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ABSTRACT

This thesis studies the structures, design procedures and implementations of FIR
perfect-reconstruction digital filter banks. The first part of the thesis deals with the
structures and the design procedures of the perfect-reconstruction filter banks where
the polyphase transfer matrices are lossless. These structures are parameterized by
a set of rotation angles [37]. The usual procedure is to blindly optimize these angles
to minimize an objective function where the objective function consists of all the
stopband energies of the filters which we would like to design. This procedure
is very time-consuming because of the nonlinear objective function and the large
number of parameters to be optimized. The pairwise-symmetry property is imposed
on these perfect reconstruction systems as a means of decreasing the number of
parameters (rotation angles). The pairwise-symmetric property together with a
method to tnitialize these rotation angles gives a very efficient design procedure.
Design examples and complexity of the pairwise-symmetric, perfect-reconstruction
FIR filter banks have compared well with the approximate perfect-reconstruction

systems.

The second part of the thesis studies the structures and the design procedures of
perfect-reconstruction filter banks which yield linear-phase filters. By confining the
problem to a class, we are able to count exactly the number of linear-phase, perfect-
reconstruction filter banks in this class. For the two-channel filter banks, we have
obtained structures and design procedures for all nontrivial systems. Comparison
with the approximated perfect-reconstruction systems in terms of complexity and
performance is made. In our subclass of linear-phase, perfect-reconstruction, there
are three structures for the case of three-channel filter banks. By limiting the

problem to one of these systems, we obtain structures which yield linear-phase,



perfect-reconstruction filters. The implementation complexity is studied. Design
examples for all new methods presented here are included, along with tabulation of

lattice and filter coefficients.
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CHAPTER 1
INTRODUCTION

The last decades have seen a rapid growth of high-speed integrated circuits,
along with which digital signal processing has expanded greatly in both theoretical
and implementational aspects. Systems that could not be implemented in the past
due to the lack of high speed circuits can now be built in research laboratories and
companies around the world. The digital-signal processor and its development sys-
temns, which have recently emerged for commercial uses, have helped in bridging the
gap between theory and practice in digital-signal processing. Digital-signal proces-
sors are thus used in many applications such as speech synthesis and recognition,
image processing and spectrum estimation, to name a few. Improvements in VLSI
technology have led to increasing speeds of operation of the digital-signal proces-
sors, yet there is a need for algorithms which can be executed in real time. The
search for faster algorithms has led to the advent of a new avenue, viz, Multirate

Signal Processing.

Unlike a single rate system where the sample spacing is constant, sample spacing
in a multirate system can vary from point to point. This often results in a more
efficient processing of signals, because the sampling rates at various internal points
can be kept as small as possible. One example of a multirate system is a block
filtering system, which converts a signal into M parallel subsignals via a switch as
shown in Fig. 1.1. If the sampling rate of the input signal z(n) is B Hertz, then the
sampling rate of each subsignal u;(n) is B/M Hertz. The advantage of the above

system is that the u;(n) can now be processed in parallel at a much smaller rate.

Encouraged by the efficiency of implementation of multirate systems, many re-



searchers have recently used them in communications, speech and image processing,
radar systems and antenna systems. An excellent tutorial article on the application
of multirate systems appears in [34,38]. In particular, [34] points out the applica-
tions in digital-audio systems, in subband coding techniques (used in speech and
image compression) and in analog voice privacy systems (for standard telephone
communications). Further applications include new techniques for efficient coding
of impulse response sequences of narrow band filters, design of FIR filters with ad-
justable multilevel responses, adaptive filtering in subbands and derivation of new

sampling theorems for efficient compression of signals [34].

One of the topics which has recently received a lot of attention is digital fil-
ter banks, since it finds many applications in image processing, speech analysis,
bandwidth compression, voice privacy, radar and sonar signal processing and spec-
trum parameterization of signals. Nearly all of these systems have, as their basis,
some form of filter bank decomposition and/or reconstruction of signal in which
the filter bank components occur in decimated form. The spectrum of any phys-
ical signals have different energy concentrations depending on the nature of the
signals. For example, most of the energy of a speech signal usually concentrates
at the low-frequency end of its spectrum. In order to encode or transmit these
signals efficiently, it is judicious to assign more bits per sample to the low-frequency
bands and less bits per sample to the high-frequency bands, provided that we have
a method to separate these frequency bands. We will propose a filter bank system

which enables us to accomplish the above goals.

Fig. 1.2(a) illustrates the basic framework of an M-channel filter bank. The
filter bank analyzer splits the input signal z(n) into M subband signals, which in

turn are decimated by M and encoded prior to transmission. At the receiving end,
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the M subband signals are decoded (possibly after demultiplexing), interpolated
and recombined using the filter bank synthesizer. The decimator, which decreases
the sampling rate of the signal, and the interpolator, which increases the sampling
rate of the signal, are denoted respectively by the down-arrowed and up-arrowed
boxes in the figure. We will elaborate on their functions in Chapter 2. In addi-
tien to separating the spectrum of a signal, the above filter bank is also useful in
transmitting a high-bandwidth signal over a narrow-band channel. Physically, the
channel can take many forms such as telephone lines and fiber optic lines, or it can
even be the atmosphere. Of course, if the channel is the atmosphere, one should

time-multiplex the M-subband signals before transmission.

The filter bank analyzer and synthesizer are sets of filters as shown in Fig.
1.2(b). Hy(z) and Fi(2) are called the analysis and synthesis filters, respectively.
The filter banks in which Hi(z) and Fi(z) reside are called the analysis bank and
the synthesis bank, respectively. Normally, we will design Hy(z) and Fp(z) to be
lowpass filters; Hy(2z) and Fj(z) to be bandpass filters, etc. The last filters Hps—1(2)
and Fys_1(z) are highpass filters. The frequency responses of these filters are shown
in Fig. 1.2(c). From now on, we will work only with the filter bank shown in Fig.

1.2(b), where the filter= have frequency responses as shown in Fig. 1.2(c).

Ignoring the nonideal channel characteristics and the nonlinear encoding/decoding
error, the signal Z(n) suffers from three errors, namely, aliasing because of change
in the sampling rate, amplitude and phase distortions. These are due to the non-
ideal nature of the analysis and synthesis filters. The objective is to design both
filter banks in such a way that all three distortions are eliminated; that is, Z(n) is a
delayed version of z(n). The system where all three errors are eliminated is called

a “perfect reconstruction” system, in short, a PR system. Moreover, such a system



should also be designed and implemented at a finite cost.

To illustrate the use of the above digital filter bank in speech compression, let
us consider the system for transmission of a speech signal in Fig. 1.3. To transmit
this signal, we need to encode it with 8 bits/sample. Since the sampling rate is
8 KHz, the total number of bits needed here is 64 Kbits per second. However,
as is evident from Fig. 1.3, the energy in the low-frequency band is generally
much more than that of the high-frequency band. Thus, it is judicious to allocate
less bits per sample in the frequency band which has little or no energy, viz, the
high-frequency band. As an example, let us split the spectrum of the above signal
into 4 subbands and allocate the following bits for the subbands: 8 bits/sample, 4
bits/sample, 3 bits/sample and 2 bits/sample for the first, second, third and last
subbands, respectively. Since the sampling rate in each subband is one-fourth of
the original sampling rate, the total bits needed for this technique are 34Kbits per
second. Thus, we are able to compress the speech signal from 64 Kbits per second

to 34 Kbits per second, which gives us a compression ratio of 1.82.

Many approximate solutions to the above problem of eliminating the three types
of error in multirate filter banks have appeared recently in the literature. Most of
these systems cancel aliasing introduced by the change in the sampling rate. De-
pending on the filters used in these systems, they either cancel amplitude distortion
while minimizing phase distortion, or vice versa. For instance, by taking the synthe-
sis and analysis filters to be linear phase FIR (finite impulse response), the design
in [32] is able to eliminate phase distortion. Then they focus on designing these
filters such that the amplitude distortion is minimized. In the other design [83], the
amplitude distortion is eliminated by choosing the filters to be zllpass. The phase

distortion is then minimized by carefully designing these allpass filters. For a while
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it seems that the PR system is impossible to design.

When doubts were cast on the existence of a PR system, new light in the case
of two channels shone in [5]. This discovery led to a frenzy of researchers trying
to find PR systems with an arbitrary number of channels -M. By using a tree-
structured architecture, the problem can be solved if M = 2%. However, tree-
structured systems are known to have unnecessarily large group delays and thus
can have a big effect on applications where small group delays are crucial. Two
independent theories in [7,11] have shown that a PR system indeed exists for systems

with an arbitrary number of channels. They also have a design procedure for a PR

system.

The system in [7] involves orthogonal matrix functions and lattice structure
theory. The difficulty, however, lies in the design method of producing these filters
efficiently. In other words, it can take a long time (days) to design a set of filter
banks for a particular set of specifications. Moreover, filters with high attenuation
and sharp cut-off band edges are difficult (if not impossible) to design. Basically in
these PR systems, the filter banks are realized in the form of a cascade of lattice
sections. The difficulty is partly due to the optimization of a large number of
parameters in these lattice sections. Typically, one optimizes these parameters in
the lattice sections to yield good filters Hy(z) and Fi(z) in Fig. 1.2(b). Apart from
the intrinsic relations imposed on both filter banks (so as to yield PR property),
the analysis filters Hi(z) and the synthesis filters Fi(z) are not related among
themselves. If we impose additional constraint such as the pairwise symmetric
condition (to be explained) on each filter bank, then the number of parameters
to be optimized is cut by a factor of 2. As a result, we would be able to design

these systems faster. To illustrate the idea, let us consider the filter bank for three



channelsv. Here, incorporating the mirror-image constraint together with applying
the initialization procedure (to be elaborated), we are able to design the analysis
filter bank as shown in Fig. 1.4 very fast compared to the design in [7|. The three-
channel PR FIR analysis filter bank in Fig. 1.4 satisfies the pairwise-symmetric
condition; i.e., Hy(z) = Ho(—z) and Hy(z) = «;(2?), where a;(2) is an arbitrary

polynomial.

It is important in image coding to preserve phase imformation. The filters of
the PR system in [7], however, do not have linear-phase responses. They instead
satisfy the power-complementary property, namely,

M-1

> [He(e¥) = 1. (1.1)

k=0
Furthermore, it is shown in [31] for the case of two channels that only trivial filters
exist if both linear phase and power-complementary properties are imposed on the
structure. It turns out that power-complementary property is not necessary for PR
systems. Thus, by sacrificing the power-complementary property for the case of
two channels, we are able to obtain PR system with linear-phase responses. For

the arbitrary number of channels, however, we will show that there are PR systems

that have both power-complementary and linear-phase properties in their filters.

Thesis outline: In Chapter 2, basic tools such as decimators, interpolators and
digital filter banks are reviewed, along with the interconnection properties of these
building blocks. Some of the important results about the decomposition of the PR
system into a cascade of lattice sections as well as the initialization of these lattice
sections are also described in Chapter 2. Chapter 3 introduces the concept of mirror-
image filter banks and their structures. Design examples are given to illustrate the

theory. Comparisons between the new PR filter bank and the approximated
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conventional filter banks are also studied. A table of the analysis filter coefficients
for several sets of specifications are given at the end of the chapter for future use.
The linear-phase PR systems are addressed in Chapter 4. Here, we will show that
for a particular M (number of channels), there are many feasible classes of linear-
phase PR systems. We study extensively one of these classes for the case of two
and three channels. Consequently, explicit lattice structures for these linear-phase

PR filter banks are derived. Design examples and comparisons with approximate

PR systems are also studied.

In the initialization of the lattice sections in a PR system, we use the concept of
an eigenfilter. Appendix A elaborates on the design and applications of eigenfilters
in both normal and multirate digital-signal processing. Basically, eigenfilters are
linear-phase FIR filters with minimum stopband and passband errors in energies (to
be elaborated). An eigenfilter’s coeflicients come from the eigenvector corresponding
to the minimum eigenvalue of a particular, real, symmetric, and positive definite
matrix. In terms of optimality and design time, eigenfilters perform no worse than
filters designed using the equiripple method [62,92]. Appendix B concentrates on a
new method to design half-band filters, which find application in multirate signal
processing in the form of decimation and interpolation filters. A comparison with

the conventional approach is also made.

Notations used in the thesis: The variable w is used as frequency variable,
whereas the term “normalized frequency” is used to denote f = w/2w. The fre-
quency response of a transfer function H(z) is expressed as H (&%) = |H (e/)|e7#(),
where |H (e’*)]| is the magnitude response and ¢(w) the phase response. The quan-
tity 7(w) = —dé(w)/dw is the group delay of H(z). If |[H(e’¥)| is constant for all

w, H(z) is allpass. If ¢(w) has the form ko — kyjw, then H(z) is said to have lin-
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ear phase and the group delay is a constant k;; physically, if the input to such a
filter H(z) has energy only in the passband of H(z), then the output is a delayed
version of the input, by k; samples. Unless mentioned otherwise, a lowpass filter
has real coefficients so that |H(e’*)| is symmetric and ¢(w) is antisymmetric with
respect to w = 0. Usually |H(e’%)| is plotted for 0 < f < 0.5 (i.e., for 0 < w < 7),
since |H ()| = |H(e/®™%))| for 7 < w < 27. H(z) is a spectral factor of G(z) if
G(z) = H(2)H(z™1). FIR and IIR are abbreviations for finite impulse response and

infinite tmpuse response, respectively.

We say “H(z) is symmetric” if the impulse response h(n) of H(z) is symmetric,
and so on. The center of a linear phase FIR transfer function is defined to be the
center of symmetry or antisymmetry of h(n). Clearly, the center of H(z) could be
either an integer or an odd multiple of (1/2). The mirror image of H(z), denoted
by H(z), is defined as H(z)2z~W-UH(21). Here, h(N — 1) is the highest nonzero
coefficient of H(z), and N — 1 is called the degree of H(z).

Bold-faced quantities denote matrices and vectors, as in A, H(z), etc. The
symbol I; denotes the k X k identity matrix (with subscript often omitted). The
quantities AT, At and A* denote the transpose, transpose-conjugate, and conjugate
of A, respectively. For functions H(z), the notation H,(z) denotes conjugation of
the coefficients without conjugating z. For example, if H(z) = a + bz}, then
H,(2) = a*+b*2"!. Thus, H*(z) = H.(2*). The notation H(z) stands for HT (z™1).
In other words, conjugate the coefficients, take transpose (if matrix) and replace z
with z=!. When z = e/ (i.e., on the unit circle), we have H(z) = H!(2). A pxr
matrix A is said to be unitary (orthogonal if it is real), if ATA = cI,, ¢ # 0. The
degree of a p X M system (also called McMillian degree [57]) H(z) is equal to the

number of scalar delays (i.e., 27! building blocks) required to implement it. The
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symbol Wy stands for e772*/M_ The subscript M is usually deleted because its value
is often clear from the context. This quantity appears in the definition of a discrete
Fourier Transform (DFT) [95],(96]. Thus, an M-point sequence [zg, 1, ..., Tapr—1]
has the M-point DFT sequence
M-1
Xe= Y z,W" 0<k<M-1 (1.2)
k=0

The inverse DFT (IDFT) is given by
] M-1 \
n= X W™, 1.3
Tn = 37 ;CZ:% k (1.3)

The most crucial property of W, which finds repeated use in multirate signal pro-

cessing, is the following:

M-1 - .
Z Wwen — {M, k = multiple of M (1.4)
k=0

0, otherwise.

For any pair of integers k,n we have W* = W" if and only if £k — n is an integer

multiple of M. In particular, therefore, WF £ W™ for0<k <n < M — 1.
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CHAPTER 11
BASIC BUILDING BLOCKS AND VARIOUS RESULTS
ON DIGITAL FILTER BANKS

In this section, we introduce the decimator and interpolator along with their
frequency-domain characteristics, and interconnection behavior. Furthermore, the
polyphase decomposition, a tool for analyzing digital filter banks, is also studied.
This representation yields the polyphase transfer matrices associated with both
analysis and synthesis filter banks. Consequently, the necessary and sufficient con-
dition for which the filter bank in Fig. 1.2(b) is a PR system can be derived [7].
For FIR structures, a necessary and sufficient condition for them to be PR is that
the determinants of their polyphase transfer matrices are delays. Structures in
which their polyphase transfer matrices are lossless [7], [97] are special cases. These
lossless filter banks are parameterized by a set of rotation angles [37]. Thus, by
constraining the structure to be lossless, we can search for a set of rotation angles,
which yields filters with good responées as in Fig. 1.2(c). This procedure is as
complicated as finding a way down the Himalayas blind-folded, with a stick. This
Himalayan task will be easier if one can start near the ground and search for the
way down. Therefore, given any filter Hy(z), if we can somehow initialize the lattice
coefficients, then only a few iterations are needed to obtain the optimal result. We
will elaborate on this procedure in this chapter. This initialization procedure is the

backbone for the fast design of PR systems.
2.1. Decimator and interpolator

Fig. 2.1 shows block diagrams of these building blocks. The decimator is char-
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acterized by the following input-output relation
yp(n) = z(Mn), (2.1)

which says that the output at time n is equal to the input at time Mn. As a
consequence, only the input samples with a sample number equal to a multiple of
M are retained. This sampling rate reduction by a factor of M is demonstrated in
Fig. 2.2(b) for the case of M = 3. Since decimation corresponds to compression in
the time domain, one might expect a stretching effect in the frequency domain. To

be more precise, the z-transform of yp(n) is given by [2]

1 M-1

Yp(z) = v kz:o X(2YMWF). (2.2)

On the unit circle, (i.e., z = /), Yp(e?*) is such that MYp(e*) = Ajil X (e 2km)/M)y,
The term with k = 0 is indeed the M-fold stretched version of X (e];:“:’{; . The remain-
ing (M —1) terms with k > 0 are uniformly shifted versions of this stretched version.
Fig. 2.3(b) demonstrates this effect for M = 3. The (M — 1) terms with k£ > 0 are
called the aliasing terms, since they involve the shifted version of X (e’*). As long

as z(n) is bandlimited to |w| < m/M, there is no overlap of these terms with the

k = 0 term.

On the other hand, the L-fold interpolator is characterized by the input-output

relation

ydn%:{z&) : if n is a multiple of L

0 ; otherwise. (2.3)

The output yr(n) is obtained by inserting (L — 1) zero-valued samples between
adjacent samples of z(n), as demonstrated in Fig. 2.2(c). The z-transform of the

interpolator ouput ys(n) is given by [2]

Yi(2) = X(25). (2.4)
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x(n) —{ yM—> yp(n) (a)

The M-fold decimator.

x(n) —> 4L > v (n) (b)

The L-fold interpolator.
Fig. 2.1 The decimator and interpolator building blocks.

4 x(n)
(a)
1] ‘ ‘ 1, .
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$ypm)
(b)
| L
0 1 2 3 4 n
s
YI(n) (c)
0 3 6 9 12 15 18 21 24 27 n

Fig. 2.2 Demonstration of decimation for M=3
and interpolation for L=3.
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On the unit circle, Y;(e™*) = X(e™L), which implies that Y;(e’*) is an L-fold com-
pressed version of X (e’”) as demonstrated in Fig. 2.3(c). The multiple copies of

the basic spectrum in Fig. 2.3(c) are images created by the interpolator.

Interpolator and decimation are linear systems, but are time-variant [2]. Cas-
cades of decimators and interpolators, as in Fig. 2.4 are often encountered in

filter-bank systems. We can verify that

_ [ z(n); n multiple of M .
y(n) = {0; otherwise, (2.5)
and the transform domain relation is (by using both (2.2) and (2.4)):
1 M-1
Y(z) = — > X(zWF), (2.6)
M =

which in turn means that MY (e’*) is the sum of X (e’*) with the (M —1) uniformly

shifted versions X (e7(w=27/M)),

Let us now study cascades of a decimator or an interpolator and a transfer
function as shown in Fig. 2.5, since these forms of cascades are used in the filter
bank (see Fig. 1.2(b)). The identity in Fig. 2.5(a) can be proved based on (2.2),
provided that G(z) is a rational transfer function (i.e., a ratio of polynomials in
z71). In a similar manner, the two cascades in Fig. 2.5(b) are equivalent (provided
that G(z) is rational) as can be proved from (2.4). These identities are very valuable

in many applications for efficient implementation of filters and filter banks.
2.2. Polyphase decomposition (representation)

We shall now represent the filters in “polyphase form” [2], [17] for convenience.

Suppose each of the analysis filters Hy(z) is represented as

M-1
Hk(z) = ;} Z—eEk’g(zM). (27)
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x(n) =¥ M—{ $ M— y(n)

Fig. 2.4 The effect of decimation followed by interpolation.
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Fig. 2.5. Identities for multirate systems.
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Similarly, let each synthesis filter F(z) be represented as
M-1
Fk(Z) = Z Z—(MWI-Z)RUC(ZM). (28)
=0
Note that given Hy(z) and Fi(z), the above representations are always possible. We

can collect the two equations for all Hi(z) and Fi(2) in a matrix form as follows:
HO(Z) Eo’o (ZM) . EO,M~1(ZM) 1
: = : : : (2.9)
HM..l(Z) EM_.LO(ZM) e EM_l’M_l(ZM) z—(M_l)

RO,O(ZM) RO,M»l(ZM)
(Fo(2) ... Faya(2))=(z™MY . 1) : - :

RBar-10(z

and

M) Rar-1.m-1(2M)
(2.10)

With this representation, we can always redraw [7] Fig. 1.2(b) in the form of Fig.
2.6, where B(2) = [E;(2)};0 < k, £ < M —1 and R(z) = [Rex(2)],0 < k, £ < M 1.
Fig. 2.6 is precisely the polyphase representation of the filter bank in Fig. 1.2(b).
We can employ the identities in Fig. 2.5(a) and (b) to move the decimator and
interpolator, resulting in Fig. 2.7(a). It is clear that if the filters Hy(z) and Fi(z)
are such that

R(2)E(z) = 27 ¥1, (2.11)

then the system in Fig. 2.7(a) becomes Fig. 2.7(b), which is a PR system. The sets
of filters Hi(z) and Fi(z), which satisfy (2.11), are called sets of PR filters. Given
an FIR polyphase transfer matrix E(z), the obvious choice of R(z) which satisfies
(2.11) is

R(z) = 2 KE"!(2). (2.12)

The above choice of R(z), in general, yields IIR synthesis filters. Furthermore, the
resulting synthesis bank might not be stable for any choice of E(z). In order to

ensure stability for the synthesis filter bank, E(z) is such that its determinant is
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Fig. 2.6. The polyphase representation of the filter
bank in Fig. 1.2(b).
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Fig. 2.7(a). Equivalent filter bank for Fig. 2.6.
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Fig. 2.7(b). Equivalent structure of Fig. 2.7(a) where
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a minimum-phase polynomial (all zeros are inside the unit circle). On the other
hand, if only FIR filter banks are permitted, then for a PR system, the determinant
of E(z) has to be a delay (within a scale factor). A subclass of FIR matrices for
which the determinant of E(z) is a delay is the family of lossless matrices [7], [99].
In order to design FIR PR QMF banks systematically, we now turn attention to

this-family.
2.3. Discrete-time lossless systems:

A transfer function H(z) is said to be lossless [16], [99] if for all z
H(z)H(z) = I, (2.13)

where ¢ # 0. On the unit circle (z = /), H(2) is unitary; i.e., H'(e’*)H(e’*) = cI.
Thus, a constant unitary matrix is a trivial example of a lossless system. A causal
stable allpass function H(z) is also another example of a lossless system since by
definition, |H (e’*)| = constant. Lossless examples with p = r = 2 are the 2 x 2

orthogonal matrix 1 « and the matrix 1 -1 -
« 1 0 =z

To explain the concept of the lossless system physically, let us consider a p x r
system with transfer function H(z). This system has r-inputs and p-outputs, de-

noted by the vectors u(n) and y(n), respectively. The input and output energies

o0

are defined respectively as Ey, = > uf(n)u(n) and E, Z yi( . A loss-

n=-00 n=-—00
less system has the property that Ey = cE, where ¢ # 0. Note that if ¢ = 1,

then Ey = Ey, or in other words, the output energy is the same as the input en-

ergy. Thus, the system does not dissipate any energy, thereby justifying the name

“lossless system.”
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When p = r, the inverse of a FIR transfer matrix is obtained from (2.13),

H(z) .

c

H(z) =

(2.14)

Therefore, H(z) satisfies the property that det H(z) = dz™¥, where K is an integer
and d is a constant [37], [97]. In other words, the inverse is not only guaranteed to

exist, but can be found from H(z) simply by writing ﬁ(z) For example, let

(1 1 \(1 o\(1 1) [14z' 1-2z1
H(z) = (1 ——1) (0 z'l) (1 —1)~(1——z“1 1+z“1)' (2.15)
H(z) is therefore lossless since it is a cascade of lossless systems. The inverse is

given by

_ ~ 1{1 1 1 0y1(1 1 1(1+2z 1—-2=2
H 1 — H _— — = —
(=) = (z)”z(l —-1) (o 2)2(1 —1) 4(1—z 1+z)' (2.16)
It is clear from (2.14) that H™'(z) is lossless if and only if H(z) is lossless. In

order to physically realize the above transfer matrix H™!(z), we will need to make

it causal by multiplying H™!(z) to a delay; i.e.,

e 1{1+2zY —1+4271
-t = - . .
£ (2) g\ ~1+2z1 14271 (2:17)

2.4. Use of lossless system in digital filter bank design.

Returning to the filter bank in Fig. 2.7(a), let us restrict E(z) to be real-

coefficient, FIR and lossless and choose R(z) as
R(z) = 2 ¥E(2) = ca ¥E7(2), (2.18)

so that PR is guaranteed. The delay 2 ¥ ensures causality of the synthesis bank.
For example, if E(z) is as in (2.15), then R(z) should be as in (2.17). With the
above choice of E(z) and R(z) as in (2.15) and (2.17), the analysis filters Hy(z) and

the synthesis filters Fi(z) obtained from (2.9) and (2.10) are:

Ho(z) =1+z21 422 ~27% Hilz)=1+z2z"'—z7+278 (2.19)
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and
Fo(z) ==1+z2z1+22+27% Fz)=1-21+2"7 4273 (2.20)

Thus, a simple choice of lossless E(z) results in a FIR PR filter bank.

Any arbitrary choice of lossless E(z) does not necessarily yield good filters as
evidenced from (2.19) and (2.20). These filters are only third-order filters. There-
fore, one needs a systematic procedure to design good filters Hi(z) and Fi(z) and
at the same time guarantee that E(z) is lossless. Naturally, the better the filter per-
formance, the higher the order of the required filter. Thus, given any order E(z), if
we can come up with a structure that spans all lossless E(z) with that order, then

by optimizing the parameters of this structure, we might be able to obtain good

filters.

A structural representation for lossless E(z), developed in [15], [37] is shown in
Fig. 2.8. This is a cascade of N (real) orthogonal matrices K;;0 < k < N — 1,

separated by diagonal matrices of the form

1 0 ... 0 O
o1 ... 0 O
A =|: ¢ | (2.21)
00 ... 1 O
00 ... 0 z!

Recall that an arbitrary M X M real orthogonal matrix requires (1\24) parameters
(rotation angles) for complete characterization. The N — 1 matrices K;,0 < k <

N —2 are special types of orthogonal matrices with M — 1 planar rotation operators

of the form (COS 6 sind

. . The rightmost matrix Ky_;, on the other hand, is a
sind —cosé

general orthogonal matrix characterized by (A;I) planar rotations as in Fig. 2.9(b).
It is shown in [37] that every real-coefficient FIR lossless system E(z) of degree

N —1 can be represented as in Fig. 2.8(b) with matrices as in Fig. 2.9. Conversely,
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the structure in Fig. 2.8(b) with matrices as in Fig. 2.9 necessarily represents a
real-coefficient FIR lossless system. Thus, the angles in Fig. 2.9 form a complete set
for characterizing real-coeficient FIR lossless E(z). Moreover, the representation in
Fig. 2.8(b) is canonic (i.e., minimal) in number of delays, and in number of planar

rotation parameters.

The total number of planar rotations in Fig. 2.8(b) is

M
Np:(M—~1)(N—1)+<2), (2.22)
and the maximum length of an analysis filter with this setup is
L=MN-1)+M-1. (2.23)

The number of parameters N, clearly grows linearly with respect to L and quadrat-
ically with respect to M. For example, with M = 3 and analysis filters of length
56, we have N, = 39. Let us define an objective function related to the error in the

analysis filter bank as

¢= Z/ |He () Pdw. (2.24)

kthstopband

For lossless E(z), the analysis filters Hy(z) satisfy the power-complementary prop-
erty as in (1.1) [7]. Thus, it is sufficient to include in ¢ only the stopbands of Hy(z).
Notice that in terms of the rotation angles in Fig. 2.8(b), the objective function
in (2.24) is highly nonlinear. We thus have a formidable task in optimizing these

rotation angles to yield analysis filters Hi(z), which minimize the above objective

function.

It is shown in [36] that if we can make an initial guess of any analysis filters of

length L, say Ho(z), then all of N, parameters except

N, = (A;) (M- (2.25)
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parameters can be initialized based on Hy(z). Thus, once Hy(z) is known, only N,
parameters are still underdetermined in Fig. 2.8(b). Eq. (2.25) therefore measures
th.e number of degrees of freedom available for the design of Hy(z),1 <k <M —1,
once Hy(z) has been fixed. In other words, losslessness in E(z) puts a constraint

onn Hy(z),k # 0 once Hy(z) is fixed.

For instance, with M = 2, we have Ny = 0, which shows that we have no
freedom of choice of H,(z), once Hy(z) is fixed. This is consistent with the earlier
observations [5], [7], [19] that for the M = 2 case, losslessness of E(z) completely
constrains Hy(z) to be Hy(z) = 2~ E~YVHy(—271). For the M = 3 case, N; =1, so
that, once Ho(2) is fixed, only one degree of freedom can be exercised in choosing
H1(z) and Hq(2). It is important to realize that Ny is independent of the filter length
L. Consequently, if Ho(z) is known, we have to optimize only the remaining Ny
parameters, regardless of filter length, to obtain Hi(z),1 < k < M — 1. In practice,
however, we have the option of reoptimizing all the parameters after initializing of

a subset of parameters based on the initial choice of Hy(z).

In order to exploit this to our advantage, it is first necessary to find an ap-
propriate initialization for Hy(z), which is the purpose of this section. We can

mathematically express Hy(z) as

Ho(z) = [1 271 ... 2~ MD]ey(M), (2.26)

where el (z) is the 0** row of E(z). By replacing z with zW * for 0 <k < M —1,

we can arrive at M equations like (2.26). Stacking these filters together, we obtain

HQ(Z)
Ho(zW ™) | _ a(z)el (=), (2.27)

Ho (ZW—(M—U)
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where W is the M x M DFT matrix and A(z) is the diagonal matrix of delays

1 0 0
0 2t 0

A(z) = ° . (2.28)
0 0 z~(M-1)

Since E(z) is lossless, the vector eg(z) is lossless. The matrices W and A(z) are
clearly lossless; therefore, the product in (2.27) is lossless; i.e.,

M-1

ST Ho(zW ) Ho(2W ) = ¢, (2.29)

k=0
where ¢ # 0. This proves that Go(z) = Ho(2)Ho(2) is an M*-band filter. Recall
that an M**-band filter Go(z) satisfies the condition Ail Go(2W™F) = ¢. In other
words, Hoy(z) is a spectral factor of an M**-band ﬁltke:rcf It can then be verified
that eg(z) is lossless [36]. Let N — 1 denote the degree of eg; then eq(z) can be
represented as [36]

eo(z) = U(2)P,y, (2.30)

where U(z) = Un_1(2)Un-2(2) ... Us(2)U;(2) and Pg is a M x 1 unit-norm vector.

If we construct an unitary matrix

H(_) = [P()P]_ . -PM—I] (231)

by using the Gram-Shmidt procedure, starting with the 0** column to be Py, then
the M x M FIR system

S(z) = U(2)H, (2.32)

is clearly lossless of degree N — 1. By defining E(z)éST(z), we obtain the FIR
analysis filters Hi(z) according to Fig. 2.8(a). This shows that once a spectral
factor Hy(2) of an M'*-band filter Gy(z) is obtained, it is easy to find a set of M —1
analysis filters Hi(z), 1 < k < M — 1 of the perfect-reconstruction system. The

number of freedoms in the above construction of Hi(z) is exactly the number of
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freedoms available in constructing an M x M orthogonal matrix when a column is

fixed. This number is

M
Ny = (2) —(M=1). (2.33)
As shown in [36], this technique covers every possible set of causal FIR filter Hi(z),
0 <k < M —1, provided that the degree of Hy(z) is (M(N —1) + M —1). In other

words, Hy(z) is assumed to have the maximal possible degree in the structure of

Fig. 2.8(a). Since this is a reasonable assumption in practice, we will assume it

unless mentioned otherwise.

The design procedure based on the above results would typically run as follows
[36]: First design a linear-phase FIR M**-band filter Go(z) with nonnegative am-
plitude response. Then identify a spectral factor of Go(2z) and label it as one of the
analysis filters, say Ho(z). These two steps can be designed using the eigenfilter
method described in Appendix A. The choice of the length of Gy(z), of course,
depends on the attenuation requirement of Hy(z). Next, figure out the polyphase-
component vector eq(z), using (2.26). This is guaranteed to be LBR. Synthesize
it in the form (2.30), and using the Gram-Schmidt procedure to construct an or-
thogonal matrix Hy as described in (2.31). The polyphase transfer matrix E(z) is
chosen such that E(z) = ST(z), where S(z) is as in (2.32). This process initializes
all except N; parameters in Hy. Optimize the remaining Ny rotation angles 6 to

minimize the stopband energies of Hy(2),1 <k <M —1.

The response of Hy(z) is usually very good. The responses of the other filters,
after optimization, however, are usually much worse than that of Hy(z). Therefore,
it is judicious to optimize not only the remaining N; rotation angles, but all N, of
them so that all filters (including Hy(z)) tend to come out equally good. This, of

course, takes a longer computation time, but is still much faster than the “random
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initialization” used in [7].

In Chapter 3, we study the PR structure, which yields pairwise-mirror image
filters Hy(z) and Fy(z). Since this structure can also be chosen to be lossless, we
will apply the above initialization approach to design the filter bank. For M = 3,
the filter H;(z) (rather than Hg(z)) was obtained as a spectral factor of a 3"*-band
linear-phase filter. All N, parameters are then optimized to minimize the objective
function in (2.24). Compared to the earlier method [7], [19], the new method
converges very fast and always leads to much improved attenuation characteristics

for a given filter length. The analysis filters Hy(z) in Fig. 1.4 are designed using
this method.
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CHAPTER III
MAXIMALLY DECIMATED PR FIR FILTER BANKS
WITH PAIRWISE MIRROR IMAGE ANALYSIS
(AND SYNTHESIS) FREQUENCY RESPONSES

As discussed in the previous chapters, any perfect reconstruction structure with

lossless E(z) can be realized as a cascade of lossless systems; i.e.,
E(Z) = KNI__]_ANI_g(Z) ‘e Ao(Z)Ko, (31)

where K, are constant unitary matrices, i.e., KEK,- =I1,0<7< N' -1, and

10 ... 0 O
01 ... 0 O
Mz =5 b
0 0 ...1 O
0 0 ... 0 27!

Since we consider only real coefficient QMF banks, thus K; are real orthogonal
matrices, that can be realized by a sequence of (A;[) planar rotations [7,9]. The

filters Hy(z) of the analysis bank in Fig. 3.1(a) are automatically guaranteed [7] to

satisfy the condition
M-1 .
> [Hi(e)F =1 (3.2)
k=0

by the lossless property of E(z). An objective function which represents the stop-

band energies of the analysis filters is

M-1
o= [ |Hi(e”)dw (3.3)
k=0

stopband

Since the constraint (3.2) is structurally enforced, the passbands of Hy(z) are also
“good” if their stopbands are good. The optimization of the parameters of K;
is time-consuming since the objective function ®; is a nonlinear function of many

parameters (the parameters being the planar rotation angles mentioned above).
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Fig. 3.1(a). The M-channel maximally decimated
parallel QMF bank.
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Z"1 }Z
—D‘M—»ooo —’fM—» M~ M

4> < >
ANALYSIS BANK SYNTHESIS BANK

Fig. 3.1(b). Polyphase implementation of Fig. 3.1(a).
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In an earlier design of perfect-reconstruction structure with lossless E(z) [7], the
magnitude responses of Hpr-1-(2) and Hy(z) are mirror images with respect to
7/2, even though this condition is not imposed on the system. In other words,
the resulting set of analyis filters Hi(z) tends to converge to a solution where
|Haro1-k(e7%)| = |Hp (/™) 0 < k < M — 1. Tt is judicious, therefore, to a priori
impose this pairwise mirror image property on the filter bank before optimizing the
parameters. The advantage here is that the number of parameters associated with
the pairwise mirror image structure is about half of that of the original PR structure
in [37]. Furthermore, the new objective function consists of only the stopbands of
Hi(2),0 <k < M/2 (assuming that M is even). Consequently, the design time for

this new pairwise mirror image structure is substantially reduced.

