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Introduction.

o

The problem of & wing placed in e flow that is nonuniform in the
spsnwise direction is of interest to the ecrodynamicist as well as to
the desgigner of rotating machinery. The portion of & wing located in
the slip streem of the propeller, the blades of propellers and fans,
wind=tunnel models in nonuniform airstreams sre some of the examples.
Prendtl's three dimensional wing theory assumes & uniform undisturbed
flow and thus it is not velid in these cases. Some authors tried to
nodif'y Prandtl's theory in order to make it applicable te such problems.
The work of F. Vandrey (Ref. 1) and K. Beusch (Ref. 2) may be menticned
in this connection. A discussicn of their work is given in Section 7
of Part I of this anelysis. Lately Th. von Kérmén end H. &. Tsien
presented a general solution of the problem of a wing placed in & flow
with the velccity varying in both directions normel to and parallel
with the wing spen (Ref. 3). 1In the following the author will ubilize
the results of von Kdrmén and Tsien for the simpler case of the velocity
verying lineerly and in the direction of the span only and solve the
"third protlem of airfoil theory" (finding the lift distribution for
an airfoil of given shape) for & finibe wing in en infinite fluld and
for the case of a wing between two parsllel walls, The wing in an
infinite fluid is treated in Part I while Part II contains the soluticn

of the problem of the wing between walls,



nﬁm

Part I. Linearly Varying Flow of an Infinite Fluld Around = Finite Wing.

i -
1) The General Theory of von Karmén and Tsien,

The fundamental concepts of this theory are identical with those
originally formulated by Prandtl: a) the wing spen is sufficiently
large compared with the chord, so that the flow in each plane normal
to the span can be considered as two dimensional; b, the wing is re=-
placed by a lifting line having the S&ﬁe spanwise 1ift distribution as
the wings; ¢) the disturbance caused by the wing is small compared to
the veloecity of the undisburbed flow.

Let the x-axis be parallel to the dirscbion of the undisturbed

-gxils be normal

3

flow, the y=axis coincide with the lifting line and the
Y g

4o x and y (Fig. 1) and denote the pressure by p, the density by p and
by Vs Vo and Vg the velocity components in the direction of X, ¥, Ze

1 the equations of motion of an inviscid, incompressible [luld with=

cut external Torces are

Jv, v, vy I Ip
Vo UE ==
el 33+ 332 = ¢ ox
v, oV , OV _ _ ) 2P 1.1
v;a -f"v}_ay-i—aa% 983
9v3 ¥ 9% _ 1 e
iax *Vzag +75 33 T ¢ 2
and the esquation of continuity is
ovi L 9u 4 2% _, 1.2
2x Y d2

For the present problenm

1.3
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U‘"= U+ LL)
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sre U is the fres stroeam velocibty, assumed to be e function of y only

h

and U, v and w are the disturbaunce velocities due to the presence of the
wing. As mentionsd before, u, v and w are small compared with U,
The velues of vy, vy and vy given by iq. 1.3 can now be subsbituted

5

linear eguations for u, v and w after

iy

inte Eg. 1.1 resulting in & set o

)

terms of second order magnitude have been dropped.

U 3] =-

]

Differentisting these equations with respect to x, y and z, respectively,

the results and combining the sum with Eq. 1.2 the following

5

T
3/°+§_(_'_3e +~9_(_’_§E 0
U? x4\ U% 3y 22\U* 22/~ 1
giving en equation for the pressure only. The pressure of the un-

ik

a2 Jo 1 h o 2 1 ., . RS S j - . % S S, P - 2 Ode 2t o
disturbed stream is chosen as zero and the 1lifting force ol the 1iflting

2 2 Y bk “ o » 84 . - P L2 B
line is represented as a pressure force on the "lower surface” and an

equal negative pressure force on the "upper surface", i.e.,

p=0 at |&) oo lfl—>== |2 >
€
+ El Ly =J o dx for 2= %0

~£

o]
.
o

. .

Here L{y) is the lift per unit spsn of the lifting line, &t the span

{ the solublion of Eg. 1.5 in terms

.

the i1nduced velocibtiss v and w can LS




L
'v.(x"j,i’)—"- V(O)‘j,l) -gLU_ —;?dx 1e7

%
winy )= 2 —_'_f_a_&
Y ) (°/¥ ) S)U A 32 dx

It should be noted that p is an even functlon In x, conseguently from

r(x,4,2) -}—’v'(—.x, y,2)= 2 v(o':r,%)

W(x,y2) +w(-1,9,2)= 2wo,y,2)

consgidering the induced velccities abt x © + o  and z = -0

<
T
!
as
w
Nt
Il
o

T e e T8 padessunTogy v Do e b P T RO IR 1R 3 VR 1re ard thera
g2 there can be no disturbence fer shead of the lifting line and there=-

tleo,4,2) = 2V(0,4,2)
w'(oo,té,z) = Zh}'(oi'j,t)

Thus the induced velcelibies at the 1iftirg line arc me=~hsalf of these

P PR SUI I T - - 2 - 4 4. L VO BT -
Prandtl wing thecry and e treatment of the problem 1

-

functicn" @ (y,z), wanich is defined

t z = 0 is cne-hell of the 1ilt per

3




sburbance velocities v! and w' in the Trefftz plan

as follows:
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fercuntial eguation that ¢ , the poten

i

by

wing, hes to satisfy is cbbained from Zgq. 1.5; it reads

2) Sclubion of the "Potential Froblem" in the Trefftz Plane for

the Case of Undisturbed Velccity Linear in v,

et the free stream velociby be expressed in the form
U=y 2.1
let the spen of the wing be denocbed by b, and let the center of the
wing be located a distance o Irom the origin of the coordinate systen

cities at the wing tips, i.e., the
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severity of the velocity gradiernt can then be expressed in terms of &

parameter A, where

A= 0 corresponds to the limiting casc of consteant velocity across
the span while & wvalue of A =1 is obtained for the other extreve



Introducing U = y into Eq. 1.12 the following differential equation

B .
I3

is cobbained:

z z

9 ¢ + o ¢ - .%.. QQ___ 9 2.3

oy o ¥ % '
The solution of this equation can be simplified by expressing

E . - s o PR TR T RO R e
in terns of & new funchtion F{x,y) which satisfiics laplace

v2 fixg) =0 2.4

=3
-
o3
o
+

v

oty o [fua]

play) = floy)—Y—— = _ g+ — 5
A coordinate traunsformstion appears to be useful:
y=2(r +%) 0SB +Q&
2.8

4 (
= -;_é' (}"-. _‘._) $en g
Ls &t the surfece of the wing z = 0, i.e., r = 1 and thus,
potential functicn®™ @ (r,€) is there a function of & only,

the

the notaeticn @(6) will be used to denote values of ¢ at the wing.

It suggests itself to try Lo determine @(9) in & form enslagous
20
to the Fourrier series in the Prandtl wing theory. There ‘€=Z a, Sinné
: nzy
where the apfs sre conshant ccefficients and sin n is the periticular
1

solubion of the differentisl equation at the wing. In the present

probler a similar form for @@)is uscde
o0
p(e) = E [Pb @ (e) 2e7
W=t
¢ 1

Z > Cos6 .
l(w(s):%‘()coU:_ (—%’) sinnB] :'ZlL?c" a* (4.,..,; $inned 2.8




The function f_ \r, & ), releted to @ _(r, @ ) according to Eq. 2.5,

: 1

is teken to be of the form
<0 I
[ 2 .
'F re)=-— Q qa sSinme — 2.9
w(re) T fC ; wm =y .

Substituting Eg. 2.8 and 2.8, expressing y in terms of r and 6

and integrating, one obbains for r = 1,

4 ¢ 6(’ *’Zg' C“e’)ZSt'h.ne’ sing’ de!

f.(0) = eco a"—(ﬁw ZCose)j A ‘ 5
(a+ 4 coser)

2610

[ -4
= $oe &* 2_ A Sinmeo
m={

Here 0£O0LT ot 2=+0, a—— 2y £ % For negetive velues of &
i.6es 8t 2z = =G, q~.§ £gy<£at -0— fh(—6)=—f,\(e)

- . o 8 o
Introducing into Eq. 2,1C the parameber A= 3a s Oone cbtains

« @
. AL R . Veival Ant
Z_; @y, StAMEO = 7 (COSé LAY i Sinne’ sine’ de 2.11

and carrying out the inbegration finally

o0
. A= Sin(n-ne scn(nw)ei’_
;' Qp,m Stume = ‘f (cose + = )[ 1) o) =
_ AF) | Ssinn-t)e _ Srn(n+1de 1 { 2.12
=T {[ ey o) ] .h [Sm he + Sin(n-2)e o)

- ) 2)6 + Sl nbd
[stn(n-r ) { ] 20

This relation determines 2ll coefficients & o for a given value
i gdl

of n. Thus the particuler solubions of Eg. 2.3 ere known aud it remsins

only to determine the constants @n in Eg. 2.7, However, 1t should

be noted that this method of solution breaks dowm in the case of the

first particular seclution, i.e., for n = 1, The solutionfarn = 1 is
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somewhat lengthy and for this reason
in the next section.

