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ABSTRACT

Two fundamental problems related to the evaporation of the
microlayer formed beneath growing vapor bubbles on a solid surface
are investigated. First, experimental measurements of microlayer
formation and evaporation have been obtained for nucleate boiling of
water and ethanol using laser interferometry combined with high si)eed
photography. For pool boiling of water at atmospheric pressure with
low subcooling, the initial microlayer profile is wedge-like with a
thickness of 1.85 um at a radius of 0.25 mm; the thickness for ethanol
is approximately 1. 6 times that for water, The measured evaporation
rates from the microlayer correspond to local heat fluxes of the order
of 1000 kW/rn2 over the bubble lifetime, The measurement technique
of laser interferometry is discussed in detail with emphasis on the
difficulties encountered in interpretation of the fringe patterns. In the
second investigation, the theory of evaporation and condensation is
considered from a kinetic theory approach. The moment method of
- Lees is used to solve the problem of the flow of vapor between a hot
liquid surface and a cold liquid surface. A result of the theory is that
the temperature profile in the vapor for the continuum problem is in-
verted from what would seem physically reasonable. Because of this
behavior, the theory is questioned on physical grounds leading to the
conclusion that the usually assumed boundary conditions for emission

of molecules from a liquid surface are probably incorrect,
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I. INTRODUCTION

When boiling of a liquid in contact with a solid surface occurs a
dramatic increase in the heat transfer rate at the solid surface is ob-
served, The immediate question which comes to mind is why does the
presence of vapor bubbles at the solid surface affect the heat transfer
rate so strongly. To understand the mechanism by which the heat trans-
fer rate is increased by nucleate boiling is a fundamental problem. In
addition, the engineering applications of nucleate boiling heat transfer
are of great practical importance. For example, current problems in
nuclear reactor safety analysis require the consideration of nucleate
boiling heat transfer. For such engineering problems, we would like to
be able to predict the heat transfer rates for nucleate boiling occurring
under different conditions. Presumably, understanding of the mecha-
nism of heat transfer in nucleate boiling will further our ability to pre-
dict heat transfer rates for systems with different boiling conditions.

Research in nucleate boiling has followed two lines of approach,
In the single bubble approach, a single vapor bubble at a solid surface
is studied. The goal of this approach is to understand the mechanism
of heat transfer due to a single bubble. The overall heat transfer is
presumed to be due to the cumulative effect of all the single bubbles in
addition to the convective heat transfer over the part of the surface
where bubbles do not occur. The other approach, which has been used
successfully in convective heat transfer, is to attempt to correlate ex-
perimental heat transfer measurements with the physical parameters

of the system. Due to the large number of physical parameters of
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importance in boiling, this latter approach has not been as successful
in boiling heat transfer as in convective heat transfer. Future success
of this approaph would appear to rely on a better understanding of the
fundamental mechanism of heat transfer in nucleate boiling. The
present investigation follows the elementary single bubble approach in
an attempt to improve our understanding of the fundamental mechanism
of heat transfer in nucleate boiling.

When a liquid cools a heated solid surface by convection the
heat transfer rate is limited by the presence of a thermal boundary
layer in the liquid at the solid surface. Boiling in some way overcomes
this thermal resistance. Two mechanisms have been proposed to ex-
plain how a single vapor bubble can increase the heat transfer rate at
the solid surface. The mechanism first proposed is that the bﬁbble
simply disrupts the thermal boundary layer [14]. The bubble is thought
to act as a small "pump' which pushes hot liQuid away from the surface
during growth allowing cooler liquid to return to the surface during
bubble collapse or during bubble lift off, In this manner, additional
mixing of the liquid is achieved near the surface to yield a turbulence-
like convective effect. This mechanism has been called microconvection,
bubble agitation, and vapor-liquid displacement; in the present investiga-
tion, the term microconvection is used. In the early boiling research
from 1940-1960, microconvection was thought to be the dominant
mechanism of heat transfer in nucleate boiling. However, microcon-
vection alone did not seem to be an entirely satisfactory explanation for

the high heat transfer rates., In the late 1950's, another mechanism
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was proposed to explain the observed high heat transfer rates in nucle-
ate boiling, Snyder and Edwards [27] postulated that when a vapor
bubble grows on a solid surface, a thin liquid viscous layer must be
formed beneath the bubble in order to satisfy the no slip boundary con-
dition at the solid surface. This thin liquid layer, called the micro-
layer, is supposed to be superheated since it is in direct contact with
the hot solid surface. Furthermore, the top of the bubble quickly grows
beyond the thermal layer into the cool liquid. Net evaporation can then
occur at the microlayer surface with net condensation occurring at the
top of the bubble. Using Plesset's [22] theory to describe the flow of
vapor between liquid surfaces at different temperatures, Snyder and
Edwards estimated that an extremely large energy flux at the solid sur-
face could result in order to satisfy the iatent heat of \}aporization re-
gquirement necessary for evaporation from the microlayer., This mecha-
nism of heat transfer in nucleate boiling is called latent heat transport
or microlayer evaporation.

The postulated existence of the microlayer and the proposed
latent heat transport mechanism stimulated a strong research effort to
explore these possibilities, Experimental research has verified the
existence of the microlayer. A few experimental estimates of the
microlayer thickness have been obtained although some discrepancies
exist for the important case of water. Recently, Plesset and
Prosperetti [23] have analyzed the role of microlayer evaporation in
the heat transfer process. They have found that the analytical results
are very sensitive to the unknown microlayer thickness. Analytical

efforts to solve the problem of microlayer formation have been
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generally unsuccessful. Hence, further progress in evaluating the
latent heat transport mechanism requires experimental measurement
of the microlayer thickness. In particular, experimental results for
water are desirable. The goal of the present experimental investigation
has been to develop a technique to measure the microlayer thickness,
especially for water.

The microlayer thickness can be estimated to be of the order of
micrometers for typical bubbles which grow to a size of approximately
Imm with lifetimes of a few milliseconds. For measurement of such
thicknesses, two techniques have been used. The first technique uses
a high response thermocouple at the solid surface to measure the time
history of the surface temperature as the microlayer grows across the
thermocouple. The microlayer thickness can then be estimated from a
heat balance by assuming that all of the energy goes into the latent heat
of vaporization to evaporate the microlay.er. This technique does not
give a direct measurement and can only give an order of magnitude
estimate of microlayer thickness. Also, it is difficult to obtain mea-
surements at more than one point so that detail of the microlayer pro-
file is not available. A more promising technique is the use of inter-
ferometry in which there is the potential to obtain detailed microlayer
profiles, The reflections of collimated, coherent, monochromatic
light from the bounding surfaces of the microlayer (the upper liquid-
vapor interface and the lower liquid-sol;d interface) interfere to give
fringe patterns which can be recorded on film. These fringe patterns
can be interpreted as the thickness changes over the mici'olayer profile,

The major difficulty with this technique is the interpretation of the
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fringe patterns. Because of the detail potentially available, we have
chosen to use interferometry to measure the microlayer thickness.

In the present experimental investigation, an interferometric
system capable of measuring microlayer thickness for water vapor
bubbles has been developed. The system includes a laser which serves
as a collimated, coherent, monochromatic light source, a microscope
optical system to magnify the vapor bubbles, and a high speed movie
camera to record the fringe patterns on film. Using this system, we
have obtained microlayer fringe patterns for ethanol and water boiling
on a glass plate at atmospheric pressure with low subcooling of the bulk
fluid. The major effort of the present investigation has been the inter-
pretation of these fringe patterns so as to give microlayer thicknesses.
Discussion of the problems involved in such interpretation of the micro-
layer fringe patterns is lacking in the literature., We have here clari-
fied these difficulties and have sought to resolve them. The problems
considered are fringe contrast and optical background noise, spurious
interference patterns such as from the top of the bubble, spatial resolu~
tion of the fringes, and the need of a zero reference for determination of
the correct fringe order. For the interferometric system reported here,
these problems have been satisfactorily resolved.

The results of the experimental measurements are given by
graphs of the time histories of the microlayer profiles. The initial
microlayer profile for water is wedge-like with a thickness of 1.85 um
at a radius of 0, 25 mm; the thickness for ethanol is approximately 1. 6
times that for water. The evaporation rates of the microlayer obtained

from the time histories require heat fluxes of the order of 1000 kW/rn2
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for both water and ethanol. From the measured microlayer thickness
for water, it can be inferred that in the case of highly subcooled nucle-
ate boiling, microconvection is the dominant heat transfer mechanism.
For low subcoolings, the microlayer evaporation may contribute more

significantly to the overall heat flux.



II. HISTORICAL REVIEW

In this chapter, a brief historical review is presented of the
experimental efforts to detect and measure the microlayer. No attempt
is made to review the numerous analytical investigations which in some
way involve microlayer evaporation. However, the recent analytical
model of Plesset and Prosperetti [23] is briefly reviewed since that

work and the present experimental investigation are complementary,

2.1 Measurements of the microlayer with thermocouples

The first experimental detection of the microlayer is usually
credited to Moore and Mesler [20]. In their experiments, boiling of
saturated water at atmospheric; pressure was obtained with heat fluxes
of 426-638 kW/mZ. Measurements of surface temperature were ob- _
tained with a flush-mounted thermocouple of 0,127 mm diameter de-
signed to have a 1 yusec response time. They observed periodic
temperature drops of 20° -3 Oonr—occurring over a 2 msec interval., A
typical temperature drop is characterized by a sharp drop followed a
short time later by a sharp cut off, and then a slow recovery to a higher
temperature. They argued that the sharp drop could only be explained
by microlayer evaporation. The sharp cut off is assumed to result after
complete evaporation of the microlayer ('"dryout'). An estimate of the
order of magnitude of the microlayer thickness can be obtained from a
heat balance assuming that dryout has occurred; Moore and Mesler
estimated a microlayer thickness of 2 um for water boiling at the above
conditions. Mesler has obtained further measurements of this kind and

has found similar results [7,13,19,25]. Also, Hospeti and Mesler [12]
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have measured the amount of radicactive calcium sulfate scale deposit
left at a nucleation site due to dryout of the microlayer; from these
measurements, they estimate the microlayer thickness tobe 1 - 3 pym
for boiling of saturated water at atmospheric pressure.

Hendricks and Sharp [11] obtained surface temperature measure-
ments similar to those of Moore and Mesler while simultaneously taking
high speed movies of the bubble growth in order to correlate the temper-
ature data with the presence of the bubble. Boiling of water on a thin
metal strip at pressures reduced below atmospheric pressure was ob-
tained with heat fluxes of 79 - 104 kW/mZ; the reduced pressures
correspond to a subcooling of 3° - 11°%. They observed a very rapid
temperature drop as the perimeter of the bubble base passed over the
thermocouple, Twenty times the average heat flux was measured
directly beneath the bubble during growth, and an appreciable decrease
in heat flux was observed during lift off, They concluded that micro-
layer evaporation was the principal heat transfer mechanism in their
experiments, while microconvection had a relatively small effect. We
note that, in their experiments, the vapor bubbles grew to diameters
of 20 -~ 40 mm and lifted off the surface after 30 - 70 msec. The
measured heat fluxes were sufficient to evaporate a liquid thickness of
0.8 um. They noted that the microlayer is probably thicker than this
because dryout did not occur due to the small heat capacity of the
heater.

Cooper and Lloyd [4, 5] formed micro-thermometers on a glass
surface using the well developed technology of vacuum deposition of

semiconductor material. The micro-thermometers exhibited a rapid
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response time and were precisely located so that a bubble grew out over
four such thermometers. From high speed movie films, the bubble
growth was correlated with the surface temperature time history. A
single bubble was initiated by a small heat pulse in either toluene or
isopropyl alcohol at a2 pressure of 6.9 or 13.8 kN/mz, a subcooling of
1° - 2°C, and a heat flux of 22. 7 or 47.3 kW/mZ. The bubbles grew to
large diameters (20 - 40 mm) and had long lifetimes (30 - 60 msec).
Cooper and Lloyd observed rapid temperature drops as the bubble base
reached a micro-~thermometer, followed a short time later by a sharp
cut off. Microlayer thicknesses were calculated from a heat balance at
each micro-thermometer location. Wedge-like microlayer profiles
are indicated by the measurements at the four locations. From the
thermometer nearest the center at a radius of 0, 4 mm, the calculated
microlayer thicknesses were in the range 4.6 - 8.9 um; the largest
microlayer thickness was calculated to be 56 um at a radius of 6.1 mm.,

Cooper and Lloyd [5] used a simple approximate bouﬁdary layer
analysis to find an analytical expression for microlayer thickness.
From dimensional analysis, we expect their resulting expression to be

order of magnitude:
6(r) =/ vtg , (2. 1)

where 6 is microlayer thickness, v is kinematic viscosity of the
liquid, and tg is the growth time for the bubble base to reach a radius
r, Cooper and Lloyd found that the measured microlayer thickness
agreed fairly well with that calculated from the above expression. The
ratio of the measured value to the calculated value was in the range

0.5 - 1,0 with an average value of 0. 8.
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Results of the technique of measuring surface temperatures
beneath a bubble confirm the existence of the microlayer and indicate
that microlayer evaporation is a significant heat transfer mechanism
for boiling at low subcooling. The microlayer thickness for water at
atmospheric pressure has been estimated to be of the order of 1 - 3 um,
We note that this technique has been most successful for large bubbles
with long lifetimes, For small bubbles with short lifetimes this tech-
nique may not be as successful. In particular, placement of more than
one thermal sensor beneath a bubble would be difficult so that no detail
of the microlayer profile could be obtained. The major advantage of
this technique is that surface temperature is recorded directly so that
interpretation of the data into surface heat flux and microlayer thick-

ness is straightforward.

2.2 Measurements of the microlayer with interferometry

The first direct observation of the microlayer and the dryout
was performed by Sharp [26] with an optical technique which made use
of the properties of polarized light, Having verified the existence of
the microlayer, Sharp attempted to measure the microlayer thickness
using interferometry. The basic idea is that reflections from the top
and bottom of the microlayer interfere to give fringe patterns which
can be interpreted as thickness, Sharp's light source for interferome-
try was a mercury arc lamp with a collimating lens and spectral line
filters. A plastic window was placed above the boiling surface at such
a distance that the top of the bubble spread across the window,., The
reflections from the microlayer could then be imaged through the

bubble and window into a high speed camera. The initial microlayer
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thickness for water was calculated from the fringe patterns to be wedge-
like with a thickness of 0.4 pm at a radius of 0. 94 mm., The micro-
layer evaporation rate was obtained from the time history of the fringe
patterns,

Jawurek [15] followed Sharp's idea of rxieasuring microlayer
thickness with interferometry but made an important modification.
Boiling was obtained by resistance heating of a thin transparent SnO2
film deposited on a glass surface. The reflections from the microlayer
could then be imaged through the glass from the bottom of the bubble so
that the bubble growth was not constrained by an upper plate as in
Sharp's experiment. Jawurek noted that boiling of water was not
possible since the SnO2 film and the contacts were destroyed, apparent-
ly by electrolytic action. Data were obtained for methanol and ethanol
at system pressures of 20 - 50 kN/mZ, heat fluxes of 30 - 100 kW/mZ,
and subcoolings of 0° - 20°C. The microlayer profiles are reported to
be wedge-like with thicknesses of 0.2 - 0.8 um at the outer edge
(apparently at a radius of several millimeters although this is not
stated explicitly).

The interferometric approach was also used by Voutsinos and
Judd [29] with the modification of usiﬁg a He-Ne laser to provide colli-
mated, coherent, monochromatic light. More fringes were observed
with the laser light than in an earlier system in which Judd had used a
mercury light source., Voutsinos and Judd suggest that Sharp and
Jawurek may have had similar difficulty obtaining the correct fringe
order. Boiling was obtained on a glass plate by the method of Jawurek.

Results were reported for methylene chloride at a pressure of 48
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kN/mZ, a subcooling of 5. 6OC, and a heat flux of 60.9 kW/mZ with a
wall superheat of 20, 5°C. The microlayer profile is wedge-like with
a thickness of 5 um at a radius of 0. 75 mm, From the time history of
the microlayer profile, the microlayer evaporation can be determined,
Voutsinos and Judd estimate that microlayer evaporation accounts for
25% of the total heat transfer rate, Judd has subsequently obtained
more data [6, 16] although he only gives overall heat transfer results
rather than detailed microlayer profiles.

The advantage of the interferometric approach is that detailed
microlayer prefiles can be obtained and the microlayer evaporation can
be computed from the time histories available from the high speed
photography. Such detailed information is necessary to further under-
stand microlayer formation and evaporation. The disadvantage is that
interpretation of the fringe patterns is not a trivial matter., Possible
errors in interpretation of the fringe patterns have not been properly
discussed in the literature and, in fact, several points appear to have
been overlooked by previous investigators. The microlayer thickness
results obtained by Sharp for water differ by an order of magnitude
from the results obtained by the thermocouple technique. The results
of Jawurek and those of Voutsinos and Judd for organic liquids at re-
duced pressures also differ by an order of magnitude, The discrepan-
cies in these results are probably due to incorrect determination of the
fringe order, Care must be taken to correctly interpret the fringe
patterns. Finally, we remark that interferometry is the most promising
approach for measurement of the microlayer beneath small, short-lived

bubbles such as those occurring in highly subcooled nucleate boiling.
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2.3 The Plesset-Prosperetti model of microlayer evaporation

The very high heat transfer rates of highly subcooled nucleate
boiling are of the greatest engineering importance. However, most
experimental and analytical studies treat near saturated conditions.,
The mechanism of heat transfer may be quite different for these two
cases. Recently, Plesset and Prosperetti [23] have evaluated the role
of microlayer evaporation in highly subcooled nucleate boiling. They
have used the experimental data of Gunther [8] and of Gunther and
Kreith [9] for highly subcooled water. Gunther and Kreith give accurate
bubble growth and collapse measurements as a function of time for the
vapor bubbles which maintain a hemispherical shape on the surface.
The bubbles grow to a typical maximum radius of 0,5 mm with typical
lifetimes of 0.5 msec. If it is assumed that viscous effects are negli-
~ gible in the bubble growth, aside from the viscous microlayer, then the
bubble radius is related to the internal pressure of the bubble by the

Rayleigh-Plesset equation,

2

d°R . 3 dR.2 _ 1 20
Rc_itT tsGE) T ;[Pi(t)-Pw"‘R-] . (2.2)

From the R(t) data of Gunther and Kreith, the internal pressure pi(t)
can be calculated. With pi(t) known, the evaporation rate at the sur-
face of the microlayer can be related to the surface temperature, This
relation for net mass flux J 1is given by kinetic theory (this relation is

discussed in detail in Part II of this thesis),

pe(Tb) = pl(t)

VZTrRTb ’

J = (2.3)
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where Tb(t) is the surface temperature and pe(T) is the equilibrium
vapor pressure at temperature T. The unsteady heat conduction equa-
tion can then be solved in the liquid microlayer given an initial condi-
tion. To simplify to 2 one-dimensional problem, Plesset and
Prosperetti assumed a microlayer of uniform thickness., The results
of these calculations indicate that the total microlayer evaporation over
the bubble lifetime is very sensitive to the microlayer thickness.
Representative plots from their paper are shown in Figure 1. Plesset
and Prosperetti estimated the microlayer thickness to be 6 - 9 um

based on the relation
6 = vtg . (2. 4)

They thus concluded (see Fig. 1) that microlayer evaporation contri-
butes only a small percentage of the overall heat flux for highly sub-
cooled nucleate boiling of water. However, if the microlayer thickness
were 2 - 4 um, then their conclusion might be different. Hence, the
theory requires detailed knowledge of the microlayer. For this reason,
the present experimental investigation was undertaken to develop a
technique to measure the microlayer for the small, short-lived vapor

bubbles which occur in highly subcooled nucleate boiling,
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III. EXPERIMENTAL APPARATUS AND PROCEDURE

3.1 The elements of interferometric measurements

We first consider the basic idea of the interferometric method
for measurement of the microlayer. In Figure 2(a), a monochromatic
plane wave is incident upon a layer of thickness d and index of refrac-
tion n,. The reflected plane waves, taken to be of unit amplitude,

differ in phase by the optical path length (o.p. 1. ),

o.p. L. = 2.n2d )

E, = e-{kx-ut) (3.1)

1

»

E, ei[k(x+2n2d )- wt] .

