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ABSTRACT 

Atmospheric aerosols  c o n s i s t  o f  submicron-sized p a r t i c l e s  o c c u r r i n g  

a t  number concen t ra t ions  o f  t h e  o rder  o f  lo5  cm-3 and mass concen t ra t ions  

3 o f  t h e  order  o f  100 pg 6 . These aerosols ,  when o c c u r r i n g  i n  urban areas, 

c o n s i s t  o f  aqueous s o l u t i o n s  o f  su l fa te,  n i t r a t e ,  ammonium, o rgan ic  con- 

s t i t u e n t s ,  and c e r t a i n  meta ls .  Th is  t h e s i s  i s  a  c o n t r i b u t i o n  toward our  

a b i l i t y  t o  descr ibe  mathemat ica l ly  t h e  fo rmat ion  and growth o f  such atmo- 

spher ic  aerosols .  Since a  subs tan t ia l  f r a c t i o n  o f  t h e  mass o f  urban aero- 

s o l s  c o n s i s t s  o f  s u l f a t e ,  n i t r a t e ,  ammonium and water  (S te lson  and Se in fe ld ,  

1981), t h e  d e s c r i p t i o n  o f  t h e  dynamics o f  such an aerosol  i s  an impor tan t  

p lace t o  i n i t i a t e  t h e  development o f  aerosol  models. The s i z e  and composi- 

t i o n  d i s t r i b u t i o n  o f  atmospheric aerosols  a r e  governed by a combinat ion o f  

thermodynamics and k i n e t i c s .  A  d e t a i l e d  t reatment  o f  the  thermodynamics o f  

the  atmospheric sulfate/nitrate/ammonium/water system i s  presented. Based 

on t h i s  t reatment ,  models a r e  developed t o  p r e d i c t  t h e  e q u i l i b r i u m  q u a n t i t y ,  

composit ion, s ta te ,  and s i z e  o f  t h e  aerosol g i ven  gas phase p r o p e r t i e s .  

Aerosol k i n e t i c s  a re  approached by s o l u t i o n  o f  the  General Dynamic Equation 

f o r  t h e  aerosol  s i zed  d i s t r i b u t i o n  us ing t h e  sec t iona l  method o f  Gelbard 

and Se in fe ld .  I n  t h e  most general k i n e t i c  model presented, t h e  e v o l u t i o n  

o f  t h e  s i z e  and composit ion o f  an atmospheric s u l f a t e  aerosol i s  p red ic ted  

under power p l a n t  plume condi t ions.  Users manuals f o r  t h e  computer codes 

compr is ing t h e  models developed here a re  g iven i n  t h e  Appendix. 
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CHAPTER 1 

INTRODUCTION 



Introduction 

1 Background - 
Several mathematical models have been developed t o  describe aerosol 

dynamics and chemistry based on a theoretical description of the governing 

processes. These models are  summarized in Table 1. They may be grouped 

in four main categories: 

(1) Models that  describe the evolution of the aerosols size d i s t r i -  

bution by coagulation and condensation of one or more gaseous species 

( 2 )  Models that describe aerosol growth by condensation of one or 

more gaseous species 

(3) Models that describe the evolution of the aerosols size and 

chemical composition by coagulation and condensation of one or more 

gaseous species and by aerosol-phase chemical reaction. 

( 4 )  Models that describe the thermodynamic equilibrium of the aero- 

sol with the surrounding gas phase. 

Models that  describe aerosol dyanmics are based i n  one form or another 

on the solution of the General Dynamic Equation (GDE) t h a t  includes coagu- 

la t ion,  condensation, and nucleation for  a continuous s ize distribution. 

For the aerosol number distribution, n(v,t) the GDE i s  expressed as follows 

where v i s  the aerosol volume or mass, t the time,% the coagulation coeffi- 

cient and J the nucleation rate. The f i r s t  tenn on the right hand side 

represents condensation, the second and third terms represent coagulation, 

and the l a s t  term represents nucleation. 



Table 1 

Sumnary o f  some recen t l y  developed aerosol models 

New P a r t i c l e  Aerosol Chemistry 
Model Size D i s t r f b u t i o n  Coagulation Condensation/Evaporation Forma t i  on and Thermodynamics 

Middleton and Brock Continuous Evaluatfon o f  i n t e g r a l s  Growth law from H2S04 Classical  nucleat ion None 
(1976); Middleton and representat ion Jnd H20 concentrat ions theory 
Kianq (1978) 

Gelbard and Seinfeld Continuous representa- Evaluat ion o f  i n t e g r a l s  Growth law from H2S04 Monomer balance theory None 
( 1978,1979) t i o n  w i t h  d isc re te  and HZO concentrat ions 

representat ion o f  
molecular c lus te rs  

Tsang and Brock (1982a. Continuous Evaluatfon o f  i n t e g r a l s  Growth law from gas- Monomer balance theory None 
t982b); B r ~ c k  (1983) representat ion phase concentrat ion 

Gel bard, Tambour and Continuous I n t e r -  and i n t r a -  Growth law from H,SO, None 
c. 7 ~ e l n f e l d  (1980) ; representa t l o n  sectionat coagulation concentration and 

Gel bard and Seinfe ld 
j 1980) Bassett, Gelbard aerosol /gas-phase 

and Seinfe ld (1981) eou i l  ibr ium 

Aqueous c h m l  s t r y  
( s u l f a t e )  Bassett,  Gelbard 
and Seinfeld (1981) 

Selqneur (1982) Sectional I n t e r  and I n t r a -  Growth law from H2S04 Parameterized monmer None 
representat ion (Ntt4)2S04 and FdH4N03 balance theory 

condensa t f on 

Whi tby (1978) Vrimodal representat ion Parameterized Parameterized Parameterized None 

E l t g r o t h  and Hobbs Trimodal log-normal I n t e r -  and i n t r a -  Growth law frcin H2S04 Monomer balance theory None 
(1979) representat ion modal coagulatfon 
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L e t  us now summarize t h e  methods i n  Table 1 i n  terms o f  t h e  categor- 

i e s  g iven  above. 

(1) Models t h a t  descr ibe t h e  e v o l u t i o n  o f  t h e  aerosol  s i z e  d i s t r i -  

b u t i o n  by coagu la t ion  and condensation o f  one o r  more gaseous species. 

Models t h a t  desc r ibe  t h e  e v o l u t i o n  o f  t h e  aerosol s i z e  d i s t r i b u t i o n  

by coagu la t ion  and condensation a r e  based on t h e  s o l u t i o n  o f  t h e  GDE g iven  

above. The s o l u t i o n  o f  t h e  GDE i s  d i f f i c u l t  because bo th  n and v vary 

over  severa l  orders o f  magnitude. The numerical s o l u t i o n  approaches have 

g e n e r a l l y  f o l l o w e d  one o f  two techniques, one based on t h e  use of s p l i n e  

o r  c o l l o c a t i o n  methods, e.g. 

Middleton and Brock (1976) 

Gel bard and Se in fe l  d  (1  978, 1979) 

Middleton and Kiang (1979) 

Suck and Brock (1979) 

Tsang and Brock (1982a,b) 

and t h e  o t h e r  based on d i v i d i n g  t h e  s i z e  regime i n t o  sect ions,  e.g., 

Gel bard, Tambour and S e i n f e i d  (1980) 

Gel bard and S e i n f e l  d  (1  980) 

Seigneur (1 982) 

These two approaches have common r o o t s .  I n  fac t ,  t h e  sec t iona l  ap- 

proach can be viewed as s imply  t h e  f i r s t  l e v e l  o f  approx imat ion i n  a h i e r -  

a rchy  o f  methods, such as s p l i n e s  o r  orthogonal c o l l o c a t i o n  on f i n i t e  e le -  

ments. The above models work w e l l  f o r  coagu la t ion  processes, based on a 

comparison o f  t h e  numerical s o l u t i o n s  w i t h  exact  s o l u t i o n s .  However, con- 

densation, which i s  represented by t h e  f i r s t  term on t h e  r i g h t  hand s i d e  

o f  t h e  G D E ,  leads t o  numerical d i f f i c u l t i e s .  Th is  i s  a  r e s u l t  o f  t h e  



f i r s t - o r d e r  na tu re  o f  t h e  term, which i s  i d e n t i c a l  t o  t h e  advect ion term 

i n  t r a n s p o r t - d i f f u s i o n  models. Brock (1982) has suggested t h e  use o f  

r e c e n t l y  developed f i n i t e - e l e m e n t  techniques t o  min imize t h e  numerical 

d i f f u s i o n  t h a t  r e s u l t s  f rom t h i s  term. 

I n  a r e g i o n a l  a i r  q u a l i t y  s imu la t ion ,  t h e  models summarized above 

would have t o  be used a t  every g r i d  p o i n t .  As a r e s u l t ,  t h e  t ime  r e q u i r e d  

t o  r u n  such a model may become p r o h i b i t i v e .  I n  an e f f o r t  t o  avoid t h i s  

d i f f i c u l t y ,  Whitby (1981, 1983) proposed a three-mode paramete r i za t ion  o f  

t h e  coagulat ion,  condensation and n u c l e a t i o n  processes. Thus, Whi tby 's  

model prov ides an approximate s o l u t i o n  t o  t h e  e v o l u t i o n  o f  t h e  aerosol 

s i z e  d i s t r i b u t i o n  which r e q u i r e s  l e s s  computer t ime  t o  run. 

( 2 )  Models t h a t  descr ibe aerosol growth by t h e  condensation o f  one 

o r  more gaseous species. 

The second group o f  models neg lec ts  coagulat ion.  Thus, they a r e  

based, i n  essence, on s o l v i n g  

where growth, dv/dt ,  may occur by condensation o f  one o r  more species. 

Most o f  t h e  models developed have focused on s u l f a t e  and n i t r a t e  aerosols .  

These inc lude :  

Ore1 and S e i n f e l d  (1977) 

Peterson and S e i n f e l d  (1979, 1980) 

Middleton, Kiang, and Mohnen (1980) 

Brock (1982) 

Saxena, Seigneur, and Peterson (1983) 



Each o f  these models inc luded  aqueous-phase chemist ry  and thermodynamic 

e q u i l i b r i u m  i n  a d d i t i o n  t o  growth by condensation o f  gaseous species. 

When coagu la t ion  can be neglected, a considerable s i m p l i f i c a t i o n  

r e s u l t s .  Th is  i s  because t h e  presence o f  coagu la t ion  imposes l i m i t a t i o n s  

on t h e  method t o  be used. For  example, i n  t h e  sec t iona l  approach, t h e r e  

i s  t h e  geometr ic c o n s t r a i n t  which l i m i t s  t h e  number o f  sec t ions  t h a t  can 

be used. When coagu la t ion  can be neglected, these problems w i l l  n o t  a r i s e .  

Then, i n  genera l ,  t h e r e  w i l l  be no major  d i f f i c u l t i e s  i n  s imu la t ing  gas-to- 

p a r t i c l e  convers ion and aerosol-phase chemical r e a c t i o n s  i n  a multi-compo- 

n e n t  system. 

( 3 )  Models t h a t  descr ibe t h e  e v o l u t i o n  o f  t h e  aerosol  s i z e  and chemi- 

c a l  composit ion by coagu la t ion  and condensation o f  one o r  more gaseous spe- 

c i e s  and by aerosol-phase chemical r e a c t i o n .  

The o n l y  model t h a t  combines s i z e  d i s t r i b u t i o n  e v o l u t i o n  by coagula- 

t i o n  and condensation w i t h  aerosol-phase chemical r e a c t i o n  i s  t h a t  o f  

Basset t ,  Gelbard and Se in fe ld  (1981) which i s  Chapter 6 o f  t h i s  t h e s i s .  

The model was developed s p e c i f i c a l l y  t o  s imu la te  plume aerosols ,  where 

bo th  coagu la t ion  and aerosol-phase chemist ry  might  be expected t o  be o f  

importance. The model i s  based on t h e  sec t iona l  approach t o  s o l v i n g  t h e  

GDE. It a1 so inc ludes  some simple aerosol  thermodynamics. Th is  model 

demonstrates t h e  way i n  which t ype  (1) and ( 4 )  models can be combined t o  

produce a complete model o f  an aerosol .  However, f u r t h e r  work i s  requi red,  

e s p e c i a l l y  i n  t h e  i n c o r p o r a t i o n  o f  more soph is t i ca ted  thermodynamics. 

(4)  Models t h a t  descr ibe t h e  thermodynamic e q u i l i b r i u m  o f  the  aero- 

so l  w i t h  t h e  surrounding gas phase. 



I t  has become apparent t h a t  thermodynamic e q u i l i b r i u m  p l a y s  a key 

r o l e  i n  determin ing t h e  q u a n t i t y  and composit ion o f  atmospheric aerosols  

(S te l  son, F r ied1  ander, and Seinfe l  d, 1979; S t e l  son and S e i n f e l  d, 1982a ,b ,c) . 
The models i n  category (1  ) assume t h a t  condensation i s  e s s e n t i a l l y  i r r e v e r -  

s i b l e .  That i s ,  no account i s  taken o f  e q u i l i b r i u m  processes. However, 

t h e  concen t ra t ion  of water,  a  major  component i n  many aerosols ,  i s  de te r -  

mined by e q u i l i b r i u m .  Thus, i t  i s  c l e a r  t h a t  proper  p r e d i c t i o n  o f  p a r t i c l e  

s i z e  f o r  these aerosols  r e q u i r e s  t h a t  e q u i l i b r i u m  be taken i n t o  account. 

Models i n  ca tegor ies  ( 2 )  and (3 )  have attempted t o  do t h i s  by c o n t i n u a l l y  

a d j u s t i n g  t h e  p a r t i c l e  s i z e  so t h a t  e q u i l i b r i u m  i s  maintained. 

I n  Chapter 3 we present  a  model t h a t  p r e d i c t s  t h e  q u a n t i t y ,  composi- 

t i o n  and phys ica l  s t a t e  ( l i q u i d  o r  sol- id) o f  a  siilfate/nitrate/amonium/ 

water  aerosol  a t  e q u i l i b r i u m  g iven t h e  t o t a l  concentrat ions,  present,  and 

t h e  temperature and r e l a t i v e  humid i ty .  Thus, t h i s  model p rov ides  in fonna-  

t i o n  t h a t  i s  fundamental ly d i f f e r e n t  f rom models d i r e c t e d  towards descr ib-  

i n g  t h e  e v o l v i n g  s i z e  d i s t r i b u t i o n s .  Th is  model can then be incorpora ted  

i n t o  those o f  c lasses (1 )  and (2)  t o  p rov ide  a complete d e s c r i p t i o n  o f  

aerosol  behavior.  



2 Overview o f  t h i s  Work - 
The models discussed i n  t h e  p rev ious  s e c t i o n  may be broken down i n t o  

two broad areas, thermodynamic models and k i n e t i c  models. T h i s  work con- 

t a i n s  c o n t r i b u t i o n s  t o  bo th  o f  these areas. 

Chapters 2, 3 and 4 discuss t h e  development o f  a d e t a i l e d  thermodynamic 

model f o r  t h e  atmospheric sulfate/nitrate/ammonium/water system. The f i r s t  

s tep  i n  t h i s  development i s  t h e  de te rmina t ion  of c o r r e l a t i o n s  f o r  t h e  chemi- 

c a l  p o t e n t i a l s  o f  t h e  va r ious  species invo lved .  Chemical p o t e n t i a l s  f o r  

severa l  o f  these species had been a v a i l a b l e  p r e v i o u s l y  ( S t e l  son and S e i n f e l d  

1982a,b,c). I n  Chapter 2, c o r r e l a t i o n s  a r e  developed f o r  t h e  remaining 

species. I n  a d d i t i o n ,  t h e  r e s u l t s  obta ined usfng these c o r r e l a t i o n s  a re  

checked aga ins t  experimental data. 

The nex t  s tep  i n  t h e  model development i s  t h e  c o n s t r u c t i o n  o f  a computer 

program t o  c a l c u l a t e  t h e  e q u i l i b r i u m  o f  t h e  system. The c o n s t r u c t i o n  o f  

such a code i s  d e t a i l e d  i n  Chapter 3. The code developed here uses t h e  ex- 

press ions f o r  t h e  chemical p o t e n t i a l  developed p rev ious ly .  It accepts as 

i n p u t s  t h e  t o t a l  concentrat ions o f  t h e  v a r i o u s  components, as w e l l  as the  

temperature and r e l a t i v e  humid i ty .  Using these, t h e  program then ca lcu-  

l a t e s  t h e  t o t a l  amount o f  aerosol present,  i t s  composition, and phys ica l  

s t a t e  ( s o l i d  o r  l i q u i d ) .  

I n  t h e  course of developing a temperature-dependent model, i t  was 

necessary t o  develop c o r r e l a t i o n s  f o r  t h e  dependence o f  t h e  chemical poten- 

t i a l s  on temperature. These a r e  presented i n  an appendix. 

Chapter 4 describes t h e  development of a genera l ized code t o  handle 

t h e  case where t h e  e f f e c t  of p a r t i c l e  cu rva tu re  on vapor pressure, the  so- 

c a l l e d  K e l v i n  e f f e c t ,  i s  impor tant .  Using t h i s  code, i t  i s  poss ib le  t o  



e x p l a i n  q u a n t i t a t i v e l y  f o r  the  f i r s t  t ime  t h e  observat ion t h a t  n i t r a t e  

tends t o  be found i n  l a r g e r  p a r t i c l e s  than  s u l f a t e  (Appel e t  al., 1978). 

The n e x t  two chapters, Chapters 5 and 6 descr ibe  a s tudy o f  aerosol 

k i n e t i c s .  Chapter 5 deal s w i t h  growth by g a s - t o - p a r t i c l  e, condensation 

o r  i n t r a - p a r t i c l e  chemical reac t ion ,  when coagu la t ion  i s  n e g l i g i b l e .  

Thus, f o r  t h i s  case, t h e  GDE becomes 

Thus, i n  t h i s  case, t h e  GDE i s  l i n e a r ,  so t h a t  t h e  method o f  c h a r a c t e r i s t i c s  

may be used t o  so lve  i t. As a r e s u l t  of t h i s  study, i t  i s  shown t h a t  one 

can use t h e  e v o l u t i o n  o f  an aerosol d i s t r i b u t i o n  t o  i n f e r  t h e  mechanism o f  

s u l f a t e  p roduc t ion .  

Chapter 6 descr ibes a model f o r  t h e  e v o l u t i o n  o f  an aerosol  s i z e  and 

chemical composit ion by coagu la t ion  and condensation o f  one o r  more gaseous 

species and by aerosol-phase chemical reac t ion .  Thus, i t  f i t s  i n t o  cate- 

gory (3 )  o f  Sec t ion  1. Th is  model uses t h e  sec t iona l  method. I n  add i t i on ,  

i ' i  a l s o  inc ludes  a simpl.l;f;ed t h e m o d y m n i c  c a l c u l a t i o n .  Future work would 

i n v o l v e  i n c l u s i o n  o f  more soph is t i ca ted  thermodynamic data i n t o  such a 

model. 

Dur ing t h e  course o f  t h i s  study, two l a r g e  computer codes were devel- 

oped t o  p r e d i c t  t h e  thermodynamics of t h e  atmospheric s u l f a t e / n i t r a t e /  

ammonium/water system. Users manuals f o r  these codes a r e  presented i n  

Appendices A and B. These manuals a r e  f o r  t h e  codes descr ibed i n  Chapters 3 

and 4, respec t i ve ly .  
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INTRODUCTION 

Knowledge of t h e  thermodynamic e q u i l i b r i u m  p r o p e r t i e s  of aqueous solu- 

t i o n s  i s  r e q u i r e d  i n  v i r t u a l l y  any c a l c u l a t i o n  associated w i t h  p a r t i c l e  and 

d r o p l e t  a c i d i f i c a t i o n .  For  example, p r e d i c t i o n  o f  the e q u i l i b r i u m  vapor 

pressures o f  d i s s o l v e d  s o l u t e s  and water  i s  necessary when p r e d i c t i n g  the  r a t e  

o f  uptake o f  p o l l u t a n t  gases i n t o  c loud  and r a i n  drops and aerosol  p a r t i c l e s .  

I n  a d d i t i o n ,  evidence i n d i c a t e s  t h a t  atmospheric aerosols  and small  d r o p l e t s  

a re  f r e q u e n t l y  i n  chemical e q u i l i b r i u m  w i t h  t h e  l o c a l  surrounding a i r .  I n  such 

a  s i t u a t i o n ,  g i ven  t h e  ambient gaseous concentrat ions o f  p o l l u t a n t  species, 

and t h e  temperature and r e l a t i v e  humid i ty ,  i t  i s  des i red  t o  determine t h e  

phys ica l  s t a t e  ( l i q u i d  o r  s o l i d )  and t h e  chemical composi t ion o f  t h e  p a r t i c l e  

o r  drop i n  e q u i l i b r i u m  w i t h  the  a i r .  

To mot i va te  t h e  m a t e r i a l  t o  be presented i n  t h i s  chapter,  consider  f o r  

a  moment p r e d i c t i n g  t h e  r a t e  of uptake of a species i i n t o  an atmospheric 

p a r t i c l e  o f  r a d i u s  r. The r a t e  o f  change of t h e  mass o f  species i i n  a  p a r t i c l e  

o r  d r o p l e t  due t o  t r a n s f e r  o f  t h a t  species t o  o r  from t h e  vapor phase can be 

expressed as 

dm. 

m S 

where pi and pi a r e  t h e  p a r t i a l  pressures o f  species i f a r  f rom t h e  p a r t i c l e  
m S 

and j u s t  above t h e  p a r t i c l e  surface, respec t i ve ly ,  and f i ( r )  i s  a  f u n c t i o n  o f  

p a r t i c l e  s i z e  t h a t  depends on the  mechanism o f  t r a n s p o r t  o f  i from t h e  bu lk  

gas t o  t h e  p a r t i c l e  surface (e.g. mo lecu la r  o r  t u r b u l e n t  d i f f u s i o n  depending 

on t h e  p a r t i c l e  s i z e ) .  

The p a r t i a l  pressure of component i i n  e q u i l i b r i u m  w i t h  a  p a r t i c l e  o f  

r a d i u s  r i s  g iven  by 



where p; i s  t h e  p a r t i a l  pressure of species i over  a s o l u t i o n  having a f l a t  
s  

su r face  and having t h e  composit ion o f  t h e  p a r t i c l e .  For  p a r t i c l e s  o f  r a d i u s  

l a r g e r  than about 1 um, t h e  K e l v i n  c o r r e c t i o n  f o r  c u r v a t u r e  e f fec ts  on vapor 

pressure i s  n e g l i g i b l e  and pi = pgs. 
S 

The vapor pressure pq depends on t h e  composit ion o f  t h e  s o l u t i o n ,  ml, 
4 - 

m2, ..., m . Therefore, t o  c a l c u l a t e  t h e  r a t e  o f  uptake o f  each o f  n  d i s s o l v -  n  

i n g  species i t  i s  necessary t o  know how t h e  e q u i l i b r i u m  vapor pressure o f  

each species depends on t h e  composit ion o f  t h e  m ix tu re .  

We noted above t h a t  atmospheric p a r t i c l e s  and drops a r e  f r e q u e n t l y  i n  

chemScal e q u i l i b r i u m  w i t h  t h e  surrounding a i r .  I n  connect ion w i t h  t h i s  s t a t e -  

ment, l e t  us es t imate  t h e  c h a r a c t e r i s t i c  t ime  T f o r  approach t o  e q u i l i b r i u m  

o f  a  p a r t i c l e  o f  r a d i u s  1 urn. I f  t h e  p a r t i c l e  c o n s i s t s  o f  a  s i n g l e  component, 

then  t h e  c h a r a c t e r i s t i c  t ime  f o r  growth o f  a  p a r t i c l e  o f  such s i z e  i s  

L e t  us take  t h e  p a r t i c l e  d e n s i t y  p = 1 g ~ m - ~ ,  the  d i f f u s i v i t y  o f  the  t rans-  

2 f e r r i n g  species, D = 0.14 cm sec-l ,  t h e  va lue  f o r  SO2 i n  a i r  a t  room tempera- 

tu re ,  M = 98, t h e  molecular  weight  o f  s u l f u r i c  ac id,  and pi -pi = 1 ppm. 
5 

Based on these values, T = 6 sec. The t ime sca le  over  which o t h e r  phenomena 

i n f l u e n c i n g  t h e  p a r t i c l e ,  such as t r a n s p o r t  o r  chemical r e a c t i o n ,  occur w i l l  

g e n e r a l l y  be on t h e  o rder  o f  minutes o r  hours. Thus, most small  p a r t i c l e s  

may be assumed t o  be a t  e q u i l i b r i u m  w i t h  t h e  l o c a l  ambient a i r .  Th is  assump- 

t i o n  w i l l  h o l d  regard less o f  t h e  presence o f  chemical r e a c t i o n s  i n  the  gas 

phase o r  i n  t h e  p a r t i c l e .  



For a  p a r t i c l e  o r  d r o p l e t  a t  e q u i l i b r i u m  w i t h  i t s  surroundings, 

pi- = pi (ml .m2.. . . , mn) 
s  

i = 1,2,..., n  

and t h e  p a r t i c l e  composit ion, i n d i c a t e d  here by t h e  n  masses, ml,m2,..., m  
n '  

must obey these n  r e l a t i o n s .  General ly,  pi w i l l  be known e i t h e r  f rom meas- 
m 

urements o r  gas-phase model p r e d i c t i o n s .  Thus, t h e  e q u i l i b r i u m  c o n d i t i o n  

may be viewed as n simultaneous a l g e b r a i c  equat ions f o r  t h e  n  composit ions. 

I n  v i r t u a l l y  a l l  atmospheric s i t u a t i o n s  t h e  component t h a t  c o n t r i b u t e s  most 

t o  t h e  t o t a l  p a r t i c l e  mass i s  water.  Consequently, de te rmina t ion  o f  t h e  

amount o f  water  assoc ia ted  w i t h  a  p a r t i c l e  i s  a  c r i t i c a l  p a r t  o f  c a l c u l a t i n g  

i t s  e q u i l i b r i u m  composit ion (and s i z e ) .  Another impor tan t  in fe rence  f rom t h e  

e q u i l i b r i u m  c o n d i t i o n s  i s  t h e  phys ica l  s t a t e  of t h e  p a r t i c l e .  For example, 

ammonium n i t r a t e  e x i s t s  as a  s o l i d  a t  low r e l a t i v e  h u m i d i t i e s  and as an aqueous 

s o l u t i o n  a t  h i g h  r e l a t i v e  humid i t i es .  I n  f a c t ,  i n  a  multicomponent system 

some components may e x i s t  i n  s o l u t i o n  whereas o thers  may be i n  s o l i d  form 

a t  a  g iven  r e l a t i v e  humid i ty .  

I n  shor t ,  t h e  a b i l i t y  t o  c a l c u l a t e  t h e  e q u i l i b r i u m  p r o p e r t i e s  o f  mix- 

tu res  c h a r a c t e r j s t i c  o f  atmospheric p a r t i c l e s  and drop1 e t s  i s  essen t ia l  t o  

p r e d i c t i n g  r a t e s  o f  growth (and a c i d i f i c a t i o n )  . Unfo r tuna te ly ,  t h e  ca lcu-  

l a t i o n  o f  e q u i l i b r i u m  p r o p e r t i e s  i s  f r e q u e n t l y  n o t  s t r a i g h t f o r w a r d  because 

the  s o l u t i o n s  t y p i c a l  of atmospheric p a r t i c l e s  and d r o p l e t s  o f t e n  l i e  i n  

t h e  concen t ra t ion  range where s o l u t i o n s  a r e  s t r o n g l y  nonideal .  For  example, 

Ste lson and s e i n f e l d l  have shown t h a t  Los Angeles aerosols  c o n s i s t  o f  con- 

c e n t r a t e d  s o l u t i o n s  i n  t h e  range 8 t o  26 molar.  

T h i s  chapter  summarizes t h e  r e s u l t s  o f  a  comprehensive e f f o r t  aimed a t  

p r o v i d i n g  a  b a s i s  f o r  determin ing the  e q u i l i b r i u m  p r o p e r t i e s  o f  atmospheric 

d r o p l e t s  and aerosols .  We begin t h e  chapter  w i t h  a  concise rev iew o f  nonideal 

s o l u t i o n  theory.  



Four p r i n c i p a l  components o f  atmospheric p a r t i c l e s  and drops a r e  s u l -  

fates, n i t r a t e s ,  ammonia and water.  The r e l a t i v e  amounts o f  these species 

w i l l ,  o f  course, vary, however va luab le  i n s i g h t  i n t o  t h e  e q u i l i b r i u m  behavior  

of such s o l u t i o n s  can be gained by cons ider ing  th ree  i d e a l i z e d  cases. Th is  

chapter  w i l l  focus on t h e  f o l l o w i n g  t h r e e  cases. 

The f i r s t  case i s  one i n  which t h e  s o l u t i o n  c o n s i s t s  o f  n i t r i c  ac id,  

ammonium n i t r a t e  and water. The presence o f  ammonium n i t r a t e  i n  atmospheric 

aerosols  has been conf i rmed by a  number o f  i n v e s t i g a t o r s .  Doy'le e t  a1 ? 

and S te lson  e t  a l !  have i n f e r r e d  t h e  ex is tence  o f  an e q u i l i b r i u m  between 

ammonium n i t r a t e  precursors,  ammonia and n i t r i c  ac id,  and s o l  i d  p a r t i c u l a t e  

ammonium n i t r a t e .  Using t h e  ambient ammonia and n i t r i c  a c i d  data o f  Sp ice r4  

a t  West Covina, CA, S t e l  son e t  a9. showed t h a t  t h e  measured and p red ic ted  

concen t ra t ion  products ,  [NH3][HN03], were i n  e s s e n t i a l  agreement. Doyle e t  

a?.' demonstrated t h e  same phenomenon a t  Rivers ide,  CA based on FT-IR 

a m o n i a  and n i t r i c  a c i d  measurements. Thus, t h e  case of an ammonium n i t r a t e ,  

n i t r i c  ac id ,  water  system i s  one w i t h  p r a c t i c a l  importance i n  i t s  own r i g h t  

as w e l l  as se rv ing  as an approx imat ion f o r  t h e  s i t u a t i o n  when n i t r a t e s  dominate 

s u l f a t e s .  