There are many ways in the time domain to impose pairwise mirror-image prop-
erty on the system to yield filters where |Hp—1-£(e?*)]| = |Hy(e7etm))], 0 < k <

M — 1. The two easiest possibilities are

Hpro1-k(z) = Hip(—2) (3.4a)

and
Hyro1-k(2) = 27 "Hy(—271) (3.4b)
for0 < k < M—1. Here, r is a positive integer large enough to ensure the causality of
Hpr-1-k(z). The other choices of time-domain relations are more difficult to write.
We therefore will consider only the pairwise mirror image structures which obey
either (3.4a) or (3.4b). An analysis bank satisfying (3.4) will be called a “pairwise-
symmetric analysis bank” in this chapter. We will use both “pairwise symmetry”
and “pairwise mirror-image” interchangeably in this chapter. For instance, if M = 3,

then

Hy(2) = Ho(—2), Hi(2) = eu(2?) (3.5)
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for some «;(z). Moreover, it is sufficient to optimize

w/3)—¢

T ] 2 ( Jwy 2
8, = /(-r/a)+€!Ho(e’ ) dw+/0 \H, (") [2dw, (3.6)

where ¢ depends on the desired stopband edges. In the next two sections, we
modify the structure of Fig. 3.1(b) such that the properties described in (3.4)
are structurally enforced. The number of parameters in the resulting structure is
approximately half those in our earlier structure [7]; thus, the design time for this

new structure is substantially reduced.

For reasons that will become clear as we progress, it is convenient to consider
two separate cases, viz., odd M and even M. Using the PR properties in Chapter
2 with appropriate constraints (3.4), we derive new PR structures in Sections 3.1
and 3.2, for odd and even M, respectively. In each section, we demonstrate theo-
retical results by design examples. For M = 4, we compare the filter lengths, the
complexity of the analysis bank, and the overall group delay caused by the QMF

bank, to the comparable tree-structure-based design [18,19].

3.1. Odd M.

Recall that any set of M transfer functions Hi(z), 0 < k < M — 1 can always

be represented as in Fig. 3.1(b), where E(z) is an M x M matrix. If we impose the

condition
HM—I—k(Z) = Hk(~z), 0 _<_ k S M - 1, (37)
then we can write
mE ), (11 ()
= — , (3.8)
Hyoa(z))  VE\1 —1) s ap1i(z?)

where [}, is some odd integer (with l, = 1, this representation is always possible).

Accordingly, the analysis bank can be redrawn as in Fig. 3.2, where L = (M —1)/2
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(M being odd). In this figure, the M x M matrix R has the form

1 0 ... ... ... O 1
o1 ... ... ... 1 0
R=Lloo0 .. va .. o o (3.9)
=7 |
1 ... ... ... -1 0
1 0 ... ... ... 0 -1
and is orthogonal. By writing a,(z) in the form
M-1
ap(2) = > 27PEL(ZM), 0<k<M -1, (3.10)
1=0
we can redraw Fig. 3.2 as in Fig. 3.3, where [''(2) is an M x M diagonal matrix of
the form,
| F 0
I'(z) = . (3.11)
0 JL(Z)

Here, J;(2) is a diagonal matrix with the diagonal elements z7'*. With [, = 1
for all k (so that J;(z) = 27'1.), any set of M transfer functions Hi(z) with the
constraint (3.7) can be realized as in Fig. 3.3. If we restrict [, = nyM (i.e., integer
multiples of M so that I'(z) = I'(zM)), we can realize a restricted class of such
transfer functions. If [; are so restricted, and if E'(2) is lossless, then the complete
QMF bank (shown in Fig. 3.4) is a perfect reconstruction system. This can be seen
by drawing it as in Fig. 3.5 and recognizing that E'(z?)T(z)RTRI(2)E/(2?) = I
so that Fig. 3.4 reduces to Fig. 2.7(b) except that 27! is replaced by z7%. It
can be shown that with the diagonal elements 27" in I'(z) restricted to be of the
neM

form 2z7™M_ where nj are arbitrary integers, losslessness of E'(z) in Fig. 3.3 is

equivalent to that of E(z) in Fig. 3.1(b). ! Furthermore, the synthesis filters Fj(z)
in Fig. 3.4 satisfy Fi(z) = 2~ (SM+t2M-3 ], (2) and the synthesis bank in Fig. 3.4 is
equivalent to that of Fig. 3.1(b) [7]. Consequently, the synthesis filters are pairwise

mirror-image with respect to 7/2 if the analysis filters are.

}See Appendix 3.A for further clarification of this perfect-reconstruction property.
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Fig. 3.2. The analysis bank for odd M.
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Fig. 3.3. The M-channel analysis bank in which the
filter's frequency responses are pairwise mirror
image about 1/2. (M is odd).
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Fig. 3.5. An equivalent structure for Fig. 3.4.
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Even though the condition [, = nyM makes it easier to see how to build a
perfect reconstruction system (satisying (3.7)), this condition is not necessary. As

an example, consider an analysis bank as in Fig. 3.1(b) with M = 5 and

1 1 0 1 1
1 1 0 -1 -1

E(z)=|0 0 2 0o o0 |. (3.12)
1 -1 0 1 -1
1 -1 0 -1 1

E(z) is orthogonal (and hence lossless) and moreover, (3.7) is satisfied. If we now

draw the analysis bank as in Fig. 3.3, we can verify that

1 0 1 00 1 00 O O

1 0 -1 00 010 0 O
E'(z)=|(0 2 o0 0 0}, I''(2)=f0 0 1 0 o0 |, (3.13)

1 -1 0 00 0 00 =z 0

1 1 0 00 0 00 0 21

so that E'(z) is not lossless and I'(2) is not of the form I'(2°) (i.e., I} not multiples

of M). Yet, it is a perfect reconstruction system, satifying (3.7)!

In summary, even though Fig. 3.3 with lossless E'(z), orthogonal R and with
I'(z) = I'(2M) (diagonal matrix of delays) leads to a perfect reconstruction system
satisfying (3.7), it does not cover all such systems. We can obtain a relatively more

general system by not restricting R to be as in (3.9). We now proceed to this issue:

Lemma 8.1: Consider the analysis-bank structure of Fig. 3.3, where I''(2) is of

the form
]:1\4_1\,11 0
I'(z) = F(zM) = (3.14)
0 Z_MIMx

with M odd and where M, is an integer with 0 < M; < M — 1. The relation (3.7)

holds if and only if R is of the form

A B
R=| C o |, (3.15)
P,A -P,B
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where A is L X (M —M,),Bis L x M;, Cis 1 x (M — M;), and Py is the Lx L

0 1
P, = ( ) . (3.16)
1 0

Here, M, is the number of connecting lines between E'(2?M) and R with delay

permutation matrix given by

z~M_ and M = 2L+ 1. A proof of the above lemma can be found in Appendix 3.B.
Notice that M; does not have to be equal to L (which is (M — 1)/2), even though

this was the natural choice when we derived the structures of Fig. 3.2 and Fig. 3.3.

Next, by forcing E'(z) to be lossless and R to be orthogonal, we can obtain

perfect reconstruction. Orthogonality of R implies

A. B
AT CT ATP,
RR"=| C 0 ( =1, (3.17)
BT o -B'P,
P,A -P,B

which is equivalent to the three following conditions

cct =1,
AAT =BBT = %IL, (3.18)
ACT =o.

Since R is a square matrix, (3.17) also implies RTR = I, which is equivalent to the

following conditions

2ATA + CTC = IM—-MU
(3.19)

BTB = L,

in terms of the submatrices A, B, and C.

The condition BBT = %IL in (3.18) implies that M; > L, whereas BTB = %IM1

in (3.19) implies that L > M;. In other words, the only choice of M; that is
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permitted by an orthogonal R of the form (3.15) is M; = L. With this, I'(z) and

R in (3.14) and (3.15), respectively, take simpler forms; i.e.,

I, O A B
I'(z) = , ‘and R=| C 0 , (3.20)
0o M1, P,A -P.B

where A is L x (L+1),Bis L x L and C is 1 X (L + 1). The pairwise symmetric
structure of Fig. 3.3, with I''(z) and R as in (3.20), is redrawn as Fig. 3.6. We can

simplify the structure in Fig. 3.6 further by observing that R can be written as

I, 0 0 /I 0 I\ /A O
R=|0 1 0||0 1 o0 C o|. (3.21)
o o P,J\I, o -1,/ \0 B

Form a square matrix D as follows:

D= (‘é) : (3.22)
(L+1)x (L+1)

The orthogonal requirements for A and C in (3.18) reflect into the following con-

i, o
DDT = ( ) ) (3.23)

dition on D:

0 1
Such D is easy to construct. For instance, denote the rows of an (L + 1) x (L + 1)

orthogonal matrix D' by d7, df, ..., df; then the matrix
do d; dr_: T

satisfies (3.23). Using the above orthogonal matrix D', R in (3.21) is equivalent to

I 0 O s 0 ZI D' o
R=|0 1 0 0 1 0 (0 \/§B)' (3.25)
1 1
0 0 P/ \5L 0 —Z%IL

We observe from Fig. 3.6 that D' in R can be moved to the left of the delays and
can be combined into the general lossless matrix E'(z), since the delay lines affect

only the last L lines of the structure. Furthermore, as evident from (3.18),
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B = V2B is an L x L orthogonal matrix of unit norm. Fig. 3.6, consequently, can

be redrawn as Fig. 3.7, where E’(z) is a general M X M lossless transfer function

matrix and R is

1 1

. (vl 0 5L

R=| 0 1 0o |. (3.26)
1 1
;/?IL 0 —'EIL

In summary, having chosen B to be any L x L orthogonal matrix of unit norm,
the analysis bank in Fig. 3.7, with R defined as in (3.26), is the analysis bank
of a perfect reconstruction structure in which the filters satisfy the pairwise image

property. Heré, f:)'(z), as shown in Chapter 2, is realized as in Fig. 2.9 and 2.10,

respectively.

Example 3.1: Let M = 3, so that the symmetric requirement (3.7) on the analysis
filters becomes Hy(z) = Ho(—2), Hi(2) = a;(2?). We also have L = 1 here, and
thus B = 1 and P, =1 R has the form

0 1
V2 0 |. (3.27)

0 -1

~ 1 1
R = % (1)
The structure in Fig. 3.7 is reduced to Fig. 3.8, where E’(z) is explicitly shown as
a cascade of orthogonal building blocks interlaced by delays. The synthesis bank,
shown in Fig. 3.9, is obtained by transposing each building block in Fig. 3.8.

Note that a delay 2~ (®¥*+1 js multiplied to the synthesis bank in order to obtain a

causal system. Using (2.22) to count the number N, of rotation angles 6; ;, we have

(counted in the analysis bank only)

N, = 2N +1. (3.28)

These N, rotation angles in the lattice structure for E/(z) are optimized to minimize
(3.6). As mentiond in Chapter 2, minimizing (3.6) by “random initializing” of 0, ;

is very time consuming. Often, the solution converges to a local minimum. If we
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can initialize these rotation angles somehow, then the minimization process would

be much faster and it would also yield much better results.

This is indeed possible. As outlined in Chapter 2, we know that each analysis
filter H,(z) is a spectral factor of a 3"%-band filter. Furthermore, given any Hy(z),
say Hi(z), we also outlined a procedure to initialize these rotation angles. As a
design example, let the number of orthogonal matrices K,, be N = 10. Then the
lengths of Hy(2) and H,(z) are 62 each, whereas the length of Hy(z) is 59. Since
we would like to use Hi(z) to initialize the lattice structure, we can first design a
3ri.band filter G;(z) of length 117 by using the eigenfilter method. The minimum-
phase spectral factor of G(z) is obtained and the rotation angles 6; ; are initialized
(20 angles). These initialized 20 rotation angles together with the Ny = 1 rotation
angle in the lattice structuré for E'(z) were optimized using IMSL subroutines [10]
on a computer so as to minimize (3.6). The resulting frequency response magnitudes
for ¢ = 0.06257 are shown in Fig. 3.10. The lattice coefficients 6; ; and the impulse

response coefficients h,,(n) are shown in Tables 3.1 and 3.2, respectively.

Example 3.2: Using the initialization technique outlined in the design of the three-
channel FIR PR QMF bank in example 3.1, we design a set of filters with different
specifications. We tabulate the properties of these filter banks as well as the lattice
coefficients and the filter coefficients in three tables in Appendix 3.F. The filter
length, transition bandwidth, stopband attenuation, etc; are shown in Table 3.F.1.
Tables 3.F.2 and 3.F.3 give the lattice coefficients and the filter coefficients of these
filter banks, respectively. Since the filter coefficients of Ho(z) and H,(z) are related

as hy(n) = (—1)"hg(n), we show only ho(n) and h;(n) in Table 3.F.3.
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Fig. 3.10. Ex. 3.1. Magnitude response plots for the optimized analysis filters.

Table 3.1  Lattice coefficients 8,,; (in radians) of the optimized
analysis filters in Ex. 3.1.

m ms.w ms.w ma,w

0 1.259059 x 10° | —1.526818 x 10°

1 2.368147 x 10° | —1.963775 x 10°

2 || -3.146314 x 101 7.844229 x 107!

3 1.171648 x 10T | —2.639372 x 10°

4 3.362273 x 1072 | —5.973011 x 10°

5 8.665927 x 107 | —2.963820 x 10°

6 3.704835 x 1072 8.909689 x 10~4

7 {| ~7.217059 x 10~2 3.556300 x 1074

8 —1.055272 x 10° | —9.922895 x 10~° | 1.572479 x 10°




Table 3.2

n ho(n) hy(n)

0 2.543807 x 103 5.776660 x 10~4%
1 0. 0.
2 || —3.118806 x 10~2 1.610769 x 10~
3 || —1.204284 x 1071 0.
4 || —2.723899 x 1071 | —1.267537 x 10~°
5 1| —4.387807 x 10~ 1 0.
6 || —5.262056 x 101 | —3.568539 x 10~°
7 | —4.534693 x 10~1 0.
8 || —2.237543 x 1071 5.855130 x 10~°
9 5.345022 x 10™2 0.
10 2.252414 x 1071 2.619256 x 10~
11 2.054070 x 101 0.
12 4.180549 x 10~2 | —1.487865 x 10~
13 I —1.200825 x 10~! 0.
14 || —1.553794 x 1071 1.017898 x 1072
15 || —5.698214 x 10~2 0.
16 7.189854 x 1072 1.706194 x 102
17 1.159408 x 10T 0.
18 5.107901 x 102 | ~3.646554 x 1077
19 || —4.816175 x 102 0.
20 || —8.698478 x 10~ 7 1.049357 x 1072
21 || —4.009365 x 1072 0.
22 3.552927 x 10~2 4.850350 x 1072
23 6.499536 x 1072 0.
24 2.888206 x 10~% | —7.050226 x 10~2
25 || —2.777611 x 10~ 0.
26 || —4.789591 x 10~2 4.084510 x 1073
27 I —1.007818 x 1072 0.

47

Impulse responses of the optimized analysis filters in Ex. 3.1.

28 2.228407 x 10~ 2 1.019727 x 1071
29 3.425984 x 10~2 0.
30 1.124890 x 1072 | —1.243129 x 1071
31 || —1.769298 x 10™2 0.
32 || —2.350616 x 1072 | —1.122346 x 10~°
33 || —5.539725 x 10~° 0.
34 1.368588 x 10~° 1.816790 x 10~1
35 1.515546 x 10~ 2 0.
36 1.698867 x 10~° | —2.313869 x 10~ 1
37 || —9.973167 x 10> 0.
38 || —8.990222 x 103 5.041226 x 107
39 4.167714 x 10~¢ 0.
40 6.867099 x 103 2.693288 x 107!
41 4.678399 x 1073 0.
42 || —1.438907 x 10~° | —5.199865 x 107!
43 || —4.160525 x 10~° 0.
44 | —1.932038 x 10~° 5.599947 x 107!
45 1.433994 x 107° 0.
46 2.303490 x 1073 | —4.122640 x 1071
47 4.285001 x 10™* 0.
48 || —1.286605 x 10~° 2.107532 x 107 T
49 || —8.147421 x 107¢ 0.
50 4.146013 x 107% | —6.791403 x 1072
51 4.782804 x 1074 0.
52 || —5.948637 x 10™° 9.744202 x 1073
53 || —1.541260 x 10~* 0.
54 0. 0.
55 2.211377 x 107° 0.
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3.1.1. Comment on generality:

The main difference of the design technique here as compared to [7] is that we
have structurally imposed the symmetry conditions, so as to cut down the number of
planar rotation angles in the optimization. Using this initialization method together
with the above pairwise-symmetric structures, we have been able to obtain designs
with much better stopband attenuation than before. This method has led to faster
optimization programs according to our experiences. We, however, can not claim
that our methods to enforce the symmetry are completely general, as evidenced by

the counter example of Equations (3.12), (3.13).
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3.2. Even M.

Suppose that we use the pairwise symmetric structure in Fig. 3.7 for even M
where L = M/2 here. For even M, all delays in this structure are even orders;
therefore, the resulting analyis filters Hy(z) are functions of z*. Thus, this system

is very limited. Instead of (3.4a), let us impose a different kind of pairwise symmetry

on the analysis filters as follows:
Hyroq-k(2) = 27" He(—271); 0<k<M-1, (3.29)

where r is a positive integer large enough to ensure the causality of Has—;-¢(2). For
the case of M = 2, Hy(z) = 27" Ho(—2"!). One recognizes that this is the condition
that Smith and Barnwell [18] and Mintzer [6] imposed on their analysis filters for
the 2 channel QMF bank. We shall generate this symmetry property by employing
the structure of Fig. 3.11. We shall constrain E(z) to be lossless by constraining

K; to be orthogonal matrices. K; and K;,; are separated by a transfer matrices

of the form (IL 0

0 z"MIL)’ where I = M/2. It can be verified that a cascade of

: | : I 0
orthogonal matrices and the above transfer matrices ( (‘;’ -M]
L

) yields lossless

It is clear that any arbitrary choices of K; do not yield pairwise symmetric
analysis filters. Thus, what form does K; take so that Hy(z) satisfy (3.4b). In
other words, let H,, ;(2) denote the transfer function from the input z(n) to the k™

output terminal of K,, (Fig. 3.11 denotes several examples of H,,x(2)). Suppose

that H,, x(2z) have the two following properties: (Fig. 3.12)

1. They form a set of PR filters.

2. They obey the pairwise symmetry property; i.e.,
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Fig. 3.11. The M-channel analysis bank in which the filter's
frequency responses are pairwise mirror-image about
T /2. (M is even).
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‘Fig. 3.12. One stage of the analysis bank in Fig. 3.11.
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Hparo1-k(2) = 27 mtOM=U g (271, (3.30)

The filters H,, x(2) in consideration here, are assumed to have the maximum order
possible; namely, ((m + 1)M — 1). The idea is to find K,,41 such that the same
above two properties are propagated to the (m + 1)!* stage; i.e., Hppy14(2) form a

set of PR filters and
Hm+1,M~1—-k(z) = z—((m+2)M“1)Hm+1,k('—Z~1). (331)

By considering only orthogonal matrices K;, the first condition above is automati-
cally satisfied. To propagate the pairwise symmetric property, the only matrix K, 1,

for which (3.31) holds for any set of H,,:(2) satisfying (3.30) is (see Appendix 3.C

for a proof)

Jmt11 Jmt1,2
Kpir = , (3.32)
~PiJms12P1 Pidpyi Py

where P; is defined in (3.16). Here J,,411 and J,,412 are arbitrary L x L ma-
trices. We observe that using (3.32) for K, does not yield a set of transfer func-
tions Hok(z) that satisfy the pairwise-symmmetry property, since the delay chain
(1z71...2~M-1)T does not satisfy (3.29). Hence, we need to initiate the induction
process by looking for an orthogonal matrix Kg such that Ho(2) satisfy (3.29), for
0 <k <M — 1. Notice that

Ho,o(z) 1
Hy4(z -1
) | g, S (3.33)
Hoa-1(2) z= (M=)

The only Kg in (3.33) for which Hyx(2) satisfy (3.29) has the form (see Appendix

3.D for a proof)
Jo1 Jo,2

» 3

K, = , (3.34)
PJo s Ps Pido P2
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where Jo 1, Jo2 are arbitrary L x L matrices, P; is as in (3.16) and

0 1 0

-1 -1

0 LxL -1 0 LxL

K11 and Kj in (3.32) and (3.34) can be rewritten as

I O I, O
Km+1 = . Tm+1 : 3 (336)
o P, 0 P,
I, O I, O
Ko = Ty (3.37)
0 P, 0o P,
where
Jmi11 Jmi1,2Py
Tm+1 - 5 (338)
~JImi12P1 Jmy1p
Jog —J02P3
T, = . (3.39)
Jo:Ps Jo1

Making use of the identities (3.36) and (3.37) in Fig. 3.11, it can be redrawn as in
Fig. 3.13, where Py, P, are defined as in (3.16), (3.35), respectively. Fig. 3.13 is
the analysis bank of a perfect reconstruction structure in which the analysis filters
Hy(z) and Hps_;-x(z) have the pairwise symmetry property if T,,.; and T, are

orthogonal, i.e., if
T. Tha =1 and TIT, = 1. (3.40)
Using f.he identities
PT=P,, P!=1, and PP, = I, (3.41)

(3.40) is equivalent to

J2+1,1Jm+1,1 + P1J£+1,2Jm+l,2pl =1 Jg:1Jo,1 + PgJazJo,zPa = L.
, and
Pl e = (PIJ?nH,lJmH,z)T- PIIT Joz = (PTIT J02)".
(3.42)
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Fig. 3.13. An equivalent structure of Fig. 3.11.
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Fig. 3.14. The "complex domain" interpretation of each stage

in Fig. 3.13.
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If we define

Uit = Ime11 + 3 mr1,2 P and Up =Joy1 + 3Jo2Ps, (3.43)

then it is clear that the unitariness of U,,,; and U, implies the orthogonality of
T,..1 and Ty, respectively, and vice versa. Consequently, to form orthogonal M x M
matrices T,11 and Ty of the specific form (3738), (3.39), we first construct arbitrary
L x L unitary matrices U,,,; and Ug. A general procedure to generate an arbitrary
L x L unitary matrix is described in [9] and requires L? angles. Having formed

U,.+1 and Uy, T,,+; and T, are constructed as follows:

Re(Upt1)  Im(Upqa) Re(Up) —Im(Uy)
Tm+1 = 3 and To =
—Im(Um+1) RC(Um+1) Im(Uo) RC(UQ) (3 44)

This procedure guarantees that T,,,; and T, are orthogonal, and hence Fig. 3.12
is the analysis bank of a perfect reconstruction structure with pairwise-symmetric
response analysis filters. Compared to the earlier method [7], which requires (22";)
rotational angles, the symmetric structure described above requires at most L2
angles [9]. Thus, the above structure yields faster optimization algorithms. The
relation between T,,.; and U,,,; leads us to the equivalence shown in Fig. 3.14.
Thus, the analysis bank is essentially a cascade of L x L complex unitary building
blocks, with delays inserted into the imaginary paths of the signals. Appropriate

adjustments are done at the left and right ends in order to obtain the correct

initializations and the correct outputs. The initialization is done by setting

so(n) s_1(n)
=T,
ro(n) Por_i(n)

where s_;1(n) = [z(n) z(n —1) ... z(n — L+ 1)]" and r_y(n) = [z(n — L) z(n —

L—1) ... z(n—2L+1)]" (recall L = M/2). The analysis transfer functions are
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obtained as Hy(z) = sy-1(2)/X(2) and H,(z) = Piry_1(z)/X(z), where Ho(z) =
[Ho(2) Hi(2) ... Hy_1(2)]T and Hy(2) = [Hi(2) Hr1(2) ... Hu-1(2)]"

3.2.1. Comment on the generality

The structure in Fig. 3.13 yields PR pairwise symmetric analysis filters. In
other words, for any choices of T; satisfying (3.38) and (3.39), this structure is a
PR structure, which yields pairwise symmetric filters. However, it does not cover

all sets of PR pairwise symmetric filters.

Example 3.3: For M = 4, the analysis filters of a perfect reconstruction structure

satisfy the pairwise frequency response image property,

Hs(z) = z~(VM-1) g (—271),
(3.45)
Hz(Z) = Z-(NM"I)HI(—‘Z_]"),

where N is the number of sections in the structure. Let the unitary matrices U,y

and U,, be

1 o1 — JS0,1 co2 + JS0,2
Uy = —= 3.46
0 V2 ) . ) ) ( )
—j(co1 — 7s01) J(coz2+ Jsoz)/
and } .
1 Cm,1 + JSm,1 Cm,2 + JSm2
Up=— 3.47
J (Cm,l + .]Sm,l) -7 (cm,2 + ]Sm,2)
then
€o,1 Co,2 50,1 —80,2
1 | —sp1 —So2 €01 —Co2
Ty = — ! ’ ! ’ 3.48
0 \/5 —S0,1 S0,2 Co1 €o,2 ( )
—Co,1 Co,2 —380,1 —9S50,2
and
Cm,1 Cm,2 Sm,1 Sm,2
1 —Sm,1 Sm,2 Cm,1 —Cm,2
T,, = — ’ ’ ’ ’ 5 3.49
\/§ —Sm,1 _sm,Z Cm,l cm,2 ( )

—Cm,1 Cm,2
where ¢pn; = cos(0mi), Smi =

—Sm,1 Sm,2

sin(fm ;) and 0,,; are the planar rotation angles at

the m* stage. It can be easily verified that the above To and T,, are orthogonal.
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The above forms for Uy and U,, do not represent the most general 2 x 2 unitary
matrices (which actually require 4 angles to be completely characterized). These
forms are meant only to be examples. We choose N = 15 in this example, so that
the length of each (FIR) analysis filter is 60. There are 30 angles ,,; 0 < m < 14,
0 <1 <1 in the lattice structure of Fig. 3.13, and these are optimized using the

IMSL subroutine to minimize the following objective function

¢ = /;G [Hoe) P+ [ [Ha(e) o + /;5 Hy(e)Pdw  (3.50)

for ¢ = 0.057. Note that we do not include the stopband energies of H,(e’*) and
H;(e’*) in ¢, since they will be small if the stopband energies of their images,
Hy(e?*) and H;(e’™), are small because of the pairwise-symmetry property. More-
over, because of the structural form of Fig. 3.13, the constraint Mz_l [.Fi'k(ca"“’)]2 =1
automatically holds, hence the passband errors automatically conf: ?)ut to be small.
The magnitude responses of the resulting analysis filters are shown in Fig. 3.15.
The ifnpulse response coefficients of Hy(z) and H;(z) are displayed in Table 3.4,
whereas the 30 rotation angles 8,,; are shown in Table 3.3, respectively. Based on

the relation Hps_1_4(2) = 27"Hy(—2z""), the impulse response coefficients of H,(z)

and H3(z) can be readily obtained from Table 3.4.

3.2.2. Complexity of the analysis bank

Let us calculate the complexity of the analysis bank using both the direct-form
structure and the lattice structure. If we implement H(2) of length § in direct form
and if we share the multipliers of Hy(2) and Hp-1-x(2), a total of S =2x60=120
multiplications are involved per computed output sample (see Fig. 30 of [52]).
Having shared the multipliers of the pairwise symmetric analysis filters, we cannot,

however, take advantage of the decimation factor of 4. A more efficient direct-form
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Fig. 3.15. Ex. 3.3. Magnitude response plots for the optimized analysis filters.

Table 3.3 Lattice coefficients ¢, ; of the optimized analysis filters in Ex. 3.3.

¢m,1 (radians)

¢m,2 (radians)

7.41084775035 x 10~1

2.138794011844 x 10°

1.573215834853 x 10°

3.68082394900 x 10~%

—2.611144973198 x 10°

—9.40422532957 x 10~!

6.42547910295 x 10~

1.839316933945 x 10°

2.30923183185 x 10~ *

—6.24448685365 x 101

9.61854454362 x 10~

—1.610307594321 x 10°

1.344451892866 x 107

—1.106309251254 x 10°

—4.35627660700 x 10~*

—1.270607254565 x 10°

1.986567539096 x 10°

—6.18479910740 x 10~~

—7.14097642235 x 10~!

—1.713180166432 x 10°

4.48694392230 x 10~*

3.68294469924 x 10~ *

—2.235042579105 x 10°

2.969970589153 x 10°

[y e
NHocooo-qcsm.cswwr-OQ

—2.296783189526 x 10°

2.305628909293 x 10°

[y
(¥4

760167304861 x 10~ 1

—1.152288299267 x 10°

[y
N

—1.200970845496 x 10°

—2.649477562481 x 10°
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Impulse responses of the optimized analysis filters in Ex. 3.3.

hs, and hs, can be computed by hy, = (—1)"hy,50-n) and hzn = (—1)"ho (50-n)-

m Coeflicients hg Coeflicients hy m
0 || —4.112909 x 10~7 | —1.036139 x 10™°
1 3.132275 x 107° 7.856715 x 10™°
2 1 —5.803803 x 107% | —2.425497 x 107°
3 || —3.186979 x 10~° | —8.157047 x 107°
4 || —1.105067 x 10~2 2.188679 x 10~¢
5 3.307961 x 10~% | —1.633159 x 10~—*
6 || —2.371339 x 10~* 7.728539 x 10~°
7 3.715518 x 10~ 1.795792 x 10™%
8 1.576836 x 10-° | —2.973126 x 1073
9 1.496360 x 1073 5.881045 x 1073
10 5.629141 x 102 | —3.572236 x 10°°
11 || —1.136803 x 10~° | —6.725697 x 107>
12 || —4.113295 x 10~° 2.115079 x 1072
13 | —8.030231 x 10~ 3.692664 x 1072
14 || —4.718402 x 10~° 5.707743 x 10~4
15 2.775006 x 10~° | —3.065480 x 1072
16 6.557429 x 10~° | —2.204044 x 1072
17 1.559687 x 10~ 2 | —2.946152 x 10~ 2
18 1.385026 x 10~2 | —8.008066 x 1072
19 5.375807 x 10~ % | —4.002172 x 1072
20 || —1.627377 x 10~2 1.032986 x 10~1
21 || —3.569490 x 10~2 1.714444 x 107}
22 || —2.318588 x 1072 7.857019 x 1072
23 1.570406 x 1072 | —3.284753 x 1072
24 5.158685 x 102 | —1.239302 x 10~!
25 5.101791 x 107 | —2.658401 x 107!
26 5.751899 x 10> | —2.618550 x 107!
27 || —6.403119 x 1072 1.608913 x 10~*
28 || —1.033400 x 10~ 6.293975 x 107!
29 || —5.718426 x 10~ 2 3.947782 x 1071

30

9.967532 x 1072

—4.133726 x 1071 |

31

3.394553 x 107!

—7.269581 x 10~1

32

5.816531 x 107!

—1.198777 x 1071

33

7.294070 x 107!

5.004390 x 101

34

7.171285 x 1071

3.264686 x 10~ 1

35

5.430061 x 1071

—1.651893 x 1071

36

2.735978 x 10™1

—1.857216 x 10~

37

1.288885 x 10~ 7

9.795945 x 10~

38

~1.532637 x 10™!

1.029023 x 10~

39

—1.888961 x 107"

—1.243248 x 107

40

—1.148823 x 1071

—1.461468 x 107

41

—8.670705 x 10™°

5.699251 x 107

42

7.366400 x 1072

1.086455 x 107!

43

9.577717 x 10~2

—1.099477 x 10™2

44

4.897745 x 1072

—3.296077 x 1072

45

—1.455038 x 10~°

2.179891 x 10~2

46

—4.316611 x 1072

2.694672 x 1072

47

—4.025652 x 1072

—1.983401 x 1072

48

—2.236369 x 1072

—1.728839 x 10~

49

7.961925 x 10™°

3.941657 x 107

50

2.070427 x 1072

1.732675 x 107

51

3.895899 x 107>

1.367387 x 107

52

—2.326464 x 107*%

2.488686 x 1074

53

—6.643766 x 10~°

6.785641 x 10~°

54

2.626722 x 1074

—2.771207 x 1074

55

—2.793461 x 1074

1.765755 x 104

56

—8.010599 x 10™°

2.913810 x 10™°

57

2.863498 x 107°

—1.406389 x 107°

58

7.631467 x 107°

—2.712121 x 107°

59

1.506388 x 107°

—0.182824 x 107°
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implementation is to take advantage of the decimation ratio without sharing the

multiplers. This requires a total of 45/4 = 240/4 = 60 = § MPU for the complete

analysis bank.

On the other hand, if we implement the lattice structure of Fig. 3.13 directly,
we can take further advantage of the orthogonal form of T,,. At the output of each

stage, we would have to compute

Yo Cm,1 Cm,2 Sm,1 Sm,2 Uo
1 —Sm,1 Sm,2 Cm,1 —Cm,2 Uy
= : (3.51)
Y2 —Sm,1  TSm2 Cm,1 Cm,2 U2
Ys ~Cm,1 Cm,2 —8m,1 Sm,2 Us

where u; and y; are the inputs and outputs of each block T,,. Rewrite the above

equation as
m m b
Yo _ Cm,1 Sm,1 Ug + Cm,2 Sm,2 Uy _ [ % + 0 , (3.52)
3! —8m,1  Cm,1 U2 Sm,2 —Cm2 Uz a by
<y2> _ (’—Sm,l Cm,1 ) (Uo) + (‘"Sm,z Cm,z> (ul) ) (3.53)
Ys —Cm,1 TSm1 Uz Cm,2 Sm,2 U3

Having computed (eq a;)T and (by 5;:)7, we have

(3!2) _ ( ay — by )
Ys —ag+by )’

Since each 2 x 2 block in (3.52) is an orthogonal block, we can compute it using 3
multiplications and 3 additions [60]. Thus, (3.51) requires 6 multiplications and
10 additions. The complexity of the normalized lattice structure is, therefore, 6x
number of stages = 6N = 6/4 S = 90 MPU, where S is the length of Hy(z). Since
the decimators can be moved all the way to the left of the building block T, in Fig.
3.13, the actual number of MPU’s is only 35/8 ~ 23. Notice that the 4 X 4 matrix
(3.51) is orthogonal; hence, the lattice structure is automatically L, scaled. It is

possible to obtain a more efficient (but denormalized) lattice structure by noting
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that if we divide each element on T,, by a constant, say ¢,, 1, the responses of Hy(z)

are unchanged (except for a scale factor.) Thus, (3.52) and (3.53) are written as
yr 1 s Ug c! st Uy al bl
8- (L )35 )0+ (5) o
Y1 Sm,1 Uz Smz2  TCmz2 us ay 1
Y3 -1 TSm,1 Uz Cm,2  Sm2 U3

By noting that (af, a))T can be computed by 2 multiplications, each denormalized

orthogonal block T,, requires only 5 multiplications. Hence, the total complexity

for the analysis bank is 55/16 ~ 19 MPU.

3.2.3.  Comparison between tree-structured design and the proposed lattice

structure

The conventional procedure to design a four-channel perfect-reconstruction sys-
tem would be to use the tree structure [18] of the form in Fig. 3.16. Here,
[Hoo(2), Ho1(2)] is a two-channel perfect-reconstruction pair, and so is [H},(2), Hf, (2)]-
(Appendix 3.E reviews the design procedure of the two-channel PR system in [5],
and [18]. Also, its relation to lattice structure [19] is briefly discussed.) These pairs
are designed by spectral factorization of appropriate half-band filters [18]. The over-
all analysis filters are Ho(z) = Hoo(2) HY(2?), Hi(2) = Hoo(z) Hf (2%), and so on. In
order to obtain the same transition bandwidth A f as in Fig. 3.15, we should take
the transition bandwidth of Hyo(2) to be Af and that of Hjy(z) to be 2Af. The
stopband attenuation seen in Fig. 3.15 can be obtained with the tree structure if
Hoo(2) and H},(z), designed as in [18], are of lengths 30 and 16, respectively. Thus,
each analysis filter has length = (29 +2 x 15+ 1) = 60. The responses are shown in
Fig. 3.17. It seems to be an interesting coincidence that the analysis filters Hy(z)
corresponding to Fig. 3.15 and Fig. 3.17 have the same length (= 60). It is not

clear to us at this time as to whether this is a general property of the two methods
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Fig. 3.16. The 4x4 tree-structured QMF analysis bank.
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Fig. 3.17. Ex. 3.3. Magnitude response plots for the analysis filters designed
based on the tree structure.
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for power-of-two M. The overall group delay of the QMF system is equal to 59

samples, for both methods.