In order to determine the conshants 611, the relation between

P

the 1ift per unit span end the effective angle of attack iz needed,

This relstion is the ssme for the case of varying velocity as for

congtant velecclby snd it can be written in the well~known form
1 2 w(y) o
L(‘j)‘z?U Cm[do*’ “z—;-!- 2413

Y P . . ¥ - .
L{y) = 1lift per wit spen at a point vy on the span, C is the local
wing chord, m the slope of the 1ift curve, @, the geometrical angle of
attack, w(y) the dowwash velceity at the wing.

s

According to Bq. 1.13, L(y) = 2¢ and thus, using Eg. 2.8

Liy)= nzz"_ %.”- pcoo.’-[ﬁ’__lqc__"‘_e] Sinne 2,14

Rewribting Eq. 2.14 in dimensionless form

L . = .
CL= = &5 L, sinne 2415
%QC[CH-% Coselz ¢ s "

( S

@Oy - 5 {, == 2,16
u : U

erid substibtubes Dg. 2,15 and 2,16 into the dimensionless form of

Bg. 2,13, one obtain

oo >0
. w,
¢ = % —Z_ av sinne = m [0(.4' ;:7 eu.‘#} 2017

Ig. 2.17 can be considered as the solution of the problem. It remains



w
noo, . . o
only te express —5- in terms of fn(e), iece s, in terms of the co=-
efficients &, that heve already been deternined. According to
L)

Eq. 1.10, 1.11 and 2.5

’ 2
W | 31Cw 2 fn
h =T = 2,18
~ e
2¢4 9ydZ
If the partial derivetives with respect to y and z are expressed in
terms of those with respect to r end € , as carried out in appendiz

A, the following relation is obtained for the induced engle at the
&

¥

wing, l.e., for r =1

coa® ) = .
Wi = — 2 )V & z ma"vm’ Siamb —
U 4[«;4—5—_’@49] 3 stne

L
- cos & .
*[ﬂ'f' -% me} 'l-f—_— E mau’m Sthim & + 2,19
T sinde ey

oo

+ [6\ + %CMBJ 5%9 Z ﬁ(—é [m A i Sin m@]

m=¢

This equation can be rewritten in terms of A as follows:

Whe Co | ! LI sinmd
- T | mQyu m -
v k 2X (3 reee) %;l ™ TSine
| s 6 .

)
_‘_ comee—— d i
+Ijl+w9] SO E d__é[mau'm&nmg]
m=i

\
Replecing Z ma, . sihme by 16 Z G,y COIM O Ege 2420 can
me=i m=1

bte rewritten in the form



d e
Wi 1 ¢, | d a‘éz;ah,m Coame

2421
The series 2> Qua /Mm@ can be obtained with the help of Eg. 2.12.
"~

Replscing in that equation the sine “m ctions by cesines

Z Qo COIMO = __);'{[Coa(n-l) ¢ _ wntne +

4 (h~1) (hH1) JL
2422
[c«s ho+ en(n-2)0 ] _ [cos(a+38 +cod ne]
2(n~1) :} 2(n+1)

Transforming one obbains

0
A* ey(n-Ng _ ea(ntbe
Z‘umw MG=T Sine (CO66+A) m-1) (n+1) 2623
m=y
end thus
4 & | _asln-)e | coa(nt))e [
=N apnrsms =L | - + 2 c«n9+—)mna 2,24
dez " 4 (n-1) (h+1) ( a
Substituting, firally, Egq. 2.24 inbto Eg. 2.21
! ¢ | ih+1)0 _ cor(n)8]
E_r':__._.____f’__.—_ 20006 + 1+ n-j 2.2E
U Sing & § P (e +X)

Carryinrg out the differentistion and rearranging the final expression

for the dommwash angle is cbtained.

. - coa(nt+) e
W, _ Co[ mSinne e - = il 2,26
U /% P &leoro+ ) i (wserz)

EGe 2428 together with Bg. 2.17 represents the solution of the problem



a5 the coefficients @n can be determined by well=known methods as
discussed in section 4, After the /(n's have been determined the
spanwise distribubions of the 1ift angle of attack and induced drag
can be calculated using Bg. 2.185 and 2,16 and the reletion for the

induced drag cceffic
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e
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e
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As mentioned in the previous section, Eq. 2.26 cennot be applied

-

to the case of n = 1. In the following e solubtion of the problem for
this case is presented.
Recepitulatirg, the "potential function" in the Trefftz plane

has to satisfy Eq. 2.3 and it is assumed to be of the following form:

& 2
| 2 a+ 7 e . _ | 2z
‘F\=7€C°a( . Stne —“qecog 3.1
for z = 10 and ﬂ-—%_é—.g = au——Lé . Andat z = =0 @(-0)=-¢(0)
Furthermore, @ =0 for z=o -3>a+%_ and gd.a-p—% and also

for & — o0
According to Bg. 1.1C and 1.11, the downvash veloeity at the
wing is given by
W = _.__'._ (gﬁ) 3e2

The suggested solution* of Eg. 2.1 is cf the form

* 2 -2 ,
b Ao cab gy Benh i €M et Sinr
7€ % 4 4

290 —-hi
+_3§ i sin- 2 A e coanv
hzv

*This solubtion wes suggested by Prof. H. Batenen.

3e3



w18

Here the following coordinate transfeormstion was used

o=
ga—}:Co%é(,MT)' 3.4

= % Sinbu St

The An‘s are constant coefficients that have to be determined. Eg.

3.3 is seen to satisfy all boundary conditions as shown below.

a) The disturbance at infinity: If 2o i.e.u—>o0 | thus g=o
b) At the wing:

z =+ 0 and Q'%ﬁ‘}ﬁa"“% thus uU=+0

and from Eq. 2.4, y-a =‘%m1r where 0¢ V& T

Therefore, at the wing

¢ = -‘i(a‘-f ol cosv 4 f—z W-‘""’)S'.“V = -3; ’—( 5-/:)1’

as desired.
Purthermere, for - <47 %£0 s (-v)=— ("”)

¢) At the wing tips:

= 0 7—a=%m£u ¢, =0

=T Lj—q =—%’m2u. ¢ =0
It remsins to determine the coefficients An i such a manner
that ¢, will satisfy the differential equaticn 2.3. Using the
coordinate transformation of Eq. 3.4 the differential equatiom 2.3

can be expressed, as shown in Appendix B, in the following form:

. 99 o A P 2 (Efi' ',
sindutorrr 5-'“_ c«n&uSnvé—; = ﬂ’(zu 7 eralu umr) Yok S



SN

Using the expression for ¢ from Eq. 3e3 one finds

-2u -
g (FL"’/a = - S’“!,;&(Siu&umv—z “Smh)’-;-mﬁusimremmlv-) +
« v
o0 : oo
+ m&ag:nvZnAkemmnv-r s.'uﬁucuv-Z M.A,\Q-K“S('n‘m"} 3.6
k=2 ‘ hz

Similerly one obteins

2, -
Smﬁ.ucow-g‘f’ + mau‘gm—_‘ﬁ_._ - s¢n£uoo—.m-l-57__ e g‘m_,-_’_tt‘- 2
i -2u .
_Tsl‘ndme “eog> o Sin v +4_ " corbon €4 o v tnr —

-3 w:\ZL(Sth’Z_A ¢“emnvi & Srnfuster""A 2 CMM"J 3a 7

n=2 w22

T - 3
-mliuscw[ ¢ mv—e”‘e'ez“m?.v-:— %anfuc“‘m ¥ -

- waZue AT SN +—S|n£uc.nv-Z_Ak. e cwIn? ~
h-
- ,
-—% sinfu siny Z“‘ A.e “'S»nhvj
a2

After substituting these expressions into the differential equeticn
(Bqe 3.5) and collecting the terms containing the series, the following
relabion is cbtained:

-’— Siav coar + f— [SMK“-WV&“-Z""*- m%usmv-m Z‘D'] +

-
2 -2 —n ,
+ % e sinreogr (Cos?vr - conbFu) = -‘% Z nA,e" [c«m{u $inv Cod T +
h=2