The total reflected field E 1is the sum of the two reflected plane waves,

E = E1+E2 .

Photographic film (or the eye) is sensitive to intensity I,

x® 3 % * sk
I=EE=EE +EE, + E,E, + E{E, = Z+2cos(2kdn2) .

(3.2)

If the layer thickness d varies with distance r as in Figure 2(b),

then the intensity varies with r thus giving rise to a fringe pattern.
A

The maximum intensity occurs at the points d = 5o (m) and the
2
minimum intensity occurs at the points d = 2-1);— (m + -2—), where the

2
integer m is the fringe order which must be determined from the

zero reference d = 0. If the fringe order, the fringe spacing, and the

index of refraction are known, then the thickness profile can be
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determined. We note that the changes in the index of refraction due to
temperature variation introduce an error of only a few per cent when
the thickness d is of the order of a few wavelengths of light. The
experimental apparatus must be designed to implement this idea for
the case of the microlayer formed beneath a vapor bubble on a heated

solid,

3.2 The boiling cell

For imaging of the light reflected from’ the bounding surfaces of
the microlayer, it is not only convenient but probably necessary to
image from the bottom of the bubble through a transparent solid. We
adopted Jawurek's method of boiling on glass by DC resistance heating
of a thin SnO, film on the surface. Jawurek was not able to boil water
with this arrangement, apparently because electrolytic action destroyed
the film and contacts. We experienced similar difficulty, but by suitable
modifications we were able to obtain boiling of water at atmospheric
pressure with low heat flux,

Commercially available Pyrex Infrared Reflecting (IRR) Glass
No., 7740 has a thin SnO2 film coating, Being industrial glass, the
optical quality is not high; however, this glass is suitable for design
and testing of the boiling cell, especially so because of the moderate
cost. On plates of dimension 1/8" x 2" x 2 1/2", the SnO2 film was
chemically removed [28] except for a rectangular (sometimes H-shaped)
area in the center., This is done by melting master sheet wax onto the
rectangular area, sprinkling powdered zinc over the rest of the surface,
and dripping hydrochloric acid onto the zinc. The wax could then be

removed by cutting, melting, and washing with acetone. Two clean
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copper strips were bonded to the edges of the rectangular area as
shown in Figure 3. Several conducting adhesives were tested and the
best results were obtained using the circuit board conducting paint
"Silver Print'., An attempt to use indium soldering was futile, The
thickness of the SnO2 film varies from plate to plate, but typically the
resistance of the film is 50 - 70 /0. With these film resistances, the
boiling area dimensions were varied but were typically 1/2"x 1 1/2",
which resulted in a resistance between the copper strips of 10 - 30 Q.
Fourteen gauge copper electrical cord was soldered to the copper
strips and connected to a 40 VDC power supply which was connected to
a Variac, The glass plate formed the bottom of the boiling cell, The
four glass walls of the cell were joined with RTV silicon adhesive, and
a gasket was formed around the bottom edge of the walls with RTV,
The glass plate could be clamped against the gasket, which gave easy
interchange of the boiling plates,

The fluids used in the present investigation were water and
ethanol., Water ordinarily contains a significant amount of dissolved
gases and is usually degassed for boiling experiments in which vapor
bubble growth is to be studied. If the water is not degassed, then large
gas bubbles form on the boiling surface at the nucleation sites and in-
hibit boiling, Distilled water was degassed by applying a vacuum on a
bell jar filled with the water. An ordinary volume displacement vacu-
um pump was used with a cold trap to catch the water vapor. A heavy
duty magnetic stirrer could stir the water through the thick glass
bottom of the bell jar, With this arrangement, a liter of water could

be degassed in 15 minutes. After degassing, the water was siphoned
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into a stainless steel pan and boiled on a hot plate. The heated water
was then siphoned into the boiling cell, With this handling procedure,
only a small amount of air is expected to diffuse back into the water.
There was no need to degas the ethanol.

Boiling of water and ethanol could be attained using the cell
described above. However, three problems were encountered. First,
as Jawurek noted, the SnO2 film is destroyed when water is used,
apparently by electrolytic é.ction. Secondly, although the 'Silver Print'
makes very good electrical contact between the copper strips and the
SnO, film, the adhesive strength is not great. The copper strips would
easily come loose from the surface, possibly as a result of thermal
expansion. Both of these pr’oblems were 'satisfactorily resolved by
applying a coating of R’I"V silicon adhesive to the copper strips as
shown in Figure 3. The RTV provided the necessary adhesive strength
to keep the copper strips in place and also inhibited the electrolysis.
Water could then be boiled for sufficiently long periods of time although
the cell would eventually fail due to film breakdown. The third problem
is that only low heat fluxes are possible with this boiling cell. At higher
heat fluxes, the Sn()2 film is destroyed. Apparently, the surface
temperature becomes high enough in places that the thin film is evapo-
rated. Usually, this evaporation propagates along a crack-like line
near one of the copper strips, This problem could not be overcome
with the present arrangement so that the boiling was limited to low heat
flux., We note that ethanol could be boiled easily, but again there is an

upper limit on the possible heat flux with the present boiling cell. Our
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experiments were conducted at atmospheric pressure; this boiling
arrangement should perform very well at reduced pressures.

As noted earlier, the Pyrex IRR glass is not of high optical
quality., In a batch of 20 plates, roughly half would be of acceptable
optical flatness. However, on all of the plates, there are many pits in
the surface ranging in diameter up to 100 pm with the majority in the
30 - 60 pm range., While being a nuisance optically, these pits facili-
tated boiling by serving as nucleation sites., In fact, when glass with a
surface free from such pits was used, boiling could not be obtained be-
fore the SnO2 film was destroyed. Apparently, without the pits the re-
quired surface superheat for boiling is so large that the SnO2 film is
evaporated in places. The Pyrex IRR glass was used and satisfactory
fringe data could be obtained.

The heat flux was determined by measuring the dissipated power,
The current was determined by measuring the voltage across a

1. 07 2/8W shunt resistor, and the voltage was measured across the

cell, The DC power dlss1pated w;s then c;émputed from P = VI and

the heat flux was obtained by dividing by the heating area., Calibration
of the power measurement indicated that an accuracy within a few per
cent could be expected. The major source of error in determining the
heat flux is the measurement of heating area. The assumption was
made that the power is dissipated uniformly over the film area between
the copper strips. Hence the reported heat flux calculated from this
area is a mean value, and possible variations in heat flux over the
heating area are not determined. We note that more boiling vapor

bubbles were observed near the copper strips at the edge of the RTV
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than in the center region of the boiling area. The temperature of the
bulk fluid was measured with a mercury-in-glass thermometer. No

attempt was made to measure the wall superheat.

3.3 [The laser interferometric-high speed camera system

Figure 4 shows a diagram of the experimental apparatus used to
record the interference fringe patterns from the microlayer on movie
film. Laser light is ideal for interferometry since it is plane polarized,
highly collimated, coherent, monochromatic light, Furthermore, the
power density of a laser beam can be very high. In high speed photo-
graphy, exposure times are very small so that a high intensity at the
film plane is required. Also, due to the low percentage reflection from
the microlayer and the presence of several beamsplitters, losses in the
optical system were expected to decrease the intensity from the source
by a factor of a thousand. From these design requirements, a 2W
Coherent Radiation Laboratories 52G argon ion laser was chosen as a
suitable light source. The full beam from the argon ion laser is sepa-
rated into the constituent wavelengths by an Oriel flint dispersing
prism, and the green 514,5 nm wavelength is selected by an iris. From
the specifications for the argon laser, the maximum power available for
the 514.5 nm wavelength is 700 mW with a beam diameter of approxi-
mately 2 mm. However, in the course of these experiments, the power
output fell below half of this value. Such power losses are usually due
to a powdery film forming on the outside of the Brewster windows, and
cleaning of the windows should correct the problem. Cleaning the out-
side of the windows did not correct the power loss; the film appeared to

be on the inside of the windows, Because of the power loss, contraction
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of the beam was necessary in order to obtain sufficient intensity at the
film plane,

Three 1'" diameter dielectric mirrors mounted on Newport
Research Corporation MM-2 mirror mounts were used to direct the
beam onto a beamsplitter positioned between the objective and the boil-
ing cell, as shown in Figures 3 and 4. The beam is reflected from the
beamsplitter onto the bottom of the bubble with near normal incidence.
The beams reflected from the microlayer pass through the beam-
splitter and into the microscope assembly, A Cooke inverted micro-
scope was adapted to accept Nikon .attachments. The objective used was
a Nikon Strain Free Achromat PM 5X (n.a. 0.10, working distance
15. 0 mm). Strain free objectives are convenient with laser light since
spurious interference often observed with lenses is reduced. The long
working distance is necessary in order to allow space for the beam-
splitter to be placed between the objective and the glass surface. A
Nikon eye tube with a 5X eyepiece completes the microscope assembly,
The eye tube is coupled to a Nikon CFM with a 1/4X projection lens
which is designed to be used for cine photography through microscopes.
A small portion of the light is reflected to an eyepiece on the CFM by a
15/85 beamsplitter while the majority of the light passes through to the
film plane, The camera can thus be aligned and loaded, and visual
observation can be continuously maintained even during filming. In the
present system, the eyepiece of the CFM was not parfocal with the
film plane. This slight inconvenience was remedied by measuring the
position of the microscope stage with a machinist's dial indicator. The

focus at the film plane could then be set by the dial indicator (the
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camera cannot be focused visually when loaded with film)., The total
magnification at the film plane was determined to be approximately 9X
from photographs of a Nikon stage micrometer with 10 pm divisions.
These photographs serve as a reference scale for measurements taken
from the data films.

Movies were taken at a maximum framing rate of 15, 000 frames/
sec with a 16 mm Fastax high speed movie camera with a half-frame
prism. The half-frame prism reduces the height of a frame on the
film to about one quarter of the frame width; for the system described
above, the actual field of view is 0.27 mm x 1 mm. In order to image
a bubble within this narrow field of view, the camera was aligned so
that the center of the film plane precisely matched the center of the
field of view of the CFM eyepiece which was marked with crosshairs.
To establish an accurate time base, an LED timing light was designed
and built which put timing marks on the edge of the film at 1 msec
intervals. Light measurements necessary for correct film exposure
were obtained with a United Detector Technology (UDT) 40X Optometer,

We note the following useful alignment considerations (refer to
Figure 4). With the beam from mirror M3 brought in horizontally to
the beamsplitter, the beamsplitter is adjusted to direct the beam
normal to the glass bottom of the boiling cell; a visual determination
of "normal' is sufficient. The mirror M3 can then be adjusted to give
the maximum intensity at the film plane. The 1 mm thick beamsplitter
produces fringe bands (''ghost images') due to interference of the re-
flections from each side. By rotating the beamsplitter with respect to

the microscope (and realigning the incoming beam), these bands can be
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oriented along the width of the film plane. The mirror M3 can then be
slightly adjusted to bring a bright band into the film plane. The bands
are wide enough with respect to the height of the film plane that a fairly
uniform intensity results over the film plane, The same consideration
applies to orientation of the boiling cell. Interference bands result
from the two surfaces of the glass plate. By rotating the boiling cell,

a fairly uniform illumination can be obtained at the film plane.

3.4 Experimental procedure

The following procedure, being the end result of many improve-
ments made in the course of this experiment, can be expected to result
in a film with analyzable fringe patterns resulting from microlayer
formation and evaporation. Distilled water is degassed and heated as
described in Section 3.2, The laser beam is aligned with the beam-
splitter and the microscope system as described in the last section,

The Fastax camera is rotated out of alignment and the power density at
the film plane is set using the UDT light meter, The optimum exposure
is found by trial and error and depends on several variables; typically,
a power density of 80 ,.LW/cm2 is used with a framing rate of 13, 000 -
15, 000 frames/sec (exposure time is approximately 1/5 of time between
frames) and a film with exposure index of 400, With the laser power
set, the laser beam is blocked and the camera is aligned with the center
of the frame matching the crosshairs in the CFM eyepiece. The focus
at the film plane is set by focusing on some surface pits of the actual
cell to be used; the reading on the dial indicator is noted. The film can

now be loaded into the camera., We remark that a Dolan-Jenner
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Fiber-lite was found to be a very convenient white light source with
which to illuminate from above.

The heated water is siphoned into the boiling cell and the DC
voltage is increased until incipient boiling is attained. The most diffi-
cult part of the procedure is to locate an "'appropriate' vapor bubble.
An isolated natural nucleation site away from the edges of the boiling
area is sought; the interaction with other bubbles is avoided for
purposes of interpretation of the fringe patterns. Several types of
bubble growth were noted., High frequency bubbles (100 bubbles/sec)
are usually small (1 mm diameter) and form bubble streams above the
nucleation site, Low frequéncy bubbles (10 bubbles/sec) grow to larger
sizes and bubble streams are not evident, Other nucleation sites were
intermittent, with some having an occasional burst of high frequency
and otherwise no bubbles, and others with only an occasional single
bubble. We note that the laser light shining through the bubbles creates
a strobe effect so that both the frequency and size of the bubbles can be
estimated visually, This same effect helps in locating a nucleation
site; when viewed in the microscope under white light, the bubbles
appear to be a blur, and locating and centering the nucleation site is
difficult.

Once an appropriate bubble type is located, the nucleation site
is judged with optical considerations by viewing under laser light, The
nucleation site may be a pit which creates spurious interference
patterns, or nearby pits may create troublesome interference patterns.
The nucleation site may be at a null point of the background interference

bands. In either case, another nucleation site must be sought.
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Eventually, an isolated nucleation site with a fairly ''clean'' background
interference can be located, The boiling cell is rotated to align the
background interference bands as described in Section 3.3, and the
nucleation site is centered, With the laser on and the timing light on,
the film is taken. The temperature of the bulk fluid is read, the heat
flux meters are read, and all necessary information is recorded on a
data sheet identified with the film.

Facilities were available for manual processing of 100 ft.
lengths of 16 mm movie film. Manual processing was convenient be-
cause test strips from the film could be used to determine the devel-
oping time for best results. Kodak D-19 developer was used to give a
high contrast, Best results were obtained with Kodak 2498 RAR film,
and Kodak 2479 RAR f{film also gave good results, Eastman 4X-N film
was much grainier and was overly sensitive to the D-19 developer.
The developed negative film could be printed frame by frame with a
maximum enlargement of 17.3X, Most of the data were taken by
viewing the fringes on a film reader with a magnification of 37, 5X.
Examples of the fringe patterns resulting from the above experimental

procedure are shown in Figures 5 and 6.
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IV. INTERPRETATION OF THE FRINGE PATTERNS

4.1 Optical background noise and fringe contrast

Using the experimental apparatus and procedure described in
Chapter III, we can obtain films of the fringe patterns resulting from
microlayer formation and evaporation. The fringe patterns, such as
those shown in Figures 5 and 6, must be interpreted into microlayer
thickness profiles. The interpretation at first appears to be straight-
forward but is in fact not a trivial matter, and several points appear
to have been overlooked by previous investigators., As mentioned
previously, laser light is convenient for interferometry because it is
well-collimated, coherent, monochromatic light. The high degree of
coherence is described by saying that laser light has a long coherence
length (for the laser used, several centimeters); that is, in the present
application, two reflected beams can interfere even when the difference
in optical path length is several millimeters. For the present situation,
described by Figure 7, the reflections from four surfaces must be con-
sidered. Reflections E, and E3 interfere to give the microlayer
fringe patterns, Reflections El and EZ interfere to give the broad
bands, shown in Figure 5, due to the thickness variation of the glass.
These bands can be considered to be optical background noise and do
not present a serious problem, although they can be a nuisance. The
reflection E4 from the top of the bubble will be considered subsequently.

We note that the fringe contrast from EZ and E3 was expected
to be poor, but fortunately, as is evident in Figures 5 and 6, the fringes

are reasonably clear. From the Fresnel equations [10] for normal
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incidence, the reflected intensity at an interface as a percentage of the
incident intensity is given in terms of the indices of refraction of the

two sides of the interface,

I n, -n

2 1.2
— = (=) . (4. 1)
I1 _n2+n1

Hence E, should be 4%, E, should be 0. 3% (without the SnO, film),

1

and E, should be 2% of the incident beam; with the SnO2 film, E2

3
was measured to be 10 - 20% of the incident beam. Since E3 is rela-
tively small compared to E, and EZ' we would expect fringes with a
small intensity variation to be superimposed on a large DC intensity,
resulting in poor fringe contrast, However, photographic film is sensi-
tive over a relatively narrow range of intensity compared to the' DC
level necessary for good exposure., Apparently, the fringe intensity

variation is large enough compared to the filin sensitivity range to re-

cord fringes of reasonable contrast.

4,2 Calibration

Some calibration tests were performed with the interferometric
system to determine the spatial resolution of the system and to check
the interpretation of fringe patterns resulting from known thickness
profiles. In the first series of tests, wedges were formed with micro-
scope cover slips on top of a glass plate, The cover slips are 20 mm
square with a uniform thickness of 0. 17 mm, With one cover slip
under one edge of another, a wedge is formed with a slope of 0. 0085

relative to the glass plate. The slope can be increased by the insertion
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of additional cover slips. The fringe pattern due to the interference of
the reflections from the cover slip and the glass plate is a series of
equally spaced straight fringes as shown in Figure 8(a). The height

change h of the wedge from one fringe to the next is one fringe order,

A _ 0.5145 ym (4.2)

2n_.. .~ 2(L.0) .
air

h =

The spacing between the fringes is measured with the Nikon stage
micrometer as a reference length. The slope thus determined agrees
within a few per cent with the slope calculated from direct measure-
ment. The interferometry can be expected to be the more accurate
measurement., As the wedge slope is increased, the fringes become
spaced more closely, The slope can be increased until the fring-es can-
not be resolved. The maximum detectable slope measured in this way
is 0. 063 corresponding to a maximum detectable wedge angle of 3. 6°
and a minimum detectable fringe .spacing of 4 um., Thus, with the
system under the best possible conditions (i. e. static fringes, good
film grain, and low optical background noise), the spatial resolution of
fringes is measured to be 4 um.

