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Measurements have been made of the perturbation magnetic
field in front of a semi-infinite Rankine body moving parallel toc a
uniform fmpressed magnetic field in a c:cm«:iucéing fluid, The purpose
of these experiments was to investigate the so-called upstream wake
eifect which has been predicted by theory. It is believed that these
are the first experiments in which the upstream wake was observed,
Although the wake was found to exist as predicted when the Alfvén
nurnber is greater than one, its decay behavior was remarkably
different from that which was predicted. The golutions for infinite
medivm predicted that in the wake the perturbations should decay
inversely as the distance from the body., However the experiments
showed that the perturbations decayed exponentially. It was {inally
shown that this change in the decay behavior was an effect of the walls

and the conducting material surrounding the fluid.
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I. Introduction

#ras,

This paper presenis the results of experiments on the flow

of a conducting fluid, mercury, over a semi-infinite body in the presence
of a parallel applied magnetic field. The geméml problem of the {low of
s conducting fluid over 2 body in the presence of an applied magnetic field
has been studied theoretically by many authors. Chester {1) studied the
sphere for low Heynolds numbers and low conductivity, Greenspan and
Carrvier (2) studied the flow over a flat plate, Stewartson (3) studied

flows in which the conductivity is infinite, Van Blerkom {(4) and

Gourdine (8) have found fundarmental solutions, and Lary (6) and Tamada
{7) studied two-dimensional infinite Reynolds number flows. The most
interesting result frow these theoretical investigations was the prediction
of the existence of an 'upstream wake' under certain conditions., The
mechanisn for the production of this new wake is the propagation of
Alfvén waves which carxy both vértis;ity and current., %When the
sropagation speed i greater than the body speed, then wakes are formed
both upstream and downstream of the body and when the propagation
gpeed is less ‘i:han the speed of the body, then wakes are formed in the
downetrearm direction only.

The basic dimensionless parameters for this problem arve:

. . . 2
; W id Sody Speed
neynolds No., Re = = | . -
8y & D Yiscous Diffusion Speed
. . y : I— Body Speed 2
Magnetic Reynolds No. Rm = opUD | Y = .
|Magnetic Diffusion Speed
A ‘o Alfven Wave Speed
MLAVEeDn NG, 4= = ‘ﬁﬁacﬂy Eoeod
S
1 ~a

Magnetic Oseen Mo, k= oo N
Las



where U is the speed of the body, ‘f&a is the uniform magnetic field
strength, 1 is the body diameter, p is the mags density of the mercury,
v is the kinematic coefficient of viscosity, ois the electrical conduc~
tivity and , is the permeability with all units in the MESQ system,
The magnetic Oseen number appears as the parameter in the Oseen
type equations for the electric current density, J, and the vorticity,
w j in the limit Re — w, thsse equations are (v . 2k %g) Joow = 0
{see Appendix 1), This parameter could more accurately be called a
Reynolds number since it plays the same role a8 the ordinary Reynolds
number in classical fluid dynamics. It is a combination of Rin, defined
above, and az Ris which is the ratio of the magnetic forces to the inertial
forces. The magnetic force per unit volume is (Jx B)= o(VxB)=3
where V is the fluid velocity; this givea the dimensional factor oU @02@3
for the magnetic force, Dividing by the dimensional factor for the
inertial forces, p Uzﬁz, one obtainsg agﬁm.

In order to investigate this upstream wake experimentally,
the magnetiic field perturbations were measured in the region forward of

a semi-infinite body in the parallel magneto-fluid dynamic flow.

II. Experiments

The experiments were performed in a facility which is called the
mercury tow tank, This facility consists of a stainlese steel tube 5% ID
and 55" long which is filled with mercury. Surrounding the tube is a
water cooled solenoid which produces a uniimmln magnetic field of up to
8300 gauss in the axlial direction in the tank (see Fig. 1). The facility
receives its designation as a tow tank from the feature that the model

is driven through the tank on the end of a one inch diameter sting at



speeds up to two meters per second. The sting comes up through a
seal in the bottom of the tank. BDelow the tank the sting is connected

to a drive motor. The drive system is designed s0 that the model is
accelerated very rapidly, 5 to 10 g's acceleration, to the desired speed
and then rung at this speed until the sxperiment is completed when a
brake is applied to bring the model to rest. A complete description

of the facility has been given by Liepmann et al {8).