Case two i s  t h a t  i n  which the re  i s  an abundance o f  ammonium and where t h e  

ammonium i o n  can be assumed t o  be t h e  o n l y  c a t i o n  present .  The s o l u t i o n  i s  

t r e a t e d  as c o n t a i n i n g  o n l y  ammonium su l fa te ,  ammonium n i t r a t e ,  and water.  

Th is  system i s  o f  g r e a t  p r a c t i c a l  i n t e r e s t ,  s ince, f o r  t y p i c a l  urban s i t u a -  

t i o n s ,  t h e  ammonium concen t ra t ion  i s  o f ten g rea te r  than t h a t  o f  unneutra l -  

i z e d  protons.  

The f i n a l  case i s  one devoid o f  n i t r a t e ,  namely c o n t a i n i n g  ammonium su l -  

f a t e ,  s u l f u r i c  a c i d  and water.  Th is  s i t u a t i o n  i s  o f  i n t e r e s t  i n  power p l a n t  

and smel ter  plumes where s u l f a t e s  dominate n i t r a t e s .  



REVIEW OF NONIDEAL SOLUTION THERMODYNAMICS 

Consider the chemical equilibrium in a closed system at constant temper- 

ature T and pressure p. The condition for equilibrium is that the total Gibbs 

free energy of the system G is a minimum. That i s ,  dG must be non-negative 

for any possible change in the system, 

0 - < dG = - SdT + Vdp +x vidni 
i 

(1) 

where pi = (a6/ani)T,p is the chemical potential of the ith component. At 

constant T and p, 

Consider the process Aj + Ak, where A. and Ak denote components j and k. 
J 

respectively, representing either a chemical reaction or a phase change. If da 

moles undergo the transformation, 

Since da may be positive or negative, tine inequality hoids only i f  pj = pk. 

In a similar manner, for a chemical reaction of the fonn, 

where vr and V: are the stoichiamtric coefficients of the reactants and prod- 
J 

ucts, respectively, the equilibrium condition is 



Note t h a t  b o t h  G and n .  a r e  extens ive p r o p e r t i e s ,  whereas pi i s  i n ten-  
1 

s ive,  4.e. i f  t h e  number o f  moles o f  a l l  components i n  t h e  system i s  m u l t i p l i e d  

by a f a c t o r  a, G and ni each increase by a f a c t o r  o f  a, w h i l e  ui does n o t  change. 

Consider ( 2 )  i n  t h e  case dni = ni da. Then 

dG = - ( C n i  ui)i)da ( 6 )  
i 

I n t e g r a t e  ( 6 )  w i t h  respec t  t o  a from a = 0 t o  a = 1 n o t i n g  t h a t  t h e  pi a r e  con- 

s t a n t  a long t h e  pa th  t o  o b t a i n  

Take the  d i f f e r e n t i a l  o f  (7), 

Subt rac t ing  (8) from ( 2 )  g ives  

x n i d u i  = 0 
i 

known as t h e  Gibbs-Duhem equat ion.  

Having d e r i v e d  c o n d i t i o n s  f o r  t h e  e q u i l i b r i u m  o f  a  system i n  terms o f  t h e  

chemical p o t e n t i a l s  pi, i t  i s  now necessary t o  r e l a t e  t h e  pi t o  t h e  composit ion 

o f  t h e  system. Consider f i r s t  t h e  de te rmina t ion  o f  t h e  chemical p o t e n t i a l  o f  

a  gas phase component. A t  a  t o t a l  pressure of one atmosphere, t h e  gas phase 

can be taken as i d e a l .  The chemical p o t e n t i a l  o f  an i d e a l  gas i s  

where po i s  cus tomar i l y  taken as one atmosphere, and pi i s  t h e  p a r t i a l  pres- 

sure o f  component i. 



An ideal l iquid  solution may be defined as one in which 

where mi i s  the molality (moles of i/kg of water) of component i f  The assump- 

t ions  underlying the  ideal solution a re  of two types. The f i r s t  i s  t ha t  the 

energy of in terac t ion of a l l  molecules i s  the same, whereas the  second i s  tha t  

the solute  does not d issocia te .  The systems of in t e res t  i n  atmospheric par- 

t i c l e s  and droplets,  consist ing of concentrated e l ec t ro ly te  solutions,  do not 

obey the assumptions of an ideal solution.  

Activity Coefficients 

To account f o r  nonideality due t o  d i f ferent  energies of in terac t ion,  i t  

i s  customary t o  define 

pi = uy + RT P yi mi ( 1 2 )  

where the  ac t iv i ty  coeff ic ient  yi accounts f o r  intermolecular forces. Methods 

of calculating the yi will  be discussed shor t ly .  Equation (12) i s  sometimes 

expressed in terms of the  ac t iv i ty  ai = yi mi a s  

Before proceeding fu r the r ,  i t  i s  necessary t o  discuss the convention used 

to  define vy . F i r s t  consider the solvent,  in t h i s  case water. For water, 

up i s  chosen so tha t  aw = 1 f o r  pure water, i .e .  

where xw i s  the mole f rac t ion of water. For water the symbol up will  be 

replaced by pi, the  standard Gibbs f r e e  energy of fonnation of water, AGO f w  
*Henceforth, mi wil l  denote the molality of species i  i n  solution.  



Now consider  t h e  re fe rence  chemical p o t e n t i a l  f o r  each o f  t h e  so lutes,  

Ui . Al though t h e r e  a r e  severa l  conventions on d e f i n i n g  p i  , t h e  one t o  

be used here i s  t h a t  t h e  a c t i v i t y  c o e f f i c i e n t  of component i equals u n i t y  as 

t h e  s o l u t i o n  approaches i n f i n i t e  d i l u t i o n ,  

yi = 1 as m -+ 0 a l l  j 
j (15) 

There a r e  two i tems t o  no te  about t h e  convention. F i r s t ,  a l l  so lu tes  

must become i n f i n i t e l y  d i l u t e  simultaneously. Second, and most impor tant ,  

U; does n o t  correspond t o  a  p h y s i c a l l y  a t t a i n a b l e  s ta te .  For  t h i s  reason, i t  
* 

i s  customary t o  use f o r  i t  a d i f f e r e n t  symbol, pi. 

Having discussed n o n i d e a l i t y  due t o  in te rmo lecu la r  fo rces ,  i t  i s  now 

p o s s i b l e  t o  t r e a t  nonideal  i t i e s  due t o  d i s s o c i a t i o n .  When a  s o l u t e  d issoc ia tes ,  

t h e  t o t a l  a c t i v i t y  i s  t h e  sum o f  the  a c t i v i t i e s  o f  t h e  products  o f  d i s s o c i a t i o n .  

For  an ammonium n i t r a t e  s o l u t i o n ,  f o r  example, assuming t o t a l  d i s s o c i a t i o n ,  t h e  

chemical p o t e n t i a l  o f  N H 4 N 0 3  i s  

For  ammonium s u l f a t e ,  assuming t o t a l  d i s s o c i a t i o n ,  

Because o f  t h e  form o f  these expressions, t h e  o n l y  q u a n t i t y  t h a t  can be 

measured exper imenta l l y  i s  t h e  product  o f  t h e  a c t i v i t y  c o e f f i c i e n t s .  Thus, i t  

i s  convenient t o  in t roduce  t h e  mean a c t i v i t y  c o e f f i c i e n t  y,, def ined  as the  - .. 
geometr ic mean of t h e  a c t i v i t y  c o e f f i c i e n t s ,  e.g. f o r  N H ~ N ~ ~ ~ Y ~  = YNH;YNO; w h i l e  

3 2 f o r  ( t l H 4 ) 2 S 0 4 ,  Y+ = Y + Y 2-. NH4 S O 4  

A c o r r e l a t i o n  f o r  t h e  mean a c t i v i t y  c o e f f i c i e n t  i n  d i l u t e  one-component 

systems i s  



where I i s  t h e  i o n i c  s t reng th ,  

and where z i  i s  t h e  charge on an i o n  o f  t y p e  i, z+ and z- be ing t h e  charges 

on the  p o s i t i v e  and nega t i ve  ions. The q u a n t i t y  A  i s  a  constant  f o r  each s o l -  

ven t  a t  a  g iven  temperature, equal t o  1 .I7625 f o r  water  a t  298 K. The con- 

s t a n t  b  depends on t h e  s i z e  o f  t h e  ions.  When b  = 0, (18) i s  c a l l e d  t h e  Debye- 

Huckel l i m i t i n g  law. A1 though (18) represents data w e l l  a t  l ow i o n i c  s t rengths,  

i t  i s  necessary t o  add a d d i t i o n a l  terms i n  I t o  c o r r e l a t e  data a t  h igher  i o n i c  

s t rengths,  

Here, b  and t h e  at a r e  e m p i r i c a l  constants .  

F i n a l l y ,  i t  i s  p o s s i b l e  t o  use t h e  Gibbs-Duhem equat ion ( 9 )  t o  c a l c u l a t e  

t h e  water  a c t i v i t y  o f  a  one-soiute ( b i n a r y )  s o l u t i o n .  L e t  v, and XJ- be the  

numbers o f  moles o f  c a t i o n s  and anions produced by t h e  d i s s o c i a t i o n  o f  one 

mole o f  s o l v e n t  and v = v, + v- be t h e  t o t a l  number o f  moles produced. L e t  rn 

be t h e  m o l a l i t y  o f  t h e  s o l u t i o n  and nw and n  be t h e  numbers o f  moles o f  water 

and s o l u t e  present .  Then (9 )  becomes 

On a  b a s i s  o f  1 kg o f  water,  



I n t e g r a t i n g  w i t h  respec t  t o  m  f rom zero t o  m  g ives  

where Mw i s  t h e  mo lecu la r  weight  of water.  The water  a c t i v i t y  aw i s  r e l a t e d  

t o  t h e  r e l a t i v e  humid i t y  R u  i n  nercen t  by 

RH = 100 a, (24)  

Experimental va lues o f  aw a r e  commonly t a b u l a t e d  i n  terms o f  t h e  mola l  osmotic 

c o e f f i c i e n t  @, d e f i n e d  by 

Thus, (23) can be expressed i n  terms o f  @ as 

A c t i v i t y  C o e f f i c i e n t s  f o r  Multicomponent So lu t ions  

Having found t h e  chemical p o t e n t i a l  f o r  t h e  case o f  a  b i n a r y  so lu t ions ,  we 

now proceed t o  t h e  general case o f  a  multicomponent soTution. A r i go rous  theory  

would i n c l u d e  t h e  e f f e c t s  o f  a l l  poss ib le  i n t e r a c t i o n s ,  f o r  example n o t  o n l y  

s o l v e n t - s o l u t e  i n t e r a c t i o n s  b u t  a l s o  a l l  i n t e r a c t i o n s  between i o n  p a i r s ,  i o n  

t r i p l e t s ,  e tc .  The express ion cou ld  then be t runca ted  when t h e  i n t e r a c t i o n  

e f f e c t s  become s u f f i c i e n t l y  small .  The drawback o f  t h i s  approach i s  t h a t  even 

f o r  s o l u t i o n s  con ta in ing  on ly  a  few e l e c t r o l y t e s ,  t h e  number o f  parameters t h a t  

must be known as f u n c t i o n s  o f  i o n i c  s t r e n g t h  i s  l a rge .  Furthermore, most o f  

these parameters cannot be measured d i r e c t l y .  As a  new i o n  i s  added t o  a  sys- 

tem, a l l  t h e  parameters need t o  be redetermined. Thus, we must genera l l y  r e s o r t  

t o  e m p i r i c a l l y  based approaches t h a t  do n o t  i n v o l v e  as many unknown parameters 

as t h e  r i g o r o u s  theory. 



I n  t h e  approach we w i l l  f o l l o w ,  t h e  Gronstead p r i n c i p l e  o f  s p e c i f i c  i n t e r -  

a c t i o n  w i l l  be used. P h y s i c a l l y ,  t h e  p r i n c i p l e  i s  based on cons ider ing  o n l y  

i n t e r a c t i o n s  between p a i r s  o f  o p p o s i t e l y  charged ions.  Ions  w i t h  charges o f  

s i m i l a r  s i g n  repe l  each other ,  and because o f  t h e i r  mutual reou ls ion ,  t h e  

d is tances between them a r e  g r e a t e r  than  those between i o n s  o f  opposi te  sign. 

Based on t h i s  assumption , Kusi k  and ~ e i s s n e r  'proposed t h e  f o l l o w i n g  emp i r i ca l  

m i x i n g  r u l e  f o r  a c t i v i t y  c o e f f i c i e n t s  i n  multicomponent systems, 

where t h e  odd and even subscr ip ts  r e f e r  t o  c a t i o n s  and anions, r e s p e c t i v e l y ,  

Y?. i s  t h e  mean a c t i v i t y  c o e f f i c i e n t  f o r  a  b i n a r y  s o l u t i o n  c o n t a i n i n g  on ly  
1 J 

i o n s  i and j, and mi i s  t h e  m o l a l i t y  o f  species i. Note t h a t  t h e  o n l y  emp i r i ca l  

data r e q u i r e d  f o r  t h i s  approach are b i n a r y  s o l u t i o n  a c t i v i t y  c o e f f i c i e n t s .  

Having found t h e  s o l u t e  a c t i v i t y  c o e f f i c i e n t s ,  t h e  water  a c t i v i t y  fo l l ows  

f rom t h e  Gibbs-Duhem equat ion,  

m v i j ~ i ~  
" a w = z  i j 3 I Zi+Zj 

i k  
even 

2 

+ zi F [ z z )  f ,tn a, 
k j 

odd 
I 

2 
+ - - - -  

'W 103 [ (  z.+z ( z z )  k  I l ) + i j ( f  ( ~ [ i i j - l ) ]  (281 

j even odd 



where a: i s  the binary water ac t iv i ty  f o r  e l ec t ro ly te  pa i r ,  i ,  j, mi i s  
i  .j 

the m o l a l ~ t y  of t h i s  e l ec t ro ly te ,  vi i s  the  number of moles of ions each mole 

of i j  d issocia tes  in to ,  and mk i s  the to ta l  molality of ion k.  



THERMODYNAMICS OF THE ATMOSPHERIC AMMONIUM NITRATE, NITRIC ACID, W N I A  SYSTEM 

Rela t ive  Humidity and pH Dependence of the  Vapor-Pressure o f  Amnonium N i t r a t e  - 
N i t r i c  Acid Solut ions a t  2 5 0 ~  5 3  

Amnonia-Nitric Acid Equ i l ib r ium Product Over S o l i d  and Aqueous Amnonium N i t r a t e  

Below 629 r e l a t i v e  humidi ty a t  25*C, amnonium n i t r a t e  should be 

present as a s o l i d  and above t h i s  value i t  should be i n  so lu t ion .  * Recent 

ava i lab le  f r e e  energy data f o r  the  NH3-HN03-H20 system are  given i n  Table 1, 

from which the equ i l i b r i um constants f o r  the NH3-HN03-HZO system i n  Table 2 can 

be calculated, The equ i l i b r i um constants i n  Table 2 are thermodynamic e q u i l i -  

brium constants where pressure i s  referenced t o  one atmosphere and aqueous 

so lu te  concentrat ion t o  u n i t  mo la i i t y .  

For amoniiim n i t r a t e  a t  2s°C below 62"de la t ive  humidity, the  equ i l ib r ium 

product i s  Ky.  Above 62% the equ i l i b r i um product i s  g iven by 

*here pNH3=pHNO3 = the  p a r t i a l  pressures o f  amnonia and n i t r i c  acid; ywd , 
+ 4 

Y ~ 0 3  = the  molal a c t i v i t y  coe f f i c i en ts  of the  NHq and NO; ions; lyH , 

= the m o l a l i t i e s  of NH;, NO; and NH4N03 and (It)NH4N03 
3 9403' 

" 'NH~NO) = the mean molal 

a c t i v i t y  coe f f i c i en t  f o r  NHqN03. Using the  NHqN03 so lu t i on  a c t i v i t y  c o e f f i c i e n t  

data from Hamer and MU' , the equ i l ib r ium product can be calculated as a func- 

t i o n  of NHqND3 m I a ? i t y .  The r e l a t i v e  humidity, R.H., over the so lu t i on  can 

be ca lcu la ted as a f unc t i on  o f  NH4N03 m l a l i t y  from the rnolal osmotic c o e f f i -  

c i en ts  i n  Hamer and WU' , 

*A1 though recent work o f  ~ a n g ~  indicates amnonium n i t r a t e  does not  e x h i b i t  
t r a d i t i o n a l  deliquescence bu t  i s  hygroscopic a t  r e l a t i v e  humidi t ies greater 
than about 30%. we w i l l  assume amnonium n i t r a t e  deliquesces a t  62% r e l a t i v e  
humidi ty f o r  the  purpose o f  t h i s  work. 



Table 1. Free Energy Data for the NH3-HN03-H20 System at 298 K 

Species AG/R ,K" Reference 

NH3(9) - 1,977 8 

HNO3(9) - 8,903 9 

NH4N03(c, IV) -22,220 8 

NH4N03(aq. m = 1) -22,940 10 

NOi(aq, m = 1 ) -13,410 8 
+ 
H (aq, m = 1 )  0 8 

+ 
NH4(aq, m = 1) - 9,558 8 

H20(t) -28,530 8 

NH3- H20(ao) -31,730 10 

OH-(aq, m = I j  -18,325 8 



Table 2. E q u i l i b r i u m  Constants f o r  t h e  NH3-HN03-H20 System a t  298 K  

React ion E q u i l i b r i u m  Constant*, t 

*Values c a l c u l a t e d  f rom t h e  f r e e  energy data of Table 1. The e q u i l i b r i u m  
constants  l i s t e d  here can be t e s t e d  f o r  i n t e r n a l  consis tency i n  two ways. 
F i r s t ,  K  should equal K  K  K /Kg. Based on t h e  values g iven,  K5K4K3/K6 = 

2 . 4 6 ~ 1 0 - ? ~  vs. K2 = 2.71:1i-18, an e r r o r  of 9.2%. Second, K1 should equal 

K2 aNH4N03, where aNH NO = sa tu ra ted  ammonium n i t r a t e  s o l u t i o n  a c t i v i t y .  
4  3  

Using t h e  va lue  o f  aNH NO o f  Hamer and Wu , K, = 3.14~10-17, which 
4 3 

agrees w e l l  w i t h  K1 = 3 . 0 3 ~ 1 0 - ' ~  as c a l c u l a t e d  and g iven here. 

 he d i f f e r e n c e s  between t h e  values f o r  r e a c t i o n s  4-6 and those o f  Tang 
a r e  < 6%. A 21% d i f f e r e n c e  e x i s t s  between t h e  e q u i l i b r i u m  constant  
used f o r  r e a c t i o n  3 by Tang1' and t h e  va!ue here. 



where $,, = the e l a l  osmotic coef f ic ien t  a t  qH NO . Since the  equ i l ib r ium 
4 3 

product and the r e l a t i v e  humidity over so lu t i on  are both so le l y  dependent on 

qH NO , the equ i l ib r ium product - %H No func t i ona l i t y  can be replaced by a 
4 3 4 3 

function r e l a t i n g  the equ i l ib r ium product d i r e c t l y  t o  the r e l a t i v e  humidity, as 

2 i n  Figure 1. Note t h a t  the product, pNH3pHNO3, i s  expressed i n  u n i t s  o f  (ppb) i n  

Fig.  1 f o r  convenience i n  atmospheric appl icat ions.  The e f fec t  of non-ideal i t y  

can be examined by assuming ern and (h)NH4N03 are  un i ty .  (See the curve l abe l l ed  

idea l  so lu t i on  i n  Fig. 1). The ideal  so lu t i on  curve ends a t  NO = 25.954, 
4 3 

saturated NH4N03 so lu t i on  a t  25'C, which shows the idea l  so lu t i on  approach 

grossly mispredicts the del iquiescence r e l a t i v e  humidity. 

The s o l i d  NH4N03 vapor pressure product calculated using a l e a s t  squares 

f i t  o f  the data o f  Brandner, e t  a1 .I2 and the  thermodynamic pred ic t ion  o f  

Stelson e t  a1 . 3  are a lso  shown i n  Fig. 1. The new s o l i d  vapor pressure product 

p red i c t i on  and the non-idea? NH4N03 so lu t i on  curve a t  sa tura t ion  j o i n  closely, 

i nd i ca t i ng  the improved q u a l i t y  of t h i s  pred ic t ion  f o r  the NH4NO3 s o l i d  vapor 

pressure product a t  25'C over tha t  of Sieloon e: a l ?  

Amnonium N i t r a t e - N i t r i c  Acid Mixtures. 

Consider now a solutl'on containing both amnonium n i t r a t e  and n i t r i c  acid. 

L e t  1, 2. and 3 denote the k, NO; and N H ~  ions, respect ively.  Then. by epua- 

t i ons  (271 and (28) 
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where x = m1/m2. Using these equat ions we w i l l  now show how t h e  p a r t i a l  pres- 

sures o f  n i t r i c  a c i d  and ammonia over  t h e  s o l u t i o n  a r e  c a l c u l a t e d .  

The n i t r i c  a c i d  p a r t i a l  pressure i s  determined f rom t h e  e q u i l i b r i u m  o f  

r e a c t i o n  3 i n  Table 2, 

Using equat ion (31) and t h e  va lue  f o r  K3 determined f rom t h e  thermodynamic 

data i n  Table 1, 

By s p e c i f y i n g  m,,, mN03, and mNH , the  i o n i c  s t r e n g t h  i s  determined by I = 
4 

mNo3 = mNH4 + mH, and o n l y  ( Y ~ ) ~ , ~ ~ ~  needs t o  be evaluated t o  c a l c u l a t e  pHNO . 
3 

The i o n i c  s t reng th  f u n c t i o n a l  dependence o f  (Y,)H,NU3 must be c a l c u l a t e d  by 

an i n d i r e c t  method which i s  d i f f e r e n t  f rom t h e  usual experimental a c t i v i t y  

c o e f f i c i e n t  de te rmina t ion  methods, vapor pressure, f reez ing  p o i n t  depression 

o r  e lect rochemical ,  s ince  n i t r i c  a c i d  does n o t  t o t a l l y  d i s s o c i a t e  i n  water.  

The degree o f  d i s s o c i a t i o n  o f  n i t r i c  a c i d  i n  water  as a f u n c t i o n  o f  a c i d  

concen t ra t ion  can be determined us ing  t h e  approach o f  l -15gfeldt13, i n  which t h e  

d i s s o c i a t i o i ~  o f  n i t r i c  a c i d  i s  represented by t h r e e  e q u i l i b r i a ;  



FRACTION NITRATE 



[HN033 
Kc = 

{H*IINO;I 

where [ 1 represents molar  concen t ra t ion  and { 1. r e f e r s  t o  t h e  a c t i v i t y .  Ka, 

Kb and Kc a r e  3.63 x lo-', 8.13 x l o m 3  and 1.66 x r e ~ p e c t i v e l y ~ ~ .  

H8g fe ld t13  assumes t h e  molar  a c t i v i t y  c o e f f i c i e n t s  o f  t h e  und issoc ia ted  aqueous 

n i t r a t e  species t o  be u n i t y .  When conver t ing  t o  a  mola l  bas is ,  t h e  und issoc ia ted  

n i t r i c  a c i d  species molal a c t i v i t y  c o e f f i c i e n t ,  yU i s  n o t  u n i t y ,  b u t  r a t h e r  i s  

g iven  by 

1 OOOd 
Yu = do( ~ O O O + M , , ~ ~  m  J 

3  

where d  and do a r e  t h e  n i t r i c  a c i d  s o l u t i o n  and pure water d e n s i t i e s  i n  g m l - l ,  

r e s p e c t i v e l y ,  MHNO = the  molecular  weight  o f  n i t r i c  ac id,  and mS = s t o i c h i o -  
3  

m e t r i c  n i t r i c  a c i d  m o l a l i t y .  Using H c g f e l d t ' s  e q u i l i b r i a  and equat ion (36), 

t h e  f r a c t i o n  o f  n i t r i c  a c i d  t h a t  i s  d issoc ia ted ,  a, can be c a l c u l a t e d  f rom 

where y s  = t h e  s t o i c h i o m e t r i c  mola l  n i t r i c  a c i d  a c t i v i t y  c o e f f i c i e n t .  The d i s -  

s o c i a t i o n  o f  n i t r i c  a c i d  can be c a l c u l a t e d  u s i n g  the  s t o i c h i o m e t r i c  mola l  n i t r i c  

a c i d  a c t i v i t y  and water a c t i v i t y  data f i t of Hamer and wu7 , pure water  d e n s i t y  

and n i t r i c  a c i d  molecular  weight  o f  weast14, and t h e  n i t r i c  a c i d  s o l u t i o n  d e n s i t y  

i n t e r p o l a t i o n  formula o f  Granzhan and Lakt ionova I s .  The d i s s o c i a t i o n  c a l c u l a t e d  

f rom equat ion (37) i s  compared t o  the  d i s s o c i a t i o n  data o f  ~ r a w e t z ' ~  and 

Redl ich,  e t  a1 .I7 i n  F i g .  2. The agreement, e s p e c i a l l y  w i t h  t h e  data of 

Red l i ch  e t  a l . 1 7  , i s  good. 



The to ta l  n i t r i c  acid dissociation constant can be expressed in terms of 

K a ,  K b  and Kc by 

Using Hogfeldt's13 equilibrium constants and noting tha t  aw = 1.0 a t  i n f i n i t e  

d i lu t ion,  KN = 22.4, which compares favorably w i t h  values of 15.4, 20.0 and 

26.8 from Davis and De Bruin1', Redlich e t  a1.17 and Young e t  a1.l '  , 
respectively. 

The mean molal ionic a c t i v i t y  coeff ic ients  f o r  the H+ and NO; ions, 

( Y ~ ) H  ,NO,. can be found from 

Using equations (36) ,  (37) and (39),  (Yi)H,N03 can be calculated a s  a function 

of ionic strength.  The maximum ionic strength i s  about 8.3 m and occurs 

between 17 and 2'1 stoichiometric n i t r i c  acid molality. The mean molal ionic 

ac t iv i ty  coeff ic ient  polynomial regression up to  7.5 m i s  

where the standard deviation i s  i0.0022. A1 though (yr)H,N03 should a lso  be a 

function of the undissociated n i t r i c  acid concentration, the e f fec t  of undis- 

sociated n i t r i c  acid will be shown t o  be negligible up to  7.0 ionic strength. 



Ammonia P a r t i a l  Pressure. 

Now we may use t h e  r e s u l t s  o f  t h e  p rev ious  s e c t i o n  t o  f i n d  t h e  p a r t i a l  

pressure o f  ammonia over  t h e  so lu t ion .  D i v i d i n g  equat ion (29)  by (34) g ives  

Using equat ions (31) and (32) and the  va lues f o r  t h e  e q u i l i b r i u m  constants  

f rom Table 2 g ives  

where K2 has been replaced by K5K4K3/K6. 

V a r i a t i o n  o f  Ammonia and N i t r i c  Ac id P a r t i a l  Pressures as a Funct ion o f  pH 

The v a r i a t i o n  o f  t h e  ammonia and n i t r i c  a c i d  p a r t i a l  pressures as a func- 

t i o n  o f  pH can be evaluated us ing  t h e  express ion f o r  ( Y , ) ~ ~  NO from Hamer 
4 3 

and MU' and equat ions (35),(40) and (42). The water  a c t i v i t y  o f  t h e  NH4N03- 

HN03 s o l u t i o n  (aw)MIX, i s  g iven  by 

where t h e  s u p e r s c r i p t  O denotes a c t i v i t i e s  i n  a b i n a r y  s o l u t i o n  and where 

(")H ,NO, i s  obta ined f rom equat ion (40) and t h e  Gibbs-Duhem r e l a t i o n s h i p 5 .  The 
J 

v a r i a t i o n  o f  pNH and pHNO1 w i t h  pH i s  shown i n  F ig .  3 f o r  a  r e l a t i v e  humid i t y  o f  94.5%. 

The p roduc t -o f  t h e  ammonia and n i t r i c  a c i d  p a r t i a l  pressures c a l c u l a t e d  

f rom equat ions (35) and (42) as a f u n c t i o n  o f  r e l a t i v e  humid i t y  i s  compared 

t o  t h e  e q u i l i b r i u m  product  c a l c u l a t e d  us ing  ammonium n i t r a t e  a c t i v i t i e s  i n  

F ig .  1. By comparing t h e  curves l a b e l l e d  K-M s o l u t i o n  and non-ideal NH4N03 

s o l u t i o n ,  t h e  agreement i s  shown t o  be good. The major  source o f  disagreement 

between t h e  K-M s o l u t i o n  and t h e  non-ideal NH4N03 s o l u t i o n  curves i s  t h e  9.2% 



Figure 3 
E f f e c t  o f  ~ t . 3 1  on t h e  amnonia and n i t r i c  a c i d  p a r t i a l  
pressures. 



d i f f e r e n c e  between K5K4K3/K6 and K2. The i n s e n s i t i v i t y  o f  pNH pHNO t o  pH can 
3 3 

be seen i n  t h e  range o f  r e l a t i v e  humid i t y  v a r i a t i o n  by m u l t i p l y i n g  equations 

As t h e  r e l a t i v e  humid i t y  decreases, t h e  maximum x, which occurs a t  pH = 1, 

becomes sma l le r .  Thus, t h e  d i f f e r e n c e  between an a c i d i c  ammonium n i t r a t e  

s o l u t i o n  (pH > 1) and a pure ammonium n i t r a t e  s o l u t i o n  p a r t i a l  pressure product  

decreases w i t h  r e l a t i v e  humid i ty .  

