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IT. INTRODUCTION

In aeronautical design there are several instances in which the
lateral stability of thin tapered sbtruts is of importance. Specifi-
cally one might menbion as examples: (1) exposed wind Hunnel struts,
and (2) airplane exbtermal antenne masts. In each case it is ex remely
important that the thinnest possible section be used in order to reduce
disturbance of the air flow and hence drag, to a minimum., At the same
time it is vequired to carry as high a load as possible withoub buck=
ling or deflectbing exzcessively.

Very little literature or experimental dakta on this particular
problem of lateral stability has been published and mos®t theoretical
treatises deal only with the general problem and do not consider spe-
eific applications., This lack of information is even greater for
eccentrically loaded or truncated strubs,

As a thesis project it was proposed to make some experimental
tests on strubs of various planforms and thickness ratios. In addi=-
tion it was proposed to develop formulas which might be used in
calculating critical buckling loads for lateral stability of (1) thin
struts tapered to a theoretical point at the point of applicaﬁion of
loading and (2) thin strubs, bapered but truncebed.

The purpose’of The experimental work was largely three=fold.

(1) Timoshenko, Reference 1, referring to a German report by
Federhofer, Reference 2, gives Formulae which/give the critical buck=
ling leoad of a thin strut where the devth of cross sechtion varies
according to the law:

Reference 1l: 5. Timoshenko, "Theory of Elastic Stability", p. 249-250

MoGraw-Hil1l, 1936,

Reference 2: K. Federhofer, "Reports International Congress of Applied
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YMecnan:g:g s Stockholm, 1930,
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where
h = depth at root
L = length
z = coordinabe along length
n = some value which corresponds Lo type of baper.

The critical buckling load is given as:s

where
B1 and ¢ = flexural and borsional rigidities of fixed end
of a cantilever strub
m = facbor depending upon "n' above and upon btype
of loading.
It was desired bo check these results experimentally and this was done
for two aluminum models of thickness/depth ratios of 1/48 and 1/36 at
the root.

(2) It was desired to obbain experimental buckling loads of trun=-
cabed thin sbruts which could be checked with critical loads to be worked
out bheoretically. Aluminum and steel models of thickness/ﬂepth ratio
1/?8 at root and 1/4 at the tip were bested experimentally.

(3) Southwell, Reference 3, has indicated a method of debermining
the critical load from test data within the elastic regime. All models
have been subjected to this analysis,

Reference 3: R. V. Soutlwell, "Proceedings Royal Society™, London,
series A, Vol. 135, p. 60, 1952,
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In addition the Southwell lines determined as above will inber-
sect the axis of deflections at a cerbain value ai-which is a funetion
of the eccentriciby of the loading in our cass. ¢ has been plobtbed
against eccentricity in an atbempt to establish a relationship between
the two.

The method of procedure and results obtained are nobed in secbtlons
IIT and IV below,

Theorsbical resulbs are noted in sechtion V.



ITI., EXPERIVENTAL APPARATUS

A, TEST SPECIMENS

All test specimens were of the same type being cubt from
1/@“ (approximately ) sheet cold rolled steel or 24 ST aluminume
A1l strubs were designed for an effective length (from edge of end
support Lo point of loading) of 18u, with verying degrees of taper
from varying root depbths. Thickness remained essenbislly constant
throughout, though it would perhaps have been desirable to have
models with taper in two directions.

At no point in the models was shear found to be cribical.
However in designing the ends of the models to carry the lmife edge
it was necessary bto carry the knife sdge support back along the model
far enough to obbain sufficient depth to resist the bending moment

in the yz plane.

See Appendix A for drawings of all models:

§t

Model A 4,5 root depth, aluminum, btapered to point

Model B 6.0" root depth, aluminum, bapered to point
i

Model C 3.5 root depth, aluminum, truncated

Model D 5.5 root depth, steel, truncated
B. DESCRIPTION OF PHYSICAL SETUP

See Appendix B and C for drawings and phobographs of sebupe

A first consideration was to obtain complebe end fixity as
nearly as possible. The models were heavily bolted by means of two
steel 2 x 2 x 1/4 angles, one on each side, to a heavy permaneunt steel
backplate. The flange faces on opposite sides of the model were scored
heavily so that when the through bolts were tightened the flanges would
bite into the models., It is believed complete end fixity was obtained,

for throughout the tests the indicators returned to zero when the load
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wasg removed, except as hereinafter noted.

Care was baken to mount the model with the y-axls verbiecal
and the z-axis horizonbal. |

A second consideration was to obbain the desired loading
at the desired point. By mounting the z-axis of symebry horizombal
and by applying the load in a vertical direction, a leading perpendi-
cular to the sbrub axlis was assured. The strub and knife edge were
designed so that the loading edge would be on the axis of symetry.
In addition it was desired to have a transverse x-axis mobtion of the
knife edge to provide for sccentricity of loading. Use of sebt screws
as shown in the knife edge deball allowed this eccentricity Lo be
introduced, (Nobte: In this experiment the eccenbtricity adjustment
was nobt very precise, Since the sebt screws imbedded themselves into
the models to a varying and ummeasuresable degree. In addition, there
was a tendency of the screws to climb on the model when bturning and
of thus twisting the knife edge. A suggested albernate serew design
iz shown for fubure work. Also it is suggested that some means for
keeping the mife edge aligned with the z-axis be inmbroduced). To
allow the knife edge bto seat more easily on the model, the surface
of the model was grooved, giving, in effect, two parallel lines of
conbact for the knife edge to sealb on.

The loading was accomplished simply by hanging weights in
a pan, through a saddle, over the knife edge. To avoid dynamic load-
ing and to prevent buckling failure prematurely, a Jack was provided
under the weight pan to apply or relieve loading.

A fourth consideration was to measure deflecbions. Angular
deflections, due to thelr greater ease of measurement, were chosen

rather than downward or sidewlse deflections, as the deflection
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parameter in all considerations. Tt was felt that a simple mechanical
pointer would suffice if sufficlent magnification were provided. Con=
sequently a 30" arm wes clamped securely on the edge of each speciman,
the arm being demountable so thabt the same pointer could be used on
successive models, A pilece of millimeber graph paper was mounted
behind each end of the pointer with its coordinates in the vertical
and horizontal directions. In order to obbain a measure of the angle
of twist of the model it was only necessary to measure the difference
in the vertical deflection between the two ends of the poinber. This
effectively considers the angle as being directly yproportional to the
sine of the angle., This approximation is valid f or the small angles
which we are measuring., The millimeter graph paper was adjusted for
each model so that the poinbers would read zero in each coordinate
before application of load, It was found that the position of the
poimter could be estimated to L/lOth of a millimeter. Side deflections
of the model caused one end of the poinber to rub on the indicating
panel, thus inbroducing a slight stabllizing moment, This moment wWas-cone
sidered negligible due to the use of a pointer of very small rigidiby.
C. TESTING PROCEDURE

The model was set up in the rig as indicated in B above, and
the reading scales seb so that the poinbers read zerc. Loading was
applied in varying increments depending upon the size of the model and
upon the proximity of bthe applied to the critical loads. This first
loading was bto determine the experimental coribical load for strub, or
the maximum centrally applied load which strut would support with de=
fleetion in the yze-plane only, and above which the slightest external
listurbance would cause the strut to buckle. The knife edge was first

placed at the approximate center of the model, As loads were applied



the model would tend to deflect sideways in one directicn, or the
other. Accordingly the knife edge would be moved by means of the
adJustment set screws, in a direchion opposite to the mobion. This
adjustment was made with the load largely relieved by means of the
Jack, Then theload was applied again and the process repeated umbil
downward deflection only was noted. Additiemal weights were added
until another side deflection was nobted, and the knife edge adjust=
ment process repeated. Finally a load was reached where the slightest
movement of the knife edge in either direction would cause the strut
to buckle in that direction., This load was taken as the experimental
eritical load, and the position of the knife edge as the zero position,
for that strut setup.