The model chosen for these experiments is a semi-infinite
Rankine body, i.e., the body defined by a source in a uniforin stream,
There are several reasons for choosing this particular model, First,
the model is just an extension of the sting so that the sting is part of
the model, which is 2 natural and clean configuration., Second, if a
closed body were used, the body would have to be mounted on a very
thin sting which would extend from the end of the drive siing. This
configuration would introduce two factors which would confuse the
problem; these are the effect of the drive sting on the flow and the
pogsible effect of separated flow on the bedy, Third, for the sewni-infinite
Rankine body an analytical solution is known for the flow in the absence
of magnetic sffects.

In order to measure the magnetic field perturbations, 1000 turn
pick-up coils are used. The pick-up coils have 2 larger ziiam'emr than
the model and are mounted stationary iu the tow tank with their centers
on the axis of symmetry (see Fig. 1), The model carries with it a
distribution of magnetic field so that as the model approaches and
passes through the pick-up coil, the coil senses a change in the

magnetic field strength which induces a voltage that can be measured,
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. : - & ,
The voliage in the pick-up coil is f& . dg = =N vy /fa”:: . nadh,

aman —

22

The voltage is integrated electronically so that a quantity V / A B dA
e

is the recorded measurement. ¥From the equation of con-

fox : . Z

tinuity div 3 = 0, V is also proportional to / R

-0
to the magnetic stream functionor magnetic flux, ¢ , defined by

B (R z) dm and
c T&ﬁ e’ )

n_= 18y B, s~ L }g% { see Appendix 2}, Here Eﬁ and B are the
o4

z I BRTTR R
axial and radial components of the magnetic field perturbations, R ie
the radius of the coil, “ﬁ""e: iz the area enclosed by the coil and N is the

number of turneg of the coil. Then since four coils with diameters of
| 1.16in,, L.54in., 1.94 in,, and 2,34 in. were used, it is possible to
determine average values of By and local values of E%Ranc% ¥ as functions
of z for four values of R.

For the actual measurements two ldentical ¢colls were vsed, one
mounted 6 inches above the other. The lower coil measures the signal
and the noise; the upper coil measures the signal delayed a known
ampunt and the noise. The two signals are subtracted by a . ©.
differential amplifier, integrated, displayed on an vscilloscope, and
recorded by Polaroid camera (see Fig, 2). The signal recorded from
the two coils is then / 333 {z) €& - é Bz {= + 6) d4, where

Ag C
./ B (=) dA>> ,/ B {z + 6) dA for the region of intevest;
A A

e

hence these data can be reduced to g }?ﬂiffs} dA. A typical recording
©

of the data is shown in figure 3 where the timme increases from right to

left. The upper trace is {rom a position transducer which locates the

body with respect to the coil and together with the time scale of the

trace gives the velocity of the body. The lower trace is the voltage

from the coil and shows the typical axial variation of the magnetic
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field perturbation.
The experimenis were pevformed for all four sets of coils and

for the basic dimensionless parameters in the following ranges:

78, 000 < Re < 460, 00
0.012<cm < 0,061
0.47T <& < 18.2

~1,90 < It <« + 0,024

The ordinary Reynolds munber, Re, is much greater than one, 80 the
vigecous effects should be unimportant except in the boundary layer.
The magnetic Reynolds number, R, is much less than one 8o the
magnetic field perturbations should also be much less than one. The
Alfven number, a, is varied from less than one to greater than one
and the magnetic Qseen number is both positive and negative so data
were obtained both when & wake should exist upstream and when it

sheuld not.

111, Tesults of Experiments

The results of the experiments ave first presented in the form,

mn-!’ / bz dA = fn {2/ ), where b_ is the axial component of the
A =

dimensgionless magnetic field perturbation and 2/ is the axial
distance from the nose of the body in dimensionless form (see Figs. 4
through 11}, The first major result from this date is that Rm is the
basic parameter in determining the perturbation near the body.
Actually this result is expected, since the linearized equation with

Rm <<1lifor biscurlb= - REm {vx @z) which suggests that | b |= O{Rm).
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Here v = ViU, e, igs the unit vector in the z-direction, and -;%3(}@%
is the impresse‘g‘magnetic field.

