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ABSTRACT

A study of the high frequency properties of a low temperature
plasma column in a longitudinal magnetic field is described. The
experimental observations give a relatively complete picture of the
microwave (extraordinary mode) properties of the plasmas studied,
encompassing continuous wave scattering and noise emission measure-
ments, as well as the demonstration of the occurrence of related echo
processes. Theoretical developments deal largely with a ph&sical model
consisting of a one-dimensional slab of cold (zero temperature) plasma
which is nonuniform in the steady state and immersed in a uniform mag-
netic field. Data on the continuous wave reflection and noise emission
from some afterglow rare gas discharges are given. The electron tem-
perature in these plasmas is low, approaching room temperature. The
reflection and emission are measured as a function of magnetic field in
the vieinity of electron cyclotron resonance with electron density as a
parameter. The electron densities are such that (mp/w) £ 1 , where w
is the electron plasma frequency and w 1is the signal frequency. Both
types of experiment show the presence of collective effects which yield
a normal mode spectrum strongly dependent on the electron density. A
broad peak is observed in the region (wc/w) £ 1 vwhere W, is the
electron cyclotron frequency. This peak shifts to lower values of
(wc/w) and broadens as the electron density increaseé. For all values
of electron density, a sharp peak is found very close to (wc/w) =1 .,

the cyclotron resonance condition. The experimental and theoretical

results suggest that the phenomena observed involve resonance effects
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at the upper hybrid frequencies (wi = wi + wﬁ) of the plasma. Dataare
also given on a new two-pulse echo process which occurs in these after-
glow plasmas. The results establish the intimate relation between the
echoes and the upper hybrid normal modes studied in the CW experiments,
demonstrating the dominant role played by collective effects in the
formation of this echo. A weakly nonlinear cold plasma theory yields
upper hybrid echoes which are strongest in a narrow band of frequencies
near the maximum upper hybrid frequency of the nonuniform plasma, .in
agreement with experiment. Furthermore, large signal computations of
the dependence of the echo amplitude on excitation pulse separation and
amplitude show a complex behavior in gqualitative agreement with experi-
ment. As a supplementary topic, the properties of echoes from a
general collection of anharmonic oscillators are discussed. The oscil-
lators in this discussion are a general mathematical analog of the
upper hybrid normal modes of a cold nonuniform plasma. Through
emphasis of effects due to the finite width of the excitation pulses,
the calculations show explicitly the role of the various characteris-
tics of the oscillétors in echo processes, further delineating the
general features thought requisite of classical multiple-pulse echo

systems.
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I. INTRODUCTION

The interest and activity in both experimental and theoretical
'stqdies of the high frequency electromagnetic properties of electron
plasmas in a magnetic field have grown tremendously in the last ten
years. The early theoretical studies dealt largely with wave propaga~
tion in infinite uniform plasmas. Such waves are generally dispersive
and their characteristics depend strongly on the collective properties
of fhe plasma, 1.e., those éroperties linked to the behavior of a
large number of plasma particles. Collective phenomena are important
when the plasma frequency wp is significant relative to the other
characteristic frequencies involved, (theé observation frequency w
and the electron cyclotron frequency wc) . Meanwhile, numerous
experiments have been performed using relatively small, bounded labo-~
ratory plasmas which are rather nonuniform in the steady state. The
experiménts have produced not only dispersive effects, but resonant
phenomens introduced by and intimately related to the existence of
the boundaries and the nonuniform electron densit& profile. Subsequent
theoretical investigations yielded new insight concerning the funda-
mental character of waves in bounded plasmas.

Most préminent in recent years are studies of resonances and
wave propagation in plasmas whose electrons have a relatively high
temperature on the order of tens of thousands of degrees. Typical
experiments have involved microwave studies of the continuous wave
scattering and noise emission from these hot plasmas. Particularly

significant are the results of studies carried out near the harmonics
g
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of the electron cyclotron frequency. Strong peaks in noise.emission
and scattering have been found when w = nw where n 1is an integer.
The effects observed are related in an essential way to the thermal
motions of the electrons and the finite size of their orbits relative
to the wavelength of any propagating waves.

Investigation of magnetoplasmas with low electron temperatures
has been much less thorough. Since extrapolation from hot to cold
plasma is nét generally straightforward, it is of interest to establish
experimentally the microwave properties of cold plasmas. This has been
done on a limited basis in the past. From a theoretical point of view,
one would like to test the validity of some of the myriad approxima-~
tions adopted by the plasma theorist trying to solve the complex
equations which describe the dynamics of a cold plasma.

This thesis is a study of the high frequency properties of low
temperature electron plasma columns in a longitudinal magnetic field.
Emphasis is given the collective normal mode behavior for low electron
densities ((wp /w)2 < 1) in the vicinity of electron cyclotron reson-
ance ((wc/w) = 1) . The study has been carried out with the dual goal
of documenting some experimentaltphenomena and, by comparison, testing
the applicability of a simplified zero temperature theoretical model.
The experimental observations give a relatively complete picture of the
microwave properties (extraordinary mode) of the plasmas studied,
encoméassing continuous wave scattering and noise emission measurements,
as well as the demonstration of the occurrence of related two-pulse

echo processes. All data show the presence of collective effects which
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yield a normal mode spectrum strongly dependent on the electron den-
’sity. The theoretical developments of this paper deal largely with a
physical model consisting of a one-dimensional slab of cold (zero
temberature) nonuniform plasma immersed in a magnetic field. The
primary motivation of these calculations is a qualitative comparison
with experimental data. Considering the nature of the theoretical
model, the over-all success of the theory in predicting many of the
important features of the observations is etriking. _The experimental
and thecretical results suggest that the phenomena observed involve
plasma oscillations at the upper hybrid frequencies (wi = wc + wp
the plasma. Of particular significance is the strong relation between
the echo processes and these upper hybrid normal modes.

Data on continuous wave reflection from some afterglow rare
gas discharges are given in Section II.A. The electron temperature in
these plasmas is low, approaching room temperature. The reflection
from the plasma is investigated as a function of frequency in the
vicinity of electron cyclotron resonance (w = wc) with electron den-
sity (« wﬁ) as a parameter. A broad peak in reflection is found in
the region (wc/w) £ 1 . This peak shifts to lower values of (wc/w)
and broadens as the electron density increases. For all values of
electron density a sharp peak is observed very near (wc/w) = 1 , the
cyclotron resonance condition.

Section II.B describes noise emissien measurements made on the

same plasmas described in Section II.A. The data show peaks and

structure which are gualitatively the same as those observed in the

reflection experiments. That is, one observes in both emission and
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scattering experiments a cyclotron resonance peak and a subsidiary
peak whose position depends strongly on the electron density. The
simplicity and symmetry of the structure of both tyﬁes of data are
notevorthy and have not been previously observed.

A theoretical model involving a cold bounded magnetoplasma with
a. nonuniform electron density profile is described in Section II.C.
Incorporating this plasma model with an appropriate transmission line
structure reproduces qualitatively the conditions of the experiment.
Calculations then indicate that the cold plasma model qualitatively
predicts the resonance peak which shifts and broadens with increasing
electron density. The experimental and theoretical results suggest
that this peak involves resonance effects at the upper hybrid frequen-
cies of the plasma. However, the theory cannot account consistently
for the presence of the cyclotron resonance peak.

Section IITI.A gives data on a new two-pulse echo process which
occurs in the same plasmas studied in Section II. The purpose of this
section is to establish the intimate relation between the echoes and
the upper hybrid normal modes studied in Section II, demonstrating the
dominant role played by collective effects in the formation of this
echo. The amplitude of the first echo was measured as a function of
(wc/w) . A direct comparison between this echo amplitude data and the
CW reflection data is given for several gases. The echoes are found
strongest in a narrow band of frequencies near the maximum upper hybrid
freguency of the nonuniform plasma column. These facts unalterably
distinguish the upper hybrid echoes from previously observed cyclotron

echoes, which have been explained using independent electron theories.
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The properties of echoes from a general collection of anharmonic
oscillators are discussed in Section ITII.B. The theoretical calcula-
tiops have a dual function. First, through emphasis of finite-pulse-
width effects, the calculations show explicitly the role of the
various characteristics of the oscillators in echo processes. The
point is to further delineate the general features thought requisite
of classical echo systems. Such finite-pulse-width effects have nof
been previously treated and ére operative in the plasma echo experi-
ments of the preceding section. Second, the calculations give general
formulas and results which are used directly in computations involving
the cold plasma model. The oscillators of this section afe a general
mathematical analog of the upper hybrid normal modes of a cold non-
uniform plasma.

In Section IIT.C the Lagrangian description of the cold plasma
slab is presented in a form exactly analogous to the system of oscillé—
tors treated in Section III.B. The results of Section III.B are then
used to calculate in detail some of the important properties of echoes
from upper hybrid oscillations. The limiting cases of low electron
density and weak excitation are considered. However, considerable
attention is given to echo properties under large signal conditions,
that 1s, those conditions under which saturation of nonlinear effects
becomes significant. In spite of the numerous approximations made,
the resulting theory is notably successful in qualitatively accounting
for several of the major features of the experimental results. For

example, the theoretical echo is strongest in a narrow band of
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frequencies near the maximum upper hybrid frequency of the plasma
slab, in agreement with the experiments. Furthermore, the large
signal computation of the dependence of the amplitude of the first
echo on excitation pulse separation and amplitude yields a complex

behavior in general agreement with experiment.
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II. CONTINUOUS WAVE SCATTERING AND EMISSION

With due regard to the relation to the problem of thermonuclear
fusion, much attention has been focussed in recent years on the micro-
wave properties of bounded, hot electron plasmas in magnetic fields.
For example, intense noise emission peaks have been observed near the
harmonics of the electron cyclotron frequency for very high harmonic
number (1). Subsequent scattering, emission and wave propagation
experiments have given evidence (2) supporting a strong relation
between the observations and the cyclotroh harmonic waves first des-
cribed by Bernstein (3). Also, subsidiary series of resonances found
in small laboratory plasmas near the cyclotron harmonic frequencies
were studied and described theoretically by Buchsbaum and Hasegawa (L4).
These resonances were attributed to standing wave effects created by
the steady-state nonuniform electron density profile and boundaries of
the plasma. All these effects are intimately related to the electron
temperature (finite Larmor radius effects) and most experimenﬁs were

> 1) . 1In general,

carried out with high electron density ((wp/w)
considerable understanding of the wave dispersion and resonance effects
in bounded hot magnetoplasmas has been achieved, bringing theory and
experiment closer together.

Meanwhile the microwave properties of magnetoplasmas with low
electron temperatures and densities have received much less attention.
A few studies have been made on effects such as noise emiésion (5) and
echoes (6) from quiescent cesium plasmas. Also, the low density after-

glow plasma has attracted increased attention in the past few years.
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Féllowing the discovery of cyclotron echoes (T), several experimental
investigations of echo processes (8-10) and pulse effectis (11) in after-
glow discharges have been made. Bauer, Blum, and Gould (10) were the
first to study the continﬁous wave (CW) properties of these afterglow
plasmas and relate these properties to the echo phenomena. The purpose
of this section is to present a study of the CW scattering and emission
in the vicinity of cyclotron resonanceAfrom such afterglow rare gas
discharges under low density conditions ((wp/w) 1),

Under low temperature and density conditions cyclotron harmonic
effects are no longer significant. At first, one might expect to see
only simple cyclotron resonance effects in a frequency range very near
W=, . However, plasma wave theory (12) predicts wave dispersion,
cutoffs and resonances which vary according to the polarization and
direction of propagation of the wave, the magnetic field strength, the
electron density, etc. As dictated by the experimental geometry, we
will be concerned_withvthe properties of the extraordinary méde which
propagates and 1s elliptically polarized in the plane perpendicular to
the static magnetic field. The extraordinary mode in an infinite uni-
form plasma has an electrostatic resonance at the upper hybrid frequency
wﬁ = wi + w§ . Some resonance effects observed in hot laboratory
plasmas of finite extent have been attributed to the upper hybrid reson-

ance of the inhomogeneous plasmas (5, 11, 13). The experimental results

of this section show evidence of both a simple cyclotron resonance and

upper hybrid resonance effects.



Section II.A of this paper gives the results of experiments mea~
suring the CW réfléction as a function of magnetic field (wc/m) and
electron density (mp/w)2 . Data on the relative noise emission from
the plasma are given in Section II.B. The emission data show the same
qualitative features found in the reflection experiments, having both
cyclotron and upper hybrid resonance effects. A simplified theoretical
model involving a cold inhomogeneous élasma is described in Section
II.C. Although the theoretical calculation predicts upper hybrid reson-
ance effects, it fails to predict consisténtly the observed cyclotron

resonance effects.

II.A. Reflection Experiments

The plasmas studied experimentally were rare gas, afterglow dis-
charges created by a 21 MHz rf pulse of about 508 sec in length. They
were contained in a glass cylinder of 1.8 cm i.d. and gbout 1 m in
length, aligned coaxially with the static magnetic field Eo of a
solenoid formed by ten pancake type coils. The glass tube was inserted
through and perpendicular to the narrow walls of a waveguide section
(8 and X bands) so that the configuration for the microwaves was
§_¢_3_¢‘§O where E is the electric field and k 1s the propagation
vector of the signal. The magnetic field BO was homogeneous to one
part in th over the volume of plasma within the waveguide. All data
represent crystal rectifier detected signals which were plotted auto-
matically on an X-Y recorder.

The glass cylinder was connected by flexible tubing to a conven-

tional high-vacuum system. All of the high vacuum portion of the
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system was baked at 400°¢ overnight in order to reduce the amount of

T

impurities. A pressure of about 10 'mm Hg was achieved in the empty
plasma vessel. The gases used were Matheson research grade and were
introduced to the system by a controlled lgak valve.

The plasma was placed in one of the side arms of a balanced
microwave bridge system formed by the use of a magic tee (see Fig.
II.1). Both side arms were terminated in matchgd loads. A magic tee
has the property (1k4) that if the H-arm (input) and E-arm (output) are

terminated in matched loads and a signal Ein enters the input, the

signal in the output arm Eou

N is given by

B,
L )

where Fl and F2 are the reflection coefficients seen at the junc-
tion looking into side arms one and two, respectively. If we assume
that the scattering from the waveguide holes and the glass are such
that the scattered fields superpose, Fl is the sum of the reflection

coefficient from the plasma Fp and from the glass and holes T

Equation 1 becomes

=(I' +T -~ =
Eout ( D g I‘2) 2

A slide screw tuner placed in arm 2 and adjusted to cancel reflections
(in the absence of the plasma) from the glass tube and holes, giving

T2 = Fg , yields
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Thus a properly balanced microwave bridge apparatus yields directly

the reflection coefficient of the plasma, eliminating the unwanted
reflections due to undesirable experimental conditions such as holes in
the.waveguidg walls. For the magic tees and frequencies used, the
maximum VSWR measured when looking into any individual arm with the
other three terminated was about 1.1 for both S-band and X-band. There-
fore, any errors in the measured reflection coefficients should be less
than a few percent.