The knife edge was always shifted with some, bub nob all,
load applied to facilitate seating of the knife edge on the strut.
Before loads were applied or baken off, the Jack underneath the pan
was used to take the load from the knife edge and hence from the strukb,
Following the locating of the zero point of the knife edge for tﬁe par-
ticular model sebup, a cerbtain amount of eccentricity of loading was
introduced by shifting the knife edge. As weights were added, readings
were baken, at various loading stages, of the accumulated loading and
of the position of the poinbters in the y and x directions on the indie
cating paper. Then the eccentricity was increased and the procedure
repeated. This process was carried out until the knife edge was located
almost at the edge of the model.

Since it was not desired to exceed the yield strength in these
models the angle of twist had to be held within some limits, except in
the final runs, The readings were roughly plotted as they were made

and when the flat of the curves of difference versus load was reached,
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no further readins were bakens
Between each change of eccenbricity, zero readings on the
pointer were checked to be certain of complete end Pixity aund the

absence of yielding.



IV. TXPERIMENTAL RESULTS

A. DATA
1. Tabulayr Form
Pages 15 to 45 present date in bGabular form. The
different ruus represent different ecccentricities as
nobed, and the data is preseunted in six columns as fpll@wsg
(1) cunulative loading = P.
(2) Reading in the y=direction of the left end of +he
pointer inm millimebers.
(3) Reading in the y=direction of the right end of the
pointer in millimeters.
(4) Reading of either right or left end of the pointer
in the x=direction in millimeters.
(5) Difference between readings of the two ends of the
pointer in millimeters. NOTE:; This difference
(DIFF, ) as has been poinbted oub, is taken as directly
and linearly related to the angle of twist B, and is
used in place of B. The units of DIFF. are millimeters,
A plot of DIFF, vs P is included in appendix De
(8) Difference divided by the cumulative loading = DIFFQ/?g
This column has not been calculated for all runs,.
Page 46 conbains tabular data of eceemt?icity’and ai (see Inbro-
duction) for the various models, This debta is taken from
charts B, D, F and H, aund from the tabular data.
2. CGraphical Form
Figures A to I (pages 46 to B4 ) show resulbs in graphical
forme All of the tabular data has not been plotted since many
curves would be largely coincident. Illustrative curves are

showne



Again, DIFF. stands for difference which is direchly proportionsl
to the angle of twist B (see Appendix D), and the units of DIFF., are
millimeters.

Curves are labeled as RUN 1, etc. These terms correspond ko
various eccentricities which vary for the different runms for different
medels, However eccentricity increases as the rum numbers increase.

Figure E shows curves rumning to what might be considered a nega=
tive difference. This was due to a reverssl nobted on this model., Ab
low eccentricities and loads the model began to twist in oﬁe direction
and then switched its direction of twist as the load was increaseds.
This was considered due to initial twist in the model,

Figure I shows graphical form of eccentricity va &ie



Model A

Aluminum 4.5 root depth =O-" %ip depth 0,125 +thickness

(1) (2) (3) (4) (5) (6)

Critical Run EBecembricity = =0

#

8.5
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54,3
64,5
69,5
70.0
7065

71.0

(1) (2) (3) (4) (5) (6)

Bun 1 Eccenbricity = , = 0,00195"
33.6 =02 =2:3 =0 2.1 .0625
44,0 =02 =269 =0 267 . 0614
49,0 0.2 =304 =0 3.2 - 0653
54,3 =0,1 =3.9 =0= 3.8 « 0700
58,3 0 4,4 0.1 4,4 20742
6l.3 +0.2 -4, 8 0.2 5.0 0815
63.3 0.4 ~5.2 0.4 5.6 . 0884
65.5 1.1 -86,0 0.6 7.1 21084
66.5 1.6 =6,4 1.0 8.0 « 1203
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35.6 1.3 =3.9 0.2 5.2 .1548
44,0 2.1 =53 0.4 7.4 188l
49,0 2.7 =6.3 0.6 9.0 1836
54.5 3.7  =7.7 1.2 11,4  ,32100
57,3 4.6 -3, 1.5 13.4 L2337
59.3 5.2 =9.7 2.1 14,9  .2511
61.3 6.3  -10.3 2.6  17.1 L2737
63,3 7.0  =12.6 3.7  20.5  .3237
64.5 9.5  =14.2 4.5  25.7 43876
65,0 10,2 =149 5.1 25,1 L3860
(1) (2) (3) (¢) (5 (6)
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63.5 8.3  =12.9 5.7  21.2  .5348
64.5 9.9 =147 4.8 24,6  .3315
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(1) (2) (3) (4)

Run 10 (conbtd) Eccentricity =

60,3 12.3 =16,8 4,7

81.3 13,4 ~18.0 5.4

623 15.0 =12,7 G.4
83,3 1742 -21.9 7.6
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Aluminun 6 root depth
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Critical Run
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3?06 "‘Oa? "O.r
’33-3 -/68 -104
69,2 =0, 6 =2.0

« 0000

. 0102

« 2470



(1) (2) (3) (4) (5) ()
Run 1 (econt'd)} Eecenbricity = 0,00195"
93,2 1i.8 =15,5 8.9 273 « 2935
23.7 13,8 «13,0 1C.2 31.8 « 3405

(1) (2) (3) (4) (5) ()

Run 2 Tecentricity = = 0.00SQO"
3345 -0,5 =0, 3 () 004 .0119
58,5 =0.4 =1.7 0.5 1.3 L2213
69.2 +0.2 -2.3 0.7 25 L0361
7% 4 1.1 =39 1.8 5,0 « D830
84.4 2.4 =5,3 265 77 .0912
80. 4 Be3 =B,3 Bs3 9.6 L1111
89,2 5.3 =8,7 4.5 14,0 . 1563
20. 2 8.5 ~10.,0 5.5 18,5 1830
91,2 7e3 -11.7 563 12.5 #2135
92.2 10.2 =14,2 8.0 2462 » 2625
53.2 13,90 ~13.0 10.0 31,0 ¢ 33258

(W) Gl &) () )

Run 3 Beeenbricihy = O.CCSBG“
3346 —0.3‘ A 1.0 G:{WN ";.;""m )
5843 -0, 1 -2.0 C.5 1.9
69,2 +0.3 =28 1,0 3.1
794 1.7 -4,2 2.0 5s 9
84,4 3,1 =5, 0 2.8 2.1

“
=



TN

o

(3)
Eecentriaity

oy
o

(1)

1®

m 3 (conk'd)

L3

[l

o2
i

IS

-5, 9

=3, 9

AN

oy
i

o

o1

ez
bl S

(9]

AY]
Ean)

g sTe
[

o
4

’(\O

bl
[N 15
-
010‘.,
Fpa b
{5

Y

-~
s

8.0
4

o0
'3
{

B U ——
181

(3,

)

hal

(

e e 8 S ot R A A 5 b 5 8 B B
fatihed

92.7

. 0392

o3

oD

0

o

<
g

w

“

A}

°w

Lo

by

1.3

©2

<ji

£~

o
o

%)
¢

)

-
i

o
et

-1, 7

(o]

PR
Ce

(51

Fae

jve

« 1185

O
(SR

7

s
L

4

4

4
g )

£

2

agad
WA e

769

90,2

[xe)

I

"‘16.3

13.1

(Y]

AN
(o))

L)

[

o1

B2

e




~~
10

(3)

[P

)

o

LON

{
A\

o

- 0.,01170
Cu9

0.2

v

Tecentricity

mon o

I B8 B TR £ sl AR etk R S TS SBaah kA SGT w

3
<t

501

0,7

69,2

1.2

74,2

et

ol

79,4

.0983

8,0

'“6:8

.
et

s

4
90.2

84,

&
o

<

D

[S¥]

o«

Doe

e

>

92,2

. 0295
2 0408

0.01562
0

2.4

0.5

(%)
O. :?}

(3.

