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Abstract

This thesis is an investigation into the spectral properties of two broad
classes of semiconductor lasers. They are (1) broad-area lasers with non-planar
mirrors, specifically, those with an unstable resonator configuration, and (2)

coupled-cavity semiconductor lasers.

The use of non-planar mirrors on broad-area lasers can substantially
improve their properties. Chapter 2 focuses on the experimental realization of
several unstable resonator semiconductor lasers, while chapter 3 presents a

method of analyzing the modes of such a device.

Coupling two cavities together can drastically alter the dynamic and spec-
tral properties of a semiconductor laser. In chapter 4 we present experimental
measurements and explain the properties of a laser consisting of two side-by-
side coupled cavities. We then turn to the theoretical problem of analyzing the
dynamic properties of multicavity lasers. In chapter 5, we derive a general
expression for the dynamic response of a multielement laser. In the process, we
develop a formalism for treating the dynamics of any semiconductor laser sys-
tem with particular ease of application to single-mode multielement lasers. In
chapter 6, we show that 2 or more cavities can lead to bistability and bimodality.
The quantum fluctuation-induced noise properties of multicavity lasers are
analyzed in chapter 7. In chapter B, we return to the single-element laser and
calculate non-quantum noise contributions--specifically, thermal and diffusion
noise-- which give rise to a 1/f spectrum. In chapter 9 we present a new method
of deriving multicavity rate equations and point out a shortcoming of the exist-

ing coupled-mode treatments.
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Chapter 1

Introduction

1.1 Historical Perspective

The history of the laser is a short one; the time from the first demonstra-
tion of an optical maser in ruby [1] to the present has been a mere 26 years.
Within a few short years of that first demonstration, however, a flood of new
laser systems appeared, including the helium-neon laser in 1961 [2], the ion
laser in 1964 [3], and a host of solid-state lasers through the mid-1960's [4-5].

Among the latter was the semiconductor injection laser.

The idea predated the implementation, of course. While Schawlow and
Townes in 1958 had formulated the general conditions for a visible laser in a
medium consisting of localized atomic states [68], semiconducting material, with
its delocalized states and important phonon processes, presented special
difficulties to the analysts. Bernard and Duraffourg showed in 1961 [7] that the
necessary condition for stimulated emission in a semiconductor was that the
imrefs (quasi-Fermi levels) for the electrons and holes in a semiconductor be
separated by more than the energy of the emitted radiation. In the same year,
Basov st al. proposed that the necessary conditions could be met by injecting
electrons and holes across a p-n junction [8]. Initially, the workers concen-
trated their efforts on IlI-V compounds, and in 1962 four different groups
demonstrated working devices [9-12], thr,ee of them based on GaAs, cne on
GaAsP. The lasers all had one feature in common; they were all fabricated by

diffusing a p-type dopant into an n-type wafer, and because the junction and the
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surrounding region were made of the same material, they were dubbed homojuc-

tions (figure 1.1).

Semiconducting material suffers from high optical loss at the wavelengths
at which lasing was being considered--typically, the absorption length is a few
um. Consequently, high optical gain is required for laser action. The achieve-
ment of sufficient gain to overcome the losses requires a high concentration of
both electrons and holes in the active region. Homojunctions suffer from poor
carrier confinement, however; the active region (the region of high optical gain)
is determined by the overlap of high electron and high hole concentrations
(figure 1.2), which is already a narrow region. Furthermore, at room tempera-
ture the distributions become further smeared out and the gain is correspond-
ingly reduced. This feature limited the early devices to low-temmperature opera-
tion. In fact, while the years following 1962 saw an increase in the number of
lasing systems to include GalnAs, InP, and InAsP [13-15], there was no such
increase in the efficiency of the devices. Threshold currents stayed high
(3550 kA/m®) and efficiencies low. The semiconductor laser remained a

pulsed, low-temperature device suited for the laboratory only.

The first glimmers of continuous-wave (CW) operation and commercial
practicality came in the late 1980's with the development of the stripe contact
to limit the current to a narrow region of the laser. The second great innovation
was the heterogjunction, composed of dissimilar materials. Although Kroemer
[18] had suggested as far back as 1963 that a sandwich of a narrow-bandgap
material between two wide-bandgap materials would confine the carriers more
effectively, serious work on the concept did not begin until 1966-87. At that
time, one of the rare generosities of Nature occured when it was realized that
GaAs and AlAs are almost perfectly lattice-matched {figure 1.3). Thus, layers of

GaAs and AlAs (or any mixture thereof) could be grown with few defects at the
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Figure 1.1: Schematic of a broad-area homojunction semiconductor laser. The
facets are cleaved while the sidewalls are sawn to prevent spurious lasing action.
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Figure 1.2: Schematic of the electron and hole populations in a homojunction.
High gain exists only in the overlapping region of electrons and holes.
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junction, giving high efficiency and the benefits of a heterostructure.
Throughout 1968-69 several researchers worked towards lowering the room-
temperature threshold current of single and double heterostructures [17-18],
and in 1970, Hayashi and Panish demonstrated room-temperature CW operation
of a GaAlAs-GaAs double heterostructure laser [19-20]. Since that time, a steady
stream of improvements has lowered the threshold, increased the speed and
power, improved the spectral properties, and otherwise set the semiconductor

laser on the course that has brought us the ubiquitous device of the present.

And what a device it is. In recent years, semiconductor lasers have been
demonstrated to reach B0% differential quantum efficiency [21]-that is, of every
ten electrons injected into the active region, eight produce photons. A 50% "wall-
plug" efficiency (total optical power out divided by total electrical power in) is
not unreasonable, and while the standard "workhorse" CW lasers preduce 5-10
mW of optical output power, single devices are commercially available with
powers up to 100 mW CW [22], while phased arrays have been reported to pro-
duce up to 5.4 W CW [23]. At the other end of the power spectrum, threshold
currents as low as 2.5 mA have been reported. Extrapolated room-temperature
lifetimes are in excess of 10”7 hours, with degradation rates of ~ 107 hr! at 100
C° [24]. One of the great advantages to semiconductor lasers is the fact that
their output can be directly modulated by voltages on the order of 2 volts or so,
which makes them eminently suitable for use with electronics in communica-
tions systems. With the advent of low-loss, low dispersion optical fibers,
transmission distance-bandwidth products can be achieved that would be impos-
sible with coaxial systems. For example, a recent experiment demonstrated 1
Gbit/sec repeaterless transmission over 120 km of fiber [25]. In recent years,
the modulation bandwidth of a semiconductor laser has been pushed up well

above 10 GHz. Currently, the record bandwidth is DC to 15 GHz [26], but with
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new developments being reported at every scientific conference, it is a record
that is not likely to stand.

Semiconductor lasers have the additional property that their output
wavelength can be varied by altering the stochiometry of the growth materials.
For example, GazAl, zAs lasers operate in the range .8—.9 um, InyGa, zAs;P; 5
lasers in the range 1.1—1.7 um, Pby3Sn; yTe lasers in the range 2—-20 um. The
wavelength can be further altered by use of quantum well structures to shift the
energy bands of the semiconductor, and GaAlAs lasers have been produced by
this technique with wavelengths well into the visible region of the spectrum.
Currently, the shortest wavelength semiconductor laser known is a GaAsP-
GaAlAsP laser lasing at .8617 um [27]. The immediate goal of short-wavelength
research is to reach the "magic’ HeNe wavelength of .633 um; as it approaches,
many potential applications involving the replacement of HeNe lasers are
becoming apparent. While GaAlAs lasers have historically undergone the most
development, the InGaAsP system is now seeing a great deal of work aimed at
exploiting low-loss ‘windows" in pptical fiber systems near 1.3 and 1.55 um
wavelength. In recent years, the main thrust of research in ultrafast electronics
has turned from silicon to galliurn arsenide due to the latter's higher speed
(higher electron mobility) leading to visions of lasers and fast electronics
integrated upon the same chip; now, however, it appears that the future of high-
speed laser communications lies with the quaternary (InGaAsP) system for low-

dispersion, low-loss transmission through optical fibers.

1.2 Lasing Action in Semiconductors

While a general familiarity of operation of semiconductor lasers is assumed
throughout this thesis, a bit of an overview of their properties and operation is

in order, if only to establish some consistent terminology. At its most basic
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level, a laser is an electronic oscillator, albeit one that works at optical frequen-
cies. like any oscillator, it consisté of an amplifier and a feedback mechanism.
The amplification in a diode laser comes from a semiconducting medium in
which free electrons and holes are {a) present, {b) free to recombine via an opti-
cal transition. The second requirement restricts the field to direct-bandgap
malterials, e.g., GaAs, for in indirect-bandgap semiconductors, e.g., silicon or ger-
manium, absorption of a photon requires absorption of a phonon as well (figure
1.4a-b). In addition, the material must not possess alternate paths for electron-
hole recombination favored over that of absorption of an optical photon (figure
1.4¢), or it will be difficult or impossible to maintain a population inversion.
Impurities and crystal defects provide intermediate energy levels within the
bandgap and create such alternate pathways. Thus, pure crystalline materials

with a minimum of defects are a necessity for efficient lasing action.

In figure 1.5, we show a schematic of a typical double-heterostructure laser.
It consists of a p-n junction with several additional layers providing optical
and/or carrier confinement. When a bias voltage is applied, electrons (holes)
are injected into the active region from the bottom (top). The purpose of the
heterostructure is to create a shallow well in the conduction and valence bands,
which tends to prevent the electrons and holes from escaping before undergoing
stimulated emission. In yet another of the generosities of Nature, the index of
refraction of the active layer is larger than that of the surrounding layers so
that any light generated within the active region remains confined by a dielec-
tric waveguide. Light traveling perpendicularly to the two cleaved facets is
reflected back upon itself by the discontinuity in the index of refraction. As it
traverses the active region it stimulates the electron-hole pairs to recombine
and give off coherent photons (one per pair) in the process. In this fashion, light

is continuously reflected back and forth between the two cleaved facets with the
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Figure 1.4: (a) Electron-hole recombination in an indirect-bandgap material. A
phonon is required for recombination. (b) Recombination in a direct-bandgap
semiconductor, requiring no phonon. (c¢) Recombination via an impurity level.
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Figure 1.5: Schematic of a typical double-heterostructure semiconductor laser.
The active region, possessing a smaller bandgap and large index of refraction, is
surrounded by cladding layers with a larger bandgap and smaller index of re-
fraction.
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light lost through the facet replenished by stimulated emission. The spectrum
of the light is shaped by both the response of the medium and, primarily, the
characteristics of the resonator. The light that is not reflected at the facets is,

of course, the output.

Beyond threshold, the point at which the gain equals the loss in the resona-
tor, the intensity of the light emitted from the device is proportional to the
injected current. This gives rise to a light-current characteristic illustrated in
figure 1.6. The linear light-current response and low voltages and currents used
(typically 2 V and 10—100 mA) suggests direct linear electrical modulation of the
light out by modulating the pump current. Several characteristic time scales--
carrier lifetime, photon lifetime, and stimulated emission rate--give rise to a fre-
quency response that is typically flat from DC to about 1 GHz, then rises in a
resonance peak before dropping off at 40 dB/decade. This response is illus-

trated in figure 1.7.

As semiconductor lasers have increased in commercial importance, more
emphasis has been placed on reliability. As a consequence, the quality of all
facets of laser production--materials, fabrication, and the final device--has
improved. The operating characteristics of early lasers were governed more by
parasitics and defects than by design. Now, however, modern commercial lasers
actually begin to closely resemble the theory of their physics, and as fabrication
techniques become more reproducible, more and more subtle effects are becom-
ing apparent (for example, well-defined filamentary modes [28]). Consequently,
semiconductor lasers are returning to the laboratory, not as subjects of investi-
gation in their own right, but as tools for modeling other physical systems and

for studying material physics.

Depending upon the exact configuration, the dynamics of semiconductor

laser operation can be quite complex. Analytically, they can be approached in
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Figure 1.6: Typical light-current characteristic of a semiconductor laser,
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Figure 1.7: Modulation response of a semiconductor laser at the bias powers

marked in figure 1.6, illustrating the relaxation resonance and its dependence
upon operating power.
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many ways. The most strictly rigorous derives from quantum mechanics and
includes both quantized atomic states and a quantized electric field [29-30]. In
semiconductor lasers, the discrete atomic states are replaced by Bloch states
appropriate to the crystalline lattice [31]; inhomogeneities, as well, can be
included in a purely quantum theory by several means, e.g., [32]. The quantum
mechanical approach has the advantage of rigor, but it carries the disadvantage
of being non-intuitive. A more intuitive, and still successful, approach is the
semiclassical approximation. In this approximation, purely quantum
phenomena are meodeled -classically--for example, spontaneous emission
becomes a driving source for Maxwell's equations, while stimulated emission can
be modeled as a negative conductivity. Carriers in the semiconductor are
presumed to follow the classical semiconductor master equations for transport.
Such an approximation assumes that the band structure of the semiconductor
is parabolic and that the conduction and valence bands remain in quasi-
equilibrium--assumptions that are easily justified in the common material sys-

tems.

The basic semiclassical equations of motion of a semiconductor laser then,
are second order in time; with the assumption of harmonic fields, they can be
reduced to a system of first order nonlinear ordinary differential equations via
the 'rate equation approximation.” Spatial derivatives can also be eliminated by
volume-averaging the rate equations, although this approximation overlooks
effects due to inhomogeneities (as we will see). The rate equations are the start-
ing points for a host of interesting behavior. Being nonlinear, they have an
immensely rich structure and are a theoretician's delight, leading to behavior
(observed, as well as calculated) hysteretic, oscillatory, and chaotic, as well as

yielding the more familiar steady-state behavior.

All is not ideal in the semiconductor laser, however. Its small size, a boon
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to systems, limits the available output power. Though it may emit only a few mW
of output power, the power density at the um-sized exit facet can approach
MW/cm®. The result: when operated at high powers, the laser destroys its own
mirrors. The obvious solution is to increase the emitting area of the laser, but
that brings with it a host of new problems, including the excitation of high-order
lateral modes and filamentation. The latter is the formation of localized "hot
spots” on the mirrors, which are incoherent with each other and unpredictably
hop around under modulation; they result from the nonlinearities in the gain

and refractive index in the active region.

Yet another difficulty arises from the high spontaneous emission and the
relatively poor cavities typical of semiconductor lasers; the photon lifetime in a
semiconductoer laser is generally a few picoseconds, leading to a Q of a few hun-
dred, while in a helium-neon laser, for example, the photon lifetime will be
closer to microseconds, with a Q of a few million. The spontaneous emission
manifests itself as a relatively large linewidth--typically, 100 MHz or so. This
large linewidth is a boon to those studying quantum noise properties--the quan-
tum noise swamps out other noise sources save one (see chapter 8)--but it is a
limiting factor in commercial use of semiconductor lasers for cormmunications.
Furthermore, the rate at which a semiconductor laser can be modulated varies
with the cavity loss rate (as the one-half power), so a lossier cavity will make a
faster laser. Unfortunately, the fraction of spontaneous emission coupled into
the lasing mode also increases (linearly) with the cavity loss rate, leading
designers to make a choice between fast and noisy lasers, or slow and quiet
ones.

Another problem arises due to the semiconductor laser's operation as a

detuned oscillator. That is, the peak of the gain spectrum (which establishes

the operating point) is not the zero of the corresponding dispersion curve, as
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would be the case in a homogeneously broadened atomic medium. Conse-
quently, a fluctuation in the gain leads to a fluctuation in the index of refrac-
tion, and thereby causes a perturbation to the resonance of the cavity and las-
ing frequency. This property not only broadens the linewidth by a factor of 30
or so over what it would be otherwise [33]; it also leads to an appreciable phase
response under modulation which increases linearly with increasing frequency
(the so-called '"chirp'). Chirping increases the dynamic linewidth of a laser
under modulation, and ultimately limits the transmission of data through a

dispersive fiber.

Several schemes have been proposed to mitigate these difficulties. One
solution to the problems of getting high output powers is phase-locked arrays of
lasers [34] (figure 1.8a), in which several individual lasers are coupled together.
Indeed, it was a phased-array laser that produced the 5.4 W of power as men-
tioned earlier. Another approach has been tailored-gain lasers, in which the
gain of the active region varies in the lateral direction [35] (figure 1.8b). This
method provides higher gain selectivity among the lateral modes than an other-
wise unadorned active region does. Both of the schemes seek to modify the gain
in the active region in the lateral direction while retaining the flat, cleaved mir-
rors of the laser; the reverse is also possible. By appending curved mirrors to a
normal active region, one can fabricate such geometries as the unstable resona-
tor configuration [368] (figure 1.9). While the technique of "inhomogeneous mir-
rors"” is technologically younger than that of 'inhomogeneous gain,” both seek to
increase the optical power by spreading the output beam over a large region of

the laser in a predictable and repeatable fashion.

Ostensibly, a semiconductor laser is an inhomogeneously broadened laser--
the different energies in the absorption band come from electrons in different k-

states. However, the relaxation rate between different k-states is so great {with
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a lifetime on the order of femtoseconds) that the laser behaves as if it were
homogeneously broadened; an incident optical field saturates the entire inver-
sion uniformly. One of the benefits of homogeneously broadened lasers is that
they run in only a single longitudinal mode of the resonator. Again, however, the
semiconductor laser is a contrary breed--the spontaneous emission into the las-
ing mode in a semiconductor laser is so great (due to the low Q of the resona-
tor), and the gain spectrum so broad, that left to its own devices, a semiconduc-
tor laser will generally run in multiple longitudinal modes. This property is a
disadvantage to transmission systems, where one would like the spectrum of a
transmitted signal to be no wider than the Fourier limit. Also in a multimode
laser there is an increase in the total noise due to fluctuations between modes
('partition noise" [37]). Consequently, there is considerable effort to induce
single-longitudinal mode operation. The techniques range from distributed-
feedback lasers [38] (figure 1.10a) and distributed-Bragg-reflector lasers [39]
(figure 1.10b), in which a grating is incorporated into the active region or end
mirrors, to axial [40] (figure 1.11a), transverse [41] (figure 1.11b) and lateral
[42] (figure 1.11c) coupled cavities. In the 'distributed” lasers, a frequency-
dependent grating provides mode selectivity, while in the coupled-cavity designs,
mode selectivity arises from the interference between the modes of the indivi-

dual cavities.

Broad-area lasers with non-planar mirrors are technologically less
developed than the phased arrays, yet they show great promise for high-power
operation. Chapter 2 presents some of the pioneering work in the area of non-
planar mirror semiconductor lasers. Our efforts have been concentrated on
unstable resonator geometries. Unstable resonators are the historical choice
for high-gain lasers; in addition, they have the very useful property that they

tend to continuously demagnify the optical field. This property disrupts the evo-
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Figure 1.10: Techniques for producing single-longitudinal mode operation. (a)
Distributed feedback laser, incorporating a grating within the active region. (b)
Distributed Bragg reflector, incorporating a grating into the end mirrors.
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Figure 1.11: Coupled cavity lasers. (a) Axial (longitudinal) coupled cavity. (b)
Transverse coupled cavity. (c) Laterally coupled cavity.
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lution of damaging filaments. Semiconductor lasers, because they are planar
devices, also allow one to exploit the properties of quasi-two-dimensional optical
systems, and one such device--a tilted-mirror resonator--is presented. The
modes of laser geometries with non-planar mirrors are considerably more
difficult to analyze than the modes of phased arrays and tailored-gain struc-
tures, and chapter 3 is devoted to a technique that gives good agreement with

the experimental results of chapter 2.

We then turn to coupled-cavity structures. In chapter 4 we present the
laterally-coupled-cavity laser invented at Caltech, experimental measurements,
and an analysis of the dispersion relations that give the steady-state lasing fre-
quency. The dynamic properties of coupled-cavity lasers are far more difficult
to characterize, and in chapter 5 we work out analytic expressions for the
amplitude and phase response to a direct current modulation of a general
coupled-cavity laser. This analysis uses a novel analytic technique in which the
AC modulation properties are determined from the analytic continuation of the
DC resonance equation. The technique, used in chapters 5-7, is developed for-
mally in chapter 5 from a complete mulitimode theory and a proof of the rela-
tion between the dynamic photon lifetime, stimulated emission rate, and the
cavity loss rate is given in the appendix. The results of chapter 5 show that it is
possible to null out the phase response with more than one cavity, and conse-
quently improve the spectral properties of a modulated signal. An additional
feature of multielement lasers is the possibility of bimodality (two operating
longitudinal modes independent of spontaneous emission) and bistability; we

prove this analytically and give conditions for its existence in chapter 6.

The ultimate limit to linewidth of the coupled-cavity laser is given by the
quantum noise, and in chapter 7 we calculate analytic expressions for the vari-

ous noise spectra. The analytic expressions, though general, are formidable. We
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also calculate a simpler approximate expression for the linewidth of a coupled-
cavity laser that shows its upon both the material parameters and relative tun-
ing of the laser; in other words, one can change the linewidth (among other
things) by varying the relative tunings of the cavities. This theory accounts for
the noise properties above 1 MHz of lasers consisting of an arbitrary number of
cavities. Below that frequency, however, all semiconductor lasers exhibit a
marked rise in noise that has not been explained by theory. In chapter B we
analyze a single-cavity laser and explicitly account for non-quantum noise (ther-

mal and diffusion noise) and provide an explanation for such observed noise.

In chapters 5-7, the optical field is characterized by a single parameter giv-
ing the average amplitude of the optical field within the composite cavity. While
this method is certainly sufficient to describe all of the physics of the device,
some intuition can be gained by using a coupled-mode approach to the descrip-
tion of the field. However, all coupled-mode theories of longitudinally coupled
cavities exhibit a fatal flaw that prevents them from ever attaining anything but
vague qualitative predictions. In chapter 9, we identify this flaw and present a
new method of analyzing multielement resonators which does not suffer from

the flaws of coupled-mode theory.

The material presented in this thesis is based on work published in refer-

ences 42-56,
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Chapter 2

Unstable Resonator Semiconductor Lasers:
Experimental Work

2.1 Introduction

One of the driving forces in semiconductor laser design has been the desire
for higher output power than the usual 1-10 mW. As we pointed out in chapter
1, the small size of semiconductor lasers makes it difficult to meet even these
modest demands. While bulk GaAs can withstand quite high optical intensities,
the semiconductor-air interface that constitutes the output mirrors cannot. It
forms the limiting element in the semiconductor laser because a small fraction
of the output light is absorbed by the mirrors (e.g., by surface states).
Sufficiently intense light will destroy them. Consequently, it is desirable to
increase the size of the emitting area of the laser to decrease the intensity for a

given total output power.

With two dimensions to play with, research has gone in two directions. The
first has been to increase the transverse dimension of the laser (along the direc-
tion perpendicular to the junction). The simplest approach along these lines is
to make the active layer thicker. However, such a scheme decreases the carrier
density and increases the threshold current of the laser. The next alternative is
to add layers to separately confine the optical radiation to a larger volume than
that of the active region, the Separate-Confinement Heterostructure (SCH) or
Large Optical Cavity (LOC) [1-2]. Even so, however, the thickness of the

confining layers can be increased to only about 1 xm before higher-order modes
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of the slab waveguide are excited. The higher-order modes emit in multi-lobed

patterns in the far field, and are undesirable.

While the transverse dimension is limited to no more than 1 um, the lateral
dimension (parallel to the junction) offers many more possibilities. Because
changes in the lateral index of refraction {or rather, the effective lateral index
[3]) are smaller and more easily controlled, fundamental lateral modes as wide
as 8 um can be sustained with higher-order modes remaining beyond cutoff.
The combination of an LOC with a lateral waveguiding structure has produced
single lateral mode lasers with outputs into the tens of mW. Beyond a lateral
dimension of 6-10 um, however, the differences between the losses of the various
modes are smaller than imperfections and inhomogeneities in the lasers, and
wider lasers run in an unpredictable combination of higher-order lateral modes.
Frequently, the modes are coupled by nonlinearities into localized regions of
self-focusing, or filaments, which form and re-form irregularly with variations in

pump current,

More advanced structures than a simple waveguide are required to impose
order on the lateral mode structure of broad-area lasers. The most successful
of these structures to date has been the phased array of lasers [4,5], in which
many lasers individually too narrow to support higher-order modes are placed
side-by-side and allowed to couple via their evanescent fields. The modes of the
individual lasers couple to form the so-called supermodes [6], only one of which
has the desirable single-lobed far field. Early research in the field concentrated
upon persuading the array to operate in the fundamental supermode; it is now
recognized that chirping, or varying the elements of the array, is one means of
accomplishing this task, at the expense of getting an off-axis far field [7]. More
recently, tailored-gain lasers with a linearly varying gain profile in the lateral

direction have also shown promise [8]. However, both lasers rely upon incom-
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pletely pumping portions of the gain region, and neither has yet produced con-

sistent CW operation in the desirable single lateral mode.

The problemns with getting high power from a broad-area laser stem from
the high gain and high power of the device. It behooves us to examine the his-
torical solution to this problem in macroscopic lasers. Since the early 1960's, it
has been recognized that the unstable resonator geometry offers inherently
large mode volumes. In addition, the defocusing nature of the mirrors tends to
suppress nonlinearities that lead to self-focusing. The unstable resonator, then,
seems a natural choice for a semiconductor laser. That it has been on the whole
overlooked stems from the universal use of plane parallel mirrors to form the

resonator of a semiconductor laser.

Plane parallel mirrors are used for virtually all semiconductor lasers for
the simple reason that they are absurdly simple to fabricate; the crystalline
substrate naturally cleaves along parallel planes, producing flat surfaces of opti-
cal quality (at least, over the dimensions of the laser). So, despite the fact that
the plane parallel resonator is the configuration most sensitive to imperfections
and inhomogeneities, it is the one in common use. Any other resonator requires
non-planar mirrors that must be fabricated by some means other than cleaving,

and methods of fabricating such mirrors have not been forthcoming.

That is, they have not been forthcoming until recently. Eiched mirrors,
both wet and dry, have been demonstrated by several groups [9-10]. The
transverse quality of the mirrors is excellent; the lateral quality has been more
variable. Using techniques developed at Caltech for etching mirrors, we fabri-
cated several geometries of unstable resonator semiconductor lasers; they are
the subject of this chapter. One of the advantages semiconductor lasers have
over their macroscopic counterparts is that the lateral design is inherently two-

dimensional, and it allows for several geometries that are impossible or undesir-
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able in a three-dimensional structure (e.g. a tilted-mirror resonator). In section
2.2, we review the basic theory of unstable resonators as put forward by Sieg-
man [11] and others. In sections 2.3-2.6, we present experimental measure-
ments on a symmetric unstable resonator semiconductor laser (URSL), a sym-
metric URSL with a lateral waveguide, a confocal URSL, and a tilted-mirror URSL.

In section 2.7, we summarize the experimental results.

2.2 Theory of Operation

A typical unstable resonator geometry is shown in figure 2.1. We will nor-
malize all dimensions to the distance between the centers of the two mirrors. In
the geometrical approximation, the two convex mirrors M; and Mz are circular
with radii R, and Rj, respectively; the counterpropagating beams of radiation
have curved phase fronts with virtual sources located at distances r; and rg,
respectively, from the two mirrors. A good first approximation to the losses is
given by Siegman [11]; we will follow his derivations in this section. We will fre-

quently refer to the g-parameters of the resonator defined by

giEl+§1i- (1)

and the sign of R, , is defined as positive for the curvatures shown in figure 1.

Also useful are the h-parameters

Ri
1+R; &

The distance from the center of the left mirror back to the virtual source of the

hj=gt'=

rightward-going wave is

+V1-gilga' —1+git _ +VI-hihy —(1-h) (3)
R-gi'—ge' (1 —hy) + (1 —he)

where the +V indicates the positive square root. The expression for the other

r =

virtual source is the same with subscripts reversed.
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Figure 2.1: Schematic of an unstable resonator geometry. The two mirrors M;
and M, have radii R, and R; (positive for the curvature shown). The light within
the resonator has curved phase fronts with virtual sources located at distances
r; and rs; behind the mirrors. All dimensions are normalized to the distance
between the centers of the mirrors.
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The original unstable resonator theory was for "strip" (i.e., one-dimensional)
mirrors, although the major apphéations were to "disk" (two-dimensional) mir-
rors. Semiconductor lasers, however, are true two-dimensional optical systems
when the transverse waveguide structure has been eliminated from the analysis.

The one-dimensional mirror theory is precisely what is necessary.