Figure I1.1 gives a block diagram of the instrumentation and
shows the experimental geometry. The signal follows path A for the
reflection experiments. Path B is used for the echo experiments of
Section II. The 21 MHz 100W power oscillator is pulsed creating a
plasma and turning off at time +t = 0 (by definition). The oscillator
is capacitively coupled to the plasma by means of a tuned, parallel I-C
circuit. The signal generator produces a continuous wave signal which
is pulse modulated {about 1 usec width) by the PIN diode at the time
t = Ta (afterglow time). The master timing circuits repeat this
sequence at 60 Hz. The plasma density decays with a time constant of
typically between a few hundred microseconds and a few milliseconds,
depending on the gas and the conditions. Thus, a reflection experiment
using pulses short compared to the decay time is performed at constant
plasma densiﬁy for all practical purposes. Although such pulses are
not CW, experiments using them yield results essentially identical to a
CW measurement if the spectral width (v 1 MHz) of the pulse is narrow

compared to the normal mode spectrum width of the plasma. This
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for the CW experiments, path B for the short-pulse and echo experiments.

The signal follows path A
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inequality is maintained for all data shown. Also, true CW signals
tend to modify the density decay apparently due to heating of the
éle;trons. The pulsed incident signal helps minimize such effects.
Following reflection from the plasma, the signal is amplified, crystal
detected, and displayed on a sampling oscilloscope. Using the manual
scan feature of the sampling oscilloscope, the detected signal is
sampled at a fixed time. The sampling oscilloscope produces a DC
volfage proportional to the feflected signal amplitude. This DC
voltage is used to drive the y-axis of an X~Y recorder. The voltage
drop across a resistor in series with the magnet coils is directly
proportional to the magnetic field strength and is applied to the
x~axis of the recorder. One can now easily measure the reflection
from the plasma as s function of magnetic field and electron density.
The electron temperature of afterglow plasma such as that
studied here is thought to decay very rapidly, with time constants as
short as tens of microseconds. Flectron neutral collisions cannot
account for such fast energy relaxation and not mﬁch is undersfood
about the actual processes. Little quantitative evidence is available.
However, preliminary experiments in our labofatory (15) show radiation
temperatures typically down to ,§ZOOOOK at Ta = 100 upsec for neon
and argon. Since the temperature measurements show structure indica-
Live of collective and/or nonequilibrium (in a thermodynamic sense)
behavior, the temperature given represents an upper bound on that cor-
responding to the mean energy of the electrons. Therefore, it will be
assumed that the electron temperature is constant and low (at most one

or two thousand degrees) for all data taken in the late afterglow.
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Basically, we would 1like to study the normal mode spectrum of the

plasma by measuring the reflection from it as a function of frequency.
However, since it is difficult to compensate consistently for the‘fre—
quency dependence of all the microwave components used, the incident
signal frequency w was fixed, while the magnetic field was varied,
with the electron density fixed. This procedure is theoretically
entirely equivalent to frequency varistion, since only the ratios (wc/w)
and (wp /w) are relevant. As a practical matter'we implicitly assume
that the plasma conditions (peak density, density profile, decay time,
etc.) do not change with magnetic field. Since the percentage changes

in magnetic field are relatively modest, it is likely thal this is a

reasonable assumption. The wvalues of (wc/w) shown in the data are accu-

rate to within X 0.2%.

Setting a perspective on the type of plasmas we are studying,
Fig. II1.2 shows the reflection from a neon plasma as a function of
(wc/w) at early afterglow times, where the electron temperature is still
relatively high, on the order of electron volts. As is the case for all
figures in this paper, detailed experimental ¢Onditions (such as neutral
gas pressure and migrowave power) are given in Appendix C. Two classi-
cal hot plasma effects are exhibited: [1] cyclotron harmonic phencmena
(2) near (wc/w) = 1/n, n=1,2,**+, and [2] the so-called Buchsbaum-
Hasegawa modes (L), just above (wc/w) = 1/2 . The cyclotron harmonic
effects disappear virtually as soon as the experiment is performed iﬁ
the aftefglow rather than in the active discharge. The evidence of the
- Buchsbaum-Hasegawa modes also disappears rapidly. Thus we have another

indication that the electron temperature decays very rapidly.
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Figures II.B,h show the reflection from neon and argon after-
glows at later Ta where the tempefature is low. These data were
faken in the S-band apparatus (w/27 = 3.0 GHZ) and show clearly the
presence of collective behavior. As is the caée for all data in this
section, the receiver gain is the same for all curves in a given
figure unless otherwise stated in the caption. The sharp peak in ref-
lection near cyclotron resonance, (wc/w) = 1 and the broad peak at
lowef values of (wc/w) are very characteristic for both neoﬁ and argon.
Note the consistent scaling of the general features of the data with
Ta and, therefore electron density, since we assume that the electron
temperature has already reached a constant level. The peak in the
scattering which significantly shifts and broadens at high electron
densities has the general appearance of a comnon feature of reflection,
emission, and absorption spectra of cyclotron-resonance experiments
reported by other observers (4,16,17). This feature is attributed to
the upper hybrid resonance of a cold, inhomogeneous plasma (18). In
fact, the onset of significant scattering at low values of (wc/w) has
proved to be a good measure of the maximum electron density of non-
uniform plasma columns (17). Since small laboratory plasmas of the
type used here are typically rather inhomogeneous in the steadyrstate,

the plasma possesses a whole range of upper'hybrid frequencies

wi = wi + w; . DSignificant scattering apparently oniy takes place for
(wc/w) > (wc/who) where wio = wi + wio is the maximum upper hybrid

freguency and wpo is the maximum local plasma frequency. Thus, the

onset point on the (wc/w) axis is taken to be such that the incident
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signal frequency is equal to the maximum upper hybrid frequency, i.e.

w =W This interpretation is the source of the electron density

ho *
n, estimates given in Figs. II.3,4. Furthermore, these ideas are
consistent with the interpretation of echovexperimentsrperformed on
the same plasmas (see reference (10) and Section IIT of this paper).
It is apparent from the data that the definition of the onset point is
§omewhat arbitrary. Some curves show a slight break in the slope on
the rising side (as (wc/w) is iﬁcreased) of the broad ‘peak. This
break may be the mark of the location of the condition for maximum
upper hybrid resonance. It is sometimes more pronounced than shown in
Figs. II.3,4. However, it is not easily féllowed as Ta increases.
As a matter of consistency, the onset point is taken to be that value
of (wc/w) such that the reflection is 20% of its peak value.

The narrow cyclotron resonance peak is an anomaly with respect
to the cold plasme interpretation. Observations (16) in other plasmas
in which the electron temperature is higher do not show such a strong
cyclotron resonance effect. We also find that the cyclotron resonance
peak tends to be washed out at high teﬁperatures as one can see from
the data of Fig. II.2. The relevance of these effects to appropriate
theofetical models will be discussed below.

Although detailed studies of the reflection as a function back-
ground neutral pressure were not made, the data are qualitatively
lsimilar for pressures as high as 500u Hg. Also, the power reflection
is typically about 10% at the peaks of the curves for Ta one or two

milliseconds and about 50% at the peak in the active discharge.
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Reflection curves for helium are given in Fig. IL.5. Again, the
results scale consistently with electron density. The data are
markedly different from that for neon and argon. The narrow reflection
peak at cyclotron resonance is still present. However, the pronounced
upper hybrid peak has been replaced by a sharp break in the slope of
the curves. The natural association of this break with the maximunm
upper hybrid frequency 1s apparent. Lacking a quantitative theory, we
have made this association in arriving at the electron densities given.

Figure II.6 displays the electron density vs. Ta as taken from
the data of Figs. I1.3-5. The data points for each gas are fit reason-
ably well by a simple exponential decay. The rapid decay of the helium
aftérglow is probably related to the fact that its low energy electron-
neutral collision frequency is much higher than that of argon and neon
(19). The usefulness of the reflection measurements as a density diag-
nostic technigue is immediately apparent. Ih fact, a quantitative
theory would facilitaﬁe relatively accurate density measurements. The
technique becomes more inaccurate as the electron density decreases,
since the location of the point (wc/w) = 1 Dbecomes crucial.

Reflection experiments were also performed at X-band, checking
the generality of the results of the S-~-band investigation. The
reflection vs. (wc/m) at various afterglow times in argon is shown in
Fig. II.7. The basic components used at X-band are functionally the
same as those used at S-band. The incident signal frequeﬁcy w/ 2w
was fixed at 9.0 GHz. The general features are guite similar to the

S-band results. However, the peak at cyclotron resonance is now
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diminished relative to the upper hybrid pesk. The electron densities
were calculated using the same interpretation of the results given for

the S-band data.

IT.B Noise Emission Experiments

A time~gated microwave radiometer designed and built by R.Stenzel
(15) was used to measure the noise emission from the plasmas as a func—
tion of magnetic field and electron density. Basically, the radiometer
is a superheterodyne microwave receiver which is turned on for an
interval of 1 usec at the time Ta’ in the afterglow. The local oscii-
lator frequency is 3.0 GHz. The IF center frequency is T MHz with a
half power bandwidth of 8 MHz. The image was not filtered. This
presents no problem as long as the characteristic spectral widths of
the plasma emission are greater than about 25 MHz, which is the case
for all data shown. The receiver was gated at the last IF stage. The
resulting pulses were synchronously detected at the frequency of repe-
tition of the experiment, with a time constant of 1 sec. The output of
the synchronous detector was used to drive an X-Y recorder. The over-
all noise figure of the system is about 5 db. The plasma was again
placed in an S-band waveguide in such a manner that the configuration
E ik 1B is maintained. An isolabtor was placed between the plasma
and the receiver, and a termination was placed behind the plasma as
shown in Fig. II.8. Other plasma conditions were the same as those of

the reflection experiments.
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Fig. I1.8 Block diagram of noise emission
experimental apparatus

The relative noise emission from an argon afterglow similar to
that used in obtaining the reflection data of Fig. II.L is given in
Fig. II.9. Again, the magnetic field was varied while the local oscil-
lator freguency was held fixed. The most significant feature of £hese
data is its strong qualitative relationship to the reflection data of
Fig. II.L4. The noise emission shows both the upper hybrid peak and
the peak at cyclotron resonance. As Ta is increased, the noise
power availlable becomes too small compared to the inherent system
noise to allow meaningful measureﬁents.

Figure I1.70 gives the noise emission data for a helium after-
glow. The plasma conditions are essentially the same as those used in
obtaining the reflection data of Fig. II.5. Again the strong gqualita-
tive similarity between the reflection data and the noise emission

data is apparent. One is thus led to conclude that, in general, for



NOISE EMISSION (ARBITRARY UNITS)

—26-

Tgq= 1.0 msec

S

\ 2.0
T
il

k\ 2.5

3.0

/%‘f \\ 3.5

I J V I

0.7 0.8 0.9 1.0 Lo

MAGNETIC FIELD (wg/w)
Fig. I1.9 DNoise emission vs. magnetic field for an argon

afterglow. The data for Ta = 1.0 msec was taken
with a receiver gain one-~half that for other Ta'

The vertical bar indicates the noise level.




NOISE EMISSION (ARBITRARY UNITS)

-2~

0.5

|

0.6

/\ ’ 0.4
\
N\

0.7 0.8

0.9 1.0 1.1

MAGNETIC FIELD (w/w)

Fig. IT1.10. Nolse emission vs. magnetic field for a helium

afterglov.

level,

The vertical bar indicates the noise




28~

the plasmas studied here, the reflection and noise emission show
qualitatively the same relative behavior. That is, both types of
experiment show the same pesks, valleys, efc. This experimental fact
is an important one as we shall see in the theoretical discussion

given in the next section.

IT.C Cold Nonuniform Plasma Theory

Attempting to account qualitatively for the general features of
the reflection and emission data, we consider a one-dimensional inhomo-
geneous cold plasma slab of thickness 2a situated in a uniform magnetic
field B which is parallel to the slab faces [see Fig. II.11(a)]. The

plasma is placed between two parallel conducting plates separated by a

distance 2% . The steady-state electron density is assumed to depend
. 2 2 2, 2 .
on X 1in such a manner that wp(x) = wpo(l - x /a ) . Collisions are

neglected., We consider the plasma to bebcharge neutralized in the
steady state by a background of fixed, positive ions. Simulating the
conditions of the experiment, we place a short section of this plasma
slab in a parallel-plate transmission line which has a matched
generator at one end and is terminated in its characteristic impedance
%z, &t the other end as shown in Fig. IT1.11(a). In order to do this
we must take the plasma to be bounded in the plane perpendicular to
the i direction, in effect, removing the restriction to a one-
dimensional problem. However, we will ignore this complication and
assume that the plasma dimensions are such that the properties of the

one-dimensional slab are a good approximation. That is, we neglect



Fig. II.11 (a) Diagram showing geometry of the plasma slab
and parallel-plate transmission line which

comprise the theoretical model.

(b) Lumped-element equivalent circuit of the

plasma-slab, transmission-line model.
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fringing fieldveffects. Since in the experiment the laierél dimensions
of the plasma are small compared to the guide wavelength, we replace
the plasma of Fig. II1.11(a) which is distributed along the transmission
line by a simple lumped-element equivalent circuit as shown in

Fig. I1.11(b). The circuiﬁ element Cl is the capacitance of the
vacuun between the plasma and the conducting plates, and is given by

Cl = eoA/2(2—a), where £, is the permittivity of free space and A

is the lateral area of the capacitor-slab system. The negative
capacitance C2 results from the equivaleht circuit approximation and
is equal to —(EOA/ZQ).

The dependence on (wc/w) of the reflection coefficient seen at
the generator on the transmission line will yield the theoretical
equivalent of the experimental reflection data. Removing the ideal
generator from the circuit and placing an isolator between the imped-
ance ZO and the plasma yields the configurations of the noise
emission experiments (see Fig. II.12). Use of the Nyquist theorem will

permit one to compute the emission wvs. (wc/w). In either case one

needs the expression for the plasma impedance which we will now derive.

We restrict our attention to electrostatic oscillations of the
plasma so that we retain only Poisson's equation of Maxwell's equa-
tions. For such one-dimensional electrostatic systems, the total
current density (particle or fluid current Jp plus displacement

current) Jo(t) in the x-direction is a spatial invariant,



~31-

RADIOMETER

éloﬁ

Ir |2 -1 118

7 T ZO.

RCVR Zo

kLﬁSOLATOR-

Fig. II.12 ©Schematic diagram of transmission line
equivalent of noise emission experi-
mental apparatus. Z' is the lumped
impedance of the plasma and the capa-

citors Cl and C2 of Fig. II.11.