It is interesting to compare the complexity (in terms of both MPU and APU)
for the two designs. For the tree-structured design, we can implement each two-
channel branch in Fig. 3.16 by either direct-form [18] or lattice structure [19]. In
our implementation, two factors which can potentially contribute to savings in the
number of multiplication are: a). the relation Hyy(z) = 27 Hyo(~271), and b).
decimation by a factor of two. In a direct-form structure we cannot simultaneously
exploit both of these factors because the order is necessarily odd (29 in our example.)
Based on either one of these factors, it is easy to implement the pair [Hyo(2), Ho1(2)]
using only (29+1) MPU. Galand and Nussbaumer have proposed a modified direct-
form scheme [61] whereby both the above contributing factors can be partially
exploited to obtain an implementation with only 3/4 x (29 + 1) MPU. Thus, the
pair [Hoo(2), Ho1(2)] requires 3/4 x 30 multiplications per computed output sample
[61]. Similarly, because of the decimation factor, each [H{,(z), Hj;(2)] pair requires
1/2 x 3/4 x (16) = 6 MPU. Hence, in a modified direct-form implementation, the
analysis bank designed based on the tree structure requires 3/4 x (30)+3/4 x (16) =
35 MPU.

The lattice structure implementation is based on the lossless property of the
polyphase filter matrix E(z) [19]. The denormalized two-channel lattice requires
S/2 MPU (see [19]), where S is the length of each analysis filter. The normalized
lattice structure, on the other hand, has automatic internal L, scaling property,
as the internal building blocks are planar rotation operators. Each such operator
is mathematically identical to a single complex multiplication, and can be imple-

mented [60] using 3 real multiplications (and 3 real additions). As a result, the
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entire normalized analysis bank requires only 35/4 MPU, which is exactly the same
as the best known [61]. The complexity of the pair [Hoo(z), Ho1(2)], hence, is 23
and 15 MPU for the normalized and denormalized implementations, respectively.
Similarly, because of the decimation factor, each [H}(z), Hj,(2)] pair requires 6 and
4 MPU for the normalized and denormalized structures, respectively. Implemented
by lattice structure, the total complexity of the analysis bank designed based on
tree structure is 23 + 2 x 6 = 35 MPU and 15 + 2 x 4 = 23 for the normalized and

denormalized structures, respectively.

Table 3.5 summarizes the comparison between the new design and the tree-
structured design. As is evident from it, the complexity of the new pairwise sym-
metric lattice structure implementations is less than that of the tree-structured im-
plementation. In fact, with & denormalized lattice, the MPU count is the smallest
(= 19). Besides the complexity advantage, the pairwise symmetric lattice structure

can be used for designing filters with arbitrary M, which is not necessarily a power

of 2.



Table 3.5 Comparison of the number of multiplications per unit time in the analysis bank
for various four-channel QMF bank implementations. Here “unit time” is the sampling
period corresponding to the input z(n) in Fig. 3.1(a). The normalized two-channel lattice
is assumed to be implemented with 3 multiplications per section.

Tree-structure based design Non-tree lattice-based design
Direct Form Lattice [19] Direct Form | New Lattice
Regular | Galand [61] | Denorm Norm Norm | Denorm
General
expression | No+ Ny | 3(No+ Ny) | 3(No+ Ny) | 3(No + Vy) S g—S' T%S’
for MPU
No. of
MPU with
Ny =30 46 35 23 35 60 23 19
N 1 - 16
5 =60
Order of
Hy(z2) = 59 59 59 59 59 59 59
Group delay

¢ N, = length of the analysis filters in stage 1 (Tree structure).
¢ N, = length of the analysis filters in stage 2 (Tree structure).
o S= length of analysis filters in the new lattice.

¥9
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Appendix 3.A

We shall state and prove two lemmas here.

Lemma 3.A.1: If the analysis filters can be written in two ways:

Ho(z) 1 1
H b4 -1 -1
2 E(zM)| . =G(M| ° , (3.4.1)
HM_-]_(Z) 2z~ (M-1) 2 (M-1)
where ? (1, M) = 1, then
EE =1 if and only if GG =1. (3.4.2)

Lemma 3.A.2: Consider the structure in Fig. 3.18. If (i, M) = 1, then this is

a perfect-reconstruction system.

When ¢ = 2 and M is odd, the above two lemmas can be applied to Fig. 3.3 to

conclude two features:

1). If E'(2*M) is lossless and R is orthogonal, then RT (zM)E'(2?M) = G(zM) is
lossless; hence, the complete structure in Fig. 3.4 has perfect-reconstruction

property by Lemma 3.A.2.

2). Imposing losslessness on E'(2) is equivalent to imposing losslessness on E(z).

Proof: (Lemma 3.A.1) First consider the M x M DFT matrix. This is unitary
because WIW = MT; i.e.,
M-1

— ¢k tk __ 0, 1f Z = 2';
,CZ:%W v “{M, ife=12,

2Here (1, M) denotes the greatest common divisor of  and M.
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Fig. 3.19. Pertaining to Appendix 3.B.
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where 0 < £,£' < M — 1. Suppose we replace W with W5, where (S, M) = 1, then

M-1 M-1 H i
5 -ty ths _ T Wks(e-¢) — {0, if (£ — ¢') # multiple of M; (3.4.3)
k=0

P M, otherwise.

Since [£—{'| < M, we see that s(£—£') is a multiple of M only if s contains a factor
of M. This cannot happen if (s, M) = 1. Hence,
M-1 . '
ks(e-¢)y _ 0, ife#7;
k};{) 14 {M’ o (3.4.4)

The modified DFT matrix, denoted W), is therefore also unitary. Now (3.A.1)

implies
1 0 1
BEM | T A
0 . z—(M—l) W(]V'I—l)k
1 0 1
G e | W/:ki
0 ' z—i(M—l) W(l\rf.—l)ki

for any k. This implies
E(MA(2)W = G(zM)A(2 )W), (3.4.5)

where A(z) = diag [27¥]. Since A(z), W, A(z') and Wtare lossless, we conclude
that (3.A.2) is true as long as (¢, M) = 1.

Proof (Lemma 3.A.2):

F(2) He(zWH X (2WY). (3.A.6)
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1 M-1 M-1 ) ) )
— _M__ X(zWe) Z 2~(M-—1-—k)zz—kzw—klt
£=0 k=0
1 = L —(M—l)iM-1 ~ ks
=37 > X(2WF)z > WS, (3.A4.7)
£=0 k=0

M-1

Note that Z W% = 0, unless £ is a multiple of M. Since 0 < £ < M — 1 and
k=0

(z,M) = 1, £ has to be 0. Thus, (3.A.7) simplifies to

X(z) = —M—X(z)z"(M"l)"M = 2~ M-Uix (),

The structure in Fig. 3.18 is, therefore, a perfect-reconstruction structure. We will
now find the relation between the analysis and synthesis filters of Fig. 3.4. With
G(2M) ARA(2M)E'(2?M), the synthesis filters Fy(2) in Fig. 3.4 are given by
[Fo(2) Fi(2) ... Fapoq(2)] = [zm M08 o= (200 270 1)G(2M)2™*M (3.4.8)
with 7 = 2. However,
(Ho(z) Hi(2) ... Hya(2)]=[1 2 ... ZMDG(M)
=z

,'(M_1)[z—(M—1)c' Lo (M=2)7i 1}(”;(ZM)

=M Y[Ry (2) Fi(2) ... Fu-a(2)]2"™.
Thus,
Fu(z) = z—(SMHM_i)f{k(z)' (3.4.9)

If the analysis banks of Fig. 3.3 and Fig. 3.1(b) are related as in (3.A.1), are the

synthesis banks of Fig. 3.3 and Fig. 3.1(b) identical? From (3.A.1), we have
1z ... MUEEM =12 ... ZMIG(M),
which implies

AMN ML) R (M) = FMD MY 1]G(M). (3.4.10)
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Hence, the synthesis banks in Fig. 3.3 and Fig. 3.1(b) are identical, except for a

possible overall delay.

Appendix 3.B

Fig. 3.19 shows the terminal blocks of the analysis bank for odd M, where
M = 2L +1, and the number of connecting lines with delays 2™ are M; < M. We
will derive the necessary and sufficient conditions for R so that Hy(z) satisfy the

pairwise symmetry property (3.7). Let

Hy(2) Hpii(2)
h'(z) = ( : ) , hi(z) = : ) :
)

Hy (2 \HM_.l(Z)

Qo(2%) Qum-m (2?)
q1(2)=( : ),cﬁ: : )
QM—M1—1(22) QM—1(22)

Thus the pairwise symmetry property on Hy(z) yields

P;h?(z) = h'(-2), (3.4.11)

where P, is defined as in (3.16). Let R be partitioned into

A B
R=|C D : (3.4.12)
MxM

E F
where A is L x (M — M;),Bis LxM;,Cis1x (M ~M),Dis 1 x M;, Eis
L x (M — M) and F is L x M;. Thus,

hi(z) (AR
qt (2

Hi(z) | = RT(2M) ( : ) = | Cq'(z*) + 27MDq*(2?) | . (3.4.13)
(=)

h%(z) Eq!(2?) + 2~ MFq*(z?)

Our aim is to find a structural form for R such that for any set of polynomials q*(z)
and q*(z), the vectors h!(z) and h?(z) are related by (3.4.11). By the pairwise-

symmetry property, Hy(z) = Hp(—2) = a function of 2%. Since M is odd, it is clear



70

from (3.4.13) that D = 0. Substituting (3.4.13) into (3.4.11) and simplifying, we
have

(A — P,E)q'(2?) = 2 "M (P,F + B)q’(22). (3.4.14)
Since M is odd, the RHS of (3.4.14) has only odd powers of 27!, whereas the LHS
has only even powers. With arbitrary q'(z) and q?(z), this is possible if and only
if A—PiE=0,and P\YF+B =0. Thus, E=P{'A =P;Aand F = -P;/'B=
—P;B as in (3.15).

Appendix 3.C

Let

Hompo(2) Hp,1(2)
B =| i | b= ( | K= (g g) ,
Hm,L—l(z) \Hm,M—l(z)

where A,B,C and D have dimensions L X L. We will derive the necessary and
sufficient condition on K,,.; such that (3.31) holds if (3.30) holds. In terms of
h! (z) and hZ (2), (3.30) and (3.31) are equivalent to

Pihl(z) =z (mr MR (71, (3.4.15)

Plhfn-{-l(z) e z"((m+2)M—1)h’]’-n+1(___z-1), (3.A.16)
where P; is as in (3.16). We would like to find the structural form of K,,; such

that (3.4.16) holds for any set of hl,(z) and h? (z) satisfying (3.4.15). From Fig.

3.15,
by, .. (2) A C)\ (I 0 hl (z) Ah! (2) + 27MCh? (2)
ot I T G o iy

(3.4.17)
Substituting (3.4.15) into (3.4.17), we have

Pih? (2) = —P,BPh% (-2~ ((mTUM=-1) L p Dh? (2)2M, (3.4.18)
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(O IMIRL L (=271 = APy, (2)27M + Chy (=272 7MY, (3.4.10)

If (3.4.16) has to hold, then the right-hand sides of (3.4.18) and (3.4.19) should

be the same, so that
(PyBP; + C)h? (—271)z~((mtM-1) — .-M(p ) _ AP;)h? (2). (3.4.20)

For arbitrary causal FIR hZ? (2), the function h? (—z71)z~((m*1M-1) i5 als0 causal
and FIR, and in general has the form hy + 27'h; + .... Since the RHS of (3.4.20)
has a power of z7! starting from 2™, (3.4.20) holds for arbitrary hZ (z) if and
only if P;BP; + C = 0, which in turn implies AP; — P;D = 0. Simplying these
relations, we obtain B = —P;CP; and D = P, AP, resulting in the form (3.32) for
Kot

Appendix 3.D

Consider the even M case. Let h (2) = (1 z7!...27@"NT and h? = (7L
ooz M-INT “where L = M/2. Using the notations in Appendix B with K, =

A . . . .
(B D)’ we will derive the necessary and sufficient conditions on K such that

Bi(z)) (A C\ (hL,()\ [Ahi(z)+Ch,(2)
= ‘ = (3.4.21)
hi(z) B D/ \h%(?) Bh!,(z) + Dh?,(2)
satisfies the pairwise-symmetry property; i.e., P;h%(z) = 2= (M~Yh}(-271). Accord-
ingly, (3.4.21) is simplified to

P,Bh! (z) + P,Dh? (2) = 2™ "U{AR! (—27}) + Ch% (-27Y)}.  (3.4.22)

However, h! ,(—271)z=™-1) = P,h? (z),and h?,(—2z"1)2~(M~1) = P;h! (z), where

P, and P; are as in (3.35). Hence, (3.4.22) simplifies to

(P,B — CP3)h! (2) = 27*(AP; — P;D)h!,(2). (3.4.23)
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The matrices (P;B — CP3) and (AP, —P ;D) are L x L. The left-hand side has the
powers 2 ¥,0 < k < L — 1 and the right-hand side contains z7 %, L <k < M — 1. Tt
can therefore be easily verified that we must have P;B — CP3; = 0, AP,—P;D = 0.
This can be rewritten, yielding B = P;CP3, D = P; AP, and thus K; in (3.34) is

the only form which forces Hyx(2) to have the pairwise symmetry property.
Appendix 3.E

We review the design process in the two-channel perfect-reconstruction FIR
QMF banks [5], [18] in this appendix. Its relation with the lattice structure reported
in [19] is also discussed. Consider the two-channel QMF bank, where Hy(z) and
H,(z) are analysis filters, whereas Fy(z) and Fy(z) are synthesis filters. Here, Hy(2)
and Fy(z) are lowpass transfer functions and Hi(z) and Fi(z) are highpass transfer
functions, respectively. Using the standard identities in multirate signal processing

2], the reconstructed signal X(z) is
X(2) = 5 [Ho(2) Fole) + Hy(2) B (2)]X(2) +

1
—2—[H0(~2)F0(z) + Hqi(—2)Fy(2)] X(~2). (3.4.24)

The term X(—z) is precisely the aliasing term, and thus it is required to be
made equal to zero, since the objective is to choose Hi(z) and Fi(z) such that

X(2) = 1X(~2). Eq (3.A.24) yields
(e B (B) = (1) orane s

In the scheme of Smith and Barnwell [5], [18], the following relations between

the transfer functions are enforced:
Hy(z) = 27 W=V Hy(-271)
{ Fy(2) = 2= W-DHy(27Y) (3.A.26)
Fi(2) = 2= V-0H,(27Y),
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where N —1 is the order of Hy(z) (and it is odd). With the above choices in (3.A.26),
(3.A.25) simplified to

Ho(2"YHo(2) + Hi(z7")Hy(2) =1 for all 2. (3.A.27)

Note that the above choices (3.A.26) cancel the aliasing term in (3.A.24). To en-
sure the PR property, the design procedure proposed in [5] based on the spectral

factorization of a linear-phase FIR halfband filter with positive amplitude response.
Substituting H;(2) = 2~ Hy(—271) into (3.A.27), we have
Ho(2 Y Ho(z) + Ho(—2)Ho(—2"1) =1 for all 2. (3.A.28)

If we define Go(z)2Ho(2)Ho(z71), then it follows from (3.A.28) that Go(2) is a
halfband filter. In other words,

The design procedure is thus as follows: First, design a linear-phase FIR half-
band filter Go(z) with positive amplitude response. Obtain a spectral factor Hy(z)

of Go(2). Once Hy(z) is designed, the remaining set of filters are chosen as according

in (3.A.26).

Given the pair of odd-order PR filters Hy(z) and Hy(z), which satisfies H,(z) =
2= -UHy(—271). It is shown in [19] that there is a lattice structure associated with
this pair. These lattice structures consist of a cascade of orthogonal building blocks
and the transfer matrix ((1) z(“)z ) In other words, this lattice structure spans all

two-channel PR FIR QMF filter banks with lossless E(z).
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Appendix 3.F

This appendix tabulates the properties, lattice coefficient and filter-coefficient
values for a set of PR pairwise symmetric QMF designs based on the material in
Section 3.1. Although this design procedure is capable of designing filters for any
QMF bank which has odd number of channels, we consider only the case of three
channels here. Table 3.F.1 summarizes the properties of the PR QMF structures.
The first column lists the code number of the filters, whereas the second and third
columns give the number of sections (number of blocks K; in Fig. 3.8) and the
lengths of the filters, respectively. The width of the transition band (normalized
to 27) is shown in column 4. The cut-off frequencies of the analysis filters are
shown explicitly in Fig. 3.20. The last column tabulates the stopband attenuation
(in dB) of the filters. Table 3.F.2 displays the lattice coefficients rotation angles
in radians) of the PR system in Figs. 3.8 and 3.9. Similarly, table 3.F.3 displays
the impulse responses ho(n) and hy(n). hz(n) can be computed from ho(n) by

ha(n) = (—1)"ho(n).

4
1 1 1 >
TAEEN
T '?—Af) 2_
n(1+Af %_ (3+Af)

Fig. 3.20. The cutoff frequencies of the analysis filters. (M=3).
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Table 3.F.1. Properties of the PR pairwise mirror-image QMF structures

Filter || Number of | Length of Stopband
Number sections filters Af Attenuation

N L (dB)
14A 2 14 0.17 30.5
20A 3 20 0.15 38.5
26 A 4 26 0.15 48.6
324 5 32 0.14 58.8
384 6 38 0.14 63.5
14B 2 14 0.14 26.2
20B 3 20 0.12 31.1
268 4 26 0.11 37.8
32B 5 32 0.11 44.6
38B 6 38 0.10 52.6
44B 7 44 0.10 59.2
50B 8 50 0.10 67.8
20C 3 20 0.09 24.2
26C 4 26 0.08 27.4
32C 5 32 0.07 31.2
38C 6 38 0.07 35.4
44C 7 44 0.07 40.0
50C 8 50 0.067 44.3
56C 9 56 0.066 48.7
62C 10 62 0.0625 53.3
68C 11 68 0.0625 58.5
26D 4 26 0.072 22.8
32D 5 32 0.07 25.2
38D 6 38 0.052 27.7
44D 7 44 0.046 30.3
50D 8 50 0.043 33.2
56D 9 56 0.043 36.0
62D 10 62 0.043 39.4
68D 11 68 0.043 42.7
74D 12 74 0.043 45.4




76

Table 3.F.2 Lattice coeflicients of the PR pairwise mirror-image
QMF structures as in Fig. 3.8 { in radians).

m em,l 5m,2 0m,3
0 || 7.889362 x 10~1 | —1.290822 x 10°
1 1] —1.393950 x 109 | 2.741418 x 10~ | 1.561524 x 10°
144
m 0m,1 0m,2 9771,3
0 1.015547 x 109 | —1.436481 x 10"
1 || —3.288864 x 10~1 | —3.770520 x 107
2 —1.979185 x 107 3.258931 x 107 | —1.541848 x 107
204
m Om 1 Orm,2 brm,3
0 1.152554 % 109 | —1.495570 x 10°
1 || —5.270068 x 10T | —4.045233 x 10°
2 —3.133296 x 10° | —2.828454 x 10°
3 —1.991644 x 10% | —3.190360 x 10° | 4.699373 x 10°
264
m 9m,1 9m,2 0m,3
0 1.256508 x 10° | —1.529259 x 10°
1 || —7.018357 x 107! —~4.264039 x 10°
2 || —1.563627 x 101 | —5.583935 x 107!
3 || —9.737239 x 1072 | —1.708695 x 1071
4 —1.975414 x 10° 3.164616 x 10° | —1.565013 x 10°
324
m Hm,l 0m,2 9m,3
0 1.285258 x 109 | —1.536589 x 10°
1 || —7.594440 x 10~ T | —4.325963 x 10°
2 —3.355990 x 109 | —2.493288 x 10°
3 6.088302 x 10~2 | 2.324549 x 10~!
4 || —2.393026 x 10! | 3.900940 x 102
5 —1.779651 x 10° | —3.140755 x 10% | 4.711517 x 10°

384
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m ﬁm,1 em‘2 9171,3
0 || 7.821646 x 10! | —1.256961 x 10°
1 || —1.391219 x 10° | 2.992991 x 10~1 | 1.585338 x 10°
14B
m ‘9m,1 9m,2 9m,3
0 0.619833 x 101 | —1.395508 x 10°
1 || —3.468966 x 10~ | —3.733590 x 10°
2 —2.014923 x 10° 3.293236 x 107 | —1.542973 x 107
20B
m O 1 Oom.2 O3
0 1.083212 x 10° | ~1.461476 x 10°
1 || —4.899440 x 10~1 | —3.954979 x 10°
2 —3.168664 x 10° | —2.826728 x 10°
3 —2.052735 x 109 | —3.218707 x 10° | 4.695468 x 10°
26B
m em,l 6m,2 0m,3
0 || —1.969248 x 100 —1.642414 x 10°
1 || 6.100624 x 10~1 —2.154381 x 107
2 || 1.308800 x 101 4.877309 x 107!
3 || 5.753037 x 10~ 2 —2.961514 x 10°
4 | —1.093589 x 10° | —4.017559 x 10~ 2 | 1.579736 x 10°
328
m gm,l 0m,2 9m,3
0 1.244511 x 10° | —1.523928 x 10Y
1 ] —7.213549 x 10! | —4.270358 x 10°
2 —3.371184 x 10° | —2.487036 x 109
3 || —1.641178 x 102 | 3.107217 x 101
4 || —8.777516 x 10~2 | 1.080026 x 101
5 —2.033658 x 107 | —3.163403 x 10° | 4.707651 x 10°

388
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m 6m,1 gm,Z 6m,3
0 || —1.843580 x 107 | —1.602942 x 10°
1 || 8.171906 x 10~ | —1.909064 x 10°
2 || 3.235922 x 10~1 | 7.992793 x 10~ !
3 ' —3.221718 x 10° | —3.584532 x 107
4 || 3.100705 x 1072 | —3.342445 x 10°
5 || 1.013878 x 10~ ! | —3.206451 x 10°
6 || —2.015603 x 10° | —3.129827 x 10° | 4.714877 x 10°
44B
m gm,l ‘9m,2 6m,3
0 1.314001 x 10° | —1.542106 x 10"
1 || —8.553542 x 10~ | —4.409263 x 10°
2 —3.511535 x 107 | —2.274937 x 10°
3 || —1.188242 x 101 | 5.218099 x 10~1
4 3.151793 x 10~° | 2.720721 x 10~!
5 5.830462 x 10~2 | 1.132076 x 10~ 1
6 || —1.085227 x 10~1 | 3.252496 x 1072
7 —1.988790 x 100 | —3.146652 x 10° | 4.711361 x 10°
50B
m Om 1 Om.2 .3
0 || 8.945377 x 1071 | —1.333874 x 10"
1 2785525 x 109 | —2.608744 x 10°
2 || —1.094877 x 10° | —1.764123 x 10~ % | 1.591191 x 10°
20C
m O, 1 Om,2 Orm,3
0 9.894995 x 101 | —1.401938 x 10"
1 || —4.423849 x 10~1 | —3.831530 x 10°
2 || —5.525427 x 1072 | —3.436775 x 10°
3 —1.034047 x 109 | 1.052406 x 10~ | 1.554306 x 10°
26C
m Gm,l 8m,2 Om,3
0 1.063557 x 10° —1.445086 x 10
1 2.624068 x 10° | —2.322231 x 10°
2 || —1.105770 x 1071 4.065872 x 1071
3 || —1.779356 x 1072 1.817825 x 1071
4 —1.021430 x 10° | —6.392832 x 10~2 | 1.581442 x 10°

32C
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m Gm,l 9m,2 6m,3

0 1.124431 x 10° | —1.475312 x 10°

1 || —5.866328 x 107+ —4.071116 x 10°

2 —3.302413 x 10° —2.631016 x 10°

3 —3.163378 x 10° —3.405785 x 109

4 —3.095913 x 10° —3.024040 x 10°

5 —1.024235 x 10° | —3.948337 x 1072 | 1.577458 x 10°
38C

m Gm,;, gm.z 9m,3

0 1.176900 x 10° | —1.497973 x 109

1 2.488870 x 10° —2.115603 x 10°

2 || —2.114394 x 107! 6.089280 x 10~1

3 5.437487 x 10~2 —2.795370 x 10°

4 || —1.219718 x 1072 | —6.102737 x 10°

5 5.927725 x 1072 | —3.063457 x 10°

6 —1.032645 x 107 | —2.477249 x 1072 | 1.574979 x 109
44C

m gm,l 9m,2 6m,3

0 1.222008 x 10° —1.514865 x 10Y

1 || —7.157628 x 1071 |  —4.250893 x 10°

2 —3.404906 x 10° | —2.440528 x 10°

3 —3.227385 x 10° | —3.567924 x 10°

4 —3.153726 x 10° | —2.895972 x 10°

5 2.864640 x 1072 1.262810 x 10~1

6 || —6.708751 x 1072 5.265698 x 1072

7 —1.043370 x 10° | —1.568459 x 1072 | 1.573445 x 10°
50C

m em,l 9m,2 9m.‘3

0 1.259059 x 10° | —1.526818 x 109

1 2.368147 x 10° | —1.963775 x 10°

2 || —3.146314 x 101 7.844229 x 1071

3 1.171648 x 107! —2.639372 x 10°

4 3.362273 x 1072 —5.973011 x 10°

5 8.665927 x 1073 —2.963820 x 10°

6 3.794835 x 1072 8.900689 x 10™2

7 | —-7.217059 x 1072 3.556300 x 102

8 —1.055272 x 10° | —9.922895 x 10~° | 1.572479 x 10°

56C
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m Qm,l 0m,2 9m,3
0 1.285825 x 10° —1.534282 x 10°
1 || —8.202775 x 107+ —4.369512 x 10°
2 —3.501571 x 10° —2.288635 x 10°
3 —3.288091 x 10° —3.710320 x 10°
4 —3.194762 x 10° —2.772133 x 10°
5 || —7.057860 x 1073 2.279622 x 1071
6 || —2.079377 x 1072 1.281631 x 107!
7 4.413916 x 1072 6.195599 x 10~2
8 || —7.862157 x 1072 2.345415 x 102
9 —1.071565 x 10° | —6.046309 x 10~° | 1.571831 x 10°
62C
m em,l 6m,,2 Hm,3
0 1.301740 x 10° | —1.538209 x 10"
1 2.289791 x 100 —1.882854 x 10°
2 || —3.936397 x 10~ ! 9.014223 x 101
3 1.705478 x 1071 —2.521113 x 10°
4 6.997561 x 1072 | —5.864222 x 10°
5 || —2.023129 x 1072 | —2.868788 x 107
6 8.204649 x 1073 1.661274 x 1071
7 || —2.832165 x 1072 9.084692 x 1072
8 4.823233 x 1072 4.216924 x 10~2
9 || —7.951581 x 1072 1.514166 x 1072
10 —1.083366 x 10° | —3.640705 x 10~° | 1.571426 x 10°
88C
m 0m,1 9m,2 6m,3
0 || 9.365405 x 10~1 | —1.360060 x 10"
1 2.720531 x 10° | —2.519339 % 10°
2 |l —3.214592 x 10 | —3.424655 x 10°
3 || —1.004843 x 107 | 1.221843 x 10~ | 1.556140 x 10°
26D
m O 1 Orm,2 Om,3
0 9.978047 x 107* —1.402604 x 10°
1 2.668163 x 10° —2.418660 x 109
2 || —1.058754 x 1071 —2.778163 x 10°
3 || —6.288918 x 1073 —2.959249 x 10°
4 | —9.806912 x 10~% | —8.186542 x 1072 | 1.581302 x 10°

32D




Table 3.F.2. continued ...

81

m 5m,1 9m,2 9m,3

0 1.049386 x 10° —1.433984 x 10°

1 2.619487 x 10° —2.3300947 x 10°

2 ~3.278107 x 10° —3.579362 x 10°

3 ~3.170675 x 10° —2.900512 x 10°

4 1.921471 x 1072 —3.016729 x 10°

5 I —9.740291 x 10~ % | —5.585902 x 10~? | 1.578006 x 10°
38D

m 0m,1 9m,2 9m,3

0 1.094398 x 10° —1.458513 x 10°

1 2.573059 x 10° —2.252415 x 10°

2 | —1.670062 x 101 —2.633753 x 10°

3 || —4.818136 x 1072 —2.843818 x 10°

4 || —3.420471 x 10~ 1.703268 x 1071

5 1 —3.200752 x 10~2 8.833464 x 102

6 || —9.748608 x 10~ L | —3.861705 x 10~2 | 1.575740 x 107
44D

m gm,l 9m,2 Gm,B

0 1.134709 x 10° —1.478364 x 107

1 2.527932 x 109 —2.180879 x 10°

2 11 —1.983834 x 1071 —2.566778 x 109

3 || —6.633776 x 102 —2.788713 x 10°

4 || —1.485067 x 10~2 —2.926058 x 10°

5 —3.128086 x 10° —3.266123 x 10°

6 —3.101974 x 10° —3.077865 x 10°

7 2.162344 x 109 | —2.697203 x 10~ 2 | 1.567372 x 10°
50D

m Ot bn,2 n,3

0 1.171009 x 109 | —1.494483 x 10°

1 2.483912 x 10Y —2.115791 x 10°

2 || —2.308970 x 107! —2.502610 x 10°

3 || —8.464936 x 1072 —2.735055 x 10°

4 || —2.757960 x 1072 2.602149 x 10~

5 || —1.118741 x 1073 1.614148 x 101

6 2.132163 x 10~ 2 9.284823 x 102

7 | —4.471172 x 10~2 4.653053 x 1072

8 || —0.854229 x 10~ ¢ | —1.897735 x 10~ 2 | 1.573198 x 10°

56D




Table 3.F.2. continued ...

82

UL 9m,1 6m,2 9m,3
0 1.203104 x 10° —1.507261 x 10Y

1 2.441666 x 10° —2.057831 x 109

2 |1 —2.640687 x 10~ 1 —2.441904 x 10°

3 || —1.034006 x 101 | —2.683217 x 10°

4 | —3.971784 x 1072 | —2.837644 x 10°

5 —3.150485 x 10° | —3.339892 x 10°

6 —3.131556 x 10Y —3.018421 x 10

7 2.628498 x 1072 6.996612 x 1077

8 || —4.843826 x 107* 3.419034 x 1074

9 2.148987 x 10° | —1.340285 x 1072 | 1.569093 x 10°

62D

m 0m,1 9m,2 Om,3
0 1.230045 x 10° | —1.517193 x 10°

1 2.401905 x 10% | —2.007318 x 10°

2 [ —2.972228 x 10~F | —2.385337 x 107

3 i —1.225644 x 107! ~2.633640 x 10V

4 || —5.173321 x 1072 3.463466 x 1071

5 1.788989 x 10~ 2.346525 x 1071

6 1.530026 x 1073 1.539307 x 107!

7 I —1.557957 x 102 9.404259 x 1072

8 2.971593 x 10~ 2 5.299712 x 102

9 || —5.143106 x 102 2.518837 x 102

10 —1.000439 x 10° | —9.476049 x 10~% | 1.572013 x 10°

68D

m Gm,l 9m,2 9m,3
0 1.255609 x 10° ~1.525138 x 10V

1 2.363995 x 10° | —1.962631 x 10°

2 1l —3.306370 x 101 —2.332034 x 10°

3 || —1.424282 x 10~1 —2.585746 x 10°

4 || —6.401607 x 1072 ~2.753835 x 100

5 —3.168167 x 10° | —3.412146 x 10

6 —3.147378 x 100 | —2.956692 x 107

7 7.902081 x 103 1.209643 x 1071

8 || —1.926609 x 1072 7.372203 x 102

9 3.236905 x 102 4.033325 x 1072

10 | —5.191359 x 10~2 1.862904 x 10~2

11 2.134980 x 10° | —6.737058 x 10~° | 1.569908 x 10°

74D




Table 3.F.3. Filter coefficients of the optimized analysis filters.

83

Here, ha(n) = (—1)"ho(n).
n ho(n) hi{n)
0 || —4.374292 x 10~ 4634310 x 1077
1 0. 0.
2 2.187413 x 10”1 | —5.887902 x 10~2
3 5.142650 x 10~1 0.
4 6.439939 x 10°1 | —2.586593 x 1071
5 4.702579 x 10~ 0.
6 1.285131 x 10~ 6.567805 x 107!
7 | —1.167911 x 10~ 0.
8 || —=1.276070 x 10~} | —6.521494 x 10!
9 || —1.866174 x 10~ 0.
10 5.207263 x 1072 2.661229 x 10~!
11 1.853015 x 1072 0.
12 0. 0.
13 || ~7.561607 x 1073 0.
144
| n ho(n) ha(n)
0 1.508856 x 1072 1.146086 x 10~
1 0. 0.
2 1| —1.240142 x 10~% | —4.235363 x 10~°
3 || —3.629856 x 10~! 0.
4 || —5.786821 x 10~ | —8.859536 x 10~ 2
5 || —5.836909 x 101 0.
6 || —3.317034 x 1071 1.102295 x 1071
7 5.600474 x 1073 0.
8 1.887854 x 10~ 1.538884 x 101
9 1.413370 x 107! 0.
10 || —8.854816 x 1073 | —5.567716 x 10~ 1
11 || —8.487580 x 1072 0.
12 | —5.173607 x 10~ 6.760343 x 101
13 1.523321 x 10~ 0.
14 3.209455 x 1072 | —4.199373 x 1071
15 8.536151 x 10~ 0.
16 || —8.226973 x 10~ 1.076448 x 1071
17 || —5.295414 x 10~3 0.
18 0. 0.
19 1.357403 x 1073 0.

204




Table 3.F.3. continued ...
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26 A

n ho(n) hy(n)

0 2.573300 x 103 8.047708 x 1074

1 0. 0.
n ho(n) hi(n) 2 || —3.924357 x 10~2 1.290299 x 10~°
0 || —6.610215 x 10~3 2.855522 x 10~° 3 | —1.568026 x 101 0.
1 0. 0. 4 | —3.507838 x 10~1 | —8.817532 x 10~3
2 7.293751 x 1072 1.207897 x 103 5 || —5.311317 x 10~1 0.
3 2.492439 x 10~1 0. 6 || —5.578907 x 10~ | —1.974844 x 10™°
4 4.731972 x 1071 | —2.811234 x 10~2 7 1| —3.626494 x 10~1 0.
5 5.928850 x 1071 0. 8 || —4.150979 x 1072 4.074192 x 10772
6 4.799707 x 101 1.711103 x 10™% 9 1.986892 x 10~1 0.
7 1.730517 x 1071 0. 10 2.151177 x 101 | —3.686652 x 10~ 2
8 || —1.242448 x 101 8.899212 x 102 11 5.492987 x 10™2 0.
9 || —2.192919 x 1071 0. 12 || —1.019617 x 10~ | —7.703474 x 10™2
10 || —1.035946 x 10~ | —1.587603 x 10~ 13 I} —1.213350 x 10! 0.
11 5.847964 x 1072 0. 14 || —2.661536 x 10~2 1.853781 x 1071
12 1.112246 x 10~ | —3.008891 x 102 15 6.030054 x 1072 0.
13 4.453097 x 102 0. 16 6.170640 x 10~ 2 | —5.992912 x 10~ 2
14 || —3.649349 x 1077 4.247080 x 10~ 1 17 5.335049 x 1073 0.
15 || —5.007246 x 10~2 0. 18 || —3.402822 x 1072 | —3.066790 x 10~!
16 || —1.160400 x 10™¢ | —6.622855 x 101 19 || —2.546774 x 1072 0.
17 2.024473 x 1077 0. 20 3.410288 x 10~° 6.108689 x 10~!
18 1.687641 x 10™2 5.358590 x 1071 21 1.582682 x 10~2 0.
19 || —9.017541 x 1074 0. 22 7.225177 x 1072 | —5.954865 x 10~!
20 || —7.500981 x 10~° | —2.381708 x 10~ 1 23 || —3.958486 x 10~° 0.
21 || —2.822017 x 103 0. 24 || —5.151197 x 103 3.441615 x 10~1
22 1.391935 x 1073 4.419665 x 102 25 || —6.590086 x 10~% 0.
23 1.165396 x 107 0. 26 1.674461 x 10~3 | —1.118740 x 101
24 0. 0. 27 7.086474 x 10~ % 0.
25 || —2.162591 x 10~*¢ 0. 28 | —2.251171 x 1074 1.504051 x 102

20 || —2.596104 x 1074 0.

