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ABSTRACT

The burning of single, isolated drops of fuel in a quiescent
oxidizing atmosphere has been investigated theoretically and experi-
mentally. Two theories are presented. The first, called the diffusion
theory, rests on the assumption that the rate of burning is determined
by the rate at which the reactants are delivered by diffusion to the
flame front surrounding the liquid drop. The second, or thermal theory
is based on the assumption that chemical reaction rates govern the rate
of burning of the droplet.

The effects on droplet burning rate of changes in the composition,
temperature, and pressure of the surrounding oxidizing atmosphere
have been investigated experimentally. A preliminary study has also
been made of the effect of forced convection on droplet burning.

It is found that the thermal theory of droplet burning does not
adequately explain the observed variations in droplet burning rate as
the composition and temperature of the surrounding atmosphere are
varied. On the other hand, substantial agreement is found between the

results of the diffusion theory and experimental data.
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NOMENC LATURE
T = . radial distance from center of drop
T = Vtemperaturey
T* = standard reference temperature {(usually 298. 160)
t = time
S = density of gas mixture
§£ = density of liquid fuel
(cp)K = specific heat at constant pressure of gaseous species K
< = specific heat of liquid fuel
A =  thermal conductivity
IN = specific latent heat of vaporization of fuel
DK =  binary diffusion coefficient for species K
YK =  weight fraction of species K in gaseous mixture
r'nF = mass rate of flow of fuel vapor
(hK)T = ‘specific enthalpy of species K at temperature T
Y = xhK/th, ratio of mass rate of flow of species K to the

mass rate of flow of fuel vapor

a,b = constants in the expression (cp)F = a + bT

S K = (Cp)K/(Cp)O’ ratio of specific heat of species K to

specific heat of oxidizer

1

qk-c, (Ty - T%)

dimensionless parameter

"evaporation constant'" defined by Godsave
standard heat of reaction for one gram of
liquid fuel and Yo grams of gaseous oxidizer,

both initially at temperature T*, forming
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gaseous HZO and CO‘2

< ,b B, | A, = computational parameters
E = activatioﬁ energy

R = universal gas constant
T=E/R = characteristic temperature
n = dT/dr = temperature gradient

¢ = frequency factor

H =  heat of reaction

&
Subscripts
o) =

F =

weight fraction of fuel vapor in mixture

oxidizer

fuel

inert gas

condition in ambient gas (r-»= o )
condition at combustion zone
condition at drop surface
condition at ignition surface

condition at peak temperature surface



1. INTRODUCTION

| The burning of fuel sprays is of ifnportance in such widely
different applicatibns as stationary boilers, Diesel engines, gas
turbines, and Arocket motors. In spite of the diversity of these ma-
chinéé, thé combustion problems involved in their design bear marks
of similarity. The common factors to be considered include atomiza-
tion, spray charac‘teristics, evaporation, and mixing, as well as the
chemical combustion process itself.

In recent yeérs a great deal of research has been carried out
on these individual processes, as well as on the overall fuel épray com-
bustion problem. The increasing use of gas turbines and rockets has
been in large part responsible for this research. An excellent review
of the current status of knowledge in this field has recently been pub-

*
lished by Gerstein( 1)

, of the National Advisory Committee for Aero-
nautics. Gerstein points out that as yet no accurate predictions of spray
properties, such as droplet size and velocity distributions, are possible
from considerations of spray nozzle configuration, except by empirical
correlation. Gerstein further concludes that reliable and complete
knowledge is as yet lacking concerning the drag coefficients, evaporation
and burning rates, and their interrelations, for the droplets in a fuel
spray.

However, some progress has been made on these problems for

the case of an isolated droplet. Research on isolated, single drops has

been motivated by the hope that a more complete understanding of this

* Numbers in parentheses refer to references on page 75,
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simpler ?roblem will 1eéd to correspondingly greater understanding of
’ the >vast1y more cémplex probl_erﬁs of spray burning and combustion
chamber design. Also, the results of single drop studies may suggest
fruitful avenues of résearch on the larger scale problems.
Typical of the research done on the problem of evaporation

from droplets is the work of Ranz and Marshall(z), who have published
extensive data relating to the evaporation rate of a droplet in a gas

(3,

stream. Ingebo 4) has also made measurements of this nature and

has further considered the problem of evaporation rates and drag
coefficients for sprays of droplets(s).

The pioneering work on the burning of single fuel drops
surrounded by an oxidizing atmosphere was done by Spalding(é) and

{7)

Godsave in Great Britain. Many of the concepts concerning the

physical processes occurring in droplet combustion were first
enunciated by Spalding(b), who performed experiments on the burning
of liquid films covering solid surfaces. Spalding obtained a sémi-
quantitative interpretation of his resuits, using the concept of stagnant
gaseous films separating the liquid surface from the surrounding air.
He postulated that the flame sheet was separated from the liquid by a
stagnant film through which the heat necessary to evaporate the liquid
fuel was conducted. In this formrmulation it was also assumed that the
flame was separated from the surrounding air by another stagnant film
thrbugh which the oxygen necessary for combustion was transported to

the flame by diffusion. In this theory, the rate of consumption of the

liquid fuel is controlled by the rates of transport of the reactants to the
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flame zo:de, ratherl than by the chemical reaction rate itself.
The formaiization of ‘chese ideas was greatly advanced by
Godsave(7). To study the burning of a single fuel droplet experiment-
ally, Godsave suspended such a drop from the slightly thickened lower
tip of a fine quartz filament. After thé drop was ignited by means of a
small gas flame, motion pictures were taken of the drop as it burned
and grew smaller. From measurements made of the size of the drop
image recorded on the film, Godsave was able to calculate the mass
burning rate of the fuel droplet. At the same time, photographs were
made of the flame front surrounding the droplet. After making such
measurements for various pure hydrocarbon fuels burning in still air,
Godsave arrived at the following important conclusions. First, he
observed quantitatively that the mass rate of burning of a drop of a
| given fuel was proportional to the droplet diameter. Secondly, he
observed that the flame front surrounding the droplet, as shown in
Figure 1, appeared thin, and was separated from the drop sufface by
a considerable distance, on the order of a drop diameter. This last
observation led Godsave to postulate that burning takes place in the
form of a diffusion flame surr§unding the liquid droplet.

The concept of the so-called diffusion flame was first discussed
by Burke and Schurnan(S) in 1928. The fundamental concept of the
diffusion flame is that combustion takes place in a thin zone that lies

between the separate fuel and oxidizer. In this theory, it is assumed

that the rate of burning is not governed by chemical kinetics consider-

ations, but rather by the rate at which the reactants are transported to



-4-

the combustion zoné. The diffusion flame is therefore a transport -
Coni:rolled flame. These assumptions require, for instance, that no
fuel or oxidizer should cross the flame front, but should be always
separated by the flame. The spectroscopic measurements of Wolfhard

(9)

and Parker , concerning the structui‘e of diffusion flames, and the gas
sampling technique employed by Hottel and Hawthorne(lo) in studies of
diffusion flames substantiate this fact, hence lend great weight to the
fundamenté.l assumptions used in the analysis.

Godsave's observations led him to conclude that fuel vapor was
evaporated from the drop and that the vapor flowed outward towards the
flame zone, while the oxygen in the surrounding air diffused inward.
The rate of burning was then simply the evaporation rate of the liquid
fuel and this would, in turn, be determined by the rate of heat transfer

“to the drop surface from the surrounding hot flame front.

To try to check the validity of his ideas, Godsave constructed an
idealized theoretical model of a burning drop. It was assumea that a
spherical flame zone surrounded the spherical drop. This flame front
was taken to be infinitely thin, or a geometrical surface, and acted as
a source of heat to evaporate iiquid from droplet. The mathematical
calculation for steady-state coﬁditions involved the integration of the
conventional second order differential equation for heat transfer, or
temperature distribution, ‘which in this case included, in addition to
the Laplacian operator, a convectioﬁ term arising from the outward flow

of fuel vapor. As a boundary condition, the heat transferred to the drop

was equated to that necessary to supply the latent heat of vaporization.
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Godsave solved thelresulting equations for the mass burning rate,
obtaining this quantity in terms of the drop diameter and the unknown
parameters of ﬂafne temperature and diameter, The surface tempera-
" ture of the droplet, which might be assumed to be the boiling tempera-~
ture, also appears. The various physical properties of the system,
such as specific héat and thermal conductivity, were assumed constant
for the purposes of the analysis. The final form of Godsave's equation
for mass burning rate is

4z, in {14 [(e)p (T, - T, y/a 1l

th = - J (l)

(cp)p [1- (=, /rc)]

where th is the mass burning rate of the droplet of radius Ty and
temperature {near boiling) TI ; A is the mean thermal conductivity
of the mixture surrounding the drop; (cP)F is the mean specific heat of
the fuel vapor; sl is the specific latent heat of vaporization of the
liquid fuel; T, and TC are the radius and temperature, respectively,
of the flame zone.

From his examination of the motion pictures taken of the burning
drops, Godsave concluded that the ratio of flame sizé to drop size should
be taken as a constant. Estimating this quantity from the photographs
by constructing a circle to best fit the much elongated flame (elongated
. due to the effects of free convection), and assuming a reasonable value
for the flame temperature (several hundred degrees below the adiabatic
flame temperature), Godsave calculated burqing rates that were in

close agreement with the experimental data. It is seen from Equation (1)
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above thaf with the 'assurnptions'of constant ratio of flame to drop size
and constant flame temperature, the functional dependence of burning
rate on droplet diameter corresponds to that determined by the experi-
' meﬁté.

Godsave did not carry on any further with experimental or theo-

retical work 6n this problem. It should be noted that several reports
(11,12)

have been published in Japan that contain experimental data
similar to that of Godsave. A number of other papers pertaining to
droplet combustion are also listed in the references (13-17).

It should be noted that an alternate experimental method has
been used to study the burning rates of fuel droplets. For instance, in
the investigations of Lorell and Wise(ls), a porous alundum sphere
mounted on fine steel tubing was fed with liquid fuel. A liquid film was
thereby maintained over the surface of the sphere, which could then be
ignited and would burn in the same fashion as a liquid droplet. The flow
of fuel to the sphere was adjusted so that the liquid film was maintained
over the surface. The mass burning rate is then equal to the rate of
fuel flow to the porous sphere. The results of these experiments, made
with spheres of various diameters, again indicate that the mass burning
rate is proportional to droplet diameter. The numerical values of the
constant of proportionality found by this method are in substantial
agreement with the values found from the experiments made on suspended
liquid drops.