E f f e c t  o f  Neg lec t ing  Undissoc iated N i t r i c  Ac id  and I o n - P a i r i n g  

I n  developing q u a n t i t a t i v e  expressions f o r  the  ammonia and n i t r i c  a c i d  

p a r t i a l  pressures, two assumptions were invoked. F i r s t ,  t h e  e f f e c t  o f  undis- 

soc ia ted  n i t r i c  a c i d  on t h e  - i o n i c  s t r e n g t h  f u n c t i o n a l i t y  i s  small ,  
+ 

below 7.0 m. Second, i o n - p a i r i n g  o f  NH4 and NO; ions  has a minimal e f f e c t  on 

t h e  ammonia p a r t i a l  pressures p red ic ted .  Equation (44) r e q u i r e s  as x  + 0, 

2 2 
t h e  s o l u t e  a c t i v i t y  approaches (y,INH NO inNH NO . S i m i l a r l y ,  equat ion (31) 

4 3  4 3  
as x -. 1. Inheren t  i n  equat ions (31) r e q u i r e s  YHYNo3 t o  approach (4)H,N03 

and (44) a r e  t h e  c o r r e c t  l i m i t s  b u t  n e i t h e r  equat ion g ives  i n s i g h t  i n t o  the  

e f f e c t  o f  these two assumptions. Th is  e f f e c t  w i l l  be examined i n  t h i s  sec t ion  

The ammonium t o  hydrogen i o n  a c t i v i t y  c o e f f i c i e n t  r a t i o ,  i n  a  mixture,  

yNH4/yH, can be evaluated from mean mola l  a c t i v i t y  c o e f f i c i e n t s  o f  an ammoniated 

s a l t  NH4X and t h e  a c i d  w i t h  t h e  same u n i v a l e n t  ion,  HX, prov ided t h e  a c i d  com- 

p l e t e l y  d issoc ia tes .  The a c t i v i t y  c o e f f i c i e n t s  o f  t h e  two species a re  given by 



where x = mH/mX. Sub t rac t ing  these two equat ions y i e l d s  

Y N H ~ X  Y ~ H ~ X  
Rn - - - 7 'ln 

'HX YGX 
2 Then, s ince  YNH = Y , etc.,  

4  Y ~ ~ 4  X 

Thus, i f  t h e  approach i s  c o r r e c t ,  t h e  r i g h t  hand s i d e  o f  equat ion (48) should 

be i d e n t i c a l  f o r  a l l  anions. Th is  hypothesis  was t e s t e d  w i t h  f i v e  d i f f e r e n t  anions, 

C1-, NO;, I-, Br- and CI0; (see F ig.  4). The assumption t h a t  HC1, HBr, H I  

and HCI04 t o t a l l y  d i s s o c i a t e d  i n  s o l u t i o n s  below 7m o r  s a t u r a t i o n  i s  appropr i -  

a t e  s ince  t h e  d i s s o c i a t i o n  constants  a r e  ve ry  la rge ,  > l o 7  20*21 .  It i s  i n -  

c o r r e c t  t o  assume t h a t  HN03 complete ly  d issoc ia tes ,  so t h e  NO; curve was c a l -  

c u l a t e d  us ing  (Yi)H,N03 as p r e v i o u s l y  der ived.  

Lee and Wi1mshurstz2 have shown t h a t  a 5 m NH4C1 s o l u t i o n  forms ion -  

p a i r s .  The observed mean mola l  a c t i v i t y  c o e f f i c i e n t ,  (y,)NH4X, must be cor-  

r e c t e d  as fol lows21, 

where ( Y ~ ) ~ ~ ~ ~  = the  co r rec ted  mean rnolal a c t i v i t y  c o e f f i c i e n t  f o r  s a l t  NH4X 

and 6 = t h e  f r a c t i o n  o f  NH4 and X i ons  forming ion -pa i rs .  Equat ion (5 )  assumes 

t h e  i o n - p a i r s  a r e  s y m e t r i c z 3  . Also, t h e  i o n i c  s t r e n g t h  would be cor rec ted  t o  

(1-6)mNH X. The n e t  e f f e c t  o f  i o n - p a i r i n g  on t h e  curves i n  F ig .  4 i s  n o t  
4 



IONIC STRENGTH (MOLALITY) 

Figure 4 

Effect of i o n i c  strength on ca lcu la ted  amy~niurnlhydrogen 
ion  mean molal a c t i v i t y  c o e f f i c i e n t  r a t i o  



obvious s i n c e  t h e  NH4X mean mola l  a c t i v i t y  c o e f f i c i e n t  would inc rease  and t h e  

i o n i c  s t r e n g t h  would decrease. Using d e n s i t y  data o f  Pearce and Pump1inz4, 

a  5-M NH4Cl s o l u t i o n  i s  approx imate ly  6.25 m. The NH4Cl-HC1 amonium t o  hydro- 

gen i o n  a c t i v i t y  c o e f f i c i e n t  r a t i o  i s  used t o  represent  yNH /yH t o  7.0 m. 
4 

Thus, some NH4C1 i o n - p a i r i n g  must be p resen t  above 6.25 m. From (48) 

Thus, (50) a l l o w s  y i H  NO t o  be c a l c u l a t e d  independent o f  amonium n i t r a t e  
4 3 

data. 

Wi th (29), (40) (48) and (50) and r e p l a c i n g  K2 by K5K4K3/K6, t h e  e f f e c t  

o f  i o n - p a i r i n g  and t h e  und issoc ia ted  n i t r i c  a c i d  can be ascer ta ined.  We r e f e r  

t h e  reader  t o  t h e  curve l a b e l l e d  non-ideal s o l u t i o n  i n  F ig .  1. The water a c t i v -  

i t y  was c a l c u l a t e d  f rom (30). The agreement between t h e  non- ideal  , non-ideal 

NH4N03, and K-M s o l u t i o n  curves supports the  assumptions of n e g l e c t i n g  bo th  t h e  

i n f l u e n c e  o f  und issoc ia ted  n i t r i c  a c i d  on t h e  mean mola l  a c t i v i t y  c o e f f i c i e n t  

o f  d i s s o c i a t e d  n i t r i c  a c i d  ( Y , ) ~ , ~ ~ ~ ,  and t h e  presence o f  i o n - p a i r i n g  i n  c a l -  

c u l a t i n g  yNH /yH. By comparing the  K-M and non-ideal s o l u t i o n  curves, t h e  maxi- 
4 

mum p o s s i b l e  e r r o r  i n  t h e  i n d i v i d u a l  p a r t i a l  pressures can be ascer ta ined as 

about 30%. 

and (48) holds, t h e  YHYNo3 product  and t h e  Assuming YHYNo = ( ~ r ) ~ , ~ ~ ~  
3 

Y N H ~  /yH r a t i o  c a l c u l a t e d  cannot be used f o r  c a l c u l a t i n g  t h e  i n d i v i d u a l  p a r t i a l  

pressures o f  amnonia and n i t r i c  a c i d  because yHyNoa goes t o  t h e  wrong l i m i t  

as x  -+ 0 and yNH /yH goes t o  t h e  wrong l i m i t  as x + 1. Even though these 
4 

expressions cannot be used f o r  t h e  i n d i v i d u a l  p a r t i a l  pressures, they can be 

mu1 t i p 1  i e d  toge ther  t o  check t h e  anunonia-ni t r i c  a c i d  p a r t i a l  pressure product  

c a l c u l a t e d  f rom (29) and (44) and the  poss ib le  s i g n i f i c a n c e  o f  i o n - p a i r i n g  and 

t h e  undissoc iated n i t r i c  a c i d  i n  c a l c u l a t i n g  



Discuss ion 

T h i s  approach g ives  t h e o r e t i c a l  j u s t i f i c a t i o n  f o r  t h e  r e s u l t s  o f  F o r r e s t  

e t  a1. 2 5  and Appel e t  a1. 2 6 .  As t h e  r e l a t i v e  humid i t y  approaches 1005, t h e  

e q u i l i b r i u m  vapor pressure product  sharp ly  decreases by severa l  orders o f  mag- 

n i tude .  A t  98% r e l a t i v e  humid i t y  and 2 5 O C ,  t h e  mass concen t ra t ion  o f  NH3 p l u s  

HN03 (equimolar  b a s i s )  i n  t h e  gas i n  e q u i l i b r i u m  w i t h  an aqueous ammonium 

n i t r a t e  s o l u t i o n  i s  about 1.9 vg mm3 vs. 17.9 pg m-3 needed i f  ammonium n i t r a t e  

i s  p resen t  as a s o l i d .  Thus, t h e  observa t ionz5  t h a t  g r e a t e s t  ammonium n i t r a t e  

f i l t e r  losses occurred a t  r e l a t i v e  h u m i d i t i e s  below 60%, and no losses occurred 

a t  100% r e l a t i v e  humid i ty ,  and t h e  observa t ionsz6  t h a t  n i t r a t e  aerosol  i s  pres- 

e n t  even though t h e  e q u i l i b r i u m  product  o f  ammonia and n i t r i c  a c i d  i s  much 

l e s s  than  t h e  s o l i d  e q u i l i b r i u m  product  a r e  cons is ten t  w i t h  t h i s  work. 

The ammonia-n i t r ic  a c i d e q u i l i b r i u m p r o d u c t  r e l a t i v e  humid i t y  f u n c t i o n a l i t y  

does n o t  s i g n i f i c a n t l y  change when t h e  pH i s  v a r i e d  between 1 and 7. The i n -  

s e n s i t i v i t y  o f  t h e  ammonia-nitr ic a c i d  e q u i l i b r i u m  product  w i t h  pH v a r i a t i o n  

r e s u l t s  f rom t h e  ammonia-nitr ic a c i d  e q u i l i b r i u m  product  be ing dominantly 

dependent on i o n i c  s t reng th .  As the  pH decreases below 1, t h e  approach used 

i n  t h i s  work i s  n o t  a p p l i c a b l e  s ince t h e  r o l e  o f  und issoc ia ted  n i t r i c  a c i d  

becomes s i g n i f i c a n t  and s i m i l a r l y  f o r  h igh  pH undissoc iated d isso lved  ammonia 

would appear. From t h e  e l e c t r o n e u t r a l i t y  balance and t h e  average aerosol 

water  data i n  Ste lson and S e i n f e l d  , a range o f  p o s s i b l e  mass d i s t r i b u t i o n  

averaged pH's between 2 and 12 i s  c a l c u l a b l e  f o r  several l o c a t i o n s  i n  the  Los 

Angeles Basin. Since t h e  atmospheric aerosol  i s  o f ten a m i x t u r e  o f  a c i d i c  and 

bas ic  p a r t i c l e s ,  a  d i s t r i b u t i o n  o f  aerosol  pH would e x i s t ,  t h e  bas ic  p a r t i c l e s  

e x i s t i n g  predominantly i n  t h e  coarse mode (> 1 m) and t h e  a c i d i c  p a r t i c l e s  i n  

t h e  f i n e  mode (<  1 m). Thus, these r e s u l t s  have l i m i t e d  a p p l i c a b i l i t y  t o  t h e  

p o s s i b l e  range o f  e x i s t i n g  ambient aerosol  a c i d i t y .  



Q u a l i t a t i v e l y ,  t h e  r e s u l t  o f  adding an u n r e a c t i v e  s o l u t e  on t h e  vapor 

pressure p r o d u c t - r e l a t i v e  humid i t y  curve can be discussed. The unreac t i ve  

s o l u t e  would lower  t h e  water  vapor pressure b u t  would n o t  a f f e c t  t h e  amon ia -  

n i t r i c  a c i d  vapor pressure product .  Thus, t h e  r e s u l t i n g  s i t u a t i o n  would be a 

measured vapor pressure p roduc t  and r e l a t i v e  humid i t y  l o c a t i o n  l y i n g  below t h e  

NH4N03 non- ideal  vapor pressure p r o d u c t - r e l a t i v e  humid i t y  curve i n  F ig .  1. 

The presence o f  a sa tu ra ted  ammonium n i t r a t e  s o l u t i o n  around a s o l i d  

ammonium n i t r a t e  aerosol  co re  can be examined. Since t h e  sa tu ra ted  s o l u t i o n  

must be i n  e q u i l i b i r u m  w i t h  s o l i d  ammonium n i t r a t e ,  t h e  vapor pressure product  

must be t h e  same over  t h e  sa tu ra ted  s o l u t i o n  as f o r  t h e  s o l i d  ammonium n i t r a t e .  

Thus, t h e  presence o f  a sa tu ra ted  aqueous l a y e r  around a s o l i d  amonium n i t r a t e  

core a t  r e l a t i v e  h u m i d i t i e s  below 62% would n o t  a f f e c t  t h e  e q u i l i b r i u m  vapor 

pressure product  p r e d i c t i o n .  



THERMODYNAMICS OF THE ATMOSPHERIC AMMONIUI? NITRATE, AMMONIUM SULFATE, WATER 

SYSTEM '' 
Now we consider the second system, the atmospheric amnonium n i t r a t e ,  

amnonium su l fa te ,  water system. Since the amnonium, n i t r a t e  and su l fa te  ions 

occur i n  p a r t i c l e s  o f  s i m i l a r  size, a thermodynamic study o f  the i n te rac t i on  

between amnonium n i t r a t e  and amnonium su l fa te  provides a foundation f o r  under- 

standing atmospheric processes invo lv ing these species. 

The r e l a t i v e  humidity o f  a i r  i n  equ i l ib r ium w i th  a saturated so lu t ion  o f  

ammonium su l fa te  i s  r e l a t i v e l y  high, e ighty percent. Thus, f o r  a given s i tua- 

t ion,  i t  i s  important t o  consider whether o r  not  a s o l i d  phase i s  present. I f  

a s o l i d  phase i s  present, i t  i s  fu r the r  necessary t o  determine which species 

i t  contains. This question w i l l  be dea l t  w i th  i n  the fo l lowing section. We 

will then proceed t o  discuss the thermodynamics o f  the  aqueous phase. 

NHqN03-(NH4)2S04-H20 Phase Diagram 

The NH4N03-(NH4)2S04-H20 phase diagram can be constructed Prom the data 

i n  S i l ~ o c k ~ ~  and Emns and Hahn and i s  shown i n  Figure 5. The 

phase diagram shows several i n te res t i ng  items. By equating chemical potent ia ls  

a t  eutonis points, El and Ep, the NHqN03 chemical potentia7 can be shown t o  be 

constant aTong the s o l u b i l i t y  curve between pure NH4N03 i n  water and Ej and i n  

the regions I, I & 11, 11, I 1  & 111, 111 and I11 & I V .  If the NHqND3 chemical 

potent ia l  i s  constant throughout these regions, then the NH4N03 d issoc ia t ion  

constant must be invar iant .  S imi la r ly ,  the  (NHq)2S04 chemical potent ia l  must 

be constant along the s o l u b i l i t y  curve between pure (NH4I2SO4 i n  water and El 

and i n  the regions I V ,  I 11  8 I V ,  111, I1 8 111, I 1  and 1 & II. If the chemi- 

ca l  form o f  the aqueous solutes i s  the same along the s o l u b i l i t y  curve between 

El and E3.;then by equating chemical potent ia ls  and by using the Gibbs-Duhem 

equation, the so lu t i on  r e l a t i v e  humidity should be constant. In Table 3, re la -  

t i v e  humidity measurements o f  saturated aqueous NHqN03-(NH4 )*SO4 so1 ut ions 



(NH4I2 SO4 WEIGH? FRACTION 

Figure 5 
NH4N03-(NH4)2S04-~20 phase diagram at 25OC Cl Emons and Hahn 
O,+.A Silcock5" 



fm Emons and ~ a h n "  are shown. Their  data show tha t  the r e l a t i ve  humidity 

var ies between El and E3, ind icat tng a new dissolved species must be formed. 

Final ly,  Figure 5 i l l u s t r a t es  a problem when attempting t o  describe mul t i -  

component aqueous mixtures up t o  saturation. Since (NH4)2S04 precipi tates a t  

a lower ion ic  strength than NH4N03, there i s  a problem i n  describing the region 

o f  the phase diagram where the ion ic  strength i s  greater than the maximum 

ion ic  strength o f  the leas t  soluble species. For the NHqN03-(NHq)2S04-H20 

system, t h i s  region l i e s  between the s o l u b i l i t y  curve and the dashed l i n e  i n  

Fig. 5. I n  the next section, t h i s  problem w i l l  be discussed i n  more deta i l .  

Estimation o f  the Water Ac t i v i t y  and the NH4ND3 Dissociation Constant 

Equations (27) and (28) can be used t o  estimate the water a c t f v i t y  and 

the solute a c t i v i t y  coef f ic ients  f o r  the NH4N03-(NH4)2S04-H20 system. The 

NH4N03 ac t i v i t y ,  aI2, i s  given by 

where r;t. -yY4 = the a c t i v i t y  coef f ic ients  o f  NH4W4) or (NH4)*SO4 alone i n  

water a t  I ,  Y = the i on i c  strength f rac t ion  of HH4N03, 

and I = the t o t a l  so lu t ion jonic strength. The (NH4lZSO4 a c t i v i t y *  algr i s  



From equa t ion  (28), t h e  water  a c t i v i t y  can be c a l c u l a t e d  as 

where a0 
W12y a;14 

= t h e  water  a c t i v i t i e s  o f  NH4N03 o r  (NH4)2S04 aqueous so lu-  

t i o n s  a t  I ,  and Hw = t h e  mo lecu la r  we igh t  o f  water.  

Equations (51), (53) and (54) can be used t o  eva lua te  t h e  a c t i v i t i e s  up t o  

an i o n i c  s t r e n g t h  of 17.5 mola l ,  t h e  s o l u b i l i t y  of (NH4)2S04 i n  water  a t  2 5 O C .  

Expressions f o r  t h e  i o n i c  s t r e n g t h  dependences of the  NH4N03 a c t i v i t y  c o e f f i -  

c i e n t  and water  a c t i v i t y  were obta ined f rom Hamer and WU' . The expressions 

used f o r  t h e  (NH4)2S04 a c t i v i t y  c o e f f i c i e n t  and water  a c t i v i t y  i o n i c  s t r e n g t h  

dependences were based on t h e  i s o p i e s t i c  measurements o f  Wishaw and Stokesz9. 

The s o l u t i o n  osmotic c o e f f i c i e n t s  were c a l c u l a t e d  us ing  t h e  method o u t l i n e d  

i n  Staples and N u t t a l l  3 0  and referenced t o  t h e  i o n i c  s t r e n g t h  dependence o f  

t h e  NaCi osmotic c o e f f i c i e n t  o f  Hamer and wu7 . The more recen t  NaCe expres- 

s i o n  o f  Gibbard e i  a ? .  3 b a s  n n t  used s ince  i t  i s  i n  good agreement w i t h  t h e  

work o f  Hamer and Wu7 . The r e s u l t i n g  (NH4)2S04 osmotic c o e f f i c i e n t  data were 

f i t  t o  a polynomial and, w i t h  t h e  Gibbs-Duhem equation, the  f o l l o w i n g  i o n i c  

s t r e n g t h  dependence f o r  t h e  (NH4)2S04 a c t i v i t y  was obtained, 

where t h e  s tandard d e v i a t i o n  o f  the  o r i g i n a l  reg ress ion  was 7 . 5 5 ~ 1 0 - ~ .  S t i l l  

unresolved i s  how t o  p r e d i c t  the  a c t i v i t y  c o e f f i c i e n t  of (NH4l2SO4 i n  t h e  

r e g i o n  o f  t h e  phase diagram between t h e  dashed l i n e  and t h e  s o l u b i l i t y  curve. 



The a c t i v i t y  coeff ic ient  of (NH4I2SO4 a t  ionic strengths greater  than 

i t s  so lub i l i ty  in water can be approximated four ways from exis t ing  data. 

F i r s t ,  Emons and Hahn28 . measured the water ac t iv i ty  along the  solubi l i ty  

curve f o r  the NH4N03-(NH4)2S04-H20 system. From e q u a t i 0 ~  (541, t he  data of 

Emons and HahnZ8 and the NH4NO3 water ac t iv i ty  ionic s t rength  dependence, 

the  hypothetical (NH4)2S04 water ac t iv i ty  can be calculated t o  26.0 molal, 

the  so lub i l i ty  of NH4N03 i n  water. By using the Gibbs-Duhem equation, the 

(NH4)$04 a c t i v i t y  coeff ic ient  can be obtained. Second, the  dissolved amnoni- 

urn su l f a t e  a c t i v i t y  must be constant along the so lub i l i ty  curve between (NH4)*S04 

in  pure water and El.  Thus, the hypothetical (NH4)2S04 a c t i v i t y  coeff ic ient  

ionic strength dependence can be calculated from the so lub i l i ty  data in 

Silcock2', the  NHqN03 ac t iv i ty  coeff ic ient  ionic strength dependence, the ac t iv i ty  

of a saturated aqueous (NH4)2S04 solution and equation (53). Third, the  (NH4)?S04 

ac t iv i ty  coeff ic ient  data below 17.5 molal can be l inea r ly  extrapolated to  

higher ionic  strengths.  Fourth, equation (55) could be used above 17.5 molal. 

The r e s u l t s  of the four techniques were compared. The second method ex- 

h ib i t s  a higher ionic strength dependence than the other three.  The f i r s t  

method re su l t s  scattered about the  predictions of the th i rd  and fourth with 

neither method showing be t t e r  agreement. Thus, equation (55) was used to  repre- 

sent  the  ionic  strength dependence of the (NH4)2S04 ac t iv i ty  coefficient  above 

as  well a s  below 17.5 molal. 

Using equation (54) ,  the water a c t i v i t i e s  of NH4N03- (NH4)2S04 solutions 

were predicted and compared t o  the data of Emons and Hahn2B and Thudium 3 2  

i n  Tables 3 and 4. The agreement between the predictions and data i s  

good even though the data were taken using d i s t inc t ly  d i f ferent  experimen- 

t a l  techniques. The maximum e r ro r  was 3.7%. Table 3 and Table 111 of Saxena 



Table 3. Comparison o f  Calculated and Measured Water Activities 
A1 ong the NH4N03- (NH4)2S04 Aqueous Sol ubi 1 i ty Curve 

I Y a % Sol id Phase* t 
W 

( Cal c. ) I Meas. ) Error 



T a b l e  4. Compar i son  of  Ca1 c u l a t e d  a n d  Measured  W a t e r  A c t i v i t i e s  
f o r  Di 1 Ute NH4N03- (NH4)2S04 

(Calc.) (Meas. ) E r r o r  

* 
Thudi  urn ' 



and Peterson3 a r e  d i r e c t l y  comparable. Saxena and Peterson used Bromley's 

model w i t h  h i g h e r  o r d e r  c o e f f i c i e n t s .  T h e i r  maximum e r r o r  was 12.3%. Thus, 

t h e  approach o f  Kusik  and f.leissner5 i s  b e t t e r  s u i t e d  f o r  NH4N03-(NH4)2S04 

mixtures.  

F i n a l l y ,  t h e  i n f l u e n c e  of (NH4)$i04 on t h e  NH4N03 d i s s o c i a t i o n  constant  

can be ca lcu la ted .  The appropr ia te  e q u i l i b r i a  f o r  t h e  NH4N03-(NH4)2S04-H20 

system a r e  l i s t e d  i n  Table 5. As s t a t e d  i n  t h e  phase diagram discuss ion,  t h e  

NH4N03 d i s s o c i a t i o n  cons tan t  would be i n v a r i a n t  a long t h e  s o l u b i l i t y  curve 

between pure NH4N03 i n  water  and E3 and i n  t h e  reg ions I ,  I & 11, 11, I 1  & 111, 

I 1 1  and 111 & I V  and i s  g iven  by  the  e q u i l i b r i u m  cons tan t  o f  React ion 1 i n  

Table 5 and i s  independent o f  r e l a t i v e  humid i ty .  W i t h i n  t h e  aqueous s o l u t i o n  

r e g i o n  o f  t h e  phase diagram, t h e  NH4N03 d i s s o c i a t i o n  constant  v a r i e s  and i s  

a f u n c t i o n  o f  Y and t h e  i o n i c  s t reng th .  From equations (51) and (54) an3 the  

e q u i l i b r i u m  constant  f o r  React ion 2 i n  Table 5, t h e  water  a c t i v i t y  o r  r e l a -  

t i v e  humid i t y  and t h e  Y dependence o f  t h e  NH4N03 d i s s o c i a t i o n  constant  can 

be evaluated and a r e  shown i n  F i g .  6. The dashed curve i s  obta ined by ca lcu-  

l a t i n g  t h e  r e l a t i v e  humid i t y  and t h e  NH4N03 d i s s o c i a t i o n  constant  a long the  

s o ! u b i l i t y  curve between E3 and pure (NH4)*S04 i n  water.  A s t r i k i n g  f e a t u r e  

of F ig .  6 i s  t h e  i n s e n s i t i v i t y  o f  t h e  NH4N03 d i s s o c i a t i o n  constant  t o  t h e  i o n i c  

f r a c t i o n  o f  n i t r a t e .  For  example, t h e  NH4N03 d i s s o c i a t i o n  constant  f o r  Y = 

0.5 v a r i e s  f rom t h a t  o f  pure NH4N03 i n  water  by o n l y  40%. 

I n  a d d i t i o n  t o  the  NH4N03 d i s s o c i a t i o n  constant,  the (NH4)*S04 d issoc ia -  

t i o n  constant  r e l a t i v e  humid i t y  dependence can be evaluated f rom equations 

(53) and (54) and Reactions 3 and 4 o f  Table 5. Eva lua t ion  o f  t h e  (NH4)2S04 

d i s s o c i a t i o n  constant  i s  g e n e r a l l y  n o t  m e r i t e d  because t h e  d i s s o c i a t i o n  



RELATIVE HUMIDITY 

Figure 6 

The e f fec t  of ( N H  ) SO on the r e l a t iye  humidity dependence 
of the  NH4N03 dir fo?ia t ion constant. 



Tab1 e 5 .  Equil i brium Constants f o r  the NH4N03- (NH4)2S04-H20 
System a t  298 K. 

Reaction Equilibrium constant* 

Free Energy Data Sources: NH3(g), NH4N03(c,IV) Parker et  a1 .' 
HNO3(g). H2S04(g) JANAF' 

NH4N03(aq ,m=l) , !NH4)2S04(a~Pm=l) Wagman e t  a1 .' 

Thermodynamic equilibrium constants - pressures i n  atmospheres, 
aqueous concentration i n  molal i t y .  



constant is  small a t  25O~. The amount of (NH4)2S04 precursor i n  the gar 

phase, the  cubic root of the equil ibrium constant f o r  Reaction 3 expressed 

a s  (NH4)2S04, is  about 0.002 ug mm3. Thus, the  r e l a t ive  humidity dependence 

of the  (NH4)*S04 dissociation constant is not presented in  de ta i l .  



THERMODYNAMICS OF THE ATMOSPHERIC SULFURIC ACID AMMONIUM SULFATE, WATER 

SYSTEM 

A l l  o f  t h e  preceding systems have i n v o l v e d  n i t r a t e .  Now, consider  the  

system w i t h o u t  n i t r a t e ,  i . e .  con ta in ing  o n l y  s u l f a t e .  T h i s  system may be 

considered as a m i x t u r e  o f  s u l f u r i c  a c i d  and ammonium s u l f a t e .  The problem 

we a r e  i n t e r e s t e d  i n  i s  t h e  fo l low ing ;  g iven  the  temperature T, t h e  r e l a t i v e  

humid i t y  RH, and t h e  background pressure of ammonia, determine t h e  d r o p l e t  

composition, and t h e  e q u i l i b r i u m  pressure o f  s u l f u r i c  ac id .  That i s ,  de te r -  
+ t 

mine ml, m2, m3, m4, and pH SO where 1, 2, 3, 4 represent  H , HSO;, NH4 and 
2 4 

SO:-, r e s p e c t i v e l y .  T h i s  system can be represented by t h e  e q u i l i b r i a  shown 

i n  T a b l e 6 .  The constants  were c a l c u l a t e d  f rom t h e  f r e e  energy data shown 

i n  Table 7. 

The e q u i l i b r i u m  expressions may be w r i t t e n  as, 

0 where ai i s  t h e  a c t i v i t y  o f  t h e  i - t h  species. Note t h a t  K5 = l / p H  Owhere 
9 

P:20is the  vapor pressure of pure water.  Thus, (60) may be rewri;ten as 



Making use o f  the mean molal activity coefficients previously defined 

a = y2mlm2 etc. Then (56)-(60) becme 

The activity coefficients as computed using the approach o f  Kusik and 



Table 6. Equilibrium Constants for the (NH412S04 - 
H2S04-H20 System at 298K 

Reaction Equilibrium Constant 



Table 7. Free Energy Data for the (NH4)2S04-H2S04-H20 

System at 298 K 

Species G/RT Reference 



Table 8. B i n a r y  A c t i v i t y  C o e f f i c i e n t s  Required 

Reference 

yY2 NH; HSO; Th is  work 

~ f l 4  N H ~  50:- Ste lson & S e i n f e l d s 4  

0 
"32 H+ H S O ~  Th is  work 

0 
y34 H+ 50:- Th is  work 



where z, i s  t h e  magnitude o f  t h e  charge on t h e  i - t h  i o n ,  i . e .  z =z =z = 1, 1 2 3  

z4=2. Water a c t i v i t y  can be computed f rom t h e  Gibbs-Duhem equat ion (9 )  as 

f o l l o w s .  From (9 )  and (13) 

where t h e  sum i s  over  a l l  i ons  present.  Take as t h e  b a s i s  one k i log ram o f  water.  

Use t h e  d e f i n i t i o n  o f  the  mean molal a c t i v i t y  c o e f f i c i e n t  t o  express the  a c t i v i -  

t i e s  i n  terms o f  t h e  a c t i v i t y  c o e f f i c i e n t s .  I n  o rder  t o  do t h i s ,  i t  i s  neces- 

sary t o  rep lace  t h e  sum over  a11 ions  i, by a sum over  a!l molecules i-j. 

Doing t h i s  and i n t e g r a t i n g  h o l d i n g  composit ion constant  g ives  

Table 8 l i s t s  t h e  sources o f  t h e  va r ious  a c t i v i t y  c o e f f i c i e n t s .  The quan t i -  

0 0 0 t i e s  Rn y12, dn y32 and dn y34 w i ? i  be caTculated I n  t h e  f o l l o w i n g  sectfons. 

Once these a r e  known, equations (61)-(65) can be so lved numer ica l l y  as a sys- 

tem o f  f i v e  equat ions i n  f i v e  unknowns, ml, m2, m3, m4 and pH SO. 
2 4  

C a l c u l a t i o n  o f  A c t i v i t y  C o e f f i c i e n t s  

Any s o l u t i o n  con ta in ing  b i  s u l f a t e  ions  w i l l  con ta in  s u l f a t e  ions  formed 

0 
by  d i s s o c i a t i o n  as w e l l .  However t h e  q u a n t i t i e s  Y:,HSO and yYN4,HS04 r e f e r  

4  
t o  h y p o t h e t i c a l  s o l u t i o n s  con ta in ing  o n l y  b i s u l  f a t e  ions. Thus, they cannot 

be measured d i r e c t l y .  Instead, they must be i n f e r r e d  by o t h e r  means. The 

s imp les t  system which can he lp  us i n  o u r  quest f o r  these a c t i v i t y  c o e f f i c i e n t s  

i s  t h e  s u l f u r i c  acid-water system. 