348

o
+ siuﬁumv’sinnv-:] -I-Zg'—smlwr Z WAke-wmnV'+——5mﬂ,Zu.Z‘1Awe— Snhv
- hs2

nIL

Trensformning Eq. 3.8

a- ol ~u a.g- ~34 I—L bl (L IS ) IS
‘-}—smw,; ?—e, §n3v— S+ = ic ( Cod u) S'“Z”—‘*Zﬁ q, ,gmzhr__
o .
Aa -t~ _ —(n.H) ’ ;
=5 ;”A'fe' Sl (ht) V Z;WA S‘m.‘(,@ Dv 4 3.9
L z & z ~(n-2)un
'f'__Z“’A""e' .Sm.(w-t-z)v— -.&_Z nAke Séy.,(n~2)‘v'+—Z wAn & Sthnv ~
3 k2 h=2 3 A=l
0 ~(nt2)u
-—-%;—Z WAA.@(“' ) Sinnv
w2



The expressions containing the series can be combined for velues
of n 2 3 resulting in

2 “‘“‘(.
S(M)’-{-(q 7R )3‘“2""‘2% 4 Stnzv"f'a'g-(. sm3v—+éq Lz“xmllv‘_

A, St 2% 4 CﬂAz + 34'/4’3) % 5in3r — (ah, +3g,4 )ESu\ St 4

*lﬁ ”l’%

—
-

3,10

[\18

{L&(h ')A +anhA +2& @(hH)AM,J[Sfufus.mevwmdumnrsmv]

>
n

3

The values of the coefficien sﬁn can now be debermined by

comparing the coefficients of the corresponding terms of Eq. 3610

Thus
g a4
47 A4 ¢4
8p _af
4‘A2+_§8~ A‘5=7 3011
/(" 3a £ = _&.L
q-A,_+ 22 Ayk T A i
and for n24
-l 2
b A Tand, 4 @(ufl)/}u_, =0 3,12
4 4
introducing again A= 55— end setting B,= %’:— one obteins by
solving Eq. 3.11
=t _1
5. = 22+~ 8
Ty & 3.13
B.s = T[T. N 31"]

and for n 24

| 2 | 14
(wt1)3B,,, + 2B, + (n-)Bp, =0 s



Eqe 3.14 is & difference equation of the second order. Let its

fundamental solubions be h}.(n) end hy(n). Then

Bh;m,ﬁ,ax) + m, fxz(n) Sel

where ml and m_ are constants.
2

Assuning h{n) of the form

- | h 5016
/K(w el

and substitubing inbto the difference equation an slgebraic equation

for p is obtained:

§>7-+.—i-'-§:+_|=o 3617

The roots of this equation are

=-Jd VL _ . - _1 ! . .
9= el l ) ?,_--—A--V——;—’:—I ) 5.18

Thus, according %o BEq. 3.15 and 3.16 the general solution of Eq. 3.14
is
w
e\ "
=my L (L YL (-')() _'.-) 5,19
Bn‘“lx(‘x#*V’ﬁ. ) +m'=-—;:— 'x'l' Fe |
It rerains to determine the constants my and o e This is done

with the help of the known values of BS and B4 given in Eq. Z¢1&.

Combining Ege 2%13 and 3.19
' : 3 —3
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Expanding the binomisls and rearranging the terms

B, =

om| -
]I~
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+3- =)= (3~ %)~ (P m) - & (30 -

[

3.21
¢33 == (G l{mem) + (3 -5 )i m)

solving for (m, = m_) and (m, + m,)
b T 172
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Carrving out the multiplications one cbbtasins finsllv
g

TN
uw!.r.

M=~m,=0 m+m, =L

‘it@c:
D

m,= mz=7'r 3.23

Thus Eq. 3.19 becomnes

B, ='q'-( ;WVZ___) +.(1J (_L +‘/3;- ) 3,24

The "potential" ¢, is consequently determined, and the downwash

2

velocity w, at the wing, corresponding to 4¢P, cen row be obtained. As

W ‘?qo, _ 2« 9q 6v~8<p
v 2?%’*(2;: KE 3(4 t Bz o

5 3625
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_5:( sinliu + Sint o)

one obtains by substituting for the partial derivetives of &, and

setbting u = G ¢t the wing
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0

Introducing A , replecing A, by% B, and v by &

h=2 -

W ¢ I I =
(__r_) =‘~-—°-'————-e— llﬂ’-‘— I + Cn ‘o —Zmah’e-{ 3627

Rewriting this relation in & more convenient form
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The expr ien for the series can be obtained by combining Eg.

.13 and 3,24,
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BEg. 3.28% can be rewritten as

o "
Gt 20, 1N o |} - L) h
2 Bionne = acl- gy c"" e, 71- [ —7.} +(-0) ( x-ltx ] 3,30
n=l

2N P

This series cen be swmed with the help of the well=lmown series
for log (1 + 2z}, where z is a com plex number. Teking the real part cof

the logarithm

(2%

-2 &z(l—-?.)= Re gﬂ;&_
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Thus
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end from this, using the relation €%© = cCogo +(§ine

| | 11'
E l/ -l - )come =7_£°j[z(|— v«—)&)(wxme)] 8435
Similarly
{20 _L ; .A.L
AN ! T
; Lt + l) Coanb = 3 &j[z(u\/’zlw )u+xme)] 3.34
Substituting Bg. 3.33 and 3.34 into 3.30 and combining terms
B ==t L 1 : 3.35
Z;L wlrine 73, G0 + w26 4&3[2(A+cme)]

Using this relation in connection with Eq. .28 the downwash at

the wing is obtained in the following, final form:

A
[$7]

i"f) _ a1, _cme ez bala(rrene)] 3.
(Ui-.o— T28)2 T 2(Lreme) (Rt toe)  A(% +ewe)”

Eq. 3.26 and 3.1 represent the first particular solubion of the
prob lem and the complete solution is obtained by combining these

resul%s with the particular solutions obbained in section 2.

4) Calculation of the Lift Distribubtion by Means of the Least

Square Method.

Based on the results of the previous sections the problem of &

wirg in linearly varying flow can be formulated in the following menner:
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The velocity of the free stream is given by the relation

U=TU,(1+ Aeme) | oc0&T ~ 4.1
The loecal 1ift coefficient CL at a given shtation along the spsn

is expressed in a series of the form

L 2 .
€= Te0% — Z L. sinne 4,2
2 Py

and the commection between the 1ift coefficient and the effective

angle of attack is stated as

ifh [Sihne ~%° n %ﬂ'—] = % ma 4e3
h=i ,

In sections 3 and 4 it was fownd that for n=2

£§=C, h §iwhé + I (M(u-l)o_m(uﬂ)e)_'_ LN e
I CEE s 3 M R S A COT Sy

1wile forn =1

a
o
A

woeo[ cos & _ 928 fog[z("""'e‘*iﬂ
ﬁ=1[7+ 2(tse+ ) S(we+x) Hdlme+rx)T

(&)

Equetions 4.3 and 4.4 are the basic relations for the solution
of the vresent problem, representing a set of simultanecus eguations,
linear in the wmknown én‘ An exact sclubion would reguire, of
course, an infinite number of equetions, howsver, an approximation
of any desired degree of accuracy can be obtained by replacing the
infinite series by finite series with a sufficiently large number of

terms.

stant velccity a set of

et

In the case of a wing in & flow with cor

4o



similgr simultaneous equations has to be solved, and there are twe
methods of solution that have been used quite frequently. The first,
developed by Glauert (ref. 4) consists of satisfying Eq. 4.3 at a
limited number of points along the span and taking as many terms in the
series as the number of points. The second method is known as the
method of least squares and it was applied to the Qonstant velocity
case among others by Gates (ref. 5). This method requires that the
square of the error remaining in satisfying equation 4.3, averaged
over the span, shall be o minimum. The average of the square of the
error, denoted by E, can be expressed on basis of BEq. 4.3 and the

relation dj > Z scnode as follows:

E~-— Sane{ze [S‘wne-—m“r"’ ——md} de 4.5

And minimizing it
’aﬂg ol fStM {%fkfg.nne 1"6—% ma(}{smm - %m %—t—} de 4.6

Again the number of equations will be equal to the number of co-
efficients to be calculated. The set of simultaneous equaiions
obtained by either method is linear in the unknown coefficients Qn
and thus the values of the ﬂn’s can be determined without difficulty.
The least squere method affords, however, very likely a better
approximetion than the first one, for an equal number of berms and
for that reason it was used in working out the solution of the present

proble,



Inbroducing the nobation
sine (Sinne —am %‘”}Gne Lo 7
Ege 4.6 can be rewritien

az = "f Zf@ G EmaSine]Gyode =0 8

Here, according to Eq. 4.4 and 4.7
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Glo= SO T UT 3 Sine + 4 teme (% tene)” 22(3+ )"
sihe crale sine bgl[2(5+ce00)]
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BEg. 4.8 represents a set of simultaneous equations that can be written

as follows:
L 2 T v ‘)‘r'c
A f@,, de + Lf Gr0Go o + ---- + [“'[oé'”’ G do = f? ot Sine G, cle
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The next step is the evaluation of the above integrals, represent=
ing the coefficients of the wmlmowns Kq. These integrals are poly=-
nomials containing terms of the follewing general form:

a)

I s T coano de
o T g (5+ x0)

/ LAY
b) ¥ = fzhne df(
! o (1'1» ceio)
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Introducing this notation and using Eq. 4.9 the integrals of Eq.
4,13 are expressed with the help of suitable trigonomatic relations

in the following form:
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With the help of Egs. 4.12 = 4,18 it is possible to calculate
the constants in the terms of Eq. 4.10 provided that the integrals
appearing in Eq. 4.12 =~ 4,16 are known.