The second series of tests was conducted with a 20, 6 mm dia-
meter steel ball sitting on a glass plate in order to check a thickness
profile with curvature. The resulting concentric fringe pattern, shown
in Figure 8(b), is commonly referred to as Newton's rings, From this
fringe pattern, we can determine the diameter of the ball, The height

h of the ball surface above the plate is

h = R[1 - 1 - (%)2] . (4.3)
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For fringes near the contact point, so that % «1, we can make the

approximation

2

h x5 - (4. 4)

We can measure h(x) from the fringe pattern and thus compute the
diameter 2R,
2
*m
2R = — , (4. 5)

s
where m is the fringe order. Imperfect optical contact of the ball
with the glass plate can result from dust particles or grease films.

The diameter is more accurately determined by measuring the change

between two large fringe orders m and ( [21],

sy (m - 1)

Referring to Figure 8(b), we note that the position of the actual fringe
differs by Ax from the point of reflection on the ball surface., How-
ever, the slope and the distance h are so small that the distance Ax
is smaller than the resolution limit of the optical system., If the exper-
imental procedure and measurements are performed carefully, then
the diameter of the ball calculated from the fringe pattern agrees with
the measured diameter within 2% if not done so carefully, then the
error in diameter may be 10%. However, the diameter is proportional
to xz, so the fringe position x is accurate to within 5%. Thus, a

thickness profile with curvature can be measured accurately to within
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5% with the interferometric system, and the accuracy may be much
better.

With the ball and the glass plate arrangement, the effect of
focus error could also be studied. Everyone who has used a micro-
scope or a camera understands intuitively what is meant by being ''in
focus'' at the film plane., With ordinary lighting, light is scattered
from a point on an object, From a geometrical optics viewpoint, the
object is in focus at the precise distance from the objective such that
all rays of light leaving a point on the object meet at a single point on
the film plane. Thus, focus is well defined and measurements from a
picture in focus can be taken if a picture of a reference length in focus
is available., With laser light, the same statement is true, but one
must be careful that the focus is properly set. Because laser light is
so well collimated, the reflection from a point on a smooth surface is
actually a single ray of light, Furthermore, the fringe pattern at the
film plane is the result of interference between several rays with only
one coming from each point of each surface in the optical path, If the
distance of the object from the objective is changed, then the fringe
pattern at the film plane changes. However, the fringe pattern is only
shifted in a geometrical way and we cannot perceive whether the optical
system is '"in focus''; fringe patterns always appear to be in focus. The
focus must be set by viewing with white light; the dial indicator arrange-
ment discussed in Chapter III is convenient for setting focus. Similar
consideration must be given to the concept of depth of field., With
ordinary light, as an object is moved out of focus, we perceive a

blurred image. Depth of field is the distance beyond an object in focus
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at which another object still ""appears!' to be in focus as measured by
some resolution limit., If an object is far beyond the depth of field,
then the blurring can be so extensive that the object cannot be seen at
all; hence we do not see the microscope slide beneath a transparent
specimen, With laser light, the usual concept of depth of field has no
meaning, Any two reflections with a difference in optical path length
less than the coherence length of the laser can interfere to produce
fringes. Thus, surfaces that are far away as measured by the depth of
field of the optical system can still affect the image. Such spurious
interference can be a disadvantage of laser light and must certainly be

considered in any interferometric system.

4,3 The top of the bubble problem

Reflections from three of the four surfaces in Figure 7 have
been considered. The fringe bands due to the glass plate are static,
widely spaced, and straight and are thus easily distinguished from the
dynamic, concentric, circular fringes from the microlayer. Since
laser light has a long coherence length, the reflection from the top of
the bubble must also be considered. The resulting fringes are also
dynamic, concentric circles associated with the bubble growth., The
existence of these fringes requires that several questions must be
answered., First, how do we know that the fringes in Figures 5 and 6
are not totally due to the top of the bubble? Second, if both these
fringes and the microlayer fringes are present, then how can we dis-
tinguish one from the other? Third, if we feel that the fringes in
Figures 5 and 6 are totally due to the microlayer, then how can we

dismiss the fringes from the top of the bubble?
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In order to characterize the fringes from the top of the bubble,
quasi-static CJO2 bubbles in soda water were studied. These bubbles
grew very slowly due to diffusion into the bubble of the dissolved COZ'
For bubbles of the same size range as observed in the boiling, the
fringes from the top of the bubbles were observed and 35 mm photo-
graphs were taken. From the typical photograph in Figure 9, we note
that the fringe spacing decreases with increasing radial position; the
opposite is true of the fringes in Figure 5 and 6, Also the fringes from
the top of the bubble were observed only in a very small region near the
center of the bubble, typically of diameter about 10 - 20% of the bubble
diameter; the fringes in Figures 5 and 6 are observed to cover a much
larger area, From these observations, we felt that the fringes in
Figures 5 and 6 were due entirely to the microlayer., The reason that
the fringes from the top of the bubble do not appear was understood
when it was observed that considerable motion of these fringes occurred
with the very slow diffusional growth of the CO2 bubbles. The argument
is similar to that used in the method of sta‘cionafy phase. The difference
in optical path length between E4 and E2 in Figure 7 is of the order of
the bubble diameter 2a. The sinusoidal interference term in equation
(3.2) thus varies with the bubble growth rate. If the interference term
is rapidly varying with respect to the exposure time of the film, then
the fringes will cancel one another, leaving a uniform intensity on the
film instead of fringes. Even though the exposure time is only 13 pusec,
the slowest bubble growth rates observed change the optical path length
by 9 fringe orders in this time, Thus, the fringes from the top of the

bubble will not appear in the films, However, we must be aware that
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these fringes could appear if, for example, the growth rate is extremely

slow or if an extremely short exposure time is used,

4.4 The maximum detectable slope

The maximum slope detectable with the present interferometric
system is limited in two ways. We have already noted in Section 4, 1
that the maximum detectable slope is limited by the possible spatial
resolution of the optical system. For the static case, we measure a
fringe resolution of 4 um; for the dynamic case, we estimate from the
films that the fringe resolution is about 5 um. This fringe resolution
corresponds to a maximum slope of 0. 0385 or a maximum wedge angle
of 2.2°, The detectable slope is also limited by the light collection of
the optics which is related to the numerical aperture of the objective,
In Figure 7, the ray E3 must hit the objective to be imaged. If the
slope of the upper surface of the microlayer is too great, then the re-
flected ray will not be imaged., From simple geometrical considera;
tions, this constraint can be estimated to correspond to a maximum
wedge angle of 3.8 at the center of the bubble and of 2. 9° at a radius
of 0.5 mm. The constraints of light collection and fringe resolution
are of the same order although the fringe resolution appears to be the
limiting consideration.

The greatest limitation of the interferometric approach for
microlayer measurement is that the resolution of the optical system
limits the maximum detectable slope. Two points must be carefully
considered. First, the outer edge of the fringe patterns in Figures 5

and 6 does not necessarily correspond to the edge of the bubble,
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Referring to Figure 7, we can imagine that there could be a significant
region of the microlayer near the edge of the bubble with slope greater
than 0, 0385, Thus, a portion of the microlayer may not be detected.
Of more importance, the bubble growth rate cannot be computed from
the growth rate of the fringe patterns unless it can be shown that the
two rates are the same or that they can be related, We shall consider
this point further in the discussion of the results,

The second point to consider carries the most serious conse-
quences and is the most difficult problem to resolve. The contact angle
of the microlayer with the glass is not necessarily less than 2, 2°,
the contact angle is greater than 2. 20, then some fringes cannot be
resolved so that the correct fringe order is not known. Our method of
interferometry relies crucially on the determination of the correct
fringe order. If the correct fringe order is not known, then the micro-
layer thickness and evaporation rate results are in error. A major
effort of the present investigation was attempting to resolve this ques-
tion of contact angle. If the contact angle is greater than 2. 2°, then we
should see the fringes becoming very closely spaced near the edge of
the dry spot. In Figure 5 and especially in Figure 6, the fringes do not
appear to become much closer near the dry spot; rather, the spacing
appears to be fairly uniform, However, the fringe contrast combined
with the optical background noise makes the determination of the first
fringe difficult so that the above argument is not conclusive. In order
to strengthen this argument, data films of ethanol were taken with a
higher power objective in order to magnify the fringes near the dry .

spot. A Leitz 32/0.30 objective was used with the same system,
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resulting in an increased magnification by a factor of 4. Films of the
dry spot growing across the frame were obtained and some representa-
tive frames are shown in Figure 10. The exposure was somewhat low
because sufficient laser power was not available, However, no evidence
of closer fringe spacing can be seen, We believe that the fringe order
is correctly determined with the present system. Further efforts should
be undertaken to confirm this belief, We note that one such effort that
we attempted was to use the full beam of the argon laser. From the
two primary wavelengths, we hoped to be able to uniquely determine
the microlayer thickness, Unfortunately, the background noise was so
great with the full beam that the fringes could not be clearly distin-

guished, This approach may be profitable in future efforts,

4,5 Reduction of data

The necessary considerations for interpretation of the micro-
layer fringe patterns have been discussed., From the calibration tests,
we have confidence that the thickness profiles will be accurate if the
correct fringe order can be determined, With the present interfero-
metric system, we know that fringes from the top of the bubble are not
recorded on the film, so that the dynamic, concentric, circular fringes
are due entirely to the microlayer formation and evaporation., Finally,
we have presented some evidence that all of the fringes are resolved
near the contact point of the microlayer and the glass, Thus, we
assume in the data reduction that we can determine the correct fringe
order. The only step left is to measure the radial position of the fringes

from the center of the bubble,
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The fringes in Figures 5 and 6 are clear enough that the center
of each fringe can be determined visually, When the data films are
viewed on the film reader, the clarity is somewhat better than from a
print, The circular symmetry of the fringes is evident, and measure-
ments show that the deviation from a circle is less than 5%. Hence the
simplest procedure is to measure the diameter of the fringes and spot
check that the symmetry is maintained, The diameter is measured with
a draftsman's rule to the nearest hundredth of an inch. The measure-
ments taken by this procedure are reproducible for all fringes within
5% and for the majority of fringes within 2%. In the first several frames
before the dry spot has grown much, the fringes near the center are
obscured by the optical noise from the pit on the surface., It is difficult
to determine thé correct fringe order in these frames. We used the
following procedure to determine the fringe order, The fringe order
can be clearly determined in a frame with a large dry spot. The fringes
can then be tracked in a reasonable way to the preceding frame and so
on to the first frame, The number of fringes obscured by the pit can
thus be determined by this procedure., With the fringe order and radial
position of each fringe determined, we can plot the microlayer profile

for each frame, Typical results are shown in Figures 11-14,
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V. RESULTS AND DISCUSSION

5.1 General discussion

Data films of fringe patterns due to microlayer formation and
evaporation have been obtained with the experimental apparatus and
procedure described in Chapter III; representative frames from these
films are shown in Figures 5 and 6. The interpretation of these fringe
patterns into microlayer thickness profiles has been discussed in
Chapter IV, The microlayer thickness profiles corresponding to the
data of Figures 5 and 6 are given in Figures 11-14, In each of Figures
11-14, a series of microlayer profiles are shown. FEach profile corres-
ponds to a different instant of time as designated by the frame number
which is counted from the first frame in which bubble growth is ob-
served. The actual time from one frame to the next can be computed
from the framing rate given in each figure heading; the framing rate
varies by only 1/2% over the bubble lifetime., The thickness is given in
terms of the measured fringe order, and the corresponding actual dis-
tance scale is also shown. The thickness is plotted as a function of the
radius from the center of the bubble. We note that the contact angles
shown are close to 1°.

For the conditions of a fluid at low subcooling and atmospheric
pressure boiling at low heat flux, the typical bubble growth sequence
is as follows, A very rapid initial growth occurs after a waiting period
following the previous bubble. The waiting period is the inverse of
bubble nucleation frequency and can vary depending on the nucleation

site and the boiling conditions. As mentioned previously, the
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nucleation frequency may be regular or intermittent, The rapid initial
growth lasts for just a small fraction of a millisecond and a much
slower growth continues. The microlayer is formed beneath the bubble
during the bubble growth, and evaporation of the microlayer continues
throughout the bubble lifetime as evidenced by the growi_:h of the dry
spot. The dry spot grows all the way to the visible edge of the micro-~
layer in a typical time of a few milliseconds. The dry spot then con-
tracts (rewetting) as the bubble lifts off the surface, typically in a time
of a couple of milliseconds. We note that the last profile shown in
Figures 11-14 is not at the end of the bubble lifetime., Only a sufficient
number of profiles have been plotted to indicate the magnitude of the
microlayer evaporation. The dry spot does grow all the way to the
visible edge of the microlayer indicated in the figures. The contraction
of the dry spot could be seen in motion pictures but the contrast is too
low for measurement in single frames.

We have noted that the microlayer profiles change with time due
to evaporation of the microlayer, but the profiles could also change as
a result of radial fluid motion in the microlayer, It is generally ac~-
cepted that any motion in the microlayer is rapidly damped due to
viscous forces. The following argument due to Cooper and Lloyd [5]
is convincing. We will consider the case of a water vapor bubble which
grows to a radius of 1 mm in 1 msec, A typical microlayer thickness
is 2 pm. The Reynolds number is then on the order of 7 so that the
convective terms can be neglected, The microlayer is nearly plane so
that the pressure on the liquid-vapor interface can be taken to be uni-

form. If surface tension gradients are assumed to be small, then the
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boundary condition at the liquid-vapor interface is zero shear, The no
slip boundary condition is assumed to hold at the solid surface. An
initial velocity profile is assumed to be related to the bubble growth
rate. The situation is typical of lubrication problems so that the

governing equation is

5 T V—> (5. 1)

where u is the radial velocity, z is the coordinate normal to the sur-
face, and v is the kinematic viscosity. The solution to this equation
with the above boundary conditions can be obtained by separation of

variables and is of the form

% T 2 'nz vi
u= {u_sin@m+l)yz exp[-Cm+1)" 7 =l}. (5.2)
Ls m B 5

m=1

The radial velocity in the microlayer decays rapidly in a time of the
> .
order -é;— Wh1ch is of the order of microseconds. Thus, we assume

that all movement of the fringe patterns is due solely to microlayer
evaporation. We note that there is also some experimental evidence
to support this assumption [17]. With this assumption, we see that a
great deal of information is available in Figures 11-14. These results
give detailed microlayer thickness profiles as well as the rate of evap-
oration from the microlayer over the bubble lifetime,

Finally, we note that the data in Figures 11-14 are obtained
from two data films, one for ethanocl and one for water. These data
are considered to be typical for a single nucleation site with the given

conditions. The bubbles chosen for data reduction are considered to be
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the best data available based on fringe contrast, optical background
noise, and symmetry of the fringes. Other films with poorer fringe
contrast or with too much optical background noise for interpretation
showed bubbles with similar characteristics as in the data films used.
Asymmetry of the fringes occurred in some films, resulting from
either surface irregularities, such as scratches or pits, or from
interaction with bubbles from nearby nucleation sites. The data films
used are actually quite clear and we have confidence in our resulting

interpretation of the fringe patterns,

5.2 Results of experiments with ethanol

The ethanol data presented in Figures 11-13 are taken from the
same data film which contains a total of 11 bubbles originating from the
same nucleation site, The pool boiling occurred at atmospheric
pressure with a measured mean heat flux of 26.5 kW/rn2 and a bulk
fluid temperature of 72, 8°C (a subcooling of 5, 7°C). The bubble
growth observed on this film is very regular with bubble nucleation
frequencies of 16. 6 bubbles/sec (or a period of 60.4 msec) which vary
only + 10% and maximum bubble diameters (based on the edge of the
fringe pattern) between 0.7 mm and 1. 16 mm with an average maximum
diameter of 0. 89 mm, The bubble lifetimes at the surface consist of
2.5 - 5.5 msec of microlayer evaporation with another 2 - 4 msec in
which the dry spot contracts as the bubble lifts off the surface, The
waiting period between departure of a bubble and nucleation of the next

bubble is thus typically 50 - 60 msec,
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The microlayer formation and evaporation shown in Figures
11-13 is very reproducible from figure to figure as would be expected
from the bubble growth behavior. The initial microlayer profile is
wedge-like with a thickness of 3 um at a radius of 0.25 mm. We note
that Jawurek's [15] measurements for ethanol were an order of magni-
tude less than the present measurement. Although the conditions were
different in the two experiments, this order of magnitude difference is
an indication that Jawurek may not have determined the correct fringe
order. Our thickness measurements are similar to those of Voutsinos
and Judd [29] and Cooper and Lloyd [4, 5], although the fluids and con-
ditions are different. A very strikiﬁg feature of the results in Figures
11-13 is that the evaporation rate from the microlayer appears to be
fairly uniform over the microlayer surface, giving similar profiles as
evaporation proceeds. Actually the evaporation rate is greater near
the contact point, being 15 - 30% greater than the evaporation rate near
the outer edge of the microlayer. The approximate thickness evapo-
ration rate over the microlayer surface is initially 2.2 pm/msec and
decreases to 1.25 um/msec after about 1,4 msec. These evaporation
rates correspond to heat fluxes of 1385 kW'/m‘2 and 787 kW/m2
respectively, where the conversion is made by multiplying by density
and the latent heat of vaporization (see Appendix). Although extremely
large, these heat fluxes occur only over short periods of time and over
a small area, and the overall effect of the microlayer evaporation on
the heat transfer rate may or may not be significant depending on the

bubble nucleation frequency and the nucleation site number density.
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We shall consider the overall effect of microlayer evaporation on the
heat transfer rate in Section 5. 4.

