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,t..,1eaau1:ementa have beer;. made of the pe1·turbation magnetic 

field in front of a ee111i-in£inite Rankb1e body moving parallel to a 

uniform hnpres magnetic field ir1 a conducting fluid. The purpose 

of these C;}~perhnents was t,o investigate the eo-calle~d upstream wake 

effect. which has been predicted by theory. lt hi believed that these 

are the first e:xperimenta in which the upstrea:rn wake \vaa obse1 .. ved . 

.,'\lthough the wake waa found to e>dat as predicted when the J.Ufv~n 

nurnber is great:e:r than one, its decay behavior was remarkably 

different from that which was predicted. The soluticn:us for infhtlte 

medium predicted that in. the wake the pertui·bations should decay 

inversely as the distance from the body. Ho'lNeve:t." the experiments 

showed that the perturbations decayed e>q:>onentially. It was finally 

shown that th.is change in the decay beha\'1.or was an effect of the walls 

and the conducting material sur1"'ounci.ing the fluid. 
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I. Introduction 

of a parallel applied magnetic field. The general probler.n of the flow of 

a. co:udu.cting fluid over a body in the presence of a.n applied magnetic field 

bas been studied theoretically by many authors. Chester ( l) studied the 

sphere for low Reynolds numbers and low conductivU:.y, Greenspan and 

Carrier (Z.) studied the flow ovet> a flat plate; Stewartson (3) studied 

flows in which the conductivity h infinite, Van .Blerkoxrl (4) a.nd 

Lary (6) and Tarnada 

(1) studied two ... db:ncnsion.al infinite Reynolds m.imbe:r nows. The most 

interesti:n.g result from these theoretical investigatkms was the prediction 

of the e~dstence of an •upstrean"1 wake' under certain conditio:n.s. Th.e 

n11echa:nis:rn for the production oi this new wake is the propagation of 

Alfv~r1 waves which carry both vorticity and currtn"lt. v~, hen the 

the body speed, then wakes are formed 

both U[:>st:rean1 and downst:reaxn of the body and when the propagation 

speed is less than the speed of the body, then "~akes a:re formed in the 

The bade dimensionless parameters for this problem are: 

Reynolds No. 



where U is the speed of the body; B b the uniform magnetic field 
0 

strength., is the body diamete:r, p is the maas density of the mercu:ry. 

u is the kinematic coefficient of viscosity. a is the electrical conduc-

tivity andµ. h the permeability with all units in the MY~SQ system. 

The magnetic Oseen mnnber appears a.a the parameter in tbe Oseen 

type equations for the electric current density, l_, and the vorticity·, 

' & ~ ; in the limit Re ...... a>, these equations are (v """ • lk h) J, r:!. = 0 

(see Appendix 1). This pa.r;.u--neter could more a.ccru.·ately be called a 

Reynolds number a!nce it plays the same role as the ordinary Reynolds 

number in elassical fluid dynamics. It is a combination of Rm, defined 

above, and a 
2 

Rm which is the ratio of the magnetic forces to the inertial 

forces. The magnetic force per unit volume is (,;!, x £_) = a (V x :§_) :x B 

wherev is the fluid velocity; this gives the dimensional factor au Bo
2

D
3 

for the magnetic force. Dividing by the dimensional factor for the 

· ti i f u2 .. ~ 2 b i 2Rm u.ier a. orces, p · LJ , one o ta ns a. · .• 

In order to investigate this upstream wake e>;.perimentally, 

the magnetic field r>ertu:rbations were measured in the region forward of 

a. semi-infinite body in the parallel magneto .... fiuid dynamic flow. 

II. Experiments 

The experiments wei:e r:~erformed in a facility which ts called the 

mercury tow tank. This facility cor1siste of a stainless steel tube st" ID 

and 55° long whicll is filled vrith mercury. Surrounding the tube b a 

water cooled solenoid which produces a uniform magnetic field of up to 

8300 gauss in the axial direction in the tank (see li""lg. 1). The facility 

:receives its designation as a tow tank from the ieature that the model 

is driven through the tank on the end of a one inch diameter sting at 
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speeds up to two n1etera per secondv l'he sting cornea up through a 

seal in the bottom of the tank.. Below the tank the sting is connected 

to a drive :r.notor.. The drive system is designed so that the model is 

accelerated very rapidly, 5 to 10 g's acceleration, to the desired speed 

and then runs at this speed until the experiment is completed when a 

brake is applied to b:ring the model to rest. A complete description 

of the facility has been given by L!epmann et al (8) .. 

