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ABSTRACT

An experimental and theoretical investigation of the effect of
general imperfections on the buckling load of a circular cylindrical
shell under axial compression was carried out.

A non-contact probe has been used to make complete imper-
fection surveys on electroformed copper shells before and during the
loading process up to the buckling load. The data recording process
has been fully automated and the data reduction was done on an IBM
7094. Three-dimensional plots were obtained of the measured initial
imperfection surfaces and of the growth of these imperfections under
increasing axial load. The modal components of the measured imper-
fection surfaces were also obtained.

The theoretical solution located the limit poiﬂts of the post-
buckled states. A simplified imperfection model was used consisting
of one axisymmetric and one asy:nrpetric component. For global
buckling the correlation between the theoretical buckling loads and the

experimental values was found to be good.
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I. INTRODUCTION

The stability of cylindrical shells under axial compression has
been studied in the past both theoretically and experimentally by sever-
al investigators. Previously reported experimental studies (Ref. 1)
showed that, when compared with the results predicted by the linear-
ized small deflection theories of buckling, the experimental values
were much lower and the data had a large scatter band. In the past
decade the following five factors found acceptance as an explanation of
the discrepancy bétween theory and experiments:

1. Initial geometrical imperfections of the order of

a fraction of the wall thickness.

2. Nonuniformity of load distribution around the shell

circumference.

3. Influence of boundary conditions.

4. Effect of prebuckling deformation caused by edge

constraints.

5. Nuclei of plastic strain.

The influence of the load distribution on the‘ buckling load is
unknown. Little is known about the effect of the nuclei of plastic
strain. However the influence of the boundary conditions and the effect
of prebuckling deformations caused by edge constraiﬁts has been exten-
sively investigated (Refs. 2, 3, 4, 5, and 6). Whereas for certain end
conditions the solution of the linear Buckling equations predicts buckling
~at A = 0.5, for the clamped boundarir conditions which are encountered

- almost exclusively in experiments the solution predicts buckling at



2

A = 1.0. Including the effect of prebuckling deformations due to the
edge constraints will lower the buckling load to only about )\ = 0.85.
Thus initial geometrical imperfections have come to be accepted as
the main degrading factor in the load carrying capacity of cylindrical
shells under axial compression. Since the pioneering paper by
Donnell in 1934 (Ref. 7) there have been many refinements in the
theoretical solutions (Refs. 8, 9, 10, 11, 12, and 13). Experimental
studies, however, seem to have suffered under the very difficult task
of accurately recording imperfections of the order of only fractions of
the wall thicknesses.

The purpose of the work described in the main part of this
thesis was to determine the effect of general initial imperfections on
the buckling load of cylindrical shells under axial compression. This
was done by carrying out complete imperfection surveys on the cylin-
drical shells before and during the loading process up to the buckling
load. Also by tracing the growth of the initial imperfections during
the loading process prior to buckling it was hoped to isolate those
modal components which furnished the mechanism by which the initial

imperfectibns reduced the buckling load.
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II. EXPERIMENTAL PROGRAM

The following sections contain a description of the instrumen-
tation designed to carry out the imperfection measurements, an
outline of the check-out procedure used to assure the proper function-
ing of the individual components of the experimental set-up and a brief
discussion about the fabrication of the test specimens and the procedure
used to carry out the buckling tests. An outline of the imperfection
measurements and a discussion of the data reduction process is also
- included.

1. Test Equipment

a. Traversing Mechanism

T;1e specifications of the experimental program called for
a scanning de;rice that would be adequate to pick-up and record imper-
fections of only fractions of the test specimen's wall thickness of
0.004 in. In addition the scanning device had to travel both in the axial
and in the circumferential directions in order to record a complete

(1), (2)

surface map of the shell being tested. The numbers etc. used
in the following section refer to part numbers listed in Fig. 1.

The scanning device was built around an inductance-type,
non-contacting pick-up which measured the air gap between the end of
the pick-up and the conducting coppef surface of the shell. The pick-
up was installed in a movable support(3) which in turn was fixed to a

long shaft(z)

protruding inside the shell being tested. The 22 in. long,
1-3/8 in. diameter stainless steel shaft was ground on a cylindrical

grinder to a straightness of less than 0. 0001 in. total indicator reading.
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This shaft was supported by two bronze bearings, which were pressed
into an aluminum alloy supporting ring(l) and then lapped to fit the
shaft. For better adjustment, the bronze bearings were partially split

and could be tightened or loosened by fine thread set screws. The

(5)

shaft could be moved axially in and out by means of a leadscrew

(66)

which was supported in a self-aligning bearing

(4)

pressed into the

end-piece'”’. This in turn, was supported by the outer shell(lz) con-

sisting of a 5 in. diameter aluminum alloy tube. The leadscrew was

(72) (17)

driven by the axial motor of the end-

cap(lb)

installed on the rear plate

. The shaft was driven in the circumferential direction by the

circumferential motor” 1)

(6)

installed at the rear side of a supporting
plate which traveled back and forth with the shaft in the axial direc-
tion. Whenever the shaft was driven in the circumferential direction
the axial drive had to be disengaged in order to avoid moving the shaft
axially because of the advancing or retreating nut on the leadscrew.
The disengagement was accomplished by de-energizing a magnetic
coupling(70). The circumferential position of the pick-up was deter-
mined by the print control consisting of a microswitch which was

triggered by the switching disk(g)

which had 48 uniformly spaced
notches machined into it. The traversing sequence which consisted of
a circumferential scan followed By an axial advance was controlled by
strategically spaced microswitches. It will be described in more
detail in the section on the Model Control Unit. Figure 1 shows the

assembly drawing of the traversing'mechanism, and the partially

assembled scanning mechanism can be seen in Fig. 2.
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A schematic layout of the shell buckling experiment measuring
imperfections is shown in Fig. 3. The following sections contain a
detaiied description of the individual components of the overall system.

b. Model Control Unit

As mentioned earlier, during the imperfection measurements,
the shaft of the traversing device supporting the noncontact probe was
driven alternatingly in the axial and circumferential directions by
small electric motors. The control of this automatic sequence was
accomplished by a series of relays controlled by microswitches.
Figure 4 shows a schematic layout of the model control unit. To start
the automatic scanning sequence the shaft had to be in the home posi-
tion. Only then did pressing of the start button energize relay(z).
Energizing the relay made power available to the circumferential
motor which started rotating the shaft in the counterclockwise direc-

(6)

tion. At the same time, relay' ' was energized, opening the clutch
between the axial motor and the leadscrew to avoid a simultaneous
axial advance. Upon completing its circumferential scan, the circular
cam riding on the shaft tripped one of the circumferential limit
switches. This stopped the circumferential motor, de-energized

(6)

relay' ' which engaged the clutch between the axial motor and the lead-

screw. At the same time relay(z) was also de-energized creating a
pulse that operated relay(S), that latched relay(4), making powér
available to the axial motor which started advancing the shaft of the
scanning device. Upon completing the preset axial advance the incre-

mental switch was tripped stopping the axial motor and de-activating
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(4), (1) (2)

relay This resulted in a pulse on relay' ', which latched relay
starting the circumferential motor in the clockwise direction, and the
whole sequence was repeated. The automatic scanning with inter-
mittent circumferential scans and axial advances continued until the
shaft completed its full axial advance tripping the upper axial limit
switch which stopped the sequence. The circumferential and the axial
position of the noncontact probe was monitored by the output of two
helipots. One‘helipot was driven byvthe circumferential motion, the
other by the axial motion of the shaft. The output of the circumferen-
tial position indicator helipot was also used to drive the x-axis of the
xy-plotter which recorded the pick-up signal directly on the y-axis of
the graph paper.

The pontrol of the traversing device could also be switched
from autométic to manual. Then the circumferential and axial motion
" were controlled by separate 3-position switches eliminating the auto-
matic sequencing. The completion of a full circumferential scan, or
. the full travel in the axial direction was determined by the limit

switches.

¢. Pick-up System

The pick-up circuit shown on Fig. 5 consisted of two induct-
ance-type pick-ups, an oscillatof, a differential amplifier and a
demodulator. The pick-ups consisted of a coil with a powdered iron
core excited by a 100 KHz signal generated by the oscillator. The
impedance of the coils to this signa]} changed as their electromagnetic

fields were disturbed by the eddy currents generated in the external
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conducting surfaces. The reference pick-up was preset during the
calibration of the active pick-up and its setting remained the same for
any given test. By determining the change in impedance of the coil of
the active pick-up the position of the external shell surface could be
measured quite accurately. This was done by first amplifying the
voltage acroa;s the active pick-up's coil 100 times on the differential
amplifier, then demodulating this AC signal. The output of the
demodulator, consisting of a DC voltage was then read on the digital
voltmeter and r‘ecorded on cards by an IBM 526 card punch. Using the
reference pick-up and the differential amplifier increased the sensi-
tivity of the system to 1.0 volt per 0.001 in. as compared to a
sensitivity of 0.25 volt per 0.001 in. if the active pick-up was used
alone.

d. Data Control Unit

As can be seen from Fig. 3, the same digital voltmeter was
used to read the strain gages on the load cell and the demodulated DC
signal of the pick-up used to measure the imperfections of the test
shell. To control the sequence of the signals fed to the digital volt-
meter, a data control unit was built which included a 26 channel
stepping switch circuit. Twenty-four channels were connected to the
strain gages on the load cell, the 25th channel indicated the voltage of
the power source used to energize the strain gage circuits, the 26th
channel was the home position. It read the demodulated DC signal of
‘the imperfection measuring pick-up. Using the stepping switch made

it possible to read the strain gages automatically at a preset rate.
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Channel 26 of the data control unit also included an adjustable time
delay circuit. This circuit became necessary because of the finite
sampling time required by the Cimron digital voltmeter. Thus when
using channel 26 the punch signal from the circular cam trapped the
output of the pick-up at that particular instant in the time delay
circuit. This would allow time for the digital voltmeter to sample
this signal and to come to an essentially constant reading. At the end
of the preset time delay the circuit activated the card punch recording
the last reading of the digital voltmeter.

e. Digital Voltmeter

The ciigital voltmeter used for the tests was made by Cimron
' Division of Lear Siegler Inc., Trademark Cimron, Model P9400B
with a DC preamplifier mode 6812B. Balance time for a full scale
change in the 5 digits was 300 milliseconds.

f. Card Punch

Recording of the data was done on an IBM 526 card punch with
a capability of 15 characters per second. The format used to record
the data was 9F8.4 with the last 8 columns used to record the run
number and the card number. The run number was dialed in through
a parameter board and the number of cards used was monitored on a
card counter connected to the cérd punch.

2. Check-out of the Test Equipment

a. Scans of Known Contours

In checking out the pick-up system, a surface of known

contour was scanned with the pick-up and its output was recorded by
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the DVM card punch system, giving the recorded data in terms of
voltages. Later this data was converted into displacements on an
IBM 7094 by means of the pick-up's calibration curve. The shape of
the contour obtained by the pick-up measurements was then cross-
plotted with the shape of the contour as measured very accurately by
micrometer on an optical comparator. Figure 6 shows a cross-plot
of pick-up measurements vs. micrometer measurements. The
agreement between the two readings was excellent except for the
regions adjacené to the sharp step where the pick-up measurements
deviated from the exact shape due to the integrating feature of the
pick-up. The width of this region was approximately equal to the
diameter of the pick-up.

Since the scanning of the shells with the pick-up was to be done
continuously it was necessary to verify that the output of the digital
voltmeter, which was recorded in set intervals automatically on cards,
represented the true shape of the measured shell surface. The verifi-
cation was done by scanning a carefully machined surface of known
contour with the pick-up moving at constant speed and recording the
output of the pick-up by the DVM card punch system. A sample of
these data is shown in Fig. 7. The agreement between the pick-up
measurements and the measurements made with a micrometer was
" once again very good except fot the regions close to sharp corners
where the integrating property of the pick-up smoothed out the shape

of the scanned surface.
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b. Circumferential Time Delay Check-Out

During the circumferential scans a circular cam rotating with
the shaft triggered‘a microswitch at every 7. 5° (See Fig. 1 for
details). This was the signal to the Model Control Unit to record the
readings of the Dig.ital Voltmeter on cards by the IBM card punch.
The intermittent counterclockwise and clockwise circumferential
rr;otion resulted initially in misalignments of identical circumferential
stations measured at different axial positions. This was caused by the
fact that the circular cam triggered the microswitch at different
positions depending upon whether it was moving clockwise or counter-
clockwise. This problem was solved by placing an adjustable time
" delay into the punch control circuit. Figure 8 explains in detail the
triggering sequence with and without the time delay.

Proper adjustment of the time delay circuit was achieved with
the help of an xy-plotter. The x-axis was driven by the circumferen-
tial position indicator helipot, whereas the y-axis was connected
. across the punch relay. Thus every punch was registered as a square
wave on the graph paper. Using the graphs of the counterclockwise
and clockwise scans dong side by side the deviations from the planﬁed
exact punch locations were read off without any difficulty. Figure 9
shows a picture of the ic‘:ounterclc\mkwise and clockwise punch signals.
With the help of these graphs it was possible to compute the deviations

of the actual punch signals from the planned exact punch locations. It

was found that the punch intervals were kept as 7. 5° +0. 5°,
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c. Hysteresis and Repeatability of the Measured Data

For the checkout of the system as a whole a thick-walled
éluminum cylinder was used. This cylinder was machined out of
standard thick-walled aluminum tubing and was precision honed so
that its deviations from roundness and its deviations from the mean
diameter combined were less than 0. 0005 in. total indicator reading.

Basically it should not have mattered whether the circumfer-
ential scanning at any one axial station was done clockwise or
counterclockwise. Howevern due to friction in the bronze bearings
and play in the overall mechanical system it was expected that a
certain amount of hysteresis would exist between the counterclockwise
and clockwise séans at any one axial station. Figure 10 shows plots
of the pick-up output during counterclockwise and clockwise circum-
ferential scans at three different axial stations. The maximum
deviation at any one point between the clockwise and counterclockwise
scans was less than 0.0003 in., for most part of the plot less than
0.0001 in. It should be remarked here that originally, before making
the bronze bearings adjustable the hysteresis between the clockwise
and counterclockwise outputs was of the order of 0.001 in.

The final checkout of the system as a whole consisted of the
complete surface scan of the near perfect thick-walled aluminum
cylinder. The data were punched on cards, ran through the data re-
duction program and it was found that the maximum amplitude of any

one of the computed harmonics was less than 0.0006 in. This was in
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good agreement with the previously: mentioned tolerances of fabrica-
tion of this cylinder.

This complete surface scan was repeated at a later date and
the reduced data compared with the results of the first scan. Repeat-
ability was found to be very good. Table I gives some data on these
measurements.

3. Fabrication of the Test Specimen

The cylindrical shells used for this testing program were
fabricated by electroforming on wax mandrels. This process was
used previously in other investigations (Ref. 14). About an inch thick
layer of wax was first cast on water cooled mandrels. After the wax
had hardened it was machined to the desired dimensions on a lathe
and spréy painted with a silver paint thinned with Toluene. The
plating was carried out in a Copper Fluoborate bath. Because of
previous experience, copper was retained as the plating material.
The plating time was about 20 minutes per 0.001 in. of plate. After
the plating was completed, the mandrel was rinsed thoroughly and the
shell cut to the desired length while it was still on the mandrel.

