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ABSTRACT

Experiments are described in which measurements were made
of the drag of semi-infinite bodies moving parallel to a uniform mag-
netic field in a conducting fluid. Two of these bodies were moderately
streamlined halfbodies and a third was a blunt halfbody. The drag
coefficients of all three bodies were found to increase monotonically
as a function of the interaction parameter, N. This pa;.rameter was
varied in the experiments from 0 to about 24. The drag coefficients
of the streamiined halfbodies were found to increase linearly with N
for N<0(1) in agreement with a simple theory based on a calculation
of the Joule dissipation. On the other hand, for the same range of
N, the drag coefficient of the blunt halfbody was foundﬂyto increase
negligibly from its zero-field value of 0. 66. For N>>1, the drag
coefficients of all three bodies were of 0(1) and appeared to be
asymptotically converging to some common limiting value. Althoﬁgh
the drag could not be calculated for large, finite values of N, an
inviscid theoretical model of the flow is described fr&m which it is
concluded that the drag coefficient of any halfbody must approach
unity as N- oco.

In addition to the experiments with the semi-infinite bodies,
experiments are also described in which measurements were made of
the non-magnetic drag of impulsively-started flat disks. Some unex-
pected and interesting transient variations in this drag were observed

and are attributed to the vortex formation process in the wake.
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I. INTRODUCTION

Experimental research in incompressible magnetofluid-
dynamics (MFD) was initiated at GALCIT in 1960 with the construction
of a mercury tow tank facility designed for the study of MFD flows
past bodies (seé reference 1). At that time, not a single experiment
on such flows was known to have been performed; whereas the theory
had been worked out for a number of different cases under a wide
variety of assumptions (see e. g., references 2 through 6). The need
for experiments to test the various theoretical solutions that had been
proposed was rather apparent; but it was perhaps even more compel-
ling to conduct experiments to study fundamentally important regimes
of flow which so far had not been amenable to theoretical analysis
(e.g., transition at high Reynolds number).

Since 1960, various investigators have carried out experiments
which have to some extent met these demands. Maxworthy (Ref. 7)
has measured the drag of freely-descending spheres dropped into
liquid sodium; Ahlstrom (Ref. 8), in an experiment in the GALCIT
facility, has measured the magnetic field perturbations produced ahead
of a semi-infinite Rankine body; Motz (Ref. 9) has determined the drag
and induced electric field of an oscillating sphere in mercury; and
most recently, Yonas (Ref. 10) has measured the drag of spheres and
of a flat disk in a liquid sodium tunnel. In all of these experiments
the applied magnetic field was aligned parallel to either the uniform
flow or to the motion of the body. The only other experiment on MFD
flows past bodies appears to be~that of Dorman and Mikhailov (Ref. 11)

who measured the induced magnetic and electric fields of a sphere

i
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moving perpendicular to an applied magnetic field in mercury. That |
more experiments have not been performed attests to the difficulties
involved in setting up such experiments. A problem almost inherent
in MFD experiments is the rather long-range effects which the bound-
aries can have on the flow via the Alfvén wave mechanism. Such
boundary effects appear to have been encountered, to a greater or
lesser degree, in all of the experiments described. The results of
some of these experiments -~ in particular, those relevant to the
present work -- will be described in later sections.

The experiments considered here were the latest to be per-
formed in the GALCIT mercury tow tank and were mainly concerned
with the drag of semi-infinite bodies moving parallel to an applied
magnetic field. The drag was measured with a force transducer
which was specially designed and developed for use in the tow tank.
The description of the experiments will be covered in chapter II and
their results presented in chapter II1I. However, before proceeding to
these discussions, some preliminary discussion is in order on the
general theoretical problem of MFD flows past bodies in aligned
magnetic fields.

The equations, in dimensionless form, governing the steady

laminar flow of an incompressible, viscous and electrically conducting

fluid are (Ref. 12)

v.q = 0 {i.1a)

(@vlg = -vp+ N(xB) + x=vg (1. 1b)
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1 2
(Q-V) _B_ - (E‘V) q = mv _B_ (l.1¢)
wherel:
U U L P - Py
25:-—- ¥ 3:-—-5 ’ g = ee—— ) l - e—————— . p: ————————
d U Bo r.rUBo pUZ

The starred quantities denote dimensional quantities, and we shall
follow this designation henceforth. The three dimensionless param-
eters appearing in these equations are the Reynolds number Re, the
magnetic Reynolds number Rm and the interaction parameter N,
which are defined by

ud

. Re= S

~ [inertia force/viscous force ]

Rm = peUd ~ [body speed/magnetic diffusion speed'_]2

O'BZ d

N = p[(} ~ [magnetic force/inertia force]

These three parameters together with the force coefficient can be
shown to completely characterize the problem (Ref. 1) and are the
most convenient ones for our purposes here. Two other commonly-
uéed dimensionless parameters, which may be expressed in terms of

those chosen above, are the Hartiram number:

1 The definitions of the various symbols may be found in the List of

Symbols on p.viii.



-4~

Ha= VN Re = B d ‘I po-\) ~ [magnetic force/viscous force]%

and the Alfvén number:

N - Bo
U Jpu

~ [Alfvén speed/body speed ]

At this point, we may gain some perspective on the practical
aspects of the problem by considering what the ranges of these
parameters are ;n laboratory experiments. In the present experi-~
ments and in t};o;e cited earlier, the achievable conditions were

limited to

3 5

2x10° <Re< 5x10°, 0<N <100

<< 1 in Hg
Rm
< 0(l) in Na

And in general, it is pi‘obably quite realistic to set the limits,

-Re >>1 and N<< Re, on the conditions which can presently be
achieved in laboratory experiments, at least with the common
terrestrial liquid metals.

The practical limits established above have important impli-
cations when they are compared with the conditions assumed in the
various existing theoretical solutions on MFD flows past bodies.

- Such a comparison has been made by Yonas (Ref.. 10} who comes to

the conclusion that most of these solutions are for problems which



-5~

cannot be physically realizedz. For example, he shows that the
conditions appropriate to Rm = co are far from being approached
in the laboratory, and concludes that the well-known controversy
over the solution for this case of Sears and Resler (Ref. 4) on the
one hand, and that of Stewartson (Ref. 5) on the other, is quite
unlikely to be resolved through experiments. He also points out
that even the modified Stokes problem treated by Chester (Ref. 13),
which seems quite physically realistic, would be extremely difficult
to verify experimentally since the condition, Ha>> Re, is required.
The limitations of these and many other theories were discussed at
some length by Yonas, and we hardly need to go through such a
discu'ssicl)n‘ again here. The only point we note is that despite all
the existing theories, he was unable to find a single one which could
describe the results of his experiments. In order to explain thése
results, he proposed a nonlinear theoretical model of his flow (c.f.,
Sec. 4.2), but left some subtle, basic questions unanswered.

In the case of the present experiments, because of simpler
‘flow conditions, the theory is considerably better defined. For the
case N<<1, the drag of streamlined semi-infinite bodies can be
calculated explicitly. And in the general case of arbitrary N, it
will be seen that a fairly complete picture of the flow is obtainable
through a strictly inviscid theoretical model. We defer detailed

discussion of the theory until chapter IV. However, it will be

~ Some of these solutions could conceivably find application in astro-

physical phenomena, but he is presumably excluding such exotic
possibilities. \
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convenient for us to reduce eqns. (1. 1) now to the considerably
simpler form in which they are used in chapter IV. This will be
done by invoking a pair of assumptions which are consistent with
the conditions of the experiments.

The first assumption is that the magnetic field is everywhere
equal to the uniform applied field; i.e., B* = - Bo i (see figure 1).
This assumption is consistent with the condition, Rm<1, and can be

inferred from Ampere's law:
VvxB =Rmj = Rm(q x B)

The last equality follows from Ohm's law since E =0 in axisymmetric

flows. This equation suggests that the change in field i83
AB = O(Rm)

for B, g = 0(l). In effect, what this says is that the fluid (Hg) is such
a poor conductor that it may to a first approximation be treated as a
nonconducting medium. Direct confirmation is provided by Ahlstrom's
measurements (Ref. 8) which have shown that the indu’ced fields are
less than 1 per cent of the applied magnetic field strengths.

Thus, the assumption appears to be a very reasonable one and
results in a considerable simplification becaus'e it effectively uncouples
the momentum equation from the induction equation. Since the current
density is now given by j =-g xi =-v _i_e,' the magnetic force term in

eqn. (1.1b) is reduced to

This is a conservative estimate because for N>>1 Childress
(Ref. 34) shows that A B= 0(Rm/N}.



N(jxB) = N (-v_i__ex_i_) =-N v_i__r

where v is the radial velocity component. A rather simple picture of
the currents and magnetic forces can now be drawn as shown infigure 1.
The currents flow in rings about the axis of the body and the current
density at any radius is just proportional to the radial velocity at that
radius. The magnetic force acts in a direction directly opposing the
radial motion and is also just proportional to the radial velocity.

The second simplifying assumption is that the flow is inviscid;
ive., Re = . Although this is consistent with the condifion, Re >>1,
it certainly would not be very meaningful if the flow is separated and/or
turbulent. However, hindsight gained from the experiments indicates
that the flows past the Rankine and ogive halfbodies may always be
- laminar and unseparated, and that the same may be true for the blunt
halfbody at large values of N. In any case, we can invoke the assump-
tion a posteriori. This assumption together with the former then

reduces the momentum equation to the form:
(q-v)g = -vp -Nvi_

Note that the only parameter left in this equation is the intéraction
parameter, N. Therefore, if this is the correct equation for the flow,
we should expect the drag coefficient to be a function of N alone; i. e.,
CD=f(N).

We must finally mention that in addition to the MFD drag
measurements on the semi-infinite bodies, measurements were also

made of the non-magnetic transient drag of a flat disk. Very intereding
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effects in the behavior of this transient drag were somewhat inadvert-
ently observed during unsuccessful attempts to measure the MFD drag
of the disk. Since almost identical measurement techniques were
involved, we found it convenient to describe these measurements

concurrently with the others.
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II. DESCRIPTION OF EXPERIMENTS

2.1 The Mercury Tow Tank

The GALCIT mercury tow tank facility consists essentially of a
cylindrical stainless steel tank, 5% in, in internal diameter and 55 in.
long, which is filled with about 700 1b. of mercury (see figure 2). Sur-
round;ing the tank is a water-cooled copper solenoid which can produce
steady, axial magnetic fields up to 12 kilogauss in strength. Measure-~
ments with a Hall-effect probe have shown that the magnetic fields are
uniform axially to 5 per cent and uniform radially to>2 per cent in the
middle 25 in. of the solenoid.

Models are driven through the mercury on the end of a hollow
. 1in, OD stainless steel shaft which passes through a graphitar sleeve
bearing at the bottom of the tank. It is from this feature that the
facility receives its designation as a tow tank, The shaft itself is
driven through a system of cables and a magnetic clutch by a variable-
speed electric motor capable of driving the shaft at speeds up to
3 m/sec. |

The velocity of the drive shaft is measured by means of a
velocity servo consisting of a rotating potentiometer geared to the
cable drive. The voltage output of the potentiometer, which is
directly proportional to the distance traveled by the drive shaft, is
electronically differentiated to give a voltage output directly propor-
tional to the drive shaft velocity. The drive shaft was found to
accelerate fo constant velocity in 2 to 3 inches and was usually

allowed to travel a total distance of 30 to 36 inches.
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The top of the tow tank is covered by a lucite transition sec-
tion which leads into a 1 in. ID pyrex standpipe. When the drive shaft
moves upward into the tank, it displaces mercury into the standpipe.
Since the ID of the standpipe is the same as the OD of the drive shaft,
the mercury level in the standpipe rises at the same rate as the shaft,
thereby keeping the hydrostatic pressure acting on the end of the shaft
constant. We shall explain in the next section why it was necessary to
maintain this constant hydrostatic head.

Further details about the design and construction of the GALCIT

mercury tow tapk facility may be found in reference 1.