The model chosen for these experiments is a semi-in!inite 

Rankine body, i.e., the body defined by a source in a uniform stream. 

There are $everal rea:sons for choosing this particular model. lrirst.11 

the model is just an extension of the sting so that the sting is part of 

the model, which. h a natural and clean configuration. Second, if a 

closed body were used, the body would have to be mounted on a very 

thin sting which would extend frOtl'l the end of the drive sting. This 

configiiration would i\ntroduce two factors which would cou.fuse the 

proble:rn; these are the effect of the drive sting on the flow and the 

r>ossible effect of separated flow on the body. Third, for the semi ... infinite 

Rankine body an analytical solution is known for the flow in the absence 

of n1agnetic effects. 

In order to measure the rnagnetic field perturbations, 1000 turn 

pkk ... up coils are used. The pick-up coils have a larger diameter than 

the i1:::n>del and are mounted atatior1ary· in the tow tank with their centers 

on the a:x.is of symmet:ry (see Fig. l). The model carries with it a 

distributicm. of magnetic field so that as the model approaches and 

passes through the pick-up coil, the coil sen.sea a change in the 

magnetic field strength which induces a voltage that can be measured. 
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The voltage in the pick-up coil is <f ~ ., ds = -N af JI~,.. . n 

The voltage ia integrated electrordcally so that a quantity V J ~ Bz 
;,_ c 

is the i·ecorded meaaurement. F:t·om the eqt-1ation o.f con .... 

tirmity cliv B ·= 0, V is also proportional to zr (R t z) dz and 
c -oo 

l = = ... ~~- ( see Appendix 2). Here 
om 

a:re the 

axial and radial ccmit:>onents of the magnetic field perturbations, It hi c 

the radius of tbe coil, .l~ is the area enclosed by the coil and N is the e 
n:w"'nbe:r of turns of t.-~e coil. Then since four coils with diameters of 

l. 16 in., !. 54 in., l. 94 in.~ and 2. 34 in. were useda it is possible to 

determine average values of J3 z 

of z for four values of R. 

local values of :6 and t aa functions 
R 

J?or the actual measurements two identical coils were used. one 

n.1ou.nted 6 inches above the other. The lower coil measures the signal 

aJ.'ld the noise; the upper coil measures the signal delayed a known 

amount and the noise. The two signals are subtracted by a C. 

cliffe:rantial amplifier, integrated, displayed on an oscilloscope. and 

recorded by Polaroid camera (see Fig. 2). The signal :recorded from 

I 
j\ 

c 

two coils is then J 
A 

c 
(m) dl\ >> J B {z + 6) z 

~ J 
A 

(! 

<~ + 6) where 

for the region of interest; 

hence these data can be reduced to f 1:3 (z) 
.:o, z ls,, typical recording 

c 

of the data is shown in fig .. ire 3 where the time inci·eases from right to 

left. The upper trace is from a position transducer which. locates the 

body with respect to the coil and together vvith the time scale of the 

trace gives the velocity of the body. The lower trace is the voltage 

from the coil and shows the typical axial va:ria'tion. of the rnagnetic 



field perturbation. 

for the bask dimensionless pararneters in the foUowi~'lg ranges: 

o. 47 <°' 

< o. 061 

< 18. z 

- L 90 < k < + 0. 0 24 

The ordinary Reynolds r.ru.mber, :Re11 is much great(H" than one. so the 

viscous effects should be urdmpo:rtant except bi 'the bcrunda.ry layer. 

~rh.e magnetic Reynolds nu:rnber, R.i:n, is much lesr3 t.t1.an one so the 

:rrAagnetk field pe:rtu:rba.tione should also be much less than one. The 

Alfv~n number, a, is varied from less than one to g~eater th.an one 

and the xnagnetic Oseen nu:rnber is both positive negative so data 

were obtained both when a wake should e:Y-lst upstream a11d when it 

should not. 

III. Results of Experiments 

l'he results of the e:xperime:ntiJl are first p1•esented in the form, 

Rm -l J b = fn (zr:D). wb.ere b. is the axial compcment of the 
A z z 

dimensionless magnetic field perturbation ar.td z/ Dis the axial 

distan.ce from the nose of the body in tlimensionles e form (aee lfigs. 4 

th.rough 11). The first nH:ljo:r result from this data is that Rm is the 

basic paranneter in determining the perturbation near the body. 