If the ceefficients [n have been determined, then the problem
is solved as CL, 1ift force, induced drag, dowawash, etc. can easily

be calculated on basis of the relations given in section 2. This
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will be discussed in more detail in conumection with the numerical

example in section 8.

o , O and K.

5) Evalustion of the Integrals Iy,os I s
: Al g C Yig Tig O

Five types of integrals appear in the simultaneous equations
representing the sclution of the present prcblem., The notation used
in comnection with these integrals is given in Eq. 4.11.

In this section each of the groups of inbtegrals will be taken

up and the method of their solublon indicated.

&) The Inbegrals I I ., I and I .
A 13.,1’ 1’132 ﬂ,s n"gﬂ

The evaluation of these integrals, in closed form, for different
values of n does not cause sny difficulties as shown in Appendix C.
However, the calculations cen be greatly facilitated by the use of a

recurrence relation, This recurrence relation is obbtained in the

following wenner s

J T
= [ Late-ie 4 calnt DO CIng code do Bel
bt T ot = — de = 2 tonecvieds 5.
‘ T Grese) L (f+eme)
Bge. E.1 can be written ss
" | |
o ne (e +3i~ %
jk-llp(‘f‘jhf()g( = Zr l = 0(9 -
o 3+ c00)

{1

T conede z Jv coynede
- 2| _mnbch
o (hremoY ! AL (4+eme)

Replacing n by n = 1 in Eg. 5.2 the following recurrence relation

is obtained

-3 D¢

= - Z
314,:;\ - —2 jh-|)d-1 A ju—t)x h=2, o
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It can be shown easily that this relation is valid also for the

integrals of the type Il; s HY
¢4

and H . It should be noted that
o Tig G

Ny o o
one of the terms of this recurrence relation has X as & factore.

As a consequence, the integrals evaluated by Eq. 5.8 are obtained for

small values of A , as small differences of large bterms, resulting

n insccurecy, wmless the integrals decrease rapidly with increasing

For this reason additional recurrence relations had to
be developed for some of the integrels under discussion as shown in
the subsequent portions of this section.

Considering now the integrals In 12 recurrence relation is
$]

obtained by setbting o« = 1 in BEg. 5.3. Thus

ju”= b4 7«—))0 - i‘ Jk—l,! - ju—z,:

Se
If the integrals I , I _ and I, . are known, then it is
Tig O I},l 1,1
possible to determine the inbegrals I ., for hZz2 from Eq. 5.4.
3
Now T
Jk‘°=£cﬂuedo=o for n#o -
3
an 76‘0 = f de = -7!'-
Furthermore,
™
de A
j<’u= o htesds FW 5.6
end, according to Appendix C:
|
j R W&ned& T A 1= VI=a% l
h o1+ we Vi-a= [ 1 +Vie 5.7
Then
2
71,1 = 3 :7»,; - :’o,|
73!’ == .z—i I3y~ :r’;f 5.8



With the use of Eq. 5.5 = E.8 all integrels of the group In 1
,.
cen be debermined.

The next group of integrals tc be considered is Ir o Substibubting
1s

2
Jh'zz 12 jh"l)I - 'x ju—lll - JI\—Z,Z 509
The integrals In 1 have been determined above, and according
&

to Appendix D

Jpa=- [:Iv:w] [’* 'T‘W“T—]

5610
| X ~Vi- ¥
ha= ¥ ‘l—'———___.J [Z + l
‘ =A% {1 +Vi-2v Vi
Using these relations the integrals Ir 2 can gll be determined from
Ly
Eg. 5.9,
Similarly for a = 3
2 -y
7“—'3 =2 jn—-l, T3 Yz = Ju-zz 5.11
The values of in o are again knowa, and according to Appendix C
Py 3 ]~ Yo 2
=-IL ! ( I )
jp,g" z[‘/'_}‘z] [’+Vl ] [6 9 )+5 [~ = ]
3 5,12
A 1= V1I=2 &
J =£[r—- 2= 12 (1= 3 r-——]
R Yl !+V1-A’—J [ ( ) * ( Vi )
Firally, for o = 4
= -z - 13
Jh'q =2 jh-l)'s X Ju—l)‘-f 7“-21 ¢+ , PR
and :
3yl [ [oen ~——\,-z' (il (-]
— - — z - - =
M= [\/(-?? l/+ = -2 A 5,14
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b) The Integrels IV _ amd I' .
'f.;,,l }f‘.’éu
Whenever

=3

Lge Bed does not 1

sults deter=
mining the integrals belonging to this group, some albernate tions
cen be substibubed. Thus I car be caleulated by combining the
g
ecurrence relation 5.3 with

& vower series inm A , while cond
recurrence relatlion

can be used in the case of the

@
2]
o

fx.,z
it o will be concidered first. B
I.}.’J.

j:\”= 2‘3I —z—jn-ll

T 5615
h"/)e-‘ A K‘zl
and
/ L Zz for odd values of n 516
N ,f Siunedd = - oL
" ° = 0 for even values of n
Furtherumore,
{
jou: 0
3/ —[—-—““"de Log (A2 5.17
W™ ) T h cond p T—A
o X
Pxpanding the logerithm inbte a power series
2n-1|
-
7=afa+d A T ] 5.18
i~ [2' 3T 7 2n-| .
Substituting Bgs. 5.17 and 5.18 into the recurrence relation
5,15 for It
2s1
4 .
AN X e
Z‘=23|)° .] -70“ L‘ 4[—3—* r + +‘ ] beiv
Similarly

r 3 : 2u-!
! Ay IA (éh"s)]
I3,1= 2:’1(0 X 32 { I,I = ¢ L 12 * [ n2-9 5,20



Bxpressions of this form were evaluated for the integrals i; 1
ily
sovering the range of n fromn = 1 to n = 12, and powers of A

Hext It will te counsidered. A recurrence rslation can be

s
obtained for this group of inbegrals by partial integration.
T
I Schnede 5, 21
Id £ oA
° (A‘*"cﬂe)
Sebtbing
o ! du = & Sinede
e > T (L A 5422
Grewt) G v en®) -
end
‘ G
dv-= sinnede , Ve — —Hug
Thus T T
Ty w= fudv= [uv] ~ [ v 5.23
(]

m
7! =( i L e(_[ (tho crsne do 5.24
hlo‘ h(_l.*me) Jo ok ("L\-}' CO‘OS)A-H

O

-l
| (13" ! X / 5e
R L(i—:)" svaeicl K—[T‘”’)"*' -j““)"‘*'l i

Replacing n by n - 1 and o by ¢ = 1 and substitubing

+the following recurrence rslation is obtained

3

even n's

! ! ! - az’
ju,z = jn-z,z"_z(""'l) j“"')l _%[I“XL'J ' °

and 525

/ AT
e Tt 2000 Yy +4 [755] for odd n's



It | has been de nined above, L' _ = 0, and
g i 0,3
-
T k=
jll =j' S‘Kede ~ f’t‘Zdt _ Z.A 5'gf;7
)2 T = z
@ (i*%a‘) '%'H "‘A

Consequently all the integrals I' , can now be determined.

¢} The Inbegrals Hl?l o
3

.