After the cutting operation the shell was then removed from the
mandrel by melting out the wax. The excess wax and silver paint was
removed from the finished shells with benzene. For a more detailed
description of the plating process see references 14 and 15.

a. Wall Thickness i

The average thickness of the test shells was determined

before the buckling tests by weighing the shells. The specific gravity
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used in the calculation of the thickness was 8.9. The thickness varia-
tion along the generator of the shells was determined by cutting strips
out of the first test specimens and determining their thickness by a
comparator. The thickness variation was found to be less than + 2
per cent of the nominal value (See also Ref. 14).

b. Material Properties

Tests to determine the material properties of the plated copper
were carried out in uniaxial tension. This was done by utilizing long
- strips of the plated copper which were soldered into 1/8 in. thick
plates that were in turn clamped into the jaws of an Instron testing
machine. The strips had length to width ratios of about 80. The head
displacement of the testing machine was used as the measure of strain
and the load read from the Instron load cell.

A determination of Poisson's ratio for each shell was not
attempted sin".ce its influence in the reduction of the buckling data is
of secondary importancé. A value of 0.3 was used for this purpose.

4, Test Procedure .

The buckling tests were carried out in the controlled end-
displacement type testing machine shown in Fig. 11. By the use of
matched pairs of high precision thrust bearings the axial elastic
displacement under load of the testing machine was kept to a mini-
mum thus making the testing machine rigid in comparison with the
test specimen. The relative displafcement of the two end plates of the
testing machine was controlled by four loading screws, which could

be adjusted independently to give the ﬂproper load distribution on the



14
shell, or turned simultaneously to increase the load up to the critical
value. One complete turn of the screws gave a displacement of
0.025 in. Figure 12 shows the details of these displacement control-
ling screws. The springs shown in Fig. 11 were used to preload the
testing machine when installing the test specimen in the machine and
| securing it to the upper end plate of the testing machine. The testing
was carried out when the machine was in the position shown in Fig.
11. The end plate with the gear drive rested on pins and the opposite
end rested on a set of rollers. By this arrangement the frictional
torque produced when turning the gears was transmitted through the
pins into the base plate on which the testing machine rested, and the
test spechnén was loaded by axial compression only.
a. Load Cell
During the buckling tests the load distribution was monitored

and the total load was obtained by means of the load cell shown in
Fig. 13. It consisted of a seamless, electroformed copper cylinder
which was 0.015 in. thick, 3,00 in. long and 8. 00 in. in diameter.
Twenty-four foil type strain gages from Micro-Measurements Inc.,
Serial No. Ma-09-500BH-120 with extra stable characteristics were
‘mounted on the cylinder equally spaced around the circumference.
The ones on the inside were diréctly opposite to those on the outside.
It has been shown in reference 14 that the strain measured by this
type of arrangement represented very accurately the actual strain in
the test shell. The load cell was se cured to the end plate of the

testing machine with a thin layer of Devcon. Devcon is a plastic-like
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material in a putty state which hardens in several hours after the
" addition of a hardening agent.

b. Calibration of the Pick-up

To carry out the imperfection measurements the traversing
mechanism was installed in the position shown in Fig. 14 with the
shaft protruding through the hole in the end-plate inside the load cell.
To carry out the calibration of the pick-up which was installed in a
movable éupport at the end of the protruding shaft, a short shell was
cast with Cerrolow into the load cell as shown in Fig. 14. Then the
pick-up was moved vertically away from the surface of the shell |
0.001 in. at a time recording the reading of the digital voltmeter
each time. Figure 15 shows a typical calibration curve with the
working range and the preset position of the pick-up so indicated.
Upon completion of the calibration the pick-up was preset to a
position about at the center of the working range. Next the shaft was
retracted into the load cell, the short calibration shell was removed
and the load cell was ready for the installment of the test shell.

c. Installing the Test Shell

The test shell was fastened into an end ring with a low melting
point alloy Cerrolow and its other end was secured to the load cell in
the same manner. After this ol;eration was completed the end ring
was secured to the upper end-plate by a thin layer of Devcon. Upon
hardening of the Devcon the cylinder was ready for testing. Figure

16 shows the complete cylindrical shell testing configuration.
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d. Initial Imperfection Measurements

After the installment of the test specimen was completed a
full automatic imperfection scan of the shell was performed. The
data was recorded both by the IBM card punch a‘nd by the xy-plotter.
The imperfection measurements on the shells A7, A8, A9, and AlO
were carried out with a pick-up 5/8 in. in diameter, whereas shell
Al2 was scanned with a smaller pick-up only 1/4 in. in diameter.
Because of the integrating properties of the pick-up the axial incre-
ments were pfeset to be 0.‘50 in. for the large pick-up. In order to
avoid unwanted edge effects the initial axial station was located 0.50
in. from the end of the shell which was cast into the load cell. The
automatic scanning sequence was started with a counterclockwise
circumferential scan at the initial axial station followed by an axial
advance of 0.50 in. This was followed by a clockwise circﬁmferen-
tial scan and the automatic sequence continued with intermittent axial
advances and circumferential scans until the full length of the shell
was covered. Shells A7, A8, A9, and A10 were 8.00 in. long, so 14
axial advances of 0.50 in. each were used. That put the last axial
station 0.50 in. from the end ring thus avoiding the picking up of any
unwanted edge effects. On shell Al2 due to the smaller pick-up 30
a#ial advances of 0.24 in. each were used. Upon completion of the
initial imperfection measurements the shaft of the scanning device

was run back to its initial position.
!
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e. Monitoring of the Strain Gages

Before carrying out the buckling tests the gages on the load
cell were connected to a 24 channel bridge box which contained 24
 Wheatstone bridge circuits. In order to minimize the effect of
temperature changes an additional 24 strain gages were installed on
a dummy cylinder and connected to the same bridge box where they
formed oﬁe of the branches of the individual Wheatstone bridge
circuits. | The initial zéro reading could be adjusted individually
through differential shunt balances. The output of the bridge was
monitored by a Cimron Digital Voltmeter. By using the stepping
switch unit connected between the bridge and the digital voltmeter the
readings of the 24 strain gages were recorded automatically by means
of an IBM card punch. The total cor;r1pressive load was computed by
averaging the readings of all gages and using a previously defermined
calibration factor. The calibration of the load cell was carried out
using a very accurate Schaevitz dynamometer-type load ring.

f. Buckling Procedure

Upon completion of the initial imperfection measurements
the cylindrical shells were initially loaded to about one-sixth of the
expected buckling load and the circumferential load distribution was
made as uniform as possible by individually adjusting the four loading
screws of the testing machine. This was followed by another com-
plete automatic scanning of the shell surface. The duration of one
automatic scan was about 1/2 hour. | The strain gages were read

before and after the completion of the scan and the load was taken as
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the average of the two readings. The axial load was then increased
in small increments by turning the four loading screws simultane-
ously. After each loading the load distribution was adjusted again.
Also after each load increment another complete scan of the shell
surface was performed. Thus any ‘change in the shell surface due to
" the increase in loading was recorded. This was carried out up to
about two-thirds of the expected buckling load. After this point the
load distribution was né longer adjusted sc as to prevent buckling
occurring during one of the adjustments. The load was increased in
small increments, each load increment followed by a complete scan
of the shell surface and the strain gages were monitored until buckling
occurred. It should be noted here that due to the working range of

0. 125 in. of the pick-up used for the imperfection measurements, it
was possible to get a complete scan of the postbuckling shapes of the
shells tested.

5., Data Reduction - Main Program

As described in the previous sections the imperfection
measurements were carried out by scanning the surface of the test
shells by an inductance-type pick-up. The output of the pick-up was
monitored on a digital voltmeter whose readings were recorded at
preset intervals by an IBM 526 ;:ard punch on cards. Thus, upon
completion of each buckling test, there was a set of cards containing
the displacement pick-up calibration data in volts and displacements

and a set of cards containing the shell displacements given in volts

for each scan completed. These displacements were referred to the
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end of the pick-up. The shell dispiacements were given in volts
because they consisted of the readings of the digital voltmeter
recorded at preset intervals.

The data reduction of the experimental measurements was
done on an I1BM 7094 digital compufer. Figure 17 shows a flow chart
| of the main data reduction program. By using an overlay technique
it could handle up to 29 x 97 = 2813 experimental points.

a. Best Fit Polynomial to Pick-up Calibration Data

The first step in the data reduction program consisted of

fitting a best fit polynomial of the form

N
d = Z a_ v?h
n
n=o
to the working range of the pick-up's calibration data. Figure 15
shows the calibration data of the pick-up used on shell A7 and the
~ corresponding best fit polynomial curve.
The unknown coefficients a, of the polynomial representa-
tion were determined by the Method of Least Squares and stored in a
common block for later use. As a measure of the accuracy of the
best fit approximation, the Xi-squared error was alsoc computed. It
was found that the best possible approximation, that is the approxi-
mation for which the Xi-squared error was the least, was obtained
for N = 16.
Next the data reduction program converted the voltage read-

ings of the initial imperfection scan into displacements in inches
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using the polynomial representation of the calibration curve obtained
in the previous step. These displacements were also stored in a
common block for later use.
Upon completing the conversion of the data of the initial

(1)

imperfection scan link was erased from the core except for the
results stored in common blocks.

b. Definition of the '"Perfect!" Cylinder

In the experimental set up shown in Fig. 1 a certain misalign-
ment of the shell center line with that of the traversing device was
expected. Thus it was necessary to remove from the measured
imperfection data the effects of such a misalignment. Also before
the harmonic components of the measured imperfection surface could
be computed it was necessary to define what was considered the
perfect shell. This was accomplished by finding the best fit cylinder
to the data of the initial imperfection scan. This was done by the
Method of Least Squares by first computing the sum of the.squares of
the normal distances from the measured points in space to the surface

of the assumed best fit cylinder.

N N ‘
_23 2 _z: 2 _
S = 4. = (R; - R)” = (X}, Y, ¢, €, R)

i=1 i=1

(See Fig. 18)

Minimizing S with respect to the unknown parameters Xl’ Yl’ el,ez'

and R yielded five simultaneous,, nonlinear algebraic equations in

the five .unknowns. Assuming that Xl’ Yl’ 51, 62 were small, these
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equations were linearized and solved to determine the new reference
axis system and to define the perfect cylinder.
1’ Y P el ’ 629

and stored them in a common block. Next it took the measured

In link(z) the data reduction program computed X R
displacements reduced by 1ink(1) which originally were referred to

| the end of the scanning pick-up from the common block and recom-
puted them with respect to the newly found best fit cylinder of radius
R. Then the measured displacements, which now representeddevia-
tions from the perfect cylinder, were stored in the same common

)

block. Upon completion of this step, link(2 was erased from the
core except for the results stored in common blocks.

c. Finding the Harmonic Components of the Measured

Imperfection Surface

Three different Fourier representations were used for the
measured imperfection surfaces. The full wave representation in

the axial direction involved the determination of four sets of harmonic

components:
N N
_§ :2 : Yy 2nmrx
wix,y) = A cos m  COS —5 +
ms=o n=o
N N
vy 2Znmwx
E E ansmchos T +
m=1 n=o

N N . N N
§ : E : Y i 2nmx § : E: . y . 2nmx
Cmn cos m ] sin —- + Dmnsmm-R sin-—-

m=0 n=1 m=1 n=1
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where

L 2#xR

_ 2 o _y_ 2nmx
A =TT ff W(x,y) cos m & cos —5— dy dx

L 2wR
B -2 W(x,y) sinm £ cos Znwx dy dx
mn mL ! R L
0 O

L 2nR

_ 2 — Y i, 2nmx
Cmn;- ?'T-‘,[f w(x, y) cos m 5 sin — dy dx

L 2nR

_ 2 — . Y i, 2nTX
Dmn = - ff w(x,y) sinm R 8in =5 dy dx
c 0

The half wave cosine representation in the axial direction involved

the determination of two sets of harmonic components:

N N
— 2 : y nmrx
Wi(x,y E Amn cos m ¢ €08 ——
mM=0 Nn=0
N N
2 : E ; . Yy nrx
+ sm m R cos 5
=1 n=o ‘

where
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L 2R
1 — .
Amn = -3 ff w(x, y) cosm% cos nlx dy dx
-1L 0
L, 2rR
1 — .
an == f[ w(x, y) s1an}; cosfl-{-—j-c- dy dx
-ILL o

Finally the half wave sine representation in the axial direction

also involved the determination of two séts of harmonic components:

» N N N N
wix, y) =Z E Cnmlcosm—yl—{sinl;lll?E + E E Dmn Sinm}é sin n-rI:x
m=0 n=1 m=1 n=1
where
L 2n
. W Y i, DTX
Cmn_ L ff w(x,y) cos m R sin—¢- dy dx
-L. 0
L 2w
1 = : . nnx
Dmn= Fiff W(X, Y) sin m -Y-R sm__ll‘. dy dx
-L 0

Separate subroutines were written for the different Fourier
represeﬁtations, The double integrals involved in the determination
. of the required coefficients were carried out numerically using the
trapesoidal rule. Before returning’ to the main program each sub-

routine not only printed out the computed Fourier coefficients but also
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punched them on cards. In addition, upon return to the main pro-
gram, the measured displaceménts representing the deviations from
the defined perfect cylinder were printed out and punched on cards.
After the data reduction of the initial imperfection measure-
ments was completed, the program returned to read in the data of the
second full scan. The data reduction of the second and of all the
subsequent full scans was done using the polynomial representation of.
the pick-up calibration obtained during the data reduction of the
-initial imperfecfion scan. However the position of the best fit cylinder
and with it the definition of the perfect cylinder were recomputed for
each scan.
Thus upon completion of the data reduction of the buckling test
of a shell by the layered main program the following output has been
obtained:
1. A list of the location of the best fit or perfect
shell at each load level.

2. The measured shell displacements representing
deviations from the perfect shell at each load
level both listed and punched on cards.

3. The coefficients of any one of the three Fourier

representations at eé.ch load level both listed
and punched on cards.

6. Data Reduction - Auxiliary Programs

The output from the main data reduction program was examin-

‘ed in different ways.
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a. Three-Dimensional Plots

The cards containing the measured deviations from the per-
fect shell at different load levels were used as the input to a plotting
program. When the proper values were assigned to the built in flags
this program prepared three-dimensional plots of the imperfection
scans at different load levels by offsetting the origin of the successive
circumferential scans by the proper amount along both the x- and y-
axis. The same program was also used to prepare three-dimensional
plots of the growth of imperfections at increasing load levels. This
was done by subtracting from the measured shell surface at each load
level the measured initial imperfections of the shell before calling
the plotting subroutine. The three-dimensional plots were enhanced
by using additional points computed by an Aitken interpolation
routine.

b. Computing the Growth of Harmonic Components

The cards containing the computed coefficients of the chosen
Fourier representation of the measured shell surfaces at each load
level were used as the input to an auxiliary program that computed
the growth of each of the coefficients with increasing loading. This
was done by subtracting from the coefficients at each load level the
corresponding coefficients frorr; the initial scan.

7. Test Results

As stated in the introduction, the purpose of this experimen-
<

tal study was to determine the effect of initial imperfections on the

- buckling load of cylindrical shells under axial compression and to
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find the mechanism by which imperfections reduce the load carrying
capacity of the shells. The instrumentation was designed and built to
detect such initial imperfections and to trace their growth during the
loading process ;;rior to buckling. Thev results of buckling tests on
five cylindrical shells are reported here.