9 =
5;.{Jo(t)] - ot

-9 ob -
ox [Eo * Jp] =0

where E 1is the electric field. For a system of particles which can

be described by a local relation between particle currents and the

electric field, one can derive an equivalent permittivity e so that,
3E

Jo(t) = ey = iweE : (2)

where w 1s the frequency of oscillation. For a cold uniform colli-

sionless plasma (20),
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(;/eo) =1 - 55 (3)

For an inhomogeneous cold plasma € 1is a function of x and Egs. 2

and 3 are valid locally. The plasma impedance is then given by

a (w2 _ w2) 8
_ 1 E c ax
by=- % | o 2 > > . (4)
P s © iwe A e + wo(x) = w

As the integrand in BEq. L stands it has simple poles at symmetrical
values of x when w lies in the band of upper hybrid frequencies,

£ w £ g . Inclusion of electron-neutral collision effects removes

w
c ho

this singularity from the path of integration. However, one caﬁ
evaluate the integral in the limit of zero collision freguency using
the Dirac formulation of such integrals. These steps are carried out
in Appendix A, giving an exact closed form expression for Zp over
the entire real frequency domsin. The impedance is found to have a
real part only when w 1s in the range of upper hybrid freguencies.
The fact that there is a real part to the impedance in the absence of
collisional processes is a property of the continuum nature of the
normal modes of the cold inhomogeneous plasma. Basically, the plasma
resonates with any applied field whose frequency w is such that

w2 = wﬁ(x) = wi + wi(x) (21). The resonance is local and occurs at

_those points x where w? = w2(

W x) , i.e. the condition of local upper

hybrid resonance. In our collisionless model the electric field is
infinite at the resonance points. However, this singularity in the

normal mode field is integrable in the Dirac sense and one obtains a
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finite slab impedance. OFf course, in a real plasma the strength of
the electric field at the resonance points is limited by the dissipa-
tion processes (collisions). Thus, the expression for Zp given in
Appendix A is the limiting case and is approximately valid for
(v/w) << 1 , where v 1is collision freguency of electrons with other
plasms species.

| The complex reflection measured at the generator of Fig. II1.11(b)
is given by r = ZO/(2Z‘ + ZO), where Z' 1is the combination impedance

of the plasma, the capacitance. Cl ., and the negative capacitance 02 )

iwe A
o)

A 2% 2a

Experimentally, a square law detector would measure |r|2 which has

the form

|I’12 = F[R,(2/a), (wpo/w>, (wc/w)l

where R = (ZomeoA/El) . In Fig. II1.13 we plot lrlg vs. (mc/w) for
several values of (wpo/w)2 .  The parameters R and (2%/a) do not
have exact experimental equivalents. We have taken R = 5 and

(2/a) = 2 as reasonable estimateé. The parameter R determines the
relative sizerof the characteristic line impedance ZO and the plasma
impedance Zp . Roughly, R sets the over-all scale of the amount of
reflection, while (2/a) controls the relative height of the two peaks.

The values chosen yield results that compare favorably with the

experimental data. The resemblance between the neon and argon
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experimental reflection curves and the theoretical ones is apparent.

One peak in the theoretical reflection occurs at cyclotron resonance,

(wc/w) = 1 , while a second peak occurs at the maximum upper hybrid
2 2 2

frequency of the slab, W = We + wp . The two peaks are a manifesta-

tion of the fact that |Zp/ZO! is very high near w = ER and very

low near w = w, o Either condition yields a high reflection coeffi-
cient. The calculated peak values ofk |r|2' are somewhat higher than
tﬁose observed experimentally. Reduction in R would lower these
values and change the shape of the curves somewhat. However, no new
gualitative fealures appear and the two characteristic peaks are
always present. The height of the two pesks is the same and is inde-
penaent of electron density. The experimental peaks are also
approximately equal and decrease only slowly with decreasing electron
density. The quantitative difference between theory and experiment on
the exact position of the upper hybrid peak is one shortcoming of the
adopted model. Heliuﬁ represents an anomaly with respect to the other
gases and the calculated curves. However, it is possible to produce

theoretical curves somewhat similar to the helium by adjusting R and

(2/2)

Assuming thermodynamic equilibrium exists between the electron
gas and the waveguide components, and the radiation field in the wave-
guide, the Nyquist theorem (22) can be used to calculate the noise
emiséion of the plasma. The total noise power per unit bandwidth P

N
passing through the isolator in Fig. II1.12 is

2 2 2 '
Py = kTO[rl +kT01t[ +kTp[a] (5)
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Where TO is the temperature of the waveguide components, Tp is the
plasma temperature, and k 1is the Boltzmann constant. The guantities
|r|2, tt|2, and [a[g are the power reflection, transmission, and

absorption coefficients of the junction created by the presence of the

plasma in the waveguide circuit. Note that power.conservation requires

= 1 (6)
Using Eq. 6, the expression for the noise emission becomes

Py = KT+ k(Tp— T.) ]a]2 (7)

N
Sinée we are interested only in the relative noise emission, we need
know only the properties of the absorption coefficient

Lz Re(z')
= L (8)

|2zt + 7 |2
O

2
|

|a

Using the same values of parameters assumed in the reflection calcula-
tion }alg was computed as a function of (wc/w), resulting in the
curves of Fig. IT.1lhk. Again, the plasma density is a parameter. The
upper hybrid resonance emission effects are clearly present. However,
there is no peak in emission near cyclotron resonance as 1s observed
experimentally for all gases studied. This fact is a major failure of
the cold plasma model, and results because Re(Zp) =0 at

(wc/w) = 1 . Changing the parameters R and (2/a) cannot introduce

the desired cyclotron resonance emission peaks.
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II.D. Discussion

The general simplicity and symmetry of the experimental reflec-
tion and nolse emission date are striking. Both types of data show
both cyclotron resonance effects and what have been interpreted as
upper hybrid resonance effects. Furthermore, the reflection and emis-
sionAdata for a given gas show a very strong correlation. We were thus
naturally led to the aftempt of Section TI.C to interpret the results
with a simple cold plasma theory. However, the one—diﬁensional cold
plasma theory cannot predict consistently the cyclotron resonance peaks
or the position of the upper hybrid peaks. One might initially suspect
the one-dimensional nature of the model as the source of the dis-
crepancy. At the very least, a weakening of the effective space charge
restoring force (« wg) would be expected in a two-dimensional geometry.
However, calculations of the scattering and absorption of a plane wave
by an infinite, but nonuniform cold plasma cylinder also do not show a
cyclotron resonance peak (23). In this particular calculation the
electrostatic approximation for the fields iﬁside the plasma was not
made. Other calculations of absorption by cold plasmas of various
geometries show only upper hybrid‘resonance effects (18,24). Kuckes
and Wong (25) have presented a calculation of the absorption in a one~
dimensional inhomogeneous cold plasma which shows one peak at cyclotron
resonance and one at the cut-off frequency which is the solution of
(wc/w) + (wp/w)2 = 1 . However, their calculation was made with
parameters appropriate to their experiments which were considerably

different from ours. In particular, their experiments were performed
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with (ka) large (= 10) vhile (ka) is small (= 0.4) in our experiments.
The more realistic calculation in cylindrical geometry carried out in
dur‘laboratory (23) does not show these effects when (ka) is small.
Only the upper hybrid resonances are important. Tetenbaum and Bailey
(26) have found evidence of the peaks of Kuckes and Wong in noise
emission experiments. However, their measurements were carried out in
a stimulated hot afterglow, and in a geometry such that (ka) is large,
le; When (ka) is large, multiple wave resonances and higﬁ order
multipole scattering terms become important. The absence of a cyclo-
tron resonance peak in absorption thus appears to be an inherent
property of the cold plasmas of the type considered here. A similar
peak is observed at cyclotron resonance in the magnetic field spectra
of echoes from these plasmas (see Section III).

Pulse-stimulated ringing experiments (11,27) in similar after-
glow plasmas have shown that the long time response is strongest at the
frequencies W, and W These results are qualitatively consistent
with the CW data presented here. That is, from the CW data one would
expect pulse measurements to show a double peak in the frequency
domain. In fact, we have carried out pulse réflection experiments (see
Section IIT.A) and low density ringing experiments (28) whicﬁ eihibit
the same general behavior. However, there 1s some guestion as to
whether the pulsed ringing occurs exactly at Wy of at some mean
hybrid frequency as one would expect on the basis of the CW data. At

very low electron densities such as those used in some of the ringing

experiments (11,27), it is difficult to distinguish such differences



~40~

quantitatively.

One further fact supporting the upper hybrid resonance interpre-
tation of the data is the existence of echoes obsefved in experimenfs
wifh these same plasmas (10). An inhomogeneous cold plasma theory
successfully predicts some of the salient features of these echoes
which are thought to involve directly upper hybrid plasma oscillations.
This subject is treated in Section III.

Of course, cold plasma models are only approximate in the final
analysis. The theory of electrostatic oscillations in inhomogeneous,
hot plasmas yields standing wave normal modes whose oscillation fre-
quencies are intimately related to the nonuniform electron density
profile and the associated upper hybrid freguencies (4,29). As is the
case with the cold plasma modes, the hot plasma modes are distributed
in the band [wc, who] . At low temperatures and densities like those
of our experiments, these modes are very closely spaced, approaching a
continuum. Thus the frequency domain distribution of modes for the
hot and cold plasmas are very similar. However, examination of the
general properties of these modes shows that one would expect a very
high number of modes per given frequency range in the vicinity of
cyclotron resonance. One might speculate that the cyclotron resonance
effects observed arise because of this high density of modes, and that
the basic disagreement between cold plasma theory and the experimental
data.exists because the plasmas studied are not cold enough to make
the true cold plasma theory valid, particularly when (wc/w) is near

one.
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Finally, some remarks concerning the effect of geometry on calcu-
lated resocnance frequencies are appropriate. For the one-dimensional
electrostatic problems the hybrid frequencies wi = wi + w§ are the
relevant ones. In two-dimensional cylindrical geometry numerical
factors may be introduced, yielding modified hybrid frequencies. For
example, a uniform cold plasma cylinder exhibits a dipole resocnance
(30) at the frequency w which is a solution of w2 = 2w (w - wc)
For low electron densities this formula gives a condition identical
with the upper hybrid formula. However, at high electron densities,
the two formulas differ quantitatively. Our experiments and interpre-
tation do not exclude the presence of such unaccounted for numerical

factors. However, none of the gualitative features of the phenomena

are affected.
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IIX. ECHOES

Echoes from a plasma stimulated by multiple excitation pulses
were first reported by Hill and Kaplan (1) in 1965. Their experiments
involved excitation of a plasma in a strong; inhomogeneous magnetic
field by pulses whose center frequency was near the electron cyclotron
frequency. This plasma echo has come to be called the cyclotron echo.
A theoretical model consisting of a collection 5f independent electrons
gyrating in a nonuniform magnetic field and subject to‘energy—dependenf
collisions is believed to describe the effect adequately (2) if the
plasma density is low enough (3). Other nonlinear mechanisms such as
energy-dependent gyrofrequency (4,5) and nonlinear driving force
effects (6) have been discussed but are too weak in relation to the
energy-dependent collisions to be coﬁsidered significant. More
recently, Gould, et al. (7), have published theoretical and experimen-~
tal descriptions of echoes from electron plasma waves in a hot,
collisionless plasma. This plasma wave echo ;s intimately related to
the collisionless damping of plasma waves as first described by Landau.
The same phenomenon has been observed in ion plasma wave experiments
(8). Furthermore, Bauer, Blum and Gould (3) have reported the most
recent addition to the family of plasma echoes, two pulse echoes at
electron upper hybrid resonance. Although studied under conditions
;similar'to those of cjclotron echo experiments, the upper hybrid echo
is -observed when the plasma is in a very uniform magnetic field and is
strongest near the maximum upper hybrid frequency w of the inhomo-

ho

geneous plasms column, rather than near the cyclotron frequency. This
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plasma echo is associated with the macroscopic modes of the plasma as
described by Gould and Blum (9). Consequently, collective phenomena
play a paramount role in the formation of this echo and independent
particle theories are inadequate.

The plasma echoes discussed above have some general features in
common. In each case, the macroscopic response of the particular sys-
tem to a single pulse decays due to a phase mixing process that
represents a loss of coherence rather than a true dissipation. Also,
in each case, when a second pulse is applied to the plasma at a time
v following the first pulse, a reversal of the phase mixing is stimu-
lated so that at times t = nt a state of relative coherence exists.
These states of relative coherence are manifested as.relative maxima
in the system response. Thus the application of two pulses to the
plasma produces time-delayed multiple pulse responses which we call
echoes. Figure III.1 shows a photograph of an oscilloscope display of
such two-pulse echoes observed at upper hybrid resonance in argon.
Note that although the time scale shown is shért compared to a mean
electron-neutral collision time, the responée to each of the exciting
pulses decays very rapidly due to phase mixing. Removal of either of
the applied pulses causes the echoes to disappear. Since superposition
applies to linear systems (no echoes from one pulse implies no echoes
from two pulses ), the echo process must be nonlineér.

Two-pulse echoes of the type shown in Fig. III.1 are the sub-
Ject of this section. Some experimental properties of the upper
hybrid echo will be documented in Section ITIT.A, with particular

emphasis on the relation to the scattering experiments described in
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Fig. IIT.1 Oscilloscope display of two-pulse upper
hybrid echoes in argon. Fach major
horizontal division is 50 nsec.

Section IT. It is shown experimentally that in the S-band experiments
the echo is strongest near the maximum upper hybrid frequency of the
plasma as indicated by the CW data. Direct comparison between the CW
reflection and echo amplitude data is made for several gases. The
properties of echoes from a cold nonuniform magnetoplasma slab are
calculated in Section TII.C. The theory predicts the echoes to be
strongest near the maximum upper hybrid fregquency of the plasma slab,
in agreement with experiment. Furthermore, computation of the detailed
properties of these echoes yields results in qualitative agreement with
most of the corresponding experimental measurements made by Bauer (10).
Section ITI.B discusses the properties of echoes from a general collec-

tion of nonlinear oscillators. The purpose of this section is to treat
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the case in which the finite spectral width of the excitation pulses
is important. This problem has not been previously‘solved and the .
.analysis gives results essential to the calculations of Section III.C.
The reader somewhagt familiar with the plasma echoes may choose to note

only the main points of Section B and then go on to Section C.

IIT.A. Echo Experiments

The plasmas studied were the same afterglow, fare gas discharges‘
described in Section IT. The experimental apparatus is also basically
the same. The only changes were in the form of the addition of the
electronic equipment necessary for the generation of short microwave
pulses (11). The signal follows path B of Fig. II.1l. The magic tee
arrangement serves no direct funetion in echo experiments, but plays
an invaluable role since it permits companion reflection experiments
of the type given in Section II. The microwave pulses were obtained
by pulsing the grid of 10W Litton traveling wave tubes (X and S band)
which were fed by a CW signal generator. With commercially available
pulse generators and pulse transformers, microwave pulses with half-
widths as short as 15-20 nsec can be formed. Shorter pulses were made
by using the pulse generators to drive a blocking oscillator whose
output was applied to the traveling wave tube grid. With this tech-
nigue pulse half-widths of about 5 nsec can be achieved. The pulse
widths quoted in the text are the approximate half-width of the
crystal detected mlcrowave pulses. The concomitant bandwidth of such

short pulses require relatively wide bandwidth video amplifiers and
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oscilloscopes. A Tektronix 585A was used for visual displays such as
that shown in Fig. 1. However, most of the data preSented here are
Studiescf detected eché amplitude versus some external parameter. These
data were taken by using a Hewlett-Packard 185B sampling oscilloscope
and a fixed time sampling technique (described in Section II) in con-
Junction with an X-Y recorder. It should be emphasized that the CW )
scattering configuration of E 1 k L B is preserved and that the mag-
netié field is again homogeneous to one part in th over thé volume of
plasma excited by the microwaves.