@

+0

1898

[aY]
o]

o

<

. 0807

(9]

~

2.1

<o

L]
L]

-
e

?

<H

84,

o

4

"‘90 1
"90 9

» 2462

A}

0
o2

9.4 —12.8 607 L]

90C.2

31.9

945
10,2

~17.7

-190 G

4.2
15,9

92.2




(8)

Y

~—

4)

o~
B

(3%
S

——

@]
1

Lot

1

ity

Eecentric

Run 7

1,1

0,2

58,8

(A

<t

o

()]

3]

=3l

o
[

4

Sy

p
<

<t

wn

o
w

o
19, 4

L)

5
24{. e i

[wr]

<o

o2
o

2.7

2
2

14,6

[a¥]

[N
[o3]

e

oo
P
el gl

10,

{No C

B
P

[

o
o

ey

Sy

o

Ve

o2

=

[as]
e

Qo2

&

Qo

3

1.1

oo

o0
w

w0

a2

[

4

"'[la 0

69,2

o

[AY

[

£6

10
@ o

16,2

10
o

4]

(&)

[o7]

[

o2

w0
[#3]
G

» 2590

-1C.6

.7
16.2

86.4
21.2




.y

Ji

)

e~
g

0, 02730

-
1.5

Ly

rieil

"’?. O

Becent

Run 9

2
T a &
4

El

59
79

e

<t
=1

i

28]

"‘Sa ?

1
S Thy
0.03125

€

74

2.2

[}

&

90
-4

o
t_"l?

1

0028

iy

2™
e

£

28

~

L

ja
&

s 1

4
p
‘e QY

mli.
a

e £
-

N

|

J4

7

w
L

=1

-%. 9

2420

[

19.7

QT

+ 2700

L

(AN
(4N

gt

[
[ve

3
[ R4

32

o
‘\)-2




; e s : [a%] i jo O
N et Lo i O 5] [ i
0 <] (8N Lo o & 3y o
~rt = = i [ A% b 3] 1) 3
w0 1w * - e . ° a L3
~ (&
L] o
[N [Sd
. (& < .
N ° < » t~ o] o i o [ [ N ® 20 W [ 4 o o 1548 i
w0 @] . * © D ® £ - » . 10 [ © ° o © » - e ®
S ) < e8] o W [ [N w0 <o [ Seae? ) <M 2y S &) 2 | 5 (&) [ie]
" 4 i < [aV] o2 o B2 ! =1 1ot o £ S )
{
T 12 ol Y] < 3] od =} <3 i T 2] 0 =gt eof [ uy €0 b
< - . ® . ® ® . ® ® <t ® . © ® e @ . S
St it i (@ i ol IS =i j Loy <8} L~ [ex Soe? ii L) wod o £ e e P oD
o e
] (4] o
TNL e [ie] ) <3 3 30 (o) &€ el 8] ] i S [ Lo o 2 [ {~ i (&)
[ * . . » » . . . . L B 5 ® [y - © * ® - . ®
— 4 o2 LIg) Des (8] 4 w3 5t [ < St 42 [v] 10 £ Oy [XY] [3H] 165 [« )
jud t L ' i o i e 4 [ = § i ¢ 3 =~ o1 ol e~ 1
© § H § 4 ! @ i 1 1 ] i
L&) b
© o
Fxd 3
S < €W by o [ S 1 (M) 3 T = o w (2] [es] o2 e €Q e}
o2 [y . ® " e - 3 ® ® (SN & Y » L) » ° [ « ®
~— [ | | S 10 W [&F] < [AM (S i~ Pt e 28] [t} [ o i o i (<o)
1 ] ~ fau =t 4 ed (e 1
5
¥
N & [es) o2 [a¥] <3 < <k =i <E T [ie o [aN] [AN] <H < )3 <4
- . 3 © - s - . 3 Y fau 3 ® ° v . ° »® .
S [Sp] [vad ()] =<H [6x il o] W Lo St jSad (8] [ep] a fep} = & D
[AN] i0 «$©O e L (v [o8] e o £ e W s [ [en] e8] ve]

G

La)
<




- e e

e AR Rl M s AR B

L s W PR

I 3 e o - < ») < < <
=} D et faed = = i o] o i
1 [N} 0 P [ea) 7 [ o1 o D
1 35} o2 o i & <H 0 ©w Yo} w
M [43 L1 Y . 1 - ® [y @ ® ®

o

M <1

! 10

! <
He o] o~ (o>} (@] o =3 oo ' - a3} w0 o fea) [sa] < L& (@ (@]
w . - L] » [y » ® ! (] ® ° ®© . » " ° » "
= (o3 [ i a8} = G £ ! =t [} Fona ) [{v] 1 0 [any 0
P o [a8] [ o2 I5p] ! ; [a%] D |40 MA e [Sa} [
7y (AN o - En o] i 10 i) < <t < o o gt o v o2 e
*© » L3 % Ld - @ @ . L) o L2 ° > - L] L. A -
< 4 o L i e [£e} o R < - o 103 n i~ (=0} (@) [ 3n) w oo
] i 4 i

!
- [ > <91 Y] [ 10 [l PO s8] 1 i 1 o o s ol o o
L * ® - - L3 a < “ L] * & ® » L] . - € *
[a] iy i o [ Yy 10 o0 TN [ 0y Lo L (85 £ C o [o3]
H ] H § o - 4 o1 i ¢ - - ~ i 4 [ ca 3R} i
] ] § i § § ] § ] i i H 1

[« o [ o bay) o . 35 Wy i Lo} Zs} o] %5 ~ @} o
- - L] L] 9 € & ” ® L * A ] . L] L) * L]
[Xp) e [N - [y} w0 < i < s o ] 2 < Nel (@] Ne} o3 e
e~ ot i 7 i [aa) [l [ [aV] o1 [aV] £