In Section 4. 4, we expressed concern that the fringe order may
not be correctly determined if the contact angle of the microlayer with
the glass plate is greater than approximately 2. 2°. Our concern was
amplified when it was found that the fringe patterns represented in
Figures 11-13 did not change position very much from frame to frame.
The problem is that if the microlayer thickness were constant in time
(little or no evaporation), then the fringe spacing should remain the
same from frame to frame. Could this nearly identical spacing be a
coincidence or could we be determining the wrong fringe order when,
in fact, the microlayer thickness is nearly constant in time? In
Section 4. 4, we have briefly described the experimental attempts to
determine if the fringe order is correctly determined. Our belief that
the fringe order is correctly determined is best supported by the ex-
periments with ethanol in which higher magnification films were
obtained of the dry spot growth, as shown in Figure 10, The corres-
ponding profiles of the contact angle are shown in Figure 15, The dis-
tance measurements were taken with respect to a fixed reference point
on the right edge of the film frame and are presented accordingly. We
note that the fringes do change position from frame to frame in Figure
15, Furthermore, the contact angle and the evaporation rate are in
close agreement with the data of Figures 11-13. Hence, the data of
Figures 11-13 appear to be correct and we have no reason to doubt that

the fringe order is correctly determined.
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5.3 Results of experiments with water

The data for water presented in Figure 14 are taken from a
data film which contains a total of 9 bubbles originating from the same
nucleation site. The pool boiling occurred at atmospheric pressure
with a measured mean heat flux of 204 kW/m2 and a bulk fluid tempera-
ture of 78.3°C (a subcooling of 21, 7°C). The bubble nucleation is
intermittent with times between bubbles as short as 34 msec and as
long as 200 msec; the data presented are for a bubble which occurred
72 msec after the preceding bubble., The bubble fringe patterns grew
beyond the field of view of the camera frame and the edge of the film
frame is noted in Figure 14. The microlayer evaporation lasted for
3.8 msec and the dry spot contracted in another few milliseconds. The
bubble nucleates from within a rather large pit as can be seen in Figure
6.

From Figure 14, we see that the initial microlayer profile for
water is wedge-like with a thickness of 1,85 pm at a radius of 0.25 mm,
We have noted previously that a discrepancy exists in the literature
regarding the order of magnitude of the microlayer thickness for water,
Our data resolve this discrepancy and indicate that the data obtained by
the thermocouple approach are correct. The data of Sharp [26] are
probably in error, possibly due to incorrect determination of fringe
order. The characteristics of the microlayer evaporation are the same
for water as for ethanol. The approximate thickness evaporation rate
for water is initially 1. 04 um/msec and decreases to 0.35 um/msec
after about 2 msec, These thickness evaporation rates are lower

than those for ethanol, but the corresponding heat fluxes, 2256 kW/mZ
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and 757 kW/mZ respectively, are of the same magnitude and greater
than those for ethanol due to the much larger latent heat of vaporization
of water and also to the greater density of water,

We have noted in Section 4. 4 vthat the growth rate of the edge of
the fringe pattern may not be the same as the growth rate of the bubble
radius, We were not able to obtain simultaneous movies of the fringe
patterns and the bubble growth for comparison, but we tried the only
alternative available. Immediately after the interference data film was
taken, the camera was reloaded and a movie of the same nucleation
site was taken with white light, The edge of the bubble reflects the
light from above away from the objective so that a silhouette of the
bubble edge is obtained. The growth is very rapid so that the edge
appears in only two or three frames. The bubble growth rate can bé
measured approximately, The results indicate that the growth rate of
the edge of the fringe pattern is lower than the bubble growth rate by
15 - 35%. With some idea of the bubble growth rates, we can check
our initial microlayer thickness measurements against Cooper and

Lloyd's expression,

6 = C/vtg , (5.3)

where Cooper and Lloyd found C = 0.8, Based on the growth rate of
the edge of the fringe pattern, we estimate from Figures 11-14 that C
is in the range 0.3 - 0,4, If these growth rates are corrected by

15 - 35%, then the C is in the range 0,33 - 0.5. OQOur estimate of C
is significantly lower than the value of 0.8 suggested by Cooper and

Lloyd. We note that the proportionality in equation (5.3) is not
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definitely established as the correct form for microlayer formation.
Cooper and Lloyd's results agree well with this form and our results
also appear to follow this form, However, there is some experimental
evidence that the microlayer thickness increases with increasing bubble
growth rate [7,17]. A recent analytical estimate of the microlayer
thickness has been obtained by Plesset and Sadhal [24] based on the
exact solution of the boundary layer equations for é point sink on a wall,
They also find that the microlayer thicknessis proportional to \/Vt—é
Of particular interest is their finding that an exact solution of the
boundary layer equations for a point source on a wall does not exist,
They presume that the difficulty is that regions of reverse flow may
exist in the potential flow field during bubble growth., Thus, the micro-
layer formation problem is very complicated and may require an exact

solution of the Navier-Stokes equations,

5.4 Implications regarding microlayer evaporation as a heat

transfer mechanism in nucleate boiling S —

The detailed measurements of microlayer formation and evapo-
ration available from the interferometric approach can be used in
several ways to determine the importance of microlayer evaporation as
a heat transfer mechanism in nucleate boiling. The direct approach is
to use the measurements to calculate the percentage of the total heat
flux due to microlayer evaporation., As an example, we shall use the
direct approach for the ethanol data., We first assume that the
measurements in Figures 11-13 are typical of all active nucleation sites.
The typical bubble diameter is 0.89 mm, and from the figures we esti-

mate that the total volume of liquid evaporated beneath a single bubble of
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this diameter is 2.15 x 10-12 m3. The energy required to evaporate
this volume is 1.35 x 10-3 joules. The bubble frequency is 1 bubble/
60 msec, and we estimate by visual observation that the active nuclea-

tion site density is 6.2 x 104 _s_,_1_te_§ . The heat flux due to microlayer

m
evaporation is thus 1.4 kW/mZ. We can compare this to the measured
heat flux of 26.5 kW/mZ. Because the boiling is oc’curring just at the
onset of nucleate boiling, the dominant heat transfer mechanism is still
natural convection, The natural convection heat trans’fer must be sub-
tracted in order to determine the effect of the boiling, For the small
difference here, we can not expect to obtain an accurate estimate of the
effect of the bubbles. However, for larger boiling heat fluxes, this
approach can be used to obtain a good estimate of the contribution of
microlayer evaporation to the enhanced heat transfer due to boiling,

We might expect that as the heat flux is increased, the energy per
bubble required for microlayer evaporation will remain about the same,
The bubble nﬁcleation frequency and the nucleation site number density
both increase with increasing heat flux so that the overall contribution
of microlayer evaporation will also increase,

The measurements of microlayer thickness can also be used as’
an input to analytical models which attempt to assess the contribution
of microlayer evaporation heat transfer, The model of Plesset and
Prosperetti described in Section 2.3 is of particular interest because
the important case of highly subcooled nucleate boiling is considered,
Their results for the total energy extracted from the microlayer per
bubble as a function of the unknown microlayer thickness (assumed

uniform) are shown in Figure 1, Their conclusion that the contribution
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of microlayer evaporation is small is based on the relation § = ﬁf—:'g
The present measurements indicate that the microlayer thickness is
very close to the values which give the peaks shown in Figure 1. There-
fore, it appears that microlayer evaporation may account for a signifi-
cant part of the total heattransfer per bubble. We note that the growth
times for microlayer formation in the Gunther and Kreith data used by
Plesset and Prosperetti are close to the growth times in our experi-
ments; hence the microlayer profiles can be assumed to be comparable,

The measurements of microlayer thickness can also be used to
obtain an upper bound on the energy which can be extracted from the
microlayer per bubble. For the data of Gunther and Kreith, the ex-
perimental yalue of the total energy transferred due to a single bubble
is shown in Figure 1. We can estimate the-k microlayer profile for these
bubbles from our data if we assume that the proportionality 6§ « \/_\;_t;
correctly describes microlayer formation; since the viscosity and
growth times are almost the same, the microlayer profiles are as-
sumed to be the same. The latent heat required to evaporate the total
mass of the microlayer represents an upper bound on the energy which
can be extracted from the microlayer. For the case of highly subcooled
nucleate boiling represented by the data of Figure 1, microlayer evapo-
ration can account for a maximum of about 50% of the total heat trans-
fer. Thus, microlayer evaporation alone cannot account for the in-
creased heat transfer observed in highly subcooled nucleate boiling,

Assuming that microlayer evaporation and microconvection are
the only competing mechanisms to describe the increased heat transfer

in nucleate boiling, we can now draw some conclusions regarding the
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relative coﬁtribution of each, Previous experiments have shown that
microlayer evaporation may be the dominant mechanism at low sub-
cooling. We have seen how this is possible since a relatively large
amount of energy is extracted by the complete evaporation of the micro-
layer in our experiments, For high subcooling, however, we have
determined that microlayer evaporation can account for a maximum of
50% of the total heat transfer. Thus, microconvection must be the
dominant mechanism for high subcooling, although microlayer evapo-

ration may be significant,

5.5 Conclusions and future work

In the present investigation, we are concerned with the funda-
mental problem of understanding the mechanism by which the heat
transfer rate from a solid to a liquid is significantly increased by the
occurrence of nucleate boiling., The mechanism must be associated
with the presence of the bubbles on the solid surface, and presumably
the study of a single bubble is sufficient for the understanding of the
mechanism. Two proposed mechanisms related to the behavior of a
single bubble are microconvection, in which the bubble motion creates
mixing between the hot thermal layer and the cooler bulk liquid, and
microlayer evaporation, in which the evaporation from a thin liquid
layer beneath the bubble extracts energy from the solid surface.
Progress in understanding the microlayer evaporation phenoménon has
been impeded by the unavailability of a solution to the fluid mechanical
problem of microlayer formation., Specifically, the microlayer thickness

profile is needed, and experimental measurement is required, In this
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investigation, an experimental measurement of the microlayer thickness
profile has been made,

We have chosen to use interferometry for the measurement of
the microlayer because of the detail potentially available with this
measurement technique. A laser interferometric-high speed camera
system has been developed with which microlayer profiles can be ob-
tained for small, short-lived bubbles such as those which occur in
highly subcooled nucleate Boiling. Previous investigations have dealt
only with large, long lifetime bubbles. Furthermore, previous investi-
gators have not carefully discussed the interpretation of the fringe
patterns. A significant contribution of the present investigation is a
discussion of the problems of interpretation of the fringe patterns and
the subsequent limitations on the measurement technique. Of primary
importance is the fringe resolution limit of the interferometric system.
All of the fringes near the contact point of the microlayer with the glass
surface must be resolved in order to determine the correct fringe order.
Previous investigators apparently have not considered this point care-
fully but have merely assumed that all the fringes were resolved (i. e.
assumed that the contact angle is small enough). We have carefully
analyzed our interferometric system and have confidence that the fringe
order has been correctly determined.

The interferometric system has been used to obtain time
histories of the microlayer profile for the cases of ethanol and water
boiling at atmospheric pressure and low subcooling with low heat flux.
The water data are significant in that these are the first data of de-~

tailed microlayer profiles for water., These data resolve a discrepancy
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in the literature regarding the order of magnitude of the microlayer
thickness for water; we have found that the microlayer thickness for
water boiling at atmospheric pressure is of the order of a few micro-
meters, Not only is the initial microlayer profile available from these
data, but also the evaporation rates from the microlayer have been
determined. It is interesting that evaporation over that surface of the
microlayer is fairly uniform. The measured evaporation rates are
very large and indicate that microlayer evaporation may be a significant
heat transfer mechanism in some cases., However, from our measure-
ments and the measurements of Gunther and Kreith, we have estimated
that microlayer evaporation can account for a maximum of 50% of the
total heat transfer rate in highly subcooled nucleate boiling. Thus,
microconvection must be the dominant heat transfer mechanism in
highly subcooled nucleate boiling, although microlayer evaporation may
be significant.

The interferometric measurement technique used in the present

1nvest1gat10n ca.n be used to obtain further measurements to improve
the understanding of microlayer formation and evaporation. The follow-
ing investigations are suggested:

1. Microlayer formation is not well understood and experi-
mental measurements of initial microlayer profiles for a range of
conditions should provide a guide for analytical efforts and for empiri-
cal correlations. The only existing expressioﬁ for microlayer for-
mationis 6§ = C ﬂTg-’ which might be quite reasonable. This re-
lation can be checked empirically and the important factor C can be

determined.
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2. The importance of microlayer evaporation as a heat trans-
fer mechanism can be determined directly from the microlayer evapo-
ration measurements for the case of higher heat fluxes if the nucleation
site number densities are measured and if the measured bubble behavior
can be assumed to be typical of every nucleation site,

3. A carefully controlled experiment in which measurements
of microlayer formation and evaporation, bubble growth rates, and
heat transfer data are obtained would provide a test case by which ana-
lytical models could be judged.

4, Measurements should be obtained for the important case of
highly subcooled nucleate boiling in which steep temperature gradients
exist in the liquid at the solid surface. This case is of particular
practical interest such as in heat transfer in nuclear power plants.
Very little recent work has been done for this case, and extensions of

measurements such as those of Gunther and Kreith are needed.
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APPENDIX
Physical Property Values
The following physical property values for ethanol and water at satu-
ration temperature at atmospheric pressure (liquid phase unless noted)

are given for reference.

Ethanol Water

Saturation temperature T ¢ °K 351.6 373.1
Density oy » kg/m’ 736. 7 958, 0
Vapor density Py kg/rn3 1,593 0.598
Kinematic viscosity v , m2/sec 0. 6x1 O.6 0.3x1 0-6
Surface tension c , N/m 0.0175 0. 0588
Thermal conductivity k . W/moK 0,151 0. 680
Thermal diffusivity ¢, m%/sec 6.83x10"%  1.89x1077
Latent heat of. _ 6 6

vaporization L, joules/kg 0.855x%10 2.26x10
Index of refraction n 1.336 1,318

The following physical property values for Pyrex Glass 7740 are given

for reference,

Density P, kg/zn3 2230

Thermal conductivity k , W/m°K 1.172 @ 351.6°K
1.202 @ 373.1°K

Thermal diffusivity a |, mz/sec 0. 64x1 0-6 @ 351.6°K
0.63x10°° @ 373. 1°k

Index of refraction n 1.474

)
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References for property values

International Critical Tables, ed, National Research Council, McGraw-

Hill, New York (1926-1930).

Handbook of Chemistry and Physics, 47th ed., Chemical Rubber Co. ,

Cleveland, Ohio (1966).

Thermophysical Properties of Matter, Thermophysical Properties

Research Center (TPRC), Purdue Univ., IFI/Plenum, New York (1970),

American Institute of Physics Handbook (1972).

Handbook of Heat Transfer, ed. Rohsenow and Hartnett, McGraw-Hill,

New York (1973).

Specification sheet from Pyrex Glass (1977).
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n .
2 (n;>ny>n5)

i o= ilkx+wt) (k=27

(a)

E, d(r)

te, 1
T L

(b)

Figure 2. (a) Schematic of the reflections of an incident plane wave
from the interfaces bounding a layer of thickness d

,and index of refraction n;.
(b) Schematic of the fringe patterns which result when the

thickness of the layer varies,
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B-22(874.26)

(2)

Figure 5.

Fringe patterns for bubble growth sequence in ethanol at >
atmospheric pressure with a mean heat flux of 26.5 kW/m
and a subcooling of 5, 7°C. The frames shown are
numbered from the first frame in which the bubble appears;
the framing rate is 14. 87 frames/msec (0. 0672 msec be-
tween frames).
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Figure 5. (Continued)
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B-36(663.20)

Figure 6.

Fringe patterns for bubble growth sequence in waterat
atmospheric pressure with a mean flux of 204 kW/m

and a subcooling of 21. 7°C. The frames shown are
numbered from the first frame in which the bubble appears;
the framing rate is 15.25 frames/msec (0. 0656 msec be-

tween frames).
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0.1

mm

(12)

(20)

(Continued)

Figure 6.
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Figure 7. Idealized model of a vapor bubble on a glass plate.
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Figure 8,

Examples of the fringe patterns in the calibration pictures
for (a) wedges with slopes and wedge angles as shown and
(b) a 20. 6 mm diameter steel ball on a glass plate, Scale
shown applies to all three pictures,
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Figure 9. Fringe pattern resulting from the reflection from the top of
a CO2 bubble estimated to be about 3 mm in diameter,
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B-33(224.31)

(21)

(23)

(25)

(27)

Figure 10, Fringe patterns from the microlayer contact region as the
dry spot for an ethanol vapor bubble grows across the film
frame, The frames shown are numbered from the first
frame in which the bubble appears; the framing rate is
13,56 frames/msec (0, 0737 msec between frames).
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Figure 15, Microlayer profiles of the contact region as the dry spot

for an ethanol vapor bubble grows across the film frame,
The frames shown are numbered from the first frame in
which the bubble appears; the framing rates are (a) 7. 66
frames/msec (0.131 msec between frames) and (b) 13.56
frames/msec (0. 0737 msec between frames).
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PART IT

AN INVESTIGATION OF THE THEORY OF

EVAPORATION AND CONDENSATION
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LIST OF SYMBOLS

/ S_fr.{.? = mean molecular speed

specific heat at constant pressure
specific heat at constant volume

velocity distribution function

Knudsen number = -1);\-

thermal conductivity
latent heat of vaporization

length between the two liquid surfaces
-2
JYRT

first order term of parametric "number density'

Mach number =

function (i = 1, 2)
number density

parametric 'mumber density' function (i =1, 2)

stress tensor

pressure

equilibrium vapor pressure
arbitrary function of particle velocity
collision integral

heat flux vector

gas constant of vapor

position vector

absolute temperature of vapor

parametric 'temperature!'' function (i = 1, 2)



A6

77

absolute temperature of liguid

time
first order term of parametric 'temperature' function
(i=1,2)

mean velocity

. one-dimensional mean velocity

first order term of velocity
parametric "velocity' function (1 = 1, 2)

first order term of parametric '‘velocity' function
(i=1,2)

net mass flux

maximum rate of e-vaporation

evaporation coefficient

Av

Ap ° latent heat parameter

2RT, (i =1,2)

Schrage's correction factor (see p. 91)

k
puc

P

small parameter
e X = outer variable

Ti- T

ETH

mean free path

viscosity
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n® - n®

Av = I I
= =
o

£ = particle velocity
p = density of vapor
pe = equilibrium vapor density
Superscripts
(1)

first order quantity

SubscriEts

1,2 refer to + and - velocity directions respectively
I 1II refer to cold and hot interfaces respectively
+, - refer to sums and differences respectively (e. g. t+ = tl itz)

0 refers to reference values for nondimensionalization
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I. INTRODUCTION

The problems of evaporation and condensation at a liquid-
vapor interface are of fundamental interest in science and engineering,
Despite the widespread occurrence of such phase change processes, a
satisfactory physical description of evaporation and condensation is
still not available. Considering the description of these processes as
a fundamental problem in physics, we would like to have a continuum
relation for the net mass flux at a liquid-vapor interface for given
conditions, Such an expression would greatly aid analysis of many
current problems involving liquid-vapor phase changes. Of particular
interest in the present investigation is an analysis for determination of
the role of microlayer evaporation in the heat transfer in nucleate
boiling, Such analysis depends strongly on the continuum relation used
to determine the net mass flux at an interface. Because of recent
controversy regarding the correct expression for net mass flux, we
have endeavored to evaluate the current theory of evaporation and
condensation,

The traditional treatment of evaporation and condensation has
been to use the approach of kinetic theory. Recent investigators have
followed this approach, attempting a more refined solution by obtaining
approximate solutions to the Maxwell-Boltzmann transport equation by
different methods, Due to the complexities involved in obtaining such
solutions, simplified problems are posed. Four such problems re-

stricted to a pure vapor phase are treated in the literature:
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1. The steady plane two-interface problem.

