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ABSTRACT
Experiments were conducted to measure the mas8 flow of
helium through a circular orifice and a two-dimensional slit over a
wide range of Reynolds number for large pressure ratios across the
test apertures. The Reynolds number, defined as Re =

Y

1

for the orifice and Re =
2

from 5 x 1 0 to
~ 3~ x 10
p1:p2

.

7

The upstream-to-downstream preseure ratio,

, was at all times greater

defined as

=

--,
1

p2

for the slit, ranged nominally

than 100:l so that the Mach number,

was at all times approximately unity.

The results of the present experiments on the circular orifice
are found to compare favorably with the results of experimental and
theoretical work on the circular orifice by previous investigators. The
results sf the present experiments on the two-dimensional slit (which
appear to be the first of this nature) do not compare favorably with the
results of the meager amount of theoretical work on the two-dimensional
slit.
The transition from free-molecule flow to continuum-limit flow
for the circular orifice appears to be substantially complete within the
range 10'~ _<!!kc10°
The two-dimensional slit behaves very much like
Re
the circular orBfice for %
! ! 2 lo0. Unlike the circular orifice, however,
Re

-

the transition from free-molecule flow to continuum-limit flow for the
tvo-dfmensional elir appears to ewer the range *l0'4_<

!k<]i0'.
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INTRODUCTION

Historically, the study of gas flow has been fragmented
according to certain phenomena associated with the degree of gas
rarefaction. For example, the study of gas flow with rarefaction
parameter very much greater than unity (Knudsen number Km > > I )

has been treated by the gaskinetic theory of molecular flow; and
the study of gas flow with rarefaction parameter very much less than
unity (Knudsen number Kn <<I) has been treated by the gasdynamic

theory of continuum flow. Recently, however, much work has been
expended in an effort to develop a unified gas flow analysis which

is valid for any degree of rarefaceion.

The basis for such a unified analysis 8s expected to be the

description of gas flow by the method of statistical mechanics.

At

the present time, free-molecule flow is quite adequately described by
the gaskinetic theory; nearly Eree-moPecule flow can be analyzed by

iteratively salving the gaskinetic equation; continuum flow can be

described by rnacroscopkc equations derived from the gaskinetic equation

which awe similar to the classical Navier-Stokes equations; and slip
flow ran be analyzed by the Navier-Stokes equations plus boundary

condition modifications based on gaskinetic theory.

Therefore, the

transition flow between slip flow and nearly free-nmlecule flow should

be amenable t o analysis by some

in gaskinetic theory.

& equations which have

their basis

Liepmann (1)

1 was the first to point out the experimental

simplicity and well-posed theoretical beauty of the problem of flow
through a thin aperture (I_.g., a sharp-edged aperture with

LID*<

1) and

its usefulness in the development of a unified analysis of gas flow. He
performed the first experiments directed toward the formulation of a
basis for a complete rarefied gas flow analysis, and these experiments
verified the soundness of his experimental approach and initial theoretical analysis. Since the publication of the paper describing his
work and analysis, many other investigators have sought to make a contribution to this area sf knowledge.

In particular, the works of Willis (2),

~reekanth( 3 1 , Narasimha ( 4 1 , Milligan ( 5 1 , Smetana ( 6 ) , Carley (7),

and

Lord (8) are worthy of note.
Following LfepmannPs example, the problem of flow through a
thin aperture is studied with the objective of contributing to a better
understanding of the transition from free-molecule to continurn flow and
the development of a unified analysis of gas flow.

l~umbersin parentheses refer to similaely numbered references
in the Bibliography.

11.

THEORY

Consider t h e steady flow of a gas from one l a r g e container
t o another through a t h i n aperture of a r b i t r a r y geometry.

The

subscript 1 denotes the l o c a t i o n of an equilibrium s t a t e upstream
of t h e aperture, and t h e subscript 2 denotes t h e l o c a t i o n of an
equilibrium s t a t e downstream of the aperture.

