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Abstract

In this thesis, we find an exact formula for the weighted average of the symmetric
square L-values at the center. The average is taken over a Hecke eigen basis of cusp
forms of S Ly(Z) with a fixed weight 2k. The weights are the n-th Fourier Coefficients
of these functions. The terms in the formula involve quadratic Dirichlet L-values at
the center, Confluent Hypergeometric functions, and some arithmetic functions.

The main ingredient, and the starting point, is a formula due Shimura, which
relates the symmetric square L-function of a Hecke eigen form f to the inner product
of f with the product of the theta function, ; and a real analytic Eisenstein series
of half integral weight, E. We apply Michel-Ramakrishnan’s averaging technique on
Shimura’s formula to write the weighted average of symmetric square L-values in
terms of the Fourier coefficients of the Eisenstein series.

There are two complications. First, the levels of € x E' and f are different. Second,
E is not holomorphic. That is why we first take trace of # x F, and then we take the
holomorphic projection. Computing the Fourier coefficients of the resulting function
gives us the exact formula desired.

Finally, we deduce the asymptotic behavior of these formulas as k — oo.
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Chapter 1

Introduction.

1.1 Definitions and Notation

Let & > 1 be a positive integer and Hoy be the Hecke eigen-basis of Sar(SLo(Z)),
normalized so that the first Fourier coefficients are all 1. For f € Hoyy, we will denote

its Fourier coefficients by ¢, (f) and normalized Fourier coefficients by A, (f):
f(z) = ch(f)e(nz) = Z)\n(f)nk’lme(nz) (weight 2k, level 1)-
n=1 n=1

We will let 6(z) be the usual theta function:

o0

0(z) = Y e(n’z) (weight 1/2, level 4).
For a positive integer N and a complex number s, E(z, s,4N) will denote a non-
holomorphic (real analytic) Eisenstein series of half integral weight, which transforms

like a modular form of weight 2k — 1/2 and level 4N:

; 1-4k
E(z,5,4N) = y*/ Z —?(g,Z)

(weight 2k — 1/2, level 4N)-
2s

By abuse of notation, when N = 1 we will simply write E(z, s) for E(z, s,4), since
we will mainly work with level 4. We will also apply similar abuse of notations later

on with the dual Eisenstein series.



We use the standard notation

a b a b
I'=SLy(Z), T = ely, and I'y(N) = ellceZ
0 d Nc d
z = x + iy is a point in the upper half plane H, e(z) = €™, and
. e\ 1/2 a b
j(9,2) = | = ) eq'(dez + )12, for g = € To(4),
d 4e d

where (%C) is the Kronecker’s symbol, £, = 1 or i depending on d = 1 or 3 (mod 4),

and the branch of square root is chosen so that V1= +1.

For a real analytic modular form h; and a real analytic cusp form hs, both having
the same weight 2k and level R, let

—— . dxd
< hl,hg >Rpi= / h1<Z>h2(Z)y2k :EQy,
Lo(R\H Yy

where H is the upper half plane, and z = x + iy. When R = 1, we will ignore the

index and simply write < hy, hy >.

d(z) will be the integer indicator function, i.e.
d(z) =1 or 0 depending on z is an integer or not.

For a non-zero integer n, < n > will denote its square-free part with the sign.

Xn will denote the character defined by x,(d) = (g) For a character y, and a



positive integer N, we let

o) = M

LY(s,x) = x(n) :H(l—w)_l.

(n,N)=1 n PN p

oF is the confluent hypergeometric function defined as

2Fi(a,bic2) =) (QEZ)(?R

n=0

Z—l, where (1), =r(r+1)..(r+n—1).
n!

We use the following conventions:

R if lim @ =1, an

|f(k)] << |g(k)| if there is a positive constant A s.t. |f(k)| < A|g(k)|, Vk.

Finally, we let
(2k — 2)!

= At

1.2 Shimura’s Formula

By using the FEuler product
L(f,s) = Z n(fin™ = H[(l —app *)(1 = Bp~*)]7! (product over primes p),
n=1 D
one defines the symmetric square L-function as

L(sym®f.s) = [ [I(1 = agp™)(1 = ayBp™*) (1 = Bpp~")] "

p

By Theorem 1 in Shimura [8], L(sym?f,s) is a meromorphic function of s, with

possible simple poles at only 2k and 2k — 1. It also satisfies the following functional



equation. The function
A(sym?f,s) = (27) T (s)['(s — 2k + 1)((s — 2k + 1) L(sym?f, s)

is invariant under the transformation s < 4k — 1 — s. We will call the center of
symmetry, s = 2k — 1/2, the central point.
An analogue of this result is known over arbitrary number fields by Gelbart and
Jacquet [1].
If we put
Au(sym?f,s) = A(sym?f, s + 2k — 1),

then we have the unitary functional equation
Au(sym?f,s) = Ay(sym*f,1 — s).

Moreover, by the formula (1.5) in Shimura [8], we have the following equation

relating the symmetric square L-function to the Eisenstein series and theta function:

20'(s/2)L(sym?f,s) TR _
(47)5/2( (25 — 4k +2) _/F0(4)\H F(2)0(2)E(z,s +2 - 4k)y

o drdy
=

(1.1)

When s € R, all the terms on the LHS of Shimura’s equation (1.1) are real, and
so, taking complex conjugate of RHS will not affect the identity. We can rewrite it

N 21 (5/2) (4m) =5/

(s —dh ) < Lleymifs) = <OB(.s+2—dk) f >4 (1.2)

1.3 Exact Average Principle

Starting with Shimura’s Integral representation formula (1.2), we will apply the av-
eraging method, developed and used by Michel-Ramakrishnan [5], to represent the
average of symmetric square L-values in terms of the function 6(z)FE(z, s). However,

there are a few complications. One is that the levels do not match. Another is that
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the function E(z,s) is real analytic but not holomorphic. To resolve these problems,

we will first take trace and then holomorphic cuspidal projection of 0(z)FE(z, s).

Let T'r be the trace map sending (real analytic) modular forms of level 4 down
to (real analytic) modular forms of level 1, and Pr{_, be the holomorphic cuspidal

projection of a real analytic modular form. Define the following function:

o0

Gy(2) = Prig(Tr(8(2)E(2,9))) = Y _ gals)e(n2).

n=1

Then,

21 (s/2) (4m) =5/
C(2s — 4k +2)

x L(sym?f,s) = <OFE(.,s+2—4k), f >,
= <Tr(E(,s+2—4k)), f >

= < Gs+274k7f > - (13)

Averaging these equations over the orthogonal Hoy, we get

2I'(s/2) (4m) 5/ 5 L(sym?f,s) F o= Garsan (1.4)

C(2s — 4k +2) P=r <f,f>

We can rewrite this equation in terms of the Fourier coefficients as

O (s5/2) (47) =5/ 2nk=1/2 L(sym?*f,5)\u(f)
((2s — 4k +2) <ff>

= gn(s + 2 — 4k)- (1.5)
Jf€Hak

Note that, ((2s — 4k + 2) has a simple pole at the central value s = 2k — 1/2. On
the other hand, L(sym?f,s) is regular by Theorem 1 in Shimura [8]. We deduce that

gn(s + 2 — 4k) has a zero at this point, and we can rewrite the equation as

4T (s/2)(4m)~5/2nk=1/2 Z Lisym?®f,s)M\(f)  gu(s+2—4k)

(25 — 4k + 1)C(2s — 4k + 2) <f.f> T s—2k+1/2°

fE€H2k



As s — 2k —1/2, we get

AT (k — 1/4)nk—1/2 L(sym?2f,2k — 1/2)\,
(k—1/4) 3 (sym?f /2)An(f)

(4r)k=1/4 <ff> = gn(3/2 — 2k)- (1.6)

fe€Hay

To find these coefficients {g,}, we need to understand Tr(0(z)E(z,s)) first. In
Chapter 2 we will find the Fourier coefficients of Tr(6(2)E(z,s)) in terms of the

Fourier coeflicients of the Eisenstein series.

