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ABSTRACT
I

The crystal structure of dimethyl phosphino-
borine trimer, ‘}CHB)ZPBH5]3, has been determined
by analysis of its xX-ray diffraction maxima, Use
was made of a three-dimensional Patterson function,
least squares on the structure factors, and a three-
dimensional electron~density difference map., The
space group is P, .; the unit cell constants are
& = 11,16 A, b = 13.16 &, and ¢ = 10.53 &. There
are four molecules per uniﬁ cell, The molecule
has a cyclohexane-~like ring of alternating phospho-
rus and boron atoms, with two methyl groups attached
to each phosphorus atcm, It has a plane of symmétry,
and the environment of each phosphorus atom 1s Coy.
The following average structural parameters ﬁere

found:

0
B 1.934 A

C 1,835

B-P 1127 17!
-P-B 117° 58!

P-C 109° 7!

P-C 100° 267

Some attention 1s given to the determination of
temperature factors from the difference map and to
fitting of atomic form factors by Gasussians, The R

factor for the final structure is 0,169,



II
The advantages of the method of least squarss,
a8 contrasted to the usual correletion treatment,
in electron diffraction investigations of molecular
structure are outlined, Special attention is.given
to visual data and to the weighting of observations,
including remarks on the use of a non-dlagonal
welght matrix and the derivation of welights from the
goodness of fit, and to obtaining reliable estimétes-
of error, and of error correlation, for the parameters.
IIT
.The method of least squares has been applied to
electron diffraction photographs of bicycloheptadiene,
‘ C?HB, and bicyclo-octane, CBHIM“ In the case of 
bicycloheptadiene, a simple valence-force potential
function adequately explalns the values found:for the
structural parameters, The structure of difluoro-

methane has been reinvestigated by electron diffraction.
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I. The Crystal Structure of Dimethyl Fhosphino-

borine Trimer

Dimethyl phosphino-borine trimer, [(CHB)2PBH2]3,
prepered by the reaction of dimethyl phosphine with
diborane and subsequent polyﬁerizatisn of the'prdduct,
has besn described by Burg as being perhaps the most
stable of all B-H compounds. (1) It is extremely
stable toward both hydrolysis and thermal decomposition,
Burg has postulated that the structure is a hexatomie
ring with six equivalent P-B honds, and that the re-
sistance toward hydrolysis is primarily due to the
special nature of the bonding required to explain such
@ structure, rather than to steric hindrance by the
methyl groups which may alsc play an important role,

| It seemed of interest to attempt a compiete
erystal structure determination® of this unusual com-
.pound, both to test the hjpothesized hexatomic ring
structure and to determine interatomic distanées and
bond angles in the hope that these would help elucidate
the nature of the bonding involved, |

The crystal lattice 1s orthorhombic, and the pre-

ferred crystal form is needle-1ike, although on

*Previous x-ray diffraction work by Burg snd co-
Wworkers extended only to determination of the lattics
type and the cell constants,



recrystalllization from methanol it is possible to
obtaln almost square plates perpendicular to the
needle axis, b, The crystals used in the prepara-
tion of the x-ray diffraction photographs were
0e2 = 0,3 mm. in maximum dimension with the excep-
tlon of the needles, which were sometimes 1 mm, 1dhg.
Because of the high sublimation pressure of the com-
pound &t room temperature, it was found necessary to
mount the crystais in non-absorbing glass capillary
tubes for all x-ray work,

From rotation and Welssenberg photographs about
the & and b axes and preces:slon photographs about &ll
axes, using Cu K (A= 1,8,2 X) and Mo Kg (A= 0,711 E)

radlation, the cell constanis were found to be:

¢}

a = 11,16 * 0,014 A
. (&)

b-= 13,16 * 0,016 A
m o
c = 10,53 * 0,014 A

'The unit cell volume is 1546,5 23, while that calcu-
lated for four molecules per unit cell and the den-
sity, 0.96 g/cc (1), is 1533 &3,
The only systematic absences are

hkO h odd

Okl k+1 odd
indicating an (001) glide plane with component /2
and a (100) glide plsne with component b/2 + ¢/2,
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The possible space groups are P (D%ﬁ) and, with

nms&

& relabeling of axss, P (Cgv). It was decided

nady
to attempt 2 differentiation between these on the
basls of the H(z) test (2),l.e., on the distribution
nf intensities to be expected for the centrosym-
metric as contrasted to the acentric space group.
After all data had been ccllected and corrected
for Lorentz, polarization, and film fractors, and
correlated 88 is discussed in detail below, the ree-
flections were divided into groups of about sixty
reflsctions each at small intervals of sinf®@% The
average intensity in sach group of sapproximately
constant sin29 was calculatesd, For sach reflecticn
zt = 7/ T was calculated, A plot of H(z),the fraction
of the total number of reflections having z'£ z,
versus z was then made (fig., 1). As may be seen,
the polnts Tall nicely along the curve N(é) = erf(%z)%,
the theoretical curve for the space group 1. The

agreement i1s remerkably good for z9 0,3, the theo-

retical and observed values differing by no more

*The average values of sin® © 1in the various grauia
were 0,06, 0,12, 0.17, 0.22, 0, 22 04 32 0,3 1,
2, 0

0.45, 0.8, 0.5%, 0,5%, 0.59, 0 0.70,
0.72, and o»7h
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than O;OOS%. Trhie indicated space group is D%g, which
was confirmed by the concentrations of peaks found in

the Patterson,

16
D2h
there are only four molecules psr unit cell, some of

Since has eight-Told general positions and
the atoms must lie in special positions, It was
deemed most probable that the atoms 1n the special_
positions lie on the space-group imposed mirror plane
and that the molecule has a plane of symmetry coin-
ciding with this plane., A (100) Fatterson projection
wa3 difficult to interpret in terms of a layer strﬁc;
ture with the entire ring lying in the mirror plane,
so it appeared that the molecule probably lies per-
péndicular to the mirror plane with one P and one B
lying in the plane,

Although it may have been possible to détermine
the phosphorus positions from two-dimensional enal-
"ysis, the unit cell is of such a size and the overlap
so great in any projection that the likelihooa of
obtaining good light atom positlions from zonal data

alone seemed small, Consequently, it was décided to

*The N(z) curves for the hOl and 0kl projecticns were
also made and exhibited the same general behavior as
for the entire group of reflectinns, There wes,
however, considerably more scatter of the points
sbout the ideal curve,



carry out a complete three-dimensional analysis,
Equi-inclination Welssenberg photographs were
takeh with Cu Ko radiation around the a and b
axes, the layers extending to 10 k1 and h81, The
maximum sin © observed was 0,88, Within this
limit, 1210 reflections are allowed by the space
group, and, of these,2li9 were unobservably small,
All intensities were visually estimated from multi-
ple-film photographs by comparison with standard
intensity strips prepared from the same crystals,
All but the weakest reflections were estimated from
two, or even three, films, The film factors were
estimated separately for each set of photographs.
N§ correction was made for the Cox and Shaw factor
(3) for varlation of film factor with angle of in-
cidence, but an average value was taksn for éach_
layer,
The intensities, the indices, and 8in2© were
punched on IBM cards for the succeeding calculations®,
After correction for Lorentz and polarization factors,

correlations betwesen the various sets of fiims were

bl

IBM equipment was used as fully as possible, both
in the initial reduction of data and in the sub-
sequent refinement, including least squares, struc-
ture factor calculations,and Fourier syntheses,
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made by comparison of the approximately 800 inten-
sitles which had been measured on photographs around
both the 8 and b sxes, The ratio of the two inten-
éities was calculated for each reflection, and sver-
ages were made for the 99 inter-set comparisons
which could be made, 1.,e., for groups of reflections
with given h and k., From these, the effective rela-
tive exposures for the twenty sets of films were
calculated, and all intensities were corrscted for
these correlation factors to place them on the same
relative scale, For those reflections which were
observed twice, the average was taken.

To get a rough estimate of the accuracy with
which the intensities had been estimated, the ratio
(Ig = Iy)/ T was calculsted, For the 800 relevant
reflections, the unweighted average value of'this
ratlo was 0,207, the worst agreement, as expected,
-being for the very intense and the very weak re-
flections,

The next step was reduction of the intensities
to an absolute scale and estimation of an ovsrall
temperature factor, again by a statistical method,
Wilson has shown (l;) that in a spherical shell of
approximately constant sin?© the average Intensity

is equal to Zfizexp(-z’b sin®®), the sum being

[8



taken over all the atoms 1in the unit cell., Values
of f, the atomic scattering factor™, for each atom
were punched on the cards and 53:512 calculated,
Reciprocal space was again diviged into shells of
approximately constant sin® © , &nd in each group
21/ 2(52,%) wes caloulated, Since E(I) =

Zifizexp (-2b 8in’® ), if log, [21/2(22{’12)1 is
plotted versus sin°© a straight line should result,
the slope of which 1s the temperature factor param-
eter, -2b, and the Intercept, the appropriate fector
wnich reduces the intensities to an absolute scsale,
In the averaging, the unobserved planes were put in
at half their estimated minimum observable value™,
The effect of omitting these 18 to cause the line to
curve downward &t high values of sin2€3 « The bsst
straight line (fig., 2) wss obtained by a least
squares fit to the points, glving the first point
zero welght., This line has a slope of 3,121 and an

intercept at -log 7.87. The temperature factor for

*James and Brindley form factors were used through-
out (5).