One major point of the experimental results presented here con-
cerns the relation of the observed echoes to the CW scattering results
of Section II. The echo experiments employ high power, very short
microwave pulses, while the scattering experiments were performed using
low power, wide pulses. One naturally questions the relation of the
two experiments. If the plasma responds in a linear fashion, the
relation between a CW and a short pulse reflection experiment can be
easily understood. Let C(w) be the CW frequency response of.the
plasma as given by the data of Section IT, and P(w) be the Fourier
transform of a short pulse P(t) centered atr to . If P(t) is

symmetric about to , the plasma response R(t) at t = to is

Thus, the reflection from the plasma at the time corresponding to the
center of the applied pulse (to) is related to the area of the product

of C(w) and Plw) (the convolution).
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As P(w) approaches a delta function &(w - wo) (CW signal)
R(to) approaches C(wo) as it should. When P(t) is a short, but
finite pulse, such that the width of P{w) is less than the width of
Clw), R(to) is expected to show the general features of the CW res-
ponse curves with detalled and sharp feabures smeared out. The data
of Fig. IIT.2 show that this is indeed the case experimentally. The
dashed curves are displays of the maximum amplitude of the reflection
from s neon afterglow of a 20 nsec microwave pulse of 0.5W peak power
as a function of (wc/w) with /27 = 3.0 GHz (all data at S-band were
taken at this frequency). The solid lines are CW reflection measure-
ments taken under identical conditions. The CW data are that of Fig.
IT.3. Since there are no striking differences between the two sets of
data, it is concluded that the high power, very short pulses couple to
the same plasma normal modes which are observed in low power CW mea-
surements. This observed relation between CW and short pulse experi-
ments was found characteristic of all plasmas studied. Therefore,
this problem will not be considered further aﬁd we will assume that
there are no fundamental differences between the two types of experi-

ments.

Having established that the high power, short pulses such as
that used in echo experiments couple to the same coliective normal
modes observed in CW experiments, one's curiosity arises immediately
: concerning echoes from such plasmas. The independent particle
theories (2,4,5) which were used to explain the occurrence of cyclo-
tron echoes are no loﬁger valid. Indeed, would one expect to observe

echoes at all in these relatively high density plasmas in very umiform
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50~

magnetic fields? Of course, echoes are observed; they are the upper
hybrid echoes (3) mentioned above. The echoes were stimulated by two
microwave pulses of frequency ® separated bx a time Tt . The echoes
consist of short bursts of radiation emitted by the plasma near times
t=nt ,n=1,2,"** after the second applied pulse (recall Fig.
IIT.1). $Since T is typically on the order of hundreds of nanoseconds,
while the characteristic time for the afterglow decay is on the order
of a few milliseconds, an echo éxperiment can be performed at essenti-
ally constant plasma conditions (density and temperature). One of the
most useful displays of information about the upper hybrid echo will
prove to be what we shall call the echo magnetic field spectrum, i.e.

a curve showing the dependence of the echo amplitude on (wc/w). These
echo spectra lend themselves naturally to comparison with the CW scat-
tering results since both are easily measured as the magnetic field is
varied and the density is held constant. Figure III.3 is a composite
diagram of the CW, single-pulse, and echo spectra for neon. The
experimental conditions are the same as thosé for the data of Fig.
IIT.2, the two pulses stimulating the echo each being identical to the
one used in the single-pulse reflection experiment, and separated by
100 nsec. The estimates of (wpo/wf2shown are based on the interpreta-
tion given in Section II for the CW response. These echo spectra have
one striking feature that unalterably distinguishes the upper hybrid
Aecho from the previously studied cyclotron echo. The upper hybrid echo
is strongest at a point that is shifted by a large amount (several times

the spectral half-widths) from the condition for free electron cyclotron
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resonance, but it occurs near what the CW experiments mark as the maxi-
mum upper hybrid frequency of the plasma. As the upper hybrid frequency
varies with the plasma density, the position of the peaks in the echo
spectra follow, always occurring near the plasma's maximum upper hybrid
frequency. This strong relation is the source of the name "upper
hybrid echoes".

Figures ITII.L,5 show further data on the relation between the
echo and the CW scattering for the gases argon and helium. As one
might expect from the results of Section II, the data for argon are
guite similar to those for neon, while the data for helium are some-
what different. Although in both cases the echo is strongest near the
maximum upper hybrid frequency, the echo spectra for helium are very
wide; in this gas the echo is weaker only by a factor of gbout two at
cyclotron resonance than at the maximum upper hybrid frequency. But
in argon and neon under the conditions given, the echo is much weaker
near cyclotron resonance and the echo spectra are relatively narrow.
Under appropriate conditions (lower power pulses and/or lower densi-
ties), a subsidiary relative maximum in the echo spectra occurs (10)
near cyclotron resonance in argon and neon. This peak is apparently
related to the peak near cyclotron resonance observed in the CW
reflection and emission experiments. Considering cold plasma theory,
this effect will prove to be an anomaly in echo properties as it was
in CW properties of the plasma.

Some further ancmalies in the helium echo experiments are worth

noting. The long time macroscopic response to the individual applied
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pulses (single pulse response) tends to be of fhe order of the echo
strength. When it is necessary to reduce T so that the echo and
this response are comparable, strong interaction between the two occur.
For example, a strong beating occurs as one changes the magnetic field
or the pulse spacing. Such effects occur in neon and argon, but are of
small significance at high power and electron density. The echo ampli-
tude data of Fig. III.5 have been averaged over this beating. In some
cases it is not clear that an echo even occurs. When‘the echo is weak
relative to the single-pulse response, this interaction which modulates
rapidly with changing magnetic field can be used as a signature of the
existence of an echo process. Also, relative to argon and neon, it
proved difficult to obtain echoes in helium at very low densities
(% 109cm—3) high pressure (2 15u Hg). The problem with pressure is
understandable since the elastic collision cross section of electrons
with neutral atoms is larger for helium than either neon or argon at
low electron energies. BSuch collision processes tend to destroy the
echo (see Section III.B). In addition, if the pulse power is decreased
by 10 db, the echo spectra of Fig. ITI.5 becomes symmetrical and peaked
near the center of the CW curves rather than near W Similar, but
less drastic effects occur in neon and argon (see discussion below).

In the low density 1limit Woo and W, become virtually indis-
tinguishable and the echo spectra are peaked near (wc/w) =1, as is
- the case for cyclotron echoes. Unfortunately, several unwanted com-
plications are found under these conditions, particularly in neon and

argon. First, the beating effect discussed above generally becomes

stronger, tending to make measurements of echo properties difficult.
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Second, the two peaks observed in CW reflection and emission experi-
ments begin to contribute in equal strength to the echo process.
Because these two contributions are at different ffequencies, the
detécted signal presents a very strong beat pattern both in the single-
pulse response and the echo. Other properties of the upper hybrid echo
such as variation with input power and pulse separation are equally
complicated. All of these characteristics have been studied experimén—
tally in detail by Bauer (10) and will be compared with theoretical
calculations to be given below.

Echo experiments were also performed at X-band with the same
basic apparatus used in the S-band experiments described above. The
data of Fig. ITI.6 show the comparison between the echo and CW spectra
for argon with /27 = 9.0 GHz. The remarkable feature of this data
is that the echo is strongest at a value of (wc/w) which is shifted by
only a few percent from cyclotron resonance, even at very high densi-
ties. The echo is not strong near the maximum upper hybrid frequency.
This fact is rather surprising when one considers the gqualitative simi-
larity between the X~band and S~band CW reflection data. Furthermore,
experiments carried out at w = 8.0 Gc/sec indicate that the echo is
strongest at a frequency approximately half-way between cyclotron
resonance and the maximum upper hybrid frequency. Thus, as the signal
frequency is increased, the position of the maximum echo moves closer
and closer to (wc/w) = 1. It should be emphasized that the experiments
at the various frequencies are as identical as is practicable. Although

the magnetic field and signal freguency are both changed, their ratio
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remains constant. The electron densities are also comparable. Experi-
ments at X-band with the plasma contained in a tube of short axial
length (=6 cm) have also produced echoes shifted only a few percent
from cyclotron resonance (12). Although this geometry introduces
peculiar scattering resonances both above and below (wc/w) = 1 , the
echo is apparently associated only with the plasma modes in the region
(wc/w) £ l,.i.e., the upper hybrid type modes. The peak in the eché
spectrum was always such that (wc/w) £ 1. Experiments in other geo-
metries (rare gas aftérglows in rectangular bottles) at X-band give
strongest echoes in between (wc/w) = 1 and the maximum upper hybrid
frequency (13). Furthermore, Kaplan, Hill and Wong (14) failed to find
echoes at the maximum upper hybrid frequency in high density cesium
plasmas.

An understanding of this puzzling phenomenon may lie in one's
ability to couple energy to the upper hybrid modes of oscillation (1lL).
According to cold plasma theory (15) there exists an evanescent layer
through which the wave must tunnel when it is in the extraordinary
polarization and is propagating through a region of inhomogeneous
electron density which is such that the upper hybrid resonance condi-
tion is %atisfied somewhere in the density profile. The efficiency of
tunneling through this barrier is expected to decrease with decreasing
wavelength (increasing frequency) as compared‘to the characteristic
scale length of density gradient in the plasma. Thus, one would expecf

the point of maximum echo to move to high (wc/w) as w increases,

exactly as 1is observed experimentally. However, the experiments
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,‘present some perplexing facts which do not appear tb be consistent
with this interpretation. First, the echo is not signifi-

cantly weaker at X-band than at S-band as one might expect.

Second, the CW and single-~pulse reflection curves at X-band show sub-
stantially the same behavior as those at S-band. That is, the
interaction (as measured by reflection) of these signals with the
modes near the maximum upper hybrid frequency does not appear to be
much affected.

Summarizing, experimental data has been shown demonstrating the
existence of echoes in experiments performed with the same afterglow
plasmas studied in Section II. Most striking is the relation between
the echo spectra and the CW reflection data of Section II. Comparison
shows that the echoes (at S-band) are strongest near the maximum upper
hybrid frequency of the plasma. Measurements at X-band show a
markedly different character, the echo being strongest at points
between the cyclotron frequency and the maximum upper hybrid frequency,
but still apparently associated with upper hyBrid phenomena. Approach-
ing further understanding of this plasma echb process, the remainder
of this paper will deal with the development of a theory which exhibits

qualitatively many of the salient features of the éxperimental results.
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II1.B. Theory of Echoes from a System of Nonlinear Oscillators

Since the original discovery of multiple pulse echo phénomena
in nuclear spin resonance experiments (16), the generality of the
basic characteristics of these processes has become increasingly
apparent. Although the original descriptions of spin echoes were
based primarily on the Bloch equation which freats the spin in a clas-
sical manner (as a precessing top), an analogous equation of motion
has been shown to be wvalid for'any two-level quantum system (17). The
discovery of multiple pulse plasma echoes (1), which can be described
in a strictly classical manner, triggered new discussions (L,6) of the
fundamental properties of classical echo systems and emphasized the
generality of these echo phenomena. Indeed, multiple pulse echoes
have been observed in all states of matter (18) (solid, liquid, gas
and plasma) involving physical phenomena as diverse as photons (19)
and standing spin waves (20). Gould (L) has outlined three basic
characteristics which link to some degree these various echo systems
and establish a basis for judging classical-physical systems capable
of exhibiting eché phenomena:

(1) The system should consist of a nondegenerate collection

of oscillators which can be excited externally:

(2) Some nonlinear effect must be operative either during

the excitation or evolution of the system; and

(3) The relaxation of the oscillators must be slow enough

to allow observation of the echoes.
It is the intent of this section to consider the pulse response of a

~collection of dissipationless harmonic oscillators with weakly
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nonlinear restoring forces, showing explicitly the role of the above
criteria in the formation of echoes, and deriving some fundamental
characteristics of these echoes. The treatment of the initial wvalue
problem (delta function excitation pulse) involving one such oscilla-
tor is the subject of standard texts (21) on nonlinear mechanics. We
will describe the essential features of two-pulse echo processes for a
collection of such oscillators, particularly in the case where the
excitation occurs in the form of pulses of finite width (rather than
delta functions). This problem has not been previously treated. The
results of this section will prove invaluable in the discussion of a
cold plasma physical model to be discussed in Section III.C.

Consider an ensemble of undamped harmonic oscillators of number

density per unit frequency range n(wo) whose amplitude y obeys the

equation
d2 2 2
SLtwTy (L4 oy + ByT+ -o) = F(t) (1)
o)
dt
where a,B, *** are small constants, W is the characteristic fre-

guency of a particular oscillator in the linear approximation, t is
time, and F(t) is an externally applied force. The external force

F dis assumed to be zero in the distant past and the distant future
(i.e., a puise). We assume that the oscillators constitute a physical
system which has a macroscopic observable Y(t) which is the superposi-

‘tion of all oscillator amplitudes weighted by their number density:

we) = | auplay) yloy,e) (2)
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The exact nature of n(wo) will depend on the particular physical
system being considered.

In the linear approximation a,B, *++ =0 , Egq. 1 is that of a
simple harmonic oscillator driven by F(t) . The particular solution
to this linear equation is

1
y(t) = -~ J sin wo(t—-t') F(t') dat! (3)

We would now like to derive the particular solution to the nonlinear
Fq. 1. In analogy with the Lindstedt (21) method of treatment of the
initial value problem, we use a perturbation analysis to seek solutions

to Eq. 1 periodic in © = wt . Thus we look for solutions of the form

<
i

2
yo+gyl+gy2+
with

2
W, + oew, +tew, + "

€
i

which satisfy (at long times)
v(8) = y(e + 2n)

The parameter € has been introduced to aid in the perturbation

scheme. Equation 1 can be written

2 .
0P L Byl oy +oay 4 el = F(t)
d92 o)

o
To zero order (e ), we have

2

d yo

2y, = »—iEF(t) ()
e}

a0 ©
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While to first order (el), the equation

2 2
d Iy vy = —uy2 _ By3 _ Efl‘d Yo
d92 1 0 o W d92

(5)

results. The terms involving yo on the RHS of Eg. 5 serve as
driving terms for the first order solution Yy - Equation L is that
of a simple harmonic (linear) oscillator driven by F and has the

particular solution

o . v 8'
yo(G) = > sin(e -~ 9') F( "
o

) o' (6)

8 ——©

As a boundary condition we take Y to be zero in fhe distant past;
thus, the solution to the homogeneous form of Eq. 4 is zero.
Consider now the long time (large ©) behavior of Vo - Since

F is at most a series of pulses, we define long times to be those

such that
t oo
o oy .

Jelwt F(t') at' = jel‘”t F(t') dat' = £(w) (7)
where f(w) is the Fourier transform of F(t) . Therefore, for long
times

w .
yO(G) = 5 [fr(w) sin 8 ~ fi(w) cos 9] (8)
%
where fr and fi are the real and imaginary parts of f . Upon

inserting the solution for y = given in Eq. 6 into the RHS of Eq. 5,

it is clear that at very late times the RHS will contain terms
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proportional to sin @ and cos 8 . Terms of this form are in reson-
ance with the undamped oscillator described by the LHS of Eq. 5, i.e.
these terms are secular. Thus as 1t > o, yl -+ © and the perturba-
tion scheme is violated. Fortunately, we can eliminate these secular
terms (in the limit t - «) by requiring the first order correction to
the frequency w, to take on a certain value. Keeping oﬁly the

1
secular part of the RHS of Eq. 5 yields (for long times)

2
dy w 2
1 1 3w 2
-+ = — -
At [2 ) L L B(fr * fi)] Yo
ae o wo

To eliminate the secularity, the bracketed expression must be zero,
giving
3 w2 2
0 =3 873 [1]
w
o

To first order, the frequency is

w = w_ o+ é-am*lf(wo)lg - (9)
o

In order to arrive at a complete solution for y 1o order e, we
should now solve for Yy o This would be cumbersome; we will there-
fore restrict ourselves to be concerned only with the changes in
frequency of the oscillator in question, presuming this to be the
physically interesting and significant quantity. In doing this, non-
linear effects occurring during the application of the pulse are
ignored. Herrmann and Whitmer (6) give a formal description of echoes

. arising from these effects. We will show below that the frequency
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shift nonlinear terms are enhanced by the evolution of time. Basically,
we are assuming that the excitation pulse width is short compared to
the time after the pulse at which we make any observations, i.e., the
times for which we apply the approximate solution. For the two-pulse
echo process described below, this implies that the half-widths of the
two excitation pulses is small compared to the time separation of the
two pulses. This assumption is consistent with the entire scheme of

solution and will prove to be qﬁite fruitful, yielding the essential

ideas concerning echoes. To second order, one can show that Eq. 9
becomes
1 3 > 2 2
- e [,
w Wy o [8 B 5 o ] ]f(wo)l (10

The solution for y is approximately (t - )

t
y(t) = w})—— J sin w(t-t') F(x') at’ (11)
o]

with o given by Eg. 10.