By using electroformed copper shells it was felt that the size
of the unintended initial imperfections would be minimized. However
all five shells had initial imperfections that were greater than the wall
thicknesses of the respective shells as can be seen from Fig. 19
through Fig. 23 which show the initial surveys of shells A7, A8, A9,
Al10, and Al2. The principal Fourier coefficients of these initial
surveys, defined as the components whose amplitudes exceeded 5 per
cent of the respective wall thicknesses, are summarized in Table II.
Table III shows the variation of the ""perfect' cylinder with load
increments for the five shells tested.

Figures 24 through 26 show the growth of prebuckling deforma-
tion of shell A7 at different load levels prior to local buckling.
Figure 27 shows the local buckling pattern of shell A7. It confirmed
the visual observation made at the time of the buckling test which
showed that the local buckling pattern consisted of two isolated waves
on the central portion of the shélL The location of these initial
buckles coincided with the most pronounced growth of the pre-
buckling deformation just prior to the occurrence of the local
buckling as shown in Fig. 26.° Also at the location of the initial

buckles there were very pronounced localized defects in the test
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specimen as can be seen from the initial scan of shell A7, shown in
Fig. 19. |

Figures 28 through 31 show the growth of prebuckling deforma-
tions at the last load level prior to buckling for shells A8, A9, Al0,
and Al2. Figure 32 shows the local buckling pattern of shell Al0.
Figures 33 through 37 show the postbuckling patterns of the five
shells tested. It should be mentioned here that for better three-
dimensional effect these figures should be observed at a rather
shallow angle of incidence.

As stated previously, the load distribution was adjusted to be
as uniform as possible with the four loading screws of the testing
machine. The ajustment was done by equalizing the strain in the load

°, 225%, and 315° position. '‘Detailed results of

cell at the 450, 135
the buckling tests for shells A7, A8, A9, Al0, and Al2 are summa-
rized in Table IV. It includes the maximum variation in load
distribution near buckling which was kept to about 20 per cent.
- Figures 38 and 39 show the load distribution on the five shells at the
last load level before buckling.

Shells A7 and A1l0 failed initially in isolated localized buckles.
These localized waves caused the load distribution to fall off in their
neighborhood without appreciablﬁr affecting the load distribution over
the rest of the circumference of the shell. After the initial local
buckling the load was increased until general collapse occurred

~ without attempting to adjust the load distribution. General collapse

occurred in the same manner as for the other three shells A8, A9,
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and Al12 which did not have any initial local buckling, but at a lower
value of axial loading.

General collapse consisted of a snap-through which is
characteristic of this type of test. In all cases the postbuckling state
consisted of 2 to 3 rows of buckles that extended completely around
the circumference. The number of circumferential waves is noted in
Table IV.

The three-dimensional plots representing the growth of the
prebuckling deformations showed at a glance the general deformation
pattern of the shells before buckling. As seen from Fig. 26 and Figs.
28 through 31 there was a very pronounced growth of an imperfection
whose half wave length in the axial direction was approximately equal
to the length of the shell. The number of circumferential waves of
this predominant imperfection mode was approximately equal to the
number of circumferential waves in the postbuckled shape. However,
the wave length in the axial direction in the postbuckled shape was
considerably shorter than the length of the shell as can be seen from
Figs. 33 through 37.

In an attempt to isolate the '"critical modal components'’ -
defined as those modal components which showed exponential growth
close to the critical load - harmonic analyses of the measured
imperfection surfaces were carried out at each load level. In order
to obtain the mathematical representation that would describe ""best!"
the measured imperfection surfaces different axial expansions were

used. Thus the Fourier coefficients of the full wave, the half wave
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sine and the half wave cosine axial representations were calculated.
" This involved the computation of approximately 1,400 Fourier
coefficients for each complete scan. Detailed investigation of the
rate of growth of these coefficients with increasing loading revealed
that the consideration should be restricted to coefficients with a
growth in excess of one per cent of the respective wall thicknesses
at the load level just before buckling. This would include all the
coefficients which approach exponential growth at the experimental
buckling load. Only about 40 of the computed Fourier coefficients |
showed significant growth rate and only about 20 of these showed
exponential growth. All the coefficients that were investigated are
summarized in Table V. Figures 40 through 44 show the rate of
growth of three such ''critical modal components'' for shells A7, A8, ‘
A9, A10, and Al2 respectively. As can be seen from these figures
most of these curves representing the experimentally measured
growth rates approach a horizontal tangent at the experimental buck-
ling load. The same characteristic curves were obtained for some
of the other coefficients. However, most of the coefficients that
:;,pproach a horizontal tangent at the experimental buckling load had

similar circumferential and axial wave numbers.
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II1. COMPARISON WITH THEORY

By tracing the growth of individual modal components of the
measured imperfection surfaces during the loading process prior to
buckling it was discovered that for each shell tested several different
modal components seemed to approach a horizontal tangent at about
the experimental buckling load. It was, however, impossible to
ascertain the exact value of loading at the respective‘points of hori-
zontal tangency just from observation of the given experimental data.

In considering the available theoretical methods it was found
that none of them were quite general enough to be used directly with
the measured experimental values. Koiter (Ref. 9) has presented an
analytical procedure for obtaining the role of imperfections in imper-
fection sensitive structures. Later, working with an imperfection in
the form of the radial displacement component of the axisymmetric
buckling mode W = ) cos(qox/R), he was able to show (Ref. 10) that
such an imperfection would reduce the buckling load of a cylindrical
shell under axial compression to as low as one-third of the classical
value for values of p only a fraction of the shell thickness. How-
ever, he considered axisymmetric imperfections only.

In general, any radial imperfection pattern of the shell can be
represented by a double Fourier series in the axial and circumferen-
tial coordinates. Thus in an effort to gain insight into the effects of
the nonlinear interactions of several buckling modes an approximate
solution of the nonlinear Donnell tyi)e shell equations was obtained

with the initial radial imperfection being represented by only three
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terms of the double Fourier series, one axisymmetric and two
asymmetric ones. The approximate solution of the full nonlinear
equations was obtained as follows:

1. The compatibility equation was solved exactly for

the stress function F in terms of the assumed radial

displacement W and the measured imperfection W.

This guaranteed that a kinematically admissible

displacement field would be associated with the solution

of the second equation, the condition of equilibrium.

2. The equation of equilibrium was solved approxi-

mately by substituting therein F, W, and W and then

applying the Galerkin procedure.
It should be mentioned here that a similar method of solution has been
used by Hutchinson (Ref. 12). However he restricted his imper-
fections to the form of a linear buckling mode of the cylindrical shell. .
In the following solution this restriction was removed.

1. Donnell's Shell Equations

Assuming that the radial displacement W is positive outward
and that the membrane stress resultants can be obtained from an
Airy stress function ¥ as N_=F, , N =TF, and N = -F, |

X, vy Yy XX X Xy

then Donnell's equations for an ‘i.tnperfection cylindrical shell (Ref. 13)

can be written as:
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(1.1)

1 4 1 1 cre-N
E?V F"'RW’ +-2-L(W,W+2W)-O
£t _4 1 —
— YW+ = F, - IL(F, W+W) = 0 (1.2)
2 R xX
12(1-¢7)

where the nonlinear operator 1, is defined by

(1.3)

L(sS,T) =S, T, - 25, T, + S, T,
XX Yy Xy Xy vy XX

and V4 is the two-dimensional biharmonic operator. See Fig. 45 for

notation.

2. Nonlinear Buckling Equations

The solution assumes initial imperfection shapes represented

w =€1t cos ix +E‘-2t cos kX < cos f;r' +-§.3t‘ gin kX cos £y (2.1)
The equilibrium state of the axially loaded cylinder will be expressed .

as:
(2.2)

F o= - %o-tyz-i-f (2.3)
where the terms added to w and f constitute the membrane pre-
buckling solution for the perfect shell. Further, w will be assumed

as

w = glt cos iX + g,t cos kx « cos 1? +€,t sin kX « cos l? (2.4)
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In the following approximate solution the effect of boundary
conditions will be negiected. Although in some instances the shell
buckling may be characterized by certain end conditions, as has been
shown by Hoff (Ref. 5) and Kobayashi (Ref. 6), in this solution only
the effect of initial imperfections on the buckling load is of interest.
Substituting the assumed form of W and W into the

compatibility equation (1.1) yields

(F,._  42F, _ +F,  )=K, cos2kE+K, cosix+K, cos 24§
yyyy 1

1
Et ' rxxxx XXYYy 2 3

(2.5)

+ K, sin 2kX + K cos kX « cos Iy + K, sinkx - cos Iy

+ K, cos(itk)X - cos lir' + K, cos(i-k)X ¢ cos l?'

7 8

+ K, sin(itk)X « cos [f-k K 0 sin(i-k)X ¢ cos [?

9 1

where the constants Kl’ 21 s K10 are defined in Appendix A.
Since the boundary conditions of the finite shell will be

neglected, therefore only a particular solution of equation (2.5) needs

to be considered. To obtain such a particular solution let

1,2
F = -goty” +£ (2.6)

where
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-
11

A cos 2kX + BcosiX + Ccos Zl}'r'-l- Dsin2kX + E coskX + cos l{r"

e

FsinkX - ﬂcos,efr'+ G cos(itk)xX ¢+ cos ﬂ?’ + Hcos(i-k)x ¢ cos l’f ,

(2.7)

+

Isin(i+k)X cosﬁ?+ J sin(i-k)X ¢ cos lir'

The unknown coefficients A, B, ....,J are determined by substituting
the assumed F into equation (2.5) and equating coefficients of like
terms. They are written out in detail in Appendix A.

Substituting the assumed form for W, W and the computed
particular so}ution for F as given by equations (2.1), (2.2) and (2.3)
into the equilibrium equation (1. 2) yields the "error" EN = €N
(gl,gz,g3, X,y). Using Galerkin's idea of minimization of the "error"
with respect to a set of functions leads to a system of three nonlinear
algebraic equations in the three unknowns §1,§2,§3. Here thgse

equations are obtained from the following integrals

2 2n
ffé‘N(gl,gz,gy'i,?) + cos i¥X dX dy = 0 (2.8)
0 0
2n 2m

fng(gl‘, £y183/%,F) + cosIE + cos Ly ax dF = 0 (2.9)

00
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[ng(gl,gz,g3,3‘g,'§) . sin kX - cos Ly dX dy = 0
0 0
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(2.10)

Imposing the restriction k = %—, carrying out the indicated integra-

tions and introducing the following nondimensional parameters

2 _ .2 Rt 2m 2

N P
2 .2 Rt2m2

a” =k 5=(3)

2 = (? Bt 2m)’

1 ! 2c ' L
- RGO

)\— C't—E

2 . .2 Rt2m2
*2 = (i-K)" >=l57)
o2 i Rt 2m?

3 2 2c'L

k
| (2.11)

2 2 Rt,1.2

B" = [ =c )

yields the following equilibrium equations:
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gz{% [( aza;ﬁl)% 2:;2)2] x}+ zc%%}[Z(gl+€l)gz +'€2g1]

%{ 2}@2*52)&1 1 {Pi} {(’53*53’ [‘gz"gz)ga +53§z]
+ (5,4E,) [’é’zgz STty a6 - §§>]} (2.13)

* ?:ZZ {“2} [Ezgz T, + 506 + gg)] (& + &)

2.4

o %p* o’ o
{ Yt }[&ﬁ& 6, +EE € +E) = 2,
(a2 +p%)%  (a5+p%)*

S Fe}
W)

+

g3{%[(a21g2)2+ zazz 2] _;\}_z {—(—"é—ﬁz——z}%@ﬁg )6y + g3§]

(a”+p7) a

-3 {8} & B S He B T e - 2]

] ) (2. 14)
- &+ Ep) [(g2+'€2)§3 +-é-'_3§2]}+%' { } [g2g2+g3g3 g(g§+§§](§3+ §5)

ﬁ af : _ _ _
c 3 3 _ _
' {(a "‘ﬁ ) z? (a§+ ‘32)2} [(gl * §1)§3+ g3§1](€1+ §1) = xg3
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A solution of these '"'nonlinear equations' would yield the equilibrium
configuration of the finite shell as a function of \. However for 'g-l
and_éé small ehough the essential character of the shell in the pre-
buckling and the immediate postbuckling configuration is retained if
the terms of the order E’gz, Ezg and §3 are omitted from the previous

~ equations. Thus the following system of simplified equations is

obtained:

£,(Cy-N+ céﬁ&z—%% + -é—(&%— §§ﬂ+ c3[(§2 + Ez)gz-(g3 +g3)'g"3] = ;"g'l

(2.15)

6,(Cy -0 + 8C, [26,+ T8, + 58 | + 80,64 5 = 0, (2.16)

£,(Cy - M) - 8C, [2(g1+'é'1)§3+'€3§1] - BG4t E5), = NE;  (2.17)

where
c =112, 1] c. = € B’
N 2= 16 2
(2.18)
2.2 2. .2 2
c. = S ap C ~1f(a+p )+ o
3 4 (a2+ﬁz)2 4 z[ o2 (a2+tpz)z]
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3. Buckling of a Perfect Shell: El =-€2 =€3 =0

In this case the governing equations become

£,(C, - M) + (2 C, +CHES - =0 (3.1)
gz{c4‘->\+ 8(C, + zc3)§1} =0 (3.2)
g3{ Cy -A- 8(C, + zc3)g1}= 0 (3. 3)

1f C1> C4, there is no deformation of a perfect shell in the

buckling modes (gl =§, = 233 = O)until A\ reaches C4. Then the

- coefficients of §2 and §3 in equations-(3.2) and (3.3) vanish and a
bifurcation of the solution in the §2 or §3 mode will occur. Since

'g'l = 0, E,l can be either positive or negative. Suppose ‘::-,3 = 0, then
following bifurcation A will decrease with deformation occurring in the
,gz as well as the negative axisymmetric mode E"l' However if gz =0,
then following bifurcation A will decrease with deformation occurring
in the &,3 and in the positive axisymmetric mode gl. In either case
the maximum value of A attained is at A = C4.

If C1 < C4, there is no deformation of a perfect shell in the

buckling modes (§,1 = E,Z = §3 = 0) until N\ reaches Cl' With A remain-
ing at. Cl’ deformation can occur in the axisymmetric mode; and
since -E_i =0, f;l can be either positiire or negative, If @1 attains the
value - (C4 - Cl)/B(CZ + 2C3) then the coefficient of gz in equ;tion

(3.2) vanishes and a bifurcation of the solution in the gz mode occurs.
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The bifurcated solution corresponds to decreasing values of A with
deformation in both the §1 and gz modes. Similarly if the axisym-
n}etric deformation is such that gl attains the value (C4 - Cl)/8
(C2 + 2C3) then the coefficient of §3 in equation (3.3) vanishes and A
decreases with deformation in both the gl and g3 modes. In either
case the maximum value of A attained is at \ = Cl' The behavior of
the perfect shell is shown in Fig. 46.