Actually this result is extlected, since the linearized equation with 

Rm << l for b is curl b = ... Rrn (_! }{ ez) which suggests that I b I= ()(Rm). 



Here v = V /U, e is the uu.it vector in the z .... ,u:rection, and -B e 
~- ·- Z QZ 

is the irnpresssd magnetic field. 

In Section I. it was pointed out that in th.e wake the pe i .. turbations 

ought to decay a.lgebraicaU:y and outside the wake ti1.ey ought to decay 

exponentially. For this configuration it can be shown that the pertur-

bations in the wake ought to decay inversely as the distance from the 

body. However, the experimental data. show a most startling result 

for the region a.bead of the body. It is found that the pertu.rbatitma 

~ . ,~ -1 j , .. ~;,. A.z I D 
'iecay e~g.:ponentially, .~trn bz aA- e • for both cases, whether 

. A 
theory predicts a or not. 1V!oreove!f, 'Pi. is of a different order 

4, 6, 8 and 1011 two curves are shown for the case k > 0 when a wake 

(.:ih.ould not e:.dst forward of the body and two cul"vea for k < 0 when a 

wake should exist forward of the body·. In each of the four figures 5, 

1, 9 and 11, four curves a:re shown fork < 0. Note that in these figures11 

where a semi-log scale ia used, an e:.:.rpo11entia.l behavior is indicated by 

a straight line. The reason for this appa1·ent a.non1aly is that the walls 

of thEd:ank and the solenoid eurriow1ding the tank have a large effect on 

the flow. The theories a.re :not incorrect; the fol:'ward wake exists and 

is shown by the experiments, but the wall effects dominate the behavior 

of the decay of the perturbations for the range of values of the magnetic 

Oseen. rmmber, k, which. were obtained in the experiments. The 

discussion of tb.e wall effects \vill be gi ve:n in Section V. 

Figures 4 through 11 show that as k goes from positive to 

r1egative values and increases negatively, the rate of decay of the 

pertu:rbatior1s decreases. This change i.n the decay rate shows that 

a wake does exist in these experiments. Although the experiments do 
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not ch.eek the in.finite fluid theories, the perturbations upstream still 

increase when the wake should exist. Since tbe whole flow has changed 

so n'luch because of the walls, it may not be strictly proper to call the 

increased upstrearn disturbance a wake. However, this :region 

still has concentrated curre:lts vorticity. so it will still be designated 

a.a a wake in this pa.per. 

1'""igures 4 through l l clearly show that Rm ia Ol'l1e basic parameter 

of the flow, but it is not clear from these eight figurea whether 01. or k 

h the para.meter which determines the decay rate 0£ the perturbations. 

Thia question h completely resolved in figt.t.re 12 where data \vith 

different o. and Rm, but the sar:oe k, are presented. for each of the 

four sets of coils. The valuea of the dirnEu1aionless parameters are 

o.: 9. 5, Rm : 0. 012 and a :C 6. 4, Rm : 0. OZ65 with k: -0. 53. 'There 

ltet for each set 

of coils th.ere hi only one curve; thus k is the bask parameter for the 

atrengtl'i of the wake. For k large and negative9 a strong wake exists 

upstream of the body. 

The equations for th.is problem show that a v.1ake should exist 

not only b'l the magnetic field but also in th.e velocity field. lef1oreover 9 

} 

it wao possible in the e~\.periments to n·'Hlke o. c;., > l . This is the 

pa:rar.c1eter which governs the order of magnitude of the velocity 

pe:rturba.:tions due to the wake; the velocity perturbations are of order 

z 
~ times the magnetic perturb~tions which are of order Rm (see 

(~·. ti . "'") wee on v • The velocity vvake should be quite similar in structure to 

the magnetic field wake, i.e., there should be an inc:rease<l a.xi.al 

velocity defect. forward of the body. Vlit:h the increased axial velocity 



defect an in.crease in the radial velocity away from the body should 

occtu•, and near the body, especially when a strong wake is presentt 

there should be a decrease in the radial velocity . 