Equation 11 is the desired result, giving the approximate non-
linear solution for y wvalid at long times. Note the similarity
between this nonlinear solution and the linear solution given in Eg. 3.
The solutions are of exactly the same form. However, as T = « , the
nonlinear oscillator evolves in a sinusoidal manner with a frequency
"slightly shifted from Wy by an amount which depends on the level of
excitation supplied by the external force. Roughly, the oscillator
frequency is amplitude dependent. We now have the essential results

necessary to describe the response of the oscillator system to any
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sequence of pulses.
First, consider the linear response of one oscillator to a single

pulse F(t) at long times,

v (t) = =—[r (wo) sin vt - £:(w, ) cos w,t] (12)

which is an undamped sinusoid.

Combining Egs. 2 and 12, we obtain the macroscopic response

n(wo) n(w )
Y(t) = J dw f (w ) sin o t - J dw - . (w_)cos w t
o w r o 0 o w i‘o o}
e 0
(13)
Both terms on the RHS of Eq. 13 are of the form
_ sin
s(t) = [ au glo) S22t (11)

By the Riemann-Lebesque lemma

if g(w) is absolutely integrable (22). The function g(t) approaches
zero on a time scale of the order of (1/Aw) where Aw is the half-
width of g(w) . Thus the macroscoplc response ¥{(t) goes to zero as

t » o , even though each individual oscillator evolves to a state of
sinusoidal oscillation with constant amplitude (see Fig. ITT.7). This

"phase mixing". Many of

phenomenon can be understood as a process of
the individual oscillators have different frequencies (required by

assumption of nondegeneracy). When the oscillators are excited by a

short pulse, those significantly affected are approximately in phase at
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Fig..I1IT1.7 Oscillator response vs. time:
(a) Response of one oscillator to one pulse, linear or
nonlinear;
(b) Response of a collection of oscillators to one pulse,
linear or nonlinear;
(c) Response of a collection of linear oscillators to two
pulses;

(d) Response of a collection of nonlinear oscillators to
two pulses.
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early times (Jjust after the application of the pulse). As time pro-
gresses, since thelr frequencies are different, the oscillators become
less and less phase coherent. In fact, without knowledge of the exact
nature of the oscillators andithe external force, for long times the
most reasonable assumption is that the oscillators' phases are random.
What is the total signal (macroscopic response) received from this
system of randomly phased oscillators? This problem is much like Lord
Rayleigh's example ofAthe difference in intensity of a sound from N

(a large number) musical instruments in phase and randomly phased. The
well-known result is that the randomly phased set of instruments yields
an intensity that is a factor of (1/N) smaller than that for a set of
instruments with ccherent phases. Thus as t - o our set of oscilla-
tors would also be expected to yield a signal which "phase mixes" to
zero. The weakly nonlinear response, which we have derived for one

oscillator, gives for the system of oscillators

where w is given by Eg. 10. The arguments about phase mixing do not
change and the nonlinear solution Y(t) 0 as t >« also. So far,
nothing of unusual significance has appeared in the formulation of the
response to a single pulse.

Second, consider the application of two pulses F_(t) and

1

Fe(t) centered at the times t = -1 and t = 0 . We assume that Fl

and F2 are symmetric about their centers. This assumption is not

crucial or necessary, but serves as a very reasonable simplification
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(w) = 0= f_.(w) . In the linear approximation superposi-

giving T o3

1i
tion applies and the response to two pulses is just the sum of the
separate responses to the two individual pulses (see Fig. III.7). On
the contrary, the nonlinear solution does not follow a superposition
principle. Indeed, the nonlinear response depends on the number and
sequencing of applied pulses. Using the weakly nonlinear solution given

above, the response of a single oscillator to the two pulses is approxi-

mately

where (to first order)

- 38 2

hwy = 3 W, lflrl (16)
and
iw t

_ 38 o 2

boy = g f e g, |
o
_ 38 2 2 e
T8 wo [flr+ f2r4 21lrf2rcos on] (A7)

In arriving at Egq. 15 the factor exp[iAwlT] is used in an approximate
manner consistent with the assumption of short pulse width compared to
separation. Combining Egs. 15 and 17, a multiplicative factor appears

within the curly brackets of Eg. 15 and has the form

38t
expli T flr f2r cos on]

This factor is periodic in (wOT) and can be expanded in a Fourier
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series (23)

ix cos © .n
e = )

Resuming one of the series formed by inserting this result into Egq. 15

yields (2k)

CiAw, T

y(2) = lﬁ‘l{x RO

nt+l
n

i[wo(t»nT) + 6t]
vy (w) I (at)] e (18)
where
- 3.8
SN W, f1p Top (19)
and
= 3B 2 2
e = 8 © [flr * fEr] (20)

have been defined. The response of the whole system of oscillators is

iAw. T

n(wo) n 1
Y(t) = Im J dwo - {:z i [lflr Jn+l e
e} n
ilw (t-nt) + 6t]
+f.J ] e °© (21)
2r n

We now have a remarkable new feature in this solution which does not
appear in the linear solution or in the nonlinear response to one
pulse. There exist times t = nt which are greater than -1 for

which the integral of Eg. 21 does not phase mix to zero, since the
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coefficient of W in the exponential is zero at these times. Thus,
we no longer have a monotonic decrease (phase mixing to zero) in the
system response. In fact, it appears that Y(t) will have relative
maxima at the times t =nt , n = 1,2,3,°**. These relative maxime
are the echoes we were seeking (see Fig. III.7). Note that if the
applied pulses are rectangular in form, long times become all times
after the trailing edge of the pulses. TFor such cases, the analysié
of this section can be appliéd directly for all T greater than the
pulse widths.

kWe can now give a qualitative description of this two-pulse echo
process and begin to establish the three basic characteristics of echo
systems as given at the beginning of this section. The response due
to the first pulse decays monotonically due to phase mixing. The
second pulse effects a reversal of this phase mixing, causing a stimu-
lated phase coherence, and a concomitant peak in response, to occur at
times +t = nt . This is possible, since the phase mixing process does
not represent a loss in physical information; each individual oscilla-
tor continues to oscillate at constant amplitude. Of course, all real
physical systems have dissipative effects (relaxation). Such relaxa-
tion processes cause a decay in the amplitude'of the individual
oscillators and thus represent a loss in information.(energy). It is
therefore clear that nt must be less than a few relaxation times in
order for the nth echo to be observable. The amplitude of fhe nth
echo would be expected to decrease as expl-nt/T] , if T is the

relaxation time.
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Taking the imaginary part expressed in Eq. 21 gives

n{w )
Y(t) = J dwo wz {: g (-—l)n/2 [flr Jn+l cos|w(t-nt) + 6t

even

+ AwlT] + f2r Jn sin [w(t-nt) + Gt]}
n-1
+ E (-1) 2 —flr Jn+l sin[w(t-nt) + 8t + AwlT}
odd
+ f2r Jn coslw(t-nt) + Gt]}:} (22)

Equation 22 is rather complicated, in general. To simplify the matter,
consider the limit of very weak excitation (fl,f2 and 1t such that

zt,0t << 1). Using the small argument approximation for the Bessel

functions in Eq. 21 results in

ilw_(t-nt) + @t]}

. 0 38 n
Y(t) = ) Im J du —— {fgr[B o £, 5,800 e
(23)

Furthermore, let 1 be large compared to the characteristic time for
phase mixing. Then, near 1t = nT , only the nth term in Eg. 23 need
be kept (all terms are phase mixed to zero except the nth term for

which w (t-nt)= 0.) Thus the nth echo will be given approximately by

i[wo(t—nT)+9t]

" o) n n+1 . 3 Btin
Yn(t) = Im J dw, " flr(wo) er (mo)[l S, 17 e

[¢]
o

(2h)
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Given the above approximations, what properties of n(wo), Fl(t), and
Fg(t) are required to yield an echo? Roughly, for the nth echo to be
a pulse in time and distinguishable from the tail of the response to

. . 3 n n+l .. ]
the excitation pulses, the product nflr f2r must have a finite half-

width in the frequency (wo) domain. Since the three functions n ,

T b ~appear in a product, this can be accomplished by making any

1r®> "2r

one of the three restricted in bandwidth. The physical situation is
often one such that the distribﬂtion of oscillators ﬁ(wo) is effec-
tively restricted to a narrow band (for example, electrons in a slightly
inhomogeneous magnetic field). 1In these cases, the excitation pulses
can be very narrow in time (approximated by delta functions) and the
echo shape is related to the Fourier transform of the distribution of

oscillators

iw t
Echo Shape v Jd%)e © n@b) (25)

If n(wo) is very broad (such that the reciprocal half-width is greater

than 1), F. and F, must be such that £ 2SS narrow. Although
1 2 lr "2r
in principle one can overcome this difficulty by increasing 1 , in
practice, one is limited by the relaxation time of the oscillators
(present in all physical systems) since relaxation destroys the inform-
ation available at the time of the application of the second pulse
which is necessary for the generation of echoes. Thus, in the case of
broad n(wo) the echo shape is of the form

O (w ) F

1wot
Echo Shape ~ deo e flr o op (04
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given primarily by the shape of the exciting pulses. It is now clear
that although the formation of echoes requires n(wo) to be nonde-

generate, it need not be particularly narrow band. There is one more
ﬁoint of interest concerning Eq. 24. If the excitation pulses F.(t)

1

and Fg(t) have peak amplitudes Al and A2 , the nth echo has an

amplitude

: +
Echo Amplitude & A7 A T (26)

Therefore, the first echo is a third order process, the second echo a
fifth order process, etc. Furthermore, the echo amplitude goes to zero
as " T goes to zero (the two pulses become one). This fact demon-
strates that a finite pulse separation is necessary for the observation
of an echo. Of course, the derived solution is valid only for suffi-
ciently large 1 . When 1 is sufficiently small, nonlinear effects
occurring during the application of the pulses become important. In
any case, when the response to a single pulse is of finite time dura-
tion, the entire echo process becomes obscured at very small 1 . This
small T domain is not of particular interest. The strength of the
nonlinear effect, and therefore the echo, grows with increasing 1

Of course there are limits on this growth which we will now discuss.

We now return to the general formulas,Egs. 21 and 22, and consi-
der another limiting case. Suppose n(wo) is restricted to a narrow
range of frequencies (narrow when compared with the spectra of the
exciting pulses) and centered at a high frequency wé (l/wé << T and

<< wé) . Then we can revwrite Eg. 21 in the form

,(A“o)l/e
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w lr "n+l 2

1" Lhuyt 10t
Y(t) = Im { ) = [£l_J__ _(z2't) e +1, J(z't)] e
n 6]

iw (t-nt)
< [ angptug) e © (27)

where the prime denotes that the variable is to be evaluated at wé

Equation 27 has the general form

Y(t) = Im ) A_(t) g(t - at) (28)
n

Since z', Awi, ' << wé , A(t) is slowly varying compared to g(t)
t

Again, presuming W to be large compared to the reciprocal width of

n(wo), Eq. 28 represents a series of pulses (echoes) at times t = nt
all with the same shape related to the Fourier transform of the oscil-
lator distribution g(t) (see Eq. 25) and with an amplitude related to

A () (2h)

;0 iAwiT
An(r) = = [if! J (z'1) e + f! Jn(z'T

)] eiQ'T
w 1r n+l 2r

(29)

@]

It is importgnt to notice that whatever the relation between An(T)
and the echo amplitude, the echo strength does not increase monotoni-
cally with excitation f and pulse separation 1 as it did in the
weak excitation limit. In fact, as f,1 >« , A (1)~ (1//7) . Thus
above a certain level, increasing the pulse separation decreases the
echo strength. Furthermore, in changing both the excitation level and
T one expects modulating oscillations in the echo strength due to the

oscillations in the Bessel functions. As f,1 > o we have
S -]



o it 1 nmw i
T o v _onn o
An(T) Tz'T wé { flr © sin(z' 2 h)
1, onro 1w
+ flr cos{z't 5 h)]

The appropriate relation between the echo amplitude and An(r) will
depend on the physics of the system actually being considered and the
nature of the detected signal. This felation is complicated by the
fact that one must take the imaginary part in Eq. 28. Doing this

yields a result of the form

Y {(t) = C?n(t) J dwo n(wo) sin wo(t - nt)

n

+ B (t) J dwo n(wo) cos wo(t - nt) (30)

Since wé is large, both terms in Eq. 30 are oscillating rapidly with
relative maxima in amplitude near t = nt . Thus, both Czn and fgn
contribute to the envelope of the echo and therefore to the echo ampli-
tude, even though the coefficient of (@n(t) is zero at t = nt
Suppose 1in our experiment we detect the DC part of [YI2 , then a
reasonable estimate of the echo amplitude (peak of the echo envelope)

is (CZE + Zgi) . This result is exact for n(wo) that are symmetric

about wé . The echo amplitude thus defined is

1 2 2 2
w2 flr Jn+l(znT) * f2r

e}

Echo Amplitude = Qi + ﬁi = Ji(znT)

- Qflr fzr Jn(znT) Jn+l(znT) 51n(AwlT) (31)
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As 1 dincreases from zero, the echo amplitude at first increases very
rapidly, but then begins to saturate and eventually goes to zero as
T+ » ., Figure III1.8 shows the amplitude of the first echo (n=1) as
given by Eq. 31 for the case f. = f so that Aw, = (z/2) and

ir 2r ° 1
Eq. 31 can be written

Relative Echo Amplitude = z[J (z1)sin(%5)]

2(z1) + 3%(z1) - 23, (z1) I 2

2 1 1

(32)

Equation 31 is very similar to a result derived in the independent
particle theories of cyclotron echoes (4,5). It would be indentical
to the previous result if we had neglected the nonlinear response to
the first pulse as was done in the previous calculations (L,5). 1In

this case AwlT = z1t/2 - 0 and Eq. 32 becomes:

Relative Echo Amplitude = Z[J2

2(21) + Ji(ZT)] s

the independent particle theories' result. Clearly, this approximation
discards a term of the same order as those kept unless (zt) £ 1 .