Net evaporation at a hot surface and net condensation at a
cold surface result in a steady flow of vapor.
2. The steady plane single interface problem.

A uniform vapor flow at infinity occurs with either net
evaporation from a hot surface or net condensation on a cold
surface.

3. The unsteady plane single interface problem.

A liquid is initially in equilibrium with the semi-infinite
vapor above it, At t = 0 the liquid temperature is given a step
change and held fixed subsequently while the vapor field changes
with time,

4. The steady spherical droplet in infinite vapor.

A steady vapor flow occurs between a droplet at a fixed
temperature differing from that of a uniform vapor at infinity.
The purpose of this study is to take a critical look at the current

theory with a particular viewpoint towards the continuum regime. The
foundations of the current theory are briefly reviewed in Chapter II
We have chosen to use the Maxwell moment method as developed by
Lees, and a description of the method is presented in Chapter III. We
have concentrated on the steady plane two-interface problem, This
problem is treated in Chapter IV using (i) the continuum equations with
the generally used mass flux relations, (ii) the linearized moment
equations and (iii) the nonlinear moment equations. In Chapter V we
consider the work in the literature on the different problems stated

above and try to relate these to one another and to our findings.
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We have found both in our work and in the literature that
Schrage's correction to the Hertz~Knudsen formula for mass flux as
applied to continuum problems seems reasonable when the usual bound-
ary conditions are assumed, The difference between recent results and
Schrage's result is the adjustment of a numerical factor, which multi-
plies the vapor flux, from Schrage's value of 2 to a somewhat lower
value, However, the detail in the behavior of the physical variables
available from the more refined solutions has revealed some difficulties
which become evident in the steady plane two-interface problem. For
most liquids, the solution indicates that the temperature profile is in-
verted from what would seem physically reasonable, That is, the vapor
just outside the cold liquid surface may be hotter than the temperature
of the hot liquid, and the vapor just outside the hot liquid surface may
be colder than the cold liquid. These temperatures at the boundaries
constitute the boundary conditions for the continuum temperature field.
Also, some investigators have found continuum mass fluxes greater
than free molecular mass fluxes for the same boundarycox;dzltlons | It
would seem that the effect of collisions in the continuum regime would
be to reduce the net mass flux from the free molecular value rather
than increase it. We have taken the position that these effects are
physically incorrect, Hence, we have sought to determine what is
wrong with the theory.

We first considered whether the problem as posed has been
solved correctly. We have considered the consistency of the linearized
solutions, the effect of nonlinearities, and the validity of the methods in

approaching the continuum limit. Our results indicate that the problems
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as posed have been solved correctly., We thus considered whether the
problem is physically well posed since our objections are to the physi-
cal solution. In this regard, two likely questions are (i) whether the
steady problem with fixed surface temperatures is well posed and (ii)
whether the boundary conditions are correctly posed. The steady
problem does seem to be well posed. Therefore, we conclude that the
boundary conditions are probably incorrect. In this study, we have not
attempted an extensive literature survey of the experimental support of
the presently assumed boundary conditions, However, we are not
aware of any strong support for these boundary conditions. Rather,
because of the‘difﬁculties in performing critical experiments, it seems
that a jump to the presently assumed boundary conditions was made on
the basis of relatively few good experiments. These boundary condi-
tions have been retained because there has been no explicit reason to
question them. We believe that we present here a basis for questioning
these boundary conditions. The implications of our conclusion are
clear: if the questions we have raised cannot be satisfactorily resolved,
then a return to a more fundamental level is necessary, Very probably,

the difficulties can only be resolved by critical experiments,
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II. THE USUAL TREATMENT OF EVAPORATION AND CONDEN-

SATION

In this chapter, we first consider some fundamental concepts in
kinetic theory. Only those fundamentals relevant to the problem at
hand are reviewed. The boundary conditions at a liquid-vapor inter-
face are then briefly discussed, and the boundary conditions presently
used in all kinetic theory treatments of evaporation and condensation
are established. The theories of Hertz-Knudsen and Schrage based on

equilibrium kinetic theory are then developed.

2.1 Some concepts and definitions from kinetic theory

In kinetic theory a gas is treated as a system of point particles
which obey the laws of classical mechanics, For particles of identical>
mass, the dynamical state of a single particle at an instant of time t
is given by specifying the position r and the velocity ‘é of the parti-
cle. Because of the large number of particles involved, a statistical
formulation can be used to determine the mean quantities of interest.
We thus introduce a probability density function or velocity distribution
function to characterize the state of the system of particles, Within a
volume element dr around the position r at an instant of time t
there are a large number of particles each of which can have any
velocity, Within this volume, the actual number of particles within a
given element of velocity space df is given by the velocity distribu-
tion function f(z, é, t) as dn = f(z, é, t)ds dé. Integration over all of

velocity space gives the total number of particles in the volume which
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is just the number density when divided by suitably small dr. Hence

for particles of mass m, the density is by definition
olr, t) = me(r, ¢,t)df = mn(r,t) . @.1)

In a similar manner, other additive molecular properties can be de-
fined as given in Appendix A, We note here that for the point particles
considered, the definitions of pressure, density and temperature are
related by the perfect gas law.

For a system in equilibrium, the velocity distribution function
is known as the Maxwell distribution function or simply as a Maxwellian.
In the general case, the equilibrium can be relative to a uniform velocity
U (the uniform gas) in which case the '"Maxwellian translating with
velocity U'" is given by

(¢ - v

PR A
n 2RT

I = e . (2. 2)
2aRT) /2

Physical processes in which tranport of mass, momentum or
energy occurs take place in systems which are not in overall equili-
brium. In this case, the velocity distribution function is not described
by a single Maxwellian, However in many continuum processes, the
local departure from a Maxwellian is small, Much of the physical
behavior can then be determined by supposing that the molecules are
distributed locally ’(over a few mean free paths) according to a
Maxwellian and then allowing the number density and temperature to

vary on a continuum scale (many mean free paths), Thus, the system
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is treated as if there were a superimposed disturbance which is trans-
mitted by molecules having the Maxwell distribution [27]. The local
departure from a Maxwellian may not be negligible, however, in which
case this method may be in appreciable error. Then the actual distri-
bution function must be determined from the Maxwell-Boltzmann trans-
port equation. This approach will be discussed further in Chapter III,

The approach of using a local Maxwellian involves carrying out
integrations cover velocity half-space or other fractions of velocity
space in order to obtain mean physical quantities. Some commonly

occurring integrals are given in Appendix B.

2.2 DBoundary conditions at a liquid-vapor interface

On a molecular scale, a description of the conditions at a
liquid-vapor interface is not presently available, In approaching the
problem of evaporation and condensation, a recourse is to use what is
known and appeal to physical reasoning to determine simple repre-
sentations for the behavior at an interface which we hope approximate
the real behavior, We can then deduce further results which must be
consistent with that same physical reasoning. Of course, the true test
of any physical theory is comparison with experiment. If the theory
does not hold up, we must be prepared to reconsider the fundamental
assumptions,

The boundary conditions presently assumed at an interface in
kinetic theory were formulated in the late nineteenth century. The
most comprehensive accounts of the foundations of these assumptions

are given by Schrage [23] and Knacke and Stranski [5]. No attempt is
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made here to extend those accounts but a review of some major points
is given,

The starting point is the situation about which the most is known:
the equilibrium situation. On the molecular scale, equilibriumvis
viewed as a dynamic process in which molecules leave the liquid sur-
face into the vapor while others return from the vapor to the liquid with
a resulting net balance of mass, momentum and energy. The interface
is assumed to be a sharp demarcation with any transitional layer from
liquid to vapor of no more than a few molecules in thickness. Experi-
ments which support this assumption are described by Schrage [23].
Because the vapor is in equilibrium, far from the interface the aistri-
bution function must be Maxwellian, The assumption is-then made that
at equilibrium the interface itself is not a disturbing influence on the
distribution function., "Heénce the Maxwellian is assumed to exist right
up to the interface. Because of the net balance at the interface we then
deduce that the molecules are emitted from the liquid according to a
Maxwellian with the temperature of the liquid and the density equal to
the equilibrium vapor density, It is further known from experiment
and thermodynamics [23] that the equilibrium vapor density is relatively
insensitive to the pressure acting on the liquid. It then seems reason-
able that what is emitted from the liquid depends only on the state of
the liquid, This idea is then extended to the case of nonequilibrium.
We imagine that the mechanism of molecules leaving the surface de-~
pends only on the state of the liquid and is not affected either by the
state of the vapor or by the net transfer of mass, momentum andenergy,

A combination of all of the above assumptions results in the usual
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boundary conditions which are assumed at a liquid-vapor interface
whether the system is in equilibrium or not; that is, molecules are
emitted with a Maxwell distribution function with the temperature of
the liquid and the density equal to the equilibrium vapor density.

Given this boundary condition, we can immediately calculate the
maximum rate of evaporation w,; which occurs when no molecules
return to the interface from the vapor. Integration of the mass flux
moment of the Maxwellian over velocity half-space gives (refer to

Appendix B}

2
o0 o0 0 e -g
p(Tr)  3RF e RT;
Wy E 555 gx 372 © dgxd‘gydgz - P (TL) 21
2rRT.)
~00-00 O L
(2.3)

Many experiments have attempted to verify this maximum evaporation
rate. One of the earliest successful experiments, performed by
Knudsen (see Schrage [23]), verified the maximum evaporation rate for
mercury. Subsequent experiments [18] have verified this result for
other liquids. These experiments would seem to support the concept
that the molecules emitted from the surface are a function of the state
of the liquid alone. However, a claim of support cannot be made from
these experiments for the use of the above boundary conditions under
nonequilibrium continuum conditions.,

The usual boundary conditions should be viewed as plausible yet
unsubstantiated for all conditions and all liquids., Other plausible
conditions can be developed and we will consider some possibilities in

Chapter VI. There already exist modifications in which various
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coefficients are postulated to account for deviations presumed due to
the particular liquid substance. These coefficients arise from consid-
eration of the reflections of molecules from the interface. The reflec-
tions can be diffuse, specular, a combination of both, or any other
scheme which can be imagined, The usual assumption is diffuse re-
flection. With reflections allowed at equilibrium, an evaporation
coefficient can be defined. The incoming flux from the vapor at equi-
librium is W and of these (1 - a)w+ are reflected. Hence aw+
must be evaporated to maintain equilibrium, so that the evaporation
coefficient & represents the evaporation mass flux as the fraction of
the maximum possible, At equilibrium there must be a net balance,
so that aw,  are condensing, and the similarly defined condensation
coefficient equals the evaporation coefficient,

These concepts can also be extended to the case of nonequilibri-
um. The evaporation coefficient is assumed to be a property of the
substance alone. Hence we speak of the evaporation coefficient for
water, In nonequilibrium we could suppose that the condensation
coefficient differs from the evaporation coefficient. However, these
are usually assumed to be equal, again based on the behavior for the
equilibrium situation. In nonequilibrium, the question of thermal
accommodation arises. That is, are the reflected molecules thermally
accommodated to the liquid temperature or only partially so? A thermal
accommodation coefficient can be defined, but for the case of a liquid,
complete thermal accommodation is usually assumed. The majority

of experiments have focused on measuring the evaporation coefficient

by attempting to measure the evaporation rate into a vacuum [18]. The
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currently popular belief is that all of the coefficients are unity for a
pure freshly formed surface of a pure substance [13].

We will assume in the sequel that all of thAese coefficients are
unity. As long as they are unity for some liquids, our conclusions will
not be altered, Our conclusions are related to 2 more fundamental
assumption that the boundary condition at an interface is described by
a Maxwellian under all conditions. We emphasize once again that this
boundary condition has been assumed valid for lack of any evidence to

the contrary.

2.3 The Hertz-Knudsen formula

Consider two plane interfaces at temperatures Tl’ ’I’2 sepa-

rated by pure vapor. Assuming the usual boundary conditions, we know

the mass flux leaving each surface:

RT RT

e 1 e 2
W= py /5 W = P T (2. 4)

If the vapor is in the free molecular regime, so that no collisions of
molecules occur, then the net mass flux is given by the difference of

the two fluxes,

RT RT
- - -, /1 e [ __2
woE Wy =W, T 2t P J 2w - (2.5)

Now consider a single interface at temperature T with the
vapor outside the interface at temperature T2 and density Ppe Using
the simple approach to continuum flow mentioned previously in which
local Maxwellians are retained in the vapor, we might expect the free

molecular model above to hold approximately near the interface. In
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this case, the flux W1 from the surface is the same as above, and the
flux W, from the vapor is

RT2
W2 T P 27 *

The resulting expression for net mass flux at a single interface is

known as the Hertz-Knudsen formula:

RT RT
: _ e 1 2 2.6
R S U A o I P (e.6)

The temperature of the vapor might also be expected to be close to that
of the liquid, while the density of the vapor can differ appreciably from
the equilibrium vapor density. In this case, the approximate continu-

um form of the Hertz-Knudsen formula becomes

e
w = R_i ( e_p ) = ..E_l._:__}.)_g_ . (2.7)
2w P17 P2 /2rRT, S

2.4 Schrage's simple correction to the Hertz-Knudsen

formula

Schfage'[23] proposed that if the simple approach to continuum
flow is used as ébove, then the incoming vapor should actually be re-
presented as a Maxwellian translating with a mean velocity U since a
mean velocity exists due to the net mass flow. The incoming mass
flow from the vapor will then have additional terms due to the mean
velocity, The outgoing mass flow from the interface is assumed to be
the same as before. We take the outgoing flow to be in the positive

direction and consider the case of net evaporation, so the mean flow
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has magnitude U in the positive direction. The case of condensation
can then be obtained by taking the mean velocity -U. The incoming

mass flux from the vapor is

2 2
[, -0 £24 €]

©0 00 0 0
2 2RT
szj-——Te 2 £ de_de de
2 (ZvRT2)3 2 X °X 7y "z
“Q0 =00 ~0C
RTZ
=py [ 5 T . (2. 8)
where ’
—UZ
r= R P 2T e ().
2 2RT

The net mass flux is then

e /RT1 /RTZ
W=Wl--Wz=p1 ST TPy 5 r . (2. 9)

For the continuum case we might again suppose that the temperature of

the vapor is close to that of the liquid, ’I‘2 = Tl' If we also assume

that the flow Mach number is small, M « 1, then

YU _ «1  and erf(—3—)=2 _U X
,/.ZRT2 2RT, Jr 2RT,

With these additional assumptions, the net mass flux is

RT1 1

w = (o] - ppll + 0[5 + 2o,

5 U . (2.10)

But P> is the continuum vapor density and U is the mean velocity, so

the product is the net mass flux,
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Hence Schrage's form of the approximate continuum expression for

mass flux for small Mach number is

e RTl

w o= 2(p) - py) [ 3— . (2.11)
This expression is of the same form as the Hertz-Knudsen formula but
is double in magnitude.

The Hertz-Knudsen and Schrage formulas are now widely used,

We note again that these formulas depend on assuming (i) that the usual
boundary conditions are correct for nonequilibrium continuum condi-
tions and (ii) that the simple approach to continuum flow is valid. In
recent years, the second assumption has been attacked as too crude
while the first assumption has been rétained. The objection to the
second assumption is based on the belief that deviations from a
Maxwellian may be significant near the interface under nonequilibrium
conditions. In the sequel, we consider the results of retaining the
usual boundary conditions while more carefully accounting for the

collisions near the interface,
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III. THE MAXWELL MOMENT METHOD WITH LEES' TWO-STREAM

DISTRIBUTION FUNCTION

In this chapter the essentials of the Maxwell moment method as
developed by Lees [9] are presented. Maxwell's integral equations of
transfer are presented in cartesian form, and their use in an approxi-
mate integral technique is indicated., This technique requires the
choice of an approximate distribution function containing parametric
weighting functions, and Lees' two-stream distribution function is pre=-
sented. Using this distribution function, we can reduce the moment
equations for steady flow to first order nonlinear ordinary differential
equations in terms of the parametric weighting functions. The boundary

conditions can be applied to close the problem,

3.1 Maxwell's integral equations of transfer

Fundamental treatment of a nonequilibrium flow problem in
kinetic theory requires solution of the Maxwell-Boltzmann transport
equation in order to determine the actual distribution function, The
difficulties involved in this approach are formidable, so that various
approximate techniques are used. Some of these are mentioned in
Chapter V.

In fluid mechanics, we are not as interested in the actual dis~
tribution function as we are in certain lower moments of the distribution
function such as temperature, velocity, etc. Recognizing this,
Maxwell converted the Maxwell-Boltzmann transport equation into

integral equations of transfer for any quantity Q that is a function of
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the particle velocity alone. An approximate distribution function can
then be used to calculate transport of mean quantities so that the
Maxwell-Boltzmann equation is satisfied in an average sense. The
integral equations of transfer can be derived directly by the usual con-
trol volume method of fluid mechanics. For details of the general
case, the reader is referred to Lees [9, 10]. For simplicity, we

present only the cartesian form with no external forces:

-E%-S Qe E(x, £,t)dE + 5‘3?; ngiQdE = AQ . 3. 1)

The first term is the rate of increase of Q per unit volume. The
second term is the rate of change of Q per unit volume due to particle
transport through the bounding surface of the volume. The third term
represents the effect of collisions. We note that when Q is set equal
to the collisional invariants (AQ = 0) of méss, momentum and energy,
the gas dynamic conservation equations are obtained.

The inclusion of a tractable collision term is the usual difficulty
in these problems. A binary collision model is usually used and is
shown by Lees to be justified for most problems of interest [9]. This
model is not expected to be valid near the critical point since the prob-
ability of tertiary collisions is then significant. Maxwell discovered
that if an inverse fifth power law of repulsion is used for the molecules,
then the collision integral takes on a simpler form. Lees [9] has
followéd this approach and gives details of the collision intégral calcu-
lation using this law of repulsion. He notes that this model contains

the important physical features of the particle interaction and in

particular preserves the nonlinear character of the collision integral.
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The approach of Lees is to use the Maxwell moment equations
in an approximate integral technique in the spirit of the von Karman-
Polhausen treatment of boundary layer flows. The basic idea is that
integration is a smoothing operation so that mean features are accu-
rately recovered from approximate distribution functions. An approxi-
mate form of the distribution function is chosen with N parametric
weighting functions to be determined. Then N moment equations can
be arbitrarily chosen, although the conservation equations and other
lower moments are usually used. With these N equations and N
unknowns, a sufficient number of boundary conditions must be specified
to close the problem, Clearly, keeping N small is desirable for ease
of solution, but the number of parametric functions should be large
enough that the approximate distribution function is not overly con-
strained., It appears that 6 moments are usually sufficient and, de-

pending on the problem, 4 moments may be adequate.

