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Abstract

Multiscale problems occur in many scientific and engineering disciplines, in petroleum engi-
neering, material science, etc. These problems are characterized by the great deal of spatial
and time scales which make it difficult to analyze theoretically or solve numerically. On the
other hand, the large scale features of the solutions are often of main interest. Thus, it is
desirable to have a numerical method that can capture the effect of small scales on large
scales without resolving the small scale details.

In the first part of this work we analyze the multiscale finite element method (MsFEM)
introduced in [28] for elliptic problems with oscillatory coefficients. The idea behind MsFEM
is to capture the small scale information through the base functions constructed in elements
that are larger than the small scale of the problem. This is achieved by solving for the finite
element base functions from the leading order of homogeneous elliptic equation. We analyze
MsFEM for different situations both analytically and numerically. We also investigate the
origin of the resonance errors associated with the method and discuss the ways to improve
them.

In the second part we discuss flow based upscaling of absolute permeability which is an
important step in the practical simulations of flow through heterogeneous formations. The
central idea is to compute the upscaled, grid-block permeability from fine scale solutions
of the flow equation. It is well known that the grid block permeability may be strongly
influenced by the boundary conditions imposed on the flow equations and the size of grid
blocks. We analyze the effects of the boundary conditions and grid block sizes on the
computed grid block absolute permeabilities. Moreover, we employ the ideas developed in
the analysis of MSFEM to improve the computed values of absolute permeability.

The last part of the work is the application of MsFEM as well as upscaling of absolute
permeability on upscaling of two-phase flow. In this part we consider coarse models using
MsFEM. We demonstrate the efficiency of these models for practical problems. Morelover,

we show that these models improve the existing approaches.



Contents

Acknowledgements
Abstract

1 Overview

2 Introduction

3 Formulation and overview
3.1 Model problem and the multiscale finite element method . . . . .. ... ..
3.2 Homogenization for one periodic case and related estimates . ... .. ...
3.3 [Expansion of base functions . . . . .. ... .o oo o000
3.4 Some estimates in finite element methods . . . . ... .. .. ... .. ...

3.5 Overview of MSFEM convergence . . . . . . . v v v v v v v v v v v v v v v

4 MSsFEM for problems with many separated scales
4.1 SUMIMATY « « v v v v e e e e e e e e e e e e
4.2 TFormulation . . . . . o v o e e e e

4.3 Estimates for first order correctors . . . . . . . . . o e i e e e

4.4 HY eStIMates . . v v v e e e e e e e
4.4.1 H' estimates for twoscalecase . . . . . . . ...
4.4.2 H' error estimates for many scalecase . . . .. .. .. .. ... ...

4.5 Loestimates. . . . o o v v i v i e e e e e e e e

4.6 Numerical experiments . . . . . . . .. ... oo

4.7 Concluding remarks and generalizations . . . .. ... .. ... .. ... ..

5 MsFEM for discontinuous case

5.1 SUMIMATY + v v v v v v e e e e e e e e e e e e e e
5.2 Formulations . . . v o v v e e e e e e e e e e e
5.3 HL estimates . . v o v v o e e e e e e e e e e e e e e e

iii

iv

19
19
20
21
27
27
32
34
37
42



5.4 Loestimates. . . . . . v v v v i it e e e e e e e
5.4.1 Asymptotic expansion of the discrete solution . . . . . ... ... ..
5.4.2 Derivations and estimates for A# and f2. . .. ... ... L.
54.3 Theerrorestimate . . . .. .. .. ... ... .. oL

5.5 Numerical experiments

MsFEM for problems with weakly dependent random coeflicients

6.1 DISCUSSION . « v v v e e e e e e e e e e e
6.2 SUMMATY . .« v v v vt e e e e e e
6.3 Formulations . . . . . . ¢ . i e e
6.4 Homogenization results . . .. . ... ... ... o o 0

6.5 Estimates for the covariance of ¢r

.......................

6.6 H! estimates for MSFEM . . . . . . . v i i e e

Nonconforming MsFEM and its analysis

7.1 SUMINATY - . o v v v v e e e e e e e e e e
7.2 Description of nonconforming MsFEM . . . . ... .. .. ... ... ...
7.3 HY eStmates . . o v v v v v e e e e e e
731 Caseof h>>e. ... . . . . e
732 Caseofh<€e. ... . . @ i i e
T4 Loestimates. . . . o v v v v i e e e e e e e e e e e e

...................

7.5 Cell resonance and averaged over-sampling

7.5.1 Someobservations . . . . . . . ... e e
7.5.2 The discrete Green’s function and cell resonance . ... .. ... ..
7.6 Averaged over-sampling method . . ... .. .. ... ... 00
Upscaling of absolute permeability
8.1 Imtroduchion. . . . . . . . o it i i e e e e
8.2 Formulations. Effective and grid block permeability . . ... ... .. ...
8.3 OVEIVIEW .« v v v e i e e e e e e e e e e e e e e e
8.3.1 Local Laplacian formulations . . . . ... ... .. ... ...
8.3.2 Volume vs. surface averages . . . . . . . . . .. .. L

8.4 Accuracy of upscaling . . . . . .. ..o e

63
63
63
65
67
69
70

80
80
81
83
83
88
92
99
100
102
104



8.4.1 Some estimates . . . . . . .t e e e e e e e e e e e e

8.4.2 Estimates for upscaled permeability and solutions

843 Remarks. . . .. . . .. .. e e
8.5 Over-samplingmethod . . . . . . ... .. ... .. . o,
8.6 Averaged over-sampling in upscaling of absolute permeability . . . . . . ..
8.7 Numericalresults . . . . .. .. .. . . o oo e
8.7.1 Numericalresultsfor2-D . .. ... ... . ... ... ...

8.7.2 Averaged over-sampling. Numerical results. . . . .. ... ... ...

9 Applications of MsFEM to upscaling of displacements in heterogeneous

porous media

9.1 Imtroductionm. . . . . . . v i i i i e e e e
9.2 Governing equations . . . . . . . . . . i
9.3 Unitmobility case . . . . . . . . . . e
9.4 The flow features in reservoir and their modeling . . . . . ... ... .. ..
9.5 Non-uniform coarsening method . . ... ... ... .. ... .. ......
9.6 Derivation of the coarse model equations for unit mobility case . . . . . ..
9.7 Rigorous derivation of upscaled equations for layered system . . . . . . . . .
9.8 The formulations of the diffusion in coarse models . . . ... ... ... ..
9.9 Theuse of MsFEM incoarsemodels . . . . . ... ... ... .. ......
9.10 Boundary conditions for coarse models . . . . . . ... ..o oo
9.11 Numerical results for unit mobilitycase . . . ... ... ... ... .. ...
9.12 Upscaling of two-phase flow . . . ... ... ... ... . ... ..., ..
9.13 Numerical results for two-phase flow . . . .. .. .. ... .. .. L.

9.14 Concluding remarks . . . . . . . .. .. i i e e
A Difference form of the cell term
B The estimate for linear functions
C Formulation based on dissipation energy

Bibliography

137

175

178

180

182



viil

List of Figures

3.1

3.2

5.1

7.1

7.2

8.1
8.2

8.3
8.4

8.5

The discrete Ly norm error of the solutions using various schemes for a frac-
tally distributed permeability field. The horizontal dash line indicates the
error of traditional FEM solution with N = 2048. Along the N axis we plot
the resolution (number of elements in each direction) . . . . . ... .. ... 17
The discrete Ly norm error of the solutions using various schemes for a log-
normally distributed permeability field. The horizontal dash line indicates
the error of traditional FEM solution with N = 2048. Along the N axis we

plot the resolution (number of elements in each direction). . . . . . .. ... 18
The least square fit in lo norm oferror . . . . . . ... ... L L 39
The least square fit inlo normoferror . . . . . . ... ... . L 41

An example of neighboring nodes in a triangulation of a rectangular mesh

with m x n nodal points. Oy = {k—m—1,k—m,k—1,k+1,k+m, k+m-+1}. 57

A cross-section of D2G" for o = 1.5 (solid line), o = 1.25 (dash line), and
o = 1.125 (dotted line). Note: only one part is shown here to avoid the

singular point. . . . . .. L 103
The neighboring elements in a triangulation . . . . .. .. .. ... ... .. 105
A3Dgridblock. . . ... .. L 111
Flow through a channel. There is no flow through the top and bottom sur-

faces, but the volume averaged flow has a vertical component. . . . . . . .. 115
The cross-section of 8 . . . . . . .. . .. 122

Over-sampling for one (left) and multiple (right) grid blocks. The boundary
layer is outside the white dash line. V' denotes the union of the set of grid
blocks in gray region. . . . . . . . ... 123
In K¢ with fractal dimension 2.8 (contrast of K€is 10%). . .. ... ... .. 130



9.1

9.2

9.3

9.4

9.5

9.6

9.7

9.8

9.9

ix
Log normally distributed permeability field with I; = 0.3, I, = 0.01, and
o0=2. Theratioof maxtominis2e+4. .. .. .. ... ... .......
Streamlines for log normally distributed permeability field with I, = 0.3,
l, =0.01, and 0 = 2. The ratio of max tominis2e+4 .. ... ... ...
The comparison of three different scale-up results using non-uniform coarsen-
ing method. Solid line is the fractional flow curve for the fine model 100 x 100.
Dotted line is for 10 x 10, Dashed-dotted line is for 15 x 15, *+" line is for
23x24 coarsemodel . . . ... L e
Case I, = 0.6, [, = 0.01, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 10 x 10 coarse grid, dotted line is for the
coarse model with diffusion on the same coarse grid. . . . . ... ... ...
Case Iy = 0.3, [y = 0.005, ¢ = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 12 x 12 non-uniform coarse grid, dotted
line is for the coarse model with diffusion on the same coarse grid . . . . . .
Case I; = 0.3, Iy = 0.01, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 10 X 10 non-uniform coarse grid, dotted
line is for the coarse model with diffusion on the same coarse grid . . . . . .
Case I; = 0.3, [y = 0.05, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 11 x 11 non-uniform coarse grid, dotted
line is for the coarse model with diffusion on the same coarse grid . . . . . .
Case I = 0.3, Iy = 0.2, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 9 x 9 non-uniform coarse grid, dotted line
is for the coarse model with diffusion on the same coarse grid . . . ... ..
Case l; = 0.15, [y = 0.005, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 10 X 10 non-uniform coarse grid, dotted

line is for the coarse model with diffusion on the same coarse grid . . . . . .

143

143

145

160

160

161

161

162



9.10

9.11

9.12

9.13

9.14

9.15

9.16

X
Case I; = 0.15, [, = 0.025, ¢ = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 10 x 10 non-uniform coarse grid, dotted
line is for the coarse model with diffusion on the same coarse grid . . . . . .
Case l; = 0.7, I, = 0.005, ¢ = 2. Dashed-dotted line is for fine fractional flow
curve on 100 x 100 grid, ’+’ is for coarse model using non-uniform coarsening
method on 10 x 10 coarse grid, dotted line is for the coarse model with
diffusion on 1 X 1 coarse grid, solid line represents the coarse fractional flow
curveon I X lecoarsegrid . . . . . . . ... o e
Case l; = 0.15, [, = 0.005, ¢ = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, '+’ is for coarse model using non-uniform
coarsening method on 10 x 10 coarse grid, dotted line is for the coarse model
with diffusion on 1 x 1 coarse grid, solid line represents the coarse fractional
flowcurveon I xlcoarsegrid . . . . .. . . .. . .
Case l; = 0.15, I, = 0.025, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, '+’ is for coarse model using non-uniform
coarsening method on 10 x 10 coarse grid, dotted line is for the coarse model
with diffusion on 1 x 1 coarse grid, solid line represents the coarse fractional
flowcurveon I x 1 coarse grid . . . . . . . . . o i o
Case l; = 0.6, I, = 0.01, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, Dashed-dashed line is for coarse model using
non-uniform coarsening method on 10 x 10 coarse grid, dotted line is for the
coarse model with diffusion on the same coarse grid. . . . ... ... .. ..
Case l; = 0.3, I, = 0.005, ¢ = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 12 x 12 non-uniform coarse grid, dotted
line is for the coarse model with diffusion on the same coarse grid . . . . . .
Case l; = 0.3, I, = 0.01, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 10 x 10 non-uniform coarse grid, dotted

line is for the coarse model with diffusion on the same coarse grid . . . . . .

163

164

164

165

169

169



9.17

9.18

9.19

9.20

9.21

9.22

Al
A2

xi
Case Iz = 0.3, Iy = 0.05, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 11 x 11 non-uniform coarse grid, dotted
line is for the coarse model with diffusion on the same coarse grid . . . . . .
Case l; = 0.15, [, = 0.005, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 10 x 10 non-uniform coarse grid, dotted
line is for the coarse model with diffusion on the same coarse grid . . . . . .
Case l; = 0.15, [, = 0.025, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using
non-uniform coarsening method on 10 x 10 non-uniform coarse grid, dotted
line is for the coarse model with diffusion on the same coarse grid . . . . . .
Case Iz = 0.3, 1, =0.01, 0 = 2. Dashed—dottéd line is for fine fractional flow
curve on 100 x 100 grid, solid line is for coarse model using three velocity
values in each coarse block on 2 x 2 coarse grid, dotted lines is for the non-
uniform coarsening approach on 2 x 2 and 5 X 5 coarse grid (2 x 2 is the worst
0=
Case I, = 0.3, I, = 0.05, 0 = 2. Dashed-dotted line is for fine fractional flow
curve on 100 x 100 grid, solid line is for coarse model using three velocity
values in each coarse block on 2 x 2 coarse grid, dotted lines is for the non-
uniform coarsening approach on 2 x 2 and 5 x 5 coarse grid (2 x 2 is the worst
OME) v v v v e e e e e e e e
Case l; = 0.3, Iy = 0.2, 0 = 2. Dashed-dotted line is for fine fractional flow
curve on 100 x 100 grid, solid line is for coarse model using three velocity
values in each coarse block on 2 X 2 coarse grid, dotted lines is for the non-
uniform coarsening approach on 2 x 2 and 5 x 5 coarse grid (2 x 2 is the worst

=)

Segments in a triangulation . . . ... ..o oo oo

Element nodes in a triangulation . . . . ... .. ... ... oL

170

171

171

173

173



xii

List of Tables

4.1
4.2
4.3
4.4
4.5

5.1
5.2
5.3
5.4

=
J.

5.6

7.1
7.2
7.3

8.1
8.2
8.3
8.4

8.5

8.6

8.7

8.8
8.9

lue —wblll, forer > A > e o oo oo 39
llue — ul|li, and |lue —ul|;, forh K ea Kero v v v v oot .. e 39
flue —wlll, forer > h > e o o v vt 40
lue —ulll, forer >R e o oo o oo 40
llue — wlll, and flue —ulll forh e Kero oo v v 41
llue — ulll;, for e=1/32, 6 =0.1, aligned . . . .. ... ............ 60
llue — ul|l;, for e=1/64, 6 =0.1,aligned . . . . ... ............. 60
llue — ub||;, for € =1/32, § = 0.49, aligned . . . . ... ............ 61
llue — ul||s, for e =1/64, § = 0.49, aligned . . . . ....... e 61
e — ul||;, for e =1/32,§ =0.1, not aligned . . ............... 62
llue — ul|ly, for e =1/64, § = 0.1, not aligned . .. .............. 62
|UP — UL\, Note: @ = h/e is irrational in the middle column. . . . . . . . 100
Influence of magnitude of o = h/e on ||[D*G™|ly,. . - . . . . . . ... 102
Influence of the fractional parts of & = h/e on | D*G"||y,. . . . . . . . . ... 103
Convergence of the numerical solution of K to K* (e=h=1).. ... ... 127
Convergence of the numerical solution of K3 to K* (e=h=1)..... ... 127
Variation of |K' — K*| versus e/h (h=1). . . . .. .o vv i it 127

Resonance error reduction by over-sampling (N is the total number of ele-
ments in the z and y directionsin S). . .. .. .. ... ... . ..., 128
Test of over-sampling using log-normal permeability Difference and error are
shown in percentage. . . . . . . . .. ... o oo e 129

Test of over-sampling using permeability field shown in Fig. 8.5. Difference

and error are shown in percentage. . . . . .. ... ... oL 130
|ax p — ay] for the upscaling with averaged over-sampling. . ... ... ... 132
a+ K, for the upscaling with averaged over-sampling. . ... ... ... .. 133

|axp — ay| for the upscaling with averaged over-sampling. . . ... .. ... 133



xiii

8.10 a,n,k, for the upscaling with averaged over-sampling. . ... ... .. ... 134
8.11 |axp — a,| for the upscaling with averaged over-sampling. . . ... ... .. 134
8.12 @up,k, for the upscaling with averaged over-sampling. . ........... 134
8.13 |a.p — ay| for the upscaling with averaged over-sampling. . . ... .. ... 135

8.14 a4 p,k, for the upscaling with averaged over-sampling. . . ... ... .. .. 135



Chapter 1 Overview

Many problems of fundamental and practical importance have multiple scale solutions.
A complete analysis of these problems is difficult. For example the difficulty in analyzing
groundwater transport is mainly caused by the heterogeneity of subsurface formations span-
ning over many scales. The heterogeneity is often represented by the multiscale fluctuations
in the permeability of the media. A direct numerical solution of the multiple scale problems
is difficult even with modern supercomputers. The major difficulty of direct solutions is
the scale of computation. For groundwater simulations, it is common to have millions of
grid blocks involved, with each block having a dimension of tens of meters, whereas the
permeability measured from cores is in order of several centimeters. This gives more than
10° degrees of freedom per spatial dimension in computation. Therefore, a tremendous
amount of computer memory and CPU time are required, and they can easily exceed the
limits of today’s computing resources. The situation can be relieved to some degree by
parallel computing; however, the size of a discrete problem is not reduced. The load is
shared by more processors with some memory. Whenever one can afford to resolve all the
small scale features of a physical problem, direct solutions provide quantitative information
of the physical processes at all scales. On the other hand, it is often sufficient to predict the
macroscopic properties of the multiple-scale systems, such as effective permeability. There-
fore, it is desirable to develop methods which can capture the effect of small scales on the
large scales without resolving all the small scale features.

In this work we discuss the methods which can capture the small scale information
on the large scales without resolving all details. The thesis consists of three parts: 1)
The multiscale finite element method (MsFEM) and its analysis, 2) Upscaling of absolute
permeability and 3) The applications of MsFEM. Each part is provided with introduction
where we discuss the previous works and describe the results of the part. Here we briefly
describe the problems considered in the work.

In the first part of this work we analyze the multiscale finite element method (MsFEM)
introduced in [28] for elliptic problems with oscillatory coefficients. The idea of MsFEM

is to capture the small scale information through the base functions constructed in the
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elements whose sizes are larger than the sizes of the small scales of the problem. This is
achieved by solving the finite element base functions from the leading order of homogeneous
elliptic equation. The construction of the base functions is fully decoupled from element
to element; thus, the method is perfectly parallel and is naturally adapted to massively
parallel computers. For the same reason, the method has the ability to handle extremely
large degrees of freedom due to highly heterogeneous media, which are intractable by the
conventional finite element (difference) methods. In this part of the work we analyze Ms-
FEM for different possible situations both analytically and numerically. MsFEM have been
analyzed with emphasis on the resonance sampling effect. We investigate the origin of the
resonance errors that occurs in MsFEM and the ways to improve them.

In the second part of the work, we discuss flow based upscaling of absolute permeability
which becomes an important step in practical simulations of flow through heterogeneous
formations. The central idea is to compute upscaled, grid-block permeability from fine
scale solutions of the flow equation. It is well known that the grid block permeability may
be strongly influenced by the boundary conditions imposed on the flow equations and the
size of grid blocks. In this part of the work we employ the techniques developed in the
analysis of MsFEM to improve the computed values of absolute permeability. We estimate
the difference between the computed value and exact value of absolute permeability for
periodic structures. The numerical examples for random permeability fields demonstrate
that the new upscaling methods improve the accuracy of the existing upscaling methods in
general. In this part of the work we also consider the effects of the boundary conditions
and grid block sizes on the computed grid block absolute permeabilities.

The last part of the work is the application of MsSFEM on upscaling of two-phase flow.
In this part we consider coarse models using MsFEM. The main idea of these methods
is to incorporate the higher order statistics of the problem into the coarse model. The
calculations of higher moments require some approximation of the detailed behavior of
the problem. This approximation can be effectively constructed using the multiscale base
functions of MsFEM. We demonstrate the efficiency of these models for practical problems.

Moreover, we show that these models improve the predictions of the existing approaches.
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MULTISCALE FINITE ELEMENT METHODS AND
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Chapter 2 Introduction

In this part of the work we analyze MsFEM for different cases. Recently, a multiscale
finite element method (MsFEM) has been developed [28, 26] for capturing the large scale
solutions of multiscale problems on a coarse mesh (with mesh size larger than a certain
cut-off scale of the problem). The main idea of the method is to build the local small scale
information of the leading order differential operator into the finite element base functions.
It is through these multiscale bases and the finite element formulation that the effect of
small scales on the large scales are correctly captured. A key feature of MsFEM is that
the construction of the base functions is a local operation within the elements. Thus, the
construction in one element is decoupled from that in another element. In other words, a
large scale computation is broken into many small and independent pieces. This results
in many computational advantages [26], such as a saving in computer memory and good
parallel efficiency. We remark that special base functions in finite element methods have
been used by several authors in capturing multiscale solutions of PDE’s. In particular, the
works presented in [42, 5, 11, 29] are most relevant to our previous conforming multiscale
finite element method [28].

The basic convergence property of the method has been established for a two-scale
elliptic problem with periodic coefficients [28]. It is shown that the numerical solution
converges to the homogenized solution in the limit of ¢ — 0 (e is the small scale in the
solution). The homogenization theory is used in the proof; however, it is neither required
by the MsFEM formulation nor used in the computations. Our numerical experiments
demonstrate that MsFEM, together with an over-sampling method, is well applicable to
general elliptic problems with many or continuous scales [27]. It is shown that numerical
solutions computed using MsSFEM on a coarse grid give accuracy comparable to that of well-
resolved solutions computed using conventional methods on a fine grid. The application of
MsFEM to practical problems such as two-phase flows in porous media and other types
of equations is currently under study. It is worth mentioning that MsFEM also gives
convergent solutions when h < ¢, just like the conventional methods.

Previous analysis also reveals the resonance error between the grid scale and the scales
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of the continuous problem [28]. This is a common difficulty in numerical upscaling methods.
For the two-scale problem, the error due to the resonance manifests as a ratio between the
wavelength of the small scale oscillation and the grid size; the error becomes large when the
two scales are close. The resonance represents a fundamental difficulty due to the mismatch
between the local construction of the multiscale base functions and the global nature of
the elliptic problems. This mismatch between the local solution and the global solution
produces a boundary layer in the first order corrector of the local solution which causes the
resonance.

In this part of the work, we present the analytical and numerical analysis of the resonance
error and the possible improvements. Following the formulations and overview of MsFEM
in chapter 4, we analyze MsFEM for multiple scale problems. The convergence rate of
the method for different choices of mesh sizes has been derived. Particularly, assuming
€, be a sequence of decreasing separated scales we find that if the mesh h is between the
scales €, and €y, i.€., € > h >> €ry1, then the convergence rate of MsFEM in H'
norm is C((h/ex) + v/exr11/h). We see that the method has resonance effect towards both
neighboring scales. The error towards a larger scale (larger than h) (h/ex) is the error of
resolving larger scales and it is consistent with traditional FEM. The error towards a smaller
scale (smaller than h) \/ex;1/h is the error of capturing the smaller scales. The capturing
error is specific for MsFEM and depends on the construction of base functions. Furthermore,
we show how the error of resolving larger scales can be improved by introducing higher
elements. We conclude the chapter with numerical justifications of our analytical results
and some comments.

In chapter 5 we analyze MsFEM for problems with discontinuous coefficients. It is known
that in general the convergence of finite element and finite difference methods deteriorate
in the case of discontinuous parameters. The previous results (and later) on the analysis of
MsFEM are derived under the assumption of smooth parameters. In chapter 5 we derive
the convergence rate for MSFEM in the case of discontinuous parameters. The analysis
requires a special treatment for discontinuous terms which is done in chapter 5. We show
that MsFEM retains its convergence rate in the case of a two scale problem. We justify our
analytical results with numerical experiments on checker-board structures.

The previous analysis of MSFEM has been performed for periodic structures. In these

analyses we use homogenization theory which is developed and well studied for periodic
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setting. The multiple scale expansion for general random problems has been worked out
[32, 43]. It has been shown that the multiple scale expansion for general random cases
and periodic cases has some similarities. But in general random cases, certain important
functions of multiple scale expansion lose their periodicity and boundedness and gain some
growth rate as z — oo . This growth rate influences the resonance error of MsFEM. In
chapter 6, we derive the resonance error for MsFEM when the parameters of the problem
have weak dependence.

As above analyses of MsFEM show that the resonance is due to the mismatch of the
artificial boundary conditions of the base function and the oscillatory nature of the solution.
Motivated by the analysis, the authors propose an over-sampling technique to overcome the
difficulty due to the scale resonance in [27]. The idea is quite simple and easy to implement.
Since the boundary layer in the first order corrector is thin, O(e), we can sample in a domain
with size larger than h + ¢ and use only the interior information to construct the bases (h
is the mesh size). By doing this, the boundary layer in the larger domain has no influence
on the base functions. Now the corresponding first order correctors are free of boundary
layers. As a result, we obtain an improved rate of convergence.

In chapter 7, we analyze analytically and numerically the over-sampling version of Ms-
FEM for the case of one-scale problem. Unfortunately, the over-sampling technique results
in a nonconforming MsFEM method. The previous analyses need to be modified to take
into account the nonconforming error. In chapter 7, we perform a careful estimate of the
nonconforming errors in both H! norm and L? norm. The analysis shows that the noncon-
forming error is indeed small, consistent with the numerical results [26, 27]. Our analysis
also reveals another type of resonance, which is the mismatch between the mesh size and
the “perfect” sample size. In the case of a periodic structure, the “perfect” sample size is
the length of an integer multiple of the period. We call the new resonance the “cell reso-
nance.” In the error expansion, this resonance effect appears as a higher order correction.
Although the over-sampling helps eliminate the leading order resonance error, we find that
over-sampling alone does not remove the cell resonance error, which dominates the non-
conforming error. However, from our computational experience, the cell resonance errors
seem to be generically small and are rarely observed in computations. This may be due to
some subtle error cancellation in the convolution with the discrete Green’s function (i.e.,

the inverse of the stiffness matrix). The discrete Green’s function can be highly oscillatory
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depending on the ratio /e, where h is the mesh size and e is the small scale of the problem.
In fact, in our tests with the worst resonance case, h/e = 1.5, the solution appears to con-
verge. Only when h = 1/1024 does the effect of cell resonance become strong enough to stop
the convergence. For more general problems, such as problems with random coeflicients,
we did not find resonance errors through numerical tests (see [27]). These results strongly
indicate that the chance of having significant cell resonance in practical computations is
small.

Finally we would like to note that for the practical problems MsFEM is a robust method.
In practice the small scales are fixed and the constants in front of the resonance errors play
an important role. As we observed numerically these constants are usually small and an

overall error of the method is negligible for practical purposes.



Chapter 3 Formulation and overview

In this section we introduce the model problem and the multiscale finite element method.
First we state some notations and conventions. In the following, the Einstein summation
convention is used: summation is taken over repeated indices. Throughout the paper, we

use the Ly(f) based Sobolev spaces H*(Q) equipped with norms and seminorms:

lullion = ( /Q S [Deu)t2,

lof <k

= ([ 3 1D

Q\al=k

H}(Q) consists of those functions in H*(f) that vanish on 0Q. H ~1(9) is dual space of
H}(Q), ie., the set of all continuous linear functionals on H}(2). We define H'/2(89)
as the trace on 09 of all functions in H*(Q) with the norm ||[vl1/290 = inf ||ufli,o where
the infimum is taken over all u € H(Q) with the trace v. In the paper the space C*(Q2),

continuous functions along with their £** derivatives is equipped with the norm

k
lullor @) = ngx | D%l

a=0

Throughout, C (with or without subscripts) denotes a generic constant, which is indepen-

dent of € and h (mesh size), unless otherwise stated and C+C =C, C-C =C.

3.1 Model problem and the multiscale finite element method

In this section we are going to investigate MSFEM on the following model problem

Lau=f inQ, u=0 ondQ, (3.1)



where

0 i 0

6.'L'i € 3;17]'

€ =
is the linear elliptic operator, € is a small parameter, and a¢ is symmetric and satisfies

alé]? < &aie; < BIEP, (3.2)

for all £ € R? and with 0 < a < [ where a and (8 are independent of e. We assume
that f € Lo(Q) and coefficients are smooth functions unless otherwise stated. As for the

boundary 99 we assume it is piecewise smooth. Under these conditions (3.1) is a well posed

problem.

Variational problem of (3.1) is to seek u € H} () such that
v), Yv € H(Q), (3.3)
where
a(u,v) = /Qaz-j%%;dx and f(v) = /vad:c.
It is easy to see that the linear form a(-,-) is elliptic and continuous, i.e.,
alvlig <a(v,v), Yve H} (3.4)

and

la(u,v)| < Blulialvhg,  Vu,v € Hp. (3.5)

A finite element method is obtained by restricting the weak formulation (3.3) to a finite
dimensional subspace of H}(Q2). For 0 < h < 1, let K" be a partition of  of elements
K (rectangles, triangles, etc) with diameter < h. For simplicity, we can assume that the
partition consists of rectangular elements which are defined by an axi-parallel rectangular
mesh. In each element K € K", we define a set of nodal basis {¢%,i = 1,...,d} with

d(= 4) being the number of nodes in the element. We will neglect the subscript K when
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working in one element. In our multiscale method, ¢* satisfies
Lg'=0 in KeK" (3.6)

Let z; € K (j = 1,... ,d) be the nodal points of K. As usual, we require ¢*(z;) = dj;.
One needs to specify the boundary condition of ¢ for well-poseness of (3.6). The boundary
conditions play an important role in the convergence of MsFEM. In later sections we are
going to specify and deal with different boundary conditions. For now, we assume that the
base functions are linear along the boundaries of the elements, i.e. along the boundaries
MsFEM base functions and traditional finite element base functions coincide. MsFEM with

these base functions is conforming, i.e.,

Vh =span{¢i :i=1,...,d; K € K'} c H}(Q),

a(uhv) = fv), YveVh : (3.7)

As we see the only difference of MsFEM from traditional finite element method is the
construction of the base functions.

Remark 3.1.1. The above formulation of the multiscale method is not restricted to the
rectangular elements. It can be applied to triangular elements, which are more flexible in
modeling more complicated geometries. In fact, in most of the analysis below, the shape
of element is irrelevant. In some cases we find that the triangular elements have some
advantages in discrete error cancellations.

Remark 3.1.2. As mentioned in the introduction, the purpose of the multiscale method
is to capture the large scale solution. This general idea can be made more precise in the
context of the above model problem when a¥(z/¢) is a periodic function. In this case,
there are two distinct scales in the solution, characterized by 1 and 1/e. The large scale
solution is the homogenized solution ug, which is the limit of u as € — 0. In fact, u equals
ug up to O(e) perturbations. It can be shown that ug is the solution of a homogenized,
elliptic problem with constant coefficient. Thus ug is smooth. The oscillations at the e-scale

are contained in the perturbations. Because the base functions ¢' are defined by the same
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operator L., they are expected to have local structure similar to that of u.

The multiscale base functions are smooth if A < ¢ and can be well approximated by
the standard continuous linear (bilinear) base functions. Thus, we expect the multiscale
method to behave similarly as the linear finite element methods.

On the other hand, when h > €, ¢' contains a smooth part and an oscillatory part,
which cannot be approximated by the linear (bilinear) functions. In this case, the multi-
scale method is very different from conventional finite element methods. In fact, we will
show that the multiscale method gives solutions converging to up in the limit of e — 0
while the standard finite element method with piecewise polynomial base functions does
not. An intuitive explanation is as follows. The effective coefficient a*, which determines
the homogenized operator, includes both the average of a and the averaged result of the
interaction of small scale oscillations (see (3.10)). The polynomial base functions can only
capture the first part because they do not characterize any oscillations. In contrast, the
multiscale base functions contain the small scale information in the same fashion as u does.

Therefore, they are able to accurately capture a* through the variational formulation.

3.2 Homogenization for one periodic case and related estimates

In this section, we review the homogenization theory of (3.1) in the case when a%(z/¢) is
a one periodic function. We provide some estimates which are important for understanding
of MsFEM. These results reveal the structure of the solution and the multiscale functions.

It is known [8, 32] that the solution of (4.1) can be expanded as
Ue = Up + exi(%)viuo + €. (3.8)
In the expansion, ug is the solution of the homogenized equation
a?ViViug=f inQ, (3.9)
satisfying ugp = 0 on 0. The constant homogenized coefficients a¥ are given by

. 1 y
i = o /Y 0¥ (555 + Vix¥)dy, (3.10)

where V¥ is the gradient with respect to the “fast” variable y = z /¢, and x* is the periodic
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solution in the unit cell Y of
V%’aijvgxk = —Vi-’aik. (3.11)

It can be shown [8, 32] that (3.11) has a unique solution in Hj,, which is defined up to a

constant. For 8% we have

1

Le* = —Le(ue — ug = ex'Viug)  in Q,

0% = —x'V,up on Q.
The heuristic derivation of the average equation can be obtained by expanding u,

ue(z,y) = uo(z,y) + eur(z,y) + ...