The amount of undissociated su l fu r i c  acid i n  aqueous solution i s  negligi- 

ble below 40 molal , 1 9 9 3 4  which corresponds t o  a r e l a t ive  humidity of l e s s  than one 

percent. Thus, su l fu r i c  acid will  be t rea ted  a s  a ternary system of sul fa te ,  

b i su l f a t e  and water. For t h i s  system, equation (27)  gives 

where 1, 2 and 4 represent H', HSO; and SO:-, respectively, and 

Consider now the equil ibriun between su l fa t e  and b i su i f a t e ,  

The equilibrium constant can be expressed a s  

Substi tuting (56) and (57) in (59) gives 



Also, t h e  Gibbs-Duhem equa t ion  i s  

where n12 and nlq a r e  t h e  numbers of moles o f  b i s u l f a t e  and su l fa te ,  respec t i ve ly .  

Now use (72)  and (73)  i n  ( 7 7 )  and i n t e g r a t e  over  I h o l d i n g  Y constant  t o  

o b t a i n  

Then en y i2  and en y i 4  are found by s o l v i n g  t h e  system o f  coupled o r d i n a r y  

d i f f e r e n t i a l  equat ions corresponding t o  equat ions (76) and (7E!, t h a t  i s  

where 

and where t h e  d i s s o c i a t i o n  q u o t i e n t  Q i s  g i ven  by 



The q u a n t i t y  Y can then be c a l c u l a t e d  f rom Q by 

Away f rom I = 0  these two o r d i n a r y  d i f f e r e n t i a l  equat ions can be numeri- 

c a l l y  i n t e g r a t e d  r e a d i l y .  The des i red  q u a n t i t i e s ,  Rn y i 2  and Rn yT4, a r e  

obta ined as dU/dI and dV/dI, respec t i ve ly .  A t  I = 0, f rom t h e  p r o p e r t i e s  o f  

a c t i v i t y  c o e f f i c i e n t s ,  dU/dI and dV/dI a r e  b o t h  zero.  

The d i s s o c i a t i o n  q u o t i e n t  4 has been measured by many  investigator^.^^^^^-^' 

These va lues a r e  shown i n  F igure  7. A9so shown i s  a  l e a s t  squares fit t o  the 

data g iven  by 

The water  a c t i v i t y  i s  based on t h e  fit g iven  by Rard e t  a1 . 3 8  Using equat ion 

(85), equat ions (79) and (80) were numer ica l l y  in tegra ted .  The r e s u l t s  o f  t h i s  

i n t e g r a t i o n  a r e  shown i n  F i g .  8. A  comparison between t h e  a c t i v i t y  c o e f f i c i e n t  

f o r  H/HS04 and t h e  a c t i v i t y  c o e f f i c i e n t s  o f  a  number o f  o t h e r  u n i v a l e n t  ac ids 

i s  shown i n  F igure  9. Note t h e  q u a l i t a t i v e  agreement between t h e  a c t i v i t y  

c o e f f i c i e n t  o f  t h e  b i s u l f a t e  i o n  compared w i t h  t h e  o ther  ac ids.  
-- 

S u l f u r i c  Acid-Ammonium S u l f a t e  System 

Consider a  system con ta in ing  both ammonia and s u l f u r i c  ac id.  Examples of 

such systems a re  ammonium b i s u l f a t e  and l e t o v i c i t e .  T h i s  system w i l l  be modeled 

as a  m i x t u r e  o f  2H/S04, H/HS04, 2NH4/S04 and NH4/HS04. The a c t i v i t y  c o e f f i c i e n t s  



Figure 7 

B i s u l f a t e  d i s s o c i a t i o n  q u o t i e n t  a s  a f u n c t i o n  of i o n i c  
s t r e n g t h  i n  aqueous s u l f u r i c  a c i d  s o l u t i o n s .  



H', HSO; (DEBYE- HUCKEL) 

H+, SO:-(DEBYE-HUCKEL) 

Figure 8 

H'IHSO; and H'/SO;- a c t i v i t y  c o e f f i c i e n t s  as func t ions  of 
i o n i c  s t reng th .  



H'tiSO; (This Work) 
H'NO (Stelson 6. Seinfeld, 1982 

0 3 6 9 12 15 
I 

Figure 9 

Comparison o f  the H+ / H S O ~  a c t i v i t y  c o e f f i c i e n t  w i th  those 
for  other univalent  acids. 



o f  t h e  f i r s t  two species a r e  known f rom t h e  p rev ious  sect ions.  The a c t i v i t y  

c o e f f i c i e n t  o f  t h e  t h i r d  was g iven  by equat ion (55). Thus, t h e  o n l y  remaining 

unknown i s  t h e  a c t i v i t y  c o e f f i c i e n t  f o r  NH4/HS04. 

The a c t i v i t y  c o e f f i c i e n t  f o r  NH4/HS04 w i l l  be assumed t o  be t h e  same as 

f o r  NH4/C1. T h i s  assumption i s  analogous t o  t h e  approach adopted by Lee and 

Brosset  " f o r  t h e  s u l f u r i c  a c i d  system. A problem a r i s e s  i n  t h a t  a  s o l u t i o n  

o f  amnonium c l o r i d e  i s  sa tu ra ted  a t  7.4 mola l  . Thus, i t  i s  necessary t o  extrapo- 

l a t e  t o  h i g h e r  concen t ra t ions .  The a c t i v i t y  c o e f f i c i e n t  i s  l i n e a r  i n  i o n i c  

s t r e n g t h  f o r  moderate concentrat ions.  Thus, i t  w i l l  be 1  i n e a r l y  ex t rapo la ted  

t o  h igher  s t reng ths .  

Using these a c t i v i t y  c o e f f i c i e n t s  a  s e r i e s  o f  runs were made f o r  t h e  

ammonium b i s u l f a t e  system. Th is  system i s  d e r i v e d  f rom the  o r i g i n a l  system by 

r e p l a c i n g  r e a c t i o n s  3 and 4 by r e a c t i o n  5 where 

r e a c t i o n  6 = ( r e a c t i o n  3)-5 ( r e a c t i o n  1  + r e a c t i o n  4 )  
i .e. 

The r e s u l t s  a r e  shown i n  F igure  10. The agreement w i t h  the  experimental 

r e s u l t s  o f  Tang and ~ u n k e l w i  t z "  i s  seen t o  be good. 

Conclusions 

The ammonium s u l f a t e - s u l f u r i c  a c i d  system has been studied.  A c t i v i t y  

c o e f f i c i e n t s  have been obta ined f o r  t h e  va r ious  species present.  The agreement 

between t h e  a c t i v i t y  c o e f f i c i e n t  o f  H/HSOi and o t h e r  u n i v a l e n t  ac ids  i s  good. 

Ca lcu la t ions  o f  t h e  water  a c t i v i t y  over  these s o l u t i o n s  have been per- 

formed. The agreement w i t h  experimental data i s  good. 
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Figure 10 
Comparison of experimental and predicted water activities 
a s - a  function of molality for amnonium sulfate/sulfuric 
a c ~ d  solutions. 



RELATIVE HUMIDITY AND TEMPERATURE DEPENDENCE OF THE AMMONIUM NITRATE DISSO- 

CIATION CONSTANT 

Up t o  t h i s  p o i n t  we have r e s t r i c t e d  our  a t t e n t i o n  t o  systems a t  25'C. 

We now address t h e  i ssue  o f  e x t r a p o l a t i n g  t h e  thermodynamic r e s u l t s  t o  o t h e r  

temperatures. For  t h i s  e x t r a p o l a t i o n  i t  w i l l  be necessary t o  have access t o  

enthalpy and heat  capac i t y  data. Th is  s e c t i o n  w i l l  i l l u s t r a t e  t h e  c a l c u l a t i o n  

o f  thermodynamic p r o p e r t i e s  f o r  one p a r t i c u l a r  system, t h e  aqueous ammonium 

n i t r a t e  system. 

Theory and Thermodynamic Data f o r  the  Ammonium N i t r a t e  System 

S o l i d  NH4N03 d i s s o c i a t i o n  constant  

A t  temperatures below 170°C, s o l i d  ammonium n i t r a t e  e x i s t s  i n  e q u i l i b r i u m  

w i t h  ammonia and n i t r i c  ac id :  

The e q u i l i b r i u m  constant  f o r  t h i s  reac t ion ,  K i ,  i s  r e l a t e d  t o  t h e  p a r t i a l  pres-  

sures o f  NH3 and HN03 by K' = pNH3pHNO3, and K t  i s  r e l a t e d  t o  t h e  standard 
P  P 

Gibbs f r e e  energy change f o r  reac t ion ,  AG?, by 

Since t h e  thermodynamic data f o r  NH4NG3 a r e  l i m i t e d ,  an e x t r a p o l a t i o n  

formula f o r  t h e  e q u i l i b r i u m  constant  as a  f u n c t i o n  o f  temperature can be 

der i ved  as f o l l o w s .  S t a r t  w i t h  the  v a n ' t  Hoff  equation, 

where AH i s  t h e  change i n  enthalpy o f  t h e  r e a c t i o n  a t  temperature T. By 

d e f i n i t i o n ,  



Using equat ion (93) i n  (92) g ives  

Equation (94) may be in tegra ted ,  assuming L i s  constant ,  t o  g i v e  

Now, p i s  p r o p o r t i o n a l  t o  t h e  r e l a t i v e  humid i t y  of del iquescence. Thus, 

where RH@ i s  the  percent  r e l a t i v e  humid i t y  o f  deliquescence. 

Using t h e  water  heat  o f  f u s i o n  f rom Weastl" and t h e  r e l a t i v e  humid i t y  

o f  a  sa tu ra ted  NH4N03 s o l u t i o n  a t  298.15 K f rom Hamer and Wu7 , 

En (RHD) = - 723' ' + 1.7037 T (97 

Equat ion (97) agrees w e l l  w i t h  t h e  l e a s t  square express ion der i ved  from 

t h e  data o f  ~ i n ~ e m a n s " ,  

Equations (97) and (98) a r e  shown w i t h  experimental data i n  F ig.  11. 

We es t imate  t h e  e f f e c t  o f  temperature on s o l u b i l i t y  as f o l l o w s .  The 

v a n ' t  H o f f  equat ion i s  

where ns and hS a r e  t h e  p a r t i a l  molal en tha lp ies  i n  t h e  sa tu ra ted  s o l u t i o n  

and c r y s t a l  phase r e s p e c t i v e l y .  Th is  r e l a t i o n  becomes 
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where C , C , and C a r e  t h e  heat  c a p a c i t i e s  of NH3(g1, HN03(g) 
P N H ~  P H N O ~  P N H ~ N O ~  

and NH4N03(S), r e s p e c t i v e l y .  I n t e g r a t i n g  equat ion (88) g ives  

where AHo i s  t h e  change i n  enthalpy a t  298K. Using equat ion (89)  i n  t h e  

v a n ' t  H o f f  equa t ion  and i n t e g r a t i n g  g ives  

Using t h e  data i n  Table 9 and assuming t h e  heat  c a p a c i t i e s  a r e  independent o f  

temperature, we o b t a i n  from equat ion (go), 

2 where K' i s  t h e  e q u i l i b r i u m  constant  i n  u n i t s  o f  ppb . 
P 

R e l a t i v e  humidi t y  o f  de l  iquescence and s o l u b i l  i t y  

Now, consider  t h e  sa tu ra ted  s o l u t i o n  r e l a t i v e  humid i ty .  S t a r t  w i t h  t h e  

Clausius-Clapeyron equat ion 

where L i s  t h e  l a t e n t  heat  o f  v a p o r i z a t i o n  o f  water, and AV i s  t h e  change i n  

volume dur ing  vapor i za t ion .  The l e f t  hand s ide  represents t h e  change i n  pres- 

sure r e q u i r e d  t o  ma in ta in  e q u i l i b r i u m  when t h e  temperature changes by dT. 

Now, consider  t h e  volume change dur ing  vapor i za t ion .  The volume o f  t h e  l i q u i d  

i s  n e g l i g i b l e  compared t o  t h a t  o f  the  gas. Thus, us ing  t h e  i d e a l  gas law 



where H0 i s  t h e  p a r t i a l  mola l  enthalpy a t  i n f i n i t e  d i l u t i o n .  The terms i n  t h e  

b racke ts  on t h e  r i g h t  hand s i d e  o f  (101) g i v e  t h e  e f f e c t s  o f  n o n i d e a l i t i e s .  

I n  o rder  t o  o b t a i n  a rough es t imate  o f  t h e  behavior  o f  enm2, we w i l l  assume 

t h a t  these terms a r e  n e g l i g i b l e .  There r e s u l t s  

By i n t e g r a t i n g  equat ion (86), 

i s  obtained. Using t h e  thermodynamic data i n  Table 6 and n o t i n g  t h a t  (rn)298 = 

25.954 f rom Hamer and WU' , 

Equat ion (104) agrees w e l l  w i t h  t h e  l e a s t  squares express ion f o r  t h e  data o f  

Stephen and StephenQ3 , 

e n m = -  1837'3i18'0 T + 9.4235+0.0602 (105) 

Equations (104) and (105) a re  shown w i t h  the  d a t a  o f  Stepken and Stephenh3 i n  

F ig .  12. 

F igures 11- and 12 show t h e  s t rong temperature dependence o f  the  r e l a t i v e  

humid i t y  of del iquescence and t h e  s o l u b i l i t y  o f  ammonium n i t r a t e .  Th is  tem- 

pera tu re  dependence i s  an un fo r tuna te  comp l i ca t ion  when a t tempt ing  t o  



Table 9 .  Thermodynamic Data f o r  the  Ammonium Nit ra te  System a t  298 K 

Species Reference 

- 

A G  = Standard f r ee  energy of formation 

AN = Heat of formation 

Cp = Heat capacity. 





e x t r a p o l a t e  aqueous ammonium n i t r a t e  thermodynamic data t o  temperatures above 

25°C. 

Aqueous NH4N03 d i s s o c i a t i o n  constant  

Analogous t o  t h e  s o l i d  NH4N03 d i s s o c i a t i o n  constant  d e r i v a t i o n ,  an expres- 

s i o n  f o r  t h e  e q u i l i b r i u m  constant  over  aqueous NH4N03 can be der ived,  

- 
'2 m2 c0 = N H ~ N O ~  where Kb = P N H ~ P H N O ~ / ~ N H ~ N O ~  = K b / a ~ ~ 4 ~ 0 3 *  a ~ ~ H ~ 0 3  = Y ~ ~ 4 ~ 0 3  * p  

p a r t i a l  r o l a l  heat  capac i t y  a t  i n f i n i t e  d i l u t i o n ,  and y i H  NO = 'lean molal 
4 3 

i o n i c  a c t i v i t y  c o e f f i c i e n t  o f  d i sso lved  NH4N03. Using t h e  data i n  Table 9 

and assuming t h e  heat  c a p a c i t i e s  a r e  independent o f  temperature, we o b t a i n  

f rom equat ion (106 )  

2  where K* has u n i t s  o f  ppb no la l -2 .  The temperature v a r i a t i o n  o f  y iH No can 
P 4 3 

be c a l c u l a t e d  as fo l l ows :  

The temperature v a r i a t i o n  o f  NO can be c a l c u l a t e d  as f o l l o w s .  S t a r t  w i t h  
4 3 

t h e  express ion f o r  t h e  chemical p o t e n t i a l  f o r  ammonium n i t r a t e  (16) 



Div ide by RT and d i f f e r e n t i a t e  w i t h  respect t o  temperature a t  constant mola l i ty ,  

where H* i s  t he  p a r t i a l  molal enthalpy a t  the hypothet ical  standard state. 

However, H* must equal HO. This i s  because (110) must ho ld  a t  a l l  values o f  

mola l i ty .  As the molal i t y  approaches zero, &nyNH approaches zero. Thus. 
4 3 

the r i g h t  hand side approaches zero, assuming t h a t  Iln yNH NO i s  a smooth 
4 3 

funct ion.  Thus, t he  l e f t  hand s ide must a l so  approach zero. This means t h a t  H 

approaches E* as the m o i a l i t y  approaches zero. However, t he  value o f  a t  

i n f i n i t e  d i l u t i o n  has been def ined as $. Thus, 

i s  obtained, where p. rp = NH4N03 p a r t i a l  moTal heat capaci t ies a t  i n f i n i t e  
P 

d i l u t i o n  and m, respect ively,  and (y)29B = the normalized NH4N03 r e l a t i v e  

p a r t i a l  m l a l  enthalpy d i f fe rence between i n f i n i t e  d i l u t i o n  and m a t  298.15 K. 

To evaluate (miH NO )T. the  concentration dependence o f  (IlnyiH No ) 298, 
4 3 4 3 

must be known. The expression o f  Hamer and Mu7 can be 

used t o  represent the concentration dependence o f  [ln{H4N03]298 t o  25.954 m l a l .  

c -F 
Obtaining expre;sions f o r  (g  and (*)is n r e  ~Omplicated. 

298 



Relat ive apparent w l a l  heat content data can be obtained from Wagman e t  

a1 . l o  and Vanderzee e t  a1 .'* . Since the data of Vanderzee e t  a1 ." ate more 

recent and span a larger  concentration range, they w i l l  be used t o  represent 

the va r ia t ion  i n  enthalpy wfth concentratfon. A polynomial regression can be 

calculated using ideal gas constant normalized re la t i ve  apparent molal heat 

content data o f  Vanderzee e t  al .  '' between 0.1 and 25 m l a l .  The pa r t i a l  

RbOlal enthalpy was derived using equation (8-2-7) from Harried and Owen's. as 

where 4L = re l a t i ve  apparent m l a l  heat content a t  n. The resu l t i ng  polynomial 

regression i s  

where the standard deviation f o r  the normalized re la t i ve  apparent m l a l  heat 

content polynomial regression i s  t3.M K " ~ .  The e r ro r  i n  the r e l a t i ve  pa r t i a l  

m l a l  enthalpy polynomial regressSon i s  unknown since i t  was obtained using 

the normal ized re1 a t i ve  apparent nola1 heat content polynomial. regression 

and ( 112). 

Roux e t  a1 !'I measured the apparent molal heat caparfty, eC . o f  aqueous 
P 

amnonium n i t r a t e  a t  25OC t o  22.4 noial .  Thet'r expression f o r  t h e f t  d a b s  



4 7 
agrees w e l l  w i t h  t h e  measurements o f  Gucker e t  a1 . 4 6  and Sor ina  e t  a1 . . 
Using equat ion (8-4-7) f rom Harned and 0wen4', 

t h e  p a r t i a l  mola l  heat  capac i t y  can be c a l c u l a t e d  f rom (98) as, 

The data o f  Sor ina e t  a1.47 extend t o  50 mola l ,  supersa tu ra t ion  a t  25OC. Wi th 

r e l a t i v e  apparent mola l  heat  content  and s o l u t e  a c t i v i t y  data t o  50 mola l ,  

t h e  temperature e x t r a p o l a t i o n  o f  y i H  NO cou ld  be performed t o  s a t u r a t i o n  a t  
4 3 

50°C. Un fo r tuna te ly ,  t h e  r e l a t i v e  apparent mola l  heat  con ten t  data a re  l i m i t e d  

t o  25 mola l  4'+. Even though (116) i s  based on data t o  22.4 mola l ,  i t  w i l l  be 

used t o  25 mo la l .  W i t h i n  t h e  reg ion  22.4-25 mola l ,  (116) i s  a smoothly con- 

t i nuous  e x t r a p o l a t i o n  of t h e  data below 22.4 mola l  and represents t h e  data o f  

Gucker e t  a1 .'+= and Sor ina e t  a1 .47 f a i r l y  w e l l .  

Once ( I n  y;H NO )T has been ca lcu la ted ,  t h e  osmotic c o e f f i c i e n t  o f  t h e  
4 3 

s o l u t i o n ,  $ , can be der i ved  f rom t h e  Gibbs-Duhem equation, 

The per  cen t  r e l a t i v e  humid i t y  a t  temperature T, RH , can be c a l c u l a t e d  from 

M a  
RH = 100 exp ( -  d) 

where v = t h e  number o f  moles o f  i ons  formed by t h e  i o n i z a t i o n  o f  one mole of 

s o l u t e  and M = molecular  weight  o f  water.  



Resu l ts  

By us ing  appropr ia te  expressions f o r  t h e  temperature dependence o f  s o l i d  

o r  aqueous phase NH4N03 thermodynamic p r o p e r t i e s ,  t h e  d i s s o c i a t i o n  constant  

can be c a l c u l a t e d  a t  a s p e c i f i c  temperature and r e l a t i v e  humid i ty .  Wi th (981, 

t h e  form of ammonium n i t r a t e ,  s o l i d  o r  aqueous, can be determined. A t  a spe- 

c i f i c  temperature t h e  NH4N03 d i s s o c i a t i o n  constant  i s  i n v a r i a n t  below t h e  r e l a -  

t i v e  humid i t y  o f  del iquescence and can be obta ined f rom (91). Above t h e  r e l a -  

t i v e  humid i t y  o f  del iquescence, t h e  NH4N03 d i s s o c i a t i o n  cons tan t  r e l a t i v e  humid- 

i t y  dependence can be c a l c u l a t e d  f rom (107) ,  ( I l l ) ,  (117) and (118) t o  25 mola l .  

Equat ion (105) i s  used t o  c a l  cual  t e  t h e  s o l u b i l  i t y  temperature dependence. F ig -  

u r e  13 has been cons t ruc ted  u s i n g  t h e  p r e v i o u s l y  mentioned techniques. No t i ce  

d i s c o n t i n u i t i e s  e x i s t  between t h e  s o l i d  NH4N03 d i s s o c i a t i o n  constant  and t h e  

d i s s c c i a t i o n  constant  f o r  a sa tu ra ted  s o l u t i o n  a t  25OC and below. 

The p o s s i b l e  sources o f  these d i s c o n t i n u i t i e s  a t  temperatures below 25OC 

a r e  man i fo ld  and t h e  r e l a t i v e  e r r o r  f rom each source i s  d i f f i c u l t  t o  evaluate.  

F i r s t ,  t h e  temperature e x t r a p o l a t i o n s  f o r  t h e  s o l i d  NH4N03 and t h e  aqueous 

NH4N03 d i s s o c i a t i o n  constants  a r e  based on d i f f e r e n t  thermodynamic data se ts  

so an i n c o n s i s t e n t  va lue  i n  one data s e t  can cause d i s c o n t i n u i t y .  Second, t h e  

r e l a t i v e  humid i t y  o f  del iquescence i s  obta ined by d i f f e r e n t  methods f o r  s o l i d  

NHqN03 and aqueous NH4N03. The r e l a t i v e  humid i t y  o f  del iquescence f o r  s o l i d  

NH4N03 was c a l c u l a t e d  f rom (98) and aqueous NH4N03 f rom (105), (110), (117) and 

(118). The r e l a t i v e  e r r o r  can be seen by comparing t h e  s o l i d  and dashed curves 

i n  F ig .  11. Thi rd,  e r r o r  i s  in t roduced by d i f f e r e n t i a t i n g  t h e  polynomial regres-  

s ions  obta ined f o r  t h e  r e l a t i v e  apparent mola l  heat  content  and t h e  apparent 

mola l  heat  capac i t y  t o  g e t  expressions f o r  the  p a r t i a l  mola l  en tha lpy  and heat 

capac i t y .  The amount o f  e r r o r  i s  known f o r  t h e  o r i g i n a l  polynomial regress ions 

b u t  n o t  f o r  t h e  der i ved  regressions. F i n a l l y ,  the  e r r o r  must be in t roduced  by  

t h e  en tha l  py, heat  capac i t y  , re1  a t i v e  humid i t y  o f  del iquescence o r  s o l u b i l i t y  
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Figure 13 
Temperature and r e l a t i v e  humidity dependence o f  the NH4N03 

d issoc ia t ion  constant (---) s o l i d  NH4N03 t o  aqueous NH4N03 

so lu t i on  t r a n s i t i o n  predicted from Equation (104);(-) 
Isothermal p red ic t ion  o f  NH4N03 d issoc ia t ion  constant f o r  

s o l i d  NH4N03 and non-ideal NH4N03 so lu t ions  a t  ind ica ted 

temperatures ( . * o * - )  ~ x t r a p o l a t i o n  between predicted sol i d  
and maximum ca lcu lab le  aqueous NHqN03 d issoc ia t ion  constant. 5 5  



data o r  t h e  temperature e x t r a p o l a t i o n  technique, s ince  t h e  f r e e  energy data 

a r e  c o n s i s t e n t  a t  298 K. 

Above 25"C, an i n t e r p o l a t i o n  must be performed between t h e  r e l a t i v e  humid i ty  

corresponding t o  25 mola l  and s a t u r a t i o n .  Since t h e  curves a r e  f a i r l y  f l a t  i n  

t h e  reg ion  between 25 mola l  and sa tu ra t ion ,  a  l i n e a r  i n t e r p o l a t i o n  between 

t h e  d i s s o c i a t i o n  constant  a t  25 mola l  and a t  s a t u r a t i o n  should approximate t h e  

d i s s o c i a t i o n  constant  i n  t h i s  reg ion.  

The temperature dependence o f  the  sa tu ra ted  s o l u t i o n  r e l a t i v e  humid i t y  can 

be c a l c u l a t e d  us ing  (105), ( I l l ) ,  (117) and (118) f o r  temperatures below 25°C. 

A curve c a l c u l a t e d  us ing  t h i s  method i s  shown i n  F i g .  74. 

Data f o r  t h e  mola l  v a r i a t i o n  o f  t h e  s o l u t i o n  r e l a t i v e  humid i t y  a t  va r ious  

temperatures a re  shown i n  F ig .  '14.'P-5' The data s c a t t e r  i s  considerable and shows 

no d e f i n i t e  temperature v a r i a t i o n  t rend.  Curves f o r  t h e  r e l a t i v e  humid i t y  con- 

c e n t r a t i o n  dependence were c a l c u l a t e d  a t  0, 25 and 50°C us ing  ( I l l ) ,  (117) and 

(118) and a r e  shown i n  F ig .  14.. The p r e d i c t i o n s  co inc ide  w i t h  t h e  general area 

o f  t h e  data b u t  do n o t  show agreement w i t h  any p a r t i c u l a r  data se t .  A lso shown 

i n  F ig.14 i s  t h e  r e l a t i v e  humid i t y  concen t ra t ion  dependence f o r  an i d e a l  NH4N03 

s o l u t i o n  which p o o r l y  p r e d i c t s  t h e  non-ideal NH4N03 behavior .  

F igure  14 i l l u s t r a t e s  t h e  i n f e a s i b i l t y  o f  a t tempt ing  t o  use water  a c t i v i -  

t i e s  a t  h igher  temperatures, 25-50°C, and t h e  Gibbs-Duhem equat ion t o  c a l c u l a t e  

s o l u t e  a c t i v i t i e s .  The data have too  much s c a t t e r  and a r e  too  sparse a t  any 

p a r t i c u l a r  temperature. Furthermore, t h e  maximum concen t ra t ion  o f  e x i s t i n g  

water  a c t i v i t y  data i s  29.2 mola l  and s a t u r a t i o n  i s  42 molal a t  50°C. 

E f f e c t  o f  an Unreact ive So lu te  

The e f f e c t  o f  an u n r e a c t i v e  s o l u t e  i n  s o l u t i o n  w i t h  ammonium n i t r a t e  on 

t h e  ammonia-nitr ic a c i d  p a r t i a l  pressure can be evaluated q u a l i t a t i v e l y .  From 

t h e  Gibbs-Duhem equation, 



Figure 14 

Temperature and concen t ra t ion  dependence o f  NH NO s o l u t i o n  
re1  a t i v e  humid i t y  (----) i d e a l  s o l u t i o n  predicfioli5(-) 
non- ideal  s o l u t i o n  p r e d i c t i o n s  a t  0, 25,  and 50°C. 



RH = 100 exp (A [[rn rn d gnaNHqNo3 

where ml = m o l a l i t y  o f  i n e r t  s o l u t e  and al = a c t i v i t y  o f  i n e r t  s o l u t e .  Assum- 

i n g  t h e  i n e r t  s o l u t e  i s  i d e a l  and undissoc iated,  

RH = 100 exp (G [imm d maNHHqN3 + ml I) 
Equation (120) shows t h e  a d d i t i o n  o f  an i d e a l  i n e r t  s o f u t e  would decrease 

t h e  r e l a t i v e  humid i t y  above an ammonium n i t r a t e  s o l u t i o n  f o r  a  s p e c i f i c  ammo- 

nium n i t r a t e  m o l a l i t y .  Since t h e  a d d i t i o n a l  s o l u t e  i s  assumed n o t  t o  

i n t e r a c t  w i t h  t h e  d isso lved  ammonium n i t r a t e ,  the ammonia-n i t r ic  a c i d  p a r t i a l  

pressure product  would be t h e  same as i n  t h e  s i t u a t i o n  w i t h o u t  any i n e r t  so lu te .  

Thus, t h e  presence o f  an i n e r t  s o l u t e  r e s u l t s  i n  an ammonia-n i t r ic  a c i d  p a r t i a l  

pressure product  be ing observed a t  a l ower  r e l a t i v e  humid i t y  than would be 

p r e d i c t e d  f rom t h e  pure ammonium n i t r a t e - w a t e r  system. 