Depending upon the

degree of r a r e f a c t i o n of the gas, t h e flow can range from molecular
effusion t o p o t e n t i a l flow.
L i m i t of Free-MoPecule Flow

This end of the flow spectrum i s characterized by a gas
density so low, o r an aperture so small, t h a t t h e r a t i o of t h e mean
f r e e path of a gas molecule t o the c h a r a c t e r i s t i c dimension of the
aperfrPlre 2 s much g r e a t e r than u n i t y (Knudsen number Kn

>> 1).

Under these conditions, a molecule w i l l o r d i n a r i l y pass from one
container t o the other without making any c o l f i s i o n s i n t h e neighborhood of t h e aperture.

No mass motion of the gas develops, ,and t h e

Pack s f r e f l e c t e d molecules from the area of the aperture has a
n e g l i g i b l e e f f e c t on the e q u i l l b r i w n d i s t r i b u t i o n function of the
gas i n each container.

Therefore, t h e number of molecules n passing

through an aperture of area A i n each d i r e c t i o n per u n i t time can be
obtained from t h e elementary, gaskinetic theory c a l c u l a t i o n of t h e
number s f rrrmlecules n which s t r i k e an area A of the wall per u n i t

From Present (9),

time.

t h i s number i s

where N i s t h e number density of molecules a t s t a t e 1 o r 2, E i s
t h e mean molecular speed, R i s the gas constant per u n i t mass, and
T i s t h e absolute temperature a t s t a t e 1 o r 2.

The mass flow

corresponding t o equation (2-1) i s

where p i s the gas density a t s t a t e B

OF

2.

For apertures of nonzero thickness, equation (2-2) must

be multiplied by t h e Clausing (10) transmission p r o b a b i l i t y f a c t o r ,

for t h e p a r t i c u l a r aperture geometry.

where
and

a

m

B u s ; one obtains

i s the mass flow in t h e d i r e c t i o n from s t a t e i t o s t a t e j

i s t h e Clausing f a c t o r f o r flow i n the corresponding d i r e c t i o n .

K

j

Since the flow is thermodynamically the Joule-Thomson
process for the perfect gas, the temperature at state 2 is identical
to that at state 1.

The net glow through the aperture i s then

given by

If the aperture geometry is symmetric with respece to a reversal of
the flow, then

a

A =

2112

rc

A

The net flow through tthe aperture be

~ a a '

Using &he ideal gae equation of states

where p

jS8

ghe gae preesure, one! may write

For the circular orifice, I

r

3L

.

FOP the ewe-

Near the Limit of Free-Molecule Flow
Nearly free-molecule flow is very much like free-molecule
flow; however, the ratio of mean free path to characteristic aperture
dimension is large and finite (Knudsen number Kn v I), and the lack
of reflected molecules from the area of the aperture does have an
effect on the distribution function of the gas in each container.
This part of the flow spectrum is best analyzed by iteratively solving
the gaskinetic equation to obtain the non-equilibrium distribution
function which can be integrated to give the number of mohecules
passing through the aperture per unit time and, consequently, the
mass flow. This method has been applied to the circular orifice by
Narasimha (4) and Willis (2) and to the two-dimensional slit by
Willis (2).

The computations are very long and Baborisus, and they

usually require a number sf simplifying assumptisms. Narasimha found
the Peading t e r n of the first iterate to be

WPBBls found the leading terms sf the first iterate to be

&fm

I

-

1

- 0.0285 (g)

-1
In

($)

-1

+ 0.01725

-1

(g ) .

(2-10)

slit

A less rigorous analysis sf this part of the flow spectrum
is found in Liepmann (1).

He computes the number of mofecules,

scattered from a volume element: dV in the direction of an element of
area &,which

do not suffer a collision between dV and dA.

Noting

that the primary effect of the aperture is the reduction of the
number of molecules in the neighborhood of the opening due to the
lack of reflections, he obtains

For the sake of comparison, a mean free path is defined by ja- I'hF p X
80

thae one ana3 write kiepmann's result ins

One notes that the approach to the limit is quite slow.
(2-8)

Equations

through (2-12) are based om the assumption of no molecular

backflow.