Then, in Chapter 3 we will see how these Fourier coefficients are affected by taking

the holomorphic cuspidal projection.

We will spend Chapter 4 with calculations to find {g},(s)}, which finally gives rise

to the main formula.
Before stating the Main Theorem, recall the following notations from Section (1.1):

For a non-zero integer n, < n > denotes its square-free part with the sign.

(2k — 2)!

d(z) =1 or 0 depending on z is an integer or not, and e, = ~————-
(47)2k—1
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1.4 Main Theorem: The Exact Average Formula

at the Center

Main Theorem. For integers k > 1 and n > 0, we have the following formula at

the center of symmetry s = 2k — 1/2:

S o (smtrn- ) S sk S (G ) Gt

J€Hy MEZL, m2#£4n

~ 0(vn) (T'(2k —1/2) _ In(n) 746y —6InT—10In2
An = peYE (F(Zk‘—l/Z) +A 5 ) where A = 1

The weights &, x(m) are positive for all but finitely many m. In fact,
Enp(m) >0, whenever |m| > 2y/n. Explicitly,

Eni(m) = Bldn —m?)y(4n — m*) Fpp(m).

For n # 0, we write n = 2%, with n; odd. Then

o(n) = (e

a,b>0, (ab)?|nq

d/2 d even, ny =1 (mod 4),
d/2+2—+2 deven, ny =3 (mod 8),

() =
d/2+2+V2  deven, ny =7 (mod 8),
\ d/2—1/2 d odd.
Finally,
_1\k _ m2 .
o 1r)(kr+(’f/4l>/4)2F1 (k —1i1 kg E) fm? < dn.
Fg(m) = 1 an\k—1/4 m?—dn o2
oni/a (m) Ik <—m2 ) me > 4717
o0 W34 du
where  Iy(c) = /0 (1 + w)P+1/4(1 + cu)h—1/4
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In Chapter 5, we will investigate the asymptotic and deduce two Corollaries:
Corollary 1. For a fixed square integer n, letting k — oo,

= oot 2R L (HA ) o (1)

f€H2k

In particular, when n =1, we have

2 er.  I"(2k—1/2) 1
f%f(sym f,2k:——) TS Tk 1) +A+O<ﬁ)'

Assuming that L(sym?f,2k — %) >0 for all f € Hap, we get

Z L (symzf, 2k — %) << k(Ink)*.

fE€Hay

An analogous result for the case n = 1 was recently proved by R. Khan [4] with
an error term of O(k~'/20+¢). Corollary 1 improves the bound on the error term to
O(k‘l/ %) and extends the result to arbitrary n. More importantly, ours is an ezact

formula, and the error term is also given explicitly by the Main Formula.

Corollary 2. For a fixed non-square integer n, we have

Z L (Sym2fa 2k — 1) < f, f > ZL< » Xd<m?2— 4n>> gn,k(m)

f€H MEZ
As k — oo,

> ¢ oran=3) 2550 =0 (G5)

fEH 2k



1.5 Some Comments

(A) By Shimura’s formula (1.2), L(sym?f,s) or A(sym?f, s) is essentially given by
the scalar product < 0F(-,s + 2 — 4k), f >. On the other hand, J. Sturm’s expres-
sion for the Fourier coefficients of the series E(z,s) involves a quadratic Dirichlet
L-function, L(s + 2k — 1, X_4<n>) (see Section 2.6). So the nth Fourier coefficient of
E(z,s + 2 —4k) involves L((s +2 — 4k) + 2k — 1, X —4<n>) = L(s — 2k + 1, X _4<n>)
which becomes L(1/2, x_4<n>) at the central point s = 2k — 1/2.

This explains the occurrence of the central values of Dirichlet L functions in the

Main Theorem.

(B) Perhaps, it is most interesting when n is non-square. Because, in this case our
formula relates a finite weighted sum of Symmetric Square L-values at the center to an
infinite weighted sum of quadratic Dirichlet L-values at the center. Both L-values are
expected, by the Generalized Riemann Hypothesis, to be non-negative. Even though
we are far from proving either, we hope to understand, in a sequel, the compatibility

aspect of these two L series.

(C) Assuming the non-negativity condition in Corollary 1, the bound we get for an

individual L(sym?f, 2k —1/2) is k'*¢ which is weaker than the convexity bound k'/2.
(D) For k = 6, Soi(I") is one dimensional and Hjo = {A} where

AR =q[JA=a)" =D ma"  (a=e2)).

n>1

In this case, the Main Theorem relates the product of 7,, and L (sym2A, %) to an

infinite weighted average of quadratic Dirichlet L-values at the center.
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Chapter 2

Computation of Trace.

2.1 Definition of Trace

In this chapter we will find the Fourier coefficients of the trace of (z)E(z, s) in terms
of the Fourier coefficients of the Eisenstein series. First, let us explain what we mean
by this trace map.

Let Mgk(ro(N )) be the set of modular forms of level N and weight 2k, which are
real analytic but not necessarily holomorphic.

For N|M, we define the trace map
TrM + Moy (To(M)) — Moy(To(N))
as follows:
Try (h)(z) = Y hh(2)

YETo(M)\T'o(N)

a b
where for any v = € SLy(Z),
d

hly(z) = (cz + d)"*h(vz).

Remark 2.1. Note that

1) hlyire = (Aly)]e-
2)h|, doesn’t depend on the right coset representative ~.
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3) For any element g € T'o(N), as vy runs through a list of right coset representatives,
g runs through a list of right coset representatives as well. Hence, the image T3 (h)
is a modular form of level N.

4) Tt is not difficult to show that for a cusp form f with weight 2k and level N and

a real analytic modular form g of weight 2k and level M where N|M, one has:
< [, Tr(9) >n=<f.g >u .

To proceed we need to find a set of right coset representatives of I'g(4)\I" first.

2.2 A set of representatives for ['j(4)\I'

Lemma 2.2. The set of matrices

10 0 -1\
g0:[7 g1 = y 9245 = 7]:0717273
2 1 1

is a set of representatives for the right cosets of To(4) in I' = SLy(Z), i.e.,

5
7=0

Proof. We need to show that any ¢ € I' is in exactly one of these cosets. Let

a *
g= € I'. Since det(g) = 1, we know that gcd(a,c) = 1. So t = ged(4,¢) =

c
gcd(4a, c) is a divisor of 4. Hence, t = 1,2, or 4. Also, in any case, there exists

relatively prime integers m and n such that t = 4am + cn.

Case 1: t = 4. In this case, ¢ is a multiple of 4, and g is already in I'y(4) = I'¢(4)go.

So, there is only one right coset in this form, and a representative is

gdo =
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Case 2: t = 2. In this case, ¢ is even but not divisible by 4. So
2 =4am + cn

implies that n is odd, and since it is relatively prime with m, we conclude that

k%

ged(4m,n) = 1. So, there exists a matrix h = € I'p(4). Note that
4m n
k% a * * ok
dm n c ok 2 x

Given two matrices g and ¢’ in T,

To(4)g' =To(4)g < g'g~" € To(4).

Let

Observe that both d and d’ are odd because det(g) = det(g') = 1. So,

;o a b d —b * *
g9 = = € ['o(4),
2 d -2 a 20d—d) =

meaning that there is only one right coset in this form, and a coset representative,
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for instance, is

g1 =

Case 3: t = 1. In this case, ¢ is odd, and 1 = 4am + cn. Letting

c  —a
h = e Tv(4),
dm n
we see that
c —a a * 0 =*
hg = = eTlv(4)g
dm n c % 1 %

0 —1
g =
1
Let
0 -1 , 0 —1
1 d 1 f
A 0 —1 d 1 * *
gg = = €ly(4) & d= f (mod 4).
1 f -1 0 d—f x
So,

[o(4)g =To(4)g" if and only if d = f (mod 4). (2.1)

Hence, there are exactly four right cosets in this case, one for each number modulo
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4, and we introduce the following four coset representatives:
0 -1 0 -1 0 -1 0 —1
g2 = y 93 = y g4 = ) andg5:
1 0 1 1 1 2 1 3
So far, we have proved that any element g € I' is in one of the 6 right cosets, with

representatives given as above. To prove the claim, it remains to check that these 6

cosets are different. Given

h = €T'y(4), and g = er,
dm n c x*
we have
* % a * * *
hg = =
dm n c % 4dma + nc  *

Note that n is odd because det(h) = 1. So,
ged(4ma + ne,4) = ged(ne, 4) = ged(c, 4).