Introducing V = V; + 1/eV,, and substituting the expansion into the above system of

equations, and collecting terms with the same power of €, we get

0(5-2) : Vyia'ij(y)vyjuo =0 (3.12)
O(e™) 1 Vaa" (y)Vy,uo + Vy,a” () Vo uo + Vy,a? () Vy,ug = 0 (3.13)

O(%) : Vmiaij (y)Vaz;uo + Vyia"j (Y) Vg u1 + V,,;z.aij (Y)Vy;u1 + Vyiaij (y)Vy,up = 0.
(3.14)
From (3.12) we obtain that uo(z,y) = ue(z). Assuming ui(z,y) = XP(y)Vpuo(z) in

the second equation (3.13), we get (3.11) for xP(y). Eventually, taking an average over the
period Y in (3.14) we obtain (3.9).

The convergence of ug or ug+ex?Vpug to the exact solution u. under different regularity

conditions and in different norms have been thoroughly investigated.
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3.3 Expansion of base functions

We have the similar expansion for the base functions when the mesh size is much bigger

than the period e:

Pe = o + 5Xi(%)vi¢0 + €6, (3.15)

where ¢o, X*, and 0¢ are defined in the same way as above. The equation for ¢ can be
further simplified by taking into account the fact that ¢ is linear along the boundaries of
the triangular elements K. It follows that ¢ is linear in K. Thus by (3.6) and the equations

for 6¢ and x*, we have

1
Leo® = ;Le(ﬁbe — o — Ekak¢0)
1 .
= —-Viad Vj(do + ex"Vido)
D S AV
= =(Via? Vix" + —Vial)Vido ~ Vix"ad V;iVigo

= 0.

and 6¢ = —xPV,¢g on the boundary of K. 6° can be written as 6° = nPV ¢, where 7P is

defined as the solution of

L =0 inK
(3.16)
7P = —x? on 0K.
3.4 Some estimates in finite element methods
Cea’s lemma
Assume that we are approximating the solution v of the variational equations
alu,v) = f(v), YweV (3.17)

where the space V, the bilinear form a(u,v) and the linear form f satisfy the assumptions

of the Lax-Milgram lemma. Consider a family V3, of subspaces of space V. With each finite
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element space V}, is associated the discrete solution uy which satisfies
a(up,vp) = f(vp), Yop € V.

Then Cea’s lemma states:

Lemma 3.4.1 There ezists a constant C independent of the subspace V}, such that
- <C inf —upll.
lu =l SC inf u=u

Consequently, a sufficient condition for convergence is that there exists a family Vi of sub-
spaces of space V' such that, for each u €V,

lim inf |ju-—wa] =0.
h—0v, €V}

We note that the norm in the formulation of Cea’s lemma is the norm associated with
bilinear form a(u,v) (Lax-Milgram lemma)).

Strang’s lemma

The continuity of the finite element approximation of the solution of a boundary value
problem and possibly of its derivatives have been used in conforming finite element bases.
However, conforming elements, particularly for higher order problems, are usually more
complex [12]. Hence, it is natural to enquire if one can relax these interelement continuity
requirements and still obtain a convergent finite element solution. These kinds of finite
element methods are called nonconforming finite element methods. To show Strang’s lemma

we introduce a nonconforming discrete space H? with the norm || - |5

[wPlha= (Y [ Vulpas) (3.18)

KeKh

The discrete solution u" € H" is defined by solving

a(u, o) = f?), W' e A"
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where
M=l > / a¥VuhV johdz).
KeK*h
We would like to note that it is required || - [|» be a norm in H®. Then Strang’s lemma

asserts [12] that

It =g < C(int = ol + sup £ (we) — alug, wely (3.19)

whefrh lwla

where H" is the finite dimensional space generated by the nonconforming basis functions

(in general A" ¢ HY).

3.5 Overview of MsFEM convergence

a? in [28] The analysis has been carried out for the different choices of the mesh size h:
the case when the mesh size A is larger than the characteristic length scale ¢, A >> € and
the case h << e. In the case h < ¢, MsFEM approximates the solution as traditional
finite element methods with the second order accuracy O((h/e)?). The case h > ¢ is of
the main interest since this case shows how effectively MsFEM is capturing the small scale

information of the global problem. The Ly convergence rate obtained in [28] is

Cih + Co s

. (3.20)

This error estimate shows that small scale information in the base functions leads to the
correct large scale information and numerical solution approaches exact solution as € — 0.
This convergence rate has been confirmed with numerical results. The term ¢/h in the
convergence rate indicates the resonance between the physical scale and the mesh size. We
would like to note that the resonance phenomenon is common in upscaling methods. The
analysis of MSFEM presented in [28] is omitted since more general cases will be investigated
in this work. We would like to point out that the cause of the resonance is in (3.20).
It was found [28] that 6° in the expansion of the base functions (see (3.15)) causes the

resonance. We note that this term corrects the oscillations on the boundary given with
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¢o + ext(z/€)Vigo to the linear boundary conditions. Thus, ¢ has large gradients in the
neighborhood of the boundary. Numerically it was found that these large gradients are in
e neighborhood of the boundary. As the values of the mesh size and the small scale of the
problem get closer the boundary layers of 8¢ occupy the larger portions of the elements
causing the deterioration of the convergence rate of MsFEM.

Based on the analysis of this method the authors also proposed [53] an imbroved version
of MsFEM, MsFEM-o0s (MsFEM with over-sampling) which practically removes the reso-
nance. The main idea of this method is to use interior information of the base functions
sampled in larger domains (larger than our elements). The authors have tested this method
on different examples and demonstrated its numerical robustness. In a later section we are
going to analyze this method.

For the practical purposes, the constants C; and Cs in (3.20) play an important role.
Numerous numerical examples for random cases and the cases with continuous spectrum
of scales demonstrate that MsFEM is a robust method and the error of MSFEM does not
exceed 2 percent in these problems. In Fig. 3.1 and Fig. 3.2 the discrete Ly error estimates
are plotted for random coefficients. In particular, these coefficients have the continuous
spectrum of scales between 1/32 and 1/256. The domain is [0,1]?, the ratio of maximum
and minimum of the coefficients is 400 and f = —1. In these figures the horizontal lines
represent the resolved solution. In Fig. 3.1 and Fig. 3.2 LFEM stands for FEM where the
mesh size changes from 1/32 to 1/512, MFEM-L denotes MSFEM with linear boundary
conditions on the mesh between 1/32 and 1/512, and the lines with “x” correspond to

MsFEM with over-sampling. These examples demonstrate that MsFEM is a robust method.
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Figure 3.1: The discrete Ly norm error of the solutions using various schemes for a fractally
distributed permeability field. The horizontal dash line indicates the error of traditional
FEM solution with N = 2048. Along the N axis we plot the resolution (number of elements
in each direction)
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Figure 3.2: The discrete Ly norm error of the solutions using various schemes for a log-
normally distributed permeability field. The horizontal dash line indicates the error of
traditional FEM solution with N = 2048. Along the N axis we plot the resolutlon (number

of elements in each direction).
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Chapter 4 MsFEM for problems with many separated

scales

4.1 Summary

In this section we analyze the convergence of MsFEM for problems with many separated
scales. In particular, we are interested in the convergence rate of the method for different
mesh sizes. We establish that if the mesh size is between the scales e¢; and egyq, i.e.,

€x > h > €g11, then the H! norm of the error is

i1 P
O EE 4+ )

he first term in the estimate is due to the way of capturing of the scales smaller than
€x+1 through the multiscale base functions. The second term is the error of resolving scales
larger than € with the homogenized part of the multiscale base functions.

We introduce an improved version of MsFEM. This method improves the resonance
error corresponding to h/eg, i.e., the error of resolving the larger scales (larger than the
mesh size). This is done by changing the boundary conditions of MsFEM to higher order
polynomials. The corresponding error is h + (h/eg)™ + /€x+1/h with integer m > 1. We
note that this version of MsFEM is still conforming. We discuss in later sections how to
improve the resonance error \/e_k:?/_h-, the error corresponding to capturing the small scale
information.

We also present the Lo estimates for MsFEM. The structure of the estimates are similar
to that of the H' norm estimates. Because of some small terms in the H! estimate, which
cannot be expressed through the Ls norm of the source term of the problem, the Ly norm
estimate we derived in the Aubin-Nitsche fashion contains some overestimated terms. These
terms, however, contain no resonance effect. Therefore, our Lo estimate of the resonance
error is tight. Moreover, the overestimated terms can indeed be eliminated by using the
method introduced in [28], which compares the solution and its numerical counterpart at

discrete nodal points.
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Qur error estimates are confirmed by the numerical experiments. The computations are
extremely large and are done on parallel computers, e.g., the Intel Paragon computer. Even
so, we can only test two scale problems. We confirm the Ly estimate when the mesh size
is between the physical scales €; and €, i.e., €1 > h > €. The computations encounter
difficulties because memory limitation prevents us from choosing well separated small scales
in the tests. Consequently, it is difficult to separately verify each resonance error in the
L, estimates. But different numerical examples demonstrate that in some cases either one
of them can be dominating, whereas in other cases both may be important. Results for
h < €5 K € are also presented.

The rest of the chapter is organized as follows. The brief formulations of the 2-D
problem introduced in the next section. In Section 3 we estimate the first order correctors
for partially homogenized solutions. In sections 4 and 5 we derive H* and Ly error estimates
for MsFEM. The numerical results are presented in Section 6. The higher order MsFEM

and other possible generalizations are discussed in the concluding remarks.

4.2 Formulation

In this section we investigate MsFEM for

Vid¥Vu=f, u=0on 99, (4.1)
where

. s x a’; x
ad =¥ (—, —,. ..., — 4.2
Pt LT (42)
where €1 3> €3 > -+ > €, is a set of n ordered length scales, which all depend on a
single parameter €. For example, €;, ¢ = 1,...,n are some powers of ¢, €/ with p1 < p; <
.+ < pp. Moreover, for simplicity we assume a¥ (y1,ys,...,Ys) to be sufficiently smooth

periodic functions in y; (¢ = 1,...,n) in a unit cube Y. Here, the smoothness assumption
is convenient but not crucial for our analysis. It is sufficient to assume that a¥ € Cl.
The convergence of MsFEM for problems with discontinuous coefficients will be analyzed
in following sections.

MsFEM is implemented as in the previous section. In each element K € K", we define
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a set of nodal basis {¢%}, i = 1,...,d, with d(= 4) being the number of nodes of the

element. We will neglect the subscript K when working in one element. The base functions

¢ satisfies
L' =0 in K=K" (4.3)

We assume that the base functions are linear on each side of the boundary and ¢*(z;) =

8;; where z; € K (j = 1,...,d) are the nodal points of K . So we have:
VP =span{¢k; i=1,...,d, K C K"} c H}Q).
In the following we study the approximate solution of (3.3) in V', i.e., u* € V? such that
a(ulv) = f(v), YweVh (4.4)

4.3 Estimates for first order correctors

In this section we review the homogenization theory of Eq. (4.1) [8, 2] and estimate the first
order correctors, namely the difference between the solution and its H' approximation. We
found the convergence results for the problems with many scales but we could not find the
estimates for the convergence rate. We will derive these estimates in this section. The main
difficulty in this estimate is to express the H' norm of the first order corrector through
right-hand side of (4.1), i.e., ||fllo,n. This is essential for the use of Aubin-Nitsche trick
in the Lo analysis of MSFEM. In Lemma 3.1 we prove such a result for smooth domains.
However, for convex polygons we could not obtain the similar estimate. As shown later,
this leads to a slightly overestimated L, norm error.
First, let us consider the case with two scales:
z

Vz-a”(——,

VWVjue=f in Q, ut =0 on 89 (4.5)
€1 €9

where f € Ly(Q) and €; > €. For convenience we take y = & and z = Z. Fixing & = A
as a parameter, we consider a¥/(£, Z) to be a family of functions a¥(\, z) where X is a

parameter. By the assumption made in the previous section, a(}, z) is z periodic for any A

and ofé? < &a¥ (), 2)¢; < BIE? for all € € R? with 0 < o < 8 < 0o. Then the family of
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operators,

A5 = 52;” (A, g)"g&;, (4.6)

can be homogenized by the standard homogenization rule, A being a parameter. Next we

homogenize A§ with respect to ;. Thus

0 ...z =z, 0
P N Vi
e e (4.7)

is homogenized in two steps by the reiterated homogenization. More specifically, we define

x%(z) on Z = (0,1) x (0,1) as the periodic solution of

9 (N, 2) x5 (2) + 2) =0

£ bz, , (4-8)
such that
/ X5(z) =0.
z
Then the homogenized operator for A§ is given by
g 4 0
Ay = —a¥ — .
AT Bz o5 oz (4.9)
where
i1 A + ) 80d + %)
i _ L AT A3 g _
o = fz o) AT TOT A g, (4.10)
Now taking into account that A =y = f’l—, A, can be homogenized as
8 4 0
Ag = —af —
0= 52" Bz,
where
. 1 4 ) J )

WY o Oy,

and x? is the periodic solution of Ax(x/ — y;) = 0, such that [, x7 = 0.
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Remark 4.3.1. The reiterated homogenization procedure can be used for the n scale

case. Denoting H as the partial homogenization operator we have

T T z
aqg=HoHo---oHoa(—,—,...,—).
€1 €2 €n

Following the homogenization steps represented above we can approximate the solution

of (4.5) in H! norm as
z
Ue = u + @Xg?(g)vmué + 6 (4.12)
where u} is the solution of

Avup=f in Q, u)}=0 ondQ. (4.13)

Lemma 4.3.1 Let 8, be the solution of (4.12), then under the assumption that 02 is suf-

ficiently smooth we have
6ellzrey < (16 * + G2 Tl (4.14)
where n > 0 is an arbitrary positive number.
Proof. Denoting u}l = u} + ezxf\"(%)vmué‘ we can write o’ Vjul as:

aﬁjvjui = (aij 4 aikVixi)Vjué + egaiijVijué
= a¥ Vju} + (a¥ + a®v Vi, - af\j)Vjué + €209 X7V iV mup (4.15)
= a Vjud + g7V ju3 + €207 X'V Vit
where gf = a? + ai"’Vixg\ - af\j with V% denoting 0/02;. Using (4.8) and the fact that

Viaf\jvj is a partially homogenized operator for (4.7) we have

/:ngdz =0 and ;z:gi = 0. (4.16)
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Thus, gf is a periodic solenoidal vector with average zero. It can be expressed as [32]

d
gF = %ag‘(ya z)

where afj = ~a§i and ozfj € (L2(Y), H'(Z)). Using this representation we can write (4.15)
as
. - 3} i} e 0 0
'Ljv,lz INT ., A — (AR Loz 2Y kY 2
al Vju, = ay Viug + € bz, (aij(y, 2) Er ) €1 0y; (e Oz, ug)
X (4.17)

8 y
_ k. oA i1, mxy A
2075 (Y, 2) B 0wy uy + €20 XV'V;Vnup
Denoting the last two terms on the r.h.s. as r¢, by (4.5), (4.12), and (4.13) we have

Via9V,0. = —div re in Q,
- (4.18)
0 = e2xﬁ\”(g~)vmué‘ on Q.
2

Equation (4.18) along with the regularity properties for the solution of the elliptic PDE
gives
z

HeeHHl(n) < C!ldivre[|~1,(n) + CH@XT(Q)Vmué“Huz(m)- (4.19)

Using the fact that ||divp||lg_, < C||p|z, for any p € Ly(2)), we have

62
; 10 < < k. —_
lldiveel|—1,0 < Cllrello,o < Cllezas; (v, 2) Bwjaxkuono,n w20)
+ Cllead? ViVimuglon < Cealugla,o-
Following [36] it can be shown that
C

Combining (4.20) and (4.21) we have

ldivee]-1.0 < O 21 flos: (4.22)
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For the estimate of the second term on the r.h.s. of (4.19) we use

z .
”EQXKL(E;)VmUSHHl/?(BQ) = inf ||¢l1,0; (4.23)

where the inf is over all ¢ satisfying ¢ = ex¥' (£ )Vmuo on the boundary 99 [32]. For
the construction of the continuation of e2x%'(& )Vmug onto ©, we introduce a family of

functions 7¢ satisfying the following conditions.
1. 7€ C§°(Q), 0 < 7¢ £ 1, 7¢ = 1 outside the €3 neighborhood of <.
2. &|V7¢| < Cin Q, where the constant C does not depend on ¢; (i=1,2). Such functions

can be constructed for any domain with Lipschitz boundary. Then we have
fleanx’ ( )Vmu0“H1/2(69 <@ = m%)eaxy’ ( )VmUOHHl(Q)
Sﬂm~7kﬁM;W%%M@+ﬂmﬁ%uﬂﬁﬁ%%%ﬁ
+Cll(1 - ) VXX ( )VmUoHo o+ Cll(1 =7 ( )VVmuOHo o
< Cealluglho + CI(VT)eax¥ ( )Vmuollo Q
+ (1 = ) VY ( )Vmuoﬂo o+ Cealluglizn

< Ceglluglle + le2 VT povn () udlwaaram

+ OlIL = 7| L24n(@) Ug ly1.244m(q) + Cealuolz

(4.24)
where 1 > 0. Furthermore using the inequalities
c
ldlza < Zlfllon,  lleaVrtllizene) < Cef @
€1 (4.25)
1= 7laeney < C&/ P, IVdligaeamqay < Clifloe

we conclude (4.14). Note that the last inequality follows from Theorem 4(i) of [3]. O

Remark 4.3.2. For convex polygon domains we assume that u, (or any partially homog-

enized part of it) is in C?(R) for the fixed ¢ and

ludlore) S O Tudlowe < = (4.26)

where €, is the smallest scale in (4.2) (or in the partially homogenized problem). This
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assumption is true for fixed ¢; (¢ = 1,...,n) under the compatibility conditions stated in

[4]. Under the assumptions in (4.26), for convex polygonal domains we have
€
10ell 1 () < Cf + C1v/e,. (4.27)

This can be derived by letting n = 0 in (4.24).

Remark 4.3.3. For further convenience the quantities which depend on €;/€;—1 with
2 < i< nande¢,i>1, we denote O(e). It indicates that O(e) is a small quantity
independent of the mesh size.

The above procedure can be applied for homogenization of many scale problems. Instead

of (4.12), using the reiterated homogenization we find

T T
Ue = up(T, —, ..., —) +ul +86. (4.28)
€1 €m
Here ug is the partially homogenized part of u, over the scales €11,...,€n; uz is given by
n—m-1 T z .
ki i
'u'é = ( E : €m; X z( )(5mi—1vkixk1 1( )) s (6m1vkzxkl( ))Vk1UO)§
€m; €m;—1 €m;

i=1 mpm<m<--<mi<n

(4.29)

6 is the remaining part. Furthermore, similar to a two-scale case it can be shown shown

that for smooth domains

10l 1) < Ol Fllo,n
with
— 1/(2+n) &
Ofe) = Cren ' 7 + Co ax, — (n > 0).

Moreover, we use the regularity estimate

luellz,o < Cllflloa/en, (4.30)

which can be obtained, for example, by following the derivation in [36]. For convex polygonal
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domains, the estimate is similar to (4.27):

1/2
< 4 max N
16/l 1 () < Crepiy + Co i>m+1 €1

€]

(4.31)

4.4 H! estimates

For simplicity, we first present the estimates for problems with two scales in detail. The
estimate for the multiscale case can be obtained following the same approach. The only
difference is that the expansion of the oscillatory solution in the multiscale case contain

more terms which complicates the proof.

4.4.1 H! estimates for two scale case

In this section we analyze the MSFEM for three different cases : (1) €1 >> h > €, (2)
h > €1 > €3, and (3) €1 > €2 > h. As in the standard FEM we have Cea’s lemma [28]:

Lemma 4.4.1 Let u and u® be the solutions of (4.1) and (4.4) respectively. then
o~ wlso < O —vlr0, w0 e v? (4.32)

Below we need the following lemma:

Lemma 4.4.2 For a rectangular domain with the sides of order h we have

£ Lacory < CRMY2|Flaacrey + Ch 2 flla(x)- (4.33)

This lemma can be derived from the standard trace inequality [1] using the scaling argument.

We omit the proof of the lemma.

Case 1: €1 > h > €.

Theorem 4.4.3 Let ue and ul be the solution and MsFEM solution of (4.1) respectively.
Then

h €
Jue = w0 < Cute + Co(2)2, (434
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Proof. Define v € V* such that in each K € K"

vMz) = (Tyu)(z Z aj¢ (z) (4.35)

with o = ug(z;) where ug is the partially homogenized part of ue over the scale €3 and z;

are the nodal points of K. Then in any element K € K", we have
Va9V i(uc — o) = f in K, (4.36)

where v on 0K is a piecewise linear function whose values at the nodal points are ug(z;).
We divide the solution of (4.36) into two parts: (ue —v?) = (ue — v7); + (ue — 1),

where (ue — o), and (ue — v1), satisfy

Via5; Vi (ue —oh, =f in K,

(4.37)
(ue —v¢); =0 on OK;
Via?Vi(ue —v¢)g =0 in K,
Te e en (4.38)
(ue — 1), = (ue —v*) on OK;
respectively. (ue —v%); can be estimated from (4.37) and the Poincare inequality:
1 (ue = v8) 1l (x) < CRIS llLo(x0)- (4.39)

As for (ue — vé‘)z, using the expansion over the scale e, ue = ug + €2X% Vmug + 8., and

(4.38) we have

[|(ue — ), ez < llue — ve HHl/z(aK)
< Cllug + e2xX ( )VmUO — Ve ”H1/2 oK) T Cll6e ”H1/2(5K)
< Clluo — vt ll gis2ary + Clleax (= )Vmuouyl/z o) T Cllbell z1x)-

(4.40)
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Combination of (4.39) and (4.40) gives

llue — v2{| 2 xy < Cubll Fllo,x + Clluo — vl gr2gax (41)
- .
+ CHGQXm(‘e’;)vaOHHlﬂ(BK) + Cll0ell 1 (k)

The third term on the r.h.s. of this inequality can be estimated using the interpolation

inequality as

leax™ ( )VmU(J”Hi/z(aK)<”52X ( )Vm“O“LZ(aK)HEZX ( )VmUOHZf(aK)

1/2

< 052 NVUOHLz(aK)(”VUOHLz(aK) +€ IVU01H1(3K))

= 0y Vuollyok) + Cealluoll 2 o) Veiol it o)

< sz/ HVUOlILg(K)h 1240 €2h)1/ ‘VUOIHl(K) + C 1/2 2 pi/2,
€

(4.42)

In the last step we have used Lemma 4.4.2 for the first term and the assumption that
lluollc2(n) < Cler (see (4.26)) for the second term.

For the second term on the r.h.s. of (4.41) we can write

s = inf . 4.43
lluo — vell grr2ar) oS ol a (x) (4.43)

Since v is the linear function on 8K we can extend it as a bilinear function v onto K.
Noticing the fact that because of (4.35) ug and & coincide at the nodal points. Then we

have

lluo — vP | gr2(axy < lluo — 321y < Chluola . (4.44)
Combining (4.42) and (4.44) we have

lue — vPllLx < CRIfllox + Chluole,x + Ces' b2 Vg 1, (x)

(4.45)

+ Cey *h 2| Vg s iy + cTﬁhl/? + Cl0ell 1 (x0)-

€
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Summing (4.45) over all K C K and using Cea’s lemma we get

lue — uf|l10 < CR flloq + Chluolan + oe”zh*/?nwonm

1/2p1/2
+ Cey' "h | Vuolgi() + Cg—- /h/ + C4llel| (o) was)
_—62 €2 €9
< (Ch Ml A ) v e |
<( +O€1+ 9 h+03 o )”f“O’QJrO\/?Ji“'Cq*C\/@

In the last step we have used (4.30) and the estimate for ||0c|| 1 (o) (see (4.27)). Note that in
(4.46) Veah/e1, e2/ve1h, and \/e; are much smaller than \/ea/h, and €3/e; < h/e1. Thus,

dropping the lower order terms and using Cea’s lemma we get (4.34). O
Case 2: h > ¢1 > €

Theorem 4.4.4 Let u. and ul be the solution and MsFEM solution of (4.1) respectively.
Then

Jlue = ubllie < Cih+Ca(S)V2 + 2. (4.47)
1

Proof. We define v as in (4.35) with uy denoting the fully homogenized solution over

the scales €; and €;. Using the partition ue — v? = (ue — v?)1 + (ue — 1) as in case 1, and

taking into account the inequality (4.39) for (ue — v?); and the expansion of u. over the

scales €; and €3 (see (4.29))

Ue = Ug + €1X ( )Vmuo + e2x3 ( )Vmuo + eax T 2)(€1me (Z)Viug) + 6,
we have

llue — vl e ey < e = )1l iy + 1 (ue — w2l iy
< Chllfllo,x + Cllue — v} g2 o)
< Cliflloq + Cllluo = vl g2 (ory + llerx™ (= )VmUOHHI/z(aK)
+ lle2xX (= )VmUOHm/z(aK) +lle2xX (= )(elva ( )Vluo)“m/z(aK)

+ ”9’“}[1(1{))-
(4.48)
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Treating the third, fourth, and fifth terms on the r.h.s of (4.48) similarly as in (4.42) (i.e.,
applying the interpolation inequality and Lemma 4.4.2), we get

lue — v 1y < ClFllo,ie + Cllue — vl iz (axy
+ Cerh~ Y2 Vugllo x + Cer*hY2|Vug|y ¢ + Cerh'/? (4.49)

+ 0y 2ol + OHhH2 Vol + Ceah’? + 16 1z

For the second term on the r.h.s. of (4.49) since v? is a linear function on 8K we continue

it as a bilinear function #* onto K. Noticing that the values of ug and o coincide at the

nodal points we have

lluo = v2llzr/2ok) S lluo = ¢l zey < Chlluolla,k- (4.50)

Finally, summing (4.49) over K € K" and using (4.26), (4.50), and the fact |uglon <
Cllfllo.a we get

e = vtllia < O(h+ 4/ 5+ (@W) + /2 + (@0 f oo

(4.51)
+ Ceth™ 2 + Ceah™ % + C?— + Cy/e1.
1

Here we have used the estimate for 16'l1.0 (4.31). In (4.51) we may neglect v/e1h, e1/Vh,
and /€ as they are lower order comparing with +/€1/h. Thus, (4.47) follows from (4.51)
and Cea’s lemma . 0

Case 3: hK€ e K¢

Theorem 4.4.5 Let u. and ul' be the solution and MsFEM solution of (4.1) respectively.
Then

um~¢mﬂscgwm@ (4.52)
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Proof. Define v? as in (4.35) and take c; to be the nodal value of u, at z;. Again using

the partition of ue — v?, we obtain

llue = w2l a2y < CRAfllox + lue — vl /2 ac)- (4.53)
Continuing v from 8K onto K as a bilinear interpolant of u. in K, 47, yields

llue = vl sz (ory < llue — B2l (xy < Chlluella,i- (4.54)
Summing (4.53) over all K, using (4.54), (4.30), and Cea’s lemma we get (4.52). [

4.4.2 H! error estimates for many scale case

Without loss of generality we assume the order of h is between the scales €41 and €, for

m € [1,n], ie,
Q> D >hDeniy- D €.

‘We have

Theorem 4.4.6 Let u. and u be the solution and MsFEM solution of (4.1) respectively.
Then

€4

h €
lue = vellie < Cr=+ Ga(=57)'* + O3 max,

(4.55)

Proof. The proof follows the same steps as in Section 4.1. First, we define v? as in (4.35)
and a; = ug(z;), uo being the partially homogenized part of u, over the scales emt1,. .., €n.

In this case, the expansion of u. is given by (4.28):

Ue = Up(x, /€1, - ,T/em) +ul +6,
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where u! is given by (4.29). It is easy to show that

flue — U?“Hl(K) < COhlifllo,x + Cllue — U?“Hl/z(a;{)
< Chlfllox + Cliuo = vl garz(om) + Clluel srzgomy + Cllllx  (4.56)

< Chllfllo.x + Chiuola,x + Cllulll gz o + Cl6l1 k-
In the last step we extended v? as #7, the bilinear interpolant of ug onto K. Then we have
lluo = vZ 1l r1/2(05) < Chluolz, k- (4.57)

Now we only need to estimate the third term on the r.h.s. of (4.56). For this we need the

following estimate:

[ulli,0x < Cl|Vuolloox + Céme1|Vuols ax- (4.58)

In fact, by (4.29) u! can be written in the form of C¢(z)-Vuo, where C¢(z) contains the linear
combinations of products of Xk(%) (k =m+1,...,n) and their gradients. Furthermore,

it can be verified that
max [VCe(z)| < C+ max (€/€;-1) <C and max|Ce(z)| < Cemar,
x i>m-+1 T
and hence Vu! is bounded. Therefore,

(Vullloox < [VCe(z) - Vuolloox + [|Ce() - V2uollo,0k

< max [VOe(2)[|Vuollo,ox + max |Ce () |1V uollo,0x
< Cl|Vuollo,ox + Cems1]|VZuollo,0x + Ciglmaifl(ei/éi—ﬂHVUOHO,aK

< Cl|Vuollo,ox + Cem+1|Vuol1ok-
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From (4.58), the interpolation inequality, the trace inequality (4.33), and (4.26) it follows
that

”uenHl/2(8K) < ”u1”L2(8K ”ulnHl(BK)

< Cem—!'l”vuOHLQ(EK)(”VUO”Lz(aK) -+ €m+1}VU0,H1(aK)) (4 59)
< 06m+1HVU0”L2(8K) + C€m+1€m_1/2h1/2

< Cerliyh™ 2| Vullo.x + Ceniy 2| Vuoly i + Cemih! /2.

Substituting (4.59) into (4.56) and then summing (4.56) over all K € K" we have

1/2 RL/2

e = o2 < O+ /222 4 2 S8y 4 0224 Ol g

1/2 1/2
€m+1 Smil ax —
h+\/7:+ Enp1 )”f“o,““*c\}n;%JrCé’%nﬂe_zl'
m = L

he estimate (4.55) follows from (4.60), (4.31) (estimate of ||6c||1,0), and Cea’s lemma. The

lower order terms with h (K h/ep,) and with \/em+1h/€m, €mt1/VeEmh, and \/Eny1 (much
smaller than \/€n,+1/h) are neglected. O

(4.60)

=

Remark 4.4.1. The estimate (4.55) shows that the error of the MSFEM solution becomes
larger as h approaches either €., or €n41. This is the resonance phenomenon mentioned in
the introduction. Furthermore, we see from (4.60) that both resonance errors come from
the first term on the r.h.s of the last inequality when h ~ €, or b ~ €p,41, in which cases

the other two terms are of lower order.

4.5 L» estimates

In this section we derive the Lo estimates using the H' estimates. Because some terms in
the H' estimate (4.60) cannot be expressed through || fo,q, the estimates we obtain from
the duality argument is not optimum when A is not comparable with the physical scales.
The estimates do capture the correct order of the resonance error, which are the leading
order error when A is comparable to the physical scales. Employing the method introduced
in [28], which compares the discrete values of the solution and the numerical solution, we can
show that the order of the method is not much affected by those small terms not expressed

through || f|jo,o. The present approach, however, is more concise to present. We use the
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following abstract lemma.

Lemma 4.5.1 Let u and u® be the solutions of (3.8) and (4.4) respectively with V* con-

sisting of conforming base functions. If
lu — w*llia < Cryliflloq + Cad (4.61)
where v and § are small positive guantities, C; > 0, Cy > 0, then

lu = w00 < C37*l|fllon + Cay/dll flloq + Csé.

Proof. We use the Aubin-Nitshe trick as follows. Let w be the solution of (3.3) with

f=u—u" ie, we H}(Q) satisfies

a(w,v) = (u—ut,v), Yve H}Q). (4.62)
Let wy, € V" be the interpolant of w. Then (4.61) implies

flw — whlll,n < Cryllu —utlloq + Cad. (4.63)
Choosing v = u — u” in (4.62) we have

fu—utlf g = a(u— v w) = a(u— v, w—w,) < Bllu—valw—wilhie
< BCYIIf o0 + Cad) (Cryllu — wloo + Cad)  (4.64)

< |lu — uPlo.a(CrY| fllo,0 + Cady) + C6v)|fllo,n + C16%.

Therefore,

llu — u*llog < [C1Y*IIf o + C167] + \/(C'wgllfilo,n +C187) + 4(CY| fllo,a + C162)
< CY|Ifllog + Crdy + C flloe + Cidy + Cay /81 fllo + Cab

< C¥*|I£llo, + Cry/v0] flloa + Cad.

(4.65)
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In our H! estimates, y contains the resonance errors which may become O(1) depending
on h. But § is a small quantity independent of the mesh size. In particular, v = C(h +
&2 B2 L hfem + el B2 [er) and § = Cemprem’ *h™Y/2 4+ O(e) (see (4.60)). Note that
when h becomes comparable to any physical scale, v becomes of order one due to either
h/em or \/g;;l—/—h while § remains small. Consequently, the term /v4 is a small quantity
which does not resonate at any scale of the problem, i.e., v/79 = O(e), since it depends only
on €;/€;-1,2 <i<n,and ¢, i > 1. Thus 42 is the dominating resonance error for the case
when h becomes comparable with the physical scales. We note that some terms of v and
§ (see(4.60) do not change when we decrease the mesh size and the physical scales at the
same time, but remain negligible with respect to h/ep, or \/E—,,:l_/_ﬂ when £ is comparable
with any physical scale. These terms may be called lower order resonance terms.