The purpose of the present investigation is to continue the

analytical study of the problem of droplet combustion and to provide
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further experimental measurements of droplet burning rates for various
pure fuels as some of the environmental conditions, such as pressure,
temperature, and composition ;)f the surrounding oxidizing gas are
“changed. In the following section, a theory for the burning of a droplet
in a still atmosphere is presented. While the physical concepts remain
the same, this method of analysis differs from that of Godsave in that
only integrated forms for the energy and continuity equations are used.
This simplifies the analytical treatment, since only first order
differential equations occur. Eecause of the improvement in the
method of formulating the problem, it is possible to derive without
difficulty an ‘explicit expression for the mass rate of fuel consumption
without introducing the invalid approximations that the thermal con-
ductivity and the specific heat of the fuel vapor are independent of the
temperature. Furthermore, Godsave's analysis is extended in two
important respects by obtaining explicit expressions for the tempera-
ture of the combustion surface and the radius of the combustio‘n surface.
In the subsequent section, an alternative theory is presented. In
contrast to the above-mentioned theory, where transport phenomena
govern the drop burning rate, fhis second theory, first proposed by
Y. H. Kuo(lg), is based on the assumption that chemical reacti@n rates
are the controlling factors. The assumptions and analysis strongly
resemble the so-called thermal theory for laminar flame propaga-
tion(zo). Therefore, for convenience, this latter theory will be re-
ferred to as the thermal theory, while the first theory will be referred

to as the diffusion theory.
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I;m Section IV, experimental studies of droplet burning are
reported. The burning"rates of droplets of various coinmon hydro-
carbon fuels were measured as the temperature and pressure of the
surr‘ounding air were increased. Also, the influence of change in
oxygen concentration in the atmosphere was investigated. Preliminary
investigation was made of the influence of gas motion (forced convection)
past the burning drop. In the concluding section, the results of the
experiments are compared with the predictions of the two theories. The

experimental evidence is preponderantly in favor of the diffusion theory.
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II.  DIFFUSION THEORY FOR DROPLET BURNING?!)
(6) (7)

Following Spalding and Godsave' ’, the following mechanism
is postulated for the combustic;n process: oxidizer is delivered from

the s‘u‘rrouﬁding atmosphere to the region of active combustion by con-
vection and diffusion; the fuel evaporates and diffuses, without chemical
change, to the reaction front, which is assumed to be a spherical shell
surrounding the droplet. The location of the reaction front is defined
by the condition tha_tk the ratio of the mass rate of delivery of fuel to
oxidizer corresponds to stoichiometric proportions. It is assumed that
the reactants are consumed instantaneously upon reaching the flame
front. The problem of determining the rate of burning therefore
reduces to that of finding the solutions of the appropriate transfer
problems. Because it is to be expected that the rates of mass and heat
transfer will be increased by the effects of convection, a lower limit

for the burning rate will be obtained if the analysis is made for a droplet
burning in a still atmosphere, by neglecting the convection of hot gases
over the fuel droplet. Although fuel may be injected into the combustion
chamber of an engine at a velocity appreciably different from the gas
velocity in the chamber, it is apparent that the droplet must be rapidly
slowed down to the local gas velocity because of aerodynamic drag.

This effect becomes more pronounced for smaller droplets, as the mass
of a drop is proportional to the cube of the diameter, and the aero-
dynamic force is roughly proportional to the diameter, for laminar flow
over the small sphere. Hence, for decreasing sizes of drops, the rates

of acceleration must increase.
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For the sake of clarity, all impoftant assumptions upon which
the present diffusion théory analysis is based are tabuiated below.
These are:

1. The droplets are spherical.

2. Convection effects will be neglected.

3. As a corollary of the preceding assumption, spherical
symmetry prevails and the flame front surrounding the drop
is repreéented by a spherical surface concentric with the
drop. All reactioné take place instantaneously at this
surface, and its location is defined by the requirement that
the rates of delivery of fuel and oxidizer are in the
stoichiometric ratio.

4. Steady-state conditions are assumed for fixed droplet sizes,
This restriction greatly facilitates the mathematical treat-
ment. Physically,the assumption will be valid if the burning
time of the droplet is very much longer than the character-
istic time T for the transport processes. Here T can be
estimated to be dZ/k, where d is the droplet diameter
and k is the thermal diffusivity. For the typical values of
d=0.1cm and k = 1 cm®/sec, 7 =107 seconds, which is
small in comparison to the typical burning time of 1 second
for a droplet of this size. It is reasonable then to assume
that the solutioh obtained for a fixed size applies to a drop
decreasing in size when it reaches the radius used in the

steady-state solution.
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5.. The effect of heat transfer by radiation is neglected.

6. Mean values will be used, when appropriate, for the
physical properties.

7. Thé temperature of the liquid drop is assumed to be
uniform and equal to the boiling temperature. Although

this assumption is questionable(l4), it does not exert a
large effect on the theoretical results, as will be shown in
the subsequent analysis.

8. The pressure is assumed to be uniform throughout the

system, due to the smallness of the inertia forces. The

validity of this assumption is shown in detail in Appendix A.

A schematic diagram of an evaporating and burning fuel droplet
in an oxidizing atmosphere is shown in Figure 2. The radius of the
liquid drop is ry and its temperature is the normal boiling point Tl .
The radial distance of the combustion surface from the center of the
liquid droplet is r. and its temperature is Tc’ The oxygen-ihert gas
mixture at a large distance from the combustion surface is at the
temperature To' In order to clarify further the physical picture,
temperature and concentration profiles have been computed according
to the diffusion theory. A plot of the temperature (T) as a function of
the radial distance (r) from the center of the drop is shown in
Figure 3a. In Figures 3b to 3d, diagrams of the weight fractions of

‘fuel (YF), oxidizer (YO), and inert gas (YI) are shown as a function of
{(r). The data shown in Figﬁres 3a to 3d correspond to the burning of a

droplet of benzene in air for Ty = 0.005 cm and To = SOOOK. The
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profile fdr the weight fraction of inert gaé has been drawn on the
as‘sumption that the physical properties of combustion products and inert
gas (in the oxidizer-inert gas mixture) are alike. If this assumption is
~not nﬁade, we must treat ternary gas mixtures both for r T and for
Tér, - This refinement can be introduced without difficulty,but does
not appear to be warranted in view of other approximations in the
analysis.

Let IhF repfesent the steady-state mass rate of fuel consump-
tion, which is the desired eigenvalue of our boundary-value pi‘oblem; t
is the time; § , cp, and A represent, respectively, the density,
specific heat at constant pressure, and thermal conductivity; Af
equals the specific latent heat of evaporation of the fuel.

For a constant-pressure flow process, ¥ the first law of thermo-

dynamics leads to the relation
~§(Dh/Dt) = v-(AVT),

where Dh/Dt is the total time derivative of the enthalpy. For steady-

state conditions, this equation may be written
gu-vh = V-(AV T),
where u is the vector velocity. For the present case, with spherical

symmetry, this equation may be integrated and expressed in the follow-

ing form,

* In this formulation no explicit use is made of the momentum equation.
It is shown in Appendix A that the condition for conservation of
momentum reduces to the statement that the pressure is practically
constant, which is assumed to be the case in the analysis.
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[a7 r% un], - [anz% wn], = -§[4ﬂr2)\(dT/dr)]2 - [4mz®A (aT/ar)] 1\§ .

(2)
~The terms [4171'2? uh]}; represent the total enthalpy transport across
the surface x; the subscripts 1 and 2 identify, respectively, the

surfaces at T, and T, -
The general continuity equation for species K can be written

in the form*

= 4 Yy [(r’nF/4T(r2§ ) - (D /Y,) (dYK/dr)] (3)
where rhK is the rate of mass transport of species K, § is the density
of the gas mixture, YK equals the weight fraction of species K, and
DK is the appropriate diffusion coefficient for species K. Egquation (3)
states that the total mass transport of species K is equal to the sum

of the mass transport of species K associated with the movement of the

average fluid, YK th, and with mass transfer by diffusion,

- awr®s D (Y, /dr) .

A. Derivation of Godsave's!') Equation for th .

In order to obtain Equation (1), which is the equation for droplet
burning rates derived by Godsave, the expression for conservation of

energy given in Eq. (2) is applied to the spherical shell between z,

* See Appendix B.
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and r for r &£ T, The rate of enthalpy‘ transport at ) is
mp(hp)y
: 1
and at r,
mF(hF)T .

The rate of energy transport by thermal conduction at r2 is

- [ 47 %N (aT/ar)] = -mgal
~ g

and the rate of energy transport at r into the shell between rl and r is

4m x%9\ (dT/dr) .

Hence Equation (2) becomes

g [(hp)p - (hF)Tﬂ] =-mg Al + 47r%A(dT/dx)
or
T
4w r2(dT/dr) = (th/%)[ Al 4 8 (e )p dT] : (4)
| r

where the subscript F to the specific heat identifies the fuel vapor. If
it is assumed that A is independent of temperature and also that (cP)F

is constant, then Equation (4) becomes

anr?(dT/dr) = [ﬁF(cP)F/v\] E[A “CP)F] + (T -1, )l.

Integration of the preceding expression between the limits r = r at

)4
T = TL and r = r. at T = TC leads directly to Godsave's equation

for th, viz.,
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. 45rn ﬂnl 1 +[(kCP)F (T, - T, )/Af]z
fap = 2 (5)
CI [y - r) :

Reference to Equation (5), which is equivalent to Equation (1),
shows that for r. AN r , or for constént values of Ty /rc, ﬁnF is a
linear funétion of the droplet radius. Furthermore, since TC is
generally large compared to Tl , it follows that th is not a sensitive
function of’ TQ

It should be noted that Equation (5) was derived without making
any special assumptions about the location of the reaction front. For
this reason the expression for th contains two unknown parameters,
viz., Tc and T, - Godsave measured* rc, and found that the ratio of
T, to ry wasa constant, and showed that for reasonable, assumed
values of TC, an acceptable correlation for the measured values of

»

mp was ‘provided by Equation (5).

B. An Expression for th if ‘N and (Cp)F are Linear Functions of

the Temperature

A refinement of Godsave's equation can be obtained without
difficulty by deleting the assumptions that A can be assigned an

average value in the temperature interval between ‘Tﬂ and TC, and

* The experimental determination of r, was greatly complicated by
" the fact that the combustion surface was far from spherical
because of severe convection currents over the droplet.
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that the specific heat of the fuel vapor is constant. The following
approximate 'expreésion, which provides good agreement with experi-

mental values, is used for the thermal conducfivity:

where 7\2 is the thermal conductivity of the fuel-inert gas mixture at
the temperature TE . For the specific heat of the fuel vapor, the

expression

(CP)F = a+ bT, . (7)

is used, where a and b are constants chosen to give best fit with

experimental data for (CP)F . Equations (4), (6), and (7) lead to the

result
4 2 gy 2 2
Nr-(dT/dr) = {mFTQ /7\2 T) [a(T - T!. } + (b/2T"™ - 'I'2 )+ Aﬁ] . (4a)

Integration of the preceding expression from r£ s Tﬂ to r_, TC

shows that
: AN
My ~ bT, [1 - (z, /r )][ In 51 + [(Tc - T )/Aﬂ“ a+ (b/2)(T_+ Tl)]l
gLt " e
a . ‘ (a+DbT_-%)(a+ DT +€) "
¢ (a+bT_+£)(a+bTy -§)

where

1/2
€ - iaz -2n{ ol - /2)Ty 2 - aTl]g . (9)
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It may be shown that this expression reduces to the expression computed
for the case of constant gpecific heat when the limit is ktaken as b tends
to zero.

Reference to Equations (8) and (9)‘shows again that quF is
determined provided T, and Tc are known, We shall show in para-
graphs IID and IIE that both Tc: and r. can be calculated by appro-
priate application of Equations (2) and (3) by utilizing the assumption
that the delivery ra’_nio of fuel to oxygen at the reaction front corres-
ponds to the stoichiometric mixture ratio. Numerical calculation
reveals that the value o.f the surface temperature, Tl , exerts little
influence on the value of th when varied within reasonable limits.

Therefore Tl may be set equal to the boiling temperature of the liquid.

C. . Preliminary Remarks on the Use of Equations (2) and (3).

One of the objectives of the present analysis is to establish an
efficient method for the utilization of the basic relations given in
Equations (2) and (3). It will be convenient to restrict the anaiysis to
spherical shells with T L 1T L r s or for r. LT Z e ., In this
case, simple explicit expressions are obtained for the rate of energy

transport by thermal conduction through the surface of radius r . Thus

Equation (2) leads to an expression of the form

amr®N (dT/dr) = inple Jg (o +B T +eT? (10)

if the specific heat is a linear function of the temperature. Here the

numerical values of o , B, and € must be determined for each
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particular problem. 'Eqﬁation (3) becomes
2 —_ >
4Mr ¢ DK(dYK/dr) = rnF(YK - \(K) {11)

. where

Y = my/mg . (12)

In the use of Equations (11) and (12), care must be taken to employ a
positive value for YK if mass flow occurs in the same direction as the
fuel tran}sport, and to use a negative value for Y if mass flow occurs
in the direction opposite to the direction of fuel transport.