Observe that, ged(4, ¢) depends only on the right coset I'g(4)g, but not on the coset
representative g. This shows that the right cosets we have found in different cases
above are different. Finally, we have already seen that the right cosets of gs, g3, g4

and, g5 are all different; thus, the lemma is proved m

2.3 Transformation formulas for 6(z)

Recall that
0(z) = Z e(n®z)  (weight 1/2, level 4).

172 a b
0,(2) = (cz +d)”/*0(gz) for any g = € SLy(Z).
d
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In this section we will find transformation formulas for 6, (), j =0, ...,5.

Lemma 2.3. We have the following transformation formulas:

0,(2) = 0(z/4) —0(z), and

e |
Oy0n(2) = 219<z1‘7) for j=0,1,2,3.

Proof. We will use the following properties of the theta function repeatedly in the

proof:

6= +1) = 0(z), 0 (;j) 2;9(,2), and 6 <z + %) — 20(42) — 6(2).

The first two are famous formulas, whereas the third one can be obtained easily

by using the Fourier expansion.

Transformation formula at g;:

b (2) = \/;9 (2;1) \/2211\/_2;;%(_2:1)
()0 () -V (B (- )
\/; \/7 QZZ\/%Q(Z)ZQ(Z/A[)—(;@).

Transformation formulas at go, g3, 94, and g5. For 7 =0,1,2,3 we have:

i - () ()
)
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2.4 Transformation formulas for E(z,s)

Recall that for a positive integer N,

» 1-4k
E(z,5,4N) = g2 Z —?(g,z)

, (weight 2k — 1/2, level 4N).
2s

We also define the dual Eisenstein series F' as

-1
_ 1/2—-2k
F(z,8,4N) = (V4N z) E(4NZ,S,4N>.

In particular,

z

F(z,5) = (22)V/*%E (;—1,3> .

b
For any g = el let

Ey(2,5,4N) = (cz +d)V**E(gz,s,4N).

In this section, we will find E, (z,s) for j =0,...,5 in terms of E and F'.

Proposition 2.4. We have the following transformation formulas:

E,(z,s) = 2°E(z/4,s,8) — E(z,s), and

Byolzs) = 2V/27%F (%s) for j=0,1,2,3.

Proof. Transformation formula at ¢;:
Let Ry be a set of representatives for I'u,\I'g(4),
Wy = {(c,d) € Z*| ged(4c,d) =1, ¢, =2c+d >0, d; = d},

and

Vi = {(c1,dy) € Z*| ged(4cy,dy) = 1, ¢ > 0, ¢; odd}.
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Note that there is a one to one correspondence among Ry, Wy, and Vi:

a b
€ Ry < (¢,d) e Wy < (2¢+d,d) € V.
de d
On one hand,
E — (24 1)*E (=
wes) = @ g (2

z °/2 J (97 2zz+1)1_4k
22+ 1

= (2z+ 1)1/2’2k1m <

geR, ‘j<97 2;1)‘28

dcz 1/2—2k
e A § eq! (ﬁ) (7 +d)Y
- d _4cz
|22+1] v d 3o T dff

2N 4c ((4c +2d)z 4 d)' /7
= 8 -
Yy d d |(4c+ Qd)z —|—d|5
D S (201 — 2d1> (2¢12 + d1)1/2872k
(c1,d1)EVH dl |2012 + d1|

(e,d)eWy

2¢1\ (2c12 + dy)*
— 52 -1 (24 1 1
D YD D B e e

c1 (odd)>0 ged(4cy,dy)=1

On the other hand,

_, [4c)\ (dez +d)Y/22k
E — 5 /2 1 1 (==
(2) * Z Z € ( d > |dcz + d|*

¢>0 ged(4e,d)=1

(2cz + d)'/>~2*
— s /2 1
* Z Z (d) |2cz + d|*

¢ (even)>0 ged(4e,d)=

Adding these two equations for £, (z,s) and E(z,s) we get:

E, (z,s)+ E(z,s) = 2°E(z/4,s,8)-
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Transformation formulas at gs, g3, g4, and g5. For 7 =0, 1,2, and 3 we have:

-1
Eg]+2(z 8) - (Z+j)1/2_2kE (Z—f—j,S)

N\ 2k—1/2 .
— (2 ) (Z‘;']> F<21—‘7,5>

_ ol/2-2%kp (Zz:j’s)'

2.5 Fourier Coefficients of Tr{(0(2)E(z, s))

From the definition of trace and the transformation formulas derived earlier, we get

Gu(e): = Tri(B(2)E(z5) = Y _(0(2)E (= 5)l,, = 2997

= 0(2)E(z,s)+ (9(2/4) —0(z ))(QSE(Z/4,S,8) — E(z,5))

1—1 ]
21/2+2k 20( 1 1 "9>'

Remark 2.5. G,(z) is 2 — z + 1 invariant. So are Z] 00 (B2) F (2, 5) and

I\
_|_
.
~—
T
A~

0(2)E(z,s). We conclude that 0y, (z)E,, (2, s) is also z — z + 1 invariant. This is not

a surprise and could be derived by noticing that the right coset I'g(4)g; is invariant

11
when we multiply with on the right. Using this with

0 (211> —i0 (2) = (1-96(2),

(which can be proved easily using the Fourier expansion of 6), we conclude that

E('Zzl s 8> +iE (5,5.8) = U+D) g ).
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Let the Fourier expansion of Gy be:
Go(2) =D Gnly, s)e(nz).
Also, let the Fourier expansions of £ and F' be:

E(z,s,4N) = ZAn(y,s,4N)e(na:), and

nez

F(z,s,4N) = Z B,(y,s,4N) e(nz).

nez

By considering the contribution of each term 0,,(2)Ey, (2, s) towards g,, we get

an(y,s) = (Z 6_2”123”An12(y,3,4)> + (28 Z =5 yA4n 2 (y/4,s 8))

leZ I odd

1—1 —2mi2y
A (21/2+2k Ze T Bun-ie (/4,5 4)>

leZ

Note that the term (0(z/4) — 6(z))E(z,s) has no contribution in §,, and the
contributions of 6, ., (2)E,,,,(2,s) are equal for j =0, 1,2,3.

Next, let us see what these Fourier coefficients A,, and B,, are.

2.6 Fourier Coefficients of £ and F

The formulas in this section are due Shimura [8] (Proposition 1) and Sturm [9]
(Lemma 2). Note that our definition of £ and F' is slightly different than their

definition of £ and E*. To be more precise, we have

E(z,5,4N) = 4*?FE;s(z s, A\, wy) and

)\+s

F(z,5,4N) = (4N)" "2 ¢*2E% (2,5, A wo),

where wy is the trivial character, A\ = 2k — 1/2, and to avoid confusion we used Ejg

and E7jg for Sturm’s definition of £ and E*.
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Fourier Coefficients of F(z,s,4N). First we need to define b, and 7,.

We start with b,,:

L'™N(2s + 4k —3)

bo(s,4N) = bi(s, 4N) = T E T s

For a non-zero n:

LAN (s + 2k — 1, (=A<n=N))

AN) =
bnls, 4N) LN (25 + 4k — 2)

/BTL(S7 4N)7

and
L4N(S+2k3—1 ( 4<n>))

b (s, 4N
L L Py T

B3,(s,4N),

with < n > denoting the square-free part of n when n # 0:

—4<n>N
(s, 4N) Z“ ( n > a172k75b374k72s,

and
(5, 4N) Z'u < —4<n >> L2 Ak 2.

the sums being over positive integers a, b satisfying (ab)?|n and ged(ab, 4N) = 1.