%%This is not the expected value for the intensities
of these planes if they follow the theoretical stat-
lstical distribution (see figure 1). However, the
approxlmation used here should not seriously affect
the results of the method,
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2‘3 is then exp(-3,121 sin? & } and for the

the F
Fls,exp(-1.560 sin® © ) = sxp(~3.711 sin® & /A,

After reauction of the intensities to an abso-
lute scale, a three-dimensional Patterson,

400 408 A

P (UVH) = 1/v_2_°§i_:,wa c0s2whU cos2wkV cos2WiW
was calculated., Ths coefficlents, A, were taken ss
Fz(hkl) —(§:fi)2 in order to remove the peak at the
origin, FE(OOO) vas not included, Other than re-
moval of the peak at the origin, nc other modifi-
cation function was spplied, The intervals in U,
V, and W were taken as sixtieths of a cell edge,
and the function was calculated to Ujax = Vipax ~
W_oox © %, the asymmetric unit of Pattowrson space for
this Space groups

The peak concentrations were those expected for
the space group D%g, the most notable concentrations
being along the line (0V0O) and in the plane (%VW)
(fig. 3). The positions of the phosphorus atoms were

immediately obvicus, and reasonable light atom

"For the final structure, the best oversll temperature
factor, on neglecting the hydrogen atoms, was 3,581,
rather than 3.711. For thils structure, the scale
factor had to be increased by 6%, no doubt partly
because the hydrogen contributionse, although con-
gidered in the above origlnal determination of the
scale factor, were omitted from the calculated struc-
ture factors,






positlons were obtained by a least squares treat-
ment of peak positions, All P-C and P-B peaks were
easiiy recognizable, but a great deal of overlap in
some cases caused the assignment of atomic parame ‘
eters for B and C to be more uncertain than for P,
The positions of the B-B, C-C, and B-C peaks were
calculated; these lle, in most cases, 1n positive
areas of the Patterson, but, except where several
overlap, they do not produce recognizable peaks.
Table I (page 13) exhibits the Patterson-determined
parameter valuss, |
A set of structure factors,

F (hkl) = f3(hk1) cos2n(hxsky+lz) exp(-bsino)

ug%% cell
was calculated, using the overall tempersaturse faétor
previously derived, No hydrogen contributions were
included. The value of ths relisbillity factof,

Ez\Fobs - Fealel
T Fobst

fé

was 0,3263 for the ohserved reflections or 0,3323 in-
cluding the fifty-two unobservably small reflections
which gave a calculated structure factor greater than
the minimum observsble value, This value is agreec-
ably small for a trial structure, and it was decided
to start initial refinement by the least sqﬁares

method, neglecting off-dliagonal terms, Weighting in
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Table I

Parameter Values from Patterson

Q =W v o o W o=

i

Atom

X

0.226
0.159
0,133
0.320
0,069
0,300
0.034
-0,083

y

0,130
04140
0.102
0.018
0.250
0,250
0.250
0.250

0,083
-0.077
04220
0,087
~-0,117
0,108

 -0.285

-0,058
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the first least squares was proportional to F and

calc
in the later adjustments inverssly proporticnal to
ngs for !F\ObS)IE and constant for |F| obs §12-
The first least squares gave shifts averaging
0,003 for phosphorus and 0,008 for boron and cerbon.
A new set of structure factors gave an R factor of
0,281, BS8ince the shifts were large and 1t was felt
that several refinements would be necessary, it was
decided that 1t would be practical to carry out a
few stages of refinement on a smaller group of re-
flections., Three hﬁndred fifty-eight reflections

with |F) Y15 were chosen, Twc least squares ad=-

obs
Justments were made on these, the R factor dropping
from 0.281 to 0,22l to 0,218 for all reflections, the
factor for the selected group alone bsing 1in each
case about 0,03 less, Several off-disgonal ferms
were calculated and found to be small, as is expected
"In three-dimensional work.

Since there still appeared to be large errors
('F‘obs‘¢<‘p‘calc) in some of the strong low-order
reflections, these were given even smaller Qeights
than l/F2, as it 1s quite probable that extinction
is important, The reflections so treated were 2,0,
080, ook, 006, 111, 102, 302, 031, 211, and‘213.

The next least squares adjustment was made on
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the entire 1210 reflections, and gave parameter
shifts less than the corresponding standard devia-
tions for twelve of the twenty positional param-
eters, indicating that the structure was approach-
ing the final stages of refinement, The overall
temperature factor and scale factor were also ad- -
Justed at this time, The R factor for the result-_-
ing structure was 0,192, A second adjustment gave
parameter shifts less than the corresponding sten-
dard deviations for all atoms but atom 2, the boron
atom in a general positicn. As the shifts for thi§
atom had been large throughout the refinement, it
wage considered prohable that the initial position had
been poorly chosen, GConsequently, the position of
thlis atom was changed to satisfy three-fold molecular
symmetry, assuming that the other atoms were éorrect-
ly placed. Having changed this position, a new ad-
Justment was made of scale and temperature factor,
but the R factor for the resulting structure femained
at about 0,19, A further least squares resulted in
shifts less than or equal to the least squares stan-
dard deviationsfor all parameters, so it seemed appar-
ent that no further improvement could be obtaslned by
legst squares on the positional parameters alone,

In order to determine what factors would improve

the agreement, 1t was declded that at this point a
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three-dimensional electron density difference map

would be useful (6, 7). The series,

4+ R D AR

D= 1/VRUT (Fipg = Foale) €082 (hx+ky+lz)

hal> S I < QTS
wwi

was calculated. The intervals and ranges of x, vy,

and z were a8 follows:
0< x£60/120, 30/120< y< 90/120, O0< z< 30/60,

The principal features on the difference map were
peaks about 0.7 e-X'3 high and negative areas about
1.5 e-K'B deep, which indicated changes in the tem-
perature factors and introduction of hydrogen atoms,
but no gross shifts of atomiec positions. The prin-
cipal temperature factor effect was the introduction
of & much higher temperature factor for carbon than
the one assumed, All hydrogen atoms were identified,
and their approximate positions were determined,
Figures L and 5 show two typical sections of
the difference map., The positive contours are drawn
at intervals of about 1/8 e-8"3 and the negative con-
tours at about twice this intervel, All contours of
interest are shown. Figure 4 1llustrates well the
genersl behavior in the neighborhood of a carbon atom,
being taken through the center of C3 (lower left) and

somewhat below the centsr of 07 (extreme upper right).
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The neighberhood of C_ is especlally i1llustrative,

3
There is 2 depression about 1 9-3‘3 deep at the
atomic center, surrounded by a low positive ring,
correspdnding very nicely to an underestimation of
temperature factor, No significant anisotropy 1is
evident, the three peaks superimposed on the pdsié
tive ring being interpretable as hydrogen atoms
(whose centers are, of course, not in this plane),
The smaller peak in the upper left represents s
hydrogen atom bonded to horon,

Figure 5 shows the same situation around Ch’
somewhat different in this case, as the P-C bond
lies in a plane parallel to the section, rather than
cénsiderably skewed as in figure lj, Below and to
the left is an indicated shift in Pl’ principally in
the y direction, the maximum amount of this shift
not being indicated here, as this plane 1ies:some~
what below the atomic center. To the upper left 1s
ancther hydrogen atom. This general sres 1llus-
trates well some of the difficulties that arise from
false detail in the neighborhood of gross features,
as well as from overlap of these features, In the
lower right hand corner of this figure is CB with a
bonded hydrogen. |

For determination of atomic shifts and tempera-

ture factors, it was assumed that the electron
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density in the neighborhood of atomic positions

could be approximated by a Geussian,

fp(xyz) = Fpexp(}(ax2+by2¢cz2+2dxy+2fxz+2gyzj] ‘
= pexp [-x12%]

wners

[ IR~
e
s}
=
[«

-3
1
A
0, m
oo
o0 -
i

Then,

Y

(_a_é—e\uo - o p’ AX

oK

(éié_e) = dabp- apBe

ox*

k-é-zil‘e‘ = ~'3-P°Ad.
3%3% n=o

Thus, if the Geussian aporcximation 1s assumed to
bs valid, errors Iin both positicns snd temperature
factors may bs determined by evaluation of fifst_
and second derivatives at the atomic originsf

To determine the best Gausslan fit to the
electron density, the following procedure was used,

The Fourier transform of
f = fo(s} eXp(—bs2)

was calculated numerically by & series approximation
to the Fourier integral (8)., The interval taken was

s =T/10, and the series was terminated at s = 2310,



the limlt for the deta 1n the present work. Here,
fo(s) is the assumed atom form factor and b is the
assumed tsmperature factor, 00,0227 in this case,
The resulting peak heights were taken as p° , and
the paramater in the Gaussian was chosen to make
the integratsd electron density equal to Z. The
resulis were very pleasing (fig. ©6). The following

expressions were fTound:

p (r) = 25 exp(-L.y3r®)
6.5 exp(-3.32r)

L

C: p(r)
p(r)

This result 1s equivsalent to the assumption that the

it

A,1 exp(-3.60r2)

atomic form factors may also be approximated by

Gaussians as follows:

P: fo(s) = 15 exp(~0.033682)
C: fo(s) = 6 exp(~0.052832)
B: fo(s) = 5 exp(-0,0h6832)

Although the fit is quite good for the electron
density curves, 1t seems to be very poor for the

form factor curves., (fig. 7Y Indeed, if the

Also given In figure 7 are curves g a formula givan
by Yakel (9), fols) = Z exp(=0.0203s%); the approxi-
mation in the present work cserisinly qives a much
better fl1t to the transforms of the resl f curves,
taken to the practical copper linit,
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approximatlon to f were tc be used in any sense ex-
cept in the transform, it would oe of little or no
value, Nevertheless, 1t has great value in approxi-
mating the electron censity, i.e,, the transform of
f, over a wide range of real temperature factors,
To econfirm thls, fits were made to the trans-
forms of combinations of fo with several tamperatufe
factors, For carhon, the parameter, s, in the

approximation to f, has the following values:

T factor a
exp (=0,008%) 0.0528
exp(-0,0lsz) 0,0513
exp (=0,022%) 0.0528
exp(=0,0ls2) 0.0515

so that the same fit 18 good over the entire rangs
of‘temperaﬁure factors ordinarily met with in ex-
periment, Consequently, changes in —emperature
factor estimated from changes in peak shape have a
maximum error of about 10%, g value which 1s cer-
tainly as good as could be expected from any method
of estimation from a differénce map .