=

[as
e} fee} o2 (AN} B <t e [ o o3 a8t <3 < wh < ~H o [ AN
~ - ® ,n - ® ® & % * & s - L] - L L] ° @
)y [o0] o =i er) == w S el o Ka ol =1 > e £ [ap} o jo
20 i [} [ o fes) o, 2 10 > i [ <a} [es} w 0 (e8] [ce) [}




o~

A

g

3
AN

7
f

“
i




a [en) o2l it [
N faN i 0 2] e s
o ¢4 < [43] S i o)
e o (&) <O (@] < et
L] L] -« L] ®
T
o
. <
O [N i 1 Hel w Ea <3 [ [ T [} et <H I 0 jSat o} =
10 3 ° ® » Y LY . ® S © Hed [ L) » . - ® . -
sl o (& b o f] [} o3 o il L o .4 < £ o e «Ww [ ¥
4 t ] M*.: o] N i
n
o~ =1 I AV 3] feu o 10 < ol w0 o S e £ o S o 4 <3 e}
=3 = « » e . ® " » » - < IS ® . a . o « .
Se? b [@] [&] (o O [ =4 i e Hi R I (&) [ o el [AV] 5] e
.
Y
L
ord
(@)
N ord e i W [e¢] t U et ] fom N 1 [ Cs 02 o i8] [AV] ot o
I )
jop) 4 - -« Y Y ® Y Y B ® [ ® @ L3 » - - .
N 4 O 1 gl 4 AN (A1 [ 17 [ Nt Lk} i o4 <3 1 e [es]
o 1 ] i [ i § ] B ] 3 ] ] 1 ] H
()
L}
<
=5
S < < (=] 0 Ak s < <~ " et S - AV} el <f (o] n et 4 xe] o
-3 « . - . - @ » . . o Y s ® @ ® » - - - -
S o) [k Fat ~i Fan red (o] ot N el =4 4 - et [} (] L] i [V <ft
1 ! : 1 f i i i f t 3 i i F
. (&N e b~ N [N I [ B ! o (AN [ o & 38 D I ‘3
T =3 Se} w [ [op) T (o3 <3 N ) S (o) [4¢] (e (e} [«F} o <
e~ % S » . ® ® » 3 i » © - - » “ °
St a Cu <} o 4 03 g <3 3 St Lep (o8] (a3 b &2 < A
[ g L fe [t [4e] 0 (47 e AV 128 te) &) %o 0 5o/




()] [ L] j@] (S
T 16} 45 I >
<O (@] (o) < | I
S~ [ [ (@ [
° L] L] [ ] ®
N o 2\ =it (¢} <4 e 2V [ <ol eV o A% e o
10 » ® 3 . [ e ® ° ® ® [ ® ° .
e [ < -] (e [V [ < (@) O i [aN =H [ e
i
T ol [a¥] w e [ £ 2 Wy ] e Hia] s} st bl (&
ﬂr ® & * - » * m L] L3 R 3 ° - ® ®
St i (] <O L} o3 2% < QO (] (] (o] [ & m
S i [ o (%4 AN [en) D 0 e} ! i [oH] < i) f (@)
) £l » [ ® - L * ® ® L - ® © L - L]
N r k] 4 (AN 0 [\p] < wn [ - i o4 o (S} =H W
i ] H ] % [} L] i § § § ] [} i ¥
™~ o e jUe |Sp [ea) o2 [Sa) o ) ™ [ [N 1) ] [N fenl
1 ® ® E ® o L3 ° ® - [$%3 L [ @ [ « -
A LSl [@] o= e i [l L] b [ o] St i - ] < > e D
[ ¥ g ' t § -+ H 3 i +
ol
o] 5
& £
(Y] foen £ & i 89 ol Lo ED 17
™S o~ s (o} [e3 [oF] [ Y [Ye] o n
L} ® ® ® ® @ ) 13 ® LY ®
e (5] e < et A 0y g [op] =3 o Ly
o it “y 18] el 48] 3N 15 s [£s]




()

TN
5]

i

ity

Eecentric

Run 6

o]

i~
<&

» 006

0.2

[ ]

L)

ol

0076

0.3

0.1

<!

™

=i

=

"
Fe o

2]

z
)

-
)

Lx]
e

rd
}iﬂ

4

[
[

Led

=07

NS
P
o
(5]

~

Zal

e
G

0

ol

(3}

DT

o2

B

T
)
e

g
Y
g

&

3
EAYY

o
o
o

3

o
.

1

(1]

ol

jp]

)
o

<

i

(AN

=

Jo 2

:
T

80, 93

(o]

s

g
[y

o
(o]

<o
S

«©w
i

w0

2

14,6

5.0

-90 E:'

1

o




"
8 ceentricity = 0, 0260

£

>
5

Ro]

[4
.

=2, 8

~
N [
e L

e T B G Mot

=1Ue 3

S
)

o3
-
[@]

I

et
(e 9 0o 2 1.9
0,1 & 5 Zaed
0,5 ol e 30D
O,b ~93 40-
1.2 i, O 7 2, C
1,8 2 241 70
Zed 0 2e5 8.5
Zel 1 3 1C.3

¢ 12.0C

.7 16;4:

=l e



e L w0 (o) Lo ,\,mu ” m
B W T V) i S M& i m
¥ (o] e o 1% o o
~—r & i 1 i e 3N 3
= » “ - ® & ® i 5
=3 i ¢ !
- i =
o] i —u
& ! <
; - ; ! - : » ST (I
N . 0 ol £ av o] [ o2 i . o 5 ¢ M n..“. 4 ! ] t
o Y S 5 S 5 et SRS T o m e M @
St 2V jEa 3 & 2 v 3R . : - & ,
i i =i 4 : [ & i
! .
: ) o S v ’p o o o .. o
- AN oV I SV I ; e} o ow | » M@0 : LA :
1 : ° L] *® L3 - ® L3 . H 5t ) e ® P b Py
M\.\.. ..,.w (@] =1 et o2 < 5 <t 0 { et i < lo] AN 3 o 1
i
i 5
i e
r ! € 12 —.»i w/é [ -
, i 03 o - oo I o i ~ 5 - 2
! 307 e | 2p) [35] i [av ee) ) v,.,, o i ; < % & 3 :
[ [y © ® - R ° ° ® ™ ,ﬂ.s . o . o
S 2 o < w0 - 58 I 4 St + [ % ww f G <
] ] 5 H ) 1 § i £ .
. 8
e
) & o £ oo [ ¥ \J [ o) [4V]
S j - B oY ] <} ] ~ e < . . X 4 M ; ) !
oo . . © [ ® » s N = o ™ - e <t <3 w
et i (@] el (g ] (2] 2l <H L~ - o 3 -t vl (A1 O 5
s =i
2 5
o R " = , . - . [
st o2 (S £ [ oy 5 Ly . £ mru o t mx e e
N =1 g Lo o) Z (<o) on h [ Fo A “ =
= SON L7 s w0 O e T N S
4N £ 1wy iy 0 1w le} o « ~ i

Do

-

r,




S
o
S

3
s/

(4

)

L

B

e

N
[

G

Lle

Be5

M
ER

i

<t

bl

md

(]

®
1

[ Fa¥s]
8 L

[

(4w

[

e

[
(R

&

)

65

o |

e,
£

[$8]

T
Y

10

L

[ea]