.i\ relationship betwee1l the magnetic field the velocity 

field is given by the induction equation which can be sin1plified to 

curl!!= Rlr:a vR e 6 for Rra << l. Using this equation and the proposed 

descripticm of the velocity wake given above, it is possible to predict 

the trends in the magnetic field perturbatic:u1s arad see U: they check 

with the ej-tpe:dmemta. 

be larger for k < 0 tban for k > 0 away fron1 the body and corweraely 

they should be smaller near the body. The effect of the decrease in b 
!21 

should appear further forward as the atrengtb. of the wake increases. 

In figures 4 through 11. Rm""' 1 /A b ... z is shown as a function of z/ D 

and a direct confir1Tu?.i .. tion o! the effect in b described above can be seen. 
z 

kv1oreover bn I Rn1o<. a(~]~ {:Rm"" 1 / f', b dA1ao t..llat bit~ is obtained by 
...... Z uu i~ Z 1 x~ 

taking the slopes of theee curves and the effects predicted for can 

It is also of interest to compare the radial distribution of b for z 

k > 0 witb. th.at for k < O. J:"'igu.re 13 shows b I P~l = fo{R/ D, z/ D)11 which is 
z 

"'''l'»t:;iiin. orl 1 ... y .;.-1,,..; '11">0' b I - I ,, J% \ ... 1 { n ... 1 r b .~A R" ~, - lr 'h d', <')} ...,_~,JI, - ........ u l;.~41.£10 ~ - i.t<~'.,1 - .nl' r..X"Il J t;\ ,..;'"''" ... .t &.B J 1~ ..., ,;:-~ 
.u ..,,. J.·s, z z "1. l 21 

for pairs of coils. 1"his figure again shows th.e much slower decay of 

the perturbations in. the axial direction fork < O; but 11.1Cre important, 

there is very little difference b~1tween the radial distributions. Thh~ 

similarity in the :radial distributions is another effect of the walls 1 i.e. 11 

the boundary conditio11a~ on the p:robler.n. 
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IV. Thec.u.·etical Consideratio.ns 

..1!.\lthough a great deal of theoretical work has bee1-:. done for this 

work out an appl"tndmate solution in the in.fi.n,tte fluid theory for some 

range covered by the ~xperime:nts. However this is only discussed. 

briefly because tbe b1£inite fluid theory turns out to be biadequate. 

It is assumed t.1tat Rm<< l, I b I << l and I k I << 1. The first 

two a.ssu:1"riptiona are satisfied by all the data and the thircl assumption 

b valid :for some of the experiments. Then for these assumptioru.~. to 

first order, the velocity field is tlle poteritial field, aud the magnetic 

field ia tbe uni.form applied field, ... 3 e . ltrom this information it 
() z 

is possible to calculate the first perturbation on the magnetic field .. 

Tb.e equations required are 

div b = 0 

Subetituti:n.g the appropriate e!..;:pression for .! atMl int?oducing the 

strearn fr..inction t for the magnetic field ~$ it is found th.at 

2 
r 

1 
b =~-r . ~ r SU.1. "11 

where (r, 8) are sph.edcal polar cocrrdinaters. 

. 2 
It SUl 8 
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particular solution of this equation which satisfies the boundary 

conditions at infinity and which ia the dominant contribution for large 

r is the Stokeslet: 

Rm . 2 t :: 32~ 1~ SlD. t) 

The term Stokeslet is cor:nrnonly used to denote the particular for11:1 of 

the stream function which is obtained in tb.e solution for axiaymmetric 

bodies in ordimary Stokes' flow. This solution. is not complete since it 

does not satisfy the boundary conditions at the body. Tb.e complete 

solution would require in addition, potential soluticm.s inside and outside 

the bod.y to satisfy the boun.dary condition that the magnetic field be 

continuous across the boundary of the body. However, this particular 

solution contains the :major contribution at large distances from the 

body. 

i\way from the body this solution. gives b - ! . Thus!) the 
r :r 

expected decay is obtained but the wake effect has been lost. Upon 

closer examination of the equations it is found that the equation for the 

electric current density, !.,., in this approximation is 

whereas a better approximation is 

z a 
( v - Zk ·~-. ) J = 0 

~3z -

(see Appendix 1). Thus it is seen that the solutio11 obtained is a Stokes 

approximation and one should go back and put in one convection term 

to get the wake effect. By analogy with Oseen's solution for ordinary 
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fluid dynamics,. this ch.anges the Stokeslet solution to the form of 

exp { ... I k I r + k z } 

case h chosen with k = ... o. 0018 so that the effect of the exponential 

facto:r is 41egllgible in the :ra.rige .... 4 < zl D < 0. This compa:rbon is showr1 

in figure l.(;1. The Stokealet checks rdcely for order of n1agnil-ude but 

.i.'L f 1 • • ~1 "JI I: ,, --· k l , ti , .... ") ... i w:J.e rate o u.ecay ts raps.a y O..t.Vergent; AO:r t;.1.e ~to. es et 1:> - ,z v z 
,. t-. • b +~ z/ D ~ .. ,. tor tue e;;<.peru-rH~nts • , - e where l'- = s. 