In Section I, it was pointed out that in the wake the perturbations
ought to decay algebraically and outside the wake they ought to decay
exponentially. For this configuration it can be shown that the pertur-
bations in the wake ought to decay inversely as the distance from the
body. However, the experimental data show a most startling result
for the ragion ahead of the body. It is found that the perturbations

 AsfD N .
=P for both cases, whether

decay exponentially, Ei’,m“i f b, dA~e
t’*fie theory predicts a wake s:i* not. Moreover, A is of a different order
from the expected exponent ouitside the wake. In each of the four figures
4, 6, 8 and 10, two curves are shown for the case k > 0 when a wake
ghould not exist forward of the body and two curves for k < 0 when a
wake should exist forward of the body. In each of the four figures 5,
7, 9 and 11, four curves are shown for k < 0. Note that in these {igures,
where a semi-log scale is used, an exponential behavior is indicated by
a straight line. The reason for this apparent anomaly is that the walls
of the tank and the solenoid surrounding the tank have a large effect on
the flow. The theories are not incorrect; the forward wake exists and
ie shown by the experiments, but the wall effects dominate the behavior
of the decay of the perturbations for the range of values of the magnetic
CUseen number, k, which were obtained in the experiments. The
digscussion of the wall effects will be given in Section V.

Figures 4 through 11 shé;w that as k goes from positive to
negative values and increases negatively, the rate of decay of the
verturbations decreases, This change in the decay rate shows that

a wake does exist in these experiments. Although the experiments do



not check the infinite fluid theories, the perturbations upstream still
increase when the wake should exist, Since the whole flow has changed
so much because of the walls, it may not be strictly proper to call the
increased upstreara disturbance a wake. However, thig region
gtill has concentrated currents and vorticity, so it will still be designated
as 2 wake in this paper.

Figures 4 through 11 clearly show that R is one basic parameter
of the flow, but it is not clear from these eight figures whether o or k
iz the parameter which determines the decay rate of the perturbations.
This question is completely resolved in figure 12 where data with
different o and Rm, but the same k, are presented for each of the
four sets of coils., The ﬁmmas of the dirnensionless parameters are
a5 9.5 Rm20.0l2anda=6.4, Rm = 0.0265 with k= 0,53, There
is a 50 /o change in a and a 100 °/g change in Rin and yet for each set
of coils there is only one curve; thus k is the basic parameter for the
etrength of the wake. For k large and negative, a strong wake exists
&pstream of the body.

The equations for this problers show that a walke should exist
not only in the magnetic field but also in the velocity field. Moreover,
it wan possible in the experiments to make aa Brn > 1. This is the
parameter which governs the order of magnitude of the velocity
perturbations due to the wake; the velocity perturbations are of order
mz tirnes the magnetic perturbations which are of order R, {see
S@c&iqn V). The veloecity wake should be guite similar in structure to
the magnetic field wake, i, e., there should be an inc reaéed axial

velocity defect forward of the body, With the increased axial velocity



defect an increase in the radial velocity away from the body should
occur, and near the body, especially when a strong wake is present,
there should be a decrease in the radial velocity.

& relationship betwesn the magnetic field and the velocity
field ig given by the ineﬁucﬁon equation which can be simplified to

curl b = R v for Rin<< 1. WUsing this equation and the proposed

R %9
description of the velocity wake given above, it is possible to predict
the trends in the magzieﬁi@ field perturbations and see if they check
with the experiments. This approach indicates témﬁ bz and bﬁ should
be larger for k < 0 than for k> 0 away from the body and conversely
thm} should be smaller near the body. The effect of the decrease in bm
ghould app’e&r further forward as the strength of the wake increases,

1 mo =1 , . .
In figures 4 through 11, Rm f ‘ bz dA is shown as a function of =/D

A
and a direct confirmation of the effect in b described above can be seen.

Moreover ha/ i%ﬁ?“iagwgm {F{Em*l/A hﬁ dﬁ}ﬁ@ that b 2 is obtained by’

k2
taking the slopes of these curves and the effects predicted for b& can
also be éaen.

It is aleo of interest fo compare the radial distribution of %m for
k > 0 with that for k < 0. Figoure 13 shows b%iﬁm = n{R/D, 2/D), which is
obtained by taking b_/Rm = (4, - .Aig”i{:gm” fﬂz b, dA - Rm"?f% b, m}
for pairs of coils. This figure again shows the much slower decay of
the perturbations in the axial direction for k < 0; but more fmportant,
there is very little difference botween the radial distributions. This

similarity in the radial distributions is another effect of the wallg, i, e.,

the boundary conditions, on the problem.