It is evident by reference to Equations (10) and (11) that we can

eliminate the radial distance as independent variable and write

dY dT

____._I_E_z'XK 5 (13)
Yoo - v L+BT+ET

where the dimensionless parameter X K’ which has been called the
Lewis Number by some investigators, is not a sensitive function of

pressure and temperature, and is defined by the relation
Xy = NS Dyle )y - (14)

It is further assumed that the parameter XK is independent of
variations in YK .

Before discussing the integration of these equations, the
boundary conditions appropriate to the burning drop problem should be

considered. Far from the drop, as r tends to infinity, the gas tempera-
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ture and oxidizer weight fraction become the ambient values, To and
YO, o respectively. At the flame front, the temperature is TC, and

is evaluated by use of the procédure outlined in the following paragraph.
The concentrations of fuel vapor and oxidizer, YF and YO respectively,
are equal to zero at the flame iront. This condition arises from the
assumption that the rates of mass diffusion are much lower than the
chemical reaction rates. Hence, the chemical reaction is capable of
using more reactant than can be delivered by the transport processes.,
For the purposes of analysis, the reaction rate is taken to be infinite,
i.e., the reactants are consumed instantaneously upon reaching the
flame front, and the reactant concentration there is equal to zero. The
temperature at the drop surface is Tﬁ , a value less than or equal to
the normal boiling temperature. The fuel vapor weight fraction there

is YF, > 2 value between zero and unity. For equilibrium conditions,
YF,I and Tl would be interrelated through the vapor pressure -
temperature relation for the fuel. In the present non—equilibrium case,
the vapor pressure-temperature relation does not hold exactly, but
might be used as an approximation. It has been seen, however, that
the exact value for the drop surface temperature exerts little influence
on the calculated burning rate, | hence could be set equal to the normal
boiling temperature for the purposes of numerical calculation. This

would imply that the value of Y is equal to one.

F.{
Integration of Equation (13) between YO = 0at r = T and
YO = YO,o at r = o0 , corresponding to TC and To’ respectively,

leads directly to the value of Tc for specified values of To and
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Y .% A mean value of {(c_),, is assumed. The parameters A, ©,
0,0 P'K ;
and D may be evaluated at any convenient temperature. Similarly,

integration between YF =‘~YF,B at r = 1) , T = TQ and

. YF = 0atr =1r, T TC, gives an explicit expression for
Tpy =t-Ypy o™

In order to obtain the value of r, wecan utilize Equation (10) or
Equation {11). Equation {(10) can be integrated directly between T
Té and o0, ‘To’ a_ffer expressing A as a linear function of T. Intro-
duction of the known relation for th into the resulting expreésion leads
to an explicit relation for T, The integration of Equation {11) is some-
what more involved since ¢ DK is a linear function of T to the same
approximation that A is a linear function of T. Hence integration of
Equation (11) requires the determination of T(r) prior to integration.
We shall use Equation (10) for the determination of T,

By utilizing constant average specific heats only in the region
T T it is to be expected that reasonable estimates, commensurate
in accuracy with our assumed physical model, will be obtained for TC,
T and r'nF . Examination of experimental data(zz) for specific heats

reveals that the variation in Cp with temperature is not large for the

* The same result is obtained if we integra‘te Equation (12) from
YI=1atr=rC,T=TCtoY=1-Y at r = =

I 0,0
T = T .
o

3

*% The same result is obtained if we integrate Equation (12) from

Yl,ﬁat‘r:rﬂ,Tz»Tg toYI=1atr=rc,T=Tc.
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temperature range of interest here for the species 02, NZ’ HZO’ and

COZL This is in contrast to the behavior of the specific heats of hydro-

carbon vapors, which show large variations with temperature.

'D. Determination of T andof Y .
c F,/

(1) The Reaction Zone Temperature T, -

For the spherical shell between r X\ T, and T Equation (2)

becomes

g ((1+v0) thp)y - Yolholp ] - mpli +vg) (hply - voho)y ]
C C

= 4%rn(dT/dr) - [4T[r27\(dT/dr)]r (15)
C >
where hP and hO denote, respectively, the specific enthalpies of
products of reaction and of oxidizer. But - [41(1'29& (dT/dr)] . equals

the total heat evolved on reaction at TC minus the energy transported

to the fuel droplet, i.e.,

- [4mz®a (aT/an] .=
C

where hF is the specific enthalpy of the fuel vapor. Hence Equation (15)

becomes

|

(16)
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where

q* - - (1+vg) (hp)py + (g g gy * Yolbg)ps + cy (Typ - TH).* (17)

‘Here | T* is a standard reference temperature {usually chosen as

298. IGOK) and Cyg denotes a constant specific heat for the liquid fuel

in the temperature fange between T* and Tl ; the quantity g% differs
from the standard heat of reaction for one gram of liquid fuel and Yo
grams of gaseous ox_idizer, both initially at temperature T*, forming
HZO and COZ at a temperature of T*, through the addition of‘the

small term < (Tl - T*), If (Cp)P and (cp)O are taken to be independ-

ent of the temperature, then Equation (16) reduces to the relation

4'Hr27\ (dT/dr) = anS q* + {T - T*) [YO (cp)o -{1+ yo) (Cp)P]} . (16a)

Reference to Equation (l6a) shows that it is of the form

* . For the present approximate calculations the heat release g* and,
therefore, T , r /ry , and rm_ are computed by neglecting the
effect of diss6ciafion of combustion products, fuel, and oxygen.
The derived results would be expected to be roughly cgrrect for
gas mixtures leading to values of Tc well below 3000°K, i.e., for
some hydrocarbon-air flames. The effect of dissociation on the
calculated results can be incorporated into our present model by
using an iteration procedure in which it is assumed that chemical
equilibrium is established at every point. As the result of this
refinement, the calculated values of T and r /rx are decreased
by a first iteration; the temperature profile toward the oxidizer is
flattened and the temperature raised because the reassociating
gases act as a distributed heat source on recombination. The
diffusive flow of oxygen inward is then increased, thereby leading
to a further decrease of r_/r; . Rough calculations show that the

- net effect of dissociation on the calculated values of m_ for
benzene-air flames is probably less than 10 0/o although both Tc
and rc/r! are decreased appreciably.
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471x%) (dT/dr) = mg (cp)é (€ +BT) (16b)

with
o = - [a*/(c)p] - BT* (18)

and
B =(l+vg) bp-vo> (19)

where E’K = (CP)K./(CP)O .

From Equation {11) we can obtain the appropriate expression for

the mass transfer of oxidizer,
2 .
4wr”e DO (dYo/dr) = mp (YO + \10) , (20)

where a negative sign has been used for Yo because the oxidizer flows
in a direction opposite to that of the fuel. Here DO is th‘e diffusion
"coefficient of oxidizer through the oxidizer-inert gas-combustion
products mixture. Division of Equation (16b) by Equation (20)'1eads to

the expression

dYO dT
S — XO (21)
YO + Yo (+ BT
where
is a constant. Hence integration of Equation (21) between YO = 0,

T = Tc and YO = YO,o’ To leads to the following explicit relation

for T :
c
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BT, -oci[l (Yo oMol (B/Xo) -1}
| /o

T
c

(22)

5‘[1 +Y¥q /o

(2) The Weight Fraction Profile of Fuel Vapor.

It is evident erm the formulation of the present problem that
YF cannot equal unity‘at the droplet surface. For this reason it is of
interest to es’cimateAiYF at ry approximately.

From Equation (3a) and Equation (10), written in terms of the
fuel, it follows that

aT
F__ A (23)

s (/2)T% +ar+[af -aT - (b/2) T, 2]

where 7\/§ DF is independent of temperature and is assumed to be
independent of YF' Integration of Equation (23) between YF = YF |

at T = TQ and YF =0 at T = TC leads to the result

(a +bT_ -§) (a + BT, +§) - (M/§ Dk )
Yoo =1- (24)
4 (a+bT_+§) (a+bT -§)

where § has been defined in Equation (9).

E. Determination of the Combustion Radius

Equation (16b), which was derived on the assumption that the
specific heats of oxidizer and inert gas are constant for r \ r_, may

be used directly for the determination of T, After replacing A by
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Ny (T/Tf ) and integrating from T Tc to «o , To’ the following

relation is obtained:

1. _ 47N _1_ (To ) TC) ) %— I L+ BTO (25)
T, IhF(Cp)OTI B B L+ BT

where &« and ‘ﬁ are defined in Equations (17) and (18), respectively.
From Equations (8) and {25) we can now obtain an explicit

expression for rC/:c2 . Thus we may write Equation (8) in the form
4TCA, )

bTX [1 - Ty /rc]

m

v, (8a)

F

where

W= Iedus (-1 vallla s o2 r, 4y )]i

a In (a+bTC -g)(a+bTL +8)

- (26)
¢ (a+bT_+¢)(a+bTy -§)

From Equations (25) and (8a) it is seen that

-1
r (c )V 1 o + BT
R _.13_9_.__[_<(T0-TC)- % In °} (27)

Ty b B p° o + BT,

Reference to Equation {27) shows the interesting result, which is in
accord with some of the experimental observations, that rC/rl is
a constant for fixed values of the physico-chemical parameters. Hence
Equation {8a) shows that IhF is a linear function of )

The linear function relation between m, and r has been

F L
(7)

used by Godsave to obtain the following expression for the variation
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of droplet diameter with time:

d“ = a5 - K't. (28)

Here d is the droplet diameter at time t, d0 is the initial droplet

1
diameter, and the evaporation constant K is defined by the relation

k' - 21'111;,/111‘1?‘ =8 J\Q\V/QI bT, [1- ) /rC]_ (29)
Since K’ is independent of r, , it is a convenient parameter for com-
paring burning rates of different fuels for arbitrary droplet sizes.

The results of calculations for the burning of benzene, ethyl
alcohol, n-heptane, and toluene in air are summarized in Table I,

Also listed in Table I are appropriate values of the physico-éhemical
parameters.

For the sake of completeness, T vs. r and YK vs. r profiles
have been determined for the burning of a benzene droplet in air for
To = 300°K and Ty = 0.005 cm. The results of these calculations
have been considered previously and are given in Figures 3a to 3d.

Comparisons of the theoretical results to experimental data will be

carried out in Section V.
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I11. THERMAL THEORY FOR DROPLET BURNING

In the preceding.section, a theory for the burning of fuel droplets
was presented which assumes fhat the chemical reaction rates are
infinitely high, and that the diffusion of the reactants is the overall rate-
determining factor. In contrast to that diffusion theory, in this section
a theory for droplet burning will be presented in which it is assumed
that the diffusion and mixing of the reactants occur very rapidly, and
that the chemical reaction rates determine the overall rate of burning
of the drop., This theory has been motivated by the desire to have a
theory that is simpler in form than the previous diffusion theory, yet
adequate to explain the observed characteristics of droplet combustion.
The ultimate goal of the calculation would be to use this simpler theory
as a basis for extention to the case of a droplet burning under conditions
of forced convection. It was felt that the thermal theory, using as it
" does only the heat transfer equation, would be more amenable for such
a calculation than the diffusion theory, which requires simultaneous
consideration of the heat and mass transfer equations.

For the purposes of analysis, a steady-state, spherically
symmetric model will again be used. In this theory, however, the flame
zone surrounding the droplet is assumed to have finite thickness. This
thickness is assumed to be small in comparison to the drop size., A
diagram of this model is shown in Figure 4. As before, the droplet
radius is rl , but the radial distance to the inside surface of the flame
zone is now called ri‘. Except as otherwise noted, all notation will be

similar to that used in the diffusion theory.
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The physical assumption of this theory is that the oxidizer from
the surrounding atmospﬁere diffuses inward rapidly and mixes with the
fuel vapor being evaporated frdm the drop surface. The reactants are
. then Burn‘c as a homogeneous mixture. With this assumption, the model
of the burning process for the case of a fuel droplet surrounded by an
oxidizing atmosphere is identical to the case of a monopropellant drop
burning in an inert atmosphere. This physical model was first
suggested by Kuo“”.
| For purposes of analysi‘s, it is assumed that the overé.ll chemical
reaction rate can be described by the so-called zero-order kinetics, in
which the reaction rate is independent of reactant concentration. An
Arrhenius type reaction rate law is assumed, hence the reaction rate
is strongly temperature dependent. Similar assumptions have been
made by Semenov(zo) and others treating the pre-mixed laminar flame
propagation problem. Such theories are usually called '"thermal
theories™, hence the same title has been given to the present é.nalysis.