2.2 The Drag Balance

An earlier attempt (see Ref. 1) to measure drag in the tow
tank consisted ‘fof timing the ascent of freely-rising spheres. However,
the measuremeﬁts did not yield an accurate check on the accepted stan-
dard values for sphere drag at zero magnetic field strength; and it was
subsequently discovered that the spheres did not rise vertically along a
straight path, but spiraled upward along a helical path. Consequently,
this technique was abandoned and efforts were directed toward the
development of a force transducer, or drag balance, which could be
mounted on the end of the tow tank drive shaft. Several early versions
of such a balance were tried, including capacitance and piezo-electric
devices, but were unsuccessful due ﬁnainlyto difficulties associated
with rather peculiar pressure, acceleration and vibration forces

which are produced in the tow tank.
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The drag balance that was finally developed and successfully
used in the present experiments is basically a simple damped spring-
mass system in which the displacement of the spring produced by the
drag force is éonverted into an output voltage. Two identical stainless
steel bellows having a combined spring constant of around 40 1b/in
serve as the spring. These are mounted with an epoxy cement, one 3
inches above the other, inside of a 1 in. OD stainless steel cylinder

which simply becomes a continuation of the drive sha,ft (see figure 3).
The end plates c;f the two bellows are connected by aﬁ 11/64 in.
diameter shaft which has an extension above the upper bellows that
serves as a sting for supporting models. Mounted near the mid-point
of this shaft is a short length of 1/8 in. diameter fiber-optics image
c:o:adu.if:1 with a ;‘niniature lamp attached to one end. The light from
~ the lamp is transmitted by the image conduit to its other end which is
masked to collimate the emitted light into a thin beam. This light beam
falls on a photoelectric '3;1'3;nsduzcer2 which converts any displacements
of the beam into changes in voltage. Damping for this spring-mass
system was pro;rided by filling the lower bellows and a small reservoir
above it with a silicon oil having a viscosity of 800 centistokes. The
interior of the balance was sealed from the mercury by the use of 0-

rings (not shown in figure 3).

I Product of the American Optical Co." Its purpose was to remove
the lamp from the proximity of the photoelectric transducer in
order to reduce voltage drift of the transducer due to heating.

Trade name: Photopot, manufactured by the Giannini Controls Corp.
This transducer is in essence a miniature (—i—xi— in. square) slide-
wire potentiometer in which the slide-wire is replaced by the
frictionless light beam.
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The necessary electrical leads for the balance were supplied by
a 3-conductor shielded cable brought up through the hollow drive shaft.
A diagram of the electrical circuit employed for the balance is given
in figure 4. The photoelectric transducer was iﬁcorporated into a
bridge circuit using a floating 9 V battery supply. The bridge output
was passed through a low-pass filter which cut-off noise components
above about 45 cps before being fed into the amplifier of a dual-beam
oscilloscope. Current for the miniature lamp was provided by a5V
regulated power supply. The overall frequency respoﬁse of the sys~-
tem was just that of the low-pass filter since the balance had a
frequency response of around 50 cps.

One other important feature of the drag balance that should be
described is the incorporation of the static pressure holes which lead
into the chamber surrounding the lower bellows. Tﬁese holes allow
the hydrostatic pressure of the mercury to act on the“lower bellows so
as to produce anrupward force which can counterbalance the downward
- force produced by the hydrostatic pressure acting on the upper bellows.
This counterbalancing scheme was essential for the successful oper~
ation of the balance because it rendered the balance insensitive to the’
pressure changes which were produced in the tow tank3. There was
always a large initial pressure jump (which is calculated in appendix B)

caused by the mercury accelerating into the standpipe. Moreover,

However, due to a slight difference (about 2%) in the surface areas
of the bellows, the balance was not totally insensitive to changes in

pressure. A very small correction due to this unbalance is given
in Sec. 2.5.
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this pressure jump was accompanied by low frequenéy (~ 6 cps),
slowly-damped fluctuations in pressure caused by the oscillation

of the mercury in the standpipe. A previous version of the present
drag balance, designed by Dr. H. G. Ahlstrom, was unsuccessful
because the hydrostatic pressure was allowed to act only on the upper
bellows so that the pressure changes which occurred were not balanced
out and completely obliterated the desired measurement.

At one time it was thought that the tow tank could be oper;ated
without the standpipe (i. e., with a free surface of mercury at a fixed
level) since the balance with its counterbalancng feature would be
relatively unaffecfed even by the tremendous decrease (over 1 atmo-
sphere) in hydrostatic pressure to which it would then be subjected.
Unfortunately, it was found that tiny air bubbles trapped between the
convolutions of the bellows would expand under the large negative
pressure gradient and cause the balance to respond in a very erratic,
unsatisfactoryv manner. Although various schemes were tried, such as
placing the entire tow tank under vacuum, these air bubbles could
never be eliminated to the-poigt where they were notaproblem. Con-
sequently, we decided to retain the standpipe since it circumvented

the problem by keeping the hydrostatic pressure on the balance

constant.

2.3 The Drag Models

" The first drag measurements with the balance were made on a
flat disk. This model was selected for the initial measurements

because its high drag was relatively easy to measure and could be
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readily checked since its non-magnetic drag coefficient has a constant,
stable value at high Reynolds numbers (CD = 1.17 for Re>103 accord-
ing to Ref. 14). For these measurements, the top of the balance was
capped by a lucite cone and the flat disk, also made of lucite, was
mounted on thé end of an 8 in. long, 1/8 in. diameter stainless steel
sting which extended through a hole in the cone from the sting mount on
the upper bellow"s (see figure 5a). However, this set—;up subjected the
balance not only;%o the drag force of the disk, but also to an unwanted
force due to the (;ynamic pressure in the wake of the disk acting on the
upper bellows. Therefore, a separate measurement of this '"'tare
drag'' force was necessary and was made by mounting the sting

~ independently as shown in’ figure 5b such that the drag force of the
disk was not transmitted to the balance. Three different size disks

of diameters .50 in., .75 in. and 1. 00 in. were used in these
measurements.

As mentioned in the Introduction, the MFD drag measurements
on the disk were not successful. The main difficulty was an uncer-
tainty about the upstream influence of the drag balance on the flow in
the wake of the disk. This did not appear to have an important effect
on the non-magnetic drag(c.f., Sec. 3.2); but with the magnetic field
present, the upstream propagation of Alfvén waves results in the
formation of the so-called "upstream wake'' (Ref. 8) ahead of the
balance which may have interacted strongly with the downstream wake
of the.disk, Although this problem had been anticipated, we had hoped
to resolve it experimentally by measuring the MFD drag' with stings of

different lengths and extrapolating the results. However, the results
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of such measurements were inconclusive since no significant change in
the drag was observed over a variation in sting length from 4 in. to
8 in. The MFD drag was always found to be slightly lower (10 per cent
at most) than the non-magnetic drag even at the strongest field strength
corresponding to an N of 20. These results are in complete disagree-~
ment with those obtained in the liquid sodium tunnel experiments of
Yonas (Ref. 10; also see Sec. 3. 1) who found that the drag of a disk
increased about 75 per cent over the same range of N. The only major
difference between the two experiments appears to be that in Yonas'
experiments there was no body, such as a drag balance or strut,
located downstream of the disk; the disk being suspended by wires
from the tunnel walls. Therefore, the most plausible explanation at the'
present time for the discrepancy between the results of the experi-
ments is that the MFD drag of the disk in the mercury tow tank
experiments wa; unduly influenced by the presence of the drag belance.
However, in chapter IV we shall mention an interesting inviscid theory
for closed bodies which predicts that CD—»I as N-oo, with‘stagnation
pressure developing on the front of the body and freestream static
pressure on the rear. This is the trend observed in our disk drag
-data, and one might speculate whether the presence of the drag
balance may have produced conditions appropriate to this theory.

The difficulty encountered in the measurements on the disk
_ undoubtedly would also have been encountered with any closed body
since the drag balance would necessarily have to be located in the
wake of such bodies. A semi-infinite body, however, avoids this

difficulty by allowing the drag balance to become a part of the model
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itself. Ideally, a semi-infinite body consists of a head form followed
by an infinitely-long afterbody of circular cross-section. Such a body
was easily simulated in the tow tank by mounting the desired head
form directly on the drag balance and letting the balance and drive
shaft serve as the "infinitely-long'' afterbody. This set-up has
already been shown in figure 3.

Three semi-infinite bodies of different shape were chosen for
the MFD drag measurements. These included a classical Rankine
halfbody, a 2-caliber ogive and a blunt halfbody. The head forms
used for these bodies were made of lucite and their shapes and dimen-
sions are shown in figure 6. The Rankine halfbody, which is defined by
a source in a uniform stream, was an obvious choice because of the
simple analytical form of its potential flow and because the magnetic
field induced by the body had been measured previously by Ahlstrom
(Ref. 8). Furthermore, the zero-field drag of such a body was ex-

pected to be very low so that, hopefully, the drag with field would be
| almost entirely MFD drag. The blunt halfbody is the simplest repre-
sentative of high drag shapes and was chosen to study the effect of
body shape. The choice of the ogive was originally based on the fact
that it was an easily machineable streamlined shape. This was a con-
sideration of practical importance because we had planned to make
pressure distribution measurements with the drag balance which re-
quired a number of head forms of identical shape. However, due to
various difficulties, these measurements were never completed.

Nevertheless, we retained the ogive as a drag model since it was
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avéilable énd was also representative of slightly more streamlined
shapes than the Rankine halfbody.

Just as in the case of the flat disks, a tare drag measurement
was also made on the semi-infinite bodies. The set-up for this
measurement is also shown in figure 6 and differs from the tare drag
set-up for the disks in that only the difference between the pressure
acting on the upper bellows and that on the lower bellows could be
measured. The unwanted force due to the decrease or increase in the
pressure acting on the base of the models could not be determined
directly from the tare drag measurement alone. The calculation of

this '""base drag'' force will be described in Sec. 2.5.

2.4 Experimental Procedure

The calibration of the drag balance had to be carried out sep-
arately for each model because it varied considerably depending on
the model's bouyancy in mercury. This variation was due to the non~
linearity of the bellows which became significant over the very large
range of the bouyancy force. However, over the much smaller load
range corresponding to the expected drag forces4, the calibration for
each model was nearly linear. The calibrations were carried out
directly in the tow tank with the drag balance completely immersed in
the mercury and only the very top of each model showing above the
mercury surface. Some typical calibration curves for the Rankine

halfbody, the blunt halfbody and the disks are shown in figure 7.

The maximum bouyancy force on a model was around 600 gm;
whereas the drag forces were usually less than 100 gm.
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In the series of runs for a particular model, two measure-
ments of drag were made at each run condition. One was the
measurement of the total drag which included not only the drag of the
model but also other extraneous forces (see next section). The other
" was the tare drag measurement for which the balance set-ups de-
scribed in the previous section were used. During each run, the
voltage outputs from the drag balance bridge circuit and the velocity
servo were displayed simultaneously on a dual-beam oscilloscope and
their traces photographed with a Polaroid camera‘.j Photographs
typical of those obtained for the semi-infinite bodies are shown in
figure 8. The data are for the Rankine halfbody at magz;etic field
strengths of 0,‘; 3,300, 6,600 and 11,000 gauss and at a fixed velocity of
about 0.3 m/sé;c. In all of the photographs, the upper trace is the drag
balance bridge circuit output and the lower trace is the velocity servo
out?ut. The time increases from left to right. From these traces, it
can be seen that the drag reaches its steady value quite rapidly and
increases substantially with magnetic field.

Typical photographs of the data obtained in the non-magnetic
drag measurements on the three flat disks are shown in figure 9.
Identification of the upper and lower traces is the same as in the
previous figure. The velocity was again fixed at about 0.3 m/sec. The
interesting transient variations which can be seen in the drag traces
will be discussed in detail in Sec. 3. 2.

The experimental runs were made at velocities ranging from
about . 13 m/sec. to .9 m/sec, and for magnetic field strengths from

0 to 12,500 gauss. - The corresponding ranges in the basic
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dimensionless parameters were as follows:

4 2

3x104 <Re<2x10°, 2x10% <Rm<1x107%

0 <N<24

It should also be mentioned that all the runs with magnetic field were
under sub-Alfvénic flow conditions (a>1). The range in conditions for

each particular model will be given more specifically in chapter III.

2.5 Data Reduction Procedure

It was necessary to apply certan corrections to the total mea-
sured drag of both the semi-infinite bodies and the flat disks, Some of
these, such as the tare drag of the flat disks, were directly measur-
able; others had to be estimated or assumed. Fortunately, the
corrections which were the most uncertain or arbitrary were also
relatively small compared to the total drag (see Sec. 3.3). The
procedure followed in determining the corrections for the data of the
semi-infinite bodies will be described first.

The total measured drag of a semi-infinite body was found to
consist of three parts: a base drag Db’ a viscous drag DV and the
MFD drag Dyge The first two were unwanted contributions which, if
possible, we wished to separate from the total drag in order to isolate
the MFD drag. The base drag was mainly due to a pressure decreasé
at the base of the models arising from the presence of the tow tank

walls. The viscous drag was due to either skin friction, as in the
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cases of the Rankine and ogive halfbodies, or to viscous dissipation in
a separated wake flow, as in the case of the blunt halfbody.