IV, Theoretical Considerations

Although a great deal of theoretical work has beer done for thig
pmi:slém. no solution has been presented for the semi-infinite Rankine
body., Therefore it is useiul for comparison with the experiments to
work out an apgx'mgizémm solution in the infinite fluid m«séry for some
range covered by the experiments. However this is only discussed
briefly because the infinite fluid theory turns put to be inadequate,

It is assumed that Rm<< 1, |b| << 1 and|k| << 1. The first
two asswnptions are aatiafie& by all the data and the thivrd assumption
is valid for some of the experiments. Then for these assumptions, to
first order, the velociiy field is the potential fleld, and the magnetic
field is the uniform applied field, B, e, From thizg information it
is possible to calculate the first perturﬁtmn cu the magnetic field.
The eguations required are

curl b= - Rm (v x @z)a

div b=0

Subgtituting the appropriate expression for v and introducing the

atream function y for the magnetic field b, it is found that

2 2
2 8 By 8¢ _ RBm _ . 2
r “"'ﬁt""“‘mtﬁga -@u_goﬂn-i »ein 8
8p &8
i &Y 1 5
h = — e b = - - -
o ri sin 8 58 8 reind or

where (¥, 8) are spherical pelar coordinates.
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The particular solution of this equation which satisfies the boundary
convitions at infinity and which is the dominant contribution for large

r is the Stokeslet:

R . 2
*‘“""g'é‘“ T 8in @

The term Stokeslet is commonly used to denote the particular form of
the strearn function which is obtained in the solution for axisymmetric
bodies in ordinary Stokes' flow. This solution is not complete since it
does not satisfy the boundary conditions at the body. The complete
gelution would require in addition, potential solutions inside and outside
the body to satisiy the boundary condition that the magnetic field be
continuous across the boundary of the body. However, this particular
solution contains the rnajor contribution at large distances from the '
body.

Away from the body this solution gives by ~ -i} . Thus, the
sxpected decay is obtained but the wake effect has been lost. Upon
closer exarnination of the eguations it is found that the equation for the

eleciric current density, J, in this approximation is

2
vy = 0O

P

whereas a better approximation is

- (vz - 2k o

Sz

)3 = 0

(see Appendix 1), Thus it is seen that the solution obtained is a Stokes
approximation and one should go back and put in one convection term

to get the wake effect. By analogy with Oseen's solution for ordinary



il
fluid dynamics, this changes the Stokeslet solution to the form of

bg..é’; exp {~|k|r + kz )}

To compare this approximate solution with the experiments, a
case is aizasem with k = -0, 0018 so that the effect of the exponential
factor is negligible in the range -4 <2/ <0. This comparisen is shown
in figure 14. The Stokeslet checks nicely for order of magnitude but
the rate of decay is rapidly divergent; {or the Stokeslet bz ~ {2/ }ZZ;‘)“E

S E-T .
& / where A= 1,

and for the experiments 2:3% ~

For all the experiments, 0.4<\ <l.4, 50 that this theory
cannot explain the exponential decays which were observed. The
disagreement is particularly striking for the cases when k< 0, since
here %:he theory predicts algebraic decay ahead of the body.

At this point it is well to consider the guestion as to whether or
not a ateady flow was attained in the experiwents. Since the body starts
moving at a finite distance from the pick-up coils, it is possible that the
measurements were made before the steady flow became established, In
order to check this effect, experiments were performed in which the
stariing distance was varied from 8 to 20 body diameters, The results
of thege experiments are shown in figures 15 and 16. In figure 15 the
perturbation at a given distance {rors the body remainsg constant for
initial positions greater than 15 and decreases for initial positions
less than 5. In figure 16 the perturbation is ploited as a function of
the distance from the body for three initial positions, The two curves for

initial positions of 16 and 20 are identical and the third curve for an

initial position of 8 shows how the starting affects the data. Since all



the normal data were taken at an initial position of 20, it is concluded
that the flow was established, and this is wot an effect in the difference

between the infinite fluld theory and the experiments.

V. Effect of the Boundary Conditions

Since the experiments were correct in that the flow was s%eady
and the theory, though only approximate, should at least give the
correct decay in the far field, there is only one possibility left to
consider., The theory and the experiments are for diiferent conditions.
The difference of the conditions is that the theory is for an infihim
mediurg while the experiments were performed in a tube of fluid which
is surrounded by a large copper solenoid.