With the above assumptions, it is no longer necessary to con- '
sider the equations of diffusion of mass; only the equations of tempera-
ture distribution must be dealt with. As may be seen from the schematic
temperature profile shown in Figure 4, the region surrounding fhe drop-
let may be conveniently divided into three zones. First there is the zone
between the droplet and the combustion zone, rl L T L TS . The
temperature Ti at the inside of the combustion zone is called the ignition

temperature, and it is assumed that no reaction takes place until this

temperature is reached. In the thin combustion zone, T, LT L T
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the temperature ipcre‘asés from Ti to the peak temperature, T_, and
then decreases agé.in to the value Ti‘ at the outside edge, where the
reaction is assumed to be comialeted. Qutside the reaction zone,

r A I;i” thé temperature decreases from Ti' to the temperature of the

surrounding infinite medium, To.

A. Calculation of Burniﬁg Rate

In this analysis, mean values will be used for the physical para-
meters. The appropriate differential equation for the steady-state

temperature distribution may then be written in vector notation as
AVET -c ¢V -VT+eQ =0, (30)

where N, Cp’ and ¢ are the thermal conductivity, specific heat at
constant pressure, and density, respectively. The convection velocity
is V and Q is the rate of heat generation resulting from chemical
reaction per unit mass of gas. For this spherically symmetric system,

the equation may be simplified to read,

a®t/ar? + [2/r - (cpe/m(an/zm:Zg )] (aT/dr) + eqQ/n = O. (30a)

This equation will be solved separately for the three regions outside
the drop surface, and the solutions will be joined by requiring that the
values for the temperature and its first derivative be continuous through-
out.

First, this equation will be integrated to obtain the temperature
profile in the innermost zone, between the drop surface and the inside

of the flame. In this region Q is equal to zero, as it has been assumed
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that no reaction takes place at a temperature below Ti . The boundary
conditions are T = Ti at r = T, and T = Tf at r = 1) . The
temperature at the drop surfacé, Tl , is assumed to be equal to the

‘normal boiling temperature of the liquid fuel.. The expression for the

temperature is found to be

T - ('I‘i - Tl.) exp‘[- (A/r)] + TQ exp[- (l\/ri)] - T, exp[— (A/xy )]

exp [- (A/xp)] - exp [-(a/z))]
(31)

where
A = cP r'nF/4Tt?\ (32)

The requirement must now be met that the heat conducted to the droplet

be equal to the heat necessary to evaporate the liquid fuel, or

amtnzf (dT/dr)J = g al. (33)
Ty
Differentiating Equation (31) gives
(T. - T, ) m_ c exp {-A/r)
(dT/dr) = —s 4+ Fp , (34)
4’“7\1-2' - exp (-A/ri) - exp(-A/rﬂ )
and substituting this equation into Equation (33) gives
Iy =(T; - T)) cp/ iexp [A (/g - llri)] - 11. (35)

Rearranging this equation yields the following expression for th:
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g = [4Tany fo) (1 5y /2] o [1+ c, (T, - T, y/af] . (35a)

This result is similar to that of Godsave (i.e., Equation (1) ).

Next, Equation (30a) must be integrated in the flame region,
r, Lr Lryy . The rate of heat release, Q, is expressed in the following
form:

Q= RH ¢ exp (-E/RT), (36)

where R is the univérsal gas constant, E is the activation energy for
the reaction, ¢ is the frequency factor, H is the heat released from
the complete burning of unit mass of fuel, and (R is the weight
fraction of fuel present in the fuel-oxidizer-inert gas mixture. Hence-
forth, the ratio E/R will be denoted by T and called the "character-
istic temperature', Thé temperature distribution equation then

becomes
a?1/ax% + [2/r - cpth/41Tr27\](dT/dr) +
(@ RH/A) exp (-T/T) = O. (37)

As an exact solution to this complete equation could not be found,
a simplifying approximation has been made. In the thih flame zone, it
is assumed that the temperature gradient is small in comparison to the
rate of change of gradient, i,e., the factor dT/dr is small in com-
pé,rison to dZT/er, Dropping this term in Equation (37) means that
- the rate of transport of heat is small in comparison to the rate of heat

release due to combustion. Equation (37) may then be written,

d‘?'T/dr2 + (SR H/A) exp (-T/T) = O. | (38)
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To integrate this quation, let
(@T/dr) =M .
Then-Equ‘ation ( 38)>may be written

w (dn/dT) = - (QR& H/2) exp (-T/T)

or
ndq = - (§R$ H/A) exp (-T/T)d4T . (39)

If the not unreasonable assumption is made that the frequency factor is
proportional to the absolute temperature, the term (3§ HR®/A) is

temperature-independent, and Equation {(39) may be integrated to yield

(1/2)q2 = - (§ HRS /) &exp (-T/T)‘dT +C

where C is the constant of integration. The exponential term in the
above integrand could be expanded into a series, then integrated term
by term; this results, however, in an unwieldy series in which many
terms must be retained in order to obtain acceptable accuracy. A
better method is to obtain an a symptotic expansion for the integral.
Making the substitution T/T =7, and integrating by parts yields the

following expression,
&exp (-T/T)aT = [T exp (-T)][ 1/3’]\‘1 - 2/7 + 6/7
_24/']'3.....(-)n(n-l“—l}'./"g‘n...l, (40)

As T is generally greater than 8 or so, acceptable accuracy is

obtained by using only the first term of the series. Hence

&exp (-T/T)dT= (T%/F) exp (-T/T), (41)
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and »
(1/2m? = C - (RHRS /) (TP/T) exp (-T/T). (42)

The value of the constant, C, is obtained by applying the condition that
- dT/dr, i.e., M » is equal to zero at the position of peak temperature,

T = Tp’ Therefore,

C = (QHRP/A) (T 2/T) exp (-T/T )

and

n =+ (2¢HRS /7~)1/2 i (TPZ/T) exp (-’T/Tp) - (TZ/T) exp (-T/TF/Z

(43)

The positive sign is used for q when r £ rp and the negative sign is
used for r A r

As the ignition temperature, Ti’ is considered to be several
hundred degrees below the peak flame temperature, TP, the second
term on the right hand side of Equation (43) may be ignored when

T = Ti’ and the following expression for the temperature gradient at

r =T, is obtained:

(dT/dr)Jr _ . =28 HR$ /A T)l/sz exp (-T/sz). (44)

-1
Similar reasoning gives the value of the temperature derivative at the

outside boundary of the flame zone, r = Ty -

| (dT/dr)kJ r., = - (ZQH@»‘) /?\'i’.)llz".['p exp (—"f/ZTP). (45)

r =
1

It is seen that the physical assumptions used in integrating the tempera-
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ture equation through the flame zone lead to a temperature profile in
this region that is symmetrical about the peak temperature, T

The next step in the anélysis is to integrate Equation (30a) in
the region .outside the flame zone, i.e.,, for r N\ Ty - As was done
for the case of the region inside the flame zone, Q will be set equal
to zero, as it is assumed that no reaction takes place outside the thin

flame region. Equation (30a) may then be integrated at once to obtain

) .= (To'_ Ti‘) exp (—A/r) + Ti‘ - To exp (-]\/ri,) (46)
1 - exp (—[\/ri,)

and

(T0 - Ti‘) thcP exp (-A/r)

dT/dr =
(1 - exp (-[\/ri,)]4]'[ r27\

(47)

This solution is subject to the condition that the heat lost by conduction
to the surrounding medium must be equal to the heat released by com-
bustion of the fuel vapor minus the heat necessary to evaporate the

liquid fuel, or, as r—» o0,

v—41t1'27\ (dT/dr)J = g [ H-all. (48)

T o2

Therefore
(Ty - Tode,/ [1-exp(-Nr)]=H-a] . (49)

As has been stated before, it is required that the solutions of the
temperature equation in the three separate regions be joined so that
no discontinuities in the temperature or the first derivative occur at

the boundaries of the regions. Therefore
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(dT/dr)'J |

r:ri(r;ri)

- (dT/dr)J

r=r, (r ¢ ri)
Substituting from Equations (34), (35), and (44),

(2 R HO¢ /AT)I/Z Tp exp (—’T/ZTP) =
(Fnpaf /4mri2) [+ (c /AT, - T, ). (50)
Also

(dT/dr)J | - (dT/dr)J

r =1, (r Ari,) r=rg, (r ~ ri,) ,

and from Equations (45), (47), and (49),

(2?HQ¢/9\T)1/2 Tp exp (-T/ZTP) = ﬁqF (H - A}) exp (-A/ri,)//-l‘l(?\ri,z

(51)

As the left-hand sides of Equations (50) and (51) are identical,

the right-hand sides ca‘n be equated to yield
' 2 2
(H-a])exp (-A/r)r =0 [1+ (e, /ALY (T, - 1)] r.% (52)

In the above equation, r;, may be replaced by r., as the flame zone has
been assumed to be thin and the ratio of r;, to r. is nearly unity. Making

this simplification in Equation (52) and utilizing Equation (35) gives

exp (A/I"'.) = E—I..__-_._ég_ . (53)

ey 3

Taking the logarithm of both sides of this equation and rearranging

terms yield the following expression for the mass burning rate of the
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droplet in terms of known physico-chemical parameterss:
mp = (4n%z /o )n [m/a1 - 1]. (54)

For most hydrovcarbon fuels, the ratio H/AJ is of the order 102,

hence an adequate numerical approximation to Equation (54) is

iy = (4727, /cp) In 1/AL) . (54a)

In marked contrast to the results of the diffusion theory, this droplet
burning rate as computed by the thermal theory is independent of the
oxidizer concentration in the surrounding gas mixture. This result

might be expected as a consequence of the simplified chemical rate

law that is assumed.

B. Calculation of Flame Radius and Temperature

It has been shown in the previous paragraphs that the tempera-
ture profile within the flame as calculated by the present simplified
theory is symmetric about the point of peak temperature. While no
specific mention has been made of the value of the temperature at the
outside of the combustion zone, Ti" it is apparent from consideration
of the exponential rate law, Equation (36), that, for the large values of
activation energy, E , usually encountered, the chemical reaction has
effectively ceased when the temperature has decreased to a value
several hundred degrees below the peak flame temperature. There-
fore, for the sake of simplicity, the value of Ti‘ will be taken to be
equal to the value of Ti’ the ignition temperature. From these con-

siderations and the fact that flame has been assumed to be thin, it is
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apparent that the heat release within the flame must be distributed so
that one-half of the total heat must be released inside the point of peak
tempe‘ra'ture and oné\—half outside of that point. Furthermore, the total
.heét released inside the point of peak temperature must be just the
amount necessary to evaporate the liquid fuel and raise the vapor to the
ignition temperature, Ti' Therefore the following important relation

must be satisfied:

A+ e (T, -T)) = H/2. | (55)

The value of Ti may be obtained from this equation. If the
values of H, Af and cp of typical hydrocarbons are used, it is found
that Ti is very large. These high calculated temperatures result from
the fact that dissociation has been ignored.