3

B Gn e B A




a5 A0
S T

e

Yt

e

188,47

s ls i

te)

e

o]
2

I8
&)

s T . i Bl A S



©2 [y - o ] 3 — b~ <0} <H
N e jeal €W [e>] = T (03] o [V (<ol
] (@) i [N L w0 [Le 5] < 4 1 o~
S &) < o (] < S @} < < (&} <
- ® ® ® L) ® - L] L] ® e
18
$2
& : B
A 3 s i 2 i~ «f < <3 oy el [z} N 3 el o3 o3 <
il » e ® & ') ® “ L ° [ « ® m . Y © - ®
~—i 3 § < < et o = €3 N 120 =3 il T Mv» (] -t ] to
¥
i (a9 o B 38 T i [a¥] 0 b (@] <3 [} w § [} S w [{o! < |
< [y ® @ ® s © - . e @ - - ! [94 (] ® . . ® .
i ] § qn«w (o} o (] 4w 1 et i [SV o2 2 ] ¥ M\u < Q (i L]
[t
REN 5
._im F u
IS &
S i n (o)) o o2 O (g (e (S W e i~ Y Tha j£pe e~ [aY; N el [ X ] (@ i <3 a
|3 3 a a ® ® . ® ® - Y » 'y e .. * 3 S E . » © » . .
142 < [ [AN] AN [aN] 3R <2 t S it 5t < 10 <O [ ! Somet o @’ e c2 ) vy B 38}
£ H i ] 8 4 L] 3 i ] [ 4 8 8 3 ] <3 g [ § f § ] 1
O § L]
& t o
< ! (A3
3 : -
=3 !
;
T sh e & %) s [ i -l [ W 2 wy [AV} W ™ (o) <3 o - Ty
o2 L] © LY ® e © » Y » Yy Y Y . - ¢ %] @ . LY . °
~l o ) 1 e i ri e 4 4 < - [ < - ¢ M et e O 4 =4 1 o
. ' g 3 § 8 t H i § § + ; 1 ! 1 ! i
i .
~ w o
=
o ! £
_ o~ [ i~ fo fo~ i aft g <
~ PR o) o] ) o S o ! T |2 Y [ [AN] 0}
) L% . ® ® ® L) W ) [ e . @
haed b o e o o o ; et Lo 153 o < o)
LEa) I~ [on] o oo 75} 24] “ 9] [ o~ oo [os]
i [} [ i i L H et i i 3




) o L g o €3 () =
TNl e &2 o [ o 3 &g o d &3]
B (8] (4] (@] C = -t i (AN o i
St AR < e (9% < (@] (o [ T Ca (e}
[ ® Y e » - ® ® © ® ®
g & =
g . .
e i el [ae T L= < o i [£9) =h (3 [ae] [ N
e [ ® ® ) o - « © . © ®
Tt < - < [ s 2 o e < e Sl <&
o]
. 3
i I
- o) 03 s ; ¢ ) < i < ¥ <o <3 = <
<3 e - @ =34 m ) < R % - - ® e ™ @ -
e S e m O o P L S S N A
N S o N < b~ [ < 02 i < <t o 2 fra
[S] ° ® [ L] L3 « ® @ @ L . L] ® *
S <t 3 S 1 [t 03 ] e = T gt 1w =
¥ ] i i 8 H ] 3 4 § ] {
™ o O i w T s < [ [ S % ol [ AN i~ foe L
[avy © ® L i ol X - ® - ® © » ® ® & -« ®
e - 1 jon} et i < 1 v d e o} (&) C M e s ]
i i [ ; g i i i i :
£
]
[n'e}
£33 .
= i
o [ S 53 . o ol
) o 4 ® ® ® © @
g AL R fom ] 17 (4% i
oh (5wl L3 b~ Prsd o
=i [ i - (o] [




10 <3t ot [N Lo 10 [or] i Ca i e (o] 3
TN o Rl <o (o] v -3t Nl it s 3 o2} [ <
oo < (@) fo el i < (o =} I =5 <3 {1 o~
S < o o [y (o8] [ [ O o] [ < < <
= - L) - ® L) % - [y @ . L3 ® [
a3
<
e~
] e}
N Q i ¢ e < < o o < 7 H o] i) =5 () [ T~ i @ [{e <
w, O e » - . ® 3 w ® » © o ® . @ ® . @ “ ® * -
R T (@) (] (] -t ane’ et [ S o) < O el [a%s B0 Lin) 17 jo Do [ < hind
u B 3 i
N B [a% 0 o o < [ w3 ™ ] ] u {- [ e~ <o [ e~ 10 -
< i O o - [ ® ® % . <3t < <> @ . . . . . - .
S i [ (o] e ot i e ol . St i § H o 4 oA (9 o2 o (2 [a) <t
- |
e
el
©
N o <& Lo e 4 [ i <9 -l (&3] N ! b8 €2 o =i [4Y] [ < o i} [op)
[0 5 ° « & 'S » @ £ © N © ® ® - . ° [y . . .
N~ 42 4 k] €} (AR [32] Al <4 4 St 4 2N S <t iy mw [{ [3¥] o~ o
& ¥ i g [ § [] i i 1 § § L L] L] i H L] 1
&
<Q
s |Sp i : i 107 T [oa} [as! e [=0) o2 L (@] s} o2 o ~4
(3N L] & ® ® - o3 ® e L3 5 ® LY o . ® - »
oot U L et e st o S L] [ (] [ o s el o3 [V ~1
] t f § ] § ] ] H g
-t
b
&
w3 . =t gt <t ] . o W g i
N T G & [ae] AN T £ [ 9o o [aN] Q¥ [
[} ® ® ) ° ® ® o L3 » . » ° ) L3
S [ o = i T A% e (e R4l ] = L) j 2l (4N By <q!
(e i €50 L o L&) 1 <t (o) [y} o (8] (o) [ze]
e et [ i 1 4 =] ! ot ] o4 i 1




ey
e

p—rg

P
=
N

ey

(S
s

» 0154
L0184

41

0,9
1.7

G768

i
AN
[at)

i a i

o
o

118,064

L3

&

1

<o

i

o]

o e

ks

Fey
£

e

b

[l

(s8]

g A

&

)

&0

g
4

®
o




(V] & (58] Ea (o] faig (AN W o g ) < (oS ji o [
T fag] <3 o i ool i Pl L [ N L P [wp3 <o o AW CFi
o 3 L7 < i g o~ Cn [} -l o N 3¢ <P ! jEes e - -
S (%) (@] &) < @] (@3 (&) < [ [t o [ < [ < <O < <
= ® ® . @ * ® @ - @ @ = - ® Y ® ® @ ®
Q o
& e
ol [
< 3
N ® i [aY] L~ L o AN 0 [ 0 <3 AN A ® 10 (o5 peed o oo (o] =i
10 < - S ® @ . - 1 @ »® ® ® 173 o ® e ® IS . IS © -
N (AN S <H D L~ Sl (4w o0 jEe o e a3 S (A% 3] ji 10 fime (e8] fad) W\
I e~ [ i e [ [N H ] 4 4
T~ oI, =8 o7} [ e ] (A% s e 1y 2 ¥ [aV] kot [o3] < [ el iy 1
<H ) O » - e . ° ® ® ) ) . ° » . . . ° -
b i (@} o O =i i A% 28 £ < 13 59 i O < [ i - 1 o 3
¥ Py
42 -+
et et
(3] [+
TN e [ (e8] ol [ [Spe) [ =4 oo on (£ N o il ed L] S8 S L] [ ~
[0 S . . - . ° - Y ® Y « ® s . @ - ® - . . °
S 42 3 [y By < (I < <o o3 (ot <G 3 ) 42 2 [ <P 8 N} £ [se3
) ] § H 1 ] § § i ] e el o< o5 § ¥ 1 ] £ i
G i B 1 [0
O [}
o &
£ ]
S o <t [e1] <t [w) S i o~ £ (¥t i & s e o ol 0 1 g -~ [
[ 4% ® - ® . » o 3 - L) ® . 3 (A% . e @ ® . ® « .
et e (&) O [ I el o2 =3 < i <o) o~ o e S (& < i i o (2 [ i
M
- < =1 < it |t b~ £~ L it < o] i [ 10 [aY] o
o |3 <+ @ [} o8} 1 [ o [N T £ N [ (o o v S
(] © . . . . ® “ » ® b L) ° . [ ® % °
heed &~ [N [S%] o3 (@] =i =P o <3t S [ ol Lo o2 (] i O
S o i t ) [<¥) W o [ [0} o «© S} =3 Tof i)
[ 1} et ot [ ] fa [ ! e i (]

“

. 0204
e 106

Lo d

14,8
i7.

b

e

Je

-

161.¢




~
o
S

T
~il
S

~~
[op]

'

"

0,036

4
L

city =

10 Teecentri

Run

oo

<
v

]

]

Oe

&
{

(o=

i

0

javi

[

L

K4
S

(8]
g

[l

]

o
[
<h

<

C.2

y

L ]
Lakew W

ce

o

¥
5
1

<
o
®

-
%
.