Agpin e suitable recurrence relation 1s obbalined by par tial

e[ " lgla(xrene)] 5,28

I\.(_
' (4+ cone >
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l .
U= &?[z(§+ma)] . Au= -Sinedo ASing fog[l(%_*'me)]de
(7 + woe)® (% +ewst)™"! (Grase ) ) 520
. o )
doe- sinwne de ) fv-.,._wmm,e/
the Tollowing relation is cobltained by partial integratior
+1 ,._
H/ = [ l)” &? l)] 202[2(34")1 ! 3 _J/ -
LI (- \% I | ShtignT Ve ar
A1) (3*1) 5,30

& / /
+ 5= ntlyot | Huq)dH]

subsbitubing ¢ = 2 and solving

Replacing =n by n = 1 snd o by o = 1,

for Y
g2
Y/ 7 /
1oy () Log 2041) ?o 20440 | The =3
- -~ — a h,2 h~2, T
hs Mgt 2(n l)H“ -1 ‘ AL & + — L Be3L
.l—l ;\_""‘l 2
The inbegrals H' _ can be calculated using Eq. 5.31 if the

ed with the

o e

inbegralis HY 1 BT knovwi. ese integrals can be debermin
&
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the recurrence relabtion 5.3 and of the following expresst

F

for the evaluation ol *the inbegrals Hz’l o:
3
. "‘*'l} [;(.‘-;)] + jo r2(d+0y - ! j’ - ] 5.32
Hw‘o“n 1) 0q L1203 JLeta s | InHhl T S nel

his relation follows directly from BEg. 5.30.

d)  The Inbegrals H R

s ° . » . . ot n T e "rs“-»
Agein partial inbegration is used to obbain a recurrence 1oriu uls

in addition bo thet iz Eg. 5.3

f %L’Z(x*&m)jmwdp  as
W,d 5e
-x+°*’19)
with
Y= M v ody= —sinede & Sine &22[-&4'(‘4&!9) .
(3 +ene) ’ (k+cmp)?H! (4 + e0a6)*" ! ) 5.4

dir= evons de T:I, sinne de

-

B Iy » - e
wnbsgrating by parts

2(u~1) .
Hu,a a(( H“" al t Hn-z o '1‘ [7;».,( =~ Tn-a d] 5435

an additional relation is given by Eg. 5.3

- Z 5,56
Hu,u= 2 Hw",vt~l Hu-z,a( - A Hrer, *
Elimineting from Egs. 5.35 and 5.36 I, 1 4.1
A e g T
Arn-2 2 h-l| | v/ N} e =
= - _ e = — +—= Yn-r,x “h« 8¢ 37
H’h,p& v h-2,d n— o A n=-A 'n-La A= ' 1™y

s o - « . e da o o
T™iis is the relation that will be used to evaluate most Ol Tueé



Considering first I o » 59, B.37 is rewritten for o = 2
Tis
|
h H --—2'—i~—, +’—‘“‘;Ju-zz"7nz )
HL.,L" A~z FlR=22 X k-2 H“""}" -2 f ! Je Y
Ige 5438 can be used for n 3, as n = 1 gives =n identity due to
= 2 +the equation breaks down.

the {acht that H—-l .2 = ﬁl,Z a1
o he found in a different manuer,

Thus i and I have
)2 2,2
Considering Hy o Ege 5.36 gives for n =1 o =2
2 5. %9
- = 5e3
HI,‘L o‘| A Ho(-,/ ‘
This relation introduces two additional unknowns dc o snd H
k4
They can be calculated in terms of a power seriss inm A . H ,1 o
be transformed in the following way
T
s ™
H j’&jfl(-;'f‘ma)]ﬂ(ﬂ k(& 7 /&, l)f dg [oﬁ(”l%b)dS 5.40
Y j = - FEY Y %] *T
S st wne A A I I+ Al
Integrating the first term and introducing well=known power series

and for (1 + Acos @ )
w o m wn
-“-'-(?\Cvﬂe) Z_(’l) ()"me) e 5
ms=\

explicitly and interchanging the order

41

for log(l + Acos & )

NI T
H 7 X.‘ZOZA-}_X{ ,,,,,<-”

Writing now one of th

13
o}
H
5
B
ci
i.l-
Q
=

of integration
(-l)"" r 1. 2 K: ]Idv

7L7r[&_z_~1{§ f

g 71>
The definite imtegrals can be obbained term for term using the
relations ,
T (2m-1)
fu cod oos = o
and Bed3
T/ |
(2m)! I
- I
d 22" i)



w23 fon

Substitubing Egs. 5.43 into 2gq. 5.42 one obbains

(2m)!

22" i liml

H,', 2 -][Z Z»wH [’,_,,..L.; ---2__“_‘—

This can be written in the simple form

Moy =i by 3 = Z‘ A R e

The numerical consbants Pn ars btabulated in Table I for the

13

range of values of m from m =1 tom= I3,

Similarly it can be shown that

ol m

!
2m <2m)
2 z - 2m  2m~l o ' = am
Hop = Joz bog 3 “Z“) e R P BN
This again is wribtten in the form

Ho,z.:j,,,, &3; -TX Z(-:)"” R 5,47

m=y

where the consbants Rm are also given in Tabls I.

Using the waluss of Hc 2 and Ho 7 evaluated in this meamner it is
& TE
possible to caleculate H, 5 from Lg. 5.39.
k -9
HB ~ 18 calculated follows:
]
Using Eq. 5.36
548
ISP v
HZ‘L_Z‘H)[ ,A, H')L HO}_
and also P#
“" - 3o 43
H"’ Z Hpo Hb' f}owv

Elimiasting H from Eg. 5.48 and 5.49

1l
2 2 -
H’I"‘= Z Ha'o - Ha.a - X Hl,z"’ Ho.z_ 5450

and using

Hou= [ bg[2lk +eso)]do = oy [+ /3 1] 5.5



H, , can thus be calculated and using the values of H and H
L Aot 1’2 2,»4
all other integrals of the group Hn o CBN now be determined. To
]
caleulate the integrals I and H s using the values of the
3 ngd
g« Dg

that are already known, & recurrence relation

integrals I and O
Py

1’.}.,2

is obtained by adding and subbtracting Egs. 5,35 and 5.36 and

eliminating H*l _— hetween the two resulting equatiouns. The followiag
Nl o Q

relation results:
l A
ZHu,x[’ ‘X‘,,}(*V") S 2(‘””(‘2) H‘n-;),(-l + N (h-= ‘H) Hh)shl + jh,u" 7u~a,u -
|
Y ( 7k~1,a - jn-HJ-d)

¢) The Integral K.

The last of the integrals that have to be evaluated is

K= r[/z‘,; 2(7‘,; +c\ne}:[zsiu‘eda s

A (£ rene)?

Substitubing Z(x+eb)=1t , ~2sinede = df Eq. 5.53 can be

rewritten ‘ / (Z,?{') *fine ot

by partial integration, sebtting

2.
. _[hyt]dr g Lbgt]”™, 26gt 2
0{“— tq ) sfg + ﬁtg 27t3 5.55

Ar= Sihe 5(/0'; me&ée’

5. 54

one obtains

23 2 2 R
Kz“’g M-3 :,3*57],,3 5.56
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.

Wke?s
r 2
M- [logz(li—amé)]mede 13_[ [by % +Lg(1+A6000)] cyop do -
b (-—4—0&0)5 § 0 (l+3m6)3 ee!
Squaring the binomial it is possible to transform Ege. 5057
v bia (1+2¢530)] “con 6 o
== £\) ‘7; _'—- A_L_ f{ 9 Pn58
M=oy 3] 30+ s + (1+ Acos6)

It remains thus to fin

fr[&g[f‘fﬁme)llmeaee
o (1+Ac0)’

Substitubting for [(Og [H‘ﬁmejl the square of the well=known power

series 3
AF et Ao e

&Q[HAWJO):%MG* s— t —=s— t -~ 5459
the integral can be writben in the following form
"Lyt Mem )] emode
{ o
[ ) ?[ + Crdb j E auA m 9<1+A&n6)c£9 5,60
[*d

o ((4_.(\[4;:\9)1

rzj
where a o &Y numerical constants,
-3
Expressing ((+ ACord6) in e binomial ssries, multiplying it
with the seriss in Bg. 5.580 and iantegrabing term by term, using the
relations given in Eg. 5.43, one obtains

f[&:;(u'ﬂ.mbﬂ “oronde Z)”\ (2n)] L 7&]

((+rcos6)’ 224 pnln!

!
Setting ff"\) = j the integral is expressed in the {inal fomm
2



sl o

T 2 o
[bgl(tr2em8)] trgode _ “‘LZ [ St
0 3 B
(t+renn) =)
The constants £ are tebulated in Teble I, Using this inbegral

n .
and the values of 11 3 and H, M and finally K can be evaluated
¥ ke

K ,3

according to the relations 5.58 and 5,53,

6) Numerical Example.