Although equations (2-8) and ( 2 - 9 ) differ by only a few

per cent, Willis has pointed out that Narasimha's result is rather
fortuitous since his simplifying aseumptions yield compensating errora.
Limit of Continuum Flow
This end of the flow spectrum is characterized by a gas
density so high or an aperture so large that the ratio of the mean
free path of a gas molecule to the characteristic dimension of the
aperture is much less than unity (Knudsen number Kn << 1).

Under

these conditions, a molecule sustains many collisions in the
neighborhood of the aperture; and a mass motion of the gas develops.
Generally, because of the large number of collisions in the gas,
the gas exhibits the properties of a continuum, and the gaskinetic
analysis is abandoned in favor of the more familiar Mavier-Stokes
equations of gasdymanaics.

Strictly speaking, however, the gaskinetic

analysis is still used; for the Navier-Stokes equations can be derived
from the gaskinetic equation.
Consider the flow through the given aperture for infinite

.

Reynolds number and large upstream-to-downstream pressure ratio p /p
1 2
(These conditions are equivalent to Knudsen number Kn<<l.)

For

inviscid flow, there exists a definite critical pressure ratio (p /p )

a

2,

beyond which the downstream conditions cannot influence the upstream
conditions. The m a x i m mass flow through the aperture, for given

.

pop
upstream conditions, is reached for this value of (p /p )
2c
a smooth nozzle, the critical pressure ratio and nnaxinnuun mass flow can

be found from the one-dimensional, channel flow equations.

They are

and

where 7 ils the ratio sf specific heats of the gas, unlike the freemolecule flow limit, one notes that the mass flow aP: the eontinuurn
1BnsPt is a function of the molecular complexity of the gas.

Whereas the sonic Pine (surface) in a smooth nozzle is
approximately straight (planar), that in a sharp-edged aperture is
double s-shaped (warped).

Thus, in the plane of the aperture, the

flow fa mixed; it is partially subsonic and partially supersonic.
Since the largest mass flow density occurs at local sonic velocity,
the

-88

flow through an aperture is less than that through s smooth

nozzle of eonparable throat area.

Hence, one writes for the aperture,

The flow through a two-dimensional slit has been analyzed
by Guderley (11) by the method of characteristics, The critical
pressure ratio is found to be that necessary for a 45'

turn from

sonic in Prandtl-Meyer flow.
The computation of the corresponding mass flow is nuch more
difficult.

Only one calculation seems ever to have been made.

Frank1 (12) computed (numerically) the flow through a two-dimensional
slit for Y = 1.40. His result was a = 0.85.
The flow through a circular orifice is very difficult to
analyze. Unlike the two-dimensional slit, the characteristics of Prlhe
equation for the circular orifice in the hodograpk plane are not
known independently sf the flow in the physical plane, Eiepmann (1)
gives an argument to show that the critical pressure ratio for the
circular orifice should be greater tkan that for a slft and that the
mass flow shoudd be somewhat less.

He argues that the differance

should be very slight.
Near the Limit of Coneinuum Flow
For flow near the continuum limit, the ratio of mean free
path to characteristic aperture dimension is small and finite (Knudsen
number IKw

< I), and viscous affects m s t be considered in the analysis

sf the flow. A search sf the available literature does not reveal any
eompfete analysis of this part of the flow spectrum for the geometry
under consideration. Lfepmann (1) gives some qualitative and quantitatatre arguments which point toward a mass

flew fomBco sf the type

When expressed in the variables used in the present: atudy, this equation
is

Slip and Transition Flow
Slip flow is that part of the flow spectrwn where the NavierStokes equations still apply, but the no-slip boundary condition of
conventional gasdynamics is relaxed to allow a velocity tangent to the
bounding surface.

Transition flow is that part sf the flow spectrum

between the slip flow and the nearly free-molecule flow which is
identified by a mean free path to characteristic aperture dimension
ratio of order unity (Knudsen number Kn-1).