Next, 7, is defined using the equation

e} o0

Y z+n)E+n) =) n(y.a,Beln).

n=—0oo n=—oo

It can be written in terms of the Whittaker function as:

not=Le=2m (o) " W (4ny, o, 3) if n >0,
PR (g, B) = S |nfotB-te 2D (3) YW (4x|nly, 8, a) if n < 0,
L(a) ' T(B) "' T(a+ 4~ 1)(dry)' 7 if n =0,
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where the Whittaker function is

Va8 =101 [0 upasom

It is first defined for Re(3) > 0 and then extended to all § analytically with a

functional equation
W(ya a, ﬂ) = yl_a_BW(yv 1 - ﬁa 1- O_/).
With these definitions,

F(z,8,4N) = ZBn(y,s,élN)e(nx),

neL

where

4k — 1
Bn(ya S, 4N) = (4N)1/4_k_8/2y5/2bn<37 4N)7—n <y7 HT? g) '

Fourier Coefficients of E(z,s,4N). For A,, we need one more definition. Let

M
M
i) = 3 (3 () et ar
AN|M|(4N)o> \p=1 p
Then
E(z,5,AN) =Y Au(y,s,4N)e(nz),

ne”Z

where

4k — 1
%f) 040,

An(y,s,4N) = y8/2bfl(s,4N)cn(s,4N)Tn (y, 5 '3

4k — 1
Aoy, 5,4N) = g (1 555, AN)en(s, ANy (y sl 5)) -

Now that we have a Fourier expansion for the trace, and the levels are set, we are

ready to take the holomorphic projection.
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Chapter 3

Holomorphic Cuspidal Projection.

3.1 Definition of holomorphic cuspidal projection

Gross-Zagier [2] (Section IV.5) summarizes the definition of holomorphic projection

in the following proposition:

Proposition 3.1. Let F be a complez valued C*™ function on H which transforms

like a modular form of weight 2k for I' with the Fourier expansion:

If F(2) =O0(y™¢) as y — oo for some ¢ > 0, then
F(z) = Prig(F(2)) = > ane(nz)
n=1

1s a holomorphic cusp form of the same weight 2k for I', where

— 1 — (47-(”)2]671 * ~ —2mny, 2k—2
an = proj, (an(y)) = m . an(y)e "™y dy.

Moreover < g, F >=< g, F > for all g € Sor(T).

To apply the proposition to Tr(6(z)E(z,s)), first we need to check the growth

condition required by the proposition.
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3.2 Growth Condition

We would like to take the holomorphic projection of Tr(0(z)E(z,s)) when s > s¢ =
3/2—2k is a real number in some small neighborhood of sy. The reason for considering
not a single value but infinitely many s values near sy is to be able to take the

derivative of the Fourier coeflicients later on.

Lemma 3.2. When s > sy is a real number close to sy, Tr(0(z)E(z,s)) satisfies the
growth condition stated in the proposition above. More precisely, there exists some

r > 0 such that for any s € (so, S0+ 1),
Tr(0(z)E(z,s)) =0(y™"), asy — oo, where u= s — sg > 0.

Proof. We will prove the lemma by checking the growth condition for each summand

of trace separately, starting with 0(z)E(z, s) itself. To simplify the notation, let
u=s—5), a=s/24+2k-1/2, [=s5/2.

0(2)E(z,s):
E(z,s) =y"* + Z bn(s,4)cn (s, 4)7a(y, a, B)e(nx).

nez

The first term in the product is

L*(s + 2k — 1, X _4<n>)
L4(2s 4 4k — 2)

bn(8,4) = ﬁn(574)7

where

the sum being over positive odd integers a,b such that (ab)? divides n. Since each
term in absolute value is less than or equal to 1, and the number of terms is no more

than n?, we deduce that |3,(s,4)] < n?. Also, it is not difficult to prove that

LY (s + 2k — 1, X—4cn>)] <4 <n ><dn.
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On the other hand, as s — sg, 2s+4k—2 — 1, so the denominator L*(2s+4k—1)
goes to infinity. Hence, its reciprocal is bounded, say by 1. We conclude that, in some

s-neighborhood of sg, |b,(s,4)| < n? for non-zero n. When n = 0, note that

_Dw) _ (1—27)¢(2u)
W) = T T - 1)

has a double-zero at u = 0 because of the (1 —272*) and ((2u + 1) terms. So,

bo(s,4)| << u?.

The second term, ¢,(s,4), is given as an infinite summation:
M
w3 (30 () tetmmnar =t )
4| M4 \p=1 p

which (by letting M = 27) can be written as

o i ,
= (S (2) g temp/2)|
Z 27 27,

Jj=2

For non-zero n, let n = 29n; where n, is odd. When j > d + 3, the summation

over 1 < p < 27 can be split into four parts, one for each odd p-congruence class
J
modulo 8. The terms <2> g1, depend only on p modulo 8, and in each congruence
P p
class we are summing the roots e(np/2’7), which form powers of a nontrivial root of
unity, e(p/27), each power counted with the same multiplicity. We conclude that the
sum is zero, and the only contribution is when j < d 4 3. Hence,
d+3

len(s,4)[ <Y 27 <d+2<<n.

Jj=2

For n = 0, we have

2 1 -2 u

[e's) sz 1 <2>] 571 [eS) 1 1
o(s. D) =3 | —— 27 <N o = <<=
j=2 j=0
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Next, we bound the 7,, terms. By Lemma 4 in Shimura [8],
y'W(y,a,5) and y*W(y,5,q)
are both bounded when y > 1 as s — s¢. Since a > k and § > —k, we have
Wy a.0)] <<y™ and |[W(y,B,a)| << y".

Using the relation between the Whittaker function and 7, we get the following
bound for n # 0:

|70y, v, B)] << |n|FHyFe2minly,

For n =0, m(y, v, §) has a simple pole at u = 0, and from

—f3 —a—pf _ F(Oé + ﬁ — 1) —a—f
t (27T) TO(Q? a, ﬁ) - F(@)F(ﬁ) (47Ty)1 ’
we deduce that
7oy, . B)] << L

Combining these bounds and summing over n € Z, we get

E(z,5)=0(y™) as y — oo.

Also, it is easy to see that 6(z) = 1+ O(e™¥). These two bounds combine to give

0(2)E(z,s) =O0(y™").

(0(z/4) — 0(2))(2°E(z/4,s,8) — E(z,s)):

E(z,5,8) =y*? + Z bi(s,8)cn(s, 8)Tn(y, o, Be(nx).

ne”Z

Applying the same ideas as before, we note that b} (s, 8) = b,(s,4) is bounded by

n? and c,(s,8) is bounded by a multiple of n. So, the Eisenstein terms are bounded
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by y~* as before. In 6(z/4) — 6(z), the constant terms cancel each other. Hence, it

decays exponentially as y — co. We conclude that
(0(2/4) — 0(=)) 2" E(/4,5,8) — E(2,5)) = O(e™/4) as y — oo.

3 o+ i ).
2= 0 () F (557, 9):
Let us check 0(z)F(z, s) first. The rest follows by the substitution z — (z + j)/4.

F(z,) = y/2 3 4725014 (5 )7 (y, 0, B)e(na).

neZ
Using the same bounds from before for b,(s,4) and 7,(y, «, 5), we also get that
F(z,s) is bounded by a constant times y~*, so is the product 6(z/4)F(z/4,s). Simi-
larly, the other terms are bounded by y~ as well, and we conclude that

3 : :
Z@(ZZ‘])F(ZZ],S) =0(y™) as y — o0

J=0

This finishes checking the growth condition, since © = s — 5o > 0 when s > 5.
Although we are restricted to take holomorphic projection only for s € (s, so + 1),
it is not a problem for our purposes. Our goal is to find the derivative of the Fourier
coefficients of the holomorphic projection at s = sy and for this, knowing these
coefficients for an infinite sequence of s values converging to s, suffices.