3.2 Lees!' two-stream distribution function

The successful implementation of an approxirmate integral
technique relies to some extent on a discriminating choice of the form
of the approximate distribution function., One is guided by physical in-
sight and the practical requirement that the resulting equations be
solvable. Lees was interested in developing a method which could
accurately describe the transition from free molecular flow to continu-
um flow, Hence, physical insight suggested that the approximate
distribution function should have the two-sided nature of rarefied flows

and yet should be able to become almost Maxwellian in the continuum
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regime. In addition, the form should allow the incorporation of the
boundary conditions in a natural way and the reduction of the moment
equations to the simplest set of differential equations possible. Lees
chose to use Maxwellian forms but with a two-sided nature. A line of
sight or cone of influence principle is used to recover the rarefied be-
havior. Referring to Figure 1(a), we see that at a point P, for parti-
cles coming from surface I to arrive at P their outward velocity
vectors must lie within the cone of influence of surface I (Region I).
For this region of velocity space, we take one side of the approximate
distribution function to be

-l - u (0

n,(r, t)
1 e 2RT (mt) | (3.2)

fi(r,€,t) =
Lgs [27RT, (z, )]

The other side of the distribution function is for all other velocities

which lie in the cone of influence of surface II:

2
'[g 'EZ (,1;: t)]

0,z t) SRT

(r,t)
372 €

2L . (3.3)

£,(z,¢,t) =
2 [2nRT, (z, t)]

The ten functions ny, Tl’ By By, TZ’ u, are the undetermined
weighting functions. Since they are weighting functions only, in the
general case these functions cannot be interpreted directly as physical
quantities. For example, 'I'l and TZ should not be thought of as
physical temperatures. The physical temperature must be computed
from the total distribution function according to the definition in

Appendix A, For the plane one-dimensional case illustrated in Figure
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1(b), we will use six weighting functions. The distribution function for

this case is chosen as

[6,0- uy o 04 82 4 62

n, (x, t) - 2RT) (x,t)
[ f.(x,t) = e for £ >0
L [2nRT, (x, )]/ x
f= <
N -uz(x,t)]2+§f‘,+ &i
nZ(X’ t) ZRTZ (%, t)
- fo(x,t) = e for £ < 0,
2 [27RT, (x, £)]° /4 X

(3.4)

3.3 The moment equations for the steady plane one-dimensional

case

By using Lees' two-stream distribution function in Maxwell's
integral equations of transfer with differént functions of parﬁcle velocity
Q specified, we can convert the moment equations to differential equa-
tions in terms of the weighting functions., As pointed out before, for
the number of undetermined functions used, an equal number of
moment equations must be obtained. The choices of Q are arbitrary,
but the usual choices are the three conserved quantities and then other
lower moments which are not conserved. For the plane one-dimension-
al case of Figure 1(b), the conservation equations are obtained by taking
mass (Q = m), momentum (Q = mgx), and energy (Q = é_ m,%z)‘ For
a 4 moment method, Lees [10] has chosen the fourth moment as heat
flux (Q = %—mgxgz). For a 6 moment method, the additional moments

usually used are either mgi or mg‘i and mgi [8, 15,17, 24, 26].
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Sloat [26] notes that for the plane one-dimensional case, only two of

mgz, mgi and mgi are linearly independent. In an 8 moment calcu-

lation, Labuntsov [8] uses the additional moments mgi and mgi .

The derivation of tkhe moment equations including the collision integral
is well documented for the case of steady plane one-dimensional fléw
[9,10,11, 24, 26]. Sloat [26] gives the moment equations in the full
nonlinear form. We present these in Appendix C and refer the reader
to the references given for details. The corresponding expressions

for the physical variables defined in Appendix B are also given in

Appendix C.

The general form of the moment equations in Appendix C is

&l 1=207 . .5)

We can nondimensionalize the moment equations using reference values

n ,T as follows:
o’ "o

Hi = ni/no ,
Ei = u/ /iiTO , (i =1,2) (3. 6)
B, = B/RT, .

If this is done, the form of the moment equations is

?ad;F]=—H—/-"—;—{—;—JC]. (3.7)

For spherical molecules with a Maxwellian distribution, the viscosity
can be related to the mean molecular speed C and the mean free path

N as [4]



99

|J,='2‘ =p/_-\/RTX . (3.8)

Hence using p = pRT we see that

/ l
(3.9)
v ,/ RT o
The moment equations are thus naturally scaled by the mean free path,

21(%1‘)‘[ 1=01. (3.10)

which is reasonable since these equations represent changes on the
kinetic theory scale. If distance is scaled by a continuum length 2,

then the Knudsen number Kn = % is introduced into the equations

d(x'dT“z) [ 1=x101. | (3.11)

3.4 Application of boundary conditions

One of the requirements in choosing the form of a distribution
function is that the boundary conditions can be incorporated in a natural
way. Lees' two-stream distribution function satisfies this requirement
in an elegant way. If in Figure 1(b) the surfaces are taken to be liquids
with the usual boundary conditions, then the particles leave surface I
with a Maxwellian with temperature T; and the number density np
and similarly for surface II. In accordance with Lees' two-stream

distribution function given by equation (3. 4), the boundary condition at

surface I is
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nl(O) = nI s Tl(O) = TI . ul(O) = 0
and at surface II is
nz(!;) = 1:11I , TZ(I) = TII ’ uz(z) = 0 .,

Hence in the vapor just outside the surface, we specify what comes off
the surface but leave free what comes in from the vapor which is to be
determined from the solution of the problem.

With the boundary conditions incorporated, the problem is
closed. In principle, a solution can be obtained to the set of coupled
first order nonlinear ordinary differential equations. In practice, the
full nonlinear equations require numerical solution. Analytical solutions

can be obtained for the linearized problem.
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IV. THE STEADY PLANE TWO-INTERFACE PROBLEM

Plesset [19] first solved the problem of the flow of vapor be-
tween liquid suffaces using the continuum equations with boundary
conditions given by the continuum form of the Hertz-Knudsen formula.
In current mathematical terminology, the continuum equations give the
outer solution and the kinetic theory gives the inner solution. We shall
see that Plesset's solution provides a good guideline for the continuum
limit of the kinetic theory solutions which will be obtained using the
moment method.

An illustration of the problem is given in Figure 1(b). Surface I
is kept at a constant temperature TI’ surface II is kept at a constant
temperature TII with say TI < TII’ and a steady flow of vapor is thus
maintained from Il to I. We assume for simplicity that liquid is re-
plenished or taken away at each surface so that the surfaces are fixed
in space a distance { apart. We further assume that the surfaces are
infinite so that a one-dimensional problem can be considered. The
implicit assumption follows that whatever energy flux is required in the
liquid can be supplied. This appears to be a well-posed steady problem.
We note that the entire vapor flow field should be determined from the
assumed known boundary conditions at the liquid surfaces, Hence this
problem should be a stronger test of the theory than the single interface

problems in which an arbitrary condition at infinity is imposed.

4.1 TFeatures of the continuum formulation

For the one-dimensional steady problem posed above, the con-

tinuum conservation equations and the equation of state are
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(a) Mass conservation: pu = constant = PIr%yI

. 2
(b) Momentum conservation: p+pu = constant = Py + PrroT

2

. dT _ d"T
(c) Energy conservation: pucp == k ;;2—

(d) Perfect gas law: p = pRT . (4. 1)
Viscous effects, including dissipation, can be shown to be negligible,
We first note that, since pu = constant, the energy equation can be

solved for the form of the temperature profile.

ar _ _x &t _ ,dr 4.2)
dx pucp dXZ dx
x/6 "
T = ¢, (4.3)
where 6 = k is a length parameter and has the sign of u, which

puc
P
is negative for the problem posed. This is the form of the temperature

profile for the continuum problem, and the endpoints are pinned down
by the boundary conditions. Plesset [19] uses the continuum form of
the Hertz-Knudsen formula in which the assumption is made that the
temperature of the vapor at a boundary is the temperature of the
boundary. Plesset notes that under most continuum circumstances

|6 | « £, so the temperature field can be approximated by

-X

- |6
T = TII - (TII - TI)e . (4. 4)
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The temperature remains almost constant at the value of the hot side

up to a region with length of order |6 | where a transition occurs to

i

the cold temperature.

If the further assumption is made that the flow Mach number is

u

small, M =
'\/\/RT
p = constant + O(Mz). The equation of state and mass conservation -

|«1, then from the momentum equation

then give to first order

pT = pgTor s = = 5 e (4.5)

Prit1r

To close the problem, the continuum form of the Hertz-Knudsen

formula (2. 7) is’used.

RTI e
At x = 0O: Pr%p = > [pI— p(O)] ,

(4. 6)
RT
11 e
At x = £: P1rYyr 2’——2-;—- [p(e) - pH] .
Plesset's solution for mass flux,
e, e
e [RTg - (/)T Ty
pu = -pr [ == - : (4. 7)
14 ()2
1I

is of interest for comparison with the values obtained from the kinetic
theory treatment,

Since analytical results using the moment method can only be
obtained for the linearized case, it is instructive to consider lineari-
zation of the continuum egquations, In treating the single interface

problem, Shankar [24] showed that the plane problem is a singular
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perturbation problem. By considering the perturbation solution to the
continuum equations, he determined the proper scalings for the inner
and outer solutions. We can arrive at the same results by simple
considerations which clarify the nature of the solutions. We consider
a small perturbation from equilibrium. The temperature of one wall
is given a small perturbation and we expect the resulting flow Mach

number to be similarly small. Hence we take

T = To(l+eT(1)+...) ,
p = p0(1+€p(l)+.-.) s (4.8)
u = /RT, oy .y .

The only differential equation to consider is the energy equation (4.2).
The choice of distance scale determines the form of the linearized
solution. We have already seen that the natural scaling for the con-
:5}5 . Consider the length & from a kinetic theory

viewpoint. For spherical molecules with a Maxwellian distribution [4],

tinuum problem is

k ~ pe,, ~p/RT )\Cv . (4. 9)
Then
p/RT Xc
v A
5 ~ *—pﬁ?——— ~ Mt (4. 10)
P

If the energy equation is scaled with some length a, then the Knudsen

number Kn = % appears in combination with the Mach number,



aT _ o(]’_:n)é_z (4.11)
= M 2

where

S (4. 12)

If a = £, then we expect Kn «M or K_l\_r/;_ = QOfe}. In this case,

T(l) = constant and we recover the behavior that most of the continuum
temperature field is a constant. If a = §, then % =1 and we re-
cover the exponential behavior over the length 6 at the cold wall, Note
that this behavior matches with the previous constant solution to give

Kn _ 1 1

the exact solution found earlier. If a = ), then VY =0 (e—

)  Then
T(l) is linear in -ﬁ\—{ We have seen that the kinetic theory equations
are naturally scaled by A. Hence we should expect a linearized solu-
tion of the kinetic theory equations to give linear temperature profiles.
In order to match with the continuum solution, we must rescale the
equations as above so that x is scaled by %‘- from the cold wall, Thus
the kinetic theory equations on the scale of A should give inner solu-
tions near the walls with linear temperature profiles. The outer con-
tinuum solutions can be obtained by rescaling x with -} from the cold
wall,

One other observation can be made regarding the linearized con-

tinuum solution., In Shankar's work [24, 25], the heat flux is found to be

zero at first order. This at first seems curious since we might expecta
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significant heat flux when the continuum temperature changes in a thin

layer. However from Plesset's approximate solution (4. 4) we have

and u and any temperature difference are both O(e). Hence q = O(ez)

and the result of zero heat flux at first order appears to be consistent.

4,2 Llinearized solution using six moments

Linearized solutions for the steady plane two-interface problem
have been obtained by Sloat [26] and Labuntsov [8] using a six moment
method. As mentioned pre\;iously, in the continuum limit these solu-
tions give a nonphysical temperature behavior which will be clarified
subsequently, We have endeavored to 'determine if the solutions ob-
tained are consistent. Apparently both investigators failed to recognizé
the singular behavior discussed in the last section. However, as we
shall see, matching with the continuum flow field does not correct the
difficulty. Shankar [24] gives the linearized equations for both the
inner Knudsen layer region and the outer continuum region, so we
follow his notation.

Using the same linearization scheme as in the last section, we

take the parametric weighting functions as

n. :n(1+€N.+.oo) y

1 ] 1

T, = T (L+et+...) , (i=1,2) (4. 14)
u, = Vv Z'rrRTO (ev.1+...) .

The moment equations given in Appendix C can then be linearized. For
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simplicity in the resulting linearized equations, the following definitions

are convenient:

+ 1 2 - 1 2
‘c+ = t1+t2 . t =t1 -tz , (4. 15)
v+= 1+V2 R v_ =V1—V2
The linearized inner equations using the scaling x = % % are to first
order:
(a) ZN_ +t_ + 21rv+ = Cl ,
(b) N++t++4v_ = C2 ’
(c) 7t_ - ZN_ = 2C3 ’
d 2
(@) = [e2N_+3t_+2mv,]= F-v_ , (4.16)

dx

d _m
(e) g [5N+ + 10t+ + 24v_] =% [ZN_ - 7t_] ,

d = -
(f) -C—1-§[3N++6t++16v_]-— 7 2N_-t ] .

These can be integrated to give:

() t. =+CutC,exp(-T /3 Fp G4 exp(-f::’-_lf-az) ,
(b) V. =§-’— 5“[C4 exp(- 7 f—X)+C exp ( ,/—5;_)] ,
(c) N_:-Z—t -C;
(4. 17)
(@ =-c2+%£-§c3§ +c6]-fg—v_ ,
() N, = Cy-t_-4v_ ,

(f) v =E};Fcl—t_-2N_]
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The linearized outer continuum equations are obtained with the scaling

X —
n e ex from the cold wall

(a) 2N_(n)+t_(n)+2mv () = A ,
(b) N )+t (n)+4v () = 4, ,
() Tt_(n)-2N_(r) = 24, ,

@ v.in) =0 , (4.18)
d 2112 3
(e) E£5N+(n) + 10t (n) + 24v_(n)] = =5— u [5t (n) - N (n) - v_(n)]

+ constant ,
f) 2N_(n)-t_(n) =0 ,
where U, is the first order velocity and is negative since n = 0 is at
the cold wali. Equation (4. 18(e)) can be integrated to give the alterna-
tive equation:

2
(e) t.(n) = Ag+ Ay exp(5- unm) . (4.18')

The physical variables in linearized form are

p = p[1+€1N +v )i+l

pu: [G(N +%t +1TV )+.oo] ’
= - [1+e(—-N Fet +v )+
ST PO 2 2 + ’
_ < 1 1
Pyy = - po[}_ + e(‘ZN 2 t+ + ZV_) + . oo] b (4. 19)

1 1 4
p = pll+teaN +5t +zv)+...] ,

L
3

po.lRTo
= I —2-1_‘_—{6(71?_ -2N_)+...]

1
T = TO[1+E(-Zt++ V_)+.oo} ’ -
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We take an inner solution near each interface and an outer solution in
between and try to match.
Inner solution at cold wall at x = O:
use (4. 17) with constants C,.
Inner solution at hot wall at x = {:
use (4.17) with éonstants Di and replace x by (x - 1),
Quter solution:
use (4. 18) with constants Ai i=1,...6).

We use the matching principle

lim (inner) = lim (outer) at x = 0
.}-i- - o n - 0
and similarly at x = f., Requiring finite values, we obtain the

matching conditions

(mass flux constant) ,

G
S
1
O
i
W]

{(momentum flux constant) |,

2~ 72 2

(¢) A3 =Cy=D;=0 T (heat flux zero for finite inner value

in lim x — w; energy flux constant) |,
(d) C5 = D4 =0 (for finite inner values in lim x - w) ,

1
(e} —Cz+§ Cé- A5 + A4 (match temperature at x = 0) ,
1
() -DZ + T D6 = A5 (match temperature at x = L) .,
(4. 20)

With these matching conditions, the character of the outer continuum

solution can be established as follows:
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Combination of (4.20(c)) and (4. 18(c)) gives t_-2N = 0 ;
this result combined with (4. 18(e)) gives t = N_= 0 ;
from (4. 18(d)) v =0
A1
then from (4. 18(3)) V+=2Vl = Z'VZ = -2?1'. R
(4.21)

Hence the outer solution to first order is a Maxwellian translating with
the mean velocity, which is what we would expect from kinetic theory.
Note that the temperature and density can change on the continuum
scale due to second order deviations from a Maxwellian. To complete
the solution, the boundary conditions must be applied. If the hot

boundary is taken as the reference

(4.22)

then the boundary conditions for the linearized problem become

By - ap
At x =0: N, = —m—————==Ay , At x=4: N, = 0,
1 e 2
en
(4. 23)
T - T
tl = IT H:AG » tZ = 0 ,
fto
Vl = 0 s VZ = 0,

Application of these boundary conditions results in the equations:
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At x = 0
(a) 2N} =2C, - Cg+ -f(—)f*; C,+%C, = 24av ,
(b) 2t, =-C,+5C,+ fo: C,+C, = 286 ,
(€) 2v, =§1;[C1-8C4-3 Zcd=0,
At x = 1 (4. 24)
@ 2N, :ZDZ'éDé'\/%i; D, -3D, = 0 ,
1 6 )
() 2t; =D 45Dy~ == Dy-D; = 0 ,

1 51 -
(f) 2v, _E;[Dl - 8D, -3/ > D5] = 0,

The equations (4.24) and the matching conditions (4. 20) determine the

constants;:
8§+ 3 5;—
C1 z  — AV + AB) = 1.665 (Av + A8 ,
6 _5_1+_?.
™ 2 2
C2 = Av + AG ,
cl
C4 = D5 = —— (4. 25)
51
8+ 3 >
1+ 6
v 107
A5 ~ 5 7 (Av + A6) = 0.21015 (Av + AB) ,
%+ +
2 v 101
A4 = ZAG—ZAS = 1,5797 A6 - 0,4203 Av
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The physical variables of interest are mass flux and temperature:

C

——&———-—u = € 2—1 = 1——-—.2665 E(AV + Ae) » (4' 26)
pe RTH
u 2T
2

%—z 14 ¢ %[0.21015 (Av + A8) + (1.5797 A6 - 0.4203 Av)exp(E-u_n)] ,
II C
<
wher§ u, = 7 < 0 . (4. 27)

For reference we give the free molecular mass flux

(pu)fm

RTH

e ————————
Prid 2w

= c(av +346) . (4. 28)

It is interesting that the mass flux and end values of temperature are
the same as in Sloat's solution in which matching is not done.
Apparently, matching of the conserved constants of mass flux, mo-
mentum flux and energy flux determines the end values.