30 0. 0.

31 3.490241 x 10™° 0.

324




Table 3.F.3. continued ...
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14B

n ho(n) hi(n) =
19 3.635133 x 10 0.
. -3 __ —4
i’ 1.855681 x 10 5 1.955673 x 10 ~— [20 4590481 x 10-° | 1.892041x 10~
. 121 || —1.811022 x 1072 0.
P B =3
2 || 3115474 X 107" | —6.980589 x 10 22 || —1.300250 x 10-2 | 2.115936 x 10~
3 1.307698 x 10 0. 53 5 181560 X 105 5
=5 I -4 : .
4 || 3.084079 X 107 | —2.622994 x 10 24 || 7.798018 x 10~° | —4.059131 x 10~
5 4.963823 x 10 0. 5% 5 589440 X 107 5
—1 =3 . .
6 || 5.639884 x 107 | 2490176 x 10 76 || —2.587805 x 10-7 | 6.343237 x 10~ 1
7 4.191268 x 10 0. 5 T 90307 < 10=2 5
— 1 ) B .
8 1.146772 X 10_1 4.288086 x 10 58 E 539718 X 1% 5404007 < =1
9 [l —1.619740 x 10 0. 55 5 396435 < 101 5
— =TT =z : .
10 2.375971 x 10_1 1.233833 x 10 50 T —1625744 x 10-2 501204 < T5=1
11 || —1.059092 x 10 0. 31 1563087 < 102 5
o= A =2 - :
12 7.438688 X 10_1 1.259867 x 10 % 16661 < 105 T 5993914 = 10=7
13 1.374979 x 10 0. 33 5 571570 x 107 5
) P} . .
14 6.009871 x 10_2 5.537584 x 10 34 || —5.791061 x 10~° 9.990454 x 103
15 || —4.707471 x 10 0. —
16 || —7.611317 x 10~2 | —1.808911 x 10~ 2 gg —6.081297 x 10 5 g‘
17 || —2.442504 x 1072 0. — :
18 || 3.143060 x 10-7 | —1.044824 x 10-1 | L2371l 7388221 % 10 0
384
n ho(n) hi(n)
0 2.367805 x 10™2 2.570762 x 10~ 2
1 0. 0.
n ho(n) hy(n) 2 || —1.477378 x 10T 1.147846 x 10~°
0 || —5.505547 x 107* 7.483747 x 1077 3 |l —3.949987 x 1071 0.
1 0. 0. 4 || —5.867340 x 10~ | —1.153671 x 101
2 2.346066 x 1071 | —5.502312 x 10~2 5 || —5.606071 x 10~} 0.
3 5.190920 x 101 0. 6 || —3.022072 x 1071 1.189883 x 101
4 6.323345 x 1071 | —2.827801 x 10~1 7 1.931235 x 10~ 0.
5 4.645520 x 1071 0. 8 1.883779 x 1071 1.459907 x 101
6 1.375228 x 101 6.400065 x 10~1 9 1.415138 x 107! 0.
7 || —1.118936 x 10! 0. 10 {| —1.158105 x 10~2 | —5.250885 x 10~!
8 || —1.384151 x 10~1 | —6.441590 x 10! 11 || —9.254388 x 102 0.
9 | —3.154904 x 102 0. 12 || —6.465346 x 10~2 6.635609 x 10~ 1
10 6.332796 x 10~2 2.947170 x 101 13 1.584621 x 10~2 0.
11 3.175373 x 10~2 0. 14 4507339 x 1072 | —4.626038 x 10~ !
12 0. 0. 15 1.771757 x 102 0.
13 [| —1.452804 x 10~2 0. 16 || —1.395848 x 102 1.432607 x 101
17 || —1.235187 x 102 0.
18 0. 0.
19 3.825167 x 1073 0.

20B




Table 3.F.3. continued ...
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268

n ho(n) hi(n)

0 6.236123 % 1077 3.221075 x 10~°

1 0. 0.
n ho(n) hi(n) 2 || —6.310720 x 1074 | 4.374439 x 1077
0 || —1.184029 x 1072 9.032410 x 10~° 3 1| —2.158349 x 10! 0.
1 0. 0. 4 || —4.214194 x 107! | —1.772368 x 10~ 2
2 9.689282 x 1077 6.241750 x 103 5 il —5.615109 x 10~1 0.
3 2.953830 x 1071 0. 6 || —5.128089 x 10~! | —1.886201 x 10~°
4 5.088839 x 107! | —4.606146 x 10~2 7 || —2.639344 x 10~1 0.
5 5.850045 x 107+ 0. 8 4496744 x 1072 5.422797 x 1072
6 4.307877 % 1071 2.090118 x 10™% 9 2.213111 x 1071 0.
7 1.194389 x 101 0. 1110 1.782788 x 1071 | —5.476527 x 102
8 I —1.476933 x 1071 1.019771 x 101 11 5.990040 x 10~3 0.
9 || —2.113317 x 1071 0. 12 || ~1.233676 x 1071 | —6.131076 x 107
10 || —8.433602 x 1072 | —1.737571 x 101 13 || —1.102726 x 10~1 0.
11 7.117592 x 1072 0.]] 14 || —3.779811 x 10~ 1.893439 x 1071
12 1.173803 x 10~1 5.683934 x 1074 15 7.504508 x 10~2 0.
13 4.375403 x 10~2 0.1 16 6.294053 x 1072 | —1.202808 x 10T
14 || —4.448229 x 1077 3.667789 x 101 17 || —8.816548 x 10~° 0.
15 || —6.140094 x 10~2 0. 18 || —4.543998 x 10~2 | —1.054483 x 10~}
16 || —1.593305 x 1072 | —6.305451 x 10~ 1 19 || —3.093964 x 10™2 0.
17 2.765989 x 1072 0. 20 7.755171 x 10~ 5.328076 x 101
18 2.769167 x 102 5.722531 % 101 21 2.473195 x 1072 0.
19 7.902827 x 10™¢ 0. 22 1.181462 x 1072 | —6.233141 x 10~ 1
20 || —1.468459 x 1072 | —3.034597 x 10~ 1 23 || —7.378205 x 1073 0.
21 || —7.639351 x 10™3 0. 24 || —1.110660 x 1072 4.399509 x 10~1
22 3.440293 x 10~° 7.109424 x 1072 | | 25 || —2.168956 x 10~2 0.
23 4.051065 x 103 0. 26 4.675540 x 1073 | —1.852059 x 101
24 0. 0. 27 2.961965 x 1073 0.
25 || —9.490798 x 10~¢ 0.1] 28 || —8.645123 x 10~* 3.424477 x 1072

29 || ~1.246897 x 10—3 0.

30 0. 0.

31 2.305526 x 1072 0.

328
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Table 3.F.3. continued ...
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n ho (n) hl (n)

0 || —1.235074 x 10~° 1.366830 x 107*
1 0. 0.
2 2.043547 x 10~° 4.380463 x 107*
3 8.865715 x 10~ 72 0.
4 2.224174 x 10~1 | —7.312674 x 1074
5 3.040905 x 107! 0.
6 5.190792 x 10~1 | —1.671554 x 10~°
7 4.984779 x 10~ ! 0.
8 3.001578 x 10~! 4.201837 x 1073
9 1.015035 x 10™2 0.
10 || —2.081153 x 10~! 1.462370 x 1073
11 || —2.324123 x 107! 0.
12 || —8.141850 x 10~2 | —1.365552 x 1072
13 9.923046 x 1072 0.
14 1.608772 x 101 1.085318 x 107
15 7.492463 x 1072 0.
16 || —5.748947 x 10~2 2.040215 x 1072
17 || —1.114676 x 10~! 0.
18 || —5.448640 x 1072 | —4.618188 x 1072
19 3.952235 x 1072 0.
20 7.656397 x 10~ 2 1.028053 x 1072
21 3.450593 x 10~ 7 0.
22 | —2.979326 x 102 7.620881 x 1072
23 || —5.069790 x 10~2 0.
24 || —1.878789 x 10~ 2 | —1.058258 x 10™1

25 2.256949 x 10~ 0.
26 3.148667 x 10~ 2 | —7.219360 x 10~3
27 8.087255 x 10~° 0.
28 || —1.619828 x 1077 1.839262 x 10~1
29 || —1.775470 x 1072 0.
30 || —1.937565 x 10~° | —2.197374 x 107!
31 1.055599 x 10772 0.
32 8.736305 x 107° 2.847504 x 1073
33 || —7.760608 x 10~ 0.
34 || —6.045937 x 10~° 3.428594 x 10™!
35 || —3.490633 x 10~° 0.
36 1.391733 x 10~° | —5.707176 x 10~ 1
37 2.890813 x 10~° 0.
38 9.418950 x 107* 5.496404 x 10~ ¢
39 || —1.033009 x 10— 0.
40 || —1.067479 x 10~ ° | —3.560653 x 10™*
41 || —1.883665 x 107° 0.
42 5.065419 x 10~% 1.549319 x 101
43 2.153236 x 10~* 0.
44 || —1.329655 x 10~% | —4.066910 x 10~2
45 || —1.123729 x 1074 0.
46 1.502953 x 10~° 4.596962 x 1073
47 2.949751 x 10~° 0.
48 0. 0.
49 || —3.334200 x 10~° 0.

508




Table 3.F.3. continued ...

89

20C

n ho(n) hi(n)

0 || —2.323520 x 10~ 2.205322 x 1074

1 0. 0.
n ho(n) hy(n) 2 1.351674 x 1071 1.251767 x 10~°
0 3.836044 x 1077 4.634054 x 1072 3 3.507419 x 107! 0.
1 0. 0. 4 5.492602 x 10~ | —6.779288 x 10~2
2 || —1.818879 x 1071 5.038201 x 1073 5 5.631551 x 10! 0.
3 || —4.364313 x 107! 0. 6 3.503212 x 10~1 3.238472 x 1072
4 || =5.953777 x 10~1 | —1.366232 x 107! 7 5.031801 x 1072 0.
5 || —5.286855 x 107! 0. 8 I —1.703317 x 1071 1.010546 x 10™1
6 || —2.601431 x 107! 1.311681 x 107! 9 || —1.896229 x 107! 0.
7 3.929512 x 1072 0.1 10]] —4.810714 x 102 | —1.859037 x 10~ !
8 1.837179 x 1071 1.185905 x 10~! 11 8.688497 x 1072 0.
9 1.322228 x 1071 0. 1] 12 1.160597 x 1071 4.993698 x 10™2
10 || —2.272461 x 1072 | —4.761299 x 107! 13 3.132201 x 1072 0.
11 || —9.642468 x 1072 0. 1] 14 || —5.634256 x 102 2.776255 x 10~!
12 || —7.203273 x 1072 6.438296 x 1071 15 || —6.848486 x 10~7 0.
13 1.858284 x 10™° 0. 16 || —1.382624 x 1072 | —5.744821 x 10~!
14 5.780570 x 1072 | —5.166682 x 107} 17 3.676692 x 1072 0.
15 2.784974 x 10~ 2 0. 18 3.880777 x 1072 6.050447 x 107}
16 || —2.230074 x 10~2 1.993244 x 107! 19 1.528846 x 1073 0.
17 || —2.234920 x 10?2 0. 20 || —2.549762 x 1072 | —3.975286 x 10~}
18 0. 0. 11 21] —1.603896 x 1072 0.
19 8.622050 x 107° 0. 22 7.916250 x 10~3 1.234208 x 10!

23 1.053797 x 102 0.

24 0. 0.

25 || —3.271727 x 10~° 0.

26C




Table 3.F.3. continued ...
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32C

n ho(n) hi{n)

0 9.811255 x 107 5.173349 x 10™°

1 0. 0.
n ho(n) hy(n) 2 || —7.665345 x 1072 7.229966 x 10~
0 1.496707 x 10772 1.065789 x 1072 3 1| —2.398916 x 1077 0.
1 0. 0. 4 || —4.379021 x 10~T | —1.613531 x 10™2
2 | —1.019083 x 107! 1.046969 x 1072 5 I —5.551294 x 101 0.
3 | —2.950838 x 107! 0. 6 || —4.885365 x 10~ | —5.311421 x 10~°
4 || —4.952344 x 1071 | —3.347241 x 10~2 7 || —2.428178 x 1071 0.
5 || —5.693765 x 1071 0. 8 4.913679 x 10~2 3.934525 x 102
6 || —4.350582 x 107! 2.909494 x 1073 9 2.167272 x 1071 0.
7 | —1.476068 x 107! 0. 10 1.799614 x 10~ | —3.039397 x 107
8 1.217690 x 10~ 1 6.576102 x 1072 11 1.535456 x 1077 0.
9 2.183449 x 107! 0. 1112 1] —1.232965 x 10~ | —4.082131 x 102
10 1.193376 x 10~* | —7.817171 x 1072 13 || —1.261825 x 10™1 0.
11 || —4.595871 x 1072 0. 14 || —2.083822 x 102 1.001542 x 1071
12 || —1.337371 x 10~ | —3.106655 x 10~2 15 7.876995 x 10™2 0.
13 || —8.330151 x 10772 0. 16 8.765079 x 1072 | —4.669071 x 10~2
14 || . 2.673383 x 1072 1.754621 x 101 17 1.473493 x 1072 0.
15 8.557101 x 10772 0. 18 || —5.492308 x 10~% | —1.114084 x 107!
16 5.386738 x 10°2 | —1.717389 x 10~} 19 || —5.867611 x 1072 0.
17 || —1.960877 x 10~2 0. 20 || —6.936266 x 10~ 2.150507 x 10~ !
18 || —5.662641 x 1072 | —7.140571 x 1072 | | 21 3.856518 x 1072 0.
19 || —3.118906 x 102 0. 22 3758526 x 1072 | —1.029573 x 10~!
20 1.707595 x 10~2 4.126346 % 1071 23 9.934368 x 10~2 0.
21 3.520814 x 1072 0. | 241 —2.709086 x 1072 | —2.087334 x 10!
22 1.497259 x 1072 | —6.104145 x 107! 25 || —2.180069 x 10772 0.
23 | —1.356144 x 10~ 0. || 26 3.157377 x 10~° 5.109277 x 10~1
24 || —2.060380 x 1072 5.338650 x 1071 27 1.746522 x 1072 0.
25 || —4.571973 x 10~° 0. 1128 1.089962 x 1072 | —5.995040 x 10~ !
26 1.145034 x 1072 | —2.966897 x 10~ | | 29 || —4.327598 x 10~° 0.
27 8.596066 x 10™° 0. |30 ] —1.071275 x 10~ 4.489590 x 101
28 || —2.978920 x 10~° 7.718677 x 1072 | | 31 || —3.807417 x 103 0.
29 || —4.777172 x 1073 0.]] 32 5.126905 x 10~° | —2.148628 x 10~ 1
30 0. 0. 33 4.402844 x 1072 0.
31 1.242828 x 1073 0. 34 || —1.137470 x 1073 4.767007 x 10~2

35 || —2.107113 x 10~° 0.

36 0. 0.

37 4.674901 x 10742 0.

38C




Table 3.F.3. continued ...
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n ho(n) h]_ (n)

0 6.299385 x 10™° 2.505546 x 1073
1 0. 0.
2 [ —5.696874 x 10™* 4613379 x 1073
3 [ —1.922887 x 10~* 0.
4 || —3.794394 x 10~ ! | —7.444698 x 1073
5 || —5.253341 x 10~ ! 0.
6 || —5.208488 x 10~ ! | —6.383882 x 10™°
7 || —3.297258 x 10~} 0.
8 || —3.947725 x 1072 2.218634 x 1072
9 1.852436 x 10~ 0.
10 2.215227 x 10~1 | —8.900904 x 1073
11 8.606603 x 10~ 2 0.
12 || —8.567513 x 102 | —3.376203 x 102
13 || —1.499304 x 10~} 0.
14 || —7.541837 x 10~2 5.203895 x 1077
15 4.789700 x 10™2 0.
16 1.052218 x 101 2.894889 x 10~ ¢
17 5.680261 x 107 0.
18 || —3.242919 x 10°% | —8.950757 x 10~2
19 || —7.451465 x 10~ 2 0.
20 | —3.939318 x 10~ ° 1.029088 x 107!
21 2.454778 x 10~2 0.

22 5.262124 x 1072 2.016134 x 10~2
23 2.496353 x 1077 0.
24 || —1.978449 x 10~° | —1.855908 x 107+
25 || —3.579008 x 10~ 7 0.
26 || —1.396373 x 10~ 7 2.064846 x 1071
27 1.558328 x 102 0.
28 2.317795 x 10~° 7.844110 x 1073
29 6.384434 x 10~° 0.
30 || —1.204231 x 10”2 | —3.411766 x 10~ 1
31 || —1.360393 x 10~2 0.
32 | —1.396813 x 10~° 5.673558 x 10~1
33 8.197373 x 10~° 0.
34 6.980896 x 10~° | —5.542478 x 10~!
35 || —8.441601 x 10~* 0.
36 || —5.432104 x 10™° 3.610068 x 1071
37 || —2.527882 x 10™° 0.
38 2.257675 x 10~° | —1.500780 x 10~!
39 2.174613 x 10°° 0.
40 || —4.291482 x 107* 2.852745 x 1072
41 || —9.038060 x 10~* 0.
42 0. 0.
43 1.717992 x 1074 0.

44C




Table 3.F.3. continued ...
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n ho(n) hi(n)
25 || —3.890252 x 10~2 0
0 3.966714 x 10~° 1.205975 =3 .
T 1 5 5975 x 10 5 26 || —3.379700 x 10~ 7 6.655157 x 1072
; | 27 2.113655 x 107> 0
2 || —4.200907 x 10~2 2.790093 x 10~3 "
51523008 < 10T 5 28 2.837785 x 102 1.045339 x 101
- 11729 2.158828 x 1072 0.
4 || —3.230052 x 10~ | —3.211687 x 10~°
£ 4516052 < 10T X 51130 || —4.165612 x 107°% | —2.302169 x 107!
. . _ gy
6 | =5.324920 x 10T | —5.184268 x 107 | ||| —1:979060 x 107 0.
4016396 x 10T 51132 —1.255785 x 10 i 1.474225 x 10
8§ | 1342772 x 10T | 1176537 x 10-7 |0 || 4805092 x 107 0
5 577356 <101 51134 1.310494 x 10 i 1.402904 x 10
: -1l 35 6.329053 x 10~ 0
10 2.371385 x 10~ 1 | —9.563574 x 10~5 :
3 1534597 < 10T 4% 5 36 || —4.691326 x 10~3 | —4.492393 x 10~ ¢
. . _ =
12 || —2.678086 x 102 | —2.364567 x 10~ 2 37 7.779870 X 10,3 _01’
1478179 X 10-1 5138 —2.299578 x 10 i 5.813097 x 10
14 | =1.240704 X 10-T | 2.513060 X 107 ||oo| 3373910 x 107 0.
e 1933780 % 10=0 5140 4.132846 x 10 i —4.871437 x 10
: 41 2.507075 x 10~ 0
9.985373 -2 557 ~2 :
1?[ - 42?2692 18*2 1.557631 x 10 o[ 42 || ~2.676086 x 100 | 2793143 x 10~
. | 43 || —1.494886 x 1077 0
18 6.3647 -3 1 —6.0487 2 ;
7 12462; Z(( 13,_2 6.048799 x 10 || 44 || 9.735015 x 10-* | —1.015743 X 10
. . =3
20 || —6.954339 x 102 4.1390880 x 102 45 1.036135 x 10‘4 _02‘
5T 2516505 x 103 5 46 || —1.594858 x 10 1.664060 x 10
. . - [y |
22 | 5.260148 x 10-2 | 5.048943 x 10-2 z; 3.767963 x 10 . 8‘
23 4.955054 x 1072 0. — -
24 | 9568004 x 10~ | —1.226066 x 10-1 |22 Il ©172999 % 10 0.

50C




Table 3.F.3. continued ...
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n ho(n) hi(n)

0 2.543807 x 1073 5.776660 x 1074
1 0. 0.
2 || —3.118806 x 10~2 1.610769 x 10~3
3 || —1.204284 x 1071 0.
4 || —2.723899 x 10~ | —1.267537 x 10~
5 || —4.387807 x 10~ ° 0.
6 || —5.262056 x 10~ | —3.568539 x 10~°
7 | —4.534693 x 10~ 0.
8 || ~2.237543 x 10~ 5.855130 x 1073
9 5.345022 x 10™2 0.
10 2.252414 x 107! 2.619256 x 1073
11 2.054070 x 10~* 0.
12 4.180549 x 1072 | —1.487865 x 10~
13 || —1.200825 x 10—+ 0.
14 || —1.553794 x 10~L 1.017898 x 10™2
15 || ~5.698214 x 10~* 0.
16 7.189854 x 10~2 1.706194 x 1072
17 1.159408 x 10~ 1 0.
18 5.107901 x 10* | —3.646554 x 10~
19 || —4.816175 x 10~2 0.
20 || —8.698478 x 10~ ¢ 1.049357 x 10~
21 || —4.009365 x 10~2 0.
22 3.552027 x 10~ 7 4.850350 x 1072
23 6.499536 x 10~ 0.
24 2.888206 x 10~2 | —7.050226 x 1072
25 || —2.777611 x 10~2 0.
26 || —4.789591 x 10~* 4.084510 x 10~3
27 | —1.907818 x 10~7 0.

28 2.228407 x 10~ 2 1.019727 x 10~1 |
29 3.425984 x 102 0.
30 1.124890 x 1072 | —1.243129 x 10~ ¢
31 |[ ~1.769298 x 10~% 0.
32 || —2.350616 x 1072 | —1.122346 x 103
33 || —5.539725 x 10~° 0.
34 1.368588 x 1077 1.816790 x 10~1
35 1.515546 x 10~2 0.
36 1.698867 x 10° | —2.313869 x 1071
37 || ~9.973167 x 1073 0.
38 || —8.990222 x 1073 5.041226 x 1072
39 4167714 x 107% 0.
40 6.867099 x 10~° 2.693288 x 10~
41 4.678399 x 10~° 0.
42 || —1.438907 x 10~% | —5.199865 x 10~ T
43 || —4.160525 x 103 0.
44 || —1.932038 x 10~° 5.599947 x 10~1
45 1.433994 x 10~ 0.
46 2.303490 x 1075 | —4.122640 x 10~ 1
47 4.285001 x 10~ * 0.
48 || —1.286605 x 10~° 2.107532 x 107!
49 || —8.147421 x 10~* 0.
50 4.146013 x 10~ % | —6.791403 x 10~
51 4.782894 x 107¢ 0.
52 1| —5.948637 x 10~° 9.744202 x 10~
53 || ~1.541260 x 10~¢ 0.
54 0. 0.
55 2.211377 x 107° 0.

56C



Table 3.F.3. continued ...

94

n ho(n) hi(n)

0 1.782610 x 10™° 2.701193 x 10~*
1 0. 0.
2 1 —2.409508 x 10~ 8.607479 x 10~*
3 || —9.759425 x 10~2 0.
4 | —2.322606 x 10! | —4.720270 x 10~*
5 || —3.959603 x 10~1 0.
6 || —5.085791 x 10! | —2.159139 x 10~°
7 || —4.833801 x 10~* 0.
8 || —2.954028 x 10~ 1 2.752473 x 1073
9 | —2.161128 x 10~ 2 0.
10 1.933615 x 10~! 2.566140 x 1073
11 2.346038 x 107} 0.
12 1.043332 x 10~ % | —8.800169 x 1073
13 || —7.678734 x 10~° 0.
14 || —1.645964 x 107! 3.338100 x 10~3
15 || —1.049617 x 10~ 0.
16 3.111534 x 10~ 2 1.321948 x 1072
17 1.178270 x 10~1 0.
18 8.878153 x 1072 | —2.012258 x 102
19 || —1.352453 x 10~ 0.
20 || —8.731545 x 1072 | —1.797338 x 10~°
21 || —7.064505 x 10~2 0.
22 7.611627 x 1073 3.609643 x 10~7
23 6.622262 x 10™4 0.
24 5.410573 x 107° | —3.631568 x 10~2
25 || —6.359139 x 10™> 0.
26 | —5.074475 x 1072 | —1.740929 x 10~2
27 || —3.986647 x 10~2 0.
28 6.710472 x 10~° 7.523050 x 10~2
29 3.864681 x 102 0.
30 2.809507 x 1072 | —5.777776 x 10~2

31 || —7.229594 x 10~° 0.
32 || —2.889969 x 10~% | —4.534963 x 10~2
33 || —1.867821 x 1072 0.
34 7.354105 x 10~° 1.357151 x 10~1
35 2.090382 x 10~ 2 0.
36 1.149009 x 10~° | —9.461139 x 10~2
37 || —6.887401 x 10~° 0.
38 || —1.445922 x 102 | —7.751392 x 102
39 || —6.311087 x 1073 0.
40 5.960035 x 10™° 2.305402 x 101
41 9.378593 x 10™° 0.
42 2.851414 x 10~° | —1.937907 x 10~!
43 || —4.694469 x 10~° 0.
44 1 —5.615350 x 10~° | —5.713453 x 107
45 || —7.825710 x 10™* 0.
46 3.406220 x 10> 3.707863 x 10~ *
47 2.919159 x 10~° 0.
48 || —2.697563 x 10~ % | —5.513804 x 10~ 1
49 || —2.104672 x 1073 0.
50 || —1.263183 x 10~ ° 5.191033 x 10~ T
51 5.504622 x 10™* 0.
52 1.205532 x 10™° | —3.448900 x 10~ !
53 3.090760 x 10~* 0.
54 || —6.029725 x 10~% 1.606378 x 10~ 1
55 || —4.050824 x 10742 0.
56 1.766374 x 10™% | —4.705794 x 1072
57 2.112913 x 10™% 0.
58 || —2.295249 x 10°° 6.114768 x 103
59 || —6.189663 x 107° 0.
60 0. 0.
61 8.042925 x 10~° 0.

62C
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n ho(n) hi(n)

0 1.417172 x 107 1.331174 x 10™%
1 0. 0.
2 || —1.998759 x 10~ 2 4.609250 x 10~ %
3 || —8.330648 x 107 0.
4 | —2.048973 x 10! | —1.780452 x 10~ ¢
5 || —3.629320 x 1071 0.
6 || —4.886132 x 10! | —1.235135 % 10~°
7 || —4.959165 x 10~! 0.
8 || —3.433221 x 107! 1.329161 x 10~3
9 || —8.236903 x 102 0.
10 1.561186 x 10~! 1.857653 x 103
11 2.440319 x 10~1 0.
12 1.499404 x 10~1 | —4.786816 x 10~3
13 || —3.309146 x 10~2 0.
14 || —1.576876 x 10~ ! 8.051460 x 10~*
15 || —1.370671 x 10~! 0.
16 || —8.767345 x 103 8.794743 x 1073
17 1.059650 x 10~1 0.
18 1.126595 x 10~ | —1.074281 x 10~ 2
19 2.065759 x 10™2 0.
20 || —7.550662 x 102 | —4.647998 x 10~°
21 || —8.979898 x 10~ 2 0.
22 || —2.097443 x 1072 2.377087 x 102
23 5.658483 x 1072 0.
24 7.045850 x 1072 | —1.773973 x 10~2
25 1.704566 x 1072 0.
26 || —4.399671 x 1072 | —1.952533 x 10~2
27 || —5.430370 x 10~ 2 0.
28 || —1.196613 x 102 4.926193 x 10™7
29 3.482115 x 1072 0.
30 4.091221 x 1672 | —2.385196 x 10~2
31 7.131880 x 107° 0.
32 || —2.761718 x 1072 | —4.754702 x 10~*
33 || —2.985696 x 10~2 0.

34 1 —3.169884 x 10~° 8.778026 x 1072
35 2.159364 x 1072 0.
36 2.092635 x 1072 | —3.014111 x 10~*
37 3.059514 x 10~* 0.
38 || —1.645837 x 10~% | —8.984884 x 1077
39 || —1.389954 x 10~2 0.
40 1.489545 x 1073 1.464064 x 1071
41 1.205347 x 1072 0.
42 8.607927 x 107° | —4.961672 x 1072
43 || —2.338701 x 103 0.
44 || —8.406013 x 1073 | —1.407423 x 10~1
45 || —4.830777 x 1072 0.
46 2.510113 x 1073 2.482500 x 1071
47 5.466961 x 1073 0.
48 2.323686 x 10~° | —1.391602 x 1071
49 || —2.191626 x 10~° 0.
50 || —3.278751 x 10> | —1.482309 x 10~1
51 || —8.239769 x 10~% 0.
52 1.689715 % 1073 4.353207 x 1071
53 1.708717 x 1073 0.
54 4.324498 x 10~° | —5.551649 x 10~
55 || —1.077928 x 10~° 0.
56 || —7.482078 x 1074 4.767859 x 10~1
57 2.243794 x 10~% 0.
58 6.294485 x 10~% | —2.948638 x 1071
59 1.842300 x 10~ ¢ 0.
60 || —2.931986 x 10~* 1.289033 x 1071
61 [| —2.023156 x 102 0.
62 8.084743 x 107° | —3.554415 x 1072
63 9.800101 x 10~° 0.
64 || —9.914516 x 10° 4.358865 x 1073
65 || —2.702308 x 10°° 0.
66 0. 0.
67 3.313905 x 10~° 0.

68C
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26D

n ho(n) hl(n)

0 2.330616 x 1072 1.929333 x 10™2

1 0. 0.
n ho(n) hi(n) 2 || —1.296655 x 107! 1.529149 x 102
0 || —3.254804 x 10™72 3.338605 x 10~ 2 3 || —3.431041 x 1077 0.
1 0. 0. 4 || —5.293513 x 10~ ! | —4.665364 x 10~ 7
2 1.600837 x 1071 1.592299 x 1072 5 || —5.592648 x 1071 0.
3 3.957186 x 1071 0. 6 || —3.826137 x 101 8.164201 x 1073
4 5.660253 x 101 | —8.160040 x 10~2 7 || —8.775196 x 1072 0.
5 5.443471 x 1071 0. 8 1.493044 x 107! 7.110545 x 10~
6 3.185697 x 1071 4.066663 x 10~ 2 9 2.037048 x 1071 0.
7 1.781965 x 1072 0. 10 8.306502 x 10~ 2 | —9.135101 x 1072
8 || —1.753885 x 1071 9.767990 x 1077 11 || —6.734190 x 10™2 0.
9 || —1.739248 x 107! 0. | [ 12 ] —=1.317950 x 1071 | —1.267867 x 10~2
10 || —2.763006 x 10™2 | —1.894375 x 10~ ! 13 || —6.436079 x 10™2 0.
11 9.180560 x 10772 0.1 14 4.184261 x 1072 1.605338 x 1071
12 1.127195 x 1071 7.272149 x 10772 15 8.718130 x 1072 0.
13 2.304147 x 1072 0. 16 4525413 x 1072 | —1.881158 x 107!
14 || —6.226398 x 1072 2.286128 x 10™71 17 || —2.845388 x 102 0.
15 || —7.086185 x 10™2 0. 18 || —6.145496 x 1072 | —1.210289 x 102
16 || —1.068256 x 1072 | —5.353428 x 1071 19 || —2.915006 x 102 0.
17 4.192834 x 1072 0.1120 2.379750 x 1072 3.368129 x 107!
18 4.470758 x 1072 6.105232 x 107! 21 4.124906 x 10~2 0.
19 1.238758 x 10~3 0. 22 1.541643 x 1072 | —5.801067 x 101
20 || —3.288928 x 1072 | —4.491334 x 107! 23 || —1.844041 x 1072 0.
21 ] —2.207715 x 1072 0.1 24 1 —2.743360 x 1072 5.603383 x 1071
22 1.187258 x 1072 1.621310 x 1071 25 || —6.015501 x 10~3 0.
23 1.624113 x 1072 0.1 26 1.770009 x 102 | —3.673356 x 10~ '
24 0. 0. 27 1.4143904 x 1072 0.
25 || —5.862824 x 107° 0.1 28 || —5.543508 x 107> 1.150462 x 1071

29 || —9.125631 x 10~° 0.

30 0. 0.

31 2.858065 x 1073 0.

32D
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38D

n ho(n) hl(n)

0 1.261020 x 1072 6.625193 x 10™°

1 0. 0.
n ho(n) hy(n) 2 || —8.591368 x 1072 | 9.170467 x 1073
0 1.710503 x 10~ 1.128329 x 10™4 3 || —2.557582 x 101 0.
1 0. 0. 4 || —4.487911 x 1071 | —1.491768 x 10™2
2 | —=1.056212 x 10~1 1.228700 x 107 5 || —5.514423 x 107! 0.
3 || —2.968934 x 107! 0. 6 || —4.725458 x 10~ | —7.103011 x 10°
4 || —4.808762 x 107F | —2.661195 x 10~* 7 || —2.270485 x 1071 0.
5 || —5.606364 x 10~1 0. 8 5.431422 x 102 3.194056 x 10~%
6 || —4.335216 x 10~ | —3.554443 x 10~° 9 2.132308 x 10~1 0.
7 | —1.584473 x 10~1 0. 10 1.764869 x 10~1 | —1.953395 x 10~2
8 1.075840 x 101 4856712 X 10~% 11 1.754467 x 10~2 0.
9 2.166807 x 101 0. 12 || =1.216671 x 107! | —3.194513 x 10™2
10 1.337119 x 1077 | —4.405512 x 10~ 2 13 || —1.303090 x 10~1 0.
11 || —2.930060 x 10~% 0. 14 || —2.864957 x 1072 6.502143 x 107
12 || —1.344958 x 10~ T | —3.146088 x 10~ 15 7.716525 x 10™2 0.
13 || —1.014230 x 101 0. 16 0.715556 x 10~2 | —2.293474 x 10~ 2
14 9.974991 x 10™3 1.039878 x 10~1 17 2.607536 x 1072 | 0.
15 8.018163 x 1072 0. 18 || —5.480759 x 10~% | ~7.315460 x 10~
16 7510579 x 107% | —7.299761 x 1072 19 || —=7.171896 x 10~2 0.
17 | —4.472472 x 1077 0. 1|20 | —1.969926 x 1072 1.182260 x 101
18 || —6.439333 x 1072 | —7.396083 x 10~ 2 21 4.039794 x 10~2 0.
19 || —5.338424 x 1072 0.1122 5.322008 x 10~2 | —3.256798 x 107
20 5.010270 x 103 2.027600 x 101 23 1.323446 x 1072 0.
21 4.622935 x 1072 0. 24 || —3.149834 x 1077 | —1.355411 x 107*
22 3.694576 x 1072 | —1.541976 x 10~1 25 || —3.824637 x 10~ 7 0.
23 | —5.645313 x 10~° 0. 26 || —7.154143 x 1073 2.202878 x 101
24 || —3.442017 x 1072 | —1.085522 x 107! 27 2.398981 x 10~* 0.
25 || —2.398181 x 10~ 2 0. 28 2.677545 x 10~2 | —9.370255 x 102
26 7.894572 x 1073 4.256008 x 101 29 2.970308 x 1073 0.
27 2.393909 x 1072 0. 30 || —1.895717 x 1072 | —2.081192 x 101
28 1.341905 x 10~ 2 | —5.947476 x 10~1 31 || —1.755811 x 10—~ 0.
29 || —7.533342 x 1073 0. 32 1.065654 x 10~° 4.929633 x 10~1
30 || —1.686647 x 1072 5.158141 x 10~1 33 1.358416 x 102 0.
31 | —6.085264 x 1073 0. 34 1.024677 x 1072 | —5.860274 x 10~1
32 9.688719 x 10~3 | —2.963025 x 10~1 35 || —2.445935 x 10~° 0.
33 8.829895 x 10~° 0. 1|36 || —1.030838 x 102 4.559516 x 10~ 1
34 || —2.677891 x 10~° 8.189586 x 10~ 2 | | 37 |l —4.900777 x 10~° 0.
35 || —5.072216 x 10~3 0.1138 5.319561 x 10~° | —2.352903 x 10~ !
36 0. 0.1 39 5.397257 x 10~° 0.
37 1.401923 x 10~3 0. |40 || —1.307989 x 103 5.785386 x 10~ 2

41 [[ —=2.785213 x 10~° 0.