Now, we are ready to take holomorphic cuspidal projection of Tr(0(z)E(z,s)) for

s values larger and close to sg.

3.3 Holomorphic Cuspidal Projection
of Tr(0(2)E(z,s))

Recall that
Tr(0(2)E(z,5)) = Y _ gu(y. s)e(nz) € My, (T).

neZ
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So far, we have computed these coefficients g,, in terms of the fourier coefficients

of F and F":

an(y,s,4) = (Z e_QWZQyAn_lz(y,s,él)) + (28 Z =2 FAg_p(y/4, s 8))

leZ l odd

1—14 —27rl y
+4 x (21/2+2k Ze By 2(y/4, s 4))

leZ

Let the holomorphic cuspidal projection of Tr(6(z)E(z,s)) be

Zgn e(nz) € Sor(T).

For a positive integer n, we write these coefficients g, using the definition of

holomorphic cuspidal projection:

(47n)2k-1

gn(s) = projn(gn@% 3)) = (2/6 —_ 2)!

/ gn (y’ S)e—annyk—2dy_
0

Using the formula we derived earlier for g,(y, s), we get

gn(s) = 26(/n)projy, (e*QW”yys/Q)
+ an 12 S, 4 Cn 12( 74)p7n0jn< 2l ny/zTn 12(y7 76))

leZ
727rl2y
+ Z b4n l2 S, 8 c4n l2(8 8)]77‘0]”( 4 y 7_4n l2( /4 « ﬁ))
l odd
. . —2mi2 —2nl7y
+ 2271 —0) Y banp(s,4)proja ( Ty Py, 12(1//4,04,5)) :

leZ

From the definition of proj,, it is immediate that

projn(a(y/4)) = projam(a(y)).
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Using this formula in the above equation for g, and letting
P,(m,s) = projn (e_%myys/zTn_m(y, a, B)) (for integers m >0, n > 0),
we get

gnls) = 26(v/n) proja (e72™y"?)
+ ) 0 (s, A)enp(s, 4) Pa(l, 5)

leZ
+ 2° Z b 12(8,8)Cun_z(5,8) Pan (1%, 5)
l odd
+ 27 (1= 0) Y b (s, 4) Pin (12, 5).

lEZ

We will spend the next chapter with calculations to evaluate ¢/, (so).
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Chapter 4

Calculations for the Main Formula.

4.1 Calculations for b,, ¢,, and P,(m,s)

In this section, we will make calculations for the terms b,, ¢, and P,(m,s) at the

point sg = 3/2 — 2k. Let us start with P,(m, s).

4.1.1 Calculations for P,(m,s).

Recall that

s+ L s

Pn(m, 5) = pProja (6_2meys/27_n—m (% -

5 2)) (for integers m >0, n > 0),

where 7,, and proj, are as defined in the previous chapters.

Let

so = 3/2— 2k,
u = S§— Sy,
a = $/24+2k—1/2, ap=s0/2+2k—1=1/4+k,

B = s/2, By = 50/2 =3/4— k.



dFor0O<m<n,letc="=2

30

Pu(m,s0) = proja (e y3 /g, . (y, a0, Bo))
_ (471-”)2]671 /OO —2n(m+n)y, k—1/4 dy
- (21{? — 2)' 0 € Yy Tn—m (yu o, 50) ;
271'\/_( )k(47rn)2k_1 * —4nmny, k—1/4 dy
k— 3/4
_ 27?\/—( 1)*(4mn) (o),
C(k+1/4)(2k — 2)!
where

Jk<0)

There are a few definitions of confluent hypergeometric functions which are closely

related:

The relations being

W(y,a, B)
ijm(z)

Combining them, we get

Wy, 2o, Bo) = W(y, 1

o d
/ e—yyk—1/4w<0y7 050760)_y'
0 Y

1 /oo 1 B-1 —
— 1+ w)* W e du,
i@ Jy Y

1 /OO —1 b—a—1_—zt
— [ A e
I'(a) Jo

Z1/2+“6*Z/21F1(1/2 +p—k2u+1;2),
D(=2p) My u(2)  T2p) My — ) )
PA/2=p—k) TQA/2+p=-k)

U(B,a+ B,y) and
e 22U (1/2 4 m — k, 14 2m; 2).

— Bo, Bo) = U(Bo, 1,y) =y 2" * W1 /oy 0(y).
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Let us rewrite Ji(c) using this relation:

1 [ dy

The following formula (Bateman [7], page 216) relates the Laplace transform of
the Whittaker function Wj,,, to the Hypergeometric function o Fi:

o dt r 1/2)T (v — 1/2)ar+1/2
/ efptthk“u(at)_ — (M+U+ /) (U M+ /)?2
0 t I'(v—k+1)(p+a/2)rtett/
p—a/2
F, 1/2.0—k+1/2:0—k+1; :
X9 1(M+U+ /nu + /7” + ’p+(1/2>

With the following substitutions:
p—1—¢/2, a—c, k—k—1/4, v—k—-3/4, u—0,

the formula reduces to

Hence,

o i T(—1/27 13 1
P, (m, s0) = (1 +4)V2r(—=1)"(47n)* /F(k+1/4)(2k:—2)! X oy (k_Z’Z_k’ﬁ’l_C).
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& For 0 < m = n we have

P,(n,s) = proj, (e ™y r(y, , 3))
_ . —2mny, B:0—«a o 6F<O‘+6_1) —a— )
= proj, (e mnpit-e(m HE =D )

1/29kmrag Ll@+06-=1) o
21/2 2k22 «a 671' Projn yl g 2mny
M@ 7o )

j1/2-2kg2—a—0 M(a+3—1) (47”1)2]671 /OO 2k7a6747rnyd_y
F(e)I(B)  (2k —2)! y
Z-l/2—2k22—a—ﬁﬂ_r(a +4—-1DI'(1/2 - B) (4mn)**
L(e)I'(5) (2k —2)!
(1+0)(=1) 2 (4mn)e=3/4  (an)¥20(u)D(k — 1/4 — u/2)
(2k — 2)! T(k+1/4+u/2)0(3/4 — k +u/2)

& For 0 < n <m,let c=(m —n)/m. We have

P,(m,s) = proj, (e’Q’TmyyﬂTn,m(y, a, ﬁ))

= proj, (e”2™yPi=(2m) P (m — n)* I 1e 2TV (B) T (4 (m — n)y, B, @)

i1/2=2k (9 Vot By _ p)etB-1
= v ( 7T) (m n) pTOjn (y56_2ﬂ'(2m_n)yw(4ﬂ-(m - n)y7 67 Oé))

IN(E)
_ i1/272k(27r>a+,8(m _ n)oﬁﬁflproj yﬂe—27r(2m—n)y /00 (1 + U)ﬁflua d_u
T(@)T () " 0 eAmmmm
_ ,L~1/2—2k(2ﬂ.)a+ﬁ(m _ n)a—‘rﬁ—l (47Tn)21<:—1 /oo /oo ka 1+ dy (1 N )ﬁfluad_u
F(Oé)r(ﬁ) (2]€ ) 0 e47rm(1+cu) Y U
B i1/2—2k22k—1/27ra(m _ n)a—i—ﬁ 1 n2k 1 F(Qk — 14+ ﬁ) /oo (1 + u),@ lua du
= m2k—1+78 2k —2)! T(TB) Jo A+ cw)? 1+ u

At the center, sg = 3/2 — 2k, we get

(1+4)(4m) =310 (k — 1/4) n*!

Pn(m7 30) = (2]{7 _ 2)[ mk—1/4

]k(C),

where
uk—3/4 du

I = .
k(C) /0 <1+u)k+1/4(1_|_cu)k71/4
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Remark 4.1. Note that, in all the cases, we have the relation

P.(m,s) = 4Py, (4m, 5).

We summarize these calculations in the following lemma.