Applying Lemma 4.5.1 to the cases analyzed in section 4.4 we have the following reso-

nance errors:

Theorem 4.5.2 Let ue and u” be the solution and MsFEM solution of (4.1) respectively.
Then
1. Case e1 > h > €.

e — ugllo, < 01(2)2 + 02%2— (4.66)

2. Case h'>> €1 > €.
llue —ulloq < Cih® + G (4.67)

3.Case €1 > €p > h.
e ~utlloq < C(F)? (4:68)

4. Case €1 > D em > h>enc1 > ep.

h
l[ue — uPllog < Cy(—)? + CpEmtl (4.69)
€m h
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4.6 Numerical experiments

In this section we study the convergence and the accuracy of the multiscale method through
numerical experiments. The model problem is solved using the multiscale method with the
base functions defined by (4.3) and the linear boundary conditions. Since it is very difficult
to construct a test problem with both exact solution and sufficient generality, we use resolved
numerical solutions in place of exact solutions. The numerical results are compared with
the theoretical analysis.

The implementation of the multiscale method has been given in [26]. Here we outline
the implementation and define some notations to be used below. All computations are
performed on a unit square domain 2 = (0,1) x (0,1). Let N be the number of elements in
z and y directions. The mesh size is thus h = 1/N. To compute the base functions, each
element is discretized into M x M subcell elements with size of hy = h/M. Rectangular
elements are used in all numerical tests.

To solve the subcell problem, we use the standard linear finite element method. After
solving the base functions, the local stiffness matrix and the right hand side are computed
using numerical quadrature rules. We compute the gradients of a base function at the
center of a subcell element and use two-dimensional centered trapezoidal rule for the volume
integration. This procedure ensures that the entries of the stiffness matrix are computed
with second order accuracy. In our computations, we only solve three base functions, ¢*
(i = 1,2,3). The fourth one is obtained from ¢* = 1 — ¢! — ¢? — ¢3.

In all examples below, the resolved solutions are obtained using linear FEM. Given the
wave length of small scales ¢; and ez, we solve the model problem twice on two meshes
with one mesh size being twice of other. Then the Richardson extrapolation is used to
approximate the exact solutions from numerical solutions on two meshes. Throughout our
numerical experiments, both of the mesh sizes used to compute the well resolved solution
are less than €/8, so that the error of the extrapolated solutions is less that 1075.

The main difficulty in our tests is that the choices of well separated physical small scales
for test problems are severely limited by the available computer memory. Our parallel
implementation of the multiscale method on an Intel Paragon computer with 512 processors
enables us to test the two scale problem. Even so, we are limited to testing the cases with

€1 > h > e and €1 >> ¢ > h. The case with A > €1 > e gives very large subcell
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problems for constructing the base functions, which cannot be fitted into a single processor.
Therefore, it cannot be handled by our current implementation of MsFEM.
The case with h in between the two physical scales is generic and important for practical
purposes. As indicated by Theorem 6.2, the Ly norm error is given by

h 9 €9
Ol(g) +Ca0 » (4.70)

which consists of two resonance errors. One would expect that when A is close to €; the
first term dominates and when A is close to €3 the second term dominates. This asymptotic
observation, however, is not always reflected by the numerical results shown below. There
are two reasons. First, the constants C; and Co may differ by a large factor which is
problem dependent. Second, it is difficult to choose well separated €; and e in the numerical
computations. Therefore, the two error may interact with each other. Instead of verifying
each of them, in the following, we show that the numerical error does follow the estimate
as a whole. Furthermore, we use the least square fitting to obtain the constants. These
constants indicate the relative magnitude of the two terms.

Again, due to limitation of computing resources, in all tests below, €; and e are fixed
during the tests and we only allow A to vary.

Example 1. In this example, we solve (4.1) with f = —1, u|sq = 0, and

=37 sin(—zlr—fgj-i— cos(22L)’
€1 €2

(4.71)

where 6% are the Kroneker’s symbols.

Fixing €; = 0.5 and e5 = 0.005 and varying h between €; and €3, we calculate the discrete
ls norms of the errors between the MSFEM solution and the refined solution (Table 4.1).
In this table, the presence of both h%/e? and ep/h of (4.70) are noticeable. In Fig. 4.1 we
fit the I errors using the least square method. We find C; = 5e — 4 and Cy = 1.5e — 3,
indicating that the second term in (4.70) is relatively large.

The result for the case h € €3 € €; is shown in Table 4.2. For this test, ¢; = 0.2 and
€9 = 0.08 are chosen. We see that MsFEM is second order with respect to h as analyzed.

Example 2. In this example, we solve (4.1) with f = 0 and linear boundary conditions,
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Table 4.1: |Ju; — ul|;, for e, > b > €.

h la rate
1/8 9.42e-4
1/16 | 1.61e-4 | 25
1/32 | 1.87e-4

1/64 | 5.08¢-4 | -1.44
1/128 || 9.77e-4 | -0.94
1/256 || 2.01e-3 | -1.04

-3
2.5x10 : : , : : ,

1, error

1.5 .

051 y

* *

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
h

Figure 4.1: The least square fit in I3 norm of error

Table 4.2: |ju, — u?l;, and |ju, — ub||;, for b € €2 K €.
h Iy rate loo rate
1/32 1.10e-3 2.04e-3
1/64 || 3.22e-4 | 1.77 || 5.89e-4 | 1.79
1/128 || 8.40e-5 | 1.98 || 1.52e-4 | 1.95
1/256 || 2.09¢-5 | 2.00 || 3.79e-5 | 2.00
1/512 || 4.90e-6 | 2.09 || 8.93e-6 | 2.08
1/1024 || 1.22e-6 | 2.00 || 2.22e-6 | 2.00
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Table 4.3: |lue — ul|;, for e > h>> €.

h Ia rate
1/8 || 2.15e-3

1/16 || 5.28e-4 | 2.02
1/32 || 3.28e-4
1/64 || 1.75e-4
1/128 || 1.60e-4

Table 4.4: ||u — ufjﬂ;z for €1 > h > ea.

h Iy rate
1/8 8.25e-5

1/16 || 1.92e-5 | 2.10
1/32 || 1.77e-5
1/64 || 1.17e-5

1/128 || 3.04e-5 | -1.38

ulan = =, and

2 +sin(2rz/ey) 2+ cos2n(y/er)
2 +cos(2my/er) 2+ sin(2mz/e;)

2 +sin(2rz/eg) 2+ cos(2my/en)

(V-
¢ ( 2 + cos(2ny/e2) 2+ sin(27wz/e3)

) )69 (4.72)

where 6% are Kronoker’s symbols.

Fixing ¢; = 0.125 and €5 = 0.0078125, we vary h between €; and €. As we see from
the calculated I, error of MsFEM (see Table 4.3), the method does not reveal the —1 order
convergence for h = O(eg). Calculating C; and Cj from the Iz errors by using the least
squares method, we find that C; = 2.1 X 10~3, which is much larger than Cy = 0.02 x 1072,
Consequently, the h%/e? term in (4.70) has a larger weight than the ez/h term. Therefore,
the O(ea/h) error is not noticeable in our test. The fitted curve as well as the data points
for the numerical error are plotted in Fig. 4.2. It shows that the error varies consistently
with the estimate (4.70).

Example 3. We consider another example with a¥ defined by (4.72), f = —1, and
ulgn = 0. The calculated Ly errors for the fixed ¢; = 0.125 and e; = 0.0078125 also
demonstrate the presence of both h?/e? and e2/h terms in the Iy error of the method (see
Table 4.4) as h becomes close to €; and €;, respectively. This example shows that C; and
C, are indeed problem dependent. The Iy error for h < ez < € is shown in Table 4.5,

where second order convergence of MsFEM is demonstrated.
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Figure 4.2: The least square fit in I3 norm of error

Table 4.5 |ue — ul|l;, and |Ju — ul]|;_for h € &2 < €1.
h Iy rate lo rate
1/64 || 1.14e-5 2.84e-5
1/128 || 2.81e-6 | 2.02 || 5.79e-6 | 2.29
1/256 || 7.13e-7 | 1.97 || 1.56e-6 | 1.89
1/512 || 1.69e-7 | 2.07 || 3.91e-7 | 2.00
1/1024 || 3.33e-8 | 2.35 || 1.01e-7 | 1.95
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4.7 Concluding remarks and generalizations

The purpose of the multiscale method is to provide a systematic approach to capture the
small scale effect on large scales when we cannot afford to resolve all the small scale features
in the physical solution. Our study shows that MsFEM is a robust method for practical
multiple scale problems. In particular, the method works for multiple scale problems and
when we choose the mesh size to be between the two physical scales. We note that there are
two types of resonance error, one from the way of resolving the large scales, the other from
capturing the small scales. The second type of error is caused by the artificial boundary
layers in our base functions. This important issue and its numerical resolution, e.g., the over-
sampling method, has been analyzed for problems with one small scale (see nonconforming
MsFEM).

The first type of resonance error is common among traditional finite difference and finite
element methods. The traditional approaches, however, cannot capture the small scales.
To reduce this error, a natural idea is to generalize MSFEM to higher order in the sense
that the large scales are more accurately resolved. The idea is to construct base functions
such that their homogenized parts consist of higher order polynomials than linear (bilinear)
functions. This can be achieved by changing the linear boundary condition of the base
functions to higher order polynomials.

Denoting S™ as a finite dimensional subspace of Hj () such that for any
b(u,v) = / v (z/er,- .., z/er)ViuV udz
Q

with b9 (yy,...,yx) are sufficiently smooth periodic functions in y; (i = 1,...,k) in a unit

cube, alé|> < b9EE; < BIEJ?, and €1 > €2 > -+ > € > h we have
h h n
lu~ vl < C(E;) ) (4.73)

where u € H}(9) is the solution of b(u,v) = (f,v) for any v € H}(Q) and u® € S is the
solution of b(u?, v") = (f,v") for any v* € S*. For example S* can be the space spanned
by high order polynomials of degree n [13]. In each element K € K" we denote P}, € 5"

(i = 1,...,d) a set of nodal basis of S*. Then the higher order multiscale base functions
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are given by ¢4 (i =1,...,d), which satisfy (4.3) and the boundary conditions
$iclox = Pklak. (4.74)

With these high order multiscale base functions we have

h )+ Cs il | ¢ max

h _
— < Ch+
”ue Ue ”1,9 = C(E h i>m+l €1

(4.75)

instead of (4.55). To show this we continue v? on to K as 9 € S in (4.57). The nodal
values of the interpolant o in (4.35) can be defined as those of u” satisfying (4.73). Finally
taking into account the estimates for u! and @ of section 4.2 we conclude (4.75). We note
that S needs not to be a subspace of H!. Such S* may give nonconforming multiscale
base functions.

For smooth domains Q we enjoy the smoothness of u. (and any partially homogenized
part of it) for fixed e. We also have (4.26) and the estimate for ||fc||1,o through ||f]l0,n,
ie., [|0llia < O fllon. But the difficulty in deriving H' norm estimate for MsFEM is
to define multiscale functions near the boundary. There are various ways to treat curve
boundaries in the finite element methods. In fact, following the triangulation of 2 in [47]
and using the nodal base functions constructed in that paper to provide the boundary
conditions for the multiscale base functions, we can show that (4.75) holds on the smooth
domain.

Finally we would like to note that the assumption (4.26) which requires some compat-
ibility conditions for the problem is not necessary for deriving the H ! estimates. Without

this assumption we have

h hi1/o..
lue = w0 < C(h+ =+ (TE2-Yr o (BB £l 0 610 (476
m

m

where p > 2 is an arbitrary constant. Because of the insufficient smoothness of the homog-
enized parts of the solution near the corner points of the domain 2, the rate of convergence
of |Bell1,0 to zero as € — 0 deteriorates depending on the parameters of the problem.

In order to show the estimate, (4.76) we only need to reestimate |jul|] H2(9K) 10 (4.56).
We derive it only for the two scale case €; > h > e5. The derivation for the general n scale

case is similar.



44

Introducing the family of function 7. in X as in section 3 with the properties 1 and 2

we have

z T
el zrr2(om) = H€2Xm(;2‘)vmuéllm/2(az<) < fleo(1 - Te)xm(g)VmUS!lm(m

z z
< le2(1 Te)Xm(g)vmuéan(K) + HEQV'reXm(g;)VmUE)\HLz(K) (4.77)
z T

+le2(1 — Te)V(Xm(g))Vme}“Lz(K) + llea(1 ~ Te)Xm(g)vvaé“LQ(K)~
Denoting the support of 1 — 7. by S, we have meas(§) < Cexh. Furthermore taking into

account that [eaVx| < C and |e2V7| < C, we can estimate the r.h.s of (4.77) as
luell /2 gary < Cealuolm(xy + Cluolmsy + Cluolmi(sy + Cealuol 2 (x)- (4.78)

For the estimate of || Vuo||1,(s), we use the following facts [54):
9]l 2,8) < (meas(S)Y* P vllz, s, p>2,

and

ol ) < C'h_Hz/p”U”Lz(K) + Chg/p\/ﬁllel(K), p>1

Then

luol sy < I1VuollLy(s) < Cle2h) 72| Vgl (s) <

Ce2h) V2P (B2 || V| 1y 10y + WP /B Vol 111 (1)) < (4.79)
Clea/R) 72| V|| Lacrey + Cleah) 2P H¥P /| Vo 11 i)

Then using the estimates (4.78) and (4.79) for |jul|| H1/2(9k) in the summation of (4.41) over

all K we get (4.76). As we see the estimate (4.76) is slightly weaker than (4.60) but it does
not contain the €y,41/venh term of (4.60).
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Chapter 5 MSsFEM for discontinuous case

5.1 Summary

In this section we analyze MsFEM for elliptic equations with discontinuous coefficients.
It is known that the convergence of traditional finite element methods deteriorates for
the case of discontinuous parameters. The more singular the behavior of the solution at
discontinuity points slower is the convergence rate of finite element method. There are
different versions of finite element methods to handle the discontinuous coefficients case.
Some of them include the singular functions (assuming that we know them) to the finite
dimensional space of base functions [49]. These methods destroy the band structure of the
stiffness matrix, and consequently require special fast linear matrix equation solvers. Some
other finite element methods find the similarity solution around the discontinuity point by
partitioning the domain in the neighborhood of this point. This method is known as Infinite
Element Method which can effectively capture the singular behavior of the solution [55].

In this section we analyze the convergence of MsFEM in the case of discontinuous
coefficients. The analysis has been performed for one periodic case, a¥(z) = a¥(z/e),
where a¥(y), y = /e is a discontinuous function. We note that the analysis for smooth
coefficients case cannot be carried out in the cases of discontinuous coefficients.

We show that despite discontinuity of the parameters MsFEM retains its convergence

rate
llu = ulzs() < Ch+ CL()M2.
The Ly convergence rate has been also derived:
lu = iy < B2 + Cap

This estimates demonstrate that MsFEM can also be used to capture the singular multiscale
nature of the solution. We would like to note that as the number of singular points increase

the complexity of Infinite Element methods increase substantially. The reason for it is that
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the method needs to find similarity solution in the neighborhood of each singular point.
‘We confirm our estimates with numerical experiments. We present the numerical results
for the cases when the boundaries of the elements are aligned with the discontinuity surfaces

and when they are not. We choose checker-board models for the numerical examples.

5.2 Formulations

In this section we assume that the coefficients of the elliptic operator (3.1) o has the form:
2y T
o =a¥(%) (5.1)

where a¥(y), y = z/¢, is a periodic function in y in the unit cube ¥ . For the H! analysis
we assume that a*(y) € L°(Y). The assumption on ¢¥(y) in Lo analysis is also sufficiently
general (for example, it is sufficient for checker-board structures) and can be found in
subsection 4 of this section.

The difficulty in analyzing this case is that the gradient of x* (3.11) is no longer con-
tinuous. this does not allow us to use the techniques we employed in the previous sections.
For this reason, we treat the terms with x* in a separate way. As a consequence we cannot
use the Aubin-Nitsche trick. We note that it was possible to use Aubin-Nitsche trick in the
one periodic case.

The implementation of MSFEM is the same as described in the previous sections.

5.3 H! estimates

In this section we consider H! error estimate for MsFEM for

i (z) = a¥(

T
-)
where o (y) is a periodic function in Y. For H! analysis we assume that a%(y) € L%(Y).
For L analysis the assumption on a¥(y) is sufficiently general ( for example it is sufficient
for checkerboard structures) and can be found in section 4.

The analysis differs from the analysis of the smooth coefficients case due to the fact that

the generalized Vi is not continuous anymore. As usual, we enjoy Cea’s lemma.
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Lemma 5.3.1 Let u and u® be the solutions of (4.1) and (4.4), respectively. then

w0 < Cofu—vla, Voe V™ (5.2

Theorem 5.3.2 Let u. and ul be the solution and MsFEM solution of ({.1) respectively.
Then

lue = ulllia < Cih + Co(3)2, (5.3)

Proof. Define v* € V* such that in each K € K”

v (z) = (Tyu)(z Z a;¢’ (z) (5.4)

j=1

with a; = ug(z;), where ug is the homogenized part of u. and z; are the nodal points of

K. Then in any element K € K", we have
Via¥Vi(ue —v?) = f in K, (5.5)

where v on 8K is a piecewise linear function whose values at the nodal points are ug(z;).
Let’s divide the solution of (5.5) into two parts: (ue — ) = (ue — v8); + (ue —vh),,

where (uc— v); and (ue — v}), satisfy

viagjvj(ue—vm:f in K,
(ue —21); =0 on OK;

Va9V i(ue — v, =0 in K, 5
5.7
(e = v8)y = (ue —vf) on 9K;

respectively. (ue — v?); can be estimated from (5.6) and the Poincare inequality:

(e = o)1l (z0) < ChIIF Nl Ly (x0)- (5.8)
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As for (ue — vQ)Q, using the expansion of ue, ue¢ = ug + €2x§ Vo + 6%, and (5.7) we have

ll(ue = v2)all iy < lle = vl vz gory
T U
< Clluo + ex™ (=) Vo — vl mrzory + ClO I g2 oxy

z
< Clluo = vl garz oy + Cllex™ () Vmtoll g2 ox) + ClIO | a3 ) -
(5.9)
Combination of (5.8) and (5.9) gives
llue = ol mx) < CibllFllox + Clluo ~ vEll g2 om) (5.10)
:z .
+ CHGXm(;)Vmuo”mm(aK) + Cll0%) 71 (k-
For the second term on the r.h.s. of (5.10) we can write
_ I"L = . f o . /P"'I 1
lluo — vell gz ax) o s e (k) (5.11)

Since v” is the linear function on K we can extend it as a linear function 47 onto K.

Noticing the fact that because of (5.4) ug and 7 coincide at the nodal points we have
lluo — w2l grr2(ox) < lluo — 52 () < Chluolz . (5.12)
For the third term on the r.h.s of (5.10) we have
lex™ Vol gr/201) < Cllex™Vmtin(1 = 7l (5.13)

where 7¢ is a family of functions satisfying the following conditions:
1. 7. € C§°(K), 0 < 7 < 1, 7. = 1 outside the € neighborhood of K.

2. €|V7| < C in K, where the constant C' does not depend on e. Such functions can be
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constructed for any domain with Lipschitz boundary. Then

lex" Vmuoll /2 ar) < ClleX™ Vimuo(l — 7e)llo,x + ClleVX™ Vimug(1 — 7)o,k
+ Cllex™VimuoVello,x + Cllex™ Vi uo(l — 7)|lo,x < Celuol x
+ CleVx"Viuo(l — 7o)llo,x + Cllex™ VimuoV7ello k
+ Cllex™Viuo(l — 7e)llo.x-

(5.14)

To estimate the r.h.s. of (5.14) we denote by S the support of 1 — 7.. Note that
meas(S) < Ceh and V1, = 0 in K'\ S (outside S). Then for the last two terms on the r.h.s.
of this inequality using the fact that |x| < C, and |eV7,| < C we have

lex™VmuoVello,x < ClVuollos < CVeh, (5.15)

lex™Viuo(l = )llox < Celluollo,k - (5.16)
For the second term on the r.h.s of (5.14) we have
[€VX™Vmuo(1 — 7e)llo,x < ClieVixllo,s-

Here we used the fact that |Vug| < C. To estimate ||eVx|lo,s we cover S with the e-periods
IT¢ of x such that

N .
SclJm
i=1
where N < Ch/e. Then

N
leVxlizs < C D eVl - (5.17)

1=1

To estimate ||eVx|lon: we make the change of variables y; = z;/e, (i = 1,2), where y; are
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the new variables. Then
le¥xllo,ms = /n E(Vax)?da)'/? = ( /ﬂ V)’ ) = €| Vxllomy < Ce  (5.18)
€ 1

where IT{ is the period of size 1. In the last step we have used the fact that IVyxllom < C.
Furthermore, from (5.17) using (5.18) we have

leVxll5,s < CNé* < Ceh (5.19)
or
NeVx™Vmuo(l — 7e)llox < CVNe < CVeh (5.20)
(5.14) along with (5.15), (5.16), and (5.20) gives
lex™Vmuoll gi/2(oxy < Ol + R)lluollz i + CrVeh. (5.21)
Furthermore, taking into account (5.12) and (5.20) in (5.10), we have
lue — vMl1,x < C(h + €)luollz,x + CrVeh + Call6¥])1 k. (5.22)

Summing (5.22) over all K € K" and noticing that ||6%||1o depends only on ¢, and
lluollz,n < Cllfllo,o along with Cea’s lemma we get the desired result.
0

5.4 L, estimates

In this section, we derive the Ly norm estimates for MsFEM. As we can see from the previous
section, the use of Aubin-Ntsche trick becomes complicated because of the estimate (5.21).

Following [28], we use a discrete error analysis to overcome the difficulty. First, we show
that the Lg-norm error can be determined from the discrete [? norm error. For the latter,
we compare the discrete solution of (4.1) and that of the homogenized equation at the nodal
points.

Specifically, let us denote by u{)‘ the numerical solution of the homogenized equation
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which is calculated using FEM. Then we have [28]

e = ublzagey < ue = vollza) + o~ wbllza) + 6 = el
< Ce+ C1h? + Colluf — ulfliy0)-

Here we used estimates for the convergence of homogenized solution to the exact and the tra-
ditional finite element estimate for regular elliptic equations. The estimate Hue —uol| o) <

Ce can be easily derived, while [Jug —ul|| Ly() S Ch? is a traditional finite element estimate.

5.4.1 Asymptotic expansion of the discrete solution

Denote by Ueh and U(;L the nodal values of u and u{)‘, respectively. The linear system of

equations for U? is
ALU? = £t (5.24)

where A" and f! are obtained from a(u”,v) and f(v) by using v = ¢ fori = 1,... ,N.
€ € €

Similarly, for U} one has
ASUG = f§, (5.25)
where A% and f& are obtained by applying v = ¢} (i =1,... ,N) to a*(ul,v) = f(v) with
a* (ul,v) = /(;aijv,iug,jdw.
Note that the “comma” notation is used here and below for partial derivatives. We write
AP =AF+eAl, = el (5.26)
then formal calculation shows that U” can be expanded as

Ur=U+> €Ut (5.27)
i>1
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where U (i > 1) are given by

AU = £ — AV, (5.28)
AR = —AbUR, > 1). (5.29)

We note that the expansion enables us to avoid dealing with the inverse of AQ_ whose entries

are oscillatory. In contrast, A? and its inverse are well understood.
y 0

5.4.2 Derivations and estimates for A? and f}

The basis of (5.26) is the expansion of the multiscale base functions. We rewrite it here for

convenience:
¢l = @ + exPV o)) + 6. (5.30)

Note that ¢} are linear functions and |V¢i| < C/h. Moreover, 6 = 7PV, 4}, where 7 is
the solution of (3.16).

Now (5.26) can be derived. We note that the global stiffness matrix A? is assembled

from the local stiffness matrices defined on K ¢ K”

Ay = [ aiigt ¢ s,
K
over several neighboring elements, and f? is assembled from
fi= [ fésaa.
Similarly, A} and f{ are assembled from
s [ aldudhsde, S5~ [ fobas,

respectively. Below, we consider the expansions of A%, and ff which lead to (5.26).

First, we review some relevant results proved in [28]. Letting o/ be

o = aij(éjlc + V?Xk)'
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we have {o¥) = a¥ and afgi = 0. Using integration by parts, we further obtain
(oP] Xfyp) = 0. Define 6% = ¢% — g¥ — gPJ Xfyp, then < 5% >= 0.
Now following [28], from the definition of A%, and f¢, we can derive (5.26) with A? given
by

@=Lﬁw%+wwm%me%ﬂﬁw%HMM—Aﬁm%w%m

(5.31)
After some algebra we have
g . 1 g
i =- / ¥ (¢8 ;6% + ¢6,;6%)dz + / caf030%dz + ~ / 5 b ;46 14w
K K €JK
(5.32)
= ikl + Agkl + Agkl’
and for f}
fro== [ 1006, + 6o = F, + B, (5.33)
K

Note that A§ (i = 1,2,3) are the ith integrals in (5.32) and FY and F§ are the first and
second integrals in (5.33).
To estimate entries in A? and £}, it is sufficient to estimate A¢

matrix whose entries are assembled from A¢ (i = 1,2), such that
Al = AP 4 AR+ AR

Similarly we define vectors F* and Ff!. We will use the estimates of [|A%|| and |F/*|, where
| - || is the standard max norm of matrices in RV*Y and |- | denotes the max norm of
vectors in RY. Note that N ~ 1/A? is the number of nodal points.

We estimate the elements of A}. For Af,, using the integration by parts we have

IMM=LL@W%ﬁQ+%ﬁ®wh4LEWW&¢+%ﬁﬂ®i

N - (5.34)
<5 [ lotlas+ 5 [ 1o9evndds
8K aK

Here we have used the fact that |9'| < C on 8K and it is continuous. The first term on
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the r.h.s of (5.34) is not necessarily defined if a¥(y) € L*°(Y). For that reason, we assume
that the intersection of 0K and the interfaces of the discontinuity of the coefficients are
countable number of points. In general this occurs when 8K does not have a common part

with the discontinuity interfaces. In this case, a(y) becomes piecewise smooth function on

OK. Then (5.34) can be estimated as

. |
8l < /a _elVxlds (5.35)

Moreover, we assume that the integral on the r.h.s. of (5.35) exists. This is for example
the case for the checker-board models where 8K does not coincide with the discontinuity
interfaces.

To estimate [, €| Vx|ds, we proceed as we did (5.21). Covering K with the e-periods

of x, IT, we have

M
0K C Y aIl,

i=1

where OIIt = 9K ((IIt. We note that M < Ch/e. Then

M
[ Ke[Vx[ds < ; /5 o €|Vx|ds. (5.36)

Making change of variables y = z /¢, where y is the new variables, for each [;; |Vx|ds,

we have

/ €|Vx|dsy = e/ Vyxldsy
ot oIt

where II% is the period of size 1. Since the singularity of x is of type ¢ (a > 0), we get
/ [Vyxldsy < C.
Eii]
Then (5.36) becomes

/ €|Vxlds < CMe < Ch.
oK
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Consequently,

:“iQ

IAS,,| < (5.37)

To estimate [A§ |, we need to estimate IV6!)lo,%- From the equation for # we have

V8 lo,x < — HXHl/Q ok < ”X (1 -7,k

where T, is a family of functions introduced in the previous section. The estimate for

Ix(1 — 7¢)|l1,x can be obtained similar to (5.13). Then

VO lox < —=. (5.38)

S

Here we used the assumption about the smoothness of ug, [Uolcz(g) < C. Having the

estimate (5.38) we can estimate |A§_| as following:

C
|A5,,1 < CellVOlGx < 7 (5.39)
As for A§
1
181 =12 / GIVighVoda| = \ / 5 €8 daf (5.40)

where £f} are constants, £/ = h?V;#§V;4h, which are independent of h and ¢, and M < .
Since &% 5{“} is a periodic function with the average zero, we can discard the periods of 5% ¢% ;
from K without changing the value of the integral (5.40). Denoting the e-periods of 5% 5{?}
by IT¢, such that Uz_ mMcKc UL+1 IT: we have

1A5, 1 < hzZ/ “”éﬂdmgﬂ /\TL , 5¢8 |

X = 1T (5.41)
[eh2/\T b~z]€zld_fn[__ h2/|e (Vx) Idm

i=1 e

where S = K\ ()., IlZ. Here we have used the fact that 5% = a¥ + o™V, x7 — aP/V " —
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@V, Vix! — a¥. The r.h.s of (5.41) has been estimated in (5.19) as

/ 1€2(Vx)?|dz < Ceh.
S
Consequently,

g, < (5.42)

>Q

It is straightforward to check that

|Ff| < Ch, |F§|<Ch. (5.43)

5.4.83 The error estimate

We consider UP in some detail; the rest of U} can be studied similarly. In [28], it was found
that the conservative structure of the linear system (5.24) is the key to obtain discrete error
cancellation using “summation by parts.” In the following, we present a simpler derivation.

First, it is easy to see
3. 3.
Z¢§ =1, Z ¢g =1,
k=1 k=1

for all K € KP. It follows that [28]

N s
> A7 =0,
j=1
because V;a¥ V¢ = 0, V;a V,¢k = 0 for all k and 35_ ¢F = 1, 33_ ¢k = 1 on K.

Now, according to (5.28), we have

UP = Gy - GRALUR, (5.44)
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k-+m k+m+1

k-1 k+1

k—m-1 k-—m

Figure 5.1: An example of neighboring nodes in a triangulation of a rectangular mesh with
m x n nodal points. Oy ={k—m -1,k —m,k~1,k+1,k+mk+m+1}.

where G = (AR)~!. For GRAU} we note that
ZA”UJ = ZA”UJ" ZA”UO = Z AY(Ui - U}).
J=1, j#i

Furthermore by the symmetry of AY we can combine 4% (Uj — U¥) and A*(UF - U) in
1 1 W 0 1 Wo b

the sum GF AMUY and get

N i<k
Zazk Z AW -Uby =35 AV (U] - Ub) (G - GY). (5.45)
k=1 J=1, j#k k=1 j=1

We note that AS‘ is sparse, which is important in obtaining the error estimates below.
The following definitions are helpful to describe the sparsity. We say two nodal points are
neighbors if they are the vertices of the same element. For a nodal point with index &, we
denote the set of the indices of its neighbors by Oy (see Fig. 5.1). We have A7 = 0ifj & O;.
Thus, the r.h.s. of (5.45) can be written as

N
> D AU -UHIGE - GY)-
k=17j€0k,i<k
Since the summation of 7 depends only on the geometry of the mesh and independent of

N (or h), we can safely ignore it when estimating the above expression. This would greatly



58
simplify the presentation. Introduce a difference operator D such that for any V € R,
(DV)p = VF — V7 for some j € Of. Note that j is not specified in the definition. For

a matrix, D applies to its row vectors unless otherwise stated. With this definition, from

(5.28) and (5.45) we get
Ul = GRfP — DGR AR DUL.

Here, the important features to notice are the differences on G% and U}; the details of these
differences, however, are not important and are hidden in D.
Since a¥ are constants, the discrete Green’s function G# and the solution UZ are well

understood (cf. [28, 23, 48]). We have

|DUy| < Ch,  |D?Ug| < Ch%; 5.4
IGA < C/R?, |DGE| < CJh, |D?GE| < Clulhl. '

Then

UL < IGEIILAL | + IDGHIIATIDUG| <

= Q

(5.47)

From this we can deduce that the first order correction in (5.27) is of order e/h. Similarly

we can estimate |UP|, (i > 2). For the estimate of U} we estimate |DUY|.
|DUY| = |DG} f? — D*GEAYDUY| < |\ DGRIfE| + | D*GElI|ATIIDUS| < Cllog(h)].

Then

Cltog(h)|

U1 < |DGGALDUY| < [[DGG||A}|DUT| < =3

Consequently, the second order correction in (5.27) is of order €2|log(h)|/h2. Let’s show

by induction that

UM < Tllog(WI™, DU < - log(R). (5.48)
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Assuming (5.48) holds for i = k — 1 , we can show that it holds for i = k.

(U2 < IDGHIANIDUL, | < SIDUL | < | log(h)]:-?

and

IDUE| < [D?GRIIANIDUL | < 3 o (W|DU| < | log(A)*

Using these estimates for U} in (5.27), we have

; 1 €
%(;(%llog(h)l)") = C%m < 00171- (5.49)

vk -ugl<C

if €| log(h)|/h <1 —-1/C1.

5.5 Numerical experiments

In this section we study the convergence and the accuracy of the multiscale method through
numerical experiments. The model problem is solved by using the multiscale method with
the base functions defined by (4.3) and the linear boundary conditions.

The calculation of the multiscale base functions involves solving PDE with discontinuous
coefficients. The traditional FEM does not provide a robust approximation to the base
functions. For that reason, there have been developed different numerical methods which
robustly approximate the solutions of elliptic PDE with discontinuous coefficients. But
because of the change of the mesh size, the elements may include several discontinuities of
the coefficients. This causes difficulties in numerical codes and decreases their efficiency.

For the calculation of the base functions, we use finite element discretization aligned
with the discontinuity interfaces of the coefficients with Black-Box multigrid. It is known
that this method is robust for not large inhomogenities, i.e., for not large G/a (see (3.2)).
We test problems with not large inhomogenities also. The numerical results confirm our
theoretical rate.

For the numerical tests, we choose the checker-board model where the coefficients o (y),
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Table 5.1: [ue — u?(|;, for e = 1/32, § = 0.1, aligned

h lo rate
1/8 |l 0.98e-2
1/16 || 0.18e-1 | -0.87
1/32 1/ 0.34e-1 | -0.92

Table 5.2: |ue — ul||;, for e = 1/64, § = 0.1, aligned

h Iy rate
1/16 || 0.11e-1
1/32 | 0.19e-1 | -0.79
1/64 || 0.34e-1 | -0.84

y € [—1/2,1/2]? defined as

a’(y) = bt >0 (5.50)
d ify1y2 <0.