42 0. 0.

43 6.848361 x 1074 0.
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Table 3.F.3. continued ...
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n ho(n) hi(n) - =
2 9.205880 x 10—; 3.888800 x 10“: %E _%Eggg% z %g:z TR0 10%’
s 11 L VS (A M T
— 0 S =3 . X .
€[ -a00sm0r ig‘i 8.100208 x 10 ; 50 [ 1505028« ig:z 1883485 % 1o~01
I
Ll Rt ig:i e~ 1826606 x 10-2 | —1,309089 X 10~7
10 | 2086020 x 10~T | —6.808238 X 107 || oo || 2:635486 X 1077 5
1| 6864207 x 102 0 S X s X 1
R I i1 S N [ = S M RS
iR e E—
=T = . }
T A o Rl N 1 ER U
= =7 =2 . :
T TS O | ) L T Il S ER
2(1) “;jgigzg: ig:z 0.580814 x 10—; 36 | —6.377363 x 107 | 4027722 % 152
22 || 6158857 x 107 | 1258190 x 10° a7 ST X A0 =
Zi _3{1322?3 : 18—2 —1.098493 x 10-0. 49 | 3309118 x 1077 0.
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n hO (n) h]_ (n)

o 6630288 X 100 | 2arTasi 107 | |28 3688059 % 1077 | 5.603905 x 107
1 o 51129 [ 3122989 x 1072 0.
2 —5.606188 x 10~ 2 4.567203 < 10-2 30 || —2.634446 x 10~° | —1.334975 x 107!
3 1 —1.862037 x 10— T 51 131 || —2.836578 x 1077 0.
T 3653612 x 10°T | —4.187480 < 10=5 | |52 —2.249628 x 1072 8.044048 x 1072
5 1 —5.001685 x 10~ T 51 138 ] 3671195 x 10°° 0.
5 5160971 x 10-F | —6.258163 < 10-3 | 2 2.192947 x 1072 | 8.796950 x 1072
7 3.486625 x 10— 1 o 35 1.546102 x 1072 0.
8 T —7.370956 = 10-2 Toiiies w107 36 || —4.620099 x 107% | —2.240763 x 10~}
9 1.603618 X 10-1 51 137 || —1.626471 x 10 0.
T 5775839 x =T | 5494597 % 10=% | |o0.|| —9-820721 x 1075 | 1.736195 x 10~ T
11 1.191606 x 107! o L39 4.626789 x 10~° 0.
T2 5555562 X 107 | —Z0deeTa w1077 | |20 | LI8T019x 107% | 7.971353 x 107
13 || —1.512736 x 10~ 1 5 4L 5717694 x 10~° 0.
11060967 X T0-T | 185430 % 107 |12]| —4.809680 x 107" | —3.871913 x 10°
15 1.752210 % 10-2 o 43 || —7.906151 x 10~° 0.
T6 T 1065784 X 10T | 9420731 % 1077 | |24 | ~2.406672 X 1077 | 5604402 x 10~
17 8770913 x 102 o 45 3.845800 x 10™° 0.
18 T —4.300480 x 10-° | —4.383220 = 102 46 5.042150 x 10~ | —5.185899 x 10~
19 || —7.829678 x 10-2 o 47 6.435286 x 10~* 0.
50 1 —6.9991038 % 10-2 3398015 10-2 | L8 —3.724547 x 1073 3.329675 x 10~
21 2022623 % 10-% o 49 || —2.461602 x 10~° 0.
75 | 5.088535 X 10-7 | ZB10507 X 1077 | |00 | L:873779 X 107~ | —1.406929 x 10~
23 5.461379 X 10-2 o 51 1.903437 x 1073 0.
74 | 3000567 x 10=° | 7037310 10°7 | |02 | —3.091660 x 107% | 2.763886 x 10"
95 || —4.645237 x 10-2 o 53 I| —8.042830 x 107% 0.
26 | —4.190083 x 107 | 4.005718 x 10°2 | |0 0. 0.
57 17 1.099063 % 10-3 5 55 [] 1579999 x 10~* 0.
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32 3.246185 x 102 1.674484 x 1072
33 8.460521 x 10> 0.
34 || —1.990387 x 1072 9.869897 x 1072
35 || —2.433137 x 1072 0.
36 | —4.745099 x 10~° | —1.382565 x 10~ !
37 1.601510 x 1072 0.
38 1.768914 x 102 3.199605 x 1072
39 2.059408 x 10~° 0.
40 || —1.283046 x 10~2 1.495363 x 107!
41 || —1.228030 x 10~ 0.
42 4.975485 x 107° | —2.369895 x 1071
43 9.752146 x 10™° 0.
44 8.006885 x 1073 1.138989 x 10~1
45 || —1.111343 x 103 0.
46 || —7.369022 x 107> 1.752272 x 1071
47 || —4.782362 x 10°° 0.
48 2.003430 X 10°° | —4.538947 x 107!
49 4.965898 x 167> 0.
50 2.302653 x 1073 5.621883 x 101
51 || —1.854137 x 1073 0.
52 || —3.347191 x 10~ ° | —4.698678 x 10~}
53 || —8.255145 x 10~*% 0.
54 2.196518 x 1073 2.767396 x 107!
55 1.618368 x 107> 0.
56 || —8.461222 x 10~% | —1.066030 x 1071
57 || —1.100081 x 10~3 0.
58 1.497552 x 10~* 1.886767 x 10~ 2
59 4.237629 x 10~¢ 0.
60 0. 0.
61 [| —7.500178 x 10~° 0.

n ho (n) hl (n)

0 || —4.786556 x 1079 1.330828 x 10~°
1 0. Q.
2 4.521403 x 1072 3.008201 x 1073
3 1.578362 x 10~ * 0.
4 3.256672 x 10~ T | —2.014829 x 10~°
5 4.799745 x 1071 0.
6 5.232009 x 10~ % | —4.854501 x 10~°
7 3.968277 x 10~ 0.
8 1.405778 x 10~ 1 7.322157 x 1073
9 || —1.152125 x 1071 0.
10 1| —2.320220 x 1071 2.097572 x 1073
11 || —1.641120 x 10~¢ 0.
12 8.715785 x 107> | —1.462856 x 10~ 7
13 1.404794 x 10~¢ 0.
14 1.369436 x 1071 1.122587 x 1072
15 2.290649 x 10~* 0.
16 || —9.179901 x 10™4 1.199379 x 1072
17 || =1.090713 x 1071 0.
18 || —2.964910 x 10~ 2 | —3.023841 x 1072
19 6.411531 x 10~° 0.
20 8.654856 x 10—~ 1.390610 % 10~ %
21 2.796687 x 102 0.
22 || —4.777489 x 10~° 3.017673 x 1072
23 || —6.846169 x 10~ 0.
24 || —2.333688 x 102 | —5.307471 x 10~ 2
25 3.711759 x 10~7 0.
26 5.407170 x 10~2 1.487650 x 1072
27 1.800799 x 10~2 0.
28 || —2.985631 x 10~ 2 5.858144 x 1074
29 || —4.219003 % 10~2 0.
30 || —1.287483 x 10”2 | —8.608589 x 102
31 2.426073 x 10~2 0.
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n ho(n) hi(n)

0 3.406933 x 10~ 7.771098 x 10~4
1 0. 0.
2 | —3.662916 x 102 2.058921 x 1073
3 || —1.337574 x 107! 0.
4 || —2.890154 x 10~ T | —8.634418 x 10~ %
5 || —4.482555 x 1077 0.
6 || —5.203508 x 10~ 1 | —3.535345 x 1073
7 || —4.345816 x 107! 0.
8 || —2.040397 x 107! 4.121965 x 1073
9 6.236620 x 1077 0.
10 2.223863 x 1071 2.845963 x 107>
11 1.997897 x 101 0.
12 4.123006 x 1072 | —9.925363 x 10~°
13 || —1.168854 x 10~} 0.
14 || —1.559426 x 1077 4.985715 x 10~°
15 || —6.395798 x 1074 0.
16 6.597838 x 10~ * 1.125134 x 1072
17 1.196379 x 1071 0.
18 6.316468 x 107 | —1.965069 x 10~ *
19 || —4.021235 x 102 0.
20 | —9.317019 x 1072 3.201005 x 10~°
21 || —5.562521 x 10~ 2 0.
22 2.698595 x 10—~ 2.640256 x 1072
23 7.353539 x 10~ 7 0.
24 4.651589 x 102 | —3.299667 x 1077
25 || —1.985810 x 10~ 2 0.
26 || —5.872392 x 10°% | —2.730232 x 10~°
27 || —3.754092 x 10~> 0.
28 1.597059 x 10~* 5.004913 x 10~2
29 4.697081 x 10~ 2 0.
30 2.938535 x 10~ 2 | —5.080382 x 1072
31 || —1.359803 x 10~4 0.
32 || —3.750261 x 10~ 2 | —1.318960 x 10~2
33 || —2.223693 x 102 0.

34 1.204545 x 10~ 8.417880 x 10~ 2
35 2.957608 x 10~ 2 0.
36 1.614705 x 10~2 | —7.665443 x 102
37 || —1.068743 x 10~* 0.
38 || —2.298870 x 10~2 | —2.555383 x 102
39 || —1.116345 x 10~2 0.
40 9.514645 x 10~° 1.322826 x 1071
41 1.738873 x 1072 0.
42 7.129705 x 10™° | —1.224232 x 1071
43 | —8.163198 x 10~3 0.
44 | —1.279052 x 1072 | —2.754546 x 102
45 | —4.137321x 10~° 0.
46 6.955109 x 10~ 1.997945 x 10~1
47 8.959320 x 1073 0.
48 1.846890 x 10~ | —2.256278 x 10~}
49 || —5.506991 x 10~° 0.
50 || —5.967595 x 10~° 3.846769 x 1072
51 || —4.697334 x 10~% 0.
52 4.377235 x 1073 2.650000 x 1071
53 3.610797 x 10~° 0.
54 || —5.837621 x 10~% | —5.007630 x 10~}
55 || —3.006267 x 107> 0.
56 || —1.880081 x 10~° 5.469935 x 107!
57 8.053667 x 10~* 0.
58 2.162932 x 1075 | —4.178828 x 107!
59 7.353431 x 1074 0.
60 || —1.281812 x 1073 2.272688 x 10~1
61 || —1.027882 x 10~3 0.
62 4.532003 x 10~ | —8.035529 x 1072
63 6.266872 x 1074 0.
64 || —7.294796 x 10~ ° 1.293388 x 10~ 2
65 || —2.215774 x 10~% 0.
66 0. 0.
67 3.566479 x 10~° 0.
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n ho(n) hi(n)

0 | —2.581183 x 10~° 4548110 x 10™¢
1 0. 0.
2 2.969260 x 10~2 1.353830 x 10~3
3 1.130783 x 10! 0.
4 2.551648 x 10~1 | —2.785456 x 10~ *
5 4.149981 x 197 0.
6 5.100794 x 10~1 | —2.472378 x 10~°
7 4626613 x 10~ ¢ 0.
8 2.627922 x 10~! 2.207872 x 10~3
9 || —4.259944 x 10~ i 0.
10 || —1.999767 x 10~1 2.764426 x 1073
11 || —2.246918 x 10~! 0.
12 1| —9.102816 x 107% | —6.441915 x 10™3
13 8.260914 x 10™* 0.
14 1.627533 x 107! 1.526340 x 10~3
15 1.020345 x 10™* 0.
16 | —3.165150 x 10~ 9.281018 % 1073
17 || —1.183608 x 10~! 0.
18 || —9.260736 x 10~* | —1.202934 x 10~2
19 9.255600 x 10~° 0.
20 8.886278 x 102 | —2.164103 x 10~°
21 7.914832 x 10~2 0.
22 | —5.880822 x 10~° 2.082942 x 10~2
23 || —6.874290 x 102 0.
24 ]| —6.600699 x 10™2 | —1.880579 x 10~ 2
25 || —3.044282 x 10~ 0.
26 5.462179 x 1072 | —1.061345 x 10~ 2
27 5.414651 x 10~7 0.
28 3.221338 x 10~° 3.856089 x 10~2
29 || —4.411565 x 1072 0.
30 || —4.380101 x 1072 | —2.646122 x 102
31 || —2.154265 x 10~° 0.
32 3.601641 x 1072 | —2.511518 x 10~ 2
33 3.481950 x 102 0.
34 6.337907 x 10~ * 6.381555 x 1072
35 || —2.941123 x 10~ 2 0.
36 || —2.712678 x 1072 | —3.584292 x 10~ 2

37 8.181299 x 104 0.
38 2.393391 x 1072 | —4.600449 x 10~2
39 2.059380 x 102 0.
40 || —2.065429 x 10°° 9.921186 x 10~7
41 || —1.919637 x 10~ 2 0.
42 || —1.513096 x 102 | —5.133619 x 102
43 2.878379 x 10~° 0.
44 1.516989 x 1072 | —7.140463 x 10~ 2
45 1.067923 x 1077 0.
46 || —3.401973 x 10~ 1.511454 x 1071
47 || —1.163015 x 1072 0.
48 | —7.109591 x 10™° | —8.736825 x 10~2
49 3.453675 x 1073 0.
50 8.697777 x 107° | —~9.111237 x 102
51 4.410023 x 10~° 0.
52 || —3.364556 x 10~ ° 2.333874 x 10~1
53 || —6.157450 x 107> 0.
54 1] —2.362331 x 10> | —1.913745 x 10!
55 2.869827 x 1672 0.
56 4.189741 x 1075 | —4.662057 x 10~ 2
57 1.051619 x 10~° 0.
58 [| —2.473019 x 1073 3.447914 x 107 T
59 || —2.575204 x 103 0.
60 || —7.648307 x 10~ | —5.287201 x 1071
81 1.765990 x 10~° 0.
62 1.420085 x 10~° 5.189616 x 1071
63 || —2.837535 x 10~% 0.
64 || —1.372120 x 107> | —3.653447 x 101
65 || —5.725996 x 10~% 0.
66 7.419604 x 10™% 1.843106 x 10~ T
67 6.387522 x 10~4 0.
68 || —2.419209 x 10™% | —6.009564 x 10~2
69 || —3.537204 x 102 0.
70 3.565693 x 107> 8.857549 x 10~°
71 1.153328 x 10~ ¢ 0.
72 0. 0.
73 || —1.699900 x 10~° 0.

74D




103

CHAPTER IV
M-CHANNEL FIR PR LINEAR-PHASE QMF BANKS

It is proved in [31] that for a two-channel FIR QMF bank with lossless E(z), only
trivial filters in the form of sums of delays exist. The reason [31] is that the lossless
property put too many constraints on E(z). Instead of forcing E(z) to be lossless,
let us derive a general condition for an FIR peffect—reconstruction system. Figures
1.2(b), 2.6 and 2.7 are redrawn as Figures 4.1(a), 4.1(b) and 4.1(c), respectively. It
is clear from Fig. 4.1(c) that it is a perfect-reconstruction system if we choose [12]
R(z) = E7Y(2). If the analysis filters are FIR, the choice R(z) = E~!(z) gives rise
to FIR synthesis filters as well, provided that det E(z) = bz™", where b and r are a
nonzero constant and a nonnegative integer, respectively. In this chapter, the term
“perfect reconstruction” is taken to be synonymous to the condition detE(z) =
bz™" (even though this is not a necessary condition with IIR perfect-reconstruction

systems).

The theory of perfect reconstruction when M is a power of 2 is well known
(18], [19]. The design method in [18] is based on spectral factorization of an FIR
half-band filter. Some methods of perfect reconstruction for an arbitrary number
of channels have been reported recently [7, 20]. The method described in (7|
constrains the polyphase transfer matrix E(z) to be FIR and lossless (i.e., E(e/*)
to be unitary for all w). The coefficents here are assumed to be real. Under this
condition if the matrix R(z) is chosen as R(z) = ET(z7!), then the System of Fig.
4.1(a) is forced to be a PR system. In [11}, a procedure for the design of two-
channel perfect-reconstruction systems with linear-phase FIR filters is given, based

on judicious factorization of a linear- phase FIR halfband filter. The number of
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Fig. 4.1(a). The M-channel maximally decimated parallel QMF bank.
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Fig. 4.1(b). Polyphase implementation of Fig. 4.1(a).
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Fig. 4.1(c). An equivalent structure for Fig. 4.1(b).
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possible spectral factors, hence, grows exponentially with respect to the degree of

the filters; besides, the resulting filters are not guaranteed to be optimal.

Our goal in this chapter is to impose both the PR and the linear-phase properties
on the analysis filters of the QMF bank in Fig. 4.1(a). First, in Section 4.1, we study
the necessary form of E(z) such that Hi(z), 0 < k < M — 1 are linear-phase FIR
filters. Next, we concentrate on a special class (to be elaborated) of these linear-
phase FIR QMF banks. Our restriction to this subclass is primarily motivated by
analytic tractability. Having limited our study to a subclass of these PR structures,
the conditions on the lengths and the symmetries of Hi(z) are derived by imposing
the perfect-reconstruction condition on the above E(z). We will also give the exact
number of linear-phase perfect-reconstruction structures for this subclass. For the
two-channel case, this class covers all nontrivial LP PR FIR QMF structures [30].
The lattice structures for the two-channel and three-channel PR LP FIR QMF banks
are elaborately studied in Sections 4.2 and 4.3, respectively. Once this linear-phase
perfect-reconstruction lattice structure for 3—channel QMF bank is obtained, the
pairwise symmetry property [59] is incorporated on it to speed up the convergence
time in the design process. Design examples and systems complexity are also

included.
4.1. M-channel LP PR FIR QMF Banks.

Let Hi(z), 0 < k < M — 1 be the M (causal) linear-phase analysis filters with
center ¢;. We define the degree of Hy(z) as N; — 1:A:20k. For a given M, we can
uniquely write Ny —1 as myM +1;, where 0 < ¢, < M —1 and m;, are integers. This

representation will be used subsequently. In terms of the polyphase components
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E,;(z), the filter H,(z) is represented as [7, 17|
M-1
Hk(z) = Z Z_JE)CJ'(ZM). (41)
5=0
We shall define the center of Ey;(2) as c¢x;, where

Cc
chjé {mkv J = ks (4.2)

mp—1, 7> 1.

First, let us find the relations among the polyphase component Ej;(z), which yields
linear-phase analysis filters. Once these relations are known, we can further study

the perfect-reconstruction aspect of these structures.

The impulse response of a linear-phase filter Hi(z) could be either a symmetric

or an antisymmetric sequence; i.e.,

Hk(z) = ZNk_leHk(Z), (4.3)

where

_J1,  Hi(z) is symmetric;
T = { —1, H(z) is anti-symmetric. (44)

Using (4.1) in (4.3) and noting that Ny — 1 = miM + 1), we obtain

M-1 . M-1
3" A Eyi(2M) = LM 1 N 27 B (2M) (4.5)

7=0 j=0

. ik . . M-1 .
i z(m"M+"“)Jk Z Z_JE/;J' (ZM) -+ Z(mkM_f_tk)Jk Z z"Ekj(zM)

=0 J=ipt+1

ik . M-1 N .
=Jy > 29 {zm"ME;cj(zM)} +Jp > 2MHed) [z(m"’l)MEkj(zM)].

i=0 =g+l

Making changes of variables, the above equation becomes
M-1 e M-1

Yo FEG(M) = > 2 [zm"MEk‘,-k_j(zM)] +Jy Y, & [z(m""l)MEk,MHk_j(zM) .

=0 =0 j=iptl

[ ——
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Comparing like powers of both sides of (4.6), we have the following necessary form
of E(z), which yields linear-phase analysis filters. Thus,

~ E i) (2), 7S
E,:(2) = 2™ J, x Atk LT 4.7
k’(z) ? £ {z_lEk,(M-i-ik—j) (2), 7> k. (+7)

The above relation has been known before in a slightly different notation [14]. Let
us now concentrate on a subclass of systems that satisfies (4.7), namely, the class
where all 7; are equal; i.e., 1o = 11 = ... = i)y = [. From now on, we consider
only this class. The restriction of our discussion to this class is motivated primarily
by the tractability of the possible combinations of PR systems belonging to this

subclass.

Recalling that Ny = m;M + 1; + 1, we see that for this particular subclass, the
sum of the lengths of the analysis filters is a multiple of M. E(z) in (4.7) becomes

Ey-7(2), 1<,

Epi(z) = 2™y x{ ! ]
ki(2) = 2™ J {z "B rr-)(2), 7> 1

(4.8)

The above form of E(z) yields a linear-phase QMF structure. It does not, how-
ever, guarantee perfect-reconstruction yet. To achieve this additional goal, namely,
perfect reconstruction, let us study E(z) carefully. It can be verified that (4.8) is

equivalent to

E(z2) = A (2)PET(2)A4(2), (4.9)
where A;(z) and A,(z) are diagonal matrices such that

1, J<I
z7h, > 1,

(A1)j; = {

and (A2)jj = ijJj. (410)

Here, P is a permutation matrix of the form

_ I‘(I+1) 0
P_( 0" Turan)® (4.11)
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0 1
T, = ( ) . (4.12)
1 0/ uxn

For a PR system, det E(z) = bz™". Taking the determinant of both sides in (4.9),

where

det E(2) = det Ay(2) det P det ET(2) det A4 (2) (4.13)
or equivalently,
M-1
( Z Me) /M-1
be" = bz~ M1 DTy k=0 ( 11 Jk) detP. (4.14)
k=0

Comparing both sides of (4.14), we have the two following conditions:

M-1

r = (Z mk) ~(M-1-1), (4.15a)
(Aﬁl Jk) detP = 1. (4.15b)

The first equation in (4.15) yields the same condition on the filter lengths as above.
Namely, the sum of the lengths of the analysis filters is a multiple of M. From Eq.

(4.15b) one can obtain the total number of possible combinations of analysis filters

which yield LP PR systems.

We have shown in [30] that in the case of two-channel LP PR FIR QMF banks,
there are only two structures in which all 7; are the same. For an arbitrary number
of channels, partly because of the two choices that J; can take (namely, J; can
be either 1 or —1), and partly because of the M choices that I can take (i.e.,
0 < I< M —1), the counting of combinations that yield LP PR FIR QMF banks
is not simple. For instance, if M = 3, there are 3 possible combinations which the
triplets Jy, J; and J; can take. These are the combinations in which either one or

two or all three of the Ji are 1. (The case where none of the Jy is 1, i.e., all J; are —1,
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can not be a PR structure. In other words, the DC component of the signal z(n) can
not be reconstructed since all analysis filter Hi(z) have zeros at w = 0!) Moreover,
for each of the above triplets Jy, JJ; and J,, there are 3 possibilities because I can
be either 0 or 1 or 2. Thus, there are in total 3% structures that yield LP analysis

filters in our subclass. In general, there are M? LP structures. Which one of these

can be both LP and PR?

Let us turn our attention to (4.15b), which governs the number of combinations

of analysis filters that yield LP PR FIR filters. Let

S-1
Ag = Number of combinations of Ji such that H Jr =1,
k=0
5-1 (4.16)
©g = Number of combinations of J; such that H Jp= -1,
k=0
R; = Number of combinations of I such that detP = 1;

then the total number of combinations of analysis filters which are LP PR and are

obeying (4.15b) (denoted as Total) is:
Total = AMRl + @M(M e Rl) = Rl(AM - @M) + M(")M (4.17)
Let us calculate Ag, ©5 and R; separately, as follows:

Calculating Ry:

From (4.11),
det P = det 1“1+1 det I‘M_.l..], (4.18)
where
1; k=4r,4r + 1,
det T = { —1; k=4r+2,4r +3. (4.19)

Here, r is a positive integer. By taking I in the range from 0 to M — 1 and using
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(4.19) in (4.18), one can verify that

M/2; M is even,
R, =< M; M=4r+1, (4.20)
0; M = 4r + 3,

where r is a positive integer.

Calculating Ag:

5-1
We are interested in the number of combinations of J; for which H Jp = 1,
k=0
where J, can be either 1 or —1. As mentioned above, the case where all J; = —1
is excluded since a PR system is not possible for this case.
Even S Since S is even and, furthermore, since Ji can be either 1 or

—1, the number of J, that takes the values —1 has to be even. In other words,
there will be 0, or 2, ..., or S values of J; that take the value —1. That gives us,

in total, (S/2 + 1) combinations. Excluding the case where all J; are —1, we have

5-1
a net total of S/2 combinations in which [] Ji = 1.
k=0
0Odd S: Similar to the above even case, the number of J; that takes
the value —1 in this case has to be even. Thus, there will be 0, 0or 2, ..., or (S —1)

values of Ji that take the value —1 and thus, Ag = (S +1)/2. Combining both

cases, Ag is:

As = {5/2; even S, (4.21)

(S+1)/2; oddS.

Calculating ©g:

Use the same counting argument as in the Ag case where the only difference is

that the number of J, taking the values —1 is odd. Thus,

@S:{S/z; even S,

(S —1)/2; odd S. (4.22)
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In summary, the total number of LP PR FIR QMF structures is
Total = RI(AM - GM) + M(“)M, (423)

where R;, Apr and Oy are as in (4.20), (4.21) and (4.22). We have calculated
Total for several M in Table 4.1. We observe that for M = 2, this result agrees
with previous work [30]. For this particular subclass, let us summarize all results

on the LP PR QMF bank in the following fact.

Fact : For an M —channel FIR QMF bank in which all 1; are the same, the

total number of combinations of LP PR analysis filter banks is given in (4.23). The

polyphase transfer matrix E(z) satisfies (4.8) or equivalently, (4.9). The lengths of
M-1

the analysis filters Hy(z), Ny satisfy the condition: Z Ny = M(2r + M), where r
k=0

is some positive integer and Ny — 1 = m;M + 1;.

Table 4.1
Number of combinations of LP PR systems for the case where
all 7, are the same

M 1213|415 |67
Total | 213181518121

From the above discussions, it is clear that there are several possible combina-
tions of analysis filters that yield LP PR FIR QMF banks. In order to develop a
design procedure for such systems, we shall adopt the same strategy as in some
of our previous work [7,19]. This strategy is to construct a lattice structure for
the analysis bank such that the properties of interest are structurally enforced. In
other words, regardless of the values of the multipliers in the structure, the FIR

filter bank would satisfy the LP PR property. If we invent such a structure, we
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can optimize the multiplers in the structure to obtain an analysis filter with good

stopband attenuations, without sacrificing the LP PR property.

Now, because of the existence of several possible combinations of analysis filters
giving rise to the LP PR property, it is not possible to find a single general lattice
structure that covers all of these cases. Our main purpose in the next section is to
demonstrate that it is indeed possible to obtain lattice structures if we restrict the
filter bank to be a subclass of all the possible combinations. To be specific, if we set

I = M — 1 in the above discussions, it turns out to be easy to obtain such lattice

structures.
4.2. Two-channel LP PR FIR QMF Banks.

For a two-channel FIR QMF system, the QMF bank of Fig. 4.1(a) - 4.1(c) is

simplified to Fig. 4.2(a) - 4.2(c). Writing the analysis filters Hi(z) in terms of

their polyphase components Ey ,(2), we have
o(2

(Hl( ;) = E(z?) (;1) : (4.24)

Evidently from Fig, 4.2(c), we can obtain a perfect-reconstruction system if we
choose R(z) = E7!(z). If the analysis filters are FIR, the choice R(z) = E7!(2)
gives rise to FIR synthesis filters, provided that det E(z) = bz~", where b and r are
a nonzero constant and a nonnegative integer, respectively. Our aim is to obtain a
structure for the pair of transfer functions [Ho(z), H1(z)] with overall form as in Fig.

4.3. The structure should have the following features regardless of the multiplier

values in the structure:

1. Ho(z) and H,(z) are linear-phase FIR filters.

2. detE(z) = bz7".
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l y(n)

Ho (z) [P w2 |—>{42 ¥ Fg(2)
Hy (z) L ¥2[—{42 | Fy (2)
Fig. 4.2(a). The 2-channel QMF bank.
x(n)
> Yo —>{4o >
1Y |E(23) R(z?)
> V21— 42 >

Fig. 4.2(b). An equivalent structure for Fig. 4.2(a).

X (n)

¥2

71

v2i»

R(z) E(2)

42

>

42

E(zz)

> HO(Z)

- H1 (Z)

Fig. 4.3. Pertaining to the discussion of a
perfect-reconstruction pair.
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Such a structure will be called a linear-phase perfect-reconstruction structure,
and such a pair [Ho(z), H1(z)] will be called a perfect-reconstruction pair. Most
of the two-channel QMF designs satisfy the power-complementary property (i.e.,
|Ho(e?)|? + |Hi(e™)|* = 1) either approximately, as in [2], [26], or exactly as
in perfect-reconstruction systems [6], [7], [18], [19]. This condition, however, is
not necessary for perfect reconstruction [20], [30]. In fact, if we constrain Hg(z)
and H,(z) to be linear-phase filters, it will be necessary to give up the power-
complementary property [31]. All the QMF analysis filter designs in this subsection
(two-channel) have linear-phase and perfect-reconstruction property, accomplished

by relaxing the power-complementary requirement.

As discussed in the above section, there are two PR FIR QMF structures that
yield linear-phase analysis filters. We showed in [30] that these two choices are the

only ones that yield nontrivial LP PR FIR analysis filters. These choices are:

1. 5o =1, =I=1. Here, the orders of Hy(z) and H,(z) are odd since Ny —1 =
0 1
1 O
other words, the two analysis filters Hy(2) and H,(2) have opposite symmetry.

2my +1. Furthermore, from (4.11), P = ( ) Thus, Jo = J, = —lorin

We will denote this case by “Type A.”

2.1 =1 =1 = 0. Opposite the above case, the orders of Hy(z) are now

0 1
therefore JyJ; = 1. Thus, the two analysis filters are both symmetric. (The

even. Based on (4.15b) and the fact that I = 0, we have P = (1 0) and

case where Jy = J; = —1 is of no interest to us since perfect reconstruction is

not possible.) We denote this case by “Type B.”

Furthermore, the lengths of Hy(2) and Hi(z) satisfy No + Ny = 4r, where r is a
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positive integer. We will now elaborate on the structures and implementations of
Type A and Type B in Sections 4.2.1 and 4.2.2, respectively. Accompanying the
design in each subsection is the comparison between the new proposed structures

and the corresponding conventional ones. Examples are given to verify the theory.

Let us now discuss the properties of the synthesis filters of a two-channel FIR

PR system. From Fig. 4.2(c), with R(z) = E7%(2), we have

(i)-wer(7)

Since det E(z) = bz™", the above equation becomes

H’jg” B B—z}:f [(1) ;)1] E(=") [_;1} : (4.25)

Simplifying the above expression, we have

{Fo(z)} 2T {—Hl(—z)} .

Fi(2) — Ho(~2) (4.26)

b
Note that the above relation (4.26) between the synthesis and analysis filters holds
regardless of the phase responses of Hi(z). Moreover, if the analysis filters have

linear phase, then so do the synthesis filters. The noncausal factor 2z can be

dropped in practice.

4.2.1. Analysts filters and lattice structures for Type A systems.

Recall that the word “Type A” implies that [Hy(z2), Hi(2)] is a linear-phase FIR
SAOO pair, and that det E(z) is a delay. Our aim here is to obtain FIR lattice
structures for the pair [Ho(z), H1(2)] such that it is guaranteed to be Type A. We
shall first propose a structure, and then prove that (almost) any Type A pair can be
realized by the structure, so that the structure is a general tool for optimal design

of such pairs of filters. (The parenthetical adverb “almost” is elaborated towards
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the end of this section.) The basic ingredient of the proof will be to show that such
a pair can be systematically synthesized in the proposed structural form. In the

following discussions, the synthesis procedures are primarily tools for such proofs.

Without loss of generality, we assume that Hy(z) and H,(z) are symmetric and
antisymmetric, respectively. Their lengths, Ny and N;, are both even. We start
with a structure closely related to the well-known linear prediction lattice [21],
(23] shown in Fig. 4.4 (for the moment let us ignore the last section “ _11])
Traditionally, in the linear prediction lattice, the coefficients k,,, which are real-
valued, are constrained to be k%, < 1. This constraint is a necessary and sufficient
condition for the FIR transfer function Tx(2) to have minimum-phase (i.e., all N
zeros strictly are inside the unit circle). The FIR function Uy(z) is automatically
constrained by the structure to be such that Uy(z) = 27V Ty (271) = TN(z) Thus,
(Tn(2),Un(2)] is an MIP (which stands for mirror-image pair), and Un(z) is a

maximum-phase FIR filter.

If we permit &, to be arbitrary real numbers (i.e., not constrained to be k2, < 1),
then Uy(z) and Ty (2) are still related as Uy(z) = Tv(z), but Ux(z) can now have
arbitrary phase response. Caution should, however, be exercised concerning the
possibility of k%, = 1, which leads to “singularities” as elaborated a few paragraphs
later. We shall now exploit the fundamental features of this structure (uncon-

strained k,,, with k% # 1) to obtain Type A pairs eventually.

Given the pair [Ho(z), H1(2z)], the idea is to generate the MIP [Ty (z2),Un(2)],
which can be synthesized in the form of a lattice. If Ho(z) and Hy(z) have the

same lengths, (Np = N;) the MIP can be generated as

] =a A o
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If, on the other hand, we have Ny < Nj, the centers of symmetries of Hy(z) and

H,(z) should first be aligned. The MIP is then generated as

DO ] e

The inverse relation is evidently
[z—(ﬂ%’—%yo(z)} _ [1 1 ] {TN(Z)}
H,(z) 1 -1} |Un(2)}’
which is represented in Fig. 4.4. The purpose of the delay z~(™1=N0)/2 is to align the
centers of symmetry of both Hg(z) and Hy(z). For arbitrary choices of Hy(z) and
H,(2), the filters Tn(z) and Ux(z) obtained from (4.28) no longer have minimum
phase and maximum phase. However, by permitting unconstrained real values for

k., one can still realize the pair [Tw(z), Un(2)] by using the structure of Fig. 4.4.

To comprehend the nature of the synthesis problem at hand, we shall for a
moment relax the perfect-reconstruction constraint. Thus, let [Tx(2), Un(2)] be
any MIP of order N. The procedure to synthesize a lattice of the form in Fig. 4.4
can be understood by referring to Fig. 4.5(a), which shows the m** section of Fig.

4.4. Since the polynomials T,,(z) and U, (z) are given as

Exd R | -

we can invert the relation to obtain

[z“z;"l}:_(fzz)] 1 —lkfn [—}cm ‘fm} B:((?)] ) (4.30)

provided that kZ, # 1. Thus, given the MIP [Tn(2),Un(2)], we can iteratively

compute the lower-order pairs [Ty(2),Ux(2)], K = N — 1, N — 2,... by repeated
application of (4.30), resulting in the structure of Fig. 4.4. The quantity k,,, which

results in a reduced-order pair [T.-1(2), Un-1(2)], is given by k,, = tmm/tmo, where
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Fig. 4.4. The 2x2 LPC lattice structure and its resulting SA LP
pair [Hg(z), Hi(2)].

Tm-1(2)

Um-1(z)-—--b Um(2)

Fig. 4.5(a). Type ! building block.

Tm-1(2) —»1-2"1z Tm(2)

Un-1(z) —» 2—1—zm Un(2)

Fig. 4.5(b). Type Il building block for the SAOO or
SAEE LP FIR lattice structure.
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UN(Z)  S=(Ny-Ng)/2

Fig. 4.5(c). The SAOO or SAEE LP FIR lattice structure.
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tmi is the 1" coefficient of the impulse response of T}, (2); i-e., Trn(2) = g tmez .
It can be verified that [Tp-1(2),Um-1(2z)] is an MIP (assuming, of course, that
[Tn(2),Un(2)] is an MIP). This procedure is the familiar “downward recursion”
in Levinson’s algorithm [21], [23], [24] with the exception that k., is now arbitrary

(rather than constrained to be k2, < 1 as in Levinson’s algorithm).

Now, the above procedure works for any MIP [Ty(z),Un(2)], provided that
k2 # 1 at any stage. If k2, = 1 for some m, the 2 X 2 matrices in (4.29), (4.30) are
singular. The meaning of this singularity situation is discussed further in Appendix

4.A. In what follows, we shall outline a method to overcome singularity situations.