The first step taken to determine those unwanted contributions
was to measure the total drag of the models without the magnetic field.
Prior to these measurements, the existence of the base drag was not
realized and the drag was expected to be entirely viscous drag. Sub-
sequently, however, the measured zero-field drag of the Rankine and
ogive halfbodies was found to be in rather poor agreement with the
theoretical laminar skin-friction drag. It was then discovered by
some simple calculations that a substantial base drag could also exist
which could account for the discrepancy. Therefore, before presenting
the results of the zero-field drag measurements, we shall show how
the base drag of the semi-infinite bodies can be calculelted.

For a étreamlined halfbody, such as the Rankine and ogive
halfbodies, the zero-field base drag can be calculated in a very straight~
forward manner. The flow past the body is assumed to be inviscid and
mass, momentum and energy balances are carried out on the body-
fixed control volume shown in figure 10. This éalculation, which is
described in appendix A, yields the following value for the base drag

coeffici entS:

C. =.036

It may seem paradoxical that a drag force is obtained in an inviscid
flow, but it can be easily seen by noticing that the flow downstream
(in the frame of figure 10) is accelerated to a velocity which is
slightly greater than that of the uniform flow upstream. This
causes a decrease in the downstream static pressure acting on the
base of the model and results in a net drag force.
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There is another, almost negligible contribution which may be
considered as part of the base drag. This contribution was discovered
through the tare drag measurements described in Sec. 2.3. In these
measurements, an extremely small positive net force was picked-up
by the balance, indicating that the pressure at the upper bellows was
slightly greater than at the lower bellows. However, this force can
actually be attributed to an increase in the overall pressure of the tow
tank caused by the acceleration of mercury into the standpipe.

Becaﬁse the effective area of the upper bellows is slightly greater
‘than that of the lower bellows, this pressure increase resulted in a net
positive force acting on the balance. This force can be explicitly
calculated (see appendix B) and gives an additional contribution of

. 004 to the base drag coefficient. Although the accuracy of the tare

drag measurements was poor (about + 30%) because the forces were so

lated forces. Therefore, in the cases of the Rankine and ogive half-
bodies, it was assumed that the pressure difference between the upper
and lower bellows was negligible and that the zero-field base drag
coefficient was given by

C. =.036+ .004 =040 (2.1)

b,

We mention in advance that the tare drag measurements with magnetic

field gave essentially the same results; i.e., C = . 004, so that the

D
pressure difference between the upper and lower bellows will also be
assumed to be negligible when a magnetic field is present. This was

true again of the tare drag measurements on the blunt halfbody at the



22~

stronger field strengths (N greater than about 5), so for this body at
these conditions, the same assumption will be made.

The calculation of the zero-field base drag for the blunt half~
body is not nearly so straightforward. However, it can be crudely
estimated and, fortunately, turns out to be a small fraction of the
total drag. The calculation procedure is similar to the previous case
except the drag is now assumed to be due mostly to viscous dissipation
so that a disgipation term must be added to the energy balance. A
pressure coefficient of ~. 08 is calculated by this procedure (see
appendix C) for a point far downstream of the nose. The pressure
coefficient at the lower bellows will be assumed to have this value.
Now in the tare drag measurements on the blunt halfbody, positive
pressure differences were always found between the upper and lower
bellows which correspond to an approximately constant pressure
coefficient difference of +.05. Therefore, the net pressure coefficient
at the base must be -. 08 + .05 = -, 03, and so the base drag coefficient

is just

Cpy, = +.03 (2.2)

b

Having calculated the base drag coefficients, we are now ready
to present the results of the zero-field drag measurements on the semi~
infinite bodies. These are given in figure 11 where the drag coefficients
of the Rankine, ogive and blunt halfbodies are shown plotted against the
Reynolds number. The unfilled data points correspond to drag coef-
ficients based on the total drag; whereas the filled data points

correspond to the drag coefficients obtained by subtracting (2. 1) from
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the total drag coefficients of the Rankine and ogive halfbodies and
(2. 2) from the total drag coefficients of the blunt halfbody.

We first compare the filled data points of the Rankine and
ogive halfbodies with the theoretical laminar skin-friction drag
coefficients calculated for flat plates of the same length and surface
areas as these models. These calculated coefficients are represented
in figure 11 by the solid line in the case of the Rankine halfbody and by
the dashed line in the case of the ogive halfbody. Although the theo-
retical lines appear to fall slightly below the data, the agreement is
good considering that flat plate theory was used. In fé.ct, Goldstein
(Ref. 16) states fhat the more complicated theories for axisymmetric
boundary layers usually give skin-friction coefficients which are 10 to
15 per cent above those for a flat plate. In any case, we may conclude
that the boundar:y layer flow was laminar6 and assume that the skin-
friction drag coefficient scales with Re %é The best fit to the data

are then given by

_ 11.3
By |Re

for the Rankiné halfbody and

This appears to be consistent with the fact that the maximum

‘ Reynglds number based on the length of the models was about
7x10 ich is just barely above the minimum Reynolds number
of 5x10~ that is usually taken for the onset of transition.
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i
for the ogive halfbody. The total zero-field drag coefficient can there-

fore be written as

Ch=C., + C_ = .040 + 2 (2.3)

where #= 11.3 for the Rankine halfbody and 10.0 for the ogive half-
body. This equation is plotted in figure 11 and can be seen to fit the
data very well.

The drag coefficients of the blunt halfbody corresponding to the
uppermost filled data points in figure 11 remain to be considered.
There is no theory with which these drag coefficients can be compared,
but their average value of 0. 66 compares very well with the experi-
mental value of 0. 65 given in Ref. 14 for the forebody drag coefficient
of a blunt halﬂﬁ'ody. In fact, this average value is not too far from the
value of 0. 72 obtained by subtracting the base pressure coefficient of a
flat disk from its total drag coefficient (Ref. 17). Thus, the measured
drag for the blunt halfbody appears to be fairly well substantiated.

Now that we have established that the total zero-field drag of
the halfbodies consists of a base drag and a viscous drag, we must
conéider next the determination of these quantities when the magnetic
field is present.

For the Rankine and ogive halfbodies, we simply assume that

the base drag and viscous drag at any field strength is given by

C

where CD is just the total zero-field drag coefficient given by eqn.
o ;
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(2.3). For N<1, this should be a very good assumption since the flow
should only };e slightly disturbed from zero-field flow conditions (also
see discussion in Sec. 4.1). In particular, the base drag and viscous
drag should be little affected. For N>1, the assumption is admittedly
somewhat arbitrary, but some justification can be given. First of all,
we show in appendix C that the base drag coefficient, CDb’ must
increase as N increases. However, it cannot become greater than a
value of . 107, which is about equal to the maximum zero-field drag,
CDo' Secondly,t in appendix D we show by an order-;)f-magnitude
analysis of the equations of motion that the ordinary viscous boundary
layer equations should describe the boundary layer flow under the
conditions of the present experiments. If this is true, then the skin-
friction drag coriefﬁcient, CDV, should decrease as N increases
because the flow velocity at the outer edge of the boundary layer is
decreasing due to the development of a vortical wake which will be
described in chapter IV. It is also shown in chapter IV that a stagnant
region must develop in front of the bodies as N increases, which
should further reduce the skin-friction drag. Thus, if CDb increases
and CDV decreases as N gets larger, then it is possible that the sum
of the two quantities may remain approximately constant and equal to
CDO. In any case, in the absence of even an approximate theory by
which these quantities could be calculated, this appeared to be the
most logical assumption to make in attempting to isolate the MFD
drag. Moreover, at the higher values of N where the assumption may
be questioned the most, the uncertainty in the quantities was only a

small percentage (around 5 per cent) of the MFD drag. Consequently,
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the drag coefficients for the Rankine and ogive halfbodies were based
on the MFD drag assumed to be obtained by subtracting the total zero-
field drag from the total drag with field.

For the blunt halfbody, it is not only impossible but also illog-
ical to attempt to separate the viscous drag from the MFD drag. The
two d;rag forces are undoubtedly closely coupled in this case since even
a small magnetic field could have large effects on the viscous drag by
affecting the stability or turbulence level of the wake. The calculation
of such an interacting flow is unlikely to be accomplished in the near
future. Therefore, no attempt was made to separate the viscous drag
from the MFD drag, and instead, the drag coefficients for this body
were based on the total drag minus a small base drag correction.

This base drag was calculated in the same way as the zero-field base
~drag (see appendix D). Since the total drag increased é)nly slightly
(c.f., Sec. 3.1), the pressure coefficient at the lower bellows was
assumed to be the same as in the zero-field case; i.e., C = -.08.
The base drag was then calculated by adding to this the difference
between the.pressure coefficients at the upper and lower bellows as
obtained by the tare drag measurements. We mentioned earlier that
this difference became negligible at the stronger fields so.f:hat for
these conditions, CDb-» + .08.

We must finally consider the procedure followed in reducing
the flat disk data. The procedure in this case was trivial compared
to the previous cases. It simply consisted of subtracting the mea-
sured tare drag from the measured total drag. No corrections were

made for possible wall blockage effects since it was the time
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dependence of the drag that was mainly of interest and not its absolute
magnitude. The data were also not corrected for the inertia forces
produced during the initial acceleration period because the measure-
ments were not considered reliable at these very early times. The
data from this period, which constituted only a small fraction of the
total data since acceleration occurred only during the first 2 to 3

inches of travel, were disregarded.
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III. RESULTS OF THE EXPERIMENTS

3.1 MFD Drag of Semi-Infinite Bodies

The results of the drag measurements on the semi-infinite
bodies are presented in figure 12 where the drag coefficients of these
bodies are plotted as functions of the interaction parameter for various
values of the Reynolds number and magnetic Reynolds number. As
discussed in Sec. 2.5, the drag coefficients of the Rankine and ogive
halfbodies were based on the MFD drag; whereas, thé drag coefficients
of the blunt halfbody were based on the sum of the MFD drag and viscous
drag. The error bars on the data points at the higher values of N will
be explained in Sec. 3. 3.

The drag coefficients of all three bodies are seen to correlate
to within the experimental scatter in the data with N alone. There

appears to be no systematic dependence on the Reynolds number or
1

magnetic Reynolds number”. This correlatic

=
i
3
e
r
Z

pected since it was strongly suggested by the equations of motion
presented earlier in chapter I and also by other theoretical consider-~
ations to be discussed in chapter IV.

Moreover, such a correlation had been found previously by
Yonas (Ref. 10). The main result of his experiment, which was
briefly described in the Introduction, was that the drag coefficients of
both the sphere and the flat disk increase monotonically from their

zero-field values as a function of N only. This increase was found to

1 It should be noted that the ratio, Rm/Re = pov, is a constant fixed

by the properties of the fluid so that one of these parameters could
not be varied independent of the other.
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be negligible for N<1, but for larger values of N (N>10 for the sphere
and N>20 for the disk) the increase was found to be proportional to
Our results corroborate Yonas' conclusion that’N is the prin-
cipal correlaﬁon parameter, but the dependence of the drag coeflicients
on N.found by us differs markedly from that found by him. We shall
discuss some of the reasons for the difference in behavior in
chapter IV.
For the Rankine and ogive halfbodies, the dependence of the
MFD drag coefficients on N may be divided into two regions of behav~-
ior. Over the range, 0<N < 2, the dependence an N is linear to within
the experimental error of +25 per'centz. This may be seen by com-
paring the data with the three lines proportional to N%, N and Nl' >
- which have been plotted on figure 12. The mean trend of the data is
unmistakeably best represented by the linear line. For values of N
~greater than 2, the dependence on N becomes quite nonlinear. The
rate of increase of the drag coefficients is seen to diminish rapidly
as N increases and at the higher values of N, they appear to be
leveling off to some asymptotic value. In chapter IV, it is suggested

that the drag coefficient of any halfbody must reach a limiting value of

unity and this trend is definitely evident in the behavior of the data.