There do not appear to be any analyses for slip flow through
thin apertures (if indeed there can be slip flow through thin apertures);
however, SreeAcanth (3) has initiated the unjustified practice (which has
spread to other investigators) of fitting his transition flow data with
the mdified Psiseuille equation, This practice is discussed here
e t r i e t l y aa a matter sf record.

Following Present ( 9 ) , one can obtain the nutee flow forumla

for slip flow in long circular tubes as

where D is the tube diameter, L is the tube length,

AP ' P1

- P2s

= %(pl

+ p2),

and B 1s a constant which is a functi~nof the

equation chosen to relate mean free path and viscosity.
For example, three common equations used to relate mean free
path and viscosity are

and
1

=

zzp),

The B's associated with these relationships are respectively

and

From equation (2-7), the free-molecule mass flow rate
through e long tube i e

where

and
3L

= 4D

w

A

-

L

T
A,
4

Dividing equation (2-18) by equation (2-21), one obtains

Note that for the pressure ratios considered here

'P2

/p is

I

approximately gero, and equation (2-22) can be written as

-P

0

i

frn

Unfortunately, equation (2-22) is invalid, for it is linear
in

p; whereata, the experiments of Knudsen

(13) and others have estab-

lished the existence sf a relative minimum in the mass flow ratio for
flow in long tube8 at low pressures such that the Knudsen number is of

order unity.

Moreover, the viscous flow theory with slip correetioa is

invalid for Knudsen number of order unity and, consequently, should not
be extrapolated into this region.
Sreekanth (3) found that he could fit his experimental data
for traneftion flow through circular orifices and short tubes

LID^^)

with the right-hand side of equation (2-18) times the factor L/(L

+ D).

In his work, he does not indicate what led him to this choice, nor does
Its relation to

he seem to grasp the significance of this parameter.

the present analysis in equations (2-18) through (2-23) is best seen
when written as

1
1
-

R

I

When written in this form, one can easily note the effect of multiplying
the right-hand side sf equation (2-18) by L/(L 9 D) which is to approximate the Clausing factor for long tubes by D/L and the Clausing factor
for short tubes by 1/(1

+ LID).

The D/L representation is quite poor

(always 25% or more too small) since the Clausing factor for circular
geometries has the range 1-+4~/3L. The 1/(1

+ LID)

representation is

quite good up to L/D of unity since, within this range, it never deviates
more than 3% from the true value sf the Cfausing factor.

The success of

SreekanthPsmdPfied equation lies in the fact that most transition and
near free-molecule experimental mass flow data tend to am apparent
asymptote which is 3% to 6% higher than the free-molecule limit of
unity, and his modification "adjusts" the "theoretict~l'~free-molecule

limit to 4/3 times 3 ~ / 2(-1.047).

It is worthwhile to note that the leading term in equation
(2-23) for any of the B's of equations (2-20abc) is less than unity;
thus equation (2-23) does not even have the proper free-molecule limit
of unity.

Considering the lack of rigor in the slip flow correction,

however, one might be tempted to set this leading term equal to unity.
Thus one has

Of course, this equation is no more valid than the one attributed to
Sreekanth, but it now has the same form as the valid solutions of the
near free-molecule flow regime which helps to explain the fascination
which some investigators have for this equation.
(2-25) to equations (2-8),

(2-9), and (2-12).

1

equation

111.

APPARATUS AND TECHNIQUES

General Description

The apparatus used in this study of rarefied gas flow is a
continuous-flow, open-circuit facility which was designed and built
by Henderson (14) and McGill (15) to operate over a stagnation chamber
pressure range of 1 x

to 5 x 10-I atmospheres while maintaining

a minimum 100:l pressure ratio across a test aperture of characteristic dimension 1 x 10-' centimeters.
Figure 1 Is a photograph of the apparatus whose three main
component groups are shown schematically in Figures 2, 3, and 4. A
list of the equipment comprising the apparatus is given in Table I.
Since the schematics are largely self-explanatory, the following
paragraphs are devoted to the less obvious details and techniques.
Gas Feed and Flow Measurement
A11 experiments were performed with CIT grade helium taken
from standard cylinders. No particle filters were used, but condensable gases were removed by the use of a liquid nitrogen cold trap.
The constant temperature bath was adjusted to maintain a nominal gas
i

output temperature equal to that of the almost-constant temperature
sf the air-conditioned laboratory.