Using the fits obtained above and derivatives
approximated by differences obtained from the dif-

ference map, changes in peak shape were estimated,
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In table II are given the componsnts of the matrix A
for each atom., These values cannot be considsred
accurate to more than about 10%, so that 1s seems un-
reasonable to consider any small, indicated aniso-
tropies which may be indicated, It was decided that
the most reasonable thing to do at this stage Was‘to
calculate the best 1sotropic temperature factor for
each atom, These were chosen in a way which would
make the peak height of the slectron density dis-
tribution (or the area under the f curve) the same

as for the anisotropic values found. 1In other wofas,

in the expression,

pir) p°SXP(*BP2)

B was chosen so that

B3 = |a)

u

These values of B are also given in table II. Now, if

plr) = p°exp (-Br?)
fo(s) =7 exp(-asz)
T(s) = exp(—bsz)

and F(Iﬁ is the transform of fo(s)-T(s),
LB = (a+b)‘l
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Table II™
Components of Peak Shape
Atom a b c d f g B

Pq L.66 4.38 L4.61 0.03 0.00 0,05 UL.,b
Bp  3.52 3.60 3,48 0,00 0,00 0407 3.5
Cq 2,80 2,68 2,71 -0,14 -0.23 0.25 2.7
o), 2009 2,74 3,18 0,58 0,12 0.21 2.6
Pg Le69 L4.21 L4.69 0,00 -=0,33 0,00 L.5
By 3.48 2,96 3.85 0.00 1.31 0,00 3.3
Cc 2,85 2.8} 3,08 0,00 «0,69 0,00 2,9
Cg 2.4 3,02 2.4 0,00 0.31 0,00 2.6

*If the anisotropies are to be regarded as meaningful,
it must be noted that the values given here apply to
the atoms which lie in the octant bounded by x = 0,
x=4,y* %, vy=3/4, 220, 2z =1, The matrix must
obviously be transformed to apply to the atoms re-
lated by symmetry.
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FProm this expression, and with the knowledge of B and
a, b was calculated for each atom. These values are
presented in table III. The average values for P, B,
and C are 0,021k, 0,0268, and 0,0400, as contrasted
to the assumed overall value of 0,0227.

That the differential method of determination of
corrections in peak shape is applicable in this par-
ticular case 1s 1llustrated in figure 8. The solid
line is a plot of

Le9 6xp(-2.6r2) = 6,5 exp(=3.60r2)

while the other lines give actual cross-sections of
the difference map in the directions of the crystal-
' lbgraphic axes through the center of carbon atom 8.
The fit is seen to represent quite adequately the aver-
age of the three line sections, the discrepanéies in
the x and y sections at about 0,8 2 being largely dus
Yo overlap of hydrogen atoms near these posiﬁions°
Atomic shifts were also calculated by the above
formula and were found to be in every case less than
or only slightly greater than the least squdres stan-
dard deviations, Table IV (page 30) presents the
final values of the atomic parameters for P, B, and
C as well as the values at some of the intermediate

stages of refinement, The standard deviations are
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Table III

Final Temperature Factors

Atom b
Py 0.0208
B, 0.0247
Cy 0.,0398
C), 0.0434
Py 0.0220
By, 0.0289
C, 0,0335
Gy 0,043
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Table IV
Atomic Parameters for Heavy Atoms

Parameter Patterson Least Squares Final L
First Final

Py x 0,226 0.235 0.23%5 0.2345 0.0003
v 0,130 0,129 0,1286 0,1281 0,0003
z 0,083 0,082 0,0820 0,0822 0,0003
B, x 0,159 0,149 0.1518 0.1513 0.0011
y 0.140 0.122 0.1245 0,124 0.0009
2z 0.923 0.918 0.9213 0.9200 0,0011
Cy x 0,133 0.126 0,1257 0.1257 0,000
y 0.102 0.096 0.0975 0.0975 0,000
z 0,220 0,210 0.,2092 0.2102 0.0010
Cy x 0.320 0.335 0.3355 0.334,0 0,000
¥ 0,018 0.021 0.020 0.0129 0.000
2 0,087 0,086 0.,0864 0.086L4 0,0009
»PS* X 0.069 0.071 0.,0707 0.0712 0,000
z 0.883 0.881 0.8816 0.8818 0,000
Bé* X 0.300 0.321 0.3226 0.,3236 0.0015
z 0.108 0,118 0.1241 0.1236 0,0016
07* X 0.03k 0,025 0.0236 0.0226 0,001
2z " 0,715 0,716 0.7155 0.7155 10.001
Ca™ x 0.917 0.923 0.9234 0.9219 0,0013
8 z 0.942 0.953 0.9584 0.9584 0,001k

3
The value of y was assumed to be 00,2500 for these
atoms. ’
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those qbtained from the final least squares, The
average differences between the Patterson vélues and
final values are 0,003, 0,013, and 0,007 for P, B,
ahd C, respectively.,

All hydrogen atoms were identified, and, although
overlap from atomic shift and temperature factor ef=
fects often made assignment of accurate positions im-
possible, the values obtained were accurate enough to
indicate the general orientation of these atoms, if
not to give relisble Interatomic distances, Tabls V
presents the parameter values for these atoms, ‘

Although inclusion of hydrogen contributions
would presumably improve considerably the agreement
between observed and calculated structure factors, it
was felt that the amount of labor involved would not
be justified, A final set of structure factors omitt-
ing hydrogen contributions, but including revised
parameter and temperature factor values, was calcu-
lated®, The overall R factor is 0,169, the variation
with sin®@® being given in table VI (page 33). This

variation may be interpreted on the basis of remain-

'ing errors in temperature factors affecting the high

3

rThese are tabulated in the appendix, along with the
observed structure factors,



Table V

Hydrogen Atom Positions

Bonded Atom

H Number
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0.853
0.933

0,050
0,233

0,667
0.733

0,933
0,033

00200
0,233
0,283

0,167

00033
0.083
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Table VI

Variation of R Factor with sin2€§

sin2€; Number of Planes R
0.0-0.1 ~ 63 04245
0.1-0,2 103 0415k
042-063 12l 0.147
0o3=0.lt 140 0.138
0al4=0,5 151 0.148
0.5=0,6 156 0.161
0.6=0.7 149 0.214

007‘Q¢8 75 0:202
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angle data,and extinction effects, as well as omission
of hydfogen contributions, affecting the low angle
data,

A drawing of the molecule 1s presented in figure
9. The methyl groups are so orlented that, on both
the top and bottom of the molecule, one hydrogen atom
from each methyl group is directed inward toward the
three-fold axis of the molecule. The hydrogen atoﬁs
are not in close contact, the average separation being
2,95 X around the top of the molecule, 2,75 K between
hydrogens on methyls bonded to the same P, and 2,96 X
between methyl hydrogens and boron hydrogens around
the bottom of the molecule; |

In table VII (page 35) are exhibited a numbér of
intramolecular interatomic distances of interest,
The standard deviations are those estimated ffom_the
least squares standard deviations for the coordiﬁates.
No standard deviations are given for distancés involv-
ing hydrogen, since there was no method of reliable
estimation of error available, The errors here are
probably several times larger than for the heavy atom
distances,

In table VIII (page 36) are given the bond angles
calculated for the structure. No values are given for
angles involving hydrogen bonded to carbon, for, al-

though there was considerable deviation from



Table VII

Intramolecular Interatomic Distances

Distance

Pl-P
Pl-P§
B,-B
B2-Bg
P1-B
P55,
P1°B6
P.-C
PI-C
PE-C
Pg-cg
G =C
cg-cg

B,~H
271
B2-H2

57

Cr=H.
CT H5

Value

3.216
3.208

3.321
3.306

1.945
1.922

1.937

1.858
1.806
1,833
1.851

fr028

1.18
1.15
1.30
1,17

® O & B 6 ¢ 3 o8 B

COO0OOOKrOKHOO
OO0 DO DOO®

L

2

0,006
0.006

0.020
0,017

0.013
0,013
0.017

0,011
0,011
0,015
0.015

0.017
0,01}

Average

3.212

3.313

1.935

1.837

4,021

1.20

0.87
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Table VIII

Bond Angles

Angle Value Average
CB-Pl-Cu 102° 19t
07-P5-08 98° 3l 100° 26!
O
By-P1-Bg 117° 38
By-Pc-B, 118° 38! 118° 8
(o]
P1-Bg-Py 111° 448
- - o O 111
Pg-B,-P, 112° 32 112° 10
(o]
BZ—Pl-CB 108° Lot
P - ¢}
B,-PF, Ch 107° 11t
Bg=P1-Cy 110° 38!
Be~P1-C), 1090 221
B_=-P_=C 109° L3¢
2~P5=C, 9° 43
B,-Pp=Cg 109° 71 1090 71
o}
Hy-B,-H, 119° &

HB—Bénﬁh 119° 30! 119° 18!
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tetrahedrality in a few cases, i{ was Telt that the
accuraéy of the hydrogen atom position determination
was so low that these deviations would be meaning-
less, There did not appear to be sny significant
trend for these angles to be other than tetrahedral
as in the case of the H-B~H angle, The environments
of the phosphorus and the boron atoms are not signifi-
cantly different from C2Vc
There are four intsrmolecular C~C contacts. at
about the proper distance for van der Waals contact,
L.05, Ls15, 428, and 4,00 X, The corresponding
inter~hydrogen distances are 2,35, 2,40, 3,10, and
3.03 X, so that the latter two may not be important
" 1f a van der Waals radius of sahout 1 X is assumed for
hydrogen, Packing also seems to be governed by E-C
contacts, the distances being L.5, L.2, 4.0, end
L. X. Here, the shortest H-H contacts are 2,6L, 2,9,
3.02, and 3,02, respectively, It would'appeér here
that perhaps only the first is important, Howevér,
since the hydrogen positions are not known with great
accuracy, it would seem reasonable to regard the C-C
and C-B distances as bhelng more meaningful than the
H-H distances as packing criteria. Taking 2.0 X as
the van der Waals radius for methyl and 2.2'2 for B-H,
all of these contacts may be considered to be im=-

portant, A drawing of the packing 1s given in
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figure 10. An area of four unit cells is shown, the
plane of the projection being normal to b. Two
layers of molecules are shown, one at y = 2 and the
other at y = 3/4, The lower drawing 1s 1ldentical |
to the upper except that only the skeletons of the
molecules are shown to better indicate the packing
distances. Only one contact of each type is shown;
others are related by symmetry and produce chains of
molecules along several of the screw axes of the
space group.