Y
Therefore, we keep the terms involving (AwlT) with the knowledge that
a better approximation is achieved. This will prove particularly
important in the studies of the large signal properties of the cold
plasma echoes discussed in the next section.
In summary, it has been shown that a collection of nondegenerate'
harmonic oscillators with weakly nonlinear restoring forcés subject to

two excitation pulses has the following response. After the first

pulse at t = -1 , the macroscopic signal decays monotonically, due to



ECHO AMPLITUDE

~80-
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T FD{ED
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Fig. III.8

Relative echo amplitude vs. power (T fixed) and

vs. 1 (z fixed), for the case of narrow oscil-
lator spectrum or wide excitation pulse spectrum

(see Eq. 32).
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phase mixing. The rate of this decay is determined by the narrower of
n(wo) and flr(wo) . Following the second pulse at t = 0 the

signal begins to decay, but exhibits a new non-monotonic behavior, i.e.
relative maxima which we call echoes, occurring at  t = nt , n=1,2,++-.
In this manner, the second pulse has stimulated a reversal of the phase
mixing processes effecting a relative coherence of the oscillators at
the times t = nt . The theory developed applies to the case of arbi-
trary width of the two excitation pulses, demonstrating that echoes can
be achieved even in systems with very wide (in principle, even infinite)
oscillator distributions, éimply by using excitation pulses of a narrow
frquency width. The discussion in this section shows explicitly the
role and importance of the three properties of classical multiple-pulse
echo systems which were outlined previously: (a) collection of non-
degenerate oscillators (supplies phase mixing); (b) nonlinear effects
(enables second pulse to reverse the phase mixing,stimulating a relative
coherence); and (c) small dissipation (keeps echo from being destreyed

by loss of information.)
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IIT.C. Theory of ¥choes from a Cold Nonuniform Plasma

Immediately following the initial discovery of echoes in magneto-
plasmas (1) numerous theoretical papers appeared (2,4,5,6) generally
treating the plasma as a collection of independent particles. Collec-
tive plasma oscillation effects were ignored. The approximation of
neglecting collective phenomena is expected to be valid only if the
plasma density is iow enough (3). However, it is clear from the data
of Section III.A that the echoes we observe are intimately related to
the upper hybrid collective modes of the ﬁlasma. The possibility of
the existence of plasma echoes due to upper hybrid resonance effects
was .first suggested by Herrmann and Whitmer (6) although numerous other
references to this idea can be found in the early cyclotron echo liter-
ature (2). Wong and Judd (25) attempted to explain their observations
of echoes in a cesium plasma by means of a phenomenological collective
model which includes radiation damping effects. TFurthermore, Gould and
Blum (9) have analyzed a physical model consisting of a cold nonuniform
plasma which exhibits collective effects (upper hybrid oscillations)
and is capable of producing echoes. In this section we will discuss
this plasma model in detall and extend the analysis to conditions
appropriate to the experimental ones given in Section IITI.A,

Some properties of a cold nonuniform plasma in a magnetic field
have already been discussed in connection with the CW data of Section
ITI. Although the theory of the cold plasma failed to predict consis-
tently the peaks near cyclotron resonance, it does yield effects

corresponding to upper hybrid resonance. One therefore might expect
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this model to help develop an understanding of the upper hybrid echo
which is observed experimentally. In fact, this model has been shown
(9) to have the basic qualitative features, which were discussed in
Section III.B, requisite of a two-pulse echo system: the collection of
normal modes is the continuum of local upper hybrid oscillations and
the nonlinearity is furnished by the spatial gradients in density.
Considering its limitations, the theory will pfove surprisingly suc-
cessful in predicting qualitatively some important properties of this

echo.

From Section IITI.B we know that in order to achieve echoes from
a plasma, & nonlinear theory must be formulated. The linear theory of
uniform, cold plasmas using the Eulerian equations of motion is the
subject of standard texts on plasma waves. Using the Lagrangian des-
cription of the cold plasma, Dawson (26) has derived and discussed the
appropriate nonlinear equations for longitudinal plasma oscillations in
an infinite plasma without a magnetic field. For a uniform plasma he
derived an exact equation which, in principle, is applicable in any
number of spatial dimensions. Since our physical system must have a
nondegenerate ensemble of normal modes in order to exhibit echoes, we
must fix our attention on the nonuniform plasma. This is clear from a
consideration of the normal modes in the linear approximation. In the
linear, electrostatic approximation a uniform cold plasma supports
oscillation only at one frequency, while a nonuniform cold plasma sup-—
ports oscillation over a continuous band of frequencies. Barston (27)
has considered such matters in detail, showing that a finite cold plasma

with a continuous density profile resonates with applied fields for all
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frequencies w such that o = wp(x) (without a magnetic field). Upon
adding an external magnetic field the resonance condition becomes
2 2(x) + w2 .

w =W

o Thus, an inhomogeneous cold plasma appears at the

onset to have properties like those of the general echo system discus-
sed in Section III.B.

The remainder of this section will treat just such a plasma,
demonstrating the existence of echo processes and comparing the results
in some detail with experimental observations. Maintaining simplicity,
our attention will be restricted to one dimension. However, Appendix
B derives Dawson's general uniform plasma equation of motion (good in
any_number of dimensions) for the case of an inhomogeneous plasma,
emphasizing that the general ideas are valid in any number of dimen-

sions.

IIT.C.1. General Formulstion

We consider a one~dimensional inhomogeneous cold plasma slab of
thickness 2a situated in a uniform magnetic field B which is
parallel to the slab faces (see Fig. IIT.9) and constant in time (28).

The steady state electron density is assumed to depend on x in a

2

manner such that wi(x) = wpo H(x) , where H(0) =1 and H falls
monotonically to some value (2 0) at |x| = a, as shown in Fig. ITT.O.

In addition, collisions are neglected and the steady state plasma is
taken to be charge neutralized by a background of fixed positive ions.
Adopting the Lagrangian point of view, we consider the displace-

“ment 6x of an electron fluid element (a macroscopic charge sheet)
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Fig. ITI.9. The plasma slab model

from its equilibrium position x_ (29)

Conservation of charge requires

ne(x) dx = ni(XO)dXO (3k)

where n, is the electron density and ng is the ion density. If
the transformation given by Eg. 33 is single~valued (one-to-one mapping)
then dx_ = (ax/axo)dx and

axo
ne(X) = ni(xo) . (35)

In the longitudinal approximation W& keep only the Poisson.equation of
Maxwell's equations. Then the equation of motion of one fluid element

is given by
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2
d(5§)+w2 sx = - S 8 (36)
at m
where
%}E—Z = %—O— [ni(x) - ne(x)] (37)

Integrating Eq. 37 gives

X
E(x) = E + %—J n, (y) dy | (38)
X

where Eext is the externally applied field which is taken to be one or

a series of pulses. The equation of motion (Eg. 36) becomes

x + &x
5 o
a”(6x) 2 e
& + = . =
5 o 8x wp(y) dy -~ Eext (39)
dt
x
o

2
For 6x small, the integrand wp of the integral in Eg. 39 can be

expanded in a Taylor series about the point X

2”
)
2 2 2! jo) 2
= + — + - KPR
wp(x) wp(xo) o (x Ilxx )+ == [x-x ]
where a prime denotes a derivative with respect to X, The integral

can now be easily carried out, giving

2 5x) o w2'(x ) w2”(x )
é*i~§*-+ w (x ) éx:{l-ké-wg-~9w~6x-+%- g O (6x)%+ J
at © wh(xo) w, (x_)
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where wi = wg + wi is the upper hybrid frequency. Given Eext we
must now solve Eq. 40 for the motion of each fluid element. The value
of any macroscopic variable at any particular time is then given by the
superposition (the field equations are linear) of the corresponding
microscopic variables of the individual elements of the plasma. Exper-
imentally ., a convenient quantity to measure is the voltage across the
slab. From Eg. 37 the voltage response of the plasma to E is

ext

given by

a X
vo= e [ ano) (12)
X

Expanding ni(y) in. a Taylor series about y = X and performing the
first integral term by term, we obtain

-a

Since we are primarily concerned with small perturbations, we keep

only the leading term in Eq. L41. We have

a,
v(t) =—‘§- j ax_ n, (x ) 6x(x_,t) (43)
a

where Gx(xo,t) is the solution of Eq. 40. Thus, given B> Ve
can solve Eq. 40 and use the solution in Eq. 43 to compute the voltage

response of the slab.
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Equations 40 and 43 are the main results of the above discussion.
It is particularly significant that these equations are of exactly the
same form as Egs. 1 and 13 which are the basic equations'of Section
ITT.B. Our immediate conclusion is that the voltage response of the
inhomogeneous cold plasma to applied pulses in the voltage

v = 2a Ee can exhibit echo phenomena and has all the fundamental

ext xt

attributes of the general echo systenm discusse@ in the previous sec-
tion. 1In this case an oscillator is a fluid element ywith a natural
frequency equal to the upper hybrid freguency at the equilibrium loca-
tion of that element wh(xo) . The oscillators are nondegenerate
since wi is a function of X . The oscillator density is related to the
equilibrium particle density. The equation of motion of the oscilla-
tors is nonlinear since the spatial gradients of wp are nonzero. The
calculation of the properties of these echoes as they vary with the
magnetic field and the plasma density serves as the primary goal of
the remainder of this section.

Unfortunately, there is a limitation on.fhe conditions under which
Eq. 40 is wvalid. The source of the limitation is a breakdown in the

single-valued nature of the transformation given in Eq. 33. Rewriting

Eq. 34 demonstrates the physical nature of the problem:

For any values of X and t such that

; ]
T (6x) ~» -1 (45)
@]
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ne(x) increases without bound and the whole solution procedure is
incorrect. Avoiding the condition of Egq. 45 is equivalent to requiring
that the initial ordering (before the applied pulses) of the fluid ele-
ments with respect to X is maintained (26). Thus Eq. L4l is correct
only under’conditions such that

2 (sx) > - 1 (46)

ax
o

Because violation of this condifion (Eq. L46) implies that fluid elements
begin to pass one another, it is sometimes called the "cross—-over condi-
tion". As Dawson (26) points out, as violation of the cross-over
condition i1s approached, electron thermal and viscous effects, which
exist in a real plasma and have been ignored, will become important.

We will return to this point later.

Let us now compute the voltage echoes which result from the

application of two identical voltage pulses V(t) = -(2ea/m) EOF(t) at
t = -t and t =0 , where F(t) is Gaussian in shape,
F(t) = exp[—tz/Q(At)Q] The Fourier transform of (e/2ma) V(t) is
2
eVO AL T Lféﬁlm. VOAte
f(w) = é'm-a—""“ e =z g(w) (lﬂ)
Vo 2V2 ma

Thus the long time total voltage response to these two pulses is given

by (see Egs. 15-17)
a 2

' w i(w, +hw, )T iw +Aw, )t
v(t) = Q_J ~E-Im.{?(w ) [e ! + 1] e e :}dx (48)
e W, n o

where W, is the local upper hybrid frequency at X and
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—
ASRE

Aw2

z[1 + cos wt]

with 2 given by the nonlinear terms of Eq. 40. By comparing with the

results of Section III.B, we establish the following relation

2
2w, )
3 5 2y _"h
z = [E B - = a] 5
2
1 f(w)
2" 20 , 42 h
= [wh j;'(wh) ] ”éw3 - (50)
h

which is correct to second order. Rewriting Eq. 48 separates the vari-

ous echo contributions

a
0 2 izt .
- w 5 ilw, (t=nt)+ zt)
v(t) e nz_w J BE-IHL{}n'fW?h+l(Zt)e + Jn(ztﬁe h dxo
~a h

(51)

We recall from the arguments in the previous section that V(t) phase
mixes to zero except at times t = nt . At these times relative
maxima in V{(t) occur; these maxima are the echoes we are seeking.
Assuming 1 tTo be large compared tc the characteristic time for phase
mixing, near 1t = nt only the nth term in the series of Eq. 51 is
necessary to characterize the nth echo. Such conditions are prevalent
in thé experiments and will be assumed in the analysis. Also, most
experimental neasurements are restricted to the first echo, whose theo-

retical voltage is
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izt

a 2
v, (%) =I£— [ »:%Im {i £l3,(zt) e 2+ I ()] e

1 dx {52)

i[wh(t—r) + zt]}

-a

Of primary concern will be the echo strength as external parameters are
varied. Since theoretically and experimentally the echo voltage is
essentially an amplitude-modulated high frequency signal, we will define
the theoretical echo amplitude (strength) to be the square of the peak
voltége of the real time envéloge of the echo signal. This-definition
is appropriate since the ideal experimentsl detector is a square-law
rectifier.

Taking the imaginary part in Eq. 52 gives an equation of the form

a, a
Vl(t) = f ax_ al(xo,t) sin wh(t—nr) + J dxo731(xo,t)cos wh(t-nT) (53)
Where
w2
@, (x ;t) = - gai- £(w ) [37(zt) sin(zt) + J2<zt)cos(—g~ zt) ]
and (54)
w2
B (x ,t) = - g—af; £(w,) [, (zt)cos (zt) - J,(zt) sin(—g- 2t) ]

It Cll and %a are symmetrical functions in the frequency domain cen-
tered at some high frequency wé , the echo amplitude E as defined

above is

E, = A] +B] (55)

where
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a

Al = J dXo 621<X0,t)
a

and

l(xot)

a
Bl = J dxo @
a

In general, Czl and 291 will not be exactly symmetrical, although
they will be localized at a high frequency. The frequency domain
asymmetry implies that the peak in the echo.voltage ggyéloge will not
occur exactly at t = nt . BSuch effects are observed.experimentally,
but play a minor role relative to other echo characteristics. Further-
more, many of the experimental measurements were actually taken by
sampling the strength of the response at a fixed time near + = nrt
Therefore, we will confine our attention to studies of the echo ampli-
tude and take the relations given in Eqs. 55 as reasonable estimates
of the echo strength.

Before proceeding to calculate El , let us return to the trouble~-
some matter of cross—over. The cross-over condition given in Eq. L6
‘places a limit on the validity of the solution for Vl(t) given by
Egs. 53 and S54. Since 6x(xo,t) has terms of the form
&ﬁ[wh(xo)(t—T)] and sin[wh(xo)(t—r)] , we need only the amplitude of

such corresponding terms in an expression for B(GX)/BXO . Furthermore,

the localization of &ﬁ‘ and 79& in the frequency domain yields the

inequality 2zt << wht . The cross-over condition becomes
dwh
e 6
[(6x) =, t] <1 (56)

where (cSX)maX = (f(wh)/wh)
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In arriving at Eq. 56 only the leading term has been retained. This con-
dition limits the maximum amplitude and/or the time.for which the abqve
sOluﬁion is correct. For the assumed density profiles dwh/dxo -+~ 0 as
X, > 0 . Thus, the closer the equilibrium position of the fluid ele-
ment 1s to the origin, the more easily the cross—over condition is

obeyed. However, near X, = a a low excitation level and/or short

times are required. Equation 56 can be rewritten in the following form:

(2t) w, W)

< 1 (57)

For the assumed density profiles W, < W, > SO that Eq. 57 reduces to

(u)"
k(zt) h .
Fpax ()" * (58)

For a given density profile, Eq. 58 places an upper limit on (zt) beyond
which the derived solution is inapplicable. Near X, F a8,
[(wi)'/(wﬁ)"] is of the order a . Thus for equiiibrium positions near
the plasma boundaries, one must require (zt) << 1 , since the inequali-
ty (Gx)max << a certainly must be maintained. Furthermore, for a
general density profile of the form considered, (wi)' >0 as x_ >0
faster than (wi)” . Therefore, preventing cross-over does not limit the
value of (zt) for x_ = 0, but requires (zt) << 1 for x, = a . Since
the echo amplitude El is basically a function of (zt), the cross-over
condition limits the validity of the formula for E. . We Will.return

1

to this point below. However, in general, we will ignore the cross-over
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problem.
Of course, there is another restriction on the above analysis
which is imposed by the use of a perturbation technique. The nonlinear
terms of Eq. 41 must remain small at all times.