The iteration in (4.29) is not the only means of constructing a lower-order MIP

[Trn-1(2); Un-1(2)] from an MIP [T\n(z), Un(z)]. A more general procedure would
be to define

Tpa(2) = — ( = )[Tm(z)—kmUm(z)} (4.31a)

and

Ups(2) = — (z_ll )[-kam(z)+Um(z)], (4.315)

1o kZ, — Zm
which works as follows: z, is an arbitrary real number. The parameter k,, is

chosen to be
Trn(2m)
Un(zm)’

so that T (2) — kmUnm(2) has a zero at z = 2,,, canceling the denominator 1 —2z7'2,

ko = (4.32)

in (4.31a). Since [T,,(2),Un(2)] is MIP, the factor (27! — z,,) is canceled off in
(4.31b) by the same choice of k,,. Furthermore, since the pair [1 — 2712, 27! — 2,,]

is MIP, the pair [Tyn-1(2), Um-1(2)] is guaranteed to be a reduced-order FIR MIP!

The purpose of the number z,, is to avoid the possibility of k2’s being unity.
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Since T, (z) £ Un(2) is a finite-degree polynomial, it has only m zeros so that there
is guaranteed to exist z,, such that Ty, (2m) + Un(2m) # 0, Thn(2m) — Un(zm) # O,
and Up(2,) # 0. Except for this restriction, z,, is entirely arbitrary. In order to
find a z,, that works, it is only necessary to try out at most 3m values, say, z,, = k,
k=0,1,...,3m — 1. In Appendix 4.B it is shown that such a z,, is guaranteed to
exist as long as there is no common factor between Ty (z) and Uy(2). (It is also
shown in Appendix 4.C that such a common factor cannot exist if [Ho(2), H1(2)]
is a PR pair). Fig. 4.5(b) shows the structural interpretation of the new order-
reduction scheme. The resulting structure for arbitrary MIP [Ty(z),Un(2)] is as
in Fig. 4.5(c) with building blocks A,,(2) as in Fig. 4.5(b). It is clear that any
arbitrary MIP [Tn(z),Un(2)] can be represented in this form and that for arbitrary
Ko, 2m (k% # 1), the structure gives rise to only MIP [Ty(z),Un(2)]. Notice that
the traditional structure of Fig. 4.4 is obtained as a special case with 2z, = 0.
Readers familiar with the relation between the linear-prediction IIR lattice and
FIR lattice structure [21] will recognize that the relation between Fig. 4.5(b) and
the IIR allpass structures in 24, page 483] is similar. For convenience of discussion,
the building blocks in Fig. 4.5(a) and 4.5(b) will respectively be called Types I and

II. These are equivalent when z,, = 0.

The structures for [Ho(z), Hi(2)] proposed in Figs. 4.4, 4.5 and 4.6 are not in
the form of Fig. 4.3, and this gap should now be bridged. First consider Fig. 4.3.

It is clear that we can represent [Ho(z), Hy(2)] as

[gﬁ” = G(2) [;1] : (4.33)

where G(z) is a 2 x 2 FIR transfer matrix with det G(z) = delay. However, since
this is not in the form (4.24) (i.e., G(2) is not equal to E(2*)), we cannot conclude

that det E(z) = delay. Thus, it is not true that all [Ho(z), H1(2)] pairs represented
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by Fig. 4.4 lead to FIR perfect reconstruction analysis banks. If we impose the
stipulation that £, = O for even m in Fig. 4.4, then G(z) = E(2?), and det E(z) is

indeed a delay. What is more important, however, is the following stronger result:

Lemma 4.1: Let [Hy(z), Hi(2)] be a Type A pair such that we can synthesize
it in the form of Fig. 4.4, such that k,, # £1 for any m. Then the even-numbered

coefficients k,,,, automatically turn out to be zero, if det E(z) is a delay.

Proof: The proof is inductive. Suppose that we are given an m‘* order MIP

[Tm(2), Un(z)], which at the same time is a PR pair; i.e.,
{Tm(z) } =E,(2%) {;1} , with detE,(z) =cz". (4.34a)

The coefficient of the 2° power in det E,(2) is (tmotmm-1— tmitmm), Wwhich should

be 0. This condition together with k,, = t,, ;m/tmo yields

t trmm
k,, = -mm = mm-l (4.34b)
tm,0 tm,1

Substituting (4.34b) in (4.30), we obtain tm-1,m-1 = Um-10 = 0. Thus, an order

reduction by two is automatically enforced, so that

{z“zUm-z(z)} T 1=k {-—km 1 } [Um(z) ' (4.35)
By combining (4.35) and (4.34a) we also see that [Th—2(z), Um-2(2)] is an MIP PR
pair. So if we start with an MIP PR pair [Tn(2),Un(2)] and repeat the above

order reduction process, we see that k,, = 0 for even m and Fig. 4.7 reduces to a

PR structure as shown in Fig. 4.8. QED

Since we restrict z, to be zero in Lemma 4.1, it therefore does not cover all
Type A pairs of filters. The pairs of filters which the structure of Fig. 4.8 excludes

are essentially the ones which, during the synthesis process, yield internal transfer
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Fig. 4.6. The SAOO or SAEE LP FIR lattice structure.
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Fig. 4.7. A redrawing of Fig. 4.6 with Zm=0.

Fig. 4.8. The lattice structure for Type A system. N is odd.
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function pairs (the [T,,(z), Un(2)] pairs) such that t,, o = £t nm, forcing k,, = £1.
Suppose that the optimal filter happens to be one of these excluded filters. Then
in practice, we can still always get as close to it as possible by using the structure
of Fig. 4.8. Thus, these excluded filters are not expected to result in serious loss

of generality.

A result similar to Lemma 4.1 does not hold for the structure with the general-
ized building blocks shown in Fig. 4.6. Even if such a result were true, the quantity
E~!(z) that arises in the synthesis bank would contain the inverses of these building
blocks. These inverse building blocks would contain the two factors 1/(1 — z71z,,)
and 1/(27! — z,,) at least one of which is necessarily unstable (i.e., synthesis fil-
ters are IIR and unstable) for any choice of z,. This observation excludes the

consideration of Fig. 4.6 for the rest of this section.

Ezample 4.1: In the optimization procedure, we additionally use two scale

factors B; and f, at the end of the structure in Fig. 4.8. The objective function to

be minimized is

o= /Ow” [1 - 1H0(efw)1rdw+ [ {Ho(efW)rdw

ws

+ /w [1 - ;Hl(efw);rdw + /0 ”" [Hl(ej‘”)rdw. (4.36)
A mathematical optimization subroutine [10] is used to search for an optimal solu-
tion. In order to initialize the lattice coefficients, we use the tabulated linear-phase
filters designed earlier by Johnston [32], [2, page 401]. For our example, the filter
64D was used for Ho(z), and H;(z) was taken to be Ho(—2z). With this “initial
pair”, the lattice of Fig. 4.4 was synthesized. Since the filters obtained from [2,

page 401] give only an approximation to a PR pair, the even-numbered coefficients

ks do not turn out to be zero. These were forced to be zero during initialization,
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and the odd-numbered coefficients reoptimized, using [10]. The frequency responses
of these reoptimized filters are shown in Fig. 4.9(a). The number of lattice sections
in the example is equal to 32 and the transition bandwidth is Af = 0.086. Notice
that these filters form an exact PR pair and retain the PR property in spite of
quantization of the coefficients k,, to any desired level. The synthesis filters Fy(z)
and Fy(z) can be obtained by using (4.26). Table 4.2 displays the lattice coefficients
kym+1, and the impulse responses of both analysis filters. Table 4.2 displays only
the first half of the coefficients of Hy(z) and H;(2), since the impulse responses are

symmetric and antisymmetric, respectively.

It is interesting to compare the above perfect-reconstruction design with John-
ston’s 64D filter in [2, page 401] (to be referred to as the 64D filter in the following
discussion). Both designs have linear phase and filter lengths equal to 64. The
PR pair has a minimum stopband attenuation of about 42 dB and a reconstruction
error equal to zero. On the other hand, the 64D filter has a better minimum stop-
band attenuation of about 65 dB, but a nonzero reconstruction error (defined in [2})
of about 0.002 dB. Both designs have about the same transition bandwidth, viz.,
Af = 0.086. The tradeoff is therefore very clear. For comparison, the frequency
responses of the 64D-analysis filters are shown in Fig. 4.9(b), and the impulse re-
sponse coefficients in Table 4.3. Notice that the significantly large coeflicients in
the 64D filter agree closely with those in the PR pair. The 64D filters satisfy the
relation H;(z) = Ho(—2z), whereas the PR pair does not. It can, in fact, be shown
that with Hy(z) = Ho(—z), it is impossible to force det E(z) to be an exact delay
unless Hy(z) is a trivial function (See Appendix 4.D}. Notice, finally, that some of
the trailing coefficients in the PR pair (Table 4.2) are very small (compared to the

ones in Table 4.3). These can be replaced with “zero” without significant effect on
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Fig. 4.9a. Ex. 4.1. Magnitude response plots for the optimized analysis filters.

Each filter has length =64.
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Fig. 4.9b. Ex. 4.1. Magnitude response plots for the 64D analysis filters.

Each filter has length =64.
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Table 4.2

Lattice coefficients and impulse responses of the optimized analysis
filters in Ex. 4.1. (SAOO) B; = 9.3367072622762 x 10710,
B> = 8.6458769493813 x 10710,

Lattice Coeff. koypyy

Filter Coeflicients hg pm

Filter Coeflicients hy p,

—0.16748024178056

—2.8047649315578 x 10~°

2.7701557075405 x 10~°

—0.98630142049519

4.6974270887493 x 10~°

—4.6394634766867 x 10°

46.797422738757

—9.0320483808830 x 10™°

8.8828615641826 x 107°

1.0155415002447

1.5395771337727 x 10~

—1.5142595131503 x 10™°

—0.98123943672420

—3.8484265421346 x 1074

3.6797322378863 x 1072

71.799272118326

7.3072834050015 x 10~°

—7.0105005042002 x 10~°

0.99604836163496

—5.4844133513744 x 10~*

3.3979745779936 x 107>

73.293136853215

4.4822758623806 x 10~*

—3.4610132423983 x 10~*
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Table 4.3

Impulse responses of the Johnston’s 64D filters in Ex. 4.1.

Coeflicients hg,m

Coeflicients h;
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Fig. 4.9c. Ex. 4.1. The plots of |Hy(e™)|* + |H,(e*)|? for the

64D pair of filters and the new PR pair of filters.
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the PR property.

A second major difference between the above PR design and the 64D filter
is that the 64D pair [Ho(2), H1(z)] is approximately power-complementary; i.e.,
| Ho(e?)|? + |Hy(e?)|? =~ 1 (see Fig. 4.9(c)). In fact, the design procedure in [32] is
such that [J [1 — |Ho(e?®)? —-!Hl(ej‘”)]zrdw is minimized. On the other hand, the
PR pair does not satisfy the power-complementary property (see Fig. 4.9(c)). In
fact, the main basis of the PR designs introduced in this paper is the fact that PR
property can be accomplished exactly for linear-phase filters, by giving up power-
complementarity of the pair [Ho(2), H1(2)] as well as the relation H;(z) = Ho(—2),
which are two restrictions forced in most of the earlier designs [26], [32-34]. After

relaxing these two restrictions, we can obtain good PR pairs which in addition have

linear phase.

4.2.1.a Implementation Complezity:

A further interesting point of comparison between the 64D design and our PR
design is the number of multiplication and addition operations per unit time (abbre-
viated MPU and APU, respectively) * required to implement the analysis bank. A
direct form implementation of the 64D filter pair [Ho(2), H1(2)] would appear to re-
quire 2x 64 = 128 MPU. However, there are three simplifying factors involved, viz.,
(a) the relation Hy(z) = Hy(—2); (b) the symmetry relation ho(n) = ho(N'—1-n),
where N' is the length of Hp(z) and (c) the decimation by a factor of 2. Only two
of these three factors can be simultaneously exploited, because N' is even (see [26]
for details). As a result, we require 128/4 = 32 MPU to implement the 64D pair

using a direct form polyphase structure. The number of APUs required is 32.

%A unit of time is defined to be the sampling period of the input sequence z(n) in Fig. 4.1(a).
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Now consider the PR pair of length 64 designed above (Table 4.2 and Fig.
4.9(a)), implemented in lattice form of Fig. 4.8. There are 32 lattice sections in
the structure. | Each lattice section can be implemented efficiently using only one
multiplication and three addition operations (see [27] and [28]). Second, both the
decimators can be moved to the left of all the building blocks in Fig. 4.8 (which
are functions of 22?) by replacing 272 with 27! in these building blocks (see [2] or
use the identity (a) in Fig. 11 of [29]). With such rearrangement, each lattice
building block operates at the lower rate, and so the total number of MPUs is equal
to (32 + 2)/2 = 17. The number of APUs required can be similarly verified to be
49. In conclusion, for the same filter length, the PR pair requires only 17 MPU
and 49 APU, whereas the 64D pair requires 32 MPU and 32 APU.

The significant features of the above comparison are summarized in Table 4.4.
As a final observation, suppose we consider Johnston’s 32D pair in [2]. This filter
has the same number of MPU and nearly the same attenuation as the PR pair under
discussion, and in addition has a reconstruction error = 0.025 dB [2]. In other
words, the 32D pair and the above PR pair have nearly the same cost (assuming
that the multiplication time significantly dominates addition time) and the same
performance, except for the reconstruction error. The only price paid for perfect

reconstruction appears to be the overall group delay of the QMF bank, which is 63
for the PR pair, and 31 for the 32D pair.

The structure in Fig. 4.8 can be partly generalized for the case where M is an

even integer. We discuss this briefly in Appendix 4.E.
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Table 4.4

Comparison between Johnston’s 64D filters and the new PR filters.

Feature Johnston’s 64D The new PR
Pair of Filters Pair of Filters
Phase Response Linear Linear
Filter Length 64 64
Stopband 65 dB 42.5 dB
Attenuation
Reconstruction 0.002dB No error
Error
Number of MPU
for Analysis Bank 32 17
Implementation
Number of APU
for Analysis Bank 32 49
Implementation
Power Comple- Approximately Does not
mentarity holds hold
Not explicit.
Relation between || Hi(z) = Ho(—2) Implicitly
Analysis Filters such that
det E(z) = delay
Overall Group
Delay of 63 63
QMF bank

4.2.2. Analysts filters and lattice structures for Type B systems.

Recall that for a Type B pair, the FIR filters Hy(z) and H;(z) have even orders
and symmetric impulse responses, and the determinant of E(z) is a delay. Let
[Ho(2), Hi(2)] be a Type B pair with orders Ny—1 and N;—1, respectively. Without
loss of generality, assume that N, > Ng.

As we have shown from Section 4.1; i.e.,

(4.15), the lengths of these filters satisfy the condition

No + Ny = 4ry, r, = nonnegative integer, (4.37)
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which we call the “length condition.” Based on the fact that both Ny and N; are

odd, it can be shown that the only choice for Ny and N, which satisfies (4.37), is:
Ny = Ny +4L + 2, L = nonnegative integer. (4.38)

In other words, the lengths of any Type B pair of filters have to obey both (4.37)

and (4.38), simultaneously.

We would like to find a structure that covers all Type B pairs of filters [Ho(2), H1(2)].
We accomplish this by showing that every such pair can be synthesized as a cas-
caded lattice. The building blocks of the lattice will be such that the Type B
property propagates down the structure. Consider Fig. 4.10(a) where the pair
[Pr(2), @m(2)] is a Type B pair with orders r = (m 4¢ — 2) and m, respectively,

m—4L—2
with even m. Let P,(z Z Prjz 7 and Qm(z Z gmj2 . We shall assume

that
Pro = gm0 7 0, (4.39)

which will be justified soon. Since m is even, the order of [P.(z), Qm(2)] satisfies

the length condition.

For convenience, let us express the pair [P,(2),Qm(z)] in polyphase form; i.e.,

{5;(&))] [g:nco((? le )H } ZZ)LL}. (4.40)

The elements of E,,(2) have orders given by

n m_ 1 (4.41)

m_9¢-1 !’—‘—22—2}
2

Order[Enm(2)] = [ 2 :

The determinant P, o(2)Qm1(2) — Pr1{2)@mo(2) is a linear-phase polynomial (be-
cause P,(z) and Q,.(z) are linear-phase polynomials of even order). Since this

determinant is also equal to a delay, the following equation holds:

Pro(2)@ma(2) = Pra(2)@mo(2) = 2~ (E 77, (4.42)



P'(z)—»

Q'(Z) —>
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B(fm)(zz)

—» Pr (2)

—» Qm (2)

Fig. 4.10(a). Pertaining to the downward recursion of
Type B system.

P (2)

\
VO (z) -DD—O
o
: m

Q(z) —*

B Um) (22

—> Pm-44-2(2)

— Qpy (2)

Fig. 4.10(b). The building block for Type B system
where p'0 #0 and q £0.

B Um) (22)

—> Pm-44-2(2)

—> Qm, (2)

Fig. 4.10(c). The building block for Type B system.
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Our aim is to use (4.42) to extract the building block B(*)(2?) in Fig. 4.10(a) such
that the remainder pair [P'(2), Q'(z)] is also a Type B pair with orders (m —4£—4)
and (m—4£—2), respectively. Since both pairs [P,(z), Qm(2)] and [P'(2), Q'(2)] are
PR pairs, the building block should be a function of 2%, which justifies the notation
B(ém)(2?). Furthermore, the determinant of B(»)(2?) is required to be a delay, in

view of the PR property.

Denoting the elements of B¢ )( ) by B( m)( ), Fig. 4.10(a) yields
P,(2) B( '")(zz) B(z"‘)( )1 [P'(2)
[Qm(z)] [B(l'")(z2) B(Zm)( )} [Q'(z)} (4.43)

_ [B“m’< #)P'(2) + By (2 2)@’(2)]
B (2)P(2) + BT () Q(z) ]
The orders of the components in (4.43) are related as
{m — 4L — 2} [Ordcr[Bc(fé" (2%)] Order[B(e"‘)( )]} [m —4£ — 4] (4.45)
m Order[BﬁS" (22)] Order[B(z"‘)( B m—4-2]" '
(2

Both pairs [P(z), Qn(2)] and [P'(z),Q'(2)] are symmetric polynomials; therefore,

(4.44)

it can be shown that B( '“)( %) also have to be symmetric polynomials. Moreover,
from the first equation of (4.44), in order to yield a symmetric polynomial in the
left-hand side, B(l”‘)( 2)P'(2) and B(e"‘)( 2)Q'(2) have to have the same orders so
that the centers of symmetry align. Thus, from (4.45), Order[Béf{,”)(zz)] = 2
and Order[B(e"‘)( )] = 0. Similarly, by considering the second equation of (4.44),
Order[B(l"‘)( 2)] = (4£+4) and Order[Bﬁ")(zz)] = (4£+2). In summary, to obtain
a symmetric pair [P'(z),Q'(z)] with orders (m —4£ — 4) and (m — 4£ — 2) from a
symmetric pair [P,(z), @,(z)] with orders (m — 4£ — 2) and m, all the elements of

the building block B(lm)(zz) are symmetric polynomials and moreover, the orders

of the elements can be summarized as

2 0
Order[Bt) ()] = [4e+4 4e+2}' (4.46)
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We now propose a particular form for B(t») (2%) and through the “downward recur-
sion” on the pair [P,(2), @m(2)] show that this particular form of B(é=)(2?) is indeed

sufficient to cover all Type B pairs. The proposed form is

14271 1
(em) () —
B (2) { T(2) U(z)} , (4.47)
where T'(z) and U(z) are symmetric polynomials of orders (2£ + 2) and (2¢ + 1),
2042 2641 ‘
respectively; i.e., T(z) = ) t;z70 and U(z) = > ujz7?. We assume that to =
j=0 =0

uo = 1 (see justification later). From (4.47), the condition “det B(*=)(2) = a delay”
is equivalent to

(1+27YU(z) — T(2) = ez 1), (4.48)
Equating the like powers of z in (4.48), we obtain

tO = Uop,
b = Up-1 + Uy, 1< k S L. (449)
c = 2Ug - tg.H_ ;ﬁ 0.

Thus, any choices of u; and t; that satisfy (4.49) guarantee that det B(=)(z) =
¢z~ (&Y In the synthesis procedure, we show how to find uy,1 < k < £ such that
the orders of [P'(2),Q'(2)] are (m — 4£ — 4) and (m — 4 — 2). Then det B{*=)(2)
is forced to be a delay by choosing t; as in (4.49), and the synthesis procedure is
completed. Noticing from (4.49) that t,,, is arbitrary, we assume that it is chosen

such that ¢ # 0. From Fig. 4.10(a) we then have

) Bl A | P B
(

Since we are interested in obtaining causal filters P'(z),@'(z), we should choose

U(z) such that
U(2}) P, (2) — Qm(2) = 27 { Dy (2) (4.51)
and

—T(2})P.(2) + (1 + 273 Qm(2) = 27 ey (2) (4.52)
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for some causal FIR og(2), @;(2). Now, forcing the condition (4.51) automatically

guarantees (4.52) because (4.51) implies
(142U ()P (2) — (1 + 27H)Qum(2) = 27XV (1 + 27 a(2),

which, in view of (4.48), simplifies to the form (4.52). It therefore remains only
to satisfy (4.51). For convenience, write P,(z) and @, (z) in the polyphase forms
P.(z) = Pg(2*) + 27 P, 1(2%) and Qu(2) = Qumo(2?) + 271Qum 1(2?%), respectively.

Then (4.51) breaks into two equations:
U(2)Pro(2) = @mo(2) = 271 6o (2) (4.53)

U(2)Pr1(2) — Qmi(z) = z‘(EH)ﬁl(z) (4.54)

for some causal FIR fy(2), 81(2). We now show that (4.53) implies (4.54) automat-
ically, because of the constraint (4.42). For this, note that m — 4£ — 2 is the degree
of P,(z) so that 2 —2£ —1 > 0, which implies Zt —£—1 > £+ 1. As a result, (4.42)

implies in particular

Poo(2)Qmi(2) = Pra(2)Q@mo(2) = 27 ¥H6(2) (4.55)

for some causal FIR 6y(2). Multiplying both sides of (4.53) by P,;(z) and substi-

tuting (4.55) results in

U(2)P.o(2)Pr1(2) = Poo(2)Qmi(2) = 2716 (2) (4.56)

for some causal FIR 6;(z). Since p,o # O by assumption, (4.56) implies (4.54),
proving that (4.53) implies (4.54).

Summarizing, we can ensure that we obtain a causal reduced-degree a Type
B pair [P'(2),Q'(2)] in Fig. 4.10(a) simply by satisfying (4.53)! The condition

(4.53) can be satisfied by choosing the coefficients u,,1 < n < £ of U(z) such
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that U(2)Pro(2) = Qmo(2) + 27+ 5,(2). This can be written as a triangular set

of equations

Pro o ... 0 1 Gm,0
Dr2 Pro ‘e 0 U Gm,2

AR [ Rl Il B (4.57)
Pr2t Pr2e-2 -+ Pro Uy qm,2¢

The first equation above is automatically satisfied because of (4.39). The remaining

equations can be satisfied by solving for a unique set uy,...u, because p,o # 0 in

(4.57).

In summary, we first find U(z) satisfying (4.57) and then find T'(z) using (4.49).
Consequently, B(‘"‘)(z) is determined. To be able to apply the same synthesis pro-
cedure on the Type B pair [P'(2),Q'(2}], its coefficients have to satisfy a condition
analogous to (4.39). Denoting the coefficients of P'(z) and Q'(z) by p and ¢}, this
condition is satisfied by a scale factor a,, if pj # 0 and ¢ # 0. The complete
building block for the case where pf # 0 and ¢} # O is shown in Fig. 4.10(b).
Clearly, (4.39) cannot be satisfied by just a scale factor if pj = 0 or ¢ = 0. We

now elaborate on the remedy for this case (i.e., the case where pj = 0 or ¢} = 0).

The remedy is to choose the extra freedom t,.; such that ¢j # 0. With ¢} # 0,
we show now that if pj = 0, then we can always pull out a delay of the specific form
z~2Km (as demonstrated in Fig. 4.10(c)) such that the first coefficient of Vo(z2) is
nonzero. (Having done so, the pair [Vi(z),Q'(z)] is a causal Type B pair. We can
therefore repeat the above order reduction process.) For this, represent the pair

P'(z) and Q'(z2) in polyphase form:

G0]- (A s@ll] -] e

We know that the determinant of E'(2) is a delay, by our above construction of the
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pair [P'(z),Q'(z)]. Thus,
Pi(2)Q\(2) — Pi(2)Qp(2) = 2~ (5772, (4.580)

If, for some reason, we have pj, = 0, then P}(z)Q)(z) has the form z'«a(z), where
a(z) is some causal FIR system. Because of (4.58b) this implies that Pj(2)Qg(2)
has this form as well. Since ¢ # 0, this necessarily implies p| = 0. In other words,
ph = 0 implies p} = O as well. More generally, it is easily verified based on this type
of argument that if p, = 0 for 0 < n < K with p)k_,, # 0, then K is odd. This

means we can factorize P'(z) as P'(z) = z K=V (2).

With this, Fig. 4.10(a) becomes Fig. 4.10(c), where the pair [V;(z),Q'(2)]
now satisfies vop # 0,¢) # 0. We now insert a scale factor a, as shown in Fig.
4.10(c) such that the pair [V1(2), Q'(2)] in Fig. 4.10(c) is a Type B pair with orders
(m—4£—4—4K,,) and (m—4£—2), respectively. Moreover, it satisfies v;o = g5 # 0,
which is analogous to (4.39). Consequently, the order reduction process can now
be repeated to obtain a Type B structure as shown in Fig. 4.11, where A;(2?) is

shown in Fig. 4.10(c). Note that Fig. 4.10(b) is the same as Fig. 4.10(c) when
K, =0.

The only remaining question to be answered is whether or not we can choose

tes1 such that ¢) # 0 (and ¢ # 0). The answer is in the affirmative. From (4.50),

4

@b = Gmatrz + Gmzera — DO tiPr2er2—25 — ber1Pro- (4.59)
i=0

It is clear from the above equation and the assumption p,o # O that we have to

choose gy such that

ter1 #

£
Gm,2e4+2 + Qm2e+4 — Z LiPr2e+a-25]- (4-60)

r,0 j=0

We summarize the synthesis procedure as follows:
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A1(22)

A2(22)

Fig. 4.11.
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The lattice structure for Type B system.
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By(z)
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(0) 2
BN(Z )

.D» Hy(2)

OD-» H;(z)

P,

Fig. 4.12. The lattice structure for Type B system used in

the optimization procedure. Here f ,=0and K _ =0.
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Given a Type B pair [P,(z),Qm(2)] of order (m — 4£ — 2) and m (where m is
even) which satisfies (4.39), do the following:

¢ Compute u,,0 < n < £ using (4.57) and ¢, using (4.49). Choose the coefficient
te+1 such that gy # 0. This determines B(®=)(2),

o If pj # 0, then scale the pair [P'(z), Q'(2)] to satisfy p) = ¢}. The complete
building block is shown in Fig. 4.10(b).

e If pj = 0, then pull out the delay z7*% = with appropriate K,,. Then scale
the pair [V5(z),Q'(2)] to obtain [Vi(2), Q'(2)], which satisfies vy = ¢}. The

resulting block is shown in Fig. 4.10(c).

Since Fig. 4.10(b) is a special case (K,, = 0) of Fig. 4.10(c), therefore the most
general building block A;(2) of the overall Type B structure (in Fig. 4.11) is as in
Fig. 4.10(c).

Ezample 4.2: The building blocks in Fig. 4.11 have the two added freedoms,
namely, £, and K,,. To simplify the optimization process, we choose ¢,, = K,, =
0 for all blocks A;(z) in Fig. 4.11. The resulting structure to be used in the

optimization procedure is shown in Fig. 4.12, where

_ 1+ 271 1
T ll4apz 427t 14270

(4.61)
Even though the structure has 2N parameters «a,,, a,,, 1 < m < N, there are only
N degrees of freedom. This is evident from the derivation of the structure above.
Thus the parameters a,, are precisely the free parameters ¢,,, used in (4.49), and

can be chosen arbitrarily. In the design example we fixed the parameters a,, to be

equal to 64 and optimized «,,. The choice a,, = 64 is, however, entirely arbitrary
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and not based on any engineering judgement. At this point in time, we do not have

any indication that a particular set of a,, should be preferred to another.

We have N = 11, and the transitién bandwidth Af = 0.1 in the example.
The orders of Ho(z) and H,(z) are thus 22 and 24, respectively. We minimize
the objective function described in (4.36) using [10]. The magnitude responses of
the optimized analysis filters are shown in Fig. 4.13(a). The lattice coefficients
o,, and the impulse responses of both filters are summarized in Table 4.5. The
complexity of this structure can be readily computed by noting that there is only
one multiplier per building block in Fig. 4.12, namely, a,, (a,, = 64 can be realized
by shifting). Moreover, each building block can be implemented with 5 addition
operations. Thus, with a factor of 2 saving in the decimation ratio, the complexity

of the analysis bank is (N +2)/2 = (11 + 2)/2 = 6.5 MPU and 5N/2 = 27.5 APU.

The fact that we can obtain a linear-phase PR pair, with even orders for the
filters and with both filters symmetric, is not entirely surprising. Indeed, procedures
for design of QMF banks with linear-phase even-order filters have been presented in
[26], which are approzimately PR. The results we have presented above, however,
have exact PR property. It should be noticed that Johnston’s filters [2,32] were
designed for even-length case, and therefore are not suitable for comparison with

the Type B PR system reported in this paper.

4.2.2.a. Comparison of Type A and Type B systems.

To compare the two types of PR systems reported in this paper, we design a
Type A pair with the same number of sections and transition band as the Type B

pair in example 4.2, i.e., N = 11 and Af = 0.1. The frequency response of this
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Fig. 4.13a. Ex. 4.2. Magnitude response plots for the optimized analysis filters

Fig. 4.13b. Ex. 4.2. Magnitude response plots for the optimized analysis filters
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Type A pair is shown in Fig. 4.13(b). The lengths of the Type A analysis filters
are 22. The passband and stopband errors of Hy(z) and Hy(z) for both PR systems
are summarized in Table 4.6. The number of MPUs and APUs required for both
types are also included in the table. From the table it is evident that both systems

have nearly identical filtering performance, and require the same number of MPUs.

Type B systems, however, require a larger number of APUs.

Table 4.5

Lattice coefficients and impulse responses of the optimized analysis
filters in Ex. 4.2. (SSEE) 8, = 7.81221 x 1015, B, = 1.37742 x 10718,

Lattice Coeff. agpmii

Filter Coefficients ho,m

Filter Coefficients hy

—0.37779962858106

5.9250050404227 x 103

1.0446957436687 x 10~°

28.980740681587

—1.5683167986894 x 10~ 2

—2.7652111453693 x 107°

—47.817981025871

4.5594028972112 x 103

8.2562648947712 x 10~°

.—26.815036810932

3.6047559927372 x 10~ 2

—1.3369902864879 x 10~°

—1012355.8728888

—2.2314449066179 x 10~ 2

—3.7402147190058 x 10~3

—1.0003784977510

—4.2444851133377 x 10™2

9.9426163128459 x 10~*%

0.00041704202379460

4.0981175348012 x 1072

5.2822531950793 x 10~*%

—164.81675604153

6.3735691673040 x 102

—3.1883222956165 x 10~2

~7501.9622674952

—8.7080719666949 x 10~

—1.1276359972347 x 10~°

—1.1059836252728

—6.4640370944037 x 102

9.5100122977005 x 10~*

0.10978902673135

3.1314592005381 x 101

—9.5195769252465 x 10~2

5.6912350680866 x 107!

—3.1042174432319 x 1071

pod { et | et
Sinlslolo i olalawie|=lol 3

5.0039707172893 x 107!

Table 4.6

Comparison between Type A and Type B PR systems for the design example.
Here 6, and é; denote the peak-ripple sizes in passband and stopband,
respectively, Both types require 6.5 MPUs for the analysis bank. The Type
A system requires 17.5 APU, where the Type B system requires 27.5 APUs.

Type A Type B
Hy(z) Hy(z) Hy(2) Hi(z)
Filter length 22 22 23 25
5, 2.46 X 1072 | 2,60 x 1072 | 3.27 x 1072 | 3.49 x 10~2
b 592x 1072 | 3.07x 1072 | 4.49x 1072 | 2.67 x 1072
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The purpose of the next section is to demonstrate that three-channel LP PR
FIR QMF banks that yield filters with good attenuation are indeed possible. As
indicated in Table 4.1, there are three possible LP PR structures for M = 3; let
us concentrate on the structure where I = M — 1 = 2. Even with this restriction,
we shall find in Sec. 4.3 that the analysis filters have very good attenuation char-
acteristics. However, the theoretical development is fairly complicated. We have
therefore attempted to make the presentation as complete as possible in order to
enable the reader to appreciate the complexity of deriving such a QMF bank. Once
such a structure is constructed theoretically, its implementation is, however, not
nearly as complicated! This is demonstrated at the end of the next section by a

design example, and an explicit complexity count.

4.3. An LP PR FIR QMF Lattice Structure for 3—channel QMF Bank.

From Table 4.1, there are three possibilities here. For one of them, it is easy to
see how to decompose E(z), which satisfies the property det E(2z) = bz™" under the
linear-phase constraint. We shall address only this case, as the other two appeared
to be not easily tractable. Here, we discuss the case where ] = M — 1 = 2 and
Hy(2) have the same degrees. Recalling the form for E(z) in (4.8), which yields

LP analysis filters, and simplifying it for this particular case, we have

Bij(2) = 2™ Sy By o-j)(2); 0<k<2. (4.62)
00 1 ,
From (4.11),P =10 1 0| and thus from (4.15b), H Jr = —1. Consequently,
1 00 k=0

two analysis filters are symmetric, whereas the remaining one is antisymmetric.
Recall that Hy(z) and H,(z) are lowpass and highpass filters, respectively. Hy(z)

thus, cannot be antisymmetric since antisymmetric LP filters have a zero at w = 0.
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Likewise, odd-order symmetric LP filters have a zero at w = 7 and therefore, H,(z)
should not be symmetric. Of course, even-order symmetric Hy(z) would also work;
however, it would limit our design only to filters of even length. Consequently, the
first two filters, Ho(2) and Hy(z) are symmetric, while Hz(2) is antisymmetric. In

other words, Jo = J; = 1 and J; = —1. Writing E(z) from (4.62) results explicitly

Ew(2) Eo(z) Eoolz)
E(Z) = Elo(Z) Ell (Z) E}Q(Z) ; (463)
EQQ(Z) E21(Z) _EZO(Z)

where Ey(z) and Eq;(2) are symmetric polynomials, whereas E;(2) is an anti-

in

symmetric polynomial. The above E(z) guarantees that the corresponding analysis
filters are linear-phase. To impose the PR condition, namely, det E(z) = bz™", we

decompose E(z) into lower-order building blocks as follows:
E(z) = E'(2)A(z). (4.64)

The strategy here is to find A(z) such that E'(z) has the same form as E(z). If
we continue to decompose E'(z) by repeatedly applying (4 64) we will be able to
obtain a cascade of building blocks in the form of E(z H Ap_1-i(z). For
clarification, the subscript on A is added. Here, B is the first- order block which has
the same form as in (4.63). This decomposition is not a general way to decompose
E(2). In other words, the resulting structure obtained from this decomposition
procedure is not guaranteed to cover all triplets of LP PR analysis filters in which

HJk:~1andI:2.

k=0

Let the elements of E'(z) and A(z) be Ej,(z) and Ax(z). Then (4.64) yields:

(assuming that the orders of E},(z) are the same and so are the degrees of A;,(z))

Eoo(z) Eoi(z)  Eoo(2) Ego(z) Egi(z)  Eoo(z)
Ew(z) Eu(z) FEuo(z) | =|Eo(2) EL(z) E(2) |Az).  (4.65)
Ey(2) Ean(z) —Exn(2) Ey(z)  Eylz) —E'fzo(z)
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Similarly to E(z), E{,(z) and Ej,(z) are symmetric polynomials, whereas E},(z) is

antisymmetric.
and E'(2) have the form as in (4.63).

following equations:

Eno(2)(Aoz(2) — Ax(z)) + Egy(2) (Ar2(2) — Ao
Eo(2)(Aoz(2) — Az(2)) + B (2) (Ar2(2) — Aro
E3o(2)(Aoz(2) — An(2)) + B3y (2)(A12(2) — Aso
Ebo(2)(Aor(2) — An(2)) + Egy(2)(Ann(z) — An
Elo(2)(Aor(z) — An(2)) + E1y(2)(An(z) — An
E%(2)(Aoi(2) — An(2)) + Ep(2)(An(z) — An

)) = Eto(2)(Aoo(2) — An(z)),

) = ip(z)(Ao (2) — Azn(z)),

)) = =By (2)(Aoo(2) — A (2)),

)) = Efy(2)(Aoi(2) — An(2)),

)) = Eip(2)(An(2) — Azl(z))

) = —Ezo(z)(A 1(2) — A (2)).
(4.66)

We would like to find the conditions on Ay(2) such that both E(2)

From (4.65), these conditions reflect into the

We wish to choose A;;(z) such that the above equations hold for any E'(z) of the

form as in (4.63). In particular, let E{;(2) = 1 and E}y(2) = 0. From the first and

the fourth equations in (4.66), we have Aiy(2) = Ayo(2), A11(2) = Ay (2). Using
these relations, Eq. (4.66) is reduced to

Epo(2)(Aoa(2) — Azo(2)) = Egy(2)(Aoo(2) — Aza(2)),

Elo(2)(Aoz(2) — An(2)) = Elp(2)(Aco(2) — An(2)),

E30(2)(Ao2(z) — An(2)) = —Ep(2) (Aoo(2) — Ana(2)),

Eoo(2)(Ao1(2) — A21(2)) = Loo(2) (Ao (2) — An(2)),

Eo(2)(4oi(z) — An(2)) = El(2) (Ao (2) — A21(2)),

E30(2)(A01(2) = Az (2)) = —Ea(2) (A (2) — A21(2))
To find the corresponding relations of the remaining A;;(z), let Eyy(2) = Ejy(2) = 1.