4. Buckling of a Shell with Axisymmetric Imperfection:

T‘3-1 70, -52 J% =0

In this case the governing equations become:

£,(C, =N + (G C, + Co)ES - £2) = A (4.1)
£ {04 -\ +8(C, +2C,)E, + '16c3'£'1} =0 (4.2)
g3{c4 - A - 8(C, + 2C,)E, - 1603'51} =0 (4.3)

Now if the imperfection is purely axisymmetric then the prebuckling
deformation is also purely axisymmetric. Hence E,Z = §3 = 0 which

satisfies equations (4.2) and (4. 3) identically and from equation (4. 1)

- A_F
€, = mgl (4. 4)

until there is a bifurcation of the solution in one of the asymmetric

modes.
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For -f;; negative the prebuckling axisymmetric deformation f;l

will be negative and bifurcation into the asymmetric mode will occur

when the coefficient of §2 in equation (4.2) vanishes. That is when

{c4->\ +8(C, + 2C,), + 16 0331} - 0 (4. 5)

which is the equation of a straight line in the xgl - plane. Following
bifurcation the value of ) decreases with deformation occurring in

both the axisymmetric mode §1 and the asymmetric mode gz.

For -t:’—l. positive the prebuckling axisymmetric deformation gl
will be positive and bifurcation into the asymmetric mode will occur

when the coefficient of &,3 in equation (4.3) vanishes. That is when

{04 - A - B(C, + 2C, ), - 16C3§1} =0 (4. 6)

which is the equation of another straight line in the )\&1 - plane.
Following bifurcation the value of A decreases with deformation
occurring in both the axisymmetric mode 5;1 and the asymmetric
mode §3. This behavior of the shell is shown in Fig. 47.

The maximum value of A, denoted by )\M’ occurs at the
bifurcation point and can be solved for explicitely by eliminating 5_3,1
‘between equations (4.‘4) and (4. 5). 'Its value is found to be

B% _ 4D (4.7)
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where

C1 + C4 + SCZE,1

o
I

(4.8)

5. Buckling of a Shell with Both Axisymmetric and

Asymmetric Imperfections: ?;-17( 0 and—‘g'-; g( 0,
§3 = 001‘§2 =O,g3 ¥0

If E-l. ;lO, EZ- }( 0 and "g; = 0 then the governing equations

become:
61(C1- N+ G [B, + 516 - €9+ Gy, + Bk, - 2] - 5.1
£,(Cy- M) + 803[2(g1+'g"1)g2 +'§,‘zg1] +8C,E,+ T8, = Ny  (5.2)
£ {c4 - N- 16C,(, +E)) - sczgl} = 0 (5.3)

In this case deformation occurs in both the gl and gz modes for any
nonzero values of ). Nonzero values of §3 can occur only if the
coefficient of §3 in equation (5.3) vanishes. Assuming that such
does not occur then §3 = 0. This satisfies equation (5. 3) identically

and reduces the other two equations to:

1(C - N+ Gty +38) + O3y + By = NE) (5.4)
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£,(C4 - \) +8C, [2(&,1 +E), +E;g1] +8C,(E,+ E)8, = AE,
| (5. 5)

The trace ofi the general solution curve in the )\§2 - plane can be
~obtained by Aséliminating gl between equations (5.4) and (5.5). This
- yields

2

- AN

: +Bl7\'+D =0 (5.6)

1

where

Ay =+,

W
i

1 = (€ +C -8CyE )6+ CE, - 8(C, + Cl)E 6,
(5.7)

o
0

| - 2r 2
, [0104“60103'5; - 8(Cyt )%, ] £,
- (Cy+ 2C,) [12(cz+c3)'g'zg§ + 4(Cy+ zc3)§g]

But this is just a standard quadratic equation whose solution can be

written down immediately as:

B

1 1 ]/ 2 _ —
2A1 i Z—A-i Bl = 4A1D1 = f(gZ’gl’gZ’ a,ﬁ, C) (5. 8)

A=

Here the negative sign must be usdd for g positive and the positive

sign for -Ez negative.



43
A maximum value of )\ (if it occurs) is associated with
d )\/dgz = 0. This condition along with equation (5. 6) can be used to
solve for )\M. The result is analogous to equation (4.7) but consider-
‘ably more complicated. Hence it is more convenient to obtain A
from the A\ vs. §2 plot using equation (5.8). This behavior of the

shell is shown in Fig. 48.

If E—i f o, E; = 0 and -ﬁ,'; z 0 then the governing equations

become:

£(C1-M+ G, [-'é;% + 36 - gg)] ¥ c3[g§ -$g3+'§3)g3] = g,

(5.9)
52{04 SN+ 16C,(EHE) + sczgl} -0 (5. 10)
65(Cy - N)-8C, [26 B ey + Tt ] -8C, 8, + Tt = 2E;  (5.11)

Here deformation occurs in both the §1 and §,3 modes for any
nonzero value of \. Nonzero values of {3,2‘ can occur only if the
coefficient of &2 in equation (5. 10) vanishes. Assuming that such
does not occur then 52 = 0. rI‘\his satisfies equation (5. 10) identi-

cally and reduces the other two equations to:

ru 1.2 , e -

65(Cy - M) - 8C,[26, 606+ Tt | - 8C, 6,4 Ey =N, (5.1
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The trace of the general solution curve in the ;\§3 - plane can be

obtained by eliminating gl between equations (5.12) and (5.13). This

yields
AN+BA+D, =0 (5. 14)
2 2 2= '
where
Ay = E5 4 &
B, = (G, +C,+8CE ), + CF, +8(C, + C,EE,

(5.15)

@)
0]

- 2r 2
) [c1c4 - 16C,C,E, - 8(C, + C;)E, ] &3
~(C,+ 2C,) [1;(c2+ C,IE s +4(Cyt 203)§§]

The solution of this standard quadratic equation can be written down

immediately as:

B2 1 2 ——
A3 5 ht 2A, VrBz - 4A,D, = g(;,€,,€,, «,B,¢)  (5.16)
The negative sign must be used for _5-3 positive and the positive sign
for -6,—3 negative.

A maximum value of A(if it occurs) is associated with

dx /d&.3 = 0. This condition along with equation (5. 16) could be used to
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solve for A However, as pointed out earlier, it was found more

M
convenient to obtain >‘M from the ‘_)\ vs. §3 plot using equation
(5.16). This behavior of the shell is shown in Fig. 48.

As expected, the introduction of the additional asymmetric
imperfection decreases thq load carrying capacity of the shell even
further. Thus the )‘M obtained from the \ vs. gz plot using
equation (5.8) or fro-rn the A\ vs. §3 plot using equation (5. 16) for a
shell with both axisymmetric and asymmetric imperfections will
always bev less than the )\M computed from equation (4.7) for a

shell with axisymmetric imperfection only.

6. Numerical Results

Equations (5.8) and (5.16) were programmed on the IBM 7094
and used in the search for the ""pair of critical modal components',
defined as that combination of one axisymmetric and one asymmetric
imperfection component which gave the lowest value for )\M.

In deriving the buckling equations (2.11) - (2.13) it was
necessarjr to impose the condition k = i/2 otherwise all the quad.
ratic terms in gl, gz, and §3 would vanish identically and the
resulting buckling equations would describe a system with stable
postbuckled states which are known to be insensitive to initial
imperfections. Thus choosing an axisymmetric imperfection with
wave number i automatically fixed the axial wave number k of the
asymmetric imperfection. Then ip order to minimize the asym-
metric buckliﬁg load A = C4 the circumferential wave number ﬁ

H

was computed from
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a2+pz_a=0 (6.1)

or solving for ﬂ:

2
L- Rl/;(-zl’l)' (-%V%Et - k) (6.2)

with the restriction that for a positive, nonzerol

L 2c _ .,
k<_’ Ve " - lcl » (6.3)
where
ici = wave number of the classical axisymmetric buckling
mode

The computation of the wave numbers is summarized in Table VI for

the shells tested. In actual use ﬁ was rounded to the nearest integer.
When combining the harmonic components of the experimen-

tally measured imperfection surfaces into pairs to be usea as input

to the computer programs two separate cases had to be considered.

Case a: glfo, ngo, §3=O
This resulted in coupling between the §1 and §2 modes and
the input to equation (5.8) consisted of
Ag e coskX ¢ cos Ly

Aoi ¢ cO8 iX = (6.4)

B, g * dos KX » sin by
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or
Ckl » sin kx -coslir-

C ., ¢« sin ix -» (6.5)

oi
D g - sin kx + sin £y

Case b: §1f0,§2=0,§3#0 |
This resulted in coupling between the gl and §3 modes and

the input to equation (5. 16) consisted of

Ckl * sin kx - cosfy

A .+ cOS i¥ — (6. 6)

D4 ° sin kX - sin My

of
Ay cos kx - cos[fr'

C,; * siniX —» | (6.7)

Bkl « cos kx ¢ sinly‘,'

It should be mentioned here that the location of the origin in the
circumferential direction waé arbitrary. Thus either sine or cosine
| y-dependence was admissible.

It was found that for a positive ai:isymm’etr’ic imperfection
coupling in the §3 mode would yield a lower value for )\M then
coupling in the gz mode if both -g'; and -§; were of the same size.
Similarly for a negative axisymmetric imperfection coupling in the

gz mode would result in a lower value for AM'



48
A list of the numerical results for the shells tested is given
in Table VII. The comparison between the results of this simplified

analytical approach and the experimental values is shown in Table

VIII.
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1v. CONCLUSION

Due to the small number of shells tested the results obtained
thus far must be considered only preliminary. However the follow-
ing conclusions seemed to be warranted:

1. The initial imperfections of the shells surveyed so far
were characterized by being composed predominantly of lower order
modes (i.e. few circumferential and even fewer axial waves)., The
amplitudes of the higher order modes were in general very small (i.e.
of the order of one per cent of the wall thickness or less).

2. As can be seen from the three-dimensional plots repres- r
enting the growth of the prebuckling deformations just prior to
buckling (Figs. 28 through 31) there was a very pronounced growth of
imperfection components with long axial wave length and short
circumferential wave length for all the shells tested. The number of
circumferential waves of these dominant components was approxima-
tely equal to the number of circumfergntial waves in the postbuckled
shape. The half wave length of the dominant components was equal
to the length of the shell in the axial direction. However the axial
half wave length of the postbuckled shape was much shorter than the
axial half wave length of the dominant components in the prebuckling
deformation.

3. There seemed to exist several '"critical modal compo-
nents'' for every shell tested, all s:howing the same exponential
growth close to the critical load instead of an isolated “criticgl

modal component'. In other words the mode of prebuckling
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deformation which apparently contributed to the reduction in
buckling load of the shells had many Fourier coefficients. Further-
more, some of these components hgd relatively small initial values.
That is, the ''critical modal components'' were not necessarily pre-
dominant 1n the initial irﬁperfection shape.

‘4, The failure modes of shell A7 with local buckling in two
isolated waves and of shell A10 with one isolated wave at the upper
edge seemed to support the claim expressed in reference 15 that
local buckl{ings were caused by some pronounced localized initial
imperfections of the test specimens. Upon comparing the local
buckling pattern of shell A7 (Fig. 27) with the initial imperfection
survey of the same shell (Fig. 19) it was strikingly evident that not
only did the initial local buckling occur at the exact location of very
pronounced localized initial defects of the test specimen but the same
localized defects showed the most pronounced growth rate as can be
seen from Fig. 26 just prior to the occurrence of local buckling.
Similarly shell A10 also had a very pronounced initial imperfection
at the location of the local buckling as can be seen by comparing Fig.
32 showing the local buckling deformation with Fig. 22 showing the
 initial imperfection survey.

5. The comparison of fhe analytical results with the experi-
mental values showed good agreement for the cases of global buckling.
Apparently the dominant part of the: measured imperfection surfaces
was adequately approximated by the two terms of the pair of critical

modal components.
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6. All the pairs of critical modal components were
composed of an axisymmetric imperfection with one full wave in the
axial direction and an asymmetric imperfection with one half wave in
the axial d;rection. This seemed to confirm the conclusions of the
visual observation of the growth of the prebuckling deformations
where the most degrading imperfections, the ones with the most

pronocunced growth rate;, were of long axial wave length.
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APPENDIX A

The approximate solution of Donnell's equations for an imper-

fect cylindrical shell

1 o4 1 L1 ——
H=VF-gW, +5 LW, W+2W) = 0 (1)
Et3 4. .1 -
—_—  V'W+=F, -L(F,W+W) =0 (2)
2 R xx
12(1-v7)

where the nonlinear operator L is defined by

L(SoT)=59 T’ - ZS’ Ts +S: T, (3)
: XX Yy Xy Xy yy xx :

assumes that the initial imperfection shape is represented by
W= 'Elt cosix + 'Ezt coskx ¢ cosly + 'E3t sinkx * cosly (4)

The equilibrium state of the axially loaded cylinder is approx-

imated as:

ot + w (5)
_ 2

F=-5o0ty +1 : (6)

where the terms added to w and f constitute the prebuckling membrane

solution for the perfect shell. Further w is assumed as:
w = glt cosix + §2t coskx ¢ cosly + §3t sinkx  cosly (7)
i

Substituti.ng‘ the assumed form of W and W into the compatibility
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equation (1) yields -

where

muc+2F’xxyy+F’yyyy) = K1c052k§+ chos§+ K3c052£§r' (8)
+K4sin2k§+ Kscosk;:-- cosdy
+K65ink}—c- cosly + K.cos(itk)x-costy
+Kgcos(i-k)x cos£§+Kgsin(i+k)§-cos.!§?
+K10sin(i-k)§ s cosly

2, 2
_o2mr \C 2,2 1,,2 ;2
2
2 t .2
K,=- () gi%

2 2
- t 2,2 1,.2 2
3 = "("'Lz) (R") k™4 [Ezgz + E3g3 + 'fz'(gz + 53)]

, 2 2
_en el e
Ky = -(5) () KUTIEE,4(E, + §5)8;]

_ o 2mSt .2
Ky =-(1) gk'§,
5 ) (9)
_ Bt
K6"(L) Rk§3

2 % .2 1%°
K, = @0 (5 22 [T e 4 (6T E,)
8 L’ 'R 2 2°1 1 71772
2m 2,2 1442

‘ 2 . 2.2,2 |
K o= G0 () - (58 + (6,+F))E,]
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The boundary conditions of the finite shell will be neglected,

therefore only a particular solution of equation (8) is needed. To

obtain such a particular solution let
=-gotyl+ e (10)
where
£p~ = Acos2Kkx + Bcosix + Ccos2Ly+Dsin2kx+Ecoskx * costy
+Fsinkx * cosly + Geos(itk)x « cosfy+Hcos(i-k)x-cosly
-I{-Isin(i+k)§ « cosdy + Jsin(i-k)x * cosly

Substituting this expression into equation (2) and equating coefficients

of like terms yields:

4 2 2 2
IR A I T i 1,2 2
=Bt AT EE) R o [T Tty pley- 6]
B ;Et(L)4 Ly - Et(l‘-)zt—-—l—é
YT iZ 2 Y2 R 21
c =Er* 1 K = -Er? ﬂ)z(t—)z ——15?:—['5 g, +E £+ 1 (£2482)]
- (21)4 37 L R 16.@2 2°2 °3°3 2'°2 °3
2 2 ,2
. L4 1 _ L.%¢.% 2
D= Et(z—ﬂ') WKll— -EF(E;') ) IZ;Z—[E3§2+(EZ+§2)§3]
-2 ' -2
B 2 2 2 2 2
o~ 2wy .2, 4 _ 2wyt . 20,2m 2, 4
E =Et _(TJ—) k +;2] K5 = -Et(-t- R k [(—IT) k™ + E-z] gz
' -2 -2
N 2 2 2 2 2
_ 2wy, 2 4 - 2wy t 212w, 2, 4
F = Et (TT) k™ + ;{—2] K6 = -Et(—-I:-) ﬁk [(—L—) k+ R—Z-] §3

