitable
for evaluating the applicability of linear identification and linear robust control tech-
niques. Of great importance was the development of a general method which bridged
the gap between identification and robust modelling through model validation. Over-
all, the helicopter case study provided an experimental evaluation and constructive
critique of both existing and new techniques in control theory.

The model validation methodology, based on the work of Newlin and Smith [52],
and further developed and used in this dissertation, has proven to be an extremely
useful tool for evaluating and designing robust models and robust controllers for



experimental systems.

1.3 Organization of the dissertation

This work is organized as follows. Chapter 2 describes the general purpose real-time
hardware and software system used for carrying out experiments on the helicopter.
Chapter 3 provides motivation for using a helicopter as a robust control case study,
develops the necessary notation and theory for modelling the helicopter, and describes
the experimental helicopter platform. Chapter 4 discusses techniques used to identify
a nominal model of the helicopter in hover. Chapter 5 reviews frequency-domain
robust control theory. A discussion of LQG and H,, hover controllers based on the
nominal models developed in Chapter 4 is presented in Chapter 6, and underscores
that conventional techniques for synthesizing robust controllers are often not suitable
for complex systems such as a helicopter. Chapter 7 develops a general methodology
based on new techniques in model validation whereby a direct connection is made
between experimental data, nominal models, and robust models. Several examples
are considered to evaluate the applicability and practicality of the model validation
software which was developed. The model validation methodology is then applied to
the helicopter to iteratively develop a better robust hover model and robust hover
controller in Chapter 8. Finally, a discussion of the implications of this work is
contained in Chapter 9.



Chapter 2

Real-time Experimental System

The importance of research on experimental systems and the interaction of theory
with application is often neglected in the academic control community. This is true
mainly because it is (in practice) very difficult to make the transition from mathe-
matical models of systems developed for the purpose of simulation to real-time im-
plementation on an experimental system.

A unified platform of real-time hardware and software was developed by Morris
and Van Nieuwstadt to facilitate this transition [48]. This platform allows students
and researchers to get hands-on experience with control on real, complicated physical
systems without having to invest a great deal of time or money developing custom
hardware and software for each experiment. It is in use at Caltech and is accessible
by undergraduates, graduates, and faculty doing research in control. This platform
was used for all experimental research described in this dissertation.

Figure 2.1: Photograph of the real-time experimental system.



Section 2.1 describes the real-time computer and input/output (I/0) device sup-
port. The host and real-time software are discussed in Section 2.2.

2.1 Real-time hardware

The real-time experimental platform consists of an I/O interface board, a high speed
digital signal processing (DSP) board, an IBM PC compatible host computer, and
Sun workstations. A photograph of the PC, DSP board, and I/O interface is shown
in Figure 2.1. A block diagram representation of the experimental platform is shown
in Figure 2.2.

' Real-time Computer

: PC-NFS Workstation
DSP Board T PC Host (Network)

DSP-LINK

1/O Interface

Physical
System

Figure 2.2: General experimental setup.

The DSP board and I/0 interface comprise the real-time computer (Figure 2.3).
The DSP board provides a high speed numerical engine while the 1/O board serves
as the interface to physical systems. The DSP board is located inside an IBM PC.
The user interacts with the real-time computer during experiments through a user
interface on the IBM PC. The IBM PC is connected to a network of Sun workstations
through PC-NFS. A transparent link from the workstations to the real-time computer
is provided by the host software system. The workstations are typically used for
off-line computations, such as analysis of experimental data, system identification,
simulation, and controller synthesis. The inclusion of workstations in this setup is
merely a convenience. The PC, DSP board, I/O interface, and associated software
are all that is necessary to run real-time experiments.

The overall goal while designing the hardware was to develop a system which
could be easily applied to a variety of different experiments. Issues taken into con-
sideration were the ability to acquire data at high speeds, implement closed-loop
discrete-time systems at high speeds, and interface to a wide variety of physical sig-
nals.



2.1.1 DSP board

The DSP board is a standard IBM compatible ISA board built by Spectrum Signal
Processing and is based on the Texas Instruments TMS320C30 (C30) DSP [66, 67].
The selection of a C30 based DSP board was driven by the need to run real-time
at high speeds. The C30 has excellent on-chip facilities for this task: a 32-bit pro-
grammable timer capable of registering interrupts and up to 30 MFLOPS throughput
[68].

Located on the DSP board is a 200 kHz 16-bit A/D and a 200 kHz 16-bit D/A,
each with two multiplexed channels, and a 16-bit external bus, DSP-LINK, which is
used to interface with the I/O board [65]. Communication between the PC and the
DSP board is accomplished by a dual-access memory buffer, which is discussed in
greater detail in Sections 2.2.1 and 2.2.2.

DSP Board | a7p- - f=——2—— analog devices
2
- DJA- - ‘ﬁL; analog devices
DSP LINK

_____________________________________________

______________________________

1/0 BOARD
QUAD DECODERS TIMEERS DIGITAL 1/0
P 8 % 16
shaft encoders PWM devices digital devices

___________________________________________________________________________

Figure 2.3: Block diagram of the real-time computer.

2.1.2 I/0O board

The I/0 board serves as the physical interface between experimental signals and the
real-time computer. Refer to Figure 2.3 for a block diagram of the real-time input
and output devices located on the I/O board. Signals supported include pulse-width
modulated (PWM) inputs and outputs, digital inputs and outputs, and quadrature
encoder inputs.

Table 2.1 summarizes the types of input and output devices which are supported
by the real-time system. wpq, is defined below. A photograph of the I1/O board is
shown in Figure 2.5.

Note that all of the input and output devices shown in Table 2.1 are represented
by unscaled binary data in the real-time software. When used in a real-time experi-
ment, as outlined in Section 2.2.2, scaling factors which transform the binary data to
the “default unit” must be explicitly taken into account.
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Signal type In | Out | Default unit Range Resolution
analog 2 |2 volts +3 16 bits
digital 16 | 16 N/A N/A N/A
PWM 8 |8 seconds see Table 2.2 | 16 bits
Quad. encoder 7 | N/A | radians 27 11 bits
Quad. encoder rate | 7 | N/A | radians/second | wynae N/A

Table 2.1: Real-time I/O devices. The In and Out column indicate the number of
input and output channels, respectively.

In general the scaling used to convert from binary data to the “default unit” can
be represented by

Range

2resolution

default unit = X (binary data). (2.1)

PWM I/0

The PWM interface is implemented with four AM9513A system timer chips [1]. They
are fully programmable and can produce and measure a variety of signals. The use of
these chips falls into 2 categories: frequency division to produce precise pulse widths,
and count accumulation to measure pulse widths. Each chip contains five 16-bit
counters. The counters can be gated by hardware or software, and can be internally
concatenated. The main clock frequency is 5 MHz.

Clock Source | Maximum Pulse Width | Maximum Period
200 ns 13.10 ms 26.20 ms
2 pus 131.00 ms 262.00 ms
20 ps 1.31 sec 2.62 sec
200 s 13.10  sec 26.20 sec
2 ms 131.00 sec 262.00 sec

Table 2.2: Programmable PWM modes.

The source clock for each counter is an independently programmed division of the
main clock with 16-bit resolution. This allows a maximum pulse width of 13 ms with
a resolution of 200 ns and of 131 seconds with a resolution of 2 ms. A PWM signal is
defined by its period and maximum pulse width. The software drivers, discussed in
Section 2.2.2, automatically select the clock source period to provide maximum pulse
width resolution for a given period and maximum pulse width specification. Table 2.2
contains a tabulation of the available modes of PWM signals.

Eight counters are used for PWM inputs and eight for PWM outputs. One
counter is used as the PWM period source. The setup time of the AMD9513A is in



10

excess of 1.5 us per counter access per chip. For experiments which use PWM signals
the counters limit the maximum sample rate.

The software driver converts a discrete-time series into a PWM signal. Each
PWM input and output is sampled at a programmable rate, as discussed previously.
The value of the discrete-time series at each sampling interval is converted into a
pulse width by the AMD9513A.

Let % be the nominal pulse width and éu(k) be the differential pulse width for
each sample k. Then the pulse width for each sample will be u(k) = u + éu(k).
An example of this conversion is shown in Figure 2.4, where the discrete-time series
values 0u(k) are indicated by an “x” in the upper graph, with the corresponding
PWM signal in the lower graph.

5 T T T

-5 1 1
1 2 3

Sample Number

6 T T T T T

0 0.005 0.01 0.015 0.02 0.025 0.03
Time [seconds]

Figure 2.4: PWM encoding example. Top: discrete-time signal. Bottom: PWM
signal corresponding to a modulation of the discrete-time signal.

In this example, the nominal pulse width is set to @ = 1.5 ms. The scaling factor
used to convert du(k) into a differential pulse width is 100 us. The PWM period
was set to 10 ms. Referring to Figure 2.4, the conversions performed by the software
drivers are

du(l) =4 = (1) =1.5ms +4 x 100us = 1.9ms
du(2) =1 = u(2) =1.5ms+1 x 100us = 1.6ms (2.2)
du(3)=-3 = u(3)=1.5ms— 3 x 100ps = 1.2ms.
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Quadrature encoder inputs

The quadrature decoders are implemented with IXYS502 chips [38]. Each IXYS502
chip has an internal 8-bit accumulator and is buffered externally with a 16-bit sign ex-
tended D-latch. There are seven independent channels. They are primarily intended
to measure the angular position of a rotating shaft.

Given the number of lines, L, of the quadrature encoder, the angular resolution,
Ores, of the quadrature decoder is given by ,., = Z—l’{ rad. The factor 4L results from
the quadrature encoder generating four edges for each line. There is an upper limit on
the angular velocity, Wz, to prevent the quadrature decoder from overflowing. This
is a function of the sampling period T' and is given by wy,e, = 127&% rad/sec. Without
digitally filtering the angle measurements, the maximum angular velocity resolution
when using raw encoder data will be w,.s = HTT” rad/sec. For this reason, an IIR filter
is implemented in the software driver to provide angular velocity measurements for
the quadrature encoders (2.3).

The quadrature encoder angular rate inputs in Table 2.1 are not physical devices,
rather they are implemented in the real-time software as second order IIR filters on
the quadrature encoder angle inputs. The form of the IIR filter is

Zaiy(k—i) = ijU(k—j) (2.3)

where u correspond to the quadrature encoder angle measurements and y the filtered
signal corresponding to the quadrature encoder rate measurement.

The specific parameters used in the real-time software are shown in Table 2.3.
The resolution of the rate filter is dependent on these IIR coefficients.

Coefficient | Value | Coefficient | Value
ag 1.00 bo 0.00100
ay -1.60 b 0.00200
sy 0.64 bo 0.00100

Table 2.3: Real-time IIR quadrature encoder rate filter coefficients for (2.3).

Digital I/O

Digital I/O is provided by two 16-bit ports: one for input and the other for output.
These ports allow for custom equipment, e.g., LED indicators, to be easily attached
to the experiment. The use of digital I/O requires custom code to be linked with the
real-time software.
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Figure 2.5: Photograph of the I/O board.

2.2 Software

In designing the software it was assumed that the bulk of off-line computation would
be done with MATLAB toolboxes, such as u-tools [5], LMI Control [26, 25], and
System Identification [45]. With this in mind a layered software architecture, depicted
in Figure 2.6, was developed.

At the highest level users interact with data inside MATLAB. There are tools
provided which allow MATLAB objects to be saved in a specification file and for log
files of real-time experiments to be loaded directly into MATLAB objects. The host
system is used to download the specification file and launch the real-time application
on the real-time computer, flush and store real-time log files, monitor the progress of
the experiment, and handle asynchronous on-line user events. The real-time software
handles all real-time computation, data acquisition and signal generation.

2.2.1 Host software

The host software, running on the PC, is responsible for bootstrapping the real-time
computer and interacting with the user and the real-time computer. The syntax for
the program is:

rt filenamel.rt -o filename2.log.
The specification file, filenamel.rt, is read from disk and downloaded to the real-
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Figure 2.6: Real-time system software architecture.

time computer, then a reset of the real-time software occurs starting the real-time
application. The specification file contains all information needed by the real-time
application, which is described in Section 2.2.2. As the real-time software is running
the host software flushes the logged data from the dual-access buffer to the log file,
filename2.log, and displays it on the host system screen to provide on-line mon-
itoring of the experiment. If signals go outside pre-specified “safety” ranges this is
indicated on the screen. The length of time a logged experiment can run is limited
only by available disk space.

While the experiment is in progress external user events, listed in Table 2.4, can
be triggered on-line by pressing keys on the keyboard or flipping a switch on the RC
transmitter.

Event Description

c Toggle the synchronized output tables

k Toggle the controller

P Add a sequence of pulses to the PWM outputs
q End the experiment

t Trim the input and output PWM signals

z Zero the quadrature encoders

Switch | Toggle throttle hold

Table 2.4: Real-time software external events. The events are signaled by pressing
the appropriate key on the real-time host computer keyboard.

The user events were dictated mainly by the helicopter experiment described in
Chapter 3. Although in the current implementation they are specific to this experi-
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ment it is straightforward to implement a generic set of user events applicable to a
wide range of experiments.

2.2.2 Real-time software

The real-time software was developed specifically for the task of implementing a
single-rate discrete-time system. The C30 on-chip 32-bit timer is utilized as the real-
time clock. The resolution of the timer is 120 ns, providing a maximum sample
period of about 500 sec. The real-time clock generates a non-reentrant interrupt at
the sampling rate. If, for some reason, the interrupt occurs before computation of
the previous sample was completed, an exception is generated causing the system to
shutdown in a well-defined fashion.

The real-time software is bootstrapped by the host system. The specification file
is first downloaded into a dual-access memory buffer. Then the host system issues a re-
set signal which starts program execution on the DSP board. There are several default
data structures loaded into the dual-access memory buffer, including data structures
used by device drivers defining the type and number of physical inputs and outputs,
data needed by I0transform, and data tables used by TableLookup. I0transformis
a function that defines the input/output mapping; in other words, how mathematical
or virtual signals are mapped to or from physical devices. TableLookup is a function
that implements periodic lookup tables, which might be used to add excitations or
trim functions to the system, see Table 2.5.

There are two classes of signals treated in this discussion. Physical inputs, de-
noted @, and outputs, denoted §, refer to raw device data. Virtual inputs, denoted
u, and outputs, denoted y, are device independent mathematical signals and are pro-
cessed by software drivers which directly interface with the physical devices. This
processing involves scaling and trimming for any DC offset or nominal signal value.
Additionally, a user programmable IIR filter is built into the real-time software to
compute velocity information from quadrature encoder angular position data (2.3).

The algorithm implemented by the real-time software at each sample k is pre-
sented in Table 2.5. u7°™ and y?°™ are the programmable DC offsets (trims) used by
the software drivers. Some of the steps in the algorithm are dependent on the exter-
nal asynchronous user events described in Section 2.2.1 and Table 2.4. For simplicity,
steps 3, 6, 7, and 9 of this algorithm were customized for the helicopter experiment
discussed in Chapter 3. It is straightforward to generalize this algorithm and remove
all such application specific dependencies.

The default transform, I0transform, used by the real-time software, is the linear
shift-invariant (LSI) discrete-time system

z(k+1) = Az(k) + Bu(k)

y(k) = Cz(k) + Du(k), (2.4)

where z is the state vector, u the virtual input vector, and y the virtual output vector.
A, B, C and D are constant matrices. Note that because the LSI system acts on
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virtweal inputs and generates virtual outputs, the B, C and D matrices must reflect
the appropriate scalings as defined by (2.1). Finally, for each sample, the physical
inpu ts and outputs are logged into memory and saved and flushed by the host system.

1. Synchronize external user events from Table 2.4.

2.
3.

10.
11.
12.

Sample and process each ;(k).
Compute virtual inputs: u;(k) = 4;(k) — ul™.

If the controller or trim event was toggled on: trim aileron, elevator, and rudder
inputs and outputs; otherwise, if the controller was toggled off: reset aileron,
elevator, and rudder trim.

If the external throttle hold switch was toggled on: set throttle hold value to
current throttle command; otherwise, if throttle hold is on: set throttle input
to throttle hold value.

If the external pulse event was toggled on: enable pulse addition; otherwise, if
pulse addition is on: add pulses to aileron, elevator, and rudder inputs.

If the controller was toggled on: zero controller state.

If the controller is on: compute y(k) = I0transform{u(k), k}; otherwise, pass
PWM inputs directly to PWM outputs.

y(k) = y(k) + TableLookup(k).
Compute physical outputs: §;(k) = y;(k) + yrom™.
Write each g;(k) to appropriate device.

Log (k) and g;(k) into dual-access buffer.

Table 2.5: Real-time software sampling iteration.

In cases where an LSI system like (2.4) is not adequate, custom code can be

linked into the device-independent function I0transform. No other function need be
modified to implement arbitrary nonlinear time-varying functions. For example, FM
synthesis at audio rates is easily achievable with a custom IOtransform.

The maximum sample rate achievable by this system is driven by two major

factors: (i) the total number of inputs and outputs, and (ii) the number of states.
For example, at one extreme the maximum achievable sample rate with 50 states, 25
inputs and 11 outputs is 200 Hz; which corresponds to 8 PWM inputs, 7 quadrature
angle inputs, 7 quadrature angular rate inputs, 2 analog inputs, 1 digital input, 8
PWM outputs, 2 analog outputs, and 1 digital output. At the opposite extreme,
the maximum achievable sample rate, with no states, 2 analog inputs and 2 analog
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outputs is 12.5 kHz. Most of the software overhead results from the I/O drivers, which
are written in C, and the slow access time of the AMD9513A system timer chips. If
the I/O configuration were hard-coded, then a decrease in the software overhead by
about a factor of ten could be expected. In lieu of hard-coding the I/O configuration,
carefully rewriting the drivers in assembly code could decrease this overhead by about
a factor of five.

The real-time software is not limited to implementing controllers. There are many
tasks that are directly realizable without reprogramming the default I0transform,
including multi-variable FIR and IIR filtering, complex waveform synthesis and data
collection. The ability to produce table-driven outputs and sample both inputs and
outputs is of great importance in any experimental control research program where
identification and real-time controller implementation is necessary.

2.2.3 MATLAB interface

The MATLAB interface provides a set of tools to read real-time log files into MATLAB
objects and save system specification files. The command

[uy T] = loadrt(filename)

reads a real-time log file and stores the logged inputs into u, the logged outputs into
y, and the sample period into 7. Standard MATLAB functions and toolboxes can
then be used to work with u and y. For example, to identify an LTI discrete-time
model for a system given a parametric state-space structure thstruc with the System
Identification Toolbox use the command

[A B C D] = th2ss(pem([y u], thstruc)).

Given this model, a controller can be synthesized with u—tools using the following
commands:

[A, B] = d2<(A, B, T)
sys = pck(A, B, C, D)
K = h2syn(sys, outputs,inputs)
[Ag, By, Cx, Di] = unpck(K)
[Ag, Bi] = c2d(Ag, B, T).

In order to implement the controller first create the real-time specification file with
savert(filename, T',[A), By; Cy Dy],0, M;, M,),

where 7' is the sample period, and M; and M, define the input/output mapping.
Next, run the host software on the PC as outlined in Section 2.2.1. The controller is
then immediately implemented in real-time.
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This simple exercise provides just one example of the way that MATLAB tools
might be used with the real-time platform. The use of MATLAB and MATLAB tool-
boxes is for convenience. Creating specification files and reading log files outside of
MATLAB only involves writing software compatible with the format used by the host
system.

2.3 Summary

The real-time platform discussed in this chapter has been in regular use at Caltech
for the last three years. We have had great success using it with the helicopter
experiment to provide rapid transition from data collection to system identification
to controller synthesis to controller implementation. This is essential in experimental
control research, as it is usually necessary to go through many iterations of these
tasks in order to achieve desirable system behavior.

Development of the real-time platform is ongoing, including enhancing the soft-
ware to handle multi-rate paradigms, making the host system and MATLAB interfaces
more user friendly, and designing custom ASICs both to reduce the physical size of
the real-time computer and to more easily interface to sensors/actuators. Additional
work has focused on developing generic telemetry and miniaturizing the electronics
to allow the entire system to be used on-board small autonomous experiments.
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Chapter 3
Helicopter Case Study

An RC helicopter was used as a testbed in this dissertation; a photograph of this
testbed is shown in Figure 3.1. The RC helicopter is interesting because it shares
many of the properties of real helicopters. In particular, RC helicopters are highly
nonlinear with complex dynamics and strongly coupled modes, and the experimental
testbed has unmeasurable states, sensor and actuator noise, actuator saturation and
rate limits, bandwidth limitations, friction, and delays.

Figure 3.1: Photograph of the helicopter experimental platform.

Because of this, identification, modelling, and controller analysis and synthesis
research conducted on the RC helicopter experimental platform will be directly ap-
plicable to most systems encountered by the control engineer. Based on experimental
results with the RC helicopter, it will be shown in this dissertation that there is strong
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motivation to develop new theoretical techniques which bridge the gap between iden-
tification and robust modelling and robust linear and nonlinear control.

Furthermore, the RC helicopter provides a great testbed for studying problems
in real-time control. Helicopter models generally require a large number of states to
adequately capture the dynamics. This often results in high order controllers which
rely on high speed digital signal processing when implemented. In order to control the
helicopter untethered extremely small and accurate sensors and actuators are neces-
sary for measuring the attitude, angular rates, and accelerations. A small, lightweight
on-board real-time flight computer, or off-board flight computer and telemetry sys-
tem is necessary to implement controllers. In many cases, a telemetry system is also
needed to supply pilot commands.

Section 3.1 contains a brief description of the helicopter and reviews the prin-
cipal nonlinearities found in helicopters. A description of the RC helicopter and
assoclated experimental platform used as a case study in this dissertation is discussed
in Section 3.2. A parametric structure for a state-space linear model for a standard
helicopter operating near hover is developed in Section 3.3. We will delay develop-
ment of an identified nominal helicopter model until Chapter 4 and robust models
until Chapters 6 and 8.

M

Figure 3.2: Helicopter drawing showing notation conventions.

3.1 The helicopter

A discussion and review of nonlinear helicopter modelling is presented to summarize
the relevant nonlinearities for a helicopter hovering at low altitude. A comprehensive
treatment of helicopter theory is provided by Johnson [39] and Gessow and Meyers
[27]. A simplified hybrid linear /nonlinear model used by NASA is discussed by Lewis
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et al. [42, 43]. An analytic derivation of a nonlinear model for the particular case
of an RC helicopter mounted on a stand is covered in detail by Weilenmann [72].
Weilenmann further develops a robust model for the RC helicopter operating near
hover and in vertical flight.

3.1.1 Notation and description of helicopter operation

The notation in Table 3.1 will be used throughout this dissertation when referring to
helicopters. Refer to Figure 3.2 for a drawing of a typical helicopter with correspond-
ing notation.

Measurements Description
Body roll angle

Body pitch angle

Body yaw angle

Body roll angular rate

Body pitch angular rate

Body yaw angular rate

Body longitudinal velocity

Body lateral velocity

Body vertical velocity

Main rotor angular velocity

Tail rotor angular velocity
Inertial position

Inertial position

Inertial position

Controls Description

3
3

o
3

N R ODDOE eI AT

o, Lateral cyclic (aileron)

0. Longitudinal cyclic (elevator)

O, Tail rotor collective blade pitch (rudder)

G Main rotor collective blade pitch (collective)

0, Engine throttle

Miscellaneous Description

CM Center of mass

Tk Nonlinear Euler transformation (body rates)

1B Nonlinear transformation (body to inertial coordinates)

Table 3.1: Helicopter notation.

A helicopter is an airborne vehicle that generates lift, propulsion, and control
with rotating wings. Unlike traditional fixed wing aircraft, the helicopter is able to
generate lift even when its velocity is zero. There are several configurations found in
helicopters today, e.g., some helicopters have only one main rotor while others have
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two. To simplify this discussion we will consider a helicopter with a single main rotor
consisting of two blades and a single tail rotor also with two blades. Such a helicopter
is shown in Figure 3.1.