This choice of E'(z) will yield Ag(2)

- AOQ(Z)’ A22(Z) = }100(2) and A21(Z)

Api(2). In summary, A;;(2) has to satisfy the following conditions if (4.66) holds

for all choice of E'(z) of the form as in (4.63).

Ag(z) = %oz(z), A1(2) = Aro(z), As(2) ;100(2) _
{ Agl(z) = Aol(Z), An(Z) = AH(Z). (4 67)
A(z) then takes the form
Awo(2) An(z) An()
A(z) = | Awo(2) Aulz) Awl(z) |, (4.68)
Ago(z) Am(z) AQQ(Z)
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where Aj(z) is symmetric. Continuing the decomposition process and putting

subscript on A (z), we see that E(z) is realized as a cascade of lower order building

blocks, i.e.,
E(z) = B(2) [] As-1+(2) (4:69)

where L is the number of A;(z) blocks in the structure. The analysis bank in Fig.
4.1(b) thus becomes Fig. 4.14 where A,(z) is as in (4.68) and B(z) has the same
form as in (4.63). We now can impose the PR condition detE(z) = 27" on each

building block so that the overall structure is a PR system.

5> o 0 ¢ — -—%HO(Z)

v

5
Ay sl (D) eeee A (D) LB e H,(2)
wre

- ¢ 8 ¢ —P

v

—> H2 (z)

Fig. 4.14. Decomposition ofE(z3) into a cascade of building blocks.

The simplest B(z) which satisfies simultaneously (4.63) and det B(z) = 27" is

10 1
B=|01 0 |. (4.70)
10 -1

Since the above choice for B(z) is a constant matrix, A;(z) must be a function of

z. Consider the following form for A;(z):

A,-(z) = U,’A(Z)V,‘ (4.71)
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where U; and V,; are nonsingular matrices and

1 0 0
A(z) = (O b0 ) . (4.72)

0 0 =z7?
Clearly, det A(z) = 273. To satisfy the form in (4.68) for A(z), U; and V; have to

take special forms. From (4.68),
A,’(Z) = FgAi(Z)rg, (473)

where T'; is defined in (4.12). Substituting (4.71) into (4.73), U; and V; satisfy

{Ui = [3U,;ls,

V,‘ e F3V{I‘3. (474)

In other words, both U; and V; have the form
1 a; b,‘
Ui = V,' = C; d,' C; . (475)
b,‘ a; 1
With the above A;(z) and B, E(z) becomes

E(Z) = BUL_IA(z)VL_lUL_2A(z)VL_2 e UoA(Z)Vo. (476)

Observing from (4.75), V;U; satisfies V;U; =T'sV;U,I's and has the same form as
U, in addition to being a nonsingular matrix. Therefore, we can use the general
symbol W; for U;, V; and V,;U;. The polyphase transfer matrix E(z) in (4.76) is

equivalent to

E(Z) = BWL_IA(Z)WL_zA(Z) .o WlA(z)Wo, (477)
where
1 a; b,‘
W; = C; d,' Cy . (478)
b,' a; 1

Fig. 4.14 thus becomes Fig. 4.15, where B, A(z) and W, are as in (4.70), (4.72)

and (4.78). Assuming that d; # 0, the above W, can be factorized as

1 0 O 1 a; b;
W,' =10 d,‘ 0 C{/d{ 1 C,‘/d,' .
0 0 1 b,' a; 1
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Furthermore, we notice that the mulitplier d; can be propagated through the entire
analysis bank and can be grouped into the multipler §; at the end of Fig. 4.15. By
propagating d; through the analysis bank, the multiplers a;,b;, and ¢; in W, are

changed. The building block W; in Fig. 4.15 thus takes the following form

1 a; b;
W,‘ = C; 1 Cq ; (4 . 79)
b,’ a; 1

where the set of lattice coefficients a;,b;,c; is different from the one in (4.78). In
summary, Fig. 4.15 is the analysis bank of a LP PR FIR QMF structure, which
yields Hp(z) of the same degrees. Moreover, Ho(z) and Hy(z) are symmetric,
whereas H,(z) is antisymmetric. The degree of Hi(2),0 < k < 2 is 6L — 4, where

L is the number of W;(z) blocks in the analysis bank.

Without loss of generality, let us assume that Ho(z), H;(z) and H,(z) are low-
pass, bandpass and highpass filters, respectively. To design Hy(z), we define an

objective function that represents both the stopband and passband errors as follows:

2 2
g=3 [ H(ePd ) |
k=0"% k=0"*

The optimization of the parameters of W; (so as to minimize ®,) can be done by

|22 (e7) Pdw.

thstopband thpassband

employing standard gradient algorithms [10]. This usually consumes time since the
objective function ®; is a nonlinear function of many parameters. Suppose that
Hy(z) has pairwise-symmetry property [59]; i.e.,

Hy(z) = Hy(—2), Hy(2) = ey(2?)

for some o;(2). It is shown in [59] that the structure presented in Fig. 9 of [59]
yields filters that satisfy the pairwise symmetry condition for odd M. For M = 3,

Fig. 9 of [59] simplifies to Fig. 4.16, where

EI(Z) = WL_lA(Z)WL_g e A(Z)WO (480)
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In other words, the structure in Fig. 4.16 is an analysis bank of a LP PR FIR QMF
structure. Furthermore, H(z) satisfies the pairwise-symmetric property described
above. Since E;(z) is a function of 2° instead of 2* as in Fig. 4.15, for a given
order of the analysis filter, the structure in Fig. 4.16 has approximately half the
number of variables compared to those in structure in Fig. 4.15. Consequently, the

convergence of the optimization using pairwise symmetric structure will be much

faster than the one in Fig. 4.15.

With the above pairwise symmetry property enforced in the structure, it is now

sufficient to optimize

b, = /;LH !Ho(ejw)lZdw + /(;E_ 1Z(N°_1)/2 - Ho(e.‘iw)iZdw

3

+ [ S Hy () Pdw + / P02 (69) 2w, (4.81)
0 Ste

where ¢ depends on the desired stopband edges. Therefore, if we can impose the
pairwise-symmetry condition on the structure of Fig. 4.15, then we would save
approximately half of the computation time in terms of the stopband and passband
errors computations in the objective function. Thus, together with the saving in
the number of variables to be optimized, we would expect a faster convergence time

for the pairwise symmetric LP PR structure in Fig. 4.16.

4.3.1. Comments on the synthesis filters Fi(z):

The synthesis filters Fi(2) of the PR structure are obtained as
2
Fk(z) = Z Z‘(z‘e)ng(Zs), (482)
£=0
where R(z) = E7!(z2). By computing E~1(z) explicitly, we will show that Fi(z)

are also linear-phase filters of the same symmetries as that of Hx(z). Calculating
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R(z) from (4.63), we observe that Ry (2) satisfies the condition
kzk(z) = kaJkR(g._z),k(z), (483)

which has the same form as in (4.62) (except for the transposition). Thus, Fi(z)
is also linear phase of the same symmetries as Hx(z). By inverting the analysis

bank in Fig. 4.15 and 4.16, we will conclude below that F(z) has the same degree
as Hy(z).

In general, Fj(z) has a higher degree compared to H(z) because of the inversion

process of E(z). Hence, if we implement the analysis bank as in (4.77), then
R(z) = WylA ()Wt AT (z)WL, B™L

By noting that A™'(z) = 2 ?T'3A(z)['s, the corresponding synthesis bank of Fig.
4.15 is drawn in Fig. 4.17. It is clear from Fig. 4.17 that in this particular
instance, Fi(z) actually has the same degree as Hj(z). Further conclusion can
be drawn for the synthesis filters corresponding to the analysis bank in Fig. 4.16;
namely, the synthesis filters also satisfy the pairwise symmetric property. In other
words, Fy(z) = —Fy(—2) and Fy(z) = 273 a(2?) for some function a,(z). In short,
if we implement the analysis filters as in Fig. 4.15 or 4.16, then the synthesis filters
are also linear phase with the same corresponding symmetries as Hi(z) and their

degrees are the same as that of Hi(z).

4.3.2. Comments on the LP PR pairwise symmetry analysis bank of Fig. 4.16

Fig. 4.16 is an LP PR analysis bank that yields pairwise symmetric analysis
filters. We obtain this structure by using E;(z) in (4.80) with z replaced by z%.
The degrees of Ho(z), H1(z) and Hy(z) are thus (12L — 5),(12L — 8) and (12L —

5), respectively. In addition to the pairwise-symmetric property, namely, hs(n) =
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(=1)"ho(n) and hy(n) = 0 for even n, the coeflicients of Hy(z) also satisfy:

{ho(l) = ho(12L — 6) = hy(1) = hy(12L — 6) = 0,
hi(n) =0

Using the above fact to compute the degrees of Ey;(z), we have

n odd.

4L -3 4L—-2 4L-3
deglE(z)] = | 4L—4 4L—-3 4L—4]. (4.84)
4L —3 4L -2 4L -3

From the above lengths of Hi(z), I = 1 instead of I = 2 as in the structure of
Fig. 4.15. Moreover, the lengths of Hi(z) are not the same. This, however, is not
surprising since we have taken a LP PR structure in which I = 2 and N, are the
same and have transformed it into a structure in which I = 1 and N; are not the

same, by imposing the pairwise-symmetric property.

Example 4.3: Using the structure in Fig. 4.16 and taking the number of W;
blocks to be L = 5, we design H(z) for € = 0.17. The degrees of the analysis filters
are 55,52 and 55, respectively. The 15 variables in the lattice structure and the 2
additional multipliers at the output were optimized using the IMSL subroutine [10]
on a computer to minimize (4.81). The resulting frequency response magnitudes
are shown in Fig. 4.18(a). The lattice coefficients and impulse responses of Hy(z)
are given in Tables 4.7 and 4.8, respectively. Table 4.8 only displays half the
number of coefficients of Hi(z), since they are linear phase filters. The pairwise
symmetry property is apparent in Table 4.8. The frequency response magnitudes
of the synthesis filters associated with the analysis filters in Example 4.3 are shown

in Fig. 4.18(b). We display only half the number of coefficients of Fi(z) in Table

4.9 since Fj(z) are linear-phase filters.

In most of the earlier designs of PR systems [7, 19, 59|, the LBR condition was

enforced on the structure, and consequently, the analysis filters satisfied the power-
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Table 4.7

Lattice coeflicients of the optimized analysis bank in Ex. 4.3.
B1 = —4.1034794220864 x 107° and f; = 1.5707941418142 x 1071,

Lattice Coefficients a,,

Lattice Coefficients b,,

Lattice Coefficients ¢,,

—2.3282102148565 x 10°

—5.5293447341746 x 10°

6.1485544476533 x 101

5.4771339365037 x 10*

—1.7872270513189 x 102

—1.9882974847877 x 10~°

—1.3351781493993 x 10°

1.3096283152688 x 10°

—7.4289672830093 x 10~7

—8.6710986482818 x 10°

4.3087219824673 x 101

—2.1443436695392 x 108

|l —lo)3

—3.7906401528742 x 10%

—6.8094743277621 x 10Y

—6.3599130248406 x 1078

Impulse responses of the optimized analysis filters in Ex. 4.3. Here Ny —1 =55 and N; — 1 = 52.

Table 4.8

Furthermore, ho(m) = ho(No — 1 — m), hyi(m) = k(N1 — 1 — m) and hy(m) = (—1)™ho(m).

m Filter Coefficients ho(m) | Filter Coefficients hy(m) | Filter Coeflicients ho(m
0 || —4.1034799150810 x 1079 | —9.9901150220313 x 10™° | —4.1034799150810 x 10™°
1 0. 0. 0.
2 0.5537638547501 x 107° 2.3255087841885 x 10~° 9.5537638547501 x 10~°
3 2.7942540296973 x 107% 0. | —2.7942540296973 x 10~%
4 2.26809555060244 x 107° 5.5238789890867 X 10~° 2.2689555060244 x 1077
5 | —6.5056107748452 x 10~° 0. 6.5056107748452 x 10~°
6 | —1.3835038232415 x 10~% | —3.3676459377498 x 10~% | —1.3835938232415 x 10~*
7 || —1.5450393805053 x 10~ * 0. 1.5450393805053 x 10~%
8 1.6807358248882 x 10~¢ 2.2796523469311 x 1074 1.6807358248882 x 10~¢
9 9.4189414966001 x 107% 0. | —9.4189414966001 x 10~ %
10 7.0474660355847 x 10™% 1.5044677383506 x 103 7.9474660355847 x 102
11 || —5.3803123943823 x 10~* 0. 5.3803123943823 x 1074
12 || —=2.7006977979884 x 10~° | —3.9523449509934 x 10~3 | —2.7006977979884 x 10~°
13 || —3.9715006886561 x 10™° 0. 3.9715006886561 x 10~°
14 2.3956889217717 x 10~° 6.8329546163215 x 1073 2.3956889217717 x 10~3
15 9.6102366520721 x 103 0. | —9.6102366520721 x 1073
16 5.8659326584867 x 107° 9.1535965074864 x 10™° 5.8650326584867 x 107>
17 || —1.2145874803718 x 10~ 2 0. 1.2145874803718 x 102
18 || —1.5561448572774 x 10”2 | —4.7294831413144 x 10~ 2 | —1.5561448572774 x 10~
19 || —4.9352208948535 x 10~ 0. 4.9352298948535 x 1073
20 2.4192899584657 x 1072 3.4028581273034 x 10~ 2.4192899584657 x 102
21 2.8655843071586 x 1072 0. | —2.8655843071586 x 10~ 2
22 || —6.8884118701520 x 103 9.4252050512146 x 10™2 | —6.8884118701520 x 10~°
23 || —5.7672278487990 x 1072 0. 5.7672278487990 x 10~ 2
24 || —5.6803903889263 x 10~ % | —2.8879891452761 x 101 | —5.6803993889263 x 102
25 4.3175380598407 x 1072 0. | —4.3175380598407 x 102
26 2.0762730202796 x 1071 3.8301848634403 x 107! 2.0762730202796 x 1071
27 3.3497547410063 x 107! —3.3497547410063 x 1071
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Table 4.9

Impulse responses of the synthesis filters in Ex. 4.3. Here N| — 1= =55
and N! — 1 = 58. Furthermore, fo(m) = fo(N§—1—-m), fi(m) = fi(N]{ —1—m)
and fa(m) = (=1)0"+Y fo(m).

m Filter Coefficients fo(m Filter Coefficients fi{m) | Filter Coefficients f2(m)
0 || —5.0856051950609 x 10~ 0. 5.0856051950609 x 10™7
1 0. 0. 0.
2 1.2071726295669 x 10~° 0. | —1.2071726295669 x 10~°
3 6.8043026031286 x 10~7 | —3.4038856600144 x 10~° 6.8043026031286 x 1077
4 || —1.4547832873095 x 10~° 0. 1.4547832873095 x 10~°
5 || —1.6151406864545 x 10~° 8.0708202875348 x 10~° | —1.6151406864545 x 10~°
6 || —1.0954083283872 x 10~* 0. 1.0954083283872 x 1074
7 1.9464322001326 x 10~% | —9.7371222896162 x 10~° 1.9464322001326 x 107°
8 2.6002386734911 x 10™* 0. | —2.6002386734911 x 10~ *
9 1.3510398808581 x 10~ % | —7.2376456380997 x 10~* 1.3510398808581 x 10~ ¢
10 || —2.9880316517939 x 10™* 0. 2.9880316517939 x 10~ %
11 || —3.2070536761859 x 10~* 1.7180453614011 x 103 | —3.2070536761859 x 10~*
12 || ~1.1666078385066 x 10~° 0. 1.1666078385066 x 10—°
13 3.6701223936154 x 10~% | —1.9730196839034 x 103 3.6701223936154 x 1074
14 2.5801957392175 x 103 0. | —2.5801957392175 x 10>
15 2.8033633714558 x 10~ | —8.4270347872648 x 10~° 2.8033633714558 x 1073
16 1.6203136197350 x 10~° 0. | —1.6293136197350 x 10>
17 | —6.4013608859602 x 107> 1.8738254668239 x 10~2 | —6.4013608859602 x 10~°
18 || —1.4974601249272 x 1072 0. 1.4974601249272 x 1072
19 1.7020623944998 x 10~ 8.8661384068888 x 10> 1.7020623944998 x 1073
20 2.2605984154776 x 1072 0. | —2.2605984154776 x 102
21 2.0538667731008 X 1072 | —4.8496302353281 x 10~ 2 2.0538667731008 x 10772
22 || —4.7736225613466 x 107> 0. 4.7736225613466 x 107>
23 || —5.7106872050697 x 1072 3.2040864597603 x 10~2 | —5.7106872050697 x 10~ 2
24 || —5.8850606121214 x 1072 0. 5.8850606121214 x 10772
25 3.9318475835318 x 1072 9.9810004531240 x 1072 3.0318475835318 x 10~2
26 2.0744767026860 x 107! 0. | —2.0744767026860 x 10~}
27 3.3879421236868 x 10~ ! | —2.8455714941648 x 10~ ! 3.3879421236868 x 10~1
28 0.

29 3.7311674030318 x 107!
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M-1
complementary property; i.e., Z |Hp(e)|* = 1. However, the LBR condition is
k=0
not necessary for PR systems, and as demonstrated in Fig. 4.18(c) for our design
example, %_, | H(e¥)|? # 1 (solid line) and Yi_, |Fi(e’*)|? # 1 (broken line). In

other words, the filters H,(z) are not power-complementary triplets.

Implementation of this system on a fixed-point machine might require a very
large number of bits because of the large dynamic range spanned by the coefficients
in Tables 4.7 and 4.8. However, a single precision floating point implementation
was found to be very satisfactory in this case. In order to demonstrate the perfect-
reconstruction property of the QMF bank characterized by the impulse responses in
Tables 4.8 and 4.9 and by the lattice coefficients in Table 4.7, the complete systems
of Fig. 4.1(a) (direct-form) and of Fig. 4.16 (lattice-form) were simulated in Fortran
on a VAX 11/750 machine, using both single and double precisions. Table 4.10
shows an arbitrary input z(n) and the reconstructed signal Z(n). It is clear that
the system has perfect-reconstruction property except for round-off errors. From
the double-precision implementation, the lattice structure seems to be numerically

much more robust than the direct form.

Note that single precision corresponds to 24 bits of mantissa and 8 bits of expo-
nent, identical to the arithmetic operations in the AT& T DSP 32 signal processor.
The conclusion is that the perfect-reconstruction system can be implemented on
such a commercial DSP chip easily, aﬁd the fact that the filter coefficients span a

large dynamic range is immaterial in such implementations.
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Table 4.10

An arbitrary input sequence z(n) and the reconstructed signal #(n) for the
design example. Here Z(n + N — 1) is shown in order to align the samples.

n z(n) Zn+ N —1) E(n+ N -1) Z(n+ N -1) Z{n+ N-1)
Direct Form Direct Form Lattice Structure | Lattice Structure
Single precision | Double precision | Single precision | Double precision
0 1.00000 1.00000 1.0000012161693 1.00000 1.0000000000000
1 2.00000 2.00000 1.9999999838918 2.00000 2.6000000000000
2 3.00000 3.00000 3.0000013029297 3.00000 3.0000000000000
3 4.00000 4.00000 4.0000016419205 4.00000 4.0000000000000
4 5.00000 5.00000 5.0000003711781 5.00000 5.0000000000000
5 6.00000 6.00000 6.0000033301603 6.00000 6.0000000000000
6 7.00000 7.00000 7.0000020906728 7.00000 7.0000000000000
7 8.00000 8.00000 8.0000011335777 7.99999 8.0000000000000
8 9.00000 9.00000 9.0000045952801 9.00000 9.0000000000000
9 10.00000 10.00000 10.000000041374 10.00000 10.0000000000000
10 }i 11.00000 11.00000 11.000001869694 11.00000 11.0000000000000
1.000
£.980
8.960
8.94¢
2 . 2 .
0.5 > [Hi(e)f > 1B
k=0 £=0
2.980 e

8. 8.100

8.200

2.300 .402

NORMALIZED FREQUENCY

.50¢

Fig. 4.18c. Ex. 4.3. The plots of 3}_ |Hx(e?*)[? (solid line) and
Ti-0 |Fi(e™)]? (broken line).
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4.3.3. Implementation of the PR system:

From (4.79),

1 1-— a;c; a,-(b,- - 1) a;¢; — b,‘
W:l‘—‘ —_ C,'(b,'—l) 1"(),2 C,’(b,’—‘l)
a;C; — b,‘ a; (b, - 1) 1-— a;C;

where A; = (1—5;)(1+b; — 2a;¢;). Let us use b bits to implement each multiplier in

3

W,. It appears at first that we would require infinite precision to implement each
multiplier in W ! since it involves a division by A;. These terms A;, however, can
be grouped with the multipliers §; at the end of the structure. Each multiplier in
the above W1 thus requires only 2b bits to implement. Therefore, to preserve the
PR property of the system, we need b and 2b bits to implement each multiplier in

the analysis and synthesis banks, respectively.

Suppose that exact PR is not required under coefficient quantization; then we

can efficiently realize the QMF bank as follows:

4.3.4. Implementation of Hi(z) and Fi(z):

At first sight, W; in (4.79) requires 6 multipliers to implement. The total
number of multipliers required to implement the analysis bank in Fig. 4.15 is

therefore (6L + 3). However, W, can be factorized as:
0o o\ (1 1 b

1 1 1 0 0
W:={0 ¢ O||1 — 1[0 & O (4.85)
00 1)\, % 1)\o o1
Defining W! to be
1 1 b
1
W.=1|1 — 1, (4.86)
b 1 1

W, W.,, is implemented as follows: the two multipliers a; and ¢;4; can be com-

bined, so Fig. 4.15 is equivalent to Fig. 4.19. In general, the total number of
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multipliers needed to implement the analysis bank (Fig. 4.19) is only (4L + 3).

The corresponding synthesis bank of Fig. 4.19 is shown in Fig. 4.20, where (W})™!

is

1 b;
-1 b-1 1-—
1 aiCs a;C;
(W)~ = AN | -1l 1= b bi—-1 |, (4.87)
i b; 1
- b, — 1 -1
a;Cq a;C;
! 1 + bi -1 . . qe
where Al = (1 — b;)( - 2). Thus, (W!)~! appears to require 9 multipliers to

implement and the overall synthesis bank of Fig. 4.20 requires in total (10L + 3)

multipliers to implement. But (W!)™! can be realized as

1 1 0 0 1 0 0
(Wi =5 0 b—1 o|W/ |0 b—1 0], (4.88)
0 0 1 0 0 1
where ) b,
-1 1 1-—
(I,C, atcl
1+ b
W = 1 : 1. 4.89
' 1-b (4.89)
b; 1
1-— 1 -1
a;Cy a; ¢

Using the same grouping argument as in the implementation of H,(z), Fig. 4.20 is

equivalent to Fig. 4.21, where

1 L-1 bL 1
. Ay Ay, 4.90
Y V28 el;[o ‘ " cr-1fs I:I ‘ (+90)
and
b,‘ -1 3
; 1=0,
a; )
ni = b; —1)(b;_y — 1 .
(b ) (bi- ); otherwise.
a;C; 1

The number of multipliers in this implementation is (6L + 3). Note that all multi-
pliers in both analysis and synthesis banks of Fig. 4.19 and 4.21 are quantized to b

bits and consequently, the PR property is lost.
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Fig. 4.21. Implementation of the analysis bank of the
approximate PR system.

X(n) > s 00 B1 H
—1 ] - a co ' - a "1CL"£ [] B CL—
2—1 W,z 3—ob->w1»"-->z 3-»LD———->WL_1
¥4 _’2“6 > .pooo_’z_e >
—1 B,
Fig. 4.19. Implementation of the analysis bank of the
approximate PR system.
S = -6
-—’D >z 6 ~ > s 00 ———Pi7 - .
O W—1 = W-—1 —SF’W—.’ 1/30 VZ1
> L_1»[>R>Z 3afW, _,feee o>, o *D_vﬂ
—»---JT—-b > A
~1 -\ X (n)
(@ _qc -0 1/(a cq)
Fig. 4.20. The synthesis bank of Fig. 4.19. Here
o, =1/(B4¥2) and 6, =1/(B5 C-1).
Y4
’Y ,n 12"6.. ""‘T’Z—G" m 1 1
" y -_— " se0 - W' z
v WL—1"l5' e Y e PP M -
» 200 » > A
-1 x(n)



161

4.3.5. Implementation complexity:

To demonstrate the advantage of the lattice structure implementation in Fig.
4.16 over the direct-form implementation in Fig. 4.1(a), let us compare the number

of multiplication and addition operations per unit time (abbreviated as MPU and

APU, respectively)®.

4.3.5.a. Direct-form implementation:

A direct-form implementation of the filter triplet [Ho(z), Hi(2), H2(2)] would
appear to require Y4_, Ny MPU and 3.7_) Ny —~ 1 APU. Writing them in terms of
L and noting that Ngo — 1 = Ny — 1 = 12L — 5 and N; — 1 = 12L — 8, it requires
32 o Ny = (36L —15) MPU and 2_, Ny — 1 = (36L — 18) APU. However, there
are three simplifying factors involved, viz., (a) the pairwise-symmetry condition, (b)
the linear-phase property and (c) the decimation by a factor of 3. As elaborated

next, all of the above factors can be exploited to some extent.

Suppose that we implement the analysis bank of the PR system in Fig. 4.1(a) by
taking advantage of only (a) and (b); then the linear phase condition yields a factor
of 2 savings in MPU. In addition, the MPU and APU can be further cut down by
a factor of 2 since Hz(2) = Ho(—2). Moreover, in the implementation of H(z),
which is a function of 2%, a factor of 4 savings in MPU and a factor of 2 savings in
APU are obtained. In summary, the total MPU and APU required to realize the
structure in Fig. 4.1(a) in direct form without utilizing the decimation factor are
(120 —4)/2 + (12L — 8)/4+1 = (9L — 3) =42 MPU and (12L - 3) + (6L — 4) =
(18L — 7) = 83 APU, respectively.

SA unit of time is defined to be the sampling period of the input sequence z(n) in Fig. 4.1(a).
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On the other hand, let us first decimate by a factor of 3 as in Fig. 4.1(c) and
implement the system at a lower rate. In doing so, we would need to realize the
polyphase components Ej;(z) directly. Since I = 1 in this system, E(z) in (4.8)

becomes:

{I:‘Jico(z) = 2™ J B (2), 0<k<2, (4.92)

Ekz(z) = 2™k JkEkz(z),
where the degree of Ey;(2) is given in (4.84). Furthermore, because of the pairwise-

symmetric condition, Ex;(z) obeys

Eqy(2) = Ex(—2), E21(2) = —Eqi(—2), Ex(2) = Eg(—2),
{Em(z> = o(2%), Eu(2) = 27 (2%), Bu(2) = a(2%), (4.93)

where ¢;(z) are appropriate FIR functions. Combining (4.92) and (4.93), E(z) is:
EQQ(Z) EQQ(Z) Eoz(Z)

E(Z) = Em(Z) 1?11 (Z) Elg(Z) . (494)
Ew(—=2) —Ew(—2) Eop(—2)

Because of the special form of E;(z) in (4.93), let us consider the implementation

complexity of Ex;(z) for k = 0,2 and for k = 1 seperately.
ok = 0,2

We would expect a factor of 4 in savings from the special relation of Eyy(z) and
Eri(2) for k = 0,2 in (4.94). However, the minus sign in front of E’oo(—z) in the
last row denies us a factor of 2 in savings. In other words, we can not fully utilize
the above relation. The saving is thus only a factor of 2 and consequently, the
complexity is 2(4L —3) = (8L —6) = 34 MPU and 4(4L —4)+2 = (16L — 14) = 66
APU. From (4.84) and (4.93), Ei2(z) are odd degree linear-phase functions, and
therefore their complexity is (2L — 1) = 9 MPU and 2(4L — 3) = (8L — 6) = 34
APU.
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Taking advantage of the special form of E,;(z) in (4.93), the numbers of MPU
and APU required to realize E1o(2) and Ey4(2) is (2L — 1) = 9 MPU and 2(2L —
2) +1= (4L — 3) = 17 APU. The remaining component Ej5(z) is an even degree
linear phase function as well as a function of 2%, therefore its complexity is L = 5
MPU and (2L — 2) = 8 APU. With the additional factor of 3 due to decimation,
the total complexity of the analysis bank implemented in polyphase direct form is

thus (13L — 8)/3 = 19 MPU and (30L — 22)/3 ~ 43 APU.

Lattice structure implementation:

At each stage of the lattice structure in Fig. 4.16, the new sequences are com-

puted at a lower rate as: (Fig. 4.22)

vo(n) 1 a; b ug(n) \
vin)j=fea 1 ¢ || uwln—2) J (4.95)
va(n) b a; 1 uz(n — 4)

The above operation requires 4 multiplications and 6 additions. Together with the
multipliers £;, B; and the 2-point DFT at the output of the lattice structure, the
total complexity here is (4L + 3) MPU and (6L + 2) APU. Due to the decima-
tion factor of 3, the complexity of the analysis bank implementation using lattice

structure is (4L + 3)/3 =~ 8 MPU and (6L +2)/3 ~ 11 APU.

uo(n) —¥ —> vo(n)

u,(n) —»{ 2l W s V()

Uy (n) —» ;41 — V5 (n)

Fig. 4.22. One stage of the implementation of the
analysis bank in Fig. 4.16.
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Comparing the complexity of both implementations, i.e., direct form and lattice
structure, we observe that lattice structure is a very efficient implementation. It
should be noticed, however, that the lattice structure is not minimal in terms of

number of delays because this number exceeds the filter degrees.

4.3.6. Comments on the generality of the LP PR structures

The above structures in Fig. 4.15 (and Fig. 4.16) for the three-channel LP PR
QMF filter bank are by no means general. That is, they do not cover all possible
three-channel LP PR QMF banks. There are two reasons for its nongenerality.
First of all, these are special cases where I = 2 for the structure of Fig. 4.15 and
I = 1 for the structure in Fig. 4.16. Secondly, even for these special classes, the
above decomposition in (4.64) with the choices of A;(2) in (4.73) and B(z) in (4.70)
does not cover all LP PR FIR analysis banks satisfying the above constraints on
filter lengths. However, the importance of these structures and the corresponding
decomposition technique should not be overlooked, because we are able to design
filters with high attenuations that have not been done before. In other words, the
design filters in Ex. 4.3 are the first of their kind which can incorporate both linear
phase and perfect reconstruction for three-channel QMF banks. Moreover, its com-
plexity is low because of its pairwise-symmetry property. Furthermore, immediate
generalization of the above structures in Figs. 4.15 and 4.16 is possible by using the

same form with the appropriate dimensions. We will elaborate on this issue below.

4.3.7. Generalization of the structure of LP PR FIR QMF banks for odd M

The LP PR structure for Fig. 4.15 can be generalized to cover QMF banks

that have more channels than 3. Since M is odd, we represent it as M = 2L' + 1.
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Let Hy(z) be the analysis filters of order N — 1, 0 < k < M — 1. Furthermore,
assume the first (L' + 1) filters to be symmetric and the remaining L' filters to be

antisymmetric. B and A(z) in (4.70) and (4.72), respectively, can be generalized to
be

10 00 O 0o 1

0 1 00 0 ... 1 0
0 0 10 1 0 0 I, 0 0
B={0 O 01 0 0 0|, Az)=]| 0 =z 0
0 0 1 0 —1 0 0 0 0 220

1 ... 00 0 ... -1 0

\1 0 ... 00 0 ... 0 -1/

(4.96)

The matrix A;(z) satisfies the condition (4.73); namely, A;(z) = ['3A;(2)Ts. Car-
rying through the same argument as in Section 3, W, thus takes the form

WO() WOI W02
w'- == W 10 1 W 10r3
ApWol'y TpWo TpWeel'z

, (4.97)

where T’z is defined as in (4.12), and Wgy, Wz, Wy, and Wy have dimensions
(L' x L"), (L' x L"), (L' x 1), and (1 x L'}, respectively. The generalized structure

is shown in Fig. 4.23, where W, and B are as in (4.97) and (4.96), respectively.

On the other hand, the pairwise-symmetric LP PR FIR QMF analysis bank
in Fig. 4.16 can be appropriately generalized. Let us first consider the pairwise-
symmetric structure in Fig. 9 of [59]. Redrawing it using the above B in (4.96)
yields Fig. 4.24. Here E;(z) is as in (4.80), where A(z) and W, are as in (4.96)
and (4.97), respectively. The matrix B in Fig. 4.24 is an orthogonal matrix of unit
norm [59]. In summary, Fig. 4.24 is the analysis bank of the LP PR FIR QMF

structure, which yields pairwise-symmetric analysis filters.
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X(n) .

» » *P*F ———eee |- — HO (Z)
2 T . e P H()
- = N kS
2 T WorEir W, el w B [T U@

> —’Z—ZM —’.oo-—b;ZM" - '—-’HLI+1 (z)

> +Z—2M —>- -o-..pz"QM.. > | HM~2(Z)
_1 A 4
y4 > _’.Z—ZM-} —).o-—’Z—ZM"" — —’HM_-‘ (Z)
Fig. 4.23. The lattice structure for M-channel LP PR QMF analysis bank.

x(n) N > > Hy(2)
z > > —> H.‘ (2)
PY > . > __" H ,— (Z)
-2 L-1
2'“2 4 > __M |, . H ' (Z)
L J . ‘ - - L L+1
L] L d - A L] -
L S M B S s Hy o (2)
z > -—-EM—» —_ > Hpm-1)

Fig. 4.24. The lattice structure for M-channel pairwise-
symmetric LP PR QMF analysis bank.
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4.3.8. Price paid for perfect reconstruction

It is often assumed that perfect-reconstruction QMF banks are much more ex-
pensive than approximate-reconstruction systems with comparable stopband at-
tenuations for Hi(z)’s. This impression, however is not necessarily true. In
fact, perfect-reconstruction systems implemented with lattice structures [19, 30, 59]

often have computational complexity comparable to the well-known approximate

reconstruction systems.

To demonstrate this point, notice that in example 4.3, the computational com-
plexity of the PR lattice is only 8 MPU and 11 APU. Suppose now that we design a
linear-phase equiripple FIR filter Gy(z) with precisely the same passband and stop-
band ripples, and the same transition band as Ho(z). Such a filter has order 19.
Similarly, if we design a linear-phase equiripple filter G;(z) comparable to Hy(z),
its order is 20. Finally, define G3(2) = Go(—2) so that we have a linear phase
triplet [Go(2), G1(2), G2(z)] with exactly identical properties as the perfect recon-
struction triplet [Ho(2), Hi(2), H2(z)]. Using the dbove complexity calculation in
the polyphase direct-form implementation, the pair of filters Go(2) and G3(z) can
be realized using 13 MPU and 28 APU. Taking advantage of the special form of
G1(z), namely, linear phase and function of 2%, its complexity is 6 MPU and 10
APU, respectively. In total, this triplet can be implemented with 19/3 ~ 7 MPU
and 38/3 ~ 13 APU.