The P-C distance, 1,837, is normal acecording to

the Schomaker-Stevenson rule (10).

P-C = 1,10+ 0,77 = 0.09(0.4)

1.834

However, Bpringall and Brockway (11) have reported a
value of 1.87 in trimethyl phosphine, the only com-
pound for which this bond length has been determined,
80 thaf there appears to be some discrepancy,

The F-B bond length should be 1.89, assuming a
radius of 1.10 for P and 0.80 for B, so that it would
appear that there is somewhat less than single-bond
character in this compound, as the average value is
1.945. 1In Hedberg's discussion (12) of the boron
radius, a method of calculation of bond orders is

used which may be useful here, We may write the
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equations,

1,10+ r, ~ 0,01 - 0.6 log n, = 1.945

B
1.20

0.304+ 1, - 0,01 - 0,6 log n

B
2(6n1+-6n2) = 18,

2

assuming that there is bhut one electron per P atom
contributed to the ring bonds, In these expressions,
n1 and n2 are the bond orders for the P-B and B-H
bonds, respectively. Solving these equations, a
boron radius of 0,803 is found, in good agreemenf

with Hedberg's value of 0.80. The bond orders are

ny 0,83

It would appear, then, that the structure may be

described in terms of the following resonance struc-

tures:
Iﬂ/ \/
P
Q% \\\\B:: *53///, Bi:
| T o
//P P<— -:-jP ' P—
% N,
I\ AN
6921 CDS;
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With structures I and II contributing 1/3 of the
electron density and III and IV 2/3, the bond orders
found are perfectly explained., According to
Schomaker (13), the no-bond single-bond resonance
between structures I and II, by analogy with PCls,
probably leads to a lower energy for the molecule
than would a structure involving promotion of the un-
shared pair on P into bonding orbitals to give the

following structure:

/@

B(D

s
iy
\

of -

"~
1@

I\

N\

These structures also account satisfactorily, in
a gqualitative way, for the ring bond angles found in
this investigation. Since the C-P-C and the H-B-H
angles have values which would be characteristic of
the monomeric segments of structures I and II, i.e.,
the angles are approximately those found in compounds
of the types Px3 and BK3 (14), and since the C-P-B and
H-B-P angles also tend to achieve these values, the
P-B-P angle becomes small and the B-P-B angle becomes

large in accordance,
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II. The llethod of Least Squares in Electron Diffraction

-The correlation procedure commonly used in elec-
tron diffraction investigations of molecular structure
is unsatisfactory for molecules of any great complex-
ity, that is to say, with about five or mors ihdepen-
dent parameters, There are three principal reasons for
this: The labor involved in the calculation of theo-
retical intensity curves becomes prohibitive, since for
reliable determination of limits of error, about 39
curves are.necessary, n being the number of independent
shape parameters; the interpretation and correlation of

these curves, once calculated, becomes extremely diffi-
cult; and it becomes increasingly difficult both to
determine limits of error and to sxpress these, with
their interdependencies, either graphically of numer-
ically., For a five or six parameter problem, the situ-
‘ation 1s practically hopeless,

It would be desirable to have a procedure for de-
riving parameter values and estimates of error directly
from the experimental data., The obvious suggestion,
the radlal distribution method being less than satis-
factory in several respects, is the method of least
squares, but, probably because of the special nature
of visual elsectron diffraction data, this seems not

to have been used in a systematic way heretofore, In
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the following application (bicycloheptadiene), which
it is believed will prove typical, the method has
afforded a complete parameter determination, includ-
ihg & complete and concise statement of estimaféd
errors. Only half a dozen theoretical intensity
curves were calculated instead of the hundred or more
which would have been required by the correlation
procedure.

As early as 1936, Bauer, in trial applications
of his analytic method (15), used least squares on
just the measured positions of intensity maxima and‘
minima., This limited treatment will lead to the cor-
rect results in very special cases, where virtually
.odly frequencies (as contrasted to amplitudes) are
important; gensrally, however, other aspects of the
diffraction pattern, many of them essentlally quali-
tative, are much more important and must be considered
also. Such are the relative intensities, widths,
spacings, or shapes of two or more maxima or minima;
in short, just those features on which the shape

determination in the correlation procedure is almost
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always.based*. In fact, every observation must be

used in the least squares adjustment, each with its

appropriate weight, and the choice of these weights

is perhaps the most difficult part of the whole treat-
ment. It is discussed in detail below,

Matrix notation makes possible a concise and re-
markably conspicuous presentation of least squares
theory (16,17), of which the parts essential to this
treatment are reproduced here,

Denoting an n x m matrix {?ij by A, (or simp}y A}
and 1ts transpose by A', the least squares problem may
be stated as follows: Given a set of observations Fonl
whose true but unknown values are E{Fc’\ = Fnl’
of unknown pareameters X, (mg<n), and a matrix of known

a‘set
coefficients Anm such that
P = AX

it is desired to find Hy, such that (a) E{HFO) = HAX is

2

In the case of accurate sector-microphotometer data,
the ordinates of the sI(s) vs., s curve may well be
taken as the primary observations, However, for
visual data, to which the detailed discussions here
are devoted, these ordinates are usually considerably
less certain than most of the visual observations on
which, together with various necessary assumptions
and guesses, they are based; it is the direct visual
comparisons, therefore, which logically must be used
in the least squares ad justment,
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equal to Gy X, a certain desired linear function of

X, and that (b) the variance of HF°,

B {(&F° - m7)2}

il

E{H(FO-F) (FO-F)1H")
HE {(F°-F) (FO-F) Y H!
HMpH?

{1}

shall be a minimum; in short, the requirements on H
are (a)

HA = G

(since X is arbitrary) and (b)

S (HMpH') = O

Mp, the moment metrix of the observations is assumed
to be known. The solution is found by introducing

LaGrange multipliers, l\lm, requiring that

HMpH' + 2A(G' - A'H')

have an extreme value with respect to varistions in

H, and subsequently adjusting I\ to satisfy

HA = G.

Since Mp is symmetric,

$H MpH' = Hip SH!
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and the sequence becomes simply

S‘(HMFH') -« 2NAATSHY = O
HMp «AA' = 0

1

E = AAM™ = g(arup ta)~tany ~1

F

The desired best quantity HF® may be written as GX,
with X the solutinn of the least squares normsl equa-

tions,
BX = A'MF‘lAX =AM~ 1FO

F'l, is also

called the weight matrix, P, and V,; = FO - X is

The reciprocal moment matrix, M

called the matrix of residuals, It is easlly shown

that if X satisfies the normal equations,
S(V'PV) = 0

l1.e., that the weighted quadratic form of the resid-
‘uals is a minimum®,
It is also of importance to know the moment

(error) matrix My for the derived quantities X,

X = B larng tFo

2,

"

‘In the case of a diagonal weight matrix, this is
equivalent to saying that the weighted sum of the
squared residuals is a minimum.
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X = B 7A' Mg °F
(X-x) = B~larp(FO.F)

My ZE i(’}f-}() (X-X) '}

B-L1a'PE{(F°-F) (FO-F) 1} PAR" L1
= B~ pp-lpap-1s
a=lpg-11

My = p-ly z g-1

That is, the error matrix for the parameters is simply
the inverse of the matrix of coefficients in the normal

3
equations’ ,

The elements of MXE{MiJ} have the following sig-

nificeaence

O being the marginal standard deviation in X4, and f’ij,

%In performing calculations on & real problem, the
following point must be noted: The weight matrix
used in calculation may not be the actual inverse of
the error matrix for the observations, but rather
this matrix multiplied by an arbitrary constant, ¥ .
In this case, the matrix of coefficients for the nor-
mal equations will not be B, but By = ¥ B, The cor-
rect value for My, will then be ¥Bys If ¥ is unknown
and 1f the errors are assumed to be normally distrib-
uted, an unbiased estimate of ¥ is given by

~ VIPV
¥ oo =

which, 1f the welght matrix 1s properly normalized,
has an expected value of unity,
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the correlation coefficient between Xy and xj.

Now 1f 1t is assumed that the errors in the
obsefvations have a multiple Gaussian distribution _
(an assumption which is in no way demanded by thse
preﬁious discussion):

d @ = c'exp{:——f:’g(FO-'F)1MF"1(F'°-F)3 dfl“'dfn

the errors in the estimated parametefs X also have

a Gaussian distribution

a® = coxp-3(X-x) Mgt (R-x)) axy+eeax,

_-\Meq%

where Cc =
(27r) 28

*
- in order that S‘ d@ =1

-~
m

That this i1s the proper normalization may be. shown
as follows: Let us find the orthogonal transfor-
mation, T, ,s8uch that

mm

Tyl = D, a diagonal matrix.

Then X = TY, and X'M~1X = Y'DY.

dxq s vdxy \J(x,y)\ dyq***dy,

ITldy +dy = dyy+-edy,

since T is orthogonal, It follows that

1 =C J exp{ (dllyl + "'*'dmmym -1 dyl”'dy
z g(2T)Em L (2w )3m
s
(d]’_‘l”'"dmm)§ \D\Z

]

But IDl = lu1l, and therefore ¢ = \n-1

4 2

gl
E
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In general, it will also be interesting to re-
port & moment matrix for parsmeters other than those
chosen for the adjustment. If these may be expressed
as a linear combinatlion of the parameters used in the

adjustment*

- 1O
Ypl - Rpl'+ Rpmxml

then the following relation holds:

MY = RMXR’

It is also convenient in expressing results to‘
define a correlation matrix, CEﬁpij\, which will,
of course, have diagonal elements equal to unity.

The moment matrix may be given the following
physical interpretation, If a hyper-ellipsoid of
standard deviation is deflned in parameter Spéce,

its equation will be

(X-X) ! Mx-l(x-i) =1

“This assumption 18 one which 18 convenient to make
also in deriving the coefficlents for the observa-
tional equations, and it is-’ just as valid as the
assumption that the changes in the observables, F,
are linear in the parsmeter increments, an assump-
tion that is demanded by the applicstion of a least
squares procedure, Both assumptions are, in gen-
gral, valid over the small range of parameter
values in which the probhability mass is concen-
trated,
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Since this ellipsoid 1s difficult to visualize, 1t
is instructive to consider its projection on the

Xi» Xy plane, or, what 1s equivalent, to consider
the case of two independent parameters, x; and xj.