Two different types of volumetric flow meters were used
depending upon the flow rate. For flow rates less than 1 or 2 ce/sec,

8

the vol-u-meter was used. For flow rates greater than P or 2 cclsec,
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Gas feed and flow measurement schematic
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Figure 4.

Pumping schematic

TABLE I

LIST OF EQUIPMENT
Item
gas cylinders

Description
2000 psig cylinder of research grade
helium of purity 2 99.99%
2000 psig cylinder of nitrogen

pressure regulators

Matheson model IL
delivery pressure 3 to 80 psig
Matheson model 2
delivery pressure 25 to 650 psig
Matheson model 78B
delivery pressure 3 to 15'' H2B gage

liquid nitrogen cold traps

Greiner Glassware
double-tube trap 30 crn Bong

constant temperature bath

ten-gallon jar of water with
thermostatically controlled
resistance heater

vacuum flasks

Thermos model 8640

themmeters

ASTM Saybolt viseosity'#l7~
range 66 to 80°F
Beast count 2 F"
Central Scientific
range -10.to 91200F
least count 2 F"

barometer

Central Scientific
Brooks
range 0 to 25 cc
accuracy .2% sf indicated volume
Stokes model 412H
CENCB hypervac 25
W C PMCS-2@

TABLE I (continued)
Item
dial gages

Description
Burton model 2311-001
range 0 to 15 psia
least count .1 psi
Wallace and Tiernan model FA-233111
dual range 0 to 25, 25 to 50 psia
least count .05 psi
Wallace and Tiernan model FAR 160
range 0 to 50 mm Hg
least count - 2 mm Hg

manometers

Wallace and Tiernan model FA 135
range 0 to 800 m Hg

rotameters

Brooks E/c meters
models R-2-15M with stainless steel
float, R-2-25D with sapphire float,
R-2-25A with sapphire float, and
R-2-25B with sapphire float
least count .1 mm

t imer

Standard
range O to 1000 sec
least count . I see

variable leak

Granville-Phillips model 283
range 10-10 cc/sec to lo2 cc/sec with
1 atm pressure differential

thermistop gage

CVC model GTC-100
range 0-1000 Hg

Mckeod gages

Greiner Glassware
non-linear model
range 0 to 125VHg
linear model
ranges 0 to 1 m Hg, 0 to 10 mm Hg,
and 0 to 100 nmn Hg

one of four rotameters was used.

The rotameters, which are continuous-

flow devices, were calibrated for helium using the water displacement
method.

Q

When measuring low flow rates, the vol-u-meter--a positive

displacement device--was bypassed until steady state conditions were
attained. At this time it was switched into the circuit to measure the
volumetric flow rate.

Since this increased the pressure drop across

the flow meters, the steady state conditions previously attained were
disturbed. A technique whereby one of the rotameter needle valves was
used ts increase the pressure drop across the flow meters when the

Q

vol-u-meter was bypassed, and was switched out of the circuit when the

8

vol-u-meter was switched in, appeared to correct this disturbance.
The precision stainless steel needle valve, used to throttle
the gas into the stagnation chamber of the vacuum vessel, had a three

digit counter attached to the drive handle.