&

£
at

Ll 2

(&

Pl

P

e

3]

[a%]

Es)
LA N

'

fatrasas
L

8l

o
v
L)

i
i

ey

8
LV,

T~
U

51.

o

A

]
IR
LI -y

(¥4

o]

frn
W
[
[<8]

4




.,i.
3
-

s
1

4

(1

L
3¢
L

=

(]

o
e

O
LR Ne

“

oy

v L

.

s

e {




ODEL A

———— 1 o A

=
. T ¢, 00108"

Ve & ‘g 5
3 0, 00555" o 5

N o .
see gl
- " .
5 ooeTT” ig 3 § T ITey oo
o DooYY 13,8 SIS GEEAS Ber
o ~ .
5 10-“ Tel

o N et e At 70
& Lia U8l 17,9

3 : ; . .
- Vel La s sl
i oo it R
£ [SF AN Le D
5 2 PO
e by R
N . -
ERF 1.5
e o o a1
Sa SPRSRES!
~ -, . -
- o Lo
7 -
! ',}Q M

g 7e 4 Prelel —
& {a 0. 0280 Gam




Tecentria

i i
i c——
-y 1 L)
1i an’;’j’.ﬁvg 2742 Lea

12 0. 0520" 34, 6 0.0520" 18,

—.4;58.-



Duvup~pc- 7

S5 FESES S

yu o
I

e fe e

Bt

Fampy
BeaES anis

i+
1 +4

I Sed SRSEt B TnEns b
yn 14

b

PEEane

SRR 50
fiiiif

R S aae
¢

i

1414

el ”.i,

e

128 b g

Igans kausd by

e
o3

+

ES

e+

Tt
.

1
i

4

.

Pabhassy

s i




Durwp-pC- (947

T

B9y e

e EARu

f ERT T ppERS b

T4

3

e

S .

e i

o)

[ 2SS S BA4 YHSSE S80S

et

f

]

23

egs
i

£

H1
a

45

(% B kW

ISne sEERt

++

i

»n

b

EEEEES uL R EEwEs

BES BT HE SRS

B

o H

s

¥

Bis ¢

1

11

-

SRUBARPEL T F i

o baeiey

T




Davap-pc (1997




Duwr, i an 1)

i Rl § BEROS FF E

5 |
i

DIELESICH BO2L CO

wo

198

WIFTINELEE2 380 BA S20 DIAIRIOW2

lT

LI

bBIMLED I N2V OW CFEVEbBIML LECHUICYI BVbEE WO 1000H

-




i

Hisliy
shbmenat!

QISR s

9% pos

o

ous

LﬁL

HHT

T3

Seas
18

SIS SR

1% sma ey nugys

Jrafedet

PSR4 FEmer PuEet R ol

sue

N

[SetEoee] EesE o

MHEEME TEWD 360 B S20 NEAIRIOK2

A ?ﬂ.ﬁ%ﬁ?

BEIMLED 1M N2V OM CrEVEbLEIML LECHWMICVYI bVBEE MO 1000H

|T




Owup— e {777

e

ERE

B E R

f

u
W

, &

i

T

1

DRSS REE]

B ) ERG SRamE SHE L

;B

ja

et

i b S oS

EEN SRR
M }

N
~

143

JSESS ERSRS SERS

FEEBEL S

BN B R W

=50

PPy bEDRY u Rl

DIELEBICH bO2L CO°

Wo' 148

WIFTIWELEB2 380 BA 520 DiAIRIOM2

IT

R
Vﬂﬂ%&dﬁ

BHIMLED I N'@V OW CrEVEbEINL LECHWICVI bYbEK WO

1000H

-5[—



pb\rwf— ,”( bl [C{‘/7

11112

Ingss s

age

i

Baes

RS PAGES B SN

11

I
8 b n e

T

e =1

parey

B BB B e

T

R S it e

T

—- b e

-

R

-

1t

3

T

¥

ISt I

g o
oy
pres

EERE)
313

T
I
bl

T
}

o

DIELEBICH BO2L CO° WO 148 WIrTIKELES2 380 BA S20 DIAIRIOH2

JT

=
Vﬂﬂ%&ﬁr

bEIMLED 1M N2V OWU CTEVEbBIML LEC

3
AT TR




0(44‘(”__ /’C - (7L[7

o‘.

1eeef 1 bada

34

RPN EG b ug )

+

DIELEBICH bO2L CO

MO 1¥8 WIFTINELEE2 380 BA S20 DIAIZIOW2







Be CONCLUSIG@E

As indicated in the Inbtroduction, Timoshenke has shown the
theoretbical buckling load for the thin ecantilever sbrut tapered to
a point to bhe:
n Y Bl C
Vi P

For strubts A and B, where:
h=h (1 “2%') (ie€w, n=1)

and where a concentrated load is applied at the end, "'m! has a tabulated

value of 2,405 (Reference (1), p. 5), and:

J = length

n kb op
1771
13
_hb b
¢ ="z (1~@¢eso.ﬁ.)@
whers ¢ h = depth

In babuler form:

) n (") b (") B (108) @ (10°) B ¢ P (ibs)
Model A 18 4.5  0.125 10.5 3¢9 7,700 11,200 68,9
Model B 18 8.0 0.128 10.5 3.9 10,280 15,020 92.2

Or, the theoretical buckling loads for models A and B are 68,9 1lbs.
and 92,2 1lbs., respectively.

Pages 15 to 29 and figures A and C show the data in tabuler and
graphical form for models A and B,

Referring to the data, we find the critical loads determined

BB



xperimentally for models A and B to be 71 1bs, and 97.2 lbs., res-
pectively., In tabular form:

Theoretical  Experimental Exp. % of Theor,

Model A 68,9 1bs, 71.0 1bs, 101.6%
Model B 92.2 lbs, 97,2 1bs. 105, 4%

Due to evidence from Soutlwell's method, shown below, it is
believed that these experimental critical loads are very close to
the true critical leads,

The difference bebween the theoretical and experimental values
is felt bo be due largely to the fact that the portion of the sbrubs
at the load end, where the section becomes smallest and where deflece
tions might be expected to be large, had to be reinforced by adding
material to resist bending near the end in the yz-plane and to provide
a seat for the knife edge., The effect of this reinforcement at the
end camot be accurately taken inbo account.

Additional fachbors which might cause minor deviations bebween
the theoretical and experimental values are (1) thickness varying
from 0,1245" o 0.1255" throughout the médei, (2) use of the material
values of B and G, and (3) a possibly slightly longer effectbive length
than 18", (1) is’small and enters as the square root of a cube term.
(2) enters as a square root,

In view of the manifest impéssibility of loading a strut at a
pﬁﬂ@iﬁisdﬁﬁmﬂttoswlmwﬂmtmmvnﬁymbeCMdeﬁmw
lutsly. However the small percenbage separation of values indicates
good correspondence bebween the experimental and the theorstical values
for the type of shrut considersd.