2
OL(SX)maX’ Bwx)max

<< 1 (59)

I1T.C.2 TLow Density Case: Cyclotron Echoes

The low density case represents one siﬁplifying limit of the above
analysis. Letting wp + 0 , we define low density to be the density
such that wpo << wc and the spread in upper hybrid frequencies
(wio/ch) is small compared to the spectral width of the excitation
=L/ (at)

pulses (Aw) Under these conditions all significant

1/2 /2"

effects (scattering, echoes, etc) occur in the immediate vicinity of
cyclotron resonance and the excitation pulses can be approximated by
delta functions. Thus the conditions become very much like those of
cyclotron echo studies. For this reason we call the echoes of this
section "cyclotron echoes'. However, the source of the oscillator
nondegeneracy is completely different. In the cyclotron echo theories
the oscillators were electrons in a nonuniform magnetic field, while
we consider here nondegenerate upper hybrid oscillations in a uniform
magnetic field.

The conditions prescribed above are eguivalent to.the approxima-

tion of a narrow distribution of oscillators applied at the end of
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Section III.B. Alsb, if.we take H +to be parabolic in x so that
H(x) =1 - xg/a2 the leading term in Eg. 50 is independent of x .

We ignore the problem of cross-over. (This matter will be given more
atténtion below). With these approximations the analysis presented at

the end of Section III.B 1is appropriate and the response is of the

form
& iw, (t-1)
Vl(t) = Im[Al(t) deo wie h }
where - (60)
12T
A (8) = —u-jllg i[Jg(zt) e <+ Jl(zt)]

is the echo amplitude factor which is slowly varying compared to the

(1)]2

second factor in Egq. 60. A square law detector would measure IAl
for the relative echo amplitude. This quantity was plotted as a func~
tion of input power and pulse separation in Fig. III.8. The second

factor in Eq. 60 basically determines the echo shape:

W,

ho wh(ai - wi) iwh(t~T)
Echo Shape J dw — — e (61)
h
w U)2 - LU2
¢ h ho

From Eq. 61 we see that the echo real time width goes inversely as the
plasma density. That is, as wp increases the spread in upper hybrid
frequencies increases and its Fourier transform width decreases. Such
effects are observed experimentally, although they are complicated by

the second peak in the echo spectra found at cyclotron resonance.
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IIT.C.3 High Density Case: Upper Hybrid Echoes

As the electron density increases, the spread in upper hybrid
frequencies becomes larger than the spectral width of the excitation
pulses. These conditions approach those of the experimental data pre-
sented in Section III.A and thus present one case we would like to
analyze. First, the limit of very weak excitation pulses will be con-
sidered in order to illuminate some of the essential features of the
theory. Theﬁ, arbitrary excitation level will be considered and the
calculated results will be compared with the experimental data.

ITIT.C.3a Weak echoes. Consider the results given in Egs. 53,

54, 55 in the limit of very small excitation amplitude, zT << 1 . We
can then use the small argument expansion of the Bessel functions so

that the relative peak voltage of the first echo is given by

a 2" 2 3
w (') | £(w )]
2 h 20 h h
v, () - deo o {—;—2—— = wE} e (62)
| l
m(a) (awr) (L)
: h

Again, we define the echo amplitude to be E = Vi . Thus we see that
E grows as T2 and the cube of the input power. Also, the notation
below Eq. 62 separates the various factors clearly. The density of
oscillators N(w) is basically w§ as was pointed out above. The
second factor is the nonlinearity strength (Awt) times the Fourier
‘ . . f

transform of one of the excitation pulses o As Aw > O , the echo

h
amplitude goes to zero as it should, since g nonlinear response is
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required. The importance of the spatial gradients in wp is now appar-
ent. If they were zero, no echo could occur. The integral of the
product w§ |f|3tends to be peaked at w = w . This implies that the
main contribution to the echo will come from those regions of the plasma
near x = 0 . This fact supports our neglect of the cross-over pheno-
ména. However, for all functional forms of H(x) fitting the descrip-
tion given above and falling off more rapidly than XE , the term in
curly brackets is zero at x = 0 and grows as -x increases. This term
will make the resulting echo ampiitude peak at some value of w®w slightly
less than who and implies that the main contribution to the echo will
come from those parts of the plasma with x slightly greater than zero.
This feature of the echo process will prove to bé a very important one,
for the effect of the curly bracketed terms can be changed by increas-~
ing power, electron density, and/or pulse separation to a point such
that the small argument expansion of the Bessel functions 1s no longer
valid., Plotting Vi as a function of (wc/w) with electron density as
a parameter will yield the theoretical equivalent of the echo spectra
curves given earlier. Figure III.10 shows such curves as computed using
Eq. 62 with H(x) ='l-~x2/a2 and (Aw/w) = 0.04., The resemblance to the
experimental data is striking; at each density, the echo is strongest
near the maximum upper hybrid frequency of the plasma. Note that

the shape of curves are independent of power and pulse separation,
since these factors appear only as a multiplier in Equation 62.
'However, as power and 1T increase we must use the full expressions

given in Equations 53, S5k, 55 for the echo amplitude and we

expect to see saturation effects as the arguments of the Bessel
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functions exceed unity. These saturation processes are treated in the

following section.

IIT.C.3b Large signal echoes. For high-density input pulse

power, and/or T the quantity (zt) exceeds unity. The Bessel function
terms then begin to decrease and oscillate with increasing (zt). This
effect represents saturation of the nonlinear processes and immensely
complicates the echo properties. But it is under these conditions that
~much of the experimental data ié taken. Therefore, wé must now direct
our attention to these saturation phenomena. Since we expect the echo
amplitude itself to show a concomitant saturation, we refer to the
echoes under these conditions as large signal echoes.

There are four basic independent variables which change the shape
and amplitude of the echoes: (1) magnetic field (wc/w), (2) electron
density (wpo/w)g; (3) separation of the two pulses (1); and (L) input
power of the pulses (« Vi) . The main objective here is to calculate
the echo amplitude as these parameters are varied. The number of
variables involved presents some difficulty.~ We need to calculate
curves which give us the most information while requiring the least
amount of work and generating the least amount of confusion. The most
apparent family of curves which we need are the echo spectra, i.e.,
the echo amplitude vs. (wc/w) with density power and pulse separation
fixed. " The experimental equivalents of these curves were given in
Section IIT.A. In order to compute the echo amplitude E, the inte-

1

grals of Egs. 55 must be carried out. The integrands Czi and Z%l are

sufficiently complicated in general to warrant numerical treatment of
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the integrals. Rewriting Egs. 55 in a form convenient for numerical

computation, we have

2
El = Al + Bl
Ay v (wst) 1 u)g a(z7)
= ~ J dy Zr;g(wh) (63)
B, Vo 5 h blzT)

where y = (xo/a) , glw) is the Gaussian given by Eq. L7 and

= . 3
alzt) = - [J1<ZT) sin(zt) + JQ(ZT) cos(2 z1)]
b(z1) = [J,(z7) coslzt) - T,(21) sin(3 z1)] (64)
with 2zt given by Eq. 50. Using the fact that mi = wio H(x) ,
Egq. 50 can be written as
2 2 . 2 2
vV~ At W 3 w
{0 €y2 wp.sz._\ 2 W\ g 20 RS 2
o =( - (92 (B2 (Plu) LN 2P () (65)
6ha w w wp

The first bracket in Eq. 65 is the term of most interest. For a given
set of conditions it sets the scale of variation of 2zt . Note that
it is directly proportional to the input power of the pulses

" (v Vi Atz) , the electron density (~ wio), and the separation of the
pulsés (t) . It is particularly significant that these factors appear

in a mutual product. Because of this the change in certain properties

of the echo depends roughly only on the percentage change in the
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product (zt) . Also, we will be interested in the echo amplitude
under saturation conditions, i.e. conditions such that the echo no
longer grows rapidly'with increasing excitation, but begins to level
off or even decreases. As a result of the properties of Bessel func-
tions, we know that saturation will begin to occur when (zt) ié of
order one or greater. From the argument given above, increasing input
povwer, electron density, and/or T Dbrings one closer to saturation.
If we call the normalized input‘power P , the echo amplitude has the-
following functional form,
2

E. =P x G[PT w
Iy

y o (0 /0)s (0 /0)] (66)

where the (Pngo) combination has been made explicit. It is helpful
to keep in mind that as Pt > <, G v~ (1/Pt) (see Section III.B).
Equation 66 is very useful for the purposes of qualitative understand-
ing of some of the results to be given below.

At first sight the saturation condition 2zT ™~ 1 may appear to
violate both the perturbation condition (Eq.’59) and the cross-over

- . 2
condition (Eq. 58). However. since zT v [B(Gx)maX (whr)] and (th)

is typically ~v2000, saturation does not imply a breakdown in the per-
turbation procedure. The (th) factor shows that the strength of the
nonlinear effects.is enhanced by the passage of time. Of course, aé
pointed out above, for X, near a , the cross-over condition requires

(zt) << 1 which implies no saturation. But for X, near zero, the

cross—over condition allows (zT) >> 1 . This problem with the cross-
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over conditicn will be ignored. This is not as bad as it seems. We
will find that the primary contributions to the echo come from oscil-
lations in the plasma near X, = 0 where the cross-over restriction
is not serious. Turthermore, under conditions where cross-over occurs
the nonlinear effects may even be enhanced by viscous and temperature
phehomena. In spite of all these approximations, the results will
prove very enlightening.

Figures IIT.11-13 show plbts of echo spectra with (P1) and
(wpo/w)2 as parameters for the case of an x-Uth density profile,
H(x) =1 - (X/a)h (30). The exciting pulses were taken to have
spectral half widths (Aw/w) of 0.0L, a close approximation to the
experimental conditions. The densities shown are comparable with the
experimental ones of Section III.A. The vertical lines mark the value
of (wc/w) which corresponds to resonance at the maximum upper hybrid
frequency who of the plasma. In these and other figures of this
section both P and 1t will be used as a shorthand notation for the

same normalized variable

Pt or P or =1 ::$>"*Q"“ﬂ"“‘(£9(§)2 (67)

If P is written it is implied that when P dis wvaried 1 is held
fixed and vice~versa. When the product (Pt) is written explicitly, it
is implied that variation of either P or =t , or both applies to the
case being considered. The echo amplitude is normalized to the value

b 3
B = 10‘2(@02 ha™w” .

o - - Note that in all cases the echo is strongest

near the maximum upper hybrid fregquency of the plasma. The sane
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pﬁenomena was shown experimentally in Section III.A. Furthermore, the
experimental and theoretical half widths are comparable. In fact, both
the experimental and theoretical half widths decrease with increasing
P . Since there is a rough inverse correlation between the feal time
echo half width and the echio spectrum half width, one would expect the
echo to become wider in time as/(PT) increases. This is born out by
experiments (10). The shift of the poéition, i.e. value of (wc/w),of
the maximum echo toward the maximum upper hybrid frequency as (Pt) is
increased, is another characteristic feature of all the data (29). This
shift is also observed experimentally (10); Fig. III.1h shows a typical
set of Bauer's experimental curves. Inspection of Eg. 6b shows that

changing either P or 1 has exactly the same effect on the shape and

position of the echo spectra. Another important result is that the
shape and position of the low-(Pt) echo spectra become independent of
(Pt). Thus the low-(Pt) echo spectra can serve as a convenient refer-
ence point for some meésurements. The multiple peaks that develop at
high values of Pt are evidence of strong saturation effects

(zt R 1). As (Pt) 1is increased to even higher values than shown in
the figures, the spectra exhibit numerous multiple peaks and a complex
structure. As the density decreases, higher and higher values of (Pt)
are required to see these saturation effects. Although experiments
have shown mild (a small secondary peak) saturation effects in the echo
spectra, strong double peaks were not found; this may be jﬁst a result

of the limited power available in the experiments.



EXPERIMENTAL ECHO AMPLITUDE (ARB.UNITS)

-107-

5W

Y
]

2 W

%3 0.8 W

X 13

0.8 .
MAGNETIC FIELD (w¢/w)

Fig. III.1k Experimental echo spectra vs. power (after Bauer).
The horizontal bar indicates the approximate error '

in locating the line W= Wy



-108-

Figure III.15a shows another useful characterization of the upper
hybrid echoes in the form of the loci of points of maximum echo in the
ch/w) - Pt)] plane. In the shaded region of the diagram saturation sets

in and the spectra develop multiple peaks. The data of Fig. IIL.15a tell

one how to choose the external parameters to achieve strong echoes. This
diagram of peak echo loci is particularly interesting because the four
major variables of the experiment are all varied. Moreover, the equiva-

lence of the variation of P and = becomes more apparent. Experimental

equivalents of Fig. III.15a are easy to obtain and show qualitatively
similar features (10). It is particularly significant that the equiva-
lence of P and 1 41is born out by experiments. One further supplemen-
tal curve can be extracted from Figs. IIT.11-13. A plot of the peak
echo:amplitude versus density is shown in Fig. III.15b. The parameter is
P and the echo is normalized to one at the highest density for each
value of P . The echo amplitude falls off rapidly with decreasing elec-
tron density. Experimental data equivalent to that of Fig. IIL.15b
show a more complex behavior and fall off more slowly, in general.
Despite all the approximations leading to the final echo ampli-
tude formulas, the theoretical results of Figs. III.11-15 show a
remarkable qualitative resemblance to the experimental data. No
gquantitative comparison between theory and experiment has been
attempted due to the ideal nature of the theoretical model. Since all
four independent variables (P,T,(wpo/w), and (wc/w)) are changed in
Figs. I1I1.11-15, the family of curves characterizes in prihciple most

properties of the echo amplitude. As a practical matter it is



2 o)
(00200 owf, 0.10 |
08 0% .0
MAGNETIC FIELD (wcﬁu)
5 e
— (b) e
s
< yd
O 0"
T 05 7 P
& P ol
O yd x {10
N / o |20
= o~
S 0 A1 1 |
o 0l 02 03
=

ELECTRON DENSITY (wpo/w)”

Fig. IIT.15 Theoretical curves: (a) Loci of peak echo in the

[(mc/m), Pt] plane; (b) Normalized echo amplitude vs.

electron density.
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cbnvenient to plot other families of curves, particularly in light of
certain convenient experimental measurements.

Experimentally it is convenient to measure the echo strength
versus input power P while holding other parameterslfixed. We will
refer to such data as echo power curves. For a fixed electron density
Fig. III1.16 displays a family of power curves with (wc/w) as a param-
eter. The wvalues of (wc/w) chosen are near maximum upper hybrid
resonance which occurs at 0.9 for this density. As (wc/w) increases,
the echo saturates at lower and lower values of input power. This
varying saturation phenomenon occurs in the experiménts. At low input
power the echo increases as P3 for all values of (wc/w) as one would
expect from the results of the previous section (see Eq. 26). Experi-
mentally the echo is generally found to increase as P’ with
3.5 ing 4.5 . Figure III.1T7a shows a set of power curves with
(wpo/w)2 as a parameter. For each value of the electron density
(wc/w) was chosen to give the maximum echo at low (Pt). This is a good
example of the use of the low power spectrum as a point of reference.
The pronounced dip followed by a sharp rise in echo strength has not
been observed experimentally, although in some cases one appears to be
near the bottom of the dip. Again, fallure to observe this rise may
result from the limited power available in the experiments. This is
consistent with the similar observation concerning multiple peaks (sat-
uration) in the echo spectra, since power saturation effeéts and

spectra saturation effects occur together. The depth of the minimum

depends strongly on the density profile. For example, for an x-squared



THEORETICAL ECHO AMPLITUDE (E/E,)

-111-

Fig. III1.16 Theoretical echo amplitude vs. power with (wc/w)
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profile, the echo amplitude in the dip can be two orders of magnitude
below the echo amplitude at the first power peak.