(11)
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2 42
G=Et [(—-—) (+k) + —-2] K,
R
2, 2227 272
=-Et20) &) L L(L) (i+k) +§—2] [E,,+(£,+E))E,]
[ 2 122"2
H= Et |[(§L )(-k)+—-— K
RZ 8

-2
222, 2 2
= -Et3D) &) lg;-[(%ji) (i-k)2+;—2] [Z,6,+(&,+, )]
-2
| 2 2
R .
I = Et |(4T) (it+k) +—-] K
[L ’ RZ 9
2t 23292 2n 2 2 g% "2
= -Et (r) (ﬁ) T—[(r) (itk) +E_2] [E3§1+(§1+-€1)§3]

-2
2
-Et[(—-) (i-k) +3;] K,

ey
i

2, 2227, 2 5 ,2 -2
Et( ) (R) —2'—[(—1':) (i-k) +E2] [-53@1'*‘(51'*-51)53]

Substituting the assumed form for W and W and the computed
particular solution for F as given by equations (4), (7) and (10) into
th‘e equilibrium equation (2) yields, after multiplying out, regrouping
and simplifying through the use of trigonometric identities the fol- |

lowing expression for the ERROR €N:

{ Et4 21r2 4

.2
-y i

t 2,2 - L
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2

4 2 2

Et 27y . 2, 4 L

t—— |() k +(-—)] =)
{lz(l_vz) [L 'R 2

2 2
k"~ 2 2

t2” 4K2[ (£,+F, ) (A+C)+(£,+E. )D]

+i2(§1+-€1)(G+H)]} coskx + cosly
2 2

Et 2m\“ 2, 4 L k 2 2
+{12(1-\;2) [(—17 k) ]('2"77) €3 -] F-tk"(§;+E;)0

t 2 2

+i2(§1+-€1)(1-.]'ﬂ} sinkx ° cosly

-4k t 2,2 ~ _
T A E-Z k4 [(§2+EZ)E - (§3+.E3)F]}c052kx

t
2R

5 1292 [(f§,1+‘€1 )E + (§2+'§2)B]§cos(i-k)§ -cosly

t

|
|
P2
|
|
|

- 1212[(§1+EI)F+(§2+'§2)B]} sin(i-k)X + cosly

— 1% Z[(§3+E3)(H-G) + (g2+EZ)(I+J)]} sinix

4% t 2

2 | ~l
R D ‘R—zk 1 [(€2+Ez).F +(€3+E3)E]}sm2kx

= K%y 2[(§2+‘§2)E +H{E,+E, )F]} ‘cos2ly
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-t ,2],,.2 Y
+{Ez-z [161 (§,+E,)C+(2k+i) “[(§,+F, ) GH(E,+E,)1]

+(2k-i)2[(§2+'€2)H-(§3+_€3)J]]}cosi§-coleSr—
-t ,2 2 . —
+{4§—2-1 (2k+i) [(§2+'§2)G-(§3+E3)I]} cos(it2k)x

-t 2 012 s s e
+ {‘;E—Z £°(2k+i) [(§2+EZ)I +(§3+'§3)G]}31n(1+2k)x

-t ,2 2
+{ZE{7£ l}2k+1) [(€,+8,)1-(€5+E5)G]

+(2k-i)2[(§2+-§_2)] +(§3+E3 )I-ﬂ]}sini;c- + cos2ly

] 2,2 ~
+{ k) g . ;—2 L [(§1+351>E+<g3+E3>B]}cos(i+k)‘£' costy

. 2,2
+1 =l -5 Ll +E, )F+(§3+ES)B]}sin(i+k)§- costy
+ {'i'z 2k212(€3+-€3)c}sink§ . cos3fy (12)
R
+{:‘:2‘ 2k212(§2+EZ)C§ coskx - cos3ly

+ {—:-{-—2 (2k-i)% 2[(§2+-€2)H+(§3+E3)J]}cos(2k.s.i)§

N

+ {7* <2k-i)212[(63+E3)H-(§2+Ez);r]}sin(:ak-i)i

+{ Z;-% izz2[(§zf€2)6-(§3+€3)I]}cos(2k+i)‘£ + cos2ly
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i

212[(€Z+Ez)1+(§3+‘£3)c;]} sin(2k+i)x + cos2ly

{Z}:—Z 212[(g2+'§2)H+(§3+'§'3)J]}cos(Zk-i_)SZ + cos2ly
+{4§ 212[(§3+-§3)H-‘(§2+E'2)J]}sin(2k-i);c‘ . cos2ly

=t 2k212[(52+EZ)A-(g3+'£3)D]}c‘os3k§ . costy
R v

+{—1-32-— Zkzl2[(§2+-§2)D+(§3+-§3)A]}Sin3k3_c— . cosly
g—t21 2718, +E, )H} cos(2i-k)x COSfY
R

21 2(§1+E-1 )G}cos(2i+k)§ . cosly

[\¥)
wl,,,

o

+ {-iz i222(§1+'£1)1} sin (2i+k)x * cosfy
2R

+{_’%1 1 (g1+'€ )J}sm(Zl -k)x . cosly
2R :

= €N (gls §2, §3s ;{-’ -Y-')

where the ERROR EN is a function of the unknown amplitudes §1 , §2
and §3 of the assumed radial displacement W.

Using Galerkin's idea of minimization of the error with re-
spect to a set of given functions leads to a system of three nonlinear

algebraic equations in the three unknowns €1 , §2, §3. Here these
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equations will be obtained from the following integrals:

2T 2w o o

{; j;) EntEyr €50 85:%,y) - cosixdx dy = 0 (13)
271" 27 _ _ o ,

j;) j;) SN(§1,§2,§3,x,y) « coskx + cosfydxdy = 0 (14)
2w 27 o _ o

f f €N(§19§29 §3:X9Y) * sinkx - COS—QY dXdY = 0 (15)

Imposing the restriction k = i/2 and carrying out the indicated

integrations leads to:

4 2

Et ;2
( i gl " B- t i (g1+7;'1)o

12(1-v )
t

2,2 ' ‘

>
-4k t 2,2 ~ -
-—jR—-A - ;{‘2 k™4 [(g2+—€2)E - (§3+-§3)F] = 0 (16)

4 2 2 . 2+% 2 .
(1:?;-\,2‘ ) [(Z_If) K%+ (R) ] 6,k E -t KT, 0

t 2 2

2 N
’+iz<§1+‘€1)(mH)] Sk g - 12020(8,+E B+ (£,+E,)B]=0

(17)
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2
4 2 2 2 2
Et L 27wy 2, A k 2.2

- L 02 [4k2[(§2+EZ>D+(&3+E3)<C-A)]+iz(§l+§1)(I-J)}

t 2,2 _
il [(§,+8))F+(£;+E;)B] = 0 (18)

J -

Without the restriction k = i/2 the underlined terms would
vanish because of the orthogonality properties of the respective
trigonometric functions and the resulting equations would contain
only cubic nonlipearities in the unknown amplitudes E.l ) gz and §3.

Substituting for the coeificients A, B,...., I and J from
equations (11) and introducing the nondimensional parameters de-

fined in equations (2. 11) yields the NONLINEAR BUCKLING EQUA -
TIONS (2.12) - (2.14).
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PRINCIPAL COMPONENTS OF THE INITIAL IMPERFECTION SURFACE

TABLE II (Cont'd)

Shell A10
B B B
Cé,% -0. 061 D5’%_ 0.143 Dg. 1 -0.074
C,.2 0.094 Dé’% -0.093 Dio.1 0.047
3,2 0. 065 D7’_é_ -0. 155 D3’_23_ -0.159
04’; 0. 059 Dlo’% -d.' 065 D7,% -0.058
Cz.3 0.057 D, | -0.077 D, , 0.055
Dz’% -0.127 D, . 0.120 D, , -0. 049
D_,H% -0. 509 Dg , -0.098 D, 5 -0. 087
Z
D4,% -0.128 D¢ | -0. 049 D3,_Z_ -0.057

€L
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TABLE III

WITH LOAD INCREMENTS

VARIATION OF THE BEST FIT ("PERFECT") CYLINDER

2

2

2

Shell A7 -}-,&l %% X,* 10 Y, - 10 e * 10 ¢, 10 R
c

Inches Inches Radians Radians Inches
1 -3.9 -0. 501 -0. 055 -0.218 0.120  4.0047
2 6.1 -0.504 -0. 054 -0.217 0.119 4. 0046
3 11.0 -0. 502 -0. 053 -0.219 0.119 4. 0048
4 18.8 -0. 506 -0. 052 ~0.219 0.118 4. 0048
5 23.0 -0. 511 -0. 050 -0.221 0.119 4. 0049
6 27.0 -0, 523 -0. 041 -0.219 0.118 4. 0051
1 32.5 -0.516 -0. 040 ~0.220 0.118 4. 0053
8 38.2 -0. 517 -0.039 -0.219 0.118 4, 0054

LL



TABLE III (Cont'd)
VARIATION OF THE BEST FIT ("PERFECT') CYLINDER

WITH LOAD INCREMENTS

Buckling Pattern

Initial Local Buckling Pattern

' P o 2 2 2 2
Shell A7 -P——-ﬁ/o X, +10 Y,+10 ¢, +10 €, 10
[o4

Inches Inches Radians Radians Inches
9 45.1 -0, 513 -0. 039 -0.221 0.118  4.0059
10 53, 9 -0. 520 -0. 041 -0.223 0.118 4. 0060
11 *% 55,3 -0. 485 -0. 035 -0.222 0.118 4. 0058
12 % 59,7 -0.271 0.107 -0.271 0. 065 4. 0040
*

8L



TABLE III (Cont'd)

WITH LOAD INCREMENTS

VARIATION OF THE BEST FIT ("PERFECT") CYLINDER

Shell A8 T:,EC[/O X, 102 Y- 102 € 102 ‘" 10% R
Inches Inches - Radians Radians Inches
1 -2.4 -0. 757 0. 304 -0.266 0.109 4, 0036
2 4.7 -0. 766 0. 307 -0.265 0.110 4.0033
3 11.0 ~0.776 0.318 -0.267 0.111 4.0034
4 20.5 -0. 782 0. 325 -0.268 0.111 4.0034
5 27. 4 -0. 782 0. 325 -0.269 0.112 4.0034
6 33.9 -0. 784 0.324 -0.270 0.112 4. 0034
7 42.0 -0. 784 0.323 -0.270 0.111 4.0035
8 48.5 -0. 786 0. 322 -0.271 0.111 4. 0036

3
o
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TABLE III (Cont'd)
VARIATION OF THE BEST FIT (""PERFECT'") CYLINDER

WITH LOAD INCREMENTS

Shell A9 T;;Zﬂb X, + 10° ¥, + 10 ¢+ 10° ¢, 10° R
Cc

Inches Inches Radians Radians Inches
1 -4.5 - -0.594 0. 346  -0.213 0. 101 4.0007
2 o 4.2 -0. 599 0. 348  -0.210 0.100 4. 0007
3 11,8 -0. 602 0. 349 -0.210 0. 100 4. 0009
4 20.9 -0.603 0. 350 -0.209 0. 101 4.0010
5 28. 6 -0. 604 0. 352 -0.209 0.101 4, 0012
6 36.0 -0. 605 0. 353 -0.209 0.101 4.0012
7 43.5 ~0. 605 0.353 -0.209 0.101 4. 0012
8 | 50. 4 -0. 605 0. 354 -0.208 0.101 4. 0012
9 57. 1 -0. 607 0. 355 -0.207 0.101 4. 0015

10 61.4 -0, 605 0. 355 ~-0. 208 0.102 4, 0015

18



TABLE III (Cont'd)
VARIATION OF THE BEST FIT ("PERFECT") CYLINDER

WITH LOAD INCREMENTS

P o 2 2 2 2
Shell A9 ?7 Jo X1 10 Y}, 10 61 10 62 i0 R
c

Inches Inches Radians Radians Inches
11 65, 6 -0, 605 0. 355 -0, 209 0.102 4, 0016
12 69.1 ~ -0.604 0. 354 -0,209 0.101 4, 0016
13 72,2 -0, 604 0. 353 -0.209 0,101 4, 0015
14 * 73, 6 -0. 680 0. 307 -0.210 0.102 3. 9989

%
Buckling Pattern

28



TABLE III (Cont'd)
VARIATION OF THE BEST FIT ("PERFECT") CYLINDER

WITH LOAD INCREMENTS

Shell A10 —I-,l-'i-[/o X, - 107 ¥, - 107 ¢+ 10 e, 102 R
C

Inches Inches Radians Radians Inches
1 | 1.2 0. 324 -0. 599 -0. 025 -0. 062 4. 0186
2 7.2 0.324 -0. 599 0. 025 -0. 062 4. 0186
3 14. 9 0. 323 -0. 600 -0. 025 -0. 063 4.0186
4 28.8 0. 323 -0. 602 -0. 025 -0. 064 4.0187
5 2.9 0. 321 -0. 606 -0. 026 ~0. 065 4.0189
6 #% 54,1 0.316 -0. 597 ~0. 023 -0.073 4. 0190
7 * 56.8  0.275 -0. 594 10.009 -0. 054 4. 0170

* Buckling Pattern

*% Initial Local Buckling Pattern

€8



TABLE III (Cont'd)
VARIATION OF THE BEST FIT ("PERFECT") CYLINDER

WITH LOAD INCREMENTS

Shell Al2 £ o X. .10 ¥. . 10% e .102 e +10% R
P l 1 1 1 2
C

Inches Inches Radians Radians Inches
1 _5.3 0. 348 -0. 615 -0. 057 ~0. 042 4. 0087
2 8.1 0. 349 -0. 622 -0. 058 Z0. 041 4. 0088
3 24.0 0. 344 -0. 614 -0. 058 -0. 044 4. 0089
4 38. 2 0. 337 -0. 607 -0. 059 -0. 046 4. 0091
5 50. 5 0. 338 -0. 622 -0. 062 -0. 045 4. 0093
6 60. 4 0.335 -0. 627 -0. 062 -0. 044 4. 0094
7 £ 67.3 0.375 -0. 601 -0. 076 -0. 050 4. 0062

Buckling Pattern

¥8
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TABLE V

SUMMARY OF "CRITICAL" FOURIER COEFFICIENTS

Shell A7 A B3

9 n
AZ, 0 0. 056 -0. 402 -0.14
Ag o -0.015 - 0,114 -0.13
A9’ 0 0. 026 0. 031 0. 84
AIZ,O 0. 011 0. 005 2.20
BZ, 0 -0, 024 -0, 241 0.10
B(),O -0, 011 -0.165 0.07
B7’ 0 0.019 | -0.074 -0.26
Bl3,0 -0.018 -0.026 0. 69
Co.1 -0. 045 0. 068 -0. 66
CO,Z -0. 01§ 0.013 -1.23
Note: 'g- - Initial Amplitude of the Harmonic

Wall Thickness

n = %9/%
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL' FOURIER COEFFICIENTS