- This error may seem rather high, but it can arise because the
drag coefficients were based on the difference between two drag
measurements. For N<I, this difference was relatively small so
that its relative error was much larger than the error in the"
measurements (also see Sec. 3. 3).
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For the blunt halfbody, the dependence of the drag coefficient
on N is seen.: f;o be very slight. The maximum increase in CD is only
about 25 per cent. This behavior was in fact anticipated3 since the

‘drag without field was around 0.7 and, as mentioned above, was ex-
pected to increase to a value of 1 at most. However, we should point
out that this expectation is based on the assumption that the drag of
the halfbody becomes entirely MFD drag and that the viscous drag due
to separated flow vanishes as N-o., Some support f?r this assump-~
tion is provided by the fact that the drag coefficients of all three
halfbodies appear to be converging at the higher values of N. Since it
is reasonable to assume that the MFD drag of the blu@t halfbody was
of the same order as the MFD drag of the Rankine and ogive halfbodies
at these higher values of N, this implies that the viscous drag of the

blunt halfbody was becoming very small.

that the correlation with N in figure 12 may appear deceivingly obvious
since this was fhe only form in which the data was presented. The
extent to which the correlation succeeds may have been better appre-
ciated had we plotted the data in a different form first. As an example,
we have taken the MFD drag coefficients of the Rankine halfbody and
have plotted them in figure 13 against the Reynolds number at various
Hartmann numbers. This closely corresponds to the form in which

the data was originally obtained; i. e. , with the increase in drag plotted

‘This accounts for the fewer data points plotted for this body; Only
enough measurements sufficient to establish this rather uninter-
esting behavior were made.
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against the velocity at various field strengths. We can now see more
~ clearly what the correlation accomplishes. It is essentially this:
Each horizontal line, CD=constant, in figure 13 is transformed by the

correlation into a single point on the curve for the Rankine halfbody in

figure 12.

3.2 Drag of Impulsively-Started Flat Disks

The data obtained from the non-magnetic drag meaéurements on
the flat disks are offered here simply as preliminary experimental
findings of an interesting flow phenomena. We will attempt no theoret-
ical ahalysis of the flow, but we will discuss some qualitative ideas
about the nature of the flow.

Results are first presented in figure 14 from the drag measure-
ments on the three disks of 1.0, .75 and .50 in. diameter taken at a
fixed velocity of .30 m/sec. The traces for these measurements were
shown earlier in figure 9. For reasons discussed in Sec. 2.5, data
are not plotted for the initial acceleration period. In the upper half of
the figure, the data for the three disks are given essentially in their
raw form with the drag balance output in millivolts plotted against the
timé in seconds. The drag amplitudes of the three disks and the
times at which changes in these amplitudes occur are seen to differ
considerably. In the lower half of the figure, the drag has been con-
verted into a drag coefficient and plotted against the time divided
by the characteristic time, d/U, The three drag curves scaled in

this way can now be seen to correlate fairly well.
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In order to show that this correlation holds over a fairly wide
range of Reynolds number, results are presented in figure 15 from
the drag measurements on the . 75 in. diameter disk taken over a
Reynolds range of 2. 2x104 to 1. 2x105. Data points rather than
continuous curves have been used to plot the drag coefficients in this
figure so that the runs at the different Reynolds numbers can be
distinguished. Although considerable variation in the data can be
seen, there appears to be no systematic dependence on Reynolds
number.

A number of interesting features may be observed in the time-
dependent behavior of the drag coefficient. After the initial acceler-
ation period, it appears to be decreasing from some higher level and
drops to a minimum value of about 1.0 at around Ut/d = 6. It then
increases to a maximum value lying between 1.5 and 1. 8 at around
Ut/d = 15 before decreasing again to its steady-state value. For the
1.0 and . 75 in. diameter disks, the steady-state value lies somewhat
above the accepted standard value of 1.17 given in Ref. 14, but this
discrepancy can be accounted for by the blockage effect of the tow
tank walls. It should finally be observed that the steady-state value is
not reached until the disk has traveled a distance equal to about 25
times its diameter (since Ut is approximately the distance traveled).
This is a surprisingly long distance and it is probably much longer
than intuition would lead most people to expect.

The above results appear to be the first to the author's know-

ledge for the time-dependent drag of an axisymmetric body in an
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impulsively-started flow. However, a number of other investigators
have found similar results in closely-related experiments.

Schmidt (Ref. 18), in a very early experiment (1919), measured
the acceleration velocities of freely-falling spheres in water and of
free-rising balloons in air. His results for three of the spheres, for
which terminal velocity was reached, have been plotted (after non-
dimensionalizing the velocities with the terminal velocity, Ut’ and the
time with d/Ut) along with the drag data in the lower i)art of figure 15.
The first maximum in the velocity can be seen to occur at about the
same time that CD reaches its minimum. Conversely, the minimum in
the velocity occurs at about the same time that CD reaches its maxi-
mum. Furthermore, the time (:scaled with d/Ut) required to attain
steady-state is also about the same; i. e., Utt/d = 25-30. This close
correlation between the results of the two experiments indicates that
the development of the flow may have been nearly the same in both.

In another early experiment (1935) conducted by Schwabe
(Ref. 19), the time-dependent drag of a two-dimensional circular
cylinder was determined. He used an indirect method in which the
velocities and pressures were successively calculated from photo-
graphs of the flow taken at many stages of development. His results
showed that the form-drag coefficient (skin-friction not included) of
the cylinder increased monotonically with time to ;a value of 2.07 at
Ut/d = 4.5, which is considerably above its steady-state value of
about 1. The drag was not determined beyond Ut/d = 4. 5.

Finally, in a very recent experiment (1966), Sarpkaya (Ref. 20)

made direct measurements of the time-dependent drag of two-
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dimensional circular cylinders and flat plates. The duration of his
experiments was long enough so that steady-state was reached. His
results for the circular cylinders showed that the drag coefficients
increased initially very much like Sdwabe's, but at Ut/d = 4 it reached
’a maximum value of about 1. 54 and then slowly decreased to its steady-
state value. More relevant to our results are his measurements on
the flat plates which were taken over a range of Reynolds numbers
from 1. 5::104 to 1. 1x105, which is nearly the same range as ours.
The drag coefficient calculated from these measurements is repre-
sented by the shaded curve plotted in figure 15. The drag coefficient
amplitudes of the flat plates are seen to be about twice those of the
flat disks, but the time-dependent behavior of the drag coefficient is
seen to be very similar. The minimum and second maximum for both
occur at approximately the same times.

Sarpkaya also made detailed visual flow studies of the deveiop~-
ment of the vortices behind a flat plate and was able to correlate the
various stages of their development with the changes in drag. He
found that the flow was potential flow initially, but shortly after the
start of the motion separation occurred and a pair of symmetrical
vortices began to grow behind the plate. During this period of growth,
which evidently extended up to the time CD reached its minimum, the
drag is thought to be due mainly to the energy consumption required
for the enlargement of the vortices. Shortly after the minimum CD
was reached, the vortices were observed to become unsymmetrical

and this apparently caused the drag to increase again until the second

maximum in Cp was reached. This maximum Cp was found to
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correspond with the shedding of the first vortex. Subsequently, the
drag decreased and underwent a number of oscillations before finally
reaching its steady-state value. Each one of the peaks in these oscil-
lations was foénd to correspond to a shedding of another vortex.

A simiiér series of events may also take place during the
development of the vortices behind a flat disk. This is suggested not
only by the similarity in the time-dependent behavior Qf the drag

coefficients, but also by some visual flow studies carried out by
3 .

Schmidt (Ref. 1 ) in conjunction with his experiment described above.
From these d(!;»;s;é;vations, he was able to determine that a falling
sphere reachea its minimum velocity (maximum CD) at the same time
that the first vortex ring (vortex pair at cylinder) separated from the
sphere, which é’prresponds exaétly with Sarpkaya's observation. Of
course, it is not strictly correct to compare two-dimensional flows
with axisymmetric flows because the vortex structure is known to be
much more complex in axisymmetric flows (Réf. 21). Nevertheless,
thére is certainly sfrong evidence for believing that the growth and
shedding of vortices have about the same general effect and occur on
about the same time scales in the two flows.

There is one other curve plotted in figure 15 which has not
been discussed yet. This is the curve designated '"Theory of Fromm
and Harlow' which appears to compare rather well with the drag
coefficient of the flat disk. Unfortunately, this agreement is entirely
fortuitous. The curve is the result of extensive computer calculations
by Fromm and Harlow (Ref. 22) for t\t;'o-dimensional flow past a flat

plate, and thus should actually be compai'ed with Sarpkaya's data.
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However, the agreement with Sarpkaya's data is poor and is attributed
by Sarpkaya to the fact that Fromm and Harlow's result is for a
Reynolds number of 300 which is much lower than the Reynolds numbers
of the experiment. Nevertheless, the calculated drag coefficient does
show very similar variations with time. Moreover, the calculated
streamline patterns‘ showed that the vortices develop in essentially the
same way that was observed experimentally by Sarpkaya. Thus, it
would appear that the results of the numerical calculations are rea-
sonably in accord with the experimental observations.

It is difficult to say at this time what practical significance, if
any, our results will have. They undoubtedly will have some relevance
to the motion of any rapidly-accelerated body for which a separated
wake develops. One example is the commonly-performed experiment
in which the drag of a body is measured by letting the body rise or fall
freely and timing its rate of ascent or descent. Our results indicate
that serious errors may be incurred if the measurements are made too
early. We might also mention here that the time-dependent drag coef-
ficient of the two-dimensional circular cylinder has been used to
calculate tﬁe force coefficients of slender bodies at angles of attack in
steady subsonic to rhoderately supersonic flows (Ref. 20). In such
calculations it is assumed that the development of the crossflow along
the slender body is analogous to the development with the time of the
flow past a cylinder which has been started impulsively in motion.

However, there appears to be no such analogy appropriate to the

axisymmetric case.
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3.3 Discussion of Uncertainties

The uncertainties which pertain to all the measurements in
general will be summarized first. For the directly measured quan-

tities, the average uncertainties were as follows:

Velocity, U . . . . . . . % 34
Magnetic Field, B_ . . . . . % 14

Drag Balance Calibration . . + 2%

There were also uncertainties in the values of the fluid properties
which entered into the computation of the interaction parameter.
These are the density, p, and the electrical conductivity, o, and their

values for mercury were taken as (Ref, 23):

3

13.5x10° kg/m>

el
i

q
i

1. 04x10° mhos/m

Some variations in these values occurred due to temperature changes
of up to 30-40°F caused by the heating of the magnet. This resulted
in an uncertainty in the ratio ¢/p of about + 2¢. The combination of
all of the above uncertainties leads to an average uncertainty in the
drag coefficient of +6% and an average uncertainty in the interaction
parandeter of +4%.

The uncertainties which pertain only to measurements in a
particular range of N will be discussed next. First of all, we shall
estimate the uncertainty in the MFD drag coefficients of the Rankine
and ogive halfbodies for N<1. These drag coefficients were based on

the difference between two drag measurements; i.e., on CD - CD .

(o]
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Now since C - C;y was only about 25-30% of Cp, for N<1 and since

o
the individual uncertainties in CD and CD were 6%, the uncertain-
o
ty in C - C must have been about +20-25%. This is approximately
o

the order of the scatter in the data of figure 13 for N<I1.

Secondly, we must explain the uncertainties associated with the
error bars on the data points for N> 10 in figure 12. These uncer-
tainties arose because the drag did not level-off to a constant value at
these higher valges of N, but continued to decrease \g‘ery slightly
(5-104) through;mt a run. This decrease, which is given by the length
of the error bars, is attributed to the interaction of the small dis-
placement flow caused by the drive shaft entering the tow tank4 with
the fringing magnetic field near the top of the tank. Because of this
interaction, the 1ve10city profile of the displacement flow becomes
qﬁite peaked near the axis of the tow tanks. This peaked velocity
profile could extend down the tank for some distance at high field

“strengths. Consequently, as a model moves upward in the tank, it
effectively sees the velocity upstream decreasing, thus accounting
for the decrease in drag. The uncertainty due to this effect was

probably on the order of +6%.

~ Since the ratio of the cross-sectional area of the tank to that of the
drive shaft is 30:1, the mean velocity of this displacement flow is
1/30 the velocity of the shaft.