Wo formulae for calculating the theorebical eritical loads for

truncated struts, such as models C and D, have been found. In Seebion IT

w23 Ben



of this thesis an abtbempt has been made to derive such a Fformula,
and the experimental critical loads for thess models are compared
with the oritical values caleulated,

Figures B, D, P, and H show plots of difference/? vs difference.
Soublwell has pointed out that in the case of column loads, (1) +these
lines should be straight and (2) their sloves should equal the eritical
load, regardless of eccenbriciby. An exbension of this method to the
loading under consideration was suggested.

On these figures it will be nobted that a sebt of points £ rom the
same run, while having a straight portion, generally curve toward the
low end of the set, This curvature has been neglected, and the straight
lines have been drawn, with the following explanation.

It will be noted that this deviation from a straight line inecreases
generally with the eccentricity. Now these sets of points will only
be in a straight line insofar as they represent poinmbs on a hyperbolic
curve of P vs difference, (figures A, C, E, and GJs Referring to these
figures we see that these curves vary from the hyperbolic form in the
low range of difference, where they all touch the ordinste at P. For
the higher values of P, the curves are very much more truly hyperbolic
than for the low values, due to the nature of the curves. Accordingly,
only the points at the higher values of differsnce should be considered
in drewing straight lines representing the seb of poinks,

Considering the straight lines approximating the sebs of points
for various eccentricitises, we find the slopes of these lines are
approximately parallel for all runs and that they give values of P

as follows:



(pirf. )/(Dire./P) = P

cr
Model A (25-5)/(0.3560 = 0,0795) = 72,3 lbs., (Figure B, Run 1)
Model B (380=10)/(0,3475 = 0,1420) = 97,2 lbs. (Figure D, Run 10)

i

Model C (15=5)/(0,2350 = 0,0863 ) 67.3 lbs, (Figure F, Run 8)

Model D (20-10)/(0.6059 = 0.0542) = 193.2 1bs, (Figure H, Run 6)

Comparing the critical loads debtermined experimentally with those

determined by Soubtlwell®s methods

Experimental | Soutlwell  South. % of Bxpe.
Model A 71,0 1bs, 7203 1bs. 101.8%
Model B 97.2 1bs, 97.2 1bs, 100, 0%
Model C 66.9 1bs. 67.3 1bs, 100,74
Model D 190.7 1bs, 193.2 1bs, 101.4%

we find very close adherence for the models btested., In every case
the Southwell lines show a scmewhat greater critical. This is con=
sidered due to the facht that in loading for critical on the zero line,
the true experimental critical loading was not reached,

The conclusion reached, based on the information obbained from
these models, is that for these types of sbrut it is possible 4o obbain
the critical load from a few test points, without first determining
the cenber point of the struk, and without going to loads which might
cause the yield strength to be exceeded, In such a debermination it
will be important, (1) to use 2 small sccentricity, or (2) to take
points from higher loadings only.

The procedure would he to set up the model in a mermer gimilay
to that shown herein, place ths point of loading fairly close to the

model center, apply loads, and measure the deflections (angle of twist)

w38 e



vide the deflections by the londing and

i«h

vs the varicus loadings. D

g%
plot vs the dellections The slope of this line will give the oribical
load for that strut,

Page 45 gives the tabuler form and vage 54 gives the gravh-

ical form of eccentriciby wvs o,y where &, represents the displacemsnt

of the DIFF./P vs DIFF, lines where they cross the DIFF. axis. Thile

%, iz considered =s some funchion of the eccenbricity it must be pointe
ed out that considerable error may easily be introduced into the emx=

perimental deberminetion of @,. First, if the sccenbricity introduced

=

is mot as esbtimated or caleulated, the enbire set of values determining
the plot of P vs DIFF., will be in ervor, thus introducing an error in

the curves which determine the walues of o, In the second place, the

lines debermining o, (especially for high eccentricities ) are approx-~
imetions to sets of poinbs which do not have a well defined stra ight
portion. An error in the slope of any DIFF./P line will introduce
considerable error in the oy for that eccentricity,. ﬁi should be more
representative as o measure of cccentricity for the lower range of
eccentricity.

Congidering the data shown, we see that the data Ffor wmodels
A and B was plotbed to the same scale, and hence we should sxpect some
correlation bebween the curves of ©; vs eccentricity. These curves for
models A and B do show a marked degree of similar ity. This similarity
is emphasized Ty comparison with the curves for models C end D, whose

s

points are derived from lines drawn to differend scales, bub which

&

till show the same general trend as models A and B.

(12}

[EN

From the date available in this experiment it imposgible
to tell whether the double curvatures shown in figure I are inherent
in the problem, or are due to some comsistent error in the experimental
obup.
aly i



V. THEORETICAL INVESTIGATION
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As & theorebical vroblem it was proposed to derive a formula
that would handle the cribical lecad for laberal buckling of thin gtruts
of consbant thickness which are either tapered to a point or truncated.

The triangular case has been well presented by Timoshenko in Theory of

Tlastic Stability. However very 1libttle work has been presenbsed for the
. . B3 3 £ 2 »
specific problem of truncabted strubts Federhofer (Reference 2) has

ubion o this ovroblem which is complicated by the fact

e
0
@
o
o
e
w
o
O
Fond

[N

that it is presented using constants worked out for specific taper

ratios, The solution in this paper is considersed mors flexible in

e

that it way be solved directly by substitubing the physical and meberial
yalues of The model.

In this solution resort was made to Rayleigh's principle
which is discussed in the next part B.

Part O presents the derivation of the formula.

dJ

>

Conclusions are presenbed in part D
B. DISCUSSION OF RAYIRIGH'S PRINCIPLE (REFERENCE 4)

The general idea of Rayleigh's principle is that the potential

ge

cenerzy must be equal Ho the exbernal work done. In relabing this to the
test for stability we have a structure in equilibrilum under load. This

will only go out of eguilibrium if the sebup is acted upon by some dig=

turbing for called F. The deformation produced will be caused by

e

two energies: W, bthe work done by Ln& original load and V, the stroin
potential emnergy acquired in the deformation, Iet E be the worl done

by the disturbing force and T be the Kinetis energy acguired by the
Exl S

getup., By bthe principle of the conservation of energy we can writes

Reference 4:; G.F.J.Temple and W.G.Bickley, "Rayleigh's Principle and Its

Applications to Engineering", Oxford University Press, London, 1933,

~B0=



WH+E = v+

T will have to be greater than or equal to 0. Now if V > W, the

energy difference, V = W, will be supplied by the disbturbing forces.
Deformation cccurs only when these forces are of sufficlent magnitude.
But if V = W, the work done by the disturbing forces, no mabtter how

smell will all be couverted inbo kinebic energy. Therefore, the

[#
%
1.!
d_
e
!,,Jo
<
ol
=

or sbability is that V > W for all deformations.

The general equilibrium condition for a canbilever beam,

loaded as ghown below, is

Z
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Ax  Qx*
where:
$ = the angle of twish

C = Plexural rigidity about g-axis

B = flexural rigidity aboubt y-axis

b
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o
e
h
l_Jc
a
®
o
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;—Jl

The critical condition for stability is given hys
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C. SOLUTION FOR CRITICAL LOAD OF TRUNCATED BEAM OF

i

THICKNESS AND LINEAR TAPER LOADED AS SHOWN

Assumpbions ¢
1, Within elastic regime
2. Torsicnal rigidity varies linsarly.