Lemma 4.2. We have the following values for P,(m, sy), where n >0 and m > 0:

(1) If 0 < m < n, letting c = =2,

n

B : s D(k—1/4)? 13 1
P,(m, s0) = (1+4+i)V2r(—1)k (4mn)*=% Tt 1/4)(2k 2] X o F) (k 1 ky—=;1— c)-

(2) When 0 < m =n, P,(n,s) has a simple pole at s = sy and,

Po(n.s) = (1 +9)(=DFV2r(dmn)k =34 (an)"PT()T(k = 1/4 —u/2)
nAft 5 = (2k — 2)! T(k+ 1/4 +u/2)T(3/4 — k + u/2)

(3) If 0 < n < m, letting c = ™=,

(1+4)(4m) 31D (k — 1/4) n?!

Falm. s0) = (2k — 2)! 7 1k (),
where for ¢ € (0,1),
oo k—3/4
]k(c):/ ku14 o k—1/4
o (14 w)k+1/4(1 + cu)k-1/
4.1.2 Calculations for b,(s)
Recall that for non-zero n,
L4N(S 1+ 2%k — 1’ (—4<n>N))
bn(s,4N) = : 4N
n(s, 4N) LN (25 + 4k — 2) Bnls, 4N),
and
L4N + 2% — 1’ —4<n>
b (5, 4N) — (s (=== ))ﬁ,’;(s,zuv),

LN (2 + 4k — 2)
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with < n > denoting the square-free part of n,

—4<n>N
(s, 4N) Z'u ( n ) a1—2k—sb3—4k—2s7

and
(5, 4N) ZM ( —4<n >> 12k pp—4k—2s

The sums are over positive integers a, b satisfying (ab)?|n and ged(ab, 4N) = 1.

Also,
LAN(2s + 4k — 3)

LAN(2s + 4k — 2)

bo(s,4N) = bj(s,4N) =

To simplify the notation, let us introduce

by(s) :=by(s,4), Bu(s):= Fn(s,4).

Note that
bn<37 4) = b:L(SJ 4) = b:L(‘S? 8)7

and that they all vanish at the center, sy = 3/2 — 2k, because the denominators,
L*N(2s + 4k — 2), have a pole at this point. For our computations we still need to
know their derivatives.

For a non-zero n =< n > m?, where < n > is a square-free integer, we have

- ((s +L ;gjj 32 /kz)_;@(i))_ 2)@1(8))

~ lim,, é‘*ﬁls{:),éﬁ ;zs - 50))5”<30)

- 11252/(2 : f;;(»)ﬁn( 0) (v=1+2(s— s))
T - g)ﬁiﬁiiﬁ)ﬁ)qv)ﬁ"(so)

= A4L(1/2,X_4<n>) Bn(so) (using Ress—1((s) = 1)

S=S0

Ss— S0
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Here,

—4 <n>Y\ ula)
N e
the sum being over positive odd integers a, b satisfying ab|m.

Next, let us see what happens when n = 0:

pg _ KQs+dk—3) (1- 2725743 (25 + 4k — 3)
ols) = LA(2s + 4k —2) (1 —2725-4+2)((2s + 4k — 2)

Note that, as s — so = 3/2 —2k, 2s+4k — 3. The numerator has a simple zero,

and the denominator has a simple pole. Hence, by(s) has a double zero at s = sp.

4.1.3 Calculations for c,(s)

Let u = s — sp = s + 2k — 3/2. Recall that

Sl (2) & tetnp/M)

Cn<8,4N> - Z M1t+u )
AN|M|(4N)>®

where M|(4N)* means that all prime divisors of M are also divisors of 4N, and
e, = 1 or ¢ depending on p = 1 or 3 (mod 4).

We will find the values of ¢,(s,4) and ¢,(s,8). From the definition, note that they

only differ by M = 4 terms. This simple observation gives us the following relation:

n(n+1) 1 — Z
2 .
41+u

cn(s,4) = cu(s,8) + (—1)

We will first calculate ¢, (s,8) and then use this relation to find ¢,(s,4).
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When n =0,

M _ 29 i
]) — Zp:l (%) 5:01 . . Zp:l (%) €p1
co(s,8) = Z M Lru - Z 9j(1+u)

8| M |8 j=3

So (4 IV + ()4 () 2

927 (1+wu)

J=3

B i(1+(—1)j)(1—¢)_1—z’ > 11—

, 23+ju 4 2du  futl(qu 1)
7=3 j=>4, even
1—14
co(s,4) = @ —1

and

Note that ¢o(s,8) and cy(s,4) both have a simple pole at s = sy with residue:

Jirg, (5 = soenls, 8) = Jiug (s = so)enls 4) = gy

Next, for non-zero n,

where

50-3 (2) 5 ()

p=1

J
To compute S, (j), let us first investigate the product (%) o 1. Using

(2) +1, if p=1,7 (mod 8)
p —1, if p=3,5 (mod 8)



37

and the definition of ¢,, we get

( 1, if p=1 (mod 8),

(g) i tp=3(meas),
p (-1, ifp=>5(mods),
| (—1), if p=7 (mod 8)

S.G) = % e(%) + (=1 (=) 3 e(g—f) e e(%) + (=) S e(

(e (%) o e (2520
= ¢ (2%) <1+ (1) (—i)e (22—7)) (1+
X (1-}-6(2;—?) +...+€((2j;—j8)n>

Note that the last factor

8n (27 =8)n\
So, we have
2786 (&) (14 (—1)/(—i)e (&) (1+ (=1)e(3)), if27]8n

0, if 27 4 8n.

This last condition encourages us to write n as 2%n;, where n; is an odd integer.

We will consider cases separately depending on how large j is compared to d.

P=T7(8)

np
2

)
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O For 3<j <d;e(n/2?)=e(2n/27) =e(4n/2?) = 1 and

0, for odd j
Sulj) =
2772(1 — i), for even j.

$ When j =d+1;e(n/27) = —1, e(2n/2?) = e(4n/27) = 1 and

0, for even d
24-1(; — 1), for odd d.

& When j =d+2; e(n/27) =i™, e(2n/27) = —1, e(4n/27) = 1, and

0, for odd d
244" (1 4 ), for even d.

& When j =d+3;e(n/27) = (Vi)™, e(2n/27) = i™ | e(4n/27) = —1, and

0, for odd d
Sp(d+3) =
241 (/i)™ (1 4 4™+, for even d.

¢ Finally, for j > d + 3 as we have seen earlier S, (j) = 0.

We now have all the information we need to calculate

We will look case by case as d varies.
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0, if n =1 (modulo 4)

(vi)"/2 if n = 3 (modulo 4).
& For d =1,
cn(80,8) = 0.
& For d > 2 even,

cn(50,8) = ( 3 14—1')+(1+’i)@'”1+(\/€)m(1+¢"1+)

: 4 4
3<j even<d
d—2 (1—4) (1+1i)m ) (1 A grat
=) (it (Vi)
2 4 4 4

& And for d > 3 odd,

1—1 1—1 d-—5 1—13

3<j even<d
Finally, to find the values ¢, (s, 4), we use the formula

nn+1) 1 — 1
2 .

4

Cn(50,4) = cn(s0,8) + (1)

Let us summarize these formulas in the following lemma.



40

Lemma 4.3. For a non-zero integer n = 2%n, where n, is odd, we have

—V2 x (1) d=0, n=3(8)
VIx(E) d=0,n=7(8)
. 0 d=1
cn(s0,8) = ded (1) d>2 even, ng =1 (4)
2 4 - T
d—gx/i % (%) d>2 even, n1 =3 (8)
d+3\@ % (%) d>2 even, n1 =7 (8)
\ % « (%) d>3 odd
and p
d?? (%) d even, ny =1 (4)
o) —d+2;2\/§ x (&) d even, ny =3 (8)
Cn(So, = i
222 o (128) ] even, ny =T (8)
\ d?:% % (%) d odd

Also, letting v(n) = 2(1 +1i)cy(S0,4) + 1, we have

;

d/2 d even, ny =1 (4)
d/24+2—-+2 deven, ny =3 (8)
d/2+2+v2 deven, ny =7 (8)
| d/2—-1/2 d odd.