Such an effect has been observed by Maxworthy (Ref. 24) in a
liquid sodium tunnel. Some very preliminary velocity measure-
ments in the tow tank taken by Mr. B. M. Lake (Ref. 25) also
give some evidence for this.
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Finally, we must mention the effect of the magnetic field on the
drag balance. Although all parts of the balance were made of suppos-
edly non-magnetic stainless steel (Type 303 or 304), they were still
very slightly magnetic. Therefore, a small force was picked-up by
the balance as it passed through the fringe field near the bottom of the
tow tank. This force was measured by running the balance through the
fringe field at a very slow speed. For N >10, the correction to the
drag for this effect is estimated to result in an additional uncertainty
of +4¢%. |

Thus, thg total uncertainty in the drag coefficients for N> 10

is estimated to be about + 9%
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IV. THEORETICAL DISCUSSION
In chapter I, the general equations were considered for the flow
of an incompressible, viscous and electrically conducting fluid past an
axisymmetric body in an aligned magnetic field. For the limiting case,
Rm-0, and Re—~ o, corresponding to an inviscid, slightly conducting

fluid, these were reduced to the following equations:

du v v o_

o toar Tr= 0 (4.1a)
ou du _ _9p

Upx * Var T "ox (4.10)
ov v. _ _9p _

ugz + \rrilis P Nv (4.1c)

The induced magnetic field for this limiting case was shown to be neg-
ligibly small and the magnetic field was everywhere faken to be equal
to the uniform applied field. In this chapter, solutions to eqns. (4.1)
will be considered for the two special cases of (1) weak interaction
between the flow and magnetic field, N1, and (2) strong interaction
between the flow and the magnetic field N>>1., Since N is proportion- |
al to Bi/U, the first case can exist either for weak magnetic fields or
high velocities, and the second for strorig magnetic fields or low

velocities.

4.1 Weak Interaction Case, N<<]

In this case, to zeroth order in N, the magnetic force term in

eqns. (4.1) may be neglected in comparison with the inertia force
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terms. The equations then reduce to the classical hydrodynamic
equations for an inviscid fluid. Thus, to a first approximation, the
flow past a body can be simply assumed to be potential flow.

Under this assumption, a rather simple first-order calculation
can be made of the MFD drag of the body. The method of calculation
is based on the first law of thermodynamics in accordance with which
the work done on the fluid by the drag force per unit time is equated

to the energy dissipated by Joule heating per unit time; i. e.,

42
DU =fi;— dV* (4. 2)
Vi ‘

where V* is the total volume occupied by the fluid. Now the current

density is given by Ohm's law:

i* = g‘(a* xg*)

But in the present approximation, g* is to be taken as the potential

velocity, 3*5, and B* as the undisturbed uniform applied field, -Boi ’

so that the current density is just

Pk = %
J oB Ve (4. 3)
where v’g is the radial component of the potential velocity. In general,
for a body of characteristic dimension d in a uniform flow of velocity

U, v* may be written in the form:
o
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vi(x) = Uv (x) (4. 4)

where X = _:g_*/d. Substitution of (4. 3) and (4. 4) into (4. 2) leads to

D 8. [ 2
CD = = FNfVo(?_i) dv, (4.5)
v

1 pU“ n(a®/4)

where N = u‘B(z) d/pU and dV = dV*/d3.

Note that according to (4. 5) the drag coefficient increases
linearly with N as long as A is independent of N, which it obviously is
" for potential flow. However, (4. 5) also gives the Joule-loss contribu-
tion to the drag’ for inviscid, small Rm flows at arbiti‘ary N; but in this
case v_ may be ;, function of N. The integral of (4. 5) should be con-~
vergent for all potential flows past bodies, but Liepram (Ref. 26) has
fnotédkthat it is divergent in the case of Stokes flow past a sphere.

The weak-interaction theory described above appears to have
been first appliegl by Chopra and Singer (Ref. 27).k They used the
Joule-loss methéd to calculate the drag of a uniformly magnetized
sphere and of a sphere of finite conductivity in a uniform external
field for both translational and rotational motions. However, sub-
sequently, Reitz and Foldy (Ref, 28) pointed out that some of Chopra
and Singer's results were in error due to their neglect of induction
effects within the sphere and rederived the c;.orrect expression for the
drag. Furthermore, they also carried out a complete first-~order
‘perturbation solution of the inviscid MFD equations (including

perturbations of the magnetic field) for the case of a sphere moving
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parallel to a uniform applied field and showed that the drag calculated
directly from the perturbed pressure distribution was the same as that
calculated from the Joule-loss method. One other calculation that
deserves mention is that of Ludford (Ref. 29) who used the Joule-loss
method to calculate the drag of a sphere having an internal dipole field.

| Although the weak-interaction theory based on the Joule-loss
method leads to a simple calculation for the MFD drag, it is a valid
approximation only for small N flows which are clos;faly described by a
potential field. ’r"It certainly cannot be applied to ﬂovglls past bluff bodies
at high Reynolds numbers since the separated flow behind such bodies
is not describable by potential flow theory and in some flow regimes
may be strongly affected by even small magnetic fields. This would
appear to be the main difficulty with the various cases of MFD flow
past a sphere treated in the above-menﬁioned papers. However, there
are at 'least two physically realizable cases for which the theory should
be valid and we shall discuss these next.

One case is that of a sphere which is rapidly oscillating paral-
lel to a uniform applied magnetic field. This was the case that was
studied both theoretically and experimentally by Motz (Ref. 9) whose
experiment was briefly described in the Introduction. The oscillation
frequency of the sphere in this experiment was sufficiently high to
Justify using the potential velocity field to describe the bulk moti'on at
small N. As one would expect, the drag amplitude calculated by
Motz by the Joule-loss method has the same value as the drag calculat-"
ed by Reitz and Foidy for the steady motion of a sphere. Motz also

calculated second and third-order corrections to the drag using a
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formula derived by Ludford and Murray (Ref. 30) for the steady motion
of a spherel. He found excellent agreement between this third-order
calculation and his measured drag. Both his theory and data departed
from linear behavior at an equivalent2 N of about 0.1 and are about 30
per cent lower than the linear theory at an equivalent N of 0. 3.

The other case which should be describable by a potential
field is the small N flow past a streamlined semi-~infinite body. In
particular, such a description should be valid for thef?bgive and
Rankine halfbocﬁes which were used in the present égi)eriments. The
results of the zéro—field drag measurements presented in Sec. 2.5
indicated that the flow p;st these bodies was very close to potential
flow. The calculatlon of the drag coefficient by the Joule loss method
is easily carned out in the case of the Ra.nklne halqudy since its
potential field is given simply by a source in a uniform stream. On the
other hand, theré is no simple énalytiéal expression for the potential
field of the ogive halfbody and this precludes a calculaﬁon of its drag
coefficient. However, it was seen in figure 12 that the MFD drag
coefficient for tﬁis body exhibits the linear behavior predicted by
eqn. (4.5).

1 There are several points about this analysis which are quite unclear

to the present author. For example, it does not appear at all obvi-
ous that Ludford and Murray's drag formula for steady flow can be
applied without modification to periodic flows. There also appears
to be an inconsistency in the derivation of the higher-order equa-
tions governing the velocity fields. In particular, the complete
neglect of the convection terms and the magnetic field perturbations
does not appear justifiable for the third-—order calculation.

Motz defines the interaction parameter asN..a' B /pw where W is
‘the frequency in rad/sec.
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The radial velocity for potential flow past a Rankine halfbody

is given by

r
+r)3/

1
Vo T 16 T 2

(x 2

where the cylindrical coordinates, x and r, have been nondimension-

alized by the asymptotic body diameter, d (see figure 10). Substitution

of the above expression into (4. 5) gives

cor ] (2520 o[l ] oo

where the body radius, Ty is a transcendental function of x defined by

1
L g

(Ref. 31)

1 2 2,-%
*, = g [1+x(x +rb) EJ

Also note that r, = Oatx = -%. Integration of (4. 6}, which requires

numerical evaluation of the integral involving Ty leads to the following

result:

Cp = 0.200 N (4.7)

This result has been plotted in figure 16 as a dashed line and
can be compared with the data for the Rankine halfbody which have been
replotted in this figure from figure 12. The theoretical line can be
seen to lie somewhat above the data (about 15-20 per cent), but this
discrepancy may be attributed to the presence of the tow tank walls.

If the integrals in (4. 6) are evaluated only out to the radius,
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r=r = 2.75, of the tow tank instead of to infinite radius, the pro-
portionality constant is reduced by about 13 percent and the equation

for the drag coefficient becomes
Cp = 0.173 N (4.8)

This equation, which is the solid line plotted on figure 16, shows
fairly good agreement with the data, although it may still be about 5
percént higher than the rﬁean of the data. Even this small discrepancy
could probably be accounted for if a correction were made for the fact
that the radial velocities given by egn. (4. 6) do not vanish at the tow
tank walls. Although these velocities are very small (vo = ,008 at
r = rw), this correction may possibly reduce the drag c:;?f}i{cient by
another few percent. However, such a correction was not calculated
because it was found to involve evaluation of a volume integral of
integrals of elliptic functions which would have required extensive

- computations even on a computer.

In any case, in viéw of the scatter in the data, the agreement
of eqn. (4. 8) is sufficiently close so that it can be concluded that the
validity of the weak-interaction theory based on the Joule-loss method’
has been verified. Moreover, the main consequence of the theory was
the linear increase of the drag coefficient with N, and this predicted
behavior is fully confirmed by the data of both the ogive and Rankine
halfbodies at small values of N.

The verification of the weak-interaction theory for N<< 1 is

hardly surprising since the theory is very straightforward and no gross
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assumptions were made. What is surprising is the apparent agree-
ment of the data with this linear theory over a range of N which
appears to extend almost up to N= 2. From eqn. (4.5), we would
expect to see CD increase more slowly with N for values of N of 0(1)
since the radial velocities must be appreciably reduced for these
conditions by the magnetic force. However, a very plausible expla-
nation can be given for the observed behavior of the data. Most of the
important physical and theoretical concepts underlying this explanation
were found in a paper by Tamada (Ref. 32). Since his work also offers
considerable insight into MFD flows in general, it will be discussed
first.

Tamada considered the theoretical problem of flow past a two-
dimensional circular cylinder for the special limiting case: Rm-0,
cx,z—' oo and N<<1. The equations used by him for this problem are
identical to eqns. (4.1). His method of solution was to solve the
vorticity equation, obtained by taking the curl of the momentum equa-
tion, by expanding q and the vorticity, w, as power series in N. The
most significant feature of his first-order solution was a nondiffusive
vortical wake which he found existed downstream of the cylinder. His
resu1t3 for N = , 4 (based on cylinder diameter) is illustrated in figure
17. The most important point to note about this wake is that its profile
neither widens nor dissipates, but remains fixed in shape as it travels

downstream. At the same time, the pressure and transverse velocity

decay to zero.

3 A similar result was found by Leonard (Ref. 33) from a numerical
solution of the same problem.
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Although such a solution may at first sight appear physically |
unacceptable’ because of the nonuniformity at downstream infinity, it
becomes reasonable when one considers the effect of a small viscosity.
As Tamada pointed out, this agency will ultimately diffuse the wake
so that eveﬁtually uniform flow conditions will be regained far down-
stream. However, at high Reynolds number, the action of viscosity
takes place over a very long distance so that its effect near the body
may be ignored.

One may also question why such a wake should develop in the
first place. Tamada answered this question by considering a gener-
alized Bernoulli law for inviscid, MFD flows. This law may be

obtained by rewriting eqn. {1.1b) in the form:

V(%—q2 +p) -gx(vxq) = N(jxB)

Taking the scalar product of this equation with g gives

q-VH = Ng.(jxB) = -Nj-(qxB) = -Nj° (4.9)

where H = % (\12 + vz) + p. Since q-VH is the change of H along a
streamline and jz > 0, the above relation states that H can only
decrease along a streamline. What this means physically is that
the kinetic energy of a fluid particle is being dissipated by Joule
heating; and since the fluid is assumed inviscid, this energy cannot
be recovered by energy transfer from adjacent fluid particles.

If we now specify thatp = v = 0 and u = 1 at x = - o (up-

stream infinity), which is a physically reasonable assumption for
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finite N and Rm, then eqn. (4.9) requires that

3 WErvH +p<t (4.10)

along all streamlines where j # 0. If we further specify that p, v—0
as x— + o (downstream infinity), then we see immediately from this
inequality that the downstream vortical wake in question is inevitable.
In fact, this vortical wake is not unlike the rotational flow which
develops behind a curved bow shock in inviscid, compressible flows.

At this point, it should be noted that eqns. (4.9) and (4. 10)
are rather general results which were derived for arbitrary N and |
Rm (< o) for both two-dimensional and axisymmetric flows with
aligned fields. We shall have occasion to refef to these results again
in the next section when they are applied to the case N>>1,

It is clear that Tamada's results presented above are also
directly applicable to the case under consideration; i. e., to the flow
past a semi-infinite body. Here, too, a nondiffusive, vortical wake
can be expected to exist far downstream. The main consequence of
this, as pointed out by Childress (Ref. 34), is that the vortical wake
must now be taken into account when calculating momentum and energy
balances. As an explicit example, we shall feconsider the energy
balance that led to the result given by eqn. (4. 5).