. z 

)Tor all the experiments, 0. '* < "'- <L 4, so that this theory 

ca:rmot explain the exponential decays wb.ich were observed. The 

disagreement is particularly at:;:ildng ior the cases k < O, sit.1.ce 

here the theo:ry pl"edicts algebraic decay ahead the body. 

t this point it is "Nell to consider the question as to whether or 

not a steady flow was attained in the e''perhnonts. Sf.nee the body starts 

moving at a fh1ite distance from the pick-up coil&, it is possible that the 

measurements wa1'"e made before the steady flo\.v beea.rne established. In 

order to check this effect, e~..peri.i:nents were i:n 'l:vhkh. the 

starting distance was varied fro1:.1 8 to 20 body dian1ete:ra. The results 

of these experin::a:mts are shown in figures 15 16. In figure 15 the 

perturbation at a given. distance frot:n the body rernains constant for 

initial positions greater than 15 and dec1 .. eases for ir..itial positions 

leas than 15. In figure 16 the perturbation is plotted. as a function of 

the distance from the body fo1~ three i.11.itial positicma, Tb.e two curves for 

initial positions of 16 and 2.0 ~:i.:re identical anci the th.i:rd curve for an 

initial position of 8 shows how the starting affects the data. Sb1ce all 
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the 11ormal data were taken at aJ.1. initial positicu:1 oi 20, it ia concluded 

that the :flow was established, and this is not an e:ffect in the difference 

between the infinite fluid theory and the experiments. 

V.. Effect of th.a Boundary Co11ditions 

Since the experiments were correct in that tb.e flow was steady 

and L.tie theory, though only appro:ximate, should at least give the 

correct decay in the far field, the1"e is only 011e possibility left to 

consider. The theory and the experiments are for different conditions. 

1."he dii:ference of the co11ditiona is tb.at the theory is for an infinite 

medium while the experiments were performed in a tube of fluid which 

ls surrounded by a large ~oppet" solenoid. 

The change in th.a far :field behavior of the perturbations n1ust 

be due to the fluid. dynamic boundary condition.a at the wall of the tube, 

the electro-magnetic boundary conditions due to the solet'loid or both. 

The fluid dynamic boundary co11dition is obvious, i. e. , there can be llO 

flow normal to the \•1all. The electro ... rnagnetic boundary condition due 

to the solenoid is not so clearly defined. However in general, a mass of 

metal tends to reaiat a change b1 flux in the metal. Uthe conductivity 

of ~11.e metal becomes infinite, then surface currrents a:re set up which 

eliminate the field from the rnetal and impose the boundary condition 

that at the surface th.ere can be ::10 norn1a.l componer.it of the magnetic 

To tmravel the effect of. the soleru>id it is firat assUA""ned th.at the 

copper of the solenoid is not cut by b1.sulating surfaces so that the simple 

concept of field diffusion distance is signi:ficanto U the copper was a 
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solid mass then the diffusion length for these experin1e11ts would be 

given by 

L = D 

Thus it appears that the field may be trapped by the solenoid. This 

model was suggested by Dr. G. B. \Huth.am. Now :recourse to a 

simple experiment ca.n prove this effect. In order to remove the 

magneto-fluid dynamic effects the experiment chosen was that of a 

cu1"'re11t loop :running th.rough the solenoid in the absence of the mercury 

and in the absence of a.11 uniform magnetic field. The field generated 

by the current loop was measured with the pick .... up coils. 