4.2 Calculations for g (s)
Recall that

9n(s) = 26(v/n)projn (€72 ") + > b2 (8)cnm2(s, 4) Pa(m?, s)

meZ

+ 25 Z ban—m2(S)Can—m2(S, 8)P4n(m2, s) + 22_4k_5(1 — 1) Z b4n_m2(s)P4n(m2, s).

m odd mEZ
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Taking the derivatives at s = sg, we get

gu(s0) = 20(v/n) (proja (e72™y*?)) |i—sy + 20(v/n) (bo(s)co(s,4) Pa(n, 8))' |s=sq
+25<\/ﬁ) (2274]678(1 - Z.)bO(S)P4n<4n7 8))/ |s:so
+ Z V. 2(50)Cnm2 (50, 4) Pu(m?, s0)

meZ, m2#n
+ 2% Z V)2 (50)Can—m2 (50, 8) Pin (m?, s0)
m odd
+ 2971 =d) D Bl (s0) Pan(m?, s0).

mEZ, m2#4n

Recall the following equations we derived in the previous section:

P.(m,s) = 4'7“P,,(4m,s)
bn(s) = b4n(8)
cn(80,8) = cu(s0,4) — (—1)
1—1
cn(s0,4) = can(s0,4) — 1

b;(so) = 4L(1/2,X—4<n>)Bn(50)-

n(n+1) 1 — /L
2

Using these equations above, and letting 3(n) = (,(so), we get

gu(s0) = 26(v/n) (projn (e y"?)) | i=s,
+26(v/n) (bo(s) <00(5,4) + 1 ; Z) Pn(n,5)> |s=s0

+202(1—i) D B e(50)7(4n — m?) Pao(m?, s0)

meZ, m2#4n

= 25(v/n) (proja (e~ y*2)) |
+26(v/n) (bo(s) (co(s,4) + %) P (n, 5)>/ |s=s0

+29(1—d) Y L(1/2, X—tcan—m2>)B(4n — m*)y(4n — m®) Py (m?, s0).

mEZ, m?#4n
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Rewriting formula (1.6) after scaling, we get

1 ex M(f) _ (2k — 2)! )
ersz ’ <8ym2f7 e 5) < fof > 4A(4m)k3/Ank12T (K — 1/4)9n(50)'

Now we plug in g}, (so) above with the values of P,(m,sy) we found earlier and

deduce the following proposition.

Proposition 4.4.

Z L (Smef, 2k — %) G An(f) = An,k + Bn,ka

fE€H2k < f’ f >
where
2k —2)! 0 omny s/2\\/
A 4(4w>k3/§nk1/z>r<k_ 7y % 200/m) (prog (77 y2)) iy
2k — 2)! 1—i !
e < 20 (16 (s 0+ ) R0o)) e
Buk = Y, L(1/2 Xucmr-an>) Enn(m).

MEZ, m2#4n

The coefficients &, (m) are given by

Enk(m) = [B(4n — m?)y(4n — mQ)}"n,k(m)

with
Vor (=DFD(k—=1/4) 13 1. m?2 . 2
2nl/3 " D (k+1/4) 2F1 (k—z,z—k,§7—n> me < 4n
For(m) =

1 4 k—1/4 2_4 .
e ()7 1 () if m? > dn.

Lemma 4.5. &, (m) > 0 whenever m? > 4n.

Proof. First, note that F, x(m) > 0 for m? > 4n. Also, from Lemma 4.3, it is easy

to see that y(n) > 0 for all n. Moreover v(4n — m?) > 0 for all m,n.
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Finally, for positivity of 8(n), let n = 4"m?t where m is odd and ¢ is square-free.

Then
-y (a) (-4t
ﬁ(n)_abm/i/a ( jt)

Note that we are summing over the terms % (%M) which is a multiplicative

function. Hence, it suffices to find the last sum for a prime power:

3 ula) (%“) a2 = 1+0z—%(_74t)>0.

ablp™

We conclude that §(n), being a product of these over p|m, is positive as well g

4.3 Simplifying A, ;

° (pTOjn (6_27myy5/2))/ ‘s:so

2k—1 o]
. —2mny, s/2\ __ (47m) / —dmny, k—1/44u/2 @
proga(e”"""y*%) o ), ¢ Y y

(4mn)F =3/ (k — 1/4 + u/2)
(47n)v/2(2k — 2)!

Taking the derivative at u = 0, we get

(projn(efZﬂ'nyys/Q))/

(4mn)F=3/4T(k — 1/4) I"(k —1/4)
— 2(2k — 2)|] (F(k —1/4) 1n<4m)) '

o (bo(s) (cols,4) + 5) Puln.9)) loms,

First, we will deal with each term, finding their first two coefficients of the Laurant

expansions, around the point s = sy using the standard little-o notation.

)  LY2s+4k—3)  (1—2%21)((25 4 4k — 3)
o8) = Tiasyah—2) ~ (1 =275 (25 £ 4= 2)
1—272  ((2u)

12120 " (1 1 2u)
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We have already computed cq(s,4) earlier as ¢o(s,4) = ﬁ- So,

1—i 1—i oml_q
4 _ .
co(s,4) + — PN T

Multiplying these two, we get

bo(s) (00(5,4) n 1 —z’) 1 y ¢(2u)

2 2 C(1+2u)
As u — 0,
C(2u) = —%(1 +2In(2m)u + o(u)), (using ¢(0) = —1/2, ¢'(0) = —In(27)/2)
C(1+2u) = % +v+0(1) = i(l + 27vu + o(u)) (using lim (C(s) - i 1> =

and so by(s) <co(5,4) - ! ; Z) — # (14 (2In(27) — 29)u + o(u)).

Next, we use the calculations for P,(n,s) with n =1 to get

P,(n,s) =

As u — 0, we have

(Chk+H+ik+ Dutow) (TE = k) + 1173 — k)u + o(u))

T(k + 1/4T(3/4 — k)

B T(k — 1/4) y (1 - (F’(k —1/4)  T(k+1/4) T'(3/4- k)) g L O(U)) ‘

T(k—1/4)  T(k+1/4)  T(3/4—k)

Gamma function has the property that I'(x)['(1 — z) = 7/ sin(7x)-

Taking logarithmic derivatives of both sides, we get

(1l —x) _ IV(z)
'l—z) T(z)

+ 7 cot(mx).
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In particular, letting = = k + 1/4, we have the two relations

T(k+1/0T(3/4 — k) = (—1)* 72 and

T(3/4—k)  T'(k+1/4)

F(3/4—k) T(k+1/4)

Also, I'(z) has the following expansion at 0:

L (1= ut ou)) -

u

['(u)

Combining these, we get

(14 i)(—=1)5/2r (4mn)k=3/4 (nm)"PT(w)(k — 1 — %)

P,(n,s) =

(2k —2)! Tk+1+ 450G —k+13)
1 A+ i)(Amn) T (k- 1/4)
T 2k — 2)!

In(n) Dk —1/4) T(k+1/4) =
X (” ( > VT ar(k—1/a) Tkt 1/4) _5) “*0(“)) ‘

Finally, we add the pieces together and get

—1 —(47tn)F—3/4 _
bd@@m&®+£?)fum@: “‘1%_55 1/4)

In(mn) T/(k-1/4) T/(k+1/4) =
x(1+(21n(27r)—37+ 5 _QF(k—1/4)_F(k—|—1/4)_§)u+0(u>)'

After simplifications, we end up with

(bo(s) (co(s,4) . ; z) Pu(n, 3))/ oy = (47rn)k(_23;4f(2/€) !— 1/4)

In(mn) T'(k—1/4) T'(k+1/4) =
> T (k—1/4) T+ 1/ 5)

X (—21n(27r) + 3y —

Combining these two calculations gives

4, = (F’(k: ~1/4) Tk 1/4) > |

i/ \T(h—1/2) T T+ 1/a) T2 T3~ 3m@m) — )



46
Now, starting with the identity I'(x)['(z + 1/2) = v/2r 2Y/2722'(22), and taking

logarithmic derivatives, we derive the relation:

(@) D(z+1/2)  2I"(2z) N
['(x) * D(x+1/2) T(27) 2In2.