A comparison of the mass flux with Plesset's solution can now
be made. If Plesset's result for mass flux (4. 7) is linearized, the

result is

e(Av + AB) . (4.29)

Both expressions are proportional to the vapor pressure difference
(Av + AB). However the result above is larger than Plesset's by a
factor 1. 665, If Schrage's correction to the Hertz-Knudsen formula

(2.11) had been used in Plesset's theory, the result would be



—EI = c(Av + A6). (4.30)
- ,RTII
P11d 27
The factor of 2 in Schrage's correction just carries through. Hence the
present result (4.26) agrees qualitatively with Schrage's correction.

Accounting for the effect of collisions reduces the magnitude of the

correction from 2 to 1, 665.

As mentioned previously, two physically unreasonable solutions
are possible from (4.26, 4,27) depending on the magnitudes of Av and
A6 . First, it is possible that the continuum mass flux exceeds the

free molecular mass flux if
Av < 1,98 A6 .,

Secondly, the temperature at the hot wall can be below that at the cold

wall if
Av > 3,76 A6 .

In the literature, the ratio of Ay and A 8 has been called PB:

B = % . (4.31)

The equilibrium vapor density is a function of the temperature, and

Av and A0 are related for real liquids by the Clausius-Clapeyron

equation:
dp® L Lp®
ap_ - = =£_ (4.32)
aT T(’\r‘V - ‘V‘L) T

where L is the latent heat of vaporization. In nondimensional form,

e e e
dp /p _ Lo _ L (4.33)

dT/T ~ pe RT '
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For small but finite temperature changes, we have the approximate

relation

S N

P+l = =57¢ ®T - (4.34)

Some representative values of this latent heat parameter are given in
Table 1. It is apparent from Table I that the condition B > 3.76 is
usually satisfied. Hence the solution obtained indicates that the temper-
ature profile is always inverted. We believe this is physically
unreasonable, It would not seem possible for a relatively large temper-
ature jump to occur over a few mean free paths, Further, a large
temperature change over a few mean free paths is in contradiction of
the basic concept of temperatur.e.

An example is illustrative. Consider water at the boiling point

at the hot surface and the cold surface lower by 1°K. Then

L
- 373

Then from (4.27), the temperature in the vapor at the cold surface is

e AB = 0.00268, From TableI, B = 12,1 so ¢ Av = 0.0324,
0. 38°K above 373 OK, and the temperature in the vapor at the hot sur-
face is 1.380K£e_1£\_y 373°K. This clearly does not make sense. This
inverted temperature profile or ''negative temperature gradient' has
been reported in the literature for solutions by other methods [1, 12, 16],
However, rather than questioning the physical solution, those investi-
gators reported the solution as a new physical phenomena, We believe
that the inverted temperature profiles constitute a reason to strongly
doubt the theory.

We have examined the linearized solution and, with the matching,

the mathematical method of solution appears to be consistent, However,
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the physics indicates that there is a serious error in the solution. In
order to further check whether the linearization is the difficulty, a

numerical solution of the full nonlinear equations was attempted.

4.3 Numerical solution of the nonlinear moment equations

The one-dimensional steady plane two-interface problem is a
two-point boundary value problem. Using the six moment method, the
governing equations are six, coupled, nonlinear first order ordinary
differential equations. Three boundary conditions are specified at each
end. To solve this system numerically, an initial value problem
shooting technique is used with integration by a Runge-Kutta and pre-
dictor-corrector scheme. The two-point boundary value conditions are
satisfied by correcting an initial guess to the function values at the end
from which the shooting originates. Sloat [26] attempted the same
type of numerical solution but only treated the case =1, We have
improved upon his technique and have treated more relevant values of
p with the intention of answering the questions posed in the last section.

The moment equations given in Appendix C can be written in the
matrix form

! '

Ay = G, = G (Lj=1,...,6) , (4.35)

Aijyj i

where prime denotes differentiation with respect to x and the Yj are
the unknown parametric functions. Sloat [26] has already written the
nonlinear equations in this form and we use the same equations. The
equations in this form are given in Appendix D. By matrix inversion,

the system of equations can be written as
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y = ala=1. (4. 36)
In this form, the equations can be integrated by any standard technique
for ordinary differential equations such as a Runge-Kutta method. Note
that the matrix inversion must be carried out numerically at each step
of the integration, As an integration technique, we have used the
Adams-Moulton predictor-corrector method combined withthe standard
fourth order Runge-Kutta method [2]. The advantages of the predictor-
corrector method over the Runge-Kutta method are that less function
evaluations are required and the accuracy versus step size is better
(so that large step sizes may be used). Both advantages save computing
time which is important here because a large number of iterations may
bé required for convergence. The Runge-Kutta method is necessary to
generate the starting values for the predictor-corrector.

A variable step size is incorporated to allow control of the
error at each step. In this way, we have some assurance that the
integration maintains some consistent overall accuracy., The procedure
for variable step size with error control is as follows:

1. Some error bounds, ERRMAX and ERRMIN, are specified
by the user as well as an initial stepsize h. For example, ERRMAX=

5 ERRMIN=10"% and h=0.o01.
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2, The integration begins with the Runge-Kutta method.
Consider just the first step.
a) The Runge-Kutta integrates from 0 to h,
b) The step size is halved and the Runge-Kutta integrates

from 0 to h/2 and then from h/2 to h.



d)

f)

117
The values at x =h from (a) and (b) are compared to
compute a relative error, ERR.
If ERR > ERRMAX, then sufficient agreement has not
been obtained. The step size is halved and the proce-
dure started again at x = 0.
If ERR < ERRMIN, then computing time is wasted be-
cause the step size is too small. The step size is
doubled and the procedure started again.

If ERRMIN < ERR < ERRMAX, then continue.

3. A similar procedure as in (2) is continued at succeeding

steps until three steps are generated with the same step size h,

4, With three previous steps determined, the predictor can

integrate to the next step. The corrector then computes a correction

at this step.

The values from the predictor and corrector are then

compared to compute a relative error, ERR.

a)

If ERR > ERRMAX, then the step size is halved and the
Runge-Kutta routine is called to generate three more
steps. The predictor-corrector then starts over with
these three new values,

If ERR < ERRMIN, then the predictor-corrector is
continued until a sufficient number of points are
obtained to switch over to double step sizes. The step
size is then doubled and the predictor-corrector
continued.,

If ERRMIN < ERR < ERRMAX, then the predictor-

corrector continues,
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5. Some arrangement must be made to hit the terminating end

exactly.

This procedure has been found to be very efficient for this problem.
However, the user must be careful to choose ERRMAX and ERRMIN of
sufficiently different magnitude to avoid getting stuck in a loop which
halves and doubles step sizes over and over.

The integration procedure outlined above is appropriate for an
initial value problem in which the boundary conditions at x = 0 are
known., For a two-point boundary value problem, an initial guess must
be made to the solution at x = 0, The results of the subsequent inte-
gration at x = £ can then be compared to the given boundary conditions.
Iterations on the guess at x = 0 must then follow until convergence to

a solution is achieved. In general, the boundary conditions can be

written as

At x=0: g(y(0)) =0 , At x=1f: g (y(£) =0 ,
S ~IS (4.37)

where 81 and g1 represent three equations each for a total of six
boundary conditions. For the given boundary conditions, however, the
parametric functions Yj are uncoupled in the boundary conditions, so
the conditions at x = 0 can be exactly satisfied by the guess s. The
satisfaction of the boundary conditions at x = £ is then equivalent to

finding the root s of three coupled nonlinear "algebraic'' equations

gnqunm = 0 . (4.38)

~
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The functional character is obviously very complicated because a nu-
merical integration is required to define the functions. Nevertheless,
the numerical technique of solution is the same as if there was a
system of three coupled nonlinear algebraic equations.

The classical method for solving a system of nonlinear algebraic

equations,

f.(x) = fi(xl,...,xn):O i=1,...,n) , (4.39)

1~

is the Newton-Raphson iteration. Given an approximate solution §(k),

we seek the corrected solution x(k+1) ~( ) + 6x (k). Taking a
(k)

Taylor's series expansion about x ', we seek

L(k+1)

£ (x yox." 4., = 0 . (4. 40)

)= f.(x

Neglecting the higher order terms, we obtain the correction 650() by

solving the linear system

£ ™)y W e ) g (4. 41)
i ij j
where
af,
5 00 2 ),
i] axj ~

is the matrix of first derivatives evaluated at E(k). For a complicated
functional behavior, the first derivatives can be approximated numeri-
cally by considering ''sufficiently small" increments in each variable.

For example,

3 fZ(XI (k) tAx,x Z(k), cons xn(k)) - fz(zi(k))
Joq = A . (4. 42)
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This iteration does not always succeed and a common modification is to

scale the correction as

Do) () (4. 43)

where the number )\* is generated by some scheme which optimizes
the correction. We used both of these methods but still had difficulty in
obtaining convergence. Satisfied that these schemes were insufficient
alone, we resorted to a hybrid method due to Powell [20]. This method
combines the previous methods with a method of steepest descent, For
further details, the reader is referred to Powell [20].

The final consideration is how to generate Fthe initial guess. The
- free molecular solution provides a known solution from which to start,
Alternatively, we have found that the linearized solution of Sloat [25]
provides a good enough guess for Kn = 1. The procedure then 1s to
decrease the parameter Kn, using the solution to the previous Kn as
the next initial guess. In this way, a reasonable first guess is obtained,
Note here that Kn = = so that if distance is scaled by mean free path,

£
x = x/\ then the integration is over a distance X = { = I%r—f

4.4 Results of the numerical solution

The numerical study was initiated with the intention of checking
the full nonlinear theory in the continuum limit., In principle, the
numerical solution can be obtained for the six nonlinear first order
ordinary differential equations with the six boundary conditions. How-
ever, we have found that in practice there are some difficulties which

could not be overcome with a straightforward approach.
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The difficulty with convergence was briefly mentioned in the
last section. The criteria for convergence is a requirement that the
sums of the squares of the errors (SUMSQ) for the three boundary
conditions be less than some specified value ACC, All calculations
were done in double precision. Usually, the modest requirement
ACC = 10"8 was used, which roughly means that we accept lO'-4 to be
"zero'', The difficulty with convergence increased as the Knudsen
number was lowered in attempting to approach the continuum regime.
The example in Table II is representative of the difficulty, We see
that, when the solution converges, it usually does so with the quadratic
convergence characteristic of Newton's method. The verjr slow
improvement in the solution is apparently the method of steepest de-
cent portion. Clearly, this difficulty with convergence prevents
obtaining any conclusive results regarding the continuum limit,

Another numerical difficulty is that the solutions have an expo-
nential character, Relatively small changes in the initial conditions
result in large changes in the solution. By using Kn as a parameter
as mentioned in the last section, we were always able to stay close to
a solution as Kn was decreased. The limiting factor is always con-
vergence., The exponential character presents another difficulty, To
approach the continuum limit, the integration must proceed over many
mean free paths. To test the numerical stability of the equations over
many mean free paths, the conditions for a uniform gas were specified
as the initial conditions. There should be no changes in this case. How-
ever, it was found that small numerical errors grew to significant

errors in less than 20 mean free paths. This behavior occurs



122
regardless of the direction of integration with respect to the mean flow,
Therefore, the calculation of the continuum flow field is not possible
using this approach. This instability could be a factor in the difficulty
with convergence described earlier.

While conclusive results could not be obtained for the continu-
um regime, the solutions obtained indicate support of the linearized
theory. The linearized theory of Sloat should be valid for Kn =0O(1).
The numerical results verify this., Departures from the linearized
theory occur as Kn approaches 0.1. The numerical results also
indicate that the objectionable results in the linearized theory are not
just a result of linearization. For f =1, the mass flux exceeds the
free molecular value for Kn = 1/6. For B = 12, inverse temperature
profiles result for all Kn for which solutions could be obtained. While
temperature changes do not have physical meaning over a few mean
free paths, the trend of the solutions shown in Figures 2 and 3 indicates
that as Kn is decreased, the solutions approach the end values given
by the continuum limit of the linearized theory of Section 4.2, For
comparison with Figures 2 and 3, the end values for temperature from
(4.27) are

At x = 0 T +0, 0073 ,

(4. 44)
-0.0137 .

At x = 1 T

The conclusions from the numnerical study are as follows:
1. For suitably small changes in temperature, the nonlinear
solution agrees with the linearized solution for Kn = O(1).

2. Numerical solution of the continuum problem is not possible
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using a straightforward approach. Therefore, definite conclusions can-

not be stated regarding the continuum limit.
3. The trend of the numerical results indicates that the in-

verted temperature profile is not merely a result of linearization.

Finally, we note that a possible approach to the continuum problem is
to use the numerical solution indicated in this section as an inner solu-
tion near the interface and numerically match to an outer continuum

flow field.

4,5 Conclusions from the moment method solution of the steady

plane two-interface problem

A result of the continuum limit of the linearized solution is that
inverted temperature profiles occur if the latent heat parameter
satisfies the condition B > 3.76., For real liquids under most con-
ditions, the condition B> 3,76 is satisfied and usually p ~ 10. We
believe the result of inverted temperature profiles is unphysical and
therefore we question the theory.

The Maxwell moment method as developed by ILees appears to
be able to describe the transition from the free molecular regime to
the continuum regime. The linearized six moment solution appears to
be consistent, The numerical study lends some support to the linear-
ized solution, although nothing conclusive can be stated with regard to
the continuum limit, Therefore, the difficulty appears to be in the
fundamental theory and not in the method of solution.

Assuming that the formulation and solution are mathematically

consistent but physically incorrect, we can question two fundamental
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physical assumptions. First, is it possible that the steady problem
with a fixed temperature difference between the two walls is not well
posed? We do not have an argument which would indicate that this is
the difficulty., However, further study of unsteady problems may be
justified in order to answer this question more convincingly., Secondly,
is it possible that the usual boundary conditions are incorrect? We
believe that this assumption is not well justified and is probably the
source of the difficulty. Before questioning the theory further, it is
useful to consider the results of other investigators in light of the
objections raised. In the next chapter, a brief review of related work

is presented.
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V. THE CONSIDERATION OF RELATED PROBLEMS AND

SOLUTIONS BY OTHER METHODS

Physical objections were presented in Chapter IV to the solu-
tions obtained to the steady plane two-interface problem by a six
moment method. In this chapter, solutions in the literature to both
this problem and related problems are discussed with respect to the
aforementioned objections., No attempt is made here to examine the
details of these solutions. Rather, the results are compared to the

results of the six moment method which we have examined in detail,

5.1 Sclutions for the steady plane two-interface problem

Sloat [26] and Labuntsov [8] have treated this problem with the
six moment rﬁethod as mentioned previously. Sloat obtained the same
results at the boundaries as found in Chapter 4. Labuntsov apparently
finds the same solution although he does not give the temperature
profile explicitly. Neither author notes the unusual temperature pro-
files, apparently due to their primary concern with the mass flux,

Pao [16] solves the problem using the linearized Boltzmann
(BGKW) equation. He notes the inverted temperature profile, calling
it a "megative temperature gradient'. According to his solution, this
effect occurs for B > 3.5 which agrees favorably with the result from
the moment method of § > 3.76. Pao notes that usually > 3.5 is
satisfied except near the critical point where the theory breaks down
anyway. He does not question the theory although he finds the physical

result surprising, Matsushita [12] solves the linearized BGK equation
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numerically. He finds the critical value of B to be 3. 75 and reports
the unpublished result of Sone and Onishi to be 3. 77. He notes that the
mass flux exceeds the free molecular mass flux for f < 2, which is in
agréement with the result from the moment method. Cippola et. al [1]
obtain similar results using a variational formulation of the BGK
equation. Neither Cippola nor Matsushita questions the physical result.
It appears that the inverted temperature profile is a consequence of the

theory and not of the mathematical method of solution.

5.2 The steady plane single interface problem

A refined treatment of the steady plane single interface problem
was first attempted by Schrage [23]. He used the three conservation
equations in a method similar to f:he moment method., The choice of
distribution function is now critical since only one degree of freedom
is allowed. Apparently Schrage's choice of distribution function was
poor because the solution differs greatly from more recent treatments.
Ytrehus [28] revived Schrage's simple approach but chose a 'better"
form of the distribution function. His results agree well with those
from other more elaborate techniques. He clarified the concept which
Schrage had used that only one parameter at infinity (say pressure)
determines the solution, given the liquid conditions. This apparently
is a result of requiring a uniform gas at infinity. Ytrehus concludes
that the solution is ''of a one-parameter nature, independent of the
collisional dynamics' (i. e. depends only on the conservation equations).
Temperatures at the interface are not given.

It appears to the present investigator that the consideration of a

single interface with a uniform gas at infinity just obscures the
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difficulty encountered in the two-interface problem. In the two-inter-
face problem, the state of the gas outside the interface is determined
by the conditions at the two interfaces and is not of a one-parameter
nature. Thus if the single interface solution is taken as the inner
solution at each boundary, the problem would appear to be over-
specified. To clarify this point, we consider the Ytrehus model as the
inner solution at each boundary., At the first boundary we specify the
temperature and vapor density. The choice of one parameter "'at
infinity', say the pressure, then determines the solution. Because‘
only conservation equations are used and the conserved quantities are
constants for a steady problem, we can cross over the continuum flow
field to the other boundary. With the vapor conditions already deter-
mined, we can only specify one parameter in the liquid, say the
temperature, The equilibrium vapor density is then determined. The
solution obtained in this manner has a flat (constant) temperature pro-
file in the continuum field and thus corresponds to the critical condi-
tion between inverted and non-inverted temperature profiles. For low
Mach number, the result of the calculation described above is that the
flat profile can only exist for p = 3,78, This is the same result
obtained previously for the critical value of §.

Muratova and Labuntsov [15] have extensively treated the steady
single interface problem. They have used 6 and 8 moment methods as
well as the linearized Boltzmann equation, The vapor conditions at
infinity were assumed known rather than of a one-parameter nature.
The solutions obtained by the different methods are all similar and

exhibit inverted temperature profiles for B> 3.,7. This behavior is
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explicitly shown in a figure, However, they report this behavior as
"a new physical effect, accompanying processes of vaporization and
condensation' in which the vapor at a boundary may be ''superheated
and supersaturated'',

Ytrehus also performed some effusion experiments through a
porous wall to simulate the usually assumed boundary conditions for
evaporation. The experimental results agree well with his one-
parameter solution. Thus there is some experimental verification that
the kinetic theory solutions do correspond physically to the usual
boundary conditions. However, evaporation from a liquid need not be

identical to effusion.