The rotating blades of the main rotor span a nearly horizontal plane (the rotor
disk). Lift is generated by accelerating air downwards through the rotor disk. The
amount of lift generated is related to the rotor blade pitch (controlled by the collective)
and the rotor rotational velocity (controlled by the throttle). The tail rotor spans
a plane perpendicular to the rotor disk. This configuration allows the tail rotor to
balance the torque about the main rotor shaft. This balancing torque is controlled
by the tail rotor blade pitch (rudder). In addition to providing lift and propulsion,
the main rotor is also the control surface for roll, pitch, and vertical control. Roll and
pitch motion is accomplished by tilting the rotor disk using the aileron and elevator,
respectively.

Because the helicopter can generate lift even when it is stationary, it is capable
of vertical takeoff and landing (VTOL) and hover. The VTOL and hover capabilities
of the helicopter come not without a price. The helicopter’s main rotor is a very
complicated mechanical system and is the source of vibration. Furthermore, the
helicopter possesses only marginal stability properties, especially in hover, and good
flight characteristics and handling are difficult to attain without active feedback.

As will be seen, helicopter dynamics are considerably more complex than tradi-
tional fixed wing aircraft. In particular, there are noticeable and significant nonlin-
earities, the principal of which is the subject of Section 3.1.3.

3.1.2 Basic rigid body equations

The inertial, or translational, velocity of the helicopter is a nonlinear kinematic trans-
formation of the body velocities and is given by

d Zz u
E Yy ZT[B v (31)
z w

where the body to inertial transformation is given by

cosf cos ) —sin gsinfsinyy —cos¢gsinyy sinf costh + sin ¢ cos Osin
Tip = | cosfsiny +singsinfcosy) cosgcosyy sinfsineh — sin ¢ cos 6 cos 1)
—cos ¢sinf sin ¢ cos ¢ cos

The body angles of the helicopter obey standard equations for rigid body motion

d ¢ b
| 0] =T (32)
r
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where the body rate transformation is given by

» cos d 0 sin 0
Tg = | sinftan¢ 1 —cosftang
—sinflsecg 0 cosfsecd

The dynamics governing [p, ¢, r] and [u, v, w] are very complicated and are de-
pendent on the physical, structural, and acrodynamic properties of the vehicle. The
underlying technique for constructing an analytic model of a rigid body vehicle from
first principles consists of identifying the external forces, F', and moments, M, acting
on the vehicle. Once found, written in body coordinates they will satisfy standard
rigid body dynamical equations

ZE = %(mv):m(b—l—ﬁxv)

> M = %(m) =10+ Q x I,

where mwv is the translational momentum of the vehicle, I is the angular momentum
of the vehicle, m is the mass of the vehicle, § is the angular velocity of the vehicle, v
is the translational velocity of the vehicle, I is the moment of inertia of the vehicle,
and the summation is done over all of the external forces and moments on the vehicle.
It is assumed that the mass and inertia matrix are constant.

3.1.3 Principal helicopter nonlinearities

A very important nonlinear effect present in helicopters but not in fixed wing aircraft
are the rotor dynamics. This effect arises from the flapping motion of the rotor blades
and changes in the velocity of the rotor disk (the rotor disk is defined as the surface
spanned by the rotor blades).

Each rotor blade can be modelled as a one degree-of-freedom (DOF) system,
corresponding to the flapping modes along the length of the blade. In hover, Johnson
has shown that the transfer function from blade pitch control inputs to blade flap
motion is a highly damped second-order response [39]. Rotor flapping has an im-
portant effect in almost every aspect of helicopter behavior. However, because the
rotor flapping dynamics occur at much higher frequency than pilot commands and
exogenous disturbances and gusts, it is acceptable in general to consider only the
steady-state or low frequency behavior of the rotor.

Similarly, the varying speed of the rotor disk changes the differential thrust of
the rotor, which results in nonlinearities that complicate parameter identification and
linear control. In particular, in hover, the differential thrust of the rotor is directly
proportional to the square of the rotor speed [27].

Another principal nonlinearity during low altitude flight is ground effect. Ground
effect is significant when the helicopter is within one rotor diameter above the ground.
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A detailed discussion of ground effect is provided by Johnson [39]. Ground effect can
be viewed as increasing the effective rotor thrust at low altitudes. This occurs as a
result of the air wake generated by the main rotor “bouncing” off the ground and
exerting additional force on the rotor disk. This is significant in that it changes the
control authority of the main rotor. A graph of a typical thrust curve over the region
where ground effect is significant, taken from Johnson [39], is included in Figure 3.3.
In Figure 3.3, T' denotes the main rotor thrust, 7., denotes the main rotor thrust
an infinite distance from the ground, z denotes the altitude of the helicopter, and R
denotes the radius of the main rotor. It can be seen that at low altitude the effective
thrust of the main rotor is significantly higher than at high altitude for the same level
of control.

2.0

1.0

%
Figure 3.3: Typical thrust curves for significant ground effect, from Johnson [39].

Ground effect primarily affects the helicopter during hover. In forward flight the
thrust wake is projected behind the helicopter, preventing an increase in thrust from
occurring. Because ground effect occurs when the air wake from the rotors bounces
back from the ground, winds and gusting will also change the ground effect thrust.

3.2 Experimental helicopter platform

The experimental platform consists of a modified EP Concept RC model helicopter,
first described by Morris et al. [48, 49]. Refer to Figure 3.1 for a photograph of the
helicopter. The 35 inch diameter main rotor is powered by an AstroFlight Cobalt-05
electric motor. The control surfaces of the helicopter are actuated by Futaba $6901
PWM position servos and the engine throttle is regulated by a Team Astro model
207 speed controller. The model helicopter is actuated on each of the three attitude
axes: aileron (lateral cyclic), elevator (longitudinal cyclic), and rudder (tail rotor
blade pitch). In addition, there are two inputs controlling the main rotor thrust:
engine throttle for regulating the rotational velocity of the main rotor and differential
collective for regulating the main rotor blade pitch.
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Exogenous pilot commands are provided through a six channel Airtronics RC
transmitter. An Airtronics receiver is used to convert the transmitter signal into
PWM signals which are then connected to the real-time computer I/O board. See
Figure 3.4 for the general setup. Note that the pilot commands are not directly
connected to the helicopter, rather they are treated as exogenous inputs by the real-
time computer and generally used to provide reference commands to the flight control
system. In other words, the helicopter is configured as a fly-by-wire system.

Real-time computer @\

" - roll

AN
O O

J2 . - - - -
Pilot Commands ’ /d> Ly ¥

T2 ¥ 1 ¥

Figure 3.4: Helicopter experimental setup.

The helicopter is mounted on a three DOF wrist which in turn is connected to
a three DOF stand (Figure 3.4). The center of mass of the helicopter can be aligned
with the rotation axes of the wrist. The wrist allows the attitude (roll, pitch, and
yaw axes) of the helicopter to freely rotate. The wrist joint angles are measured using
shaft encoders, providing a direct measurement of the helicopter attitude. J; is a one
DOF joint attached to the ground. The link L; connects joints J; and J; and scribes
a circle parallel to the ground through the axis z;. J; is a two DOF joint mounted to
a wheel. The link L; is a four-bar connecting the joint J, with the helicopter wrist
and allows for free rotation about the 2z, axis and about +50 degrees of rotation about
the z; axis. The stand allows for six DOF motion in a volume roughly equal to a
hemisphere of diameter approximately six feet.

The helicopter is controlled by the real-time computer described in Chapter 2.
The joint angles are measured by quadrature shaft encoders and along with the pilot
commands from the Airtronics transmitter comprise the inputs. The real-time com-
puter directly drives the helicopter control surfaces through Futaba PWM position
SErvos.

Each servo is nominally driven by a control signal of +0.5 ms modulated onto a
50 Hz PWM waveform with a neutral position corresponding to 1.5 ms (Figure 2.4).
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At hover the full range (£0.5 ms) for each of the servos is not possible, due to the
trim command necessary to hold the helicopter at hover equilibrium. The saturation
values for each of the servos at hover were determined empirically and are tabulated

in Table 3.2.

Actuator | Saturation Level (us)
Aileron 450
Elevator 300
Rudder 380
Collective 500
Throttle 500

Table 3.2: Actuator saturation levels at hover. The saturation values are the maxi-
mum possible deviations from the trim command necessary to maintain hover.

In all future figures displaying PWM servo commands the value of the servo will
be shown as a percentage of the saturation value: +100% equals the positive satu-
ration value and —100% equals the negative saturation value, where the saturation
value is taken from Table 3.2.

Two configurations of the helicopter and stand have been considered: a three
DOF setup with the joints about z;, z, and 2, constrained and a six DOF exper-
iment, without these constraints. At hover the stand affects mainly the mass, so
the experimental configuration should principally reflect the behavior of a hovering
helicopter.

The joint angles of the stand are instrumented with HEDS 5500-106 optical en-
coders [34]. These encoders have 512 lines, corresponding to 2048 counts per revolu-
tion. With a sample period of 20 ms, the angular resolution of the sensor is 6,., ~ 0.18
deg and the angular velocity saturates at wpm,, ~ 1000 deg/s. For high-fidelity rate
measurements gyros can be easily incorporated into the experiment.

There is strong motivation for mounting the helicopter on a stand as opposed
to flying untethered. First, by using the optical shaft encoders, the stand provides
a convenient method of measuring the attitude of the helicopter, which is otherwise
quite difficult to do accurately given the weight and size restrictions of the helicopter
payload. Second, we are able to use the real-time computer without resorting to
a telemetry system. Finally, it provides a safe setup for performing experiments in
a laboratory. The disadvantages of the stand are that it limits the motion of the
helicopter and changes its dynamics.

The tail rotor is directly geared to the main rotor with a gear ratio of about 1 : 4,
so that we can measure the rotor speed both at the tail rotor and at the main rotor.
However, neither the tail rotor nor the main rotor leaves any room for an optical shaft
encoder. Also, the shafts are subjected to large lateral and vertical vibrations due to
the rotating blades, which are likely to damage an optical shaft encoder. Therefore a
reflective object sensor mounted on the tail boom close to the tail rotor shaft provides
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the best alternative. Furthermore, the tail rotor rotates faster than the main rotor,
providing better resolution of the rotor speed. Refer to Appendix 3.A for a detailed
discussion of the rotor speed sensor.

3.2.1 Helicopter measurements and actuators

A summary of the helicopter measurements is shown in Table 3.3. The bandwidth of
the measurements are limited by the sample period T and the sensors.

Measurement Sensor
@ Shaft encoder
0 Shaft encoder
() Shaft encoder
p IIR filter
q IIR filter
r IIR filter
Q4 Tachometer

Table 3.3: Helicopter measurements and corresponding sensors.

A summary of the helicopter actuators is shown in Table 3.4. The bandwidth of
the actuators are limited mainly by the PWM servos, which were empirically observed
to be insensitive to commands above about 3 to 5 Hz.

Control Actuator
Aileron PWM servo
Elevator | PWM servo
Rudder PWM servo
Collective | PWM servo
Throttle | Speed controller

Table 3.4: Helicopter controls and corresponding actuators.

3.3 Development of a linear hover model

This section covers the modelling and control of helicopters in hover. In particular,
a hover model must be developed for the model helicopter mounted on the stand
discussed in Section 3.2. The stand complicates the dynamics considerably so an
identification rather than first principles approach was taken to determine a hover
model for the helicopter. A detailed and comprehensive first principles analysis and
model of a helicopter mounted on a stand was performed by Weilenmann [74, 72].
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Linearization of standard nonlinear aerodynamical equations at hover provides a
suitable state-space structure for modelling the helicopter. Johnson provides a classic
treatment of nonlinear aerodynamical helicopter modelling [39]. Lewis et al. discuss
the hybrid linear/nonlinear TMAN model used extensively at NASA for piloted sim-
ulations and war games [42, 43]. Schroeder et al. provide a specific example of a
linear parametric transfer function approach to modelling an Apache helicopter [61].
Houston and Black consider identification of a hover model incorporating higher order
rotor dynamics for a Puma helicopter [35]. Tischler discusses a mixed nonparamet-
ric frequency-domain and parametric state-space identification method for a BO-105
helicopter [69]. Fu and Kaletka consider higher order models explicitly incorporating
the rotor dynamics [24]. The general conclusion of all of these efforts at modelling
helicopters through identification is that it is possible to identify good models for
helicopters when the identified model is based on parametric first principles analysis.

In this dissertation a simplified sixth order linear hover model is considered.
According to Fu and Kaletka, a sixth order rigid body helicopter model can accurately
model the low- and mid-frequency behavior [24]. In such a model, the effect of the
rotor dynamics are absorbed into the parameters of the model and effective time
delays for the control inputs. As will be seen in Chapters 6 and 8, robust control
techniques can be used to account for unmodelled dynamics with model uncertainty
above mid-frequency.

The states, x(t), used in the linear model are

)
= | YO (3.3)

L .
These states are suitable for attitude control, but not inertial tracking of the heli-
copter. Because of the limitations of the stand, it was determined that inertial control

was not feasible.
The inputs, u(t), used in the linear model were

0. (1)
u(t) = | 0.(t) | . (3.4)
0,()

At hover equilibrium, the state z and the input u can be described by

z(t) =z + 6z(t)

u(t) = u + bu(t), (3:5)

where z = 0, @ is the non-zero trim command necessary to hold the helicopter at the
hover equilibrium, and éz(t) and u(t) are small time-varying perturbations around
hover.
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The principal assumptions used to develop the parametric state-space model
were: (i) at hover the altitude is constant, eliminating nonlinearities due to ground
effect, and (47) the rotor speed is kept constant, minimizing the rotor nonlinearities.
Under these assumptions, the most simple linear decoupled model of the helicopter
near hover is

p~p

0~gq

Y (3.6)
p ~ ng(b + Lpp + L@a5®a

g~ My + M,q + Mo, 60,

7 ~ N,r + Ng §0,,

where Ly, L,, Le,, My, M,, Mo,, N,, Ng,, are acrodynamical coeflicients, typically
computed through wind tunnel testing as a function of different quasi-static operating
points. Note that an actual helicopter is not truly decoupled at hover. Some cross-
coupling terms must be taken into account, as will be seen in Chapter 4.

To control the helicopter during vertical flight the dynamics of the helicopter
body velocities (u, v, w) must be added. Suitable dynamical models of u, v, and
w are contained [42, 43, 39, 72]. Once dynamics of u, v, and w are included in
the helicopter model, the helicopter altitude z results from the nonlinear kinematic
transformation (3.1). Note that the rotor dynamics couple into the dynamics of w.
This is described in great detail by Johnson [39] and Houston et al. [35].

3.4 Summary

In this chapter standard nonlinear helicopter modelling techniques were reviewed. It
is clear that the principal nonlinearities in helicopters are the rotor dynamics, ground
effect, and structural flexure.

A reduction to a linear hover model was made, which involved several simplifica-
tions and assumptions. The major assumption, to minimize the main rotor gyroscopic
forces and nonlinearity, was that the helicopter be flown at constant altitude with con-
stant rotor speed. Flying at constant altitude has the additional benefit of eliminating
ground effect.

An analytic model of the effect of the stand on the helicopter was not considered;
the experimental helicopter model, developed in Chapter 4 is based on parametric
state-space models using identification techniques with real experimental data. Thus,
the effect of the stand will be implicitly contained in the estimated parameters. Sim-
ilarly, it can be shown that in the low- to mid-frequency range, the principal effect of
the rotor dynamics can be absorbed into the low order model parameters and control
input delays.

In order to continue work on the helicopter, new sensors will need to be integrated
with the experimental platform, including a tachometer to measure the rotor speed,
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rate gyros for explicit measurement of the body angular rates, an electronic compass
to measure yaw in free flight, accelerometers for inertial and rate measurements, and
charge-coupled devices (CCDs) for imaging. These would allow the helicopter to be
flown in free flight with suitable telemetry or on-board real-time computing systems.
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3.A Appendix: tachometer sensor

As discussed previously, varying rotor speed on a helicopter results in substantial
nonlinearities. To minimize these effects it is helpful to design a single-input/single-
output (SISO) controller which regulates the actual rotor speed, using throttle to
provide rotor speed commands. To design such a controller requires the development
of a sensor for measuring the rotational velocity of the main rotor. Such a sensor was
first described by Van Nieuwstadt and Morris [70].

Measurement of the tail rotor speed is equivalent to measurement of the main
rotor speed, because the tail rotor is directly geared to the main rotor. Designing a
sensor which measures the tail rotor speed offers many benefits. The principal benefit
is avoiding any mechanical connection to the main rotor hub.

The tail rotor speed sensor is designed around a reflective object sensor, the
Optek OPB 745. The Optek OPB 745 consists of a light emitting diode (LED), which
emits a focused beam of infrared light, and a darlington photo transistor, which is
sensitive to infrared light. The light reflects on the tail rotor blades each time they
pass by, and is received by the photo transistor. Aluminum foil was applied to the
side of the rotor blades facing the sensor, to increase reflectivity. The output signal
of the reflective object sensor is a pulse whose width is directly proportional to the
width of the reflective surface, and inversely proportional to the rotor speed. Since
the distance between the sensor and the rotor blades changes when the blade pitch
is changed, the amplitude of this pulse varies over a range, from 1 V to 5 V. At the
tail rotor this range is smaller than at the main rotor, which is another advantage
of mounting the sensor at the tail rotor. To make the sensor less sensitive to the
varying amplitude of the pulse, the output of the photo transistor is amplified with
high gain, then Schmitt triggered and inverted. Figure 3.5 shows a schematic of the
sensor circuit. The capacitor Cy after the Schmitt trigger is necessary to suppress

?w D

+5 !_-l—@5< +5 $-l-5

Yy
10 k9 JVK JVK

e

— A B

Figure 3.5: Rotor speed sensor circuit. A and B are quadrature signals.

spurious edges. Its value is about 1.7 nF. Both the inverted and the non-inverted
signal are input to a J-K flip-flop to generate a quadrature signal that has a phase
difference equal to the width of the sensed pulse. The quadrature signal is decoded
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with a quadrature decoder which registers 4 counts per revolution, 1 each for each
rising and falling edge of the 2 quadrature signals generated when a tail rotor blade
passes the sensor. The quadrature decoder is directly read by the real-time computer
system, as outlined in Chapter 2.

The rotor tachometer is limited by the sample period; the minimum measurable
angular velocity is given by LI—T revolutions per second (RPS) and the maximum
measurable angular velocity is %, where the sample period is T' and the number of
rotor blades is L. For the helicopter L is 2, so the minimum measurable rotor speed
is 25 RPS and the maximum is 1587.5 RPS, for a sample period of 20 ms. As this is
not adequate resolution for measuring the rotor speed of the helicopter a filter will be
employed to enhance this resolution by averaging measurements over larger periods
of time than the 20 ms sample period. This is discussed further in Appendix 4.A.

The sensor itself has a mass of 10 grams, and the mass of the signal conditioning
circuit is about 25 grams. This is well within the payload of the model helicopter.
Although a slotted optical switch or a slit wheel is more reliable mechanically and
offers a higher resolution, it requires major mechanical reassembly of essential parts,
so even if there were room for a slit wheel, it would remain preferable to use the sensor

described herein. The reflective object sensor is non-invasive and easily applied.
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Chapter 4

Nominal Hover Model
Identification

System identification is a necessary part of any model-based control design. The
objective of this chapter is to identify a nominal linear time-invariant (LTI) model of
the helicopter operating near hover based on the structure developed in Chapter 3.
Because the helicopter has significant cross-couplings, MIMO identification methods
are essential.

Frequency-domain parameter identification was successfully employed to identify
a model for the Apache helicopter by Schroeder et al. [61], by Houston and Black for
a Puma helicopter [35], and by Fu and Kaletka for a BO-105 helicopter [24]. Tischler
further studied identification requirements for rotorcraft [69]. Weilenmann developed
a mixed analytic/parameter identification approach [72].

Section 4.1 discusses the experimental techniques used for identification of the
RC helicopter. State-space MIMO identification techniques were employed because
MIMO frequency-domain identification techniques tend to introduce unnecessary
states. The prediction error method (PEM), a general method for identifying MIMO
systems, is discussed in Section 4.2. A rigid body model of the helicopter, which
ignores rotor dynamics, is identified in Section 4.3 using PEM techniques. A prelim-
inary model of the main rotor is presented in Appendix 4.A.

4.1 Identification experiments

From the identification point of view, a sequence of excitations at each input of
the plant is defined to make it possible to identify the dominant modes and cross-
couplings. Ideally we would like to be able to drive the helicopter with a sufficiently
rich input to excite all the dominant modes and cross-couplings. There are two major
obstacles to this. First, the helicopter is open-loop unstable, so a stabilizing “trim”
command is necessary when taking data. Second, the helicopter is nonlinear so we
can only expect to get reasonable results when we use small-signal excitations around
the trim. This restricts the types of excitation that we can use to be of the form

u(t) = u(t) + du(t), (4.1)
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where 4(t) is the manual pilot trim command which maintains the helicopter bounded-
input bounded-output stable near hover and u(t) is a small-signal excitation. If we
assume that (t) varies slowly and éu(t) is of small enough magnitude then we can
model the helicopter about the trim %(¢) as an LTI system.

Due to the complexity of the helicopter, an LTI model cannot be expected to
completely capture the dynamical behavior of the helicopter. Identification methods
which produce good estimates of the modelling error and which allow a priori infor-
mation to be included in the estimation algorithm greatly simplify the task of finding
a reasonable uncertainty description for covering the experimental data.

The identification experiments were conducted with a 50 Hz sample rate and
consisted of finding a model of the helicopter using the aileron, elevator and rudder
inputs, and measurements of the attitude, ¢, §, and . The RC transmitter was
used to provide the trim necessary to keep the helicopter operating near hover. In
particular, it was necessary to use the throttle and collective to maintain constant
rotor speed and thrust. This is very important since the actuator model is highly
dependent on the thrust of the main rotor, and variations in the rotor speed cause
gyroscopic effects which increase the nonlinear behavior of the helicopter. A small-
signal excitation was superimposed on top of the aileron, elevator, and rudder trims.

The trim command introduces feedback into the system which correlates output
noise with the control inputs. Also, the trim command is slowly-varying. Both of these
effects result in a statistical bias of the parameter estimates which was ameliorated
through high-pass filtering of the experimental data.

4.2 Identification using PEM

The prediction error method is a MIMO estimation algorithm which seeks to minimize
the quadratic error between the predicted value of the plant and the data. Standard
references on these techniques are Ljung [44] and Séderstrém and Stoica [64]. A state-
space discrete-time version of the PEM algorithm developed by Ljung is used [45].
The PEM algorithm allows for the incorporation of structure and known parameters
into the model.

We begin with a state-space model of the helicopter dynamics linearized near
hover. This model structure is based on the development in Chapter 3. It consists
of a sixth order model of the helicopter and a model for the actuators. The actuator
model can be used to account for the effect of rotor dynamics.

The model helicopter near hover is described by an LTI system given in discrete-
time by

z1(k +1) = z1(k) + Tzo(k) + Hzo(k)
zo(k + 1) = Apnz1(k) + Asgza(k) + Bo(k) (4.2)
y(k) = z1(k),

with states z; = (¢, 0, ¥)T and 2, = (p, ¢, )T, control inputs u = (Q4, 6., 0,)T,
and measurement y. 7' is the sampling period and v is the output of the actuator
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model. The structure of the actuator model to be estimated is defined by

2(k+1) = Fz(k)+ Gu(k — d + 1) (4.3)

v(k) = z(k), '
where z are the states of the actuator model, u is the pilot command, and v is the
actuator response. F' and G are diagonal matrices and d is the delay, expressed in
number of samples, introduced by the actuators. Based on preliminary data from a
six DOF force-torque sensor, the actuator model should be block diagonal, with each
actuator modelled as a first (or second) order transfer function. However, in order to
simplify identification and minimize parameters, the actuators are modelled as pure
delay. Note that in (4.2) z, is roughly the forward difference approximation of the
time derivative of z; (3.6).