We choose a control volume which moves at steady velocity U
with the halfbody but is viewed from a frame which is at rest with
respect to the fluid at x = - o (see figure 18a). The surfaces of this
control volume are taken to be at large distances from the nose of the

halfbody, and we assume that. outside the vortical wake thel flow
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perturbations decay sufficiently fast with distance from the nose such
that they contribute negligibly to the energy flux thrbugh these surfaces.
This assumption will be examined in more detail below.: Follovﬁng

Childress (Ref. 34), we define a non-negative wake function, F(r;N),

such that
g¥- U(l - F)i as x*- oo, r¥ fixed

Now the first law of thermodynamiés states that
W =0Q+ AE

where W is the work done on the fluid per unit time, Q is the heat
transferred from the system per unit time and AE is the change in

the internal energy of the system per unit time. For the present flow
system, W is just the work done by the drag force, Q is the Joule dis-
sipation and AE is the kinetic energy which is transferred out of the

control volume via the vortical wake. Therefore, the first law may

be written as

2 2
_ [ (UF)
DU-fl;— avs +f pU(1-F) 1551 asx
v - s

where V* is the volume occupied by the fluid within the control volume
and S* is the interval, d/2 < r¥*< oo at x*- co. This equation may be

rewritten in the following dimensionless form:

. _ 8 2. .8 F
Cp = ;I_-ij dV‘+-T?f(1-F)-§— ds (4.11)
v s i
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where dV = dV*/d3, ds = d.S’%‘/d2 and S is the inverval $ < r < oo,
X- 0O. |

Thus, we see that an additional term due to the vortical wake
now appears 1n the equation for the drag coefficient4. Since F< 0,
this term alwayis gives a positive contribution to CD' ‘In fact, it is
just this contribution which may account for the observed linear behav-
ior of CD even fgr values of N of 0(1). What is postulated here is that
although the depéndence of the Joule-loss term on N is decreasing,
this decrease is just balanced by an increasing contribution from the
wake term. Consequently, the drag coefficient continues to increase
linearly with NS,. It would be interesting to calculate the wake contri~
bution for Tamada's result at N = . 4 which was shown in‘figure 17. An
approximate integration of his calculated wake function shows that the
wake term is about 9 percent of the first-order Joule-loss term.

For N« 1, the Joule-loss term is much larger than the wake
term so that we were justified in omitting the latter term in eqn. (4.5).
In order to show this in general, it will be convenient to derive
another expression for the drag which is strictly in terms of the
function F. For this purpose, a momentum balance is considered;
this time in a frame fixed to the halfbody as shown in figure 18b.

Again we assume that the flow perturbations far away from the nose of

We might note that if viscosity were introduced into the problem,
this term would vanish but an additional viscous dissipation term
would have to be added.

This could pos sibly be checked expemmentally by measuring the
velocity field in the wake to determine F.
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the body and outside the vortical wake contribute negligibly to the
momentum flux. Note that in order to conserve mass, there must be
a mass flux through the sides of the cylindrical control volume. A

momentum balance then gives

R-w
= pU f(Zvr*) dr¥ --—dszZ-pU j;}an*)Fdr* -pU[(Zwr*)(l -F) dr

x¥= x*'- + oo

. . , 6
Or in dimensionless form ,

%j-(l-F)FdS | (4.12)
4 |

Subtracting this from eqn. (4.11) gives

ijzdv =f(11-1;“) (F-2F2) dS  (4.13)

A\ S

Now the first-order Joule-loss term gives C. ¢ N for N<<1, But

D
then eqn. (4. 13) requires that ¥« N. Therefore, the wake term in
eqn. (4.11) must be of order N2 and the ratio of this term divided by
the Joule-loss term must approach zero as N-0.

The results obtained above, in particular eqns. (4.11) and

(4.12), are general expressions7 which hold for arbitrary, though

6 Note that the same result is applicable to ordinary viscous flows.
However, in this case F is the velocity defect due to viscous dis~
sipation and changes its form as the wake widens downstream.

7

By redef1n1ng S to be the interval 0<r< o at x— oo, these same
expressions may be apphed to axisymmetric closed bodies.
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finite, values of N provided the assumptions invoked in deriving them
are valid. Since these results are relevant not only to the foregoing
discussion but also to the discussion in the next section, we shall
examine the assumptions in detail. The major assumptions were
the following: (1) the flow is inviscid, (2) p*, v¥— 0 as x*- 0 and

(3) the flow perturbations outside the vortical wake decay sufficiently
fast with distanée from the nose of the body such that they contribute
negligibly to the energy and momentum fluxes at infinityg.

Some support for the first assumption is pr:ovided by the
experimental results which have shown that CD is only a function of the
strictly inviscid parameter, N. The assumption is also physically
reasonable if thg Reynolds number of the flow is high and there is no
separation. These conditions are certainly satisfied for flow past
streamlined halfbodies, and the data for the blunt halfbody (c.f.,
Sec. 3.1, p.30) indicate that they may also be satisfied for bluff half-
bodies at ’high N. In the case of flow past bluff closed bodies at high -
N, the inviscid flow assumption raises some subtle questions which
will be discussed in connection with assumption (2).

We would certainly expect the second assumption to be a
physically reasonable one for any real flow which includes viscosity.
However, Yonas (Ref. 10) has shown that a strictly inviscid flow
analysis cannot satisfy this as sﬁmption and still be compatible with the

results of his measurements {(c.f., Sec. 3.1) which showed that a

8 Note that we have taken the freestream pressure to be zero. This

is convenient since the drag is always measured with reference to
the freestream pressure. ‘
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stagnant region of large negative pressure must develop on the down-
stream side of a closed body for N>>1. This incompatibility is easily
shown by letting Py = ‘Po (Po> 0) and u =v, = 0 at some stagnation
point x;,r;. Then from eqn. (4.9), which is valid only for inviscid

flows, we get
2 2 ‘
%(u +v) + p< - PO

at any point along the streamline originating from the upstream point
Xy Tye Thus, if we require that p,v—~ 0 as x— oo, this inequality is
violated and we must conclude that negative pressures are not
allowable at stagnation points in strictly inviscid flows. Howev‘er,v
this is not true if viscosity is introduced into the problem because

then the‘pressure can recover to the zero downstream value through
the momentum transferred from the outer flow. Thié is the mechanism
proposed by Yonas to explain the results of his experiments but due to
the complexity of the problem he was unable to give any details.

In the case of semi-infinite bodies, on the other hand, such
stagnant regions of negative pressure are quite unlikely to develop
since the flow does not have to close behind the body. In fact, this is
supported by some stagnation pressure measurements we made on the
Rankine and égive halfbodies using the drag balance as a pressure
transducer. The measured pressures even at the strongest fields
were found to be at most 2 to 3 percent higher than the measured
pressure without field. Stagnation pressure increases of this order

were expected due to a slight pressure drop downstream caused by the
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presence of k‘the tow tank walls (see appendix C), but if there had been
a more significant pressure drop downstream, it would ilave acted on
the lower bellows of the balance (see figure 3) and produced a corres-
ponding increase in the measured pressure. Thus, it appears that
assumption (2) is a reaéonable one for semi-infinite bodies. One
consequence of this assumption is that it requires the drag of a half-
body to be due é?tirely to excess pressure acting on the nose of the
body since the p;'essure at the base is assumed to be zero.

We must finally consider the third assumption. In order to
examine this assumption, Cl\lildress (Ref. 34) has suggested d escrib-
ing the flow near infinity and outside the vortical wake by the
linearized MFD equations of the Oseen type; i. e., by replacing (q¥*. v)
and (B¥-v) with Ua/ax* and Boa/ax*, respectively. In this approxi-
mation, the body is replaced by a concentrated point force at the
origin. Solutions to this problem have been carried out by Gourdine
(Ref. 6) for arbitrary Rm, Re and N. The most striking feature of
these solutions is the appearance of the so-called upstream wake for
a2> 1. Within this wake, the rotational perturbation components
(''transverse components'') of the axial velocity and magnetic field,
denoted as u;I{‘ and h;I{‘ by Gourdine, decay algebraically as x— - . At
first glance, one mi_ght think by analogy with the viscous Oseen wake
that a finite flux of momentum is carried out to upstream infinity in
such a wake. However, it can be shown from the results of Gourdine's

work that this flux is identically zero for Re~o. The reason for this

is that the flux at x = - 0 is given by the sum of an integral of u;f and
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an integral of h:, and these integrals cancel each other exactly. In
fact, for Re~ o it can be easily shown from the x-component of the
linearized momentum equations that p + u' = 0 (where p and u' are
perturbation quantities), from which it is immediately obvious that
the total momentum flux of the flow perturbations is zero through
any iﬁfinite plane located at x< 0. The same conclusion holds for
the energy flux of the flow perturbations. Thus, these results
indicate that assumption (3) may be valid in general.

One final point we should note about the linear solution is that
the drag is carried entirely {)y the downstream viscous wake. For
Re— oo, this wake degenerates to a singularity along the x-axis given
by u = -H(x) 6(r), where H(x) is the Heaviside function and 6(r) is the
delta function. In a sense, this degenerate wake could be thought of
as the representation of the vortical wake in the linear approximation.
In fact, Childress (Ref. 34) has attempted to construct a uniformly
valid approximation of the flow field by matching the vortical wake
to the linear solution. However, the details of his matching procedure
are rather obscure to the present éuthor.

This completes our examination of the major assumptions
invoked in arriving at eqns. (4.11) and (4. 12) and we have at least
provided some justification for their validity. However, as useful as
these general resulfs have been for qualitative explanations, they
still cannot provide us with explicit values of the drag coefficient for
N = 0(1). This requires solving eqns. (4.1) for N = 0(1), but the
difficulty is that these equations can no longer be linearized since all

terms become of the same order. We can presently only say that
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the features of the flow past the streamlined halfbodies at N = 0(1)
should be qualitatively similar to those at N< <1 with one important
exception.

In the former case, a nondiffusive, vortical wake may

exist far downstream which could account for a large part of the drag.
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4.2 Strong Interaction Case, N>>1

We shall show that eqns. (4.1) are also basically nonlinear in
this case so that solutions were again not obtainable., However, we
will still be able to obtain a fairly cdmplete qualitative picture of the
flow by making use of some of the genez.‘alv results obtained in the
previous section and by examining eqns. (4. 1) for N>>1. Further-
more, we shall obtain a limiting va‘lue for the drag vcoefficient in the
limit as N- co.

Any thé‘pretical model of the flow must, of course, be
capable of describing the experimental results presén‘ted in Sec. 3.1.
For large values of N, the main result was that the drag coefficients of
all three halfbodies were of 0(1) and appeared to be converging to some
common value. Before describing our nonlinear theoretical model, it
is of interest to Eompare this empirical result with the results of two
existing linear theories.

The first is a theory proposed by Stewartson (Ref. 2) for the
limit: Re- o, Rm- 0 and az—o . He solved a linearized time-
dependent problem in fhis limit for the flow past an infinitely conduct-
ing sphere. The same problem was later treated by Ludford and
Singh (Ref. 35) who corrected an error made by Stewartson in a
boundary condition. However, this resulted in only a slight modifi-
cation of his solution. They also carried out the solution for the
case of the insulated sphere. Both of these solutions gave essentially
the same results. In the ultimate steady flow, infinitely-long cylin-
ders of fluid were found both ahead of and behind the sphere and

moved with the sphere as if solid. The pressure and radial velocity
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both inside and outside these cylinders were found to decay ultimately
to zero. The main consequence of this flow model is that the drag is
zero.

Now there seems to be no reason why this theory should not
give the same solution for a semi-infinite body. In fact, the infinitely~
long cylinder of fluid behind the sphere could just as easily be thought
of as a solid infinitely-long afterbody; The drag in this case would
also be zero. Such a result is obviously in contradiction to the experi-
mental result, and we must therefore reject this theoretical model as
physically untrue. The failure of this theory is undoubtedly due to the
fact that the nonlinear convection terms were neglected in the equations
of motion. Without these terms, excess pressure can never be
developed on the nose of the body.

The other linear theory is that of Lary (Ref. 36) who consid-
ered inviscid MFD flo;xrs past slender bodies. He used the inviscid
version of the linear Oséen-type equations solved by Gourdine (c. f.,
previous section). His results showed that CD = 0f 62 \rﬁ) for N>>1
where € << 1 is the thickness ratio of the body. However, these
results are of limited interest to us because the restriction on N for

~ the validity of his theory is N<<1/ ez, which means that C,<0(¢).

D

Therefore, his theory cannot be used to predict C_ of 0(1).