Each digit in the unitgs

position of the counter corresponded to 1/10 turn of the needle valve
which required 27 full turns to go from fully open to fully closed
conductance. This counter was used as an aid in repeating an experimental point.
Vacuum Test Vessel
The vacuum test vessel is a steel cylinder with end plates
and a bulkhead which: divides the tank into two chambers. Each chamber
measures 40 cm on the internal diameter. The upstream chamber is 40 cm
long; the downstream chamber is 50 cm long. The bulkhead has a machined

opening which can accommodate various size test apertures. The
apertures are installed or inspected through a port in the upstream
stagnation chamber. Three penetrations are provided in the stagnation
chamber and two are provided in the exhaust chamber for gas inlet, gas
exit, temperature taps, and pressure taps. Considerable care was taken
in the selection of these locations so as not to bias the data.
Test Apertures
The circular orifice used in this study was machined from
steel plate, inspected on an optical comparator, and fitted flush into
the upstream surface of the dividing bulkhead of the vacuum test vessel.
Considering the fact that the diameter of the orifice is 1 x 10-I cm
and the internal diameter of the vacuum test vessel is 40 cm, the tank
walls do not have any effect on the flow. Figure 5 is a detail drawing
of the circular orifice which was used in the present study. The
Clausing factor for this geometry is 0.918, and it was obtained from
ClausingPs (10) original work using the dimensions given in Figure 5.
Several slits were chemically milled in 0.002-inch thick
beryllium-copper and inspected on an optical comparator. The slit
chosen for use was approximately rectangular when observed under 20X
magnification, Because of the method of construction, the slit had no
sharp corners.

Based on the actual flow area, it effectively measured

0.0038 inches by 0,35 inches. The flow area of the slit increased very
slightly from one side to the other (the slit was acid etched from one
side only),

so it was used with the flow area increasing in the

direction of the flow. The Clausing factor for the slit is 0.6, and
it was calculated, assuming rectangular geometry, from formulas in
Clausing's (10) original work using the effective dimensions. Even
after making allowance for the divergence of the flow area, there is
still a greater uncertainty in the slit Clausing factor than in the
orifice Clausing factor.

Figure 6 shows the effective dimensions of

the slit which was used in the present study, the adapter plate, and
the manner in which the slit was mounted.
Pumping
The parallel pumping arrangement allows a rapid evacuation
of the vacuum test vessel to the 1 x loe6 atmosphere range by use of
the large mechanical pump.

During this time, the oil diffusion pump

is isolated while being warmed to operating conditions. There is no
provision for controlling the backstreaming of the pump oils.

.

Vacuum Pressure Measurement
Stagnation chamber pressures can be measured by either of two
McLeod gages, a mechanical gage, a mercury manometer, or a thermistor
gage, depending upon the pressure range. The McLeod gages are the
primary standards, and the other instruments are calibrated to agree
with them; however, the thermistor gage is only used for pressure
monitoring.

The exhaust chamber pressure can be measured by either of

the same two McLeod gages or a thermistor gage. As before, the
thermistor gage is used only for monitoring pressure. All pressure

measurements involving mercury columns were corrected toC'O

and

standard gravity.

Seals, Leaks and Outgassin&
Extensive use was made of O-ring and glassblown seals in
the construction of the apparatus.

Where such seals were not used,
(i3

the joints were coated with epoxy or painted with glyptal.

After the

installation or inspection of the test apertures, the vacuum test
vessel was pumped to the micron range and held there for several weeks
in order to reduce the effects of outgassing.

The ultimate leak plus

outgassing thus obtained would raise the tank preseure from
by approximately .3r/hr.

am Hg

For all but the smallest flow rates, this

pressure rise was entirely negligible.

Each of the plotted points is an average of three or more
measurements at the same setting of the precision needle valve and
represents a separate measurement of the volumetric flow.

The

estimated error from known sources, such as the volumetric flow
measurements, room temperature variation, and aperture geometry, is

-

about -1- 2% for the orifice and about

2 5% for the slit. Additional

errors, which are difficult to estimate, arise from such things as
uneven outgassing, lack of attainment of steady flow, and the inherent
difficulties involved in using and reading a McLeod gage,
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DISCUSSION OF RESULTS

The method of data reduction selected for use is similar
to that introduced by Liepmann (1).