CONCLUSIONS 

The thermodynamic p r o p e r t i e s  o f  t h r e e  aqueous systems systems have been 

considered i n  d e t a i l  : 

( I )  NH4N03/HN03/H20 

(2) NH4N03/(NH4)2S041H20 

(3)  (NH4) 2S04/H2S04/H20 

The theory  and techniques presented i n  t h i s  chapter  enable one t o  ca lcu-  

l a t e  t h e  vapor pressure and thermodynamic p r o p e r t i e s  o f  any aqueous system o f  

n i t r a t e ,  s u l f a t e ,  ammonium, n i t r i c  and s u l f u r i c  ac ids.  For  example, a l l  t h e  

a c t i v i t y  c o e f f i c i e n t s  r e q u i r e d  t o  study t h e  f u l l  NH4N03-HN03-(NH4)2S04-H2S04- H20 

system a r e  now known. I n  a d d i t i o n ,  techniques f o r  es t imat ing  t h e  temperature 

dependence can be a p p l i e d  t o  t h e  o ther  systems considered here. 
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NOTATION 

a c t i v i t y  o f  t h e  i - t h  species, mol (kg water) -  1  
a i 

aij a c t i v i t y  o f  t h e  d i s s o c i a t e d  molecule i j, mol (kg wa te r ) - '  

aw t o t a l  wa te r  a c t i v i t y  

(a;)ij water  a c t i v i t y  i n  a b i n a r y  s o l u t i o n  of i j  

(awlmix water  a c t i v i t y  i n  a m i x t u r e  (dimensionless) 

A cons tan t  i n  equat ions (18) and (20), equal t o  1.17625 (kg water)  f 

mole-' f o r  water  a t  25OC 

Aj ,Ak des igna t ions  f o r  va r ious  species 

b f constant  i n  equat ions (18) and (19), (kg water)  mol-a 

c ,c , c  h e a t  c a p a c i t i e s  o f  NH 
P N H ~  P H N O ~  P N H ~ N O ~  3 ( g j  * HN03(g~ y and NH4N03(g) 

respec t i ve ly ,  c a l  /mol K 

p a r t i a l  mola l  heat  c a p a c i t i e s  o f  NH4N03 a t  i n f i n i t e  d i l u t i o n  and 

m o l a l i t y  m r e s p e c t i v e l y ,  cal/mol K 

d e n s i t y  of t h e  s o l u t i o n ,  g/cm 3 

d e n s i t y  o f  pure water, g/cm 3 

number of moles undergoing a transformation,mol 

2  molecular  d i f f u s i v i t y ,  cm /s  

growth c o e f f i c i e n t  f o r  component i, vg/s ppb 

t o t a l  Gibbs f r e e  energy, kca l  

p a r t i a l  mola l  en tha lpy  o f  NH4N03(s), kca l lmo l  

p a r t i a l  mola l  enthalpy o f  NH NO 
4 3(aq) 

i n  a sa tu ra ted  s o l u t i o n ,  

kca l  /mol 

p a r t i a l  mola l  enthalpy o f  NH NO 
4 3(aq) 

a t  i n f i n i t e  d i l u t i o n  and 

mola l  i t y  m, r e s p e c t i v e l y ,  kcal/mol 

p a r t i d  mola l  enthalpy o f  NH NO 
4 3(aq) 

a t  t h e  h y p o t h e t i c a l  standard 

s t a t e  kca l  jmol 



I i o n i c  strength,mol (kg  water) -  1 

Ka ,Kb,Kc e q u i l  i b r i u m  constants  f o r  t h e  format ion o f  va r ious  und issoc ia ted  

n i t r i c  a c i d  species 

54 t o t a l  n i t r i c  a c i d  d i s s o c i a t i o n  c o n s t a n t , m o l / ~  

K' 
P 

e q u i l i b r i u m  constant  f o r  t h e  r e a c t i o n  NH NO 4 3(s )  = NH3(9) + HN03(g) 
a t  a  temperature T 

K' e q u i l i b r i u m  cons tan t  f o r  the  r e a c t i o n  NH NO 
'298 4 3 (s )  = NH3(9) + HN03(9) 

a t  25OC, atm2 

K* 
P 

e q u i l i b r i u m  constant  f o r  the  r e a c t i o n  NH NO 4 3(aq) 2 NH3(g) + HNO 
2 

3(g1 
a t  a  temperature T, atm (kg water)/mol 

K1yK2yK3,K4,K5,K6 e q u i l i b r i u m  constants  g iven i n  Tables 2 ,  5 and 6 

L l a t e n t  heat  o f  vapor izat ion,  kca l  /mo1 

m m o l a l i  t y  o f  s o l u t e ,  ~ 0 1  (kg water)- '  

mi m o l a l i t y  of t h e  i - t h  species,mol (kg water)- '  

m m o l a l i t y  of component i-j, mol (kg water) -  1  i j  

ms s t o i c h i o m e t r i c  m o l a l i t y  of n i t r i c  a c i d  , t o t a l  moles n i t r a t e  

per  kg water  

M molecular  weight  , g/mol 

n i 

"w 

Po 

P i  

Pi, 

number o f  molecules o f  s o l u t e  

number of moles o f  t h e  i - t h  component i n  t h e  system, mol 

number o f  moles o f  wa te r  i n  t h e  system, mol 

re ference pressure .1 atm 

p a r t i a l  pressure o f  t h e  i - t h  component, atm 

p a r t i a l  pressure of t h e  i - t h  component i n  e q u i l i b r i u m  w i t h  a 

p a r t i c l e ,  ppb 

p a r t i s 1  pressure of t h e  i - t h  component i n  e q u i l i b r i u m  w i t h  a so lu-  

t i o n  having t h e  same composit ion as t h e  p a r t i c l e  b u t  hav ing a f l a t  

i n t e r f a c e ,  ppb 



RHD 

s 

t 

Greek 

partial pressure of the i - t h  component f a r  from the part ic le  (ppb) 

dissociation quotient for  HSO;, mol (kg water)- 1 

part ic le  radius, m 
3 gas law constant,atm an / K  mol 

relat ive humidity 

re1 a t i  ve humidity of del iquescence 

entropy, cal / K  

time, s 

absolute temperature, K 

auxiliary function i n  (79)-(82), mol (kg water)-' 
3 partial molar volume of the i-th species, cm /mol 

3 specific volume of water vapor, an /mol 

auxiliary function in (79)-(82). mol (kg water)-' 

mole fraction of water 

Ionic strenth fraction of univalent anion (NO; or  HSO4) 

magnitude of the charge on the i-th ion 

magnitude of the charge on the cation and anion, respectively. 

factor used in deriving (9) (dimensionless) 

degree of dissociation (dimensionless) 

empirical constant in  (20) (mol/ kg water)-' 

act ivi ty  coefficient f o r  the i - t h  species 

mean mala1 act ivi ty  coefficient of component I-j 

mean molal act ivi ty  coefficient of component i j  in a binary solution 



s stoichiometric mean molal n i t r i c  acid a c t i v i t y  coeff ic ient  

Yu 
mean molal a c t i v i t y  coeff ic ient  f o r  undissociated n i t r i c  acid 

y 5 mean molal a c t i v i t y  coefficient  

( Y * ) H , N O , ~ Y ~ ) N H ~ N O ~  mean molal a c t i v i t y  coeff ic ients  f o r  n i t r i c  acid and 

ammonium n i t r a t e ,  respectively 

A G O  standard Gibbs f r e e  energy of formation of water, kcaT/mol f, 
AGT Gibbs f r e e  energy change f o r  a reaction,  kcal/mol 

AH enthalpy change during a reaction a t  a temperature T, kcal/mol 

AH O enthalpy change during a reaction a t  25"C, kcal/mol 

AV 3 volume change during the vaporization of water, cm /mol 

0 f rac t ion of N H 4  and x ions forming ion pai rs  

U. 
1 

par t ia l  molar Gibbs f r ee  energy of the i - th  component, kcal/mol 

V: par t ia i  moiar Gibbs f r e e  energy of the reference s t a t e  of the 

i- th component, kcal/mol 

U; par t ia l  molar Gibbs f r ee  energy of the hypothetical reference 

s t a t e  of the  i - t h  component, kcal/mol 

v i j  t o t a l  number of moles of ions a mole of component i j  d issocia te  

in to  

r 
vi j. v[ stoichiometric coefficients of the  reactants and products, 

respectively i n  a chemical reaction 

v+,v-,v number of moles of cations,  anions, and to t a l  ions a mole of 

solute  dissociates into,  eg. f o r  (NH4)2S04 v+ = 2,  v, = 1,v  = 3 

P par t i c l e  density,  g/cm 3 

CJ surface tension, dyne/cm 

T time constant f o r  growth by condensation, s 

@ osmotic coeff ic ient  (dimensionless) 



@CP 
apparent molal heat capacity a t  a temperature T, cal/mol K 

4 apparent molal enthalpy a t  a temperature T ,  kcal/mol 

Symbols 

[ 1 concentration - m o l / ~  f o r  l iouids ,  ppb fo r  gases 

I 1  ac t iv i ty  in molar uni ts ,  mol/a 
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ABSTRACT 

Given l o c a l  r a t e s  o f  p roduc t ion  o f  gas-phase s u l f a t e  and n i t r a t e ,  

ammonia concentrat ion,  r e l a t i v e  humid i t y  and temperature, a model i s  pre-  

sented t h a t  enables c a l c u l a t i o n  of t h e  q u a n t i t y  o f  su l fa te/n i t ra te/ammo- 

nium/water aerosol ,  i t s  p r e c i s e  chemical composit ion and phys ica l  s t a t e .  

The model i s  based on a complete thermodynamic chemical and phase equi -  

li br ium c a l c u l a t i o n  f o r  the  sulfate/ni trate/ammonium system. D e t a i l e d  

s imu la t ions  o f  su l  fate/ni trate/ammonium aerosol e v o l u t i o n  a r e  presented, 

and recen t  ambient data o f  Tanner (1983) a r e  i n t e r p r e t e d .  Some new 

r e s u l t s  on temperature v a r i a t i o n  of a c t i v i t y  c o e f f i c i e n t s  a re  presented 

i n  t h e  Anpendix. 



1. INTRODUCTION 

Sulfate and n i t r a t e  are  ubiqui tous components o f  atmospheric aerosols, 

having been observed i n  New York C i t y  (Leaderer, 1978; Tanner e t  a?. , 1979), 

Denver (Countess e t  al., 1980, 1981)- Los Angeles (Appel e t  al., 1978; 

South Coast A i r  Qua l i t y  Management D i s t r i c t ,  19821, St. Louis (A1 kezweeny, 

1978). the Great Smoky Mountains (Stevens e t  al., 1980), The Southwestern 

U.S. (Macias e t  al., 1981), and i n  t he  background troposphere (Brosset, 

1978; Charlson e t  al., 1978; Tanner e t  al., 1981). Thus, a mathematical 

model f o r  p red i c t i ng  ambient p a r t i c u l a t e  su l fa te  and n i t r a t e  l eve l s  i s  an 

essent ia l  ingred ient  of a comprehensive descr ip t ion  o f  atmospheric aerosols. 

A major advance i n  our understanding sf atmospheric aerosols has been 

achieved by considering the chemical and phase e q u i l i b r i a  e x i s t i n g  between 

gaseous species and the  corresponding aerosol-phase i o n i c  o r  molecular spe- 

c ies.  On the basis o f  a reasonable quant i ty  o f  ambient data and extensive 

thermodynamic predict ions,  t he  hypothesis t h a t  equ i l ib r ium general ly  ex i s t s  

between gaseous and aerosol phases appears t o  be l a rge l y  substant iated 

(Stel  son e t  al., 1979; Stelson and Seinfeld, 1982a; Tanner, i983j. i t  m y  

be ant ic ipa ted t h a t  the  ambient gas-aerosol system w i l l  be a t  equ i l ib r ium 

i f  the  ra tes  o f  change of the concentrations o f  gaseous species such as 

HN03, H2S04, NH3 and H20 are slow compared w i t h  the  cha rac te r i s t i c  times 

f o r  d i f f u s i o n  o f  these species t o  the  p a r t i c l e s  and fo r  e q u i l i b r a t i o n  w i t h i n  

the  pa r t i c l e .  In most ambient s i t ua t i ons  i t  i s  expected t h a t  the  assumptions 

required f o r  equ i l i b r i um t o  hold are  v a l i d  s ince the cha rac te r i s t i c  time for  

mass t rans fe r  t o  and from an aerosol p a r t i c l e  i s  o f  the order o f  a f r a c t i o n  

o f  a second (Seinfeld, 1980; Schwartz and F re i  berg, 1981 ). 



Because of the  frequent predominance of su l f a t e ,  n i t r a t e ,  amonium, and 

water by to t a l  aerosol mass, ambient atmospheric aerosol can often be charac- 

ter ized as consist ing of a concentrated aqueous solution of ammonium n i t r a t e ,  

ammonium bisul fa te  and su l fa t e ,  n i t r i c  and su l fu r i c  acids and two mixed s a l t s  

of ammonium su l fa t e  and n i t r a t e .  (Which of these species predominate depends 

of course on ambient conditions.) To predict  the quantity and composition of 

such an aerosol,  a gas-phase a i r  qual i ty  model tha t  predicts the  r a t e  of for-  

mation of n i t r i c  acid and su l fu r i c  acid from SO2 and NOx precursors must be 

coupled t o  an equilibrium description of the  aerosol. Knowledge of tempera- 

tu re ,  r e l a t ive  humidity and gaseous ammonia concentration i s  assumed. The 

f i r s t  e f f o r t  a t  coupling a gas-phase a i r  qual i ty  model t o  an aerosol equi- 

librium ca!culation i s  tha t  of Russell e t  a l .  (1933)  who considered amonium 

n i t r a t e  aerosol. 

The sulfate/nitrate/ammonium system i s  o f  course an idealized one f o r  

representing actual ambient aerosols. The presence of other species such as 

those in the  gaseous HCR-particulate chloride system can be expected t o  a l t e r  

the su l f a t e /n i t r a t e  equi l ibr ia .  Also, the  existence of a s t ab le  organic 

(surfac tant )  f i lm on aerosol pa r t i c l e s  would reduce the r a t e  of mass t r ans fe r  

between the  gas and l iquid  phases and might even a f fec t  the  position of equi- 

librium through solvation and solution ac t iv i ty  ef fec ts .  Similar comments 

apply in the  case of the existence of a sol id  elemental carbon or  mixed e le-  

mental-organic carbon core, Nevertheless, the  sulfate/nitrate/ammonium 

system i s  of such importance, an equilibrium model of tha t  system will  be 

qui te  valuable i n  analyzing ambient data and as a component of urban- and 

regional -sca le 'a i r  quali ty models. 



A gas-phase a i r  q u a l i t y  model prov ides a p r e d i c t i o n  o f  t h e  s p a t i a l  and 

temporal d i s t r i b u t i o n s  o f  pr imary and secondary gaseous species r e s u l t i n g  

f rom emissions, advect ion,  d i f fus ion ,  d r y  deposi t ion,  and chemical r e a c t i o n .  

Given t h e  l o c a l  r a t e s  o f  p roduc t ion  o f  n i t r i c  a c i d  and s u l f u r i c  ac id,  t h e  

r e s u l t i n g  concen t ra t ion  o f  aerosol,  i t s  composit ion and p h y s i c a l  s ta te ,  can 

be c a l c u l a t e d  f rom fundamental thermodynamic p r i n c i p l e s .  It i s  t h a t  ca lcu-  

l a t i o n  t h a t  c o n s t i t u t e s  t h e  sub jec t  o f  t h i s  work. Thus, t h e  bas ic  problem 

addressed here i s  - Given t h e  r a t e s  o f  generat ion o f  ambient gaseous n i t r i c  

a c i d  and s u l f u r i c  ac id ,  t h e  temperature and r e l a t i v e  humid i t y ,  and the  

ammonia concentrat ion,  determine t h e  phys ica l  s t a t e  ( l i q u i d  o r  s o l i d )  and 

t h e  chemical composit ion o f  t h e  p a r t i c l e s ,  i n c l u d i n g  t h e  amounts o f  t h e  

phases present,  and t h e i r  composit ions e x i s t i n g  i n  e q u i l i b r i u m  w i t h  the  gas. 

When aerosol  s i z e - r e l a t e d  e f f e c t s ,  such as v i s i b i l i t y  reduc t ion ,  a r e  o f  

i n t e r e s t ,  i t  w i l l  be necessary t o  p r e d i c t  s i z e  d i s t r i b u t i o n s .  I n  t h e  pres- 

e n t  work we do n o t  address p r e d i c t i n g  s i z e  d i s t r i b u t i o n s  of s u l f a t e / n i t r a t e /  

ammonium aerosols .  

Because t h e  r e c e n t  work o f  Saxena e t  a l .  (1983) addresses essen t i -  

a l l y  t h e  same t o p i c  as t h e  present  paper, i t  i s  wor thwh i le  t o  comment on 

t h e  two studies.  I n  t h e i r  a n a l y s i s  o f  aerosol e q u i l i b r i a ,  Saxena e t  a l .  

(1983) neg lec t  t h e  presence of mixed s u l f a t e - n i  t r a t e  s a l t s ,  such as 

(NH4)2S04.3NH4N03, and t h e  presence o f  b i s u l f a t e  ion .  The importance o f  

i n c l u d i n g  mixed s a l t s  i s  ev iden t  f rom t h e  r e s u l t s  o f  s i m u l a t i o n  o f  s i t u a t i o n s  

w i t h  h i g h  ammonia concentrat ions and low r e l a t i v e  humid i ty ,  such as Case 4 

t o  be presented subsequently. If mixed s a l t s  a re  n o t  considered, the  con- 

densed phase i s  p r e d i c t e d  t o  con ta in  no n i t r a t e ,  an erroneous conclus ion.  

Wi th respec t  t o  t h e  presence o f  b i s u l f a t e  ion,  by cons ider ing  t h e  second 
, 

d i s s o c i a t i o n  constant  f o r  s u l f u r i c  ac id ,  



hi ch has the value 0.01 03 mol kg" at 25OC (Readnour and Cobbl e, 1969), we 

can show that  m 7 m For example, a t  RH = 80 percent, when m = 
HSO; H" H' 

0.3 mo1 kg-', m = 3.9 mol kg-' and m /(m + m ) = 0.61, 
HSO; HSOi HSO; 50:- 

whereas when m = 0.1 mo1 kg-', m = 0.92 mol kg-'and m /(m + 
H+ H S O ~  HSO; HSO; 

m -2) = 0.15. Whenever there i s  an excess of anmonia present,' i t  i s  suf- 
so4 

f ic ien t  t o  assume that only (NH4)2SOq and NHINOj are i n  the liquid phase, 

and estimate m subsequently. However, when it  i s  necessary t o  include 
H+ 

H+ explicitly in  the equilibrium calculation, i t  i s  also necessary to  

include HSOq. 



2. FORMULATION OF THE EQUILIBRIUM MODEL 

The essential  element of the equil ibrium model of s u l f a t e  and n i t r a t e  

aerosols i s  a complete phase and chemical equilibrium calculation f o r  the 

system. The condition f o r  chemical equilibrium in a closed system a t  con- 

s t a n t  temperature T and pressure p i s  t ha t  the to ta l  Gibbs f r e e  energy of 

the  system, G ,  i s  a minimum. The Gibbs f r ee  energy i s  a function of T, p, 

and the number of moles of the  components in the system, ni .  Thus, deter-  

mination of the  equilibrium composition of the system i s  a minimization 

problem: 

min G(T,p,ni) 

"i 

subject  to  T, p constant ,  ni  > 0,  and conservation of mass. If one deais - 
with the extents of reaction,  5 j = 1,2,  ... instead of the  n i ,  then the 

j' 

equilibrium determination problem i s :  

subject t o  

where ny i s  the  i n i t i a l  number of moles of component i and vi i s  the  

stoichiometric coeff ic ient  f o r  species i i n  reaction j. The condition f o r  

a minimum of G ,  

i s  equivalent to  

vi jui = 0 a l l  j 
i 



where u,. = (aG/an.) i s  the  chemical p o t e n t i a l  o f  species i. 
1 T,p,nk 

2.1 Chemical P o t e n t i a l s  of Atmospheric Species 

The de te rmina t ion  of t h e  e q u i l i b r i u m  s t a t e  o f  a system r e q u i r e s  t h a t  

one so lve  Equation ( 2 ) .  To do so, we need e x p l i c i t  expressions f o r  t h e  

chemical p o t e n t i a l s ,  pi. For  s o l i d  phases t h e  chemical p o t e n t i a l  depends 

on1 y on temperature , 

where p;(T) i s  t h e  standard Gibbs f r e e  energy of fo rmat ion  o f  t h e  s o l i d  

species. 

For gases a t  atmospheric pressure, i d e a l i t y  may be assumed, so 

where pO i s  t h e  pressure a t  which t h e  standard s t a t e  chemical p o t e n t i a l  i s  
i 

def ined,  by convent ion equal t o  one atmosphere. Equat ion (4 )  may be re -  

expressed as 

For  species i i n  s o l u t i o n ,  t h e  chemical p o t e n t i a l  i s  de f ined  as 

where ai i s  t h e  a c t i v i t y  o f  species i. For e l e c t r o l y t e s ,  t h e  a c t i v i t y  i s  

r e l a t e d  t o  concen t ra t ion  by 



where the  species i d issocia tes  in to  v+ moles of cations and v- moles of 

anions of mola l i t ies  m+ and m-, and v = V+ + V-. yi i s  the  a c t i v i t y  coeffi-  

c ient  of species i. 

The ac t iv i ty  of water aw i s  re la ted  t o  the a c t i v i t i e s  of the solutes 

by the  Gibbs-Duhem equation, 

nw dLn aw = -x ni  ddn ai 
i 

(8) 

The chemical potential of water then follows from (6) ,  w i t h  the value of u,f; 

chosen so t h a t  a, = 1 f o r  pure water. Equation (8)  can be integrated t o  give 

a, once the  a c t i v i t i e s  of the solutes a r e  known. 

2.2 Activity Coefficients of Aerosol Electrolytes 

Stelson and Seinfeld (1981) have shown t h a t  solution concentrations 

of 8 t o  26 M can be expected in  wetted aerosol par t ic les .  A t  such concen- 

t r a t ions ,  the solutions a re  strongly nonideal , and appropriate thermodynamic 

a c t i v i t y  coeff ic ient  correlat ions have only recently been developed. In 

par t icular ,  Tang (1980), Stelson and Seinfeld (1982abc) and Stelson e t  a l .  

(1983) have developed activf ty  coeff ic tent  expressions f o r  aqueous systems 

of n i t r a t e ,  su l f a t e ,  ammonium, n i t r i c  and su l fu r i c  acids a t  concentrations 

exceeding 1 M.  

I t  i s  useful a t  t h i s  point to  note tha t  the d i r ec t  dissolution of SO2 

in solutions of the type we a r e  considering here can be neglected. To see 

t h i s ,  note t h a t  the Henry's law constant f o r  SO2 a t  25OC i s  1.24 mole d- 
1 

atm-'. A t  SO2 concentration of 1 ppm, the l iquid  phase concentration of 

dissolved SO2 i s  1.24x10-~ mol il, f a r  l e s s  than those of the major 

components. Thus, dissolved SOZ,and HSO; and SO';, can be neglected in 

the basic thermodynamic calculation.  Although we do not consider the  



o x i d a t i o n  o f  S ( 1 V )  i n  t h e  present  work, i t  i s  s t r a i g h t f o r w a r d  t o  do so 

once t h e  i o n i c  s t r e n g t h  and pH have been establ ished.  

I n  p r i n c i p l e ,  each a c t i v i t y  c o e f f i c i e n t  yi depends on t h e  concentra- 

t i o n s  o f  a l l  t h e  o t h e r  species i n  t h e  s o l u t i o n .  However, f o r  t h e  systems 

o f  i n t e r e s t  here, S te lson  and Se in fe ld  (1982abc) have shown t h a t  t h e  emp i r i -  

c a l  m ix ing  r u l e  of Kusik  and Meissner (1978) adequately c o r r e l a t e s  exper i -  

mental data. T h i s  r u l e  can be expressed as 

where t h e  odd and even subscr ip ts  r e f e r  t o  c a t i o n s  and anions, respec t i ve ly ,  

ypj i s  t h e  a c t i v i t y  c o e f f i c i e n t  f o r  a  b i n a r y  s o l u t i o n  con ta in ing  o n l y  ions  

i and j a t  t h e  same i o n i c  s t r e n g t h  I, where 

zi be ing t h e  abso lu te  va lue o f  the  charge on species i and mi i t s  m o l a l i t y .  

Note t h a t  t h e  o n l y  emp i r i ca l  data r e q u i r e d  t o  c a l c u l a t e  a l l  t h e  p a i r e d  

a c t i v i t y  c o e f f i c i e n t s  a r e  t h e  b i n a r y  s o l u t i o n  a c t i v i t y  c o e f f i c i e n t s  Y?. . How- 
l J 

ever, no te  a l s o  t h a t  data a r e  requ i red  f o r  a l l  poss ib le  p a i r s  o f  ions.  

F i n a l l y ,  us ing  (7 )  and ( 9 )  i n  (8 )  and i n t e g r a t i n g  g ives 



z .+z m 
+ 7 ( + ) z k - + i n a i  

odd k j I 
ni jmi 2 

+!$ ~ - [ Z i ( " q  1 J even i - 1 )  

odd 

where a; i s  t h e  water  a c t i v i t y  f o r  a  s o l u t i o n  con ta in ing  o n l y  ions  i j, mij 
i j 

i s  t h e  m o l a l i t y  o f  e l e c t r o l y t e  i , j , r ~ .  . i s  t h e  number of moles o f  i ons  i n t o  
1 J 

which each mole o f  i,j d issoc ia tes ,  and mk i s  t h e  m o l a l i t y  o f  i o n  k. 

2.3 Chemical P o t e n t i a l  o f  Water 

A s i m p l i f i c a t i o n  i s  p o s s i b l e  i n  t h e  express ion f o r  t h e  chemical poten- 

t i a l  o f  water  vapor. Since water  i s  by f a r  t h e  most p l e n t i f u l  gaseous spe- 

c i e s  o f  those i n v o l v e d  i n  t h e  e q u i l i b r i u m ,  t h e  change i n  t h e  vapor pressure 

o f  water  f rom t h a t  i n  t h e  ambient a i r  w i l l  be n e g l i g i b l e .  Thus, t h e  r e l a t i v e  

humid i t y  can be t r e a t e d  as constant  and known f o r  t h e  c a l c u l a t i o n .  Consider 

t h e  expressions f o r  t h e  chemical p o t e n t i a l s  o f  gaseous and l i q u i d  water, 

U ~ 2 0 ( e )  ' ~ ; ~ 0 ( n )  + RT an (13) 

For pure water  i n  e q u i l i b r i u m  w i t h  i t s  vapor, aw = 1, pw = piat. Thus, 



s a t  

"k20(t) - " i 2 ~ ( g )  = RT En (5) 
Using (14) in (12) and replacing Pw by-yields RH 100 

pw 

where R H  i s  r e l a t ive  humidity in percent. 



3. THE SULFATE/NITRATE/AMMONIUM SYSTEM 

The system we a r e  cons ider ing  c o n s i s t s  o f  t h e  f o l l o w i n g  components: 

+ 2- 
l i q u i d  phase: NH4, H', HSO;, SO4 , NO;, H20 

s o l  i d  phases : NH4HS04, (NH4)2S04, NH4N03, (NH4) 2S04-2NH4N03, 

(NH4)2S04.3NH4N03 9 (NH413 H(S0412 

gas phase: NH3, HN03, H2S04, H20 

I n  t h i s  system t h e r e  a r e  13 r e a c t i o n s  i n v o l v i n g  17 species. The reac- 

t i o n s  a r e  l i s t e d  i n  Table 1. To eva lua te  t h e  chemical p o t e n t i a l s  i n  terms 

o f  t h e  ex ten ts  o f  r e a c t i o n  we have f o u r  a d d i t i o n a l  mass balance equat ions 

f o r  t h e  t o t a l  amount o f  ammonia, n i t r a t e ,  s u l f a t e  and water  i n  t h e  system. 