Shell A7 Bg O -
A1 0.012 -0. 050 -0.24
8,7
A .1 0.014 0. 029 0. 48
11,5
A._ 1 0. 022 0.011 2. 00
15,'2-
A -0. 020 -0. 028 0. 71
9,1
Ao 0.012 0. 029 0. 41
Ag 2 -0.012 -0, 006 2. 00
B, 1 0.012 -0, 348 -0. 03
2"2'
B.. 1 0.014 0. 036 0. 39
11,5
B.. 1 -0.021 -0, 0001 210.0
12,5
B.. 1 0. 028 0. 008 3. 50
14,5
B -0.018 0.013 -1.38
1,1
Bs ) 0.016 0. 035 0. 46
B -0, 011 -0.013 0. 85

15,1
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL'" FOURIER COEFFICIENTS

Shell A7 A t

9 n
- C, 1 0.072 ~-0.518 -0.14
2’7
C6 1 -0.019 0.145 -0.13
'2
C, 1 0.015 0.150 0.10
8,5
2
C, 1 0. 042 0. 051 0. 82
9:'2
C 1 -0. 015 -0.073 0.21
10,5
2
C8,1 Oo 012 '0. 033 "'0. 36
Cll,l 0. 016 0.033 0. 48
ClS,l 0.024 0.016 1. 50
'2
C, 5 0.013 -0. 085 -0.15
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TABLE V (Cont'd)
SUMMARY OF "CRITICAL'" FOURIER COEFFICIENTS

Shell A7 aq £ n

D, 1 -0. 029 -0. 308 0.09
2,5

D. 1 -0. 011 0.189 -0. 06
3,2 -

D, 1 -0.016 -0.200 0. 08

*2

D 1 0. 027 -00 075 "00 36
T

D.. 1 -0. 029 -0. 048 0. 60
1337

Dy, 0.015 0. 036 0. 42

Diy.1 -0. 022 -0. 036 0. 61

D
14,1 0.033 0. 020 1. 65

D, 3 -0.011 -0. 100 0.11
2,5

D,.. 3 -0.010 -0. 012 . 0.83
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TABLE V (Cont'd)

SUMMARY OF '"CRITICAL' FOURIER COEFFICIENTS

Shell A8 aq t n
Ay -0. 023 -0. 611 0. 04
Ag o 0. 013 -0. 038  -0.34
Ag o -0. 024 © 0.006 ° -4. 00
ALy o 0. 014 ~0. 002 -7. 00
ALz o 0. 024 -0.018 -1.33
A9, 1 0.014 0. 653 0. 02
Ag 0.013 0.103 0.12
B, o -0. 026 0. 024 -1.08
By o -0. 020 . -0.042 0. 48
Bg. o -0.012 -0. 045 0.27
Blo.o 0.013 -0. 054 -0, 24
Biz.o -0. 028 0. 004 -7. 00
Bis o 0.014 0. 007 2.00
c 0. 011 0. 611 0. 02
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TABLE V (Cont'd)
SUMMARY OF "CRITICAL'" FOURIER COEFFICIENTS

Shell A8 ag £ n
CAL -0, 012 0.010 -1.20
9:"2'
A 1 0.014 ‘ 0.014 1. 00
10,5 0.0l
A ' 0.012 0. 024 0. 50
8,1
Alz’l "'0. 013 "0. 007 1. 86
A]~3’1 -0.024 -0,023 1.05
B, 1 0.017 . ~0.154 -0.11
4,5
2
B 1 0.018 0. 025 0.72
11,-2- ‘
BlZ,l 0. 023 0.013 1. 76
B13,1 -0, 012 . =0.016 0.75
B 3. 66

16,1 -0.011 | -0.003
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TABLE V (Cont'd)
SUMMARY OF "CRITICAL'" FOURIER COEFFICIENTS

Shell A8 ag T n
" C, 1 -0.031 -0.777 0. 04
2,_2_
c_1 0.017 -0.035 | -0, 48
5,—2' :
c. 1 -0. 036 -0. 005 7.20
8’7
C,.. 1 -0.015 -0.014 1.07
10, =
2
C.. 1 -0, 011 -0. 001 11,00
11, =
2
C., 1 0. 024 0. 0001 240.0
12,5
c 1 On 041 -Oo 013 _30 15
13"2'
C -0.011 . 0.004 -2.175
9,1
C1o,1 0.015 0.015 1. 00
G, 3 0.010 0. 051 0. 20
'2
C,. 3 -0.011 : -0.022 0. 50
1332'
C, 3 -0. 011 -0.239 0. 05
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL'" FOURIER COEFFICIENTS

Shell A8 aq t 7
D, 1 -0.036 0.277 -0.13
Z"'Z'
D, 1 -0, 028 -0,073 0. 38
3,2‘
D_. 1 0.010 : 0. 040 0.25
5,-2—
D6 1 0.015 0,148 0.10
3
D, 1 0. 011 -0. 024 -0. 46
7,-2'
D, 1 . =-0,016 -0, 054 0. 30
8,>
2
D 1 0. 020 -0, 068 -0.29
: 10,2-
D 1 "0' 046 -0. 0004 1 1 5¢ o
12,-2-
D, 1 0. 022 0.016 1. 38
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL'" FOURIER COEFFICIENTS

Shell A8 ag t n
D, 0.013 -0.113 -0.11
-0. 011 -0. 048 .
Dy | | 01 0.23
Dy 0. 020 0.012 1. 67
Digs 0.011 -0. 009 -1.22
D, 3 -0.014 0. 008 -1.75
14"2— :
D,_ 3 0.011 0. 002 5. 50
15"2'
D,, 3 -0. 010 .0, 008 1.25
16,"'



SUMMARY OF "CRITICAL' FOURIER COEFFICIENTS

TABLE V (Cont'd)

Shell AQ

As 3 n
A8, 0 -0, 020 -0, 004 5. 00
Ag, 0 -0.038 -0, 061 0. 62
AIO, 0 =0, 026 -0. 001 26. 00
Al 1,0 -0.023 -0, OQZ 11. 50
B6,0 -0, 015 -0, 005 3.00
BIO,O 0.015 -0, 005 -3.00
CO,l -0,013 0. 069 ~0.19
Note: 7 = A12/__,
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL" FOURIER COEFFICIENTS

Shell A9 A, £ n
A, 1l 0.015 -Q. 240 -0, 06
)
A, L =0.025 -0. 034 0.73
'3
Al -0. 010 0. 001 -10. 00
3
A 0.017 0. 007 2. 43
1,1
A Q. 027 ‘ Q. 022 1.23
9,1
Ao 0.015 0.015 1. 00
Ay 0.023 0. 015 1.53
Al 0.013 0. 004 3.25
Alg 0.014 0. 005 2. 80
A, 3 0.016 0. 005 3.20
'3
A3 0.010 0. 005 2. 00
]
A3 0. 013 0. 002 6. 50
)
A, 3 0. 010 0. 001 10. 00
17,
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL'"™ FOURIER COEFFICIENTS

Shell A9 A, £ n

B, 1 0.011 0. 035 0.31
6"2"

B 1 -0, 011 -0, 020 0. 55
10,-2-

B 1 "00 023 0. 022 "1. 05
12,'2' )

B 1 -0.014 -«0.019 0.74
13,'2'

Bl3,1 -0.019 . =0.008 2.37

Bls,l -Oo 011 Oo 002 -5. 50

516,1 -0.012 ~-0. 009 1.33

B 3 0.012 0. 004 3.00
13,'2"

B16, 2 0.011 0. 0602 5, 50

B 0.010 0. 0003 33,33

18,2
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TABLE V (Cont'd)

SUMMARY OF '""CRITICAL' FOURIER COEFFICIENTS

Shell A9 Ap, £ n
C. 1 -0. 011 0. 014 -0. 79
4,?
C. 1 0. 011 -0, 052 -0.21
5,5
c. 1 -0. 029 -0.014 2.07
8,2’
C. 1 -0. 061 -0. 087 0. 70
9:"2'"
C.. 1 -0. 039 -0. 008 4. 87
10,~
Z
¢, | -0. 039 -0. 008 4,87
1
z
C,, 1 -0.011 -0, 042 0.26
12,4
3
Crgl -0.011 -0. 010 1.10
3
Cz’l Oo 011 -00 183 "0. 06
21 -0. 030 -0. 031 0. 97
Cia,1 -0.014 ~0. 002 7. 00
Cis 1 0. 011 -0. 006 1.83
c. 3 0.011 -0. 001 ~11. 00
1,5
C.. 3 0.011 0. 005 2,20
139"2‘
C,, 3 0.012 0. 002 6. 00
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL'W FOURIER COEFFICIENTS

Shell A9

Ay, 3 n
"D, 1 -0,019 -0,013 1. 46
6"2
D, 1 0.015 0. 054 0.28
8,2’
DlO 1 0. 022 -0, 001 -22,00
*2
D12 1 . -0, 015 0.017 -0. 88
*2
D13 1 0.013 -0, 002 -6. 50
'2
DlO,l -0, 011 -0, 021 0. 52
'D12 1 -0, 025 0.013 1.92
’
Dl3,1 -0.018 -0.018 1.00
D, 3 -0. 016 -0. 010 1. 60
*2
D15 3 -0.014 -0. 0004 35,00
*2
D 3 -0.015 -0. 009 1.67
16,—
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL' FOURIER COEFFICIENTS

Shell A10 A, £ n
Ay g -0. 008 -0.033 0.24
As g 0.013 -0. 046 -0.28
Ayo -0. 007 0.244 -0.03
Ag o 0. 007 0. 060 0.17
Ag o -0. 008 -0. 063 0.13
Az o -0. 006 -0. 007 0. 86

Note: 75 = 4/-{



010 *0-

LL*0- £10°0 a
2.
29 '1- 800 °0 €10 °0- 1 7lg
._z.‘:{,
€€ 0 810 °0- 900 *0- 1 ’a
'Z"E
%0 *0 SST1°0 900 *0 1 g
Legq
€€z €00 °0 £00 °0 1 tly
Z‘g
50 °0- L91°0 800 0- 1 ¢y
L9 "2- €00 °0 800 ‘0~ 0°¢lg
[4
29 *0- S10°0 010 *0- 0°2lg
21°0- L0 "0- L00 *0 0°01g
¢
7% 0 920 0 110 °0 0%6g
[ 4
80 °0 €10°0- 900 *0- 09
[
L0 *0- 201°0- 200 *0 0%g
€0°0 66€ *0- 110 *0- 0'¢g
[
S1°0 960 *0- 110 *0- 072g
M 5 Yy 01V T1oUS

SINHIDIAAHTOD YHIENNOA wTVIILIYDu 40 AYVININAS

(pP,3u0d) A ATAVL

101



102

TABLE V (Cont'd)
SUMMARY OF “"CRITICAL" FOURIER COEFFICIENTS

Shell A10 A

4 3 n
C, 1 -0.010 -0, 043 0.23
2
c. 1 0.018 -0. 003 -6.00
39?
c. 1 -0. 008 0. 308 -0, 03
4,5
c, 1 -0. 007 -0.215 0.03
6,_2"
C. 1 0. 011 0. 078 0.14
8,5
C.1 -0.012 -0, 081 0.15
9’?
C,. 1 0. 009 -0, 007 -1.29
10, =
Z
C.. 1 0. 008 -0.014 -0, 57
11,5
C,. 1 -0. 009 -0.015 0. 60
13,'2_'
C ‘ -0. 007 0.126 -0. 06
3,1
C 0. 007 0. 006 1.17

13,1
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TABLE V (Cont'd)
SUMMARY OF "CRITICAL" FOURIER COEFFICIENTS

Shell A10 a, t n
D, 1 -0.014 -0.127 0.11
' 2
D. 1 -0.014 -0. 509 0.03
3,'2‘
D, 1 0.009 '-0.129 -0. 07
4"2‘
D, 1 -0. 009 ~ -0.093 0.09
6"2_' .
D, 1 -0.007 0. 001 -7. 00
8,2"
D_1 0.016 0. 036 0. 45
9:2
D, 1 0.010 -0. 065 -0.15
10"2"
D 1 -oo 016 0. 013 -1023
12,>
D -0.012 ' -0. 001 12. 00
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL" FOURIER COEFFICIENTS

Shell A12 ag £ n
A, o 0. 022 0. 076 0.29
Ay o -0.014 0. 190 -0. 07
Ag o 0.011 0.011 1,00
Ag o 0.014 -0. 053 -0.26
Ag o -0. 012 0.102 -0.12
Ag o -0. 069 -0.011 6.28
Ao o -0. 041 -0, 022 1. 86
Ao 0. 030 0.014 2.14
AL o 0.016 -0, 027 -0. 59

Note: ' = A5/__
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL'" FOURIER COEFFICIENTS

Shell Al2 AS £ M
B6, 0 -0.014 0. 070 -0.20
B

10,0 0.070 -0, 046 -1,52
Bll, 0 0.063 -0, 024 -2.63
B13’ 0 -0.025 0. 007 -3, 57
A 1 0.018 0. 004 4, 50

15,'2-

A9, 1 0. 044 0. 052 0. 85

AlO,l 0.023 0.026 0. 88

All,l -0, 017 - =0.012 1,42

A16,1 0. 024 -0, 016 -1.50

A17, 1 -0, 012 -0. 007 1.72
A v

18,1 -0, 017 0. 004 -4.25
A 3 -0.012 -0. 005 2. 40

15"2
A 0.011 0. 004 2.75

17,

o w
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL'" FOURIER COEFFICIENTS

Shell Al12 A 3

B 1 -0,017 -0, 012 1. 42
10,-2-

B 1 -0,012 0. 060 -0. 20
11,-2—

B i 0. 010 0,018 - 0, 56
12,—2—

B 1 -0.029 0.015 -1.94
14,-2- ‘

BIO, 1 -0, 041 -0,039 1. 05

Bll, 1 -0. 041 -0. 042 0. 98

B15,1 -0.015 -0.015 1.00

B16’1 -0. 010 0. 008 -1. 25

B 3 0.016 0.008 2.00
14,2-

B 0.018 0. 028 0. 64
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TABLE V (Cont'd)

SUMMARY OF '"CRITICAL' FOURIER COEFFICIENTS

Shell Al2 A € n
c. 1 0. 029 0.102 0.28
2,5 |
c. 1 -0. 020 0.242 -0. 08
4,5
c.1 0.016 -0. 004 -4. 00
53
c, 1 0. 022 -0. 065 -0. 34
6,'2- .
C. 1 0.012 -0. 154 -0. 08
7,'2'
C. 1 -0.018 0. 131 -0.14
8,'2—
C.. 1 -0. 063 -0. 040 1. 58
10,5
cl1,1 0. 045 0.023 1. 96
)
C.. 1 0.023 -0. 027 0. 85
12,5
c.. 1 0.011 -0. 001 -11. 00
15"—'
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL' FOURIER COEFFICIENTS

Shell Al2

£

5 mn
Cll,l -0. 011 -0. 005 2.20
C13’1 -0. 011 0. 008 -1.38
014’1 "0. 013 -0¢ 004 3. 25
Cl 5,1 0. 022 0. 006 3.67
C 3 0.025 0, 00004 625.0
16’2-
C 3 -0.011 0. 001 -11.0
17,2‘
C -0.019 -0. 0003 64. 40

18,%
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TABLE V (Cont'd)