As examples, we consider the homogeneous equation with the r.h.s zero, f = 0, and
inhomogeneous equation with the rh.s —1, f = —1. Also we test separately the cases when
multiscale elements are aligned with the discontinuity interfaces of the coefficients and when
they are not. The numerical tests show that the error estimate (5.49) holds for the case
when multiscale elements are aligned with the discontinuity interfaces of the coefficients.

Example 1. In this example, we consider the case when a¥ is defined by (5.50), with
§=0.1, and f = —1, yboundery — (),

In the tabels 5.1 and 5.2 the numerical tests are done when the multiscale elements are
aligned with the discontinuity interfaces of the coefficients. In particular, a¥(z/€) is defined

as

1, if sin(?Z2) sin(

o (y) = )
6§ if sin(2T2) sin(2222) < 0.

As we see from these tables, the error estimate is ¢/h as predicted. Indeed the error
increases with —1 order as we decrease h, and it resonates as the ratio ¢/h is fixed.
In tables 5.3 and 5.4, we repeat the tests shown in the tables 5.1 and 5.2, for ¢ = 0.49.

In the tables 5.5 and 5.6 we tested the case when the multiscale elements are not aligned
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Table 5.3: |jue — ul|;, for e = 1/32, § = 0.49, aligned

h l2 rate
1/8 || 0.31e-3
1/16 || 0.636-3 | -1.02
1/32 [ 0.16e-2 | -1.3

Table 5.4: |jue — ul|;, for e = 1/64, § = 0.49, aligned

h Iy rate
1/16 || 0.24e-3
1/32 | 0.78e-3 | -1.7
1/64 || 0.16e-2 | -1.03

with the discontinuity interfaces of the coefficients. In this case a/(x/€) is defined as

i 1, if Sin(zﬁgl- + —721)5111(2—7?-2 + %) >0
a?(y) =

6 if sin(#E2 + §)sin(222 + 5) <0,

These tables confirm MsFEM convergence rate derived in the previous section.
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Table 5.5 |jue — ul)|;, for e =1/32, § = 0.1, not aligned

h Iy rate
1/8 || 0.78e-2
1/16 || 0.12e-1 | -0.72
1/32 || 0.21e-1 | -0.80

Table 5.6: |jue — ul||;, for € = 1/64, § = 0.1, not aligned

h l2 rate
1/16 || 0.65e-2
1/32 | 0.12¢-1 | -0.88
1/64 || 0.21e-1 | -0.80
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Chapter 6 MsFEM for problems with weakly dependent

random coefficients

6.1 Discussion

The main difference in the analysis of MsFEM for elliptic problems with random and peri-
odic coeflicients is the behavior of the solution of cell problem (3.11). Unlike the periodic

case in general (almost periodic or stationary ergodic cases) the “cell problem” {8, 32]
ViaijVij = —Vz-a““, y € R¢

does not have almost periodic or stationary solutions even when the r.h.s. has mean zero.
It is nevertheless possible to construct a certain solution of this problem which possesses
special properties [32]. It turns out that this special solution is not bounded [32]. The
boundedness of the solution of cell problem plays an important role in the convergence
estimate. In general random cases, it is known that a solution of the “cell problem” has a
sublinear growth. This growth rate affects the resonance error and the resulting resonance
error is (¢/h)'™%, 0 < a < 1, where a depends on the growth rate of the solution of cell
problem. If the solution of the cell problem is bounded as in the periodic case then it can
be shown that the convergence rate is €/h. Let’s note that for almost periodic coefficients
a¥ satisfying Kozlov’s diophantine condition ( [34]), the solution of the cell problem is
bounded. For example, the finite trigonometric polynomials satisfy Kozlov’s diophantine
condition. For general random cases the behavior of the solution of cell problem has not been
extensively studied. In this work we use some estimates derived for the almost solutions of
the cell problem [56] to study the resonance error of MsFEM. We note that the analysis of

MsFEM has been limited to periodic structures so far.

6.2 Summary

Untill now the mathematical analysis of MsFEM has been limited by the case of periodic

structures. We analyze MSFEM for problems with random coefficients whose correlation
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decays at least by power law.
In other words, denoting ®(A) to be the o-algebra generated by the parameters of the

problem in the physical domain A, we assume that
|Bén — BEBn| < w(q)(BE*)?(Br?)/?

where £ is ®(A) measurable, n is &(B) measurable and ¢ is the distance between the domains
A and B, i.e, ¢ = inf{||lz — y|l; z € A, y € B}. For the analysis of this paper we assume
that

C
x(q) < pre (6.1)

The exponential decay of k(g) is often used in geostatistical models. Basic variogram
models, exponential, Gaussian, Nugget [31] are the examples. But there are still basic
variogram models (e.g., spherical model) which have power decay of x(g). This indicates
the importance of including the power decay case in our analysis.

We derive the following estimate for MsFEM error:

Ad—2A

EHU - uh“%,D < Ce® + Ol(%) BATAdT2Ad (6.2)

where d is the dimensionality of the physical space, A is the power in (6.1) and « is a
positive constant. We see that this estimate in the case of d = 2 becomes of order 1. In R?3,

MsFEM convergence rate becomes
hu2 o €, . A
Ellu—u"|]f p < Ce* + Cl(h-)llAH?.

Moreover, this estimate indicates that as A gets smaller the convergence rate of MsFEM

deteriorates. In the case very large A the convergence rate of MsFEM approaches
Bllu —utf p < Ce® + Cy (7)™,

The presence of the ratio § in the error estimates of MsFEM has been observed eariler
and it is called the resonance. This error is typical in upscaling problems.

The rest of the section is organized as follows. The formulation of the model problem
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and MsFEM are presented in Section 2. In Section 3 the multiscale expansion of the solution
is discussed. The main inequalities used in the article are in Section 4. Section 5 contains

the derivation of H! estimates of MSFEM.

6.3 Formulations

Let (2, F, P) be a probability space and a%(y,w), y € R?, w €  be a homogeneous ergodic
random field.

We recall the concept of a homogeneous field. We assume that a dynamical system with
d-dimensional time is given on Q which satisfies: 1) the group property: T'(0) = I (I is the
identity mapping), and T(z + y) = T(z)T(y), Y,y € R%; 2) the mapping T(z) : Q@ — Q
preserve the measure p on €2, i.e., for every z € R4, and every pu-measurable set F € Q,
we have T'(z)F is measurable, u(T(z)F) = p(F); 3) for any measurable function f(w) on
Q, the function f(T(x)w) defined on Q x R? is also measurable. All functions on Q are
assumed to be F' measurable; equality between random functions means equality almost
everywhere (a.e.) with respect to P, and, as a rule, the notation a.e. is omitted.

A function f(w) is called invariant if f(T'(r)w) = f(w) for any fixed z € R% The
dynamical system is called ergodic if the set of invariant functions is exhausted by functions
which are identically constant. A homogeneous random field is a function f : R¢ x Q — R

for which

flz+y,w) = flz,T(y)w).
According to Birkhoff’s theorem, the spatial average defined as

< f(z,w) >= lim

1
m—+00 (2m)d /!mef(x, w)d$

exists for a homogeneous field, and < f > is an invariant function. We observe that in
the ergodic case there is the equality < f >= Ef; where E denotes the operator of the

averaging with respect to the measure P (mathematical expectation).
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Consider the following elliptic problem

Viaij(:c/e,w)vjue =f in D
(6.3)
u.=0 on D

where a¥(z/e,w) is a homogeneous ergodic random field, f € Lo(D) is a non-random
function and e is a small parameter. Furthermore assume that a¥ = o/ (4,7 = 1,2, 3) have

smooth realizations, uniformly bounded in the entire space along with their derivatives and

altl? < a¥(y,w)éig; < BlEP (6.4)

for any ¢ € R3, with probablity 1. Here o and 8 are positive non-random numbers.

Variational problem of (6.4) is to seek u € H}(D) s.t.
alu,v) = f(v), Yuv & H}(D), (6.5)

where

0 0
a(u,v) =[Da“—5% —z,w)b—%dm, f(v)=/vad:c. (6.6)

It is easy to see that the bilinear form a(:, -) is elliptic and continuous for almost each w € Q.

As in previous sections, for 0 < h < 1, let K* be a partition of D of regular triangles

K with diameter less h. In each element K € K", we define a set of nodal basis {¢%},
i=1,...,d, with d(= 3) being the number of nodes of the element, satisfying

Vkakl(%,w)ngﬁfr( =0 in K=K (6.7)

We will neglect the subscript K when working in one element. Let z; € K (j =1,...,d)

be the nodal points of K. As usual we require ¢*(z;) = &;; and that the base functions are

linear on each side of on the boundary. So we have:

VM =span{¢t; i=1,...,d, KCK"}cH}Q).
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In the following we study the approximate solution of (6.5) in VP ie., uP € V* such that
a(ut,v) = f(v), WveVh (6.8)

6.4 Homogenization results

In this section we review the homogenization theory for equation(6.4) and give the estimate
for the first order correctors. The behavior of the random field u.(z) as ¢ — 0 has been
investigated under various assumptions on a¥(y,w). When o (y,w) is strictly stationary
and ergodic it was found that there exists o (i,7 = 1,2, 3) such that if up(z) is the solution
of the deterministic Dirichlet problem

a9V Vjuy=f in D

(6.9)
ug=0 on D

then

/ Elue — uo’dz = 0 as — 0 (6.10)
D

where E denotes the expectation. The matrix ai is called the effective coefficient and can
be calculated for some special cases.

Remark 6.4.1. For our analysis we assume that ug € C?(D). This holds for smooth
domains, as well as for convex polygons under some compatibility conditions [4].

When a¥(y) is a periodic function the solution of (6.3) can be approximated [32] as

ue(z) = uo + ex* (y) Viuo(z) + O(Ve) (6.11)

where y = /e and x*(y) is the periodic solution of

8 .. 8 8 ..
g () =y = — I
(y)aij

6.12
0y; Oy; (6.12)

in a unit cell. The periodic solution of (6.12) exists and is unique up to a constant.
However, extension of the result on periodic structures to random homogeneous struc-

tures encounters a difficulty related to the insolvability of (6.12) in terms of homogeneous
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functions. Indeed, the problem (6.12) is not Fredholm and has no solution in general. It is
nevertheless possible to construct and analyze the solutions of approximate equations which
is basic for our analysis. In this chapter following [56] we introduce almost solutions (in the
sense of [58]) of (6.12) (for large T' > 0)
o

~V;a¥ (y, w)V ¢k + 7 = Digi ‘ (6.13)

where g; = a**. This equation has also played a central role in the homogenization of second
order random elliptic equations in [35, 43]. It is known that the solution of this equation
exists and it is a homogeneous random field (see [35]).

For the calculations of the convergence rate of MSFEM we require an assumption about
the weak dependence of values of the field of coefficients of (6.13), k = (a7, g;) at remote
points. Let ®(A) be the o-algebra generated by random vectors k(z), z € A. Then we
assume that the family of o-algebras (®(4), A € R?) satisfy the condition of uniformly

mixing
|Eén — EEE| < k(q)(BEHY2(En?)H? (6.14)

where the random quantity ¢ is ®(A) measurable and 7 is ®(B) measurable, and ¢ =

inf{||z — y||, z € A, y € B}. For our analysis we assume that

wg) < 2. (6.15)

>

We note that (6.14) and (6.15) imply strong mixing for the coefficients a™/.
Under the assumption of power decay of k(g), it can be shown [56] that u. can be

expanded as
Ue = Ug + egzﬁé“«Vkuo + 8 (6.16)

where ¢r is the solution of (6.13), ug is the solution of Dirichlet problem with constant

coefficients, and € is bounded

E|l6|} p < Ce (6.17)
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for some positive a. This estimate is obtained using nontrivial estimates for the correlations
of the field ¢ and choosing the large T, T' = ¢ # (8 > 0). In [56] the author refine the claim
of [35] about the existence of the limit ;) of the field of derivatives of Vigk as T — oc.

In particular, he shows

(I — Ve¢r|?) <OT™" ' (6.18)
for some positive 7. The effective coefficients a? in (6.9) are defined as
o = (™).
6.5 Estimates for the covariance of ¢

Here we formulate the main theorem and the inequalities used in the derivation of the
convergence rate of MsFEM. For further convinience, in the estimates for qﬁéﬁ we omit the

index %.

Theorem 6.5.1 If (6.15) is satisfied then
Tq*
md

El¢r;m)* < CT(s(g) + (—3)"* 10g(T) + exp(~C(log(T))?) (6.19)

where [f;m] = 1/(2m)? f{me f(z)dz, and m and g are arbitrary large numbers , m > q+7,

g>5 T >1, and d is the dimensionality of the physical space.

The proof of this theorem is based on the analysis of the paths of the diffusion processes
corresponding to (6.13) and it can be found in [56]. In the proof the author uses the following

representation for ¢r

br = M, /0 ™ exp(—t/T)V j95 ()t

where M is the distribution of the diffusion process n with generating operator 1/2V;(a% (y, w) V).
The parameter g can be choosen such that r.h.s of (6.19) achieves its minimum. With this

choice of g, g = (m?/T)1/4+24 (6.19) becomes

Blrm]? < cﬂ(%)fwm log(T) + exp(—C(log(T))2). (6.20)
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In [56] the author uses the parameter ¢ to define neighborhoods of the trajectories of a
diffusion process corresponding to 1/2V;(a¥(y, w)V;).
It has been also shown [35, 43] that the solution of (6.13) satisfies the inequality

(IVérl?) + %—%—Z <C. ’ (6.21)
From where
(IVer) <C (6.22)
and
(¢7) < CT. (6.23)

6.6 H! estimates for MsFEM

In this section we obtain the convergence rate of MsFEM. Our main goal is to derive the

resonance error in (6.2). For obtaining H' estimate, we need the following Cea’s lemma:

Lemma 6.6.1 Let u and u” be the solutions of (6.3) and (6.8) respectively. Then
Ellu—u"|}p <C Bllu—"|%p, (6:24)

for any v € V.

Theorem 6.6.2 Let u and u® be the solutions of (6.3) and (6.8) respectively. If x(q)
satisfies (6.15), and d = 3 then

Ellu -} p < O(5) 77 + Cye® (6.25)

where o > 0, and A is defined in (6.15).

Proof. Define v € V? such that in each K € K*

Iku Zajgbg
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with a; = ug(z;) where up is the homogenized solution, and z; are the nodal points of K.

Then

Vo (z,w)Viuk =0 in K
o e (6.26)
v =" on K
where [* is a linear function with the nodal values ug(z;). The solution of (6.26) can be

expanded similar to u. as

of = vl + et Vol + 0V (6.27)

Here o} is a linear function because homogenized coefficients are constants. We note that

the parameter t in (6.27) is not the same as the parameter 7' in (6.13). As we will see later
t is scaled as (¢/t)™", while T' is scaled as €77 (n > 0), i.e., they approach to infinity at
different rates. These rates represent the ratio of the small scale and the macroscopic scale
of the problem. Having the expansion for v?, we can get the following H' estimate of the

interpolant of MsFEM in K:

“ue - ’U?”l,}( < Huo + e¢l}\7ku0 + 6% — oy — eqﬁkavo — Gvuly[{
uo — vollL,x + [l€dF Viuo — e¢h ViwollL i + [16%]1,5 + 6%/, x

< Chluolz,x + le(@h — ¢F) Vivoll,x + lledhV(uo — vo)ll1,x + 6%}, + 6%/,
< Chluola,x + le(Veh — VéF) o,k + lledh V2 (uo — vo)llo,x

IA

+ |eVeEVi(uo — vo)llo,x + lluo — vollx + 10°]l1,x + [16%/1,x < Chlugla,x +
(Ve —~ V) llox + lledhllo,x + €VEVi(uo — volllo,x + 16°111,x + 10%/|1.x
(6.28)

Here we have used the facts that |lug —voll1,x < Chluglsx, |tolo2(py £ €, and [Vug| <
C. ‘
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Then summing (6.28) over all K € K", we have

Ellue — v p < CRugl3 p + E|8%||1,p + Elle(Veh — VDI, 0 + Elled® |3 o
+ B 107 k)

KeD
(6.29)

Here we have used

E(Y eVehVi(uo — vo)llox) < C D IV (uo = vo)llo,x < Chluolz,p-
KeD KeD

To estimate the r.h.s. of (6.29), we need to choose appropriate T and t. The choice of T is

made in [56] and it was shown that for

—2

T = T4 (6.30)

we have (6.17) for some small 4. Consequently we need to estimate only the last three
terms in (6.29), which we do in the following three lemma.

Remark 6.6.1. As we will see from the estimates the main resonance error is caused by
the first order corrector, ||0¥||1,x as in periodic case. We would like to note that the term

E|le(Vok — qu,’f)]lg’ p is not present in periodic case.

Lemma 6.6.3

B(Y 16" ) < O(5)wriasams (6:3)
KeD

Proof. 8" satisfies

Via¥ V07 = V;(a¥VoP — ¥V 0l — ea? V68V 0l)
. o " (6.32)
= —(V;a + eV;a?V ;67 )Vivg = —-—e—é—kavo.

In the last step, we have used the equation for ¢;. On the boundary of K, we have

g¥ = —eqﬁkavo.
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To estimate 8¥ we divide it into two parts for the convenience

.1 k
A AV =-?ivkv{; in K
€t (6.33)
6 =0 on 0K

and

Via¥V;05 =0 in K
(6.34)
0% = —edf Vvl on OK.

Then ¥ = 67 + 03. For 07 we have

/K a9V 0V, gdz = — /K ¢; V rvogde

for any g € C§°(K).
Let K = |JY | K; where K; are non-intersecting open cubes with the sides 2me. Then

denoting < f;i >= 1/(2em) fK z)dz we have

a/ tvkmgdxm/ gdml_l/ % (g < i >)dal + (Kl < 2> | < gii > |

oy | o
< Clem)lgl1,x; u-—ho K+ < gl Hgllo,z: 111]lo,z; -

(6.35)

Using the Cauchy inequality, Poincare inequality and the estimates (6.19) and (6.23) we
get from (6.35)

N
B [ cpodel® < BI S (emahacl Flos + 1 < Fi > llalosctlo)

< E(em)? lglm}l 23, + B Zl< 251> [llglloz: 11llo,x:)?

< TR+ (o))t el —clog(E)") + -+ (L) og(0) ol (em)*
d
< —t—hdlgl + €727 exp(~c(log(t))) + &1;( + (fn )2 1og(£))h™*? g}

(6.36)
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Consequently from (6.33) using regularity estimates for PDE, and (6.36) we have

a1/2
E E |6y [[2 g < < + h%e=2t " (exp(~c(log(t))?) + %4- + % log(t)). (6.37)
KeD

Equating the last two terms we can find the optimum value for g; ¢ ~ (md 1)t/ (d+24)

Then (6.37) becomes

e m2
t

B S 0008 ke < (5)72H (o) 757 (1) + exp(~clog(1))?) +
KeD

(6.38)

;"

Moreover, equating the first and the last terms we can find the optimum value for m

€ 2(d-+24) 24+2d-+Ad
m o~ (;7:) Fd+AATAd T 2d+AA+Ad

and the corresponding estimate

BY. 671 < (5)" i pmiiem 4 (52 exp(-Cllog()). (6.39)
KeD
Now we show that
EY 6313k < O+ )2/%1/3 (6.40)
KeD

From (6.34) we have

16513,k < Cliegell oy < Cliege( = 7)1k

where 7 € C§°(K) is the cutoff function for domain K: 7(z) = 1 if inf(|jz ~y|, y ¢ K) > 6
and 7 = 0 on 0K . Consequently,

IA
=l Q

V7|
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Furthermore using the estimates (6.22) and (6.23) for ¢;, we have

Elg)lix < B / E¢H(Vr)2dz + B / E(V)Prids < ORAS) e
o =S (6.41)
+ Ch¥ 1§ = ChO (6 + h(g)%).

Choosing an optimum value for § we have § ~ ¢2/3¢1/3p1/3 and
E|(03]2 x < ChI=23e2/3¢1/3, (6.42)

Summing (6.42) over all K € K", we get (6.40).

Combining the estimates for 87 and 65 we have

(d+24) 2A4-2d+Ad

E Z HQUHIK ) 2d+4A+Adt 2dTaAT+Ad +(h)2/3t1/3. (6.43)
KeKh

For the optimum ¢ in (6.43)
€ _8d+164+Ad
t~ (.—) SATAdT2Ad
h

the estimate (6.43) becomes

E z ”0””1]{ )5A+4d+2Ad_
KegKh

As we can see if d = 2 the upper bound for EY pc s “91)“%,1( is of order 1. So the method

does not converge in general if d = 2. But in the case d = 3 this estimate becomes

E Y 107 & < (7).
KeKh

Lemma 6.6.4

Ellegrlls,p < Ce. (6.44)

Proof.
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Using the estimate (6.23) we have

Blle¢r|} p < CET.
As we noted eariler for the convergence of u., T has been chosen to be T' = e 2/(47 | Then
Eledrl} p < Ce.

0
Lemma 6.6.5

Ad—24

E||eVeh — eVE|E p < C(5)Fareareas, (6.45)

€
h

Proof. For further convinience we omit the index k in the proof. To prove the lemma,
we introduce e, the limit of Vér as T — co. We will show that this limit exists. Then

writing Lh.s. of (6.45) as

B|leVér — eVulli o < BlleVér — toolls,n + ElleVer — Yoollg (6.46)
we just need to derive the convergence rate of E||eVer — Pold p 28 T — oco. Following to

3

[56] we show that
E||eVér — Poollp,p < CT*

for some positive s. Then using similar estimate for ¢, we get the desired result.
Comparing the equation (6.13) for different values of T, T =Ty and T = T3 (T > T1),

we have

2
B <|Vér, - VonP > +BS ORI 2 < 02 - B < g (6r, — dm) > |
2 1 2

Furthermore, because of homogenity of the field ¢r

E < d)Tl <¢T1 - ¢T2) > = E[‘j’T (¢T1 - ¢Tz)} = E[¢T1H¢Tz - ¢T2]
+ E[d)Tl (¢T1 - ¢, — [¢T1 h ¢T2D]

(6.47)
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where [f] = 1/(2m)? f‘$l<mf(x)dm. The first term on the r.h.s of (6.47) can be estimated

as

|Elpr]lér, — ¢1,]| < C(Elon )2 (Eldr, ] +E[¢2 )12
(6.48)
< CT*Ty " (exp(~C(log(T1))?) + 51;1- + < )1/2 log(T1))-

Choosing an optimal value for ¢, g ~ (m%/T})Y/(4+24) we have
T
|Bl¢n]lér, — ¢n]l < OT!* T, (exp(~C(log(T1))?) + (=) *+¥/) log(T1)).  (6.49)

The second term on the r.h.s of (6.47) can be estimated by a version of Poincare -

Friedrichs inequality for functions with the average zero as

E[¢T1 (¢T1 - ¢T2 - [¢T1 - ¢T2])] < (E[¢T1]2)1/2 (E[¢T1 - ¢r, — [¢T1 - ¢T2])1/2

1 (6.50)
< OTy Pm < \Vor, — Vor,|? >1/2

(6.47), (6.49) and (6.50) lead to the ineqality

2 1/2
<IV9r, - Von* >< O+ % (exp(~C08(T)?) + () 7475 log(T1).  (6.51)

Taking Tp = Tl1 *7 and choosing the optimum value for m,

A(2y+2)+vd
m o~ T18A+4d+2Ad

we have

244+2d+Ad—~2Ay~~d

<|Vér, — Vop[P >< OT,  #HFA = or (6.52)

where 7 = 2A+i‘ﬁ'_$‘ﬁl;2fﬁl_7d and it is a positive number for small 4.

Now choosing T'(k) = exp((1+7)*) ( T(k+1) = T(k)}*7 as it is assumed) and choosing

Ty = T'(n) we have

<|Vén = oo >< C Y < [Vorpy — Vérpen)? ><C Y T(k)™ < CT(n)™".  (6.53)

k>n k>n
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Consequently, using (6.53) we can estimate the first term on the r.h.s. of (6.46) as

2A+2d+Ad—~2Ay—d

El|eVér —oollfp < CT™ ™ savarad— log(T).

Similarly, the estimate for the second term on the r.h.s of (6.46) becomes

2A+42d+Ad—2Ay—vd

El|eVt ~ thosllfp < Ct7 34%2%A " log(t).
Taking into accound the values for T and t , T = ¢~%/(1+7), and

€. __ 8d+16A+Ad
t = (_..) 5A4d+2Ad

we have
EleVér — ¥sllf p < Ce®
and

€  (Bd+16A+AD)(2A+2d+ Ad—2A7—7d)
E|leVé: — Yooll? p < C(E) (BATId+3Ad)(AA+2dTAd)

It can be easily checked that

BlleVy = hocli} p < C(5) FH557272.

Eventually, from (6.29) using (6.31), (6.44), and (6.45) we get the desired result (6.25)
for d = 3.
o

Remark 6.6.2. We can observe numerically that the resonance error is no longer ¢/h
if the coefficients are random. Indeed, in Fig. 3.2 the line denoted with square represent
the Lo error of MSFEM for different values of the mesh size h in the case of log-normal
field. The realizations of these random fields are used as coefficients o/ and the small scales

range is between 1/64 and 1/512. We can see from this figure that the resonance error for
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fixed srnall scales behaves approximately as =01, This indicates that the resonance error

is (e/h)°L.
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Chapter 7 Nonconforming MsFEM and its analysis

7.1 Summary

In this section we analyze the nonconforming method introduced in [53]. As we have
seen from the analysis of conforming MsFEM presented in previous sections these methods
suffer from the resonance error. This resonance is due to the mismatch between the local
construction of multiscale base functions and the global nature of the elliptic problems.
Motivated by the error analysis, an over-sampling technique was proposed to overcome the
difficulty due to scale resonance in [26]. The idea is quite simple and easy to implement.
Since the boundary layer in the first order corrector is O(e) thin, we can sample in a domain
with size larger than h + € and use only the interior sampled information to construct the
bases (h is the mesh size and € is physical scale). By doing this, the boundary layer in
the larger domain has no influence on the base functions. Now the corresponding first
order correctors are free of boundary layers. As a result, we obtain an improved rate of
convergence.

Unfortunately, the over-sampling technique results in a nonconforming MsFEM method.
The previous analysis needs to be modified to take into account the nonconforming error. In
[21] , we perform a careful estimate of the nonconforming errors in both H! norm and the L?
norm. The analysis shows that the nonconforming error is small. Our analysis also reveals
another source of resonance, which is the mismatch between the mesh size and the “perfect”
sample size. In the case of a periodic structure, the “perfect” sample size is the length of an
integer multiple of the period. We call the new resonance the “cell resonance.” In the error
expansion, this resonance effect appears as a higher order correction. Although the over-
sampling helps eliminate the leading order resonance error, we find that over-sampling alone
does not remove the cell resonance error, which dominates the nonconforming error. From
our computational experience, the cell resonance errors seem to be generically small and
are rarely observed in computations. Nonetheless, we propose an averaged over-sampling
technique to eliminate this cell resonance error. This reduces the nonconforming error by

eliminating the resonance error.
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7.2 Description of nonconforming MsFEM

The analysis of nonconforming MsFEM is performed on one periodic problem (3.1), i.e.,
when a? = a¥(z/€) is a smooth periodic function with a period e satisfying the ellipticity
conditions.

The base functions for nonconforming MsFEM are constructed in the following way. We

first construct base functions ¢ in a sampling domain S D K (see Fig. 8.4) by solving
Viag Vil =0 inS,

where ng' is piecewise linear along 05 and ¢£ = §;; at the nodal points of S. For simplicity,
we assume S to be triangular and hence having the same number of nodal points as K.
Moreover we choose S sufficiently large so that diam(S) = h; > h and 95 is away from 0K
at a distance of order e. Next, the base functions ¢. on K is constructed from the linear

superposition of 1:

d
bei = Y cijl, (7.1)
=1

where 7 is the index of the nodal point and constants c;; are determined by the condition
$o,i(zj) = 6ij, =; being the nodal points of K. Note that ¢o; = ?;1 c,-j@bg and ¥,
(¢ = 1,2,3) are linear functions.

By this procedure, the boundary layer structure near 05 is avoided. To make this more

precise, we expand . as

e = o + 5vap¢0 + 69’»

where 1 is the homogenized part of 1., which is linear. For the corrector €', we have

¢ = nPVpipg with nP being the solution of
Vid¥ViP =0 inS and P =x" onds. (7.2)

The analysis of the behavior of n? is a complicated problem, which is yet to be rigorously

carried out. In [9] the problem (7.2) in the half space S = R% whose boundary aligned
-+ g
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with the period was analyzed . Beside the fact that V7P exponentially decays away from
8S, the authors found out that there exists a constant x% such that n?, the solution of
(7.2) with boundary condition n? = x? — x% on 85, decays exponentially too. Moskow and
Vogelius [40] investigated some special features of the behavior of 7* for polygon domains
with specially oriented sides. It was shown that n” has exponential boundary layers away
from the corners. We note that these boundary layers are the cause of large H' norm of n?
and the resonance in MsFEM [28]. Using the over-sampling technique we eliminate these
boundary layers from the base functions. The behavior of 7 in the interior of § has not
been rigorously carried out yet. But it was numerically demonstrated [26] that Vr? has
bounded oscillations in the interior of S. Therefore we assume:

Assumption A: VP € Lo(K) when K C S is away from 0S5 at least at a distance e.

Indeed, as we will see later from numerical results the computational error is not caused
by the terms containing 7P. We note that this assumption is based on numerical result.
Using the over-sampling technique we get rid of a large part of the error produced by 6.

An important consequence of the above construction is that the base functions ¢ are no
longer continuous across the internal boundaries of the elements, nor are they zero on the
external boundaries. Setting the base functions to be zero outside the external boundaries
of the elements introduces first order discontinuities of ¢ along all sides of the elements.
Thus, these base functions are nonconforming and V}, spanned by ¢ is no longer in H!.
This complicates the analysis of MsFEM. In the next section, we will provide the estimates
of the nonconforming error. We remark that despite the complications, the nonconforming
finite element methods have been widely used in practice when conforming elements that
satisfy certain physical and numerical properties are too tedious or impossible to construct
[13, 49].

In our computations, we usually choose a large sample domain, S, to contain many
elements to improve the efficiency of computation [26]. Two implementations of the over-
sampling method have been tested. In [26], we choose S to be non-overlapped, which is
easy to implement. This removes the boundary layers in the interior elements, but the
elements adjacent to 0S5 are still under the influence of the boundary layers. The accuracy
of solutions can be further improved by a fully implemented over-sampling method [27], in

which the sample domains have some overlaps (with width of O(e)). For convenience and
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clarity in the derivations below, let us introduce some notations here. Let
Kp(S)={K:KeK,KcS}
be the set of all elements contained in the sample domain S and
S = U KCS (7.3)
be union of these sets.

7.3 H! estimates

Because of non-conformity of the base functions, we no longer enjoy Cea’s lemma. But we
have the following estimate between the exact solution and the numerical solution in the

energy norm [12] (see section 3.4):

|f (wE) — a(ue, w})|

e — ulllng < C( mf Uus —Pp0+ sup
wheHh

where H” is the finite dimensional space generated by the nonconforming basis functions

(in general H" ¢ H'),

Whha= (Y [ vupas)” (75)
KeKk
and
[f(w?) —a /U'E7 { f'whdx - a vzuev W d-T} (76)
=t fute = B

7.3.1 Caseofh>c¢

Theorem 7.3.1 Let uc be the solution of (4.1) and ul be the numerical solution computed
using MsFEM with over-sampling. Assuming that Assumption A is valid and the homoge-

nized part of ue, i.e., ug, is in W1 (Q), we have
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llue — ubllpa < C’% FOWe+Coh (R > e). ' (7.7)

Remark 7.3.1. The assumption ug € WH*(§) holds for two dimensional convex polygon
domains [36].

In the following, we first consider the “conforming error” on the r.h.s. of (7.4). Then,
we analyze the nonconforming error given by the second term. For the analysis of noncon-

forming error we will need the following lemma.

Lemma 7.3.2 Let D be a unit boz in R? and N(y) € L®(D) be o I-periodic function and
(N) = 0. Then for Vf € HY(K)L®(K), K C R?, and diam(K) = h, we have

| / f(z )dm[ < Ceh.

Proof. Define

fi= | fdz,

Y;

where Y; is a periodic cell of N(z/¢), ¥; € K. Then

- fi”Lz(Yi) < GHVfHLz(Yi).

Denote K’ = Uy,ckY;. We have

JROL( dast<l§_“,/(f fON dml+l2fsz( )dal

Y.CK Y;CK
+1/ - f@N(Z)dal
K\K'
< 21 = Al IV Qg +1 [ £#@N ()il
YiCcK
< CelV gy sy Wl iy + / PN (2)dal
< Ceh.

In the last two steps we have used the Cauchy-Schwarz inequality. O
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Proof of Theorem 3.1. For the conforming part, we notice that in each element K € K",

vP € A" can be expanded as

o = off + PVl + 6", (7.8)

where v} = vkcé?wg with vy = wup(zx) and 6" = vkc;?H;-, ng are the base functions, 9;-
are corresponding correctors in the sample domain S D K and c;? are chosen in order to
give c;?Q/Jg the desirable values at the nodal points. So ¢f = cf?bg are linear functions and

¢k (x;) = 8;%. Then by (3.8)
llue = 2l < lluo — v ln,x + llex? Vi(uo — v)lln,x + ell6™llnxc + el6llnre,  (7.9)
where |Julln,x = (5 (Vu)?dz)'/2. Taking into account that
lluo — v§lln,x < Chluola (7.10)

and xP € WL®(Y) (the latter follows from a¥(y) € W?, p > 2, cf. Theorem 15.1 in [36]),

we have

a5 < CRluolo,x + €ll6” i + €ll0%|n,x, (7.11)
where 6" satisfies the following equation:
Via¥Vi0h =0 in§ and 6" =xPV,u} ondSs.