One other famlily of curves is typilcally studied in multiple
pulse echo studies. They are plots of echo amplitude versus T , all
other parameters being fixed. These curves are often referred to as
echo envelopes, but are not to be confused with the real time envelope
of the microwave signal constituting the echo itself. From Eq. 66 it
is clear that these echo envelopes will have the same general behavior
as the power curves with the exception of fhe linear factor of P in
front of G . Thus, envelopes corresponding to the power curves of
Figs. I1I.16 and III.17s will have the same general features, peaks and
valleys being similar. Figure III.17b shows a set of three envelopes
under conditions identical to those given for the power curves of Fig.
IIT.17a. Two points are of particular interest. First, as 1 goes to
zero the echo amplitude goes to zero. This feature is characteristic
of all echo systems in which the primary nonlinear effect occurs during
the "free decay" evolution of the system, rather than during the exci-
tation pulses (see Section ITI.B). Second, the position of the maximum
echo moves to later 1 as the electron density decreases. In practice,
the echo envelopes are complicated by the presence of relaxation
effects (due to electron-neutral collisions, for example) which have
been neglected in our idealized model, but are always present in experi-
ments. As was pointed out in Section IIL.B, if the relaxation time is
T +the echo amplitude would be expected to be diminished by a factor

exp[-1/T] from that expected in the absence of relaxation. Clearly,
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this factor can significantly affect the envelopes, depending on the
relation between 1 and T . PFor example, although the collisionless
theory indicates that multiple oscillations of a complex nature occur
in the echo envelopes, if T were short enough, these oscillations
could be strongly damped by the expomnential factor. In fact, fo?ka
given input power level, when T 1s short compared to the value of =
necessary to achieve collisionless saturation, the fall off of the
envelope for large 1 would be expected to be approximately monotonic
and determined mainly by the exponential relaxation.term. However,
even in this extreme case of the influence of relaxation, the qualita-
tive trends in the position of the peak echo (as T is varied) remain
the same. That is, as the electron density decreases the maximum echo
occurs at larger T .

Recalling Eq. 66 and the results given above, we can describe
qualitatively the main properties of the upper hybrid echoes. First,
consider the electron density to be fixed. Then, for a given P and
T , the echo amplitude is a strong function ofv(mc/m), being strongest
in a narrow band near the maximum upper hybrid frequency of the plasma.
As (PT) is increased this narrow band moves to higher frequencies
(toward lower values of (wc/w)). For a fixed 1 and magnetic field,
the echo increases as P3 for low powers, but saturates at higher
powers. The onset of this saturation in the power curves occurs at
lower values of P as (wc/w) is increased. In the same range of P
- that the power curves show saturation, the echo spectra begin to

exhibit multiple peaks. For fixed (wc/w) and P +the echo increases as
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T2 for small pulse separation, but saturates at large values of T

and shows the same oscillations occurring in the power curves. Now,
consider variations in the electron density. The qualitative features
described above are the same for all electron densities. There are
quantitative differences from one electron density to another. As
(wpo/w) decreases the echoes get weaker. Furthermore, the lower the
electron density the higher the value of P required to reach satura-
tioﬁ levels. The universal character of the saturation phehomena and
their relation to the product Pt wio (see Eq. 66) should be emphasized.
Basically, it is this product which determines the onset of saturation

and, indeed the amplitude of the echo to a large extent.

IIT.c.4 Discussion

The computations of this section are by no means exhaustive with
respect to the properties of upper hybrid echoes. As pointed out above,
the effect of relaxation on echo envelopes has not been included. No
calculations of real Time echo shapes were carried out. In actual
experiments relaxation effects are important for measurements such as
envelopes, and echo half-widths (real time) are found to vary signifi-
cantly with experimental conditions (10). The variations seen experi-
mentally are roughly what one expects from looking at the theory, but
no attempt to compare in detail has been made. Also; no attempt has
been made to systematically study the effect on the echo of varying the
density profile, H(x). The importance of this profile in determining

the echo characteristics is apparent. Only qualitative features have
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béen established and the functional forms of H(x) were chosen for
simplicity and convenience. Furthermore, the spectral width of the
escitation pulses was not changed. A value comparable to that used in
experiments was chosen and used for all calculations.

The essential nonlinear effect in the upper hybrid echo process
manifests itself as an amplitude dependence of the eigenfrequency of a
given plasma mode. In general, relaxational nonlinearities also pro-
duce echoes. It is interesting to note that some of the characteristics
of the upper hybrid echo are not unique to a collisionless model. One
could, in principle, include an amplitude dependent phenomenological
collésion frequency supplying both relaxation and another nonlinear
mechanism without qualitatively affecting some features of the results.
FPor example, the echo is strongly peaked near the maximum upper hybrid
frequency because of the high density of normal modes there and not
because of the nature of the nonlinearity. However, the over-all
favorable comparison between theory and experiment, and some of Bauer's
(10) experimental measurements suggest strongly that the nonlinear
restoring force effects, which yield amplitude dependent frequencies,
are of paramount importance and dominate the echo process.

Finally, although the theoretical properties of the upper hybrid
echoes are rather complex, we have been able to discern some essential
features. Even though the theory borders on being phenomenological and
incorporates numerous approximations, it has proved capablé of reproduc-
ing some of the salient features of the experimental results. For this

reason the theory presented can serve as a valuable guide in carrying
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out experiments. In fact, in doing experiments one has the tendency at
times to attribute certain complexities in the echo properties to error
and a lack of control in the experiments, only to find that careful

thought, theoretical calculations, and additional measurements produce

understanding.
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One could place the plasma in a parallel-plate transmission line
as was done in Section II. This procedure was necessary in order
to compute reflection and absorption coefficients. However,
since we are interested only in studies of the relative echo
strength, we will simplify metters by computing only the voltage
across the plasma and ignore the circuit factors involving coupl-
ing between the plasma and the external load. Furthermore, the
plasma impedance is high near the maximum upper hybrid frequency
where the echo is strongest and coupling to the plasma should be
very effective. 1In any case, none of the qualitative features of

the theoretical results will be changed by this simplification.

Actually the motion of the plasma is two-dimensional due to the
action of the magnetic field. Since we consider only longitudinal
electric fields in the x-direction, the x and y motions are
coupled only through the action of §_.,.This coupling has no
effect on the space charge restoring force so that the problem
reduces to a 6ne—dimensional one with an additional restoring

force in the x-direction which is given by (wi 8x)

The x-4th density profile is chosen over the x-squared used in
Section II because of its ability to reproduce some important
qualitative features of the experimental results. In particular,
the echo spectra are found power dependent in the experiments.
Careful study of Eqs. 60-63 shows that the experimental features
can be reproduced theoretically if 2zt is a function of x . For
an x-squared profile, the leading term in (zt) is independent of

X . While for an x-Uth profile, the leading term goes like %,
Y
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Other choices for H(x) could serve the same purpose; the x-Lth

form is chosen only for convenience.
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"

... Not with a bang but a whimper."
—~-The Hollow Men, T. S. Eliot

IV. CONCLUSION

One major conclusion to be drawn from this work is that experi-
ment and theory point to a strong relation between the microwave
normal mode properties of low temperature laboratory magnetoplasmas
and upper hybrid oscillations. Both emission and reflection experi-
ments show what were interpreted as upper hybrid resonance effects and
simple cyclotron resonance effects. Although some differences were
found between various gases, the basic features and consistent scaling
with electron density were‘always present. The general simplicity and
systematic form of the continuous wave data is most noteworthy. The
behavior found, particularly the peaks at cyclotron resonance, consti-
tute a completely new observation. The properties of echoes from the
same plasmas also show an intimate relation to the upper hybrid fre-
gquencies. For example, in the high density case, the echoes were
strongest near what was taken to be the maximum upper hybrid frequency
of the nonuniform plasma column. Therefore, all the microwave
phenomena studied here including the echo processes, are dominated by
these collective upper hybrid plasma oscillations.

The theory of a nonuniform cold plasma was found capable of
predicting qualitativel& many of the effects associagted with the upper
hybrid oscillations. Most notablé is the considerable success of the
nonlinear theory in predicting qualitatively many observed properties
of the upper hybrid echoes. As is the case experimentally., the upper

hybrid echoes were found strongest near the maximum upper hybrid
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frequency of the nonuniform slab. Furthermore, the power and pulse
separation dependence of the echo spectra proved to agree with experi-
ment, along with other saturation effects. The complexity and number
of such properties make a strong case for the general upper hybrid
oscillation model. Unfortunately, the cold plasma theory is unable

to account for the cyclotron resonance peaks observed in the noise
emission and echo spectra. Considering the success of the cold plasma
theory in reproducing the upper hybrid phenomena, the‘consistgnt
failure of the theory to account for the microwave observations made
in the immediate vicinity of cyclotron resonance suggests that the
theory is inadequate in this domain. One naturally expects that an
appropriate hot plasma theory would eliminate this discrepancy. Although
this problem with the theory was not resolved, considerable insight
concerning the phenomena at hand was gained by consideration of the
cold plasma model.

As a supplementary topic, the theory of echoes from a system of
anharmonic oscillators not only served as a_véluable tool in calculat-
ing the properties of upper hybrid echoes, but also gave some new
insight concerning the characteristics of echo systems in general. The
treatment of finite-pulse-width effects showed clearly the relation
between the natural oscillator spectrum and the spectrum of the excita-
tion pglses, further defining the conditions necessary for the obser-
vation of echoes in such systems.

The results of this paper also have very important implications
concerning the interpretation of cyclotron echo experiments which were

carried out previously with plasmas in a nonuniform magnetic field.
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The cyclotron echo is strongest when w® is near w, - In the low
density 1limit (wp << wc) the upper hybrid echo becomes essentially a
cyclotron echo, since it is also strongest for w = w, - Thereforé,
the independent particle theories which have been used so universally
in the interpretation of cyclotron echo experiments cannot be valid in
general unless the spread in upper hybrid frequencies due to the
spatial dependence of wp is considerably less than the spread due to
magnetic field inhomogeneity. That is, the experiments must satisfy '
the condition (wgo/Ewc) << (ch/wco) where ch is the spread in
cyclotron frequencies and Yoo is the value of the local cyclotron
frequency at the position where the plasma density is greatest, i.e.
where wp = wpo . For typical labo?atory experiments this condition

places a significant 1limit on the maximum electron density

9_ 1010 cm_B)

(= 10 for which the echo can be correctly understood on
the basis of independent particle theories. The point is, that when
the above condition is satisfied the primary restoring force for charge
motion is furnished by the externally applied>magnetic field. The
space charge restoring forces (~n wi) are no longer important. The
distribution of plasma eigenfrequencies and microwave properties are
determined by the ekternal magnetic field. Only under these conditions.
can an independent particle theory be appropriate.

_Finally, it is interesting to note that the unigque and profound
- role of steady state electron density gradients in determiningAthe

microwave properties of small laboratory plasmas has once again been

demonstrated. These gradients furnished the collection of oscillators
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(upper hybrid plasma oscillations) needed to get echoes from a cold
plasma. It 1s clear that any quantitative theoretical description of
the experiﬁental results given here will require a detailed knowledge
of the equilibrium density profile in discharges such as those studied.
Previous studies, particularly of Tonks-Dattner and Buchsbaum-Hasegawa
modes, have also shown very clearly this imporbance of inhomogeneities

in bounded plasmas.
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APPENDIX A: Calculation of the Cold Plasme Impedance

We wish to evaluate the plasma impedance given in Eg. II.h

2 2 a
(w7 - %)
7 = c VdX (l)
P iwe A w2+~w2(x) _ w2 ,
-a ¢ P
. . . . 2 2 2,2 .
The parabolic density profile such that wp = wpo(l - x7/a%) is

assumed. The basic problém is to compute the integral

parficularly when w is in the range of upper hybrid frequencies,

> 2 2 . . .
[wc,who] vhere w = 0+ oo Expanding the integrand in Eq. (2)

in partial fractions yields

5 a a
__= ax , [ _ax
I"szb[Jb-—erJber} (3
po 0 0
> 2,2 2.,/ o .
where b7 = a (who - W )/(wpo) . The problem with the terms of Eq. 3

is that there is some value of x equal to b in the range [0,a] when
w 1s in the upper hybrid range. Then the integrand of the first term
in Fg. 3 has a simple pole at x = Db . If one considers electron-
neutral collision effects, b has a small negative imaginary part (when
W, < w < who) which goes to zero as the collision frequency goes to

zero. Taking this limit of zero collision frequency 1s the correct way

to evaluate the integrals of Eg. 3.
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a

5 a
T=—2 | 14m | ——3 4| 9 ()
.2 b-x-=ic¢ + x
2w b (e > 0 . )
jole} 0

0

Using the well known Dirac formulation of the first integral in Eq. L

gives

5 a a
- a_ Ax . dx :
If-&ﬁb [ij—x Nr+Jb+x} ) (5)
0 : 0

where P 1indicates that the Cauchy principal value should be taken.

The evaluation of I 1is now straightforward:

2 .
+
T = —g {?og(i:f%) - iﬂ]
2w b
PO

For w outside the upper hybrid range, the expression for Zp can be

found easily using standard integral tables.

2 2 2 2
. w, - W W, v + oW o
w £ w s Z_ == , log B
c P iwe A ) o B )
o w wo - W I (Vi
pov ho ho PO

, :
po ~ “ho ho
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APPENDIX B: Nonlinear Electrostatic Oscillations in Nonuniform, Cold

Plasma

Dawson has derived general equations of motion for nonlinear elec-
trostatic oscillations of a cold uniform plasma when there is no
nmagnetic field present (see Reference 26 of Section III). We wish to
extend his derivation to the case in which the plasma is nonuniform in
the steady state. Consider the displacement of an electron fluid ele-

ment from its equilibrium position r_ (holding the ions fixed).

r= + R(r ) (1)

r r
-0 e

Conservation of charge requires

p (E) av = p.(

e i £0>dvo (2)

where Pe is the electron charge density and Py is the ion density.
If the transformation given in Eg. 1 is single-valued and regular, dV
and dVo are related by the Jaccbian,

3(x_ ¥ »2,)

avV_ = e v (3)
3(x, ¥, z)

Then the equation of motion of the fluid element is given by

Im
e
I
[
¢
s
=

oY
jre
\]

where E 1is the solution of
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which yields

Equations 4 and T constitute the desired results. In principle, they
describe the nonlinear electrostatic oscillations of a cold inhomo-
geneous plasma in any number of dimensilons which one chooses to cast

the problem. They reduce to Dawson's results if the plasma is uniform

in the steady state.
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Appendix C: Detailed Experimental Conditions for Data Given in Figures

Neutral Cw Pulse Pulse Signal
i gure Pressure Power Power Separation Freqguency
(v Heg) (abm) (W) (nsec) (GHz )
II.2 25 ~-10 - - 2.8
I1.3 35 -30 - - 3.0
IT.4 21 -23 - - 3.0
II.5 10 -23 - - : 3.0
IT.7 20 -21 - - 9.0
II.9 18 - - - 3.0
IT.10 10 - - - 3.0
I1T.2 35 ~30 0.5 - 3.0
ITI.3 35 -30 | 0.5 100 3.0
III.4 21 -23 0.5 100 3.0
IIT.5 10 -23 5 150 3.0
IT11.6 20 -21 1 5 9.0

ITI.1h 20 ~ 0.3-5 - 80 3.0