The parameters of the state-space realization consist of the elements of the Ao,
Azz, and B matrices. H corresponds to an extra term used to provide hysteresis
in the integrators. The choice of the parameters to be estimated is based on their
identifiability. It was found that the parameters in Ay, had very little effect on the
estimation errors, and in addition were not very repeatable on different experiments.
The diagonal components of A3 and B were very repeatable on different experiments.
Note that the most significant cross-couplings are introduced by the yaw rate. This
leads to the parametric structure

ajp 00 o 0 aif
Axn = 0 00 |, Ap=| aff o} a3}
0 0 0 a2 0 o2
by 0 0 0 A O
B = 0 by O , H=10 0 0 |, (4.4)
0 0 bss 0 00

where the actuators are modelled by pure delay, F =0 and G = I in (4.3).

As the structure of the model is simple, it is not reasonable to identify the system
over all frequencies. So, the identification is focused on the relevant frequency band
necessary for hover control. In particular, the experimental data are preprocessed to
reduce the effects of the manual trim which was necessary to maintain stable operation
near hover during the identification experiments. Once a data range is selected, the
initial condition is removed and the data is passed through a fourth order high-pass
Butterworth filter, F', with cut-off above 0.3 Hz, as depicted in Figure 4.1. The overall
system in (4.2) can also be modelled by the transfer function, y(t) = G(©,q)u(t),
where © denotes the set of parameters to be identified and ¢ is the standard forward
shift operator. Given a transfer function description G properly parametrized by the
specific form in (4.2) and (4.4) and the filtered input-output data, u; and ¥y, the
prediction error e(t) = y(t) — G(O, ¢)us(t) can be computed.

For multi-output systems, the identification method consists in determining the
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Figure 4.1: Identification schema. F' represent filters used to pre-process data prior
to identification.

parameter estimates by minimizing the quadratic criterion

N
. _ 1 .
O = arg min det v E e(t,0)e” (¢,0) (4.5)

t=1

using an iterative Gauss-Newton algorithm [44], where arg returns a value of © achiev-
ing the minimum.

The identified models will be denoted by (i3 and ég, referring to the three DOF
and six DOF configurations of the helicopter experiment, respectively. Note that
there is no difference in the structure of these models, they were just obtained with
different configurations of the stand. The purpose for considering both G5 and Gy
was to verify that the principal dynamics during hover were unchanged when the
helicopter was restricted to three DOF.

Providing the algorithm with appropriate initial parameter values @ (Figure 4.1)
speeds the convergence of the estimation algorithm [44]. This becomes critical when
dealing with long data records, since for each iteration the estimation algorithm com-
putes the inverse of a matrix which can be ill-conditioned without a good initial
guess. Moreover, when there are many parameters, long data records are required
for convergence of the estimator. These initial values can be obtained from physical
considerations and also from preliminary SISO identification on shorter data records.

4.3 Nominal LTT helicopter hover model

As the helicopter body rates could not be directly measured, limitations on the accu-
racy of the identified model are expected. The final values of the estimated parameters
for (75 are given by
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—0.0320 0 0 0.5432 0  —0.0140
Ap = 0 00 ), Ap=/| 00404 06135 0.0118
0 00 —0.0105 0  0.9661
1170 0 0 00 0
B=( 0 -1238 0 , H=10 0 —0.0022 |. (4.6)
0 0  —1446 00 0

The parametric uncertainty from the estimated model (4.6) is tabulated in Ta-
ble 4.1. The percentage uncertainty in Table 4.1 corresponds to the ratio of the
standard deviation of the parameter and the parameter value. By comparing the
variations in estimated parameter values of the model defined by (4.2) and (4.3)
with different parameter structures and on different experiments an indication of
the amount of parametric uncertainty and unmodelled dynamics in the model was
obtained. This information is directly applicable to constructing a robust model.

Parameter | Parameter Value | Percentage Uncertainty
ah -0.032 27
a3? 0.5432 3
a¥? -0.0140 8
al? 0.0404 5
a3’ 0.6135 2
a3? 0.0118 7
a2 -0.0105 9
a2l 0.966 0.04
b1y 1170 4
ba2 -1238 3
b33 -1446 0.8

Table 4.1: Parametric estimation error in the helicopter model. The percentage
uncertainty is the ratio of the standard deviation of the parameter with the parameter
value.

Note that H was defined a priori as a constant using precomputed rate data and
G6 was identified in a similar manner to G3 but with six DOF helicopter data. It
can be seen from (4.6) and Table 4.1 that the principal axes are well estimated, with
much larger uncertainty in the cross-couplings. The cross-couplings in B were hard to
estimate but were present in the experimental data. This motivates the choice of full
block multiplicative input uncertainty, as will be seen in Section 6.2. The parameters
for G are not presented.

The simulated time-domain responses of (5 (dashed) are plotted against the
experimental data (solid) which was used for identification in Figures 4.2 through
4.4. The simulation was performed using the same input used for identification.
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The simulation matches the experimental data very well on pitch and more par-
ticularly on roll. The results are not as good on yaw as an asymmetry in the actuation
has not been taken into account.
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Figure 4.2: Helicopter roll axis. Top: experimental data (solid), G5 simulation
(dashed). Middle: simulation error. Bottom: experimental input.

Finally, to check the ability of the identified model to predict the behavior of the
model helicopter in hover, the model was simulated on a different data set from the
one with which it was estimated. Such a procedure was successful for both three DOF
and six DOF experiments; this verified the specific form used for the parametrization.
See Chapter 8 for the frequency response of each channel in the helicopter model.

The impulse-responses of G (solid) and Gy (dashed) are shown in Figure 4.5.
The responses of the principal axes are comparable, with the exception of the pitch
axis. The cross-couplings are also comparable, with the exception of rudder-roll. The
observed differences between G3 and G6 on the aileron—pitch and rudder-roll transfer
functions result primarily from change in dynamics that results when clamping the
motion of the helicopter to three DOF.

The major problem found with the PEM routine was the inability to process
long data records, particularly when there were many parameters in the model. This
results in a decrease in the achievable bandwidth of the model, since we are forced to
use shorter data records. This bandwidth limitation makes it much more difficult to
obtain good results with continuous-time robust control synthesis techniques.
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Figure 4.3: Helicopter pitch axis. Top: experimental data (solid), (53 simulation
(dashed). Middle: simulation error. Bottom: experimental input.
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Figure 4.4: Helicopter yaw axis. Top: experimental data (solid), ('3 simulation
(dashed). Middle: simulation error. Bottom: experimental input.
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Figure 4.5: Impulse-responses of G (solid) and G (dashed).

4.4 Summary

In this chapter standard state-space linear estimation techniques were employed to
identify a MIMO LTI model for the helicopter operating near hover. State-space tech-
niques offer a clear advantage over frequency-domain techniques when the parametric
structure of the dynamics are well understood, as was the case with the helicopter.
Also, when identifying MIMO systems, state-space techniques often result in a real-
ization with fewer states. The principal advantage of frequency-domain techniques,
which is lost for state-space techniques, is the ability to work with long data records
and the use of averaging to minimize noise. This issue manifested itself when using
the PEM estimation technique: choosing good initial conditions for the estimator
was essential to insure convergence of the estimator when there were either many
parameters or long data records.

The identified helicopter hover model accounted for the experimental data, very
well in a predictive nature. However there were several major problems: during nor-
mal operation near hover there is significant parameter variation resulting from un-
modelled dynamics and forces (such a rotor dynamics, structural flexure, and ground
effect), the actuators are not truly decoupled (the linear model is), actuator satura-
tion is not taken into account, and the rotor dynamics are ignored. It will be essential
to incorporate the principal effects of these unmodelled nonlinearities and dynamics
into a robust model so that a robust hover controller can be designed.

Further work will be necessary to develop a vertical motion model for the heli-
copter. This involves regulating the main rotor speed so that the collective can be
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used to control the vertical motion, requiring the rigid body hover and SISO main
rotor models to be combined into a single model. A model suitable for free flight and
inertial control could then be developed by adding the nonlinear inertial kinematics
discussed in Chapter 3 and scheduling the helicopter over relevant operating regions.
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4.A Appendix: SISO main rotor model

The motivation for developing a model for the main rotor of the helicopter is so that
an inner loop controller can be developed which eliminates or minimizes problems
resulting from rotor flapping and gyroscopic effects by regulating the rotor rotational
velocity. As discussed in Chapter 3, complex dynamics resulting from rotor flapping
and nonlinear gyroscopic effects primarily result from variations in the main rotor
speed. Thus, by carefully regulating the main rotor speed these problems can be
mitigated, without requiring a detailed model of main rotor. Furthermore, in a lin-
earized hover model the actuator derivative coefficients (the B matrix) are directly
proportional to the square of the rotor speed. The SISO model for the main rotor
was developed by Van Nieuwstadt and Morris [70].

The rotor speed is directly controlled with a PWM signal driving a speed con-
troller that regulates the current through a DC motor. This PWM signal is called the
throttle. The speed controller insures that the current through the DC motor is kept
constant; however, varying loads on the helicopter will change the rotor speed even
if the current is kept constant. To guarantee that the rotor speed is held constant,
the transfer function from the throttle to the rotor speed must be modelled, so that
a regulator can be designed.

The raw output signal of the rotor speed sensor is the number of times per sample
period that a rotor blade passes the sensor, and is therefore intrinsically discrete. At
a sampling rate of 100 Hz, the sensor would typically register between 4 and 5 counts
per sample period. This discrete signal was passed through a second order low-
pass Butterworth filter with a cut-off frequency of 0.4 times the sampling frequency,
T =100 Hz, to obtain a continuous valued signal.

Referring to Figure 4.6, it is clear that the steady state rotor speed is a nonlinear
function of the throttle command. The sensitivity of the rotor speed to throttle de-
creases at higher rotor speed. This nonlinearity was accounted for by an empirically
computed static nonlinear transformation, G, operating on the experimental data.
For identification purposes the experimental data was preprocessed by GG. The result-
ing data was then used to identify a linear plant P, which represents the linearized
dynamics of the main rotor.

The operating range of interest for hover typically corresponds to a nominal rotor
speed of 80 tail rotor rotations per second, or 20 main rotor rotations per second. A
second order linear model was estimated at this operating point using auto-regressive
software in the MATLAB System Identification Toolbox (44, 45, 64].

The estimated model had a time delay of 32 samples at 100 Hz. This delay was
modelled with a first order Padé approximation. The estimated model, augmented
with the Padé approximation, is given by the third order SISO model

Tpy1 = Az + Buy

4.7
Y = ka—l—Duk, ( )

where u; is the steady state rotor speed in rotations per second and y; is the rotor
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speed in rotations per second. The specific values for the model are

1.9015 1.0 0.0002 |-0.0019

A|B | | —0.9030 0 —0.0001| 0.0007 (4.8)
C|D| 0 0 0.9394 | 0.9697 |- )

1.0 0 0.0001 l -0.0007

Figure 4.6 shows the experimental data (solid) and a simulation (dashed) of
the estimated model. The difference in steady state gain can be clearly seen. The
magnitude of the throttle command was equal in negative and positive directions,
whereas the resulting change in rotor speed is much smaller in the positive direction.

real(solid) and estimated(dashed)
20 T T T T T T T

101

rotorspeed, [rps]
wm

-10F

-15F

-20F

-25f 1 v =

_30 1 1 1 I3 1 I
0 5 10 15 20 25 30 35 40

time, [secs)

Figure 4.6: Simulation of the main rotor model. Rotorspeed is shown as the differen-
tial value from the nominal of 80 RPS. Experimental data are solid, simulated data
are dashed. The magnitude of the throttle command was equal in both directions.
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Chapter 5

Review of Robust Control

The principles of frequency-domain robust control lie with the seminal work of Zames
[77,78]. The early work in H.,control provided the impetus to study the incorporation
of structured uncertainty into the control problem, leading to the development of u
theory by Doyle [16]. A major innovation came with state-space solutions to the
standard H, problem by Doyle et al. [19], with a computational solution by Glover
and Doyle [28]. An introduction to SISO robust control is presented by Doyle et al.
[18]. A comprehensive treatment of MIMO robust control is provided by Zhou et al.
[79].

More recently, linear matrix inequalities (LMIs) have been shown to form a
unifying framework for modern control. A review of this subject is presented by Doyle
et al. [21]. Packard et al. provide examples of several important problems in robust
control which can be reduced to LMIs [58]. LMIs form an attractive framework for
studying problems because they are convex, readily computable in polynomial time,
and there are software packages currently available for computing solutions. Beck
provides a review of the computational issues for solving LMIs [7].

Section 5.1 introduces standard notation used in frequency-domain robust con-
trol theory. A review of mixed p-analysis and p-synthesis theory is presented in
Sections 5.2 and 5.3, respectively. Finally, an introduction to LMIs is provided in
Section 5.4.

5.1 Notation

The concept of linear fractional transformations (LFTs) is frequently found in con-
trol theory. There are many applications of LFTs in control theory. See [21] for a
comprehensive review. The LFT is defined on systems of the form

ro= oo o1

=C(sl - A)'B+ D,
which denotes the system defined by the state-space equations

z = Az+ Bu
y = Cz+ Du.
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A common use of (5.1) is for systems in which the coefficients, A, B, C, and D, have
a partitioned structure. One such structure is a MIMO transfer system defined by

A | B B

P(s) = Ci | Du Dy

Cy | Dan Ds (5.2)
[ Pu(S) P12(S) ]

| P21 (S) PQQ(S) )

The LFT is defined on (5.2), and can be thought of as closing loops with controllers
or uncertainty perturbations. There are two general ways to close loops: either on
the upper or lower block of (5.2). These transformations are defined as

Fu(Als), P(s) = A(s) % P(s) = Py + PuA(I = PuA)™ Py, (5.3)
Fu(P(s), K(s)) = P(s) % K(s)= Py + P2 K(I — PyK)™ Py, (5.4)

where it is assumed that P(s) is partitioned appropriately. The existence of the
inverses is a necessary condition for (5.3) and (5.4) to be well defined; hence, we will
always assume that the inverses exist whenever an LFT is considered. We will also
assume that the functional dependence on s is implicit when defining LFTs. Note
that the x notation is more general than F, (-,-) and F; (-, -). Newlin provides a more
detailed discussion of LFTs and x [50]. Figure 5.1 illustrates the LF'T F, (P, K') which
closes the loop on a plant, P, with a controller, K.

z P<—w

2

K

Figure 5.1: Feedback interconnection of P and K.

In robust control, perturbations or uncertain operators are used to define sets
of systems. Structured uncertainties were introduced by Doyle [16] and Safanov [60].
See [53, 75] for extensions to the u robust control framework. As will be seen in
subsequent sections, u is dependent on the underlying block structure. In the p
framework, uncertainties are defined to be block diagonal. There are several types
of blocks which can be allowed: complex full blocks, complex repeated scalars and
real repeated scalars. Notation for representing the block structure will be borrowed
from [75]. Let m¢ be the number of complex full blocks, m. the number of complex
repeated scalar blocks, and m, the number of real repeated scalar blocks. Then define
the block structure to be the m-tuple K(m,, m., m¢) given by

K = {k17 b km7'7 km7‘+17 () kmr+mc7 kmr+mc+l7 M) kmr+mc+mc’} : (5'5)
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Referring to (5.5), K(m,, m., m¢) defines the dimensions of the blocks in a perturba-
tion set, which is then defined by

A = {A : A = diag(é{]hl, ceey 6:nrlkmr’6lc.]kmr+l7 "'767671¢]kmr+mc7
A7, AL ), 6T eR, 8 eC, (5.6)
AZC € (Ckmr+mc+ikar+mc+i}.

Note that (5.6) defines the perturbation as block diagonal, where each block is square
and there is a specific ordering of blocks. While this may seem restrictive, all results
presented in this chapter are easily generalized to the case where the complex full
blocks are non-square and the order of blocks in the set A is unimportant. These
assumptions are made purely for ease of presentation.

In many circumstances it is necessary to restrict the size of an operator or uncer-
tainty to lie within some norm-bounded set. Let A define a set of operators. Then
define the norm-bounded structured uncertainty set by

which serves to restrict the allowable uncertainty to be of size 1.

5.2 Introduction to mixed p-analysis

In this section we will briefly review methods for analyzing the stability and per-
formance properties of interconnected systems subject to norm-bounded structured
uncertainty. Any linear interconnection of inputs, outputs, and uncertainty pertur-
bations can be rearranged to fit the interconnection structure of Figure 5.2 [16, 20,
17, 21, 55, 71]. M describes a plant along with all the weighting functions on the

Figure 5.2: General interconnection with structured uncertainty.

inputs and outputs used to scale the norm-bounds to 1. K is a controller mapping the
measurements, y, to the plant control inputs, u. A; is a norm-bounded structured un-
certainty perturbation, and the mapping 8 — « characterizes the uncertainty model
being used. The mapping w — z characterizes the (desired) performance, where w
and z will be required to satisfy |jwl||; < co and ||z||; < co. Mixed i will be used to
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refer to problems which have both real and complex structured uncertainty. Complex
p refers to problems with only complex structured uncertainty.

There are a few important properties of the closed-loop system worth considering:
nominal performance, robust stability, and robust performance.

The first property is concerned only with the performance properties of the nom-
inal closed-loop system JF; (F (0, M), K), and is defined as nominal performance.

Definition 5.2.1 (Nominal Performance) A closed-loop system is said to
have nominal performance if a controller, K, stabilizes the system JF, (0, M)
and further satisfies the performance objective || Fo (Fy (0, M), K)||oo < 1.

The second property is concerned with the stability of the perturbed closed-loop
system and is defined as robust stability [17].

Definition 5.2.2 (Robust Stability) A closed-loop system is said to have
robust stability if a controller, K, stabilizes the set of plants

{P:P=F, (A, M),VA, € BA,}.

The final property is concerned with the stability and performance of the perturbed
closed-loop system, and is defined as robust performance [16, 17].

Definition 5.2.3 (Robust Performance) A closed-loop system is said to
have robust performance if a controller, K, stabilizes the set of plants

{P:P=F,(A,M), VA, € BA,}
and further satisfies the performance objective
| Fe (Fa (A, M), K) ||lo < 1, VA, € BA;.

A matrix function g will now be discussed which can be used to analyze the stability
and performance properties of the interconnection structure in F igure 5.2.

Define P = F; (M, K). Assume that all of the matrices in Figure 5.2 are functions
of a frequency parameter w. We will now close the loop from z to w with a, complex
full block and define the matrix function p at a single frequency wy.

Referring to Figure 5.3 we will evaluate M, K, and A at wo. Let Ay be defined
compatible with the block structure Ky(m,, m., mc,) as in (5.6). Robust performance
can be defined on an augmented block structure K (m., m,, m¢) by adding a complex
full block. This is equivalent to defining m¢ = me, + 1 and adding an integer equal
to the dimension of the performance vectors to the m-tuple K. Let n, be equal to the
dimension of the performance vectors w and z. Then the augmented block structure
can be defined by

A={A:A= diag(A;, Ay), A € Ay, Ay € CoXr ) (5.7)

p can now be defined on the robust performance block structure A.
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=

Figure 5.3: General interconnection for p-analysis and p-synthesis.
Definition 5.2.4 (u for constant matrices [16])

(Plo) (Amlg {7 (A) s det (I + P(wo)A) = O}) ) or
LA (Plwo)) = €

0 if no A € A satisfies det (I + P(wp)A) = 0.

Now with the previous definitions in mind a precise characterization of robust per-
formance can be made.

Theorem 5.2.1 (Main Loop [53])

IA (P(w0)) 1 = pa (Pu(wo)) <1 and

L (ALP <1
nax A, (Fu (A1, P(wo)))

Note that ua, (-) =7 (-) because of the block structure of A, [16].

An interpretation of the Main Loop Theorem follows. If x A, (Pu(wo)) < 1 and
P(wo) is stable then there are no A; € BA; which can destabilize Fu(Ar, P(wo))
and if max)a, <1 EA, (Fa (A1, P(wo))) < 1 then performance is achieved at wp since
o (Fu (A1, P(w))) <1 YA, € BA,. By a similar analysis it can be shown that
if the right hand side of Theorem 5.2.1 is greater than or equal to one then robust
performance is not achieved. Hence, Theorem 5.2.1 demonstrates the equivalence of

pA (P(wo)) < 1 and robust performance at wy.
In the sequel it will be useful to establish an upper bound for p. With this in

mind the following sets are defined:

D= {D D= diag(Dl,. . .,DmT+mc,d1]ka+mc+l,. R

dmC]kmr+mc+mC)? (58)
D; = Df € C¥*% D; > 0,d; e R,d; > 0}
G = {G G = diag(Gl, sy Gmr, Oka_l geony Oka+mc+mC, (5.9)

Gi = G € Chxkiy,
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It is clear from (5.6) and (5.8) that elements of D and A commute, similarly for G
and A. Note that the blocks of G corresponding to complex blocks in A are 0. An
upper bound for g can now be written as:

Theorem 5.2.2 (Upper Bound [17, 55, 53, 75]) Given P = P(wo) and
A, let D and G be defined as in (5.8) and (5.9).

#A (M) < inf min{8: P*DP + j(GP — P*G) - 3°D < 0}.
peD 0<8
GeG PER

Henceforth it will be understood that all operations on matrices which are functions
of w will be shorthand for the supremum over w, e.g., LA (P) = sup pp (P(w)).
: weERT

1. Estimate the pointwise scaling matrices D(w) and G(w).

2. Fit state-space realizations D and G to the pointwise scaling matrices D(w) and

G(w).

3. Compute the scaled system Mpg as a function of M and the state-space real-
izations D and (. Note that Mpg is constructed analogous to DM D!, Refer
to Young for a precise definition [75].

4. Compute an H, sub-optimal controller such that | Fe (Mpe, K) ||ee < 7 for
values of y chosen close to the optimal.

5. Find D(w) and G(w) minimizing the mixed x upper bound.

6. If D(w), G(w) are close to the previous values then quit, otherwise return to
step 2.

Table 5.1: D,G-K iteration.

5.3 Introduction to mixed u-synthesis

Complex p-synthesis was proposed by Doyle [17]. It involves an iteration between
computing the scaling sets achieving the complex y upper bound and synthesizing
an Ho, optimal (or sub-optimal) controller for the scaled system. It relies on the fact
that for the scaling matrix D, u(P) and u(DPD!) are equal, whereas G (P) and
o (DPD™') are not equal.

The p-synthesis algorithm was extended to work with mixed p by Young [75].
The algorithm in Table 5.1 is a summary of the mixed p-synthesis algorithm from
[75]. Refer to [75] for a detailed exposition on mixed p-synthesis.
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This algorithm is used to find a controller satisfying p < 7. Such a controller
is guaranteed to provide robustness to uncertainties bounded by 1 /7. It is assumed
that the weighted open-loop plant with the uncertainty and performance blocks (Fig-
ure 5.3) is given by M.

It is noted that the D,G-scalings are computed as the argument of the infimum
in the above algorithm, which yields a matrix of frequency varying data points. The
multiplication of the D,G-scalings implied in the algorithm is done before the fre-
quency varying data are fit to a transfer function. This prevents the states of the
D,G-scalings from accumulating in each iteration of the algorithm.

If we assume that at each step D(w) and G(w) fit perfectly, then the iteration
is monotonically non-increasing, so it will converge to a controller attempting to
minimize u. However, there is no a priori guarantee that the algorithm will converge
to the global minimum, as it is a non-convex optimization and thus has only local
minima.