5.3 The unsteady plane single interface problem

The unsteady single interface problem has been treated by
Shankar [24] using a linearized six moment method., The time de-
pendencek was treated using the Laplace transform tecﬁnique. For
large time (continuum), the mass flux was found to agree approximately
with the Hertz-Knudsen formula, being somewhat lower in magnitude.
This agreement with the Hertz-Knudsen formula rather than with
Schrage's correction is apparently due to the lack of a mean flow at
infinity. Unfortunately, the temperature at the interface is not given,
However, in his quasi-steady analysis, the same mass flux is found
and the temperature is available from his solution. The profile is not
inverted but can have a very large jump at the surface. The unsteady
problem has also been solved numerically by Murakami and Oshima
[14] using 2 Monte-Carlo technique. They note that inverted tempera-

ture profiles occur for B > 3.5.
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5.4 The steady spherical droplet in infinite vapor

The present interest in the spherical droplet problem is concern
with the singular nature of the plane geometry. The spherical droplet
has been treated by Shankar [24] and Sampson and Springer [22]. How-
ever, a discrepancy between the two exists as to the basic equations.
No attempt has been made here to resolve the discrepancy. We only
point out here that both solutions are physically objectionable. Sampson
and Springer find a continuum mass flux at the surf;ce of the droplet
which is always double the free molecular mass flux. This would
appear to be physically unrealistic and is an indication that they have
probably made an error. Shankar finds that the continuum mass flux
at the surface of the droplet is the same as the result for the plane
case. However, if we use his equations and consider flow of vapor
between an inner droplet and an outer sphere of liquid, then once again
inverted temperature profiles are obtained. It appears that the diffi-
culties with the plane case are not merely due to geometry. However,
due to the unresolved discrepancy between the equations of Shankar and

those of Sampson and Springer, nothing conclusive can be stated.
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VI. DISCUSSION

In the course of this study on the kinetic theory of evaporation
and condensation at an interface, objections to the theory have been
raised questioning the physical validity of the solutions. The following
two premises have been assumed in this study:

i) The free molecular mass flux is a maximum for given

boundary conditions,

ii) Inverted terﬁperature profiles, in which the temperature of
the vapor at the hot interface is lower than the temperature
of the vapor at the cold interface, are physically unreason-~
able.

We have found that the first premisé is satisfied for real liquids, al-
though some investigators have found otherwise, However, inverted
temperature profiles have been found to result from the current theory
for all real liquids. Because other investigators have not questioned
these results on physical grounds, a defense of rthwemai.vbove premises
appears necessary.,

The free molecular mass flux between two liquid surfaces is a
result of the net exchange of molecules without any collisions. When
collisions occur, what would be the effect on the net mass flux? The
answer must be that the net mass flux is reduced, not increased. To
imagine the situation, consider the liquid surfaces originally less than
one mean free path apart. Now move the surfaces apart until they are
separated by thousands of mean free paths. The effect of thousands of

collisions must be to reduce the net transport,
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The idea of the inverted temperature profile must appear ri-
diculous io one familiar with the concepts of continuum fluid mechanics
because continuity of temperature is usually assumed at a liquid-vapor
interface in continuum mechanics, However, the concept of 'tempera-
ture slip' or a temperature jump at a boundary is well known in rare=-
fied gas dynamics. In kinetic theory, ''continuum!' means that locally
the distribution function is Maxwellian, If strong disturbing influences
are present so that the distribution function deviates from a Maxwellian,
then the assumptions of continuum mechanics break down., This may be
the case at a liquid-vapor interface under highly nonequilibrium condi-
tions, A transition to continuum flow occurs in a layer near the inter-
face a few mean free paths in thickness (the Knudsenlayer). The
temperature at the edge of the Knudsen layer may then not be the same
as the temperature of the liquid. Thus on the continuum scale there
appears to be a temperature jump (surface shock [6]). We do not object
here to the concept of a continuum temperature jufnp at the interface,
We only question the possible magnitude of such a jump. How can it be
possible that the temperature jump at an interface is larger than the
temperature difference between the two interfaces (see the example on
p. 30)? We do not believe that such relatively large changes in
temperature over just a few mean free paths are physical., We stress
that such changes are in contradiction of the basic physical concept of
temperature,

Because of the resulting inverted temperature profiles obtained
for all liquids, we have questioned the current theory. The conclusion

of this study is that the various methods of solution appear to be



132
consistent so that the difficulty is of a fundamental nature in the state-
ment of the problem. The problems considered seem to be physically
well posed. Hence the only questionable assumption remaining is the
assumed boundary condition for particles emitted from a liquid surface.
In the present study, no attempt has been made to review the literature
extensively for evidence of experimental support of the usually assumed
boundary conditions. We are not aware of any strong support for these
boundary conditions under continuum conditions., The majority of
experiments have sought to measure the evaporation or condensation
coefficients using the Hertz-Knudsen formula [5, 13]. These experi-
ments do support the form of the Hertz-Knudsén formula., Note that the
existence of non-unity evaporation and condensation coefficients for
some liquids does not change our conclusion since we need only con-
sider a liquid for which these coefficients are unity.

The conclusion that the usual boundary conditions are probably
wrong has not been reached casually, as evidenced by the present
efforts to find a flaw in the method of solution, This conclusion ap-
pears to be the only logical choice. It would be helpful to understand
the nature of the difficulty imposed by these boundary conditions. One
simple explanation which must play a role is the following. The
equilibrium vapor density increases exponentially with temperature,
but the perfect gas law prescribes that density is the inverse of
temperature with constant pressure., For the two-interface problem,
the pressure is constant to second order in Mach number. It thus
appears that the high equilibrium vapor density from the hot liquid

causes the vapor density at the interface to be relatively high, and thus
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the temperature must be relatively low. The density appears to be the
controlling factor.

The basis for questioning the boundary conditions has been
established. The next step is to examine alternative boundary condi-
tions., The fundamental assumptions underlying the usual boundary
conditions are that what is emitted from the liquid is a function of the
state of the liquid and not of the state of the vapor or of the net trans-
port of mass, momentum and energy. Alternative boundary conditions
must be formulated by relaxing some of these assumptions but must
remain plausiﬁle. Fiszdon [3] has also questioned the usual boundary
conditions and has suggested an alternative formulation which accounts
for the energy transport in the liquid. Another plausible alternative
has been suggested by Prosperetti [2 1]. He suggests that in the continu-
um case the mean flow may affect the emission from ti—céiiiquid in such
a way that the Maxwellian is shifted. In this case, it is possible that
the correction of the Hertz-Knudsen formula for mean velocity is of
first order in M;chnumber rﬁather than the factor of 2 found by Schrage
using the usual boundary conditions., Other plausible formulations are
possible,

As to future work toward solving the problem of evaporation and
condensation at a liquid-vapor interface, the following investigations
are suggested:

1,  The only possible difficulty with the kinetic theory'methods
is with the approach to the continuum limit. Further thought should be

given as to the validity of the current methods in this regard,
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2. Experimental results in the literature should be reviewed
to determine whether the usual boundary conditions are supported or
not. Assuming lack of support will be found, known experimental re-~
sults should be established to serve as guidelines for any new plausible
boundary conditions.

3. Plausible boundary cohditions should be tested using the
current methods to check whether reasonable results are obtained for
real liquids.

4. Critical experiments must be designed and performed to
establish the proper boundary conditions and to serve as the ultimate

test for the theory.
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APPENDIX A

Kinetic Theory Definitions

In the following, the integrals are over all of velocity space, the parti-

cles are of identical mass m, and cartesian tensor notation is used.

1.

The density is given directly from the definition of the velocity

distribution function f(r,£,t) as

A~

o(r,t) = m Sfdg )
Mean velocity:
m 3‘ £fde

B = T

The particle' velocity relative to the mean velocity, or intrinsic

velocity:

c = £-u .
o [l b
The stress tensor is defined in terms of local momentum exchange:

Pij = -mSciijdé .

Pressure:
1 1 2
p(r,t) = -3 P, = mS 5cfde .
Temperature is defined in terms of local kinetic energies:
m S £ cPrat

Tt = g :
—2- P(,{) )

where R 1is the gas constant,
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7. Heat flux vector:

2
awt) = mfef g

8. With the above definitions, the perfect gas law holds:

P = pRT
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APPENDIX B

Common Integrals in Kinetic Theory

Maxwellians

Integrals of the following general form occur:

® n -axz
In(a):S X e dx |, a> 0 ,
o
oo
. -ade “l(l)l/z
o € * =73 !
o
> -ax‘2 1
Il = 5‘ xe dxzz-é— .
o

Further integrals can be obtained by differentiating with respect to ‘'a!

under the integral:

R L
2 da"4a(a) '
A S

3 da 2aZ

etc.

Maxwellians translating with a mean velocity u

With the change of variable, n =¢ -u ,
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Integrals of the following general form occur:

2
©
J . B) = § noe dn ,
-u

2

X il }
J =§ e P dn=@[1+erf(—‘i)] ,
o 2 > \/—

el p

© o -
Jl = ‘g‘ ne ﬁ dn = g e ‘3 .

-u

Further integrals can be obtained in a similar manner as above.

Note the recurrence of the two groups

1 + erf(=) ,
/B

=
1

-a
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APPENDIX C
The Six Moment Equations for Steady Plane

One-Dimensional Flow and the Physical Variables

The distribution function assumed is given by (3.4). The following
definitions are convenient due to the recurrence of certain functional

forms (see Appendix B).

51 :.ZRT1 s (32 = ZRTZ ,
: Y 2
E, = lteri(=) , E, = l-erf(=) ,

e, B,

2 2

g 2

B, B

_ _ 2
X1 = e . | Xz = e .

For the steady plane one-dimensional case of Figure 1(b), the Maxwell

integral equations of transfer take the form

; R
= S f£,0d = AQ .

The conservation equations with AQ = 0 are as follows:

Q =m (Mass conservation)

. B E
?& [nl(ulEl +/ﬂ-—1 Xl)+n2(u2E2 - “T;'Z"XZ)] =0 ,

Q= mgx {Momentum conservation)

B [B B p
d—%[nl{(-zl+u§)El+ul —T;l-Xl}+n2{(—22—+ ug)EZ-uzf-E- X} =0,
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mgz (Energy conservation)

Q=

o) i

d%[nl {(—;—-ulﬁl + u:;i)E1 + (2{31 + u?) Xl}

B
+ n, {(%uzﬁz-i-ug)EZ - (2{32+u§),/-—1§ X} =0 .

The conserved quantities in brackets are thus constants, and it is

convenient to designate the bracketed terms as such

S8l =0, B, = mass flux ,
E%:{ZBZ] =0 , B, = momentum flux |,
d = = s

3-52{433] =0 , B, = emergy flux .

These definitions simplify the form of the remaining moment equations,

1
Q=% mgxg 2 (Heat flux equation)

[n(4£31+4u 61+u)E +n( 1‘3)\/—

5 2 2 4 3 7 /B2
+ nZ(Z [32+4u2(32+ uZ)EZ -nz(uz—.—z-uzﬁz) — X

4
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d 33 2. /B
T + 59 BE) + 0B +uy)/ = X

> g
+ nz(u?z + %uzﬁz)Ez - 0By tuy ) ?2 %]

2p
-§- [Znu - ZBZ + > (nlﬁlE + nzﬁzEz)] ’

B
L (4;314-3;31 24l DE, +n @ 5u1[31)/-;T—1- X,
' 4 35 P,
+n (4(32+3[32u +u2)E2-n2(u2+-2—u2{32) = XZ]

1
:25—{ [B, + 3,8, E; + n,B,E,)] - 2B,
IE NE
+ )Py (@) Ey + = X))+ 10,8, (,E, - %) .

The physical variables follow from the definitions in Appendix A.

Densit_y

Mean velocity
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Normal stresses

1 P12 /By
Pex = ~zmo{lz+ullE) +u,/ == X}

B /B
‘%mz{{ig"‘ug] E, -y, ?rg' X3+ mu’

_ _ 1 1
Poy = Paz = - gm0 BBy - gmmBE,

Pressure

/B
-élg-m.nl[(u? + -'3—;31) El tu, —17—1- Xl]

p =
2 [(wi+32p,) E /EZ‘-X] L mnu?
zmnpllup +56;) By ~uy = Xpl-gmnu
Temperature
_ P
T = mnR ’
Heat flux
.1 5 3 2 .2 /51
q, = Zmnl{- [-Z(u -uy)By t (u - U’l) ] E1+[2[31+u1+3 (u-uul)] ?Xl}’

B
mn, {[-g—(u -, ){32+ (w-u, )3] E2+ [2{32+ ug +3 (uz- uuz)]EXZ }.

AN
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APPENDIX D
Matrix Form of the Moment Equations

Used in the Numerical Solution

The same notation is used as in Appendix C,

The matrix form of the moment equations is

AE ) = G
where
y; =1y Vg = Dy
Y2 7% s T Y2
y; = By Yo = By -

The elements of A and G are given below for each moment equation
used. The equations have been nondimensionalized with reference

values B, To as follows:

n, = n/n -,

T, = uw//RT, , (G=1,2)
By = B/ RT, .,

3? = x/x N
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The overbars have been dropped for convenience in the following,

Q=m
/By /B
A = wWEi+/S 7 % Ay = WE -/ X,
A = mE; Ay = D,E,
1 o 1 %2
AL = = X, A, = -+ 2 x|
13 2 ‘/"_‘31 1 16 2 @ 2
G, = 0
Q= mgx

>
3V}
et
!
NP
+
C.
E
-+
HC«'
HN
5>
]
l\T'm
n
+
s:.‘
[NV o)
H
l
S
3
(8%

24

B
&S]
o
1}
l
oo
5
’c?
N
N
1]
o
5
™
=
~N
3
1]
s
Nv

25

26
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2 3 [B 2
ulEl(ul-i-zﬁl)-l- —X (ﬁl-l-ul)
2 1 /B
3n1(u1 El + E +u X )
3 /‘31
2 3 /B, 2
(W, +3 By) =V = X,(By + 1)
2 ] / B>
3nyluy By + 5 BE; -, [/ X;)
3 /B3
70 E, -/ X))

J2n . 2 1 1
3 n(2nu - ZBZ t 5 nlﬁlE + 5
/By
PrioEy+ /5 %0
B

p

ny(ag By o+ gJ-;r-l—Xl) ,
/‘32

ﬁz(uz 2~ -_— Xz) s

2BE,

3 [P
n,(LE, -5>J +— X5
- G ®

n2;32E )



149

G BT+ 4u] By +uy)E) + (o] + %ulﬁl)@ X
n [4(2u, B, +w)E, + (6B, + 4@‘)@ x,1 ,
n)[G By + 4u)E) + du) \/—'iz ST

Gl vad e, e, - 02+ duey /2 x,
n,[4(2u,B, + u‘;)Ez - (6B, + 4u§)/_i—2— X1,
n,[(5 B, + 4u3)E, - 4u, ‘/iz X1

-V 81
3

n[ZB3 - u(B, +n, B, E, + nzﬁZEZ)] .

3 2 2 4 3 5 /B
(;}-_;314-3111 ﬁl-i-ul)El-i-(ul«i—-z-ulﬁl) . Xl ’

p
nl[(4u‘;‘ + 6B E, + 4(u‘;‘ + B -;rl- X1

B B
3n1[(-zl+ui‘)El +u, /T} x,1 ,

2 2 4 3 5 /B,
éﬁz T3up By tWIE, - (uy 5B — X,

3

n,[(4us + 6B, )u,E, - 4(us + By) / =2 %],
g /B

30, [ (5= *“?)Ez o) -1?2- X1

1 1
-V 2Zn n[ZB3 - U.(BZ + anﬁlEl + ZHZﬁZEZ)

B /B
- %nlﬁl(ulE1+\/ '771' Xy)- %nzﬁz(quz‘ 'EZ'XZ)]'
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TABLE I
Substance T(°K) L(m®%/sec?)x10"® B+1= 'R'LT
Water 273 2.50 19.8
(M=18) 300 2. 436 17. 6
366.6 2.274 13, 4
373 2.26 13,1
Ethanol 273 . 920 18.7
(M=46) 351.5 . 855 13.5
Hydrogen 14, 44 . 454 7.6
(M=2)
Oxygen 55, 56 . 246 17.0
(M=32) 100 . 203 7.8
Sodium 400 4,49 31.1
(M=23) 1000 4,02 11.1
Argon . 87.4 .35 19.3
(M=40)
CCl, 349.8 . 194 5.3
(M=80)
2
8310 m
Note R = Vi 55
sec K
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TABLE I
Example of convergence behavior for e A6 = 0,01, ¢ Av = 0.12,

The initial guess for each succeeding Kn is the previous solution.

Kn Iteration SUMSQ
1 6 .29 x107°
7 .54 x 10713
1/2 6 .19 x 1074
7 .16 x 1078
1/4 15 .76 x 1074
32 .48 x 1072
35 .16 x 1077
36 .30 x 10711
1/6 12 .70 x 1077
30 L1l x 1073
33 ,10x 107°
34 .19 x 1078
1/8 10 .34x 107
20 .56 x 1074
40 .42 x 1074
60 36 x 1074
100 .15 x 1074
118 L10x 1074

terminated
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(a)

COLD EHOT
(b) I $x>0 | €4<0 AR
nI énn

X ”

7

X'—’O x:ﬁ

Figure 1. (a) Diagram showing regions I and II determined by the
"line of sight” from an arbitrary point P,
(b) Diagram for the plane two-interface problem showing
regions I and IL
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COLD TEMPERATURE HOT
0.0 —
FH i \-
-0.01 -
BENSITY
0.0 —
= e
FH
b T -
-0.12 -
VELOLITY
~0.045 - —
FM L s
-0.085 -
0 1 2 3 4

DISTANCE IN MERN FREE PRTHS

Figure 2. Results of the numerical solution of the nonlinear moment
equations for Kn = 1/4 showing normalized deviations of
the physical variables from the values at the hot side,
Cold side: (TC - TH)/TH = -0.01, p=12.
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COLD PRESSURE HOT

I ¥ T

0.0 — -

FH

~0.13 - -

L. i !

HERT FLUX

4 T

FM -
0.015 - -

0.0 -
0 i 2 _ 3 Y
DISTANCE IN MEAN FREE PATHS

Figure 2, (Continued)
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COLD TEMPERATURE HOT
0.0 - -
FM E -
-0.01 +

DENSITY

0.0 | | -

FH | T

b -

-0.12 - ~
VELGCITY

~0.0US —~

FH L J

-0.055 -

0 1 2 3 4 S 6

DISTANCE IN MEAN FREE PATHS

Figure 3. Results of the numerical solution of the nonlinear moment
equations for Kn = 1/6 showing normalized deviations of
the physical variables from the values at the hot side.

Cold side: (T - Ty;)/ Ty = -0.01, p =12,
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COLD PRESSURE HOT
0.0 + 4
FH |- ]
pom -
~0.13 - -
HERT FLUX

FH ¥ i |3 T ]
0.015 ~ -
] — ]
0.0 -
0 1 2 3 y 5 6

DISTANCE IN MEAN FREE PATHS

Figure 3. (Continued)