Since v(’)‘ is linear in K, we have 6" = 7;”\7,,1;{)‘, where 7P is defined by (7.2) and V7P is
assumed to be in Lo (K) (Assumption A). Then using }le[,‘HLz(K) < Cl\Vuollp, k) (see
Appendix B), we get

6™ ln,x < CellVoillzaxy < Cell Vuollzyxy-
Summing (7.11) over all K € K" we have

lue ~ v} llng < Chluolag + €llVual Ly + Cve < C(h + V).
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Here we have used the fact that |ed%]1,0 < Cv/e [32].

The nonconforming error in (7.4) can be written in the following way:

N.C.= sup 17 () “,?(ue’wg)‘ = sup |f (w}) — alue, w})]
ezl wheBt, ublp=1

sup {‘f(w? - lh) - a(uevwg - lh){ + lf(lh) - a(u€7 lh)l}a
wheHh, |lwh|jy=1

he ETh
we €l (7.12)

IA

where I" is the homogenized part of w?. Note that I is a linear function. Because of the
conformity of the linear base functions, the second term on the r.h.s of (7.12) is zero. Then

(7.12) becomes

N.C.LC sup {1f (wh =17 — a(ue,w? — M)}
he frh Bl =
wheH"?, [lwhilp=1 (7.13)
<C sup lf(w? - lh)l +C sup Ia(ue,wi‘ - lh)[.

wheHh, |lwh|la=1 whe A, Jlwh|p=1

First let us estimate the second term of the r.h.s. of (7.13). The first term can be
estimated analogously. Since w! is a linear combination of the base functions wf satisfies

Vza V] =0 in S. Using the expansion for w? = h expvplh + €6 we have

| / i g;‘; Q(}_%;;‘_@ 2| < !J[K ot ———(eV XP)Vpltdz| + | / g;”j Bcgm‘j) dz|.  (7.14)
Observe that u® = ug + ex?Vpup + €6* and
a1V j(ug + exPVpuo) = a¥V jug + ¢V jup + ex*a¥? V1V yuo,
where g = a¥ + a®V X — a. Then (7.14) becomes:
o o),

Aus O(w! —lh
| [ a2 < | o3 S da

< |Vt !/ szpdwl + |V, !/ meVzX dz|

) Vpltda] + | /

+ 1V, | / ai a a (Vi) da|

Ous 9(ed
h i AP LY i
+ |Vl ]i/Ka6 -————amj eVzX dm\—i—i/l;ae 3

(7.15)
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Using Lemma 7.3.2 along with the facts that ug € HZ(Q) N W1°°(Q) and x* € W12 (Y)
( the latter follows from o/ € W1P(Y), p > 2, cf. Theorem 15.1 in [36]), we conclude that
the first two terms on the r.h.s of (7.15) are less than Ceh|VI| because (g¥V;x?) = 0
(|VI] = maxp=1,2 |Vpl"]). It can be easily shown that the third term on the r.h.s. of (7.14)
is bounded by Ceh|VI*||ugl2,x. Then

| / ¢ ?“ g )dx! < Ceh|VI*| + Ceh|VIMuolz,x + CIVI||e0" |1, xclex|n, i + Clucly,ic b1,
Zj

Noting that h|VI?| < C||VI?|| L,(k) and taking into account (see Appendix B)
IVl Ly(x) € CIVWELy(x)s
we have

6u5 —
| [ a8 5 2= da] < eVl + Cel Vool -

+C|IVW Lz €0% |1,k + Cluch,x [€b]1,k-
By the same argument for €6, one has
|ebl1,x < CellVIP||1,x) < Cell V|1, x)-

Summing (7.16) over all K € K" and using Cauchy-Schwarz inequality, we obtain

€ _lh
l/ 6’& a’w )d |<C +C3€;UQ!2Q+CZ‘€6?L‘1Q+01€<C +CQ\/—+CIE

e 8303

where we have used ||Vw!||, = 1 and |e#%|1,q < v/e. Analogously,

By / F (@) (wh — 1M)dz) < | 37 f feVyitda+| 3 / febda]

KeKh KeKh KeK*
< Y VP I ooy + Y Nebllzam I Fllzocz)-
KeKh KeK*

(7.17)
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The second term on the r.h.s of (7.17) can be treated as in the previous case and the first
term is bounded by Ce. Combining the estimates for conforming and nonconforming errors
we have (7.7).0

Remark 7.3.2. The estimate (7.7) is better than our previous estimate for MsFEM
without over-sampling [28]. The leading order error without over-sampling is (e/ h)% due
to the boundary layers in 8. Here we notice that the resonance still exists. Inspecting the
proof, we see that the e/h term in (7.7) comes from the integrals containing x (see (7.14)).
These are the cell terms mentioned in §1. We see below (Section 4) that a similar term

gives rise to the resonance error in the Lo estimates.

7.3.2 Caseof h<e.

Theorem 7.3.3 Let u, be the solution of (4.1) and u” be the numerical solution computed
using MsFEM with over-sampling. Assuming one element per sample, i.e., each sample

contains only one element and a¥ (y) € WH(Y), we have
b h
lue — ulllng < CZ (h < €). (7.18)

Remark 7.3.3. The theorem holds in the case of arbitrary number of elements per sample
under the assumption u, € W, This assumption is true for smooth domains Q.

As in the previous section, we will estimate the conforming and nonconforming error.
For the proof of this case we assume that ¢, ;(z;) = 6;;, z; being the nodal points of K. The
main difficulty is that because the boundary of the sample element has corners, the base
functions are not smooth in any subdomain of S. We overcome this difficulty by introducing
auxiliary functions v = (v1,v2), the solutions of (7.21) and (7.22). These functions are the
same for the base functions of each sample.

Using (7.4) and (7.13) we obtain

llue — ulllne < C( inf flue — v {lhgn + sup |f (wh — %) — a(ue, w — 17))).
vieH" wheHh, [jwkllp=1

(7.19)
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Before deriving the estimates, we introduce the following notations:

if(w — a(ue, w lS-—I/fwhdx—— Z /a VzuEde:z},

KeKk(S)

”w?”hﬁ:( Z /}thlzdsc> ,
KeKh(8)

where S is the sample domain and § = Uxkex,s) K C S with diam(S) = hy and diam(S) =
h; and hy and h; are the same order. In our case S = K and diam(S) = h. Consequently,
h and hqy are the same order.

Remark 7.3.4. In the proof of the theorem, we keep the notation of S despite the fact
that the union of the elements in the sample element is K, i.e., S = K. We note that the
proof of the theorem for the case of arbitrary number of elements per sample can be carried
out following our proof with the notation S.

Proof. To estimate the second term on the r.h.s. of (7.19), we first estimate it in S,
then summation over all S brings us the desired estimates. Consider a sample domain §.

For the second term in K € K(S), we have

| (wh ~ 1) — a(ue, wf = M)k < | fllo.x lwl = Mo,k + Ol Vuelox [V (we — 1) ]lo,x
< Ch?||fllo.x Jwl2,x + C1hl|Vauello,x |wk|2,x
< (CR ) fllo.x + Crhl|Vaello ) lw? 2.k
(7.20)

Here we have used the estimates for the linear interpolants I*. To estimate iwhlg, K, notice

that w"” is determined on K as a restriction of the solution of

ViaVwh =0 in S,

wh = 1" on 88,
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where [" is linear function whose values at the nodal points of K are the same as w?.

Expanding wh = I* + w?, for w? we have

Va9V uf = —(V;a7)(V;1") in S,

wl =0 on A8,

and [wllax = |[wlx.
Because of the conic points on 95, we cannot estimate |w?|s x for any subset K C S.

To overcome this difficulty , we introduce vector v = (v1,v2) such that for k = 1,2,

ViaV vy = ~Via®* in S, (7.21)

vy =0 on 9S. (7.22)

We can treat w{‘ of the same samples as linear combinations of v; and v which are defined

to be the same for each sample. We note that

1
3

2
lul,s = (Z Wk‘%,s) < C|V-allo,s £ C%—- (7.23)
k=1

ry N h . . .
We get w} = (Vii")v. Using (7.21), (7.23), the Cauchy-Schwarz inequality, and the fact

1Vi*lo,x < [Vwlox,

(Appendix B), we have

[wllo,x = [who,x < |Vl |vklo,x < [Vwlllox [0l2,x /- (7.24)
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Now, from (7.20), using (7.23), (7.24), the fact that S = K, the triangle inequality, and the

Cauchy-Schwarz inequality, we get

F@h =% —atuu? — P < 3 1f@P— 1) —a(uw? — )|k

KeKi(S)
<C > hliflloxlVelioxlex+ D CliVudloxlVwtlloxlvle,x
KEKn(S) KEKA(S) (7.25)

< Chl|fllo 5l Vwlllo 51V - allo,s + CllVuelly 51Vl llo 51V - allo,s
< Chhu|£llo gllwélly, g /e + Chul| Vuello sl Vwrllly g/

where we have used the fact that |V - allec < C/e and diam(S) = h; in the last step.
Summing (7.25) over all § C Q and using the fact that h; and h are the same order and

Cauchy-Schwarz inequality, we have

|F(w? —17) — a(u, w] — Mo < Chhullfloglwtlln/e + ChlVucloallwe|ln/e

< Ch/el|fllog-

(7.26)

For the first term on the r.h.s of (7.19), we note that [* coincides with u, at the nodal
points and || VI™|1,(x) < IVtellr,(x) < Ch. This, along with the regularity estimate for
(4.1), i.e., [uelz,0 < Cllfllo,o/€ gives

e =2 < llne = Pl + e = Pl < O o + ot = g
< Ch(lifllag/e + Iolla),
where
lotg,n = ( Z ivglg,K) .
KeKh

Note that v can be handled in the same way as we did for w?. Thus, following the above

procedure, it is straightforward to show that

llue — v2{ln,0 < Chllfllog/e. (7.27)
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Combining (7.26) and (7.27), we obtain the desired error the estimate for error:

Jue—wblno <Ot (h<co).

Remark 7.3.5. For the case of arbitrary number of elements per sample the estimate

(7.27) also contains the term Ch||V, - allo,n/e which is less than Ch/e.

7.4 L, estimates

In this section, we will derive the Ly norm estimates for MsFEM-os (over-sampling). Al-
though the cell resonance has been shown in the H' analysis, the Ly analysis reveals more
clearly the source of this cell resonance. This enables us to design effective methods to
remove it (see §7.5).

Following [28], we use a discrete error analysis to overcome the difficulty. First, we show
that the Ly-norm error can be determined from the discrete {? norm error. For the latter,
we compare the discrete solution of (4.1) with that of the homogenized equation (3.9) at
the nodal points.

More specifically, let us denote by ug the numerical solution of (3.9) which is calculated
using the MsFEM-o0s method. Since the homogenized coefficients a” are constants, MsFEM-
os reduces to the conventional finite element method with linear base functions. Then we

have [28]

lue = ullizo@ < e = toll o) + v — ubllzyo) + luf — wPll 10

< Ce+ Cih? + Callufy — ullliy()- (7.28)

Let N ~ 1/h? be the number of nodal points. Denote ||-|| the standard maximum norm
of matrices in RV*¥ and |- | the maximum norm of vectors in R¥.

The linear system of equations for U? is
AgUeh = f:)': (7.29)

where A" and f are obtained from a(u",v) and f(v) by using v = ¢i for i = 1,... ,N.
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Similarly, for U$ one has
ASUS = £¢. (7.30)
where A} and f& are obtained by applying v = #h (i=1,...,N) to a*(ul,v) = f(v) with
a*(ug‘,v) = /Qaijv,iug’jdaz.

The “comma” notation is used here and below for partial derivatives. Note that U” is not
exactly the nodal values of u} since the base functions ¢/ have different values at the same
node corresponding to triangular elements with the common vertex at this nodal point. On
the other hand the values of the base functions in different triangles at a common node

point differ from each other by order e. So we sometimes still refer to U" as nodal values
of the numerical solution.

The main result of the section is summarized as follows:

Ly Error Estimate: Under Assumption A, we have
[UP — Ub| < C,e2/h% + Che|lnh| (B> €). (7.31)
It follows from the above estimate and (7.28) that for h >> e,
llue — ut||z, ) < Ce+ Cih? + Cré?/h% + Cie|Inhl.

The above Ly estimate can be proved rigorously. To illustrate the main ideas more

clearly, we will present the error analysis through the following steps.
Step One: Asymptotic expansion of the discrete operator

Using the asymptotic expansion of the base functions,
¢l = ¢ + exXPV, g} + €67, (7.32)

we can expand the stiffness matrix of the problem around the stiffness matrix of the ho-
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mogenized problem as follows:
Ab = Ab+edl, R =Ryt (7.33)
where A% and f} are assembled from
m=~LfWﬁﬂﬁ%ﬁﬂm+Lm%MmﬁELE%M%M, (7.34)
and
fro== [ fneshis- [ fpids (7.35)
K K
respectively, where K € K”; 0% is the integrand in (3.10), i.e.,
0" = ¥ (85, + VIxF),

and 64 = o¥ — g9 — oI Xfy,,- Note that from (3.10) and (3.11) we have < 0¥ >= a? and
afgi = 0, respectively. Using integration by parts we further obtain < oPi Xfyp >= 0, and

hence < & >= 0. Later, we will use this property to extract a conservative structure in

A% operator.
Step Two: Asymptotic expansion of the discrete solution

Next we will obtain an asymptotic expansion of U? in powers of e. This asymptotic

expansion can be shown to be convergent later in this section.

Ul=U+> €Ut (7.36)
i>1
where Ul (i > 1) are given by
AJUL = f - ARUE; (7.37)
AbUR = —AbUR (> 1), (7.38)

We note that the expansion enables us to avoid dealing with the inverse of A? whose entries
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are oscillatory. In contrast, A} and its inverse are well understood. Furthermore, we note
that because the homogenized base functions are linear, the expansions of A? and f? have

only two terms. This simplifies the equations for U (i > 1) (i.e., (7.38)) and their analysis.
Step Three: Recognizing the conservative structure in Al

Let GI = (A})~!. Then we have

Uh = Ghh — GhARUE, (7.39)
UP = -GhAbUr,  (i>1). (7.40)

In [28], it was found that the linear system (7.39) has a conservative structure which leads to
cancellation of the resonance error by using “summation by parts.” Here we give a simpler

proof.

Lemma 7.4.1 Let G} = (AB)~!. Then for any V € RN
N j<k ‘ ' - B
(GEATV) =D > AY (VI - VF)(GE - GY). (7.41)

k=1 j=1

Proof. First, we note that

Pgw

3
=1, D d=1,
k=1

k=1

for all K € K*. Then it follows from (7.34) ([28]) that

N I
> A7 =0
j=1
Thus,
N .. . N . . N . . N .. . .
ST AVVI =N ATVI - ATVE= Y ANV -V,
=1 j=1 i=1 j=1, i

By the symmetry of Ailj (cf. (7.34)), we can combine Alfj (V7 — V*) and A{k(Vk — V) in
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the sum of G’ékA’fj V7 and get

N . N ) ) N j<k B
S S AT -vE) =33 AP (VI - VvRGE - GY).
k=1 i=1, j#k k=1j=1

Thus, (7.41) follows immediately. O ,

We note that A} is sparse. The following definitions are helpful to describe the sparsity.
We say two nodal points are neighbors if they are the vertices of the same element. For
a nodal point with index &, we denote the set of the indices of its neighbors by O (see

Fig. 5.1). We have Aéj =0 if j € O;. Thus, the r.h.s. of (7.41) can be written as

Z > AP I - VRGE - GY).
k=1j€0k,j<k
Since the summation of j depends only on the geometry of the mesh and is independent
of N (or h), we can safely ignore it when estimating the above expression. This will greatly
simplifies the presentation. Introduce a difference operator D such that for any V € RY,
(DV) = V¥ — V7 for some j € Oy. Note that j is not specified in the definition. For

a matrix, D applies to its row vectors unless otherwise stated. With this definition, from

(7.41) and Lemma 7.4.1 we get
Uh = Gh b — DGR AR DUY. (7.42)

Here, the important features to notice are the differences on Gf} and Ué‘; the details of these

differences, however, are not important and are hidden in D. For example, for an interior

nodal point k (Fig. 5.1) DGR AP DU} becomes

DGGA}DUG = Dyry Gy AP~ D,y UF + Dy G AT*~"D,U¥ 743)
7.43
+ D G AR*-1p Uk
where Dy G = Gy™™ ! — G, D,GIF = GF™ — G¥, DG = GF™' — G¥, and
similarly for UF. We would like to note that in DGy the difference operator is applied to

the second index of Gy.

Step Four: Additional conservative structure in A? and error cancellations
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To further exploit the conservative structure in A?, we break A? into two parts, Af and
¢, where A are those integrals in (7.34) containing 0 and A§ are the integral without 6,

ie.,

§, = /K aij(gbg,jﬂfi-f-qﬁé:ﬁﬁ)dx—{— /K ea6%6! dx

e 1

. (7.44)
2 € /K &Z]#),jgbg‘,idm.

Similarly, let F£ and F§ be the first and second integrals in (7.35). Moreover, let A? be the

matrix whose entries are assembled from A{ (i = 1,2), such that
Al = AP+ AR (7.45)

F} and F} are defined similarly.

A key observation made in [28, 26] is that the MSFEM can be improved if f{ and A? can
be written in difference forms. Such difference structures enable further error cancellation
and hence reduce the error. It was found [28] that A} can be written in difference forms.
However, the boundary layer structures in 6! prevent A? from having a difference structure.
Therefore, the idea of over-sampling is introduced to remove the boundary layers [26]. In

Appendix A, we will show A% and f? have a difference structure, i.e.,

Al =DX' and fP=Djf", (7.46)

where A" is a matrix and D applies to its column vectors. Consequently, for the first term

on the r.hs. of (7.42), we have
|GEH1 = |GEDf*| = IDGE*| < | DGR |f* < Cefh+ Cr. (747)

It should be noted that in obtaining the second equality, we have used the summation by
parts. The details in this step are not shown. We ignored the sums of the boundary terms
generated by the summation by parts (analogous to the boundary integrals produced by the
integration by parts). These sums are at a lower dimension and do not exceed the interior
sums. Below, we use the summation by parts in the above symbolic fashion. We remark

that it can be justified rigorously (cf. [28, 26]).
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Using (7.49), (7.51), and (7.52) we obtain

|DGEARDUL| = |D2GEN'DUE + DGEN'D?UR| < C|Inh| + Cy. (7.48)

Step Five: Estimate for U}
By the over-sampling, the error due to 67 is reduced to lower order. Using || V6]| Loo(K)

C/h (which follows from Assumption A) and the sparsity of A%, we can show that

IAbI < C, MBI < C/hy (7.49)
|FP| < Ce, |F3|<Ch. (7.50)

Moreover, it can be shown that

|DU}| < Ch,  |D*UP| < Ch?; (7.51)
|GAIl < C/h?, |DGE| < C/h, (|D?Gh| < Clnlhl. (7.52)

Combining (7.48), (7.45), (7.47) and our estimates for A? , we obtain the estimate for

|eUl| < Ce|lnh| + Cye. (7.53)

Step Six: Estimate for higher order terms, Uih (¢ > 1), and the cell resonance

To complete our Ly estimate for UP, we need to estimate Ul (s > 1). It turns out that
the higher order terms behave differently from the leading order term, UP'. To illustrate

this point, let us consider UZ. From (7.38) we have
Ul = DGR A DUP = DGR(AY + A DUR.

From the definition of A%, it is clear that the leading order error comes from A%. Moreover,
the difference structure of A? and summation by parts do not help reduce the error. The
reason is that U{‘, unlike U}, is oscillatory and its change over a distance of h is no longer

small. In fact, DU and the higher order differences DPUP (p > 1) are all O(1). Thus
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|U2| < 1/h2. Similarly, it can be shown that U (i > 1) are of order 1/h¢ or 1/h% In(]Al).
Consequently, the formal series (7.36) converges for small €/h. Using estimates for AZ! it
can be shown that the formal series (7.36) converges to the solution.

It is evident from the derivation that the resonance error, Cre?/h?, in (7.31) is due to
A’zz, which is not improved by the over-sampling. Below, we will see that th_e error is due to
the cell resonance. Here, we would like to point out that (7.31) seems to be an overestimate
for the actual computations. In our numerical experiments, we found that €|lnh| is the
dominant error in most cases, even when h and ¢ are of the same order (see [26, 27] and
also below). From our computational experiments it is difficult to observe the €2/h? error,
although it does seem to have an important effect on the solutions for certain choices of

h/e. This subtle behavior of cell resonance is discussed further in the next section.

7.5 Cell resonance and averaged over-sampling

In this section, we study the effect of A}, which gives the error of order (¢/h)? in (7.31). To

further understand A%, we consider

1 [ ..
Agkl = A01J¢6:1¢§,idx‘

€

Because < ¥ >= 0, applying Lemma A.0.1 to our triangulation (Fig. 5.1), we deduce that
AR =0 if @ = h/e is an integer. It follows immediately that U — U$| = O(e) and there is
no resonance. In general, |A%| depends on the value of a: the norm is smaller if o is closer
to an integer. Indeed, o is a measure of how good the element size matches the perfect
sample sizes, and the resonance due to A} is nothing but the cell resonance.

In the following, we first show the subtle behavior of the resonance error through numer-
ical tests. Then we provide a partial analysis of the error followed by a numerical approach

designed to remove the cell resonance.
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Table 7.1: U — Uf||;,. Note: o = h/e is irrational in the middle column.

b a=15 o~ 1.5396 a = 1.5625
lo rate Iy rate 2 rate
1/16 1.85e-4 1.75e-4 1.58e-4

1/32 | 1.0le-4 | 0.87 |} 9.70e-5 | 0.85 || 8.53e-5 | 0.89
1/64 | 5.60e-5 | 0.85 || 4.57e-5 | 1.09 || 4.44e-5 | 0.94
1/128 | 3.51e-5 | 0.68 || 2.45e-5 | 0.90 || 2.26e-5 | 0.97
1/256 || 2.76e-5 | 0.34 || 1.30e-5 | 0.91 || 1.14e-5 | 0.99
1/512 |} 2.57e-5 | 0.10 || 6.74e-6 | 0.95 || 5.75e-6 | 0.99
1/1024 || 2.54e-5 | 0.02 || 3.31e-6 | 1.02 || 2.91e-6 | 0.98

7.5.1 Some observations

We first present a comparison between Ueh and Ué‘, using the same periodic test problem as

in [26, 27]:

o — 2+ Psin(2rz/e) 2+ Psin(2ny/e)
7 24 Pcos(2ry/e) 2+ Psin(2nz/e)

(7.54)

(P=1.8) and f = -1

Table 7.1 shows the discrete I norm of U — U for three fixed o’s. We see degrading
convergence as h decreases when o = 1.5. Moreover, the error stagnates at the bottom of
the column. This result shows that the constant C, in front of the resonance error (see
(7.31)) is quite small. In this case, it is less than 6 x 107 (or 0.3% of the maximum value
of U(’,L). For the other two «’s, however, the convergence appears to be first order and C,
in both cases must be extremely small if not zero. Note that the differences in the values
of a are small. Thus, C, is sensitive to a and depends on « in a subtle way.

The fact that C, is generically small has been demonstrated before [27, 26] by various
examples including some random cases. In this section our goal is to understand the nature
of C,.

There could be several factors contributing to the subtle dependence of Cr on a. Among
them we notice that the expansion of UP is strictly valid for € < k, while the cancellations
among terms of different orders can be important when A and € are close. Therefore, we

study below the difference between U? and U} directly.
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Following the derivations in the previous section, we have

Ul — Uf = «(DGEAR DU} + G2 1)
= e[DGH(A? + AH)DUE + D*GPXP DU + DGEN'D?UY + DG 7,

where GP = (A%)~1. Note that we have used (7.46). Having obtained (7.49) and (7.50),
our remaining problem is to estimate DG? and D?G?. Using the asymptotic expansion of
G" with respect to € we can show that ||DG?|| = O(1/A) for € < h. Our numerical tests
indicate that this estimate is indeed valid even for & = h/e ~ 1, e.g., those values in the

Table 7.1. If this is the case, then we have
Ul — Ul = eD?’GPN"DUY + O(e). (7.55)

The resonance error is contained in the first term on the right hand side. As usual, we can
estimate || D?G?||, which gives the upper bound of the error. Indeed, noting that ||\*|| has
the same order as ||A}|, i.e., 1/h, and that |[DUZ| ~ h, we have

U2 — U| < Ce|| DGR, (7.56)

It should be stressed that in this upper bound, we have ignored the subtle cancellation in
DzGQAth'é‘. Therefore (7.56) tends to be an overestimate.

According to (7.56), the |Inh| behavior of ||[D2G?|| implies first order convergence of
the solution but not vice versa. In fact, for o = 1.5625 our numerical tests indicate that
| D2G?|| behaves almost the same as in the case of & = 1.5 (not shown here), however the
solutions converge with first order (see Table 7.1). We attribute this delicate situation to
the complicated error cancellation in D2G"A\*DUP, which depends on the coefficients a.
and o. In the next subsection we investigate the behavior of || D?G?|| with respect to a.
This behavior determines the regions of a for which ||[D2G?|| is of order |Inh|. Moreover,
the dependence of || D2G?|| on « might be helpful in understanding of the subtle dependence
of C, on a. The further error cancellation in D?GAA\* DU} has not been fully understood
yet. This error cancellation is difficult to analyze using the above approach of asymptotic
expansion. Instead of exploring such special error cancellation, we study a much more

general method for eliminating the resonance error in the section 6.
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Table 7.2: Influence of magnitude of & = h/e on ||[D2G||;,.

b a=15 a=125 a=45
I increment I increment Iy increment
1/8 2.192 2.181 2.184
1/16 2.724 0.532 2.661 0.480 2.643 0.459
1/32 3.478 0.754 3.240 0.579 3.137 0.494
1/64 4.749 1.271 4.091 0.851 3.746 0.609
1/128 || 7.154 2.405 5.583 1.492 4.658 0.912
1/256 || 11.887 4.733 8.443 2.860 6.285 1.627

7.5.2 The discrete Green’s function and cell resonance

Now consider the behavior of the second difference of G*. It is difficult to analyze the
behavior of G” analytically. We study it numerically and compute it for very small e. We
will combine analytical arguments with the numerical experiments. We use the asymptotic

expansion as a guidance. After some algebra, we arrive at the following estimate

|D*G%|| < C|Inh| + —g-% (Collnh)/a)t + O(a™Y). (7.57)
i>0

The series is convergent when « >> 1.

From (7.57), we see that for fixed « if C,/c is small, | In h| may domintate the estimate
for relatively large h. But, as h — 0, the 1/h term will eventually dominate. This non-
uniform behavior of D2G? explains the non-uniform convergence of solutions in Table 7.1
for o = 1.5, where we see that the convergence rate gradually decreases.

Since G? is a dense matrix with large dimensions, it is difficult to compute. Thus, we
test only one row of G?, denoted by G”. Note that ||D?G?| is the maximum of || D2G"|;,
over all rows. In our test, we choose G* to be the one whose peak is at (0.5,0.5), the center
of Q. We use this row to show the qualitative behavior of D?G%. For fixed ¢, the transition
from |Inh| to 1/h in the behavior of [|[D*G"|l;, as h decreases has indeed been observed
numerically. This observation is consistent with (7.57). Moreover, since the fractional parts
of & are the same in this test, one can deduce that C, does not increase with . Therefore,
the | Inh| regime extends over a longer range of h for larger a.

The fractional parts of o has a strong effect on C,. As mentioned above, C, = 0

for integer @. One can imagine that C, should be small when « is close to an integer.
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Table 7.3: Influence of the fractional parts of a = h/e¢ on || D?G"|;,.
b a=15 a=1.25 a=1.125
Iy increment Iy increment I increment
1/8 2.192 2.160 1.977
- 1/16 || 2.724 0.532 2.642 0.432 2.677 0.700
1/32 || 3.478 0.754 3.192 0.550 3.177 0.500
1/64 | 4.749 1.271 3.956 0.764 3.790 0.613
1/128 || 7.154 2.405 5.221 1.265 4.704 0.914
1/256 | 11.887 4.733 7.563 2.342 6.295 1.591

~3
5219 . : .

D2Gh

Figure 7.1: A cross-section of D?G" for o = 1.5 (solid line), @ = 1.25 (dash line), and
a = 1.125 (dotted line). Note: only one part is shown here to avoid the singular point.

From (7.57), the 1/h term is less significant for smaller C,. This has been confirmed with
numerical results.

The influence of the fractional part of o on [|[D*G?|| can be viewed from another point
of view. We observe that in general when ¢ = 1.5, the sign of Agj (with fixed j) alternates
for every other i. As a result, G has small oscillations at about the same frequency.
The oscillations in G? can be magnified after taking differences on G?. The frequency of
oscillation is determined by the fractional part of o; the oscillation is less frequent when
o is closer to an integer. As shown in Fig. 7.1, the period of oscillation, in terms of the
number of nodal points, is 2 for ¢ = 1.5, 4 for o = 1.25, and 8 for o = 1.125. Moreover,

| D2G"|| is smaller if G? oscillates less frequently. Thus, when h =~ ¢, both the magnitude of
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C« and the frequency of oscillation are important in determining the behavior of [|[D?2G?||,
which in turn influences the convergence of solutions. We conclude that the cell resonance

is weaker for a closer to an integer.

7.6 Averaged over-sampling method

To demonstrate the main idea of averaged over-sampling method we assume that the ho-
mogenized coefficients are constants and the mesh is uniform (Fig. 7.2). As we showed

above the stiffness matrix of over-sampling method can be written as
A=Ag+eA;, A=A 4 48,

where A" and AY consist of the cell term and of terms containing 8 of A; respectively.
For further convenience let’s introduce the following notation.

Definition. Denote <y the union of two triangular elements with the common side
whose vertices are k and [.

For example, O (Fig. 7.2) is the union of elements S7 and S.

‘We assume that the nodal points are numerated lexicographically from 1 to N. Then
the entries of Af)j (1,7 = 1,...,N) are the same on the 2 — D mesh along each diagonal
with 7 being the index of interior nodal point. Indeed, it can be easily checked that &+ =
a¥ V¢tV 4k is the same for k and [ for which < can be translated to each other (see
example below).

For the same reason, the elements of the cell matrix A have the same integrands for
those k and [ for which ¢y can be translated to each other, particularly the elements on the
same diagonals corresponding to interior nodal points ( but notice that they are integrated
over different domains). For example, Ok and Op,y, (Fig. 7.2 ) can be translated to each

other and

ko __ 1 12 mn __ 1 12
Ageny = 71’5/ o “dz, cell = 7»5/ o dz.
S1+S2 S3+54

Consequently, taking the arithmetical average over the diagonal entries of A¥ (i being
the index of interior nodal point) and replacing them with the average, we obtain a new

stiffness matrix with the same Ap. But by doing so we reduce eAﬁe” and get rid of resonance.
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S1 S3
S2 34

Figure 7.2: The neighboring elements in a triangulation

Indeed, the arithmetical average of the above mentioned elements of the cell matrix with
the same integrand h=2 [}, ((z/€)dz will be averaged to [, {(z/€)dz where diam(f) is of
order 1. The value of this integral is of order €. It can be shown that the integrations’
domains will sum up to a single connected domain with size of order 1. We remark that
using these averages, we can find a¥ which is important in some applications. The impact
of the averaging on Af is of order O(h + ¢€). Thus we can conclude that MsFEM with
averaged bver-sa,mpling is first order for problems with periodic coeflicients.

Remark 7.6.1. The error made in the homogenized coefficients of the operator contributes
at the same rate as the H' norm of the difference between the exact homogenized solution
and numerical solution using the homogenized coefficients obtained numerically.

Remark 7.6.2. Tt can be shown that the averaged over-sampling method converges is we
can neglect the effect of 8 for problems with stationary ergodic random coefficients [32, 8]
independent of the ratio between h and . Indeed, averaging gives us the numerical solution
which converges to the homogenized solution for a.e. realization in Ly norm independent

of the ratio between h and e. Consequently, we obtain
Eflug — uelZ, ()~ 0

independent of the ratio between h and e.
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PART 11

UPSCALING OF ABSOLUTE PERMEABILITY
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Chapter 8 Upscaling of absolute permeability

8.1 Introduction

The direct numerical simulation of flows through porous formations is difficult due to the
fine scale heterogeneity in the media. A common approach is to “scale up” a heteroge-
neous medium. For a single phase flow problem, the medium is solely described by the
permeability field which can be very oscillatory. The goal of upscaling is to find an effective
representation of the permeability on a coarse mesh so that the large scale flow can be cor-
rectly computed on this mesh. The computational cost is thus greatly reduced. The main
result of upscaling is often the block permeability, a constant tensor computed in each grid
block. Both analytical and numerical methods have been used in upscaling; see [51] and [44]
for recent extensive reviews. While various formulations are proposed based on different
physical and numerical considerations, we only consider flow based upscaling in this paper.
The central theme is to compute the block permeability from certain averages of fine scale
flow solutions. These fine scale flows can be obtained from either the global solutions of
the flow equation in the whole reservoir [52] or the local solutions in each grid block. The
latter approach, though, demands much less computing power. For convenience, we refer
to the two approaches as global and local Laplacian, respectively.