A characteristic velocity, Mach

number, and Reynolds number are defined as

and

Using the ideal gas equation of state, equation (2-6), these terms
can also be written as

and

For t h e large pressure r a t i o s used i n t h i s experiment, and i n the
experiments and theory t o which i t is compared, theee terms are
approximately

and

The c h a r a c t e r i s t i c dimension of t h e c i r c u l a r o r i f i c e and of
t h e two-dimensional s l i t i s based on t h e r a t i o of aperture a r e a t o
a p e r m r e perimeter.

Thus, one has f o r t h e c i r c u l a r o r i f i c e ,

D*
and for the' s l i t ,

where

bh

is the r a t i o of the short: s i d e of the s l i t t o the long s i d e

of t h e slit.

In theae experiments,

Mach number t o Reyaolde number,

ii

<< 1.

Note that t h e r a t i o of

i s proportional t o the Knudsen number,

but i t avoids the ambiguity associated with the d e f i n i t i o n o f a mean

free path.
Ae

, the theoretical
g Q D
Re

1i m i t

AS%-O

Re

$

- 1

l i m i t for each geometry i s

.

the theoretical l i m i t for each geometry i s given by

Note that this limit, as defined, is a function of the aperture
geometry

(K),

- , and

the pressure ratio p2
P,

the molecular complexity of

the gas ( 7 ) ; whereas the free-molecule flow limit, as defined, is
independent of such factors and a.
Except for one figure, which is plotted as the ratio of
measured mass flow to theoretical continuum limit mass flow versus the
ratio of Mach number to Reynolds number, the results of the present
investigation and the results of previous investigators are plotted as
the ratio of measured mass flow to theoretical free-molecule mass flow
versus the ratio of Mach number to Reynolds number.
Figure 7a shows the present experimental data for the circular
orifice and the two-dimensional slit. Note how the dimensionless mass
flow for each aperture levels off near

= 1
0' as the free-molecule
Re
flow limit is approached. Since the data levels off well above the

theoretical limit of unity, there is probably some systematic error
here which involves the flow area, the Clausing factor, and the pressure
difference across the apertures; yet, it is interesting to note that the
original data of Knudsen (13), when corrected for finite aperture thickness by Liepmann (I), are about 7% greater than the limiting value in
this region.

In addition, although Sreekanth (3) used very precise

instrumentation and a circular orifice 1 inch in diameter in 0.005-inch
thick copper, even his data are 4% greater than the limiting value in
this region. According to the theoretical calculations on nearly freemolecule flow, however, the mass flow ratio should be within 2% of its
limiting value in this region.

There is no very satisfactory explanation

for this behavior other 'than the factors mentioned above. For values
the data for the orifice and the slit diverge greatly.
<5 x
Re
One should expect this behavior because of the large difference in the

of

continuum limits of the two apertures, a result of the greatly different
Clausing factors for the two apertures and the manner in which the
continuum limit is defined in equation (4-15).

Since the Clausing

factor for the orifice used in the present investigation is 0.918, and
that for the slit is 0.6, other things being equal, one can see from
equation (4-15) that the defined continuum limit for the slit is
0.918/0.6 times that of the orifice.
Excluding the uncertainty in the difference between a for the
circular orifice and a for the two-dimensional slit, one might attempt
to infer that the difference in the dimensionless mass flow for an
orifice and a slit which have identical Clausing factors could be quite
small over the whole flow spectrum. That this inference is invalid is
easily seen when one examines Figure 7b where the experimental mass flow
of the present investigation is made dimensionless, using the theoretical
continuum-limit mass flow. This figure vividly illustrates the fact
that there is quite a difference in the flow through a circular orifice
and a two-dimensional slit.