The flexural rigidity aboub the z-axis:
b hE
12

C:::

7¢ x € (LV+1),

lets
Cf =0 at fizxed end.

At any place on the beam:

=
< f (L x L‘}

The btorsiomal rigidity (Reference 5 )z

Reference 5: 8. Timoshenko, "Theory of Elasticity", p.249,

D
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MeGraw-Hill, 1934,



Tet:

A=A at Pixed ende.
£

At eny place on the beam, assume:

( X
Ax = A U e’
The general differential equation for the equilibrium condition iss

3 dax, 46 &5, _
Bk (G S e e

here 3
=P (x =1')
o2
dax Ay
,Q 'Y - L+L'

Substitubing:

T ')
x 4 Af J§ P (x-t)” (t+t -
Ay (4—:1.’) Ix* " et A7 C+ » ¢ ?
4% 2 A4 P (Lot (he)” o
Ix= v x & T Ag G ox*

’ <
P(L+e)
let B~ = He Ct

A ¢ (-L')l 2
= - —X_x—:"—/p¢=o

By using the folleowing approximate method of solubion we will have =

= 6 Bes



solubion of the form

¢ =xfr(x, L, L")

The boundary conditions ares

x =1 s ¢ 740
for
¢ x=L+1L @ =0 e
: '
g x =L s ¢ =0 «
ford) . '
x=L+L , ¢ Fo
)
" :{:L? s 4’ =0
ford) . 7]
x =L+ L , ¢ =0 «

¢m.'- XL d)u_ "'—,_ ¢'+ e P ¢ + X*

x =L sd’ =0 4
x=1L+ s ¢m # 0
1y
for d’
,2_ 2 ’ AN
v m " ) (K*L) 2, " )gz,(x-l-)-(x-'—)z" '
drxd-25d + Z 0+ TREpPG r2 < £t

+ er4{37\1~2,xL'-3xt+4L'x -L"t}- SXSix"(x-L')-(x-L')zx } 'L¢ - o
xE Fe-

W
=L s #o

=L+1 s b A0

B
f

[¢]

Higher order derivatives give no further boundary conditions,

=Bl



In the differential equation, leb:

I L ¥

o
-8

|

[Ny

3¢
& x
24

Lo Ny
13r

dx*

R
e
™

Substitubing:

de’ I &__(_t jl .3
gt Gee) By T Qe A4 7

where v goes from 0 to L.

We have five boundary conditions and thersfore select sz

series assumed to represent @ curve of the form:

Ey 5 4 ' o
="1 (g + oo, T8 + e 1542 4 2B Ay 1 5
¢ ,;5,(03‘_: 1 L7y o5 Ly® Ta, 2 ey Ly 8,53;)

For boundary condition: y = L 4’ =0. Ly #0

+ +oa, +
& + 8y fuy + o a, T a

o1
il
o}

]
X, N .
¢ =1, 1*+ 28, 1%y + 5o, L%y® + 4a, 1pS + 5o, ¥ )

i
)
For boundary condibion: y = O % =0 X, =0
d>u Kl
= J—— 5 E 2 Y 2 k(.,3
5 (20, 19 + 62, L7+ 12a, Ty° + 208, 7°)
o

For boundary condition: y = 0 , L; ¢ =0

ag——@

5&5 -+ 6&{% + fE.OaS =0

=65



- 1 2 4 Tar o o2 23
) (1ze, 17 4 2de, Iy A 60ay v/
15
i hn
For boundary condition: y = 03 @ = 0
By =

with three unknowns.

[/

e have two equation

Solving in terms of a's

g
o

+

©
PP>

o
w1

|
©

v
o
e
-
i
s .
ol
il
o]

!
1

sifon wfor
o
o1

o
i
+
cafos

%))
§

Substituting in 4> we have g

<

2 4
p: xi (3 &5 - F Qs —:LL:*'“JL)

or:e

1y 4
b =x gz: Aslm L)y e ._.1'3_..)5}

4 (5
) . T3 2\
¢ =x {wzo oLl x-1)
4 5
Ls L
1] ‘o .1 e $
¢ =x {ase N +so.§£:..}m23}
1 15

Substituting ¢ and ¢ in critical condition:

~68=



L+t L+l

i+l
L
Aegl, of - x=t)”  (x-0)%? -
XKy~ v Ll 2 f(x-0?) -0 xe
/‘"/ S HS?}‘Q" s Pﬁ,f z{2—5 3 3 "Lf—fj?lg,(
f v
AgCs .
= PI‘L'fL')t ‘Kd %O
Thens
L+U 5
(X~L') (X~L) Q( 4.) (x- L) (X~ ')}
R K{"20 L4 }tQ)\" "5 Le Rx
Ll

Simplifyings

Lt b X( _'}‘ ~I7
,?fzs{/é ::L ~‘24)“2:)_‘_ x(x-~ L)}AQ

L+L'

= {"‘(XL) (XL)+"“(XL)4

L

o ot)= 2 ) Zoxe 2"} ax

Integrating and simplifying:

Ay Cy . 838 257 229 > 239 % 239 4 39 %
RS Slei)ir (30 73')'427 ECRGTYA I T SN i
"

S 7 B IR AR A <RV

f(4Y 207277250 v 30r ", qy)iv

=T



where s

L L+
v =% W=t
¢ = b hs
I 12 =~

< 2
T\:h3.s' a .
: i —
For triangular struts, L =0, ¥ =0,
1w i1 ft _
where: b=%, h=4,5, L=18, E=10.,5 (10°), m==3,9 (105)

P = 72,7 1bs.
or

11
and where h = 6,0 , obher values remaining the same:

P = 97,5 1bs,
cr

In i i

P v 3 f 365 hp = 005

=
b
4]
P
o
o
it
o'
]
i
i

For truncated strubs,

k4
t'=35 L=18 ®=105 (10°%) m=23.9 (105)
P = 62,8 1bs,

FS
and wherez B = 30 (10°), HE = 11.5 (10%), other values remaining the
same ¢

P = 178.3 1bs,
o

. De CONCLUZIONS
The theoretical values obtained by use of the formula sbove

may Dbe compared with the experimental values for the varicus strubs

testeds In htabular forms

6 8=



Experimental  Thecretical Theors 7 of Expa
EEGCEEL}E. fﬁi 713@ }.bSﬁ ?237 E.bSe 102@5 ;}:3
Model B 97.2 1lbse 97.5 1lhsse 100.2 %
Model C 66,9 1bs. 62,8 lhbs, 93.9 %
Model D 190.7 1bs, 179.3 1hse 94,1 %
Due Lo the fact that the models hes to be bulilt up at the

end (in the case of the trianguler struts to prevent bending and to

provide & seat for knife edge, and in the case of the truncated struts

to provide o seat for knife edge) the theorstical values should be

under the experimental value for
In all cases we have assumed that the torsional rigidiby

varies linearly with the length. Acbuslly the borsional rigidity

varies as follows:

b°) wz
S b A nnh
0 = z (1 = (3,830 "-'E -5 Larh 2b> He
neh3 & N
Exeminetion of the formuls shows that for very small values of h, such

as occur at The tip of triangular strubs, the torsional rigidity. be=

comes smaller Than would be predicated by linear varistion of borsional

greater value of our theoretical over experimental

values for models A and B.

For the truncated struts this effect is not so great, and as

one would expect the theorebical values are under the experimental values.

~B9=
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ZNDIX C

APP

Detail of knife sdge

1.

Detail of fizxed end

2.
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