Recently, the local Laplacian method has been extensively studied and successfully used
in practical computations (see, e.g., the above review articles). However, some important
issues associated with the method have not been addressed satisfactorily. For example,
ideally the block permeability should only depend on the structure and the partition of
the medium [30]. But in practice it has been observed that the block permeability can
be strongly affected by the boundary conditions imposed for the local flow equation (cf.
[15]). Furthermore, it is well-known that when the size of grid blocks is close to the scale
of heterogeneity, the pressure and flow solutions computed on such a grid can have a large
error. The understanding of these questions is indeed crucial for a quantification of the
upscaling error.

Here we provide a rigorous analysis of the upscaling error. We assume that the under-
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lying medium is periodic at small scales; however, the upscaling formulations we analyze
are fully general. The periodic assumption enables us to explore the detailed structures of
the local fine scale solutions using the homogenization theory [8, 32]; therefore accurate a
priori estimates can be obtained. We show that the upscaling error appears as a resonance
between the small physical scales of the medium and the artificial mesh scale (size). Indeed
the error is given by the ratio between the two scales: it increases as the size of grid blocks
gets close to the small physical scales. We also show that the effect of different boundary
conditions lies in a narrow region near the boundaries of grid blocks and it contributes to
the resonance error. Therefore, by using an over-sampling technique [26], we can remove
the boundary layer effect and obtain the upscaled grid-block permeability. In this case, the
scale-up accuracy is also improved. We provide numerical experiments to demonstrate these
analytical findings. The upscaling of general heterogeneous media is much more difficult to
analyze. However, the insights obtained through analyzing the model problem are useful
in understanding the upscaling error in problems with more general random media. This is
demonstrated through numerical tests.

The analysis here is motivated by the recent development of the multiscale finite element
method for solving porous media flows [28, 26, 27]. In this method, the permeability is not

explicitly upscaled. The focus is on the final solutions: the pressure and velocity on the

coarse

¢}

rids. Similar resonance error was found [28]. The problem has been further studied
in more detail in the first part of the work. Although the mechanisms of resonance are
the same, the effect of resonance is stronger for the upscaling methods analyzed here (see
Section 8.4).

The rest of this chapter is organized as follows. In Section 8.2, we present a coherent
account of upscaling formulations. Different formulations are shown to be equivalent under
proper conditions. Section 8.4 starts with a brief review of the homogenization theory for
media with periodic small scales. The analysis of resonance error is given subsequently.
In Section 8.5 we discuss the use of over-sampling technique in upscaling. The following
section is devoted to the discussion on the averaged over-sampling technique. Numerical

results are given in the last two sections.
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8.2 Formulations. Effective and grid block permeability

The central goal of upscaling of absolute permeability is to approximate a highly hetero-
geneous media with fine scale oscillations by an effective or equivalent medium with only

large scale variations. Consider single phase Darcy’s flows in a medium Q:
u¢ = —K*(z)Vp°, V-u = f, (8.1)

where u¢ is the velocity, K¢ is the permeability tensor which is symmetric and positive
definite (assuming unit viscosity), p is the pressure, and f is the source. Note that € is
a small parameter indicating the length of the small scales. To solve (8.1) numerically,
one need to cover 2 with a mesh consisting of finite number of grid blocks. An accurate
solution is obtained if h < € (h being the size of grid blocks). This requirement is often too
restrictive for practical simulations.

The ultimate goal of upscaling is to compute solutions on a mesh with mesh size h > .
The approach considered in this paper is to replace K¢(z) with the grid-block permeabilities,
K, a constant tensor defined in each grid block. By definition, K is a discrete quantity
relying on the discretization of the medium. In particular, K depends on the location and
geometry of the grid block in which it is computed. The essential requirements for K is
that it leads to pressure and velocity solutions with desired accuracy. Moreover, one hopes
that K depends only on the heterogeneous permeability field and the discretization of the
medium, so that it can be used in different flow scenarios once it is computed.

Different definitions of K have been proposed (cf. [51]). Following [45], we define K in
a given grid block V such that

K(Vp®)y = —(u)y, (8.2)

where p¢ and uf are solutions of (8.1) in V (with appropriate boundary conditions, see

Section 8.3.1), and

(v =7 [ (s

is the volume average over V. In 3-D, three pressure solutions are sufficient in order to
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determine K from (8.2), provided that the volume averages of the pressure gradients are
linearly independent. It is evident that different sets of pressure solutions in general lead to
different K's. This makes it difficult to analyze the use of K in more general flow simulations.
It seems that an analysis of upscaling error is feasible only if K can be related to an intrinsic
property of the medium. Such an intrinsic property is the effective permeability of the
medium, K*.

Physically, K* exists when there exists an elementary representative volume (REV)
such that the averages of the pressure gradient and velocity over this volume have a unique
well-defined relation. An REV should be large enough to contain small scale information
for a meaningful average and yet sufficiently small to reflect the large scale heterogeneity of
the medium [6]. These ideas are expressed more rigorously in the homogenization theory.

Mathematically, K* is defined through the following criteria [8]: for any measurable V C €,
3 € —_ H € —
lim (Vp%)y = (Vo) lim (u)y = (u)y, (8.3)
where p and u are the solutions of the effective (or homogenized) equation
u = —K*"(z)Vp, V-u=f (8.4)

in 2. In (8.3), we have replaced the weak convergence of Vp® and u° by their equivalent
definitions (cf. [22]). It can further be shown that the sufficient condition for the existence
of K*, p, and u is that for any V the limits on the left-hand sides of (8.3) exist (see [32] for
more rigorous details). This condition is very general; it does not assume any structure of
the small scales of K*.

The nice properties of K* are [32]: (1) it is unique; (2) it is independent of the source
term f and of the boundary condition on 9€; and (3) it can be determined locally, i.e., to
determine K* at a point z € €, one needs only to consider (8.1) in the neighborhoods of z.
This last property of K* is the foundation of all local Laplacian methods.

It is easy to see that K is an approximation of K*. More specifically, consider a point
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Figure 8.1: A 3D grid block.

z €  and grid block V' € § containing z. From (8.2), (8.3) and (8.4), we have

(u)y = lim (u)y, = —(K*Vp)y = —K"(2)Vp,

e—=0

(Vp)y = %1_1}(1) (Vp%)y = (Vp)y.

Thus, K = K *(z). In later sections we analyze the accuracy of this approximation in
details. Then we analyze the difference between the upscaled solution and the homogenized
solution of (8.4) and hence, indirectly, the difference between the upscaled solution and the

fine scale solution of (8.1).

8.3 Overview

8.3.1 Local Laplacian formulations

In these methods, K is determined from the local flow solutions in the grid blocks. The
main differences among various formulations are the boundary conditions imposed on the
flow equation and the averaging processes for computing K. Here we provide a unified view
of the local Laplacian approach and clarify some misconceptions.

Consider a cubic grid block V of size h in a d-dimensional space (see Fig. 8.1). To
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determine K from (8.2), we need d sets of fine scale flow solutions in V, u$ and p§ (i =
1,...,d), such that (Vp§),, are linearly independent. These fine scale solutions are solved

from
ui = —K°Vpf, V-uj=0 (8.5)

in the grid block V. Note that the source term is set to zero because of the second property
of K* mentioned above. Equation (8.5) is well posed with suitable boundary conditions

on OV. Define w§ = p§ — ;. Then
ui = —K(Vui +e), (8.6)

e; being the unit vector in the ith direction. Thus, the linear pressure drop condition [24],
the periodic boundary condition [46, 33, 15], and the widely used pressure-drop no-flow

condition can then be formulated respectively as

wi =0  ondV; (8.7)
w§ being periodic on V; (8.8)
wf=0onTy, n-ui=0o0nTy (j#i), (8.9)

where I'* are the faces of 9V normal to e;. We note that (8.7) can be conveniently imposed
on 9V if V is not a rectangular box. (8.8) and (8.9) are not as flexible, but one can embed
V in a larger rectangular box V' and solve (8.5) in V'. This strategy indeed has some
advantages; see Section 8.5.

Conditions (8.7) and (8.8) guarantee the linear independence of the averages of pressure
gradients. In fact, if either (8.7) or (8.8) holds, the Green’s Theorem gives

1
(Vpily =eit+ /W winds = e;. (8.10)

Thus, (8.2) can be simplified as

Ke; = —(uf)y. (8.11)
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Another nice property of (8.7) and (8.8) is that they lead to symmetric and positive definite
K. Indeed, (8.10) and (8.11) yield

€ Kej = —€;- (u€~

iy = —((Vp{ — Vi) - uf)

v
By (8.5), (8.7) (or (8.8)), and integration by parts,
/ Vw; - u§ dz = / win - u; ds = 0. (8.12)
v av
Therefore,
ei- Kej = (VpE - KVpj) (8.13)

and hence K is symmetric and positive definite. Eq. (8.13) gives us another way to compute
K. In fact, it gives symmetry up to the round-off error in numerical computations.
In contrast to (8.7) and (8.8), the condition (8.9) does not enjoy the above properties.

Because of (8.9), in general (8.10) is invalid. Indeed, we have

/ winds = Z Cie; # 0,

v j#i

C; being some constants. Thus, (Vpf),, is not aligned with e;. Consequently, (8.11) and
(8.13) are invalid under the boundary condition (8.9). In this case, the original equation
(8.2) should be used. Without (8.10), it is more difficult to show the linear independence
of (Vpf),,- In Section 4 using numerical examples we show that (8.9) works as well as (8.7)
and (8.8).

There are many other choices of boundary conditions. Here we only consider the ones
listed above because they are simple and easy to use in practice. Some other simple bound-
ary conditions may generate singularities in the local fine scale solutions which are difficult
to analyze and compute; thus they should be avoided. An example is to let p* = 1 on one
face of OV and p® = 0 on the other faces.

We remark that several popular upscaling formulations can be included in the above
formulation based on (8.2) and (8.5). For example, with the periodic boundary condition

(8.8), the formulations in [46, 15] are included. The block permeability Kitanidis [33]
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derived using the method of moments under the periodic boundary condition is identical
to the symmetric part of K, which equals K itself. Moreover, the formulation based on the

conservation of dissipation [30] is equivalent to the above formulations under the conditions

(8.7) and (8.8) (see Appendix C).

8.3.2 Volume vs. surface averages

In many practical upscaling computations, instead of using the volume averaged flux on
the right hand side of (8.2), one often averages the velocity over the outflow surface. This
approach seems appealing physically, but it may give incorrect results.

Durlofsky [15] noticed that under the periodic boundary condition (8.8), the volume
average of velocity can by replaced by the averaged outflow. This is also true for the

Dirichlet condition (8.7). Indeed, using (8.5), (8.13), and integration by parts we have

- 1
Riy=1 /a pin - ds (8.14)

By using (8.7) or (8.8), it can be further reduced to

~ 1
K;; = T, /1‘ e+ u;-+ ds; (8.15)

the plus sign indicates that the flux is taken at the outflow boundary. We see that the
volume averaged flow is equivalent to the averaged outflow under the condition (8.7) or
(8.8) for rectangular grid blocks. Furthermore, since uj is divergence free, under (8.8) one
can show that the averaged flux is identical over any cross-section of V' parallel to T';. This
property, however, is not shared by (8.7).

The boundary condition (8.7) (or (8.8)) is crucial in the derivation of (8.15) from (8.2).
The derivation breaks down under the pressure-drop no-flow condition (8.9). As pointed
out in the literature, only when K is diagonal can one obtain the correct result using (8.9)
together with (8.15). This can also be seen from the above derivation.

A common misunderstanding is that one cannot compute the off-diagonal entries of K
if (8.9) is used. This conclusion is often deduced mistakenly by confusing the volume with

the surface averaged flows. Instead, under (8.9) the right-hand side of (8.15) vanishes for
i # 7, but the right-hand side of (8.2) may be nonzero. A simple example is demonstrated
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No flow

No flow

Figure 8.2: Flow through a channel. There is no flow through the top and bottom surfaces,
but the volume averaged flow has a vertical component.

in Fig. 8.3.2 (see also Section 8.7.1).

8.4 Accuracy of upscaling

We now study the accuracy of the upscaling method given in the last section. We assume
the medium is periodic at the small scale, i.e., K¢ has the form K(z,z/¢€), where K(z,y)
is periodic in the y variable in a unit cube Y. For this type of media, the homogenization
theory [8] makes it possible to understand the upscaling precisely. For simplicity, we assume
that K is smooth in both z and y below.

In the following, unless otherwise stated, Eistein’s summation convention is used, i.e.,
summation is taken over repeated indices; V is a cubic block of size h; C denotes a generic

constant independent of h and e.

8.4.1 Some estimates

With K¢ given above, the homogenized effective permeability is given by [8, 32]

Ki(z) = ((ei + Vyx' (%)) - K(2,9) (e + Vyx (z,9)))y- (8.16)
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where () = [, (-)dy/Y, V, is the gradient with respect to y, and ¥’ is the periodic solution
of

Vy - K(z,y)[Vyx/(z,y) + &) = 0 (8.17)

in Y and satisfies fY x/dy = 0. Note that z is just a parameter in the above equations.
Since K (z,y) is smooth, it is easy to see that K*(z) is also smooth.
Assuming Dirichlet boundary condition, p¢ = g(z) (g is independent of €) on 912, the

solution of (8.1) has the following expansion [8]:
p(z) = p(z) + €p'(z, y) + €0° + us. (8.18)

Here p(z) is the solution of the homogenized equation (8.4) with K™ given by (8.16) and
boundary condition p = g on 8%; p’ is given by

b ,
p'(z,y) = %(w)xz(w,y),
1
and @€ satisfies
V- -KV6 =0 inQQ, 6¢ = —p' on 8Q. (8.19)

We note that the main role of 6 is to correct the discrepancy in the boundary conditions
between p¢ and its first order expansion p + ep’. The discrepancy is caused by the fact that
p' is periodic in y and hence generally nonzero along 0€2.

For convex polygonal domains, it can be shown that [40]
IVp* — V(p + ep’ + €6%)||1,0) < Cellpll a2 0, (8.20)
where C is a constant independent of € and the size of Q. (8.20) is equivalent to
Vuallz, ) < Cellplla2q) < Ce.

In the last step we have used the fact that ||p||z2(q) is bounded (this is true under the

regularity assumptions on K€ and g).
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Remark 8.4.1. We note that in the case of g(z) =z; (i = 1,...,d) uz = 0.

The following estimates can be readily derived by elliptic regularity

Vil Loy < CRY2, VD3l Ly(0) < CRYZ, 5.21)
V6l Loy < Ch T €7, |16]|Ly(0) < ChS.

The following lemma can be proved from Lemma 7.3.2 with minor modifications

Lemma 8.4.1 Given domain V with diam(V) = h, let g(z,y) be a Y-periodic function

in y, where Y is the unit cube. Assume g(z,y) € CH(V)N CYY). Then for any flz) €
HY(V)NnC%V), we have

< Ceh®1,

!/V f(z)g(z,z/e) da:-/vf(x)<g>y($) i

where

is the average of g.

8.4.2 Estimates for upscaled permeability and solutions

Now consider the formulation for K given by (8.2) and (8.5) with boundary condition
(8.7). Note that in this case (8.2) is equivalent to (8.13). Below, we use (8.13) instead of
(8.2) in the analysis. With minor modifications, the following derivation also holds if the
periodic boundary condition (8.8) is used. All estimates derived below are for A > €, which
is often the case in scale-up. Our main result is the following estimate for the grid-block

permeability:
Kij — (K} (@), | < O + Coh + Cse. (8.22)

Since K*(z) is smooth, |KJ;(z) — (K7),,| = O(h), and (8.22) still holds if we replace (K7
by Kj;(z) withz € V.

To simplify the presentation, it is convenient to introduce a vector x = (x!) (i =
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1,...,d). Define tensor E(z,y) = I + Vyx(z,y). Eqgs. (8.16) and (8.17) can be written as

K*(.’L‘) = (ET($ay)K($7y)E(way)>V7

(8.23)
Vy - (K(z,y)E(z,y)) =0, (8.24)
respectively (7' indicates transpose). Moreover, by (8.18)
Vpi = EVp; + eV + Vuy, (8.25)
where p; is the homogenized solution given by
V- -K*(z)Vp; =0 inV, p; =z; on OV (8.26)
and & satisfies
V. -KV6i=0 inV, 0; = —x-Vp; on dV. (8.27)
From (8.13), (8.25) and (8.20) we have
Kij = ((EVp; + V) - KVpS),, + (Vub K°Vps),, =
(Vub K (EVp; + V%)), + (VubKVul), = (8.28)

((EVp; + V) - KS(ENp; + VO3)),, + Oe).

Expanding the integrand of (8.28) and using the symmetry of K¢, we get

Kij = {(EVp;) - K<(EVp;))y + 2¢((V5) - K<(EVpy))y (8.29)
+ (V) - KVEE) |, + Ole).
We estimate the two terms with 6§ first. Due to the fact that |[VEfly < ChiF et

(8.21) and that the volume of V is O(h?), the last term is of order e/h. For the second
term, integration by parts gives

/ (V65) - K(EVp;) = / Bén - (K*EVp;) dS — / 05V - (K*EVp;) do.
Vv av 12
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Since Vp; and E are bounded on §V, the surface integral is bounded by Ceh® 1. For the
volume integral on the right-hand side, noting that V =V, + (1/¢)V, and using (8.24), we

have
V - (K°EVp;) = Vs - (K(z,y)E(z,y))Vp; + (K°E) : (VVp;)

with ' indicating double contraction between tensors. By the estimates of ||05||v, || Vpillv
1 ?

and ||pill2,v , and the fact that K and E are smooth functions in z, the volume integral is
O(eh%). Tt follows that

Kij — (BVp:) - K(BVpy)y| < Crj; + Coe (8.30)

Now, consider the first term in (8.29). Because
(BVp:) - K(BVp)))y = (Vpi - (BT K E)Vp;)y,

from (8.23) and Lemma 8.4.1 we get
(BVp:) - K(BVD;))y = (Vo) - K*(Viy)y + O(5)- (8.31)
Using (8.26) and integration by parts, we further have shown that
((Vpi) - K*(Vp;))y = (K, — (wiV - (Kije5))
where w; = p; — z;. Thus, it follows from the Cauchy-Schwartz inequality and (8.21) that

1
(Vp3) - K*(Vpi))y = (K3j)y| < Cplluilly IV - (K"ep)llv (5.32)
< Ch.

Therefore, (8.22) follows immediately from (8.30), (8.31), and (8.32). It should be noted
that in the above derivation, we only require V to be a convex block with reasonable aspect
ratios. Thus (3.10) applies to general unstructured meshes.

Using (8.22) we can derive the estimates for upscaled pressure and velocity solutions.

Suppose K is computed on all grid blocks. Then we have a piecewise constant upscaled
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permeability field, which we still denote by K. Let 5, @ be the solutions of the upscaled

flow equation
i=KVp, V-u=f (8.33)
in §2. For simplicity, we assume p and p equal zero on 0€). From (8.33) and (8.4) we have
V.-K(Vp-Vp)=V- (K- K*)Vp.

Since K is positive definite, multiplying both sides by Vp — V5 and integrating by parts
yield

IVp — Villg < CI(K — K*)Vpllg < 01% + Cyh + Cse. (8.34)

For the last inequality, we have used (8.22) and the fact that ||Vpl||g is bounded. As a

result, we have

lu ~dllg < 1K (VP = VB)llq + I(K* — K)Vpllg

€ (8.35)
< 0171‘ + Coh + Cse.
Moreover, from (8.34) and the Poincaré inequality we get
lp = Bllg < C15 + Coh + Ce. (8.36)
Note that ||p — p¢lln < Ce (cf. [40]). Thus by the triangle inequality
lp* = Bll < G + Coh + Cie. (8.37)

Unlike the pressure solutions, the homogenized velocity, u, does not approximate u¢ in
the Lo norm. Their Ly norm difference is in fact O(1). Similarly, & does not approximate
u® in the Ly norm. In fact, we roughly have (v —u)y, = O{e/h) for V. C Q, which is
consistent with (8.3). This estimate holds also for (u€ —4);,. Thus, the velocity solution
of the upscaled equation approximates the volume average of the fine scale velocity in the

grid-blocks as € — 0. In comparison, the velocity computed from MsFEM approximates
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u¢ [28]. We note that the small scale fluctuations of u* are often important in simulating
transport phenomena in multiphase flows (see e.g., [27]). Moreover, it has been observed
the magnitude of the error using MsFEM is smaller than the magnitude of the error using

upscaling methods described above.

8.4.3 Remarks

Several observations can be made from (8.22). First, (8.22) implies that we can obtain
K* at a given point by computing the limit of K as € — 0 in a series of shrinking blocks
containing the point. This is consistent with the general argument in Section 2.1. Moreover,
if K* is constant, the derivation of (8.32) indicates that the O(h) error in (8.22) vanishes.
An example is the case of pure periodic media described by K¢(z) = K(z/¢). In general,
however, K* contains large scale heterogeneity; (8.22) shows that the size of grid-blocks
should be small in comparison. This explains the observation that local upscaling is usually
preferred against global upscaling (cf. [16]).

As noted above, (8.22) is valid for h > e. If h < ¢, a different derivation using Taylor
expansion of the pressure field would show that ‘Kij — (K§),,| is O(h/e). Thus, for fixed €,
K — K€ as h — 0. Thus, the “upscaled” solution approximates the fine scale solution for
h<e.

The h ~ ¢ case deserves further examination. It is seen that the error increases as
h approaches e. This scale “resonance” phenomenon is fundamental in upscaling. The
derivation of (8.22) reveals two sources of the resonance effect. One is due to the first order
corrector 65 , whose main role is to enforce the boundary conditions of p§ on 0V'; the other
comes from the volume average of functions with e-periodic small scales (see (8.31)).

The scale resonance is a direct consequence of the objective of upscaling, namely dividing
a globally coupled fine scale problem into many decoupled local problems in the coarse grid
blocks. The decoupling is achieved by artificial local boundary conditions imposed on
9V, such as (8.7). As pointed out in [28], the optimum boundary condition would be the
ones consistent with the fine scale oscillations of the differential operator, which are solely
determined by x(z,z/e) for the model problem. However, boundary conditions (8.7) and
(8.9) are inconsistent with x since they enforce non-oscillatory Dirichlet conditions on 9V
or part of it. The periodic condition (8.8), on the other hand, allows oscillations on dV;

however, the oscillations match those of x only when h coincides with multiples of e. Any
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Figure 8.3: The cross-section of 8

mismatch at 9V is to be corrected by 6. It can be shown that the correction occurs in
a thin layer with a thickness about O(¢) near 8V {7]. This boundary layer yields large
gradient of # near 8V, which is the main cause of the O(e/h) error in (8.30) (in Fig. 8.3
we plot the cross-section of 8 for a periodic oscillatory boundary condition). In the interior
of V, however, V6 is much smaller.

The accuracy of upscaling is also strongly influenced by the size of the sample based
on which the average is taken. The sample size is given by the size of the grid blocks.
Intuitively, for media with e-periodic small scale, the perfect sample sizes are multiples of
the period €. Otherwise, error occurs due to the mismatch between the block size and the
perfect sample size. Mathematically, the mismatch gives rise to O(eh®"!) bound in Lemma
8.4.1. This type of resonance is referred to as the “cell resonance”. Eq. (8.32) shows that

the cell resonance error is O(e/h) for the present upscaling formulation.

8.5 Over-sampling method

It is possible to employ the over-sampling idea in upscaling of absolute permeability. The
over-sampling technique has been developed in previous section to remove the resonance
due to the boundary layer of 6. It is shown to be very effective when used together with

the multiscale finite element method. This technique can be borrowed here to improve the
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: Boundary Layer

Figure 8.4: Over-sampling for one (left) and multiple (right) grid blocks. The boundary
layer is outside the white dash line. V' denotes the union of the set of grid blocks in gray
region.

upscaling of permeability. The idea is to use a larger sampling block S D V, such that the
distance between 8S and V is at least O(e). Then we solve (8.5) in S and compute K using
(8.2) in V. Since V is away from 05 and is not “polluted” by the boundary layer of 6%, the
resulting K is free from the resonance error due to 5. The method is shown schematically
in Fig. 8.4 (left). We further notice that the boundary conditions given in Section 2.2 may
give different 6. However, the main difference among these §{s lie in the boundary layer
region. Thus, by removing the boundary layers, different boundary conditions give rise to
almost identical K. In other words, K depends mainly on K¢ and the partition of the
domain.

We note that S can be as large as Q. In fact, choosing large S that contains many
grid blocks has the advantage of greatly reducing redundant calculations in the overlapping
region near 95 [26] (see the right figure in Fig. 8.4). In practice, however, it is difficult to
use {2 as the sampling domain since the computation would be too expensive. Therefore,
one may choose S as large as possible according to the computing resource. In a parallel
implementation, S may be chosen so that the computation on S fits into the memory of
each processor. In this way, the inter-processor communication is minimum.

Interestingly, in an attempt to reduce the effect of local boundary conditions, White
and Horne [52] used the entire domain to sample fine scale solutions with different bound-

ary conditions. The over-determined system of equation for K was solved by using the
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least square method. Inspired by their work, Gémez-Herndndez [24] proposed a method of
Laplacian with skin, where the width of the skin is arbitrarily set to half of the grid block
size. These methods can now be unified and understood in the over-sampling framework.

It should be noted that the analysis in the previous section needs to be modified for
the over-sampling method. Due to over-sampling, the equivalence between (8.2) and (8.13)
no longer holds. Thus, one needs to return to (8.2) for the computation of K and for the
analysis of upscaling error. The basic ingredients of the analysis are the same as those
given above. The main difference lies in 6, whose gradient is bounded independent of € ,
in contrast to the estimate of ||V in (8.21). On the other hand, the over-sampling is not
helpful for reducing the cell resonance, which is governed by the grid block size. Therefore,
the estimate (8.22) remains true even with the over-sampling. Nevertheless, we demonstrate
below that numerically the error due to the cell resonance is small compared to that due to
g¢. Thus, the over-sampling is still very effective in reducing the resonance error.

In comparison, the cell resonance error in the multiscale finite element method with
over-sampling is O(e?/h?) because of some additional error cancellation.

To derive the error estimate for upscaling method with over-sampling we make an as-
sumption in order to neglect the effect of 65. As we have seen from the previous chapter
the effect of theta is small when we use the over-sampling technique. This assumption has
been made in the chapter of Nonconforming MsFEM, Vi € Loo(K) when K C S is away

from 85 at least at a distance €, where 7P is defined in (3.16). Then in (8.29)

Kij = ((EVp:) - K(EVpj))y, + 26((VE) - K*(EVpj))y
+ (V) - KVOE) , + O(e).
(8.38)

In (8.38) we can neglect the terms containing 6°. Consequently, taking into account the

Lemma 8.4.1 from (8.38) we have

|Kij — (Kij)y| = {(BVp:) - K*(BVp;) — K}j(@))y | + Ce < CF + Cih. (8.39)

As we see the cause of the resonance error is the mismatch between volume V and the

period of the problem. When volume V is an integer union of periods of the problem, then
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the resonance error is absent in above formulation. We call this resonance error “the cell
resonance.”
Remark 8.5.1. In general random cases if we neglect the effects from 6¢ terms, the cell
resonance is the dominating error. We can show that in this case this error is o(e/h) (i.e.,
it goes to zero as €/h — 0. This shows the existence of the resonance between two intrinsic

scales € and h.

8.6 Averaged over-sampling in upscaling of absolute permeability

Averaged over-sampling idea introduced in section 7.6 can be applied in upscaling of absolute
permeability in order to reduce the effect of the cell resonance. It can get rid of the cell
resonance when K are constants throughout the entire domain €.

To demonstrate the main idea of the method we denote by f{g , (1,7 = 1,...,d), the
local upscaled permeability in V' calculated using over-sampling method. Averaged over-
sampling method consists of the arithmetic averaging I?Z‘J/ over all V. C . Assuming K

are constants in € from (8.38) we have

Chd 3" KY - K =Ch? > (EVp:) - (K = K)(EVD))), +Ce+ Cih  (8.40)

Ve Vca
where Ch? in front of > indicates the number of V’s in Q. Furthermore we assume that
Vp; are the same for all V' C Q. This is true, for example, if the elements V’s are the
same. In the typical situation when V’s are square elements and z; boundary conditions
have been used for p, all of Vp; are equal constants. Consequently, denoting I?{“]f“ absolute

permeability obtained using averaged over-sampling, we have

R K5 =C /Q (EVp:) - (K — K5)(EVp;) + Ce+ Cih < Ce+ Cih.  (8.41)

We note that we also assume that the size of Q is of order 1.
In the case when K; are not constants throughout the domain we can apply the averaged
over-sampling method for absolute permeability in each local domain V. If the size of V is

of order h, the error estimate of averaged over-sampling method is Ce/h + C1h. Cih error
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comes from approximation of K;“J(z) by constants in domain V. As we see this error rate
can be obtained just using over-sampling in domains V’s without further partitioning V for
averaged over-sampling. So the question is whether we need to partition local domains V
further for averaged over-sampling or just use the over-sampling method without further
partitioning. The answer of this question depends on available computer resources and on
¢ and h. If the available computer resources is limited then the further partitioning of the

local domains is advantageous if € is too small and @ (the whole domain) is of size 1.

8.7 Numerical results

8.7.1 Numerical results for 2-D

In this section, we provide some numerical results demonstrating the estimate (8.22) and
the effect of over-sampling. For this purpose, we use a periodic K¢ without large scale
heterogeneity. Thus, the O(h) error in (8.22) vanishes, and we can focus on the resonance

error. Tests with more general random permeability field are given in §8.7.1.

Periodic case

In the following, we compute the upscaled permeability K on one grid block V = (0,1)2

from
K&(z,y) = 1/[2 + Psin(2n(2z — y)/e)].
We fix P = 1.8. The exact effective permeability can be calculated analytically
K7, = 062942, K{, = K3, =0.25883, K3, = 1.01766.

We solve (8.5) with boundary conditions (8.7), (8.8), and (8.9) on uniform square grids
using a Galerkin finite element method with bilinearl base functions. K is computed from
(8.2). For convenience, we denote K* (i = 1,2,3) to be the numerical results obtained by
using (8.7), (8.8), and (8.9), respectively.

First, we compute K with € = 1. In this case, the periodic condition (8.8) gives K = K*.

The only error in this case is the discretization error. However, according to (8.22), using

(8.7) and (8.9) gives rise to the resonance error. The error of K and K® compared to K*
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Table 8.1: Convergence of the numerical solution of K* to K* (¢/h = 1).

N KL —Kf| KL — K| K — Kj| Ko — K3
16 1.021e-1 1.229e-1 1.664e-1 2.095e-2
32 9.307e-2 1.130e-1 1.229e-1 1.564e-2
64 9.103e-2 1.107e-1 1.132e-1 1.430%e-2
128 9.055¢e-2 1.101e-1 1.107e-1 1.408e-2
Table 8.2: Convergence of the numerical solution of K3 to K* (e/h =1).
N K} —Kn| |KY — Kp| K5 — K3 |K3, — K3
16 1.612e-2 2.001e-1 2.528e-1 5.278e-2
32 2.001e-2 1.961e-1 2.338e-1 5.615e-2
64 2.080e-2 1.951e-1 2.283e-1 5.690e-2
128 2.097e-2 1.949e-1 2.269e-1 5.708e-2

are presented in the next two tables (table 8.1 and 8.2) , where NV is the number of elements
in the z and y directions. From the tables we see that the error in both cases does not
converge to zero as grid refines. Evidently, the resonance error is dominating in these cases
(note that €/h = 1); the error in the off-diagonal terms is especially large.

As shown by (8.22), one way of reducing the resonance error is to reduce to ratio e/h.
This is demonstrated in Table 8.3 for K. The result for K® is similar. The errors in
K1, and K1, decrease almost in the order of ¢/h, but the errors in K4, and Kj, decrease
more slowly. Note that the discretization error is fixed in the test because Ne is kept
constant; hence, the error reduction is mainly due to the decrease of the resonance error (cf.
(8.22)). Thus, faster error reduction can be seen for a component of K with more dominant
resonance error. Numerically, we find that the resonance error is indeed much larger than
the discretization error for K}, and K L, but not so for K}; and Kl,.

The next table shows the improvement of resonance error due to over-sampling. The
over-sampling method depicted in Fig. 8.4 is implemented. For convenience, we denote the

distance between 85 and V or V' by d,. We take ¢ = 0.8 in the tests. In this case, the

Table 8.3: Variation of |[K! — K*| versus ¢/h (h = 1).

N e |Ki —Khl |Kip— K| |Kj —K§| K — K3
16 1.0 1.021e-1 1.229e-1 1.664e-1 2.095e-2
32 0.5  5.249e-2 6.358e-2 1.021e-1 1.297e-2
64 0.25  2.691e-2 3.299e-2 6.886e-2 8.843e-3
128 0.125 1.397e-2 1.752e-2 5.205e-2 6.754e-3
256 0.0625  7.474e-3 9.751e-3 4.360e-2 5.704e-3
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Table 8.4: Resonance error reduction by over-sampling (V is the total number of elements
in the z and y directions in .S).

| K12 — K7 |Kag — K3y|

N BC(87) BC (8.8 BC(89) BC(87) BC (88 BC (8.9)
64 4.751e-2 4.748e-2 4.744e-2  9.953e-3 9.950e-3 1.018¢-2
128 1.445e-2 1.443e-2 1.424e2  1.952e-3 1.949e-3  2.203¢-3
956 3.745e-3 3.725e-3 3.523e-3  4.77le-d 4.745e-d  T.35le-4

over-sampling removes much but not all of the resonance error, because there is the cell
resonance. We choose S = (0,4)% and V = (1,3)? at the center of S. Thus, d; = 1 > e.
The errors in Ko and Koo are reported as they are larger than the error of the other two
components. The results of using different upscaling boundary conditions appear to be
quite similar, indicating that the influence of boundary conditions are small due to over-
sampling. We note that in this particular test, the cell resonance is small as indicated by
the decrease of error. Moreover, we note that (8.9) does give the correct off-diagonal terms

of K if it is used correctly; otherwise, even the diagonal entries of K may be wrong.