For a laser with mirrors of diameters a; and ap, the fraction of energy emit-
ted from one mirror that subtends the opposite mirror can easily be shown

from geometrical considerations to be

M= (4)

for the beam emitted from mirror 1, while

2 - Bal'p
7l* = ey (5)

for the beam emitted from mirror 2. Consequently, the fraction of energy that

remains in the cavity after one round trip is

2 _ rirs 1= V1 = h;hy (8)
VT Dz + 1) | |1+~ —byhg

where we have taken 7,72 = y. We will frequently speak of the "magnification” M
of an unstable resonator. Magnification is a geometric concept; the
magnification is the relative change in the size of a portion of a phase front
after one round trip. Obviously, it requires that such a portion reproduce itself
in some recognizable form, so that a ray picture of the resonator is appropriate.
Such is not always the case, particularly for SL's, as we will see. However, when
the magnification is a well-defined quantity, it can be related to the cavity losses
simply:

Mroundtrip = 7% (7)
There are several references in the literature [12-13] that utilize a "per-pass”
magnification M (usually in reference to a symmetric resonator). In these cases,

Mper pass = |71] 2 = |7|™!. In this chapter, M is always meant to be the round-trip
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magnification. We will use [7;]® or |yz|? when we need an expression for "per

pass"” power losses.

In a semiconductor laser, one is also interested in the quantum efficiency of
the device, including unsaturable material losses and the finite reflectivity at
the mirrors. A general formulation has been given in terms of scattering
coefficients [14]. If the power scattering coefficients of the mirrors are S, 5 for
scattered radiation, T,z for transmitted radiation, and R, ; for reflected radia-

tion, then the external quantum efficiency is given by

2aL }‘1 [1_’ SiRf + S;RP |
[

1 (8)

=L~ Ry 1=(R,Rg)[RPRDP] |

where 7); is the internal quantum efficiency and o is the material {non-saturable)

loss.

The scattering coefflcents for an unstable resonator with mirrors of real
amplitude reflectivity p; are
Ri =7l 8= (1—y)pf. Ti=1-pf (9)
Clearly, Rj + T; + S; = 1. The external quantum efficiency becomes

Ma =)l — od. I
' Inp; +Inpg + Iny; + 11'172}
— 02 + 2
x Y111 —p) + yap2(1 —pf) (10)

(7101 + 720211 = 71720102]
For the symmetric case where 7, =vy: = 7” and p, =ps = R% this formula

becomes
ol |7 _1-R
nd:ni[l_lnR+1n17! 1-1]7IR (11)
or, in terms of the magnification M,
_ o |7 MH1L-R)
M= DR InG%)|  ME-R (12)

The brackets show the increase in 74 due to’a decrease in the effective feedback

into the resonator which is equivalent to the increase in 74 in Fabry-Perot (FP)
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lasers when the mirror reflectivity R is reduced to |v|¥R. (However, it also
causes an increase in the threshold current.) The last factor in equation (12)
represents the decrease in 74 due to unrecoverable losses (coupling to radiation
modes upon reflection, with subsequent absorption of the light by the semicon-
ductor medium beyond the contact region). Note that this factor is in the range
[1,1-R] for O<+vy=< 1. Therefore, for a given resonator design (a given |y|), the
degradation in 73 due to scattering can be reduced by reducing the mirror
reflectivity as shown in figure 2.2. The figure shows that for very low values of R,
one can achieve a value of 74 not significantly different from that of the FP reso-
nator, but it may not be practical owing to the increase in the laser threshold
current. (Note: some confusion may arise over the use of R for both mirror
radius and reflectivity; for the rest of this chapter, we will use it only for mirror
radius.) One other formula of interest; in a diffraction analysis of open-walled
unstable resonators, Smith showed [15] that while the few lowest-order lateral
modes trade the title of 'lowest-loss mode” among themselves for large
equivalent Fresnel numbers, below a certain point one mode separates per-

manently from the others. The critical point is given by

2.3 Symmetric Unstable Resonator Semiconductor Laser (URSL)
A. Design Considerations

One of the reasons for fabricating curved mirror lasers is so that the mir-
rors will dominate local defects and inhomogeneities in determining the modes
of the structure. In particular, we would like to suppress filaments by continu-
ously defocusing the radiation within the laser. A first estimate of mirror size

can be achieved by modeling the filament as a quadratic fluctuation in the index
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Figure 2.2: External quantum efficiency of a symmetric unstable resonator sem-
iconductor laser as a function of mirror reflectivity for different values of ¥ and
withn = 1.
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of refraction that has one confined mode, and requiring that the curved mirror
smear out the filament over the laser width after one round trip. This assump-
tion is obviously overkill, since if the filament never forms, there is no quadratic
variation in the index of refraction; nevertheless, it serves as a good first itera-
tion to choose resonator size, and leads [12] to the requirement R 1. Maximiz-
ing the efliciency of a semiconductor laser dictates a maximum length of
200—-300 um, so our first devices were 200 um long with 250 um mirrors at
either end. Using the geometrical theory of the last section, we find that the
magnification of such a symmetrical resonator is
2
1 1,2 ]”

1+ =

M= =l

§§—+ E— (14:)

where, as we said, R is normalized to the length of the laser. For these dimen-
sions, M~ 11. There is another consideration; the light generated within the
laser must somehow get out of it. This is a real problem in URSL's; at the lasing
wavelength, the index of refraction of the core and cladding is about x = 3.5; at
the interface with the air, the angle for total internal reflection (TIR) is only
16-17°. Consequently, any rays striking the mirror at angles greater than the
TIR angle are never coupled out of the resonator. Furthermore, any rays that
miss the gain region are absorbed by the surrounding region within the space of
a few microns; consequently, the diffraction losses that constitute the useful
output in macroscopic unstable resonators are true losses in URSL's. Thus,
there is no reason to pump the laser in a region wider than the region of
nonzero transmission on the mirror. We define u as the index of refraction of
the semiconductor (and assume that the laser is bounded by air). For mirror 1,

if we define the quantity

K =
17 T4y + Ry
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then the distance from the axis to the point of TIR on mirror number 1 is

R
d, = ;;—vuz—-:cf—:qv#z—l (15)

Similar relations (with switched subscripts) govern mirror 2. Note that ry
appears in the equation for i;, so that the location of the point of TIR depends
upon the curvatures of both mirrors. For the dimensions chosen above, the
maximum width is 80 um, and so the gain stripe was made 80 um wide to take

full advantage of the potential width.

B Fobrication

We grew GaAs/GaAlAs double heterostructures by liquid phase epitaxy, both
simple heterostructures and LOC structures. The top layer of the structure was
a 'masking” layer of high aluminum content GaAlAs. Standard photolitho-
graphic techniques were then used to form resist patterns on top of the wafers
with the shape of the desired mirrors. They were etched in a HzS0,:H,05:Hz0
(1:8:1) solution at low temperature (typically, 3-7 minutes at -5 to +5 °C). In
some devices, the high aluminum layer was used as a secondary mask for reac-
tive ion etching to make the walls of the device vertical. Otherwise, purely wet
etching was used, and the high aluminum layer served to advance the upper por-
tion of the etch front so that the walls of the channels that formed the mirrors

were straight, rather than dovetailed (figure 2.3).

After mirror fabrication, the devices were lapped to 75-100 um thickness,
and contacts (AuCr, Au/AuGe) were evaporated onto the devices. They were
then cleaved into bars of 5-10 lasers and tested unmounted. The finished device

is illustrated schematically in figure 2.4.
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Figure 2.3: Scanning electron micrograph of the curved, etched mirrors illus-
trating the verticality of the walls.
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Figure 2.4: Schematic picture of the symmetric unstable resonator cavity on a
double heterostructure GaAlAs/GaAs laser.
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C Measurement

Figure 2.5 shows the near field pattern of the unstable resonator for
I=1.8Lyy, with the laser driven with 100 ns pulses at a 500 kHz repetition rate.
The field distribution is very stable, as can be seen in figure 2.8, where the near
field is recorded for different values of the injection current. The laser operates
in a single longitudinal mode up to I8 2L, and in only two modes up to I~ 2.681y,.
The far field pattern for two different currents is depicted in figure 2.7. We note
that the far field distribution is very wide, as expected from a theoretical
analysis of the symmetric unstable cavity [16] (unlike the far field distribution
reported in ref. [17]). In fact, the recorded distributions shown in figures 2.5-7
were limited by the acceptance angle of the optical system. By scanning a pho-
todetector manually, we were able to detect some radiation at angles as high as

70° from the laser axis.

The achievement of a collimated output would require a confocal UR
geometry (see section 2.5). Although the fabrication of a laser with a confocal
unstable resonator involves stringent requirements on R;, R; and L, the primary
limitation is the etching of both mirrors with high quality curved surfaces. The
operation of the lasers reported here suggests that the confocal unstable reso-
nator semiconductor laser is a feasible device. The ripples observed in figure 2.8
are most likely due to variations in the field distribution of the lowest order
mode (see chapter 3), or scattering off of the mirrors, rather than interference

between multiple lateral modes.

The threshold current and external quantum efficiency for the unstable
resonator cavity were I; = 700 mA and 74 = 0.22, respectively. These figures
compare favorably with the measure values Iy, =300 mA and 74 = 0.32 for

cleaved broad area (reference) lasers fabricated from the same wafer. Using
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Figure 2.5: Near field pattern of the unstable resonator for 1 = 1.81.
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Figure 2.6: Recorded near field intensity distribution for three different values
of the injection current,
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Figure 2.7: Far field intensity distribution in relative units as a function of far
field angle. The acceptance angle of the camera is + 30°.
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formula (12) for the ratio between quantum efficiencies, we find that
Td(unstable) ¥ -73Md(cleaved):  While according to the measured values,
Nd(unstable) N - T7d(cleaved): Yielding good agreement. Typical maximum power in a

single lateral mode was .35 W.

Lateral mode properties were measured by two techniques: first, by imaging
the virtual source of the mode, and second, by performing an interferometric
measurement of the lateral field distribution [18]. Since the output beam of an
UR laser is expected to be highly astigmatic, we investigate the minimum spatial
extension of the beam in the principal planes. In the plane perpendicular to the
o-n junction, the beam waist is at the facet, whereas in the plane of the junc-
tion, the light appears to originate at a virtual source located deep behind the
laser facet, due to the curved phase of the wavefront and the refraction that

occurs at the curved output facet.

The depth of this virtual source (S’ in figure 2.8) was measured with the aid
of a microscope objective, and a value of ' 50+ 5 pum was obtained. The inten-
sity distribution of this virtual source in the plane of the p-n junction was stu-
died as a function of injection current, and a dramatic narrowing was cbserved
when the injection current was increased from threshold (I;;) to 3l (figure 2.9).
At 3Ly, the measured width of this virtual source (FWHM) was 5 um with negligi-

ble intensity in the wings.

These results can be explained with the aid of the following simple model:
the light inside the UR that propagates toward the output coupling mirror
(figure 2.8) can be described in the geometrical optics approximation as a
spherical wave originating at a point O, whose distance from the exit facet is
given from equations (2) and (3) to be

%

- |RL Ly | L _
S-—[z +(2) +2—339p,m (18)
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Figure 2.8: Top view of the laser with geometrical-ray description of the URSL.
Radiation emanating from a virtual source at point O is refracted through the
output mirror, resulting in a virtual source of the output beam at point O'.
Shown also is the spherical aberration at 0'.



_4_8..

(a) ]/b
(d)

80 m

Figure 2.9: Normalized intensity profiles at the virtual source plane as as func-
tion of injection current 1. (a) I = 3Ly; (b) I = 1.9y, (¢) I = L.4Ly; (d) I = I,
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After refraction at the cylindrical surface, we obtain for the depth of the virtual
source point in the small angle approximation,

-1

=48 um (17)

(n-1) . n
R S

where the index of refraction of the medium is taken to be n = 3.5. This result

S =

is in good agreement with the measured value of 50+ 5 um. The apparent shar-
pening of the intensity distribution with increasing injection current at the vir-
tual source plane is expected from the fact that below threshold, the light out-
put is due mainly to spontaneous emission and amplified spontaneous emission,
which is not influenced by the resonator feedback. At higher currents, the feed-
back effect dominates and the laser output exhibits the mode properties of the
unstable resonator. It should be noted that the FWHM of the virtual source in
the lasers reported here is affected by a strong spherical abberration. A sharper

image may be obtained from an aspherical output coupler.

The lateral mode characteristics of the UR laser can be studied by measur-
ing the spatial degree of coherence of the output beam as a function of lateral
position. In the multimode case, high spatial coherence is expected only
between two points corresponding to comparable intensities of the same lateral
mode, whereas two points whose intensities correspond teo different modes will
exhibit a low degree of spatial coherence. Spatial coherence between two points
can be measured by observing the fringe visibility function (FVF) in an interfer-
ence pattern produced by the radiation transmitted through two narrow slits at
these points (Young's double slit experiment). By scanning the slits across the
near field of the laser, the coherence function between any two points on the

laser output facet can be obtained.

The experimental apparatus is shown in figure 2.10. The laser near field is
imaged and magnified to the plane D, which contains the double slit screen. The

slit variations and their positions relative to the laser near field could be varied.
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Figure 2.10: Schematic of the double slit interference experiment. L = UR laser;
O = microscope objective; D = double slit; M, ; = plane mirrors; V = vidicon cam-
era.
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The beam exiting from each slit was nearly diffraction limited. Due to the angu-
lar separation between these two beams, additional mirrors were required to
produce two overlapping (and interfering) beams, as shown in figure 2.10. A
high degree of spatial coherence was observed over the entire spatial extent of
the laser output, without dependence on lateral position. Figure 2.11a and
2.11b are examples of the interference patterns recorded with a FVF of approxi-
mately 0.6. When the injection current was increased over 31y, the fringe visibil-
ity function decreased, presumably indicating the onset of higher-order modes.
Similar measurements with broad area lasers with cleaved facets (Fabry-Perot
cavities), fabricated from the same wafer, showed substantially lower visibility of
the interference pattern and a spatial degree of coherence varying with position
and injection current. This provides strong evidence that the UR structure
results in a single lateral mode at high injection currents in spite of the wide

(BO um) gain stripe and laser mode.

2.4 Lateral Waveguide URSL

The external quantum efficiency of the previous devices was considerably
lower than that of cleaved (Fabry-Perot) devices; similarly, the threshold was
higher. This is because unstable resonators have naturally higher losses. Sem-
iconductor lasers are peculiar UR's because the diffraction losses, which in most
UR's are the desired output, are truly lost in URSL's due to the highly absorptive
material surrounding the gain stripe. If this energy could somehow be chan-
neled back inteo the structure, then, one would expect, the losses would improve,
This channeling can be accomplished by incorporating a dielectric waveguide
into the resonator. The dielectric step reflects energy back into the resonator

and thus decreases the losses.
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Figure 2.7 1. (a) Photograph of the interference pattern. {b) Intensity trace of
the interference pattern.
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However, upon inclusion of such a means of confinement, the geometric
theory of unstable resonators no 1of1ger becomes valid, and the magnification M
is no longer a well-defined quantity. Instead, we must talk of the cavity round-
trip factor ¥ as the indicator of losses. We have calculated loss as a function of
index step (see reference [13] or chapter 3), and the results indicate that lower
losses and maintained gain selectivity are possible. With that goal in mind, we

fabricated URSL's with a built-in lateral dielectric waveguide.

The lasers were fabricated on GaAs/GaAlAs separate confinement double
heterostructures grown by liquid phase epitaxy. The epilayers were grown upon
a < 111> oriented GaAs n*-doped substrate. This results in a very uniform cry-
stal growth that manifests itself in low threshold current density for laser
operation (in 300 um-length Fabry-Perot lasers, as low as 600 A/~m?). A ridge
waveguide B0 um wide was etched in a HySO4:Hp02:Hz0 (1:8:1) solution down to
approximately 0.3 um from the active layer (figure 2.12). The additional steps in
the device fabrication were identical to those in the previous section. The lasers
were tested with 200 ns pulses at a 1 kHz repetition rate, and the near field
intensity distribution was observed with an infrared vidicon camera. Figures
2.13 and 2.14 show the near field pattern for three different values of the injec-
tion currents. Here, a complicated structure is observed, unlike the case of a
gain-guided unstable resonator. Note, however, that the field structure remains
constant as the current is changed; such would not be the case if random

filamentation were occurring.

The high spatial frequencies evident in the near field plot are the result of
the coherent superposition of the waveguide modes in the (single) resonator
mode. To check this peint, the spatial coherence of the output field was tested
using the double slit experiment of the previous section. High visibility

(FVF~ 0.5-0.6) fringes were observed. This is to be compared with filamentary
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Figure 2.12: Schematic drawing of the unstable resonator ridge waveguide laser.
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Figure 2.13: Near field pattern for different values of the injection current.
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Figure 2.14: Intensity trace of near field patterns at different pump currents.
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broad area lasers, which typically have a fluctuating FVF of 0.3 or less. The spa-
tial coherence was maintained up to an injection current of 41 with an output
power of over 400 mW. We assume that at this point, a second resonator mode

was excited.

As we have said, the lateral waveguide reduces the cavity losses by a
significant amount. The threshold current and quantum efficiency for the
unstable resonator with a lateral waveguide was [;3=300 mA and 73 =0.28. A
comparison between different broad area laser geometries in terms of threshold
current and quantum efficiency is given in table 2.1. From the table and the
above discussion, we can conclude that the incorporation of a lateral waveguide
to the unstable resonator semiconductor laser results in a significant decrease
of the cavity losses. The near field intensity distribution is degraded by ripples
that arise from the interference effects between the coupled waveguide modes.

Yet, the suppression of filamentation associated with UR's is retained.

2.5 Confocal URSL

In this, and all previous work on URSL's [17,19], all devices emitted a diverg-
ing beam from the output facet. This is due to both the curved phase of the
light inside the resonator, and the refraction the light undergoes upon exiting
the laser. In the macroscopic world of unstable resonators, collimated output
beams are achievable, however, using the confocal geometry [20], and such a
geometry should be scalable to URSL's. In this section, we present the fabrica-

tion of and measurements upon such a confocal URSL.

A positive-branch confocal resonator is illustrated schematically in figure
2.15. The cavity is composed of a large concave mirror M; and a small convex
mirror Mz with radii of curvature R, and Rj, respectively, satisfying the confocal

condition R, + Rz = 2L, with L the cavity length. The geometrical magnification M



Table 1

Threshold current and external quantum efficiency
of different lasers.

Laser Geometry Ly M4

Broad Area Fabry 550 mA

Perot (cleaved) laser 0.34

Unstable Resonator

(Ref. 1) 700 mA 0.22

Ridge Waveguide

Unstable Resonator 300 mA 0.28

Table 2.1: Comparison between different broad area laser geometries.
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Figure 2.15: Geometry of a positive-branch confocal unstable resonator.
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is given by the ratio of the mirror lateral sizes a;/az. The output beam is that
portion of radiation reflected by M; that misses striking Mz. A remarkable
feature of this cavity is that its fundamental mode is a collimated two-section

beam (or a collimated annular beam for a three-dimensional resonator).

Figure 2.16 shows the geometry of the confocal URSL. GaAs/GaAls double
heterostructures were grown by molecular beam epitaxy, and conventional pho-
tolithographic methods were used to define the desired pattern for mirror etch-
ing and metallization. Apart from the slight complication needed to provide
three separate electrical contacts, the fabrication is similar to that of the two
previous URSL's. The cavity dimensions are 2a; =150 um, Rag = 30 um,
R, = 400 um, Rp = —80 um, L. = 160 um, leading to a geometrical magnification of
M =5 and an equivalent Fresnel number N, = 350. We note that, unlike in other
UR lasers in which the cavity is defined by external optics, the output beam in a
URSL is refracted by a semiconductor-air interface. Reflections from this inter-
face may complicate the mode pattern and reduce the lateral mode discrimina-
tion. An additional problem is that the radiation reflected by M; is nearly col-
limated. Thus, the outer parts of the cavity (sections II and Il in figure 2.16) are
susceptible to regenerative self-focusing and the formation of isclated filaments.
These probalerns can be avoided to some extent by providing separate electrical
contacts to the output couplers (section II and III) so that the central part of
the laser--the resonator--can be operated above threshold, and the output
couplers given a low injection current (i.e., pumped to transparency). Further-
more, additional properties of the resonator can be studied by independently
changing the current in the different sections.

A scanning electron micrograph of the etched mirror M; is shown in figure

2.16b (the rough sections on top of the device are the Cr/Au contact pads).

Here, ripples in the etched mirror on the order of 0.1 um can be observed.
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Figure 2.16: {a) Schematic of the confocal unstable resonator. {b) Scanning
electron micrograph of the etched mirror.
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Slight misalignment of the mirrors caused by undercut in the etched facets was

also noticed in the measured devices.

An estimate of the output beam characteristics can be obtained by consid-
ering the fundamental lateral mode of a 2D confocal UR in the geometrical
approximation. The near field of this mode consists of a uniformly illuminated,
constant phase aperture of width 2a, with a central obscuration 2az wide. The

far field intensity distribution 1{1) corresponding to this aperture is given by

iR —
19 =1 Sl&[ffu—l ug)?%)] cos?[Nu, + ug)] (18)

where u;z = a;2/A and A is the optical wavelength. 4 is the far-field angle. By

inserting the values of a; and a; from our device, we find that the main lobe of

an ideal cavity far field pattern is 0.27°.

Of course, a more rigorous analysis of the device would result in a much
more complicated radiation pattern than that predicted by equation (18).
Diffraction at the edges of the mirrors will introduce ripples into the near field
pattern, while reflections at the output coupler may result in oscillation of high-
order transverse Hermite-Gaussian modes. Finally, imperfections in the mir-
rors, a misalignment of the cavity, and index inhomogeneities may cause distor-

tions and a degradation of the beam quality.

The lasers were tested with the usual 200 ns pulses at a 1 kHz repetition
rate. The output pattern was monitored with a vidicon camera. In figure 2.17
the near field intensity distribution is recorded for different values of the injec-
tion current. Figure 2.17a shows the spontaneous emission in sections II and III.
When section I is operated below threshold, the near field pattern becomes
nearly constant over the aperture, and high spatial frequency ripples, charac-
teristic of the confocal fundamental mode [21] appear (2.17b). When section I

(the resonator) is above threshold, the output is peaked in the regions adjacent
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Figure 2.17: Near field intensity distribution of the confocal URSL for different
purnp currents.
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to the central obscuration, indicating that the cavity is not exactly in the confo-
cal condition (2.17c). However, by measuring the spectrally resolved near field
we confirmed that the two beams of figure 2.17¢ were phase-locked to each
other. A misalignment of the cavity was revealed also by observing the far field
pattern, and changing the injection current in sections Il and IlI. When only one
of the sections was operated, a very narrow beam was observed. The position of
this beam varied from device to device, typically being off-axis at 10+ 6°. When
both sections were operated simultaneously, a very complicated interference
pattern was observed. In figure 2.18 a far fleld intensity distribution with a cen-

tral peak of FWHM 1.9° located 16° off axis is shown.

The misalignment problems mentioned above can be understood by consid-
ering the sensitivity of the output beam to variations in the confocal cavity
parameters. A perturbation analysis of the output beam characteristics results

in the following tolerances on L, R;, and Ry:

(19)

AL AR, N AR LA
L _L RL 16af

This represents an accuracy of better than + 0.1 um in L, and mirror shapes

smooth to within +200 A. These figures are beyond the resolution of the con-

ventional photolithography used to define the cavity in this work.

By antireflection coating of the output coupler, high-reflectivity coating of
the mirrors, and fabricating only a single side of the confocal resonator, an
efficient, high-power semiconductor laser could be fabricated. The results
reported in this section suggest that with the improvement of sub-micron pat-
tern transfer techniques (e.g. e-beam photolithography) and the further
development of reliable etching procedures, new cavity configurations can be
incorporated monolithically into semiconductor lasers. The resonator geometry

can then be designed to fit specific optical output requirements.



-65-

FAR FIELD INTENSITY DISTRIBUTION

II =240 mA
I]I =0
I = 280 mA
e |, 9°
] ] | I ] ] ]
-30° -20° -10° 0e° {0° 20° 30°

Figure 2.18: Far field distribution of the confocal URSL.
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2.6 Tilted-Mirror URSL

One of the reasons for using UR's is to suppress filaments; the magnifying
effect of the mirrors tends to suppress them by defocusing any incipient
filament. One could also eliminate a filament simply by shifting it laterally with
each round trip by misaligning the mirrors of a Fabry-Perot resonator. In fact,
FP resonators with tilted mirrors have been analyzed before [22-23], but in
these works, the tilt was considered to be a very small perturbation to the ideal
cavity, and its effect was studied from the point of view of tolerances of FP cavi-
ties to mechanical imperfections. However, in order to completely suppress
filaments in a semiconductor laser, we must consider very large tilt angles--on
the order of several degrees--and the approximations made in prior work break

down.

In this section, we report on the fabrication and operation of broad area
GaAs /GaAlAs lasers with tilted mirrors [24]. One is illustrated schematically in
figure 2.19. This geometry is interesting and unusual because the geometrical
approximation says it won't work. Consider--even in unstable resonators, there
is always one ray that reproduces itself and "seeds’ the resonator; but no such
ray appears to exist in the tilted-mirror resonator. Because the device is gain-
guided, however, the lossy region on the short end of the resonator ‘drags"” the
phase of the light that extends into it, resulting in a sharply curved phase front
at the edge of the gain stripe (see figure 2.20). A portion of this phase front is
thus in a position to reproduce itself and act as a "seed' for the rest of the reso-
nator. However, since this phase drag is a diffractive effect, geometrical con-

siderations will not account for it.

The GaAs/GaAsAs double heterostructures were grown by liquid phase epi-

taxy, and subsequently standard photolithographic techniques were used to
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Figure 2.19: (a) Schematic of a tilted-mirror URSL. (b) Scanning electron micro-
graph of the etched facet.
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form resist patterns on top of the DH wafers. These were then etched, using
procedures similar to those used in the previous sections. The fabrication was
completed by contact metallization. We obtained an estimate of the necessary
tilt angle by requiring that the optical field be shifted by 10um (the filament
width) after one round trip. In order to compare the losses and modes of lasers
with different tilt angles, we fabricated on the same wafer, side by side, lasers

having an etched mirror facet at angles 0, 5, 10, and 15°.

Figure 2.21 shows the near field pattern of a tilted-mirror laser (r = 10°) for
I =1.2%4 with the laser driven with 100 ns pulses at 1 kHz. The field distribution
is very smooth and stable, as can be observed in figure 2.21b, where the near
field was recorded for different values of the injection current. The slight max-
ima at both sides of the emission stripe were present in all the lasers tested
both above and below threshold. In many lasers without tilt (r=0), these were
the places where filaments originated. The increase of the output intensity at
the edges of the gain region may be caused by the fact that heating effects are
less severe there. The extremely smooth and stable near field pattern can be

explained in terms of the mirror-coupled mode analysis of the next chapter.

In order to measure the degree of spatial coherence of the output beam,
the Young's double-slit experiment was performed, revealing high visibility
fringes, indicating high spatial coherence. This experiment shows that the dev-
ice operates in a single lateral mode (although not necessarily a single longitudi-

nal mode) even though the gain-guided stripe can support many lateral modes.

The light-current characteristics of tilted-mirror lasers for different tilt
angles is given in figure 2.22. As we saw earlier, the cavity losses are approxi-
mately proportional to 7g!, where 74 is the external differential quantum
efficiency. This is plotted in the inset to figure 2.22, showing a highly nonlinear

increase in the losses with increasing tilt angle.
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Figure 2.21: (a) Near field of the tilted-mirror laser. (b) Intensity trace of the
near field for different pump currents.
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Figure 2.22: Light-current characteristic for lasers with different tilt angles.
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By observing the output of a large number of devices, we found that unlike
the case of FP broad area lasers, thé near field patterns in almost all the devices
are quite similar, showing a high degree of reproducibility. This suggests that
the tilted-mirror URSL may be an appropriate candidate for high power applica-

tions.

2.7 Conclusions

In this chapter, we have investigated several different unstable resonator
semiconductor laser geometries. Beginning with the symmetric URSL, we found
that stable lateral mode operation is possible. The magnifying structure of the
laser tends to suppress filaments and stabilize the device, at the expense of
higher losses and lower external quantum efficiency. The losses can be
improved by incorporating into the laser a lateral waveguide to aid in confining
the channel losses. However, here, too, a tradeoff exists: the waveguide
increases the ripples in the near fileld of the laser. Also, all symmetric
configurations exhibit extremely wide far fields, due to the curved phase inside

the laser and the refraction at the output facet.

On the other hand, a collimated beam can be achieved by using the confo-
cal geometry, and we demonstrated narrow-far-fleld operation of just such a
device. We also demonstrated a different version of an unstable resonator, a
tilted-mirror resonator, which can have very smooth near fields. The tilted-
mirror resonator is interesting since geometric optics suggests that it will not

lase, but, as we demonstrated, it quite obviously does.