It is now possible to calculate the value of the flame radius.
First the expressions for drop burning rate given by Equations (35a) and

(59) are equated and similar terms cancelled to obtain

1
In{a/ag -1]= ——— In(1+c (T, - T y/af). (56)
1- rl/ri p

Then, using the relation of Equation (55), Equation (56) may be solved

to obtain the following explicit expression for the ratio ] /ri .
Jr, =1 - SPJn[ H/2a ) In[H/AL - 1]1 : (57)

Here again, as in the diffusion theory, the calculated ratio of flame

~ radius to drop radius is constant during the burning of the droplet.
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To complete the calculations for this thermal theory, the value

of Tp will be determined. From Equation (37),

W@rjen | =y ) mpefenan iy - e (a0 - 1))

r =T.
1

(58)

From Equation (35),

exp[ A (l/rl - l/ri)] = 1+ c:p (Ti - Tl)/Al ;

therefore,
1 - exp [- A(1/x, - 1/ri)] = (cp/Ajl) (T, - Ty {1+ (e /ALY (T, - Ty ) -

Substitute this expression into Equation (58) and equate the resulting
expression for dT/er to Equation (44). After cancelling and

r =71.

'rea-rranging terms, the folléwing expression for m_, is obtained:

F

Fa = 4ma . (2¢HRG /ATy 2

F Tp exp[- T/ZTP]/[ al +Cp (Ti- l)]'

(59)
This expression for the mass burning rate is then equated to the
burning rate as expressed by Equation (59). | Equations (55) and (57) are

then used to eliminate the quantity T, and the following implicit

expression for the temperature Tp is obtained:

,
TAH 1 In (H/24)) In[H/A] - 1]
Tl 834 R %{(H/M)_q c

1=

'I‘P exp (-T/ZTP) = (60)

P
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It is seen that TP is a function of the drop radius, T . As the drop
decreases in size, the peak temperature, Tp, increases.

Tov recapitulate, the dropie‘r. burning rate may be quickly
‘calculated from Equation (59). This equation predicts that the mass
burning rate is proportional to the drop diameter, which agrees not
only with the results of the previous diffusion theory, but also with
experimental data. Hdwever, the thermal theory predicts no change
of burning rate as oxidizer concentration or temperature are varied.

This very simple result arises directly from the assumptions
leading to symmetry of the temperature profile in the thin flame zone
and from the fact that the chemical reaction rate law assumed does not
depend on reactant concentration. If a more accurate reaction rate law
was used, so that the rate of chemical reaction was dependent on
reactant concentration, and if the effects of mass diffusion were in-
cluded in the theory, the calculated mass burning rate would be depend-
ent on the oxidizer concentration. Because the results of this fype of
theory are sensitive to the form of chemical reaction rate law chosen,
and because our knowledge of the kinetics of complex reactions is very
limited, it is not to be expected that accurate results will be obtained

from calculations of this sort.

C. A Simplified Thermal Theory

A much simpler scheme for the calculation of droplet burning
 rates has been considered. This method is based only on heat transfer
considerations. The physical model of the diffusion theory is retained,

with an infinitely thin = spherical flame front surrounding the droplet.
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It is then assﬁmed that the flame temperature is equal to the adiabatic
flame temperature for a stoichiometric mixture of the fuel and the
surrounding oxidizer-inert gas atmosphere. The flame size is set by
the réquirement that the rate of heat conduction to the sﬁrrounding
infinite atmosphere is equal to the rate of heat released by combustion
minus the amount necessary to evaporate the liquid fuel.

The problem is easily formulated through use of the expression
for conservation of energy given by Equation (2). For this calculation,
a constant mean value of the specific heat will be used for the gases
surrounding the droplet, and the thermal conductivity is assumed to be
a linear function of the absolute temperature (see Equation (6) ).

Equation (2) will first be applied to the spherical shell for
r Lr & T - Thus the rate of enthalpy transport at r minus that at

Y

ry may be written

IhF CP (T - T! ) .
The rate of energy transport by thermal conduction at rt is
2 .
-4 7\(dT/dr)] =-1a_ A),
r F
1
hence Equation (2) becomes
. _ 2
mp [Cp (T - T1)+Aﬂ,] =4Nr 7\1 (T/Tl)(dT/dr). (61)

This equation may now be integrated between the limits Ty Tl and
T TC and rearranged to yield the following expression for the mass

burning rate:
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x'nF: ] \[T‘ - (&) /cp)} X

Ty <, (L - (xy /x)

In [1+cP(TC-Tl)/A£] +(TC-T1)§ (62)

In the same way, Equation (2) is applied to the region outside the

combustion zone. Here, however,
2 .
-4nAr {(dT/dr) = mp (H - AL)

as r—= o0 , where H is the heat of reaction. Equation (2) may then be

written as

fp [ cp (T -T,) - (H- a)] = anz? N (T/T,) (dT/dr) (63)

for this region and is to be integrated between the limits T Tc and
o0 TO . After integrating and rearranging, the following expression
is obtained for r'nF :
4“7\! rc

Fap = ———S 3= [T 4 (H- Aﬁ)/cp] In|r - e (T - T /(H - Aﬁ)]

c_ T

p L
- (TC - TO)E . (64)

It is now possible to eliminate the parameter T, between Equation (62)

and (64) to obtain an expression for the mass burning rate in terms of

known parameters.

. 4?(?\!].'[ '
- Mmp = Ty © \{Tﬂ ) (Al/cp)] y’“[l vep T - Ty )/M] P - Ty
o |

T+ - Al)/cp]lbn[ L -c (T, - T)/(H - Al)]l (65)

.
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It should be noted that this simplified theory also predicts that the mass
burning rate is proportional to the droplet radius.
By eliminating th _frorﬁ Equations (62) and (64), the following

expression is obtained for rC/rR

{1y - pre)) dnlyve o, -1 at) T -1y

rc/rl =1 - .
[To +(H - AQ)/cp]ﬂm [1 - cp(Tg = T )/(H - af)] + (T_ - T,)

(66)

It is seen that the value of rC/rl is a constant during the burning of the
drop according to this calculation. The value of TC » which has been
taken to be the adiabatic flame temperature, is calculated by conventional
means, and will include the effects of dissociation.

The results of calculations made using this theory are somewhat
different than those obtained through use of the diffusion theory. The
flame temperatures are lower in the present case for two reasons, first,
through the effects of dissociation, which tend to lower the temperature,
and secondly, because the pre-heating of the fuel and oxidizer before
they react at the flame zone is not taken into account. It is not possible
to include the effects of pre-heat in the present analysis because the
degree of pre-heat depends on the flame temperature, and vice versa;
hence the problem would not be determinate. This difficulty is avoided
_in the diffusion theory through use of the mass transfer conditions. In
that theory, the flame size depends on the rates of mass transfer, while

- the flame temperature depends on the rates of heat transfer. The flame
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sizes as calculated fro'mkthe present simplified thermal theory are con-
sidérably larger than those calculated by means of the diffusion theory.
A compé.rison between the burﬁing rates as calculated by the present
. therrﬁal theory, the diffusion theory, and experiment will be carried
out in Part V for droplets burning in atmospheres of differing oxygen

content.



Iv. EXPERIMENTS ON THE BURNING OF SINGLE FUEL DROPS
The original experiments of Godsave(” yielded data on the burn-
ing rates of droplets of various hydrocarbon fuels suspended in air at
room femperature and atinospheric pressure. It was foﬁnd that the
burning rates for the sixteen fuels tested did not vary widely. The
burning rates, as represented by the evaporation constant, K!*, varied
from 0.0077 cmz/sec to 0.0099 cmz/sec. Pure aliphatic and aromatic
hydrocarbons, as well as two mixtures of hydrocarbons were used in
these tests.

In order to provide further information on the burning of drops
of pure hydrocarbon fuels under various atmospheric conditions, and
to provide more stringent tests of the accuracy of the theories presented
in Sections 1I and III, additional experiments have been performed in
the course of this investigation. Specifically, the effect of variations
of oxygen content, temperature, and pressure in the surrounding
atmosphere, and the effect of forced convection on the burning rates of

suspended fuel droplets have been investigated. The results of these

tests are reported in the following paragraphs.

A. The General Combustion Apparatus

In order to provide means for experiments on burning of fuel
drops under various conditions of temperature and pressure, a large
combustion chamber has been constructed in the Mechanical Engineering

‘Laboratory at the California Institute of Technology. The chamber is

~* Godsave denotes the evaporation constant by the symbol A .
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made of stainless steel and consists of a fhick-—walled vertical tube,
approximately 42 inches long and 7 inches in inside diameter. A group
of twelve Chromalux 700 watt electrical heating elements are mounted

in fhe walls of the tube, and approximately three inches of thermal
insulation covers the outside tube wall to decrease heat loss. A thermo-
static control operating a magnetic power relay permits the temperature
of the gas within the tube to be varied from room temperature up to
10000F.

Ten quartz windows, 3/4 inch thick and 2- 1/2 inches in
diameter, are mounted in the walls of the tank to provide for visual or
photographic observation. The windows are arranged in two vertical
rows of five each, diametrically opposed. A sliding safety window
covers each observation window, and may be retracted when photographs
are to be taken.

Five thermocouple wells, each at the level of one of the window
groups, permit the accurate determination of the internal gas tempera-
ture by use of iron-constantan thermocouples.

Heavy flanges are welded to the top and bottom of the tube, and
are prbvided with studs and 'O'-ring grooves so that the top and bottom
of the tank may be easily removed. Various items of equipment such
as fuel injectors or ignition equipment may then be mounted in the tank
head, and can be easily removed for adjustment. The tank is further
- provided with pipe leads to allow for pressurization or addition of

various gases.

A heavy camera stand is mounted adjacent to the tank to provide
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an adjustable, vibrationless support for motion picture equipment. The
particular motion picture, pressurization, and injection apparatus used
in the various portions of this ihvestigation are described in the sub-

s equent' paragraphs.

B. The Effect of Varying Oxidizer Concentration

(1) Apparatus
The first set of experiments in this investigation was performed
to stu.dy the‘change of droplet burning rates as the oxygen concentration
was varied in the oxygen-nitrogen mixture surrounding a suspended

droplet(23). The experimental technique used in these experiments was

similar to the method used by Godsave(7). A motion picture camera was
used to photograph a burning droplet of fuel suspended on a fine quartz
filament. The filament and its support were mounted within the com-
bustion tank described in the previous paragraph. A photograph of the
tank, with its auxiliary apparatus, is shown in Figure 5. Compressed
gas cylinders were used to provide the desired gas compositioﬁ.

A fuel injection system was built into the head of the combustion
tank. This system was provided with a fuel reservoir and means for
pressurizing the reservoir. Thé fuel system was connected through a
ball check valve to a hollow needle which extended approximately eight
inches down into the tank.

A fine silica filament was cemented to the hollow needle, and
~was of such a length that its tip extended vertically down so as to be

in the line of sight of the top windows of the tank. It was necessary to

thicken the end of the filament in order to retain the liquid drop. The
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diameter of the thickened end was approximately 0.3 mm.,

The drops were suspended on the filament by pressurizing the
reservoir, thereby forcing fuel fh‘rough the hollow needle and onto the
gilica 'filament. The suspended drops were found to be between 1.5
and 1.8 mm in diameter. As can be seen from Figure 6, the suspended
drops were reasonably spherical during the major part of their life.

The suspended drops were ignited by means of an electric spark.
A standard automotivé ignition circuit was utilized, with a manually
operated on-off switch taking the place of the distributor breaker points.
The high tension lead was brought into the tank through an appropriately
modified spark plug screwed into the head of the tank. Steel rod
approximately 1/16 inch in diameter was used for the spark gap
electrodes. The spark gap was approximately 2 cm in length, and was
adjusted so that the spark passed directly across the filament tip. This
method of ignition was found to be satisfactory for oxygen concentra-
tions greater than about 20 percent by weight in oxygen-nitrogeﬁ mix-
tures. At YO, o = 0.15 it was impossible to ignite a drop for the four
fuels tested.

An electrically driven Bell and Howell "Eyemo" 35 mm motion
picture camera was used to photdgraph the burning drops. The drops
were photographed in silhouette by providing strong back lighting, A
long focal length lens (6 in., f: 4.5 Cooke Teleking Anastigmat) mounted
to the camera with a ten inch extention tube provided a magnification of
about two diameters on the film. |

The drops were photographed at a camera speed setting of
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twenty-four frames per second. The actual camera speed at this setting
was checked by photographiﬁg a calibrated stop watch, and was found to
be 24.6 frame“s per second.