If the solenoid had no effect on the distribution of the magnetic 

field produced by the current loop then the solution would he that for an 

:infinite mediurn as given for e;s.;:arnple by Smythe (9), 

1 c 
B (k) - E(k)J 

Z 4aR 
wherek = ~ Z G 

(a 'i- R) + z 

(k) and E(k) are the complete elliptic integrals of the first and second. 

kinds and a is the radius of the current loop. Thia solution gives 

li the solenoid acts as an infinitely conductil1g wall th.en the 

solution should be that for a current loop in an in.finitely conducting 

tube, 



J c 
n 

~ i z/b ) e .:.. ~n 

where J 
1

(:x) h the Bessel function, the jn'e are the zeros of tbis 

ael function and b is the radius of the tube (see Appendix 3). 

For large axial distances I z I>> b this soluticn'l gives J.{ 
c 

Thie; soluticm produces currents o:n the inner su1"face of the tube which 

are a syrnmet:ric :fm1ctio:t1 o.f the axial coordinate z. These surface 

ro 

Je 2= c i 
J (' ) + j iz/b = n .vn 

0 Jn e ... n 

11 = l µ. b 

The results of these e:r,:pedments al"e presented in figure 1'1 

and for the 

current loop i:n an infinitely ctmducting tube. 'The experir11e11ts exb.ibit 

an e:Jq-JO:nential decay which is the same as fo:t" the inJhdtely conducting 

tu.be solution with b = 3. 0 in.,, the inner ra<il.ius o! the solenoid. Although 

th.e experin1enh give value a somewhat large:r than the calculated values 

there Call be no doubt that the solenoid acts app:roximately as an 

infi~J.tely conducting tube. Although it is not obvious faat nonuniform 

currents, I= f(z), should flow in the solenoid. for the la:rge charaeterhtic 

D 
tixxH;,s in these experir.nent$ 11 T = 0 (1J) ~ O. 06 sec.$ the experiments 

.... vith the cur1·ent loop are sufficient proof that th.ey must. 

It is interesting to notice that the exponential decay obtained in 

the eJ-cperiments with tbe current loop, J1 /b = L 2$. ia of the same 

order of magnitude as that obtained in the magneto ... fluid dynamic 
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experh:nents. A.= 0(1).. Now using tb.e boundary co11ditions that at the 

wall there can be no normal component of the velocity or the magnetic 

field, the :rnagr1eto-fluid dyna:mic problem can be attacked. The 

equation. If these equations are linearized a:nd put in terms of the 

fluid dynan1ic stream furu:::tion~ 11~ and the magn.etk stream function 

i; , they become (see Appendix 1) 

1 a 
- R iR in cylindrical coordinates. 

Then tb.e equations ca.11 be m1coupled by defining two new functions 

such that 

' = t + x 
z 

a 

a.nd the equations become 

= 0 and { D 
2 

... Zk :- ) X = 0 :;:,z 

The boundary conditions on t and ri are 

t = 0 and v1 = 0 on R = b 

so the boundary conditions oo. ~ and x a:ire also 

t = 0 and X = 0 on = h 
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The eigensolutions for these equation.a can be found for the cylindrical 

geometry and fronl these tnotles the possible decay rates can be found 

without actually solving the boundary value p:roblem for the particular 

body used. 

The eigensolutione for iP are 

J ,. R \ + j z/b 
l 'Jn b' e"" n 

and the eigensolutions for 

where 

and 

x = n 

µ = ... k + 
.n 

1. 2 .. 2' 2 
l!C. 'rJ lb 

n 

+ for$ < 0 

... for~ > 0 

~ < 0 

~ > 0 

the varia.tion of µ. and ~ with k is sketched in figure 18. Th:i:Hilg n n 

from the eigerisolationa of the equatio~'1S it is four1d that the decay :rate 

varies with k.. In order to check this effect with the e)'.;\lerimenta 

)..l is plotted againat k, takin.g b = 3. 0 in .. and con1pared with the 

e~pe:dmental decay rates from the data for o:ne set of coils. ~rhts 

comparison is shown in. figure 19. This approxi:rnation not only gives 

the aan1e trend as the expe1'"iments but also differs 

of on! y :30 ° Io over the range of the experirnents,, 

a maximum 

in investigating this area in magneto .... fluid dyna:rr:d.cs. In this case the 
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effect of the walls is such that it changes the whole character of the 

flow from f.Ul algebraic decay of the perturbations to exponential decay. 