The results presented in this chapter suggest two more questions: what
remains to be done to make semiconductor lasers commercially feasible, and
how accurate are the analytic models of the devices? Concerning the first ques-

tion, the best results we obtained were for unusually good mirror processings.
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Noise or ripples on the mirrors on the order of 0.1 zum were sufficient in many
cases to disrupt the modal patterns of the devices. Furthermore, as the
magnification of the device decreased (as in the confocal devices), the sensitivity
to mirror imperfections increased. For a commercial device, one would like a
rather low magnification, so as to have low loss and an efficient device; however,
low magnification URSL's are more sensitive to the mirror imperfections. We
can safely say that the state of the art of URSL's is currently mirror-quality-
limited. The requirements, however, are not beyond the capabilities of industry;
commercial semiconductor processing facilities are currently at the sub-micron
resolution stage, with smoothnesses considerably below that. For experimental
purposes, e-beam lithography appears to give the desired resolution, and we
should expect that such a technique will eventually push back the mirror limita-

tion.

As far as the accuracy of the current models goes, while the geometric
approximation gives a rough handle on the expected losses of unstable resona-
tors, it has its shortcomings (e.g., its failure to handle the tilted-mirror resona-
tor). The gain in SL's is so high that the variations in gain and index refraction
distort the field considerably from its geometric idealization. A better model
would explicitly take into account diffraction and the gain- and index-guiding
effects of the gain stripe. Such a model is presented in the next chapter--a

coupled-mode analysis of URSL's.
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Chapter 3

Modal Analysis of Semiconductor
Lasers with Non-Planar Mirrors

3.1 Introduction

Until recently, the theory of lateral mode structure in semiconductor lasers
has concentrated on those devices that are homogeneous along their length and
possess planar mirrors. This situation has persisted for two very good reasons.
The first is that both the transverse and longitudinal dimensions can be elim-
inated from the problem, reducing it to a one-dimensional waveguide problem.
The second, and perhaps more important reason, is that such devices were all

that existed until recently.

The development of semiconductor lasers with non-planar mirrors calls for
an analytical method of determining their lateral mode structure, and conse-
quently, the gain of their various modes. The properties of lasers with non-
planar mirrors and unstable resonators, in particular, have been described
extensively in the literature. However, the application of such theory to sem-
iconductor lasers encounters several problems that stem from the unique char-
acter of semiconductor lasers. Most theories [1-5] treat the resonator as con-
sisting of two mirrors bounding a homogeneous medium,; yet gain-guiding plays
a substantial role in semiconductor lasers. Secondly, the finite size of the mir-
rors introduces effects due to edge diffraction that are lost in theories that
assume infinite mirrors [1,6]. The two-dimensional nature of the semiconductor

laser suggests many asymmetric configurations that would be impractical in a
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three-dimensional laser, and consequently, have not been analyzed. Also, the
lossy material surrounding the pumped region absorbs the diffracted wave,
which suggest that a real index waveguide in the lateral direction could increase
the quantum efficiency of a URSL [4]. Finally, there are many geometries other
than unstable resonators (e.g. a tilted-mirror resonator [7] or hybrid
URSL/Fabry-Perot resonator [8] ) that show promise of high power, yet have not

been analyzed.

In this chapter, we present a general solution to the problem of determin-
ing the modes of such a structure. In sectioh 3.2, we outline the mirror-coupled
mode formalism. In section 3.3, we derive the complex waveguide modes to be
used as a basis set and justify the truncation of the set to a finite size. In sec-
tion 3.4, we calculate the coupling coefficients that characterize the mirrors and
show how the nonlinear eigenvalue equation can be simplified to a linear eigen-
value problem. In section 3.5, we present results for three specific cases: a gain-
guided URSL, an index-guided URSL, and a tilted-mirror resonator, and compare
them to the experimental measurements made in the previous chapter. We con-

clude in section 3.6 by summarizing the important results of the analysis.

3.2 Outline of the Formalism

The device we are considering is shown schematically in Figure 3.1. It con-
sists of a symmetric lateral waveguide with (complex) indices of refraction n,
(cladding) and ng (core), terminated by nonplanar mirrors R, and R, We
assume that all transverse (x axis) variation has been removed using an
effective index approximation [9]. The electric field can be written in terms of

the complete set of modes of the lateral waveguide as

Ey(y.2) = Y anEn(y)e " (1)
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Figure 3.1: Schematic of a broad-area laser with non-planar mirrors and a
lateral waveguide.
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where the {a,} and {f,} are the complex mode amplitudes and propagation con-
stants, respectively, of the (also complex) modes {E,} of the lateral waveguide.
The sum in (1) is assumed to include the integration over continuum modes
(radiation modes), which must be included for completeness. We can represent
the field Ey(y.z) by a column vector A with components {ay}; then the result of a
propagation through a distance L within the waveguide can be expressed by left-
multiplying by a propagation matrix

P(L) = Bt (2)
where the n,m component of 1? is 6pmPn. We model each mirror by a complex
reflectivity R(y), so that the field immediately after reflection is R(y)Ey(y,z=L).
Since the set of {E,(y)} is complete, we can expand the field after reflection in

terms of the {E;} in particular, a mode E,(y) after reflection can be written

R(y)Ex(y) = Z rnmBm(y) (3)

where {ron,] are the elements of a mirror coupling matrix ﬁgiven by
nm = (Em (¥).R(Y)Ex(Y)) (4)
{Em” |} are the eigenmodes of the adjoint operator and '( , )" signifies the

appropriate inner product.

The eigenmodes of the resonator are found by requiring that the lasing field
reproduce itself after one round trip, i.e., that
RP(LRPLA = & (5)
This is in general a nonlinear eigenvalue problem. The free parameters (v, the
lasing frequency, and n, the threshold carrier density (or equivalently threshold
gain)) are imbedded within the matrix lg(L) via the dependence of the propaga-
tion constants 8, upon @ and n, and to a lesser extent, within the reflectivity
matrices due to the dependence of the modes themselves upon n. As it stands,
the solution to (5) is not immediately forthcoming. Besides the nonlinearity, the

matrices are infinite, and in places, continuous. In the next two sections, we will
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introduce and justify the approximations necessary to reduce the problem of

solving (5) to a manageable task.

3.3 Lateral Waveguide Modes

Our first task is to truncate the set of lateral waveguide modes to some
manageable number (according to some rational criterion) and to deal with the
troublesome continuum modes. The modes of a symmetric real index waveguide
are well known [10]; however, some complications occur when we open up the
field to include a complex index of refraction (i.e. gain/loss). There is also the
question of whether to include 'leaky” modes (which diverge as y» + =) in our
basis. Furthermore, since we are dealing with a complex potential, the problem
is non-self-adjoint, and the orthogonality condition between modes is different
from that of real index-guided modes. We shall deal with all of these issues in
one fell swoop by deriving the complex waveguide modes from the original equa-
tion. In the process, a simple picture of the analytic structure of the Green's
function for the lateral mode eigenvalue equation will show which modes to keep
and which we can safely discard. We begin with the Helmholtz equation for TE

waves in the structure shown in figure 3.1.

2.2
va+ L2 in(yz) =0 (6)

where w is the oscillation frequency, ¢ is the speed of light, and

n(y) = {3‘; N ")

We choose our time factor as et and search for solutions of the form

Ey(yz) =eu(¢), ¢=yA (8)
and since we are looking for positive z-traveling waves, we stipulate

Re(8)=0. (9)
We define
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2 P4 2
v(f)s[&’ii—‘-lc-@l]. v = |2 z[“"mJ A= [gd  (10)

to arrive at the nondimensional equation

u(¢) + () =0 (11)

E

The problem is fully specified when we include boundary conditions. It is

convenient to work out even and odd fields separately (it is clear that any field

can be decomposed into an even part and an odd part); so we can solve (11) on
the interval ¢{€(0,~) with the boundary conditions

u'(0) =0, u bounded at ¢ = = (12)

for even modes, and

u(0) = 0, u bounded at ¢ = = (18)
for odd modes.
A well-known result of spectral theory [11] is that the appropriate spectral
representation for an operator L of the equation
Lu+xu=0 (14)
can be determined by integrating the Green's function for the operator on a
great circle in the complex A-plane. In this process, nonanalyticities give rise to
the spectrum; poles generate a discrete spectrum; branch cuts, a continuous
spectrum. The Green's function, of course, is the solution to
[L + AJG(&mA) = 6(¢—n) (15)
For the even modes, the Green's function is easily verified by direct substitution

to be

ur (¢ Jur($s )
VA+VpsinVA+Vg~jVA+V cosVA+vg

win £ D Do)

cosEVA+Y, <1
cosVA+vgeos(é—1)VA+v, — \/E—31n({—1)\/x+v ., o1

A+vg

G(&mA) =

i m

u(¢) =
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cos(¢—1)VA+vg —j ;:—:;sin(g°~1)\/x+v , =1
ug(¢) = exp=j({=1)VA+v,, 1 (16)

Anticipating the great circle integral, we examine the analytic structure of G in

the complex A-plane. Clearly, there are poles wherever

VA+VpsinVA+Vp — jVA+VcosVA+Yg = 0 (17)
which will give rise to discrete modes. In addition, there is a branch cut emanat-

ing from A = —v,. (The quantity ~/A+vg appears only in even powers; hence, no
branch cut.) The direction of the branch cut can be inferred from the bounded-

ness of u; this criterion, plus the last line of (186), implies

ImVA+v;< 0, so —2n< arg(A+v,)< 0 (18)

The analytic structure is illustrated in figure 3.2. Each nonanalyticity
corresponds to a mode of the waveguide with a propagation constant g8 given by
B =d V=X, Re §=0. Near the negative real axis, a positive imaginary part of A
yields a negative imaginary part for 8, implying a lossy mode. From this picture
we can compare the losses of all of the waveguide modes using the qualitative
rule up=loss, down=gain. To aid in the interpretation of the different modes,
modes in different regions of the plane have been labeled in accordance with

comimon usage.

Radiation modes {corresponding to the branch cut) present a special prob-
lem to a numerical solution of (5) because they are continuous. They can be

dealt with by the following simple expedient;
We shall ignore all continuum modes. (19)

The question is, are we justified in doing so? The resonator modes we are
interested in are those with the lowest loss; consequently our intuition suggests
that we should use low-loss waveguide modes as a basis set. A closer examina-

tion shows that over the length of the laser, the continuum modes are strongly
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Figure 3.2: Analytic structure in the complex A-plane of the Green's function for

the even waveguide modes of a waveguide of width 20 um; core: n=3.50, gain=50
m™}; cladding: n=3.40, loss=50 cm™!. *'s are poles (corresponding to discrete

modes) while the cross-hatched line indicates a branch cut (continuum modes).
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attenuated compared to the lower-loss discrete modes; consequently, they make
negligible contribution to the resonator mode after propagation and can, in
fact, be ignored. Furthermore, any discrete modes lying above the branch cut
have even higher loss than the continuum modes, so we gain nothing by includ-
ing them in the basis set. Finally, although the 'gain-guided” modes are beyond
what is traditionally thought of as cut-off (—A< Re vp), their loss is comparable to

the index-guided modes (if any exist) and should be included.

The validity of the above argument relies on the vertical separation between
vp and v, in the A-plane, that is, upon the high gain of the core and/or the high
loss of the cladding. This pictorial representation indicates the validity of the
approximation; for a low-gain medium (e.g., a gas laser) or purely real index
guiding, both vp and v, lie on the real axis. There is no gain separation between
continuum and discrete modes, and the theory breaks down. For semiconduc-
tor lasers, however, with gains on the order of 50 cm™! or greater, the gain
separation is large enough that neglecting continuum modes is a good approxi-
mation. (It should be noted that for high-loss resonators, the gain is necessarily
much larger than for Fabry-Perot resonators, which strengthens the approxima-
tion.)

To summarize; we will use only those discrete modes that lie below the

branch cut in figure 3.2. Carrying out the great circle integration yields
u(é) = coséVAgtvg, 0= [¢]=1 (20)
" cosVAn+vg exp—j([¢|—1)VAntvy,  [¢]=1

with the orthogonality condition

1 1

L8 5n@00(0) = Thal1 + s (21)

and the {\,} satisfy

A Hvesin VA +vg — javAg v cosVAL +vp=0,
ImA, <Im—-v;, -Rr<arg(A+vy<0 (22)
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A similar procedure for the odd modes yields

B sinévA+vg, 0= [¢]=1
Un8) = \sinAnFvo exp—i(|¢| ~1)VAntve, €= 1

where the {A,] satisfy

VAptvgcos VAL +Vg + VAL FY sinVAL+vg = 0 (23)
and the {u,} satisfy the same orthogonality condition. {Obviously any even mode

is orthogonal to any odd mode.) A comparison of (20) and (23) with the stan-
dard theory of real dielectric waveguides reveals that they are precisely the

dispersion relations for real index waveguides, extended into the complex plane.
3.4 Mirror Coupling and Diagonalization

Referring back to figure 3.1, we see that the mirror reflectivity R(y) is the
reflectivily seen at a fixed reference plane. The common thin-lens approxima-
tion [12] is to model a nonplanar reflector as a complex phase shift of —2j8Al(y),
where § is the material propagation constant and Al(y) is the distance from the
mirror to the reference plane. The dielectric reflectivity and/or scattering can
be included by an additional multiplying factor r(y). A single waveguide mode

un{¢) upon reflection can be reexpressed as a sum of waveguide modes

r(y)e ZEOADG,(¢) = 3 rnmum(¢) (24)
m
Multiplying by un,(¢) and integrating yields

-1

L [ der(¢d)yum($)e RN, (&) (25)

iMARV)

where the relation y = ¢{d has been used. Within the various regions of the

rnm =11+

waveguide, u, and up, consist of linear exponentials; most mirrors of interest are
piecewise linear or (to a good approximation) quadratic; consequently, all of the
mirror coupling coeflicients are, at worst, sums of complex error functions, for

which simple approximations are readily available [13]. For example, for a
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curved mirror of radius -R with unity reflectivity that extends only to the edge of

the waveguide, we find

-1

1 X

o = [1 Yy
+1 -
f d¢ cos( %E- = A +Vg) cos( E’;—- — &g +vp) e‘hﬁa&Mz (26)

-1
where t; = 1 if the ith mode is odd and 0 if it is even. (A more accurate model

would include the spatial and angular variation of the reflectivity within the

integral. We have assumed constant reflectivity throughout this work.)

We are left with the task of simplifying the frequency and gain dependence
of the matrices. We perform a perturbation expansion around a fixed operating
point

”n—>ﬁ+An, W~ B+ AW (27)

and define

Ay = Bo — bn (28)
so that Aw and An become the new free parameters. Typically, @ is the center of
the gain spectrum and H is the approximate threshold carrier density. To lowest
order, we can ignore the appearance of Aw and An in the reflectivity matrices,

but we must be more careful in the propagation matrix. We expand the diagonal

elements of the matrix BL in a Taylor series as

P 880 08 0AB, 0A B,
Br{wn)L = Br(BA)L + % AwL + I AnL + W—AwL + -E-r-l—-AnL + - (R9)

The last two terms of (29) are typically much less than 1, and can be dropped
entirely. This assumption is tantamount to assuming that all of the longitudinal
modes of the resonator are degenerate. The second and third terms are com-
mon to all elements of BL and may be pulled out as a product of a scalar and

the identity I’ The result is that the propagation matrix can be written as

08y 88,
-5-;'60 + anﬂn L

Bloni)~ e | BlonL) (30)
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With this substitution, equation (5) can be written as

RLErlRPEREL —1A=06 (31)
where
21[%&60 + f—o—An]L
y=e '™ (32)

Equation (31) is now a linear eigenvalue problem, which can be solved for y by
setting the determinant of the quantity in the square brackets equal to zero.
This approximation is equivalent to that made by the Fox-Li iteration technique
[5]; they both rely on the longitudinal cavity modes' degeneracy. From the form
of (31), we see that |y|? represents the fraction of energy left in the resonator
after one round trip. In conventional unstable resonator theory, |v|™ is the
magnification M. For typical semiconductor lasers, the size of the matrix is
around 100x100, which can be handled by most canned diagonalization routines.
Often, only the few lowest-loss modes are desired, and one can use an approxi-
mate technique (e.g., the Prony method [14]) to find them without actually
diagonalizing the entire matrix. In many cases (as we will show in the next sec-
tion), the lowest-loss eigenvalues vary widely in magnitude, a property that
increases the accuracy of such approximate techniques. The calculations
presented in the remainder of this paper were performed on a VAX 11/780 using

root-finding and matrix routines from the IMSL subroutine library.

3.5 Examples

A. Gain-Guided Unstable Resonator Semiconductor Laser

Recently, we reported the operation of an unstable resonator semiconduc-
tor laser with pure gain-guiding [5]. The near field, as calculated using our
model, is shown in figure 3.3a, while an experimental plot is shown in figure 3.3b.

The experimental and theoretical plots are both single-valued (nodeless) over
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Figure 3.3: Near field of a purely gain-guided URSL of width B0 um, length 200
um, and two symmetric mirrors of radius 250 um. a) theoretical, b) experimen-
tal.
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the same width (which is to be expected, since the width is determined by the
gain stripe). The large modulation visible on the experimental plot we attribute
to imperfections in the output mirror, which scatter light and cause diffraction
fringes. The round trip gain (normalized to that of plane wave propagation in
the core material) was calculated to be |y| = .2B6, M =3.5. The geometric
model of unstable resonators [1] for a symmetric, two-mirror resonator

predicts

M’ﬁ=1+§—+r—§;—+ %_% (33)
For the laser of figure 3.3, M# = 3.3 according to the geometrical model (which,
of course, neglects diffraction and loss in the cladding). One interesting feature
of unstable resonators is the large difference in round-trip losses between the
lowest-loss and next lossy resonator lateral mode. For the laser of figure 3.3,
the next lossy mode has |y|=.112. In the absence of curved mirrors, the lateral
waveguide modes are also the resonator modes, and an examination of the pole
plot for this laser shows that there are well over 50 lateral waveguide modes with
losses within a few percent of each other. The importance of large gain separa-
tion between the lowest-loss resonator modes becomes clear when one takes
into account small perturbations from the ideal waveguide (for example, losses
resulting from defects, or nonlinearities that appear at high pump currents).
Consider a set of resonator modes {e;(y.z)] with eigenvalues §y;}. Any imperfec-
tion in the waveguide will cause some small scattering between the meodes; the
scattering can be characterized by matrix elements Elcjji (calculated in the same

way that the set of {r;} were). For small scattering, we can use first-order per-

turbation theory [16] to calculate the effects on the modes;

eft) = ¢f0 + § —__ (0 (34)
=T

As long as K;;<<7;—% the lasing mode in the presence of the perturbation will
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closely resermnble the calculated mode in the absence of the perturbation. On the
other hand, if the coupling approaches the order of magnitude of the separation
between the gains of the ith and jth modes, the modes will become mixed by the
perturbation (also, the perturbation theory breaks down). Consequently, there
is poor mode selection in flat-mirror broad lasers, and small perturbations in
the optical cavity due to nonlinearities cause the laser to jump among mixtures
of the nearly degenerate lateral modes. The strong coupling imposed by the
curved mirrors of a URSL, however, breaks this degeneracy; the lowest-order
mode is strongly preferred and is relatively insensitive to small perturbations to
the cavity. This explains the stability of the single lateral resonator mode that

was observed up te 4 times threshold.

Another feature of interest is the variation of mirror loss per bounce with
numerical aperture. Figure 3.4 shows the loss per bounce as a function of
waveguide width with all other parameters held fixed. As we vary the width, we
are increasing the equivalent Fresnel number. The periodic mode crossings
observed by Fox and Li [5] in open-walled unstable resonator structures are -

apparent.

B. Unstable Hesonator with Lateral Waveguiding

One of the drawbacks to URSL's is that the lossy material in the cladding
absorbs the diffraction losses of the resonator (which, in many other systems,
are useful output) and degrades the external quantum efficiency. In fact, by
extension of existing formulas one can show that the external quantum
efficiency is given by [15,17]

ol |1-]y|R (35)

1
M M| gplyp i IR
R 71

where a is the loss in the unpumped medium, R is the mirror reflectivity, and 7
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Figure 3.4: Amplitude loss per bounce (V) versus width for two lowest-loss
modes of a symmetric gain-guided URSL of length 200 pm, mirror radius -250
um. vy gives the round-trip amplitude loss, v? gives the round-trip energy loss.
Calculations performed at .5-um intervals.



-93 -

is the internal quantum efficiency. (In [15] a factor M is missing from the
numerator of the equivalent expression.) One suggested method for increasing
the quantum efficiency of a URSL is to add a real index step in the lateral direc-
tion to provide optical confinement [4]. Figures 3.5a and 3.5b show the calcu-
lated and measured near fields, respectively, of such a structure. As in the sim-
ple URSL, one gets a near field with an approximately constant average power
density across the gain stripe; only in this case there is high-frequency, high-
modulation-depth spatial modulation on the near field due to the interference
of the reflections off of the confining walls. The spatial frequencies evident in
the theoretical plot are greater due to the limited resolution of the experimen-
tal viewing system. This structure combines the advantages of a Fabry-Perot
broad area laser and a purely gain-guided URSL, namely, the high quantum
efficiency of the former and the stable near field of the latter. The results sug-
gest that a larger index step is more desirable from the point of view of lowering
losses, and in figure 3.6 we have plotted the losses of the two lowest-loss modes
as a function of index step. Although the losses continue to improve with larger
index step, the gain separation between the two lowest-loss modes decreases at
the same time (also, the high spatial frequency ripples evident in figure 3.5
become larger and larger, which increases the sidelobes in the far field). Thus,
there is an optimum index step that brings about low losses while maintaining

high gain separation between modes.

C. Tilted-Mirror Kesonators

Not all high-loss resonators possess circular mirrors. For example, two
misaligned planar mirrors make up a tilted-mirror resonator. This geometry is
interesting when viewed from the geometrical optics framework because, unlike

classical unstable and stable resonators, there is no ray within the resonator
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Figure 3.5: Near field of a index-guided URSL (same dimensions as figure 4) with
areal index step of .03. a) theoretical, b) experimental.
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Figure 3.68: Round-trip losses for the two lowest-order modes as a function of
real index step. An is the difference in index between the cladding and core, so
that the left portion of the graph corresponds to a "guiding’ waveguide, and the
right portion corresponds to an "antiguiding” waveguide. The dotted line indi-
cates the value of v/ one would calculate using the geometric theory of unstable
resonalors,
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that reproduces itself. This property suggests that incipient filaments within
the resonator will also be unable to feproduce themselves. (It also suggests that
the losses will be rather high.) Recently, we demonstrated operation of a tilted-
mirror semiconductor laser [7]; the lowest-loss mode, calculated using the fore-
going analysis (with Al(y) = ytan® 9= {the tilt angle at one mirror}), and an
experimental near field measurement of the device are reproduced in figures
3.7a and 3.7b, respectively. In performing the calculation, use of a uniform gain
distribution under the stripe contact yields two nearly degenerate resonator
modes. However, we observed in the sub-threshold near field of a 0° laser that
there was slightly higher gain at the edges of the stripe, which favored the
theoretical mode shown in figure 3.7. One of the disadvantages of the tilted-
mirror design is that the losses are quite high (since the only part of the resona-
tor mode that reproduces itself comes from diffraction). Loss as a function of
tilt angle is given in figure 3.8. The decrease in loss at large angle is interesting,
since it suggests a region of low loss around 13-14° (unfortunately, the devices
fabricated in [7] neatly bracketed this region--in fact, the losses at 0°, 5°, 10°
and 15° all lie neatly on a straight line). Such a "loss window" was recently

observed in calculations of tilt effects in CO; waveguide lasers [18].

3.8 Conclusions

We have performed an analysis of semiconductor lasers with non-planar
mirrors that includes the effects of lateral gain/index guiding. We developed a
criterion for truncation of the infinite set of waveguide modes based on the ana-
lytic struc‘ture of the Green's function for the waveguide problem. Then, using a
thin-lens approximation, the mirrors were shown to couple the waveguide
modes. We then reduced the nonlinear equation for frequency and gain to a

linear eigenvalue problem, where the magnitude of the eigenvalues gave the
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Pigure 3.7: Near field of a tilted-mirror laser of width 100 wm, length 300 um,
tilt angle 10°%. a) theoretical, b) experimental.



-98-

-1.0

lOgto y

8 (degrees)

Figure 3.8: Round-trip energy loss as a function of tilt angle for a tilted-mirror
resonator of the same dimensions as figure 3.7.
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cold-cavity losses. We applied the analysis to three cases of interest--a gain-
guided URSL, an index-guided URSL, and a gain-guided tilted-mirror resonator.
The calculated near fields agreed with those of measured devices. We also
showed that URSL's possess high gain separation between the lowest-loss modes.
The addition of a lateral index waveguide can reduce the losses while maintain-
ing gain separation and resistance to filamentation, at the expense of degrading
the smoothness of the near field. Tilted-mirror resonators were shown to pos-

sess well-defined modes, and the variation of loss with tilt angle was presented.
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Chapter 4

Laterally Coupled-Cavity
Semiconductor Lasers

4.1 Introduction

In the previous two chapters we have concentrated our efforts upon lateral
mode control. However, longitudinal mode control is also an issue in semicon-
ductor lasers. The gain spectrum in a semiconductor laser is inhomogeneously
broadened--that is, the gain at a given photon energy comes from transitions
between different k-states, and consequently, spectral hole burning should cause
the laser to naturally lase in multiple longitudinal modes. However, the intra-
band relaxation rate is much, much faster than the interband relaxation rate
(i.e, stimulated emission)--femtoseconds compared to nanoseconds--so that an
incident field effectively saturates the entire inversion uniformly. Hence, the
laser behaves as if it were homogeneously broadened, and thus should run in a
single longitudinal mode. Unfortunately, it doesn’t. The gain is so high that the
cavity can (and for low threshold currents, should be) extremely lossy; this
means that a large fraction of the spontaneous emission can couple into the las-
ing modes, and the non-lasing modes as well. Furthermore, nonlinearities in the
semiconductor laser are rather high, and spatial hole burning, as well as some
general distortion of the gain curve, tend to saturate the gain seen by the pri-
mary lasing mode. The result is that left to its own devices, a semiconductor

laser will run multi-longitudinal mode.
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This behavior is undesirable for a laser in a communications system. If the
laser is used to transmit information over an optical fiber, one of the limits to
system performance is fiber dispersion, and the spectrum of a multimode signal
is far wider than it need be; the signal undergoes pulse spreading after propaga-
tion through a lossy fiber. Secondly, multimode lasers are noisier than their
single-mode counterparts due to partition noise. Thirdly, coherent communica-
tions systems require single-mode operation for simple and efficient heterodyn-

ing of the optical signal.

More complicated laser structures than the simple two-mirror Fabry-Perot
resonator have been proposed that would discriminate between the longitudinal
modes. They include distributed feedback lasers [1] and distributed Bragg
reflectors [2], in which a corrugated grating of period approximately half of the
optical wavelength has been incorporated. They suffer from difficulties in fabri-
cation due to the need to bury a very fine structure underneath GaAs. The
other direction of research has been coupled-cavity lasers [3] in which more
than one Fabry-Perot resonator have been coupled together. These last are of
particular interest since they are relatively simple to fabricate and offer the
potential of FM operation [4], linewidth reduction, and modulation speed

enhancement [5-7] as well as single-mode operation.

To date, the most common geometry of coupled-cavity laser has been longi-
tudinal; that is, the two lasers are butted up against each other, end-to-end. In
this geometry, the gap between the two lasers plays a crucial role in the laser
operation. For best gain selectivity, it must be a (small) integral number of
half-wavelengths [8]. Unfortunately, accurate control over the gap requires

mechanical adjustment, which is undesirable from the system point of view.

An alternative is to monolithically fabricate two lasers side-by-side, and to

allow the coupling to occur via the evanescent fields of the individual lasers. If
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the lasers are of different lengths, then the longitudinal spectra of the two
lasers differ, and one would expect low thresholds only where the longitudinal
modes of the two lasers coincide. In this chapter we analyze the theory of a
laterally coupled-cavity laser and present experimental results of such a device.
In section 4.2, we outline the theory of operation and calculate some representa-
tive threshold gain curves that illustrate the gain discrimination. In section 4.3,
we present the experimental measurements on the device. In section 4.4, we

summarize the important points of the chapter.

4.2 Theory of Operation

The device under consideration is illustrated in figure 4.1. It consists of two
lasers of length L; and L, characterized by propagation constants #8; and 8,,
respectively. We should like to calculate what the modes of such a structure are
and what threshold gains are required to bring each mode to lasing threshold.
Our intuition suggests the following; each cavity is on resonance when the opti-
cal path length seen by a field as it traverses the cavity becomes an integral
number of wavelengths. Only for a select few frequencies will both cavities
simultaneously see an integral number of wavelengths. In fact, the situation is
more complicated than this simplistic picture. In the region of the laser where
the two lasers are side-by-side, a field cannot propagate in one cavity alone, due
to the coupling between the two cavities. The appropriate description of the sys-

tem is in terms of the supermodes, that is, the modes of the twin waveguide.