A 3/32 inch diameter ball bearing was photographed at the be-
ginning and end of each 100 foot rool of film used. This calibration
was carried out uﬁder the same camera focusing conditions as for the
burning drops, thereby providing an accurate reference length on the
film for determining the actual size of the droplets.

The size of the burning drops was determined by usingia tech-
nique very similar to that described by Godsave(7). The film was
measured with the aid of a 35 mm microfilm reader (to produce further
magnification) and a steel scale graduated to 1/100th of an inch. Two
measurements were made on each frame, namely, the two perpen-
dicular diameters inclined at 45° to the major and minor axis in the
plane of observation. The mean of these two measurements was
recorded as the "effective diameter' of the drop. If the major and
minor axes do not differ greatly, as was the case in these tests, then
it is easily shown that the volume of a sphere with the measured
effective diameter is not greatly different from that of the prolate
spheroid which actually corresponds to the shape of the drop.

In most cases, measurements of each drop were taken over a
range of size extending from ignition down to approximately one-half of
the original d’rop diameter. For buruning in air, every fifth frame of
the film on each drop was measured. As the burning rate increased

with increase in oxygen concentration, every two to four frames of the
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film for any given drop were measured.

In order to vary the weight fraction of the oxygen (YO, o) in the
atmosphere inside the combustion tank, a cylinder of compressed
,oxygéﬁ was connected through a regulator valve to the tank. Then, for
example, for YO, o = 0.50, the combustion tank was pressurized to a
gage pressure of 7.1 psi. The tank was kept at the required pressure
for an extended time in order to allow complete mixing of the oxygen
with the original air in the tank. The pressure in the tank was slowly
decreased to the operating pressure, a drop of fuel suspended on the
filament, the camera started, and the drop ignited. After each run the
combustion tank was flushed with air before repeating the above process
for another run. All combustion experiments were carried out at
atmospheric pressure. It should be noted that for YO, 0 0.15 the
combustion tank was pressurized with nitrogen to a gage pressure of
8. 35 psi before bleeding to atmospheric pressure. However, ignition
at this reduced oxygen concentration was impossible and no experi-
mental data were obtained.

(2) Experimental Results

A systematic study was made to determine the evaporation
constant, K', for different oxygen concentrations and for the following
fqels: n-heptane, absolute ethyl alcohol, benzene, and toluene. The
experimental results gave directly the droplet diameter, d, as a
function of the time, t . The plots of d2 against t were found to

be linear. A typical vexperimental plot is shown in Figure 7. ° Thus

the functional relation between drop diameter, d, and time, t,
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v :' )
d2 = dé - K t, has been verified again. Here do is the diameter at

. 1

time t = 0 (corresponding to the beginning of steady burning) and K
1

is the evaporation constant. The value of K is determined directly

from the slope of plots of dz vs. t and has the dimensions cm.'2 sec. -1.

1
The experimentally determined values of K for the four fuels

tested at different oxygen weight fractions are listed in Table 1I. The

2

1 -
TABLE II. EXPERIMENTAL VALUES OF K (CM~ SEC l) FOR

SEVERAL FUELS AND WEIGHT FRACTIONS OF OXYGEN.

Weight Fraction of Oxygen

Fuel Yo, o0-23 Yo (5037 Yo (<050 Yg =0.70 Yo =0.90
N-Heptane  8.35x107> 13.80x107 > 15.0l1x10™> 18.56x107> 22.34x10 >
Ethyl Alcohol 8.58x107> 11.11x107° 15.04x107> 18.41x107> 20.36x107°
Benzene 9.85x10"> RESIDUE FORMATION
Toluene 7.70x10"°> RESIDUE FORMATION

results of five separate experiments were examined for each fuel at
each value of YO, 0" The tabulated values of the evaporation constant
are the mean values for each set of five runs. The reproducibility in
each set of runs was good; the maximum spread of experimental data
was found to be less than + 1°%/0.

With the lighting used for photography during the experiments,
it was impossible to obtain pictures of the flames suitable for measure-

ment of flame surface diameter. For n-heptane and ethyl alcohol the

luminous flame surface was not sufficiently well-defined to permit
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conclusions regarding flame shape and flame size. For benzene and
toluene burning in air, the luminous region could be seén but was not
sufficientiy clear to yield accurate measurements,

(‘3) Residue Formation

For oxygen weight fractions exceeding 23 percent, formation
of residue was observed during the burning of benzene and toluene.
Photographs of droplets of benzene burning in atmospheres of various
oxygen weight fractions are shown in Figure 8. The residue remaining
on the filament at the conclusion of combustion was of a dry, brittle
consistency. No chemical analysis of the residue was made. The
formation of carbon in heterogeneous combustion of aromatic hydro-
carbon fuels has been observed by other investigators and merits
additional quantitative study.

Because of residue formation during the burning of benzene and
toluene, it was impossible to determine accurately the burning rates of
these fuels. The shroud-like formation of residue caused considerable
distortion of the drop, and often completely surrounded and obscured
the drop of fuel.

Carbon formation during the heterogeneous combustion of
aromatic fuels, but not during the burning of aliphatic compounds, re-
emphasizes the importance of chemical reaction rates, which have been
neglected in the discussion of the diffusion model for droplet burning.
According to one of the modern theories for carbon formation during
(24)

burning , acetylene production is an essential intermediate step.

One might therefore argue that the greater tendency of aromatic fuels
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to form carbonaceous residues is related. to the known ease with which
these compounds form acetylene. This qualitative suggestion does not
offer avsatisfagtory explanatioﬁ for the dependence of residue formation
.on ox&gen concentration.

A possible explanation for this variation in residue formation is
the following: as the oxygen concentration is increased, the temperature
of the flame zone becomes higher, and tends to increase pyrolysis of
the aromatic fuel. The lighter compounds and radicals {e.g., acetylene)
thereby produced then polymerize in the cooler tip of the flame. This
process continues until the burning droplet is extinguished because of
the growth of the residue.

If the oxygen concentration is further increased, the residue
formed is itself capable of being burned although at a lower rate than
the liquid fuel. The consumption of the residue may be noted in the two
bottom rows of photographs in Figure 8.

In order to describe quantitatively the formation of carbon in
heterogeneous combustion, it is clearly necessary to allow for the
interdependence of chemical reaction rates, mass transport by concen-

tration and thermal diffusion, and energy transport by thermal conduction.

C. The Effect of Ambient Pressure on Burning Rate

The influence of increased atmospheric pressure on the burning
rates of droplets of various hydrocarbons burning in air has been

investigated by Hall and Diederichsen (25).

In their experiments,
suspended droplets of furfuryl alcohol, tetratin, decane, and amyl

acetate were burned in air at pressures ranging from one to twenty
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a'tmoépheres. The measurements showed‘tha‘c the mass burning rate
of a droplet is proportional to the drop diameter,

The data for furfural alcohol and tetralin indicate that the burn-
ing rate, or K1, is proportional to the pressure raised to the 0.2
power; data for decane and amyl acetate indicate that burning rate is
proportional to pressure raised to the power 0.3, Hall and
Diederichsen conclude that the mass burning rate is roughly proportional
to the one-fourth power of the pressure for hydrocarbons burning in air.

They also studied the size and shape of the flame front ‘surround-
ing the liquid droplets. In contrast to the data of Godsave”), which
indicated that the ratio of flame to drop size is a constant, Hall and
Diederichsen report that the distance between the flame front and the
drop surface appeared to be constant during burning.

Primarily in connection with the residue formation behavior
exhibited by some aromatic fuels as reported in Part B of this section,
it was thought desirable to study the influence of air pressure on the
burning behavior of drops of benzene‘, a typical aromatic. The
apparatus and experimental technique used was identical to that used
for the measurements discussed in Part B. Owing to the limitations
of the spark ignition method, data were obtained only up to a pressure
of five atmospheres.

The results of these experiments are shown in Figure 9, where

"log K‘ is plotted as a function of log p. Reference to Figure 9 shows
that the burning rate of benzene drops in air is roughly proportional to

the 0.4 power of the pressure. No residue formation in excess of that
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found for burning at atmospheric pressure was noted at the higher

pressures.

D. Effect of Increased Ambient Temperature on Drop Burning Rates

Another parameter of interest in its effect on droplet burning
rate is the temperature of the surrounding oxidizing atmosphere. In
his investigations of the rate of evaporation of droplets suspended in a

(

hot gas, Kobayashi 26} found that at ambient temperatures of about

700°C hydrocarbon drops underwent auto-ignition. Therefore, in a

further inve stigation( 27)

, Kobayashi measured the mass burning rates
of droplets burning in air at temperatures up to 9000(3. Again it was
found that mass burning rate is proportional to drop diameter.

The experimental technique ﬁsed by Kobayashi utilized the
suspension of the droplet on a quartz fiber outside the combustion
chamber. The heated chamber was mounted on rails, and was then
moved over the drop and its suspending fiber. Motion pictures were
taken of the burning droplet through windows in the chamber wé.lls.
Mass burning rates could then be calculated from the decrease in size
of the drop image with time. Kobayashi's data show considerable
scatter. His results for two fuéls, n-heptane and benzene, are listed
in Table III. |

In order to provide data for temperatures intermediate between
room temperature and the high temperatures reported in Kobayashi's
kwork, measurements of burning ratés have been made in the course of
the present investigation. Details of experimental technique and results

are reported in the following paragraphs.
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. . ) ! -
TABLE 1II. EXPERIMENTAL VALUES OF K (CMZHSEC 1) FOR

TWO FUELS BURNING IN AIR AT ELEVATED

TEMPERATURE (KOBAYASHI'27),

N-Heptane Benzene
TO(OC) K‘ (cmz-sec_l) TO(OC) K' (crnz- sec-l)
700 0.0121 710 0.0100
0.0110 0.0122
800 0.0124 730 0. 0105‘
0.0108
0. 0090
735 0.0101
750 0.0087
0.0091
0.0096
0.0111
800 0.0116
0.0137

(1) Apparatus
For the purposes of these experiments a new injection apparatus
was built into the head of the combustion tank. The spark ignition
device was essentially the same as that used for the experiments

described in Part B. For these tests, the injector consisted of two
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concentric tubes. Air was passed through the annulus so formed to cool
the injector. The inner tube extended down into the tank about six
inches, aﬁd the fine quartz fibér used for suspending the liquid drop was
: afﬁxéd to its tip. To suspend the droplets on the quartz fiber, a hypo-
dermic syringe with a specially constructed needle was used. This long
needle was inserted through the inner tube of the injector until its tip
was near the tip of the silica filament. A droplet could then be forced
ffom the hypodermié needle and would then flow to the fiber tip. After
withdrawing the hypodermic needle, the drop was ignited withb the spark-
ing device.

An Arriflex 35 mm electrically driven motion picture camera
was used for these measurements. To obtain large images of the
droplets, a 125 mm Astro Pan-Tachar telephoto lens was mounted on
the camera with a four inch extention tube. Strong back lighting was
used to give clear images. Camera speed was approximately 25 frames
per second, and a timing device, arranged to periodically inte‘rrupt the
light reaching the lens, provided accurate timing marks on the film.
The method of obtaining the effective droplet diameter from the film
images was the same as described in Part B of this section.

(2) Experimental Results

Data were obtained for the burning rates of benzene and n-heptane
at temperatures of about 140°C (300°F). At somewhat higher tempera-
tures it was found that the droplets would not adhere to the quartz fiber
aﬁd fell off as soon as they were formed. At still higher temperatures,
the liquid fuel was vaporized while flowing through the hypodermic needle,

hence no drops could be formed.
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For these reasons, only a limited number of data could be
obtained using this injecbtion device. Also, owing to the discrepancy
between these ’da‘ca and the _resuits of other investigations (see Figures
v14’an‘d 15), even the limited data obtained are subject to question. A
possible explanation for the discrepancy may be that an appreciable
amount of the heat necessary for evaporation may have been supplied
from the hot quartz fiber. An attempt was made to reduce this error
by flowing a stream 6f the liquid fuel over the quartz fiber before
suspending the droplet whose burning rate was studied.