In this case, the latter equation resduces to

2 .2 ;
Xiv+XJ - TR L 1. p 2
1 J 1%

with the origin teken at the point (X, Ej). It is
easily seen that the projections of this ellipse on
the x; and X; axes are exactly equal to twice the
corresponding marginal standard deviations. The

lines denoted A and B in figure 11 are termed the

regression lines of x; on X4 and of Xj on X; re-
spectively. Their slopes are given by ?%:{g} and
Lé '

Py 94 . For a glven value of %4, the most probable
P
value of x; 1s given by a point on A; a similar

statement holds for Xis X and B. It is obvious

j?
that for a given 4 the conditional standard de-
viation of x4 is less than 03, 1In a gensral sense,
then, the correlation coelfficients may be inter-
preted as giving the probable direction of an

error in one parameter &ssociated with a given

error in sanother,



Figure 11




Associated with the ellipscid of standard de-
vliation are conceatric ellipscidal surfaces repre-
senting equi-probability surfaces for the determination.

1

Use may be made of the matrix BEM™~ in determining on

which probability surface a given model, with parameter
values X5, lles. If we define (Xd-f)'B(dei) as Te, T2
has the X distribution with m degrees of fresdom, and
the probability surface in question may be found by
consultation of tables of ’Xz'; This caleulation 1is
of great convenience in determining the acceptability
of various models, geg., those from other methods

of determination or those resulting from small changes
in certain of the parameter values. This latter use
will be 1llustrated in the discussions of bicyclo-
heptadiene and bieyelo (2,2,2) octane.

It is interesting to note that if one diagonalizes
the matrix My, that is, if one finds the orthogonal
‘transformation such that T My T' is diagonal, the
variables 2Z = TX, linear combinations of the parameters
ugsed in the adjustment, will be experimentally ;ndependent
quantities. These will have beén determined independently
of one another, and, as such, should be well suited toward

reporting the results of an investigation. The variances o
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- these parameters, Z, would be merely the eigenvalues
of the matrix My, and the interesting geomeﬁrical
consﬁants of the molecule would have variances which
could be expréssed as sums of these eigenvalues,
Although this diagonallization (reduction of the el-
~1ipsoid of error to normal form) would lead to'an’
especially simple and clear method of expressing all
the information derivable from the diffraction ex-
periment, the considerable labor involved in the
process (including the solution of a "secular eqﬁa—'
tion" whose order is the number of parameters) makés
it of déﬁbtful value in most eleciron diffractionb
problems where it 1is necessary to use the leasf
séuares procedure, Much of the information which
could be obtained in this way may be arrived at di-
redtly or indirectly from the other consideréfions
detailed above, |

Let us now proceed to the probleonf deriving
" the observational equations from the visual eiectron,
diffraction data, The first step i1is the calculation
of a theoretical curve which should represent the
most reasonable assumptions  ‘as to the values of the
structural parameters, These values will,in general,
be derived from the radial distribution curve ob-

tained from the visual curve by Fourier inversion (8).
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This theoretical curve is the curve to be adjusted
to it the data, and it 1s important that it have
parameter values near those of the correct model,
The closer the first guess, the fewer ad justments
necessary to give a satisfactory model with meaning-
ful limits of error, |

For each observation that we are able to make
on the photographs, a function F mey be defined
(for computational simplicity, a function which may
be represented as & linear combination of intenw
sities at two or more values of g). The following

examples may be given:

Type of Observation b

Relative heights of I(ql) - I(q2)

mexima at qq and a5

Same for three features I(gy) + I(q3) - I(q,)
2

‘For observations dealing with shift in position of
maxima or minima, the function may be of the samé
type as the first listed in the table above, as ex-
pressions for the curvature near the poihts where
dI/dg = O may be written in this form conveniently.
It 18 also posslble to define the function here

merely as the position itself, qp., or Ain? but
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this necessitates calculation of complete theo-
retical curves when calculating increments due to
individual parameters.,

Now let AF = F - F

obs be the change re-

calc
quired to oring the feature on the theoretical
curve into agreement with the observed feature,
In this connection, it is well to remark that the
visual curve, assumed to be plotted to the same
scale as the theoretical, 1s used as a guide in
placing the estimation of the QF's on the same rel-
ative scale, On no account, however, must one fall.
into the trap of taking the AF's as the exact dif-
- ferences between ordinates of the visual and theo-
retical curves.

Now, since F = F(xy, Xp, +«+, Xp), where the
X3 &re the independent parameters chosen for fhe

ad justment, we may immediately write the following:

§§ dF A x4

Ot

= X4

and, since F was chosen as a linear combination of

intensities,
F = ajI(qy) 4+ -+ a,I(qy)
F = ay I(g]) + Ut ay I(gk)

IXy x4
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The partial derivatives entering into the above
equations are in practice approximated by the corre-

sponding finite differences,

dI(ay) Ixjesxglan) - Ixg(ay)

ax; $X1

These differences are to be calculated for §x; small
(usually 0.01 X if x4 is & distance, which is most
conveniently, bubt not necessarily, the case),holding
all other parameters fixed. It i3 obvious that, in
calculating these increments, changes in non-indepen-
dent interatomic distances brought about by a change
in x; must also be included,

These differences are easily calculated by
punéhed-card methods, using the same card file and
methods used for the calculation of the theorétioal
intensity curves (18).

If it has been decided to use n fuhctions, F;
for the adjustment, there will be a set of n equsa-
tions similar to (1) in the m<n increments of the
independent parameters., These n equations ﬁay be
solved for the best values of the parameters as soon
as weights have been assigned to them.

It is common practice in the visual technique

to use information regarding relative intensities of
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three or four maxima or minima as well as relations
between only two adjacent features, When both types
of observations are made in deriving the observation-

al equations, they are not likely to be independent;

they are, on the contrary, observationally correlated,
Thus, as we have seen, a non-diagonal ﬁeight matrix
should be introduced. However, if use of a non-dlag-
onal weight matrix is contemplated, the moment matrix
for the observations must first be obtained, The
correlation coefficlients between the observed features
must of course, in this application, be estimated§~
the near impossibility of accurate estimation here
makes the use of a non-diagonal welght matrix unfea-
sible in our work. At the present time, then, it
seems unrealistic to demand the use of such a pro-
cedure, Accordingly, it would seem desirablé.to limit
errors by some other method, for example, by having
-gach observation made by an independent obsefver,'as
the problem does not arise if the observations are
really made independently of one another, As this

is obviously impractical, in making observations

which are 1likely tec be correlated, one should attempt
to estimate desired changes in the curve forgetting
completely the numbers which have been assigned to any

closely releted features. In cases where this isg
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nearly impossible, and two observations of different
features give exactly the same information with the
samebweight, i,e,, 1f the correlation coefficient .
is practically unity, one of these should be dis-
carded, The following discussion will be limited
to uncorrelated obsservations, |

The assignment of weights to the observational
equations is the most difficult step in the appli-
cation of the least squares method to visual elsctron
diffraction data, primarily because the data in gen-
eral do not include the measures of standard devié;
tion for a single measurement which are commonly used
for weight assignment in most other problems. In
eiamining the functions F which have been defined
above it is easily seen that the observations on
which they are based will have been made with'dif—
ferent degrees of confidence, In an attempt to trans-
late this into a quantitative expression, the most
reasonable method would seem to be the following.,
Estimates of the deviation to be allowed in AF are
made from observations on the photographs,ié., ob-
servation of maximum and minimum acceptable values
of AOF are made at the same time as estimated de-
sired values of A&F, The weights are then chosen

8s the reciprocals of the squares of these allowed
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- deviations,

The above method seems to be satisfactory for
the qualitative cbservations, but & different ap-
proach 1s needed for observetions of position. In :
general, it is probahly acceptable to determine the
weights for such observations on the same basis that
the weights are chosen for finding the mean value of
a/9, in the usual adjustment of scale parameter,

Such items as standard deviation of measurements for
a single feature, position of the feature in the
pattern, and symmetry of the feature may be taken in-
to consideration. However, trial and error may have
to determine the weights of the posiftional observa-
tions in relation to the welghts of the qﬁalitative
features,

It should be nointed out that the daci&ién as
to whether a weight assignment 1s reasonable should
be made on the basis of the so-called w2 tesf. The
observational equatlons are divided into groups,
€,2+, maxima vs., minima, qualitative vs. positional,
isymmetrical features vs. unsymmetrical etc.' For thse
two groups, the estimated sample variance, 312 = Vi'P1Vy
is computed, For the two groups to be compared, e
the quotient w 2 = s12/8,2 is calculated., Selecting

a level of significance, & , the appropriate value of
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we 1s obtained from a table of such values® and com-
pared withw?2, Since P602<.w2) Z 1-A, the weighting
ig sald to be reasonable 1f W2& w2, In short, the
criterion 1s that the differences in variances cal-:
culated for the several sub-samples shall not be
statistically significant, If the weighting is
found to be unreasonable for a group of features by
this criterion, the welghts for this group should be
multiplied by a constant factor and another least
squares adjustment carried out,

The question now arises as to what i1s the moSﬁ
reasonable ad justment of weights to be made, Let us
assume that we have n measurements, Xij’ of a quan-

tity with unknown value x Furthermore, let these

o!

n observations be divided into m groups of size ny,

w .
such that })rﬁ‘= n. Let these groups be selected

(34
from populations with 1dentical mean but different

\variances,q“ie.