The change in the far fleld behavior of the perturbations must
be due to the fluld dynamic boundary conditions at the wall of the tube,
the elactro-magnetic boundary coaditions due tu the solenoid or both.
The fluid dynamic boundary condition is obvious, i.e., there can be no
flow normal to the wall., The electro-magnetic boundary condition due
to the solenoid is not so clearly defined. However in general, a mass of
metal tends to resist a change in flux in the metal, If the conductivity
of the matal becomes infinite, then surface currents ave set up which
eliminate the field from the metal and impose the boundary condition
that at the surface there can be no normal component of the magnetic
field,

To unravel the effect of the solenoid it is first agsswmned that the
copper of the solenocid is not cut by insulating surfaces so that the simple

concept of field diffusion distance is significant. If the copper was a
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solid mass then the diffusion length for these experiments would be

given by

Thus it appears that the field may be trapped by the solenoid. This
model was suggested by Dr. G. B. Whitham, Now recourse to a
simple experiment can prove this effect. In order to remove the
magneto-fluid dynamic effects the experiment chosen was that of a
current loop running through the solenoid in the absence of the mercury
and in the absence of an uniform magnetic field. The field generated
by the current loop was measured with the picke-up coils.

If the solenoid had no eifect on the distribution of the magnetic
field produced by the current loop then the solution would be that for an

infinite mediumn as given for example by Smythe {9),
B dA =2 I Vak T (1 - 2%%) % (k) - E(k)
“e

dalk
&
e~ R} + =

where ka = 5

K (k) and E{k) ave the complete elliptic integrals of the first and second
kinds and a is the radius of the current loop. This solution gives

‘;/ B ﬂi.{i‘g - 3”3
; -4

)

c
If the solenoid acts as an infinitely conducting wall then the
golution should be that for a current loop in an infinitely conducting

tube,



[ &)
‘:.5% dAa 2% Z C,n B 31 ﬁ‘}m = } e n
n=s 1

where %{:ﬁ) iz the Bessel function, the jn's are the zevos of this

Bessel function and b is the radius of the tube {see Appeundix 3).

: . \ PR + 3. z/b

¥or large axial distancee |z|>>b this solution gives &% Af~e= 7] .
e

This solution produces currents on the inner surface of the tube which

ave a gsymmetric function of the axial coordinate z. These surface

currents, 33, are given by

00
- c_i L . +j zib
3@ = B “n Jaijm)esm n
n= 1 M

The results of these experiments are presented in figure 17
along with the calculated resulis for an infinite medivrm and for the
current loop in an infinitely conduciing tube. The experiments exhibit
an exponential decay which is the same asg for the infinitely conducting
tube solution with b = 3.0 in., the inner radius of the solenoid. Although
the experiments give values somewhat larger than the calculated values
there can be no doubt that the solenoid acts approzmimately as an
infinitely conducting tube. Although it is not obvious that nonuniform
currents, I= {{z), should flow in the solenoid for the large characteristic
times in these experiments, 17 =0 é%-) < 0,06 sec., the experiments
with the current loop are sufficient proof that they must,

It is iméra@timg to notice that the exponential decay obtained in
the experiments with the curvent loop, j;/b= 1.28, is of the same

order of magnitude as that obtained in the magneto~fluid dynamic



experiments, N = O{l), Now using the boundary conditions that at the
wall there can be no normal component of the velocity or the magnetic
field, the magneto-fluid dynamic problem can be attacked. The
equationg for this case are the induction eguation and the momentum
gguation. If these equations ave linearized and put in terms of the
fluid dynamic gtream function, 1, and the magnetic stream function

¥ , they become (seec Appendix 1)

Ty = 7 ?i + .%..ﬁ

ES ‘g = NI ( 8% ¥ De 3

o 2

D fa+e” ¥ )=0

"2 2
where 5‘.‘3“2 = 8 v 8 i % ﬁ% in cylindrical coordinates,
bz aR o

Then the equations can be uncoupled by defining two new functions

such that

and the equations become

i}
<

s o gl &
L7 = 0and {0 - 2k )X
Bg
The boundary conditions on ¢ and v are
¥ = 0andn=0onR=b
g0 the boundary conditions on & and ¥ ave also

= fandX=s0onish
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The eigensolutions for these equations can be found for the cylindrical
geometry and from these inodes the possible decay rates can be found
without actually solving the boundary value problem for the particular
body used,