D
In constructing our theoretical model of the flow, we shall
first show that the experimental result necessarily implies that stagnant

regions of excess pressure must develop in front of the halfbodies.

This is easily shown from eqn. (4.10) which, by noting that CP = 2P,
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can be put into the ’form:

c, <1 -2+ vh
Since CD = 0(1), we must have Cp = 0(1) on the front of the halfbodiesq,
which means that u2 + v2 <<1, i.e., the flow is stagnant. We also
note from this equation that Cp can never exceed 1. In fact, the
maximum preséure is reached at the stagnation point where G_ = 1.
This follows frdjm eqn. (4.9) since along the dividing streamline,
52 = 0andso g-VH = 0.

Given the existence of a stagnant region of excess pressure
ahead of the halfbodies, we now ask how this pressure is built up.
More specifically, for fixed x < 0, how does the pressure rise from
its zero freestr%am valueloat r = oo to a value of 6(1l) as *r~ 0?7 Some
idea of how this rhappens may be obtained by examihing eqn. (4.1lc), the

radial component of the momentum equation. For N> > 1, the inertia

terms in this equation may be neglected and we get

= =~ Nv (4.14)

[s¥1 f¥]
L]

Hence, we see that the pressure increase is mainly due to the action
of the magnetic force, which in turn depends on the distribution of

currents since j = v. However, we also wish to know just how the

9

This conclusion follows since it was shown in the previous section
that the drag of a halfbody is entirely due to excess pressure acting
on the front of the body.

10 In keeping with the definition of the dimensionless pressure given in

chapter I, pressures will often be referred to as zero if they equal
the freestream pressure p*w.
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currents are distributed. In an attempt to determine this, we shall
first look for a solution of eqns. (4.1) in the limit as N-» . Our
procedure will be very similar to that used by Chang (Ref. 37) in his
demonstration of the singular perturbation method on another MFD
flow problem for the limiting case: Ha—oo, Ha/Re- 0.

We proceed formally by letting N—~ oo in eqns. (4. 1) and keeping

(x,r) fixed. The equations which result are

v=0,§—‘3‘-=0,§£

Bx 5x - 0
The general solution of these equations are
v=20,u=f£fr), p= glr) (4.15)

where f and g are arbitrary functions. Now the boundary conditions

which must be satisfied are
g-i , p~0 as x- -m®, or r-ow
g—~i - F(r)i , p~0 as x- +o0 (4.16)

g'n = 0 on the body, n = outward normal to body
surface

where F(r) is the unknown wake function defined in the previous section.
The development of the downstream vortical wake for the condition,
N>>1, will be discussed later. Itis obvious that (4.15) cannot satisfy
all of these boundary conditions, which means that the present limit is
not uniformly valid and indicates that the problem is of the singular

perturbation type (Ref. 38). In anticipation of this, we choose f and g

such that (see figure 19)
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0, p=% for r<3, x< 0

jo
]

g =i,p=0 for r>%, x< 0 (4.17)

g = i-Fi, ps0 forr>%, x>0

Notice that this solution satisfies our requirement for a stag-
nant region of excess pressure ahead of the body. In fact, we have set
the pressure just equal to the maximum pressure of (CP = 1) so this
solution must represent the case of maximum drag for which GD =1,
One should also notice that the solution satisfies the boundary conditions
on the body, at r—= oo and at x-+ . However, it does not satisfy the
upstream boundary conditions with r<% , and it is discontinuous at
r=%(x<0)and at x = 0 (r>%). In order to satisfy the upstream
boundary conditions, an intermediate region (or regions) of flow are
required. Intermediate regions are also required at the surfaces on
which the discontinuities occur so that a continuous ""matching' of the
solution can be accomplished (this procedure is well illustrated in
reference 37). These intermediate regions of flow will be examined
next.

Of particular interest is the pressure jump which occurs across
r = 3. This in fact establishes the location of the currents since by
eqn. (4. 14) such a pressure jump can only occur if there are currents
concentrated in a thin layer near r = 2. We can study this current

layer in more detail by introducing the scaled variables:

x = X(N)X = 0X), r-%= gy = o(1/R) (4.18)
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and new dependent variables defined by

u=u=0l), v = gE=o/V)p=p=01 (419
where R(N) and V(N) are undetermined parameters depending on N, In
defining the above variables, we have assumed that the current layer
thickness is of 0(1/R) and that u, v/V and p are the first terms in
the expansions‘f,of u, v and p in terms of the smal.ll‘pa.;‘:ameter 1/N.

Substitution of (4 18) and (4. 19) into eqns. (4.1) giveé

S

1da, K RO , R Vv ‘ '

g EE t o ez t G ——— =0 (4.20a)
X% " Voer 'V 7 g ,

I —=9%u , — du _ 1 9p

X szt Ve T X5 (4. 200)
1 —=8v , R =3 _ .8 N = (4. 20c)
XV fZ Ver T Rer TV Y

Now the pressure term in eqn. (4. ZOC) can balance the magnetic term
only if R = N/V. Also, eqn. (4.20a) can only be satisfied if 1/X =

R/V. Hence, we must have

1 X 1 1
S LB (421
):3 N v TR

Then in the limit as N-o, eqns. (4.20) must reduce to



(4.22)

W Q

Note that the nonlinear inertia terms survive in the x-component
of the momentum equation. These terms are essential in order to
balance the large changes in pressure which occur along the stream-
wise direction, but they are also the greatest obstacles standing in the
way of solutions to eqns. (4. 1).

From (4. 21) we can now give the following estimates of the

current layer thickness, §, and the magnitude of the currents, j= v:

5= o(1/R) = o(VXK/N) = |00/ VN forX =1
o(1) forX=N
io= o(1/v) = o/ Vax) = |01/ VN) forX = 1
O(I/N) for X = N

Thus, the current layers must spread from a thickness of 0(1/ \/—I\-J) at
x = 0(1) and merge into a single layer of thickness 0(1) at x = O(N).
-The spreading of these layers is illustrated in figure 20.

We can also estimate the current dissipation in the layers as

follows:

ijz av = O(N % X 8) = O(Ng ) = 0(1)

.
2]
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Hence, the current dissipation remains finite as N— co even though
§-0 and j- 0.

The thin current layer model described above was first
mentioned by Childress (Ref. 39) in analogy with a solution he carried
out for the case, N/Re>>1, It was later developed in more detail by
Yonas (Ref. 10) who proposed that such current layers could support
not only stagnant regions of positive pressure in front of a closed
body, but also stagnant regions of negative pressure behind the body.

The merging of the current layers near x = O(N) into a single
wake-like region suggests the possibility of matching it to the up-
stream wake given by Gourdine's linear solution (Ref. 6). This linear
solution could tﬁen satisfy the upstream boundary conditions. However,
such a matching is not possible because the linear solution cannot
match pressures of 0(1) and still be valid. Therefore, there must be
at least one intermediate region between the stagnant region and the
region far upstream where the linear solution is valid.

In order to determine the equations for this intermediate

region, we introduce the following limit process:

x=X(N) X =0(X), r=7%=0(1)

u=aq= 0(1) . V='V¥NT = O(I/V) s P = 5 = 0(1)

Substituting these variables into eqns. (4.1) and proceeding as before,
we find that

X =V =N
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so that

j = v = 0(1/N)

And in the limit as N- o, eqns. (4.1) reduce to

— + = =0

% or

~ 9u .,.';9.‘_:: = ;'_9% (4.23)
9% ar 9x

which are identical to eqns. (4. 22) for the current layers. Thus, the
equations for this intermediate region are also basically nonlinear.

- However, these equations may be valid over a much wider region. In
fact, Childress (Ref. 15) has attempted to apply eqns. (4. 23) to the
entire flow field in order to determine the drag of a two-dimensional
circular cylinder. In the strained coox;dinate system of these
equations, such a cylinder simply appears as a flat plate on which
simpler boundary conditions may be spécified. Using a successive

approximations technique to solve eqns. (4. 23), Childress found
CD = 0,721 from the first approximation. Due to the increasing
complexity of the equations, he was unable to carry the solution to
higher approximations. However, it would seem clear without
calculation that higher approximations should lead to CD—» 1 since

Childress assumed Cp = 0 on the rear of the plate and we have shown
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that Cp-* 1 on the front of a body as N-~o. Yonas (Ref. 10) has also
alluded to this point.

It should also be mentioned here that an exact similarity solu-
tion of eqns. (4.23) has been found by Kovasznay and Fung (Ref. 40)
and by Childress (Ref. 34). However, it corresponds to sink flow at
high N and finds no application to flow past bodies.

We mustifinally consider the nonuniformity near x = 0 (r> %).
The detailed structure of this region appears to be quite complicated
and, in fact, there may be more than one region required in order to
describe it. Unlike the previous two regions, a consistent limit
process could n;.?t be defined which yielded a unique set of equations.
The proper equa{tions can probably only be determined by obtaining
explicit solutions and cai'rying out the difficult matching of the various
regions which coﬁe together at x = 0, r = . . Although we can
presently say very little about the detailed structure of the flow in this
region, it probably would not add anything essential to our qualitative
understanding of the overall flow.

This completes our bdescriptive aﬁalysis of the various regions
of nonuniformity, but so far we have said very little about the non-
diffusive, vortical wake which has been assumed to exist far down-
stream. However, it has already been shown that the Joule dissipation
in the current layers remains finite as N— oco. This implies that there
will alwayé be a decrease in the Bernoulli H-function along the stream-
lines, which in turn means that a vortical wake must exist far down-

stream. This can also be shown from eqn. (4. 12) which gives the drag
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coefficient in terms of an integral of the F-function, and is supposedly
valid for arbitrary N. We see from this equation that if CD—} 1 as

N- oo, then F cannot approach 1, 0 or change abruptly from 0 to 1 any~
where, for otherwise, CD—' 0.

A possible profile for the F-function is shown in figure 21 where
we have also tried to summarize what has been deduced about the struc-
ture of the rest of the flow field in the limit N- co. A stagnant region
in which Cp = 1 extends from the front of the body to x = - . The
pressure in this region is supported by a cylindrical current sheet at
r =% in which the currents are becoming vanishingly small. Outside
this current sheet at x— oo, the velocity is parallel and equal to unity
and the pressure is zero. Far downstream, the pressure is again
zero and the flow is parallel, but there is a nondiffusive, vortical wake.
All these featuzfes of the limiting flow field are quite consistent with the
trend of the expiprimental results. Since the body shape is immaterial
in this limiting Elow field, it explains why the drag coefficient curves of
all three halfbodies appear to be converging into one. Furthermore,
the drag coefficient of a halfbody in the limiting flow field is unity, and
indeed, the drag coefficients of the halfbodies do appear to be gradually
approaching this upper limit.

The physical model we have described above has led to consid-
erable insight into the structure of the flow field for N>>1, Although
the model is admittedly incomplete in many of its details and we are
unable to provide explicit calculations of the drag for large, finite
values of N, most of the fundamentalr features of the flow appear to be

qualitatively well-understood.
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V. CONCLUSION
Resulj:s have been presented from MFD drag measurements on

‘three semi-infinite bodies over the range, 0< N< 24. Two of the
bodies, a Rankine halfbody and a 2-caliber ogive, were streamlined
shapes, and the third was a blunt halfbody. For N < 0(1), the drag
coefficients of the streamlined halfbodies were found to increase
linearly with N, but the drag coefficiept of the blunt hzglfbody was
relatively unaféécted. For N>>1, the drag coefficients of all three
halfbodies were?ibf 0(1) and appeared to be asymptotically converging to
some common limiting value.

A simp}e theoretical calculation of the drag coefficient of the
Rankine halfboéy was possible for N< <1 which agreed quite well with
the experimental results. However, there was apparent agreement
even for N = 0(-1)7“ for which the theoretical calculation is no longer
valid. This was explained by a strictlyi inviscid theory which showed
that a nondiffusive, vortical wake must exist at downstream infinity.

. By extending the results of this inviscid theory to the case N>> 1, a
physical model of the flow was constructed which led to the conclusion
that as N—oo an infinitely-long stagnant slug must form in front of a
halfbody and the drag coefficient of the body must approach a maxdimum
value of unity. Althdugh all the features of this model are consistent
with the trend of the experimental results, more complete experimental
verification is needed. ‘

It is particularly important to establish the extent to which the

inviscid flow approximation is valid. This might be studied by
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measuring the wake velocities at various distances downstream. Also
in question is the existence of the thin current layers and long stag-
nant slugs in front of the halfbodies. The answer to this question
could be provided by detailed measurements of the velocity and
magnetic field.