5.4 Introduction to LMIs

Many results in robust control theory can be reduced to conditions on a set of LMIs.
A tutorial overview of LMIs was presented by Doyle et al. [21]. Packard et al. provide
examples of several important problems in robust control which can be reduced to
LMIs [58]. Packard and Wu developed an automatic gain scheduling technique using
LMIs [57, 54]. Apkarian and Gahinet provide a general solution for linear parameter-
varying (LPV) Hq, controllers [2], which is applied to a missile autopilot problem [4];
a general LPV M, design example is presented by Apkarian et al. [3].

The general LMI problem consists of linear and affine hermitian constraints on
a block diagonal hermitian matrix of decision variables. Consider the set of decision
variables defined by the m-tuple K(mp, ms) = (ki, ..., kris) given by

X ={X: X =diag [X1,~~-,XF,$1]kF+1,---,wsfkp+5],

5.10
X; = X7 € Ch»k g, e R}. (5.10)
An LMI consists of any set of linear or affine hermitian constraints on decision vari-
ables; the decision variables have structure compatible with the set X in (5.10).
Several examples of standard problems which can be represented by LMIs will
be presented. These examples were drawn from the work of Doyle et al. [21].

Example 5.4.1 The stability of a discrete-time system is equivalent to check-
ing if p(A) < 1, where x(k 4+ 1) = Az(k). It can be shown that the condition



50

on the spectral radius of A is equivalent to the following conditions.

p(A) <1
3T : 7 (TAT ") <1
<= 3T : TATNTAT Y~ <0
3T : A(T*T)'A* — (T*T)™' < 0
< dX >0 : AXA*— X <.

This condition is defined by two LMIs, X > 0 and AXA* — X < 0, where
X = X~ is an unstructured decision variable.

Stmilarly, the well known Lyapunov condition for checking the stability of
the continuous-time system (t) = Az(t) is defined by two LMIs: X > 0 and
AX + XA* <0, where X = X* is an unstructured decision variable.

Example 5.4.2 The upper bound for complex (and mized) p is equivalent to
an LMI.

p(M) <~
<= 3dD >0 : 7(DMD™?) <~
<= 3AD >0 : D'M*D*MD™" — 4% <0
<= 3D >0 : M*D*M —~*D? <0
<= 3IX>0: M XM —-+*X <0.

This condition is equivalent to solving the two LMIs: X > 0 and M*XM —
v’X <0, where X = X* is a decision variable sharing the same structure as

D.

Once a problem has been reduced to a set of LMIs there are several commercially
available software packages which can compute their solution. One such package is
the LMI Control Toolbox, which works within MATLAB, by Gahinet et al. [26, 25]. A
limitation of the LMI Control Toolbox is that it can only solve LMIs whose coefficients
are real matrices.

Let L(X) < 0 represent a complex-valued hermitian LMI with decision variable
X € X. Feasible solutions to L(-) are determined by checking that the eigenvalues
of L(X), for a fixed decision variable X, are negative. In other words, X is a feasible
solution to the LMI L(-) if 2*L(X)z < 0, Vz # 0 € C", where n is the dimension
of L(:). In order to use the LMI Control Toolbox L(-) must be reduced to a set of
real-valued symmetric LMIs.

For complex-valued hermitian LMIs, this feasibility test can be reformulated in
terms of real-valued LMIs. Given a complex matrix, M, define the M operation as

W= Real(M) —Imag(M)

| Imag(M) Real(M) |- (5-11)
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Now define the matrix operator equivalent of J=+v—1by

0 -1
Jz[] 0]' (5.12)
Note that J is skew-symmetric (J7 = —J). Following are several technical lemmas

which will prove useful when converting complex-valued hermitian LMIs to real-valued
symmetric LMIs.

Lemma 5.4.1 Let A, B € C™*™ pe represented by A = u+jv and B = z+jy,
where u,v,z,y € R™™  then

A+B=A+ B
Proof:
A+ B = (u+jv) + (v +jy)

e —

=(u+a)+j(v+ty)

-(fn )

m)

v
A+

Lemma 5.4.2 Let A € C"™™ qnd B € C™*" pe represented by A = u + jv
and B = x + jy, where u,v € R™™ qnd z,y € R™*" then

AB = AB.

Proof:

ZE:(U+55@FJM

= (uz —vy) + j(ve + uy)

_ < (uz —vy) (v + uy) )

"\ (vrtuy)  (uz—oy)

()G )

AB.

Il
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From Lemmas 5.4.1 and 5.4.2 it is clear that the * operator preserves the ring
structure of operators and matrices in C"*". Because of this, the operator will prove
useful when reducing a complex-valued hermitian LMI to a real-valued symmetric

LMI. '
Now it is possible to reformulate the complex-valued hermitian LMI, L(X), in
terms of real-valued symmetric LMIs.

Theorem 5.4.1 Let M = M* € C*™*" be represented by M = A+ jB, where
A= AT € R™" and B = —BT ¢ R**",

M <0 if and only if M < 0.
Note that M is a symmetric matriz.

Proof:
Necessary condition. We must demonstrate that M < 0 implies that o* Ma <

0,Va # 0 € C?". Define a by

c e
«=(2)+(7):
Let o1 =c+jd and zo = e+ jf, then M = M* implies that
T T
<. [ ¢ A —-B c e A —-B e
= () (5 ) () (5) (57 (5)

= (T Ac+ dT Ad + 2d" Be) + (eTAe + fTAf + 27 Be)
=21 Mz + 5Mz,.

Because Mz < 0,Vz # 0 € C" by supposition, it follows that o~ Ma <
0,Va #£ 0 € C*,

Sufficient condition. We must demonstrate that M < 0 implies that v*Mzx <
0,Vz # 0 € C*. By supposition o* Ma < 0,Va # 0 € C*. Let a, 1, and z,
be defined as above, then

o*Ma = z*Mz; + r5May < 0,Va # 0 € C*".

In particular, for x1 = c+ jd # 0 € C", choose

Oz:(;)—l—jo.

Then £3Mzy = o*Ma < 0,Vz, #0eC.
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Chapter 6

Design and Comparison of Hover
Controllers

The primary difficulties in designing control systems for helicopters are their inherent
instability and nonlinearity. This is aggravated when flying the helicopter in extreme
conditions, such as in nap-of-the-earth (NOE) flight [11, 12, 13] or in high gust hover
situations. v

The traditional solution to the helicopter problem in the aircraft industry has
been gain scheduling [59, 62]. The basic technique is to isolate a finite number of
operating points along an equilibrium manifold within the flight envelope of the air-
craft and linearize the aircraft model at each of these operating points. Scheduling
parameters are generally chosen so that they are slowly varying and reflect large
changes in the dynamic behavior of the system. A controller is then designed for
each of the linearized models and a switching algorithm is used to select the proper
controller depending on the state of the aircraft. Figure 6.1 shows a typical gain-
scheduled controller structure. The main problem with this control strategy is that

measurement, y K Control bu control, u
Blending
K,
) . Trim 73
trim point, w Tabl
able

Figure 6.1: Generic structure for a gain scheduled controller.

in order to guarantee performance and stability for the global scheduled system the
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scheduling parameters need to be slowly varying and capture essential nonlinearities
of the system. This generally precludes the use of large maneuvers over the operating
region.

Another approach, which has not yet been very successful, is dealing with non-
linearities directly in the fashion of Isidori, Krener and others [36, 37, 41]. The main
problem with this approach is that it requires an exact, analytic nonlinear model for
the system which, in general, is not possible. In some cases approximate models are
adequate [41].

An “automatic” gain scheduling technique was developed by Packard [54]. An-
other approach to this problem was taken by Apkarian and Gahinet [2]. The au-
tomatic gain-scheduling technique is applicable to a broad range of systems charac-
terized by LPV models. The LPV technique appears to be a reasonable compromise
between directly accounting for nonlinearities in a system and robust linear modelling.

The LPV technique has been successfully employed in the design of robust
gain scheduled controllers for an experimental thrust-vectored ducted fan engine by
Bodenheimer et al. [10]. A more detailed discussion of the work on the ducted fan
engine can be found in [9)].

The focus in this chapter is the development of hover controllers for the heli-
copter. This is a necessary first step in order to understand the behavior of the
helicopter. The applicability of this work addresses exactly the sort of problems
experienced by helicopter pilots when flying in extreme weather situations during
mountainous search and rescue missions. In particular, while flying near cliffs a pi-
lot must maintain an extremely stable hover in the presence of high gusting and
significant ground effect.

Section 6.1 discusses the main objectives of the helicopter controller. H,, and
'LQG controllers satisfying the main objectives are presented in Sections 6.2 and 6.3. A
comparison of both controllers is made in Section 6.4. An evaluation of a preliminary
controller which regulates the main rotor speed is presented in Appendix 6.A.

6.1 Hover control objectives

The main control objective is to reject disturbances, track computer generated ref-
erence commands on the helicopter attitude, and decouple the modes at hover. An
example of typical disturbances acting on the helicopter are wind gusts.

The helicopter is piloted using a bank-to-turn technique, with yaw used to reduce
the couplings between pitch and roll. Thus, the controller is designed such that the
dynamics of yaw are fast relative to those of pitch and roll. The choice for controlling
the attitude directly, as opposed to the more conventional body rates, results from
the objective of achieving autonomous flight through the use of computer generated
trajectories. Low and Garrard provide a review of traditional handling qualities
specifications for piloted rotorcraft [46].

Because the underlying dynamics of the helicopter are extremely nonlinear, with
strongly coupled modes, and the model used for control is linear and valid only at
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hover, a robust control technique is essential.

A similar effort, developing controllers for a model helicopter, has been carried
out by Weilenmann et al. See [74] for a discussion of their helicopter workbench. Sev-
eral hover and vertical flight controllers were developed and compared by Weilenmann
et al. 15, 73]. A detailed discussion is contained in [72].

6.2 H, control design

The identified discrete-time helicopter model is first converted to continuous-time
using a norm-preserving bilinear transformation. A controller is then designed us-
ing continuous-time H,, sub-optimal synthesis, with weighting functions specified in
continuous-time [19, 28]. A discrete-time H,, controller suitable for implementation
on the experimental helicopter platform is obtained using a bilinear transformation
on the continuous-time controller.

6.2.1 Uncertainty description

The uncertainty is not described in a detailed manner, but rather all of the effects are
gathered into full-block uncertainty at the input of the plant. A multiplicative-error
provides a description of the plant mismatch as well as a characterization of robust
stability. This type of uncertainty description is common in the design of helicopter
control systems [23]. For robustness to hold, the controller must stabilize the set of
plants defined by

(GG = Go(I+ AuWin), A € €2, [ Ap ]l <1},

where GGy represents the nominal model ég, identified in Chapter 4 and W,, is the
multiplicative uncertainty weight specifying the amount of uncertainty in the model
as a function of frequency.

Robust stability is satisfied if and only if |We, Tilloo < 1, where T; = GoK (I +
GoK)™" is the plant input complementary sensitivity transfer function. The uncer-
tainty weight is of the form W,, = diag(w},, w2, w2), The w are stable bi-proper
minimum phase scalar valued rational functions with large magnitude outside the
frequency range of the experiment to account for unmodelled dynamics, and in par-
ticular for the actuator dynamics modelled by a pure delay, d = 1, in (4.2), which
are not included in the design model. The low frequency magnitude of W,, serves to
limit the size of actuator commands and is adjusted to prevent actuator saturation.

6.2.2 Performance specifications

Consider the generalized system depicted in Figure 6.2. The selection of w and z was
based on performance requirements: the exogenous input, w, contains a disturbance
input, dist, acting on the output and a perturbation, pert, acting on the control,
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whereas the error signals z are weighted outputs and the measurement e is the track-
ing error. The exogenous disturbance, dist, is treated as a pilot command or reference
signal. Note that dist can also be interpreted as measurement noise. The interpreta-
tion of dist as a reference signal or measurement noise depends on the choice of the
weighting function, W,,. For reference signals W, will tend to have high gain at lower
frequencies to minimize low frequency tracking errors. For measurement noise W, will
tend to have high gain at high frequencies to minimize the effect of high frequency
noise. Performance of the closed-loop is evaluated in terms of a weighted H., norm of

dist yw
pert

=Y 6 <O
[ [ :

Figure 6.2: Helicopter robust synthesis interconnection.

the output sensitivity transfer function. Nominal performance is achieved if and only
if [[Wp Solleo < 1, where S, = (I + KGy) is the output sensitivity transfer function.
The performance weight W, is of the form W, = diag (wzl,, w?, w;’), with w;; stable
bi-proper minimum phase scalar valued rational functions incorporating integral ac-
tion in order to minimize steady-state error between step commands, dist, and the
helicopter attitude, y.

6.2.3 H, synthesis

Consider the standard feedback interconnection, shown in Figure 5.1, where K is
the controller and P is the generalized plant as defined in Figure 6.2. The objective
is to minimize over all frequencies the maximal energy captured by the closed-loop
transfer function from exogenous input w to the error signal z. This transfer function
is denoted F; (P, K). The synthesis problem involves finding a controller K such that
performance requirements are satisfied under the prescribed uncertainties.

The weights W,, = diag (w},, w2, w?) and W, = diag (w? w?, w3) are defined

™m? Py
as
. s+ z .
w, = g ,t=1,2 6.1
" % (6.1)
. 32+2§a,-5—|~a2
A Loi=1,... .2
wp ’7p32+2£ﬂi8+ﬂ?7 ? I 737 (6 )

where g; = 220, g, = 440, z = 10, p; = 2000, p, = 4000, £ = 0.7, oy =~ 39, oy ~ 85,
as & 63, /i ~ 0.01, B, ~ 0.012, B ~ 0.01, and ¥ = 1078. The weights W,,
and W, are shown in Figure 6.3. In Chapter 8, frequency-domain model validation
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Frequency [Hz]

Figure 6.3: Frequency Response of W,, and Wp: 1is wy, and w2, 2 is w2, 3 is wzl,, 4
is w2 and 5 is wS. Only the magnitude is shown.

techniques with open-loop input-output experimental data signals will validate the
interconnection in Figure 6.2 with these weights.

For sub-optimal H., synthesis, the objective is to find a stabilizing controller
K such that |7 (P, K) |le < 7 for the smallest value of . The minimization is
carried out iteratively and is known as y-iteration [19]. The resulting sub-optimal
Hoo controller achieved a closed-loop co-norm of approximately 1.24.

Figure 6.4 shows simulated step-responses of the closed-loop control system.
Input—output signals corresponding to the models G5 and Gy are plotted with solid
lines and mixed lines, respectively. The reference signals are plotted with dashed lines.
It can be seen that the H., controller decouples the modes very well. The responses
are fast. The controller rolls off at high frequencies, as can be seen in F igure 6.5.

6.3 LQG control design

The objective in H, control design is to minimize the average energy over all frequen-
cies captured by the closed-loop transfer function from exogenous inputs w to the
error signal z (Figure 6.2). The plant output error is augmented with integrators so
that zero steady-state tracking error can be achieved. For H, synthesis, the objective
1s to find a stabilizing controller K which minimizes the 2-norm of the closed-loop
transfer matrix, noted [|F; (P, K)|]z. In the classical LQG framework, the objec-
tive consists of finding an admissible controller which minimizes the quadratic cost
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function

Jrge = ]\}I_I)EOE (% Z z()TQx(t) + u(t)TRu(t)) : (6.3)

t=1

where z = ([ ¢, [ 9, [, $,0,%,p,q,7)T corresponds to the augmented state vector,
including the states of the integrators, the attitude, and the attitude angular rate,
and u = (0,,0.,0,)T. @ >0 and R > 0 are weighting matrices and E(-) denotes
the expectation operator. Substituting z = (27Q'/2, uTRY?)T in Figure 6.2 and
assuming w is a white noise signal, the LQG cost, Jrgg, is simply the variance of z,
which is given by Jrog = ||Fe (P, K) ||3, i.e., it is captured in the H, framework.

The controller was designed with standard discrete-time LQG software, which
bypassed the need to convert to continuous-time. After designing the controller,
K, in Figure 6.2, the integrators were wrapped back into the controller that was
implemented on the helicopter.

A state feedback regulator design is first done, to determine the maximum achiev-
able performance with all information about the states available. Then, for the output
feedback case, an estimator is designed. The noise covariance matrices are set to iden-
tity, for the estimator design. For the regulator design, the noise covariance matrices,
@ and R, were tuned to insure that a good step response was achieved without sat-
urating the control inputs. In particular, the velocity states and the controls were
heavily penalized, to try to obtain an over-damped step response. This is desirable,
since it will prevent excitation of the unmodelled high frequency dynamics of the
helicopter. With this approach, some measure of robustness should be obtained but
cannot be guaranteed. The weighting matrices @ and R for the regulator are

¢ = diag(.001, .001, .001, 100, 20, 10, 10, .1, 50)
R = 5x10°diag(1, 1, 2).

Figure 6.6 shows the step-responses of the control system. Input-output signals
corresponding to simulations of G5 and G are plotted with solid lines and mixed lines,
respectively. The reference signals are plotted with dashed lines. The LQG controller
decouples the modes well, however the responses appear to be slower than those with
the H,, controller. This is explained in Section 6.4. Note that higher performance
specification could not be achieved as the LQG technique does not provide enough
degrees of freedom for the controller to roll off fast enough, as shown in Figure 6.7.

6.4 Results and comparison

To make a fair comparison, both types of controllers were designed to have comparable
performance with respect to step command tracking in simulation. When designing
a controller, a key factor prior to implementation is to check that the actuators are
not over utilized. For a 5 degree step on the pilot commands, the rule of thumb
employed in this work was to allow the aileron and elevator to use no more than 50%
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and the rudder 100% of the maximum servo command. The performance of each
controller was compared by measuring the rise time, overshoot, and settling time on
each axis. The rise time was computed from 10% to 90%, overshoot was computed in
the standard fashion, and settling time was defined as the time it takes to fall below
15% ripple on the steady-state value.

Comparable time responses on simulations were obtained with both types of
controllers, as seen in Figures 6.4 and 6.6. However, some of the LQG controllers
designed were closed-loop unstable when implemented on the actual plant, so the
LQG performance specifications had to be substantially reduced. Although the LQG
controller presented is not likely to represent the best possible LQG design, a better
design requires moving closer to closed-loop instability. Furthermore, the simulations
did not predict this instability, so it became unsafe to continue design iteration and
testing of LQG controllers since they were sometimes unstable in implementation.
For the H,, design, once an appropriate uncertainty description was obtained, it was
possible to significantly change the performance weights without risking closed-loop
instability. Beyond a certain limit, saturation occurred on one or more axes, which
limited the achievable performance.

Both the H., and LQG controllers were implemented on the model helicopter
in the three DOF configuration. The helicopter was first piloted to hover. Then
the controller was switched on and trimmed. The pilot (in this case the real-time
computer) provided exogenous reference commands on roll, pitch, and yaw. The
commands consisted of one positive and one negative pulse of 5 degrees on each axis
independently. Disturbances were simulated by tapping on the helicopter.

6.4.1 'H, controller

Figure 6.8 contains experimental tracking responses for the model helicopter with
the H,, controller (solid) along with the commands (dashed). Additionally, for com-
parison, the simulated responses for G5 and Gg are shown (mixed) and (dotted),
respectively. Figure 6.9 contains the resulting control signals, with the same conven-
tions.

The helicopter response to a pilot command on the roll angle is fast, with a rise
time of about half a second. It takes about eight seconds to settle and has overshoot of
about 20%. The response on pitch is quite fast with about half a second of rise time,
settling time of about four seconds, and 20% overshoot. There is some coupling in the
yaw axis. The response on yaw is highly damped with very fast rise time, however,
the tail rotor collective saturates the yaw axis actuator. This is largely due to an
unmodelled asymmetry in this actuator. Although the yaw axis appears to track the
reference command there is a great deal of oscillation. For this reason no measures
were computed. The disturbance rejection properties of the H,, controller were tested,
but the results are not shown. At hover, the helicopter appears to be quite stiff and
disturbing it requires a significant force. The response to a simultaneous disturbance
on all three axes dies off in about a half second on the roll and yaw axis, and about
one second, with some ringing, on the pitch axis. This behavior was predictable as
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the roll and yaw axes are highly damped and the pitch axis is less damped.

6.4.2 LQG controller

Figure 6.10 contains experimental tracking responses (solid) for the model helicopter
with the LQG controller along with the commands (dashed). For comparison, the
simulated responses for G5 and (g are shown (mixed) and (dotted), respectively.
Figure 6.11 contains the resulting control signals, with the same conventions. The
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Figure 6.10: Experimental step responses using the LQG controller: experimental
(solid), commanded (dashed), G simulation (mixed), Gg simulation (dotted)

helicopter response on roll is relatively fast with a rise time of about half a second,
settling time of about eight seconds, and overshoot of 30%. Unlike the H,, controller,
there is some coupling resulting from a pitch command in the roll axis, as yaw is not as
fast as it was with the H,, controller. The pitch axis has a rise time of more than one
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second, a settling time of about five seconds, and 20% overshoot. The yaw angle does
not track the command well. The tail rotor collective saturates with a step change of
—10 degrees, but does not contribute much otherwise. Surprisingly, there is very little
coupling of the yaw response in the pitch and roll axes. The disturbance rejection
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Figure 6.11: Experimental control signals for the LQG controller resulting from step
commands: experimental (solid), G's simulation (mixed), Gg simulation (dotted).

properties of the LQG controller were tested similarly to the H,, controller. The
disturbance was generated by tapping on the boom of the helicopter. The helicopter
at hover does not appear to be as stiff as with the H,, controller, and the response
was very lightly damped in the pitch axis with ringing taking 3 seconds to die off.
The effect of disturbances on the pitch and yaw axes were also considered. The pitch
axis performed about as well as the roll axis, while the yaw axis was much inferior.
This is due to poor modelling of the yaw axis. Under normal open-loop operating

150
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conditions, tremendous pilot workload is necessary to stabilize the hover operating
point in the presence of disturbances such as these.

6.4.3 Comparison of H., and LQG controllers

Close examination of the experimental results for both controllers reveals the achieved
performances with the H,controller are clearly better. The rise times are almost three
times as fast on the pitch axis as those with the LQG controller. This comparison
1s meaningful as both controllers apply the same magnitude of control inputs: both
alleron and elevator use no more than 20% of the maximum servo commands for a
5 degrees change on pitch and roll, and tail rotor collective saturates the yaw axis
actuator. These controllers were also tested with 20 degree commands and performed
comparably. Refer to Table 6.1 for a summary of the time-domain and frequency-
domain properties of the two controllers. The yaw axis was omitted because large
oscillations in the experimental responses of both controllers prevented reasonable
computation of performance measures.

Hoo LQG
¢ rise time, seconds 0.54 0.54
¢ settling time, seconds | 7.8 7.7
¢ overshoot, % 22 30
0 rise time, seconds 0.52 1.34
¢ settling time, seconds | 3.70 5.0
8 overshoot, % 20 23
Nominal Performance 0.00004 | 0.0005
Robust Stability 1.24 1.68
Robust Performance 1.24 1.68

Table 6.1: Summary of H,,and LQG controller performance and robustness measures
resulting from experimental implementation.

In simulations, the yaw axis behaved just as well as roll and pitch, however,
when implemented, the performance on the yaw axis was significantly less than that
in the simulations. This is due to a poor model for the yaw axis. We suspect that an
important reason for the poor yaw model is an asymmetry and nonlinearity in the yaw
actuation. It is much easier to yaw in the direction opposite to the rotation direction of
the main rotor as a result of the torque the main rotor places on the helicopter. Due to
the nonlinearity in the actuation of the yaw axis, saturating the yaw actuator appears
to be a good strategy to control this axis. The yaw response with the H,, controller is
faster and also highly damped, resulting in much faster rejection of disturbances and
less cross-coupling between axes. The steady-state tracking of both controllers was
comparable. Both were able to keep the helicopter from yawing when the main rotor
was powered down (“landed”). We also studied the effect of adding an integrator to
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the pilot yaw command, so that the pilot effectively commands the yaw rate, r. This
controller had similar performance to those which command setpoints in the attitude.
Comparing simulation with implementation on the helicopter, it appears that if the
weight on the yaw axis is rolled off too early, i.e., the yaw axis is too slow, then there
is significantly more ripple and loss of control authority.