Any field at a fixed position in the cavity can be written either as a sum of
the supermodes of the cavily, or as a sum of the modes of the individual chan-
nels. Since the laser contains portions where each cavity is by itself and por-
tions where the two cavities are coupled, we will need a means to switch back

and forth from the supermode representation (SM) to a channel mode (CM)
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Figure 4.1: Schematic drawing of a laterally coupled cavity semiconductor laser.
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representation. We first define the propagation constants of the isolated chan-

nels,

frz= 2+ (a+ AL (1)
where the subscript 1,2 refers to the channel, w is the lasing frequency, yq is the
nonrescnant refractive index, ¥, 2 is the gain supplied to each channel, and « is
the linewidth enhancement factor relating changes in the real and imaginary
index. When these two cavities are coupled together, standard coupled-mode
theory gives us a good approximation to the propagation constants and fields by
assuming that the supermodes are composed of a linear combination of the
channel modes. We define coupling coefficents by overlap integrals of the chan-

nel mode fields

W

wuf
o1z = = —f DufEi(x)Ee(x) dx

2
WG
ko1 = [ AuFER(3)E: (x) dx (2)
where Au, 3 is the perturbation in index seen by one channel mode due to the

other channel. Then, if we make the definitions

EE 51 ;'ﬂz
AB = ﬁl"g‘ﬂa (3)

S = Vicg1K12 + Aﬂ

then the propagation constants of the two supermodes are given by

d12=8+ S (4)
Furthermore, any field that is represented by a linear sum of the channel mode
flelds can be written as a linear sum of the supermode fields and vice versa. If

we represent the amplitudes of the two channel modes by a column vector

~ 13
A= [ae]cu' where a; and ap are the amplitudes of the two channel modes, then

the amplitudes b; and by of the two supermodes’ fields can be written as



§= | —\7”[&1 5
= b2 SM - ag oM ( )
where the square matrix Vis given by
A P1 ~Pz
V= [Pa Pl] (8)
and p;; = 1 £ s /S. We point out that as so defined, V is unitary; that is,
g

Obviously, then, K=V"8 we can write the effects of any linear operation
upon the fields as a square matrix within a given representation; for example,
in the channel mode representation, the field after an encounter with a mirror

of reflectivity Ry would be

~ ro 0],
Afatrer) = 0 rg A(before) (7)

However, to write the appropriate operator for a supermode vector, we must
transform the operator to the new representation. This we accomplish with the
matrix V. For an operator T, if we denote the channel mode representation of
this operator by TR“CM and the supermode representation by 'Ff"su the two matrices
are related by

Tou=VTeaV '\ Tou=7V Teu¥ (8)
The reason for introducing all this rigamarole is that some operations are easier
to write in one representation than in the other. Let us choose an arbitrary
field in the supermode representation ﬁsm at z =0 in figure 4.2, and calculate
the matrix that propagates it through one round trip of the resonator. We do
this by compeosing a matrix for each portion of the journey and appending it to

the left side of the initial matrix, the identity matrix.
We begin by propagating from z = 0 to z = L. That matrix, in the supermode
representation, is given by inspection; it is

~jo,L
e 1 0

Pau = 0 e—jo gL (9)
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Figure 4.2: Schematic representation of an idealized laterally coupled cavity
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since each supermode merely gains a phase factor. At L, we must switch over to
a channel mode representation, by multiplying by a factor ¥ The field in
channel 1 sees a reflectivity r;, while the field in channel 2 propagates on
further for a distance D, is reflected by reflectivity r,, and then propagates back

to z=L. This matrix can be written as

~ER) |71 0
Rey = 0 rpe ¥ (10)

Now we transfer back to the supermode representation, by multiplying by ¥ We
propagate back to z = 0 with the matrix SSM. and reflect off of the left mirror. It
turns out that for uniform reflectivity on the left, the representation doesn't

matter;

ne) _ ) _ (To O
RCM = RSM = [O rO]

(11)
So, our round-trip matrix '?su is given by
Rd Rd(]) A Ry RY(R) Au-1 R
Tsu = RsuPsuVRew V. Psy (12)
The lasing condition, that a field BNSM reproduce itself exactly after one round
trip, can be expressed as
] Y] Y]
TsuBsu = Bsu (13)

We recognize this as an eigenvalue problem; to have a non-trivial solution for

ﬁsﬁ. the matrix 'an — 'must be singular. If we define

il
pfr, + pirpe e

il

Flen
_2'
Toer = PEry + pfrge Fe’ (14)
— =i
Iy = p1Pa(ry —rae ED)
then the secular equation associated with the preceding matrix can be written

as

rleﬁe_ajq’L _ 1] {rgeﬂe—Zjo‘gL -1 = rAze~2j(01+o‘z)L (15)
The roots to equation (15) implicitly define the threshold gains v; and lasing fre-

quency o of the different modes. This becomes more apparent when we recall
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than the propagation constants §; 2, and consequently the supermode propaga-

tion constants o, 2, depended explicitly upon the gains in the two channels.

In figure 4.3 we have plotted the threshold gains for 11 adjacent longitudi-
nal modes of a representative LC?® laser consisting of two phase-matched
(|B1—Bz|?<< |Kzi.12]) channels of lengths 200 and 240 um (for this set of cavity
lengths, the longitudinal mode spectrum possesses 11-fold periodicity). The
mirror reflectivites of the two cavities were taken to be .55 and .1, respectively,
the latter number reflecting imperfections in the etched mirror [11]. On the
same graph, we have plotted the threshold gains for the same set of modes when
the coupling disappears (independent lasers, or phase-mismatched channels).
When the channels are mismatched, the supermodes are localized on one chan-
nel or the other; consequently, the longitudinal modes of the resonator are just
the longitudinal modes of the individual cavities, which are degenerate. Thus,
the horizontal and vertical dashed lines in figure 4.2 correspond to 8 and 5
modes, respectively. And, of course, where the two lines cross, all 11 modes are

degenerate.

There are several features of interest to be gleaned from this graph. The
first is the broken degeneracy of the longitudinal modes, as seen by the spread
nature of the solid curves in figure 4.3. As will be explained in greater detail in
chapter 8, the only accessible region of the y,~y, plane is the unsullied region in
the lower right portion of the graph (below threshold) and the locus of sections
of threshold curves that makes up the boundary of that region (corresponding
to laser operation). The gain differences between adjacent modes is related to
the spacing between the first mode to lase (the first line encountered as one
moves out from the origin) and subsequent modes. This spacing is shaded in
figure 4.3. We see that the greatest spacing, and hence, the greatest mode

discrimination, arises when 7, is large and v, is small, or when we pump the
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Figure 4.3: Threshold gain in the (7,,7z)-plane for an LC? laser consisting of two
segments of lengths 200 and 240 wm, and intercavity coupling coefficient
£ = 10 cm™. Dashed lines indicate threshold gains of the individual lasers in the
absence of coupling.
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lossy laser hard. Another feature to observe is that the plot of ¥4 vs o con-
tains several ripples, due to the changes in optical path length with gain via the
o-parameter. Finally, we see from the formulas that the distance that controls
the periodicity of the structure is D, the difference in length. The only thing that

remains to be seen is whether a real device exhibits any of this behavior.

4.3 Experimental Measurements

The devices were fabricated upon GaAlAs double heterostructures grown by
liquid phase epitaxy (LPE). Twin gain stripes 4 um wide with center-to-center
separations of 9 um were defined by proton implantation at 70 keV, CrAu con-
tacts were evaporated on the surface, and the mirror of the shorter laser was
etched using techniques similar to those used in chapter 2. The devices were
lapped down to 75-100 um and AuGe contacts were evaporated on the bottom
and annealed. The devices were then cleaved into varying lengths with varying

differences in cavity length.

One feature that became apparent immediately was that short cavity
lengths were better for getting single-mode operation. As the model suggests,
the difference in cavity lengths determines the periodicity of the longitudinal
mode spectrum. The spectrum of a device with a fairly long difference is shown
in figure 4.4, with a sinusoid of period ¢/2uD superimposed over it. Also shown
is the spectrum of the two devices when operated independently. This shows
another feature that is common to coupled cavities but has not been adequately
explained; when two or more cavities are coupled together to reduce the number
of longitudinal modes, there is invariably a shift to longer wavelength operation.
One possible explanation is that the losses of coupled cavity geometries that
have exhibited this phenomenon (see, for example, [13]) are larger than in the

uncoupled case (see figure 4.3) and the increased loss necessitates harder
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F@gure 4.4: Longitudinal mode spectrum for a laser of length L = 450 um, path
difference D = 60 um. (a) Spectrum when lasers are operated separately. (b)
Spectrum of the composite structure with superimposed periodicity of the gap.
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pumping and shifts the gain curve. The shift in optical path length with carrier
density can be seen in figure 4.5 where cavity number 2 is pumped successively
harder, thus increasing the carrier density in the additional section of length D

and shifting the longitudinal modes.

Shorter cavity lengths demonstrate other phenomena. Figure 4.6 shows the
threshold currents (proportional to the threshold gains) required by the two
cavities for a D = 3+ 1 um device, illustrating the ripples from interference. This
particular device lased in a single longitudinal mode from threshold up to a
current level of twice threshold for asymmetric pumping (figure 4.7). Yet
another device (D = 10 um) shows single mode operation over limited current
ranges of about 20% of threshold, and shows a mode hop between single modes,
again showing the shift to longer wavelength and a periodicity controlled by the

difference in cavity lengths (figure 4.8).

4.4 Conclusions

In conclusion, we have presented a device capable of single-longitudinal mode
operation that is easily fabricated monolithically, a laterally coupled cavity
laser. We note that for optoelectronic integration, it will be desirable to etch all
mirrors of the laser, and the scheme of etching one laser shorter than the other
fits neatly within this plan. Despite the operation of this laser under pulsed con-
ditions and the fact that the modes were gain-guided (which means that the
coupling coefficients change somewhat with pump current), large regimes of
single-mode operation were obtained. This success indicates that a laterally
coupled-cavity laser designed for CW operation (e.g., a twin buried heterostruc-

ture) may well be suitable for use in single-mode laser systems.
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Figure 4.5: Longitudinal mode spectrum of the device of figure 4.4 as a function
of tuning current in cavity 2 (the long cavity).
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Figure 4.7: Threshold gains for the device of figure 4.6.
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Chapter 5

Dynamic Analysis of
Multielement Semiconductor Lasers

5.1 Introduction

The analysis of multielement laser structures is considerably more difficult
than that of a simple Fabry-Perot cavity. The steady-state analysis is fairly well
codified, albeit complicated. The steady-state lasing frequency can be analyzed
by performing a round-trip analysis of each element of the system, including
intercavity coupling [1-8]. The result of such analyses is typically a nonlinear
equation that implicitly defines the lasing frequency w; the equation depends
upon the gain and, refractive indices {(and hence, carrier density) of the various
cavities, and the requirement that w be real (for steady-state operation)

imposes a constraint on the set of carrier densities.

However, the full time evolution under large-signal modulation must
include the (also nonlinear) carrier rate equations for the different active ele-
ments in the system, as well as rate equation(s) for the optical field. In one
approach, the electric field in each section of the laser is taken as a dynamical
variable, and rate equations for both the electric field and carrier densities are
solved for a transient excitation [2,5,8]. In the other approach, a single field
equation that describes a mode of the composite resonator is used [3]. The
latter treatment has the advantage of including fewer dynamical variables. In
either case, the rate equations are strongly nonlinear, due to the nonlinear

dependence of characteristic parameters (e.g., lasing frequency, photon lifetime,
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carrier lifetime) on the dynamical variables. Generally, the only way to solve

them is numerically.

Recently Agrawal [8] presented numerical solutions from a small-signal
analysis of a two-active-element laser in which the photon density and carrier
densities of each cavity, and the relative phase between the two cavities, were
taken as the dynamical variables. The small-signal modulation response, how-
ever, can be solved analytically using the modes of the composite resonator.
Not only does this approach give analytic expressions for the small-signal modu-
lation (useful in their own right), but it enables us to see immediately what phy-
sical quantities are important and how they effect such things as the relaxation
resonance or linewidth enhancement factor. Furthermore, while a smooth,
chirpless small-signal response does not guarantee the same large-signal
response, a poor small-signal response pretty much rules out the possibility of a
reasonable large-signal response. Finally, pathologies in the small-signal
response (e.g. singularities, negative differential gain) can indicate the presence

of other properties of interest (e.g., bistability).

In this chapter, we derive an analytic solution to the dynamic response for
a general multielement semiconductor laser. To do this, we must develop a
'resonator-independent” formalism that can be applied te any single-mode
laser. In section 5.2, we develop the formalism from a mutimode theory and
show that the dynamic behavior of the optical fleld can be obtained from an
analytic continuation of the steady-state eigenvalue equation to complex fre-
quency. The relevant parameters that characterize the modulation can then be
written in terms of partial derivatives of the steady-state equation. In section
5.3, we develop the relevant rate equations for carriers. These equations yield
complete expressions for the amplitude- and frequency fluctuations under

current modulation. In section 5.4 we apply the formalism to the case of a two-



-1R23 -

element semiconductor laser and explicitly calculate the modulation response
as a function of modulation frequency, in terms of the effective gain, o-
parameter, and relaxation resonance frequency. We show that frequency modu-
lation {chirping) is generally present in the two-section laser (and in fact, in any
laser of more than two sections); however, it can be eliminated if the operating
point is chosen such that the effective a-parameters of the two cavities are
equal [9] or by appropriate splitting of the modulation current [10]. In section
5.5 we surnmarize the important points of the analysis. In appendix A we calcu-
late an important relation explicitly linking the dynamic complex frequency,

material gain and instantaneous cavity loss rate.
52 Optical Field

The theory of this chapter and the two that follow relies on the fact that
any fluctuations that occur take place on a timescale long compared to a single
optical cycle. This observation not only allows us to use volume-average rate
equations for the carriers, but to model the field by a single scalar quantity as
well. Under dynamic modulation, however, the spatial properties of the electric
field change in coupled-cavity lasers. It is not entirely clear just what the scalar
field should represent. Under steady-state operation it ié taken to be the ampli-
tude of the lasing mode. Under dynamic modulation, the concept of a "mode" is
no longer well-defined; however, we will make use of it to develop a powerful tool
for treating the dynamics of semiconductor lasers by performing a perturbation

expansion in powers of the ratio between optical and fluctuation timescales.

In keeping with the spirit of the semiclassical approximation, we begin with
the scalar wave equation derived from Maxwell's equations for a charge-free

time-varying medium:
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2B(x.t) - 01—26155{#2(&7) E(xt)] = 0 (1)
where E(x,t) is the electric field and u(x,7) is the index of refraction varying on a
timescale T = ¢t, £<< 1, i.e.,, much more slowly than optical frequencies. We shall
carry ¢ around through the analysis to facilitate asymptotic expansions and
then drop it at the end. The presence of material gain and loss can be accom-
modated by allowing complex u if the loss is approximately constant as a func-
tion of frequency. We will use a variation upon the standard separation of vari-
ables technique. We first solve the Helmholtz equation with parametric T
PP

C2
The set of {A;(x.7)] form an orthonormal basis that spans Euclidean 3-space for

V 2A(xT) + =0 (2)

any T, that is,

KR DA(XDA(XT) AV = & (3)

Therefore, we can write without loss of generality

E(xt) = DH(HA(XT) (4)
for some set of {f;}. Insert (4) into (1) and use (2) to obtain
Z—-wi (DA (X DE(YA(xT) = Z ﬁ-(,u (xDH(A(xT)) (5)

Now we multiply both sides of the equation by Aj(x,'r) and integrate over all

space. The orthogonality of the A;(x,7) helps in several places; we get
L4(0) + Pt (0) =
2 1L

dt

So far, all is rigorous. Now we make the perturbation expansion by converting

5 d dfi(t) a 5{(“ (x,T)A,(x,T))H(t)—-(M (xDAX D) A(x DAY (8)

time derivatives -f%c— into 8567,'_-. As is common in perturbed frequency problems, a

more accurate expansion develops if we expand the phase of the unknown vari-

able in a series, rather than the variable itself. Let
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() = e, Jyy = g(n) + pu(r) + O(H) (7)
Plugging this definition into (8) gives
(9% + Repio(Neu (1) + O(2)+wP)Ei(t) =
~% [B(Deg0 s x DA AT AV + O(s2) (8)

Solving this by orders gives the zeroth-order solution
(1) = —wf(7) so pi(7) = juy(7) (9)
and the first-order correction
0
eia(1) = =20 5 RnAT)A (%) AV (10)
1
If we truncate the series representation for f;(t) at these two terms, we can com-

bine these with the definition of equation (7) to get a first-order differential

equation for the time evolution of f;(t):

: . 9
£ = jey(t)e; — zi}fi ‘{Et—(uz(x,t)Ai(x.t))Aj(x,t) av (11)
where we have finally dropped the ¢£'s and discontinued the distinction between 7

and t.

As it turns out, we can frequently drop the summation on the right-hand
side of (11) for a variety of reasons, including:

Homogeneous gain--1f the gain Auctuations are hormogeneous over the las-
ing mode, then the time derivative in the integral separates, and the
orthogonality of the set of A;(x,7) makes all the terms with i # j vanish.

Single-mode--If the laser is running single-mode, then all of the f;(t) are
zero except for the lasing mode.

Quasi-steady-state--In quasi-steady-state operation, the time derivative of
anything in the integral will be negligibly small.

We would still be left with one term, the self-coupling term:

£(t)

But if we make an estimate of the size of the integral in the brackets, we find

wi(t) — £ PR ODA(XE)A(xL) AV [£5(t) (12)
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that since the {A;} are normalized, it is approximately

ot (13)

Since Au/u is typically on the order of .005, we find that the error in dropping

8 { Aptevg

this term entirely is less than a percent of the transform limit. Consequently,
for the rest of the analysis, we will use the simple (and intuitive) equation of
motion

f(t) = jo(t)i(t) (14)
or the equivalent

) = wlt) (15)
Of course, a solution for ¥ requires an expression for the steady-state w,
and as mentioned previously, for multielement SL's, w is generally defined impli-
citly in a nonlinear equation of the form
F(on,, - -ny) =0 (18)
for an N-active-element laser with carrier densities {n;}. (Note that the number
of "elements' in this analysis refers to the number of active elements. The pres-
ence of passive sections of the laser complicates the resonance function F but
does not increase the number of dynamical variables. Thus, an external-cavity
laser is a one-active-element laser; a C? laser is a two-active-element laser). It is
not the point of this section to derive the stéady—state equation; that has been
done in numerous works for various structures, including two-element axially
coupled lasers [3-8], multielement axially coupled lasers [2]; in the previous
chapter, two-element laterally coupled lasers [1], and in chapters 7 and 9, axi-
ally coupled lasers. We note, however, that such an equation, although solved
for a fixed, real w, is formally equivalent to a solution of (3) for the instantane-
ous freqency w(t); consequently, we need not return to first principles to find
the dynamic response of a multielement device. We may simply analytically con-

tinue the DC resonance equation to complex « and use equation (18) as an
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instantaneous definition of w(t) in terms of the independent variables {n;}.

We shall also require a set of fill factors, defined by
Pi ; Vi
Iy= Z—E—V—k- (17)
where py is the photen density in the kth cavity and Vy is the volume of the kth
cavity; the summation includes both active and passive elements. In general,
I'# 1 (as noted by [2]), and in fact I'; can (and does) vary under modulation. We
note that while the ["'s so defined will depend explicitly upon both & and the {n;},

¢ is already defined in terms of the independent {n;} by equation (18).

We now have all of the machinery to carry out the small-signal analysis of
the optical field. We linearize (15) and (18) about a steady-state operating point
Y= wo + Aw(t) — jp(t)

n; = ny + K(t)
..y OF oF

Divide by dF /08w and take real and imaginary parts to get

p = e enth. Aw = =) m'ienth (19)
i 1
where
. 8F /ony . 8F On;

We call g'iep and m'ieq the effective differential gain and index constants, respec-
tively, It is clear from the above relations that they have the correct units; it
remains to be shown that they in fact play the same role as the corresponding

parameters in single-cavity lasers.
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5.3 Carrier Dynamics

Fach section of the laser can be treated as an independent carrier pool,

described by a volume-averaged rate equation

f = 2 - - g, e (20)
where J; is the ith pump current density, q is the charge on a single carrier, d is
the active layer thickness, 75 is the spontaneous lifetime, g; is the gain constant,
I is the fill factor mentioned above, and p is the average power density (so that
p is proportional to |exp j¥|?). We linearize this set of equations in the same

way we did in equation (18):
Ji = Jio + qd-e;(t)

V=g -

1 dl

P T — ARS —_ .

= gll"lp] Rel'ipp %glp Ik (21)
where g'; is the material (as opposed to the effective) differential gain constant,

and the total derivatives of ['; are given by

dar _ aT’ o ar; o ol
dn 0o U ReT3Re(w) | &k Blm(w)

The distinction between Re(w) and Im(w) must be made here because the fill fac-

(22)

tor is not an analytic function of w. We have also made use of the relations

Re 8w _ ORew m 8w _ dlmw
ank ank ' Onk al’lk

We now Fourier transform equations (19) and (22). The operator 8/6t

becomes a factor j1, and the equations become

JOP'= g et A = Y m'ient; (23)
1 1
. ™ ™~ ' o~ ™~ dPi =~
j0%=8- [1/Ts + ginp] B~ Relipp - %}gipan—;w (24)
where a tilde indicates a transformed variable. It is convenient to make some

definitions of parameters;

1

T gilip.  ohn= 2e'DPLien.  Qet = M'ien/Llien
8

L=
i
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s 1 _ df',
di= (jO + ;i-). il = P& g (25)

with these definitions, equations (23) and (24) can be put into matrix form

3

0 —ger 0 ENer |y
0 1 —qepg'ief **° —ONeftS'Neft pN 0
R AS 0
.leﬁ 0 c+dy - CIN | =1 (26)
g 1ent . :
. Y EES
J / \ )
ES‘?E‘ 0 eN1 o onytdy
& Neft J
This matrix system can be solved by Cramer’s rule to yield
0 —gher " —E'Nem
€ cntdy - CIN
Q) & ont - onntdy
= - - - 27a
P iQ ~8i1ef "' TENefl ( )
2
%
',li cytdy - CiN
lefl
chen
—— oy - cyytdy
& Neft
N 0 —ger 0 —gNe
0 0 —0yepBiet ~° —ONeftE'Neft
2
o
__‘_131‘!__ € cptdy - CNi1
g let
w,ﬁeﬂ en CN1 -+ onntdy
AB(Q) = Nt (27b)
jQ —g'leﬂ T —g'Neﬂ
2
I
—yl_eﬂ- e tdy CIN
g1
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In many cases, the optical power density in an individual element is desired (e.g.,
the power emitted from one of the exit facets); in this case the photon density

in the ith cavity p; is given by {17) to be

pi=Tp (28)
which yields the modulation response

B(@) =T(0) + 3 3040) (29)

dr
with the total derivatives -&—I-l-i— defined by (22).
Kk

5.4 Applications

We shall first check the formalism by applying it to the well-known case of a
single-cavity, simple Fabry-Perot resonator. In this case, ¢;; can be absorbed

into the term 1/n (in practice, it can be neglected entirely) and equations (27)

become
g 1en g'ren
~ jQ+1/ ~ . Q+1
pQ) = &(a) Zo— 800) = &(0) 0 aer 7. (30)
. e . [+
0+ 0+ e

Equation (30) is exactly the frequency response one derives from the more fami-

liar theory [11], exhibiting a relaxation resonance at frequency w;.p and residual
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phase modulation that goes to zero at zero frequency. Furthermore, we can
check the values of g'ies Wiep. and ayjep by direct calculation from the simple

eigenvalue equation for the lasing frequency:

F(wn;) = pzexp|(7(ny)~yo)L- 1=0 (31)

where ¥(n,) is the power gain per unit length, ¥4 is the loss, L is the length of the

Rjwu(n,;)L _
c

laser, u{n,) is the index of refraction, and R is the mirror reflectivity. Applying

equations (19) to (31), we find

‘en = LS m' "R o - 32
g 1eft 20 lefl M lefl > (32)

which we recognize as being precisely the material differential gain constant,
differential index, and linewidth enhancement factor. Similarly, w?%g is the

relaxation resonance familiar from McCumber's theory [12].

Thus reassured, we now turn to uncharted territory and analyze the
response of a two-element laser. We shall not here calculate the effective modu-
lation quantities; the algebra is straightforward given F(w,n;,ng), but the exact
form of F depends‘ on the particular configuration chosen. As above, the diago-

nal elements ¢ can be absorbed into the term 1/ of (25), i.e.,

Lol yolptppit
n = 7, TelPtaPg
Then, evaluating (27) for a two-active element laser yields

4 A
gy Ca1

g iet g2eﬂjn+1ﬂ_1

]Q +1/’Tg

AlQ) =€)
! ]Q + c"’?eﬂ Qgeﬂ

O+, 30 =

\
{ 9

I - S
g zet gleﬂjn 1/
Q+1/n
c"?eﬂ w§eﬂ
QR+l Q4+l

\ /

(33)

i+
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The expressions for Dj({}) are similarly obtainable (and equally formidable); how-

ever, the relations simplify somewhat if ¢;7;< <1 for all off-diagonal elements c;;

(which has been suggested, for example, fbr the laterally coupled cavity laser

[1]). In this case, there is no difference between p{(}) and (), and (33), (34)

reduce to

[ g et [ g'zent ]
iQ+1/m iQ +1/m

5 2 + &(Q)
le + Wieft Weefr

pl) =&1() 3 P
0 Wieft Lgeft
B0 T 0+

Q+1/m 0 0+l

(35)

L 0+

’ 0 + wgeﬂ + went
BT ia+im T 0+

' 2
gleft |. , (et —Ozefr)WEen
JQ Kiefr
) +

Eoet | . (Ceen—01om)eFet
\[ 0 oeert=—"0"1 l
/ 2

. Wlerr C‘)Seﬁ
l W avim e

(386)

In figures 5.1 and 5.2 we have plotted p{Q}) and AG{Q?) as a function of frequency
for a particular set of effective modulation constants with the ¢; taken to be
zero. The first feature to note is the presence of two resonance terms in the
denominators. They combine to give a single resonance at the Pythagorean sum
of the two resonance frequencies (as can bé seen from the figures. The resonant

frequencies are proportional to g'ies: consequently, any increase in g'j.g over the
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Figure 5.1: Amplitude modulation response for parameters wieg = 6.-10° rad Aec,
toer = 1.-10° radsec, T3 =10%sec, T, =510"sec, gen = 1.2:107° cm®kec,
g'aen = 3.0:1078 cm¥Aec, ayen = 5.01, ager = 5.00.

(a) Amplitude modulation response (arbitrary zero) for & = 0. (b) Ampli-
tude modulation response (same zero) for €, = 0.
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Figure 5.2: Frequency modulation response for the same parameters as in
figure 5.1. (a) & =0, (b) &, = 0. Dashed lines indicate the residual phase modu-
lation present in single-cavity lasers.
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material g'; will result in an enhanced modulation bandwidth, Such behavior has

been demonstrated in passive-active coupled cavities [9].

Another feature of interest is the fact that the frequency modulation does
not go to zero as ? » 0. In fact, while the first term in the square brackets in
(36) is simply the residual FM found in any single-cavity semiconductor laser,
which disappears at zero frequency, the second term causes the frequency
response to level off at low frequencies (in fact, it can be seen from equation
(36) that if the difference in the effective a-parameters is of order 1, the fre-
quency response is flat up to the relaxation resonance). This results in an
undesirable FM response under modulation. It should be noted that for mul-
tielement lasers, the effective linewidth enhancement factor is generally not
equal to the material enhancement factor (the corresponding quantity for the
single-element laser)--it depends strongly on the particular operating point
selected. So, if an operating point is chosen such that the effective o-
parameters for the two lasers are equal, the low-frequency FM modulation disap-
pears. Alternatively, it may be nulled out by splitting the current modulation
such that

& &
alt  edls
as was done in ref. [10]. (It is also equally possible to null out the AM response

(37)

to obtain a purely FM laser, although the regime of linear operation (and hence
validity of the small-signal response) is rather small [13].) It is clear from equa-
tion (36) that for structures with more than two elements, there will generally
be some frequency modulation. While in some structures the elements of the
{ci} matrix are negligible (e.g. the aforementioned laterally coupled laser), in
many they are not (e.g. a C3 laser); for such geometries equations (29), (33), and
(34) must be used and the structure of the response is somewhat more compli-

cated than that displayed in the two figures.
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5.5 Conclusions

In summary, we have presented the first analytic expressions for the
dynamic response of multielement semiconductor lasers. In the process, we
derive effective differential gains, indexes, and a-parameters that play the role
of the corresponding material quantities in single-element semiconductor
lasers. We have verified the general formalism in the single-element case and
applied it to a special case of a two-element semiconductor laser. We have
shown that frequency chirping is generally present even at zero frequency in
two-element lasers, yet it can be avoided either by modulating at an operating
point where the effective a-parameters for the two cavities are equal, or alterna-

tively, by driving the currents to both cavities in a fixed relationship.