Th.is case is analogous to the classical fluid dyna:r:nic problem whe:re 

for the ea.me body to wall dia1neter ratio the wall effects at low Reynolds 

number are rr~uch larger than for high Reynolds number flow. In th.is 

magneto-fluid dynamk case the appropriate d.imensitmless nurnber is 

the n1agnetic Oseen numbe:r. In the limit k
2

>> jl 
2 
/b 

2
, which can 

be attained either by rnaking k
2 

large o:r by letting b Z =-- ro 

µ. i - - k + I k I 

and 

~i - it + I k I 

Tb.en for thi~ lh:nit, one should achieve the infinite fluid solution of ar! 

algebraic .decay within the wakes and an exponential decay with a rate 

of l k outside tb.e wakes. For the expieriments this limit is not attaine<l 

so the wall effects are important. 

A final inte1 .. esting point from the experimetA.ts ia that a direct 

measure of the perturbation magnetic stream f'unctior.t, t I> is 

obtained (see Section II). This measurement makes it possible to plot 

the perturbation which is genei"ated. It should he possible from this 

data to see th.at t -+ 0 at = b. In figure 20 t is plotted for k > 0 

and k < 0 so that the effect o:f the wake is again observed but also one 

notices that the field lines in the figure are starting to reverse and 

form dosed curves so that the effect of the walls is again cien1onstrated .. 
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VI. Coz:i.clusions 

E)tperiments bave been. performed 011 a serni-infhtlte H.an.kii-ie 

body in a uniform magnetic field which b p<.irallel to tl'le directicm of 

motion and the magi1etic field pertu.:rb-ations forward of the body bav~ 

been measured. Aa a :result of these measurements it has been shown 

that t..11.e magnetic Reynolds :number determines the 01"'der of in."lagnitude 

of the disturbance. ;:\ wake upstrea.r:n of the body b.as beeri observed 

and its effects are determbied by the magnetic Oaeen number. F'inally 

it .baa been shown that the disagreement between the infinite fluid 

theories and the e:1,;::pedments b due to the wall ef.fecta11 and by a 

simple theoretical approach results b.ave been fou:n.d which give an 

estimate o:f the ranges of the parameters in which the wall effects shotild 

be impo:rtantu 
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l 

The lineari~ed equaticur1a of magneto ... fluid dynamics for the 

prohle:rr1 diacussed in this paper are 

and 

div v = 0 

2 
v = ... grad (p ... b ) "' a. z 

curl b = J 

div b = 0 

l _ .. 
Jle v 

Elirr.iinatiag .:::' \) and p ancl intro<ludn.g ~ = curl v? one obtaim~ the 

following e~1uations for w and J: 

v 2 J 
&w 

.,. a~> 

z ?JJ aw l ') 
{l,,; 

Cl. Fi i; .. az = 'II~;..;. 

" w 

In the limit Re - oo equation 7 becomes 

(1) 

(2) 

(6) 

(7) 

w = - a 
2 

J (8) 

provided w a:n.d J -+ 0 for I z I - oo. Tb.is boundary co:ndition is 

applicable :for the upatreatrl dbection as long as is finite and not 

too large, but in the d.ownstrearn direction there is serious doubt as to 

the Allpliea.bility of this boundary co11<lition. However, this paper is 

concerned with the upstreat1.1 db."eetion. and Rm << 1 ao that equation S 

can be used. Then from equatio11s 6 S, Oseen equations for the 
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vorticity are ohtabied, 

Ar.1.other forn.:~ of 

functions~ 71 fo1"' the velocity field and t for the magnetic field, are 

substituting equation 10 into equations 5 

and in.duction equations are obtained i11 terms of ~·l and w , 

and 

(11 + fj, 
2 t ) = 0 

2 e 
= ·:-z 

8z 
in cylindrical coordinates. 

(9) 

(10) 

(11) 

(12) 
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APPENDIX 2 

The voltage fron1 the pick ... up coils in these experiments 

gave a measu:reme11t of B z' BR and t . The relationships :for 

= £1 O\~)e f 2(BR) and £3(W) are derived below. 