As an example, the case of & rectangular wing of constaent profile
and of constant angle of incidence along the span is worked oubt. The
wing has san aspsct ratio c/% = §, the slope of the 1lift curve for the
profile was chosen &s m = 5,87 per unit radian, the angle of attack
selected was one radian. The velocity at one of the wing tips was

chosen as twice the velocibty at the other, i.e., using the notation

introduced in Section 2,

U;:a’—-'jﬁ: )‘UL= &‘F—Ze: 3 U;:CL
a;nd as U;_'*Zm i.ec.’ g- ‘e_
W, 2 -2 L =
T, T2 qa = AITA) G s Irgg= 1A

thus .ﬁé?}:
The example is calculated by the lsast square method, following
the outline of Section 4, using eight bterms in the serias for CL s leCes
eight simultaneous equations of the form given in Eq. 4.10.
The first sbep in the calculations is the evaluation sfﬂthe

i 1 - . .
, B , H' and X for JK.’-E fusing the relations

inbegrals I s Lf
D@7 TeQ” 1l Ny

given in the previous section. The result of these calculations for

he required range of n and o is summarized in Table II.

e
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Substituting the values of a, from 6,2, and carrying oubt the

indicated operations, one obtains

Ly = 5.2977 ly = 1613
I3 = =.1423 Jg = +0002
Iz = .7270 Ly = 0435 853
£y = -,02143 lg = -.0013

Y-

Using these valuses of the coefificients the local 1ift cosfficients

can be debermined, according to Eg. 2.5, i.e.,

e 4
CL= =° wSinne 6.4
c n=l
Substitubing for & +the value corresponding to the span statbion
using the following relation based on Egs. 2.2 and 2,6

47=_j__-—=-c‘;49 > O—FQ__“ 8.5
s
Here ’ﬂ is the disbance slong the spsn, measured from the center of
the span, and expressed as a fruction of the spsen. The 1lift force
. . } 2
referred to q,‘,coz-z-gcom
2
L _ U ¢
! r T L 2
< pCoTs V.2 Co

The induced angle of abback can be determined according to Eg. 2.17

= ¢, (1+remo) &

_uI.:_c.-Lé——-d 67
U o
The induced drag coefficient is given by
u’.—
bupe 6.8

and the ratio of the drag force per unit span to the square of the

velocity at the cenber

> . s\ <& - 8.9
e = Oo(reR0) e



The quantities given by Egs. 6.4 = 5.8 were evaluated, using the

coefficients ’4~ from Eg. 6.3, at 10 sbations along the spem., The

results are given in Table III and plotted in Fige & - 6,

For the sake of comparison the case of constant velocity across

the span was also calculated for the wing under consideration.

The following selbt of simultaneous equations was obbained in this

18958 {y -.5447 5 -,0540 [ =.02200 £
-.84470 £y 43,0324 [z -,9927 5 -.1336 Ly
=.0540 [y =.9927 [z -5.3636 [p =1.3179 Ly
=.02400 {7 -.1335 (3 =1.B179 {5 *8.4058 {7

And the solution, obtained by inversion,

.5789 &y *.1480 ag +,0356 ag +.0096 ag
1480 a] +.4272 ag +,0856 ag +.0206 ag
0355 &y +,0856 ag +.2111 a. +.0346 ag

0096 &) +,0206 az +,0348 ap +.1247 ag

oo u

ST

The values of the coefficlents AZn_are given below,.

B ounou
@0
]

LI I ]

9.6841

bt 'Y 5120 60 lO
e 2160

-, 07200

The

i
corresponding coefficients for A= 1/3 are also shown, for sake of

comparison,
A=0 A=1/3 | A=0 | A=1/3
£, = 5.3361 | 5.2977 {.= L1507 .1613
1 5
{s = 0 -, 1423 Vg = 0 .0002
Lz = ,6872 7270 l7 = #0412 «0435
fa= O -04143 Il fg - © -.0013

Again distributions of Cps Cps w/U, et

tcey were calculated. The

results are tabulated in Table IV and plotbed in Fig. 3 ~ 6,

The total 1ift, obtained by integrating the 1ift over the span was

found to be L = 428 , the tobal drag D = 0550 , and thus

/D= %78 indi&aﬁing an increase in the L/D ratio due to the none

wiformity of the flow es the corresponding value for the constant



ractically wi~

a

Fiz. 3 indicates that the 1ift coefficient is

=

changed due to the nonumiformity of the air stream, as there is only
2 slight decreasze in Cy at the high speed end of the spen and a slight

increase in Cy at the low speed end.

7) Comparison of

Present Results with Those of X. Bausch and of

Fe Vandrey.
F. Vendrey (Ref. 1) treats the problem of a wing in a spanwise
varying flow by replacing the conbinuous function of the velociby versus

spanwise distance by a shep function. IHe takes =n sbrips of constent

-

velocity separated by plane surfaces of discontinuily, l.e., by vortex

e rithin each of the strips is ire

sheebs normal to +the span. The flow
rotational and by considering the flow far dowmstream from the wing
Vendrey reduces the problem to n 2-dimensional potential problems., Let

the pobential in strips 1 and J be denoted by f ; and f j and the free

sbresm velocities, taken constant zcross the strips, by V; end Vj. Then

the bomdary conditlons along the
the strips can be written according to C. Koning (Ref. 7) as follows:

a) ¥o pressure drop across the boundary Ve d = ]6 -@J'
. 2&.
) Yo flow across the boundary —V—:- = _._...___.-f‘ /on 7.1

The wing equation (Bg. 2.13) for each of the strips is glyen in the form

4_(3@,; 49 _ xV: | 7.2
219 ?'o Cm

} where V. is the mean velue of the free

u vul ig, Ve v G

Ve
E

2l

treem velocity, and nobicing from the firs

o
Q

£ Eg. 7.1 that the

b

velocities Vs are irversely proporticnal to the pobentisl @ 19
Vandrey assumes the pobentisl to be of the form fél (1 - vi}fo

where represents a potential corresponding to the mean value of
[»} & <



-45&-

the free stream velocity V.. Dividing Bqe 7.2 by (1 = vi} and
expressing $ 3 in terms of §o one obbains

{ aé; éo
This equation can be considered as represonting the flow over a
fictitious wing with angle of attack ol + 2 v;) in a fiow of constant

velocity Vg, a problem that cen be solved with the help of the Prandtl

wing theory. As r=2¢

C=(-w)n Ted
and neglecting second order bterms
eV.lg = o Vi T, 7.5

Thus the 1ift distribubion over the wing in nonuwiform flow is,
according to Vandrey, the same as that over the fictitious wing in
uniform flow.

By assuming an infinite number of strips, i.e.s replacing
effectively V=V, (1+ %) by V(g)-‘ Ve (14 Ty ) Vendrey!s
method cam also be applied to the case of conbinuously varying velocity.

Vendrey calls attention to the fact that the second of the
boundary condibions 7.1 can only be satisfied by § 3 if first order
terms in the induced wvelocities are neglected. This is due to the
assumption ﬁ = i [I- U’;) « Vandrey tries to estimate the error
caused by this inaccuracy, hcwaver; his reasoning seems to be rather
speculative, In order to obtain s more factual evaluation of the
merits of Vandrey's work, the present example was also worked out

using his method. The results are swmmarized in Table V and plobtted

in Figs. 7 = 1@,



-G

The solution proposed by K. Bausch (Ref. 2) is based on the
assumption that the Prandbl wing equation remains valid for spanwise
varying free stream velocity. Bausch writes the wing equation in the
form

'2,"(%%%- + L['"'— = Vig) & 7.6
where V(y) is the varying free stream velocity. Bausch reasons
further that according to Eq. 7.6 §5 is only a function of the
product of V(y)o rather then of V(y) and o ‘separately, thus the
value of @ as determined from 7.6 is unchanged if the following
substitution is made

Vipa= Vs oY) 7.7

where Vo is a now constant free stream velocity and a{y) & fictitious

twist. Thus, according to Bausch

(8] =[3 me 7.8

Vig)a\
snd consequently the 1ift coefficient
[e] =X [c] 7.9
Vey) o Viy) Ve ly)

sed on these relations Bausch calculabes the 1ift coefficient-
distribution for a ficbitious wing with twist «(y) in a flow of
constant velocity V, and converts it with the help of relation 7.9
into the 1ift coefficient distribution across the wing without twist
in a flow of varying velociﬁy T(y).
Bausch's method wes also épplied to the present example and the

results are given in Table V and plotted in Figs. 7 - 10,



A comparison of the approximete methods of Vandrey and Bausch
with the present solution, alsc plotted in Figs., 7 = 10, seems to
indicete that both of these approximetions are reasonably good, ab
least for values of j{ébl/%, It has to be expected, of course,

hat the approximetions break down if the nonuiformity of the flow
becomes excessive, les.s as A approaches unity. Concerning the
relative merits of the methods of Vandrey aﬁé Bausch it should be
noticed, that Vandrey's results are in good agreement at the high
speed end of the span, while Bausch's dats coineides with the present
caleulations on the low specd side, Thus it seems that the error
introduced into Vandrey's calculations by the assumpbion ga:rjg(/~m)

s

is of the same order of magnitude as that in Bausch's method due to

nlicat:

i

on of the results of the Prandtl wing theory to non=
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Part I1. Lifting Line Theory for

Varying Flow

Bebween Two Parallel Valls,

1) Pormulaticn of the Troblem and Sclublon in the Treffitz Plene.