Probably the most striking difference to be

noted in Figure 7b is in the approach to the continuum limit. For values
of order 10'~ the orifice mass flow is within a few percent of the
Re
continuum limit while the slit mass flow is very far away from the con-

of

tinuum limit. A crude estimate, obtained by linear extrapolation in
Figure 7b, indicates that the slit flow will require values of Ma of
Re

order

in order to approach the continuum limit as closely as the

.

orifice flow does at values of Ma of order 10-2
Re
Figure 8 compares the data of the present investigation with
the experimental data of Liepmann (I), Henderson (14), and McGill (15)
for orifice flow. The agreement is seen to be quite good in all
As previously mentioned, the divergence
> 5 x 10'~.
Re
at the continuum end of the flow spectrum is due to the different

respects for

Clausing factors. The Clausing factor for Liepmann's orifice is 0.975
which places its continuum limit lower than that for the circular
orifice used by Henderson, McGi11, and the present investigator.
Figure 9 compares the data of the present investigation
with the theoretical calculations of Narasirnha (4) and Willis (2) for
the region near free-molecule flow

(- )
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.

in this limited

range, the agreement is qualitatively good but quantatively poor, for
the experimental data levels off too high.

One must remember that the

> 1; thereRe fore, they cannot be legitimately compared to the experimental data

calculations of Narasimha and Willis are only valid for

outside this range.
Figure 10 compares the data of the present investigation with
the experimental data of Sreekanth (3) for orifice flow. Within the
limited range of Sreekanth's data, the agreement of his orifice flow
and that of the present investigator is quantitatively good and qualitatively excellent.
Figure 11 compares the data of the present investigation with
the experimental data of Smetana (6) and Lord (8) for orifice flow.

~metana's experimental data are shown, while ~ord's data are represented
by his best-fit curve.

The agreement of the three sets of orifice data
\

is fairly poor.
range is

Ma
Re

2 1.

It should be noted, however, that Lord's experimental
Therefore, his data should not be compared to other

date outside this range.

Smetana's data do not appear to be corrected

for nonzero orifice thickness.

If corrected for this effect, his

experimental points would be increased about 1%.
Figure 12 compares the data of the present investigation with
various forms of the modified Poiseuille equation

[equation (2-22)I .

This figure is included here strictly as a matter of interest and
infomation, and one is directed to the section on Slip a d Traneition
Flow (pages 11-15) for all comments.

V.

CONCLUSIONS

The experiments conducted on the circular orifice and the twodimensional slit show the trend of asymptotic approach to a limiting
value at each end of the flow spectrum, corresponding to the continuum
flow limit and the free-molecule flow limit. The transition from one
part of the flow spectrum to another is smooth, as attested to by the
smooth curves of dimensionless mass flow versus dimensionless rarefaction parameter.

The data of the present investigation, and that sf all

other investigations surveyed except one, show a mass flow, in the nearly
free-molecule part of the flow spectrum (lo0< M"
Re

PO^),

which is greater

than that predicted by the theoretical analysis. As discussed on page
32, this is thought to be experimental error; yet, the disparity lies
outside the estimated limits of experimental error of each investigation. Future investigations will be necessary to resolve this question.
One of the most surprising aspects of the present investigation is the fact that the transition from near free-molecule flow to
near continuum-limit flow for the two-dimensional slit appears to cover
a much broader range of the flow spectrum than that required for the
circular orifice.

The transition for the circular orifice appears to

0 Mas~100 ~(see~Figure
Re
The transition for the two-dimensional slit is roughly estimated

be substantially complete within the range 1
7b).

to cover the range -10-~<!%~10~
- Re

(see Figure 7b and the discussion on

page 34).
It is interesting to note how the leading term of equations
similar to equation (2-23) can be adjusted to give good agreement with
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the flow in the range M a / ~ e>_ lo-'.

-

The obvious reason for the success

lies, of course, in the fact that the first iterate of the rigorous
gaskinetic solution for this range is linear in (Ma/~e)-'

as is equation

(2-23).

In conclusion, the flow of a rarefied gas through a thin
aperture of arbitrary geometry is worthy of further investigation.
Theoretically, one needs to determine a general formula for the

a(r)

factor and to analyze the flow near the continuum limit. Experimentally,
one needs to get the apparent free-molecule limit to agree (at least
within the experimental error) with the theoretical free-molecule limit.
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