For both the H., and LQG controller, the closed-loop system was analyzed with
respect to structured uncertainty using p [55, 20], with the structure given by

A:{[AP AmJ:AP,Am€C3X3}, (6.4)

where A, and A,, are norm bounded perturbations accounting for performance and
uncertainty, respectively. The bounds for y are plotted in Figure 6.12.
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Figure 6.12: Closed-loop p-analysis: LQG controller (1) and H., controller (2).

The peak values of u for the Hy, and LQG controllers are approximately 1.24
and 1.68, respectively (Figure 6.12). This implies that the closed-loop system satisfies
robust performance for all perturbations satisfying || Al|oo < 0.8, for the He, controller,
and [|Aflsc < 0.6, for the LQG controller. In other words, the H,, controller is much
more robust than the LQG controller, as expected.

As the p plots for both robust stability and robust performance lie on top of one
another, and those for nominal performance are so low that they are not visible, it
is clear that uncertainty is dominant and performance is not a limiting factor. This
suggests that nominal performance can be increased, but unfortunately this causes
a saturation. Thus a tradeoff between robustness and performance is not viable for
this setup.
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6.5 Summary

In this chapter, an H.,and an LQG controller based on an identified model of a model
helicopter in hover were designed, implemented, and compared. Both controllers were
designed with the same nominal model, with an uncertainty description included for
the design of the H,, controller. The design objective of both controllers was the
same: to stabilize an open-loop unstable plant in the presence of a large amount of
uncertainty and to use a fast yaw response to decouple the modes and achieve fast but
damped response to setpoint changes in attitude in order to achieve zero steady-state
tracking error and fast rejection of impulsive disturbances.

The H,, controller achieved faster responses on the roll and pitch axes and had
greater damping in the yaw axis. This proved critical for disturbance rejection, re-
sulting in faster rejection of disturbances and less cross-coupling between axes.

The application of robust control design techniques using an adequate uncer-
tainty model was decisive. In particular, with the H,, design, performance was sub-
stantially increased on the pitch axis without introducing instability. This was not
the case with the LQG design.

The main advantage of the H,, controller is that when implemented on the model
helicopter, it behaved much more closely to the simulated responses and introduced
more damping than the LQG controller. This advantage results from using a robust
control design technique which explicitly takes into account an appropriate descrip-
tion for model errors. The standard LQG technique is not suitable to solve this
stabilization problem. Note that to overcome this deficiency, frequency dependent
weights could be introduced in (6.3) as described in [29]. However, this technique is
ad hoc.

The design model was identified from experimental data using a parametric
MIMO state-space model. This is particularly well-suited to the development of
LPV models to cover a larger flight envelope than hover. By incorporating the rotor
speed regulator, discussed in Appendix 6.A, LPV vertical flight models for the model
helicopter could be developed. Future work will focus on developing and using such

LPV models to control the helicopter away from hover.
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6.A Appendix: rotor speed regulator

In this appendix, the feasibility of using the tail rotor sensor and throttle actuator
to provide a regulator for rotor speed is demonstrated. This work was first published
by Van Nieuwstadt and Morris [70]. By designing a SISO controller from the tail
rotor sensor to the throttle actuator, both the main rotor and tail rotor speeds can be
regulated, which allows the collective and rudder to be used as independent controls
for main rotor and tail rotor thrust, respectively.

Direct regulation of the rotor velocity is a necessary first step to design con-
trollers operating over a larger flight envelope than hover. As discussed in Chapter 3,
by controlling the rotational velocity of the main rotor, a substantial reduction of
the nonlinear and gyroscopic effects of the rotor disk can be obtained. In addition,
~ the collective and throttle can be decoupled, simplifying the design of free flight con-
trollers.

Implementation of rotor speed controllers can also simplify the identification pro-
cess by increasing the static stability of parameters in the B matrix of the linearized
helicopter model. This is important when identifying an LTI model with constant
parameters. Scheduling the helicopter model as a function of the rotor speed can
also be done so that controllers can be designed which stabilize the helicopter during
take-off and landing, when the thrust generated by the rotor disk undergoes dramatic
changes.

differential rudder pulse width, [usec]
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Figure 6.13: Effect of a disturbance on the open-loop main rotor. Top: differential
rudder pulse width in microseconds. Bottom: rotor speed deviation in RPS.

The control objective is to maintain constant rotor speed under varying loads on
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the main rotor. The principal actions which change the main rotor load are changes
in both the main rotor and tail rotor collective. The disturbances are naturally
modelled as additive perturbations on the plant input. An H., design technique is
used to design this rotor speed regulator.

To simulate the effect of disturbances (or varying rotor loads), a torque was
generated on the yaw axis using the rudder actuator. Figure 6.13 shows experimental
data representing how the rotor speed decreases if this torque is applied when the
system runs open-loop. A maximum deviation of 4.8 RPS occurred. In this plot,
and in subsequent plots, the rotor speed is the deviation from the nominal value of
87 RPS, and the rudder PWM is the deviation in microseconds from the nominal 1.5
ms. Both a positive and negative yaw torque will change the load on the rotor, and
therefore change the rotor speed.

As expected, the rotor speed is insensitive to tilting of the rotor disk, that is,
pitch and roll motions. A change in the collective (main rotor blade pitch angle)
had an effect of similar magnitude to the yaw disturbance: a decrease in collective
increases the rotor speed and an increase in collective decreases the rotor speed.

Recall from Appendix 4.A that the rotor was modelled as a linear plant, P,
with a nonlinear input transform, G, and a second order smoothing filter at the
output. The filter is implemented in discrete-time as a front-end to the rotor speed
sensor. Figure 6.14 shows the interconnection used to design the controller, K. The
controller, K, was designed for the linear model, P, and subsequently augmented with
the inverse static gain G™!, resulting in the actual controller used for implementation,

Kr=G'K.

d G Tail Rotor Sensor Smoothing Filter P

Figure 6.14: Structure of the rotor speed regulator.

Referring to Figure 6.15, the control objective is to provide disturbance rejection,
i.e., to minimize the transfer function from d to y. p represents setpoint commands
provided by a pilot. The controller must be designed so that it has no frequency
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content above the cut-off frequency of the preconditioning filter for the sensor (see
Appendix 3.A). To design the H,, controller, the model is converted to continuous-
time. Figure 6.15 shows the interconnection structure used for the H,, controller.
Wi weights the controller frequency content, and W, weights the performance. The

i

Wy,

Figure 6.15: H,, interconnection for the rotor speed regulator.

weighting functions are used to tune the controller to achieve the desired closed-loop
properties. We have to deal with actuator saturation, and therefore need a means
of limiting the control effort. By making W large for high frequencies, we make the
controller insensitive over that range. In this case, W} should be made large above the
filter cut-off frequency. W; took the form Wy = k, s:i"ojg‘fk where ki and f; are tuning
parameters. The weight W, is large for low frequencies, where good performance is
necessary, and rolls off at higher frequencies, taking the form W, = k, Stloof”. The
values k; = 0.001, fi = 0.005, k, = 1.0, f, = 0.005 were used. Refer to Figurep6.16 for
a graph of the weighting functions, where the dotted line corresponds to W, and the
solid line to Wj.

The rotor speed regulator was designed using standard continuous-time H,, sub-
optimal synthesis. The response of the closed-loop system is shown in F igure 6.17.

The resulting closed-loop system does not have an infinity norm less than 1, but
since Wy, is not interpreted as plant uncertainty, this can be ignored. Note that the
closed-loop system exhibits ringing at about 0.6 Hz. This most likely results from
the sensor lacking high frequency content, thus limiting the controller performance at
high frequencies. The H,, controller reduced the maximum deviation from 4.8 RPS
(open-loop) to 1.8 RPS (closed-loop). This reduction is substantial, considering that
the nonlinear effect we would like to minimize is proportional to the square of the
rotor speed.

Future work will focus on modelling the helicopter with the rotor speed con-
troller in place. This should result in better linear models, due to the reduction in
the nonlinear effect of the rotor dynamics. Integration of a rotor speed controller
with a hover controller should increase robustness and allow for greater performance,
resulting from the use of the collective as an additional control input.
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il

Figure 6.16: Rotor speed regulator weighting functions: W solid, W, dashed.
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Figure 6.17: Effect of a disturbance on the closed-loop main rotor. Top: differential
rudder pulse width in microseconds. Bottom: rotor speed deviation in RPS.
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Chapter 7

Frequency-domain Model
Validation

A robust control model is a model for a system which contains not only a model of
the system dynamics, but an uncertainty and noise description as well. Models of this
type are used extensively in the Ho, and u design framework [55]. The “model valida-
tion” problem was originally formulated by Smith and Doyle to provide a connection
between a general LFT robust model and data measured from a physical system [63].
Most work in model validation does not address the case of general LFT robust mod-
els, but rather a restriction to the case where the uncertainty enters in an affine way.
All model validation results presented in this dissertation are applicable to the case
of general LFT robust models. Model validation seeks to answer the question: “Does
the robust model account for the measurements from the physical system?”

A constant matrix version of the model validation problem was formulated as a
generalization of the structured singular value, y,, by Newlin and Smith [52]. The
main result is that if 4, > ~, the data and uncertain model are consistent when the
norms of noise, disturbances, and uncertainty are of size less than or equal to 1/7.
An upper bound for p, using linear matrix inequalities was formulated by Newlin and
Smith [52], and a general algorithm to compute this upper bound was developed by
Morris and Newlin [47]. The upper bound is tight in the sense that equality between
the upper bound and y, is achieved for certain classes of uncertainty [52]. In the
following, this upper bound of x, will be denoted by ~Yub- Additionally, a modified
power algorithm for computing a lower bound of y, was developed by Newlin and
Morris [51], which will be denoted by ;. Newlin provides a more general treatment
of the theoretical background for the model validation lower bound [50].

Two steps are implicit when applying the constant matrix model validation re-
sults to a mathematical robust model and experimental data. F irst, if the experimen-
tal data are in the time-domain, it must be transformed into the frequency-domain.
Second, a frequency sweep is used, where at each frequency the robust model and the
frequency-domain data are reduced to a constant matrix problem. It is not necessary
to utilize all available data in the frequency sweep; a subset of the data correspond-
ing to the important frequency points can be used instead in a manner similar to
p-analysis and p-synthesis [20].

There are two types of information that the model validation technique provides:
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(1) magnitude, and (i) frequency shape. The magnitude gives an indication of the
size of the weights on the noise and uncertainty necessary to achieve data consistency.
The frequency shape of the bound provides information on which frequency regions
are posing problems and what the frequency shape of the weights should be. This
suggests the following iterative methodology: use the frequency varying upper (lower)
bound(s) to make tradeoffs between the frequency shape and magnitude of the noise
and uncertainty weights. The tuning heuristic would be to minimize the overall size
of uncertainty and noise by trading off the magnitude between each of them. A priori
information about the system can be incorporated into the tuning heuristic to make
more accurate and physically motivated tradeoffs.

In addition to providing a bound for g, the lower bound (and upper bound in
special cases) provides a perturbation from the uncertainty set achieving the bound.
In the case of parametric uncertainty, these perturbations can be used to determine
the validity of the nominal model. In particular, parameters in the nominal model can
be iteratively “tuned” by the value of the parametric perturbation at those frequen-
cies where the lower bound is a minimum. This “tuning” provides the capability to
decrease the magnitude of the scaling weights of the parametric uncertainty. This pro-
vides the previously missing connection between experimental data and both nominal
and uncertainty modelling.

A generalization of the structured singular value, p,, and its application to con-
stant matrix model validation along with constant matrix algorithms for computing
lower and upper bounds for u, are presented in Section 7.1. Section 7.2 formulates
the application of these constant matrix results to model validation in the frequency-
domain. A discussion of a general methodology for iteratively tuning parameters in
the nominal model and weights in the robust model is in Section 7.3. Section 7.4
discusses practical limitations of the model validation software. A simulated spring-
mass system with parametric uncertainty in the damping and stiffness coefficients
provides an example of the use of both the upper and lower model validation bounds
in Section 7.5. Finally, the model validation methods are used to analyze the validity
of a robust model used in a ducted fan experiment in Section 7.6.

7.1 Constant matrix results

The model validation problem is concerned with determining whether a mathematical
model is consistent with (or covers) a collection of experimental data. The mathe-
matical model consists of a nominal LTI system and uncertainty, generally described
by bounded perturbations and denoted by A € A, acting on the LTI nominal model.
Figure 7.1 corresponds to a general interconnection for a robust model which is suit-
able for model validation.

Here u is the control input, y is the measurement, and A represents the model
uncertainty, which is a norm-bounded structured perturbation, consisting of possi-
bly many different blocks. Measurement noise corresponds to n, which is explicitly
weighted by W, and there are additional exogenous disturbances d acting directly
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Figure 7.1: Block diagram of the model validation problem. P represents the model
augmented with uncertainty and disturbance weights, uncertainty A € A, noise
weight W,,, exogenous disturbance d, input w, measurement y, and measurement
noise n.

on the plant P. Uncertainty and disturbance weights are implicitly contained in P.
The dimensions of the measurements and disturbances will be denoted by n,, and ng,
respectively. Note that the noise is of the same size as the measurements. The term
“robust model” will refer to a system description of the form illustrated in F igure 7.1.

Following is a definition of the statement “the robust model and data are con-
sistent”, and particularly when they are consistent for a specific value of .

Definition 7.1.1 A robust model and data are ~-consistent of AA € A,
Al < 1/, ||dl| £ 1/v and ||n|| < 1/~ such that y = Wyn + (A x P) [ Z },

where P, Wy, d, n, u and y are as in Figure 7.1, with u and y experimental
data, d exogenous disturbance and n measurement noise. A describes a set of
structured uncertainty.

7.1.1 Review of p,

This section reviews y, as presented by Newlin and Smith [52]. Mg 1s an extension
of the u framework where perturbation blocks are divided into two sets: one satis-
fying maximum norm contraints (similar to ) with the other satisfying minimum
norm constraints. It will be seen that such a formulation solves the model validation
problem.

Following is a reformulation of several theorems relating to model validation in
the p, framework presented [52]. The proofs are omitted, and the reader is referred
to [52] for proofs and further details. Note that in [52] all results are scaled with
noise, disturbances, and uncertainty of size 1. In this dissertation the relative size of
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tg and the size of the noise, disturbances, and uncertainty 1s explicitly contained in
.

Ajg

ZJ' 2}']
M

2k Tk
Ax

Figure 7.2: Interconnection structure for Kg- M is a constant matrix and Ay and Ax
are special augmented uncertainties.

Definition 7.1.2  Consider the interconnection in Figure 7.2 where the un-
certainty set A is divided into two pieces defined by

Tas o
St

where the block structures of Ay and Ak are defined by the m-tuples K; and
Kk, respectively. Let M be partitioned according to the block structure A.

Then |
{,y el < izl Vi€ g }

po(M) = maX VY5 0l S izl Vi € K

ll=]l=1

For a special block structure g, solves the model validation problem. Referring
to Figure 7.1, define the constant matrix P, formed from P, W,,, input vector u and
measurement vector y, as

. Pll P12 P13U
P = 0 0 1 . (7.1)
Wn_IPQl Wn_lpgg Wn‘l(ngu — y)

Because W, is a stable bi-proper weighting function its inverse will always exist.

Define Ay, Ak, and A as

Ay = {diag(A,Ad) : A € A, Ay € C"ax1})
Ak ={A,: A, e C*m} (7.2)
A = diag(As, Ag).
The following theorem shows that u, solves the constant matrix model validation

problem. Recall that in (7.2) A defines the uncertainty description and A defines
the structure for the corresponding model validation problem.
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Theorem 7.1.1 Let P be defined as in (7.1), with A a member of some
norm-bounded structured uncertainty set A as defined in (7.2). Then p,(P) >
v tf and only if the robust model and data are y-consistent.

Because y, is not easily computable in general, it is necessary to develop com-
putable bounds. A lower bound for u, is presented in Section 7.1.2 and an upper
bound in Section 7.1.3.

7.1.2 Constant matrix model validation lower bound

A power method for computing the lower bound for complex i was presented by
Packard et al. [56]. This method was extended to the mixed x problem by Young
[75]. The model validation lower bound can be computed using modified power al-
gorithm techniques. The initial power algorithm method for computing the model
validation lower bound was developed by Newlin for a simplified block structure [51].
~ An extension is described herein.

The power algorithm for the model validation lower bound is developed in a
similar fashion to the power algorithm for u [75]. Figure 7.3 shows a block diagram of
the general constant matrix problem, where M denotes an appropriately partitioned
constant matrix, 6", 6°, and A are real repeated scalar, complex repeated scalar, and
complex full block uncertainties, respectively, and A,, corresponds to the noise. Note
that for the interconnection in Figure 7.3 it is assumed that m, = m, = mg = 1.
This is not restrictive, since the algorithm is developed such that the uncertainty is
treated on a block by block basis.

§ -

1
ay 6¢

(o}

a x
2[ 2 An

Figure 7.3: Block diagram for the model validation lower bound. M is a constant
matrix, 6", 6°, and A9 are uncertainties, and A, corresponds to noise.

Figure 7.3 is applicable to the standard mixed u lower bound problem if blocks
corresponding to A, are ignored. The following equalities result from Figure 7.3

a= Mz
z = Aa

2" =y A,
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where @ = [af,,a]]?, z = [2T,21]7, and A = diag(é", 6°, A®, A,). Note that y and
z are defined in a similar fashion to a and z, respectively, for the dual problem with
M*.

Definition 7.1.3 Referring to Figure 7.3, any vectors x, a, z, and y satisfy-
ing the equalities in (7.3), for a specified uncertainty description, A, are said
to be feasible.

The partitioning of the vectors a, z, y, and z imparts a natural partition of M,
given by

M = [ T T J . (7.4)

ma1. Ma2

Given the interconnection in Figure 7.3, and partitioning (7.3) appropriately for the
perturbation block structure, the following assignments can be made:

T o___ T T

z; = 6"aj
c c C

x] - 6 al (75)
C_ AC C

Ty = A ayp,

T T
where @1 = [¢77, 257,207 )7 and a1 = [a]T,a$7,af" )7, (7.5) can then be used to

compute a perturbation from feasible vectors at a local maximum, resulting in a
solution given by

at*z’
6" = Real(——1)
a; a4
ac*xc
60 — 1 1 (7 6)
Cc* . C .
ap ay
C,C*
AC = Ly @y
 afaf’
1 41

where Real(-) returns the real component of its complex argument.

Power algorithm for mixed u

To simplify the development of the model validation lower bound power algorithm,
the power algorithm steps applied to the standard mixed p case as presented by
Young [75] are summarized. The only difference between the model validation lower
bound and the standard p lower bound is the presence of the noise block, A,.

The a; and 2, (y1 and 2z;) vectors in Figure 7.3 are partitioned to be compatible
with the block structure 67, §°, and A®. Note that the “1” subscript, e.g., 27, will be
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dropped from all vectors in this section. The resulting power algorithm iteration is
given by

Brt10r+1 = My

cx c
- Y ak+1 c |yk | c
T — T [+ - C _
2k+1 = 9E+1Yr Zpgq = | , Rpy1 = | ,ak+1
"ag i, E+1
Brt1Yrt1 = M™ zp 14 (7-7)
ag, 1 Ys lafl o
roo_ oA r ¢ k41 Y4 e c k+1
Lit1 = Qk+10g . Tpyg = I | Upp1 Ty = | lyk+17
Gi1 Yir Yi+1
where | - | denotes the norm of its argument, fx41 and fBry; are chosen to be real

and positive scalars such that |axyi| and |yz41] are unity. Note that the decision to
normalize a1 and yx11 to unity is arbitrary. This will be exploited when developmg
a comparable algorithm for the model validation problem. The iteration for g and ¢
is given by

ak+1 - Sgn(q )I l k,I + Rea‘l(ak+1* /:'
k+l

If |&ry1] > 1 then Grgy = Sgn(éry1) else Gry1 = dpgq

, T

Qpy1 = Sgn(qkﬂ) + Real(ak_H yk+1) (7-8)

|af i1 ]
If |Gk41] > 1 then G = Sgn(rsa) else Grpr = dpyr,

where Sgn(-) returns the sign of its argument.

If the iterations defined by (7.7) and (7.8) converge to some equilibrium point,
and [5’ ﬂ then the vectors z, a, y, and z achieve the mixed y lower bound. Further
extensions and refinements to the algorithm are contained in [75].

Model validation lower bound power algorithm

The model validation lower bound power algorithm, outlined in Table 7. 1, consists of
several steps which are virtually identical to the standard mixed i power iteration;
however, because of the addition of the noise blocks, there is an inner implicit loop.

The algorithm is developed on a block by block basis. Because the model valida-
tion problem is naturally non-square (consider the dimension of A,), index sets are
used to partition the vectors to the appropriate dimension. The algorithm presented
is based on the assumption that the blocks are square; it is a simple modification to
use index sets to account for non-square blocks. Further, note that the algorithm has
been developed with the normahzatlons

k23
|22] (7.9)
Y2 = 1.

a9 =
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Thus, if 23 = 1 then a3 = —n and A, = —n’i;. Based on the normalization
(7.9), it is simple to solve for the noise signal. Referring to Figure 7.3, z, = A’ys,.
Substituting the normalization in (7.9) yields z, = A* = — . Solving for n results
in

22
= — . 7.10
" 25729 ( )

The lower bound solution for n in (7.10) will be used to compute the noise signal
which achieves the lower bound. Comparing the size of the noise and uncertainty
which achieve the lower bound is useful when designing robust models.

Specific equations from Table 7.1 are included in (7.11-7.13). Note that for each
type of uncertainty (6", §°, and A) if there is more than one block then the equations
presented below will be performed block by block.

1. Compute 2,4, block by block, see (7.11).
2. Assign ya,,, = 1.
3. Compute 233, as follows:
e Define z; = z, + z; where z, is aligned with miy and zy is aligned with m3,.
o Assign 2z, = m—gfnzg(y%ﬂ — M p21k41)-
e Compute z, implicitly, see (7.12).
o Assign zop .y = 24 + 2.
4. Assign yigyy = mi 21500 + M3 22501
5. Compute x144; block by block, see (7.13).

6. Assign a = 2kl
g 2k+1 I22k+1,

*

. m
7. Assign oy = —2—(agpyq — M21T1jr)-
Moy M22

8. Assign A1kl = M11T1g4 + mi12%2k41-

Table 7.1: An iteration of the model validation lower bound power algorithm.

The steps for the k™ iteration of the power algorithm for computing z; are given
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|a 1kl
If I&k-i-ll Z 1 then ¢, Jk+1 = Sgn(&k+1) else qk-i-l = &k+1

G = Sgn(dk) L1 + Real(afy7,)

T o~ T
Llkt1 — GE+1Y14

yiras
ka+1 = ok Lk Y1k (7-11)
,ylk lkl
c ’?/ k,
2 k1 = |a1 klalk
z
Rik41 = — it

| 228 |Sgn(z2y)”

The steps for the ¢** iteration of the implicit loop, used to compute z; are outlined
in (7.12). This implicit loop is performed for each iteration in the power algorithm.
For those vectors which do not change in the implicit loop the power algorithm
iteration subscript, &, is dropped. The iteration is defined by

|21

|a1]

aip1 = 5gn(q)— + Real(ai™y;,)
If joiy1] > 1 then ¢iy1 = Sgn(auyr) else qipr = g

r |21,7'

Y, = —qit1770,
|zo]
II'=0
c ays .
C = |a1 yll ¢ (7.12)
1 J1
IF=0
a z
€= [GHIES]
PHIEd

Uic = f(muzl + mzlza)

If = —Elgimacy
2big1 = (Lny + Pmarlim3)) [(Pmayv;),

where v; = [vIT, vfT, v C 1%, I = diag(I7,I5,I9), P = I, — D22 and y = Alz

t?7e) mi,maz
denotes the least squares solution such that ||Ay — z||; is minimized.