Random cases

Here, we present two tests of upscaling randomly generated permeability fields. The random
field generator is based on the superposition of random modes in Fourier domain and the
fast Fourier transform to give K¢ in the physical domain. The details of the generator
has been described in [26]. The purpose of these tests is to show that the difference in
the upscaled permeability due to different upscaling boundary conditions can be effectively
reduced by using the over-sampling. Thus, K depends solely on the geometry of the grid
block and the underlying fine scale permeability.

In these numerical tests, we compute the relative differences of Ks. More specifically,
we compute Dj-k = HR’;k - R’fkil / HKJQ,CH (¢ = 1,3), where the norm is the discrete max
or Iy norm over 2. The relative error of the solution of p is also checked against p¢. For
computing the pressure, we assume uniform injection f = 1 and p = 0 on 9. The reference
solution of p¢ is calculated from two fine-grid solutions using the Richardson extrapolation.
The pressure error is denoted by E;, (i = 1,2,3), where ¢ means the same as in K¢, For
all tests below, uniform square mesh is used. Moreover, Q = [0,1]?, the permeability fields

are generated on the 1024 x 1024 mesh, and the solutions of K and § are computed on the
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Table 8.5: Test of over-sampling using log-normal permeability Difference and error are
shown in percentage.

No Over-sampling Over-sampling (ds; = h)

Max norm I3 norm Max norm  Is norm
D}, 228125  17.2754 1.2233 0.5775
D3, 6.0135 2.8384 2.0317 0.5072
Di, 505283  18.3060 1.6727 0.6139
D3, 9.7429 2.9306 1.4441 0.4937
EI% 13.0553  12.7723 3.6848 1.6446
Eg 4.7253 2.2043 3.6459 1.6203
E3 42316  2.0360 3.6182 1.6198

32 x 32 coarse mesh. A 16 x 16 subcell mesh is used for upscaling of permeability.

In Case 1, a realization of a log-normal permeability field is generated. The highest wave
number of the random modes used in generating the field is 32. The permeability field is in
fact smooth and can be resolved by the 512 x 512 finite element mesh. It is scaled so that
its contrast (i.e., Kfon/KSin) is 400. In this case, the size of the grid blocks, h = 1/32,
is about the correlation length of the permeability field (which often happens in practical
simulations). Note that the correlation length is analogous to € in the periodic case and
we choose d; = h for the over-sampling. As shown by Table 8.5, our choice of ds; appears
to be sufficiently wide for eliminating most of the effect of boundary conditions. Using
smaller ds, e.g., h/2, gives more error in ' and larger difference between K'and K2. In
Table 8.5, only the diagonal entries of K are compared, because the off-diagonal entries are
two orders of magnitude smaller than the diagonal ones and have much less effect on the
pressure solution. Nevertheless, our numerical tests show that over-sampling has similar
effect on the off-diagonal entries.

In some sense, the above problem is similar to the periodic problem because there is a
distinctive small scale in permeability which is characterized by the correlation length. In
practice, permeability distributions often exhibit multiple scales or no intrinsic small scale.
In the next test, we use a permeability field whose logarithm has a fractal dimension of 2.8.
The image of the field is shown in Fig. 8.5. In this case, how to choose d; is not obvious;
we determine it through the numerical experiment. The results for D* and E;, are shown in
Table 8.6. Two sets of over-sampling results are presented. We see that by using d, = 2h,

the difference between K and K2 and the error in the pressure solutions are reduced to
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Figure 8.5: In K¢ with fractal dimension 2.8 (contrast of K€ is 104).

Table 8.6: Test of over-sampling using permeability field shown in Fig. 8.5. Difference and
error are shown in percentage.
No Over-sampling Over-sampling (ds = h) Over-sampling (d; = 2h)

Max norm [ norm Max norm [y norm Max norm I3 norm
D}l 10.8141 7.3283 1.5048 1.2033 1.1942 0.7092
D‘i’l 1.3060 1.0102 0.6799 0.4553 0.4875 0.2932
D%2 8.2273 7.4026 2.3588 1.6885 1.2986 0.7532
D3, 1.5108 1.0178 0.4657 0.4300 0.5565 0.4068
E}, 7.1424 6.5983 2.8717 1.7653 2.9171 1.4517
E’g 3.8179 1.5503 2.9465 1.3993 3.0436 1.3698
]é’g 3.5359 1.5143 2.9519 1.3932 3.1065 1.3863

the same level as in Table 8.5.

As mentioned in §8.5, over-sampling may lead to significant overhead in computations.
In practice, such overhead can be greatly reduced by scaling up many grid blocks together
(Fig. 8.4). For the present computations, the sample domains are square regions containing
4 x 4 and 8 x 8 grid blocks for over-sampling with ds = h and 2h, respectively. Note that
due to the use of larger sample domain, the improved accuracy in the last column of Table
8.6 comes at no additional cost compared to the computation for the second column.

Interestingly, both Tables 8.5 and 8.6 show that the upscaling with the periodic and

the pressure-drop no-flow boundary conditions (i.e., (8.9)) give very similar results. The
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pressure error using these boundary conditions are also quite small even without over-
sampling. However, as indicated by the tests for the periodic problem, this is not always
the case and should not be generalized. On the other hand, the use of the Dirichlet boundary
condition (8.7) should always be accompanied by over-sampling. The advantage of (8.7)
is that it is easy to apply on grid blocks with general geometry, i.e., those arisen from

unstructured grids.

8.7.2 Averaged over-sampling. Numerical results.

In this section we present the numerical results. The main difficulty here is the large
amount of computation which is required to solve the state equation. This difficulty has
been overcome by avoiding to allocate memory for the stiffness matrix. Instead, we define
a routine which multiplies the stiffness matrix to the vector without explicitly defining
stiffness matrix. For the calculation of the effective coefficients the cell problem with the
fine resolution has been solved numerically.

In the computations we vary the three parameters for the upscaling method with aver-
aged over-sampling. They are, the mesh size (diam(K)), h; the sample size (diam(S)), H;
and the small parameter of the problem, e. For the upscaling with only over-sampling, h
stays unchanged. Moreover we take h = 1 since the error estimate is derived for a single

block. But we vary H and e in order t

o

see the effect of the boundary layer term. As it
is clear when we vary all three parameters at the same time, the boundary layer term (the
term involving #) does not change its value since the solution of the equation in the sample
domain just gets translated. Consequently, the value of the boundary layer terms stays
unchanged. This indicates that this term resonates when we vary all three parameters. On
the other hand the error made by this term can be reduced by fixing the H, and decreasing
h and e. The reason for this is that as we go further away from the boundaries the effect of
the layers gets smaller.

As we see from the numerical results of the upscaling method with averaged over-
sampling, the value of the boundary layer term is small and the method converges even
when we decrease all three parameters h, ¢, and H at the same time. This indicates that
the value of boundary layers value is small and is comparable to Ce. But as we see in
some cases, the effect of the small resonance term shows up and it reduces the order of the

convergence of the upscaling method with averaged over-sampling.
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Table 8.7: |asn — a,| for the upscaling with averaged over-sampling.
h |l axp —as | rate
1 0.0132

0.5 0.003 2.1

In our computations we use the values 1 and 0.5 for h. The values of other two param-
eters are H = 1.6, H = 0.8 and for ¢, ¢ = 0.3 and € = 0.15. In these cases d; = 0.6h. The
error corresponding to h = 1 is the error of the over-sampling method. We present the val-
ues of this error for different coarse blocks in the case of h = 0.5. As we will see, these values
change and their average value is the better approximant for the effective permeability of

the block.
Example 1.

In this example we consider L. with the following coefficients

o = 2 + cos(Z£Z) N 2 + cos(%2¥) N 2 + cos(2Z£) 5ii
¢ 2+ cos(2Z¥) 2+ cos(32) 2+ cos(32Z)

where d% are the Kronecker symbols. The effective coefficient for this problem is a, =
3.4599.

The numerical tests are performed for H = 1.6, h=1, ¢ =0.3 and for H = 0.8, h = 0.5
€ = 0.15. This is a case when we decrease all three parameters at the same time. As we
discussed above the over-sampling approach does not converge and the error resonates in
this case. However we see from the numerical results presented in the table 8.7, the averaged
over-sampling method converges. This indicates that the effect of the boundary layer term
is negligible.

In table 8.8 we demonstrate the values of axp,x, for the possible K, C €2 in the case
of h = 0.5, ¢ = 0.15, H = 0.8. Here g changes from 1 to 8. The K, are numerated
lexicographically in the table. The value of a, j in the case of h =1, € = 0.3, H = 1.6 is the
same as the value of a, 4 x, corresponding to (1,1, 1). These values represent the effective
block permeability using the over-sampling approach. As we see they change from block to
block and their average value approximates the effective permeability more robustly. We
also would like to note that in this case the error made by averaged over-sampling method

is less than 3 percent.
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Table 8.8: a. .k, for the upscaling with averaged over-sampling.
number || 6. x,
(1,1,1) | 3.4467
(1,1,2) |} 3.4620
(1,2,1) || 3.4614
(1,2,2) | 3.4696
(2,1,1) || 3.4580
(2,1,2) | 3.4699
(2,2,1) | 3.4692
(2,2,2) | 3.4741

Table 8.9: |a.pn — a.| for the upscaling with averaged over-sampling.
h |l a.p—a« | rate
1 0.011

0.5 0.007 0.7

Example 2.

In this example we consider L, with the following coefficients

i _ 1 5
¢ (2 + sin(Z22))(2 + sin(222)) (2 + sin( 22))

where 8% are the Kronecker symbols. The effective coefficient for this problem is a, =
0.1667.

As in the example 1 the numerical test are performed for H = 1.6, h = 1, ¢ = 0.3 and
for H = 0.8, h = 0.5 ¢ = 0.15. We see from the numerical results presented in table 8.9
that the averaged over-sampling method converges. We would like to note that the error of
averaged over-sampling method is less than 4 percent in this case.

In table 8.10 we demonstrate the values of a. s x, for the possible K; C  in the case
of h = 0.5, ¢ = 0.15, H = 0.8. Here ¢ changes from 1 to 8. The K, are numerated
lexicographically in the table. The value of a,; in the case of h =1, ¢ = 0.3, H = 1.6 is
the same as the value of a. 5k, corresponding to (1,1,1).

Example 3

In this example we consider L, with the following coefficients

a? = (4: + Sln(?jf’m‘) + Sln(—gg) + Sin( :z)> i
€
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Table 8.10: a, sk, for the upscaling with averaged over-sampling.

number || a.n K,
(1,1,1) | 0.1553
(1,1,2) Il 0.1569
(1,2,1) | 0.1569
(1,2,2) | 0.1584
(2,1,1) |l 0.1581
(2,1,2) || 0.1597
(2,2,1) | 0.1597
(2,2,2) || 0.1613

Table 8.11: |a, p — a«| for the upscaling with averaged over-sampling.
h || a.p —a. | rate
1 0.15

0.5 0.09 0.7

where 8% are the Kronecker symbols. The effective coefficient for this problem is a, =
4.0227. The numerical tests as in the previous examples performed for H = 1.6, h = 1,
€ = 0.3 and for H = 0.8, h = 0.5 ¢ = 0.15. The numerical results presented in the table
8.11 which indicates that the averaged over-sampling method converges. We would like to
note that the error of averaged over-sampling method is about 2 percent.

In table 8.12 we demonstrate the values of a.; x, for the possible K; C () in the case
of h = 0.5, ¢ = 0.15, H = 0.8 as we did in the previous examples. Here g changes from 1 to
8. The K, are numerated lexicographically in the table.

Example 4

Table 8.12: a4k, for the upscaling with averaged over-sampling.

number || Gk,
(1,1,1) | 4.0227
(1,1,2) { 3.9971
(1,2,1) || 3.9971
(1,2,2) |} 39715
(2,1,1) || 3.9905
(2,1,2) | 3.9648
(2,2,1) || 3.9648
(2,2,2) || 3.9391
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Table 8.13: |a.n — a«| for the upscaling with averaged over-sampling.
h | a.«p —a4 | Tate
1 0.06

0.5 0.03 1.0

Table 8.14: a. p,x, for the upscaling with averaged over-sampling.

number | . K,
(1,1,1) | 3.9410
(1,1,2) || 3.9344
(1,2,1) | 3.9440
(1,2,2) | 3.9375
(2,1,1) | 3.9438
(2,1,2) | 3.9379
(2,2,1) || 3.9469
(2,2,2) || 3.9410

In this example we consider L. with the following coefficients
g ) — - g
a = (4 + sin(-—-————“(m’E y)) + sin(—-———————Zw(ye ?) )) 89

where 6% are the Kronecker symbols. The effective coefficient for this problem is a, =
3.9358. As in the previous examples, numerical results have been obtained for H = 1.6,
h=1e=03 and for H = 0.8, h = 0.5 ¢ = 0.15. As we see from the numerical results
presented in table 8.13, the method converges. The absolute error in this case is about 1
percent.

In table 8.14 we demonstrate the values of a, p,x, for the possible K, C Q in the case
of h = 0.5, ¢ = 0.15, H = 0.8. Here ¢ changes from 1 to 8. The K, are numerated
lexicographically in the table. The value of a, 5 in the case of h =1, e =03, H = 1.6 is

the same as the value of a, p k, corresponding to (1,1,1).
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Chapter 9 Applications of MsFEM to upscaling of

displacements in heterogeneous porous media

9.1 Introduction

Enhanced oil recovery methods generally involve the injection of fluids that alter the flow
properties of the natural rock-fluid system in reservoir. To study the motion of this combined
mixture given the distribution of pores is a goal of a reservoir engineer. In this chapter we
consider the coarse models for two-phase immiscible flow. A typical example considered
here are one injection well and one production well.

Through the use of sophisticated geological and geostatistical modeling tools, engineers
and geologists can now generate highly detailed, three dimensional representations of reser-
voir properties. Such models can be particularly important for reservoir management, as
fine scale details in formation properties, such as thin, high permeability layers or thin shale
barriers, can dominate reservoir behavior. The direct use of these highly resolved models
for reservoir simulation is not generally feasible because their fine level of detail (several
millions) places prohibitive demands on computational resources. Therefore, the ability to
coarsen these highly resolved geologic models to levels of detail appropriate for reservoir
simulation (tens of thousands grid blocks), while maintaining the integrity of the model for
purposes of flow simulation (i.e., avoiding the loss of important details), is clearly needed.

In this chapter we discuss the applications of MsFEM to the scale-up of displacement
processes in heterogeneous cross-sectional models (2-D). Moreover, the disadvantages of
these scale-up models and their improvements will be considered. We note that the coarse
models described in this chapter are not the exact homogenized limits of detailed equations.
The homogenization of transport phenomena is a complicated problem. Our goal in this
chapter is to approximate the average characteristics of transport flow (e.g., production rate)
on a coarser grid. For example, given the fine description of the reservoir in 2000 x 2000
grid we would like to describe the reservoir displacements in a coarser grid, for example
100 x 100 grid.

The coarse models discussed in this chapter designed to generate a coarsened model that
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is capable of providing simulation predictions in close agreement with results using the orig-
inal, detailed reservoir description. More specifically, it requires an agreement in the global
pressure-flow rate behavior of the reservoir, the breakthrough (the time when oil reaches the
production well) characteristics of the displacing fluid and, the post-breakthrough fractional
flows (the production rate of oil later times) of all reservoir fluids.

The coarse model introduced in [19] achieves an efficient scale-up result by identifying
high fluid velocities (via single phase flow calculation). These high flow areas lead to an
early breakthrough of displacing fluids. The non-uniform coarsening idea developed in [19]
coarsens non-uniformly the fine grid geological descriptions in such a way that the high flow
regions are finely gridded and the low flow regions are more coarsely gridded. The resulting
coarsened reservoir description is able to model both average reservoir behavior and some
important effects due to extremes in reservoir properties (such as early breakthrough of
injected fluids), without prior knowledge of the global flow field. But there is a rather
definite limit to the scale up that can be achieved through non-uniform coarsening alone.
Indeed, given many high flow areas, this coarse model needs to resolve all these areas.
This decreases the efficiency of the scale-up. Let’s note that MsFEM can be used for the
calculation of average velocity field in this coarse model.

The coarse models we discuss in this chapter for two-phase flow speed up the scale up
process and can be efficiently combined with MsFEM to describe the flow properties of the
reservoir. ‘The main idea of this method is to incorporate higher order moments (corre-
lations) into coarse models. These ideas have been used before in material sciences and
turbulent flow problems. The calculation of higher moments require fine detailed informa-
tion of the velocity field or some robust approximation of it. Using the base functions of
MsEM which do contain a robust approximation of details, we can calculate these higher
moments. Numerical experiments show that our coarse models improve the results of ex-
isting non-uniform coarsening approach. In this chapter we also simplify rigorous upscaled
models derived in [50, 20] for periodic (or layered) non-ergodic flow and apply the results
for flow in a typical reservoir cross-section.

This chapter is organized as follows. In the next section we present the governing
equations for two-phase flow. In section 3 we discuss initial and boundary conditions for
governing equations and a special case of two-phase flow, unit mobility case, used in this

chapter. The flow features and their simulation have been discussed in section 4. In section 5
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we present the existing non-uniform coarsening approach along with some numerical exam-
ples. We discuss the coarse model in section 6. In section 7 we derive rigorous homogenized
equations for layered and non-ergodic periodic flow using the results of [50, 20]. Sections
8, 9, 10, 11 are devoted to numerical implementations and results for the coarse model
in the unit mobility case and their comparisons with the existing non-uniform coarsening
approach. In sections 12 and 13 we extend the results of the unit mobility case to more
general two-phase flow when the velocity weakly depend on time and present numerical
results. We conclude the chapter with section 14 where my current research in upscaling of

two-phase flow is discussed.

9.2 Governing equations

We consider a heterogeneous system which represent two-phase immiscible flow. Our inter-
est is in the effect of permeability heterogeneity on two-phase flow. Therefore, we neglect
the effect of gravity, compressibility, and capillary pressure, and consider porosity to be
constant.
This system can be described by writing Darcy’s law for each phase (all quantities are
dimensionless):
krj (S)

vj = ———=kVp, : (9.1)
i

where v; are the Darcy’s velocity for the phase j (j = o,w oil, water), p is pressure, S
is water saturation, k is the permeability tensor, k,; is the relative permeabilities of each
phase and p; is the viscosity of the phase j. The Darcy’s law for each phase coupled with

mass conservation, can be manipulated to give the pressure and saturation equations:

V(A(8)kVp) =0,
5 (9.2)

25, TuVif(5) =0,

which can be solved subject to the boundary and initial conditions (see next sections). The
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parameters in the equation (9.2) are given as:

— krw (S) + kTO(S)

A Hw ( /47
_ krw(S)/ b )
18) = Frw(S)/ p + Kro(S)/ 120’ (9:3)

V= Uy + v, = —A(S)EVp.

k-;(S) are referred as the relative permeabilities of the fine scale. A single set of relative
permeability curves are assumed to describe the entire domain. Permeability is usually

highly variable with the different value in each fine grid block.

9.3 Unit mobility case

The unit mobility case is a special case of two-phase flow. The relative permeabilities in

this case are defined as
krw =8, kro=1-=5, po= .

This case is commonly used for the upscaling of flow in natural reservoirs. Using these
relations for the relative permeabilities, we can calculate the flux f(S), f(S) = S. The final

system becomes

v; = kijVjp, Viv; =0

as . (9.4)
B + ’UJV]'S =0.

This system is well posed with some boundary and initial conditions. The velocity field
in this model does not evolve in time unlike the general two-phase model

For our analysis we consider the following boundary and initial conditions for (9.4)
and (9.2). Assuming the cross-section of the reservoir is Q = [0,1] x [0,1], we impose the

following boundary conditions for pressure equation:

p=1 ifz=0,
p=0 ifzx=1, (9.5)

kijVjp:() fy=0o0ry=1.
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These boundary conditions represent the flow from z = 0 to z = 1 with no flow boundary

conditions on y = 0 and y = 1. For saturation equation, we only impose
S(z,y,t=0) ={1ifz <0; 0if z > 0}.

As we see S(z,y,t = 0) = H(z) where H(z) is a Heaviside function. We note that the
velocity in the z direction (v;) at £ = 0 and z = 1 is positive and we do not need boundary

conditions for Sonz =0 and z = 1.

9.4 The flow features in reservoir and their modeling

The reservoir cross-sections used in this section are identical, except for the statistically
generated absolute permeability fields. The flow domain is a square, of equal length and
thickness. The fine grid in all cases is a uniform 100 x 100 rectangular grid (unless otherwise
stated).

Geostatistical models often suggest {25, 41] that the logarithm of permeability field is
weakly or second order stationary in space so that the mean log permeability is constant
and its covariance only depends on the relative distance of two points rather than their

actual locations. One commonly used covariance model is the exponential one

Or(r) = teap(~(F + )
T
where 7 is the separation vector between two points, o2 is the variance of log permeability,
and I; and [, are the correlations lengths.

We generate log-normal absolute permeability fields using a simple “ moving ellipse”
averaging technique. We refer to the major and minor radii of the ellipse as the correlation
lengths, though we note that other papers sometimes use the ellipse diameters. We choose
to define the correlation lengths in terms of the radii because they provide the closest
correspondence to the use of the term for other correlation functions, such as exponential.
We assume that the axes of ellipse lie along the = and y directions. The permeability fields
are then characterized by three parameters: I, Iy, and o, where [, and [, designate the
correlation lengths in z and y directions, and o2 is the variance of logarithm of permeability

field. We will express I; and Iy in dimensionless units, so that I (ly) is the ratio of the
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correlation length to the length (thickness) of the cross section.

The moving ellipse algorithm is as follows. One first overlays the grid of the reservoir
cross-section with a larger grid. To each cell i of this larger grid one assigns an independent
Gaussian random variable z;. For each cell i of the cross-section, a new random variable y;
is generated from z; as follows: An ellipse with specified major and minor axes is centered
on that cell, the cells of the larger grid that fall within the ellipse are marked, and y; is
set equal to the average of the z; within marked cells. The y; then constitute a correlated
Gaussian field. A log-normal permeability field is obtained by exponentiating y;; the mean
and variance are set by the coefficients of the exponential.

The realizations we generated are all strongly heterogeneous and highly layered. The
heterogeneity is determined by o, which is equal to 1 or 2. The high degree of layering
was ensured by taking l; < [;. We note that the layered permeability fields are a good
approximation for natural reservoirs. Under the gravitational forces natural reservoirs tend
to develop thin layers in x direction.

In Fig. 9.1 we depicted a realization of permeability field with [, = 0.3, [, = 0.01 and
o = 2. As we see high permeability areas are long thin layers. The corresponding streamline
field is contoured in Fig. 9.2.

Throughout the chapter we are interested in the fractional curves. Fractional curve at

time ¢, F'(t), is defined as a production rate at z = 1 by the following expression:

fol U’»E(w =1y, t)f(S(fL‘ = lay?t))dy'

F@t) = fol vz(z = 1,y,t)dy

The integral in numerator represents flux at = 1 and the integral in denominator normal-
izes this flux. We also use dimensionless time PVI throughout the chapter. For problems

of this chapter

PVI _ tva,uerageLy _ t,uaverage
L.L, ’

where L; and L, are the lengths of the cross-section of the reservoir in z and y directions
(Ly = Ly = 1), t is time and v®¥*7%9° is the total average velocity. As we see PVI is

proportional to the flux rate of injecting fluid.
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Figure 9.1: Log normally distributed permeability field with Iz = 0.3, I, = 0.01, and ¢ = 2.
The ratio of max to min is 2¢ + 4

Figure 9.2: Streamlines for log normally distributed permeability field with [ = 0.3, Iy =
0.01, and o = 2. The ratio of max to min is 2e + 4
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9.5 Non-uniform coarsening method

Many different methods can be devised for coarsening a grid non-uniformly. In this chapter
we use the term “non-uniform coarsening” to refer to the specific algorithm formulated in
[19]. The characteristic feature of this algorithm is that simulations on the coarsened grid
reproduce the fine grid results without any upscaling of the fine grid relative permeabilities.
Only the absolute permeabilities are upscaled. The coarsenings identiﬁéd by the non-
uniform coarsening algorithm tend to be finely gridded in regions of high flux, and more
coarsely gridded in the regions of low flux. For the unit mobility case, denoting k* upscaled
absolute permeability (see previous chapters), we have the following formulation for our

model

VvV k*Vp* =0,v" = k*Vp*

88 . (9.6)
gD +v".- VS =0

with the same initial conditions as the fine saturation field.

A straightforward implementation of this scale-up model fails to give a robust approx-
imation. Indeed, if v* is a constant, then we miss the important features of the flow. The
idea, of non-uniform coarsening incorporated into this model does indeed make a difference.
The typical velocity field as we discussed in the previous section has thin layers of high
flow regions. Resolving these areas non-uniformly the coarse method increases the accuracy
of the method. In other words the coarse blocks in high velocity regions are smaller than
the coarse blocks away from them. The accuracy of this method depends on the degree of
resolving high flow areas. Consequently, the method can be almost as expensive as solving
the fine scale problem for problems with many high flow layers. For example in Fig. 9.3
we plot fractional flow curves for permeability field ( see Fig. 9.1) with I; = 0.3, I, = 0.01,
and o = 2. As we see coarse models on 10 x 10 and 15 x 15 coarse grids do not give a
satisfactory agreement while the coarse model on 23 x 24 coarse grid has a good accuracy.
This indicates that there is a definite limit to the scale up through non-uniform coarsening.
In order to increase the efficiency of the method, we need to improve it. In the next section,
we discuss a method which speeds up the upscaling process.

The non-uniform coarsening method can be applied to general two-phase flow. In this

case, as we noted in the beginning of the section, the fine relative permeability curves retain
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their form:
V(AS*)k*Vp*) =0,
Ty +’Ujvjf(s ) =0,
where

Ery (5*) " kro(S*)
Hw Ho

wy __ Frw (8*) /b
) = 8w T koS )

v* = \(S*)E*Vp*.

A(S*) =

I

9.6 Derivation of the coarse model equations for unit mobility case

The coarse model we are going to derive in this section is known in literature [14, 57].
We would like to repeat this derivation in this section. In the following sections, we will
describe how to use this model in a bounded reservoir and how this model can be effectively
combined with MsFEM. In the next section, we will also present a rigorous homogenization
model and compare it with this coarse model.

For the derivation of the coarse model, we use an expansion of the velocity and the
saturation field around their averages. We note that this derivation is not rigorous and
assumes that the variations of the perturbed fields are small. The averages of perturbed
fields could be their volume or ensemble averages. These approaches are commonly used in

turbulence and other fields.

S(z,y) = Solz,y) + S, wvi(z,y) = o) +v;(z,y).

Substituting them into the saturation equation of (9.4) we have

o8 88" . X p / : '
_5t9. + o + 080 + V5 +;9;8° +;V;8 = 0. (9.9)
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Next we average this equation and take into account that v/ = 0, and &' = 0:

%‘5;9 -+ ’UngSo + U;Vjsl = 0. (9.10)

The fluctuating equations is obtained by subtracting the average equations from the

(9.9):

7

o8 i / ’ 0 / T Twr o

B + 0] V;S + v; V8" +v;V; S = ’UjVjS . (9.11)
Our goal is to derive an equation for S’ v;- from (9.11) in order to have a closed system

with equation (9.10). If we multiply (9.11) by v; and average (neglecting third order terms),

we find that the term vgvj S' causes a difficulty in closing the above system. The contribu-

tion of this term is not negligible which can be checked with a simple computation. To deal

with this term further, we notice that it can be included in 85’/8¢ along the trajectories
dz;/dt = 1.

Indeed, if we project the first two terms on to this trajectory, we have

!

ds’ 8§

s’ _ 95 | o o
dt ot +'U0VJS.

As we see from here ngjS' causes the non-locality in the problem. The fact that the
averaged equations have the nonlocal and memory dependent diffusion has been known
from the mathematical theory of homogenization (see next section). Consequently, we have

ds' (t,z(t))

= +v;V;8° +v; V38 =) V;8 (9.12)

where z(t) is a trajectory of dz/dt = vg(z). Then for each (z,t), s.t. z(t) = z integrating

the equation (9.12) over (0,t), we have

t

t !
S (t,z) = —/0 {’U}(.’E(T)VjSO(T,IE(T)) +’U;'($(’T))Vjs (7, z()) }dr +/0 v;-(:c(T))VjS'(T,:c(T))dT.

(9.13)
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Multiplying this equation by v, (z) and averaging we get

Tlha) @) = /@% ()38 (7, 2(r)) +
(9.14)

t e
@ )5 unw+/ (@) (@) V5 (7,3(r)

The last term is equal to zero because of v/ = 0. We neglect the term containing v'v'S’

as a higher order term. Then we have

_— i_._._____
S'(t,m)vkz—/o oL@ (@(r) V80 (r, (7)) dr. (9.15)

Consequently the homogenized equation derived in this heuristic way is

as° b
¥ + ’U?VjSO = Vk/O ’L)k(l')vj(w(T)VjSO(T,IL‘(T))d’T. (9.16)

As we see this averaged equation does have a diffusive behavior with non-local diffusion
coefficients. In the next sections we discuss the boundary conditions for this equation. We

note that this equation can be further approximated with

280

t
3 + 'U?VjSO = Vk/o v;c(zv)v;.(a:(T)dTVjSO(t, z). (9.17)

To show this we need to show that

t e
/0 o @) (@(r) V55, o(r))dr = /O V@) (@) V5dr S, ). (9.18)
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Indeed,

/0 (@) @) VS r, o(r)dr = [ = ( /0 u;c(a;)v;.(x(s)ds> V,8%(r, a(r))dr =

t
/ U;c(m)v;(x(r)vdeSO(t, z) + O(v'v'v'").
0

(9.19)

In the last step, we have used the fact that the change of Sy(t,z(t)) along the trajectory is

a higher order term according to (9.16). For the further convenience we denote

R (z, 2(t)) = v;(z)v(x(t))

and

Dz, 8) = / ' R (2, 0(r))dr.
0

Then the final equation becomes

0_5%9 + V8o + V;D¥(z,1)V ;S0 = 0. (9.20)

9.7 Rigorous derivation of upscaled equations for layered system

In this section we will derive a rigorous upscaled equation for layered media and compare
the results with the results of the previous section. One reason for that is the heuristic
derivation of the previous section assumes small variations for perturbed field while we are
interested in the cases when the variances are not very small.
We consider
?.‘Sf%ﬂ_’.t_) + U(%) Q?E_(%&Q
5¢(z,y,0) = H(z)

=0
(9.21)

where H(z) is Heaviside function and v(z), z = y/e is a periodic function in [0,1]. We
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assume that v > 0. The solution of this equation is

$¢(a,,1) = H(z — to(2).

As € — 0 we have

So(z,t) = /01 H(z —tv(z))dz

The homogenized equation for (9.21) was studied in [50]. We will briefly describe it here.

Applying Fourier transform in z and Laplace transform in ¢ (9.21) gives

FpH(£)

LFz5°(¢,y,p) = P+ 2imo(y/e)

which is valid for ®p > 0. Denoting dv, Young measures associated with v(y/¢) we find the

weak limit Sy of the sequence S¢

_ dvy ()
LESu(&up) = FLH(E) [ -S4 (0.22)
Tt can be shown that there exists a nonnegative measure du(\) suct that
([ dv)\7! [ du()) o on
U z+,\} —z—i—'vo—/ PO (9.23)

holds for z outside the real segment [—maz(v), —min(v)]. Then taking inverse Fourier and

Laplace transform of (9.22), it can be shown that the homogenized equation satisfy

BSO 033: / f gz 20l = Al = s), s)du(N)ds. (924

To understand this homogenized equation we assume that there are finite number of
layers with given volume fractions, i.e. v(z) = {v1,...,vn}, and f; = meas{z,v(2) = v;}.
Let’s note that the layered geostatistical models are built based on finite number of layers.

In this case Lh.s of (9.23) becomes

/z—%—)\ Zz—i—m
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Consequently,
du(\) N AN
A _ - L
/z-’,—)\—z_HJO (;z—k—vi)

where vg = 3, v f;. In the case of n = 2 we can explicitly calculate the diffusion. Indeed,

in this case we have

du(\) _ vif? +vaff —
z+ A Z+’l)1f2+1)2f1’

where the layers with velocities v and vy have volume fractions fy and fo. This indicates

that
du(N) = (01 f2 +voff — v5)6(A — vlfa —vafi).

It can be easily checked that vy f# +v2f2 — v is equal to the variance of v. Then the final

homogenized equation is

5o 95y g

— iy — —_ t b . .

D o = var(o) /O S So(e — (v1fa + v fa)(t = 5),5)ds (9.25)
The diffusion in the averaged equation derived in the previous section (9.16) can be calcu-

lated explicitly since the correlation of the velocity field is constant and equal to var(v).