The induction equatior1 is 

curl E 

which gives 

V =N.i'E. 
u. 'J' -

ds = ... N~ at 

R 2'f:' c 

£1c B. n Rd 

· Then aince the circuit contains an electronic integt"a.tor 

l v = /Re 

v = ... 

t 

Jo v 

~I 
fa 

c 

dt 
u 

where lR an.d C a1•e the feed ... back resistance 

the integrator . 

capacitance of 

. A relations hip between 13 and B n can be found fron1 the z $1. 

magnetic field contblUity equation, 

div B = 0 

Ol" 
8B 1 a z --- + R 8R (R B'l:.,J = 0 ez ... ~ 

Now integrating equation. 6 gives 

) dz 
R 

(l) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 



wh.ich. when substituted into equation 4 gives the :relationship for V 

·v = 
z 

J H Bv. (R. 11 z) dz -co < ... c ... t c 

Eleca.use of equation 5 a mag11eti.c t1trearn function can be 

defined such that 

l = 

Then using equations 8 and 9 or equations 4 and 9 a relationship 

for V in term a of t is obtained11 

t (R • z) c 

(8) 

(9) 
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3 

hen a current loop is inside an bi.finitely conducting tube, 

then the solution for the magnetic stream function can be derived 

in the form of an in.fh1ite seriea of orthogonal functions.. !'"'or this 

problem the conducting tube :hnr>oses a boundary condition at the 

tube th.at there be no rnagnetic field in the radial direction al'~ the 

tube waU. '"'.fhe two equations to be solved a:re the induction equation 

continuity equation for the magnetic field. 

CtU."l B = µ. J (l) 

div 'r"'A 
JC";JI = 0 (2) 

. Then using the continuity equatio:r1, it is pos ~dble to· define a 

mag11,etic stream function such that 

l av = R 8R 
(3) 

ie) l !tt.. .t)R = - R oz (4) 

Substituting equations 3 and 4 into equation l gives 

8~ 
~ 

e-~ e;;,' 1 av. + 
() 

--z ·:'..;2 = ... µ. 
8I~ az (;i.h. 

(5) 

Now by separation of variables and using the bou1'lda:ry condition 

at the tube wall that 

at = o so ai = o 1jT = 0 at = h 

the aeries solutions for t are 



25 

Q) 

e ·jn z/b 
t = L C R J' l (j RI b) 

n 11 
z>O 

n=l 

a11d 
00 + jn z/b 

v = L D R J (j R./b) e 
n 1 n 

z<O 
n=l 

These solutions a.re correct for any distribution of ctu:rents 

J(R, zr e
8 

.. The solution h now specialized to a single current 

loop and the C 's and D 's are determined. For a current loon 
~ tl n r. 

By su,bstituting equation S into equation S and integrating on ~ 

twice; t\vo conditions are obtained: 

[ . lo+ 
t zJ = - µ. lRo (R ... a) 

o-

[ t ] o+ = o 
(} .... 

(6) 

(7) 

(8) 

(9) 

( 10) 

Thus the jump conc.itiou in the :a direction on. :: and t are 

obtaiued~ Since v is continuous at z = 0 

c = n 

From the condition on. * 
'f z 

co 

L· 
n = l 

2C 
n 

then to find C multiply equation lZ by J 1(j R/b) and integrate on R 
n m 

from 0 to b, 

fl l) 

(12) 



n=l 

Then 

01" 

Z6 

l 
I Jl 0 R/b) Jl (j R/b) d (R/b) = b . n m . 
0 

b 
µ.I j 

0 

2 c j b 
ni m 

R J 1 0 
:tn 

b) 6(R ~ a) dR 

l 2 

J R 
b 

J
1
. {j. Rib) d (Rib) = µ.la J 10 a/b) 

!Yl ll1 

0 

c = m 

µ.I a/b J 1 (jm a/b) 
---·-T" . 

jm J 1 t (jm) 

Then. for a cu.n.•ent loop in an infinitely conducting tube the magnetic 

s t:rea.m function is 

c 
n 

R J
1

(J. R/b) e :-· 
n 

The presence of the current loop causes surface currents on 

the inner surface of this infinitely conducting tube. These surface 

currents can be found from 

J 
l 

curl B = µ. 

01" 

[Bz] b-Je 
l = µ. 

b+ 

( 13) 

(14) 

( 15) 

(16) 

(17) 



For r < b B is given by 
z 

3 
:$ 

for r > b B = O. 
£; 

= 

27 

00 

L c 
n 

n.= l 

'fhu.s the surface current is 

00 {{"" 
jn v 

Je L n = b 
n=l 

µ. 

jn 
Jo (jr -b~ 

~.t 

j z/b 
) e·~ 11 (19) 

.ro (jn) 
"')·~ 

e 
Jn :ti/b (ZO) 
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