The conservat ion o f  mass c o n s t r a i n t  c o n s i s t s  o f  one l i n e a r  equat ion f o r  

each component i n i t i a l l y  present .  For example, f o r  a  system c o n s i s t i n g  o n i y  

of water  and n i t r i c  ac id ,  conservat ion o f  mass can be expressed as 

It i s  e a s i e s t  t o  i n c o r p o r a t e  t h e  conservat ion o f  mass c o n s t r a i n t  through 

t h e  use o f  t h e  ex ten ts  o f  reac t ion ,  5 For t h e  HN03/H20 system, f o r  example, 
j. 

we have 

HN03(g) 2 HN03(aq) 

H20(9) 2 H2O(%) 



Trbl r  1. Chmtcr l  Rerctlons Occurrfng I n  the S u l f r t e / N f t r r t e / k a n i u  Systa 

Equi l l b r i u r  constant 
React ion expression E q u f l i b r i u  constant value 

T 
3 .2 . 
2tItrU):- H+ sot 

H2S04(g)f 2iit t 50:' 
p ~ 2 %  

Y D m  
H',w; H+ IW; T T 

~ ~ ( 9 )  f H+ + m; 1 t u f - i)]Wlk-2 a@-' 

2 
p m 3  

Y D m  
Iin;.nw; WH; HSOi T 

~ ~ ( 9 )  + = wfi + HSOi 3 . 1 3 9 ~ 1 0 ~ ~  eup[%.818(+ 1) + 20.77 (I + &I f - ) ) ] 1 1 ~ ~ ~  .rn-2 
%3 '=~2504 

T 
3 m2 
mn;,so:- w; so;- T T 

2)W3(9) + H2%(9) f 21: + 7 3.782x10~~ eitp[I38.61( (> - 1) t 34.265 (1 t &I f - f ) ~ i 3 K # - 2  .j2 

Pw3 P~zso4 
Y D D  ,;*w; Nn; No; T 

M3(9) t W 3 ( 9 )  f Iinf * no; -- 3.9991110" rxp[64.6SB (> - 1) t 1, .SO5 (1 t &I f - >)] rnI2bq2 
pw3 " H W O ~  





I f  t h e  v e c t o r  n  i s  def ined as - 

and t h e  m a t r i x  o f  s t o i c h i o m e t r i c  c o e f f i c i e n t s  as 

then n = no -i " i ,  where 5  = [t, , s ~ ] ,  t h e  e x t e n t  of t h e  two reac t ions ,  and no - -- - - 
i s  t h e  i n i t i a l  va lue  o f  n. I f ,  f o r  example, t h e  system i s  i n i t i a l l y  a l l  - 
gaseous, 

The expressions f o r  t h e  chemical p o t e n t i a l s  o f  t h e  species i n  Table 1 

a r e  g iven  i n  Table 2. We no te  t h a t  because t h e  mix ing  r u l e  (9)  r e q u i r e s  

a c t i v i t y  c o e f f i c i e n t  data on t h e  b i n a r y  s o l u t i o n s  o f  a l l  p o s s i b l e  p a i r s  o f  

i o n s  f o r  t h e  purpose o f  c a l c u l a t i n g  a c t i v i t y  c o e f f i c i e n t s ,  t h e  aqueous phase 

i s  considered as a  m i x t u r e  o f  t h e  s i x  p o s s i b l e  species: 

1. H+ HSO; 
+ 4. NH4 H S O ~  

3. H+ NO; 



Table 2. Chemical Potentials in the Sulfate/Nitrate/Ammonium/Water System 

Species Chemical potential 

+ 2 m  RnyO 9 +-in + Rny o 
NO; H+,NO; 4 NH4 zNH; , so:-] 

0 + RT Rn m m 
'H+,NO; H+ NO; 

o + m + Rny o 
+ bH+ + mNO;~myHtYNO; N H ~  NH;,NO; I 

+ m  !my0 + m %nyO 
No- NH;,NO; H+ H+,HSO; I 



Table 2. Chemical P o t e n t i a l s  i n  t h e  Su l fa te /N i  trate/Amrnonium/Water System 
(Continued) 

Species Chemical p o t e n t i a l  

0 
lJ + + R T e n m  + m  

N H ~  ,NO; NH4 NO; 

9 + - m  any0 + 2- 
50;- 2NH4 , SO4 

0 + m  R n y +  + m )enyo 
H+ H .NO; I 



Table 2. Chemical Potentials in the Sulfate/Ni trate/Ammonium/Water System 
(Continued) 

Species Chemical potential 

H20(a) 
0 

uH20 (aq 
H+, HSO; 

+ m +m an a: an aw o 
N H ~  NO; N H ~  + ,NO; H+,HSO; 

RTn 
o N H 3 W  
Y ~ ~ 3 ( g )  + RT Yn 

PO 

RTn 
o H2S04 ( S) 

~ ~ ~ 0 ~ ( g )  "H~so~(s) + RT an 
PO 



3.1 Quali tat ive Observations on the System 

Two observations a r e  useful in determining a pr ior i  t he  composition of 

the  aerosol: ( i )  Sul fur ic  acid possesses an extremely low vapor pressure, 

and ( i i )  (NH4)2S04(s or  aq) i s  the preferred form of su l f a t e .  The second ob- 

servation means t h a t ,  i f  possible, each mole of su l f a t e  will  remove two moles 

of anunonia from the  gas phase, and the  f i r s t  observation implies t h a t  the 

amount of su l fu r i c  acid in the gas phase will  be negligible.  Based on these 

observations we can delineate two regimes of in t e res t .  If  we l e t  [NH3],  

[SO:-] and [NO;] denote the to ta l  (gas plus aqueous plus so l id )  concentra- 

t ions of ammonia, su l f a t e ,  and n i t r a t e ,  respectively,  then the  two cases are: 

1. [NH3] < 2[~0:-] 

11. [NH3] > 2[50:-] 

Case I .  [ N H J ]  < ~ [ s o ~ L ] .  In t h i s  case there i s  i n su f f i c i en t  NH3 t o  neutral- 

i ze  the sul fa te .  Thus, the l iquid phase will be acidic.  The vapor pressures 

of both N H 3  and H2S04 will  be low, and the su l f a t e  will  tend to  drive the 

n i t r a t e  from the l iquid  phase. Since the N H 3  par t ia l  pressure will be low, 

the NH3-HN03 par t ia l  pressure product will a lso  be 'low, so amonium n i t r a t e  

levels  will  be low. This case may be summarized as follows: 

Important species Negligible species 

HN03(g) NH3(g) 

H' H S O ~  H2S04 (9  

ZH' 50:- H' NO; 

N H ~  HSO; N H ~  NO; 

2liti; 50;- 

After the equilibrium calculation i s  performed, assuming only the "impor- 

tant"  species above a re  present, the "negligible" species concentrations can 

be estimated from 



The concentrat ions r e s u l t i n g  f rom these expressions can be v e r i f i e d  t o  be 

n e g l i g i b l e  w i t h  respec t  t o  t h e  o ther  species. The o n l y  species of t h e  th ree  

above f o r  which t h i s  may n o t  happen i s  NO;; i f  i t s  concen t ra t ion  i s  n o t  

n e g l i g i b l y  small ,  t h e  va lue  cafl be used as t h e  n e x t  guess o f  an i t e r a t i o n .  

Case 11. [NH3] > 2 [ 5 0 3  I n  t h i s  case there  i s  excess ammonia, so t h a t  

t h e  l i q u i d  phase can be assumed t o  be f u l l y  n e u t r a l i z e d .  As a r e s u l t ,  species 

c o n t a i n i n g  Hi and HS04, s ince  t h e  l a t t e r  i s  p r o p o r t i o n a l  t o  t h a t  o f  HI, w i l l  

be present  i n  n e g l i g i b l e  concentrat ions.  T h i s  case nay be summarized as f o l l o w s :  

Impor tant  species N e g l i g i b l e  species 

ZNH+ so2; 2 ~ '  50;- 

N H  NO; H+ HSO; 

NH3( 9) H+ NO; 

HN03(9) N H  HSO; 

H2SO4(9) 

As i n  Case I ,  the a c t u a l  concentrat ions of t h e  neg lec ted  species must be 

est imated. T h i s  e s t i m a t i o n  i s  somewhat more i n v o l v e d  than i n  Case I, and i s  

c a r r i e d  o u t  as f o l l o w s .  A f t e r  t h e  s i m p l i f i e d  c a l c u l a t i o n  we r e l a x  the  

assumptions above and a l l o w  t h e  f o l l o w i n g  t h r e e  e q u i l b r i a  t o  e x i s t :  



Hi + 50:- 2 HSO; 

+ 
H+ + NH3(g) 2 NH4 

H+ + NO; 2 HN03(g) 

The l a s t  r e a c t i o n  i s ,  i n  f a c t ,  i nc luded  i n  t h e  s i m p l i f i e d  c a l c u l a t i o n ,  b u t  

must be r e t a i n e d  t o  a l l o w  t h e  n i t r i c  acid-ammonia p a r t i a l  pressure product  

t o  a d j u s t  p r o p e r l y .  

Assume t h a t  t h e  e f f e c t  o f  t h e  neglected species on t h e  a c t i v i t y  c o e f f i -  

c i e n t s  i s  smal l .  I n s p e c t i o n  o f  (9 )  and (10) shows t h a t  t h i s  w i l l  be t r u e  

i f  t h e  concen t ra t ions  of t h e  neglected species a re  i n  f a c t  small .  Then de- 

f i n e  e q u i l i b r i u m  constants  f o r  t h e  above r e a c t i o n s ,  



Then, us ing  mass balances, t h e  concen t ra t ions  o f  t h e  va r ious  compo- 

nents can be computed f o r  a g iven  va lue  o f  m For  example, 
H+' 

... 
m [msO;- + ."SOi) 

H S O ~  = K1 "'H+ 1 + il m 
H+ 

These expressions can then be used i n  t h e  e l e c t r o n e u t r a l i t y  balance 

t o  o b t a i n  an equat ion f o r  m 
H+ 

where n ,m + e t c .  represent  t h e  values obta ined f rom t h e  e q u i l i b r i u m  calcu-  
NH4 

l a t i o n .  Equation (28) can then be so lved i t e r a t i v e l y  f o r  m Knowing 
H+' 

m +, t h e  concentrat ions o f  a l l  t h e  o t h e r  species can be ca lcu la ted .  I f  any 
H 

concentrat ions t h a t  were assumed t o  be n e g l i g i b l e  t u r n  o u t  t o  be non- 

n e g l i g i b l e ,  they  a r e  inc luded  i n  t h e  c a l c u l a t i o n  t h e  n e x t  t ime.  Then, t h e  

whole process i s  repeated u n t i l  convergence i s  obta ined.  



4. PREDICTION OF THE BEHAVIOR OF SULFATE/NITRATE/AMMONIUH AEROSOL 

The nature o f  the  model we have developed i s  such that, given r e l a t i v e  

humidity and temperature, t he  t o t a l  concentration o f  amnonia, and the rates 

o f  generation o f  gaseous n i t r i c  and s u l f u r i c  acids, t he  quant i ty,  cmpos i -  

t i o n  and s t a t e  o f  the  aerosol i n  equ i l ib r ium w i t h  the gas phase i s  deter- 

mined as a funct ion  o f  time. Ord inar i l y ,  the  ra tes  o f  generation o f  n i t r i c  

and s u l f u r i c  acids can be estimated from the gas-phase chemistry component 

o f  an a i r  qua1 i t y  model (Duewer e t  a1 ., 1980; Seigneur e t  a1 ., 1981 ; UcRae 

e t  a l .  1982; Lamb, 1982). Relat ive humidity and temperature are generally 

avai lable,  whereas the atmospheric a n o n i a  concentration i s  a t  t h i s  t ime 

measured only i n  special circumstances. With the resu l t s  we w i l i  p ~ e s e n t  

sho r t l y  we show tha t  because of the  in t imate  thermodynamic re la t i onsh ip  

among the amnonium s a l t s  o f  n i t r a t e  and sul fate,  knowledge of the atmospheric 

amnonia l eve l  i s  important i n  being able t o  p red i c t  aerosol composition and 

quant i ty  . 
He begin t h i s  sect ion w i t h  an examination o f  s i x  hypothet ical  s i tua t ions 

over a range o f  atmospheric condi t ions w i t h  respect t o  r e l a t i v e  humidity, 

temperature and amnonia leve l .  These s i tua t ions are presented t o  explore 

the e f fec t  o f  r e l a t i v e  humidity, temperature, and amnonia l e v e l  on the quan- 

t i t y ,  composition and s ta te  o f  the atmospheric aerosol. I n  addi t ion,  the  

cases presented i l l u s t r a t e  the capab i l i t y  o f  the equ i l ib r ium model when 

used t o  p red i c t  aerosol propert ies. We then t u r n  t o  an analysis o f  the am- 

b i e n t  aerosol data o f  Tanner (1983) t o  assess the degree t o  which the equi- 

1 ib r ium hypothesis i s  sat isf ied.  



4.1 E q u i l i b r i u m  Aerosol Dur ing Constant Product ion o f  S u l f a t e  and N i t r a t e  

To i l l u s t r a t e  t h e  use o f  the  model and t o  exp lo re  t h e  behavior  o f  

sulfate/nitrate/ammonium aerosols, we now present  t h e  r e s u l t s  of s i x  simu- 

l a t i o n s ,  t h e  c o n d i t i o n s  f o r  which a r e  summarized i n  Table 3. The general 

charac te r  o f  each s i m u l a t i o n  i s  t h a t  a t  t ime  zero  a l l  t h e  ammonia i s  present  

as gaseous NH3, and s u l f a t e  and n i t r a t e  concen t ra t ions  a r e  equal t o  zero. 

A t  t = 0, cons tan t  sources o f  s u l f a t e  and n i t r a t e  a r e  in t roduced  as gaseous 

H2S04 and HMO3, Between cases 1 and 2 and cases 3 and 4 we exp lo re  t h e  

e f f e c t  o f  a  5"Kincrease i n  temperature a t  90 percent  and 50 percen t  r e l a t i v e  

humid i ty ,  r e s p e c t i v e l y .  I n  cases 5 and 6 we examine t h e  e f f e c t  o f  r e l a t i v e  

humid i t y  when t h e r e  i s  an ammonia d e f i c i e n c y .  

Resul ts  o f  t h e  c a l c u l a t i o n s  w i l l  be presented as temporal p l o t s  o f  t h e  

aerosol  cons t i tuen ts ,  bo th  l i q u i d  and s o l i d ,  over  a one-hour t ime  per iod .  

The dynamic behavior  i n  t h e  s i x  cases i s  shown i n  F igures 1-6. 

Cases 1 and 2. I n  these two cases enough ammonia i s  p resen t  t o  n e u t r a l i z e  a l l  

t h e  a c i d  so t h e  l i q u i d  phase cons is ts  o f  NH4N03 and (NH4)2S04. Note t h a t  t h e  

HN03 p a r t i a l  presst ire increases as t h e  NH p a r t i a l  pressure decreases. Th is  3 

behavior  i s  e s p e c i a l l y  ev iden t  i n  Case 2 because o f  t h e  h i g h e r  temperature. 

A t  90 percen t  RH, t h e  (NHq)2S04 immediately forms a l i q u i d  phase. Th is  1 i q u i d  

phase con ta ins  some NH4N03. I n  the  absence o f  (NH4)2S04, t h e  l i q u i d  phase would 

n o t  c o n t a i n  any NH4N03 u n t i l  t h e  NH3-HN03 p a r t i a l  pressure product  i s  exceeded. 

Cases 3 and 4. Cases 3 and 4 con ta in  t h e  same t o t a l  concentrat ions o f  s u l f a t e ,  

n i t r a t e  and ammonium as Cases 1 and 2, however the  r e l a t i v e  humid i t y  i s  50 per- 

cen t  as opposed t o  90 percent.  As a r e s u l t ,  no l i q u i d  phase i s  present.* With 

no l i q u i d  phase t o  serve as a s i t e  f o r  NH4N03 condensation, no NHqN03 forms 

* I n  p r a c t i c e ,  a  metastable supersaturated l i q u i d  phase may be formed. The r a t e  
a t  which t h i s  phase c r y s t a l l i z e s w i l l  be determined by f a c t o r s  such as t h e  amount 
o f  n u c l e i  present  f o r  c r y s t a l l i z a t i o n . T h u s  e l u c i d a t i n g  t h e  na tu re  o f  t h i s  phase 
i s  beyond t h e  scope o f  t h i s  study. 



Table 3. Conditions for Sulfate/Nitrate/Ammonium Simulations 

-3 -1 -3 -1 
Case RH,% T°C [ N ~ ~ ] , v g  rn-3 RHNO3, ug m hr RH ug m hr- 

2 4 



12 24 36 48 60 
TIME (min.) 

Evolution o f  Gaseous and Aerosol Constituents f o r  Case 1 o f  
Table 3. Over a one-hour simulation aerosol phase i s  an aqueous 
solution as indicated on the f igure.  



CASE 2 

0 12 24 36 48 60 
TIME (min.) 

Evolution of Gaseous and Aerosol Constituents f o r  Case 2 of 
Table 3. Over a  one-hour simulation aerosol phase i s  an aqueous 
solution a s  indicated on the  figure. 



CASE 3 

TIME (min.) 
Evolution of Gaseous and Aerosol Constituents for Case 3 o f  
Table 3. The aerosol phase s ta r t s  out a s  solid ( N H  ) SO 
and, a f te r  about five minutes, becomes a mixture of4s81 ig '  
(NH4)2S04 and (NH4)2S0q-2NHqN03. 



CASE 4 

TIME (min.)  
E v o l u t i o n  of Gaseous and Aerosol Cons t i tuen ts  f o r  Case 4 o f  
Table 3. The aerosol phase s t a r t s  o u t  as s o l i d  (NH )2S04, and, 
a f t e r  about f i v e  minutes, becomes a m i x t u r e  o f  s o l i g  
(NH4)$04 and (NH4)2S04*2NH4N03. 



u n t i l  t h e  NH3-HN03 p a r t i a l  pressure product  i s  exceeded. A f t e r  i t  i s  exceeded, 

s o l i d  NH4N03 forms a t  a constant  r a t e .  However, as t h e  NH3 p a r t i a l  pressure 

cont inues t o  decrease, t h e  r a t e  o f  s o l i d  NH4N03 fo rmat ion  slows. The HN03 

p a r t i a l  pressure cont inues t o  increase so as t o  ma in ta in  t h e  NH3-HN03 p a r t i a l  

pressure product  constant .  

Cases 5 and 6. The d i s t i n g u i s h i n g  f e a t u r e  o f  these f i n a l  two cases i s  t h e  low 

t o t a l  ammonia concentrat ion.  Consequently, as t h e  s u l f a t e  concen t ra t ion  i n -  

creases, a p o i n t  i s  e v e n t u a l l y  reached where t h e  ammonia i s  no longer  present  

i n  s u f f i c i e n t  q u a n t i t y  t o  n e u t r a l i z e  t o t a l l y  t h e  s u l f u r i c  ac id .  Dur ing t h e  

course o f  Case 5 p r a c t i c a l l y  a l l  o f  t h e  NH3 i s  absorbed by t h e  l i q u i d  phase. 

The aqueous n i t r a t e  concen t ra t ion  goes through a maximum. I n i t i a l l y ,  when 

t h e  NH3 p a r t i a l  pressure i s  h igh,  aqueous n i t r a t e  increases as HN03 i s  pro- 

duced i n  t h e  gas phase. However, as t h e  NH3 p a r t i a l  pressure cont inues t o  

f a l l ,  t h e  aqueous n i t r a t e  concen t ra t ion  a l s o  f a l l s .  There a r e  two reasons 

f o r  t h i s  behavior .  F i r s t ,  t h e  e q u i l i b r i u m  constant  f o r  n i t r i c  a c i d  i s  such 

t h a t  HN03 w i l l  desorb f rom t h e  aqueous phase i n  t h e  absence o f  NH3. I n  addi -  

t i o n ,  as t h e  s o l u t i o n  becomes more and more a c i d i c  due t o  t h e  presence o f  

unneu t ra l i zed  s u l f u r i c  ac id,  t h e  n i t r i c  a c i d  e q u i l i b r i u m  s h i f t s  toward even 

more gaseous HN03. 

Case 6 i s  perhaps t h e  most i n t e r e s t i n g  o f  t h e  s i x .  F i r s t ,  consider  t h e  

behavior  of t h e  n i t r a t e .  Because o f  t h e  small  amount o f  ammonia present,  

no s o l i d  species con ta in ing  NH4N03 w i l l  be formed. Also, by t h e  t ime a l i q u i d  

phase forms, the  p a r t i a l  pressure o f  gaseous ammonia has become extremely 

smal l .  Thus, o n l y  t r a c e  amounts o f  aqueous NH4N03 w i l l  be present.  F i n a l l y ,  

because of the ' low r e l a t i v e  humid i ty ,  t h e  l i q u i d  phase w i l l  con ta in  concen- 

t r a t e d  s u l f u r i c  ac id,  and have a pH o f  0.1. Th is  h i g h  a c i d i t y  w i l l  cause 



CASE 5 

TIME (min.) 
Evolution of Gaseous and Aerosol Constituents f o r  Case 5 of 
Table 3. The aerosol phase i s  an aqueous solution a s  indicated 
on the f igure.  



CASE 6 45r RH.0.5 

TIME (rnin.) 
Evolution of Gaseous and Aerosol Cons t i tuen ts  f o r  Case 6 o f  
Table 3. Up t o  po in t  A,  t h e  aerosol  phase c o n s i s t s  of s o l i d  
(NH4)*S04. From poin t  A t o  po in t  B ,  i t  c o n s i s t s  o f  a mixture 
of s o l i d  (NH412S04 and s o l i d  (NH4)3H (S04)2. From p o i n t  B t o  
p o i n t  C ,  t h e  aerosol  c o n s i s t s  of an aqueous s o l u t i o n  surrounding 

s o l i d  (NHq)3H (S04)2. F i n a l l y ,  a f t e r  po in t  C t h e  ae roso l  i s  an 
aqueous s o l u t i o n .  



t h e  absorp t ion  o f  n i t r i c  a c i d  f rom t h e  gas phase t o  be unfavorable.  As a 

r e s u l t  o f  a l l  o f  these e f f e c t s ,  the  gas phase w i l l  be t h e  o n l y  phase conta in-  

i n g  an apprec iab le  amount of n i t r i c  ac id .  

Next, consider  t h e  behavior  o f  t h e  s u l f a t e .  I n i t i a l l y ,  the re  i s  excess 

a m n i a  present.  Thus, as soon as s u l f u r i c  a c i d  i s  in t roduced  i n t o  t h e  sys- 

tem, i t  w i l l  be conver ted t o  (NH4)2S04(s). As more and more s u l f a t e  i s  added, 

t h e  p a r t i a l  pressure o f  ammonia w i l l  con t inue  t o  f a l l .  F i n a l l y ,  a t  p o i n t  A, 

l e t o v i c i t e ,  (NH4)3H(SOq)2, appears. Between A and B, t h e r e  w i l l  be two s o l i d  

phases present ,  l e t o v i c i t e  and ammonium s u l f a t e .  Dur ing t h i s  time, t h e  par-  

t i a l  pressure o f  ammonia w i l l  be f i x e d  by  the  e q u i l i b r i u m ,  

2(NH4)2S04(s) 2 NH3 + (NH4J3H(S04)2(s) 

Using values o f  t h e  Gibb 's  f r e e  energy f rom Table A.1, we f i n d  t h a t  pNH = 

33 2 . 2 x 1 0 - ~ ~  atrn a t  2 5 O C .  Th is  corresponds t o  a concen t ra t ion  o f  0.15 ug/m . 
As t h e  system moves f rom A t o  B, ammonium s u l f a t e  i s  be ing converted t o  

l e t o v i c i t e .  F i n a l l y  a t  p o i n t  B, a l l  t h e  ammonium s u l f a t e  has been consumed. 

As more s u l f a t e  i s  added, t h e  p a r t i a l  pressure o f  ammonia w i l l  s t a r t  t o  

decrease again. Dur ing t h i s  t ime, t h e  p a r t i c l e  w i l l  c o n s i s t  s o l e l y  o f  l e t o -  

v i c i t e .  A f t e r  70 seconds, t h e  concen t ra t ion  o f  gaseous a m o n i a  has f a l l e n  

t o  1 . 8 x 1 0 - ~  ug/m3. A t  t h i s  p o i n t ,  a l i q u i d  phase appears. A t  t h e  end 

of t h e  hour, a l l  o f  t h e  l e t o v i c i t e  has disappeared. A t  t h i s  p o i n t ,  s ince  t h e  

r e l a t i v e  humid i t y  i s  g rea te r  than  t h e  r e l a t i v e  humid i t y  o f  del iquescence f o r  

amonium b i s u l f a t e ,  t h e  p a r t i c l e  w i l l  be e n t i r e l y  l i q u i d .  

Note t h a t - i f  t h e  r e l a t i v e  humid i t y  were l e s s  than f o r t y  percent,  t h e  

r e l a t i v e  humid i t y  o f  del iquescence o f  ammonium b i s u l f a t e ,  a t  C, i ns tead  o f  

a l i q u i d  phase be ing  formed, s o l i d  ammonium b i s u l f a t e  would appear. As t h e  



s i m u l a t i o n  progressed, l e t o v i c i t e  would be converted t o  ammonium b i s u l f a t e .  

F i n a l l y ,  a  p o i n t  D would be reached where a l l  t h e  l e t o v i c i t e  was consumed 

and a l i q u i d  phase would appear. 

4.2 Ana lys is  o f  the  Ambient Data o f  Tanner (1983) 

I n  t h i s  sec t ion ,  t h e  model developed i n  t h i s  work w i l l  be compared w i t h  

r e s u l t s  f o r  ambient a i r  obta ined by Tanner (1983). These data were c o l l e c t e d  

on Long I s l a n d  on November 7 and 8, 1979. Tanner presented t h e  r e s u l t s  o f  

two sampling runs, one o f  which was d u r i n g  t h e  day, and t h e  o t h e r  d u r i n g  t h e  

n i g h t .  Dur ing each o f  these runs, the  change o f  temperature, r e l a t i v e  humid i ty ,  

and t o t a l  masses o f  t h e  va r ious  components may be approximated as l i n e a r  t o  

g i v e  t h e  c o n d i t i o n s  used i n  t h e  s imulat ions.  

The f i r s t  r u n  took p lace between 1000 and 1400 on November 7, 1979. The 

temperature remained constant  a t  14'C w h i l e  t h e  r e l a t i v e  humid i t y  f e l l  f rom 

3 70 percent  t o  55 percent .  To ta l  s u l f a t e  rose f rom 10  pg/m t o  11 ug/m3 and 

t o t a l  n i t r a t e  remained constant  a t  8 pg/m3, w h i l e  t o t a l  ammonium f e l l  f rom 

5 vg/n3 t o  3 pg/m3. Thus, i n i t i a l l y  t h e r e  i s  excess ammonia present,  w i t h  

t h e  molar  r a t i o  o f  t o t a l  ammonium t o  t o t a l  s u l f a t e  be ing  2.9. However, 

by t h e  end o f  t h e  run, t h i s  r a t i o  dropped t o  1.6, so t h a t  t h e r e  was n o t  

enough annnonia p resen t  t o  neutra' l iae t o t a l l y  t h e  s u l f u r i c  a c i d .  

According t o  t h e  s imu la t ion ,  t h e  condensed phase i n i t i a l l y  c o n s i s t s  o f  

a  m i x t u r e  o f  (NH4)2S04 and (NH4)2S04-2NH4N03. AS t h e  gas phase ammonia par- 

t i a l  pressure f a l l s ,  t h e  n i t r i c  a c i d  p a r t i a l  pressure must r i s e  t o  ma in ta in  

t h e  p a r t i a l  pressure product  f o r  t h e  r e a c t i o n  

(NH4)2S04*2NH4N03 = (NH4)2S04 + 2NH3(g) + 2HN03(g) 



Tanner Data 

[HNO& + ti+/so,'- 

Simulated - 

TIME, hr, 
Data and Simulation o f  Gaseous and Aerosol Data Reported by 
Tanner (1983) a t  Brookhaven, New York. Daytime case. 



Tanner Data 
lo r [SO:-] A NH;/SO:- x 

6 Simulated - 

4 

TIME, hr. 
Data and Simulation of Gaseous and Aerosol Data Reported by 
Tanner (1983) at Brookhaven, New York. Nighttime case. 



Thus, the reaction moves t o  the right. Finally, the point is reached where 

a l l  the (NH4)2S04-2NH4N03 is dissociated. A t  t h i s  point the a m n i a  partial 

pressure continues t o  drop. As more sulfate i s  introduced. ' letovicitel 

(NHq)3H(SDq)p s t a r t s  t o  fom. 

Note the qualitative agreement between the ambient resul ts  and the simu- 

lation. In both cases, as the rat io  of total  amnium to  total  sulfate  

decreases, n i t ra te  i s  forced from the condensed phase into the gas phase. In 

both cases, the amount of n i t ra te  i n  the condensed phase eventually goes t o  

zero, and the ra t io  of anmonium t o  sulfate in the condensed phase Snitially 

declines. However, the ra t io  h i t s  a plateau, and, near the time when the 

n i t ra te  has disappeared frm the tmdensed phase, the amonim t o  sulfate 

ra t io  s t a r t s  t o  f a l l  again. Finally, in  both cases, as  the ra t io  of total 

amonium t o  sulfate f a l l s ,  the ra t io  ~ ' 1 ~ 0 : -  s t a r t s  t o  r ise .  

The main difference between the simulation and the data i s  that  the ra t io  

[NH 1 H+/NH; i s  much higher for the data than the simulation. For example 
3 9 

a f te r  1300, for  the simulation pNH = 3 . 6 ~ 1 0 ' ~  ppb, while values near 1 ppb 
3 

were obtained experimentally. The lw theoretical value i s  consistent w i t h  

the observation tha t  the gaseous amnonia concentration i s  negligible when- 

everthe molar ra t io  of the total  amnonium to  total  sulfate  i s  less  than two. 

The second s e t  of data presented by Tanner was obtained in the middle 

of the night, 2200 November 7, 1979 t o  0200 November 8, 1979. In th i s  care, 

the temperature dropped from 8.5OC t o  6 O C  while the relative humidity remained 

constant a t  80 percent. During th i s  time the sulfate present increased 



3 s l i g h t l y ,  from 5 ug/m t o  6 ug/m3, wh i l e  t o t a l  n i t r a t e  and amnonitan f e l l  from 

3 3 3 6 vg/m t o  1.5 vg/m and from 13 ug/m t o  5.5 ug/m3, respect ively.  Thus, 

the  molar r a t i o  of t o t a l  amnonium t o  su l fa te  f e l l  from 15 t o  5.3. That i s ,  

dur ing the  e n t i r e  run, there  was excess amnonia present over t h a t  which could 

be absorbed as amnonium n i t r a t e  and amnonium su l fa te .  

For the simulation, the r a t i o  NH;/SO:- was much h igher  and the r a t i o  

H'/SO:- was much lower, than f o r  the  data. That i s ,  g iven the  gas phase par- 

t i a l  pressure o f  amnonia, the  p a r t i c l e s  observed were much more ac id i c  than 

would be expected, based on the  theory. A l t e rna t i ve l y ,  g iven the p a r t i c l e  

phase, t he  gas phase amnonia p a r t i a l  pressure observed i s  much h igher  than 

t h a t  predicted. Th is  d i s p a r i t y  was noted by Tannev, who suggested several 

possib le sources o f  disagreement between theory and experiment. However, as 

he noted, a l l  of these factors would cause the pred ic ted a n o n i a  p a r t i a l  

pressure t o  be even higher, thus worsening the disagreement. Thus, the source 

of the  d i s p a r i t y  remains unknown a t  present. 



5 .  SUMMARY AND CONCLUSIONS 

An e q u i l i b r u m  model o f  sulfate/nitrate/ammonium aeroso l  has been pre- 

sented i n  which, g i ven  t h e  t o t a l  q u a n t i t y  o f  s u l f a t e ,  n i t r a t e  and ammonia, 

temperature and r e l a t i v e  humidi ty, t h e  q u a n t i t y ,  chemical composit ion, and 

phys ica l  s t a t e  o f  t h e  aerosol  i s  ca lcu la ted .  The model can e a s i l y  be i n t e -  

g r a t e d  i n t o  a l a r g e r  a i r  qua1 i t y  model i n  t h e  f o l l o w i n g  way. A t  each loca-  

t i o n ,  o r  i n  each computat ional  g r i d  c e l l ,  t h e  t o t a l  q u a n t i t i e s  of s u l f a t e  

and n i t r a t e  produced v i a  gas phase chemist ry  a r e  assumed t o  be a v a i l a b l e ,  

toge ther  w i t h  those a l ready  i n  t h e  p a r t i c u l a t e  phase. I n  a d d i t i o n ,  tempera- 

tu re ,  r e l a t i v e  humid i t y  and ammonia concen t ra t ion  a r e  assumed known. Given 

t h i s  in fo rmat ion ,  t h e  e q u i l i b r i u m  model computes t h e  q u a n t i t y  and composit ion 

o f  any condensed phases present .  As t h e  a i r  q u a l i t y  model advances i n  t ime, 

the  e q u i l i b r i u m  i s  r e c a l c u l a t e d  a t  each t ime step. 

Aqueous phase s u l f a t e  fo rmat ion  r e a c t i o n s  have n o t  been considered i n  

t h e  present  work. T h e i r  i n c l u s i o n ,  however, i s  s t ra igh t fo rward .  Once the  

q u a n t i t y  and composit ion, namely pH, o f  t h e  l i q u i d  phase has been ca lcu la ted ,  

t h e  amount o f  d i sso lved  SO2 and the  r a t e  o f  i t s  o x i d a t i o n  t o  s u l f a t e  can be 

computed over  each t ime step. I n  a d d i t i o n ,  va r ious  phys ica l  p r o p e r t i e s  such 

as d e n s i t y  and r e f r a c t i v e  index, can be c a l c u l a t e d  f o r  t h e  aerosol .  