Using this identity with x = k — 1/4 above, we simplify A, to

Proposition 4.6.

An,k =

d(vn) (T'(2k—1/2) 746y —6lnT—10In2 In(n)
nt/4 (r(zk—1/2)+ 4 2 )

By combining Propositions 4.4, 4.6, and Lemma 4.5 we arrive at our destination.



47
4.4 Main Theorem: The Exact Average Formula

at the Center

Main Theorem. For integers k > 1 and n > 0, we have the following formula at

the center of symmetry s = 2k — 1/2:

S o (smtri- ) Sk S (G ) Gt

J€Hy MEZL, m2#£4n

~ 0(vn) (T'(2k —1/2) _ In(n) 746y —6InT—10In2
A = peYE (F(Zk‘—l/Z) +A 5 ) where A = 1

The weights &, x(m) are positive for all but finitely many m. In fact,
Enp(m) >0, whenever |m| > 2y/n. Explicitly,

Eni(m) = Bldn —m?)y(4n — m*) Fpp(m).

For n # 0, we write n = 2%, with n; odd. Then

o(n) = (e

a,b>0, (ab)?|nq

d/2 d even, ny =1 (mod 4),
) d/2+2—+2 deven, ny =3 (mod 8),
yn) =
d/2+2++2 deven, ny =7 (mod 8),
\ d/2—1/2 d odd.
Finally,
—1)k — 2 .
SR (k-1 -k hE)  ifm? <dn,
-,/tn k(m) - 1 4n \k—1/4 m2—4n : 2
onl/d (m) I < m? ) if m” > 4n,

0o ub=3/% du
h I = '
where  Ii(c) /0 (1 + w)+1/A(1 + cu)k-1/4
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Chapter 5

Asymptotic Behavior as k£ — oc.

From the main formula we have

Z L <3ym2f, 2k — %) - /\n(f) = ‘An,k + Bn,k'

<f f>
P= [ f

We will find the asymptotic of this formula as k& — oo by finding the asymptotic
of the terms A, 1, By, k-

5.1 Asymptotic of A,

Recall that

Ay — d(+v/n) (F’(Zk —1/2) . ln(n)) '

/4

I'(2k —1/2) 2

By taking logarithmic derivatives of the identity I'(z + 1) = zI'(x), we get

Mz+1)
D(z+1)

SR
+

I'(2k—1/2)

It follows that TEE=1/2)

~ In k, and we conclude

Lemma 5.1. As k — oo, we have
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5.2 Asymptotic of B, ;.

We will first bound the F,, x(m) terms appearing in B, ;. Recall that

Bn,k = Z L (1/27 X4<m274n>) ﬁ<4n - m2)fy(4n - m2)f”7k<m)

meZ, m?#4n

Let mg > 0 be the smallest integer such that m? > 4n.

e Case 1: m? < m3. In this case, m* < 4n as well, and we have

V21 (—1)FT(k —1/4)
2nt/4 T(k+1/4)

13
fnk(m) = oI (k?— Z’Z_l — ks —;

DO | =
SIEE
\‘_/

From Stirling’s formula, we have

Ck—1/4) (1
NCESVZVA (ﬁ) |

It remains to bound the Gauss hypergeometric function o F}, which is defined as

OO o
F(a,b;c;2) = oFi(a,b;c;2) = Z Inl :
— (¢)n n‘

where (1), =r(r+1)...(r +n —1).
The series converge when |z| < 1, assuming that ¢ is not a non-positive integer.

For 0 < x < 1, we can write F(k—i,%—k 2

P55 ) in terms of the Legendre

functions P* (formula 15.4.23 in Handbook of Mathematical Functions [6]).

1 1 1
F (a,b; 5;:6) = moagethoar (a + 5) r (b+ 5) (1—z)2tame

< (P VA + PRI (V)

Letting a = k — 1/4, b = 3/4 — k gives

1
Flk—>
(-

> w

—k;%;x) = F<k+1/§§%(5/4_k> (sz 3/2(\/_) P2k 3/2( \/5))
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Using the relation

I'(5/4—k)L(k—1/4) = e — —V2m(=1)F,
we get
13 1 1)k /rT (k4 1/4 0 0
F </f 1 k; 5%) = ( )\/5 \/_ F((k i— 1;4)) (P2k73/2(\/5) + P2k73/2(_\/5)) ’

By formula 8.10.7 of Handbook of Mathematical Functions[6], we have the follow-

ing asymptotic for the Legendre function. As v — oo, we have

o B (45) o (o) 5 ) o0 2)

Letting v = 2k — 3/2, 1 = 0, we get (as k — 00)

-1/2
e =P () om0 §) =0 ()

Hence,

We deduce that

Since we have finitely many m such that m? < 4n, the L, 3, v terms are all bounded

by some constant, depending on n but not k. Thus we proved that for any fixed n,
letting k — oo, we have

meZ, m2<4n

Z L (1/27 X4<m274n>) 6<4n - m2>’7(4n - mz)fn,k(m) =0 (%) .

e Case 2, m? > m?: In this case, m? > 4n as well, and we have

1 An \ FHA m? — 4n
Fatm =g (o) 1 (M),
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where
uk—3/4 du

1 = .
k() /0 (1 + w)*+1/4(1 + cu)k—1/4

Note that, for m? > 4n we have the following inequalities:

0<~y(dn—m?) < 4(m®—4dn) < 4m?
’L(1/27X4<m274n>>| < 4<m2 — 4n) < 4m2

0 < B(4n —m?) < (m?—4n)? <m™.
On the other hand,

/ m? —4n _/°° uk =34 duy
k m2 - 0 <1+u)k+1/4(1+min—24nu)k_1/4

</°O du < m? /°° du m? 2
g m -
= Jo (1+u)<1+%u)_m2—4n o (I+u)? m?—4n —

Then we get

Z L(1/2, X4cm2—an>) B(4n — m?)y(4n — m?) F,, x(m)

mEZ, m?>m2

00
<< 22knk E ; < 22knk d—.%'
m2k721/2 x2k721/2

mg

m>mgo

B (4n)k - 1 <4n)k
(2k — 23/2)m2F "2 "k \mj

e Case 3, m? = m?:

1 Ap \ A m3 — 4n
Fautm = g () (M)

We have

12 (12 Xacngans ) Bldn = m3)(4m = mE) Py p(oma)

1 A \ B/ An \
<< Furlmo) < — (—Z) mg << <—n> :

2n1/4 \'m3
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Note that % < 1, so the bounds in the last two cases decay exponentially with
0

k. Thus, by adding the three bounds we got above, we have shown

Lemma 5.2. For fized n, as k — oo, we have B, = O (ﬁ) :

5.3 Asymptotic of the Main Formula

The Main Theorem has two immediate corollaries. When n is square, the dominant

term is A, x, and we deduce

Corollary 1. For a fized square integer n, letting k — oo,

> p(wr- ) 2750 = (e 4= 72) 0 ()

fe€Hak

In particular, when n =1, we have

e = IICh)

fe€H2k

Assuming that L(sym?f,2k — %) >0 for all f, we get

Z L (sym2f, 2k — %) << k(Ink)*.

fe€H2k

In the last statement, we used the following bound for < f, f > from [3], (2.3):
< f,f><<(dn) 2k —1)!(Ink)3

In particular, each L-value, L (sym?f,2k — 1), is bounded by k'*¢; whereas the
convexity bound is V/k.
On the other hand, when n is not a square, A, ; vanishes because §(y/n) = 0.

Corollary 2. For a fixed non-square integer n, we have

= o )22 b -0 ().

f€EH meZ
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