11 *12 *°° *ing '

Xo1 XEpp 0t x2n2

L]

Xml *m2 **° xmnm

*Tables of wé for several levels of significance and
degrees of freedom are to be found in numerous com-
pilations of statistical tables, e.g., (19, 16).
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We wish to determine the appropriate weights for
the m groups relative to one another. We define

the following quantities:

E(xij - xo) =0
E(Xij - Xo)2 = 0-12

M= Z wix j = %>anjgj
zJWini zwini
« <
“1= L 5 xyy
ni é
2 . 2
1 3
597 1 % (xgy -&)2
n

Eu = E(m - xo)2 = Dewiicqi,
(¢ wing)<
[

The problem 1s to determine the wi for the
various blocks such that £,2 is minimized., In

order to minimize 8»?: one findsthat

wy = ELBwing = K
gic 1
Now in practlce, the 0‘12 are not known, but
are only estimated by nj sj2. A point which is
ni-m
not commonly realized, and is to our knowledge not

mentioned in even the advanced standard texts on

statistical treatment of data, is that an unbiased
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estimate of the weight 1s not given by ni-m 1
| ny 8y°
but rather by a factor which differs markedly from

this for small values of n, If it is assumed that
the errors, (Xij'xo)’ are normally distributed with
mean 0 and second moment 0'12, then 84 has the -
following distribution where m is the number of de-
grees of freedom; the subscript i1 is dropped for

convenience,

yds = ¢sPM-1 exp(-ns?/2¢g2)4ds
where
¢ = nz(n-m)
C (252) pz(n=m-2) gn-m
Then
E(l/sz) z CJ1%2 gh-m-1 exp(-ns2/202)ds
-]

n 1
n-m=-2 g

Thus, an unbiased estimate for w, 1s

i
wi ~ Di-m=2 K
T onp 84°
and not
ni-n__K
4

ni 84
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This gives us an unblased estimate of w but at

i
first sight does not avold the possivility of assign-
ing infinite weight to a group if by chance Si2
is 0 for that group. Although this would be an oX~
tremely exceptional occurrence, in this exceptional
case, one Sshould be somewhat skeptical of the re-
sults™,

We now wish to consider the proper welghts to
be asaigned if the residuals from the grend mean of

the unweighted values are to be used, i.e,, Siz,

It is easily shown that 812 = 3124.(M.—u1)2. There-
fore, we may substitute in the last equastion on the
previous page to obtain

LA ni-m-2 X

L

: >
ni 512 - (M- "Mi)

In general, however, we will not know Ow-ui)2, nor

its distribution, and therefore an unbiased estimafe
of %, cannot be easlly obtained by this method. How-
ever, for practical use we may disregard (u-ui)% which
will usually be considerably less than Siz, and arrive

at reasonable, if not unblased, estimates of weights,

%This 1s essentially the same problem which always
arises in statistical inference from small samples,
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The error In adjustment of weights will always be one
which gives less than the correct weight to a group
with an initial low weight, but the correction will be
in the right direction., If the weights srising from
the first ad justment appear to be too far in error by
the aforementioned w® test, an iteration of thebprb-
cess is 1n order,

In reportihg the results of an investigation, we
believe that the errors should be expressed merely Dby
reporting the standard deviations and correlatlon
matrix. However, i1t may be of interest to attempt en
explanation, in terms of the standard deviations, éf
the limits of error commonly reported in investi-.
'gations from these laboratories, Tt is common in
sfatistical analyses to consider the 5% tolerance
limit as the limit of acceptance of data, i.e;,‘a is
chosen such that P{(x—:’i) >ao’} = 0.05; this cor-
responds to a = 1,96, Thus, on this basis a reasdﬁable
l1imit of error %o be reported might be twice the stan-
dard deviation. Our experience in application of the
method of least squares indicates that the limits
commonly reported from this laboratory are, on the
average, just agbout twice the standard deviation to
be expected from a least squares treatment, Thus,

plots of regions of acceptakility have probably been
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approximately plots of the 5% error contour,

Since the errnrs expressed in the moment matrix
représent only the errors arising from the least
squares adjustment, it is necessary 1in reporting
final estimated errors to include experimental errors
which do not affect the observational eguations as
here derived, These are largely errors in the g-
scale of the intensity curve, arising from errors
in wave-length determination, cemera length, film
diameter and non-random errors in ring measurement.
It has been estimated that these errors collectivel&

correspond to a g = 0,004 for the apparatus>

scale
which has been used in these laboratoriss, Conse-
guently, to obtain the estimated total errors in

distances,cr%otal - cr%east squares""rzwgcale must
be calculated, the justification for this being based
on the assumption that the covariance of the two
‘errors 1s 0. It is to he noted, however, that thié
is to be done only for errors in distances, as the
errors 1ln angle are independent of scale, The probh=-
ability mass for a parameter set involving both dis-
tances and angles may then e no longer represented

as a quadratic form, and a quadratic correlation

matrix can no longer be defined,
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ITII. Bome BStructural Studies by the Electron
Diffraction by Gas liolecules,

A, The HMolecular Structure of Bicycloheptadiene

As an example of the use of the least squares
method, bicycloheptadiene (CTHB’ figure 12), & com-
pound of interest as a highly-strained cyclic hydro-
carbon, was chosen, The carbon skeleton has five
independent shape parameters, ordinarily too many to
permit ready analysis by the correlation procedure,

It should thus provide a good test of the efficacy

of the least squares method as applied to visual
electron diffraction data,

o The photographs were prepared, 2 visual inten-
8ity curve drawn, and a radial distribution curve
calculated by the usual methods (20). The camera
distance was 10.880 cm, and the elsctron wave length,
0.06050 g. Visual intensity data extended to g = 100.
The first three peasks in the radial distribution curve
(figure 13) may be ascribed to bonded C-H, C =C, and
G-C, respectively. The sharp peak at 2.30 X must rep-
resent an average of terms similar to 01-05, 02-07,
C2'C6’ and Cl-ch’ all of which must be nearly equal
due to the sharpness of the peak. A number of un-~
bonded C-H terms account satisfactorily for the small

snoulder on the inside of this peak, while longer
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Figure 13
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C-H terms and the long CZ‘CS must fall under the
smaller peak further out.

Becausa of the sharpness of the peak repre-
sénting most of the cross-ring C-C distances, the
choice of an initial model was greatly simplified,
However, several theoretical curves were calculated
in an attempt to obtain one as c¢lose to the visualj
as possible for the initial least squares adjustment.
Coy symmetry was assumed throughout. All C-H bond
lengths were taken as 1,09 X and H-C-H angles wefe
chosen to minimize the angular strain about each
carbon atom. Any errors in these assumptions on
hydrogen positions are 1likely to be small, and'any
déviations from the assumed values should have little
effect on the determined parameter values for the
carbon skeleton. All models were calculated includ-
ing the non-bonded C-H interactions, but no attempt
was made to include these as parameters in the sub-
sequent least squares adjustments, From past ex-
perience, it is known that, because of low weights
and heavy temperature factors for the parameters fix-
ing hydrogen positions, large veariations in the cholce
of these parameters have but little effect on the
choice of the best model. In calculation of the theo-

retical intensity curves, a in the factor exp(-aqz)
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was taken as 0,00016 and 0,00030 for the C-H and
C***H distances, respectively, in accord with past
expefience, and zero elsewhere,

Model L (see table IX) was chosen as the most
satisfactory of the initial curves, and a prelimi-
nary lesast squares was carried out on it, omitting
measurements of position, The increments in C;-C,,
Cl-Cu, 01-07, 02-03 and 02-07 were taken as the in-
dependent parameters, Detalils of this adjustment
nesd not be given. The resulting model 10 weas used
as a basis for the final adjustment, some details of
which will be given in order to illustrate by a coh—
| crete example some of the points brought out in the
discussion of the least squares method,

A complete set of observations was made on tha
photographs, and the results of these observaﬁions
and the calculated increments for parameter changes
(in units of 0,01 A) were translated into the math-
ematical language necessary for the adjustment, It
should be pointed ocut that, although a visual curve
was drawn (flgure 13), it was used primarily as a
reminder of the actual observations made on the
photographs and as a guide in placing the A F's on
somewhat of a relative scale, It 1s important that

the observational equations represent as nearly as
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Table IX
Distance Model U Model 10 Final Model

¢,-C, 1.50 1.53 1.522
C1-Cy 2,31 2.3l 2.328
61-C), 2,35 2,34 2.329
¢1-C, 1.54 1.55 1.558
Cp-Cq 1.32 1.34 1.333
Co=~Cy 2.32 2.41 2,370
Co-Cg 2,67 2,76 2,719

Cp=Cq 2.2l 2,28 2.296
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possible the actual observations on the photographs
rather than direct measurements on the visual curvse,
which contains many assumptions and iﬂaccuracies.

All two-fold and three-fold qualitative obser-
vations were made and lncorporated into the obser-
vational equations along with the position measure-
ments for all features, There were a total of sixty
such equations, thirty-eight qualitative and twenty-two
positional, The actusl numerical values entering the
equations need not be recorded here. Thelr nature is
indicated satisfactorily in figure 13%, Weights \
assigned these equations ranged from 1 to h%*. The
normal equations were derived, and the best parameter
values and moment matrix were calculated as previous-
1y outlined, The increments, standard deviations,
moment matrix, and inverse moment matrix are given
in table X.

In a similar manner, & moment matrix and cor-

relation matrix were derived for all bond distances

“The critical marks on curve 10 have been proposed by
Sheehan and Schomaker (21),

““An initial adjustment on this model showed position-
al features to be weighted too highly by the w< test,
and an adjustment of these weights was made before
the least squares adjustment here described.