The eigensolutions for ¢ are

+ forg <0

= R, +j =fb
‘I?n Rsld’jfah & -

- for e >0

and the eigensolutions for x are

I <
X =RI i =)exp{ ©° =<0
n I n b TR
£ ®% >0
where
2. 2, 2
@n‘-*‘k% }ﬁt'r.}ﬂ fb
and
- 2 ., 2,2
Aﬁ- k + ké;n/b

the variation of M n and ?"n with k iz gketched in figure 18. Thus,
from the eigensolutions of the equations it is found that the decay rate
varies with k. In order to check this effect with the experiments
Al ie plotted against k, taking b = 3.0 in. and compared with the
experimental decay rates {rom the data for one set of coila. This
comparison is shown in figure 19. This approximation not only gives
the same trend as the experiments but also differs by a maximum
of only 30 ®/o over the range of the experiments,

Thus it has been shown that wall effects are extremely important

in investigating this area in magneto-{luid dynamics. In this case the
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effect of the walls is such that it changes the whole character of the
flow from an algebraic decay of the perturbations to exponential decay.
This case is analogous to the classical fluid dynamic problem where
for the same body to wall diameter ratio the wall effects at low Reynolds
number are rmuch larger than for high Reynolds number flow. In this
magneto~fluid dynamic case the appropriate dimensionless number is
the magnetic Oseen number. In the lmit kz>> jlzmz, which can
be attained either by making kz large or by letting bz -

Wy o+ Ik l

and

Ay oo koo |k |

Then for this limit, one should achieve the infinite fluid solution of an
algebraic decay within the wakes and an exponential decay with a rate
of 2 k outside the wakes. For the experiments this limit is not attained
8o the wall effects are important,

A final interesting point from the experiments is that a direct
measure of the perturbation magnetic stream function, ¢, is
obtained {see Section II), This measurement makes it possible to plot
the perturbation which is generated. It should be possible from this
data to see that ¢ —» O at R=b., Infigure 20 § is plotied fork >0
and k < 0 so that the effect of the wake i3 again observed but also one
notices that the field lines in the figure are starting to reverse and

form closed curves so that the effect of the walls is again demonstrated,



18

ViI. Conclusions

Experiments have been performed on a semi-infinite Rankine
body in & uniform magnetic fleld which is parallel to the direction of
motion and the magnstic ficld perturbations forward of the body have
been measured. As a result of these measurersents it has been shown
that the magnetic Reynolds number determines the order of magnitude
of the disturbance, A wake upstream of the body has been observed
and its effects are determined by the magnetic Useen number. Finally
it has been shown that the disagreement between the infinite fluid
theories and the experiments is due to the wall eﬁ‘emé, and by a
simple theoretical approach results have been found which give an
egtimate of the ranges of the parameters in which the wall effects should

he important.,
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The linearized equations of magneto-{luid dynamics for the

problern discussed in this paper are

élv v = 0 {1)

@ 3 LY - v 6 . 2 ’

Tr Y = -gradp - mm» ® %z 27 He 4 (2

curib = J {3)

div b= 0 {4)
and

J = Hm Qb}& + vﬁk i@. {5)

Flirpinating v, b and p and introducing @ = curl v, one obtains the

following equations for @ and J:

2 83 fw
v I = Rmlge Vv ogp) (6)
and
5 & fw 2
a T + g o= 4 v ow ("

]
£
(2]
8

w=-a J (8)

provided ® and J - 0 for | 5] = o, This boundary condition is
applicable for the upstream direction as long as R is finite and not
too large, but in the downstream direction there is serious doubt as to
the applicability of this boundary condition. However, this paper is
concerned with the upatream direction and Rm << 1 so that equation 8

can be used. Then from equations & and 8, Useen equations for the
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current and vorticity are obtained,

(v -zegige =0 (9)

Another form of the eguations is used in which stream
functions, 7 for the velocity fleld and ¥ for the magnetic field, are

introduced, where 1 and § are defined by

vaob = B Gy )andv., b s - ol ¥ ) (10)
g’ g R B2 ! R "R R Bz

Then substituting equation 10 into equations © and 8, the momentum

and induction eguations are obtained in terms of yy and ¢ ,

i L2

in+a ) = 0 {13%)
and

2 ‘ 5y _ 8y

LT¥ = Rm (g Y “533 {12)
wheara

‘é“az- g“ + %2 -4 .,_%., in cylindrical coordinates

B= =y f s TR 3R ¥ ak e .
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APPENDI¥ 2

The voltage from the pick~up coils in these experiments

gave a measurement of B , E:a% and ¥ . The relationahips for

u A

Vo= f};ﬁ}z)g fa(BR) and %QH are derived below.