Appendix A—Dynamic Gain-Loss Relations

It would be helpful to identify some physical mechanisms with the ima-
ginary part of the complex instantaneous frequency used in this chapter. In
this appendix, we briefly derive a relation linking three functions of the instan-
taneous frequency and the quasi~-mode and identify them with measurable quan-
tities.

We begin with the well-posed problem

2(1),,2
[V 2, Wt & XY IR(xt) = 0 in domain D (38)
%‘ﬁ‘ +AE =0on S (39)

where S is the boundary of domain D, n is the surface normal, A is an arbitrary
coefficient and w, i, and E are complex. Green's identity gives us

dEO
dn
Subtracting equation 40 from its complex conjugate gives

“(:EV *E' + VEV E'dV = iE=-dS (40)
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g ~E'V 2 = dE" _ .. dE.
_((EV E' - E'V?E)dV = f(E S —E'g)ds (41)
Use equations (38) and (39) to get
a(w)z — ("W)|BE" 4V = (A — A)EE"dS (42)

Now we split w and p into real and imaginary parts:

W=t oy BT Ut O<<or, (4<< U
to get (to lowest order in the imaginary parts),

(4]»,,%(&;% + wie)EE* dV = c®(f (A — A")EE"dS (43)
If we recognize the energy density U(x) = u?EE’, then this can be written as

Reorili c® ~A-A"
Ux) dV + jRoU(x)dV = ——f ————U(S)dS 44
[T av + feauav = s g AmEuE) (49)
Now, let's specialize to the case of a sermiconductor laser, where the boundary S
is a dielectric interface with a medium of index u,. Then the appropriate boun-

dary coefficient is

ok _ iy
A‘Jﬁ,u., where 8 = — (45)

Furthermore, the imaginary part of the index is related to the linear gain by

- lre
M= (48)
or, recognizing the gain coefficient
_ ¢
X) = 47
g(x) " (47)
we have
2eU(x)dV + [g(x)U(x)dV — = U(S)dS = 0 48
[oUm® v + [a(x)U(x) av - ZHU(S) (48)

We define the total energy in the optical mode by

Upot = _‘(U(x) av (49)
The 'fill factor'' ' is then recognizeable as

rg= Ul [euav (50)

where g is some representative or average gain in the active region. The last
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integral over the boundary gives the energy loss by transmission out of the

medium; we can identify it with the photon lifetime

c
1/ = —QU(S)dS 51
»= o fU(s) (51)
And so we can identify the components of the imaginary parts of the instantane-

ous frequency as arising from the instantaneous gain and mirror losses, or

2ux(t) + I{t)g(t) — ;p—};)— = 0. (52)
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Chapter 6

Intermodal Stability of a
Coupled-Cavity Laser

6.1 Introduction

As we have seen, coupled-cavity lasers are interesting devices because of
their potential for single-mode operation under high-speed current operation
[1,2]. In addition, they, like many other two-element lasers [3], have been shown
to exhibit bistable behavior. Such behavior makes them suitable for digital opti-
cal read/write operations or candidates for elements of an optical logic system
[4]. Although there have been several analyses of longitudinally coupled-cavity
lasers (e.g., a C3 laser) at varying levels of approximation [5-8], none have
treated the problems associated with operation near a mode boundary. Yet,
when the current supplied to one of the two cavities is modulated, crossing a
mode boundary is almost inevitable [8]. Recently, in a steady-state analysis,
Henry and Kazarinov made the claim that there existed regimes of operation
near a mode boundary where no steady-state solutions were stable (although
they left open the question of what happened in such a regime). In this paper,
we analyze the behavior of a two-element coupled-cavily laser near a mode
boundary. Although we choose the specific geometry of a longitudinally coupled
pair of cavities, the nondimensional equations of motion are equally applicable
to any two-element laser {e.g., a laterally coupled cavity [9]). In section 6.2, we
give a brief development of the equations of motion of the laser, using the

slowly-varying complex frequency approximation of the previous chapter [10].
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In section 6.3, we expand around a mode hop in the carrier density plane and
develop a set of nondimensional equations that describes the dynamical
behavior of the laser. We solve for the DC solutions of the equations and per-
form a stability analysis upon the sclutions. We show that in all regimes of
operation there exists at least one stable solution, sometimes two; we identify a
sufficiency condition for bistable behavior, and solve for the lines of instability
on which a bistable transition occurs. In section 6.4, we sumnmarize the impor-

tant results of the analysis.

6.2 Equations of Motion

We begin by deriving the eigenvalue equation for the modes of a longitudi-
nally coupled-cavity laser illustrated schematically in figure 6.1. It consists of
two cavities of length 1, and lLg, separated by a small gap D. Although in actual
practice one would control the currents j, and j; supplied to each of the two sec-
tions, for the purposes of analysis it is more convenient to treat the carrier den-
sities n; and ny as free parameters, solve for the lasing frequency w, and then
find the currents necessary to support that operating point at a given power
level. We choose our time factor as e“', Then a round-trip self-reproduction

condition imposed upon the field in the laser yields the secular equation [5]
[ e-'h(nx)lq + Zjop (ny)Ly A [ o 72(n2)le + Riop(ng) Lot

R, R,

where 7(n;) is the linear gain constant for the ith cavity, ui(ny is the index of

-1 -1 -Ks=0 (1)

refraction, R; is the reflectivity of the outside mirrors, and K, is a coupling factor
that characterizes the gap (taking into account the length and reflectivity of the
mirrors bounding the gap) [5]. Equation (1) can be considered [10] an implicit
equation for complex w as a function of n; and ny. For any fixed pair (n;.nz),

there exist an infinite number of complex o solutions; each solution
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Figure 6.1: Schematic of a longitudinally coupled-cavity laser.
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corresponds to a different spatial (longitudinal) mode of the structure. We are
not interested in the phase of the optical field, so we can ignore the real part of
@, but the dynamics of the power depend upon the imaginary part. By adapting
our equations of motion from the last chapter {(we discard the intermodal cou-
pling coefficients since we consider only quasi-steady-state operation) we can
construct the multimode equations of motion. The time evolution of the aver-

age photon density p; in the ith mode obeys

pi = —RIm{w;)p; + Zj:ﬂﬁnj (®)
where n; is the carrier density in the jth cavity, 7, is the spontaneous lifetime,
and B are coefficients representing the fraction of spontaneous emission cou-
pled into the ith mode from the jth cavity. For a single mode, the line deter-
mined by the requirement Im(w) = 0 (figure 6.2) corresponds to a quasi-steady-
state mode which neither grows nor decays in time (that is, a true steady-state
mode). For Im(w) < 0, the quasi-steady-state mode grows without limit, and for
Im({w) > 0, it decays to zero. When spontaneous emission (which was not
included in equation (1)) is considered, the carrier densities of the laser are
clamped just to the left of the Im(w) =0 line (in the absence of spontaneous

emission, they are clamped onto it).

As we said, there are an infinite number of solutions Im{w) = 0 to (1), each
corresponding to a different longitudinal mode; we plot a set of them in figure
6.3. Consider a point well to the left of any of the lines, e.g., point A in figure 6.3.
Then Im(w)> 0 for all the modes in the set; any excitation will decay away and no
lasing state exists for that pair of carrier densities. On the other hand, a point
on the curve's leftmost boundary (point B) is on the steady-state curve for one
mode and in the Im(w)> 0 region for the rest; consequently the one mode will
lase (and since Im{w)=0, neither grow nor decay) while all others decay away. An

operating point at the intersection of two curves (point C) could conceivably
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(Growth) .
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N /Nt

Figure 6.2: Plot of the line Im(w) = 0 for a single mode in the carrier density
plane (normalized to threshold values for the uncoupled lasers), for a laser with
I; =200 pum, 1lg = 20um, D = 1.5 wavelengths.
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Figure 8.3: Plot of 10 modes in the carrier density plane.
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have two lasing modes. However, a point to the right of any of the mode curves
(point D) does not correspond to a physically realizable steady state. It is in the
Im(w)< 0 regime for one or more modes, and those modes will thus grow
exponentially without limit. This region is, of course, accessible on a transient
basis--but if one drives the device into the Im(w)< 0 region for a particular
mode, the optical power in that mode will build up over time and saturate the
gain back down to a point somewhere on the lowest curve. These arguments jus-
tify the division of the (n,,nz) plane into regions below and above threshold as in
figure 6.4. Between any two cusps, the curve corresponds to the Im(w) = 0 line
of the lowest-lying mode. The cusps correspond to mode hopping. Above lasing
threshold, the carrier density is clamped onto the threshold line (although it is

free to shift along the line).

In practice, one controls the currents supplied to the two sections, not the
carrier densities. The question of multistability refers to the existence of multi-
ple operating points (n;,ng) for the same pump current densities (j,,jz). We must

also consider the carrier density equations

= "'L—— —- gl(nl)ZFuPJ (3)
B
where q is the electronic charge, d is the thlckness of the active layer, gi(n;) is

the gain constant, and [';; are fill factors defined by

I = [ the proportion of optical power of the jth mode in the ith cavity

In steady-state, we can write this equation as

hio_n
d T gi i)? ijPj (4)
Thus, for a given operating point {(n;ny;) and a given set of photon densities P
the currents are exactly determined. As we have seen, for all operating points

well away from a mode boundary, only a single mode lases, so we can set the

photon density for that mode equal to the total power density and set all of the
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Figure 8.4. Accessible regions of the carrier density plane. Above threshold, the
carrier density is clamped onto the threshold carrier density line. Each Ccusp on
the curve indicates a mode hop.
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other photon densities to 0. For pi =0, the allowable currents are precisely
equal to the threshold carrier densities (with a scaling factor of qd/rg), and for
Pt > 0, we can use equations (4) to replot the carrier density curves at any

desired power level.

A modification occurs when we are at a cusp, since two lasing modes are
possible. Let the two modes have power levels

P1 = XPtot. Pz = (1 —X)Prot (5)

so that x is the relative fraction of optical power in mode 1; then the current

relations can be written as

L= 2t g + (1 alpua (6)
It is clear from equation (8) that as x varies from 0 to 1, the current (and mode)
changes linearly from that of purely mode 1 to that of purely mode 2. Hence as
we increase the power, the cusps that exist at threshold move out into the
current plane and become straight line segments that jein the single-mode
curves. There are two qualitatively different ways in which this situation mani-
fests itself, both illustrated in figure 8.5 for a constant py (they usually do not
occur together; both are shown on the same graph for illustrative purposes
only). The line segment labeled 'modes 1&R2" is one of a family that fills the
region of the current plane claimed [5] to possess no stable solution. The seg-
ment labeled '"modes 2&3," which completes the loop, shows that multiple (in
this case, three) steady-state solutions exist (the three solutions at three
different power levels for the same (j;,jz) are shown explicitly in figure 6.6). A
steady-state analysis cannot tell us anything about the stability of such states,
however. In the next section, we will transform the equations of motion near
the mode hop to a simple system of nonlinear ordinary differential equations

that incorporate all of the relevant physics, yet allow simple analytic solutions

and thus an unmistakable interpretation of the physics of the device.
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Figure 8.5 Schematic of constant power curves in the current plane (arbitrary
units). The py = 0 curve is identical to the threshold gain curve in the (n; ny)
plane (within a scaling factor). The straight line segments joining the curves for
fixed pioi=> 0 are the mixed state (two simultaneously oscillating modes).



-181-

Figure 8.6: Illustration of a single point in the current plane that possesses
three steady-state solutions at different power levels (multimode at p;, mode 2
at pp, mode 3 at pg).
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6.3 Nondimensional Equations and Stability

The problem as posed is strongly nonlinear; in particular, the variation of
Im(ey) with n; must be analyzed numerically. However, we can put equations (2)
and (3) into nondimensional form valid near a mode boundary, which carries all
physical information, without recourse to numerical techniques. The results we
derive will be applicable to any two-element laser and not exclusively to a longi-

tudinally coupled-cavity laser.

The algebra is simplified if we put equations (3) and (2) in matrix form.

N= a-d—J - G(N)I'P (7)
P =WP+BR (8)

The ith element of N is {n;}; the elements of J are {iil; the elements of are HETR
the elements of W are {6;Im(ewy)}; the elements of B are {Bi0;/7s}; the elements of P
are {p;}. We now transform to the coordinate system M illustrated in figure 6.7,
If we linearize the mode lines about the mode crossing, then there exists a

transformation matrix ﬁ‘ such that

i = R(X - R©) (9)

where the elements of N® are in{®}, the coordinates of the mode crossing.
P . . a0

(Note that R is only unique to within a constant scaling matrix 0 b] with

a,b > 0; this ambiguity does not affect the analysis.) To lowest order, the system

of matrix equations becomes

= L1R7- ﬂd—ﬁﬂ”] - L - RE(RONFP (10)
qd Ts Ts
P = KNP +BRO (11)
Ay 8Im(ey) A . .
where the elements of K are —2—-—5—5——— and M is the 2x2 matrix with the ele-
]

ments of M on the diagonal. The virtue of choosing the axes {m;} is that (to the
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below threshold

Figure 8.7: Schematic of a single mode crossing in the carrier density plane
(arbitrary units). The transformed variables {m;} are measured along the two
intersecting mode lines.
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same order of approximation as the linearization), R is diagonal. It is also
important to note that with the axes so defined, det R>0 (if the axes were

reversed, the sign would change). Now, we define dimensionless variables by

taking
t = 7¢7, Tis the new time variable, (12a)
B= KN (12b)
~d T
= ANC)
= 3 = RRT — KRN (12¢)
A = RRG(ROHF (12d)
D= BR® (12e)
which reduces (10) and (11) to the simple system
E=T-F-APF
P=EP+D (13)
In component form,
& =i — =) hyp; (14)
]
pj =egp; t dj (15)

Equations (14) and (15) are several levels removed from the original system, so
it is helpful to review the terms in each equation and identify them with a physi-
cal mechanism. {e; are carrier densities, §i;} are pump currents, {p;} are the
modal power densities, (hy} are the fill factors (the proportion of mode j in car-
rier pool i) and {d;} are the spontaneous emission rates. Thus the three terms
on the right side of (14) correspond to pump current, spontaneous emission,
and stimulated emission, respectively; the two terms on the right of (15) are
stimulated emission and spontaneous emission, respectively. Examination of
(12d) reveals that det H is of the same sign as det I' (because the determinants
of all of the intervening matrices are positive). This is indicative of the fact that
in transforming from the {n;} representation to the {g;] representation, we
"stretched"” the axes, but didn't flip them over. Also, we note that the spontane-

ous emission rate is typically quite small (g~ 107*) so that {d;} are also of the
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same small order.

The steady-state solutions of (14) and (15) are plotted in the current plane
for a fixed pyo in figure 6.8 (subject to the physical constraint pg=0). The solu-
tions in the absence of spontaneous emission (d; = 0) are apparent by inspection

(one virtue of the dimensionless system of equations). They are

{p, =0, ez =0, e, free

or

[pg =0, e, =0, epfree

or

[el =e =0, p2 = Prot —P1, P1free (18)
If we include spontaneous emission and define x as the free parameter (res-
tricted to x€[0,1]), the solutions are
—d, —ds

—_, Cn = —me—me———
XPtot @ (1-X)Prot

(17) is more exact than (16); however, the shape of the curves is not as obvious

[Pl = XPtots P2z = (1-X)Prot. €1 = (17)

from the equations.

With or without spontaneous emission, we still must prove that these
steady-state solutions are stable. We do this by performing a second lineariza-
tion of (14) and (15) and determining the boundedness of the response of the

homogeneous system to a perturbation.

e>e +&, DPi°Dit+p (18)
giving
& = —& — Y hyp;
]
Py = £p; + e (19)

These can be put into matrix form as
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Figure 6.8: Steady-state modes in the transformed current plane for fixed total
output power piy = 1. Dotted lines are solutions in the absence of spontaneous
ernission (d; = 0); solid lines are solutions including spontaneous emission
(d; = dy = 0.05). a) hy; =hgs =1, hp =hg = .2, so det H=0; b)
hll = hzg = l, hlg = hgl = 18, so det H< 0.
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&l -1 0 -h;; ~hall&
&2 0 -1 -hjz —hgg||ee
pil " |pr 0 g 0 {lp (20)
2 0 pz 0 e jlpe

The solution to (20) is bounded only if all of the eigenvalues of the square
matrix have nonpositive real parts. The secular equation for the eigenvalue A is

(A+1)2(A—e;)(A—ez) +(A+1)(A—ez)pihy  +(A+1)(A—€,)pahga+pipedetH=0 (21)
We shall first solve for the case with no spontaneous emission.

Case I ez =p; = 0 (only mode 2 lasing).
Equation (21) reduces to

(A+1)(A—e)[A(A+1) + pghge] = 0 (22)

The roots are A= -1, A=¢}, A = —%—t [i——pzhgg]”, so the solution is stable if

e < 0.
Case II. e, = pp = 0 (only mode 1 lasing).
By switching indices, we see that ep= 0 is necessary for stability.

Case IIl. e, = ep = 0 (multimode state).

(A+1)®A% + (pyh;;Pzhae)A(A+1) + pypedet H=0 (23)
Define x = A(A+1). Then
=L rl e

A= 5 ﬂ:[4 +x] (24)

so x must have a negative real part for stability. The equation for x is
x? + (p1hy; +Pehee)x + pypedet H=0 (25)
From inspection we can see that x has a negative real part only if det H>0. In
figure 8.8 we have plotted representative cases in the (i.iz plane for the two
possible signs of det H. Case | yields the vertical dashed lines, case Il yields hor-
izontals, and case Ill yields the diagonal line; det H>0 in figure 6.Ba, det H< 0 in
figure 6.8b. Thus, the multimode state (case II) is stable in figure 6.8a, while it is

unstable in figure 6.8b. All of the steady-state solutions in figure 6.8 are labeled
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(S=stable, U=unstable) according to these rules. While one can numerically
work out the roots for the case including spontaneous emission, there is no
need; as the spontaneous emission goes to zero, the solution lines and the roots
of (21) must collapse onto those of no spontaneous emission. Therefore, the

labelings are valid for the curves that include spontaneous emission.

One important point is that the portions of the single-mode curves in figure
8.8b that overlap each other (and consequently yield multiple solutions) are
stable; bistable transitions can only occur at their endpoints (where they
become unstable). Furthermore, we have proven the stability of the mixed state
of figure 6.8a. It remains to relate this nondimensional problem to the physical
problem we started with. This is accomplished by noting that the point
(e1,e2) = (0,0) is the crossing of the two mode lines in figure 6.5. Since (as we
pointed out earlier) det H and det ' have the same sign, the stability criterion
for the mixed state is that det '>0. The different states and their stability are
summarized in figure 8.9. The current plane will, in general, divide into regions
of single-mode operation; the boundaries will either consist of bimodal regions
(two simultaneous lasing modes) where det ['> 0, or bistable regions (two possi-
ble single-mode states) where det '< 0. This is contrary to the assertions of
reference [5]. One final point of interest; the stable mixed state (figure 8.8a) is
a multimode state that persists in the absence of spontaneous emission. This is
to be contrasted with the more usual multimode behavior, where the intensity of
side modes is proportional to the spontaneous emission rate. (It should be
pointed out that with insufficient selectivity between modes, any laser--including

coupled-cavity--will run multimode, due to the spontaneous emission).

There are several features of this behavior that would be of interest from a

systems viewpoint. Every point in the bimodal region corresponds to the same

sel of carrier densities {el =gg = 0]. Therefore, the carrier density is fixed, and
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Figure 6.9: Division of the current plane into regions of sub-threshold
multimode operation, single-mode operation and bistable operation.

instability on which bistable transitions take place are indicated.
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so the gain and resonant refractive_ index are effectively clamped (which is not
the case in a single mode region). Consequently, if one modulates the laser
entirely within the multimode region, there is no direct frequency modulation of
either of the two modes. With the addition of a notch filter to remove one of the
two modes from the optical output, the device becomes a chirpless modulator.
Also, the response time of a laser diode is dependent upon the total optical
power present. By modulating the diode in the bimodal region, the optical power
is merely switched from one mode to another (as in a push-pull amplifier); con-
sequently, even though the amplitude of the desired mode may approach zero,
the tfotal power present remains constant and the response time of the device

remains short,

On the other hand, if the cavity were tuned such that det I's 0 at the mode
hop, the device possesses electrical bistability and the inherent noise immunity
associated with bistability. Examination of equation (4) shows that an external
beam of light impinging upon one of the cavities shifts the entire set of tuning
curves up and down‘ (or side to side) in the current plane. Hence, all-optical bis-

tability is equally feasible.

6.4 Conclusions

In summary, we have analyzed the steady-state operation of a two-element
coupled-cavity serniconductor laser near a mode boundary. We showed how the
equations of motion for a specific system of a longitudinally coupled-cavity laser
can be reduced to a non-dimensional set of nonlinear differential equations that
describe the behavior of a general two-element coupled-cavity laser near a mode
boundary. We showed that a multimode state that was previously unexplained
exists whenever the determinant of the matrix of fill-factor coefficients is

nonzero. The multimode state varies continuously between the two involved
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single modes regardless of the level of spontaneous emission. If the deter-
minant is greater than zero, the multimode state is stable. Otherwise, it is
unstable, but there are two stable single-mode states. Bistable transitions occur
on the boundaries of the unstable multimode state. Large bistabilities are desir-
able from the point of optical storage and hysteretic devices; consequently, the
relation between the bistable region and the size of the determinant of the fill

factor matrix is a useful design criterion for such devices.



- 162 -

References

[1] W.T. Tsang and N. A. Olsson, Appl. Phys. Lett., vol. 42, pp. 650-652 (1983).

[2] K. J. Ebeling, L. A. Coldren, B. 1. Miller and J. A. Rentschler, Appl. Phys. Lett.,
vol. 42, pp. 6-8 (1983)

[8] 1. H. White, J. E. Carroll and R. G. Plumb, IEE Proc., vol. 129, pp. 291-293
(1982).

[4] Ch. Harder, K Y. Lau and A. Yariv, Appl. Phys. Lett., vol. 40, pp. 124-126
(1982).

[5] C. H. Henry and R. F. Kazarinov, IEEE J. Quant. Elect., vol. QE-20, pp. 733-744
(1984).

[6] D. Marcuse and T-P lee, IEEE J. Quant. Elect., vol. QE-20, pp. 166-176 (1984).

[7] K. J. Ebeling and L. A. Coldren, J. Appl. Phys., vol. 54, pp. 2962-2969 (1983).

[8] W. Streifer, D. Yevick, T. L. Paoli and R. D. Burnham, J. Quant. Elect., vol. QE-
20, pp. 754-764 (1984).

[9] J. Salzman, R. Lang and A, Yariv, Appl. Phys. Lett., vol. 47, pp. 195-197 (1985).

[10] R. J. Lang and A. Yariv, IEEE J. Quant. Elect.,, vol. QE-21, pp. 1683-1688

(1985).



- 163 -

Chapter 7

Semiclassical Theory of Noise in
Multielement Semiconductor Lasers

7.1 Introduction

We have seen how multielement lasers, while desirable for use as
transmitters in fiber optic systems because of their potential for high-speed
modulation and narrow spectrum, are generally more difficult to analyze regard-
ing threshold gain and dynamic properties than their simpler single-element
counterparts. They often exhibit qualitatively different behavior from the two-
mirror Fabry-Perot lasers. For example, as we saw in chapter 5, many of the
laser geometries are plagued by chirping, or FM, under current modulation[1,2],
while in chapter 8 we showed that bimodal and bistable behavior was possible.
While chirping may be desirable for an FM modulation system, in AM systems it
broadens the spectrum of the modulated laser. Recently it has been demon-
strated that chirping in two-section lasers can be reduced by splitting the modu-
lation current between the two sections [1] or by judicious selection of the bias
point [2]; we showed this analytically in chapter 5 [4], when we derived analytic
expressions for both the frequency and amplitude responses of a general mul-
tielement semiconductor laser in terms of the bias point quantities. The
knowledge of which physical quantities affect the chirp, resonance frequency,
etc., allow one to design multielement lasers with a minimum of chirp under

modulation.
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The fundamental limit to the linewidth of the laser, however, is the noise
associated with the process of spontaneous emission and quantization of the
carriers and photons. In the past five years, the noise properties of semiconduc-
tor lasers have been the subject of scrutiny, and several anomalous features
have been observed and explained, including a spiking resonance in the intensity
spectrum [5,8] and frequency fluctuation spectrum [7], a linewidth some 30
times greater than that predicted by the modified Schawlow-Townes theory [8,9],
power-independent linewidth components [10], asymmetry in the field spectrum
[7]. and excess noise at low frequencies in both the intensity and frequency

fluctuation spectrum [11-14].

However, just as the dynamic properties of multielement lasers were more
difficult to determine than those of two-mirror lasers, the noise properties are
similarly difficult. In fact, to date there have been no attempts at analyzing the
noise properties of semiconductor lasers with multiple active elements.
Recently, it was observed [15,16] that phase noise could be reduced in a passive-
active laser by varying the coupling between the cavities, and it seems likely that
such would be the case in an active-active cavity. On the other hand, coupled-
cavity lasers are known to possess an FM response to current fluctuations,
which may increase the fundamental linewidth even in the absence of modula-
tion. A theory of multielement laser noise would be useful in evaluating mul-

tielement lasers for systems applications.

In fact, the extension of the theory from the last chapter to include noise
comes almost as a corollary to the formalism we developed there. A common
technique for analyzing noise properties is to model the noise by a Langevin
(white) source with an appropriate normalization that drives the rate equations
of the system in question [4,17-20]. In this paper, we apply the Langevin theory

to small-signal rate equations to calculate the spectra of a multielement laser.
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In section 7.2, we follow the formalism of chapter 5 to develop the small-signal
linear rate equations from the noﬁhnear equations describing the dynamics of
the laser and introduce the lLangevin driving sources. In section 7.3, we normal-
ize the Langevin sources and calculate their correlations and spectra. In section
7.4, we combine the results of the previous two sections to produce general for-
mulas for the relative intensity spectra, frequency fluctuation spectra, and field
spectra of an arbitrary multielement semiconductor laser. In addition, we
evaluate some of the formulas for several specific cases. In section 7.5, we sum-

marize the important results of the analysis.

7.2 Rate Equations

The system we are considering is a semiconductor laser consisting of N
active elements (and an arbitrary number of passive elements). For each active
element, the carrier dynamics can be described by volume-averaged rate equa-

tions as

. _ 9oy

Rl iy &i(n:)p; (1)
where n; is the carrier density in the ith cavity, J; is the pump current density, q
is the charge on an electron, d is the active layer thickness, 7; is the spontane-
ous lifetime, gij(n;) is the gain constant (as a function of the carrier density), and

pi is the photon density in the ith cavity.

The DC operation of the resonator (threshold carrier density and lasing fre-
quency) is governed by a dispersion relation of the form

Flon,, - "ny) =0 (R)

particular to the geometry under consideration. The derivation of equation (2)

has been carried out for several geometries of interest [20-26], and is generally

straightforward. In section 7.4 we will derive the dispersion function F for those
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systems we consider in detail, but for now we will assume it exists and is known.

We will also require a set of fill factors defined by

Lwmy, o) = o (3)
where p is the average photon density in the composite cavity, and © in equation
(3) is implicitly defined by equation (2) as a complex function of the carrier den-
sities {n;l.

As we saw, if one takes the electric field amplitude to be of the form ¥t
then the dispersion equation (equation (2)) is an instantaneously valid descrip-
tion of the dynamics of the system if we replace w by %. The result is a first-

order nonlinear differential equation for the field amplitude and phase [4]. We

substitute (3) in (1) and linearize (1) and (2) about a steady-state operating

point:
Ji = Jjo + qd-g(t)
.y = ng + u(t) (4)
Y= wg+ Aw(t) —jp(t)
which yields
p= Z g'ietVi (5)
1
Aw = =) m'ieny (6)
1
. 1, ., dl’y
U =g — | —+gilip|u — 2alipp — 1 aipT—% (7)
Ts k dry
where
, OF/Bn; , 8F /Bn;
giet = Im“a"};/‘é;]" m'jer = Re 6F'/6wl (8)
dry oL, . @I o .
dn,  omy, ke 3Re(w) | S*ef Fim(e) (©)

and all derivatives are evaluated at the operating point. Equations (5)-(7) are
now a set of linear differential equations giving the response to a small modula-

tion.