We have n o t  considered t h e  r o l e  o f  p a r t i c l e  su r face  curva tu re  i n  t h i s  

work. T h i s  aspect w i l T  be s tud ied  i n  subsequent work. 
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APPENDIX DETERMINATION OF PHYSICAL PROPERTIES 

A.l Standard S t a t e  Chemical P o t e n t i a l s  

F i r s t ,  we cons ider  t h e  de te rmina t ion  o f  t h e  standard s t a t e  chemical 

p o t e n t i a l s  a t  25OC. Most of t h e  values r e q u i r e d  can be found i n  t h e  l i t e r a -  

t u r e ,  and a r e  shown i n  Table A.1. However, t h e r e  a r e  f o u r  s o l i d s  f o r  which 

f r e e  energy data do n o t  appear t o  be a v a i l a b l e ,  namely NH4HS04, ( N H ~ ) ~ H ( s o ~ ) ~ ,  

(NH4)2S04.3NH NO3 and (NH4)2S04-2NH4N03. Values of t h e  f r e e  energy f o r  these 

species must be est imated f rom s o l u b i l i t y  data. 

Consider f i r s t  NH4HS04(c).Tang and Munkelwitz (1977) s t a t e  t h a t  a satu- 

r a t e d  s o l u t i o n  of NH4HS04 con ta ins  74.2 we igh t  percent  NH4HS04 and has a water  

a c t i v i t y  o f  0.397. Using the  a c t i v i t y  c o e f f i c i e n t s  descr ibed below, i n  conjunc- 

t i o n  w i t h  equat ions (3)-(111, a 74.2 we igh t  percent  NH4HS04 s o l u t i o n  i s  ca lcu-  

l a t e d  t o  have a wa te r  a c t i v i t y  o f  0.435 w i t h  NH; HSO; hav ing a chemical poten- 

t i a l  o f  -332.03 kcal/mol. S i m i l a r l y ,  a 66.1 we igh t  percent  s o l u t i o n  has aw = 

0.397 and p = - 331.66 kcal/mole. We es t imate  t h e  chemical p o t e n t i a l  o f  NH4HS04 

by  t a k i n g  t h e  mean o f  these values, - 331.85 kcal/mol.  

S i m i l a r l y ,  Tang e t  a l .  (1978) s t a t e  t h a t  a sa tu ra ted  s o l u t i o n  o f  l e t o v i c i t e  

(NH4)3H(S04)2 i s  69.3 we igh t  percent  l e t o v i c i t e  and has a water  a c t i v i t y  o f  

0.612. Using t h e  same method as before, a 69.3 percent  s o l u t i o n  has aw = 0.645, 
v = -  698.68 kcal!mo! and a 59-4  percent  s o l u t i o n  has aw = 0,612, p = - 697.38 

kcal/mol. Tak ing t h e  mean o f  these values g ives  p = - 697.93 kcal/mol.  Simi- 

l a r l y ,  t h e  chemical p o t e n t i a l s  o f  (NH4)2S04.3NH4N03 and (NH4)2S04.2NH4N03 

can be est imated f rom t h e  s o l u b i l i t y  data o f  S i l cock  (1979). 

Next, cons ider  t h e  v a r i a t i o n  o f  t h e  chemical p o t e n t i a l  w i t h  temperature. 

I n t e g r a t i n g  t h e  v a n ' t  H o f f  equat ion g ives  

where AHo and dpo a r e  t h e  standard enthalpy and chemical p o t e n t i a l  o f  forma- 

t i o n  and To = 298.15 K. The q u a n t i t y  AC represents t h e  d i f f e r e n c e  between 
Po 

t h e  heat  c a p a c i t y  o f  t h e  compound and t h a t  o f  t h e  elements i n  t h e i r  standard 

s t a t e ,  e.g. f o r  HN03(g) 



Table A 1  Physical Property Data at 298.15K 

- AHo 
AC a 

Species RT Ref. - RT Ref. Ref. $ 

H+ H S O ~  

2~' SO:- 

H* NO; 

NH; H S O ~  

~NH; 50:; 

N H ~  NO; 

NH~HSO~( S )  

(NH4)3H(s04)2(s) 

(NH412S04(s) 

NH4N03 ( s ) 

(NH4)2S04.3NH4N03 

(NH4)2S04.2NH4N03 

H20(il) 

NH3(9) 

HN03 ( 9) 

H2S04 ( 

H20(91 

H2(g) 

N2(9) 

02(9) 

S 

References: P - Parker et al. 
J - JANAF 
W - Wagman et al. 

Notes on following page 



Table A l .  Phys ica l  P roper ty  Data a t  298.1 5K (Continued) 

Notes : 
C 

a. Ca lcu la ted  f rom -$ data. 

b. Calcu la ted  by means of (20) 

c. Values f o r  NH4Ct(aq) from Wagman e t  a1 . (1968) were used. 

d. Est imated f rom phase data. 

e. Value f o r  NH;HSO;(~~) was used. 

f. Estimated t o  be zero. 

g. Value f o r  NH4HS04(s) + (NH4)$04 was used. 

h, Est imated f rom phase data 

i,j Values a r e  those f o r  (NH4)2S04+3NH4N03 and 

(NH4)2S04+2FIH4N03, respec t i ve1  y, 

k.  Values which a r e  zero by convention. 



Neg lec t ing  t h e  v a r i a t i o n  o f  C w i t h  temperature, (A-1) becomes 
Po 

The var ious  q u a n t i t i e s  requ i red  i n  t h i s  equat ion a r e  g iven i n  Table A.1. 

The values o f  C f o r  ~ ~ ( g ) ,  ~ ~ ( g ) ,  02 (g )  a re  inc luded  f o r  use i n  de te r -  
P 

m in ing  A C  . 
Po 

A.2 Aqueous Phase A c t i v i t y  C o e f f i c i e n t s  

A c t i v i t y  c o e f f i c i e n t s  f o r  the  va r ious  species o f  i n t e r e s t  have been 

g iven a t  25°C by Ste lson and Se in fe ld  (1982abc) and S te lson  e t  a l .  (1983). 

These may be expressed by a func t ion  of t h e  form 

Lny = - + x aili 
l + b a  i = l  

where t h e  values o f  A, b  and t h e  ai f o r  each species a r e  g iven  i n  Table A.3. 

A.3 Temperature V a r i a t i o n  of A c t i v i t y  C o e f f i c i e n t s  

Wi th t h e  except ion o f  annnonium n i t r a t e  (Ste lson and Seinfe ld ,  1982a), 

expressions f o r  t h e  temperature v a r i a t i o n  o f  a c t i v i t y  c o e f f i c i e n t s  f o r  t h e  

system o f  i n t e r e s t  here a r e  n o t  a v a i l a b l e  i n  t h e  l i t e r a t u r e .  I n  t h i s  s e c t i o n  

we develop new expressions f o r  t h e  temperature dependence o f  t h e  f i v e  a c t i v i t y  

c o e f f i c i e n t s  requi red.  

The a c t i v i t y  c o e f f i c i e n t  a t  temperature T can be r e l a t e d  t o  t h a t  a t  a  

reference temperature To by ( S t e l  son e t  a1 . , 1982) 



N 
- 
d X X  X X  

W X  N *  Ulb 
PI e G N L O  cna 
+ ~ ~ ~ f i ~ m m o a o o o a  



H-H 

where to and C a r e  t h e  p a r t i a l  molal heat  c a p a c i t i e s  a t  i n f i n i t e  d i l u t i o n  
P  P  

and a t  m o l a l i t y  m, r e s p e c t i v e l y ,  and (R-RO) i s  t h e  r e l a t i v e  p a r t i a l  molal 

enthalpy d i f f e r e n c e  between i n f i n i t e  d i l u t i o n  and m o l a l i t y  m a t  To = 298.15K. 

The q u a n t i t i e s  R - ~ O  and C -c' a r e  evaluated from equat ions (8-2-7) and (8-4-7) 
P  P  

i n  Harned and Owen (1958)- 

Here, and @C a r e  t h e  r e l a t i v e  apparent molal enthalpy and heat  capzc i t y ,  
D 

r e s p e c t i v e l y ,  o i  t h e  so lu tes  a t  a  m o l a l i t y  m. Note t h a t  @L = - AHD, the  

heat  re leased when t h e  s o l u t i o n  i s  brought  f rom m o l a l i t y  m t o  i n f i n i t e  d i l u -  

t i o n .  F i n a l l y ,  

where C and CO a r e  t h e  observed heat  c a p a c i t i e s  o f  a  s o l u t i o n  o f  m o l a l i t y  m 
P  P 

and pure so lvent ,  r e s p e c t i v e l y ,  and M2 i s  t h e  molecular  weight  o f  t h e  so lute.  

Thus, knowing t h e  hea t  capac i t y  and t h e  heat  o f  d i l u t i o n  o f  a  s o l u t i o n ,  

(A-5)-(A-8) can be used t o  determine the  v a r i a t i o n  o f  t h e  a c t i v i t y  c o e f f i c i e n t  

w i t h  temperature. The sec t ions  t h a t  f o l l o w  descr ibe t h e  a p p l i c a t i o n  o f  these 

equations t o  t h e  system o f  i n t e r e s t .  



A.3.1 Anunonium S u l f a t e  

Values o f  4 1 ~  were obta ined by a polynomial reg ress ion  o f  t h e  data o f  

Wagman e t  a l .  (1968). The r e s u l t  i s  

Values o f  C were ob ta ined  f rom t h e  data o f  Sukhatme and Sai khedkar (1969) 
P 

g i v i n g  

A.3.2 Arnmonium B i s u l f a t e  
+ 

Since values o f  t h e  thermodynamic q u a n t i t i e s  f o r  t h e  NH4/ t !~0 i  i o n  

p a i r  cannot be d i r e c t l y  observed, t h e  approach of S te lson  e t  a l .  (1983) w i l l  

be employed i n  which they w i l l  be assumed equal t o  those f o r  anunonium c h l o r i d e .  

Values f o r  t h e  heat  o f  d i l u t i o n  o f  NH4Ce were obta ined f rom a polynomial f i t  

o f  t h e  data o f  Wagman e t  a l .  (19681, 

Values o f  t h e  NH4C& hea t  c a p a c i t y  were obta ined f rom A l l  r e d  and Wooley (1981) 

and from Epikhim e t  a l .  (1977) 

A.3.3 S u l f u r i c  Ac id  

The H2SOq/H20 system con ta ins  two i o n  p a i r s  f o r  which thermodynamic 

p r o p e r t i e s  cannot be d i r e c t l y  measured, H+/HSO; and H+/so:-. Thus, t h e i r  

p r o p e r t i e s  w i l l  be i n f e r r e d  as fo l lows .  F i r s t ,  y + w i l l  be assumed t o  
H ,HSOi 



vary with temperature s imi lar ly  to  'f . Then using heat of d i lu t ion data 
H + , C ~ '  

from Wagman (1968) and heat capacity data from Awbery (1929) f o r  H C R  gives 

The equilibrium condition in the  H2S04/H20 system gives the  following 

re la t ion  (Stel son e t  a1 . , 1983) 

where 

and K2 i s  the  second dissociation constant f o r  sul fur ic  acid. 



The value of Ln y i s  found as follows. The assumption that  
H+.SO:- 

behaves l ike  y enables the values of U and dU/dI t o  be cal- 
H+,CE- 

culated a t  any 1 from the available HCn data. Then (A-15) and (A-16) can 

be rearranged t o  yield 

If V and I are known, (A-21) can be solved fo r  Y. Then (A-16) can be inte- 

grated numerically t o  determine V(1). In doing so, one uses the data of 

Giauque e t  a l .  (1960) for  the variation of ma,,, w i t h  temperature end 

from Readnour and Cobble (1969). Once &n y i s  known as a function of 
2~'. SO; 

temperature, the desired quantities may be found from 

where the differentiation i s  performed numerically and the results are f S t ted 

A.3.4 Nitric Acid 

Determination of the temperaure variation of the actf vity coefficient 

for  n i t r i c  acid requires a special treatment because, in  the concentration 

range of interest ,  i n  a binary solution of n i t r i c  acid and water an appreci- 

able fraction of the n i t r i c  acid exists in an undissociated form (Hogfelt, 

1963). Thus, the s toichimetr ic  expression must be corrected for  the exist- 

ence af undissociated acid. 



The v a r i a t i o n  of t h e  s t o i c h i o m e t r i c  ( f u l l  d i s s o c i a t i o n )  a c t i v i t y  coef-  

f i c i e n t  w i t h  temperature may be c a l c u l a t e d  from the  heat  o f  d i l u t i o n  data 

o f  Wagman e t  a l .  (1968) and t h e  heat  c a p a c i t y  data o f  Enea e t  a l .  (1977) 

and Bump and S i b b i t  (1955). 

These expressions a r e  then cor rec ted  f o r  t h e  presence of undissoc ia-  

t e d  n i t r i c  a c i d  as f o l l o w s  (Stelson, personal communication, 1962). The 

degree o f  d i s s o c i a t i o n  a = m /mS i s  g iven  by 
No; 

where yS and mS a r e  t h e  s t o i c h i o m e t r i c  a c t i v i t y  c o e f f i c i e n t  and m o l a l i t y  

o f  n i t r i c  ac id,  r e s p e c t i v e l y ,  p i s  t h e  d e n s i t y  o f  n i t r i c  a c i d  

and K , ,  K2 and K3 a r e  t h e  e q u i l i b r i u m  constants  f o r  the  reac t ions  



where u  denotes t h e  undissoc iated s ta te .  The temperature v a r i a t i o n  o f  K1, 

K2 and K3 can be c a l c u l a t e d  Prom t h e  v a n ' t  H o f f  equation, 

where t h e  en tha lpy  change AH i s  evaluated from t h e  en tha lp ies  o f  fo rmat ion  

o f  t h e  und issoc ia ted  species (Wagman e t  a1 . , 1968). 

Once a  has been ca lcu la ted ,  t h e  a c t i v i t y  c o e f f i c i e n t  and i o n i c  s t r e n g t h  

a r e  found f rom y = ys /a  and I = ans. Given t h e  a c t i v i t y  c o e f f i c i e n t ,  t h e  

des i red  enthalpy d i f f e r e n c e  i s  c a l c u l a t e d  by 

Using t h e  cha in  r u l e ,  (A-29) becomes 

A f t e r  e v a l u a t i n g  t h e  p a r t i a l  d e r i v a t i v e s  i n  (A-30) numer ica l l y ,  we o b t a i n  

A t  h i g h  i o n i c  s t reng ths ,  an apprec iab le  f r a c t i o n  o f  t h e  n i t r i c  a c i d  

w i l l  remain undissoc iated.  Thus, t h e  a c t u a l  i o n i c  s t r e n g t h  w i l l  be l e s s  

than t h e  t o t a l  m o l a l i t y .  For example, Ste lson and S e i n f e l d  ( 198213) found 

t h a t  t h e  maximum i o n i c  s t r e n g t h  o f  a  n i t r i c  a c i d  s o l u t i o n  i s  8.3, which 

occurs between 17 t o  21 t o t a l  n i t r i c  a c i d  m o l a l i t y .  As a  consequence o f  

t h i s ,  i t  i s  n o t  p o s s i b l e  t o  o b t a i n  a c t i v i t y  c o e f f i c i e n t  data f o r  n i t r i c  

a c i d  f o r  h i g h  i o n i c  s t reng ths  d i r e c t l y .  Ins tead  data f o r  h igh  i o n i c  



s t reng ths  a r e  obta ined by l i n e a r l y  e x t r a p o l a t i n g  data f o r  lower  i o n i c  

s t reng ths .  As a r e s u l t  o f  t h e  e r r o r  i n h e r e n t  i n  t h e  e x t r a p o l a t i o n ,  i t  was 

n o t  wor thwh i le  t o  develop an express ion f o r  C analogous t o  t h a t  f o r  R-RO. 
P 
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ABSTRACT 

P a r t  I o f  t h i s  work presented a thermodynamic e q u i l i b r i u m  model f o r  

t h e  quan t i t y ,  composit ion, and phys ica l  s t a t e  of atmospheric su l fa te /  

n i t r a t e / a m o n i u m  aerosols .  I n  t h i s  work we extend t h a t  model t o  inc lude  

p a r t i c l e  size. That i s ,  g i ven  t o t a l  n i t r a t e  and ammonium l e v e l s ,  r e l a t i v e  

humid i t y  and temperature, and t h e  d i s t r i b u t i o n  o f  s u l f a t e  by p a r t i c l e  s ize,  

we c a l c u l a t e  t h e  e q u i l  ibr iurn q u a n t i t y ,  composition, and phys ica l  s t a t e  of 

t h e  aerosol  as a f u n c t i o n  o f  p a r t i c l e  s i ze .  The model prov ides an explana- 

t i o n  f o r  t h e  d i f f e r e n c e s  i n  observed ambient s u l f a t e  and n i t r a t e  s i z e  

d i s t r i b u t i o n s .  
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ATMOSPHERIC EQUILIBRIUM MODEL OF SULFATE AND NITRATE 

AEROSOLS 11. PARTICLE SIZE ANALYSIS 

1. INTRODUCTION 

One o f  t he  i n t r i g u i n g  observations from the ACHEX (Aerosol tharac ter iza-  

t i o n  Experiment) was the  d i s p a r i t y  between the  d i s t r i b u t i o n s  o f  s u l f a t e  and n i t r a t e  

by p a r t i c l e  s ize  observed i n  Los Angeles aerosol (Hidy e t  al., 1975; Appel e t  

al., 1978). I n  t h a t  study, amon9 other instruments, an impactor was used t o  deter- 

mine the mass median diameter o f  su l f a te  and n i t r a t e  i n  aerosol p a r t i c l e s  a t  

various po in ts  i n  the South Coast Basin. As a resu l t ,  i t  was determined t h a t  

the  mass median diameter f o r  n i t r a t e  tended t o  be l a r g e r  than t h a t  f o r  s u l f a t e  

by up t o  a f a c t o r  o f  four.  To exp i s in  th-is observation one needs t o  understand 

why d i f f e r e n t  species might tend t o  congregate i n  d i f f e r e n t  regions o f  the 

aerosol p a r t i c l e  s i ze  spectrum. The fac to rs  involved are i n  general a combina- 

t i o n  o f  k i n e t i c  and thermodynamic ones, k i n e t i c  i n  the  sense o f  p a r t i c l e s  

evolv ing due t o  vapors condensing from the gas phase, and thennodynamic i n  the 

sense that ,  a t  any i n s t a n t  of time, p a r t i c l e s  might ad jus t  t h e i r  s i ze  and cwnpo- 

s i t i o n  so as t o  be a t  thermodynamic equ i l i b r i um w i t h  t he  gas phase. 

The observation t h a t  atmospheric aerosols tend t o  e x i s t  a t  thennodynamic 

equ i l i b r i um w i t h  the  gas phase ( Stelson e t  al., 1979; Stelson and Seinfeld, 

1982abc; Tanner 1982) l e d  t o  the development of an equ i l ib r ium model f o r  

s u l f a t e l n i  t r a t e l a m o n i m  aerosols by Bassett and Se in fe ld  (1 983). I n  t h a t  

work, hereaf te r  re fe r red  t o  as Par t  I ,  a model i s  presented f o r  the  equi- 

l ibr ium composition, quant i ty ,  and s t a t e  ( I  i q u i d  o r  so l  i d )  of atmospheric 

s u l f a t e / n i t r a t e / a m n i m  aerosols given t o t a l  sul fate,  n i t r a t e ,  and amnonia 

concentrations, r e l a t i v e  humidity and temperature. Tota l  s u l f a t e  and n i t r a t e  

levels,  i n  tenns o f  gaseous H2SOq and !+NO3, are  pred ic tab le  by a gas-phase 



chemical k i n e t i c  mechanism, so t h a t  t h e  e q u i l i b r i u m  model o f  

P a r t  I can be inc luded  as an aerosol  module i n  an urban o r  reg iona l  

a i r  qua1 i t y  model. The e q u i l i b r i u m  c a l c u l a t i o n  p r e d i c t s  t o t a l  q u a n t i t y ,  say 

i n  pg i3, o f  each c o n s t i t u e n t ,  such as (NH4)2S04, NH4HS04, NH4N03, e tc .  b u t  

does n o t  say anyth ing about t h e  s i zes  o f  t h e  p a r t i c l e s .  The present  work ex- 

tends t h a t  of P a r t  I t o  i n c l u d e  p a r t i c l e  s i ze .  

Because o f  t h e  so -ca l led  K e l v i n  ef fect ,  t h e  v a r i a t i o n  o f  vapor pressure 

o f  species i n  a drop w i t h  r a d i u s  o f  t h e  drop, the  e q u i l i b r i u m  composit ion o f  

p a r t i c l e s  o f  d i f f e r e n t  s i z e s  w i l l  be d i f f e r e n t .  The fundamental ques t ion  we 

consider  here i s  - Given gas-phase concentrat ions o f  s u l f a t e ,  n i t r a t e ,  and 

ammonia, r e l a t i v e  humid i t y  and temperature, can we c a l c u l a t e  t h e  e o u i l  i b r i u m  

composit ion, q u a n t i t y ,  and s t a t e  of t h e  aerosol as a function of particZe 

size? The s u l f a t e / n i t r a t e / a m o n i u m  system con ta ins  one n o n - v o l a t i l e  compo- 

nent,  namely s u l f a t e .  As a r e s u l t ,  a t  e q u i l i b r i u m ,  i f  t h e  s i z e  d i s t r i b u t i o n  

o f  s u l f a t e  i s  known, t h e  system i s  un ique ly  detennined, i n  t h a t  t h e  d i s t r i b u -  

t i o n s  o f  a l l  o t h e r  components by p a r t i c l e  s i z e  i s  f i x e d .  I n  t h i s  work we pre- 

sent  t h e  model t h a t  governs t h i s  s i t u a t i o n .  

2 .  MODEL FORMULATION 

Consider a system con ta in ing  a known amount o f  v o l a t i l e  species a t  tem- 

pera tu re  T and pressure p. I n t o  t h i s  system i s  in t roduced  a d i s t r i b u t i o n  o f  

p a r t i c l e s  composed o f  va r ious  n o n - v o l a t i l e  species. The goal i s  t o  determine 

how much o f  each o f  t h e  v o l a t i l e  species w i l l  condense on t o  each o f  t h e  par-  

t i c l e s  when t h e  system reaches e q u i l i b r i u m .  I n  a d d i t i o n ,  i t  i s  des i red  t o  know 

which of t h e  va r ious  p o s s i b l e  phases a r e  present  a t  e q u i l i b r i u m .  

A key v a r i a b l e  i s  t h e  p a r t i a l  pressure o f  each vapor component. The 

p a r t i a l  pressure o f  component i i s  r e l a t e d  t o  t h e  t o t a l  number o f  moles o f  i 

i n  t h e  system, Ni, and t o  t h e  number o f  moles o f  i i n  a  p a r t i c l e ,  ni, by 



where n(n, ,. . . , ns)  dnl.. .dns i s  the  number o f  p a r t i c l e s  per  u n i t  volume hav- 

i n g  between n and n .  + dn. moles o f  species j. We n o t e  t h a t ,  as a consequence 
j J J 

of ( I ) ,  t h e  gas phase composit ion cannot be p r e d i c t e d  beforehand b u t  depends 

on the  p a r t i c l e s  present .  I n  o t h e r  words, a  t o t a l  q u a n t i t y  Ni d i s t r i b u t e s  

i t s e l f  between gas and p a r t i c u l a t e  phases i n  a manner t h a t  must be determined 

i n  t h e  s o l u t i o n  t o  t h e  o v e r a l l  problem. 

The aerosol s i z e  d i s t r i b u t i o n  w i l l  be represented by t h e  sec t iona l  approx i -  

mat ion (Gelbard e t  a l . ,  1980; Gelbard and Seinfe ld ,  1980). I n  t h i s  approach, 

t h e  cont inuous s i z e  d i s t r i b u t i o n  i s  d i v i d e d  i n t o  a s e r i e s  o f  b i n s  o r  sect ions,  

where t h e  I I th s e c t i o n  inc ludes  a l l  p a r t i c l e s  whose diameter d  s a t i s f i e s  

dR,l < d 2 dR, and where dQ and dQ-l a r e  t h e  upper and lower  l i m i t s  o f  s e c t i o n  II. 

A d d i t i o n a l l y ,  we assume t h a t  p a r t i c l e  mass M i s  evenly  d i s t r i b u t e d  w i t h i n  each 

sect ion,  i .e. dM/d loglOd i s  constant  i n  each sec t ion .  F i n a l l y ,  we assume 

t h a t  t h e  p r o p e r t i e s  o f  a l l  p a r t i c l e s  i n  a s e c t i o n  a r e  those o f  a  p a r t i c l e  hav- 

i n g  t h e  average composit ion o f  a17 p a r t i c l e s  i n  the s e c t i o n  and having a diam- 

t e t e r  ?IR = (dRdR-l) . The n e t  e f f e c t  o f  these assumptions i s  t o  rep lace  t h e  

cont inuous s i z e  d i s t r i b u t i o n  by a histogram. 

2.1 E q u i l i b r i u m  Cond i t ion  

The c o n d i t i o n  f o r  chemical e q u i l i b r i u m  i n  a c losed system a t  constant  T 

and p i s  t h a t  t h e  t o t a l  Gibbs f r e e  energy o f  t h e  system, 6, i s  a  minimum. 

II The Gibbs f r e e  energy i s  a  f u n c t i o n  o f  T, p  and ni, t h e  number o f  moles o f  

species i i n  s e c t i o n  II. Thus, the  determinat ion o f  t h e  e q u i l i b r i u m  composit ion 

i s  t h e  f o l l o w i n g  min im iza t ion  problem 



min G(T,~,~:) 

n  R i 

R sub jec t  t o  ni 2 0 and conservat ion of mass (1). 

One problem w i t h  t h e  above f o r m u l a t i o n  i s  t h a t  t h e  c o n s t r a i n t s  a r i s i n g  

f rom conservat ion o f  mass w i l l  prove awkward t o  handle computa t iona l l y .  Th is  

problem can be circumvented as f o l l o w s .  F i r s t ,  n o t e  t h a t  i n  t h e  presence of 

t h e  K e l v i n  e f f e c t ,  t h e  chemical p o t e n t i a l  o f  a  species w i l l  depend on the  s i z e  of t h e  

p a r t i c l e  i n  which t h e  species i s  present.  Thus, f o r  example, t h e  chemical p o t e n t i a l  

o f  NH4N03(s) i n  t h e  f i r s t  s e c t i o n  w i l l  be d i f f e r e n t  than t h a t  i n  t h e  second 

sec t ion .  As a  r e s u l t ,  t h e r e  w i l l  be a  s e r i e s o f  e q u i l i b r i a  o f  t h e  form 

NH3(g) + HN03(9) = NH4N03(s, i n  s e c t i o n  R) 

i n v o l v i n g  NH4N03(s). Assume t h a t  t h e  r e a c t i o n  i n v o l v i n g  NH3, HN03 and 

NH4N03(s) i s  r e a c t i o n  j. Then, l e t  E! be t h e  amount o f  NHqN03(s) formed i n  
J 

s e c t i o n  II by r e a c t i o n  j coming t o  e q u i l i b r i u m  above t h a t  present  a t  some a r b i -  

t r a r y  i n i t i a l  t ime, niYo. R ' 
Then, i n  terms of t h e  E . ,  t h e  m i n i m i z a t i o n  becomes 

J 

R 
min G(T,p,Sj) 

6; 

sub jec t  t o  

where v . .  i s  t h e  s t o i c h i o m e t r i c  c o e f f i c i e n t  o f  species i i n  r e a c t i o n  j. The 
1 J 

c o n d i t i o n  f o r  a  minimum o f  G i s  equ iva len t  t o  

where p: i s  t h e  chemical p o t e n t i a l  o f  species i i n  s e c t i o n  P. 



2 .2  Chemical P o t e n t i a l s  

The chemical p o t e n t i a l  o f  species i i n  s e c t i o n  il i s  r e l a t e d  t o  t h e  chemi- 

c a l  p o t e n t i a l  o f  species i i n  t h e  bu lk  phase, vi, by t h e  Gibbs-Thompson 

equation, 

where u  i s  t h e  su r face  tens ion,  and v .  i s  t h e  mola l  volume o f  species i. 
1 

Expressions f o r  t h e  b u l k  phase chemical p o t e n t i a l s  o f  species i n  t h e  atmospheric 

sulfate/nitrate/amnonium system appear i n  P a r t  I (Basset t  and Se in fe l  d, 1983). 

3. DETERMINATION OF THE EQUILIBRIUM 

To determine t h e  e q u i l i b r i u m ,  t h e  system o f  n o n l i n e a r  equat ions (2 )  

must be so lved numer ica l l y .  The s o l u t i o n  w i l l  be c a r r i e d  o u t  by means o f  t h e  

g loba l  homotopy method o f  K e l l e r  (1978, 1982). I n  essence, t h i s  method a l lows  

us t o  c o n s t r u c t  the  s o l u t i o n  f o r  the  case w i t h  t h e  K e l v i n  e f fec t  based on t h a t  

obta ined p r e v i o u s l y  w i t h o u t  t h e  K e l v i n  e f f e c t .  