The flow over e wing leocaled bebween two parallel walls normel
o i
te the wing span is of interest in connection with the design of axial

{low fans snd compressors, two=dimenslonal windbunnel tests, ete.

(\

The problem can be stated in the following menner: A wing of spen b

(Fig. 11) is located betwsen two solid walls perallel tc the x = z

plene, sibuated at y =a and y =a * Db, The velocity of ¥

A

w
<

treem is given by = v, The degree of varietion of U across th

span is expressed, as it was done in the problem discussed in Part I,

er A . According to Fig. 2

UZ-U" = Ul—.zji 101.
qu UZ +Ifl

Expressing this ratic in bterms of the notabtion used in Tig. 11

= 152
A= 5—p

By considerirg the flow at x = + 00 , i,e.; in the Trelftz

plane, ocne can apply the relations obbained in Section 1 of Part 1

to the present problem. Thus & solubion has to be fownd to the

2 2 _
5_3{' az’."'@?g_o 1.3

@
+
%
~N

This equation deternmines the "

defined in such a monner that at z = + 0

ely)=5 L(y) | L2



vhere T{y) is the Iift per wnit spsn.
Bquation 1.2 has to satisly the following boundary conditions:
a) the "potentiel" ¢ has to venish as z approsches infinity.
b) +the components of the disburbsnce veloeity in the direction

normal bo the walls has to vanish at the wall, i.e., according to

Ege 1,11, Part I.

d¢ -
m?’“:—?_l? (Ta‘g—)ym =0 (")ymg’ F!g (‘55_)2__“@ =0 . 1.5

To satisly these boundary conditions (p is expressed

¢ ly.2)" A< A %(‘;) 1.6

where X‘L-g) is sn uwnlknown funchtion.

following forms

By substitubing Ig. 1.6 into Eq. 1e3 the following differential
seitinhyon for ig e Anied

equation fov %4 (g) is obtained

H ’} By

Eg. 1.7 is e of the equivalent forms of Bessel's differentisl

» - & ® Py Ty
equation end its solution is well=known (E.g. of. von

-

ref.8). It can be shovm that

%l‘a Zs/; (}"‘3) 1.8

provided that 23 L. denctes the general sclublion of Besselts eguabion
of 2/2 order, that can be expressed in the following form
/ s I -




Fge 1.8 yF(7)can he rewritten as follows:

ot A (somwrm ey o] + 8/ GegSiba e mnn)

where the consten®s A' snd Bf have to be evaluated from the bouwdary
conditions. As 9?/8@==0 et y=a and y =a *b, it follows

from Eg. le6 using the relation
1

Mty) i . ! 1.11
P ] A frn + B CVT) -
B(y) By Tinpky #3 2O RrY
that
Alsinpa + B empa= o .
1.12

Al si hy(mé’) + B ’my(afﬂ): 0

AY end BY are conshants different from zerc, thus the deberminent of
their fachtors has to vanish, j.6.,

Sinpa Cgplar &)= ~empa finp(a+b) 1.13

| ﬂ@=urr 1.14
Substitubing this result into Eq. 1.12, one obtalns

B/=—A tan] ] 1.15
and finally, by substitubing BEgs. 1.14 end 1,15 into Eg. 1.10 and

introducing & new constant C

ACIERS [Sl'm CuCT AR A7 m*ﬂ%ﬁ’] 1,16

It is now convenlent To set
y )
C=gpCols & 1.17
where the subscript zero denobes conditions at the center of the spen.

Using Bgs. 1.16 and 1,17 a particuler sclution of Eg. 1.3 can be



w5l

expressed in the following form

2 —aTR T pfi(y=4q) W Wir(y=4)
I‘S.’I/\ J d () 1.18

{ 4 6
Aecording to Eg. 1.4 the 1ift force per wnit span is given by twice
the value of the "potential"™ at Z = 0, i.e.,

Liy)= 2 Pege)= @t > elye) 1.19

The particular solution of zero order (f;= const., and thus

it sabisfies subomatically the differential equation and the bouwdary

Subshitubing Bg. 1.18 into Eg. 1.8 o dimensionless expression for

the 1ift distribubion can be obbaireds

oo
. (4-4) - ‘
T R e e S R
=y

The downwa.sh velocity at the wing is connecbed with qpas’given in

Ege 1,11 of Part I, l.c.,

_ | o 1.21
Wuzro Bz

§4

This expression can be transformed with the help of relations 1.18

and 1,21 into the following relation, giving the induced aungle at the

- - .
wr T W Z __lg_g (sz) ﬂ[s. WR(4-2)_ hTg T -a) ]
(—U-) :o" 2-_ U e & vl § T & £ ] 1.22

With the help of Bgs. 1.21 and 1.22 the relation bebtween the
1ift per wnit spen snd effective angle of incidence can be easily

expressed. Again, as in the problem discussed in Part I, the value

of the coefficients /eﬁ will be eveluated from this relation.
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B

Thus, combining Egs. 1.20 and 1.22 with tThe equaticn
_ | o =z
L—‘ES’U Cn‘_[D(-PUJ 1.23

one obtains

by . nhly~4) _ niy Wi§-2) 7/ _"‘_"f‘.z —C—E’L
Lo Z b [s - 5 e 10+% 5] = waitlF)

Ul

1.24
niroducing the notation
v &
1.6‘.’ E ) g -'-}‘(’?Iq
U, art |+ 2 1.26

irko Egs. 1.20 and l.24, one obtains the following final relations
representing the solubtion of the problem:
0 , - am er
Sl 4 S A [sieng Th(S) canE ] 1.2
3
EFU° Co k=1

end

e m EARAS b
Lo St fsmsnlg e i e & 7 Jrang R[EEET

1.28
2} The Calculation of the Lift Distribution by the Least
Sguare lethod.
The discussion in Section 4 of Part I concerning the methed to

he used in calculating the coefficients appearing in EBg. 4.2 of
o e

Part I applies alsc to the present problem. Thus, in the light of

those remarks the least square method will be used to obtain e set cf

simulteneous equaticéns, linear in the uwnlmowns Zar
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Using the nobtation

by = [wn‘g ~ (S i) wens If1+ 7 M“J 2.1

and following the outline given inm Sechtion 4 of Part I, the followin

<

expressions are obbtained:

L

5 faL[L*“ké”’“"z;%(%g}]@szd&@ 2.2

a=)

o 7 o ¢ [T +gTW
fo:%£§1EL§+Z\G}“§—MA%?"(/+—%&)] g——o

The integrals asprearing in the simultaneous equation represented

by Ege 2.2 will now be debermined:

. g
' hm__"_ - S = Stunt ThECnh
[ s =125 § 157 3] [ Lot a5

Kzfrm IAS]LSIKS§ —.S% Cﬂs% - S'Q(l — 43S %JC[%
Carrying out the indicated multiplication, integrating and re=

erranging the terms, one cbtains for k# M , using the notation

A=

Zark 2o

h' -
J GGl [l ][y o ]88, 4 AT ™) 2

P2
hmi S w23 1-AY ] o
J’ d§ [:4- 1 [ T ”(5{7‘*?) 2.6
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LUrTnertiore

a 1
g* &Tl— GA§4§= I_é_. mo(')-t[/"‘ nn;fr %] "i—; [2(—]) __’]+
)

~1

AV
.

0 )+% me

1S
«»

[Cade=Z[14 Sl - 0]

With the help of Egs. 2.5 = 2,9 the simultaneous egquations cen be

solved for the coefficients ,{ﬁ. If the fn's are known, the 1ift

distribution, the downwesh angle, and the induced drag can be determined
with the help of relations 1.2C and 1.22.

3} Humerical Exanmple.

The distribution of 1if%, drag and induced angle of incidence on a
wing bebween two parallel wells is determined using the resulbts of
the previocus sectioms.

The wing selected for this example is rechbanguler in plen form and

has en aspect ratio of €, il.e.; ¢ = ¢y = const., and b/%

il

€. The slope

x

of the 1ift curve for the wing profile was chosen 25 mn

Lt}

5,67 per unit

- .

recdien. The parallel walls are located, in terms of the nohtetion used

in Fig. 11, at y * 2 and y = a + b, and the value of wes chosen as
/2 e o S o : o o £ 2 e o L h

1/3, corresponding to a ratio of the free stream velocities at the two

valls of 2:1.