We Fourier transform equations (5)-(7) (so that the operator 44t becomes
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a factor j}), and we denote transformed dynamical variables by a tilde. We

make the following definitions:

1 1

£y = T, +giip. ©fe = 2giengiliP. Qiet = Mjen/Eient
. 1 _ dl’
d; = jQ + 7 Ok = Peig.- (10)

The transformed equations, now linear algebraic, can be put into matrix form as

iQ 0 —gen e —E'Net |¢ ) row
0 1 ep8ierr " ONeftS'Nest 'DN
o AG o
g.llei 0 cpytdy - CN1 | = |8 (11)
€] ’ '
) . . , VN gN
-w-.%fg— 0 com - onntdn ‘ L
gNEﬂ }

Equation (11) defines the small-signal response of the field amplitude (3), fre-
quency (A&) and carrier densities (5) to fluctuations in the pump current (&).
Had we some physical mechanism for directly driving the amplitude or phase,
that, too, could be incorporated into the right side of (11). In the next section,

we develop the appropriate Langevin sources for insertion into (11).

7.3 Langevin Sources

When several systems of particles interact with each other and/or with
external baths through random particle interactions, there are fluctuations
associated with each interaction. Such fluctuations can be accounted for by
including appropriately normalized Langevin sources into the equations of
motion. This approach can also be used with variables that vary continuously
(e.g. temperature, phase [14]) but the normalization procedure is not as clear-
cut as it is for particulate variables. In the latter case, each independent
number variable {A] will have associated with it a fluctuation source f{a} that

satisfies
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<a®a(t)> = < 5> o(t-t) (12)
where < > denotes ensemble average. The source {a} is then used to drive the
rate equation for the fluctuations in {A]. If there are more than one indepen-
dent mechanism creating particle fluxes into or out of the number variable pool,
there will be a driving source associated with each transition rate. Alternatively,
the various sources may be lumped into a single source whose autocorrelation is

the sum of the individual sources (as is done here).

In our system, the number variables are total photon number in the optical
mode, and carrier number in each cavity. Thus, for the photon number, the

appropriate Langevin source possesses the autocorrelation

< s(t)s(t)>

]

[E(R,STE + RjSTA + ﬂRlSPE) + RCAV 6(t‘t') (13)

where RF'E is the stimulated emission rate from cavity i, RS™ is the stimulated
absorption rate, RSTE is the spontaneous emission rate, R®Y is the cavity loss
rate, and f is the fraction of spontaneous emission rate coupled into the optical

moede. For carrier number in cavity i, we have

<e(t)e(t)> = [RSTE + RSTA + REFE + RPWF|s(t—t') (14)

where RF¥F is the pump rate into cavity 4.
Since B~ 1074, we can drop it from equation (13); in addition, balancing

input and output flows from the particle pools yields the relations

RCAV - Z R‘STE - RiSTA, RiPMP = le —_ RiSTA (15)
i
Algo, if we introduce the spontaneous emission factors
RiSTE
mE —sm——sr (16)
17 RSTE _RSTA

we can relate all of these rates to the variables in the rate equations

RY™E ~R™ = Vigl'ip,  RfFE = ny/ry (17)

The langevin sources possess non-zero cross correlations whenever an event
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changes two variables at once (which stimulated emission and absorption do;
spontaneous emission does also but the cross-correlation is on the order of g
and can safely be ignored). The cross-correlations of interest are:
< s(t)e(t)> = —=(RSE + RFTA)6(t—t')
< gt)g(t)> =0fori#j. (18)
We should now convert these Langevin sources appropriate for number vari-
ables to sources appropriate for the variables in our system--namely, relative
amplitude and carrier density. If we define the sources as A for relative ampli-
tude and =Z; for carrier density, then
s=RpVA, ¢ =Vi5; (19)
where V is the total volume of the optical mode and V; is the volume of the ith
active element. The phase, too, is subject to random fluctuations due to spon-
taneous emission. Being a continuocus variable, the correlations of its Langevin
source ¢ are not as immediately obvious as those of the amplitude and carrier
sources. Using a model discussed by Henry [9], Vahala et al. have shown [16]
that the Langevin source driving the phase has the same autocorrelation as that
of the source driving the amplitude fluctuations, but is uncorrelated with any
other source. (Although they were considering only a single-element laser, their
argument is independent of the number of separate active regions.) Using equa-
tions (15)-(17) to put the transition rates in terms of the rate equation vari-
ables, we can summarize the relevant correlations for the amplitude Langevin

source A, the phase source &, and the carrier sources = as

< AWAR)> =< B(R)E()> = 551-\-,-2—2 meTVio(t—t') (20)
<E®E(R)> = % ;.l':' + nigirip]diid(t"t') (R1)
< AR)E(Y> = - %%—(277,-—1)5(t—t') (22)

All other cross-correlations are zero. Equation (11) is in terms of transformed
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variables, so it is convenient to cast (19)-(22) in the same manner, particularly
since we are interested in specfral functions Wg(Q), which are themselves
transformed quantities. Mathematical problems arise when one attempts to
transform a stationary signal, however; to be rigorous, one must use finite-
domain Fourier transforms defined as follows:

- & £
fr(w) = [ dtf©e™  gi(w) = [ deg(t)es (23)

2 2
Then one can calculate the spectral quantities defined by the Wiener-Khintchine
relations as

Wig(Q) = far< f(t)g(t+7)> 07 (24)

from the finite-domain transforms by

< E(@)a-0)>
T
Strictly speaking, the relations that make the Fourier transform useful

Wig(Q) = lim (25)
(transformation of differential operators) do not hold so long as the object of
the transform is finite at the limits of integration; for example, the derivative

transforms as

+T

A . AT
f dt P W= f(t)e ot I + jofr(w) (26)
=T 2

However, the first t.ez'm2 on the right in (26) (and others like it) drop out after
ensemble averaging and dividing by T in (25). Therefore, we will continue to use
properties of infinite-domain transforms with the understanding that at some
point down the line, we will perform the average and limit of equation (25).
Questions of validity and existence aside, we can calculate the spectra of the

Langevin sources in (19)-(2R) directly from (24). They are
1
Waa() = Wea(Q) 2oV Zi:’fhgxf'l i (R7)

[
Wzz (Q) = 3—1[ % + nigil“ip] & (28)
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T
Waa(Q) = Wax(R) = - ZH2n-1) (29)

All spectra of Langevin sources are white; all other spectra between sources are

zero.
7.4 Fluctuation Spectra

A. General Formulas

At this point, we insert our appropriately normalized Langevin sources into
the driving term of the small-signal equations, that is, the right side of (11). In

the absence of external modulation (& = 0), the result is

( 3

QO —ger 0 BNer | () ¢ N
0 Oreft€'teft " ONeftd Neft PN

o2 AS ¢
lef! ™~ — g

—— c¢ptdy o CN1 == (30)
; : : ' &

‘”ﬁeﬂ \%IJ N,

- Cn ©o enntdy

| & Nett )

recognizing, as we said, that the transforms exist only for finite intervals. Now
the formulation is complete; by inverting equation (30), we can write each
response {5, AD, Dj} as a linear combination of the Langevin sources {A, &, 2},
and consequently write spectral functions of the response elements (e.g. Woo(Q2))
as linear combinations of the previously defined spectra of the Langevin sources
(e.g. Waa):

Equation {30) can be solved using Cramer's rule, yielding



A _glleﬂ —8'Neft
o
Zy epp+d, CIN
Q) EN  ©N1 exntdy
Q)= —-
iQ —g'1ent ~g'Nett
2
WYer
= ¢y +d, CIN
g 1eft
w%leﬂ
o cN1 enntdy
€]
"~
A —glhen —€'Neft
0 @ aengien ONeft€ Neft
2
Wfeff o
' ren 2y Cpptdy CiN
€
Qﬁeﬂ o~
e EN oM exn+dy
AY = - ; .
iQ 8 1eft —& Neft
2
Wient
; ¢y1+d, C)N
g 1ef
wﬁeﬁ
g'Neﬂ 1 CNN+dN
~t
iQ g 1eft =B (i-1)eft A —E'Neft
2
Wle o
o ¢y +d,; Ci(i-1) CiN
€
c*’ﬁeﬁ
ever d CNG-1) =N onN+dy
€]
%= - y :
JQ g 1eft ~E Neft
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.eﬂ e t+d; CIN
lef!
et
: cN1 enn+dn
E Neft

So, a spectral term Wy,(Q) is given by

Wigl) = Jim < Rﬂ)g;(—())>

(31)

(32)

(33)

(34)

and we can produce this by multiplying the expressions for f{?) and £{-0)
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together and replacing each product of Langevin sources (e.g., K&) by the associ-

ated spectral quantity (e.g., Was). In this manner one can produce any desired

spectral quantity. We shall not carry this process out in full generality

(although the prescription is here for anyone so inclined). Instead, we shall

spend the rest of this chapter deriving spectra for some specific devices of

interest.

B, Single- Flement Fabry-Perot Laser

To begin to get a feel for how to use equations (27)-(29) and (31)-(33) to cal-

culate spectra, let us first rederive the noise spectra for a single-element, simple

two-mirror resonaltor. As pointed out previously, the term c¢,; can be absorbed

into 1/r;, so that when we evaluate (31) and (32) we get

) [0 +1/m)8 + g1en

P -0t v 0
r‘~’¥ei‘1"3‘m - jQ g'leﬁgl

ol e — Q2 +j0 /m

which leads to the relative intensity spectrum

AXQ) =& +«

(Q 2+1ﬁ12)WAA + zg'leﬂWAEI/rl + g’leﬂzwzlzl

W,(Q) =
e ) (Fer = Q77 + QA7

and the frequency fluctuation spectrum

wienWas + Q%5 1en®We 2,

W) = Wap+of
w( ) §8 TQ e (w%eﬂ“02)2+02ﬁi2

Now we substitute in the normalizations for the Langevin sources:

Wo(Q) =
V vin
(Q2+149) [’fhgm -V‘—] + 4g'leﬂp\-,-l-[;;l-+mgll“1P] - (@m~1)Ren/n
2pV (eq — N7)R + Q242
mali}, 5 wien ]
+
Wl 2pV [1 M (Bog — QP2 + Q 2/ |

n
afenl) 2g'1eﬂz[""'*'1r,l mel"1p
]

<[

(ferr — Q°)° + Q24F

(35)

(36)

(37)

(38)

(39)

(40)
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We recognize the above as the relative intensity and frequency fluctuation spec-
trum of a simple single-cavity, two-mirror laser [16]. Of particular interest is
the contribution of the frequency fluctuation spectrum to the linewidth. If
amplitude fluctuations are negligible or suppressed in measurement, then the
field spectrum W.(wo+w) (where w is the deviation from the lasing frequency cyg)
is [17]

sinQl7/2 ?

Q7/2

in which Eg is the field amplitude. If W, is a sum of several components, then

(41)

Welwt+wg) = %—Eg Re_[:wdfe“j"’"exp %—?—{d(} W)
the field spectrum is the convolution of the spectrum computed individually
from each of the components. While high-frequency structure in the spectrum
of W, is responsible for structure in the field spectrum (e.g., sidebands at the
relaxation resonance [18]), the dominant contribution to linewidth comes from
the ! =0 component of W, It in fact produces a Lorentzian with linewidth
equal to W,,(0) [17]. Examination of equation (40) shows that the linewidth of a

single-element laser is

mel
Wuu(o) = —22;1\71_{1'*'“%!1) (42)
that is, the enhanced modified Schawlow-Townes linewidth [9]. To calculate aegn,

we recall that the dispersion equation for a single-element, two-mirror laser is

Bommla |, _ g (43)
{ =

F(omn,) = ﬁlé'eXP (71(n)—70)Ly —
where 7,(n,) is the power gain per unit length, ¥, is the loss, L, is the length of
the laser, u,(n,) is the index of refraction, and R is the mirror reflectivity.
Applying relations (8) and (10) to (43), we get

o = 71¢ P I S Wiy
left — ' lefl — [ lefl —
Rl M 7hc

where a prime on a material parameter denotes differentiation with respect to

(44)

the carrier density. So, for this configuration, the effective modulation quanti-
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ties are equal to the material modulation quantities, which is in fact what we

expect from the conventional theory.

C. Passive-Active Coupled Covity

The above situation (effective parameters=material parameters) does not
always hold, even for single-active-element cavities. The addition of a passive
element to the resonator {e.g., an external cavity) changes the dispersjon equa-
tion, and consequently alters the effective modulation parameters; their values
end up depending upon the relative tuning of the two cavities. We shall now
treat the case of an active element coupled to a passive cavity, illustrated in
figure 7.1. Two cavities of length 1, and 1y are coupled via an effective mirror
(e.g. an air gap; the length of the gap may be zero as long as the discontinuity
remains) with transmission and reflection coefficients T; and Rp, respectively.
(In all calculations and graphs that follow, we will assume the following material

! nonresonant refractive index ugaas = 3.5, and

parameters: loss 7yg =B80cm™
linewidth enhancement factor ageas = —5.) The resonance condition is deter-
mined by requiring that the field reproduce itself after one round trip through
the composite structure. Following the approach of Henry [26], we find that the
field E'; at the coupler results from reflection of E, and transmission of Eg;
E'y = RgE; + TzE, (45)
while the round trip through cavity 1 results in
E; = Rlexp[(7l—70)Ll — Rjwp Ly (B (46)
A similar pair of equations holds for E'; and E;. To minimize the algebra, let us

define

pi{wn;) = ~(y1—yo)ly + 2jwmlye —InRiRe,  ga(w) = Rjwueles — InRgR,

1% = %— (47)
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R,, T

78

Figure 7.1: Schematic of a longitudinally coupled-cavity laser. Cavity € may be
either passive or active. E'; and E'p are the fields incident upon a gap of width
D. L, and Lg are the lengths of cavities 1 and 2, respectively.
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Then equations (45) and (48) and their companion equations for cavity 2 yield

[e’l - 1]}:31 = KEE,, [e“a - 1]E2 = KfE, (4B)

Eliminating the field variables yields the dispersion equation

Flon,) = {ew‘ - 1][&3” - 1] -K=0 (49)

If the gain per unit length is not too large, then it is a good approximation to
take the photon density in the ith cavity as proportional to |E;|® (More exact
results can be obtained by integrating the fields in each cavity, but in the
interest of obtaining maximum information for minimum algebra, we shall use

the approximate results.) Manipulation of (48) gives the fill factor

!e" -1 I(Ll +1p)
le"l -1 ILQ + le"a -1 1L1

The effective modulation quantities g'ien, mM'1en, and a;.p are determined by equa-

ry = (60)

tions (18) in terms of partial derivatives of (49), evaluated at the operating
point. Unfortunately, (49) is a transcendental equation that must be solved
numerically. We can find approximate solutions for weak coupling between the

cavities, however, (that is, K<< 1) by doing a perturbation series in K.
For small coupling, we can treat the passive resonator as providing a
frequency-dependent load on the other; we expand w in a perturbation series

w= wy + w, + O(K?) (51)
where w, is O(K). The zeroth order equation is

[e”l(”‘" - 1] [e”‘“"’) - 1] =0 (52)

If cavity 2 posesses no gain, then the right bracket of (52) cannot be zero near

threshold. Thus, we take the left bracket equal to zero.

[ p1log } c 1]

0 _1/=0 o wp= km + Ly + InR,Ry| 53

l 0= . 2] [(71"’)’0) 1 ihe (53)
where k is an arbitrary integer, chosen such that wg is close to the peak of the

gain spectrum. The next order of the perturbation sequence is
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— c | geten) !
w; = K—je -1 54
! Maly l (54)
o, represents the effect of the detuned loading upen the resonance wp. The ima-
ginary part of w; changes the threshold gain and provides gain selectivity
between modes, while the real part pulls the resonance frequency. Explicitly

evaluating ¢a(wg), we find

. Mz
pa(we) = ____2#212 jkr + '—"'"(MZLZ Y1—~7o)Lly + —"—112 nR;Rz —1nRzRg (55)
M1ly Ly H1ly

We use the expression for &y and w; with equation (51) to formulate a new,

approximate dispersion equation:

_ e (71=70)ly + InRiRe K[ ppfeq) _ ]~1 ‘_
Flon) = o m{kﬂ‘ + % + % e 1 =0 (56)

Now we can use this approximate equation to find the steady-state lasing fre-

quency @ and threshold gain 7,(n,), and subsequently the effective modulation

parameters g'eqr, M'1er, and &g Lo order K.

c 1 K

W= kmr + =Im+——"—— 57
t1lq 2 [e¢z(uo) _ 1] (67)
1 1 K
71(0m) = [Yo— 7nRRp| - =—Re+—"—— (58)
Ll Ll [ e?z(”o) - 1]

(Since u, depends upon n;y, the way to evaluate (57) and (58) is this: use the
zeroth-order part of (5B) to calculate n;y, and then use this value to find
iy (nyy) for use in the first-order equations for & and 7%,.) In a passive-active
resonator, the most conveniently tunable parameter is the length of the passive
cavity Lg, so we have plotted the threshold gain and lasing frequency, respective

for K=—.4 in figures 7.2 and 7.3 and for K=+.4 in figures 7.4 and 7.5.

The effective modulation parameters are given by equations (8) to be

{g"leﬂ}z{lm} ['@u'x _ _1__7'1r:] 1+Klbzle e?2led ] (59)
Men) — |Rej | u, 2] m | MLy {ewa(wu) _ 1]2J

Recall that the material parameters g'; and m', were given by
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Figure 7.2: Threshold gain for several modes as a function of passive cavity
length in a (200 um—175 um) active-passive laser, with a coupling factor K=—4,
Heavy lines indicate the lasing mode, i.e, the mode with the lowest threshold
gain.
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Figure 7.3: Lasing frequency versus cavity length for the device of figure 7.2,

showing the effects of frequency pulling on each mode. As in figure 7.2, the
heavy line indicates the lasing mode.
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Figure 7.4: Threshold gain for several modes of a passive-active laser with cou-
pling factor K=+.4.
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Figure 7.5: Lasing frequency versus cavity length for the device of figure 7.4.



7hc Wiy
W= oo mh = 60
g ! 2}.1,1 ! lu'l ( )
and define the complex quantity
pele  *H
v=K (81)

Ly [eva(vo) _ 1]2
Then, denoting real and imaginary parts of v by an r and i subscript, respec-
tively, the effective modulation parameters are given by

g1en = 81(1+Yy) +vm’),  m'ien = my(1+) —vig) (62)
From (62) we see that the effect of the passive cavity is to "mix" the material
differential gain and index to produce the effective quantities. For negative ima-
ginary values of v, we get a simultaneous increase in g';.¢ (and related quanti-
ties, like the relaxation resonance frequency) and a decrease in m';eq (and the
phase modulation). In figures 7.6 (K>0) and 7.7 (K< 0) we plot trajectories o'f
g1en and m' g in the (g''m') plane that illustrate this mixing. The effective o-
parameter, which determines the linewidth, can be written in terms of the cou-

pling quantities and the material parameter a; as

m'er _ ou{l+y) — o
Qieft = —7—— = 63
left g 1eft (1+'Ur) + oY ( )

In figures 7.8 and 7.9 we plot a¢p versus Lp for the same set of parameters as in

figures 7.2 and 7.4. It is clear that by varying the tuning of the laser a;¢n can be
reduced, and since (with only one active element) equation (42) still applies, the
linewidth may be reduced (or increased). A comparison of figures 7.8 and 7.9
shows that the potential for linewidth alteration is much greater for the K>0
case than for K<O; conveniently, that is also the case in which the gain selec-
tivity between modes is highest (compare figures 7.2 and 7.4). If the coupling
element between the active and passive cavity is lossless {(e.g., a single mirror)
then K is always negative. We see from figures 7.2 and 7.4, however, that the wid-
est range of variation in a;eg occurs for K> 0 (which occurs, for example, when

the coupling is a gap of half-integral-wavelength spacing [26]). This result then
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Ghefs (1078 cmPsec)

OO T T T T IP

Figure 7.6: Trajectory of g'i.am'1ep in the g''m' plane for the device of figure 7.2.
The slope of a vector from the origin to a point on the tuning curve gives the
effective a-parameter. The vector connecting the origin to the point in the inte-
rior of the trajectory corresponds to the material quantities g'.m’.
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m,1eff

Figure 7.7: Trajectory of g'ies. ' eq for the device of figure 7.4.
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Figure 7.8: Linewidth enhancement factor a,.p versus cavity length for the dev-
ice of figure 7.2.
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Figure 7.9: Linewidth enhancement factor e for the device of figure 7.4.
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suggests that by suitably coating the output facet of a passive-active resonator
with a thick, lossy coating, the lineﬁdth could be reduced well below that which
is otherwise attainable. It should be noted that such linewidth reduction
predicted [15] and subsequently observed [18] by Vahala et al, and was
explained in terms of a detuned loading mechanism, where the passive cavily
became a frequency-dependent load upon the active one, and our v.; play the
same role as the §;2 in their treatment. If the second cavity becomes active,
however, then such a description is no longer applicable. The 'load"” becomes
both frequency- and intensity-dependent, and it introduces noise of its own into
the system. In the next section, we derive the relative intensity and frequency
fluctuation spectra for a general two-active-element laser in terms of the
effective modulation parameters, and explicitly evaluate them for a system con-

sisting of two weakly coupled active cavities (e.g., a C® laser with a large air gap).

D, Active-Active Coupled Cavity

Let us first restrict ourselves to the case in which the fill factors I'; do not
change appreciably under modulation; that is, we assume c;7< <1 for all ij
pairs. This assumption will not qualitatively alter the physics, but it cuts down
on the algebra considerably and renders the rather formidable expressions for
the spectra somewhat more tractable. Then equations (31) and (32) give the

responses to the Langevin sources

E‘ + g ieft .:yl g'zet ::2
N+ Q1T
Al = (64)
’Q + c"%e!‘! ¥ C‘)geﬂ
W0+ T i
a w%eﬂ + c-’geﬂ
AB(0) = & + B e 0 1 | R0 41,
i + c"%eﬂ wgeﬂ.’

O+ 0 +1/0
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Cren | (G1e—Oem) 3o
—2 +
& R+ 30 aen 0 +1/m
Ty R e
B arim T i
g'zent 0 con + (Cger—ien) e
o JQ AL g | Gt i +im
- &7 5 3 : (65)
i+ Wienr Wient

jQ+1/ 0 Q+1/m
The relative intensity and field fluctuation spectra are then

8'1en" Wz, + (R/71)8 1enWaz, . &'2en Wagz, + (R/72)8 26 Waz,

WAA +

Q%+ 14 Q2+ 145
Wop(Q2) = — - - (66)
0+ Wiefr Wieaf
TSV v
Qe w%eﬁ + Ogeft f‘)geﬁ ?
i +1Ar 0 +1m
wuu(Q) = W@@ + WAA ] 21 2 2
jQ + Wiefr Wleft
Q+i/m o jQ+1l/r
2
. (aleﬂ_%eﬂ)wgeﬂ
Qe + -
W Cren [ i +1/m
RSV et e
BT +im 0+
2
— 2
' ]Q Cgefr + (aZef‘I aleﬂ)wleﬂ
+ We m g 2eft ]O +1/r1
fR2| i +1/me + Re N et
T s T 0+
Rela ___“_)Ei’__+ en ] g 1en 0 Qerr + (e —OgemEen
TSI STV | VST Ll 0 +1/m
+ ZWAEI P 2
]Q + Wiet Wlenr
N+ Q+1
2 2 ' 2
Wlent Wieft ] goet . (Czer— 0 enr) Wie
e ———————— +
Re[ageﬂjo e Ty | SRy L Py ]
+ ZWAZE wz wz
]Q + - lefl i 2efl
R+1/m 0 Q+m

(67)

A fundamental quantity of interest is the @ = 0 component of W, since it gives
the major contribution to the linewidth. We define for convenience the dimen-

sionless ratios
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i

w?eﬂ’rl w% eﬁTZ ( 6 8)

X573 z X2 ) 2
Wiep Ty + WienTz WienT1 T W3eATs

and produce from (67)
Woo((2 =0) = Waa + Waa(QienrXs + Qgzene)?
+ Wz 2, (' 1eaT1 (e —0gem) X2 ]? + Wi z,[ 2 2enTe(Coen—ten) X1 2
+ RWaz, (@1enX) + OgenX2)[ €101 {0 en—O2em) Xz ]

+ RWaz,(OgenXe + 01enX1)[g'zenTo(Cen—0em) X1 ] (69)

If we also make the assumption that 1/3<< 1/ 2, that is, that we are well above
threshold, then these relations simplify when we insert the normalizations for

the Langevin spectra. The cross-correlation terms Wz , and Waz, cancel each

other out, and we are left with

meil1Vy + Mpgal'aV,
Woef0) = BE BB s (o + ogunte)]

Ve + T2V ! '
™E1l 1Ve ¥ Magal 2V lexz[gleﬁ] g zeft (ot —Clzer)? (70)

pl' 2V Ve gz

as the linewidth of a two-active element laser. The first part arises from optical

g1

fluctuations; in fact, it looks exactly like the enhanced Schawlow-Townes for-

mula

Weul0) = ZEA{1+a%) (71)
where the material parameter a has been replaced by a weighted average of the
effective oyep's. The second part arises from the Wgz's, and represents direct FM
due to carrier fluctuations. It is proportional to the square of the difference in
the effective a’'s. Consequently, were we to attempt to utilize detuned loading to
change the effective o’'s and shrink the linewidth, we should not only seek to
reduce the effective a's, but at the same time to minimize their difference. Both
contributions to the linewidth vary with inverse power. Equation (70) holds for
any two-active-element laser--C3, axially groove-coupled, or laterally coupled
cavity. The evaluation of a;eg and agep depends on the exact configuration, how-

ever, 3o we will now evaluate them for the case of two weakly coupled active cavi-
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ties. We can adapt some of our results from the passive-active case by making
cavity 2 of figure 7.1 an active one, with gain ¥; and index up both dependent
upon the carrier density np in cavity 2. Equations (49) and (50) remain valid if
we redefine

p1(®) = =(71—70)la + Rjwply/c — InR Ry,

pa(w) = —(¥2~70)le + Rjwuele/ — InRgRy (72)
As with the passive-active case, the resonance equation is transcendental. For

weak coupling, we can again perform a perturbation series in K, although it is

not clear whether our zeroth order equation should be

{e”(‘m) ~1| =0 or {evz(“") -1|=0 (73)

For weak coupling, there will be two families of modes, one associated with each
of the two equations in (73). So, we will consider only the modes in which cavity
1 is dominant, and cavity 2 assumes the role of the frequency-dependent loss.
There is still one degree of freedom left unaccounted for (in a two-element laser,
the gain is clamped onto a line in the (¥,,72)-plane, rather than a point [9]), so

we will take ¥; as the free parameter. If we use the following as the definition of
pz(wo).
Hele Hzlp Help
pa(wo) = Rj—=—km — (y2=70)le + —T71=70)ls + ZTAnRiRz — InReRy (74)
Haly MHily iy

then equations (53)-(54) and (56)-(59) give the correct results for &, ¥,(nu).

g'1enr and m' g Differentiating (56) with respect to ny yields
Gpe 1 7'2C] pele 54 ]
Mz 2] 24“’2J M1Ly re%(‘-’o) _ l]ZJ

{g'zeﬁ} _ [Im]
M'zen) ~ |Re l

or, recognizing v of equation (61) (using the appropriate gz(wy), of course) and

(75)

the material quantities

gz = 7'2¢ . Bup
Ritg ' M
The effective differential quantities are given by
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g'2et = gaUr + M2V,  M'gep = M'2Vr — g'2Y (78)
Consequently, the effective linewidth enhancement factors that enter into equa-
tion (71) are given by

o {1+v) — OgUp — U
IWE (—l———-f———i Oget = ———r (77)

1+vp) + o’ v + Oy

In a two-active-element laser both L, and L; are fixed, and what varies the tuning
is the gain and index 7y; and . In figures 7.10-7.13 and 7.14-7.17 we plot the
gain, lasing frequency, effective a's and linewidth versus y, for K=+ .4, respec-
tively. A cursory inspection of figure 7.12b and equation (78) shows that it is
quite possible for glhen to go to zero, in which case og.g- =, and the linewidth
would seem to diverge as well. However, there are g'peg-dependent terms in (70)
(e.g. Xz) which remove the apparent singularity. In this case, the direct FM con-
tribution to linewidth can be written as

WEM(0) = i_[.’ll_g.i.+ ”_”gf_]{ézi][—m'%eﬂrag (78)

where oz is the material a for cavity 2. The chirp (direct FM under modulation)
in an active-active coupled-cavity laser has been shown to be proportional to the
difference in effective o's [4]; in equation (70), we showed that there is a com-
ponent of the linewidth that scales with this difference. Consequently, it would
be desirable to reduce both the chirp and linewidth by tuning the a's to be
equal. Assuming that the material a's are equal (and denoting them by o devoid

of subscript), the difference in the effective «'s is given by

a{l+y) —v; o — 7(1+0?)