The steps for the k™ iteration of the power algorithm for computing z, are given
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|‘T;k| r*_ T
Iar l + Real(alkyl k)
1k

If |6 41| 2 1 then r41 = Sgn(dnyr) else der1 = dpya

g1 = Sgn(dr1)

r .
Tigy1 = Tk+1C1k

ZCC — a'i]*f:ylck [+ (7 13)
T Jagiug]
2C _ ,alckl I}
7 e
T1
Tig+1r = — |$:-,1

Convergence properties of the lower bound

The convergence properties of the lower bound are based on empirical observations
having used a variety of different interconnections, including complex full blocks,
real and complex repeated scalars, disturbances, and noises. For systems with one
measurement the lower bound always converges. It appears that the lower bound
generally converges when the uncertainty is restricted to complex full blocks. Adding
complex repeated scalars complicates the lower bound somewhat, but has little effect
on convergence. Real repeated scalars pose the greatest difficulty for lower bound
convergence. Aside from systems with only one measurement, convergence of the
lower bound appears to be insensitive to the number of disturbance and noise signals.

Blocks Lower Bound Gap

Full Real| N  Converge | mean o max
1 0 | 1000 88% 0.48% 0.17% 0.78%
3 0 | 1000 91% 0.45% 0.79% 14.38%
1 2 | 1050 1% 249% 3.711% 21.95%

Table 7.2: Convergence results for the model validation lower bound.

A summary of results obtained testing the lower bound are shown in Table 7.2. N
is the number of times the bounds were computed, the data in the Converge column
corresponds to how many times the lower bound converged, and for the problems
where the lower bound converged, the data in the Gap column shows statistics on
the difference (“gap”) between the lower and upper bounds, where ¢ is the standard
deviation. Each time the bounds were computed, a randomly constructed system was
converted to a constant matrix problem at a frequency within its bandwidth. The
uncertainty description consisted of a specific number of complex full blocks and real
repeated scalars shown in the Blocks column.
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In all cases where the lower bound has failed to converge, the problem lies within
the implicit inner loop. With more work convergence can be greatly improved; how-
ever, as the standard mixed u power algorithm does not always converge, there will
always be limitations to the lower bound.

7.1.3 Constant matrix model validation upper bound

Unlike the standard g problem of [76], it cannot be assumed that each block in
the uncertainty set, A defined in (7.2), is square. Let the structure of the model
validation set A be deﬁned by the two m-tuples K,,,, and K..;, where X,,, denotes
the row dimensions of A and Kcot the column dimensions. Then define Dx and
Dz as in the D scaling sets for the standard p problem (5.8) with K,u, and K.,
respectively. Note that the only difference between Dx and Dy is their dimension,
resulting from non-square complex full blocks in the uncertainty set. G is defined as
in the G scaling sets for the standard u problem (5.9) with K.,; however, the “0”
blocks in (5.9) are omitted. Because of the simplified definition of G, it is necessary
to define permutation matrices X and ¥ which map G into the appropriate rows and
columns of P. Let n, be the row dimension of A. Define I (7) as

= "y | (7.14)
Y

Theorem 7.1.2 Let P be defined as in (7.1), with A a norm-bounded struc-

tured uncertainty set, Dx, Dz, G, X, Y, and I(v) defined as above, for~ > 0.

If there exist feasible solutions, Dx, Dy, and G, for the complez-valued her-

mitian LMI given by

P*DzP + j(XGY P — P*Y*GX*) — I(7)*Dx < 0
00 0 0 Liyn, O Litn, 0O
[01]1)"[0 1}<[ 0 O]DX[ 0 0]

then u,(P) < =, which implies that the robust model and data are not v-
consistent.

Newlin and Smith provide a proof for Theorem 7.1.2 [52]. Note that if u, < 7,
or if any upper bound of p, is less than +, then the robust model and data are not
~-consistent.

The quality of the upper bound given in Theorem 7.1.2 is demonstrated by
observing that it is exact for two or fewer complex full blocks in A, when there are
no exogenous disturbances, d, or one complex full block in A otherwise [52].

Model validation upper bound LMI algorithm

The software for solving the upper bound LMI was written with MATLAB using the
LMI Control Toolbox [26, 25]. The LMI Control Toolbox is only capable of solving
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real-valued LMIs, so the LMI in Theorem 7.1.2 must be reformulated in terms of real
matrices.

Theorem 7.1.3 Let P, Dx, Dy, G, X, Y, and I(~y) be defined as in Theo-
rem 7.1.2. Dx, Dz, and G are feasible solutions to the complez-valued hermi-

tian LMI

P*DzP + j(XGY P — P*Y*GX*) — I(y)*Dx < 0
00 00 Insn, O Iiin, O
[0 1JDX[01]<[ 0 O]DX[ 0 0

if and only if DAX, D}, and G are feasible solutions for the real-valued sym-
metric LMI

2T . 2 NN 2T o a A N -

P DzP+J (XGYP - P YTGXT> —I(v)'Dx <0

0075 [0 01 [Znem 01 [ Loens 0

[01}17)‘[0 1}<[ 0 O]DX[ 0 0]
where J is defined in (5.12) and * is defined in (5.11).

Proof: FEquivalence is proven by applying Theorem 5.4.1 and distributing the
- operator through the LMIs using Lemmas 5.4.1 and 5.4.2. [

Note that X = diag(X, X), ¥ = diag(Y, Y), and ](A'y) = diag(I(v),I(v)). The
constraints on Dx (and implicitly on D) force the blocks which align with the
uncertainty set, A, and the disturbance, d, to satisfy maximum norm constraints
(positive definite), as with the standard p problem; the blocks which align with the
noise, A, are forced to satisfy minimum norm constraints (negative definite), see
Definition 7.1.2.

7.2 Model validation in the frequency-domain

Now that we have reasonable and computable results for the constant matrix model
validation problem, how do we use them? In general, model validation of an LTI
system with norm-bounded structured uncertainty and experimental data can be
performed by considering the model validation problem in the frequency-domain.
Because P is dependent on v and y, which are generally discrete-time experi-
mental data, the application of Theorems 7.1.1 and 7.1.2 must be done on a point
by point basis. That is, given discrete-time experimental data w(kT) and y(kT),
transform them to the frequency-domain using the discrete Fourier transform (DFT),
obtaining u(w) and y(w). Let £ be a subset of the frequency set resulting from the
transformation of u and y into the frequency-domain. For each w € Q, compute
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P(w), using u(w) and y(w). Then define frequency-domain bounds in terms of the
constant matrix lower and upper bounds of p,(P(w)), denoted by v(w) and v, (w),
respectively, as follows:

7*(P) = mip {1g(P(w))}

we

(P) = ur}rengri {7 (w)} (7.15)

Viy(P) = miz {1u(w)},

where the bounds satisfy the relationship
7(P) < 7 (P) < 75(P). (7.16)

We can now relate 77, and 7, to the model validation problem in the frequency-
domain. Note that although 4} is a lower bound for ~* it plays the roll of a sufficient
condition in Theorem 7.2.1, and vice-versa for v, in Theorem 7.2.2. This is because
the sizes of noise, disturbances and uncertainty are related to 1/ and 1/7%,, i.e.,
,y—;:; <)L wlﬁ’ where || - || represents the size of noise, disturbances, or uncertainty.

Theorem 7.2.1 Let v, and  be defined as in (7.15). If v < ~} then the
robust model and data are vy-consistent on the frequency set ).

Proof:
Y <5 =7 < mw), Vw € Q
= 7 < pg(w), Yw € Q.

Therefore, by application of Theorem 7.1.1 at each frequency w € Q, the robust
model and data are y-consistent on the frequency set Q. [

Theorem 7.2.2  Let v}, and  be defined as in (7.15). If v > 4%, then the
robust model and data are not y-consistent on the frequency set Q.

Proof:

Y > Yy = Jwo € Q such that vy > yyu3(wy)
= dwo € Q such that v > py(wo).

Therefore, by applying Theorem 7.1.1 at the frequency wo € 2, the robust
model and data are not y-consistent on the frequency set €2. [

As an aside, note that in the synthesis of a robust controller, the p-analysis
results for the same block structure as used in model validation should be smaller
than vj;. When this occurs, the controller will be robust to the disturbances, noises
and uncertainties necessary for the model to be consistent with the measured data.
Simply put, if p(w) < py(w) Vw € 2 then the model is consistent with the data, and
the controller is consistent with the model.
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7.2.1 Frequency sweep algorithm

A frequency sweep algorithm for computing the frequency dependent upper and lower
bounds for the model validation problem was developed using MATLAB. The syntax
for a software implementation of this algorithm is

(7;;)7 716("‘))7 Vub(w)v A(w)a n(w)) = Va’l(Pa W, blka

u(w),5(), 70, o), (7.17)

where P, W,,, u and y are defined as in Figure 7.1, blk defines the structure of the
uncertainty set A. Recall that at each frequency computation is reduced to a constant
matrix problem where the lower bound is computed using a modified power algorithm
and the upper bound is computed through v bisection on an LMI. v is the starting
value of v and tol is used to determine when to stop the 4 bisection. P is a system
representing the robust model and u and y are frequency varying vectors. At each
frequency w, P can be constructed from P(w), W,(w), u(w), and y(w).

The algorithm returns the lower and upper bounds, 7;(w) and 7,;(w), respec-
tively, and the perturbation, A(w), and noise, n(w), achieving the lower bound.

Lower bound frequency sweep

At each frequency point, w, the lower bound, y;(w), is computed using the modified
power algorithm discussed in Section 7.1.2. Additionally, the perturbation, A(w),
and noise, n(w), achieving the lower bound are computed.

Upper bound frequency sweep

The upper bound, v,;(w), is similarly computed at each frequency by looking for fea-
sible solutions of the upper bound LMI. The feasibility tests are computed iteratively
by bisecting on a value of 7. Therefore, in the frequency-domain the upper bound
LMI computation results in bounds on 7,;(w). These bounds can be made arbitrarily
close through bisection, for an appropriately chosen value of tol, and will in general
be ignored when presented.

There are two types of computations which are relevant to the frequency-domain
upper bound for g, () the value of 4%, and (ii) the value of 7,; for each w in €.
It requires much less computation to compute only v*,. The upper bound frequency
sweep algorithm consists of two main parts: a « bisection and a frequency sweep. In
the case of (¢), the vy bisection is in the outer loop and the frequency sweep is in the
inner loop, with the opposite for (ii). 7o is used as a starting value for the y-bisection.

In the case of computing only v%,, for each w two items are maintained: the
largest 7, Ymin(w), for which the LMI had no feasible solution and the smallest ~,
Ymaz(w), for which the LMI had a feasible solution. If the first 2%, where z is a
parameter for the algorithm, of the frequency points tested have no feasible solution
then the frequency sweep for this value of v is aborted and v is updated; similarly,
if % of the frequency points tested are feasible then the sweep is aborted and 7 is
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updated. This speeds up location of the correct y-level to begin the frequency sweep,
and minimizes the number of times the LMI must be checked for feasibility. For most
problems this results in a threefold reduction in the number of LMI feasibility tests. If
any of the frequency points were feasible then v is decreased, otherwise ~ is increased.
After each adjustment of v, the frequency points remaining to be tested are those for
which Ymin(w) < 7. The iteration completes when min, Ymqq(w) —ming Ymin(w) < tol.

In the case of computing v, (w), for each w a v bisection on the LMI in Theo-
rem 7.1.2 is performed. 7o is used as the initial value of the v-bisection. For each
value of v, feasibility of the LMI is tested. If the LMI is feasible then v is reduced,
otherwise v is increased. This is done iteratively until vx1; — % < tol.

7.2.2 Frequency-domain considerations

Since model validation tests are performed in the frequency-domain, the finite length
discrete-time data are transformed to the frequency-domain, with the DFT. Recall
that an implicit assumption in the use of the DFT is that the time-domain data
repeats periodically forever. Thus high quality frequency-domain data requires the
use of time-domain data that looks as though it could repeat periodically.

In addition, drifts that result from nonlinearities may corrupt the data at other,
more interesting, frequencies. This corruption is due to the frequency content in the
step transition from the end of the data record to the beginning of the record as it
repeats periodically. This effect can be mitigated by high pass filtering those signals
which exhibit such drift.

As much as possible, experiments should be designed to excite all unmodelled dy-
namics. Note that because at each frequency the robust model and data are converted
into a constant matrix problem, the uncertainty may be uncorrelated and complex at
all frequencies.

7.3 Tuning the Robust Model

The previous sections presented a method for testing the consistency between experi-
mental data and a robust model. This method can be further extended to iteratively
refine both the nominal model and the uncertainty description so that the level of
noise, disturbances, and uncertainty can be minimized without sacrificing the ability
of the robust model to cover the experimental data.

Recall that Figure 7.1 corresponds to a general interconnection for a robust model
which is suitable for model validation. Measurement noise corresponds to n, and
there are additional exogenous disturbances, d, acting directly on the plant P. The
model uncertainty is defined by A, which is a norm-bounded structured perturbation,
consisting of possibly many different blocks.

Each signal and uncertainty block will generally have associated with it a stable,
rational, minimum phase, and bi-proper weighting function which scales its size and
frequency shape. W, corresponds to the weighting function for the measurement
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noise n and the weights for d and A € A are included in the plant P. This section
describes a methodology for tuning the weighting function by making use of the
frequency varying upper and lower bounds for . It is assumed that the robust model
will be used for the synthesis of some type of robust controller using either H,, or -
synthesis. In this context, it is desirable to achieve u(w) < u,(w) or, more specifically,
p(w) < yp(w) < pg(w). Recall that with H,, or p-synthesis the optimal is often
reached when p(w) is flat across frequency. Therefore, it is likely that “fattening”
ttg(w) (71(w)) is a reasonable approach to take when refining the robust model.

For simplicity, throughout this section it is assumed that there are no distur-
bances, d, and a single block in A. It is straightforward to extend the techniques to
include disturbances and additional blocks in A.

Let P be the plant, with W,, the measurement noise weight and W, the uncer-
tainty weight as in Figure 7.1. In most cases, the nominal model will be obtained
from standard identification techniques and the structure of the uncertainty descrip-
tion arrived at through a priori knowledge of the system.

Assume open-loop experimental data are available which adequately captures
the system dynamics in regions which need to be controlled. If these data are not
already in the frequency-domain, it will be transformed. The frequency-domain data
and the robust model will then be used with the model validation tools to iteratively
“tune” the noise and uncertainty weights in the interconnection.

The initial value of the noise weight W, can be obtained by computing ~;(w)
(or yu(w) in those cases where p, = ~7%,) for the nominal model with W, = 1.
The frequency range where noise is most significant can be obtained by plotting the
frequency response of the nominal model and comparing it with experimental data
as follows. W, should be set equal to the inverse of minﬂn Yip(w), where €2, is the
frequency range where the noise is most significant. This provides an initial value for
the magnitude of the noise weight, and a frequency shape for W,, corresponding to
the frequency “selection” set 2,,.

Then, yip(w) (us(w)) is computed for the robust model, using the initial value
of W, and Wa = 1. The initial value for W should be set equal to the inverse of
ming) AT (w), where Q4 is the frequency range where the uncertainty is considered
to be dominant. If there is no a priori knowledge of Qa, then it can be taken to
be the complement of €,. This provides an initial value for the magnitude of the
uncertainty weight, and a frequency shape defined by Q4.

Once these initial values have been chosen, iterative computation of y(w) (or
Yup(w)) will provide information which can be used to adjust both the magnitude
and frequency shape of W, and Wa. The inverse of ming Yn(w) can be used to
adjust both the magnitude and frequency shape of the weights in the region of Q,
where €2 is the frequency region corresponding to either dominant noise or dominant
uncertainty. The choices in each iteration would be made to decrease the larger
of noise and uncertainty by trading off between the magnitudes of the noise and
uncertainty weights W,, and W, respectively. Tradeoffs should be made based on
any a priori knowledge of the system or physically motivated intuition.
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Because the lower bound involves solving for the signals in Figure 7.1, both n
and the perturbation A achieving the lower bound can be computed. By computing
this information for each frequency, a perturbation, A(w), can be be constructed. For
each block of A corresponding to a real parameter which is believed to be relatively
static, the perturbation can be used, at those frequencies where the lower bound is
a (local) minimum, to adjust the associated parameter in the nominal model so that
the magnitude of the scaling of the parametric uncertainty is decreased. This can be
done iteratively, until no additional improvement is obtained. In this way, there is
a direct connection between identification of parameters in the nominal model and
validation of a robust model.

When iterating between robust model refinement and controller synthesis, the
stopping criterion is simply p(w) < yp(w) < py(w), Yw € §; otherwise the controller
is not robust with respect to a noise, disturbance or uncertainty perturbation which
is required to obtain consistency between the robust model and data.

7.4 Utility of the model validation method

The model validation lower bound shares most properties of the lower bound for
the standard p problem, with the exception of the implicit inner loop. The major
difficulty is with the convergence of the inner loop when several real or complex
repeated scalars are present. Referring to Table 7.2, it appears that the lower bound
converges approximately 70% of the time when real repeated scalars are used, and
approximately 90% of the time when only complex blocks are used. In general, the
lower bound is extremely fast and comparable to the standard p software.

The model validation upper bound is an LMI and inherits the limitations of the
LMI solver employed. The LMI solver used in this work was developed by Gahinet
et al. [26, 25]. This LMI solver has performance limitations with respect to the size
of the problem. The size is determined by several quantities: the number of LMI
constraints and the number of LMI decision variables. This is the first commercially
available LMI solver, improvements can be expected.

7.5 Spring-mass example

To test the capabilities of these model validation methods, we consider the simple
example of a spring-mass system with parametric uncertainty in the damping and
stiffness coefficients. Data will be generated through simulation of a perturbed and
noisy system. The upper and lower bounds are then used to “tune” the noise and
uncertainty weights so that p, is minimized. The weights are then compared with
the actual weights used in the mathematical model. Finally, the lower bound is used
to make a robust estimation of the value of the perturbed parameters.
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7.5.1 Description of the spring-mass model
A mathematical model of the spring-mass system is given by
mi + Bz + kz = u, (7.18)

where m is the mass, 8 and k are the damping and stiffness coefficients, respectively,
z is the spring displacement, and u is the input force. This system can be realized in
state-space form as

2y =23
) 1
B = (— (ko + wibk)z1 — (Bo + wpbp)z2 + u) (7.19)
Y =z + wyn,
where 21 corresponds to the spring displacement z from (7.18) and z = [27, z])7.

The parametric uncertainty in the stiffness and damping coefficients is defined by
k = ko + wiby and B = By + wgdp, respectively. Measurement noise is modelled by
wyn, where w,, weights the noise appropriately. Refer to Figure 7.4 for a block diagram
of the model validation interconnection, with w, = diag(wy,ws) and A = diag(6x, 83),
where 6, and 65 are real parameters.

Wp [ n

Figure 7.4: Spring-mass model validation interconnection.

Referring to (7.19), the parameters used for the nominal system are given by

m = 1
ko = 1 (7.20)
fo =1
and the perturbed parameters used in the simulation are
6, = 0.8
¢ (7.21)
og = —0.3.

The norm of the true uncertainty perturbation is ||A||o = max(|6k|, [63]) = 0.8.
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In this example, model validation is used to determine the validity of the robust
model in Figure 7.4. To use model validation, the input/output data, u and y, must
be obtained. In this case, y represents spring-mass data obtained through simulation
of the perturbed and noisy system, (7.19). An exponentially decaying sine sweep
was used as an input u, and initially y was obtained through simulation of (7.19)
with the perturbed parameter values, (7.21). It was found that using exponentially
decaying sine sweeps as inputs generated much better frequency-domain data than
when steps were used. After simulation, noise with a level of £0.1 was added to the
output in the time-domain, yielding the noisy y used by the model validation software.
The norm of the additive random noise is ||n|| = max,, ||n(w)]|; = 8.10. The input
and noise-free output data are shown in Figure 7.5. The input/output data was then

1 T T T T T T T T

0.5

Input
=)
T

0 5 10 15 20 25 30 35 40 45

] 0 . 4 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45
Time [sec}

Figure 7.5: Spring-mass input and noise free simulated output. For the output, solid
corresponds to spring displacement and shaded spring velocity.

transformed into the frequency-domain with an FFT. Figures 7.6 and 7.7 include plots
of the nominal transfer functions (solid) and noisy and perturbed transfer functions
(shaded, with data points indicated by “x”).

7.5.2 Analysis of the actual spring-mass model

Since this is a simulation, we have access to the norm of the noise, ||n||, and the sizes
of the parametric uncertainty, é; and 85 which were used in the simulation. These
values can be compared with the model validation results to verify its applicability.
When we choose w, = ||n||l;, wr = abs(§;) and ws = abs(6s) the bounds
resulting from the model validation software are 1.003 < u, < 1.010. A graph of the
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Figure 7.6: Spring-mass transfer function, u — y;: nominal (solid), noisy and per-
turbed (shaded). The noisy and perturbed data points used for model validation

analysis are indicated by “x”.
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Figure 7.7: Spring-mass transfer function, v — y,: nominal (solid), noisy and per-
turbed (shaded). The noisy and perturbed data points used for model validation
analysis are indicated by “x”.
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resulting lower and upper bounds is shown in Figure 7.8. Note that the lower bound

did not converge for some data points. This is indicated on the graph by points for

which there is an “0” but not an “x”.

26
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Figure 7.8: Model validation bounds of actual spring-mass model. At each frequency,
the lower bound is indicated by “x” data points, the upper bound lies between the two
“o” data points, corresponding to the final values of the upper bound LMI bisection.

The scaled real parameter perturbation (containing the two parameters, §; and
6p) resulting from the lower bound is shown in Figure 7.9. Note that at low frequency,
where the lower bound was close to the minimum, the values of the real parameters
were nearly equal to the actual parameter values, with the exception of two data
points for é3. Also, for the two frequency points where the perturbation was not close
to the actual value of ég, the lower bound was not near its minimum. This indicates
that when the robust model is appropriately weighted, the lower bound can be used
to determine the correct value of static real parameters. The value of the static real
parameters can be taken from the value of the corresponding perturbation, resulting
from the lower bound, at those frequencies where the lower bound is close to its min-
imum value. These static values can then be wrapped back into the nominal model,
with an appropriate reduction in the magnitude of the weight for the parameter.

In this particular problem, the lower bound was achieved at high frequency,
resulting more from noise than parametric uncertainty; however, at low frequency,
the lower bound was quite close to its minimum value, implying that the value of the
perturbation can be meaningfully related to the static real parameters.
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Figure 7.9: Model validation lower bound perturbation of actual spring-mass model.
At each frequency, the §; and ég perturbations are indicated by “x” and “o” data
points, respectively.

7.5.3 Development of a robust spring-mass model

Using the noisy and perturbed simulated data, the interconnection given in Figure 7.4,
and frequency-domain model validation software, we can iteratively “tune” the fre—
quency weights w, and w,, without prior mformatlon on the noise and uncertainty.
The objective is to end up with the largest v, possible. To this end, we will attempt
to find a good starting magnitude for w, and w, using ideas presented in Section 7.3.