Table X*

Parameter Increments and Moment Matrix

Number Parameter Increment a

1 €1-Cy -0,008 A& 0,009 A

2 C1-0), -0.011 0.028

3 G1-C, 0,008 0.015

Y C,-C4q -0.007 0,006

5 Co-Cq 0,016 0.012

M x 10h
1 2 3 Bt 5
1 0.806 0.876 ~1,040 -0,159 ~0,236
2 7.906 ~1.854 ~0,132 1.585
3 2,213 0,020 0.545
I 0.40L 0.117
5 1.255
w1l x 107k
1 2 3 L 5

1 ly,256 0,300 2.407 -2,465 -0.816
2 0.459  =0,739 0.688 0,90l
3 2,607 ~24200 -1,785
L | 5.837 1,834
p |

2,716

%Both M and M™1 are symmetric about the main dlagonal,
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and angles, Final values for distances and angles,
thelr standard deviations {corrected for scale error
in the case of distances) and 5% limits of error ére
given 1n table XI along with the corresponding cor-
relation matrix®, The correlation coefficients are
seen to agree well with whet 1s to be expectedlfrom
the nature cof the slectron diffraction problem, as
well as from the geomstry of the molecule. Thus,
there 13 & hlgh negatlve correlation coefficient for
the two single bond distances, so that the average-
must remalin about the same with changes in either of
them, The correlation coefficients for the double
bond distance and the single bond distances are small,
Iﬁ must be remembered that there are certain geomet-
rical correlations, as well as correlatlons intro-
ducéd by the scattering formula, so that a coﬁpletely
naive discussion on the separation of distances 1n
‘the radial distribution curve alone canhot be quan-
titatively accurats,

As an example of the use of the inverse error
matrix B, it is interesting to calculate the prob-

ability contour on which a model, having all

#ps there are here more than the number of linearly
independent quantities, the moment matrix is sin-
gular, and the quadratic form 1s degenerate, How-
ever, the correlation coefficlents still have mean-
ing.
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Tahle XI

Final Parameters and Correlation Matrix

Parameter

Best Value

-0.78
1

_0123
1

1,522 &
1.558
1.333
109,1°
96,1l
96.7
102,2

c

b 5
-0,17 =0.08
-0,16 -0.16
~0,69 0,30
1 0.43
1

o

0,011 A
0.016
0.008
0.35°
0.65
2,30
575

g~

0.62
-0,82
0,03
0.16
0,54

5% Limit

, 0
0.022 A
0.032
0.016
0.70°
1.30
L.60

11.50

-0,22

0439
~0.09
-0.36
-0.90
-0,81



varameters as in the best model but with the C-C bond
distances equal at the =sverage of the tvwo, would lie,
By the method previously described (using the matrix
B=M"1 for the five parameters used in the adjust~‘
ment), such a model was found to lie on the 354 con=-
tour, The interpretation is that such 2 model‘would
be completely acceptable, as it lies within the 5%
limit, but there 1ls some indication of a split in
these digtances. Some Justiflcation for the helief
that the 5% limit corresponds closely to limits
egtimated by the correlation method is found in the
fact that model 10,which was Jjudged to be a bordsr-
line casge, lles on the 4% contour by thes above cal-
culgtion. Similar Justification has been found in
a least squares treatment of formyl fluoride by
Jones (22). | |

The bond angles.and distances found can be sat-
isfactorily explained by a simple valence force
'potential expression. Assuming the bond distances
to be those found experimentally, strain energies
vwere calculated for a wide range of nodels with.Varya

' ing angles by the expression
U = %?ki(e({ -8,)°

where ®9 is equal to the normal value for the bond
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angle, ~ei is the value for a particular model, and
ki is the bending force constant for the sangle,
Theré are two principal uncertaintlies in such a
calculation: The values to be used for the force
conétants and the value of the normal C-CZ2C angle,
Caleculations were carried out for the values of
these constants glven in table XII. The normal
gsingle bond angle was taken as tetrahedral for all
models, Units of force for A, B and E are on nﬁ
absolute scale, but represent only ratios of the
various %orce constants, Values for model F are

actual force constants in units of lOgll

dyne-cmu'
radians™? for probane (23), isobutane (2&),.and ’
pfopene (25). Ratios for model E were based oﬁ the
essumption that kyps/k1q), = 1.5 from the values for
propane and propene, and that kl?h/k217 = 0.6 as
assumed by Heilbronner and Schomaker in a discussion
‘of nor-tricyclane (26). Wodels A & B,‘calculated’on
the basis of the rather naive assumption that‘all
force constants were equal, were initially studied
to test the applicability of the method and to study
the variation of the potential minimum with‘VariaQ
tion in the normal single-bond douk le-bond angle,
Potential energy values were plotted as,equin

potential contours as functions of two independent

angles, CI"CZ"CB and 02-01—07, The contours



Table XII
Assumed Constants for Straln Energy Calculations

- Q
llodel k]_?h 3{217" k6]_2 k123 %23

A 1.00 1.00 1,00 125°
B 1,00 1,bo 1,00 120
K 0.50 1.00 0.30 126
F 0.78 1,09 1.20 125
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for model ¥, the most favorable, are shown in figure
la, The contours are drawn at intervals of 0.0025
x 1071t dyne-cm (0.36 kcal/mole). The position of
the potential energy minimum for the different models
varied over a range of about three degrees in Cp-C;-C7,
but all values lay approximatsly on & straight line
which also passed through the experimental point
(figure 14b). In each case, the experimental point
lay within the first contour line, and the minima
of models A and F were well within the error ellipse
for the experimental model, Thus, desplite the un-
certainties in the force constants, the agreement
with experiment is gratifying, For the minimum in
model F, which almost coincided with the experimental
model, the strain energy due to angle deformation
alone was calculated to be 03335 x 10711 dyne=-cm or
18.3 kcal/mole.

Using the same force constants as in model ¥,
but taking the single-bond C-C distance as 1,54 A
for both bonds, a calculation similar to the one

above was carried out™., The minimum was found at

23
“The C=C distance was kept st 1.333, As this is the
normal value for this bond within experimental
error, and since the force constant for C=C stretch-
ing is considerably greater than that for C-C, 1t 1s
reasonable to assume that any lessening of strain
will come about through changes in single-bond lengths.,
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point G, which is not shown in the figure but lies
midway between points A and F; the energy valus at
this minimum was 0,341 x 10™11 dyne-cm, Assuming
a stretching constant of l,5 x 102 dyne/cm for the
gingle bonds, the stretching energy for the experi-
mental model is calculated tc he 0,0045 x 10731
dyne-cm, Making this correction brings the total
strain energy for the experimental model up to 0,239
x 10~11 dyne-cm, a value wnich differs insignifi-
cantly from the value for the model with normal bond
lengths, so that the experimental model 1s &zt least
as stable as this,

In summary, the angles found in the molecule
fit nicely those expected from minimization of the
potential function, while the bond length splitting
leads to a strain energy which is no greater than that
for a model with equal bond lengths, The total strain
energy for the experimental model is 0,34 x 10~11

dyne-cm or 49 kcal/mole,
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B, The Mnlecular Structure of Bicyclo (2,2,2) octane

In connection with other work being done on
cyclic hydrocarbons in these laboratories, it was
Telt that an investigation of the molecular struc-
ture of bicyelo (2,2,2) octane (figure 15) was in
order, the amount of twist about the thresfold axis
being of particular interest., A recent interpreta-
tion (27) of the microwave spectra of the mono-bro-
mide and chloride indicates that the angle of twist
is 0% L° and that the C-C bond length is 1.5L5 K,
all angles being approximately tetrahedral,

Blectron diffraction photographs were prepared
in 1950 by K. Hedberg and E. Heilbronner, Visual
data extended to g = 100. The photographs were
measured, a visual curve drawn, and a radial dis-
tribution curve calculated, The procedure was that
commonly used in these laboratories (20). The
radlal distribution curve (figure 15) is approxi-
mately that predicted for a non-~twisted model with
a C-C bond distance of 1,52 X and all angles tetra-
hedral, A thecoretical intensity curve calculated
for such a model gave guite good agreement with the
visual, C-H was assumed to be 1.09 X, and all non-

bonded C-H interactions were included., 1In the



Figure 15
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sxpression exp(-aqg), a was given the values 0,00016
‘for bonded C-H, 0,00030 for non-bonded C-~H, and zero
elsewhere,

In order to determine what changes in the model
would improve the agreement, but principally to
determine estimated errors, a least squares procedure

was used, Parameters chosen for ad justment were

Py

= 0170, Py = 0p=C,', Py = 0,=C,", and P = ¢ .
Initial values for these parameters were 1.51, 1,51,
2,47 and 0°, All two-fold and three-fold qualita-
tive observations were entered into the adjugtmsnt,'\
along wlth only those positional features which were
not scale factor dependent alone, The increments

in the distances were taken as 0,01 E and the incre-
ment in the twist angle as 1097, Forty qualitative
and fifteen positional observational equations:wers
used, The analysis was carried out in the usual way

with the results given in table XIII. As the values

An initial adjustment was made with an increment of
1°, and a change of about 10° was indicated, The
standard deviation was, however, also large, For
this small increment, certain of the cross=-ring
terms which are twist-sensitive could not he accu~
rately entered, so it 1s believed that the value
given by the 10° increment has more meaning,
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Table AIII

Parameter Increnents

Parameter Inecrerent g Ad justed Value
) 0 0
Pl 0,005 A 0,007 A 1.515 A
PB -0,003 0,007 2. 1467

B° 1,6°

[AN]

Pu 1.6°
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for the C-C bond lengths ssemed to bs abnormally
short, 1t was decided that preparation of nsw dif-
fragtiﬁn photogruaphs would be in order, These

were prepared on the new apparatus recently built
in these lsboratnries,qusing a wave length of about
0,062 3 and a camera distance of 9.628 cm, The
photographs were identical with the older ones in
all qualitative features, although they extended to
a wider scattering angle (qal20) and permitted
more accurate analysis of the last two maxima shown
in the curves in figure 15; these maxima bear more
nearly the relationship found in the theorsestical
curve than previously assumed for the visual curve,
A welghted average of qcalc/qobs was found to be
1,020% 0,007, and the scale of the entire model was
conseguently changed by 2%. The best values for the
bond lengths and angles together with a correlstion
matrix are given in teble XIV; the standard devis-
tions for the distances have been corrected for an
estimated scale standard deviation of 0,00k.