(aleﬂ_QZeﬂ) = (1""”:-) + oy - Ve + oy = [(l‘l"l)r) + owi]['v, + orvi] (79)

So when v; = 0, the cavity is tuned at the chirpless bias point. At that point,
however, we see from (77) that o s = 0geg = @, the material linewidth enhance-
ment factor. The upshot of this result is that while we can eliminate chirp in
two-active element lasers by selection of bias point, we give up the potential for

linewidth reduction using the detuned loading mechanism that was possible with



-193-

160 =

150+ -

yl(cm")

140t

0 20 40 60 80 100

Figure 7.10: Threshold gain for several modes of a (200 um-50 um) active-
active laser versus gain ¥z in cavity 2, with a coupling factor K=-.4.
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Figure 7.11: Lasing frequency versus ¥z for the device of figure 7.10.
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Figure 7.12: Effective a-parameters for the device of figure 7.10. (a) ten, (b)
Qgefr-



-196-

Yo (cm™)

Figure 7.13: Linewidth of the device of figure 7.10 as a function of vz (loga-

rithmic scale) relative to that of a single-element cavity of length 250 um,
reflectivities R, R at the end mirrors.
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Figure 7.14: Threshold gain for an active-active cavity versus v, for a coupling
factor K=+.4.
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Figure 7.15: Lasing frequency versus 7 for device of figure 7.14.
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Figure 7.16: Effective a-parameters for device of figure 7.14. (a) Qiepr, (b) Coep.
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Figure 7.17: Linewidth of the device of figure 7.14 relative to that of an
equivalent single-element laser (logarithmic scale).
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the passive-active cavity. Conversely, any attempt to reduce the linewidth
through detuned loading will result in a chirp under modulation. Another
feature is that the largest linewidth excursions occur near a mode hop, so that
the mode selectivity is likely to be low when tuned te a narrow linewidth. On the
other hand, one could locate the narrow-linewidth regions by tuning to the vicin-
ity of a mode hop. Although it has been shown that away from the zero-chirp
bias point, the chirp may be reduced by driving both of the cavities with a fixed
amplitude relationship [1], this modulation will not affect the noise properties.
Consequently, the linewidth of the laser may still be larger than that at the zero-
chirp point due to the FM contribution. It must be noted that equations (76)-
(79) are based on the assumption of weakly coupled cavities; for two strongly
coupled cavities, one must numerically solve the transcendental dispersion
equation for the threshold gain and lasing frequency (although once in posses-
sion of those quantities, equations (B) may be evaluated directly for the effective
modulation parameters). We expect, however, that the results of the perturba-
tion analysis will still hold qualitatively. With strong coupling, the modulation
quantities should vary even more widely from their material values, yielding
larger excursions of the linewidth and other functions of noise (as well as
dynamic quantities, like the relaxation resonance). The formalism presented in
this section is easily applicable to larger ensembles of coupled cavities since the
matrices in (30)-(33) are general and the dispersion function F{w,n;, - - ny) is
usually straightforward to derive. However, the complexity and large number of
degrees of freedormn in such a device will likely limit its technological significance.
Perhaps of more importance, the "cavity-independent' nature of the formalism
allows it to also be applied to cavities with frequency-dependent mirrors, eg.,

DFB lasers.
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7.5 Conclusions

In summary, we have provided a formalism for calculating any spectral
function of an arbitrary multielement semiconductor laser. We carried out the
analysis for a single-active element laser and showed that the spectra obtained
were identical to those calculated from the more conventional theory. When a
passive element is added to the system, the material differential gain and index
constants are replaced by effective quantities that can be calculated from the
dispersion equation. For the case of a passive resonator weakly coupled to an
active one, we found approximate solutions for the lasing frequency, threshold,
and effective modulation quantitites consistent with prior results. The effective
parameters were shown to be mixtures of the material parameters, with the

relative contributions determined by the relative tuning of the two cavities.

We then calculated expressions for the relative intensity and frequency
fluctuation spectra of a device with two active elements, e.g. a C® laser. We
derived formulas that defined the effective modulation parameters, and for the
special case of a sub-threshold cavity {“modulator') weakly coupled to another
active cavity we produced approximate solutions for the gain and lasing fre-
quency as a function of carrier density in the modulator cavity. We also gave
gimple expressions for the effective modulation quantities in terms of the
material parameters and a single complex constant that determines the amount
of mixing. For the weakly coupled geometry, the cavities can be adjusted so that
there is no chirp under modulation, but in that case, it is not possible to reduce
the linewidth below the enhanced Schawlow-Townes limit with detuned loading.
On the other hand, if the laser is not biased to the zero-chirp condition, the
linewidth may be increased or decreased beyond that given by the enhanced

Schawlow-Townes formula, depending upon the tuning of the cavity.
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Chapter 8

The Effect of Spatially Dependent Temperature
and Carrier Fluctuations on Noise
in Semiconductor lasers

8.1 Introduction

The theory of semiconductor laser noise has proven to be spectacularly
successful at explaining noise phenomena at frequencies above about 1 MHz.
The anomalous features observed in the noise spectra of laser diodes include a
spiking resonance in the intensity spectrum [1] and the frequency fluctuation
spectrum [2], a linewidth some thirty times greater than that predicted by the
modified Schawlow-Townes theory [3], power-independent linewidth components
[4,5], asymmetry in the field spectrum [2] and excess noise at low frequencies in
both the intensity and frequency fluctuation spectrum [5-8]. Several theoretical
models, both semiclassical and quantum mechanical, have explained many of
these features. Early work by McCumber [9] explained the spiking resonance in
the intensity spectrum as a result of photon-inversion dynamics using a
Langevin approach; treatments by Lax [10] and Haug and Haken [11] also noted
this effect and in addition provided a quantum-mechanical treatment. More
recently, gain spectrum detuning has been invoked by several authors to explain
linewidth enhancement, the asymmetrical field spectrum, and resonance struc-
ture in the frequency fluctuation spectrum [12,13]. Other theoretical and
experimental works have corroborated these results [15]. To date, however,

there has been no satisfactory explanation of the observed rise in both intensity
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and frequency noise below approximately 1 MHz.

Most theories, including those of the last chapter, either assume a priori or
quickly reduce to spatially independent sets of equations. This approach offers
the distinct advantage of reducing a multi-dimensional set of partial differential
equations to a one-dimensional set of ordinary differential equations, and the
assumption's validity is justified by the large number of effects predicted or
explained by such theories. Still, there are features of the laser dynamics that
are lost; implicit in such treatments are the assumptions that averages of pro-
ducts are equal to the product of the averéges, and any fluctuations in spatial

distributions are lost in the averaging process [16].

Diffusion, for example, plays no role in a spatially independent treatment,
yet diffusion both damps cut spatial fluctuations and introduces fluctuations of
its own. Voss and Clarke [17] and van Vliet and Mehta [14,18] have proposed
diffusion noise as a major source of low-frequency transport noise in semicon-
ductors. Using a Langevin approach, they calculated carrier and temperature

fluctuations in different geometries, and from those, current and voltage noise.

The analysis of a semiconductor laser is somewhat different from that of
the bulk semiconductor, however, because of the additional coupling between
carriers, temperature distribution, and the optical field. In this paper, we shall
solve the spatially varying equations of motion for the carrier density, tempera-
ture distribution, and lasing field. The results of the analysis will show that spa-
tially varying temperature fluctuations contribute significantly to the low-
frequency noise in both the intensity and frequency fluctuation spectra, and
that diffusion controls the precise structure of the spectra. Carrier fluctua-
tions, while present, are shown to contribute minimally to the two spectra. In
gection B.2, we set up transport equations for the photon field, carrier density,

and tempefature distribution with Langevin sources; we linearize them, and
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transform the small-sighal equations to spatial and temporal frequency-space.
In section 8.3, we normalize the Langevin sources to the dynamical variables and
relate them to the macroscopic transition rates in the laser. In section 8.4, we
derive expressions for relative intensity, frequency, and field fluctuation spec-
tra, including simplified results for the low-frequency limit; we present numeri-
cal examples of the results, and compare them with experimental observations.
We conclude in section 8.5 by summarizing several important results of the

analysis.
8.2 Equations of Motion

A. Transport Fquations

The starting point for the analysis is the set of equations describing the
time evolution of the carrier density, temperature, and laser mode amplitude.

The equations are, respectively, for carriers:

N = Dg¥ N = Z50(N.T) |En|? — Ry(N) + R(x) + E (1)
where N(x) is the carrier density, Dg is the electronic diffusivity, Ry is the spon-
taneous emission rate per unit volume, R(x) is the pump rate, £ is a Langevin
source, and x;(N,T) is the imaginary part of the susceptibility. For temperature:

T=DV2T + 0 (2)
where T(x) is the temperature, Dy is the thermal diffusivity, and ® is a Langevin
source. For the electric field, the short (picosecond) round-trip time of the cav-
ity lets one treat the lasing mode as effectively seeing all parts of the cavity at
once, so that the optical field responds to integrals bver the lasing volume. The

field equation is [15]:

- 1l ¢ - -1 3.1 jwpmt
E, + ;;-En + wlE, = so,u,szd xPey(x) + Ae (3)
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where E; is the electric fleld amplitude of the nth mode, w, is the nth resonant
frequency of the unpumped cavity, 7, is the photon lifetime, & is the non-
resonant contribution to refractive index, P(x) is the induced polarization, A is a
Langevin source, wy, is the actual lasing frequency, and {e,(x)} are the normal-
ized nth spatial modes of the unpumped resonator, where

J&x ex(m)|2=V
and V is the volume of the lasing mode.

These equations are then linearized about operating peints

N(x) = Ng(x) + {xt)
Rg(N) = Ry(Np) + wg
En(t) = Ao(14p(t))e=""*)
T(x) = Tp(x) + T(x,t)

X(N,T)Nx(No,To) + v + 7 (4)
where
¢ 8N N=NO,T=T°an 7= %r N=Ng.T=Tg
and
b= B
® 7 8N |N=N,T=T,

is the differential spontaneous emission rate per unit volume. If the laser is

assumed to be running in a single mode, then

P(x) = gox(N.T)E(x) = gox(N.T)Eqen(x)

so that
soliz\/ fdax P(x) e,(x) ~
[ -
E SN0 To) + 0+ B () (5)

We can define an "effective susceptibility' as

X0 = F[ExX(NoTo) ex(m)|? (8)

Substitute definitions (4)-(6) into equations (1)-(3), neglecting terms of second
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order or less to get

¥ = DgV ®Ng + DgV v — %{xi(No)AE(HBp) + GvAé"] —Re(No) —wgv+ R+ Z (7)
T=DVRTo+ DV23r+0 (8)

] 2
Riiindo(p+19) = L [ (4 1) g2 ¢

224 0m _ OB —ig(t)
(ef —wn+j — - 2 Xr)Ao = Ae ¥ (9
p

Here r and i subscripts on ¢, 7, x, and A denote the real and imaginary parts,

respectively, of the quantities that bear them.

The zeroth-order terms in equations (7)-(9) establish the operating point
for the laser; the first-order terms describe the small-signal response to the
Langevin driving terms. Since (a) we are only interested in the second moment
of A, and (b) A is approximately white over the laser line, we can drop the e7¥# on
the right side of (9); separating real and imaginary parts of (9) and taking out

the zeroth order terms gives

. W 1
P“z‘fz“\}‘fdax(c‘ﬂ/+?7ﬁ)lenlz= émi (10)
¢+ B [@0% (& + ny7) [en]? = A (11)

zﬂzv- r T n zwon T
i(No, T
!'/—DEV2V+ _1_V+£'2<_‘_(__.9__§2_A_€p=3 (12)
K} h
T-DV3r=0 (13)
2
(X
where 1_1—-——: g + E-o—éoz—g-(—)—. Equations (10)-(13) comprise the fluctuation equa-
R

tions describing the small-signal behavior of the relative amplitude (p(t)), phase
(p(t)), carrier density (xt)), and temperature {t{xt)) of a single-mode sem-

iconductor laser.

B Fourier Analysis

Equations (12) and (13) are partial differential equations involving spatial
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derivatives in the Laplacian operator. An exact solution must take into account
the spatial variation of 1/7 and fhe boundary conditions, the latter of which
are in general mixed and/or inhomogeneous. Unfortunately, configurations for
which closed-form solutions exist are few and far between. We will make three
simplifying assumptions: (1) &, & and wg (and thus 1/7R) are constant over the
active region. (2) the carriers are confined to the active region so that the nor-
mal derivative of v vanishes on the boundary (e.g., an ideal buried heterostruc-
ture). We can include structures with no lateral confinement (e.g., gain-guided)
by allowing the lateral confinement direction to approach infinity. (3) The tem-
perature profile is subject to fictitious boundary conditions; all functions and
derivatives are continuous across the boundary of the device (i.e., we neglect
variations in material parameters resulting from compositional shifts from

GaAs to AlGaAs).

We now define Fourier transforms. For quantities that vary in time,

Blwy = fdt (e | 1(t) = -é%;—fdw flw)eit (14)

For quantities that vary in space and have fictitious boundary conditions,

Blk) = fd®xg(m)e= | g(x) = Ej—r-)—a-fdské‘(k)e‘ih (15)

For carrier fluctuations confined to a region S;XSyxSg with volume V), = 55,33,

the finite domain gives rise to a discrete spectrum with eigenfunctions defined

as

=S 5
2 'R

gnx) = 0 otherwise (16)

3 3, S
cosql(xl~—-2i-)cosq2(xz——éz—)cosq3(x3——2§—) for x;€

having index vector n; the wavevector q(n) is defined by

_ n;m
u(m) = 5

The associated spectral representation is
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Bln) = [ &xh(xemx) . h(x) = DHEL An)g(n) (17)

In this expression, the {n;} can take on integer values from 0 to =, and y(n) is a

normalization factor equal to 1, 2, 4, or 8, depending on how many of the n;'s are

zero (0, 1, 2, or 3, respectively). Then the operators in (10)-(13) transform as

gt—-—»ja; , V25 —k? or —g*(n) (18)

We make use of the identity

Jdx t(x)g(x) (2 )3 - [d%k flk)8(-k) (19)
define
I'(k) = (2 E ———[d% |ey(x) |2 kX (20)
and approximate
Thr(K) N T (Rm)PT(—k) (R1)

(which is tantamount to assuming that 7 is constant over the optical mode) so

that the fluctuation equations, transformed in both space and time, become

(e ~ 5o [ () 268 HBL o et

o JERAT () = 5 hi(w) (22)

jofle) + 5a [4 |en(®) %65 {2 0n g(nn)
+ 2“;‘;“, JERATWNE) = 5 =h(w) (23)
o + Dei(m) + lotnc + DN 5 = 1 (24)
[jw + Dk Nkw) = 6(1(.@) (25)

Elimination of carrier density (¥) and temperature distribution () from equa-

tions (22)-(25) gives

[ om =(n,w)
P&) = R(&)| o252 () —:
o) = R(o)| 32 PA oD+ L
6 1 .

+

Om 3
S - [ @3k T (k)7 - oiDE oo (26)
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jop(w) = g—:(l—ij)— }fd"”kf‘ ()7, _(_L® 'I‘)g{z
RS Z(n,) 1 g”

— jwR — A(n)(“l __( _ R) 1 (2?)

g iz jw+Dgg?(n)+ :R Zwon AN

where
n) = 2B faox e, ()| %g(n.0 (28)
2 -1

R’(l_cd)E o @wm&sogigg 2)As {G)'FDEq (n)+—; (29)

C. Reloxation FResonance

If either x;i(x) or |e,(X)| are constant over the active region then the only
non-zero {i(n) or A(n) is the n = (0,0,0) term. In this situation, R(w) reduces to

McCumber's relaxation resonance [9]

1
Jwot+ — 2
T OmbigoxiA
R(CO) - R‘ , QE = mG 0§1 AO (30)
TR

where A is the fill factor. However, if both x;(X) and | e (x)| vary over the active
region, then there are non-zero values for Ji(n) and A(n), which contribute addi-
tional terms to the resonance expression. Physically, this is a demonstration of
the fact that there is a considerable diffusive flow of carriers if the carrier den-
sity is not uniform, and the phase lag between the diffusion process and the nor-
mal carrier-photon dynamics alters the frequency response [19]. For typical
dimensions and distributions, the result is a damping of both the intensity reso-
nance |R(w)|? and the frequency resonance |1—jwR(w)|? Figures 8.1 and 8.2
illustrate the damping for several different configurations. It is interesting to
note that if any of the products gi(n)A(n) are negative, they can have the effect
of sharpening the resonance; however, such terms decrease the overlap between

the gain and the optical mode, degrading the performance of the laser and mak-
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Figure 8.1: Effect of inhomogeneities in carrier density and optical field on relax-
ation resonance |R(Q?)|? in the intengity noise spectrum. The optical field dis-

tribution is taken to be L 1+cos

X
5 S ! in the lateral direction and susceptibility
i

RITX
is taken to be proportional to —1——l+s cos ~| in the lateral direction.

1+¢ Sj
Transverse variation contributes negligibly to the resonance, so for a symmetric
structure, the dominant damping comes from the n = (0,2,0) term. {a) £ = 0; (b)
£=.5 S;=20um; (c)e=.5 Sp=40um
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ing it unlikely that such a mode would be the preferred mode of oscillation.

8.3 Langevin Sources

A. Rate Normalization

When several systems of particles interact with each other and/or with
external baths through random particle interactions, there are fluctuations
associated with each interaction. Such fluctuations can be accounted for by
including appropriately normalized Langevin sources into the equations of
motion. This approach can be used with systems that vary continuously (e.g.,
temperature) if the interaction being characterized by a Langevin source is par-
ticulate (that is, the interaction occurs in discrete units, such as photon absorp-
tion or nonradiative recombination). Each independent number variable {A} will

have associated with it a fluctuation source {aj that satisfies

<at)at)> =< %‘%—> 8(t—t") (31)
where < > denotes ensemble average. For a number variable which varies in

space as well, one has the modified relation

< a(xta(x.t)> =< %df—-tb 8(t—t') & (x—x') (32)
There are additional fluctuations associated with the micrescopic kinetics of
carrier and thermal diffusion, however. These have a different spatial correlation
than the previous sources. Van Vliet and Mehta [18] have shown that the
sources obey

< ép(xt)ép(x 1)> = 2DV xV »[No(x)03(x—x)]6(t-t) (33)

for carrier diffusion, and

< SxA)o(E)D> = EETI;B—TEV oV 2 B(x—x)8(tt) (34)

for thermal diffusion where x is the specific heat per unit volume and kg is
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Boltzmann's constant.
We can then split = = {p + g, ® = % + % into diffusion-related and particle-
related fluctuation terms; the particle terms, after normalizing to number rates,

give the following correlations [13]:

2hod
sVAg

where Ry is the sum of all rates that change photon number.

2
< ADAE)D> = < ALD)ALL)> =[ } Rof(t—t") (35)

< ¢p(xt)¢p(x ') > = Ro(x)8%(x—x)d(t—t) (36)

where R is the rate per unit volume of events that change carrier density.

2

< ()% t)> = [Ex’i"? Ra(%)6°(x~x)5(t~t) (37)

where Eyg is the mean thermal energy dissipated in a non-radiative (or absorp-

tive) event and Rj is the event rate per unit volume.

In addition, there are several non-zero off-diagonal correlations, reflecting
the fact that many events change more than one systern at a time. They are as

follows:

2
< f(xOAE)> = [3%‘— Ry(x)6(t—t) (38)

where R,(x) is the rate of stimulated transitions.

n~ _ | SR8
< 'GE(x,t)A,(t)> = [ EVAQIC

where R, is the rate of heat-generating absorptions.

Ry(x)6(t—t') (39)

E
< S(xt)ep(x t)> = [—,CNR— Ry (x)6%(x—x')8(t—t") (40)
where Rs is the rate of non-radiative carrier recombination. All other possible

off-diagonal terms are negligible or zero, including < A;A. > [13].

B. Langevin Sources in the Transform Flane
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Equations (28) and (29) are in terms of transformed variables, so it is con-
venient to cast {33)-(40) in the same manner, particularly since we will eventu-
ally be interested in spectral functions Wg(Q), which are themselves
transformed quantities. Mathematical problems arise when one attempts to
take the Fourier transform of a stationary signal, however. (While it is always
possible to solve the equations by lLaplace transform, the complications due to
the initial conditions make the calculation somewhat tedious.) To be rigorous,
one must use finite-domain Fourier transforms defined as follows:

fr(w) = _/:T dt f{t)e ¢t | gp(w) _/:T dt g(t)e et (41)

2 2
then, calculate the spectral term defined by the Wiener-Khintchine relations as

Wi(Q) = fd'r < f(t)g(t+1)> eTi0Y, (42)

In terms of the transforms (41),

< fr(Q)&r(-0)>
T
Strictly speaking, the relations that make the Fourier transform useful (e.g.,

Wi(Q) = %&m (43)
transformation of differential operators) are not exact so long as the object of
the transform is finite at the limits of integration. However, as T- =, the results
of the spectral calculation become valid. In deference to our use of properties
of the infinite-domain transform, we will drop the fr} notation and continue to

"~
use f.

We are also interested in spatial Fourier transforms of the Langevin sources
in the same way that we defined transforms for the dynamical variables in equa-
tions (15) and (16). The calculations are somewhat simplified if we make the
assurnption that all carrier rates are uniform over the active region. The

transformed (33)-(40) are

ﬁnnén(n.n',o )~ DWT(D)d,mM (44)
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where M = J(; d3x —[V #Ng(x)]
A

—2D7kpT#

W (K K,Q) = —— ek (2m)°6 (k) (45)
2mog |*
Was(Q) =Wan (@) = [ VAo ] Ro (46)
WGESE(H’D"Q) = 811 VAden.n' (47)
" Fag |
Wi, (k'0) = [T] Ry(ic+ic) (48)
~ ~ RHwf
meE(n-Q) = WEEﬁi(n‘Q )= [m‘?']Rldno (49)
~ ~ 2§Qg ~
Wars (k. Q) = Wgp (kQ) = [m— Ry(k) (50)
W (ln.Q) = We g (k) =
[ -igms, +igy(m)$,
3 ) R . PR . .
-Exﬂ Rs %\—_ljl[e ?  sinc _____m(k,+q,2(n))S, +e sinc————-(kl qlz(n))sl (51)

where sinc(x) = -Sﬂ;-)g— and Op 4 is the Kronecker delta.

None of the Langevin spectra have any frequency dependence, which is as it
should be; the nature of the Langevin approach is that the sources are

Markofflan [16] and therefore, white.
8.4 Fluctuation Spectra

A, Relative Intensity and Frequency Fluctuation Specira

The relative intensity fluctuation spectrum is defined as

Wo(Q) = .%,ljg <0 ){?‘(“Q)> (52)

while the frequency fluctuation spectrum is

- i <L e(@][—j0 ¢(0)]>
T~ T

We make use of equations (28) and (29) for 5’ and jQ ¢, and relations (44)-(51)

(53)

Wau(2) = Jm S e(@)p(=0)2

for the Langevin spectra. The tedium of the algebra is somewhat relieved if we
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note that the off-diagonal driving terms (e.g., WA1€E) are of importance only near
a crossing of the associated diagonal spectra (e.g., Waa, wafE); while a full solu-
tion must contain the off-diagonal terms, we lose very little by ignoring them for
the rest of the analysis. Define oy = {8 and or = 7/ the relative intensity
fluctuation spectrum including photon, carrier, and temperature noise sources,

is

m | 2DpM
Won(2) = 1R<m|2[2°’2v] LA L) e (5t)
e Q%+ [quz(n)+;l};]
+LA¥ (D) 7(8“) Yalte 2 (54b)
n N2+ Dqu(n)+;1;
DTS o ()6 i)
+ [d%kd®k T'(K)T(K)7? 2 (54¢)
[jQ + DTkz] [—jQ + DTk'a]
2
F%R;] Ry(k+k') 1
+ [ @®kd3k T(R)(K)R? (54d)
o + DTkzl [—jQ + DTk'z]j
o |2
+IR(Q)[? [Moz] Ro (54e)
The frequency fluctuation spectrum is
2 _
Wau() = 002 R(@) 2| 2| |Saz(myp 2B B (50)
» 02 + |Dpg¥(m)+ =
L A% ()¢ L) AT (55b)
= 0+ DEquz(n)+;_l; }
+] o, (1=jQ R)—a | 2V
BTS2y (i)
4 [d¥kdSke ()T (k)77 ——~ (55¢)

[30 + DTkz][—jQ N DTk’2]
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EN—E-]ﬁs(k+k')
+ [d%kd’k T(k)I'(kK')7? id (55d)
[jQ + DTk2] [—jQ + DTk'z]J
+[1+0f] 1-jQ R;Z][ :_”A%]ZRD (55¢€)

Equations (54a-e) and (55a-e) are plotted in figures 8.3a-e and B8.4a-e,
respectively, for a typical laser with parameters listed in table 8.1. There are
several features of interest in the equations and graphs. Equations {54e) and
(55¢) are the familiar expressions one derives using the standard volume-
averaged rate equation analysis [13]. They contain a relaxation resonance in
the intensity noise [9] and the same resonance in the frequency noise, along
with the linewidth enhancement factor ay [12,13]. The remaining expressions
are those that are lost in the volume-averaged treatment. We can see from the
graphs that both the diffusion-driven carrier fluctuations {54a,55a) and the
spontaneous emission-driven carrier fluctuations (54b,55b) make negligible con-
tributions to the. intensity noise and frequency fluctuation spectra (figures
8.3b,8.4b). Closer examination of the summations in (54b) and (55b) will show
why this is so. Each term makes a contribution with a corner frequency of
Q0o = Dgg®(n) + 1/mR; this is an indication of diffusion damping above 5. Below
Q o, where diffusion is less effective, however, the carrier lifetime 7y is responsi-
ble for damping the perturbation. In other words, spatial perturbations to the
carrier density are damped out before they can make a substantial low-
frequency contribution to the noise spectrum. Additional carrier noise sources
(for example, noise in the pump current) can be similarly treated by inclusion
into the = Langevin source.