First, we consider model validation for a model without uncertainty, i.e., the nom-
inal model where é; = 63 = 0, and choose w,, = 1. Referring to Figures 7.6 and 7.7,
there is noticeable mismatch between the nominal model and the noisy and perturbed
data up to about 1.0 Hz, where it appears that noise takes over. So the bounds above
1.0 Hz will be considered when determining the value of the noise weight, w,. A graph
of the upper bound at each frequency is shown in Figure 7.10, where 7,;(w) is bounded
by the curves in the figure. Data points for the upper bound are indicated by “o”.
In subsequent upper bound figures it is implicit that ~,;(w) lies between the curves
containing “o” data points, although, in most cases they are overlapping. Referring to
the frequency range above 1.0 Hz in Figure 7.10, 0.1187 < mlnﬂ Yup < 0.1238, where
Q,, is the frequency range above 1.0 Hz. The average of this bound on mmﬂ Yub CAN
be taken as an initial value for the peak magnitude of 1/w,, resulting in w, =~ 8.25.
This sets the size of allowable noise to about 8.25. Compare this with ||n|| ~ 8.1, the
actual norm of the noise in the noisy and perturbed data.
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Figure 7.10: Model validation upper bound of nominal spring-mass model. At each
frequency the upper bound lies between the two “0” data points, corresponding to
the final values of the upper bound LMI bisection.
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Figure 7.11: Model validation upper bound of unweighted spring-mass model. At
each frequency the upper bound lies between the two “0” data points, corresponding
to the final values of the upper bound LMI bisection.
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Second, using the computed noise level above, the uncertainty level can be com-
puted. We define w, = I, and w, as above. A graph of the resulting upper bound
at each frequency is shown in Figure 7.11. As before, we assume that noise domi-
nates above 1.0 Hz. Referring to Figures 7.6 and 7.7, the range below 0.4 Hz ap-
pears to be relatively noise free. This range will be used to determine the uncer-
tainty level from Figure 7.11, and will be denoted by ©a. Referring to Figure 7.11,
1.2412 < ming A Yub < 1.2488. The average can be taken as an initial value for the
peak magnitude of 1/w,. This results in the choice of w, ~ 0.80,. Note that the
actual size of uncertainty is 0.8.

3 oo oo R

107 10° 10 10
Frequency [Hz]

Figure 7.12: Model validation upper bound of robust spring-mass model. At each
frequency the upper bound lies between the two “0” data points, corresponding to
the final values of the upper bound LMI bisection.

Finally, using the above values for the noise weight, w,, and uncertainty weight,
wp, the bounds are computed at each frequency, and shown in Figure 7.12. Referring
to Figure 7.12, 1.0180 < ~%, < 1.026, which implies that the robust model corre-
sponding to w, = 8.25I;, w; = 0.80 and wg = 0.80 is consistent with the data.
Because the upper bound is greater than 1, further iterative adjustments of Wy, W
and wg could be made. In particular, we could adjust the frequency shape of w, to
take into account the observation that the noise enters above 1.0 Hz, and explore a
tradeoff between 65 and &g, but that is not pursued here.
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7.6 Ducted fan example

In this section we discuss an application of model validation to a ducted fan apparatus.
We will see that model validation provides valuable information for the refinement
of an identified model of the ducted fan. Based on this information, we propose a
way to develop future uncertainty models for the ducted fan, and critique where the
identified model should be improved. This work arose out of a collaborative effort
with Bobby Bodenheimer and Matt Newlin.

7.6.1 Description of the ducted fan model

In this section, a brief review of the experimental ducted fan setup is given. A
picture of the experimental system, a thrust-vectored ducted fan engine, is shown
in Figure 7.13. It consists of a high-efficiency electric motor with a 6-inch diameter
blade, capable of generating up to 9 Newtons of thrust. A detailed description of the
performance of the fan was given by Choi et al. including models for the thrust as a
function of flap angle and fan speed [14]. Overall, the experimental setup consists of

Figure 7.13: Ducted fan apparatus.

the ducted fan attached to a three DOF stand, as shown in Figure 7.14. The ducted
fan is bolted to a rotating arm, which limits its motion to one rotational and two
translational DOFs. The motor and propeller assembly are housed inside a wooden
duct which has two flaps attached to its end. For these experiments, the ducted fan
was configured in a stable pitch axis mode. Each axis is measured with optical shaft
encoders.
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Figure 7.14: Ducted fan attached to stand.

This section concerns itself exclusively with a linear model for the ducted fan
around hover. The linear model used in this section was developed using identification
techniques and is presented in [9].

The uncertainty weight to be used for model validation is the weight W,, depicted
in Figure 7.15. Note that the uncertainty weight was developed in conjunction with
a separate linearized model, and may not coincide with the weight a good controller
designed from the identified model would have. To generate a data set to employ for
model validation, a zero mean random signal was constructed around the equilibrium
hover point caused by a force pair of (2.65,0)N. The input data set is shown in
Figure 7.16. The output of the ducted fan for the oy, ag, and a3 channels is shown
in Figure 7.17.

The test input signals were designed to end with a quiescent period, so that the
system might return to the initial rest state. This strategy works well for the states
associated with az, a3, and ¢, but not with oy, which exhibits a slow drift, caused
by nonlinearities in the model.

As we aren’t concerned with the system behavior at very low frequencies, this
oy drift is of little concern except that it might corrupt the data at other, more
interesting, frequencies. This corruption is due to the frequency content in the step
transition from the end of the data record to the beginning of the record as it repeats
periodically.

To minimize this effect, the oy data set is filtered with a fourth order acausal
high pass filter with a cut-off frequency of 0.25 rad/s. The filter was chosen to
cause minimal phase distortion over the frequency range of interest while making the
processed time history appear suitable for the DFT. Note that the filtering corrupts
the data below 0.25 rad/s.

Model validation acts on frequency-domain data, and hence representative plots
of the transfer function data are now presented. The particular example we show is for
the identified model. Shown are the transfer functions from (u1,u2) — (o, @2, a3).

In Figures 7.18-7.23, the solid line shows the magnitude of the FFT of the
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Figure 7.15: Magnitude of the ducted fan uncertainty weight, W,,, used for model
validation.
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Figure 7.16: A set of random inputs to the ducted fan. Top: u,. Bottom: u,.
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Figure 7.17: Outputs from the ducted fan. The solid line is oy, the dashed is o5 and
the shaded is cs.

measured output data divided by the FFT of the input data. An ‘x’ in the figure
shows a point at which the model validation bounds are calculated. The shaded line
shows the magnitude of the FFT of the output data generated by simulating the
identified model with the input data used to generate the real output data.

Note that these plots are not sufficient to predict the results of a model validation
analysis, as phase information is important to the model validation calculations.

7.6.2 Analysis of the ducted fan model

In this section, the ducted fan model validation results are presented. A very im-
portant point to note when interpreting the results below is that we are not using
the results to verify the robustness guarantees of a closed-loop system. This is the
standard way of considering model validation, so readers familiar with the subject
should be wary of falling into this habit of thinking. Instead, we are using model val-
idation to determine if a model and uncertainty description can capture the dynamic
structure of the true system.

Because H,,-synthesis, when posed as an output tracking problem, makes no
distinction between a command input and a noise input, we have limited empirical
intuition for the noise weight required by the validation procedure. Preliminary model
validation data was used to iterate on the magnitude of W,; the final choice for W,
was W, = 0.051. W,, was unchanged. These preliminary results seemed to indicate
that the problem is not particularly sensitive to the choice of W, so it was set to a



101

ul ->al
]0 3 L T T T

10 F

Magnitude
o
L=}
)
T

10 °F

10_ 1 1 I 1
10° 10' 10° 10°

Frequency (rad/s)

Figure 7.18: Ducted fan transfer function, u; — «;, from measured data (solid with
an ‘x’ at the actual data point) and simulated with the ducted fan model (shaded).
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Figure 7.19: Ducted fan transfer function, u; — a3, from measured data (solid with
an ‘x’ at the actual data point) and simulated with the ducted fan model (shaded).
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Figure 7.20: Ducted fan transfer function, u; — a3, from measured data (solid with
an ‘x” at the actual data point) and simulated with the ducted fan model (shaded).
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Figure 7.21: Ducted fan transfer function, uy — «;, from measured data (solid with
an ‘x’ at the actual data point) and simulated with the ducted fan model (shaded).
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Figure 7.22: Ducted fan transfer function, uy — @, from measured data (solid with
an ‘x’ at the actual data point) and simulated with the ducted fan model (shaded).
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Figure 7.23: Ducted fan transfer function, us — as, from measured data (solid with
an ‘x’ at the actual data point) and simulated with the ducted fan model (shaded).
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Figure 7.24: Model validation bounds for the ducted fan: (u1,u2) — ai. At each
frequency, the lower bound is indicated by “x” data points, the upper bound lies
between the two “o” data points, corresponding to the final values of the upper
bound LMI bisection.

low value.

Figure 7.24 shows that the MISO transfer function, (u1,us) — ay, is consistent
for v = 0.5. It is much better over most of the frequency range but drops around
10 rad/s. This is interesting, as it is after the mode shown in Figure 7.15. Figure 7.25
also shows that the MIMO transfer function (u1,uz) — (0, a3) is consistent for
v 1.

The previous two results might lead us to believe that the complete MIMO model
is y-consistent for v ~ 0.5. Figure 7.26 shows the bounds for the MIMO transfer
function (uq,uz) — (a1, @2, a3), and demonstrates clearly that this is not the case.
In fact, the model and data only become ~-consistent at high frequency, where the
uncertainty weight becomes very large. This implies that either there are unmodelled
dynamics in the ducted fan that have a significant effect on the oy channel, or that
the specific uncertainty required to obtain model and data consistency is different
for the a; channel than for the (02, a3) channels. We address this question further

below.
Additional model validation analyses on sets of different channels are shown in

Figures 7.27-7.30.

The model validation results are tabulated in Table 7.3. The “transfer func-
tion” column shows the output channels which were selected for particular validation
run; the inputs were always (uy, u;). The second column shows the lower and upper
bounds, v and 7%, for the identified ducted fan model. For the single channel case,
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Figure 7.25: Model validation upper bound for the ducted fan: (u1,u9) — (a2, 3). At
each frequency, the upper bound lies between the two “0” data points, corresponding

to the final values of the upper bound LMI bisection.
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Figure 7.26: Model validation upper bound for the ducted fan: (u1,u2) = (eq, az, as).
At each frequency, the upper bound lies between the two “o” data points, correspond-

ing to the final values of the upper bound LMI bisection.
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Figure 7.27: Model validation upper bound for the ducted fan: (ur,uz) — ;. At
each frequency, the upper bound lies between the two “o” data points, corresponding
to the final values of the upper bound LMI bisection.
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Figure 7.28: Model validation upper bound for the ducted fan: (w1, u2) — asz. At
each frequency, the upper bound lies between the two “o” data points, corresponding
to the final values of the upper bound LMI bisection.
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Figure 7.29: Model validation bounds for the ducted fan: (w1,u2) — ag. At each
frequency, the upper bound lies between the two “o” data points, corresponding to
the final values of the upper bound LMI bisection.
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Figure 7.30: Model validation bounds for the ducted fan: (u1,us) — (ay,a3). At each
frequency, the the upper bound lies between the two “o” data points, corresponding
to the final values of the upper bound LMI bisection.
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Transfer | Identified Model | Nonlinear Simulation
Function o ¥ o Y
o 0.5139 0.5139 0.2241 0.2241
(a2, a3) 1.0520 1.1177 0.4022 0.4525
(a1,00,03) | O 0.0625 0 0.0625
fe 7] 0.1195 0.1195 0.2352 0.2352
a3 2.0466 2.0466 0.7401 0.7401
o2y 1.0583 1.0583 0.4025 0.4025
(a1, as) -0 0.0625 0 0.0625

Table 7.3: Ducted fan model validation results. Where the upper and lower bounds
are theoretically equal, the value of g, is given.

g can be transformed into a standard u problem, and the bounds for the trans-
formed problem are given. Finally, the third column shows model validation results
where the data y was not obtained from an actual experiment but from applying
the input u, shown in Figure 7.16, to a nonlinear simulation. Since the nonlinear
simulation is undamped, the resulting output was then windowed in the time-domain
before being transformed into the frequency-domain. Examining them shows that
the results are very similar to those for the identified model with real data, which
allows us to conclude that the discrepancy between the model validation results for
(a2, 3) and (aq, ag, a3) are not due to unmodelled dynamics (as there are none in
the nonlinear simulation), but that it must be due to the uncertainty structure not
being representative.

From the results shown, it is clear that the present uncertainty description, that
of a lumped multiplicative uncertainty at the input, is insufficient to account for the
data in all three channels simultaneously. The problem channel appears to be ay,
since a model validation on a, and «s shows those channels work well together, but
neither works well with «;. Note, though, that a model validation on oy alone shows
that the model is good. This is a striking example, in a practical application, of
why thinking about MIMO systems in a “loop-at-a-time” framework is incorrect. To
improve the model, a different uncertainty description is needed to account for this
difference.

The model validation results indicate that the ¢; channel needs to be improved.
This probably indicates that better rate filters are required, but it might be poorly
predicted because the effects of friction and stiction are particularly significant here.

The model validation has proven to be a capable tool for indicating improvements
in models of the ducted fan which would have been difficult to ascertain otherwise.
In particular, better models should incorporate either a different type of uncertainty
or more structure in the uncertainty. Additionally, some modelling of the gyroscopic
effect in the fan blades is clearly needed.
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7.7 Summary

This work was motivated by the need to unify the previously disparate methods
used for system identification and the construction of robust models. Previously
there was no way to verify whether a robust model used for the synthesis of robust
controllers covered the experimental data, or even if the uncertainty description was
meaningful. With the development of the tools discussed in this work there is now
a direct and computable connection between experimental data and robust models.
This relationship is reduced to the simple question: “Is u(w) < pg(w), Vw € Q" If
the answer is yes then the controller is robust over the model set and the model set
1s guaranteed to cover all previously observed experimental data. Although model
validation provides a powerful analytical tool, it is an unfortunate misconception that
model validation can “validate” a robust model. In fact, because model validation
is data specific, it can only invalidate a model, or at most, verify that a model set
covers all observed data.

A methodology was presented which makes use of lower and upper bounds for
pg to iteratively tune the magnitude and frequency shape of the weights in the robust
model. Additionally, it was shown how the lower bound could be used to iteratively
adjust parameters in the nominal model. This aspect of the lower bound is an impor-
tant contribution to the application of robust control theory to practical problems.
This methodology was demonstrated with an example consisting of simulated data
from a spring-mass system. An example of the use of model validation to analyze a
robust model for an experimental ducted fan system was also presented. The devel-
opment of a lower bound for g, with better convergence properties will be the focus
of future efforts.

For linear systems, the frequency-domain provides a great simplification of dy-
namical system representation, as convolution in the time-domain becomes multipli-
cation in the frequency-domain. Thus, data which is coupled across time is decoupled
in frequency, and the associated robustness analysis and model validation problems
are greatly simplified by this decoupling. While the frequency-domain is natural for
continuous-time infinite horizon data, it is unnatural for discrete-time finite horizon
data, where an implicit assumption in the transformation is that the time-domain
data repeats periodically forever. Frequently, through careful experiment design, one
may collect data that appear fairly consistent with this periodicity assumption, and
the errors induced by going to the frequency-domain are reasonably small. Often,
however, it is not possible to collect data that seem suitable for transformation. In
these cases, it would be a great benefit to perform the model validation computation
in the time-domain. Although this is no harder conceptually, the coupling of the
problems from one time to the next makes the computation much more expensive.
Effective computation of such problems is an area of current research.
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Chapter 8
‘RObust Hover Model and

Controller

Traditionally, modelling and controller analysis and synthesis have been treated as
two separate and unrelated problems. As demonstrated in Chapter 7, the model
validation methodology can be used effectively to both analyze and iteratively design
better robust models, by forming a bridge between modelling and controller analysis
and synthesis.

System identification tools, such as the prediction error method, have gained
widespread acceptance, primarily because they provide an easy way to estimate pa-
rameters in a nominal model [44, 64]. Nonetheless, they do not provide the control
engineer with a systematic framework for constructing a robust model. Although
many systems are easily controlled without resorting to robust control techniques,
e.g., a simple inverted pendulum, it is true that robust control techniques offer a
powerful framework for studying complex systems such as helicopters.

Unfortunately, while techniques in robust control have been successfully applied
to many complex systems, such as the space shuttle [20], they remain at present a
very ad hoc procedure. This rests on the fact that until recently there have been
no computable measures which could directly relate a robust model to the physical
system it represents. The control engineer was forced to rely on intuition to develop
a suitable robust model.

In this chapter a new iterative design process is developed using model vali-
dation analysis, y-analysis and p-synthesis, simulation, and implementation. This
design process iteratively links the previously disparate areas of system identifica-
tion, robust model construction, and y-synthesis through the use of recent results in
and new software for model validation of general linear uncertain systems. Using this
design process, uncertainty and noise descriptions can be iteratively adjusted so that a
controller designed with p-synthesis satisfies u(w) < fg(w)Yw: a robustness criterion
which takes into account a robust model and experimental data. This design process
is important: for the first time the control engineer can place more confidence in and
rely upon simulation, because model validation guarantees that the robust model is
directly related to and able to generate all observed data collected from the physical
system. Furthermore, the controller is guaranteed to be robust with respect to this
model. In other words, the principal design work can be more reliably based on sim-
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ulation. The result is that fewer implementations of the control system are necessary
during the design cycle, limiting the chance of catastrophic failure.

This design process is presented in Section 8.1 and used to iteratively design a
robust model and robust controller for the helicopter. Details on the construction
of the new robust model are contained in Section 8.1. In Section 8.2 the model
validation software is utilized to analyze and compare the helicopter hover model
presented in Chapter 6 with the new robust model. An evaluation of the new robust
hover controller is presented in Section 8.3.

8.1 Development of a robust hover model

In this section a new iterative design process is presented which addresses the con-
struction of a robust model and the synthesis of a robust controller while taking into
account all observed experimental data. The bridge which forms the link between
robustness and data is model validation. Heavy use of the concepts developed in
Chapter 7 will be made in this chapter. The design process is presented through its
application to the design of a robust model and robust controller for the helicopter.

The interconnection used for model validation of the helicopter operating near
hover is shown in Figure 8.1. P is obtained from the nominal discrete-time helicopter
hover model, G, developed in Chapter 4, through a norm-preserving bilinear trans-
formation, u is the control input, y is the measurement, n is the measurement noise,
W, is the weight on the measurement noise, W,, is the actuator uncertainty weight,
and A is the lumped multiplicative input uncertainty. As discussed in Chapter 6, the
nominal model was augmented with multiplicative input uncertainty to account for
unmodelled dynamics.

Figure 8.1: Helicopter model validation interconnection: nominal model P, uncer-
tainty A, uncertainty weight W,,, control input u, measurement y, measurement
noise n, and measurement noise weight W,,.

In order to fit the model validation framework, the disturbance, dist, (Figure 6.2)
is interpreted as playing the role of measurement noise, n, in Figure 8.1. Recall that
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when Ho, and p-synthesis are posed as output tracking problems, there is no dis-
tinction made between output commands and noise on the plant output. In the
synthesis interconnection in Figure 6.2, the restriction on the output command, dist,
is simply ||dzst||; < 1. The model validation interconnection in Figure 8.1 is compat-
ible with the synthesis interconnection in Figure 6.2 so long as for each frequency w
W (w)n(w)2 < % Therefore, for model validation, W,, can be freely chosen subject
to the restriction that max,, ||W, (w)n(w)]]; < i This is easily verified, as n is directly
computable using the model validation lower bound.

Transfer functions of the nominal model of the helicopter operating near hover
(dashed), developed in Chapter 4, and constructed directly from the experimental
data (solid) are shown in Figures 8.2-8.10. The “x” indicates which points were used
in the model validation analysis.

Aileron —> Roll

Magnitude

Frequency [Hz]

Figure 8.2: Helicopter hover transfer function: aileron — ¢. Experimental (solid),
nominal simulation (dashed).

Recall that in Chapter 6, the uncertainty weight W,, (Figure 6.2) was tweaked
iteratively, based on the behavior of the closed-loop system: first through simulation
and then, for those controllers which simulated well, through implementation. The
properties of interest were disturbance rejection and output tracking. At each step
in the design cycle, the weights were adjusted and a new controller was synthesized
and evaluated. This process continued for many iterations before satisfactory closed-
loop performance and robustness were achieved in implementation. The iterative
tweaking of the uncertainty and performance weights and the subsequent synthesis
and evaluation of the LQG and robust H,, controllers presented in Chapter 6 was an
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Aileron —> Pitch

Magnitude

R Lo i o ;
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Figure 8.3: Helicopter hover transfer function: aileron — . Experimental (solid),

nominal simulation (dashed).

Aileron —> Yaw

Magnitude

0 I N il : N
107 10" 10° 10’ 10
Frequency [Hz]

Figure 8.4: Helicopter hover transfer function: aileron — ¥. Experimental (solid),
nominal simulation (dashed).
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Elevator —> Roll
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Figure 8.5: Helicopter hover transfer function: elevator —s ¢. Experimental (solid),
nominal simulation (dashed).

Elevator —> Pitch
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Figure 8.6: Helicopter hover transfer function: elevator —s 8. Experimental (solid),
nominal simulation (dashed).
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Elevator —> Yaw

Magnitude
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Figure 8.7: Helicopter hover transfer function: elevator —s ¥. Experimental (solid),

nominal simulation (dashed).

Rudder —> Pitch

Magnitude
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Figure 8.8: Helicopter hover transfer function: rudder —s ¢. Experimental (solid),

nominal simulation (dashed).
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Rudder —> Pitch
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Figure 8.9: Helicopter hover transfer function: rudder — 6. Experimental (solid),
nominal simulation (dashed).
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Figure 8.10: Helicopter hover transfer function: rudder — . Experimental (solid),
nominal simulation (dashed).
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ad hoc process. The difficulties with this method provided the motivation to develop
a new process for designing robust models using model validation techniques.

In this section the performance, uncertainty, and noise weighting functions de-
noted W,, W,,, and W,,, respectively, will be redesigned by carefully iterating be-
tween model validation and p-synthesis using a new design process. The values of the
weights from the model used to design the H,, controller in Chapter 6 will be used
as a starting point. In this chapter, this baseline model will be referred to as “M,.”
The object of the redesign is to achieve u, ~ 1 and u = 1, with both relatively flat
across frequency, and such that p(w) < p,(w). Based on the model validation results
presented in Chapter 7, if these conditions are satisfied this should produce a robust
controller. The newly designed robust model for the helicopter will be denoted “M,.”

The interconnection used for H,, and p-synthesis, as shown in F igure 6.2, is
reproduced in a slightly different form in Figure 8.11.

p 7]
pE S u

Figure 8.11: Helicopter synthesis interconnection: nominal model P, uncertainty A,
uncertainty weight W,,, control input u, measurement y, reference command p, error
signal e, performance weight W,,.

P is a continuous-time representation of the discrete-time nominal model (5
which was identified in Chapter 4. A bilinear transformation was used to convert
ég to continuous-time. A bilinear transformation was used so that norms would be
preserved, at the expense of eliminating the structure of the state-space realization.
W,, weights A, the input multiplicative uncertainty, and W, weights the output
tracking error. W), will be designed to provide good step response tracking with zero
steady-state error by incorporating integral action.

Note that the noise signal, n, and the associated weight, W,,, which were used
in model validation (Figure 8.1) are not present in Figure 8.11. For the synthesis
interconnection in Figure 8.11 this is acceptable so long as for the model validation
problem max,, ||W,(w)n(w)ll; < i, where w represents the frequency variable and u
results from a p-analysis of the robust model.

Before proceeding, recall that the general shape of the uncertainty and noise
weights can be determined from Figures 8.2-8.10. It appears that plant mismatch
(unmodelled dynamics or uncertainty) dominates below 0.2 Hz. There is significant
noise above 1 Hz. The cross-over between dominant uncertainty and dominant noise
appears to occur at about 0.5 Hz; however, it is likely that at high frequency noise,
unmodelled dynamics, and uncertainty are equally important. This information can
be used as a rule of thumb when designing the uncertainty and noise weights. In other



118

words, we can assume a high-pass shape for W,, and W,, the weights on the noise
and uncertainty, respectively. The zeroes will be chosen such that three conditions
are satisfied: (z) [[Wa(w)n(w)llz < . for all frequencies w, (i) |Wy(w)n(w)]z <
7 (Wn(w)A(w)) at low frequencies, and (iii) ||[W,(w)n(w)|, ~ T (Wn(w)A(w)) at
high frequencies. The latter constraint is important, otherwise the noise can become
unrealistically large relative to the uncertainty. For the helicopter experiment, which
1s dominated by uncertainty rather than noise, this is justified. To compare the
relative sizes of noise and uncertainty we will plot || W, (w)n(w)||; and & (W,, (w)A(w))
at each frequency w using the value of n(w) and A(w) resulting from the model
validation lower bound.