There is perhaps even a greater need for further theoretical
work on the prob}em. Although the MFD drag can be calculated for
small N and an &pper bound on its value has been established for
N- oo, it cannot as yet be calculated for intermediate values of N.
Hopefully, the physical framework that has been provided here will
prove beneficial in this endeavor.

Finally, results have also been presented from measurements
made of the transient drag of flat disks which were started impulsively
from rest. Thé Slrag of a disk was found to overshoot its steady-
state value by 30 to 50 per cent and required a distance of about 25
dis;k diameters to reach this steady-state value. This behavior was
attributed to the vortex formation process occurring in the wake of the
disk. Additional experiments, particularly visual flow studies, woﬁld

probably lead to a better understanding of this interesting process.
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APPENDICES

A. Calculation of Base Drag without Dissipation

The base drag will be calculated assuming that the flow is
inviscid and non-dissipative. The coordinate frame is fixed to the
halfbody and a control volume is selected which consists of the tow
tank walls and two cross-sections, I and 11, of the tow tank as shown
in figure 10. The entry cross-section I of area A1 is chosen far enough
upstream such that the velocity uy and pressure p; are uniform across
it. Likewise, the exit cross-section II of area A2 is chosen far
enough downstream such that the velocity u, and pressure p, are
uniform across it. These latter conditions are assumed to exist by
the time the flow reaches the lower bellows of the drag balance. Under

‘the above assumptions, the conservation equations may be written as

follows:
WA, = u,A, (Continuity)
2 2
plAl + pulAl = pZAZ + PuzAz + D . (Momentum)
3, L 3
Pyu At 3 PUlA "= pouyf, + SpuszA, {Energy, or

Bernoulli law)

. Elimination of u, and P, from these equations leads to

. 2 M Ay
D+pya; -A) = zpuy K'zf'(l'xzf)

- Since the drag is always measured with reference to Py, we can

simply set Py = 0. The drag coefficient is then given by
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c - D ) Al(Al 1
#pui(A, - Ay) 2 2

 Since AI/AZ = 1,035 for the tow tank, C.. = 0.0357.

D

B. Calculation of Pressure Jump due to Flow in Standpipe

The pressure jump in the tow tank due to the aﬁ:celeration of the
mercury flowing into the standpipe may be easily caléulgted by consid-~
ering the balance of mass and energy of the system shown in the sketch

below:

Standpipe

Tow Tank

. . J K 35 O R

P3: Uz AFA,

Again, the flow is assumed to be inviscid and the velocities and pres-
sures at sections 11l and IV are assumed uniform. The velocity ujz
is just the velocity of the fluid displaced by the drive shaft, and since
the ID of the sta’ndpipe equals the OD of the drive shaft, u 4 is just

equal to the drive shaft velocity, uy. Conservation of mass and energy

then gives:
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usAs = uh, whereu4=u2andA3=A1

| 3 3 |
3 puzA; + pyuzhy = LpuyhA, +pguhy

A little algebra then gives the pressure jump as

Py = P uZ A2
2 2 -3 = 0-—F) a1
1.5 A
Elder 42 1

since A4/Al = 1/30.

Now if the difference in the effective areas of the bellows is
AAb and the crbpss-sectianal area of a model is A, then the drag coef-
ficient corresponding to the apparent drag force produced by the pres-

sure jump is

B Nl e S el T S S ¥
D ~ 2 . A "TA_ T " TAJR
%pulA 12 b b
Epuz

The ratio A/Ab s Where Ab is the average effective area of the bellows,
is 5.5 and AAb/Ab is about . 025 (this was determined by increasing
the mercury hydrostatic head by a known amount and measuring the
change in the drag balance output). Therefore, Cp= - 025/5.5 = , 004. ,
It should also be noted that there may be an additional pressure
increase in the tow tank due to viscous effects in the standpipe flow.

However, this increase was calculated assuming fully-developed
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turbulent flow and was found to be only about 10 percent of the pres-

sure jump calculated above.

C. Calculation of Base Drag with Dissipation

We again choose the control volume shown in figure 10. As in
the non-dissipative case (appendix A), the conditions across section I
are assumed to be uniform. However, we can no longer make this
assumption about the conditions across éecéion I1. If kinetic energy is
being dissipated in the region near the nose, due either to viscous or
ohmic losses, then a vortical wake forms downstream and the velocity
across section I1I'may appear as shown by the dashed iine denoted as
GZ in figure 10. In any real flow, this wake is ultimat‘ely dissipated
very far downstream by the action of viscosity and uniform flbw

conditions are regained.

Although the vel’ocity EZ is nonuniform across section II, if |
this section is taken sufficiently far downstream (say at the location
of the lower bellov;s), then the streamlines should become nearly
pérallel and the pressure across the section may be assumed constant.

Under this assumption, the continuity and energy equations for the

system may be written as follows:
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where Ql is the dissipation per unit time within the control volume.

Using (C. 1) in (C. 2), we get

. 3 ~3
Pz - Ay = -Qpt Epup A ‘%PI up dA;
A2
Or
P -ﬁ Q A
c <fz’R_ 1 .11 L | 3 aa,](c.3)
Py 3 2 . % A Al A 2 2
pu; Pup A 2 2¥2

It will be shown below that the term in brackets may differ from unity
by only 1 per cent so that it will simply be taken equal to unity. We
estimate Ql by }'r%oting that the work done by the drag force, Duz, is
not only dissipated into heat but an appreciable fraction may also be
carried out of the control volume as kinetic energy by the vortical
wake. This is shown explicitly in Sec. 4.1 for the case illustrated in
figure 18a. Thus, if we let Ql = B I)u2 {(0< B< 1), then (C. 3) can be

written as

. 2 .
A
D Yz
G, =-p———2 - (1-—)
2 Bpuy wA) Ay
2
A
= -scDAl‘Az - 1
A Al

where
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D
3
Eeuj(A) - A))

C

D
For the tow tank, AI/AZ = 1,035 so

va. = -,0358 CD - .070 (C.4)
: 2

This result is e;;esentially a statement of the simple fg«;‘ct that the pres-
sure in a pipe siiould drop if there is any dissipation,‘ Without
dissipation the pressure drop is given by Cp, = -.070, so that the
term -.0358 CD is a measure of the pressurg drop due to dissipation.

We shall now go back and estimate the term in brackets in eqn.
(C. 3) which was taken to be unity in arriving at eqn. (C.4). This term
will be estimated by considering the fictitious process in which the
vortical wake, 3:2, flowing out of section II is‘ultilirnately dissipated as
heat, Qz, such that the velocity becomes uniform again across some

section I1I farther downstreamla The mass and energy balances for

the fluid between sections II antl III give

and 2

= 1,353 -1 owA . -
Q, = szuZ dA, + pauyh, =3 PuzAg - paughg
Ja,

1 The process is fictitious because in the real flow the effects of the

halfbody boundary layer are bound to become important very far
downstream and the flow will approach cylindrical Couette flow.

However, by considering such a f1ct1t1ous process, we can ignore
these effects.
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Since A3 = AZ’ u; = u, and the energy equation may be rewritten as

~3 3 ;
%pfuz dA, = %puz A, + Q, - (p, - p3)u2AZ

A
But pz”- Py > 0, so

2

~3 3
%p‘[ u,da, < %puzAz +Q,
A

2

____1_3 a’g dA, C < 1+ ___QBZ___
A,uy 1pu A,
| A 2
2 v

i

By the same argument used above for Ql' we can set QZ‘-' YDuZ, 0<¥<l.
In particular, we assume ¥ =% which is probably as good a guess as

any. Then the above relation becomes ‘

1 b~3dA < 143 22 MC-I 015 £ =1
— | 1298, A o p~ 1 or Gy

which gives the recjuihred result.
From eqn. (C. 4) we can now obtain an estimate for C .. For

the blunt halfbody we take Cp=- 8 and rather arbitrarily assume B= 2.

The pressure drop is then given by

Cp&, -.08
>
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This admittedly crude estimate is probably as good (or?bad) for N=0
as it is for N>0 since CD does not vary much with N (c/. f., Sec. 3.1)
and the dissipation within the control volume probably stays about the
same even though the dominant dissipative mechanism may change

from viscous to ohmic. In any case, the estimate cannot be too far off

since for CD =1 and 5:—; 1, (C. 4) gives

C_ = -.105 (C.5)

In the case of the Rankine and ogive halfbodies, the dissipation
was almost zero at N = 0, but surely increased as N increasedz, cor-
responding to an increase in BCD in eqn. (C.4). Thus, sz must have
decreased accordingly as N increased. However, it is shown in Sec.
4. 2 that CDE 1, so that C_ cannot decrease below the value given by
(C. 5)3, which corresponds to a2 maximum base draglcoefficient of
CDb; +.105, Thérefore, the base drag coefficients of the Rankine and

ogive halfbodies must vary from their zero-field value of . 036 (c. f.

appendix A) to a maximum value of . 105 as N becomes very large.

D. Derivation of MFD Boundary Layer Equations

We consider the laminar flow of a conducting fluid past an

insulated flat plate for the following conditions:

Rm <<1, N>>1, Re>>1 and N/Re << 1 (D. 1)

In Sec. 3.1 it will be shown that CD increases monotonically with N.

Some stagnation pressure measurements described in Sec. 4.1
(pp. 54 -55) indicate that the pressure at the lower bellows of the
drag balance does not in fact decrease below this value.
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We shall assume that Rm- 0 so that eqns. (1. 1a) and (1. 1b) can be

used with B = -i. The variables are then defined as follows:

u=u=0(l) , v=V(Re,N)v=0V) , p= P(Re,N)p= 0(P)

— —_ (D. 2)
x=x=0(1) , y=Y(Re,N)y= 0(Y)

where V, P and Y are unknown scaling factors which depend on Re and
N. Since we want to relate the results of this analysis to the boundary
layer flow over a halfbody, it was convenient to retain the halfbody
diameter, d, as the characteristic length in defining the parameters
in (D. 1) and’the,: dimensionless variables, x and y, in (D.2). Note

that this implies x* = xd = 0(d). In terms of the variables defined in

(D. 2), the continuity and momentum equations take the following

forms:
3u vV v
g, Vgdu _ pdp , 1 ?f-“":-+ 1 oy D. 3b)
st YV T P tTRe\ =2t 2 =2 (D.
: ox Y 9y
viZ &, Yy PO Ny o4 L V%’Z;wtVazv D. 3c)
=T Y ey Y oy v R\ V= ;263’-2 (D. 3¢

Now eqn. (D.3a) can only be satisfied if V= Y. The viscous and

inertia forces in eqn. (D. 3b) can then be balanced by requiring that
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The only tefms that can now be balanced in eqn. (D. 3c) is the pressure

gradient against the magnetic force. This requires that

Thus, the following estimates h#ve been obtained:
v= @(Re‘%) , p=0(N/Re), b§=0(Re %) (D. 4)
where 8= &% /d 1s the dimensionless boundary layer thickness. In the

limit, Re— o, N-»o, eqns. (D.3) reduce to

u?i_,,;_@_g: 3 u
o 3? a;}-z
% .
oy v

The first two equations are just the ordinary boundary layer equations
for a flat plate. The third equation gives the pressure across the
boundary layer once v is obtained from the solution of the first two
equations. However, the Blasius solution for v leads to 8p/06x > 0

so if this term were included in the second equation above, it would
cause the flow to decelerate .and boundary layer to thicken. Therefore,
we must examine this effect more closely in order to determine if it
can cause the boundary layer to separafe. A crude estimate can be

made by evaluating the Kirman-Pohlhausen parameter A (Ref. 41):
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A=6*2 dp* _ _&*

Now from (D.4)

5=0 (V) = 0(1/VRe) , = O(P) = O(N/Re)

X

- Hence,

N = 0o(N/Re)<<1

Since the criterion for separation is A = -12, this estimate
indicates that separation is very unlikely.

Thus, we have shown that the ordinary boundary layer
equations are very likely to be valid for the conditions given by
~(D.1). No unusual effects, such as upstream-growing boundary
layers and reversed flow (indicating a breakdown in the boundary
“layer equations) which have been predicted by some theoretical
solutions (e.g., Refs. 42 and 43), are éxpected for these conditions

because the interaction between the flow and the magnetic field is

extremely weak.
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Figure .. CURRENTS AND MAGNETIC FORCES IN AXIi-
SYMMETRIC MFD FLOW IN THE LIMIT Rm-=0
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FIGURE 9. TRANSIENT DRAG DATA OF FLAT DISKS AT FIXED VELOCITY OF 0.3 M/SEC
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