SUMMARY OF "CRITICAL'" FOURIER COEFFICIENTS

Shell A12 ag E n
’ D4 1 0.013 0.276 0. 05
5
2
D_ 1 -0.014 -0. 386 0. 04
5,'2-
D6 1 . -'Oa 022 0. 087 -o. 25
'2
D, 1 0.014 0. 058 0.24
9,'2‘
D 1 0.098 -0,011 -8. 90
11,
2
D1 1 -0. 039 -0. 004 9.75
3’_
2
D 1 0. 012 -0, 002 6. 00
15,_2-
DlO,l -0.017 -0, 011 1. 55
Dll,l -0.012 0. 045 -0.27
DlZ,l 0.014 0,012 1.17
D14’ 1 -0. 033 0. 008 -4,12
D]‘()’1 0.011 -0. 001 -11,00
D 3 "o. 013 0. 002 "'60 50
16,—
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TABLE VII

NUMBERICAL RESULTS (Shell A7)

Al -0. 0050 . 998
93

AO, 1 -0. 0214 AIO,% 0. 0402 . 840
A 1 0. 0292 . 956

11, =

2
A12,1 -0. 0135 . 992
’AO, 2 -0, 0421 A13, 1 0. 0066 . 931
A14’ 1 0. 0064 . 929
A15,% ,-O‘ 0122 . 936
AO, 3 -0.0314 Alé,% -0. 0017 . 944
A, 3 0. 0122 . 902

2
A.17, 2 0. 0040 . 949
AO, 4 -0, 0326 A18, 2 -0, 0061 . 905
A19, 2 0. 0039 . 917
A19,§- 0. 0032 . 920
AO, 5 -0. 0329 AZO,-;— -0. 0003 . 923
A, B -0. 0003 . 931
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A7)

' 3 R
Ay s -0. 0003 0.913

Ag ¢ -0. 0308 - -0. 0017 0. 986
Ays s 0. 0003 0. 925

Az2,1 -0. 0003 0. 862

Aq -0. 0423 Azs,:z’— 0.0015 0. 842
Ayy 1 0. 0002 0. 862
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A7)

£ E, L
B_1 0. 0322 . 914
99'2'
Ay »-o. 0214 Blo’% -0. 0243 . 885
B,, 1 0. 0359 . 933
11,?
Biy g -0. 0036 . 031
Ag 2 -0. 0421 By 0. 0347 . 845
By 1 -0. 0091 . 916
B.. 3  0.0088 . 948
1592“ .
Ay s -0.0314 B16’% 0. 0079 . 912
By, 3 -0. 0053 . 933
Z
B, 2 0. 0013 . 966
0, 4 -0. 0326 Big 2 0. 0035 . 918
Blg 2 0. 0016 . 932
519’25 -0. 0012 . 924
Ay s -0. 0329 Bzo’g 0. 0005 . 920
B -0. 0012 . 921

21,

N ;e
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A7)

€1 £, qM
r
By, s 0. 0008 . 908
Ay -0. 0308 { By s -0. 0003 . 910
| By, -0. 00005 . 929
( By, 7 ~0. 0010 . 854
5
Aq 4 -0. 0423 ‘ 1323’_;/_ 0. 0018 . 840
B.. 7 ~0.8+10°7 867
\ 24’_ . .
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A7)

€1 €0t €y 2M
[ C_. 1 0. 0512 0. 902
9:'2'
0. 0683 { C,.1 -0. 0734 0. 794
10,
. C., 1 0. 0399 0. 957
110'2"
( Aoy -0. 0135 1. 016
£0.0131 T A, 0. 0066 0. 955
L A 0. 0064 0. 952
( A3 -0. 0122 0. 961
15,5 |
0. 0101 A3 -0, 0017 0. 970
16,5
L A3 0. 0122 0. 927
17,
2
,
Apg o, ~0.0040 0. 995
L ‘..
0. 0051 Alg o 0. 0061 0. 950
A, 0. 0039 0. 962 -
r A, _ 5 0. 0032 0. 981
19,5
0. 0038 { A, _5 ~0. 0003 0. 986
20,5
L A -0. 0003 0. 995
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A7)

El Ez oF -53 aM

Ay s ~0. 0003 0. 994

Co. 6 0. 0013 Ay s -0. 0017 0.976
Ays s 0. 0003 1. 009

Az2,1 -0. 0003 1. 001

| Co. 7 0.14+10° A3l 0. 0015 0.978
A,, 7 0. 0002 1. 005
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A7)

B £, A
r B 1 0. 0322 . 893
99'2"
Co,1 0. 0683 < Bm’%_ -0. 0243 .823
\ B, 1 0. 0359 . 914
11, =
2
r -
Blz’l 0. 0036 . 055
CO'2 0. 0131 9 1313’ ) 0. 0347 . 955
| B14, i -0. 0091 . 939
¢ Bls'% 0. 0088 . 974
Co, 3 0. 0101 ﬁ B16’% 0. 0079 . 970
\ -
B”’% 0. 0053 . 959
o 0. 00, s 1,012
17,2 - VY-
< .
00.4 0. 0051 1318’2 0. 0035 2. 950
& B19’2 (ju . 979
4 - Yl
1319'25_ .O.u. . 986
T 4 A
o5 0. 0038 3209_25_ 0. 6005 . 986
. B,, 5 -0. 0012 . 984
21,2‘
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A7)

€y . €, ’AM
, |
Byy.s 0. 0008 0. 988
Co. 6 0. 0013 ¢ By, -0. 0003 0. 976
| Byss -0. 00005 1.013
4 -
By, 7 0. 0010 0. 991
3
c 0.14-10° { B__ 7 0. 0018 0.978
0’7 23,'2-
. B., 7 -0.810°7 1,011
24’— . .
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TABLE VII (Cont'd)

NUMBERICAL RESULTS (Shell A8)

£ €, 0r &5 Am
C.1 -0, 0248 . 889
9,2’ .
AO, 1 0.1027 CIO,%- -0. 0145 . 888
C11 1 -0. 0009 117
' 7
AIZ, 1 -0, 0070 . 877
AO, 2 -0.1992 A13, 1’ -0. 0230 . 759
A14’ 1 0. 0024 . 835
Ay 3 -0. 0025 . 910
2
A0’3 -0. 0796 Alé,% -Ov. 0010 . 890
A17,% -0, 0002 . 915
A17,2 -0. 0026 . 872
AO, 4 » -‘0. 0813 A18, 2 0. 0006 . 859
-5
Al9,2 -0.810 . 875
Ay 5 -0. 0029 . 856
2
A0’5 -0, 0625 AZO,—% 0. 0011 . 854
A 0. 0009 . 867

21,

NG
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A8)

£ gy or ity M

Ayls -0. 0015 . 819

Ao e -0. 0637 Ay s -0. 0026 . 812
Ays s 0. 0003 . 846

822,71 0. 0011 771

Ay 1 -0.0716 A23,1 0. 0005 . 771
Ayy 1 -0. 0027 . 765
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A8)

€1 Eyor g, 1M
D. 1 -0. 0026 0. 967

9:'2’
Ao 0.1027 Dlo,%_ -0. 0681 0. 748
D., 1 0. 0062 1.034

11, =

2
Bia 1 0. 0132 0. 857
Ay, -0.1992 B3, -0. 0155 0. 780
Big 0. 0128 0. 790
B,. 3 0. 0003 0. 926

15,5 »

Ag. 3 -0. 0796 1316,_23_ 0. 0027 0. 879
B.., 3 -0. 0047 0. 884

17,5
By, 0. 0017 0. 877
Ay 4 -0. 0813 Blg, 2 -0. 0013 0. 854
Big , -0. 0018 0. 857
Big. 5 0. 0002 0.876

2
Ag 5 -0. 0625 BZO"zé 0. 0007 0. 857
B,. 5 -0. 0034 0. 849
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell AB)

€ g, ot €, )M

By 3 0. 0012 . 821

Ay g -0. 0637 B, 3 0. 0010 . 823
B3, 3 0. 0005 . 844

Bzz’% 0. 0004 . 776

Ag. 7 -0.0716 323,% -0. 0019 . 761
B,, 7 0.3<10 . 788




123

TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A8)

( A_ 1 0. 0096 0. 748
9"2_
CO'1 0. 6106 ¢ AIO’%_ 0. 0141 0.713
L A, L -0. 0157 0. 798
'z
4
Alz, ) -0. 0070 0. 828
Co, 2 0. 2661 ﬁ A13,1 -0. 0230 0.716
| A14’ ) 0. 0024 0. 789
( A,_ 3 -0. 0025 0. 981
15,5 ,
Co, 3 0. 0209 ﬁ -Alb,% -0. 0010 0. 961
| A, 3 -0, 0002 0. 988
17,5
,
A”,Z -0. 0026 0. 881
<
00’4 0. 0752 AIS’Z 0. 0006 0. 868
. Aw’z -0.8510 0. 885
( A 5 -0. 0029 0. 937
19:'2"
o, 5 0. 0216 < AZO,_;;_ 0. 0011 0. 937
\ A, 5 0. 0009 0. 951
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A8)

€1 ' €, 0r £ qM
f
Ayy s -0. 0015 0. 960
Co. ¢ 0. 0075 $ Ay -0. 0026 0. 952
S 0. 0003 0. 995
. sz,% -0. 0013 0. 984
Co. 7 -0. 00001 ﬁ 023’% 0. 0003 0. 993
L C 0. 0003 1.009
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A8)

3 £y 0r £, a1\/1
¢ B 1 -0. 0551 . 651
9"2'
Co,1 0. 6106 d Bm’% -0. 0254 . 682
. B, 1 0. 0098 . 821
11,5
)
Bis 1 0. 0132 . 809
| ) ]
Co.2 0.2661 Bisy 0. 0155 . 736
. Byg, 0.0128 . 747
4
Bls,% 10.0003 . 998
Co. 3 0. 0209 ¢ 1316,% 0. 0027 . 948
| B17’§ -0. 0047 . 954
([ B 0. 0017 886
17,2 . .
< -
Co. 4 0. 0752 Big ; 0.0013 . 863
. By, -0. 0018 . 866
r | . .
Blg’g 0. 0002 960
4 |
Co, 5 0. 0216 Bzo?g 0. 0007 . 940
. B -0. 0034 . 931
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A8)

€1 €yor & ’AM
By, 3 0. 0012 0. %3,
Co, 6 0. 0075 B,y 3 10.0010 0. 966
B,s, 3 0. 0005 0. 993
Dy, 7 0. 0003 0. 996
2
Co,7 =0.00001 D23’_27_ -0, 0005 0. 991
Dy, 7 -0, 410 1.016
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A9)

g, or £

M
( Aol 0.0149 . 947
99'2'
AO, 1 -0. 0466 < AIO,%— -0. 0216 . 884
L A 1 0. 0108 . 024
11,—2-
. -
AIZ, 1 0. 0055 .010
AO, 2 -0, 0509 T A13’ 1 0. 0044 . 933
L A14, 1 0. 0046 . 932
( A15 3 0. 0020 .974
2
AO, 3 -0, 0340 < A16,% -0. 0005 . 951
\ A 3 0. 0009 . 960
17,-2-
,
A1,7’2 0.0013 . 957
- <
AO, 4 0. 0365 A18, 2 0. 0007 . 930
(A2 0. 0004 . 937
,
A19,—§- 0. 0019 .913
AO, 5 -0. 0389 J AZO,—;— -0. 0006 . 906
\ A 5 -0. 0022 . 901
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A9)

€ B3 A

( Ay s -0. 0002 0. 902

Ay ¢ -0. 0357 ¢ Ay, 0. 00004 0. 901
| Auss -0. 0004 0.912

. AZZ’% -0. 0004 0. 845

,AO, . -0. 0469 { A23,% ~ -0.0006 0. 837
L A, 7 0. 0004 0. 846




129

TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A9)

£ €2 ﬁM
¢/ B, 1 0. 0026 . 996
9"2_
Aq -0. 0466 X Blo,% -0. 0199 . 889
. B, 1 0. 0317 . 941
11,""
2
([ By, -0. 0012 .033
Ag. ; -0. 0509 | ¢ B, -0. 0081 . 916
S - -0. 0040 . 935
/ 1315’23_ © 0.0009 . 982
Ay 4 -0. 0340 ; 516’% 0. 0052 . 920
{ B”,_g_ -0. 0037 . 940
4
Biq 2 0. 0030 . 945
- 4
0.4 0. 0365 Big. 2 0. 0019 . 921
L By, 0. 0039 . 912
4 -
Blgpg 0. 0005 . 925
Ay s -0. 389 < Bzo’zs_ -0. 00005 . 914
\. B,. 5 -0. 0017 . 905
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A9)

£ £ aM

B,13 0. 0005 . 897

Ao 6 -0. 0357 By 3 -0. 0008 . 892
B,s 3 0. 0007 . 908

Bzz’% -0. 0008 . 841

Ag. -0. 0469 B23,% -0. 0003 . 840
Byy -0.15+10 . 854
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A9)

§1 §3 M
( Al 0. 0149 0. 937
992’
L AL 0. 0108 1.014
2
AlZ,l 0. 0055 1.031
CO, 2 0. 0257 A13’ 1 | 0. 0044 0.953
A14’ 1 0. 0046 0. 952
A 3 0. 0020 0. 989
15,2
CO, 3 0. 0220 A16,-23— -0. 0005 0. 965
\ Al'? 3 0. 0009 0.975
*2
(
A1.7,2 0. 0013 1.003
<
CO, 4 0. 0086 A18, > 0. 0007 0.977
\ A19 2 0. 0004 0.984
( A 5 -0. 0019 0. 981
19,5
CO, 5 0. 0067 AZOJ,% -0. 0006 0. 975
\ A -0. 0022 0.970

21,

Nl
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A9)

B B LI

( Ay s -0. 0002 0. 986

Co. 6 0. 0046 4 BAyy s 0. 00004 0. 986
L Ay, -0. 0004 0. 999

(Al -0. 0004 0. 997

Co. 7 -0.20. 107 ¢ Az3,1 -0. 0006 0. 998
L 8,7 0. 0004 1,003
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A9)

T, T, or €, Ay
( Cq L ~0. 0873 . 827

3
Vco’ . 0. 0695 { 10,1 -0. 0082 . 981
. Cj; L -0. 0082 . 091

%)
f By -0. 0012 . 054
Co, 2 0. 0257 S By -0, 0081 . 936
By, -0. 0040 . 956
f Bls’_g_ 0. 0009 . 997
Co 3 0. 0220 < 516’% 0. 0052 . 934
L Byg3 -0. 0037 . 955
( B2 0. 0030 . 991
Co. 4 0. 0086 J Big.2 0.0019 . 966
By, 0. 0039 . 958
| (B3 -0. 0005 . 994
'00’ 5 0. 0067 { B30,5 -0. 00005 . 983
\ By 5 -0. 0017 . 974
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A9)

€1 €y 0r £ M
f
B, 3 0. 0005 0. 980
Co, 6 0. 0046 { Bas -0. 0008 0. 976
([ B,s 3 0. 0007 0. 995
9

¢ .