The induction equation is

. ]
curl £ = - o=
- ot

which gives

V,=Ng$E.ds = -Ng- [ [ B.nRdRa 8

e )
Ve e V. dt
© 7o

RT

Pl

where R and © ave the feed- back resistance and capacitance of

the integratior.

A relationship between ‘35:, and B, can be found from the

R

magnetic field continuity equation,

div B=20
2B
1 9
o — -Rg—f{mgﬁ» = 0

Bz

Now integrating equation & gives

U)

A |
/w —,é:‘ R. e%’; ‘:913) a4

(1)

{2)

(3}

{4)

{5)

(6)

{7



which when substituted into equation 4 gives the relationship for V

in terms of B,

%
2 . - N .
Y o= (Ri ./ ’EQ i?aml Q;ﬁic, z) dw {8)
-C0 . )

I

Because of equation 5 a magnetic stream function can be

defined such that

S N VT N 1
B, % 3% * "a® % %= )

Then using equations 8 and 9 or eguations 4 and 9 a relationship

for ¥V in terms of § is obtained,

2w
3

z =«*&m ‘&'Qﬁg’ z)

xF
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APPENGIE 3

When a currvent loop is inside an infinitely conducting tube,
then the solution for the magnetic stream function can be derived
in the form of an infinite series of orthogonal functions. ¥or this
problem the conducting tube imposes a boundary condition at the
tube that there be no magnetic field in the radial direction at the
tube wall. The two equations to be sclved are the induction equation
and the continuity eguation {or the magnetic field,

curl B = 5 J

. Then using the continuity equation, it is possible to define a

magnetic stream function such that

2R S
z R B8R
o= -....}.?ﬁ.
R R 2z

Substituting equations 3 and 4 into equation 1 gives

A
32& 4 9 4 - ......1;, ?—ﬂ’; g -y B2J
@ga’ T%Z B2R

Now by separation of variables and using the boundary condition
at the tube wall that

e @t g g £ 2 1

4., =0 s0 Fyn z2land y=20atReb

;(V,,R

the series solutions for ¥ are

{1)

(2)

(3)

(4
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&= s
v o= ) S RI G R e ip 2/b %> 0 (6)
n=1
and
223 i ozl
y = > DRI G, RBIeTE z <0 (7

n=1l

These golutions are correct for any distribution of currents

R, =Y eg The solution iz now specialized to a single current

leop and the C 's and E‘m’s are determined. For a current loop

Jg = 1 s(R-a) slz) (8)
By substituting equation 8§ into eguation 5 and integraﬁng on =

twice, two conditions are obtained:

- 0+ )
*‘Zj = - IRs (R - a) {(9)
_ o-
—~ - O+
¥ ] = 0 {10)
L G-
Thus the jump condition in the =z direction on gég- and § are
obtained, Since ¢ is continuous atz =0
- \
an =B, (1)
From the condition on ¢ z
w jn )
E ch 5 R .3”3 ﬁ;n Rib) = - pIRS (R -a) {12)

nsl
then to find Gﬂ multiply equation 12 by .}'!“mﬂib) and integrate on R

from 0 to b,
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o A
- R s L Yy
Y 2C i B [ 5 I, RIBYI G R/D) & (RS =
0

b
wi [ R T, 4, R/B)G(R - a) dR (13)
0
Then
1 2
o a 4:: o P i?’ “ K : :3, . g
2¢ b / = Iy i, Rib)d(Rib)= wlaJ (i, alb) {14)
0
or
plaibJ, (i aib)
c_ = >, 0 o s)
4] » I t .
im0 U)
Then for a current loop in an infinitely conducting tube the magnetic
strearn function is
== + i =&ib
-g% . i : ) (s
¥ o= \: C ORI R/BYe- “n {16)
asl
The presence of the current loop causes suriace currents on
the inner surface of this infinitely conducting tube. These surface
currents can be found from
J = - curlB (17)

or
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Forr <b 3:& is given by

and for > b Eg = 0.

Thus the surface current is

7= . ..,.Z:?.,Eft. T G) el n z/e
"8 Z ) ‘o Yy

{19)

{20}
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