In summary, the perfect reconstruction triplet [Hy(z), H1(2), H2(2)] (implemented
as a lattice) requires 8 MPU and 11 APU, whereas the comparable nonperfect-
reconstruction triplet [Go(z), G1(2),G2(z)] requires 7 MPU and 13 APU. (The

non-PR triplet, of course, can be implemented only in direct form.) The PR sys-
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tem thus has competitive complexity, which appears to be counter-intuitive! The
fact of the matter is that the PR property permits the use of a computationally

efficient lattice structure, which does not exist for arbitrary (non PR) triplets.

The principal price we actually pay for perfect reconstruction lies in the group
delay created by the analysis/synthesis system. In the PR case, this is 55 samples,

whereas for a non-PR triplet, this is only 20.
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Appendix 4.A. Singularity issues

Given the MIP [Tn(z), Un(2)], consider the synthesis procedure of the lattice of
Fig. 4.4 again. The synthesis procedure is to compute recursively lower-order MIP

according to the relation

Toaz) | _| 1 —km||Tn(2)
L*U:ﬂ_l(z)] - IExeiE (441
with Ty (2) = Tn(2) and Uy(2) = Un(2). The coefficient &, is computed as

!
ky, = t—’,n—’?— (4.42)
m,0
The unprimed polynomials in (4.30) are essentially scaled versions of the primed

ones in (4.A1). The inverse of the relation (4.A1) is

Tn(z)| _ 1 1 ky T! .(2)
[U,'n(z)] 1k [km 1 } [Z‘IU,'n_l(z) ; (4.43)
which results in the lattice structure of Fig. 4.4 (except for the scale factor 1 — k%),

upon repeated application of the above recursion.

Assume now that at some stage, k2, = 1. This means that the recursion (4.A1)
would give T! _,(2) = £27'U! _,(z). However, the inverse relation (4.A3) is now
meaningless (and so is the scaled inverse relation (4.29)), because the 2 x 2 matrix in
(4.A1) is singular. This means that we cannot get back [Tin(z), Un(2)] by starting
from [Ty—1(2), Um-1(2)]; i.e., there simply does not exist a lattice of the form of
Fig. 4.4 in this case. (Notice that under this situation, an attempt to use (4.29)
would lead to the conclusion T,,(2) = £U,.(z), which of course is not necessary for

“kX =17 to happen.)

Next, conversely, suppose we have the lattice of Fig. 4.4 already synthesized for

some MIP [Tn(z),Un(z)], and we replace k,, with unity for some m. This means
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from (4.29) (which now holds!) that T,,(2) = U,(2), which in turn means that
Twn(z) and Un(z) share the common factor T),(z). An attempt to synthesize this
[Tn(2),Un(2)], using (4.A1), will once again bring about the situation k2, = 1, but
the synthesis procedure cannot be carried out beyond this point.

Appendix 4.B. Existence of z,,

As explained in Sec. 4.2.1, a singularity situation can be avoided by using the
modified recursion (4.31a), (4.31b) with k,,, as in (4.32). We can find a 2, such

that k2, # 1 (and k2, < co), as long as none of the three polynomials

Pi(2) = Tiu(2) — Un(2) (4.A4)
Py(2) = Tm(2) + Un(2) (4.45)
P3(z) = Up(z) (4.A6)

is identically zero. If [Ho(2), H1(2)] is such that one of these polynomials is identi-

cally zero for some m, what does this signify?

Assume that we start with m = N and carry out (4.31) until we arrive at the
situation when one of the three polynomials Pi(2), Py(z) and Ps(z) is zero. If
Pi(z) = 0 or P;(z) = 0, this means T,,(z) = £Un(z), which in turn means (See
Fig. 4.25) that T,,(2) is a common factor between Hy(z) and H;(2). If, on the

other hand, Uy, (z) = 0, this means T,,(2) = 0 as well, since T, (2) = Upn(2), and
this implies that Hy(z) = H;(z) = 0.

In conclusion, if Ho(2) and H;(z) are not identically zero, and do not share a

common factor, then there will exist a z,, such that k2, # 1 for every m.
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Fig. 4.26. The lattice structure for the M-channel SAOO LP QMF bank.
(Even M).
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Appendix 4.C. Existence of common factors

Consider the QMF bank of Fig. 4.2(a), where the four filters are FIR. If Ho(z)
and H;(z) have a common zero on the unit circle of the form (1 — z7!e’), then
an input z(n) = e/*°" cannot be “perfectly reconstructed.” In fact, if Hy(2) and
H(z) share any common factor (1 — 27 'a), then an exponential input z(n) = "
would produce an identically zero output Z(n), violating the PR property. Without
loss of generality, we can therefore assume that Hy(z) and H;(z) do not have any

common factors.

Appendix 4.D.

Let the FIR filters Ho(2) and Hy(z) be related as H;(z) = Ho(—z). Then the

polyphase-component matrix E(z) has the form

_ | Boo(2) En(z)
E(Z - Eoo(Z) —-E01(Z) ’

so that det E(z) = —2FEqo(2)Eo1(2). If this has to be a delay, then we must have
Ey(z) = coz.‘"‘) and Eg(2) = ¢;2™™ for some integers ng, ny > 0. This means
Hy(z) = coz7 2™ + ¢12~ (1% which is a very restricted class of transfer functions
indeed. In order to obtain a good PR pair, it is therefore essential to remove the
restriction Hy(z) = Ho(—2).

Appendix 4.E. M-Channel Generalizations (Even M, SAOO)

Let Hi(z) be the analysis filters of odd order Ny, — 1,0 < k < M — 1. Further-
more, we assume that the first M/2 filters are symmetric and the last M/2 ones are
antisymmetric. Consider Hy(z) and Hps—1-4(z) for 0 < k < M/2 — 1. Since they
have odd orders and opposite symmetries, they constitute an SAOO pair, which we
discussed in Section 4.2.1 above. Thus, one obvious extension from the two-channel

SAOO case to the M-channel case (even M, SAOO) is that we consider M/2 SAOO
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pairs in such a way that they do not interact with each other. In other words, each
SAOQO pair [Hy(2), Hy-1-£(2)], 0 <k < M/2—1 is realized as in Fig. 4.8, with 27
replaced by 2. These pairs can then be appropriately combined. The overall

PR structure is shown in Fig. 4.26, where the building blocks are

10 ... 0 0 ... O
61 ...0 O ... 1 O

[y

[en}
ew}
[y
ot
e}
(e}

Ci:!' I Gil) D=

PP, 1 0 0 1 -1 0 o’
0 1 0 O -1 0
11 0 0O 0 0 —1 ]
where
0 Qp 0 ... 1
0= E T E 3 PO: : ) :
aM/2—.—1 0 1 0

This structure (Fig. 4.26) yields PR odd-order linear-phase filters with opposite
symmetry. We, however, do not have the most general structure for this purpose,

at this time. This is currently under study.
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APPENDIX A - Eigenfilters

A.l. Introduction

It is well known that most linear-phase, finite-impulse-response filter (FIR) de-
sign problems can be satisfactorily handled by using the McClellan-Parks (MP)
algorithm [62] for weighted equiripple filters. These filters have the advantage of
providing the designer with the most optimal design in the sense of smallest filter
length for a given set of specifications. In contrast, a number of authors have also
considered the least-squares approach for FIR filter design [63]-[66]. As outlined in
[2],33],[66], there are some advantages under certain situations, where these meth-
ods have to be preferred over the Remez exchange techniques.® Most least-squares
techniques advanced so far are based on solving a set of linear, simultaneous equa-

tions by matrix inversion.

Consider a typical lowpass design problem: We wish to approximate a “desired

response” D(w) with a Type 1 linear-phase FIR filter transfer function H(z)
H(z) =Y h,z ™ (A.1)

(A Type 1 filter has h, = hy_1-, and moreover, the order N —1 is even [22]). The
desired response is

1 0w w,
D(w)=1{0 wg <w<T o, (4.2)
don‘t care wp, <w < wg

whereas the amplitude response of H(z) is [22]

‘ N-1 . M
Hy(e’) = Z hy, e InMw — Z b, cos nw, (A.3)
n=0

n=0

6«Remez exchange algorithm” and the “MP approach” are used synonymously in this appendix.
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where M = (N —1)/2 and

2 AN-1_, 0
bn:{ i (4.4)

hn-i, n=0 "
2

The least-squares (LS) approach [63] to this problem is to formulate an objective

function

2dw

Ers = [R {D(w) —Ho(eiw)] bl {A5)

T

where R is the region 0 < w < 7, but excludes the transition band. The parameters
b, are found by minimizing E;g. The actual computation of b,, can be performed

[63] by solving simultaneously a set of linear equations (or by matrix inversion):
b=A"1c¢, (A.6)

where b = (bo by ... bar)’; ¢ and A are quantities depending upon w, and ws. By
incorporating a weighting function into the integrand of Equation (A.5), one can

attain a tradeoff between passband and stopband accuracies.

Several interesting design examples can be found in [63]. Figure A.1 shows a
typical magnitude response |Ho(e?*)| of such a least-squares FIR filter. A particular
special case of the above approach gives rise to the prolate-spheroidal wave sequence

as the solution [63]. This corresponds to minimizing

Eys = [ [Dlw) - Ho(e)] 2 (4.7

ws T

under a suitable constraint (such as ¥ h,? = 1). The resulting amplitude response
is typically as shown in Figure A.2. The prolate-spheroidal solution vector h =
[Rosha,. .., hy-y])t (and hence b) can be found as the eigenvector of a real symmetric
positive definite matrix [63] (which happens to be Toeplitz). For reasonably large
N, this solution h can be approximated to a very high degree of accuracy by closed-

form expressions based on the zeroth-order Bessel function Io(z). Such closed form
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Fig. A.1 Typical magnitude response of a least-squares FIR filter.

m

Fig. A.2 Typical magnitude response of a Kaiser window.
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expressions have been introduced and used by Kaiser [76] for the design of “Kaiser
window.” Since the Kaiser window is a closed form approximation for the above

eigenvectors, the latter need not be computed by elaborate eigensystem subroutines.

Notice that the least-squares filter response shown in Figure A.2 is itself not a
“good” lowpass response; in order to obtain an acceptable lowpass response (based
on the LS approach), the passband region 0 < w < w, must be included in the
objective function Erg of Equation (A.5). Fig. A.2 represents a specific instance
of the LS problem, where the solution-vector is an eigenvector of an appropriate
real symmetric positive-definite matrix. On the other hand, Fig. A.1 represents an-
other instance of the LS problem, where the solution corresponds to an acceptably
good lowpass response, but cannot be obtained as the eigenvector of an appropriate
matrix. The question that arises in this context is, can we formulate an appropri-
ate objective function E such that the filter coefficients can be obtained from an
eigenvector of an appropriate matrix, and at the same time give rise to a lowpass
response as in Fig. A.1 7 In other words, can we obtain a linear-algebraic general-

ization of the prolate-sequences (or, the Kaiser window) so that the resulting vector

itself has a response as in Fig. A.1 7

The purpose of this appendix is to address this question. The answer turns out
to be in the affirmative, and we discuss the solution and several applications of
this result. Such FIR filters whose coefficients are the components of eigenvectors
will be termed “eigenfilters.” The idea of using an eigenvector in order to find
the coefficients of a FIR filter has been used earlier in other contexts [74]. The
well-known technique of Pisarenko [75] for harmonic retrieval is such an example.
Even though eigenvectors have been used in the past for filtering applications (for

example, see [33]), we believe that the present formulation is novel in the sense that
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it takes care of the passband accuracy directly. Section A.2 formulates the new
quadratic objective function and includes design examples of such lowpass filters.
Eigenfilters are used in Section A.3 to design a spectral factor of an m**-band filter.
This spectral factorization procedure has a direct application in the initialization of
perfect-reconstruction structure in which its polyphase matrices are lossless. In the
last section, we make comments on the computational aspects involved in finding

the appropriate eigenvector.
A.2. Linear-Phase FIR Lowpass Eigenfilters

Let H(z) be an FIR transfer function as in (A.1). We wish to obtain a lowpass

frequency response as in Fig. A.1, by minimizing an error measure of the form
E=~v'Pyv, (A.8)

where P is a real, symmetric and positive definite matrix, depending upon the
design requirement, and v is a real vector related to h, in some simple manner
(to be elaborated). We assume an implicit constraint v¢ v = 1 to avoid trivial
solutions. We wish the error measure E to reflect both the passband deviation
and the stopband deviation from the ideal values of (A.2). Once such a measure
is formed, the solution vector v is simply the eigenvector of P corresponding to its
minimum eigenvalue in view of the well-known Rayleigh’s principle [77]. We impose
the additional condition that the resulting transfer function H(z) should have linear
phase, i.e.,

hn - h’N—l—ns (Ag)

where the order N — 1 could be either even (Type 1) or odd (Type 2) [22]. We do

not consider antisymmetric impulse-response sequences in this section because they

cannot be used in lowpass designs [22].
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With H(z) satisfying (A.9), its frequency response takes the form
H(e) = 775 Hy(e), (A.10)

where Ho(e’) is real-valued, given by [22]

M
Z b, cosnw, N — 1 even;
Ho(e) = § 42 . (A.11)
> bncos(n+ E)w, N —1 odd.
n=0

The quantity M in (A.11) is defined as M = (N—1)/2foreven N—1,and M = N/2

for odd N — 1. Defining

boby ... bar_y by’ N — 1 even;
b= [0 1 M-1VYM| y A.12
{[bo by ... bag_z bara]’, N —1o0dd (4.12a)
and
[1 cosw cos2w ... cos Mw]', N — 1 even;

c(w) = [cosg— cos 3—2('3 ... cos (M — %)w]t, N —1 odd, (4.126)

we can write (A.11) as
Ho(e”) = b e(w). (A.13)

For notational simplicity, ¢(w) will often be denoted as ¢. For even N — 1, the

quantities b, are as in (A.4). For odd N — 1, b, = 2hpr_1_p.

With the “desired response” as in (A.2), the “stopband error” can now be defined

as
1 r7 W 2 rm e t
Bs=— [ [D(w) — Ho(e )] do = = [bec'bdo=b'Psb,  (414)
s wg wg
where Py is given by
1 r
PS = ——/ ccldw (A15)
T Jwg
and is a real, symmetric and positive definite matrix (unless ws = =, which is a

case of no interest).
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If the passband error measure F, is also defined according to the integral of
(A.5), the total error measure cannot be written in the form (A.8). Accordingly, let

us define E, differently. First, notice that the zero-frequency response is given by

Hy(e’°) = 1'b, (A.16)

where the vector 1 is defined as

1=[11...1"% (A.17)

The quantity e,(w) = (1 — c)’b therefore represents the deviation of the response
Hy(e?™) from the zero-frequency response.” Accordingly, a positive-valued (quadratic)

error measure for the passband can be taken as

1

B, = /0”” e, (w)dw = %/0 bi(1 - ¢) (1 — c)'bdw, (A.18)

which can be written in the form
E, = b'P,b, (A.19)

where P, is given by

P, =~ /0 o) (1-¢)'dw (4.20)

s

and is a real, symmetric, positive definite matrix (unless w, = 0). Thus, the total

measure to be minimized is
E = b'P b, (A.21)
where

P=(_1-0)P,+aPs (A.22)

"The only motivation for taking zero frequency as a reference for passband error formulation is that
it brings the vector b into the reference, and this enables us to write E, as a quadratic in b. This
in turn leads to the eigen-formulation.
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The quantity «, which is in the range 0 < a < 1, controls the relative accuracies of

approximation in the pass and stopbands. Notice that the elements of P are given

by

P(n,m) = g ; o) /w,, (1 = cosnw)(1 — cos mw)dw N is odd (23a)
0
(84 T
+— [ (cosnwcos mw)dw
s wg
C(1—a) [ 1 1
P(n,m) = - /o (1 —cos(n+ 2)w)(1 cos (m + 2)w)dw, N even
(A.23b)
a [~ 1 1
+= [ws [cos (n + E)w][cos (m + —2-)w]dw.

In summary, we have been able to formulate the linear-phase lowpass FIR design
problem in the form of an eigenproblem. Given the band edges w, and wg, and
the parameter «, the matrix P can be computed. It is easy to obtain closed-
form expressions for the integrals in (A.23) and hence, the elements P(n,m) are
easily computed, once a,w, and wg are known. It then remains only to compute
the eigenvector of a real, symmetric and positive definite matrix, corresponding
to the smallest eigenvalue. The resulting filter is guaranteed to have linear phase
because the vector b rather than the vector h is directly involved in the optimization
problem. The eigenvector b can be used to obtain the filter coefficients k, in (A.1).

We now proceed with design examples to demonstrate the procedures.

Example A.1: A lowpass filter with N —1 = 28, w, = 0.37, wg = 0.47 and a = 0.1
was designed using the above approach. The resulting frequency response is shown

in Fig. A.3, which also includes the plot for the case of a = 0.5. The effect of a is

clearly seen from the figure.

Comiments on the choice of a: It is clear from (A.22) that a larger value of « leads
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to better stopband attenuation at the cost of increased passband ripple. Given the
set of specifications w,,wgs, passband tolerance 6; and stopband tolerance &, it is
necessary to estimate N —1 and « in order to design the eigenfilter. An approximate
estimate for N — 1 can be obtained based on the relations in [78]. Even though
the estimates in [78] hold only for equiripple designs, the required order for an
eigenfilter is only slightly larger. The choice of « governs the ratio 6;/6,. At this
point in time, we do not have a procedure for estimating a, starting from a desired

61/ 6, ratio. Further study of the behavior of eigenfilters is necessary in order to fill

this gap.

Example A.2: The design of highpass and bandpass eigenfilters can be accomplished

with equal ease. For example, a Type 1 bandpass filter can be designed by defining
the objective function E as E = aFE; + fE; + (1 — a — B) E3, where o, > 0 and
1—a—pf>0. E; and E; represent the stopband errors:
1 w 1 T
By = bt ["ectaw, By = b ["ectdwb,
m 0 m Wq

and F; is the quadratic measure of passband error defined as

E; = 1y /ws (a—c)(a—c)'dwb.

w Wwa

Here a is a constant vector of the form
a=1[1 coswy cos2wqy ...],

and wy,ws,ws, and wy are the band edges as shown in Fig. A.4a. The quantity wo
is taken as wy = (w; + w3)/2. Figure A.4b shows the response for a design example
where the order is N — 1 = 50, and the band edges are w; = 0.37, wy; = 0.357, w3 =

0.77 and w4 = 0.87.
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A.3. Spectral Factors of m**-band FIR filters

Let G(z) be an even-order linear-phase FIR m‘*-band filter with order £—1 and
real coefficients g(n). To avoid the case where ¢g(0) = g(£— 1) = 0, we assume that
¢ — 1 is not an integer multiple of 2m. Since G(z) is a linear-phase filter, its zeros
- on the unit circle occur in conjugate pairs, whereas its zeros on the real axis occur
in reciprocal pairs and its zeros neither on the unit circle nor on the real axis occur
in reciprocal conjugate quadruples. To be able to have a spectral factor, G(e™)
has to be a nonnegative valued function. Consequently, its zeros on the unit circle
have to be double zeros. In other words, if z, is a zero of G(z) on the unit circle,
then both zy and 2} are double zeros. On the other hand, if 2, is a zero neither on
the unit circle nor on the real axis, then 23, 25! and (25!)* are also zeros of G(z).
Similarly, 2o and 25! is a pair of zeros on the real axis. Let’s group the zeros on the
unit circle into G%(z) and the zeros not on the unit circle into Go(z). We then have
G(z) = Go(2)G3(z), so that the spectral factor G(2) is Go(2)G1(2), where Go(z) is
the spectral factor of Go(2). The problem statement is thus as follows: Find G(z)

such that

1. G(z) = G(2)G(27") is an mfh-band filter and

2. E= [ |G(¢™)|*dw is minimized.

wg

Minimizing E in step 2 above is the same as minimizing

E= / 16 () |dw = /w 1Go ()| Gy ()P duo. (A.24)

ws

We now discuss an iterative procedure to design the m'*-band filter G(z) and its

spectral factor G(z). The iterative procedure works as follows:
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1. Initialize Go(e’™) to be unity. Find G;(e’) such that /T |Gy (e7%) P dw is

wg
minimized, using the eigenfilter method.

2. Fix G;(2) and readjust Gy(z) by solving a set of linear equations, so that

G(z) = Go(2)G2(z) has m**-band property [67].

3. By fixing Go(2) to be the solution obtained in step 2, find G;(z) using the

WE approach such that

E = /W lGo(ej“’)l{Gl(ej“')lzdw is minimized.
us

4. If the resulting Go(2)G2(2) is not satisfacting, go to step 2.

Very few repetitions of these steps result in excellent design. Trivial solutions to
the minimization steps can be avoided by constraining the total energy of G(z) to
be unity. Even though the passband error of G(z) does not enter the error function
in (A.24), the passband of G(z) comes out to be good because of the m'*-band
property of G(z). The order of Gy(z) is typically much smaller than that of G(z),
and moreover it has no zeros on the unit circle, so it is a simple matter to find a
spectral factor Go(z) of Go(z) and obtain G(z) = Go(2)G1(2). The readjustment

of Go(2) in step 2 is elaborated here, using m**-band property.

Let 245, £; and £ — 1 be the orders of Go(z), Gi(2) and G(2). Thus, G(z) and
G(z) have orders 2(€+4;) and (£y+4,), respectively. Denote the filter coefficients of
Go(z), G1(2), G (2)(2G%(2)) and G(2) by go(n), g1(n), ¢,(n) and g(n), respectively.
As mentioned earlier, £o+£; # km for any positive integer k. Since G(z) is required

to be an m'*-band filter, every m®* coefficient from the mid-point has to be zero;
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i.e.,
g<€~;—l——km> =g(ly+ £, —km) =0, k> O0;

Y, i (A.25)
g(bo+ &) = —.
The number of known coefficients in G(z) is therefore
14 28 + ¢ 1
L= l.__} = [__(Lt_l_)_j-__j (A.26)
m m

In terms of filter coefficients, G(z) = Go(2)G%(z) = Go(z). G(z) is equivalent to

2£4
g(n) = 3_ go(k)g1(n — k). (4.27)

k=0
For a given filter G}(z), there are (2{, + 1) unknown coefficients of Gy(2) and L
fixed values of g(n). Consequently, if L = 24, + 1, then we can uniquely solve for

go(n) in terms of gj(n) such that (A.25) holds. In other words, go(n) is uniquely

determined in

91 (& +1) 9, () 91(& — 1)
gilli+m+1) gi(lh+m) ¢gi(li+m—1)

go(lo — 1) (&1 — m + &)

0
1
go(b) | = 9(l + &) =| = (A.28)
go(bo + 1) g(8y +m + &) (]
Using (A.26) in L = 2ly + 1, we have
£
[MJ =20 + 1. (A.29)
m
Equivalently,
2 14
2£0+1§£'f—7;13—)—f—1~<2eo+2 (A.30)
or

2o(m — 1) + (m — 1) < 26, < 26o(m — 1) + (2m — 1). (A.31)
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As long as the order of G'(2) (which is 2¢,;) satisfies (A.31), we can always solve
Equation (A.28) for go(n). (A.28) can be further simplified by observing that g(n),

go(n) and g} (n) are symmetric sequences. Thus, only the first

equations are

sufficient to describe (A.28); i.e.,

gi(li—ml +4) ... g\l —ml) 90(0)
+g1 (& —ml — b)) _

291(& + &) e qi(l) go(£o)
g(£1 — mﬁ' + Eo) 0
=1 |, (432
1
a(b + &) ™
where £ = g——;—l (A.32) can be compactly rewritten as
Ag, =d, (A.33)

where go = [go(0) ... go()]F,d=[0 ... 0 ;}—L}T, and A is as in (A.32). A, g, and
d have dimensions (€ + 1) X (fo +1), (€o+1) x 1 and (€, + 1) X 1, respectively. By

noting that all elements in d are zero except the last one, g, can be obtained by

go(n) = ((_1)Z+n+l) (A(‘Z”*"), (A.34)

where A, ; and A are the cofactor of the (¢, ;) element and the determinant of A,

respectively.

In summary, given £y, w,, wg and m, we pick ¢; using (A.31). Having fixed
the orders of Gy(2) and G;(z), we design the m**-band filter by iterative procedure
described above. The spectral factor G(z) of G(z) is thus Go(2)G1(z), where Go(z)

is the spectral factor of Gy(2).



189
Example A.3: We design a 3™ band linear phase FIR filter of length 62, with cutoff
frequencies at .237 and .43w. Here, £, = 10 and ¢; = 21. Fig. A.5 shows the
magnitude responses of G(z) and G(2). G(z) has order 31 and has the largest

possible number of zeros on the unit circle (under the constraint that G(z)G(z™1)

is an m-th band filter.)
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A.4. Eigenvector computation and related issues

A major fraction of the design-time for our method is spent in the computation
of the eigenvector. Since we are interested only in one eigenvector (corresponding
to an extremal eigenvalue), this computation can be done efficiently (without in-
voking general methods such as the QR technique [87]). It is well known [83],[84]

that to compute the dominant eigenvalue and its corresponding eigenvector, the

AN

iterative power method is simple and fast if the ratio o

is large, where Ay are

the eigenvalues of P with
Anl > An-1] > 0o > [Ae] 2 A

At the k + 1%* iteration of the power method, a vector X;41 is computed from the

previous iterate x; as
Yie1 = Pxg (A.35a)

Xk+1 = Yet1/ [[Yrsrlls (A.35b)
where ||v|| denotes the L; norm of vector v. The difference between x; and X1,

defined by ||xx+1 — X, is compared to a prescribed small constant ¢, and if

Xps1 — Xe|| < €, (A.36)

then X, is a good approximation of the eigenvector corresponding to the maximum

eigenvalue. A typical value for € is about 1.0 x 107°.

We, however, wish to compute the minimum eigenvalue and its corresponding

eigenvector. In other words, at each iteration we would like to compute
Xk+1 — P_lxk. (A37)
Given Xy, we would like to find X;+; without inverting P~*. Rewrite (A.37) as

X = PXgy1. (A.38)
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It is well known [83],[84] that a real, symmetric and positive definite matrix P can

be decomposed into
P = LL, (A.39)

where L is a real lower triangle matrix. Eq. (A.38) then becomes

XE = LLth_H. (A40)
Let
Vigl = thk+1, (A41)
then
X = ka+1. (A42)

We can find vy in Eq. (A.42), given x; and L, by recursively solving a set of
linear equations. Let [;; be the element in the 1** row and j** column of L; then we

can show that

vps1(n) = 1—1—{xk(n) =5 Lo j)} (A.43)

nn s

Since P is positive definite, [, in (A.43) are evidently nonzero. Using (A.43), we
first solve for vy.1(0) and recursively solve for all vgi(n) for 1 <n < N —1, where
N is the dimension of L. (In (A.43), z;(n) denotes the n'* element of vector x;.)
It takes MI;—_Q multiplications, N divisions and Mz\;—_l—l additions to compute Vi
Similarly, we can find x;,; in (A.41) given Vi, and L. The total time required per
iteration is thus

N(N -1)

[(t + tm) =

+ Nta] X 2 = (ta + tm) N(N = 1) + 2Nty

where t;,tm,tq are, respectively, the required computer times for addition, multi-

plication and division.
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Note that the speed of convergence depends on the ratio :\\—12 since we are dealing
with P! rather than P. Instead of proceeding as in (A.41), (A.42) one could invert

P beforehand, store it as Q and then perform the iteration
Vi1 = Qx, (A.44a)

Xis1 = Yisr/ [V esll- (A.44b)

The operation (A.44a) requires N? multiplications and N(N — 1) additions and the

time required for this is

toN(N — 1) +t,N?,

which is nearly the same as the time required for performing (A.41), (A.42). How-

ever, there is an overhead cost associated with the computation of Q.

Example A.4: Table A.l indicates a comparison of design time for half-band fil-

ters, using the eigenfilter approach and the Remez exchange approach, for various
tolerances. The ratio %f and the number of iterations required for eigenvector com-
putation are also given. We observe that % is large and hence the number of
iterations for eigenvector computation is impressively small for all the entries in Ta-
ble A.1. Our experience based on a large number of design examples has convinced
us that the ratio Ap/X; is large in all practical cases. Accordingly, the eigenvector

computation never creates any numerical or stability problems, and is invariably

fast. Single precision arithmetic is found to be sufficient in all design examples.

There exist some recent methods for computing eigenvectors (corresponding to
extremal eigenvalues) based on gradient techniques [88]. These could prove to be

even faster than the iterative power method, but we have not studied this possibility

in the context of our paper.
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Table A.1
Comparison of the eigenfilter and the Remez exchange approaches in

half-band filter designs.

EIGENFILTER REMEZ EXCHANGE

Number | CPU CPU

wp N-1 61 %—2{ of time || N —1 81 time
iterations | (sec.) (sec.)

A 14 0.054 62 4 0.3 10 0.0485 0.4
A2r 18 0.0403 152 4 0.4 14 0.0402 0.5
425x% 22 0.0317 309 3 0.5 18 0.0265 0.6
435w 26 0.0245 614 3 0.7 22 0.0233 0.7
435w 30 0.0188 1090 3 0.8 26 0.0146 0.8
447 34 0.0142 1887 3 1.0 30 0.0120 0.9
445w 42 0.00812 | 4588 3 14 38 0.0072 1.5
4457w 46 0.00604 | 6634 3 1.5 42 0.0049 1.4
ATmw 58 0.0166 2230 3 2.6 54 0.017 1.8
ATmr 62 0.0146 2810 3 2.6 58 0.0137 2.5
AT 66 0.0124 350 3 2.9 62 0.011 2.2
ATrw 74 0.00964 | 5176 3 3.6 66 0.009 2.6
ATw 78 0.00842 | 6150 3 3.9 70 0.0073 2.8
47257 90 0.00607 | 13117 3 5.1 78 0.00672 3.7
AT725% 98 0.00447 | 19562 3 5.9 90 0.00376 4.1
475w 130 0.00135 | 91752 3 10.0 122 0.0014 6.8
497 202 0.00106 | 21069 3 24.5 162 0.00104 | 124

N-1 is the required order for peak passband ripple é; and

width 2(7/2 — w,).
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APPENDIX B - Design of half-band FIR filters

Linear phase FIR half-band filters have found several applications in the past
[6],[91]. For instance, in the design of sharp cutoff FIR filters, a multistage design
based on half-band filters is very efficient [2]. The efficiency of half-band filters
derives from the fact that about 50% of the filter coefficients are zero, thus, cutting
down the implementation cost. Half-band filters have also been used in multirate

filter-bank applications, either directly or indirectly [5],6].

Let H(z) denote the transfer function of a (linear-phase, FIR) half-band filter

of order N — 1:
N-1
H(z) = >_ h(n)z™, h(n) real. (B.1)
n=0
These filters are restricted to be of Type 1 (i.e., N—1is even and h(n) = h(N—1—n)
[22]). The frequency response is thus of the form H(e/*) = e"j“’ﬁé:‘ng(ej“’) where
Hy(e?) represents the real-valued amplitude response. A typical plot of Ho(e?) is

shown in Fig. B.1, assuming an equiripple type of design. There is a symmetry

with respect to the half-band frequency 7; i.e., the band edges are related as
wp + ws = T, (B.2a)

and the ripples are related as
51 = 52 = 4. (B.Zb)

In view of this symmetry, the impulse response h(n) satisfies

N -1
0, n— 5 =even and nonzero;
h(n) = B.3
m=1 . (B3)
-, n =
2 2

The simplest way to design equiripple half-band filters is to invoke the widely used

McClellan-Parks algorithm [92] with the specifications satisfying (B.2a) and (B.2b).
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Fig. B.1 Typical amplitude response of a halfband FIR filter.
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Fig. B.2 Amplitude response of G(z).
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(If equiripple nature is not a requirement, then window designs are the fastest [2]).
The resulting filter satisfies (B.3) with reasonable accuracy. The only disadvantage
with this procedure is that those coefficients which are supposed to satisfy (B.3) are

treated as unknowns in the optimization, and accordingly the design time is longer

than necessary.

In this appendix, we describe a method (the “half-band trick”) for consider-
ably reducing the design time by exploiting the partial knowledge (B.3) about the
impulse-response coefficients. The technique also leads to a structural interpretation
of half-band filters, which enables us to implement these filters in such a way that,
if the structure has low passband sensitivity, then it automatically has low stopband
sensitivity as well. (This is significant in view of the fact that low passband and

low stopband sensitivities are often conflicting requirements [93]).
B.1. The “half-band” design trick.

First notice that in view of (B.3), we can always assume (N — 1)/2 to be odd.
(Indeed, if (N — 1)/2 were even, then (B.3) would imply A(0) = A(N — 1) = 0;
by redefining k(1) to be h(0) we can cut down the order to N — 3). Given the
specifications w,,wg, and &, let us first design a one-band prototype linear-phase
filter G(2) of order (N — 1)/2 with specifications as shown in Fig. B.2. G(z) has a
zero at w = 7, since (N —1)/2 is odd [22]. Its passband extends from 0 to 2w, and

the transition band is from 2w, to 7. If we now define

N—1

G(z*) + 2777
2

H(z) = , (B.4)

then H(z) is a half-band filter, with specifications as in Fig. B.1. The conditions

(B.2a), (B.2b) and (B.3) are satisfied ezactly. The impulse response of H(z) is
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evidently related to that of G(z) by

1 (n) n eve
29 27 it

h(n) = (i, n odd # %2 (B.5)
2’ n=

G(z) can be designed with the help of the McClellan-Parks program. This design
time is considerably lower than the time required to design H(z) directly, since the

order of G(z) is only (N — 1)/2. Moreover, for large N — 1, the design accuracy is
better.

Example B.1: A half-band linear-phase FIR filter of order N — 1 = 34, and w, =
0.457 is designed using the above method. The magnitude responses of G(e’*) and
H(e'*) are shown in Fig. B.3. To demonstrate the saving in design time of the above
method, we compare the design time of this method with the conventional method
for several half-band filters with various specifications. Table B.1 summarizes the

results. For higher orders, the savings is quite significant (about a factor of 7 for

N —1=82).

Table B.1

Comparison of the improved and direct methods in half-band filter designs.

IMPROVED METHOD | DIRECT METHOD
N-1|Af 6 CPU Time CPU Time

(sec.) (sec.)

18 1 | 1.135 x 1072 0.6 1.9

30 .1 | 1.350 x 1073 1.0 4.3

42 1 | 1.715 x 107* 1.4 6.4

50 | .05 | 3.550 x 1073 1.8 9.4

62 | .05 |1.255 x 1073 2.4 14.9

82 .05 | 2.275 x 10™* 3.8 25.2

N — 1 is the required order for peak passband ripple é; and transition width Af .
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B.1l.a. Discussion on the low-sensitivity structure for half-band filters.

It is well known [8],[93] that a digital filter structure having low passband sen-
sitivity does not necessarily have low stopband sensitivity, and vice versa. The
coeflicient-sensitivity problem in FIR structures have been analyzed in the past
[63],[54],/94]. Based on the-notion of structural passivity, certain lattice structures
are proposed in [54] that can be used to synthesize low-sensitivity structures for

any arbitrary FIR transfer function.

The lattice structures in [54] satisfy two crucial properties: First, they provide
very low passband sensitivity. Second, if the transfer function has linear phase,
this linearity is maintained even when the lattice coefficients are quantized. Now
assume that we first implement the one-band filter G(z), using such a structure.
Then G(z) has low passband sensitivity. When the lattice coefficients are quantized,
the magnitude response of the transfer function G,(z) remains very close to G(z).
Since G,(2) retains linear phase and has odd order (N —1)/2, it continues to have the
zero at w = 7 in spite of quantization. Suppose we realize H(z) from this structure
for G(z), exactly as suggested by (B.4) (see Fig. B.4). Then the stopband response
of H(z) is exactly an image of its passband response, even if the coefficients of the
lattice are quantized! Thus, H,(z) (the response of the quantized lattice) continues

to remain a half-band filter and has low passband as well as stopband sensitivities.
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