Based on these constraints, I, was designed to be a high-pass filter with a zero
near 0.5 Hz, and the pole is used to keep the magnitude of ||W,,(w)n(w)|, < % above
0.5 Hz.

1. Adjust (or initialize) uncertainty weight W,, and noise weight W,,. If initializing
choose W, =0 and W, = I.

2. Compute model validation bounds and uncertainty and noise signal achieving
lower bound.

3. Verify uncertainty and noise satisfy any constraints or rules of thumb, e.g.,
[Wa(w)n(w)lls << [Wn(w)A(w)]|e at low frequencies. If necessary return to
Step 1.

4. Adjust (or initialize) W,. If initializing choose W, to reflect (nominal) perfor-
mance specifications.

Design controller using u-synthesis.

Simulate the closed-loop system. If necessary return to Step 4.

N o«

Analyze the closed-loop system with p.

=

Verify pu(w) < py(w) for each relevant w. If necessary, return to Step 1 or 4.

9. Implement the controller. If necessary return to Step 1 or 4.

Table 8.1: Model validation design process.

The process used to design the weights W,,, W, and W, is summarized in
Table 8.1. The goal of the design process is to choose W,,, Wy, and W, so that for
each w in the relevant frequency range p(w) < p,(w), with both relatively flat, and so
that when simulated (or implemented) the closed-loop has good performance. Refer
to Section 8.3 for a discussion of the performance specifications and details on how
evaluation of the simulated responses was made. Because the model validation tools
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are defined for general linear uncertain systems, the process in Table 8.1 is generically
applicable.

The process outlined in Table 8.1 was applied to iteratively design a new robust
model and robust controller for the helicopter. After approximately three iterations
between model validation and simulation, suitable weights were obtained and the final
robust controller designed using u-synthesis performed acceptably when implemented.
This was strikingly different from the ad hoc process employed in Chapter 6, where
several controllers were implemented which simulated well but were destabilizing when
implemented. A brief description of the first three iterations using this design process
follows. Note that in the iterations, only the model validation upper bound is shown.
As a practical matter we use the upper bound for guidance during intermediate
iterations, as computation of the lower bound generally only converges 90% of the
time.

8.1.1 Zeroth iteration designing a robust helicopter model

For the zeroth iteration it is assumed that W,, = 0: in other words analyze the
nominal model in a robust framework. To do this we choose W, = I and compute
the model validation lower and upper bounds. The resulting upper bound is shown
in Figure 8.12.

Nominal Model Bounds

10, M N :""'l M N fii::fi N . - - N Dol
107 107 10° 10" 107
Frequency [Hz]

Figure 8.12: Zeroth iteration model validation upper bound for nominal helicopter
model using filtered data. At each frequency, the upper bound lies between the two
“0” data points corresponding to the final values of the upper bound LMI bisection.

From Figure 8.12 it is clear that above 2 Hz either noise or uncertainty appears.
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In this frequency range p, g 2 so we will choose ||W, || ~ 0.5 and proceed to the next
iteration in the design process.

8.1.2 First iteration designing a robust helicopter model

For the first iteration we will choose W,, = 0.51 based on the results from the previous
iteration. As an initial guess we will choose W,, = I and compute the model validation
lower and upper bounds. The resulting upper bound is shown in Figure 8.13.

Unweighted Model Bounds
10 T T )

10

10 A R L :
107 107 10° 10
Frequency [Hz)

Figure 8.13: First iteration model validation upper bound for nominal helicopter
model using filtered data. At each frequency, the upper bound lies between the two
“0” data points corresponding to the final values of the upper bound LMI bisection.

From Figure 8.13 it is clear that below 0.1 Hz g & 1.3. Therefore, based on
our rule of thumb that uncertainty is the dominant factor at low frequency, we will
reduce the uncertainty weight by the factor 1/py =~ 0.75.

8.1.3 Second iteration designing a robust helicopter model

For the second iteration we will choose W,, = 0.75] and leave W, unchanged. The
model validation lower and upper bounds are then computed. The resulting upper
bound is shown in Figure 8.14. From Figure 8.14 it is clear that tg 2 1 with the
exception of the narrow frequency range near 1.1 Hz. The solution to this is to
increase either uncertainty or noise above 1 Hz with a zero.

Further iterations designing the robust helicopter model involved model valida-
tion analysis, controller synthesis, robustness analysis, and simulation, resulting in a
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Weighted Model Bounds

1

0

10
Frequency [Hz]

10

Figure 8.14: Second iteration model validation upper bound for nominal helicopter
model using filtered data. At each frequency, the upper bound lies between the two
“0” data points corresponding to the final values of the upper bound LMI bisection.

Tracking Performance
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Figure 8.15: Weights used for helicopter model validation of M;. Top: performance
weight W,. Middle: uncertainty weight W,,,. Bottom: noise weight W,,.
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selection of the zeros and poles for W, and W,,. The final choice for the weights, W,,,
Wy, and W, are shown in Figure 8.15.

The model validation bounds computed for M, using filtered experimental data
are shown in Figure 8.16, along with p(M3). The model validation lower and upper
bounds are indicated by “x” and “o” data points, respectively. For each frequency
w, p(w) < pg(w), hence the closed-loop system will be robust with respect to the
uncertainty perturbations and noise which are necessary to guarantee that the model
and data are consistent.

100 R Do L R
107 107" 10" 10 ?
Frequency [Hz]

Figure 8.16: Bounds from helicopter model validation of M, using filtered data. At
each frequency, the lower bound is indicated by “x” data points, the upper bound
lies between the two “o” data points corresponding to the final values of the upper
bound LMI bisection. u,(Ms) lies between the solid lines joining the “x” and “o”
data points. p(Ms) is indicated by the shaded line lying below pu,(Ms).

The weighted noise and uncertainty computed by the lower bound are shown in
Figure 8.17. At each frequency w = 27 f the noise (||W,(w)n(w)]|;) and uncertainty
(@ (Win(w)A(w))) are indicated by “x” and “0” data points, respectively. Notice that
max,, [[W(w)n(w)]|2 2 0.85. As desired, the uncertainty dominates at low frequency
(below 0.2 Hz), noise and uncertainty contribute roughly the same at mid frequency
(0.5 Hz to 4 Hz), and uncertainty dominates at high frequency.

It might be possible to further decrease the amount of uncertainty in the robust
model M, by adding real parametric uncertainty in the A and B matrices of the nom-
inal model P where the most significant parameter estimation error occurred when
identifying the nominal model (5 (Table 4.1). After adding up to 25% uncertainty
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Figure 8.17: Model validation lower bound perturbation for M, using filtered data. At
cach frequency f, noise (||W, (27 f)n(27 f)||2) and uncertainty (& (W, (27 f)A(27 f)))

are indicated by “x” and “o” data points, respectively.
y P ) p

in the principal axis parameters (a1y, as2, and ass, see Chapter 4) there was little
change in the model validation bounds. For this problem there appears to be little
significance to real parametric uncertainty.

8.2 Analysis of the helicopter hover models

As discussed in Chapter 7, model validation is concerned with determining if a robust
model adequately captures the system dynamics implicitly contained in experimental
data. With this in mind, the model validation tools were used to analyze the helicopter
models to determine if the empirical observations of the robustness of each model and
its corresponding controller were in any way connected to the data consistency pre-
dictions of the lower and upper bounds of p,. In other words, is there a correlation
between the models for which apparently robustly stabilizing controllers could be syn-
thesized and models for which the model validations tools predict u(w) < p,(w)? The
negation of this question is equally important, and both ideas are further considered
herein.

There are two open-loop interconnections which will be evaluated in this section:
My and M;. Each of these models shares the same uncertainty interconnection with
the only difference lying in the specific weighting functions W,, W,,, and W, (see
Figures 6.2 and 8.11 for synthesis and Figure 8.1 for model validation).
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Based on empirical results obtained after implementing controllers which were
designed with preliminary models, the performance and uncertainty weights, W, and
Wi, respectively, were designed for M;. M, is the same robust model discussed in
Chapter 6, and was used to design the robust H., hover controller first presented
by Bendotti and Morris [8]. Controllers synthesized with M; performed well when
simulated and more importantly, when implemented on the real helicopter, the per-
formance compared well with the simulated predictions.

Tracking Performance

107" 10° 107 107 10° 10' 107 10° 10*
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Figure 8.18: Weights used for helicopter model validation of M;. Upper: performance
weight W,. Middle: uncertainty weight W,,. Bottom: noise weight W,,.

The specific form of W,, and W, used in M; are given in (6.1) and (6.2), re-
spectively (Figures 6.2 and 8.11). The noise weight, W,,, was chosen so that at high
frequencies the noise and uncertainty were of comparable size and is given by

with w = 10 S+

W, = 0.50 , _—
s+ 107

g oo

0
w
0

o o 8

The weights used in M; are shown in Figure 8.18.

The model validation evaluation of M, as with M, is done using raw experi-
mental data and filtered data. The filtered data corresponds to the same high-pass
filtered data that was used to estimate the nominal model, Gg, in Chapter 4. Plots of
the model validation bounds and uncertainty are shown for the filtered data. Recall
that filtered data tend to minimize corruption that results from drift in the experi-
mental data. Because the helicopter is nonlinear, it is expected that the open-loop
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data will contain some drift as a result of varying trim. This implies that the filtered
data should generate a more reliable model validation analysis. Nevertheless, results
from the raw data are presented for comparison.

Figure 8.19 contains a plot of the resulting model validation bounds computed
for the model M, using filtered experimental data; superimposed on this figure is a
plot of u(My). For each set of data 50 points are used, spaced logarithmically. In
each of the following plots of the model validation lower and upper bounds an “x”
corresponds to a data point for the lower bound, y;(w). An “0” corresponds to data
points for the bounds on the upper bound LMI, i.e., at each frequency, w, there will
be two “0” data points, and v, (w) lies between them. The gap between the “o”
data points can be made arbitrarily small by appropriate choice of tolerance for the

~ bisection in the upper bound LMI.

10

10

10°

N L
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Figure 8.19: Bounds from helicopter model validation of M; using filtered data. At

each frequency, the lower bound is indicated by “x” data points, the upper bound

lies between the two “o” data points, corresponding to the final values of the upper
U,

bound LMI bisection. p,(M;) lies between the solid lines joining the “x” and “o”
data points. p(M;) is indicated by the shaded line lying below p,(M;).

For My, which was used to design the Ho, hover controller presented in Chapter 6,
g = 1.39 and p =~ 1.28. Because at each frequency p(w) < py(w) (Figure 8.19), it
is clear that the controller will be robust with respect to the noise and uncertainty
necessary to achieve consistency between the model and the experimental data, i.e.,
the controller is robust. In fact, when implemented, the controller was very stable,
with acceptable performance.
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The weighted noise and uncertainty computed from the model validation lower
bound are shown in Figure 8.20. The noise and uncertainty are indicated by “x”
and “o” data points, respectively. Notice that max,, ||W,(w)n(w)]||2 =~ 0.68, and that
uncertainty dominates at low frequency, noise and uncertainty contribute roughly the
same at mid frequency, and uncertainty dominates at high frequency.

L Do R R :
107 107 10° 10 10
Frequency [Hz]

Figure 8.20: Model validation lower bound perturbation for M; using filtered data. At
each frequency f, noise (||W,(27 f)n(27 f)||2) and uncertainty (& (W, (27 f)A(27 f)))

are indicated by “x” and “0” data points, respectively.

Notice in Figure 8.19 that p, is not flat across frequency. It appears that there
is far too much uncertainty or noise at high frequency. A first step to reduce the
amount of uncertainty in the robust model would be to reduce the high frequency
content in the uncertainty and noise weights. This is the sort of tradeoff that becomes
clear using model validation.

For the robust model, M,, the structure of the interconnection was preserved, but
the weighting functions were redesigned to minimize the overall uncertainty without
sacrificing the fidelity of the model. The model validation bounds for M, are shown in
Figure 8.16 and the corresponding weighted noise and uncertainty perturbations are
shown in Figure 8.17. Synthesis of controllers based on M is explored in Section 8.3.

The model validation results for each of the robust models are collected in Ta-
ble 8.2. A model is considered to be robust if for each frequency w p(w) < py(w). It
is not necessary that g < p,, because the frequency at which g is maximum may be
different than the frequency at which p, is minimum.

It is important to recall that the helicopter model M; was arrived at by adjust-
ing uncertainty and performance weights until satisfactory closed-loop behavior was
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Model Model validation g, © ||[Wenl|| | Robust
Raw Data Filtered Data
M, 1.08 1.39 1.28 0.68 Yes
M, 0.74 1.06 1.06  0.85 Yes

Table 8.2: Helicopter model validation bounds. For each model the minimum value
of the lower bound is shown for raw and filtered data along with the value of 4 and
the maximum scaled noise signal ||W,n|| = max,, ||W,(w)n(w)||; resulting from the
lower bound. If y(w) < vp(w), Yw then the model is considered to be robust.

obtained when the controller was implemented. The choice of weighting functions re-
lied primarily on an empirical and qualitative assessment of the closed-loop behavior
of the controller when implemented on the model helicopter. Before obtaining M;,
many other models were evaluated and controllers designed and implemented which
were unable to stabilize the actual helicopter, even though simulations predicted great
closed-loop behavior for both the nominal system and a perturbed system using worst-
case perturbations from a p-analysis. It is exactly this inability of standard robust
control techniques to produce measures which qualify the robust model and robust
controller with respect to actual experimental data that motivated the development
of tools which bridge this gap.

8.3 Robust hover controller

The robust hover controller was designed through u-synthesis using the process out-
lined in Section 8.1 (Table 8.1). The main control objective is to reject disturbances,
track computer generated reference commands on the helicopter attitude, and decou-
ple the modes at hover.

The performance weights for the helicopter were chosen such that it responded
to commands using a bank-to-turn technique, with yaw used to reduce the couplings
between pitch and roll. Thus, the controller is designed such that the dynamics of
yaw are fast relative to those of pitch and roll.

When designing the controller, a key factor prior to implementation was to guar-
antee that the actuators were not over utilized. For a 5 degree step on the pilot
commands, the rule of thumb employed was to allow the aileron and elevator to use
no more than 50% and the rudder 100% of the maximum servo command.

The controller was designed using p-synthesis. For the final value of the weights,
presented in Section 8.1, the initial H, controller achieved v = 1.93. One D-K
iteration (Table 5.1) was completed. The D scales were fit with a second order
transfer function and the resulting controller had 27 states.

Figure 8.21 shows the step-responses of the closed-loop control system, where
the controller was synthesized using the model designed in Section 8.1. Input-output
signals corresponding to simulations of G5 and Gg are plotted with solid lines and
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mixed lines, respectively. The reference signals are plotted with dashed lines.
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Figure 8.21: Simulated step responses: nominal (solid), perturbed (mixed), command

(dashed).

The frequency response of the p controller is shown in Figure 8.22. Like the
Heo controller in Figure 6.5, the controller rolls off rapidly above the mid frequency
range.

The closed-loop system was analyzed with y, using the same uncertainty struc-
ture as in (6.4). The bounds for y are plotted in Figure 8.23. The peak value of 4 is
approximately 1.06.

Prior to implementation, the continuous-time p controller was converted to
discrete-time with a bilinear transform. As with the H,, and LQG controllers, the
p controller was implemented on the model helicopter in the three DOF configura-
tion. The helicopter was first piloted to hover. Then the controller was switched on
and trimmed. Exogenous reference commands on roll, pitch, and yaw were provided
by the real-time computer, using look-up tables. The commands consisted of one
positive and one negative pulse of 5 degrees on each axis independently.

Figure 8.24 shows the experimental step response of the helicopter; superimposed
on this figure are the simulated responses of the three and six degree-of-freedom
models. The step response performance of the yu controller in implementation is
relatively good, except that there is a very low amplitude high frequency ringing.
This could be reduced by further iteration on the performance weight W,.

The experimental control signals generated by the u controller are shown in
Figure 8.25. Both implementation and simulated responses are shown with the same



129

Frequency [Hz]

Figure 8.22: Magnitude of the frequency response of the p controller.
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Figure 8.23: Closed-loop p-analysis of helicopter with 4 controller.
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131

conventions as in Figure 8.24.
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Figure 8.25: Experimental control signals for the p controller resulting from step
commands: experimental (solid), (/3 simulation (mixed), Gg simulation (dotted).

As with the LQG and H,, controllers, disturbances were simulated by tapping
on the helicopter. The u controller rejected disturbances as well as the Hoo controller.
The disturbance rejection results are not shown.

Performance measures for the u, H., , and LQG controllers are summarized in
Table 8.3. The performance of each controller is compared by measuring the rise
time, overshoot, and settling time on each axis. The rise time is computed from 10%
to 90%, overshoot is computed in the standard fashion, and settling time is defined
as the time it takes to fall below 15% ripple on the steady-state value.
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r | Heo | LQG

¢ rise time, seconds 0.38 | 0.54 |0.54
¢ settling time, seconds | 4.74 | 7.8 7.7
¢ overshoot, % 26 22 30
6 rise time, seconds 044 1052 [ 1.34
0 settling time, seconds | 2.82 [ 3.70 | 5.0
6 overshoot, % 38 20 23

t) rise time, seconds 0.30 | N/A | N/A
¥ settling time, seconds | N/A | N/A | N/A
¥ overshoot, % 63 N/A | N/A

Table 8.3: Summary of controller performance measures for step commands.

8.4 Summary

A more complete example of the importance of using model validation to verify the
applicability of robust models was shown with an experimental model helicopter.
It was found that when designing controllers using robust models based solely on
engineering judgement and qualitative adjustment, many iterations of implementation
may be needed to arrive at a suitable robust model.

The design process outlined in this chapter, incorporating model validation for
the first time, can be used to more effectively design robust controllers by guaran-
teeing that the robust model is consistent with all of the observed experimental data
before implementing any controllers. Thus, more iterations in the design cycle can
be performed on the computer. This is of particular relevance when the system is
unstable; as in the case of the experimental model helicopter where it took several
iterations just to produce a stabilizing controller. Some controllers were implemented
which simulated well, but resulted in the helicopter crashing; in some cases the heli-
copter was actually damaged.

Using methods like model validation early in the design cycle should minimize
problems like this by allowing one to start the design cycle with better models. The
use of model validation will not necessarily eliminate hand tweaking of model pa-
rameters to optimize the performance and robustness characteristics of the resulting
closed-loop system. However, it brings one to a better starting point, speeding up
the overall design process. This is the advantage of the model validation technique:
1t brings the “art” of weighting function selection closer to “science”.

The design process, outlined in Table 8.1, was successfully applied to the heli-
copter and reduced the size of uncertainty in the robust model, without sacrificing
performance and stability robustness when implemented. The first controller designed
with this process worked when implemented on the helicopter, and was, in fact, the
best controller overall. This was strikingly different from the results obtained when
using standard ad hoc robust control techniques, where several controllers destabilized
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the helicopter when implemented, even though they performed well under simulation.
It is interesting to note that when the model validation tools were used to assess single
axis reductions of the MIMO helicopter model, e.g., the pitch axis transfer function
O, — O, the single-axis model was often invalidated. This implies that trivializing
the dynamics to SISO is not feasible for the helicopter. This illustrates again that
thinking of MIMO systems a “loop-at-a-time” is often not adequate.

The methods discussed in this chapter were concerned primarily with using model
validation to develop a robust model for an open-loop system. These techniques can
only provide a good model for robustness, not performance, 1.e., there may be the
need to use the model validation tools to iterate on the closed-loop data to design
better performance weights.

An important aspect of this design process is the data set. The robustness test,
p(w) < pg(w)Vw, is only as good as the data. If the data are not representative of
the system then the model validation robustness results will misleading. This may be
exploited in flight test programs: the model validation tools may be able to provide
a much needed method for assessing the relevance of flight test data.
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Chapter 9

Conclusions

Why, upon my word, that I am very far from supposing that I know the ex-
planation of any of these things. I cannot even convince myself that when you
add one to one either the first or the second one becomes two, or they both
become two by the addition of the one to the other ... Nor can I now persuade
myself that I understand how it is that things become one, nor, in short, why
anything else comes or ceases or continues to be, according to this method of
inquiry. So I reject it altogether, and muddle out a haphazard method of my

own.
—Plato, Phaedo, translated by Hugh Tredennick

The inability of standard system identification techniques to determine if a ro-
bust model has any relevance to the actual system under control has limited the
widespread adoption of robust synthesis techniques by the control engineering com-
munity. Control engineers have not been able to make effective use of the knobs
(weighting functions) when designing robust models and synthesizing controllers us-
ing robust control techniques because there were never any tools which showed them
how adjusting the knobs affected the ability of the model to match the experimental
data. Thus, the control engineer was forced to use two disconnected techniques in
control: system identification and robust control, leading to ad hoc solutions.

The clear advantage of using model validation methods lies in an a priori un-
derstanding of whether the robust model adequately captures the system dynamics
implicitly contained in the experimental data. In this way, when standard robust con-
trol synthesis techniques are applied to the robust model, which has been evaluated
with model validation techniques, the robustness measures are directly comparable
to the measures generated by the model validation tools. This connection builds a
bridge between nominal and uncertain system modelling and robust control theory
with the simple test: “Is p(w) < py(w) for all relevant frequencies?”

A design process was developed which incorporated frequency-domain model val-
idation analysis, p-analysis and p-synthesis, simulation, and implementation. This
design process proved to be a valuable new tool for designing control systems for
the helicopter. In particular, by applying this design process, the size of uncertainty
in the robust model for the helicopter was substantially reduced over several itera-
tions. After the design cycle was completed, the first controller implemented on the
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helicopter worked and was the best controller overall. This was substantially differ-
ent from the results obtained when using standard robust control techniques, where
several controllers destabilized the helicopter when implemented, even though they
performed well under simulation. The model validation design process was also suc-
cessfully applied to other experimental systems, including the ducted fan apparatus
by Bodenheimer et al., described in Chapter 7 and a two-mass oscillator by Eich [22].

The advantage of the design process developed in this dissertation is that, for
the first time, the control engineer can place more confidence in and rely upon sim-
ulation; model validation guarantees that the robust model is able to generate all
observed data on the physical system. In other words, the principal design work can
be more reliably based on simulation. The result is that fewer implementations of
the control system are necessary during the design cycle, limiting the chance of catas-
trophic failure. For the control engineer this process brings the art of weight selection
closer to a science. However, because these measures are data dependent it becomes
increasingly important to collect data that adequately capture the system dynamics,
otherwise the robustness measures may be misleading.

To further increase the utility of this design process, the model validation lower
bound power algorithm must be improved. When the uncertainty description incor-
porates real or complex repeated scalars there are problems within the implicit loop.
Although the algorithm appears to readily converge in many cases, there were cases
for which convergence was a significant problem. Further improvement in the speed
of the LMI solver for the model validation upper bound would also be helpful. For
the helicopter, the upper bound generally took several minutes of computation on
standard workstations with only 50 data points. This is just long enough to make it
an unpleasant tool in an iterative design cycle.

A future goal of this research program is to develop control methodologies and
synthesis techniques which allow fully autonomous rotorcraft flight, including hover,
take-off and landing, tracking, and obstacle detection and avoidance. The first step
will be developing a new helicopter testbed with adequate sensing, instrumentation,
embedded real-time flight control systems, and telemetry to allow free flight. Once
such a testbed is available, new models could be developed for the helicopter in the
major flight modes using techniques similar to those employed herein.
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