A summary of the data obtained in these tests is presented in

Table IV. In contrast to the highly reproducible data obtained in the

' -
TABLE IV. EXPERIMENTAL VALUES OF K (CMZ-. SEC 1) FOR

FUELS BURNING IN AIR AT ELEVATED TEMPERATURE.

N-Heptane Benzene
TO(OC) K’(cmz- sec_l) TO(OC) K (cmz-,'sec-l)
135 0.0115 120 0.0123
0.0116 0.0144
0.0115 0.0120
0.0116 0.0129
0.0111 , 0.0130
0.0110 0.0130

experiments reported in Part B, considerable scatter was found in

' the present case.
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E. Effect of Forced Convection on Drop Burning Rates

All of the experiments described thus far have Been performed
with droplets burning in a quieécent atmosphere subject only to the effects
of frée convection. It was therefore thought to be of interest to investi-
gate the influence of forced convection on a burning droplet. In order to
cbtain an accurate quantitative description of droplet burning rates as a
function of the physico-chemical parameters and the flow conditions, an
extensive experimenfal program would be necessary. The time and
expense involved in such an elaborate investigation precluded ‘its in-
clusion in the present program.

However, a more modest series of experiments was performed
in order to answer two important questions concerning the effects of
forced convection. These questions are: 1) What is the order of
magnitude of change of burning rate caused by forced éonvection?

2) At what gas velocity is the flame surrounding the droplet extinguished,
i.‘e. , "blown off"? A description of these experiments and of the results
will now be presented.

(1) Apparatus

The large combustion tank was not used for experiments on the
influence of forced convection on burning rate. Instead, the droplets
were suspended on a quartz fiber in a small duct through which air
could be blown. The duct was constructed of lucite tubing, two inches
in inside diameter and approximately one foot long. The duct was held
vertically with the air flowing upward. The air was introduced at the

bottom of the duct, and flowed through two baffle plates and three fine
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screens before passing over the drop. The purpose of the baffle plates
and screens was to insure a vfairly flat velocity profile across the
diameter of the du’cvt.
| The air flow was metered by aFischer and Porter Laboratory

Flowrator. The linear air velocity in the duct was obtained by dividing
the volume flow rate by the cross-sectional area of the duct. The
laboratory air supply was used for these tests.

A quartz fibe.r was ingserted downward into the exit of the duct.
The droplets were suspended on the tip of the fiber by means of a
hypoderimic syringe. Again, ignition was accomplished by means of an
electric spark. The electrodes were mounted in the duct wall, with a
gap of approximately two centimeters between their tips. The fiber
was mounted midway in this gap. The Arriflex motion picture camera
described in Part D of this section was used to study the burning of the
droplets.

(2) Experimental Results

Droplet diameter vs. time histories were obtained for n-heptane,
ethyl alcohol, and benzene burning in air streams of velocities up to
40 cm/sec. In order to obtain the functional dependence of droplet
burning rate on the flow parameters {e.g., Reynolds Number) from a
set of diameter vs. time plots, extremely accurate data are necessary
to define the second derivative of the droplet diameter vs. time curve,
The present experimental technique does not yield sufficiently accurate
diameter histories to permit this type of analysis. Instead, the method

of analysis used for the still atmosphere experiments was employed,
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where the square of the droplet diameter was plotted as a function of
time. Data for a still atmosphere (except for free convéction currents)
yielde‘d straight line plots When\presented in this way; the present

data, on the other hand, showed irregular, but relatively small
deviations. A typical plot is shown in Figure 10. Although it was not
proved that the mass rate of fuel consumption is accurately proportion-
al to the drop diameter under conditions of forced convection, it was
possible to fit a straight line to the plots of d2 vs., t and, therefore,

to obtain an effective value for K', the evaporation constant. The
values for the effective evaporation constants evaluated in this way are
presented in Table V. Each value reported is the average of values
found for three separate runs. The individual values varied from the
average value by no more than + 5 0/o.

It is seen that the droplet burning rates, as represented by the
effective evaporation constant, are increased up to a maximum of
thirty-six percent at the highest gas velocities used in these tests. At
gas velocities higher than the largest values shown in Table V, the
burning droplets were extinguished. It may be seen that these velocities
are quite low, in no case exceeding 40 cm/sec.

Spalding(zg) has investigated the flame blow-0off phenomenon
for porous spheres covered by a liquid film of fuel. The spheres were
immersed in an air stream. He reports that as the air velocity was
. increased, the flame that had heretofore surrounded the sphere was

altered so as to burn bnly behind the sphere. The flame remained

’ attached to the surface, however, and resembled the flame front
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TABLE V. EFFECTIVE VALUES OF THE EVAPORATION CONSTANT,
t
K, FOR N-HEPTANE, ETHYL ALCOHOL, AND BENZENE

DROPLETS BURNING IN AN AIR STREAM..

Fuel Air Velocity Effective K' Effective K'/Still Air K’
{cm/sec) (sz' Sec—l)

N-Heptane 0 8.4 x 1()-3 1.00
11.8 10.2 1.22
26.9 11.0 1.32
34.5 11.4 1,36

Ethyl Alcohol 0 8.6x 107> 1. 00
11.8 9.0 1.05
26.9 9.6 1.12
39. 4 10.7 1.25

Benzene 0 9.9 x 10—3 1.00
11.8 10. 4 1.06
26.9 11.5 1.17
34.5 13.1 1.33

observed for the case of cylindrical flame holders in a stream of pre-
mixed fuel and air. At still higher velocities, Spalding reports that
the flame burned in the wake of the sphere, and was not attached to

~ the surface. This progression of blow-off phenomena was not observed

in the present investigation of droplet burning.
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It is quite likely that the supporting quartz fiber may exert con-
siderable influence on the flame blow-off behavior. For this reason it
would be advisable to study blow-off by the use of droplets falling freely

,thr'oug‘.h the oxidizing gas.
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V. COMPARISON OF THEORY AND EX.PERIMENT

In this section, the results of the experiments discussed in the
previous section will be compared to the predictions of the droplet
combﬁstion theories presented in Sections II and III. It has already been
pointed out that the thermal theory, because of the simplified reaction
rate law used, predicts no change in droplet burning rate as the
oxidizer concentration in the surrounding atmosphere is varied. On the
other hand, the simpiified thermal theory presented in Part C of
Section III, as well as the diffusbion theory of Section 1I, predict
appreciable dependence of drop burning rate on oxidizer concentration.
The experimental data of Part B, Section IV, show a definite dependence
of burning rate, or evaporation constant, on this parameter. Therefore,
the detailed comparison of experimental and theoretical results will be
made only for the simplified thermal theory and the diffusion theory.

A. Comparison of the Results of the Simplified Thermal Theory and

Experiment

The experimental values of K1 , the evaporation constant, for
droplets of n-heptane and ethyl alcohol burning in various oxygen-
nitrogen mixtures were presented in Table Il on page 51. In the follow-
ing table, values of K' as compﬁted by the simplified thermal theory
are presented for n-heptane burning in air and pure oxygen. The
adiabatic flame temperature was obtained by use of prepared charts(zg).
- These theoretically calculated values of K1 are plotted as a function of
oxygen weight fraction in Figure 11, together with the experimental

results.



-65-

TABLE VI. CALCULATED VALUES OF Tc’ rC/1:( , AND K1 FOR
THE BURNING OF DROPS OF N-HEPTANE ACCORD-

ING TO THE SIMPLIFIED THERMAL THEORY.

Y T r /r K

0,0 c c / -
(OK) ' (cmz-sec 1)

0.23 2290 23. 4 0.0107

1.00 3140 17.3 0.0151

Reference to Figure 11 reveals that the simplified thermal
theory does not provide an adequate correlation for the experimental
data. It will be seen in the following paragraphs, howevevr, that the
diffusion theory is quite accurate in predicting the variation in burn-
ing rate with increasing oxygen concentration. On the basis of this
comparison, the simplified thermal theory will be rejected as
inadequate, and further detailed comparisons between theory and
'experirnent will be made only for the case of the diffusion theorf, The
theoretical shortcomings of the thermal theories have already been

discussed in Section III.

B. Comparison of the Results of the Diffusion Theory and Experiment

1
Calculated values of K for several fuels burning in air at
atmospheric pressure and room temperature were listed in Table I,
page 27. In Table 1I, page 51, the corresponding experimental values

1 .
of K were presented. In the following Table VII these values
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are compared, and satisfactory agreement is noted.

'TABLE VII. COMPARISON OF CALCULATED AND OBSERVED
VALUES FOR THE EVAPORATION CONSTANT, K ,

FOR SEVERAL HYDROCARBONS BURNING IN AIR.

Observed Value Calculated Value
Compound : of K' (cmz- sechl) of K‘ (crnz- sec-l )
Benzene 0.0098 0.0102
Ethyl Alcohol 0.0086 0.0079
N-Heptane | 0.0084 0.0086
Toluene 0.0077 0. 0087

(1) Comparison of Observed and Calculated Values of rc/rf

It is of interest to compare the values of flames size as
observed by Godsave and the calculated values according to thé
diffusion theory. The theoretical analysis is based on the assumption
that a spherical reaction surfz?‘.ce surrounds the burning droplet. On
the other hand, photographs of Burning droplets, e.g., Figure 1, show
that the flame zone is much elongated, owing to the effects of free
convection, Godsave(7) measured the radius of the roughly hemispherical
bottom portion of the flame zone, and stated that the ratio of this radius
 to the droplet radius is a constant, characteristic for the fuel, when

burning in air. The values of rc/rl calculated from Equation (27)

are contrasted in Table VIII with the values of rc/rf deduced by
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TABLE VIII. COMPARISON OF CALCULATED AND OBSERVED

COMBUSTION RADII .

T, /r’e T, /rl'
Fuel : Observed Values Calculated Values
Benzene v 3.0 9.6
n-Heptane ; 3.0 8.5
Toluene ~ 2.6 9.5

Godsave from his photographs of burning fuel drops. Reference to
Table VIII shows that the calculated values are appreciably larger
than the observed data. There are several obvious reasons for the
observed discrepancies. Thus reference to Figure 1 shows that the
"still" droplet was subjected to strong free convection currents during
burning; the value of rc/r’ for a spherical surface with area
equivalent to the area of the observed luminous zone is roughly double
that of Godsave's tabulated values.

Furthermore, it is not evident that the reaction surface in the
idealized model should, in fact, be identified with the region of maximum
luminosity. The surface for maximum temperature gradients, as
determined from schlieren photographs(7), corresponds to larger
"observed! values of rc/rl than are listed in Table VIII,

The discrepancies between calculated and measured values of
rC/rJZ emphasize also the need for refinement in the theoretical
description of the burning process. Thus it is apparent that the intro-

duction of a spherical reaction shell of finite thickness will lead to lower
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values of Tc and also to 1ow§r effective 'Qalues of I'C/rp ; as indicated
in the footnote on page 22, a similar effect is produced also if proper
allowance is made for dissocia’c‘ion by assuming that chemical equilib-
riﬁm ié established at every point. Presumably the changes in TC
and rC/rl will largely compensate for each other in the calculation
of th, or K‘,' thereby accounting for the satisfactory agreement
between calculated and observed values of an .

It seems appropriate to note again that some experimental
evidence exists which is not in accord with the idea that rC/rfb is a
constant. It has been pointed out that Hall and Diederichsen( 25) have
stated that their studies of the burning of single drops suggest that the
distance between the flame front and the drop surface remains constant
during burning.