Using these numerical data the integrals given by Egs. 2.5 = 2.9
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These results are given in Table VIII for ten stations along the

spexn, Spenwise plobs of the results are given in Figs. 12 - 16,

showing also the corresponding results for the same wing in a flow of

a

constant velocity. The abscisss of the curves is the distance along

L&

the span in fractions of the span, i.e.,

-a
m= 4 £ , o=m =l 3.10
& Jr

The total 1ift, represented by the ares wnder the 1ift distri-
bution curve, wes found to be 563 s the total drag was 0.1 8 and
the L/D = 3),3

It can he noted from Fig. 12 thet the spanwise variation of the
free shtream velceiby causesonly e slight increase in the 1ift coeffiecient
at the low speed end of the span end & slight decreese of Cp at the

high speed end. These results are consistent with those obbtained in

the cese of the wing without parallel walls discussed in Part I.



Appendix A,

Using the transformation given in Eg. 2.6, l.e.,

@( )
Zlr+—) e +a
Ty
2;‘-(r—--)sm.a
it is desired to express the partial derivatives
2
ELﬁ; in terms of the variables r, 6 . Now
9392
of _ of or  2f 20
8y~ or 33 t %o oy
and
of _2f or [ of 20
9z 9r oz D6 Dz
But also, 5 3 B
Or 3r 24 r oz
or=1=3, et 3z 2r
&l
ar _ o= 2r 2y, Or 32
56 =0= gaef 2 26
Therefore, eliminating from A.3 first g%s then
relations result
J
>__ 5
d 2 24 o2
. §gg§"963F
and :
-2
or _ 2
2z~ Jyor _d4 2z
%%'E de ot
Similarly
o _ 2e 9 o0 Jz
gF_°= 3524"3_2-%?
2e % 29 . 20 d2
% = | 9y 20 * 0z 00
and consequently
-
ge~ o
- 2y d=z
2% -3%52
and
26 _ 24
o
dy 22 _ J4 d2
51_75"'39 or

of
oz

ar
2%

éf anid

bLe?

Ahe wd

the following

.
beb



lated using Eg. Aele

a&l L

ng A.4 and 4.6 can be easily caleou

Now the expressions
| : 2 4 D
f1. 601 L) e B b (e
A7
u_ 4 | ) G (1 .
se=g(1+7) sine; 2= g (r-F)eme;
Hence
dy 92 2y 9=z 4 _,L) 1) ; A8
5% T o [(l r) e + (14 7) sinte
and consequently
-~ (r——-—)me
d [((——)me+(l+ )stue]
’()9 ”('*;Lz,)g"h-ﬂ
22 . —
%4 g[T'[((-i,.,)Lcm%e +(1+5) 5"‘*‘9}
Al

(r+ "F)S‘ne

% “[ (- %) “tote + ((+7) Sw&a]

(1-3) 0

28 = . :
z r LR S 3 A 2
3‘—;——-[(1—-—,:1) atet ([+4.) sinte
uestion can be easily obbtained by

™. #
rle] k’kﬁ_t Lie 2&
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Appendix B,
The differential Eq. 2.3, i.e.s

2 z
3:21 02 ‘}'()g
shinll be expressed in terms of

of new variables

y-a= {: coal o eosv-
z= % Senbu ginv-
Yow ¢ A o¢ O D¢
By~ By du * 93 dv-
snd 2
P _ Ow ¢ , 2o 2%
3% T 92 da T 9t ov

Using relations identical to th

and A.8) 22
ou _ 2v-
P4 puor _ 9y D2
532%7 3v 2w
_2
2 . 5%
2~ 2y 9oz g o%
295 - 5% 5
dv- h 3
94 -~ %4 9z _ 04 OF
4 ’3&_ > Q0 2w
2
ov _ '%%
9z 22 _ 94 02
z g& 53 '7% du

P) é

- . dy
m = _.Z.,SMK«.CM'O- ) 3,,'_
9= é . Jz __
-é-; = —2- Sw..Zu CH‘\,'} az:’—

And o4 92 _0

those derived in Appendix A (Bgs.

Eg. B.2

~-§-um£¢t&7ntk

é

=

coslu Sinv

‘ 2.
- 'f" [sintors sinblu]

Us Vv where

B.1

B.g

td
e
%3]

Be6



Using relations B.5, B.8 and B.4

P Sl'u!u eV . v _ —-mlw Sint
9 %[S«‘n&zu-f S:'m."—ﬂ'J 33 _@i [Sl'n&"u+ St'nz’lr] BT
%#_ . wibu sinv- _3_,,. Sin Zu ey v
F . 2 C ’ 22 J A
'i{_SIM.A w+ Sin v'], E[S(na"u-fﬂn J
o u_dv . du_ _ 2.
9% -9z ! o~ 8«3 !
B.8
and d%u 4_& =5, atva +3"1r -0
24T 23 oy*” 22
Using relations Be3s BuT, B.8 1t can easily be shown thatb
% o Trou (Q‘f_z (¢ 9%
7t 52T J’(-_%) T\ %2 Bu}+ dov
3@1& i 4 - Bg‘
2 % = ! LSl'uﬁu 2 Lusi QQ]
£ 2 v — R bka Siny
190 [ar Eoduonav][sintrarsinve] & i ov

Furthermore

: | AT
(%} + (% = g)L(SiuQ"a-f St'n"nr) | B.10

jo N
l.J ]
iy
i~
O
*
£
o
i
B
()
P
0
e
Lo
&%
of
&
£
i3
t
o)

Combining Sga. 3.9 and B10, the following

ovbained:
~ al 1
[S:Mu mvgw—méahuo%%]:[—z—+ i—m&hmv]}.—i&%ﬁ] D11

3

transformed form of Eg. 3.1 whers the transformacion used
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a=q4: Fily- -3; hH = i
( ) (hﬂXh+zxn+3){(h+'M“*ﬂfw+3)

J “‘(Ms)[f-\/——] +1§ \/—3—:) } Co7

Substitubing these relations into 8.4, the following expressions are
(}D‘L; i .,r\).

njy
RN

k2
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Appen

Outline of the Solution of 2 Set of Simulfbaneous Linear Eguations by
Matrix Inversion Using the lebthod of Submatrices. (Ref. 8)
T™e following sebt of simulbaneous equations to be considered
Y= A Xt b At 2 i X
zl"—' Ay X+ Q Xy + —- . Ay Xy
\ -
" E.1
‘
Yn= A X, T 4w Yo b=~ -G Xy
This set of equations can be written as  a simple matrix eguation
where x snd y are column mabtrices, i.c.,
Xy 9
X= and ';] = "{‘ Bed
1
n
end 2 is the square matrix formed by the coefflicients of the x's.
The above mebrix equation E.2 can be solved for x, i.e.,
d;"l~ T
x: l} » .ngé:
"l s b - ° : ¥ o " Ty L JPY - . )
where & — is the reciprocal” of the matrix a, dslined Of
- '
aa =1 E.5
and I is the walb metrix.,
Thus the problem of solving the Egs. E.1 is rsduced to finding
1 § - o 1.
the mabrix &=+, This con be accomplished by use of several mebthods.
In the following one of them, the reciprocation by the method of sube-
natrices, will be outlined.



wBTon

Consideriag the malbrix &, i.8.,

a,, A, -~ ~-= Arnn 1
Q': qZl Q9 - -~~~ Qzn

L6
1
]
q“! qh\- —-—mana~r A
one can form & ssquence of squars metrices 3, 3? - -~ 3, by progressively
L » e

including more snd more terms

o

s shown below:

Sﬁ[ﬁ,.] 51= 4y An b7

Q2 Gy

Ay G %43 S 1 A3
2

83: Ay Gy 4y, =1 ___-_ ' q_fg__ N
a E,8
a3y Azr  Qzg G31 A3z | Q33

Commencing with the second of these, So, cne can successively find the

de

inverse of §

Q¢
RS

|

- . -1 o £
s 3o ¢bc. The inverss of So; 1le€es S can be foumd
2 Z 2

immediately from

- Q2 — 42
S

= E.9
T q" Qe ~G)Q3; “~Qq Ay

. .

From this 3, can bhe determined by epplying the scheme of computations
)

gy

The symbols of Eq. E.,10 are explainsd in

zested for the numerical wor

51
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’(u = [qgl qnl K= A3

x-St 57 dine[ o]
y= d:lS;l 8'=9(zz"y’(|;

The relations £.10 and E.11 can easily be extended for the caloulation

o
oy et 2 o
TeIeed

- L

of Sé = and by increasing in such a menuner the order of the in
. s . -l B kP wined

matrix step by step the final matrix a can be determined.

e N n
Tor & more debailed outline of the method, ses Refs & .
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