Then (9.16) becomes

85, 98y t 52
Ty + W, = var(v) /0 5;350(:3 —vg(t — 8), 8)ds. (9.26)

As we see the only difference in equations (9.25) and (9.26) is in the “average” velocity field
which counts for memory effect. We note that in the case fi = fo the equations are the
same.

Next we will try to describe the behavior of the homogenized equation in the general

n layered case. In this case denoting P (2) = ) iz @mz™ to be mth order polynomial we
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have

) (S f ) n

i) e ldms
1=

[T (2 + ) n |

¥ o Vi = 9.27

Zz:]_ fk H?=1, i2k (Z -+ Ui) z Z foz ( )
Bn2" + Bp-12""' + Bn 27" "% + Po_3(2)

Z::l fk H’?‘:L itk (,Z -+ 'Ui)

The coeflicients By, B,—1, and B,_» can be readily calculated

By,_ 1“"2'01 Z.flc Z Vi — Zfz'vz—o
=1

k=1 =1, £k i=1

n n n
Bog= D wwj=) fe Y, ww— (Z fiv;) ka > e
4,5=1, i#] k=1 i,j=1, 4], 15k, j#k k=1 i=1, i#k
n n n
> vvi— > fi > ViUj (Z fz‘”j)(zvi _Zfi’Ui) =
1,J=1, 1] k=1 i,J=1, i#j, 'i?,k: ]#k i=1 =1 i=1
n n n n
Z VU5 — Z fr Z ViV — Z Z Frvsvg + (Z fz'U] - Z fzvf =
ij=1, i#j k=1 ig=1, i#j, i#k, j£k k=1i=1, i#k i=1
(Z Fivj)® = Z fivi = var(v)
=1 i=1
(9.28)
So we have
dp() * 202
pR) _ _ war(y)xz . (9.29)
2+ X Dt fellic, sz + vi)

Furthermore, it can be shown that R(z) = > j_; fx [Iiey s (2 + ;) has exactly n — 1

roots —u;, such that v; < u; < vj41 assuming that 0 < v; < -+ < v,. To show that we just
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need to look at the change of the sign of R(z). We can easily see that

n
R(-v)=f [] (—vi+w)
k=1, k#i
Consequently,

n n

R(-vi)R(~vit1) = (—vi +vir) (~vipn +0)  [[ (mwitor) [ (cvipa+w)

k=1, k#i k#i+1 k=1, ki katitl

From above computations we conclude that

dp()) = o
_/;ﬂfjr%:z:____ww (9.30)

where v; < u; < viy1, and Y o; = var(v). The last equality follows from the fact that

B3 = var(v). Consequently,

n—1
dp(A) =Y (A — )
g=1

and the homogenized equation is

8Sy . 85 o & o ‘
-ét——}—vo—é:-v——var(v)%/o 5“555 ol — ui(t — s),8)ds, (9.31)

where Y771 8; = 1.

Remark 9.7.1. As we described in the previous section the cross-section of a reservoir is
modeled with permeability field which is a log-normal random field with correlation lengths
in z and y directions I, and I, such that I, > I,. As a consequence, the velocity field
has long and thin layers concentrated on these high permeability regions. Generally (it
can be checked numerically) the corresponding velocity fields have a high fraction of low
velocity areas and a low fraction of high velocity areas. In this case sum of £; in (9.31)

corresponding to high velocities is close to 1. For simplicity if we assume there are two

ranges of the velocity v and V', where V' > v, we have the following approximation of our

< 0.
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coarse model

05So 08y _ ft o B
5 + g 5 = var(v) i gﬁso(x—u(t s8),s)ds. (9.32)

Let’s note that if the volume fraction of v is larger, u is close to V. In the next sections we
will show numerically that this model can be used successfully for almost layered cases.

Remark 9.7.2. The coarse model (9.31) can be derived for general non-ergodic periodic
flow with no stagnation point using the continuous model [20] similar to the one for layered
flow. Let’s note that the velocity field corresponding to the flow described in section 3 does
not have stagnation point. Denoting the periodic velocity field by (vi(z/e€),va(z/€)) we
define

T = 1—517! /Y’Uz'(y)dy

where Y is the unit cube (period). The slope is often referred to as the asymptotic slope of

streamline, or the rotation number. Furthermore, following [20] we define 9; such that

t
5i(y) = lim = [ wi(X(s,9))ds

t—oo 1 Jg

where dX/dt = v(X), X(0,y) = y. It has been shown that if § is the angle such that
—1(y) sin(f) + B2(y) cos(f) = 0 (if (v1,72) is not equal to zero then 6 is the directional

angle of (77,72)), then the homogenized equation is

050 05
AR
¢ 0 )
/ /(cos(@)—— + sin(0) =—)2So(z1 — A(t — ) cos(8), z1 — A(t — s) sin(8), s)du(N\)ds.
0 a.’ljl 8:132

(9.33)

Here the measure du()\) is defined similar to the layered case, i.e.,

[#5 =0 [ ([ 5)”

where b(y) = ¥1(y) cos(8) + 2(y) sin(f). In the case of non-ergodic flow (¥1(y),v2(y)) is

constant along the streamlines. Assuming there are n distinct streamlines with velocities
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i and the corresponding volume fractions fi, we can show (similar to the layered case)

that the homogenized equation is

98y __05

ot ow

53 [ i (9)—‘?— i e)i 23 (t (6) (t in(6), s)d
var(v)?_:l/o B;(cos B, -+ sin( 6332) o(z1 — ui(t — s) cos(8), zo — u;(t — s) sin(h), s)ds.
(9.34)

where Z?;ll B; = 1, and u; are between #; and ;41 as in the layered case.

9.8 The formulations of the diffusion in coarse models

In this section we present a formulation for the diffusion in the coarse models. Our goal
with formulating the coarse models is to show that these coarse models improve the results
of existing non-uniform coarsening models and can be efficiently combined with MsFEM.

The coarse model we are going to implement and analyze in this chapter is (9.20)

%‘5-;9 +v3V;80 + ViD¥(2,8)V;8p = 0 (9.35)
where D¥(z,t) = fot md'r. The derivation of this model presented in previous
sections is carried out under the assumption of small variations for perturbed fields. This
assumption does not hold for the whole reservoir since reservoirs are very heterogeneous.
But increasing the number of coarse blocks, we can still accept this assumption. Numerical
experiments show that for the variation o = 2 of permeability field, the coarse model (9.35)
gives satisfactory accuracy. As we will show in later sections, this coarse model improves
the existing non-uniform coarsening approach. In our numerical calculations, we are going
to compare a non-uniform coarsening model and our coarse model (9.35) on the same coarse
grid. We will see that our coarse model makes a substantial improvement over the existing
method. Note that this coarse model can be effectively combined with MsFEM since the

calculations of two-point correlations D% (z,t) require the approximation of fine velocity

field.
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Remark 9.8.1. In this remark we would like to show some approximations for the diffusion
coefficients D¥(z,t). We note that the diffusion coefficients is approximately equal to the

correlation between the length of the fine trajectory in (0,%) which starts at point z and

v'(z). Indeed,

g L i
DY (x,t) = /0 v;(z)v;(z(r))dr = v;(w)/o v;(z(7))dr = vy(z)L; (9.36)

where L; is displacement in the j direction of the coarse trajectory which is started at z
at time 0 and traveled with the fine velocity —v until time ¢. Next we propose to use the

following simplifications of the final result of (9.36)

D¥(z,t) = /vi(z)vi(z) LY (9.37)

where /v (z)v'(z) is the standard deviation of v’ at the coarse block with the center z, Lg
is displacement in the j (j = 1,2) direction of the coarse trajectory which is started at z
at time 0 and traveled with the coarse velocity —vg until time ¢. Note that the numerical
experiments show that this approximation works as well as the previously suggested one
for flows with large correlation length in z direction and small correlation length in y. The
advantage of this approximation is that we calculate the variance of the velocity in each
coarse block instead of two-point correlation. This reduces the computational cost of the
problem.

Remark 9.8.2. The numerical examples we present are for flow scenarios with I, > [,
where [, and [, are correlation lengths in z and y directions. This flow filed is almost
layered and we can try to use (9.31). To use this model in its general form is cumbersome.
We can simplify this model, noticing that the velocity fields corresponding to log-normal
permeability fields with large ratio I;/l, tend to have low velocity areas with high volume
fraction and high velocity areas with low volume fraction. In this case we can assume that
the velocity field has a two characteristics scale. As we noticed in the previous section, in
this case the coarse model (9.31) can be approximated with

0S5 5o t 52

T + v = var(v) A —8}—25’0(:5 —u(t — s),8)ds (9.38)
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where u is close t0 Umez. A few numerical results for this model show that this coarse
model has a good accuracy for small [, and as we increase the value of [, the accuracy
of the method decreases. The comparison with non-uniform coarsening approach shows
that (9.38) can give comparable accuracy for fractional curves in a very much coarser grid.
We would like to note that this coarse model can be effectively combined with MsFEM to
calculate vy and var(v), where these quantities require an approximation of the detailed

velocity field in general.

9.9 The use of MSFEM in coarse models

Our coarse models as we see from the previous section require average characteristics of the
flow. These average characteristics (variation, two-point correlations) can be calculated with
the knowledge of the detailed behavior of the flow. For some simple cases, we can recover
these average characteristics without knowing the detailed behavior of the velocity field, but
in general we need some approximation of fine velocity field. We use MsFEM to construct
the approximation for the detailed flow field, which is further used for calculations of average
characteristics of the flow. Indeed, as we see from the first part of the work, multiscale
bases functions contain the small scale information. To construct the approximation of a

fine pressure field in a given coarse block, we just need
ot =" pdt

where gbé“ are the base functions in this coarse block, p’é are the nodal values calculated from
coarse matrix equation, and p? is the approximation of the pressure field in the coarse block.
The H'! convergence for MsFEM presented in previous sections indicates the robustness of
our construction. We would like to note that the calculation of the variance of velocity
field in a coarse block uses multiscale finite element base functions of this coarse block
once. Consequently this base function can be discarded from memory after we calculate the

average information in this coarse block.
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9.10 Boundary conditions for coarse models

Adding the diffusion term into the coarse model requires additional boundary conditions
since we increase the order of our partial differential equation. In this section, we describe
what boundary conditions we use for our coarse models. We start describing boundary

conditions for the coarse model

R

. + ’UDV S0+ V; D”(:E t)V]SQ =0 (9.39)

where D% (z,t) fo i T))dr. Because the y component of the velocity is equal to
zeroon y = 0 and y = 1, we conclude that v, = 0. Consequently, D?2 = 0 on y = 0 and
y = 1 for all ¢ and we do not need to impose any boundary conditions on y =0 and y = 1
since there is no convective or diffusive flux. To impose boundary conditions on z = 0, we
note that D! = 0 on z = 0 for all ¢ because z(7) = z—vgt > 0, or t < z/vg. This means that
the integration path shrinks to zero as we approach to z = 0, and therefore D*1(0,y,¢) = 0.
Counsequently, there is no diffusive flux on z = 0 and we do not need to impose any extra
boundary conditions. On z = 1 we have positive outgoing flux. To formulate boundary
conditions on z = 1, we note that in dimensionless time PVI the amount of fluid in the
reservoir at a given time is fixed and equal to the amount of fluid of the detailed flow. Since
we do not have any diffusive flux entering into the reservoir on z = 0, we require that there
is only convective flux on = = 1, or diffusive flux is equal to zero on z = 1.

Remark 9.10.1. The same boundary conditions are imposed for

080 0S50 t 928

e + w5 = var(v) ; Eﬁ(m —uft — s),9)ds. (9.40)

9.11 Numerical results for unit mobility case

In this section we analyze numerically the coarse models we proposed in the previous section.
The hyperbolic equations in these models used second order ENO schemes in order to avoid

numerical diffusions. We consider the coarse model (9.35)

%S'i* +v VjSo + ViDij(m,t)VjSO =0 (9.41)
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where D% (z,t) = fOt mdr. The numerical examples we present here compare the
fractional flow curves of the coarse model (9.41) and the non-uniform coarsening method
on the same coarse grid. Coarse grids for the examples are chosen to be non-uniform
in order to have the best performance for the non-uniform coarsening approach. In the
numerical examples, we use the layered permeability fields as discussed before. As our
numerical experiments Fig. 9.4 - Fig. 9.10 demonstrate, on the non-uniform coarse grid our
coarse model with diffusion improves the results of the non-uniform coarsening method.
Moreover, our method is capable of accurately predicting the fractional flow curve on as
coarse as 10 x 10 grid.

In Fig. 9.4 we consider the layered case with very large correlation length in z direction.
The post-breakthrough fractional flow curves for non-uniform coarsening method and the
coarse model (9.41) are compared on 10 x 10 coarse grid and 100 x 100 fine grid. As
this figure shows that our coarse model gives a good accuracy and improves the existing
approach. In Fig. 9.5 we decrease l; to I, = 0.3. This flow deviates from layered flow
since the correlation in z direction is less than the length of the reservoir in the z direction.
We see from this figure that our method improves the result of the non-uniform coarsening
method.

In numerical examples presented in Fig. 9.6 - Fig. 9.8, we increase the value of [,. As
the value of I, increases, the flow field becomes less layered and the effect of cross flow
becomes noticable. As a result the non-uniform coarsening approach, gives more accurate
predictions in comparison to the layered case. The reason is that is the approximation of
the flow in each coarse block with single average velocity becomes more robust since the
flow loses its individual features in each coarse block. Despite that, we see from Fig. 9.6
- Fig. 9.8 that our coarse model improves the predictions of the non-uniform coarsening
approach.

Numerical examples Fig. 9.9 - Fig. 9.10 are performed for flow with smaller correlation
length in the z direction with I, = 0.15. As we see from these numerical results, our coarse
model (9.41) retains good accuracy and improvement in all cases.

Remark 9.11.1. We would like to present a few numerical results for the coarse model

850 95 _ t9rs
B + w5 = var(v)/o —5—26—2—(3: — u(t — 8), 8)ds. (9.42)
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Figure 9.4: Case I; = 0.6, [y = 0.01, 0 = 2. Dashed-dotted line is for fine fractional flow

curve on 100 x 100 grid, dashed-dashed line is for coarse model using non-uniform coarsening

method on 10 x 10 coarse grid, dotted line is for the coarse model with diffusion on the

same coarse grid
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Figure 9.5: Case I; = 0.3, {; = 0.005, ¢ = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using non-uniform
coarsening method on 12 % 12 non-uniform coarse grid, dotted line is for the coarse model
with diffusion on the same coarse grid
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Figure 9.6: Case [ = 0.3, [, = 0.01, o0 = 2. Dashed-dotted line is for fine fractional flow
curve on 100x 100 grid, dashed-dashed line is for coarse model using non-uniform coarsening
method on 10 x 10 non-uniform coarse grid, dotted line is for the coarse model with diffusion
on the same coarse grid
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Figure 9.7: Case l; = 0.3, Iy = 0.05, ¢ = 2. Dashed-dotted line is for fine fractional flow
curve on 100X 100 grid, dashed-dashed line is for coarse model using non-uniform coarsening

method on 11 x 11 non-uniform coarse grid, dotted line is for the coarse model with diffusion
on the same coarse grid
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Figure 9.8: Case l; = 0.3, I, = 0.2, 0 = 2. Dashed-dotted line is for fine fractional flow
curve on 100x 100 grid, dashed-dashed line is for coarse model using non-uniform coarsening
method on 9 x 9 non-uniform coarse grid, dotted line is for the coarse model with diffusion
on the same coarse grid
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Figure 9.9: Case l; = 0.15, Iy = 0.005, o = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using non-uniform
coarsening method on 10 x 10 non-uniform coarse grid, dotted line is for the coarse model
with diffusion on the same coarse grid
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Figure 9.10: Case l; = 0.15, Iy = 0.025, o = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using non-uniform
coarsening method on 10 x 10 non-uniform coarse grid, dotted line is for the coarse model
with diffusion on the same coarse grid

As we discussed in the previous section, this model can be used to approximate the detailed
flow. We are going to compare the results of this coarse model with the non-uniform
coarsening model mentioned before. In the numerical example presented in Fig. 9.11, the
velocity field is nearly layered. Such a high value for I; is not commonly used in practical
examples. As we see from fractional flow curves, the coarse model (9.42) has very good
accuracy for this case. We also depict in this figure the fractional curve for 10 x 10 coarse
model using the non-uniform coarsening approach. As we see from this figure our coarse
model on 1 x 1 coarse grid gives better accuracy. In Fig. 9.12 we present a numerical result
for the layered flow with moderate value of I, I, = 0.15. We see that for this case also, the
coarse model (9.42) gives a better approximation to the fractional flow curve of the detailed
flow than the non-uniform coarsening on 10 x 10 coarse grid. If we increase the correlation
length in the y direction then the performance of the coarse model (9.42) deteriorates (see

Fig. 9.13).
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Figure 9.11: Case l; = 0.7, I, = 0.005, o = 2. Dashed-dotted line is for fine fractional flow
curve on 100 x 100 grid, '+’ is for coarse model using non-uniform coarsening method on

10 x 10 coarse grid, dotted line is for the coarse model with diffusion on 1 x 1 coarse grid,
solid line represents the coarse fractional flow curve on 1 x 1 coarse grid
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Figure 9.12: Case Iz = 0.15, I, = 0.005, o = 2. Dashed-dotted line is for fine fractional flow
curve on 100 x 100 grid, '+’ is for coarse model using non-uniform coarsening method on
10 x 10 coarse grid, dotted line is for the coarse model with diffusion on 1 x 1 coarse grid,
solid line represents the coarse fractional flow curve on 1 X 1 coarse grid
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Figure 9.13: Case [; = 0.15, I = 0.025, 0 = 2. Dashed-dotted line is for fine fractional flow
curve on 100 x 100 grid, ’+’ is for coarse model using non-uniform coarsening method on
10 x 10 coarse grid, dotted line is for the coarse model with diffusion on 1 x 1 coarse grid,
solid line represents the coarse fractional flow curve on 1 X 1 coarse grid

9.12 TUpscaling of two-phase flow

In this section we discuss a coarse model for two-phase flow. This model has been derived
in [38, 37]. I bave also derived this model independently during my summer internship at
Chevron. The derivation of the model assumes that the velocity field weakly depends on
time. This kind of assumption has been made in a number of publications. Indeed, the
saturation dependence in the velocity has been examined before [38, 37] and it has been
shown that it does not have a large influence on heterogeneous fingering for modest mobility

ratio A(S) (9.2). Under this assumption, our fine scale model is

%8 Fuif(s) =0, (9.43)

where v; = k¥V,p, and Vik¥V;p = 0. The derivation of the coarse model is based on
perturbation of saturation and the velocity fields around their averages. Using the expansion

of these quantities as we did in the previous section

S=8+5, vj=u+v
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in the saturation equation, we have

98y 08
+ _

20 4 S8+ 00+ 9)V; (£(S0) + A(S0)S' + B(sp)s*) =o. (9.44)

Here

A(So) = f'(S0), B(So) = £"(S0), C(So) = f"(S0).

To get (9.44) we have used
F(S) = F(So+ 8') = £(S0) + A(S0)S' + B(S)S”.

(9.44) is equivalent to

9% 98

5t | ot
(9 + v5) (A(S0) V30 + A(S0)V;S' + 5'B(S0) V350 + B(So)V;8 " + C(80)5° ;80 ) = 0.
(9.45)

Averaging (9.45) and neglecting the terms of third and higher orders, we get

05 X7l Ta o2 o2
—a—t9 +vIA(S0) VS0 + A(So ) V38 + B(S0)V;Sv5S + I B(So)V;8'% + w982 C(S0)V ;S0 = 0.
(9.46)
This equation for averaged saturation is equivalent to
050 | W0 A(S0)V ;50 + V;A(So) TS + V10 B(S0)S% = 0 9.47
_at-+vj(0)J0+J(0)Uj+ij(0) =0. (9.47)

In [17, 18] the author numerically investigated the effect of velocity-saturation covariance
(;J—;.S’T) and the variance of the saturation on the upscaled relative permeabilities. These
upscaled relative permeabilities show the strongest dependence on the velocity-saturation
covariance. For this reason we only concentrate on the effect of velocity-saturation co-

variance onto the average saturation. In [38, 37] the authors use a different argument for
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neglecting the effects of saturation variance on the averaged properties of the flow. Then

the approximate equation for averaged saturation becomes

a5
_829 + ’U?A(S())VjSo + VjA(So)'U;,S"

0. (9.48)

To approximate the velocity-saturation covariance, the fluctuating equation (i.e., equa-~
tion for ') has been used. To derive this equation we subtract (9.46) from (9.45) and

neglect the higher order terms:

i [ — —_—
%ST{—Q;;?S'B(SO)VJ-SO + ] A(So) V35" + v;A(S0) VS0 = A(So)vjV; 5" B(S0)V;Sov}S" +

WB(So)V;S' + v282C(S0)VSo.
(9.49)

Denoting the r.h.s of (9.49) as ®(z, t), since ®(z,t) is non-oscillatory function, we can write
(9.49) in a more compact form:

a5’

B + ’U?SlB(So)VjSO + ’U?A(SQ)VJ'S' + 'U;'A(SQ)VJ'S() = ®&(z,1). (9.50)

In [38, 37] the authors using certain assumptions propose the following approximation for

velocity-saturation covariance
————————— e e et t .
St 2)0 (@) = —A(So(a,1)) / Ri*(z, 5(r))drV; So(z, ) (9.51)
0

where R¥*(z,z(r)) = v;- (z)v, (2(7)), two point correlation of the velocity field as in the unit

mobility case. With this approximation the equation for averaged saturation becomes

t .
%_S'tg + U2A<50)vj50 = V. A%(Sy(z, t))/ R]k(x,m(r))dTVjSO(x, t). (9.52)
0

This result is consistent with the unit mobility case where A(Sy) = 1. We use this model
in our numerical examples. To calculate second order statistics, we use multiscale base
functions. Even though to derive the coarse model (9.52) a number of assumptions have
been used, the numerical experiments demonstrate that with this coarse model we can get

substantial improvements over the existing non-uniform coarsening approach. Also as we
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will see from numerical results of the next section the coarse model (9.52) is capable of

approximating accurately the averaged flow properties on the relatively coarse grid.

9.13 Numerical results for two-phase flow

In this section we analyze numerically the coarse model (9.52) for two-phase flow assuming
that the velocity field does not (weakly) depends on time. Second order ENO schemes have
been used to approximate the nonlinear hyperbolic equations in order to avoid numerical
diffusions. As for relative permeabilities, we use the commonly used flux for two-phase

immiscible flow
Ero(S) = (1= 8%, kpo(S) = S2

where S is the oil saturation. We assume the viscosity ratio to be 5, i.e., to/ iy = 5.

In Fig. 9.14 - Fig. 9.19, we compare the fractional flow curves for our coarse model
with the non-uniform coarsening method on the same coarse grid for different realizations
of permeability fields as we did in the unit mobility case.

As in the unit mobility case, we start with flow field with large correlation length in the
z direction, I, = 0.6. In Fig. 9.14 we present the numerical result for this case. As we see,
our coarse model improves the predictions of non-uniform coarsening approach and gives
an accurate approximation on 10 X 10 coarse grid.

In the next figures, we compare our method with non-uniform coarsening approach
for various values of l; and l,. These values of l; and I, have been used in the numerical
examples for the unit mobility case. For this reason we do not comment on the corresponding
velocity fields. As we see from these figures, when the ratio of [ /I, increases the non-uniform
coarsening approach becomes more robust. The reason is that in this case the velocity field
loses its individual features. We see from the previous numerical results that our coarse
model is capable of predicting the flow rate on 10 x 10 coarse grid. Moreover, the coarse

model with diffusion improves the predictions of the non-uniform coarsening method.
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Iz = 0.6, I, = 0.01, ¢ = 2. Dashed-dotted line is for fine fractional

flow curve on 100 x 100 grid, Dashed-dashed line is for coarse model using non-uniform
coarsening method on 10 x 10 coarse grid, dotted line is for the coarse model with diffusion
on the same coarse grid
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I = 0.3, Iy = 0.005, 0 = 2. Dashed-dotted line is for fine fractional

flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using non-uniform

coarsening method

on 12 x 12 non-uniform coarse grid, dotted line is for the coarse model

with diffusion on the same coarse grid
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Figure 9.16: Case I, = 0.3, [, = 0.01, ¢ = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using non-uniform

coarsening method on 10 x 10 non-uniform coarse grid, dotted line is for the coarse model
with diffusion on the same coarse grid
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Figure 9.17: Case l; = 0.3, Iy = 0.05, ¢ = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using non-uniform

coarsening method on 11 x 11 non-uniform coarse grid, dotted line is for the coarse model
with diffusion on the same coarse grid
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Figure 9.18: Case l; = 0.15, Iy = 0.005, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using non-uniform
coarsening method on 10 x 10 non-uniform coarse grid, dotted line is for the coarse model
with diffusion on the same coarse grid
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Figure 9.19: Case [; = 0.15, I, = 0.025, 0 = 2. Dashed-dotted line is for fine fractional
flow curve on 100 x 100 grid, dashed-dashed line is for coarse model using non-uniform
coarsening method on 10 x 10 non-uniform coarse grid, dotted line is for the coarse model
with diffusion on the same coarse grid




172

9.14 Concluding remarks

The implementation of the coarse model formulated in previous section to the general two-
phase flow is currently under investigation.

Developing new effective coarse models for two-phase flow problem is one of my ongoing
researches. Our goal is to find coarse models which are process independent and capable
of predicting the flow properties on a relatively coarse grid. The main idea of the coarse
models I am currently working on is to assign three velocity fields (for practical purposes)
to each coarse block rather than one as in the non-uniform coarsening approach. In each
coarse block, assigning three velocity values our goal is to represent the high, average and
low flow areas. Let’s note that for each velocity we also assign a weight, calculated from the
MsFEM approximation of the velocity field. In the non-uniform coarsening approach, we
just represent the average flow while missing the important features of the flow. Introducing
the representatives for high and low velocities, we are capable to predict the average flow
properties on a relatively coarse grid. In Fig. 9.20 - Fig. 9.22, we plot the fractional flow
curves for the coarse model with three velocity representatives on 2 X 2 coarse grid. As we
see from these figures, the predictions on a 2 x 2 coarse grid is better than a 5 x 5 coarse

approximation of the fractional flow curves using non-uniform coarsening.
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Figure 9.20: Case I; = 0.3, Iy = 0.01, o = 2. Dashed-dotted line is for fine fractional flow
curve on 100 x 100 grid, solid line is for coarse model using three velocity values in each
coarse block on 2 x 2 coarse grid, dotted lines is for the non-uniform coarsening approach
on 2 X2 and 5 x 5 coarse grid (2 x 2 is the worst one)
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Figure 9.21: Case [; = 0.3, {y = 0.05, ¢ = 2. Dashed-dotted line is for fine fractional flow
curve on 100 x 100 grid, solid line is for coarse model using three velocity values in each
coarse block on 2 x 2 coarse grid, dotted lines is for the non-uniform coarsening approach
on 2 x 2 and 5 x 5 coarse grid (2 x 2 is the 'worst one)
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Figure 9.22: Case I; = 0.3, [y = 0.2, 0 = 2. Dashed-dotted line is for fine fractional flow
curve on 100 x 100 grid, solid line is for coarse model using three velocity values in each
coarse block on 2 x 2 coarse grid, dotted lines is for the non-uniform coarsening approach
on 2 x 2 and 5 x 5 coarse grid (2 x 2 is the worst one)
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Appendix A Difference form of the cell term

To show that A} can be written in the difference form we need just to prove that ¢f ;¢f;,
qS’g,qu%,g and ¢’§’1¢g,2 + ¢’§,2¢6,1 are the same constants in each of two triangular elements
with the common side kl. In this way the integrand is the same in the union of these two
elements. Since the average of the integrand of A% is zero, it is the divergence of a periodic
field. Consequently, A% can be written as a difference of integrals over the boundaries.

To show that these constants are the same for our configuration we need the following

lemma.

Lemma A.0.1 If S1U S is a parallelogram then ¢§,j¢)6,p + d)f),jd)’g’p is the same in S1 and
Ss.

Proof. In this case we have

b =—dt; (1=1,2).

Note that the line segment kA is parallel to the line segment [ B, which is also parallel to the
line segment Oz, see Fig. A.1. Moreover, since |kA| = [IB] and ¢|s, (k) = 1, ¢fs, (4) =0,
Phls, (1) = 1, #hls,(B) =0, we have

¢’(§,1‘Sl = "¢€),1{52'

The same can be shown for j =2. 0

Remark A.0.1. It can be shown that this difference structure leads to the summation
by parts in (7.48).

Now let us show that [; f0%dz can be written in the difference form ([ f qub’g,pdz is
similar). Consider the configuration illustrated in Fig. A.2. By reordering the terms, we

obtain
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Figure A.1: Segments in a triangulation
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Figure A.2: Element nodes in a triangulation
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6
Q’LJd — i _ i - ij+1
/f © ;Lifedx (/sté‘dx K1f9 dz)
+([ foidg - / F0Ydg) + ( / $04ds — | $oi~Yidg) (A1)
K3 K1 Ky Kg

+(| f049dx - / O gy,
K Ks

Here we have used 35_,0F = 0 on K € K" . This difference structure leads to the

summation by parts in G? flh.
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Appendix B The estimate for linear functions

In this section we show that on any triangular element K

VUL, (k) < ClVullzy k), | (B.1)

where [ is a linear function and u satisfies the following equation on a triangular domain

SOK

Vi Vju =0 in 8
(B.2)
u=1[ on dS.

Let us consider the difference of v and i1 ¢ = u~I. Clearly ¢ satisfies the following equation:

Viaijvqu = —V,-aijvjl in S

(B.3)
=0 ondS.
Introducing the auxiliary function v; (i = 1,2) defined by
VidVvp = =V in S,
(B.4)

vp =0 on dS.
We can express the solution of (B.3) as a linear combination of v;. This gives
u=1+vVil =1+ v,

where o; = V;[ are constants. Then we obtain

/ (Vu)2dz = / (14 Vio1)? + (Vaor)2dz +
K K
Oﬂ% /;{[(1 + Vz’vz)2 + (Vlvz)z]dﬂ} +

20100 / (14 Viu)Vivg + (1 + Vave) Vou lde = (Aa, o),
K
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where A is the matrix with the following elements
Al = [L(1+ Viv)? + (Vavr)Y)d,
A2 = [L{(1+ Viv1)Vivg + (1 + Vavs) Vaurlde,
A = [ 11+ Viv)Vive + (1 + Vava) VauiJdz,

A2 = [ 11+ Vau2)? + (V1iv2)dz.
It can be checked that

Al = / (14 Vio1)? + (Vav1)2dz > 0,
K

A% = / [(1 4 Vavg)? + (V1v2)?]dz > 0,
K
and
(Aa,a) >0

are the sufficient conditions for (A, ) > do?, for some d > 0. For example under these

conditions d can be chosen to be 2d = A™ + A% — /(AL — A22)2 1 4(A12)2, Note that if

d > 0 then d > Ch? from which it follows that do? > C||VI|| Lo(K)- Assuming the opposite,
i.e., any of the inequalities does not hold we have that v; + 21 or vy + z or u is constant

in K. Let’s note that v; + z; (i = 1,2) satisfy

ViaijVj (v +2zk) =0 in S,
(B.5)
v+ T =2z on 0S.

Therefore v; + z; (i = 1,2) cannot be constant in K [39]. Consequently, A*' and A are
strictly positive. Also [i(Vu)idz > 0 if [VI| > 0 [39] which guarantees (Ao, @) > 0. If
|Vl| = 0 then (B.1) satisfies. This completes the proof of (B.1).
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Appendix C Formulation based on dissipation energy

Indelman and Dagan [30] suggested the use of averaged dissipation energy for determining

the grid block permeability, i.e.,
(Vo KVp)y = (Vp* - KVp)y, (C.1)
where p¢ is the solution of (8.5) and p is the solution of
V-KVp=0 inV. (C.2)

This formulation may be viewed as an approximation to the energy convergence in the
homogenization theory (cf. [32]). Note that K cannot be uniquely determined from (C.1)
since adding any anti-symmetric tensor to K does not change the equality. Thus, we enforce
K to be symmetric.

Equation (C.1) is useful for calculating K only when Vp is known in advance. This can
be achieved by specifying special boundary conditions. Let p = w + e -  be the solution
of (C.2), where e is a constant vector. Then under the condition w = 0 on 8V or w being
periodic in V, we have Vp = e on V from (C.2) since K is a constant tensor in V. Thus

(C.1) reduces to
e-Ke = (Vp- KVp®)y. (C.3)

This explicit formula is in fact equivalent to (8.13). We briefly outline the proof here.
First, because (C.3) holds for arbitrary e, choosing e = ¢; (i = 1,... ,d) and denoting
the corresponding p® by p§, we obtain (8.13) for ¢ = j. Now, choose e = e; +¢; (¢ # j).
By using the symmetry of K (as enforced) and K¢, as well as the previous result for i = j,
it is easy to show that (8.13) holds for ¢ # j. On the other hand, since any vector e can
be written as a linear combination of e;, we obtain (C.3) from (8.13) by simple algebra.
For this, we use the facts that (8.5) is linear and homogeneous, (8.7) (or (8.8)) is invariant

under linear superposition, and that the two sides of (8.13) are bilinear forms.
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With the boundary condition (8.9), Vp = e only when K is diagonal; otherwise, Vp
and K are coupled together and (C.1) could be difficult to use in actual computations.
We mention that reference [10] showed the above equivalence under the periodic boundary
condition with a different approach, but the conclusion for the linear pressure drop condition

(corresponding to w = 0 on V') was incorrect.
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