The fluctuations due to temperature diffusion (c) are, by themselves,
greater than the noise produced by spontaneous emission (e); they are, however,

themselves masked by the noise from event-driven thermal fluctuations (d).
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oy = —2.2
ag = 0.90
wm = 2.2:101° rad/ec
we = 10°% sec™!
Ng = 10'® em™3

T, = 2107 sec

S, =02 um
Se = 2.0 um
Sz =200 um

V=V,=8.010" cm?
& =7310" cm?®
= 4.7-107* °K!
Py =5.0103 W
==1910710 sec
wr = 4.6:1010 rad/ec
Rg = 4.2:10'7 sec™
Rp = 5.3:10%" cm3sec™!
Rg = 1.3:10%” cm3sec™!
M =5.010'% cm™

Exg = 2.3-1071%
k=19 J°Klem™
Dg = 220 cm?®Aec
Dy = .24 cmP/Aec

Table B.1: Laser parameters assumed in the graphs of figures 8.3 and 8.4.
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Figure 8.3: Noise terms in the intensity noise spectrum (eqn. (54a-e)) for the
parameters listed in table 8.1, (a) carrier diffusion; (b) carrier
creation/annihilation; (¢) temperature diffusion; (d) non-radiative
recombination/absorption temperature fluctuations; {e) spontateous emission.
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Figure B8.4: Noise terms in the frequency fluctuation spectrum (eqn. (55a-e) for
the parameters listed in table B.1. (a) carrier diffusion; (b) carrier
creation/annihilation; (¢) temperature diffusion; (d) non-radiative
recombination/absorption temperature fluctuations; (e) spontaneous ernission.
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Two major contributors to this noise source are non-radiative recombination
and optical absorption. These produce delta-like impulses of heat (Voss and
Clarke’s P-source revived [17]). Since there is no thermal lifetime (the
equivalent of 1/7R), the temperature fluctuations extend to very low frequency
before leveling off due to the finite volume of the lasing region. The fluctuations
couple to the amplitude via gain dependence upon temperature, and to the
phase via the refractive index dependence. It is instructive to compare the pho-
ton and temperature noise in the intensity spectrum with the corresponding
noise in the frequency spectrum. The noise terms are substantially the same
(aside from the leading |R(Q2)|?), but the photon noise in the frequency spec-
trum is enhanced by a factor 1+af over its counterpart in the intensity spec-
trum, and exhibits a resonance. This is due to the amplitude-phase coupling
through carrier dynamics [12,13,15] and was observed by Fleming and Moora-
dian [3]. The temperature fluctuation-driven noise in the frequency spectrum is
enhanced by a factor {ay—ear)®. Here ar is a new coupling parameter; it
represents amplitude-phase fluctuations coupled through the temperature
dependence of gain and index. oy has been measured and calculated [20,21] to
be approximately -2 to -4, while ar is approximately .5 to 1. Since they are of
opposite sign, the two effects reinforce one another. The frequency dependence
of this noise source is of the form 1A% a~1 for several decades, which is in
agreement with experimental measurements from several sources [5-8,22-
24,27]. The noise should exhibit the relaxation resonance before falling off as
1/% at high frequency; this behavior, however, is in practice masked by other

processes,

B. Field Spectrum and Linewidth
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The field spectrum of the laser diode is given by
< E (t+D)ES()> = A< (1+p(t+7))e? ) (14p(1))el?(t) > T (58)
If amplitude fluctuations are negligible or suppressed in the measurement pro-

cess {as, for example, was done in [22]) then the field spectrum can be put in

terms of the frequency fluctuation spectrum [25] as

f 0T
sin =3

+o0
Wo(w+wn) = %—A@Ref dr e¥Texp| =— P fdQ Wa(Q)) BT (57)
2

where w is the deviation from the lasing frequency wn,. In the case where Wy, is a
sum of several terms, then W, will be the convolution of the individual W,'s calcu-
lated from each of the terms of Wy, So, for example, a DC component of Wy,

results in a Lorentzian line

2 C
We(w+wm) = %r— T%égzo)]z (58)
o? + ‘é

This has a linewidth of WPS(0), namely (1+ag)

%Ro, the enhanced Schawlow-

Townes linewidth. To include the contribution of the recombination noise, we
note from Figure 8.3 that the spectrum at low frequency is approximately %—-

like with a corner frequency near 1 Hz: we model it as

w§

WIO) = 5o (59)
This leads to an approximate lineshape of
l_ "~ —Jwr, 7'20)0 2
i dT e “exp ——2—~——4.n 1+ e (80)

This is not an easy Fourier transform to evaluate, but we can pick out the con-

tribution to linewidth by exploiting the Fourier uncertainty relationship, that

ATAw~ 2 (61)



- 226 -

so that the linewidth Aw satisfies the implicit relation

1

A z
s

[
Awn wolln
1

For the laser with parameters given in figure 8.3, we have w§ ~® 3-10'® rad?s&ec?,
w; ¥ 3 rad®4ec, which gives Aw~ 6.6-10%adsec and Af~ 1.1 MHz. This is
cornparable to the power-independent linewidth observed by Welford, Mooradian,
and Harrison [4,26] and Kikuchi and Okoshi [5]. While carrier fluctuations are
strongly damped by the carrier lifetime 7 at low frequency, and, as can be seen
from figure 8.4, make minimal contributions to the frequency fiuctuation spec-
trum (and hence, linewidth), temperature-induced index/gain variations are not
similarly damped. A primary source for these fluctuations is nonradiative
recombination, which is a function of carrier density, and therefore is constant
above threshold. Hence, the resulting contribution to linewidth is power-

independent.

8.5 Conclusions

In this chapter we have derived the fluctuation spectra of a single-mode
semiconductor laser that result from spatially dependent fluctuations in carrier
density and temperature distribution. We have shown that the relaxation reso-
nance that appears in both the intensity noise and frequency fluctuation spec-
tra is damped more effectively than that predicted by spatially independent
models; and, that carrier and temperature fluctuations are most important at
low frequencies, where some of them mask the flat inverse power spectra
reported elsewhere. Carrier fluctuations are damped by the short carrier life-
time; perturbations to the carrier density do not persist long enough to make
significant low-frequency contributions, while at higher frequencies they are

damped by diffusion. Temperature fluctuations, subject to no such low-
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frequency damping, play a major role in low-frequency fluctuations. Events that
produce isolated rises in temperature (e.g., nonradiative recombination, absorp-
tion) give rise to a spectrum that increases at low frequencies, contains decades
of 1/f-like behavior and levels off below 1 Hz. The frequency spectrum displays
an enhancement due to the detuned nature of the gain spectrum; the enhance-
ment factor contains both the carrier-related amplitude-phase coupling
coefficient and a new, temperature-related amplitude-phase coupling coefficient.
One additional prediction of the theory is a power-independent linewidth com-

parable to that which has been observed experimentally.
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Chapter 9

Local Field Rate Equations for
Coupled Optical Resonators

9.1 Introduction

The springboard for the analysis of almost any laser's dynamics--
modulation response, noise properties, or even a simple stability analysis--is the
rate equation describing the optical field in terms of material parameters and
other dynamical quantities (e.g., gain). While the ultimate arbiter of the field's
behavior must be Maxwell's equations, the set of second-order partial
differential wave equations that follows from Maxwell's does not lend itself to a
simple selution in the face of fluctuating coefficients in the equation. For-
tunately, in almost all cases, a sufficient description is provided by a set of first-
order ordinary differential equations in which the fleld is characterized by a
small number of variables, e.g., the spatial average of the field amplitude over
different regions of the resonator. In fact, for many systermns, even complicated
sets of coupled resonators, the field dependence can be adequately described by
a single variable, the amplitude of the lasing mode of the composite cavity [1].
We used such a formalism in the last four chapters to analyze the dynamic and
noise properties of single and multielement lasers [1,2]. As we saw in chapter 5,
it can be extended to produce a set of multimode rate equations, expanding in

terms of the modes of the composite cavity.

An alternate description of a multielement optical resonator is produced by

writing rate equations for several variables that somehow represent the field
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inside of each of the coupled elements [3-7]. This latter approach conveys more
of the flavor of interactions among individual lasers, while the former approach
takes a more global view. The resulting set of coupled rate equations is intui-
tively appealing--each field satisfies the rate equation for its own individual cav-
ity, but is modified by the addition of a coupling term linking it to a neighboring
cavity. In most treatments, the dynamical variables are chosen to be the ampli-
tudes of the individual cavity modes (henceforth, the ICM's) that make up the
lasing composite cavity mode (CCM). Such analyses have qualitatively predicted
the properties of weakly coupled systems. However, they suffer from two flaws

that severely limit their usefulness.

The first is that the CCM (which is the proper description for steady-state
operation) is generally made up of more than one ICM from each cavity. In the
case of weakly coupled systems, it consists of predominantly one ICM from each
resonator, but the stronger the coupling is between cavities, the stronger the
need is to include multiple ICM's from each cavity to accurately model the CCM.
Consequently, any description of such a CCM in terms of two ICM's is going to be
incomplete. There are some treatments that do take the coupling among other
longitudinal modes [4-5] into account, and such treatments can be expected to
give more accurate results than those that do not, The second flaw, however,
afflicts all treatments that attempt to expand in terms of individual cavity

modes.

The second problem involves the following point: the complete set of modes
of the individual cavities do not constitute a complete set when those cavities
are coupled together. In fact, they never constitute a sufficient description of
the composite cavity mode [3]! This is a subtle point that bears a bit more
explaining. When we solve for the modes of an isolated resonator, we have impli-

citly made the stipulation that all fields outside the resonator (or within some
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infinitesimal distance from the mirrors) are outgoing. This is a reasonable
assumption, since the only source of light in an isolated laser lies inside the
resonator, and any light encountered outside the resonator is indeed outgoing.
The modes thus found lie in the discrete spectrum of the operator correspond-
ing to wave propagation in the resonator. They form a complete set only for

fields that are outgoing.

When we couple two resonators, however, there arise incoming fields in each
cavity. In fact, coupling cannot take place without such fields. The modes of an
isolated resonator cannot adequately describe such a fleld. A complete descrip-
tion of the field inside each cavity must include the modes corresponding to the
continuous spectrum, corresponding to fields incident upon the cavity from the
outside. Such a description must include a sum over the discrete modes, plus
an integral over the continuous modes. However, a representation of this sort
that includes the intermodal coupling leads to a set of integro-differential equa-
tions for the modal amplitudes that is more difficult to solve than the original
problemn. The conventional appreach is to drop the continuous part of the spec-

trum and to hope that what is left is sufficiently complete to describe the field.

What are the results of dropping modes from a coupled-mode theory? The
time evolution of each mode is determined by the scattering of energy from cne
mode into another. If we do not include a mode in a coupled-mode theory, then
while the rate equations remaining will account for the energy scattered out of
the remaining modes (and into the 'lost"” modes), there is no mechanism for the
scattering of energy out of the 'lost" modes back into the 'kept” modes. In
effect, then, the lost modes become 'black holes,” absorbing energy from the sys-
tem and never returning it. Consequently, threshold gains calculated from such
a theory are going to be overestimated, since they will take into account these

spurious energy sinks. The amount of the overestimation depends upon the
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relative fraction of the CCM described by modes of the continuous spectrum.
Unfortunately, for strongly coupled cavities, that amount is substantial. While
this problem can be ameliorated somewhat by imposing fictitious boundary con-
ditions upon the ICM's to force them to more closely match the CCM's (as is dis-
cussed in [4]), this method requires one to a priori possess fairly detailed

knowledge of the CCM's.

It appears, then, that coupled-mode theory cannot easily provide quantita-
tive information about the behavior of flelds in composite cavity resonators.
However, one of the attributes of coupled-mode theory--a description of the field
by a few variables that somehow characterize the individual cavities--is still
desirable. As we will show, we can produce such a description by choosing as
each dynamical variable the amplitude of one of the traveling waves in each cav-
ity at some fized point within the cavity, rather than choosing the amplitude of
an individual cavity mode. {Hence the moniker 'local field" rate equations.) This
choice, plus a little DC analysis, will yield a set of rate equations and analytic
expressions for all coupling coefficients with no long summations or involved
overlap integrals. Furthermore, because the treatment is based upon the com-
posite cavity modes, it encounters none of the difficulties of standard coupled-
mode theory. The method is powerful and general, yet conceptually quite sim-
ple. It relies on the approximation that the optical field adiabatically follows the
characteristics of the resonator, an approximation that has been widely made
and justified in chapter 5 [1]. In section 9.2 we will present the derivation in
abstract form. In section 9.3 we apply it to the most common coupled system, a
two-section longitudinally coupled-cavity laser and derive the coupling
coefficients. In section 9.4, we show how a modification of the technique can
incorporate multimode behavior in a single rate equation and justify the delay-

differential equation composed by Lang and Kobayashi [8] to describe optical
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feedback. In section 9.5, we summarize the analysis.

92 General Theory

In chapter 5, we found that for single-mode lasers a suitable first-order rate
equation is provided by first finding the steady-state eigenvalue equation for
complex frequency, and then replacing the frequency jQ} by the differential
operator d/dt. We then formally justified this approximation for both single and
multimode systems and calculated the lowest-order correction terms. The
assumption underlying this approximation can be stated in several equivalent
ways. A rather formal statement of the approximation is that 'linear operators
commute with all variables except the electric field, which they act upon.”
Perhaps a more meaningful expression is that the only significant time deriva-
tives are those of the electric field; time derivatives of other variables (for exam-
ple, a fluctuating index of refraction) will be sufficiently small that they can be
dropped. We shall.refer to this approximation throughout the chapter as the
"adiabatic approximation,” because the electric field inside the resonator adia-
batically follows the instantaneous characteristics of the resonator. It is an

assumption widely made in the literature without comment, but it is implicitly

assumed in any first-order rate equation.

We will attempt to characterize the field by a set of amplitudes {E(x;)} of
traveling waves at fixed points x; within the composite cavity. As a practical
matter, one would choose a single fixed point in each of the coupled cavities. In
steady-state, it is simple to assume complex exponential behavior of the form
exp (jQt) and then to find a set of linear relations linking the field amplitudes
{E;. The coefficients are typically functions of (). The process is well codified
for several geometries [9,10], a self-consistency requirement yields a set of

linear equations of the form
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; Ts(Q)E =0 (1)

where each of the [';; depends upon the complex frequency (). We shall adopt a

matrix notation, where each of the fields F; is a component of the vector E, and

[jj is a component of the matrix I The steady-state eigenvalue equation (1),
written in matrix notation, becomes

fMo)E=6 (2)

where § is the zero vector. Equation (2) has non-trivial solutions for E only if i

is singular, and this requirement yields the lasing frequencies ).
We should like to find a set of rate equations of the form

d N_ e
5 =TE (3)
so our goal is to establish a correspondence between equations (3) and (). Let
us begin by working backwards. If we want to solve equation (3), we would
assume exponential variation in E;
E - Eeft (4)
in which case equation (3) would become
OF=1TE (5)
We know from [1] that equation (2) holds adiabatically for small fluctuations in
the steady-state solutions, provided that we replace jQ by the differential opera-
tor. If we define I'(Q) = det F(Q ). then the non-trivial steady-state solutions to
(2) are the eigenvectors corresponding to the roots of
r@)=o0 (6)
Let us linearize equation (2) about a value 2 ¢ that is a root of (8).
o d (o] [ ~
[0 + (@ —0ofh@o|E=6 (7)
where FQ is the derivative of ' with respect to (). Denote 0 — Q5 by AQ}. Then,

we can multiply by —jf‘; ' to get

BOE= %' Lo 8 (8)
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Now, if we replace jAQ with dAdt, we have exactly equation (5), with

'F= —-jﬁ;lﬁ'n =04 Consequently, the desired rate equation for the field ampli-

tudes oscillating at frequency Qg is

SE= - @ofa (9)

This expression not only gives us the desired rate equations and expres-
sions for all the coupling coeflicients; it also tells us just how accurate the entire
rate equation (first-order differential equation) approximation really is. Here,
the factor jQ corresponds to the differential operator dA4t. For frequency
ranges in which the linearization of equation (7) is a good match to f‘u the
approximation is good; otherwise, it is not. However, even the simplest lineariza-
tion is going to be a good approximation for variations in  —Q 4 over some frac-
tion, say, 1/10, of a longitudinal mode spacing. For almost all lasers, that fre-
quency is well beyond the timescale of fluctuations of interest. Note that we

don't actually have to possess the exact value of Q ; we simply have to be within

this domain of the root, where the linearization provides a good match to i

It can be shown that I can always be chosen such that I'(Q?) possesses no
finite singularities. Therefore, a Taylor series expansion of ' has an infinite
radius of convergence in the () -plane. Consequently, we can take a Taylor series
at any point 2;, and by replacing each factor of j(} by the operator dAlt, we can
construct a higher-order rate equation of arbitrarily high accuracy over an arbi-
trarily large frequency domain, all within the adiabatic approximation. As a
practical matter, the equation is simplest and most useful if we linearize about
one of the roots of I' that corresponds to a low-threshold CCM, since the first
term of the series is all that is needed. However, for certain situations, e.g., dis-
tant optical feedback, a slight variation on this technique can give a close fit to

[' over a number of longitudinal mode spacings, as we will see in section 9.4. For
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now, however, we will take an explicit example of two longitudinally coupled

resonators and produce the rate equations for the optical field.

9.3 Example: A Two-Section Coupled Cavity Laser

As an example to illustrate the simplicity of this technique, we shall derive
local field rate equations for a two-section longitudinally coupled cavity laser,
illustrated in figure 9.1. It consists of two sections of lengths L; and 1o, ter-
minated on the outside by mirrors with amplitude reflectivities rg and rjs, respec-
tively. They are separated by a gap, which is characterized by its transmission
and reflection coefficients t,p, tg,, r11, and rgg, as illustrated. We shall derive rate
equations for the amplitudes of the traveling wave fields in each cavity that are
traveling toward the gap, as measured at the gap (E; and E; in the figure). We

denote the waves propagating away from the gap by E'; and E',.

For an optical field at frequency (2, we can write the relations linking the

fields by inspection [9]. They are

E, = ree”'E,
E'y =r; B +t5:E;
Es = rye”?E,
E's = ragks + tE; (10)
where ¢; and g5 are defined by

p1= RiQulie, g = R pelet (11)
and u; and up are the (complex) indices of refraction in each cavity. Elimina-

tion of E'; and E'; yields

e + tar

Ty Lig
rel'n rn
¥z t
e 12
Eg = Eg + El (12)
r'argg rzz

E1=

Consequently, we can write the matrix F(Q) as
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Cavity | Cavity 2

Figure 9.1: Schematic of a two-section coupled cavity laser. The gap is charac-
terized by reflectivities ry;; and rgp, and transmissivities tz; and tzs. The
reflectivities at the ends are ry and rg. The lengths are L, and L, and the (com-
plex) indices of refraction (incorporating gain or loss) are u, and up. All fields
are measured at the gap in each laser cavity. Primed fields are the amplitudes
of the waves traveling away from the gap; unprimed fields are the amplitudes of
the waves traveling toward the gap.



e,

R ol rn
'n) = 13
@=) " e (19)

Iaz rsres

For most cases of interest, the gap is short enough that the transmission and
reflection coefficients of the gap are independent of frequency over the gain
linewidth of the lasing medium. Consequently, we can drop their derivatives.
The derivative of I’ becomes

Rimly ™1
e rerp;

0

Riuele e7%2
C r'arag

(14)

o2
H

Since ﬁ’n is diagonal, inverting it is trivial. The matrix that enters the first-order

rate equation (9), —ﬁ;l F is given by

[ ?1 - t‘21 (2]
—(2- L rorjet —1) — Togrne

Jiila Rjmly ri
~C t 12 (2 c ¢z (15)
——r Irgge - rarz;e © —1
Thiele Te 7 Bipglg 0 Y
If we write the rate equation system as
dE . .
T - = joy By + jepiEe (16a)
dEs
P T R P (16b)
then we have
ror; et -1 17a
‘éju———( or'11 ) (17a)
— ¥z
g = == rargse © — 1 17b
2 -27#»2_1*2_( 32z ) (17b)
#1
'———‘th I 21(roe’") (17¢)
K1z = st 5(rge’? 17d
12 = g —te(ree"™) (174)
and the eigenvalue equation defining the lasing frequency, I'(Q) = 0, is
[ o™ [ v La1tip
=1 —— (18)
roliy Ial'zg Iy11lze
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The last term on the right-hand side is significant; we will give it a special desig-

nation,

ta it
K= 2L2 (19)
F1ile2
It is a well-known result of microwave theory that for a lossless two-port network
characterized by transmission and reflection coefficients tg,, t;2, ry;, and rsg, Kis

always negative and real.

Let us compare equation (17) for the coupling coefficients of the local fields
with the coupling coefficients derived from coupled-mode theory {not including

the continuous spectrum) [4]:

o = —2[(9 w = o) [ pfeneqdV [ Mazezoec#dV} (20)
2 1 2

where (2, is the resonant frequency of the vth ICM, w, is the resonant frequency
of the uth CCM, , is the index of refraction used to define the ICM in cavity 1, y,
is the actual index of refraction seen by the CCM, e,, is the field pattern of the
vth ICM, and e, is the field pattern of the uth CCM. The advantage of local field
equations begins to appear. In coupled-mode theory, one must solve for the
complete field patterns of both the ICM's and CCM's, as well as the lasing eigen-
frequencies w,; perform many overlap integrals between the different modes;
and finally sum over all of the composite cavity modes. As many as 400 terms in
the summation [4] may be necessary before the expression {20) converges. On
the other hand, one need only solve for a root of the eigenvalue equation (and in

fact, only get close to a root!) to use local field equations.

By ingoring the presence of self-coupling coefficients, Marcuse [5] has heu-
ristically calculated cross-coupling coefficents based on considerations of power
flow. The cross-coupling coefficients for a given system can vary, depending
upon how one chooses to normalize the fields (the effect of a change in field nor-

malization is to multiply cne and divide the other cross-coupling coefficient by
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the same constant); nevertheless, there are irreconcilable differences between
equations (17c-d) and the heuristic formulas. The latter are lacking the final

parenthetical expression in each of (17c-d).

As a comparison of the local field rate equation-derived coeflicients, the
heuristic formulas, and numerical results based on coupled-mode theory, we
consider the particular case of two identical cavities. We take w1, = wple = ul,
$1 =¢2 = ¢, and rg =rg = 1. The reference planes around the gap can be chosen
so that ry; = —rsz = r, and r is positive real. In this case, the secular equation
can be solved analytically.

(e®-r)(e®+r)=tyt;y » %=V + 5t (1)

The intercavity coupling coefficients become

—C 1 - 1
Koy = —L , Kig = —
AT UL N oty 0 RiuL PNER 1 4t

Allowing for differences in field normalizations, these are the same as Marcuse's

(22)

heuristic formulas, with the addition of a correction factor 1/(m). As
we mentioned, for a lossless gap, K = tjataAry1rep must be negative real. Thus,
our definitions of r;; and rpz require that the product tjgts; be positive real;
since |r|? + |t|® = 1 for a lossless gap, the correction factor is simply 1, and the

heuristic formulas are correct.

However, for lossy gaps, numerical calculations show that the heuristic for-
mulas fall short by a factor 'close to one-half' [5]. For a lossy gap,
Ir|® + |t|2 < 1; consequently, the correction factor is going to increase some-
what. How large will it get? As the gap losses increase, the transmission will
become negligibly small compared to the reflectivity, which will approach the
dielectric reflectivity of one surface of the gap. In this limit, then, the correc-

tion term will become

1
Ll .1l (23)
VET + tartiz r
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and r simply approaches the dielectric reflectivity of the first surface of the gap.
For a GaAs/air interface, that reflectivity is r=0.565, which exactly accounts for

the discrepancy between heuristic and numerical results.

It is important to note that the correction term is real only for the cases of
equal optical path length, equal gain, and equal reflectors on both lasers, and
the gap must be either lossless or an integral number of quarter-wavelengths
long. These are rather specialized circumstances, and are unlikely to occur in a
practical device. In general, one must use the exact formulas (17) to be assured

of the correct coupling coefficients.

For cavities of unequal length, not only will the coupling coefficients differ
from the heuristic formulas, but, as we can see from (17), they will in general be
different for different longitudinal modes of the resonator system. This becomes
apparent by considering the case of a 'master-slave” combination wherein one
laser is pumped much harder than the other and the coupling is weak Take
laser number 1 as the master, with laser number 2 biased well below threshold.
Then roots of the dispersion equation occur for values of Q4 near those where
exp(—¢;) —r;;reo = 0. While one coupling coefficient, x5, is closely given by the

heuristic formula

— U
Koy = — s 24
21 Rjmily ryy (24)

(although there is the correction of r;; to be included), the other,

- ¥z
= =t arge 25
2 Z.U‘L‘ZI-Q 1213 ( )
will be far smaller, and of a completely different phase, than that predicted by
the heuristic formulas. For different longitudinal modes, the imaginary part of
¢2(Q) will vary. Hence, different longitudinal modes of the coupled system see

different coupling coefficients.

There is still more that we can glean from these formulas. E; are the ampli-
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tudes of a field oscillating at frequency Qo. If ¢ is not exactly a root of the
dispersion equation (18), then E; and E; will also be oscillatory. If, however, Q4
is exactly a root of the dispersion equation, then the field amplitudes will be sta-
tionary, and their time derivatives will be zero. In that case, we can relate the
intensities at the mirrors of the light in each cavity from equations (18):

2

2 2

L _pIE 2w Pk P e (26)
I wi|E|? Mz &y He | k12

Obviously, the self-coupling coefficients cannot be neglected [5]; such an
assumption is tantamount to assuming that all of the light lies in one cavity or
the other. In fact, the parenthetical terms in (17a-b) also appear in the disper-
sion equation (on the left-hand side); neither can go to zero unless the coupling
factor K (and the coupling between the cavities) vanishes as well. If the gap
disappears, the coupling is perfect (and K diverges); only if the transmission
goes to zero does K go to zero; then, as we would expect, the two cavities operate
independently and the ratic of intensities truly does diverge or vanish, depend-

ing upon which cavity reaches threshold first.

The need for rate equations above and beyond the steady-state dispersion
equation (18) arises in considerations of the dynamics of the device. Both the
self- and cross-coupling coefficients depend upon the carrier density; knowledge
of their dependence thereon is necessary for a small-signal analysis. Because of
their accuracy and simplicity, the formulas in (17) are more suitable to such

treatments than either heuristic or numerical formulas.

9.4 Distant Feedback and the Delay-Differential Equation

Let us now consider the case of a distant feedback mirror, corresponding,
for example, to a small reflection off of a distant optical element. In this case,

the longitudinal mode spacing of the composite system may only be a few MHz,
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while the bandwidth of the laser may be a few GHz. In this case, we must
approximate [' over many cycles 6f its periodicity (over a range of 1 that
encompasses many roots) to gain a valid rate equation. However, we can accom-

plish exactly that.

We derived our rate equation by assuming exponential time variation. This
assumption converted time differentials into factors j{}, and the adiabatic
approximation justified in [1] allows us to convert them back again. However,
we can generalize this process by viewing f‘U(Q) as the Fourier transform of a
linear operator. Thus, if we can approximate Fby a sum of functions of () that
are transforms of linear operators, then inverting the transform gives us a set

of linear rate equations in terms of those linear operators.

To illustrate this, we shall calculate the rate equation for a short cavity
coupled to a lossy, much longer cavity (cavity 2 is taken to be the longer cavity).
Let usv eliminate E; from the equation system so as to consider only a single
field. Elimination of Ez from equation (12) yields

—?y ~¥3 -1
Hrzru - 1] —K[erza - 1]

By characterizing the field by a single dynamical variable, we have reduced the

E, =0 (27)

matrix equation to a scalar equation I'E; = 0. The assumption of low return

reflectivity means that

rarage”® << 1

so we can drop the second "1"in equation (27), which becomes

%1
[e _1]-K[f.s&a] B, =0 (26)
rorna

Now, the right parenthetical term in (28) is much smaller than 1; the left

parenthetical term, which can be written as

e”"z“lm”o"u -1, (29)
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is therefore also much smaller than 1 when equation (27) is satisfied. Therefore,
since the exponential is equal to 1 plus something much less than 1, it can be

approximated by the first two terms of its Taylor series:

e PRy g (p1+RjNm) — Inrery, (30)

where —2jNm is the nearest integral multiple of 2jm to the lasing frequency.

Using these two approximations, we find that " becomes

I'(Q) = —¢; — 2jNm — Inrory; — Krsrgee®? (31)

—2J Ly
c

Now we recall the definition of ¢, = . Multiply by ¢/2u,14 to get

[

o -3 ok

T i c
Rialy R Ly

}.n r‘oru -

c —2i0 pplae -
———Krosrse E,=0 32
2/1111—‘1 22+3 1 ( )

We define the following quantities:

Rele c cNm . ¢
= . k= ———Krorg, () - inrgr 33
P 2#1}-'1 23 Q BMILI ] ZMILI ol11 ( )
Then (32) can be written as
{jn ~ 0o — ke 7, = 0 (34)

Now, using the Fourier transform relations, we still find that the factor jQ con-
verts to the differential operator dAlt; however, we can now interpret the

exponential exp(—jQ2 7) as a time delay of 7. The relevant rate equation is

dE;(t)
dt
This equation is, of course, Lang and Kobayashi's delay-differential equation [8].

= jQ OEl(t') + ICEI(t—‘T) (35)

Explicitly evaluating the coupling coefficient, we get

c s
K= ——tgtig — 36
zliqu 21412 ' ( )

For a single dielectric interface (the case considered in [B]) this expression is
the same as was given in the reference. Although the equation was heuristically
derived in [8] by adding a delayed feedback term to a standard rate equation, we

have formally justified it and have extended it to the case of a lossy coupling.
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Consequently, the delay-differential equation is equivalent to the full set of mul-

timode rate equations for the modes of the composite cavity.

9.5 Conclusions

While it may be desirable to analyze coupled systems in terms of the filelds
in the individual cavities, grave problems are encountered if one attempts to use
the modes of the individual cavities and achieve quantitatively correct equa-
tions. FEither one is forced to use an integral representation of the field in each
cavity or use an incomplete set of basis functions. Even in the latter case, the
number of longitudinal modes required for a given accuracy may be undesirably

large; such is almost certainly the case in strongly coupled lasers.

An alternate representation, which does not run into the problems of
coupled-mode theory, is to derive local field rate equations. Such a treatment
can yield quite simple expressions for the self- and cross-coupling ceoeflicients.
The formalism relies on the development of a set of frequency-dependent rela-
tions between the different field amplitudes and the subsequent conversion of
those relations into a set of first-order differential equations for the fields.
Since the fields from which the basic relations are derived are based on the
composite cavity modes, a local field theory possesses none of the difficulties of

a theory based upon individual cavity modes.

We treated the case of two longitudinally coupled laser cavities and calcu-
lated the coupling coefficients between the fields in the two cavities. We calcu-
lated the corrections to Marcuse's heuristic formulas and showed that they
agreed with numerical calculations, while providing simple analytic formulas for

the self- and cross-coupling coefficients.

We then showed how the formalism can be extended to generally derive
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linear rate equations from approximations of F(Q), As an example, we derived
and justified the previously heuristically derived delay-differential equation of
Lang and Kobayashi and calculated the coupling coefficient of the delayed term

resulting from a general coupling element.
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