Since the changes in all the parameters are
small, it is apparent that the original model (except
for scale) must be regarded as acceptable, Indeed,
the completely symmetric model with a C~C bond length

o -
of 1,540 A lies on the 7T5% probability contour. The



Ui F oo o -

Numoer

Ul W

-88-

Table XIV

Pinel Parameter Values

Farameter Value o
0 [#]
C1-Co 1.543 4 0,009 &
Co=Cp! 1,533 0.011
z,c’g’~c1-~c2 109,0° 1,2°
~ 1 -0 0
éCI‘CZ"(JZ 10957 056
¢ 1,6° 2,8¢

Correlation Matrix

2 3 L
-0.95 -0,77 0,92
1 0.67 ~0,78
1 -0450
1
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model with no twist, but with the split in hond
distances, lies on the 95% contour, and we may say
with certainty that there is negligible probabllity
of the twlgt belng greater than §°, There 1s glight
indication that the nolecule is stretched along the
threefold axis, but, as noted above, the model with
normal bond angles and equal distances lies well
inside the 5% limit. The agreement with the micro-
vave determinatlon may be considered to be

gatisfactory.
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&uch quah—
3 s of .the ob-

served and calcufated p051t10ns f maxima and
: mmlma (seeTabIe I forian-example close to our
L.mo othe following values of the
ters: C-F/C-H = 18&/1 09 ;

: ,;values C-F
T 19 C~H
= 109° 28% (assumed) Recently, an nalysxsnf the
infrared spectrum?® of this substance, bas
_the approximate symmetric top chaxac
* molecule, led to two rotational com;

pasameter values C-F = 1.32 & % G

can havenosigmﬁcan ﬁect
1etermmed parameters

=:107.0- = 0.5%, C-H = 1.004 & ;

Z H—C—H = 110" (a&sumed)

Minima’ i Maxi :
No. Qobsd . ® Qoa.lcd /Oobsd : Qobsd leo(L/Qubad.
1 $.15° (1 1T (1.083)
2 LLaEneT {0.995)
; 3 25.94 1.017
o “The sample f di 4 34.26 1.008
. Jackson Laboratory of the : 5 43.67 0.997*
0.2-0.39% fluoroform and 0.05%, 6 . b2.67 1.005
methane. The camera distance was 10,91 cm. and 7 . 61.35 0:978
the electron wave length 0.06056 A. The methods 8 70.09 -998*
used in the  structure deterrnmatxon have been 9 80.46 . ..978
descnbed elsewhere.3 10 87.95 1014
calculated over 11 95.04

Average 17 features
Average deviation
H. Avﬁr&se~4:stwed s
T features Y U (0.0963
Average: deviauon 0.003
Best mociei C=F = (9980 X 1: ?6 B
* Averageof W, H, and K.H. measurements

- Our results differ signifieantly from those of the
.early electron diffraction study in the valite of the
F~C-F angle, which we find to be more than 2°

~F = 1.36/2.14

were mcluded and in the factor exp.
was given the values 0.00016 and’ 3
C-H and H--E distance, respecti
with our. ﬁxp@ence, and zeroels
It is our conclusion that the
~ the appearance of the photographs is ghve
curve' glightly closer to ] than I (Fig. 1).
factors: of particular importance for t is. dec;sxon

'mexti@ characters of the doubled maxima 3-4, -~ smaller. Our photographs, extending to a con-
siderably larger scattering angle, yresumably

allowa more reliable interpretation of the difficult
doublets 3-4 and 6-7 upon which the early angle -

determination was largely Based as well as enabling

us to see maximum 9, of which the pOSmon and de-
, i;%ee of association with ad;acent maxima are very
"F—C-F-angle sensitive. The C-F bond length
# sult from the infrared investigation stands welt o
*side our limit 6f° error. It is to be noted, however,
“that the preliminary results of a recent micmwﬁve
investigation® (which appeared during the course of

our work) C-F = 1.36 A.,C-H = 1.09 A.
© = 108°, L H-C-H = 112°, agree well with ours.
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APPENDIX
Observed and Calculated Structure Factors for Dimethyl
Phosphino-borine Trimer
A. Observed Reflections
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*In this section, IFl pg denotes the estimated mini-
mum observahle [Fi, For starred reflections
IFl cq1c 18 greater than (Fi pg.
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1.61
- 0;29

- 2,8 ’

7406
7.05
7.71
7,81
7.31
6.80
6.67
6.38

10
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Zone k1 P F

obs cale

Tkl 11 3 5.79 - 0.48
12 1 5,09 - 0,27

8x1 1 8 yynn 1.39
2 1 7.31 2.25

2 2 ey 0.99

2 6 8.0k - 0.57

2 17 7.81 - 5,22

2 9 6.67 0.13

3 7056 2,07

3 ﬁ T.71 .32

3 7 ToT1 - 2.67

L 8 6.92 0.23

5 1 7430 2.20

5 7 7.19 0.63

7 5 7.20 2,09

8 0 7'05 6»13

10 1 6,23 - 0.53

10 i 6,08 1,11,
10 5.79 - 6,29%

11 0 5,62 3,16

11 1 5.62 0.42

11 2 5.5 1.8l

gkl 1 5 8,03 3,61
2 709)4 - 5000

2 ﬁ 7.94 - 0.17

2 1 7.43 - 0,15

2 8 6,80 - 3.77

L3 7.81 .73

6 3 01}3 - 2a1)4,

6 b6 2.80 - 3,97

7 1 031 .52

T 5 0«79 - 1,05
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Zone k 1 {Flobs Fcalc
9kl 8 3 6.79 2,74
10 1 5.79 1.70

10k1 0o 5 7.81 - 2.8}
1 7 6080 had 0-“-9

2 2 7.81 - 2,26

2 7.19 0.08

Ly 7.56 - .2

5 5 6993 - 0099

6 0 7230 - 0.38

2 2 Te31 - ?.ﬁg

7019 }e

6 ﬁ 6.93 - 1.19

7 2 6.93 1.16

7 3 6.26 - 1,04

11kl 0 2 7.80 - 3,03
. 0 5 7.06 1h.00"
1L 7.86 9.91%

1 6 6037 - 1029

2 1 7.80 = 1.57

2 3 757 0,10

2 L 730 1.1

2 5 6.93 0009

3 1 7-T1 1.17

3 5 6.Z6 - 1.80

Ly 7.19 0.01

Loq 5739 - 160

6 1 6.80 = 2,60

12kl 11 .20 1,83
103 .80 - 1,07
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Zone K 1 'F‘ obs Fcalc

12kl 2 1 Zgos 2.16
2 2 «93 - 0.11
3 0 6.92 70307
3 01 6.79 - 3,21
L o 6 .66 1,15
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8.

Q.
104
11.
12,
13,
15,

16.
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Prcopositions

Yakel, in discussion of the shapes of Patterson
peaks (P=1l) gives a Gaussian approximation to
the atomic form factor. This approximation is

not the best one of this type for the caicula-

tion of electron density pealk shapes when the
data extends only to the practical copper 1imite

Mullilren has proposed (P-2) a msgic formula for
use in calculation of dissoclatlion and bond
ensrgles:

, = e - 15N S ’ - ‘
Ly ® TXyy = 3Tiy ~ kDK - P+ RE

bonds non-bonded electrons

where the X;; and Yy are quantities depending:
on the overlgp integrals, K is the sichange
integral, and P and RE are promotion and reso-
nance energies,

a. It 1s proposed that the applicability of
this formula to the prediction of bond dis=-
tances in small-ring cyclic hydrocarbonsg he
tested, particularly with respect to cross-
ring interactions,

b, I propose a simplification of this formula
which lumps all non-bonded interactions
into a single term, permltting a great sav-
ing of time in arriving at values which are
fully as accurate as Mulllken's for most
puUrposes.,

Correlation of 1intensities between different
sets of film 1n the cnllection of x-ray data
for visual estimation msy be most conveniently
carried out by a stetistical method. This
procedure eliminates the necessity of collect-
ing data around more than one axls, if this is
done only for the purpose of correlating inten-
sities. Certain anisotropies in temperature
factor will, however, not be detected. When
this information is not of lmportance, the
method can be quite useful.
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Cathodically charged aluminum electrodes im-
mergsed in a golutlon thirough which oxygen 1is
bubbled at a constant rate do not develop a
glgnificant hydrogen overvoltase until g crite
ical current density 1s reached. It is proposesd
thnat thles fact may he of use in the study of

the nature of oxide films on aluminum,

- Longuet~Higsine and Coulson have given (P-3) a

molecular-orbital and valence~bond-potential
treatnent to hydrindene in an investigation

of the Mills-Nixon effect, It is proposed that
an accurate %-ray diffraction investigation of
thls compound be carried out to chneck wvaluss

for bond lengths, an earlier electron diffraction
investigation (P-4) being inconclusilve.

In connection with a recent investigation of

the structurs of dimethyl phosphino-borine
trimer, the structures of the following compounds
would be of Iinterest:

a., dimethyl phosphino-borine (monomer)
b. dimethyl anmino boron dichloride dimsr

Dullond and Cohen, in thelr nost recent adjust-
ment of the universal physical constants (P-5),
although careful in eliminatinz observational
correlations, give too liitle attention to the
proper weilghts for single observationse. In
particular, the standard deviation has in several
cases been taken ag half a quoted limit of error,
and 1n othsrs, the welghts have been chosen
inversely proportional to the ggtimated wvarlances,
a procedure which is not entirely correct. BSuch
errors probably have negligible effects on the
output guantities, but nevertheless should be
discussed.

In the least sgquares adjustment of crystal structure
parameters, unobserved reflections should be entered
as approximately C.55 Fj4n and 0.7 Fpin for centro-
gymmetric and non-centrogsymmetrlic space groups,
respectively, the weights belpg approximately the
same in both cases, vlz., CAfFrin. It 1s assumed
that ths least squares is carrled out on mod F.
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9. A tactulation for all space groups of general
positlions in Patterson space in terms of the
positions of points in the fundamental set
should be useful to crystallographers. A
presentation which I fsel to he the most
useful is proposeds.

10. . The reaction between phosphine and formaldshyde
in geid solution is reported (P=5) to produce
the compound, tetrakis hydroxymethyl phog=-
phoniumn chloride.

a, Another pos:zible formula Tor this compound
ig proposed.

e It is proposed that the addition of
smmonls to this compound produces a
a polymer similar to those produced by
the action of ammonium chloride on P015.

11. It is proposed that the application of the
secientific method to ethics and esthetics is
chiefly limited by the near imposslbility of
agresment on the fundamental definitlons and
axioms which are nscessary in every sclence.
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