BZZ’% 0. 0008 0. 992
-7

- . [ -
Co, 7 0.20°10 523’% 0. 0003 0. 993
\ B, 7 -0.15°10°"  1.013

24’_ E . ]
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A10)

&2

M
.- -0. 0035 1. 007
91'2_'
Ag g -0. 0263 \ Alo’% -0. 0134 0.918
| A“’%_ 0. 0316 0. 939
/
Al -0. 0018 1.059
Ay 2 -0. 0231 ¢ Az 0.0119 0. 926
L Alg 0. 0066 0. 941
¢ A .3 -0. 0022 0. 994
15"2" ’
[ A3 0. 0020 0. 966
17,'2"
, L
Al 0. 0004 0.999
Ay 4 -0. 0156 q A2 -0. 0003 0. 968
L A2 0. 0015 0. 959
( A, 5 -0. 0004 0.972
19"’2"
Ay s -0. 0156 s AZO,_ZS_ -0. 0002 0. 957
.\ A 0. 00007 0. 969
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A10)

-‘5-1 Ez gM

( Ay 3 0. 0009 . 936

Ay g -0. 0176 ¢ Ay, ‘ 0. 0018 . 925
A3, 0. 00008 . 961

/ AZZ’% -0. 0005 . 916

'AO’ . -0, 0204 d A23’27_ 0. 0001 . 915
L Ay, T -0, 0009 . 914

2
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A10)

o

21,

€1 €2 2M

. Bg'; 0. 0026 .012

Aq | -0. 0263 ) Blo,_zl_ 0. 0616 . 786
LByl 0. 0158 . 998

( B2 0. 0131 .011

'AO’ > -0. 0231 < 313’ ) 6. 0106 . 930
| Bia 0. 0001 . 985

( 1315,:2_ 0. 0031 . 988

Ay s -0. 0185 : 516’% 0.0018 . 958
L Byp2 0. 0029 . 960

( Biq2 0. 0027 . 981

Ay 4 -0. 0156 9 Blg,2 0. 0010 . 960
\ By, -0. 0008 . 965

( Bo,5 0. 0011 . 965

Ay s -0. 0156 i B20,3 0. 0004 . 955
. B 0.8¢107° . 971
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al10)

B & %M

By, 3 0. 0003 0. 943

Ao g -0, 0176 By, 3 0. 0002 0. 941
B,s, 3 -0.0013 0. 945

B2l -0. 0002 0.919

Ay 4 -0. 0204 Bys, 0. 0006 0. 908
Byy, 1 0.3¢10 0. 929
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al10)

E) E, M
C,. 1 -0, 0813 0.813
9,2

CO, 1 -0, 0209 CIO,%— -0. 0072 0. 946
C11 i -0, 0139 1. 009

3
AlZ, 1 --O. golg 1. 0677
CO, 2 0. 0040 A13’ 1 .0' 0119 0. 942
A14, 1 0. 0066 0. 957
A 3 -0. 0022 1.012

15"2-
CO, 3 0. 0051 Al6,%— 0. 0026 0. 970
A 3 0. 0020 0. 984

17,'2'
A17’ 2 -0, 0004 1. 023
CO, 4 0.0029 A18, 2 -0, 0003 0. 991
A19, 2 0. 0015 0. 983
A 5 -0, 0004 1. 007

19:'2'"
CO, 5 0.0014 A.?.O,g— -0, 0002 0. 991
A 5 0. 00007 1.004
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al10)

£ 807 &5 L

( Ayl s 0. 0009 . 988

Co. 6 0. 0005 1 Ay, ~0.0018 . 977
S S 0. 00008 . 017

( Agz,1 -0. 0005 . 995

Co. 7 0.4-10"7 ) A23'% 0. 0001 . 996
LAy, -0. 0009 . 996
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A10)

M
Dy 1 0. 0358 . 907
9.3
CO, i -0. 0209 Dlo,%— -0. 0654 . 780
D 1 -0, 0003 . 096
11,-2—
BlZ,l 0.0131 . 027
(.'30,2 0. 0040 ]313’1 0. 0106 . 947
B14, 1 0. 0001 . 002
BlS,-g— .0. 0031 . 006
CO, 3 0. 0051 Bl6,-g— 0. 0018 . 975
B17,—23— 0. 0029 . 978
B17’2 0. 0027 . 005
00’4 0. 0029 BIB,Z 0.0010 . 983
B19,2 -0. 0008 . 988
B19,-2§ -0. 0011 . 999
CO, 5 0. 0014 BZO,% 0. 0004 . 989
-4
B 5 0.8¢10 . 006
21,-2—




142

TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al10)

£ Eyorty ,)‘M

BZI'.3 0. 0003 0. 996

o, 6 0. 0005 By2.3 0. 0002 0. 995
Bys 3 -0. 0013 0. 999

Bzz’% . =0. 0002 0. 999

Co,7 0.4 10 B23,% 0. 0006 0. 988
Byg, T 0.3¢10 1.013



143

TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al2)

&1 62 or &3 QM
A 1 .=0.0164 0. 928
9:'2"
AO, 1 -0.0178 AIO,%- -0, 0511 0. 825
A 1 -0, 0096 1.001
11,2-
CIZ, 1 0. 0201 0. 955
Ay, 0. 0087 Ci34 0. 0076 0.973
C149 1 -0. 0039 0. 989
C 3 -0.0129 0. 938
15,5 ‘
A.O, 3 0. 0059 C16,% 0. 00004 0. 987
C17,% 0. 0007 1,021
A17, 2 0. 0022 0. 972
AO, 4 -0.0115 A18, 2 0. 0051 0. 940
A19’ 2 -0. 0006 0.994
C 5 0. 0004 0.975
199'2"
AO, 5 0. 0099 CZO,;;’- 0. 0041 0. 976
C 5 -0. 0020 0. 982
219-’
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al2)

3 g, or By I)M

( Ayl s -0, 0012 0. 962

‘AO’ 6 -0. 0075 Ay -0. 0011 0. 972
L 8233 0. 0007 1.008

, Azz’_g_ .0. 0010 0. 975

TAO’ 7 -0. 0024 < A23’_;1_ -0. 0001 0. 992
LAy, T 0. 0010 1. 002
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell A12)

or §3

M
B, 1 ~-0. 0887 0.764
9,2‘
AO, 1 -0.0178 Blo,%— -0.0117 0. 947
B 1 0. 0601 0.910
11,2-
DlZ,l 0.9118 0. 981
AO, 2 0. 0087 D13, 1 -0. 0057 0. 982
D14’ 1 0. 0082 0. 967
DIS,% -0,0120 0. 941
AO, 3 0. 0059 D16,% 0. 0019 0. 968
D17’% -0. 0009 1.018
B17’ > 0. 0038 0. 963
AO, 4 -0.0115 B18, 2 -0, 0003 0. 975
Bl9, > -0. 0028 0. 975
D1 5 -0. 0006 0. 973
937
AO, 5 0. 0099 DZO,% -0. 0005 1. 006
D 0. 00637 0. 969
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al2)

€1 Eyo0r 6, ,AM

1321’ 3 0. 0016 0. 958

Ao’ 6 -0, 0075 Bzz’ 3 0. 0003 0. 982
1323’3 -0. 0006 1.010

Bzz’%_ 0. 0009 0.977

AO’ 7 -0, 0024 323,% 0. 0002 0. 991
B 7 -0 14-10‘6 1.020

24, T :
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al2)

€ g0t &5 qM
( A_ 1l -0.0164 0.931
9:'2"
0. 0092 < AIO 1 -0. 0511 0.828
s
2
\ A 1 -0. 0096 1.105
11,-2-
AIZ, 1 -0. 0151 0. 955
-0. 0280 ’ A13, 1 -0, 0057 ' 0. 937
A14, 1 -0, 0023 0. 984
4 C 3 -0, 0129 0.932
15,2"
-0.0107 < .C 3 0. 00004 0. 987
16,"2‘
\ C17,% 0. 0007 " 1.015
: A17’ 2 0. 0022 0. 976
0. 0092 | < A18, 2 0. 0051 0. 944
\ A19, 2 -0. 0006 0. 998
r ~-0.0 0.
Alg’ZS_ 0. 0003 987
0. 0050 < A 5 0.0014 0.973
20,2-
. A 0. 0017 0. 995
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al12)

£ 820t &3 M

Cy1.3 -0. 0006 0.977

Co. 6 -0. 0041 Cy2. 3 0. 0012 0. 981
Cy3.3 -0. 0013 1.012

822,71 0. 0010 0. 947

Co, 7 0.0104 A23’; -0. 0001 0.963
A24’1 0. 0010 0.972
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al2)

€1 €yor &, ,)M
( B, 1 -0. 0887 . 767
9"2-
Co, | 0. 0092 { Blo’_é_ -0.0117 . 950
| B.. 1 0. 0601 .913
11,5
( 0076
Bis 1 -0. 007 . 982
L4
Co, > 0. 0280 313, ) 0. 0280 . 861
\ By, -0. 0087 . 949
)
, -
Dls’% -0. 0120 . 936
CO’ 3 -0, 0107 d Dlé,-_g_ 0. 0019 . 968
. D._ 3 -0. 0009 . 012
17,5
.
By, 2 0. 0038 . 966
P, -
Co,4 0. 0092 11318,2 0. 0003 . 979
\ Bg, -0. 0028 .979
H
7
Bw,% 0. 0018 . 973
P
Co, 5 0. 0050 BZO’% 0. 0015 . 972
\ B 0. 0034 . 982

21,

WS
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TABLE VII (Cont'd)

NUMERICAL RESULTS (Shell Al2)

€1 yor £ ”‘M
DZL 3 0. 0013 0. 970
- < -

CO’ 6 0. 0041 DZZ’ 3 0. 0001 0. 996
L D23’ 3 -0, 0010 1.014
( BZZ’%’_ 0. 0009 0. 949
Co, 7 0. 0104 < 1323’% 0. 0002 0. 961
\ B,, 7 -0.14 10‘6 0. 989

24,_ * L4



TABLE VIII

COMPARISON OF THEORY AND EXPERIMENT

Shell A A . Pair of Critical Modal AN Remarks
exp crit c
omponents
A7 0. 553 0. 794 C C 0. 241 Local
/0. 597 0,1 10, Buckling
A8 0. 658 0. 651 CO, 1 Bg,% -0, 007
A9 0. 736 0. 827 CO, 1 Cg,% 0. 091
AlQ 0. 554 0. 780 C D 0.226 Local
/0. 568 0,1 10, Buckling
Al2 0.673 0. 764 A B 1 0. 091
0! 1 9;2

161
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FIG.2 PARTIALLY ASSEMBLED SCANNING MECHANISM
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i85

. . To The X-Axis Of The Plotter
E!rc.unéfe'rentml
mit Switches - Circumferential Position indicator Helipot
Circumferential - Clutch
Motor ——- B ﬁy '%Aufomoﬁc Starter
? 6 2
Clockwise Confqr'
Clockwisa
i ‘BL
\ /) Mig) '
Q \ incremento!
# Switch
To Channe! ™ 26 Axial O—
, Motor
\
Axial Position
indicator Heh‘po#\{ .
Punch Trigger 10 " 1 4

4
4
“9

Axial Limit Swifches

FlG. 4 MODEL CONTROL UNIT
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Distance To Surface Of Contour, Inches

0.050

0.045

0.040

0.035

0.030
0
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® Micrometer Measurement
Of Contour

X x Displacement Pick-Up
Measurement

! Transition Region
\ 08-09

0.5 .0 .5 2.0 2.5
Distance Along Contour, Inches

FIG.8& MICROMETER MEASUREMENT OF KNOWN CONTOUR
COMPARED TO PICK-UP MEASUREMENTS



Distance to surface of contour,inches

o Micrometer measurement of
contour

x Displacment pick-up at
constant speed scan

0.055

0.0I5 =

] 1 1 1 i 1 1 1 |1 L 1 1
(0] ! 2 3 4 5 6 7 8 9 10 | 12
Distance along contour, inches

FIG.7 CONSTANT SPEED TRAVERSE OF KNOWN CONTOUR COMPARED TO "STATIC"
MICROMETER MEASUREMENT
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’/- Punching Actually Occurs Here

Time Delay In Punching /-Time Delay in Punching When

When Rotating Clockwise-\ Rotating Counterclockwise

Punch Triggered When \ Punch Triggered When

Rotating Cloﬁ /‘—Rototinq Counterclockwise

FIG.8 TIME DELAY FOR PUNCH CONTROL

Punch Signal

C’ockwise.\ | \ - l
]ﬂ ﬂn 1
coum,,c.o’:m s:—*‘* 7.5 o‘ __4 _ |

FIG.9 ADJUSTMENT OF TIME DELAY
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F1g ) Testing Machine and Data Acquisition Equipment
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Load Cell

13

FIG.



i64

Fig. 14 Pick-up Calibration Set Up



PICK- UP OUTPUT VOLTAGE-VOLTS
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POLYNOMIAL REPRESENTATION
40 |
30 L PRESET. POSITION OF l oo
THE Plcx-UP__\
20 | | |
| WORKING RANGE OF
0 I THE PICK-UP\
—\
o I i i | i i
0.050 0.150 0.200
| DISPLACEMENT FROM
o SURFACE - INCHES
“20 F
-30 Jg_ooopooooc . ;
Opo!
-40 | o MEASURED CALIBRATION POINTS

FiG. 15 TYPICAL PICK-UP CALIBRATION CURVE
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DGVV
End Ring '

Test Specimen

Cerrolow (E-
Load Cell
Devcon ‘
—\ " N
: 777 77777 7A7 77

'FIG.16 CYLINDRICAL SHELL TESTING CONFIGURATION
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X,Y,Z Reference axis of traversing pick-up
X'y ,2' Reference axis of best fit cylinder

di Normal distance from measured point
to best fit cylinder

FIG. I8 BEST FIT CYLINDER REFERENCE AXIS
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GIRCUMFERENTIAL ANGLE (RADIANS)
F1G.21 INITIAL IMPERFECTION, SHELL A-9

11
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.~ CIRCUMFERENTIAL ANGLE (RADIANS)
FIG.23 INITIAL IMPERFECTION, SHELL A- 1|2
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CIRCUMFERENTIAL ANGLE (RADIANS) - er
F1G.26 PREBUCKLING DEFORMATION GROWTH AT P/ Fer #0.539,SHELL A-7

9L}
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GIRGUMFERENTIAL ANGLE (RADIANS)

FIG.29 PREBUCKLING DEFORMATION GROWTH AT P/R, =0.722, SHELL A-9
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STRAIN GAGE READING IN MILLIVOLTS

i88

SHELL A7

SHELL A9
5.4} 98% o¢q

4.2

i i i i J
0o 60 20 iI80 240 300 360
CIRCUMFERENTIAL POSITION IN DEGREES
FiG.38 LOAD DISTRIBUTION NEAR BUCKLING




STRAIN GAGE READING IN MILLIVOLTS

5.4

5.0
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CIRCUMFERENTIAL POSITION IN DEGREES
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—-—-— EXPERIMENTAL BUCKLING LOAD |
p | P P

16l

Bg

(]

3 0o !
- COEFFICIENT GROWTH A (% OF t)

3 o | 2 3

LOAD/CLASSICAL BUCKLING LOAD

L
2
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FIG. 41 GROWTH OF FOURIER COEFFICIENTS FOR SHELL A8
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FIG.45 SHELL GEOMETRY AND COORDINATE SYSTEM
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FIG. 46 POST-BUCKLING EQUILIBRIUM PATHS FOR PERFECT SHELLS
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FIG. 47 POST BUCKLING EQUILIBRIUM PATHS FOR SHELLS WITH AXISYMMETRIC
IMPERFECTIONS
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