(2) Effect of Increasing Oxygen Concentration

1
In Table IX, the values of K, Tc’ and rC/r as computed by

]
the diffusion theory are presented for n-heptane and ethyl alcohol
burning in various oxygen-nitrogen mixtures. As would be expected,

the flame temperatures rise with increasing oxygen concentration,

while the ratio of flame radius to drop radius decreases. The extremely
high computed flame temperaturés result directly from the fact that

the effects of dissociation have been neglected in the theoretical analysis.
In spite of these unrealistic calculated flame temperatures, the

- calculated values of the evaporation constant, K‘, are found to be in

satisfactory agreement with the experimentally determined values. A

1
comparison of experimental and theoretical values of K is carried out
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in Table )é.- A graphical comparison is made in Figures 12 and 13,
where experimental and theoretical values of K‘ for n-heptane and
ethyl alcohol are plotted as 2 function of YO, o

The satisfactory agreement between the calculated and the
experimental values of K' suggests that the physical model upon which
the theoretical analysis is based represents a useful first approximation
for predicting the burning rates of single drops of the fuels considered.
The success of the théory must be ascribed to nearly complete com-
pensation between the obvious deficiencies of the analysis.

{3) The Influence of Pressure on Droplet Burning Rate

According to the diffusion theory of droplet combustion, little
change in burning rate is to be expected as the pressure in the surround-
ing atmosphere is increased. The only influence of pressure on the final
expression for the evaporation constant is due to the change in normal
boiling point, density, and latent heat of vaporization of the liquid fuel.
These effects are small and do not account for the comparatively larger
changes observed experimentally by Hall and Diederichsen(24) and in
the present investigation.

Several explanations might be offered for this discrepancy.
Chemical reaction rates are sensitive functions of the pressure (for a
complicated process, an overall dependence for the reaction rate on the
square of the pressure is not unreasonable) and, therefore, a very weak
~dependence of burning rate on reaction rates could account for the
observed variation. Furthermore, the effects of radiant heat transfer
to the liquid fuel, which were neglected in the diffusion theory, increase

rapidly with pressure and could account for a weak dependence of burning
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rate on ambient pressure.
It has been proposed that the inevitable convection currents may
‘lead to a slight variation in burning rate with pressure. It has been

vpointéd out by Lorell and Wise“g)

that the conventional heat transfer
correlations indicate that the heat transfer coefficient for a sphere
under conditions of free convection is proportional to the one-fourth
power of the pressure. They suggest, by analogy, that it is the
influence of pressure on the free convection currents surrounding the
burning droplet that accounts for the observed variation in burning rate.
However, the experiments on forced convection indicate that only a
small increase in burning rate is to be expected as the flow velocity
resulting from free convection is increased, as the free convection
velocity is a few centimeters per second. Therefore this explanation
for the increase in burning rate should be rejected.

(4) The Influence of Increased Ambient Temperature on Burning

Rate
The diffusion theory predicts an increase in burning rate, and

hence of K’, with increasing ambient temperature. A summary of
calculated results for n-heptane and benzene burning in air at elevated
temperatures is presented in Table XI, As has been noted, consider-
able scatter exists in the data of Kobayashi(27) for burning measure-
ments made at high temperatures. Some doubt exists also as to the
_validity of the data taken at lower temperatures in the course of the
present investigation. However, both sets of data are presented in
Figures 14 and 15, together with the predictions of the diffusion theory.

Fair agreement is noted, in contrast to the excellent agreement obtained
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v 1 ’ .
for the variation of K with gas composition.

TABLE XI. CALCULATED VALUES FOR THE BURNING OF DROPS
OF N-HEPTANE AND BENZENE AT ELEVATED

TEMPERATURES ACCORDING TO THE DIFFUSION

THEORY.
n-Heptane l
TO(OK) TC(OK) rc/x:e K (cmz-sec-l)
300 3230 8.6 0. 0086 v
410 3300 8.3 0.0090
800 3600 1.7 0. 0096
1025 3780 7.3 0.0101
Benzene
TO(OK) TC(OK) rc/lk K‘(cmz-sec_l)
300 3450 9.6 0.0100
425 3510 9.5 0.0101
700 3730 8.5 0.0104
1025 3990 8.4 0.0112

Since the diffusion theory makes no allowance for the mass or
heat transport by natural or forced convection, it is not possible to
!
compare the observed dependence of K on flow velocity with theo-

retical predictions.

C. Conclusions

The comparisons between theory and experiment made in the
preceding paragraphs suggest that the physical model upon which the

diffusion theory is based represents a useful first approximation for
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the fuel-o?:idizer systems considered. However, there are serious
doubts that the basic physical assumptions involved in this model are
‘applicable to certain chemical systems, where the rates of chemical
'reaction ai'e slow, or extensive decomposition of the fuels may occur
without the presence of oxidizer. For example, in a recent investi-
gation(3o), it was found that the diffusion theory satisfactorily pre-
dicted the burning behavior of nitromethane in air, but was inadequate
to explain the observed burning rates of hydrazine in air. It is known
that the activation energy for the decomposition of hydrazine is quite
low, however, and considerable exothermic decomposition may take
place before the hydrazine and its decomposition products are oxidized.
In spite of the apparent deficiencies in the state of knowledge
concerning the burning behavior of isolated, single drops, it appears
that the most important subject for future research in this field is the
relation of single droplet burning to fuel spray combustion behavior. An
‘attempt has been made recently by Graves{31) to correlate known drop-
let burning rates with observed turbojet combustor performance. The:
variation of experimentally observed burning rates of iso-octane drop-
lets in various oxygen-nitrogen mixtures was used to try to predict the
change in combustion efficiency of a turbojet combustion can as the
initial conditions of the inlet gas were varied. The predicted increase
in combustion efficiency as the inlet oxygen concentration is raised fell
short of the increased combustion efficiency observed in actual com-
bustion chamber tests. This result suggests that the relation of single
droplet burning to spray combustion must be carefully investigated

before the results of research on single droplets can be considered

useful for the overall spray combustion problem.
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APPENDIX A

Momentum Equatién for Flow Field Surrounding the Burning Droplet
The momentum equatioﬁ for a flowing fluid must be used to

: check the validity of the assumption that the pressure is essentially

constant in the region surrounding a burning droplet. For the steady-

state flow of a perfect fluid (the effect of viscosity will be ignored), the

momentum equation may be written in the following vector form:
gu-Ju =- Yp- . (A-1)

In this notation © and p are the density and pressure, respectively,
and u is the vector velocity.

In the present spherically symmetric problem, the velocity is
directed oﬁtward from the droplet radially, and has the following
magnitude,

u = th/4T( rzg . (A-2)

Equation (A-1) may now be written

m 1 d fn dp
t — K— 2 } FZ%=_ , (A-3)
4nr Q r dr 4T r¢ dr
or
an 2 1 deg dp
x v ) x = —_— . (A—3a)
4T r§ dr dr

It is desired to evaluate the quantity dp/p; for |dp/p|£« 1, the

assumption of constant pressure in the flow field surrounding the droplet
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is validated. This quantity may be approximated by
2

| m 1
|ap/p|= |—= ; . » (A-4)
pr- ¢

47

As the mass burning rate, th, is proportional to the drop radius,
which is a characteristic dimension of the system, Equation (A-4)

may be rewritten as
o 2
F
2 2

|ap/p| = (A-4a)

Typical values of the quantities in Equation (A-4a) for a hydrocarbon

burning in air at one atmosphere pressure are

(IhF/rj) = lo-z(gm/cm-sec)

e = 10-3 g:m/crn3

p = 1()3 gm/crn-secz.
Hence

‘dp/p[ ':'0.6x10_6/r£2.

As the droplet size decreases, the value of dp/p increases. The use
of the drop radius as the characteristic dimension of the system results
in a conservative estimate. Foi‘ a droplet of 0.005 cm. (50 microns)
diameter

|dp/p| ~ 0,1,
hence the approximation of constant pressures is still reasonable for
droplets of this size. | It has been reported by Burgoyne and Cohen(Sz)

that droplets smaller then this do not seem able to sustain combustion
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individually. Therefore it may be concluded that the assumption of

constant pressure flow field is valid for the case of a burning droplet.
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APPENDIX B

Derivation of the Diffusion Equation

The general conservation equation for a non-reacting gaseous

(33)

species k is given by
2Cy /ot = -V -[Cy (7 + V] (B-1)

where Ck is the molar concentration of species k, Vv is the mass-
weighted average velocity of the gas mixture, and Vk is the diffusion
velocity of species k. For the purposes of the present analysis, only
binary (two componant) systems will be considered. For such a

system the following expressions may be written(34)

)

YV, o+ Y,V, =0  (B-2)
and
= = CTZ Cy
Vet g P Vg o e
1 %2 T

where Y, is the weight fraction of species k, C,, is the total con-
centration (moles/unit volume}, and D12 is the binary diffusion
coefficient for the interdiffusion of species 1 and 2. Equation (B-3)
accounts only for the occurrence of concentration diffusion; diffusion
resulting from pressure or temperature gradients is ignored.

By definition,

Cp = § Y. /M, (B-4)

where ¢ is the gas density and Mk is the molecular weight of species

k. As the sum of the weight fractions must equal 1, we have
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Y+ Y, = L (B-5)

élso,
+ C, . (B-6)

We may then write

Cp = QY /M) + (YZ/MZ)],

hence Equation (B-3) may be written in terms of weight fractions as

(M, Y, + Mlef V[ M, Y

v, - '\?z =- Dy, C . (B-3a)
MleYlY2 lMZYl + I\/IlY2
From Equations (B-2) and {B-5) we obtain
—— — 1 —
V]. - VZ = —;{-—— Vl ) (B—7)
2
and using Equation (B-7) in Equation (B-3a), we find that
_ (M, ¥, + MlYZ)Z M,Y,
vV, =-Dp, v . (B-8)
MleY1 MZYl + Mle

After expanding the gradient tei‘m, Equation (B-8) may be written as

DIZ

Y

VI:-

(Y,VY -Y VY,). (B-8a)
1

But
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hence
\7Y1 = - VYZ'

Therefore, Equation {B-8a) reduces to

= D12
vV, =- —— Y Y,, (B-9)
1 1
Y
1
which is the desired result.
We now use Equations (B-4) and (B-9) in the conservation

equation, Equation (B-1),to obtain
(g Y)/et =- V-[eY, - ¢D, VY. (B-10)

For steady state conditions, the left-hand side of this equation is

equal to zero, and it then follows that

Y, ¥V - §D,, VY, = F(q) (B-11)

where F(q) is some vector function of the coordinates, ¢q , whose
divergence is equal to zero. For a problem with spherical symmetry,

this requirement is met only by the function

F(r) = r"'/:t'2 = r'/4’l‘£r2, (B-12)

where ({7 is a constant.

For the burning droplet problem,
— . 2
v = mF/4'nr e . (B-13)

After multiplying through by 41 rz, Equation (B-11) may now be

written
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Yi M - anro D), (dY,/dr) = T} (B-14)

As it is apparent that the sum of mass transfer of species 1 resulting

1
diffusion, - 43‘(1‘29 -D12 (le/dr), must equal the total rate of trans-

from the outward convection current, Y th, plus that due to

fer of species 1, the constant [ is simply equal to rhl. This final

integrated diffusion equation is identical to Equation (3), page 13.
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FIGURE | PHOTOGRAPH OF BENZENE DROPLET
(~0.1 CM. DIAMETER) BURNING IN AIR.
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FICURE 4 SCHEZMATIC DIAGRAM OF MODEL AND TEMP-
' ERATURE PROFILE IOk THERMAL THEQRY OF
SROPLET COMEUSTION,
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FIG.5 COMBUSTION APPARATUS. "EYEMO"
CAMERA IN LEFT CENTER. INJECTION AND

IGNITION EQUIPMENT VISIBLE ON HEAD OF
COMBUSTION TANK .,

FIG. 6 DROPLET OF ETHYL ALCOHOL BURNING

FIFTY PERCENT OXYGEN AND FIFTY PERCENT NITROGEN BY
WEIGHT.
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FIG.8 BENZENE DROPLETS BURNING IN VARIOUS OXYGEN -
NITROGEN MIXTURES SHOWING RESIDUE FORMATION.
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