The homotopy method can be descr ibed as fo l lows .  L e t  a be t h e  p h y s i c a l l y  

observed sur face  t e n s i o n  and o* be t h e  va lue  used i n  t h e  c a l c u l a t i o n .  i e t  

d* = UX where X i s  a  parameter. Then, t h e  system o f  equat ions (2 )  can be re -  

w r i t t e n  as f ( c ; A )  = 0 where 5 i s  the  v e c t o r  of r e a c t i o n  ex ten ts .  Now, t h e  - - - 
problem can be r e s t a t e d  as f o l l o w s .  F ind  t h e  s o l u t i o n  of f ( ~ ; 1 )  = 0  based - - - 
on t h e  s o l u t i o n  t o  f ( t ;O)  = 0. - - - 

An obvious way t o  a t t a c k  t h i s  problem i s  by a  s t r a i g h t f o r w a r d  a p p l i c a t i o n  

o f  Newton's method. L e t  Si be t h e  va lue  o f  6 a t  t h e  end o f  t h e  i t h  i t e r a t i o n .  - 
Then, l e t  t h e  s p r t i n g  p o i n t  _50 be t h e  s o l u t i o n  of f(c;O) = 0, and - .. - 



where f = ( a f / a $ ) .  The problem w i t h  t h i s  scheme i s  t h a t  t h e  5 ' s  w i l l  o n l y  - 5  - 
approach t h e  des i red  s o l u t i o n  if the s t a r t i n g  va lue  o f  t h e  i t e r a t i o n ,  so, i s  

s u f f i c i e n t l y  c l o s e  t o  t h e  f i n a l  va lue 

Th is  problem can be overcome as fo l lows.  F i r s t ,  n o t e  t h a t  t h e  l a r g e r  

t h e  sur face t e n s i o n  i s ,  t h e  g r e a t e r  t h e  e f fec t  on t h e  composit ion i s  l i k e l y  t o  

be. T h i s  means t h a t  t h e  i t e r a t i o n  scheme g iven  by  (4 )  i s  l e s s  l i k e l y  t o  con- 

verge. To avo id  t h i s  problem, ins tead  o f  t r y i n g  t o  go f rom X = 0  t o  A = 1 

i n  one step, do i t  i n  severa l  steps. That i s ,  rep lace  ( 4 )  by 

where La i s  between zero  and one. Then, s t a r t i n g  f rom A = 0, i t e r a t e  t o  f i n d  

t h e  s o l u t i o n  a t  x ~ .  Then, us ing  the  s o l u t i o n  a t  Aa as a  s t a r t i n g  va lue,  

i t e r a t e  t o  f i n d  t h e  s o l u t i o n  a t  Ab, and so f o r t h ,  u n t i l  A = 1 i s  reached. 

Note t h a t  i f  t h e  i t e r a t i o n  f a i l s  t o  converge, say going from A, t o  Xb, i t  i s  

r e s t a r t e d  f rom ha, us ing  a  sma l le r  va lue  o f  Xb-ha. 

3.1 Pseudo-arc Length Cont inuat ion 

The preceding method i s  a  powerful  way t o  determine t h e  e q u i l i b r i u m  of 

t h e  system f o r  most cases. However, t h e r e  a r e  cases where t h e  above method 

w i l l  break down. A s imple example o f  t h i s  i s  as f o l l o w s .  Consider a  system 

con ta in ing  o n l y  s u l f a t e ,  annnonium and water.  For  s i m p l i c i t y ,  assume t h a t  

t h e r e  i s  enough ammonia present  so t h a t  t h e  concentrat ions o f  a11 ions  o t h e r  

than 50:- and NH; a r e  n e g l i g i b l e .  Then, o n l y  two e q u i l i b r i a  a r e  impor tan t  

H20(9) = H20 ( k )  

and 



Using ( 3 ) ,  t h e  express ion f o r  t h e  e q u i l i b r i u m  o f  t h e  f i r s t  r e a c t i o n  i s  

0 
4oXPW 

" 2 0 ( ~ )  
+ RT i n a  + - - - 11 HZO(g) + RT Po pW/pD (6) at 

where a  i s  t h e  wa te r  a c t i v i t y  w i t h o u t  t h e  K e l v i n  e f f e c t .  Us ing  t h e  d e f i -  
w, RH s a t  s a t  0 o 

n i t i o n  o f  r e l a t i v e  h u m i d i t y , m o =  pw/p, where pw = p e r p ( ( i ~ ~ , ~ ( ~ )  - 
0 

L 

v ~ 2 0 (  k )  
)/RT) i s  t h e  s a t u r a t i o n  vapor pressure o f  w a t e r  (6) becomes 

Thus, i t  f o l l o w s  t h a t  an increase i n  X i s  e q u i v a l e n t  t o  a  decrease i n  r e l a -  

t i v e  humid i t y .  Now, consider  t h e  case where t h e  r e l a t i v e  h u m i d i t y  i s  e x a c t l y  

equal t o  t h e  re ' l a t i ve  humid i t y  o f  del iquescence. Then, any a'ncreasp in A ,  be ing  

e q u i v a l e n t  t o  a  decrease i n  RH, w i l l  cause t h e  l i q u i d  phase t o  d isappear  t o t a l l y .  

That  i s ,  an i n f i n i t e s i m a l  change Sn X will cause a  l a r g e  chhnge i n  5. Thus, ... 
f(6;A) i s  d i scon t inuous  a t  t h i s  p o i n t ,  and t h e  i t e r a t i o n  scheme g i v e n  by ( 5 )  .. - 
w i l l  f a i l .  

Note t h a t  t h i s  breakdown occurs because t h e  s t e p  s i z e  i s  d e f i n e d  i n  terms 

o f  X alone. Tha t  i s ,  t h e  s tep i s  d e f i n e d  t o  be completed when h has changed 

by a  g iven  amount, i r r e g a r d l e s s  o f  what 5 has done i n  t h a t  i n t e r v a l .  C l e a r l y ,  - 
i t  would be b e t t e r  t o  de f ine  t h e  s tep  i n  t e r n s  o f  some combinat ion o f  t h e  

changes i n  A and 5. Then, i n  the  above example, t h e  d i f f i c u l t i e s  c o u l d  be - 
circumvented by l i m i t i n g  t h e  change i n  5. T h i s  i s  t h e  idea  behind t h e  pseudo- - 
a r c l e n g t h  c o n t i n u a t i o n  method o f  K e l l e r  (1978, 1982). 



T h i s  method i s  as f o l l o w s .  S t a r t  w i t h  t h e  bas ic  equat ion 

f(_5;A) = 0 (8)  

L e t  5  = ~ ( s )  and X = A(s) where s  i s  a  new parameter. D i f f e r e n t i a t e  (9 )  - * 

w i t h  respec t  t o  s. 

where f A  = (af/aA). Thus - 

I n  a d d i t i o n ,  we w i l l  r e q u i r e  

Thus, 

E i t h e r  choice o f  s i g n  i n  (12) s a t i s f i e s  (11); t h e  p roper  cho ice  will be d i s -  

cussed l a t e r .  

The phys ica l  i n t e r p r e t a t i o n  of t h e  above paramete r i za t ion  i s  as fo l l ows .  

T T L e t  x = ( 5  ,A) , t h e  v e c t o r  of unknown q u a n t i t i e s .  Now, one way t o  proceed .. - 
i s  by s imply  s o l v i n g  t h e  s e t  o f  d i f f e r e n t i a l  equa t ions ( l0 )  and (12). I f  t h i s  

were done, s  would be t h e  d is tance  t h e  curve x ( s )  t r a v e l s  through x space. - - 
While i t  is poss ib le  t o  so lve  t h e  s e t  of d i f f e r e n t i a l  equations (10) 

and (12), the re  i s  a s imp le r  way t o  proceed. L e t  a be t h e  s tep s ize .  Then, 

def ine t h e  s tep  by (8)  i n  con junc t ion  w i t h  



where xo i s  t h e  va lue  o f  x a t  t h e  s t a r t  o f  t h e  step. Note t h a t  as a approaches - 
zero, t h e  l e f t h a n d  s i d e  of (13) approaches t h e  a r c l e n g t h  a long  the curve x ( s ) .  - 
Thus, by s o l v i n g  (8 )  and (13) ,  a  method i s  obta ined t h a t  has t h e  advantages 

o f  a r c l e n g t h  c o n t i n u a t i o n  w i t h o u t  having t o  so lve a differential equation. 

The system of equat ions (8) ,  (13) i s  so lved as fo l lows.  To s t a r t ,  l e t  

The i t e r a t i o n  i s  cont inued by 

where 6_Si and &hi a r e  found by s o l v i n g  

The s i g n  i n  (12) i s  chosen so t h a t  

dx 
which means t h a t  p o i n t s  i n  t h e  same d i r e c t i o n  as (dx/ds)*-.  - 

-U 

<< 1, t h e  i t e r a t i o n  scheme g iven by (14)- Note t h a t  i ' f i n  (121, /If; - 
(19) reduces t o  t h a t  g iven by ( 5 ) .  



3.2 A p p l i c a t i o n  t o  t h e  E q u i l i b r i u m  Problem 

I n  t h e  prev ious sect ion,  pseudo-arclength c o n t i n u a t i o n  was descr ibed as 

i t  was developed by K e l l e r  (1978, 1982). However, t h e r e  a r e  some compl i c a -  

t i o n s  i n  t h e  e q u i l i b r i u m  problem t h a t  were n o t  p resen t  i n  t h e  systems t r e a t e d  

by K e l l e r .  I n  p a r t i c u l a r ,  f o r  t h e  i t e r a t i o n  descr ibed by (15)-(19) t o  work, 

f must be con t inuous ly  d i f f e r e n t i a b l e  over  t h e  range o f  i n t e r e s t .  However, - 
t h i s  w i l l  not be true when t h e  system undergoes a phase change. I n  f a c t ,  when 

t h i s  occurs, t h e  number o f  equations i n  f w i l l ,  i n  genera l ,  change. - 
The s i t u a t i o n  where t h e  d imens iona l i t y  o f  f changes can be handled as - 

f o l l o w s .  Consider f i r s t  t h e  case where a new phase i s  formed. T h i s  can be 

handled computa t iona l l y  mere ly  by inc reas ing  t h e  number o f  equations being con- 

s idered.  The case where a s o l i d  phase disappears i s  l e s s  s t r a i g h t f o r w a r d .  

R Computat ional ly,  t h i s  case can be detected by one o f  t h e  ni going negat ive.  

When t h i s  occurs, t h e  concen t ra t ion  of t h a t  s o l i d  phase must be s e t  t o  zero. 

To do t h i s ,  f i r s t  Gaussian e l i m i n a t i o n  i s  performed on the  m a t r i x  o f  s t o i c h i o -  

R m e t r i c  c o e f f i c i e n t s  v u n t i l  t h e r e  i s  o n l y  one r e a c t i o n  l e f t  i n v o l v i n g  ni. - 
Then, the  equi ! ibr ium r e l a t i o n  f o r  t h i s  r e a c t i o n  i s  rep laced by t h e  equat ion 

nR = 0. Then t h e  homotopy method as descr ibed be fo re  can be used. i 

Note t h a t  t h e  system (8), (13) w i l l ,  i n  general,  o n l y  be so lvab le  by t h e  

i t e r a t i o n  method (14)-(19) i f  t h e  i n i t i a l  guess i s  s u f f i c i e n t l y  c lose  t o  t h e  

s o l u t i o n .  T h i s  means t h a t  f o r  convergence 

f o r  some va lue  o f  E. However, a t  a  phase change,where one o f  t h e  two above 

procedures have been used, t h e  new equat ion may n o t  be near e q u a l i t y .  Thus, 

(20) may n o t  be s a t i s f i e d .  T h i s  can be overcome by r e p l a c i n g  f w i t h  - 



Note t h a t  So,Xo i s  a s o l u t i o n  o f  ~ ( s , A )  - - = 0. Thus, t h i s  t rans fo rmat ion  

w i l l  smooth o u t  any d i s c o n t i n u i t y  i n  f. - 

4. APPLICATION TO THE ATMOSPHERIC SULFATE/NITRATE/ANMONIUFi SYSTEM 

We now consider  t h e  sulfate/nitrate/ammonium system. Our o b j e c t  i s  t o  

c a l c u l a t e  t h e  q u a n t i t y ,  composit ion, and phys ica l  s t a t e  o f  t h e  e q u i l i b r i u m  

aerosol  as a f u n c t i o n  o f  p a r t i c l e  s i z e  f o r  severa l  h y p o t h e t i c a l  s i t u a t i o n s .  

From t h i s  c a l c u l a t i o n ,  we wish t o  see i f  general conclus ions a r e  for thcoming 

concerning t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n  o f  atmospheric water,  n i t r a t e s  and 

ammonium. Since s u l f a t e  i s  v i r t u a l l y  n o n - v o l a t i l e ,  i t  i s  necessary t o  speci fy  

t h e  d i s t r i b u t i o n  o f  s u l f a t e  by p a r t i c l e  s i ze .  Given t h a t  d i s t r i b u t i o n ,  t h e  

r e l a t i v e  humid i t y  and temperature, and t h e  t o t a l  q u a n t i t y  o f  amnonia and 

n i t r a t e  present,  we w i l l  determine t h e  e q u i l i b r i u m  s ize/composi t ion d i s t r i b u -  

t i o n  o f  t h e  r e s u l t i n g  aerosol .  

Two a d d i t i o n a l  q u a n t i t i e s  beyond those g iven i n  P a r t  I are  needed here, - 
sur face tens ion  G and molar  voiume Vi. A t  present,  t h e r e  does n o t  appear t o  

e x i s t  a good way t o  p r e d i c t  t h e  su r face  t e n s i o n  o f  an aqueous s o l u t i o n .  Thus, 

we w i l l  use t h e  va lue  f o r  t h e  sur face tens ion  o f  water a t  2 5 O C .  Since t h e  

molar  volume ii always appears as a product  w i t h  G, and s ince  G i s  t o  be ap- 

proximated by t h e  pure water  value, we do n o t  endeavor t o  develop a h i g h l y  

accurate express ion f o r  P i .  Instead, assume t h a t  t h e  d e n s i t y  o f  t h e  par-  

t i c l e  i s  constant  a t  pw, t h e  va lue f o r  pure water.  The molal volume o f  

species i i s  then assumed t o  be MiIpw, where Fi. i s  t h e  molecular  weight  
1 

of species i. 



S i x  cases a r e  considered, and they a r e  surranarized i n  Table 1. Cases 1-4 

correspond t o  c o n d i t i o n s  a t  t h e  end of 60 minutes i n  Cases 1, 3, 5, and 6 o f  

P a r t  I (Basse t t  and Seinfeld, 1983). Case 5 corresponds r o u g h l y  t o  c o n d i t i o n s  

i n  Case 6 o f  P a r t  I a f t e r  40-45 minutes. The s u l f a t e  s i z e  d i s t r i b u t i o n  was 

f i x e d  a p r i o r i  t o  adhere t o  t h e  log-normal d i s t r i b u t i o n  (Hegg and Hobbs, 1983) 

where ST i s  t h e  t o t a l  amount o f  s u l f a t e  present.  The s i z e  d i s t r i b u t i o n  i s  

represented by f i v e  geomet r i ca l l y  spaced sec t ions  between 0.01 lun and 3 urn, 

t h a t  i s  (dQ/dQ,l) = (300) 0.2 

The f i r s t  p o i n t  o f  i n t e r e s t  i s  a  comparison o f  t h e  t o t a l  amounts o f  t h e  spe- 

c i e s  present  i n  t h e  aerosol  phase i n  each o f  t h e  s i x  cases i n  Table 1 w i t h  and w i t h -  

o u t  t h e  K e l v i n  e f f e c t  considered. With t h e  except ion o f  water,  the re  i s  no p e r c e p t i b l e  

change i n  t h e  amount o f  t h e  va r ious  species when t h e  e f f e c t  o f  su r face  curva- 

t u r e  i s  considered versus when i t  i s  neglected. Even i n  t h e  case o f  water, 

t h e  d i f f e r e n c e  between t h e  two s i t u a t i o n s  does n o t  exceed e i g h t  percent .  

There a r e  two reasons why t h e  t o t a i  amounts o f  the var ious  species pres- 

e n t  a r e  s i m i l a r  w i t h  and w i t h o u t  the  K e l v i n  e f f e c t .  F i r s t ,  most o f  t h e  par-  

t i c l e s  present  a r e  f a i r l y  l a r g e .  Second, the re  i s  a  tendency f o r  t h e  l a r g e r  

p a r t i c l e s  i n  the  d i s t r i b u t i o n  t o  c o n t r o l  t h e  t o t a l  amounts o f  t h e  va r ious  

species i n  t h e  aerosol  phase. Th is  e f f e c t  can be expla ined as f o l l o w s .  I n  

t h e  sma l le r  p a r t i c l e s ,  t h e  K e l v i n  e f f e c t  w i l l  cause amnonium and n i t r a t e  t o  

v o l a t i l i z e ,  r a i s i n g  t h e  gas-phase p a r t i a l  pressures o f  NH3 and HN03. As a 

r e s u l t ,  t h e  l a r g e r  p a r t i c l e s  w i l l  absorb more amnonia and n i t r i c  a c i d  than if 

t h e  K e l v i n  e f f e c t  i s  n o t  considered. The n e t  e f f e c t  i s  a  t r a n s f e r  o f  mass 

f rom sma l le r  t o  l a r g e r  p a r t i c l e s  r a t h e r  than from t h e  aerosol  t o  t h e  gas phase. 



Table  1. Cases Considered f o r  Ana lys i s  o f  Aerosol Size/Composition 
D i s t r i b u t i o n s  

To ta l  NH3, To ta l  HN03, To ta l  H2S04, R H ,  % 
Case -3 -3  

vg 119 m vg m-3 



The only species for  which t h i s  argument does no t  ho ld  i s  water. Because the 

amount o f  water vapor present i s  always much greater than t h a t  o f  the  condensed 

water, the  Ke lv in  e f f e c t  has v i r t u a l l y  no e f f e c t  on the p a r t i a l  pressure o f  

water i n  the system. Thus, l i q u i d  water i s  the on ly  species whose concentra- 

t i o n  i s  a l t e red  appreciably by the inc lus ion o f  the  Ke lv in  ef fect .  

The effect j u s t  discussed can be seen i n  Figure 1, which shows the d is -  

t r i b u t i o n  o f  components by p a r t i c l e  s i ze  f o r  Case 1 o f  Table 1. Note t h a t  

even though the t h i r d  sect ion contains more su l fa te  than the fourth,  14.1 vs. 

13.4 vg III'~, the fou r th  sect ion has more amnonium and n i t r a t e  than the t h i r d .  

The molar r a t i o  o f  n i t r a t e  t o  su l fa te  i s  0.88 and 1.12 i n  sections 3 and 4, 

compared t o  0.99 i n  both sections if the Ke lv in  e f f e c t  i s  not  considered. 

Also, the  molar r a t i o  o f  amnonium t o  su l fa te  i s  2.9 i n  sect ion 3 and 3.1 i n  

sect ion 4, compared t o  3.0 without the Ke lv in  e f fec t .  Thus, the  elevat ion o f  

NH3 and HN03 vapor pressures over pa r t i c l es  i n  sect ion 3 leads t o  a net  trans- 

f e r  o f  these species t o  the l a rge r  pa r t i c l es  i n  sect ion 4. 

FSgure 2 snows the s ize/ewiposi t ion dds t f i bu t i on  i n  Case 2, which i s  

i den t i ca l  t o  Case 1 except t h a t  the  r e l a t i v e  humidity i s  50 percent as opposed 

t o  90 percent. Consider the equ i l ib r ium 

(NH4!2S04(s) + 2NH3(g) + 2HN03(g) 2 (NH4)2S04=2NH4N03(s) 

Using (3)  and the approximations f o r  u a d  vi gives for  the change i n  chemi- 

ca l  potent ia l  o f  t h i s  react ion 

where Av- = the change i n  chemical potent ia l  when surface curvature i s  neglec- 

ted. Thus, the  smaller the  par t ic les ,  the  more favorable the l e f t  hand s ide 



F i g u r e  1 

PARTICLE DIAMETER (p)  
D i s t r i b u t i o n  o f  components by p a r t i c l e  s i z e  f o r  Case 1 
o f  Table 1. The s u l f a t e  s i z e  d i s t r i b u t i o n  i s  based on 
equat ion ( 22 ) .  The d i s t r i b u t i o n  o f  a l l  o t h e r  components 
i s  governed by chemical e q u i l i b r i u m .  



F i g u r e  2 

lo-' loo 
PARTICLE DIAMETER (pm 

D i s t r i b u t i o n  o f  components by p a r t i c l e  s i z e  f o r  Case 2 
o f  Table 1. The s u l f a t e  s i z e  d i s t r i b u t i o n  i s  based on 
equat ion (22).  The d i s t r i b u t i o n  of a l l  o t h e r  components 
i s  governed by chemical e q u i l i b r i u m .  



o f  the react ion  w i l l  becane. The fourth sect ion contains 'both (NH4)2S04(s) 

and (NH ) SO *2NH4N03(s). Thus, the  above react ion  must be a t  equ i l ib r ium i n  4 2  4 
t h i s  section. That means the amnonia-nitr ic ac id  p a r t i a l  pressure product 

i s  determined by condi t ions i n  the fourth section. I n  addi t ion,  the amounts 

o f  amnonia and n i t r i c  ac id  i n  the gas phase are re la ted  by stoichiometry, 

where NNH . NH SO and NHND3 are the t o t a l  number of moles o f  amnonia, sul-  
3 2 4  

fate and n i t r a t e  respect ively i n  the system. Thus, if the t o t a l  amounts o f  

su l fa te ,  n i t r a t e  and amnonia i n  the system are f ixed,  the  composition o f  the 

gas phase can be determined merely by knowing condit ions i n  the fou r th  sec- 

t ion .  Once the cmposi  t i o n  of the  gas phase i s  known, the t o t a l  amounts o f  

(NH,)~SO~(S) and (NH4)2S0q-2NH4N03{s) present can be read i l y  calculated by 

a mass balance. That i s ,  condit ions i n  sect ion 4 w i l l  cont ro l  the t o t a l  con- 

centrat ions o f  a11 o f  the species present. 

Section 4 rorrtains p z r t i c l e s  having diameters between 0.3 and 1 m. 

Because these p a r t i c l e s  are la rge enough so t h a t  the vapor pressure change 

due t o  surface curvature i s  neg l ig ib le ,  we see why the t o t a l  amounts of the 

aerosol speeies present i n  Case 2 do not vary as a r e s u l t  o f  the  Ke lv in  ef fect .  

Figures 3 and 4 shows the s ize /cwpos i t ion  d i s t r i bu t i ons  i n  Cases 3 and 4, 

respect ively.  I n  both o f  these cases the molar r a t i o  o f  t o t a l  su l fa te  t o  

n i t r a t e  t o  anonium i s  1:1:0.5. As a ' t e s u l t ,  most of the  amnonia w i l l  be i n  

the aerosol phsse. Thus, the  Ke lv in  e f f e c t  only a1 te rs  i n  which section the 

amnonium ions are present ra ther  than s h i f t i n g  the gasfaerosol equil ibrium. 

With respect t o  aerosol n i t r a t e ,  i n  Case 4, because o f  t he  high ac id i t y ,  the 



Figure 3 

PARTICLE DIAMETER (p) 
Distribution o f  components by particle size for Case 3 
of Table 1. The sulfate size distribution is based on 
equation (22). The distribution of all other components 
i s  governed by chemical equilibrium. 



Figure 4 

PARTICLE DIAMETER (pm) 
Distribution of components by particle size for Case 4 
of Table 1. The sulfate size distribution i s  based on 
equation (22) .  The distribution of a l l  other components 
i s  governed by chemical equilibrium. 



amount o f  n i t r a t e  p resen t  i n  t h e  l i q u i d  phase i s  n e g l i g i b l e .  I n  Case 3  the re  

e x i s t s  t h e  same s h i f t i n g  e f f e c t  discussed i n  t h e  e a r l i e r  cases. One observat ion 

o f  p r a c t i c a l  i n t e r e s t  i s  t h a t  t h e  K e l v i n  e f f e c t  a c t s  t o  decrease the  pH o f  the 

sma l le r  p a r t i c l e s  r e l a t i v e  t o  t h e  l a r g e r  p a r t i c l e s .  I n  Case 3, f o r  example, t h e  

pH o f  p a r t i c l e s  i n  sec t ions  5 and 2 i s  -0.47 and -0.58, r e s p e c t i v e l y ,  whereas 

t h e  corresponding va lues i n  Case 4  a r e  -1.28 and -1.31. 

I n  Case 5 an argument s i m i l a r  t o  t h a t  used i n  Case 2  can be used t o  

show t h a t  s e c t i o n  4  i s  t h e  o n l y  p lace i n  t h e  s i z e  spectrum where t h e  r e a c t i o n  

(NH4)3H(S04)2(~) 2 ~NH; + HI + 250:- 

i s  n o t  t o t a l l y  on one s i d e  o r  t h e  o ther ,  Thus, t h e  r e l a t i v e  amounts o f  

(NH4)3H(S04)2 and t h e  l i q u i d  phase a r e  determined by c o n d i t i o n s  i n  t h e  f o u r t h  

s e c t i o n  (F igure  5 ) .  

Case 6 i s  t h e  o n l y  case w i t h  a  phase t h a t  does n o t  c o n t a i n  s u l f a t e ,  namely 

NH4N03(s). The NH4N03 w i l l  depos i t  on the  l a r g e s t  a v a i l a b l e  p a r t i c l e s ,  so t h e  

l a r g e  p a r t i c l e s  have a  subs tan t ia l  amount o f  mass regard less o f  how much s u l f a t e  

they conta in.  By an argument s i m i l a r  t o  t h a t  used i n  e x p l a i n i n g  Case 2, i t  

can be shown t h a t  t h e  cond i t i ons  i n  t h e  l a r g e s t  p a r t i c l e s  w i l l  c o n t r o l  t h e  

amount o f  NH4N03(s) formed. 

5. EFFECT OF KINETIC LIMITATIONS 

The model descr ibed i n  t h e  preceding sec t ions  i s  p u r e l y  thermodynamic. 

That i s ,  i t  assumes t h a t  a l l  reac t ions  go + m e d i a t e l y  t o  e q u i l i b r i u m  no 

m a t t e r  how small  t h e  d r i v i n g  fo rce .  Th is  assumption w i l l  be v a l i d  when t h e  

goal i s  t o  est imate t h e  concen t ra t ion  o f  the  gas phase. T h i s  i s  because i t  

o f t e n  s u f f i c e s  t o  be a b l e  t o  say t h a t  t h e  p a r t i a l  pressure o f  a  g iven species 

i s  below a  c e r t a i n  l i m i t ,  say 1 ppb. However, i n  t h e  r e s u l t s  presented here, 

the re  a r e  t imes when a  sequence o f  t h e  form 



COMPONENT MASS CONCENTRATION ( p g / r n 3 )  

TOTAL MASS CONCENTRATION (pg/m3) 



Figure 6 

to-' loo 10' 
PARTICLE DIAMETER (pm) 

Distribution of components by par t i c l e  s i ze  f o r  Case 6 
of Table I .  The su l f a t e  s i ze  d is t r ibut ion i s  based on 
equation ( 2 2 ) .  The dis t r ibut ion of a l l  other components 
i s  governed by chemical equilibrium. 



occurs, where A") and represent molecules of A i n  sections 11 and m, 
., . 

respect ively.  Then, i n  the above sequence, even though the d i f fe rence i n  

t h e  vapor pressures o f  A") and i s  small. there may be an appreciable 

amount of mass t ransfer red between sections e and m. 

I n  order t o  analyze t h i s  e f f e c t  quant i ta t ive ly ,  consider the t ime con- 

s tan t  f o r  mass t rans fe r  given by 

where Pi and Mi are the d i f f u s i v i t y  and molecular weight o f  the  i t h  species, 

Kn .is the Knudsen number 2:;d where X i s  the wean f r e e  path, w = (1.333 + 

0.71 ~ n " ) / ( l + ~ n - l ) ,  and ni and n; are the concentrations o f  species i i n  

the gas phase, and the value a t  equi l ibr ium, respect ively,  

There are two fac tors  t h a t  can cause the t ime constant fo r  mass trans- 

f e r  between sections t o  be large. F i r s t  o f  a l l ,  the species being t ransferred 

could have a low vapor pressure. I n  t h i s  case, both ni and n; w i l l  be small, 

so t h e i r  d i f fe rence w i l l  be small. As an example o f  th is ,  consider case 5. 

Here, the vapor pressure o f  amnonia a t  equ i l ib r ium i s  3.1x10-~ ppb. Consider 

t h e  s i t u a t i o n  where a p a r t i c l e  of l e t o v i c i t e  w i th  a diameter d = 0.01 WI i s  

introduced i n t o  the system which i s  i n i t i a l l y  a t  equi l ibr ium. Then, using 

(24) w i th  Di being obtained frm Reid and Shemood (19661, the  value of T~ 

i s  13 hours. 

The second fac to r  t h a t  can cause mass transfer between sections t o  be 

small i s  f o r  t'he p a r t i c l e  djameter t o  be large. As an example o f  t h i s ,  

consider the t ransfer  o f  NH4N03(s) between sections i n  case 6 v i a  the sequence 



The K e l v i n  e f f e c t  may be neglected i n  t h e  l a r g e s t  sec t ion .  Then, s ince  

t h i s  s e c t i o n  i s  i n  e q u i l i b r i u m ,  t h e  d r i v i n g  f o r c e  f o r  t r a n s f e r  f rom a g iven  

p a r t i c l e  w i l l  be g iven  by 

40 Vi 
(ni-n;) = ng ( exp - d RT - 1 )  

Expanding t h e  exponent ia l  i n  a  s e r i e s  g ives  ni-n9 i n v e r s e l y  p r o p o r t i o n a l  
1 

t o  d. Thus, ri i s  p r o p o r t i o n a l  t o  dS. The t ime constant  f o r  mass t rans-  

f e r  between sec t ions  4 and 5 i n  case 7 i s  found t o  be 35 h r .  

I t  should be noted t h a t  t h e  k i n e t i c  l i m i t a t i o n s  a r i s e  o n l y  because t h e  

thermodynamic d r i v i n g  f o r c e  ni-ng i s  so smal l .  Thus, i n  t h e  example f rom 

case 6, t h e  d i f f e r e n c e  i n  vapor pressure between sec t ions  4 and 5 was 

2 x 1 0 - ~  ppb. I n  most c a l c u l a t i o n s ,  one i s  s a t i s f i e d  w i t h  l e s s  accuracy i n  

t h e  vapor phase than t h i s .  However, i n  t h i s  c a l c u l a t i o n ,  mass t r a n s f e r  be- 

tween sect ions 4 and 5 does n o t  a r i s e  u n t i l  t h e  vapor pressure o f  n i t r i c  

a c i d  i s  w i t h i n  2 x 1 0 ~ ~  ppb o f  i t s  e q u i l i b r i u m  value. 

These k i n e t i c  l i m i t a t i o n s  a re  most impor tan t  f o r  l a r g e  p a r t i c l e s  o r  

f o r  species w i t h  v e r y  low vapor pressures. For  species w i t h  moderate vapor 

pressures, and f o r  submicron-sized p a r t i c l e s ,  t h e  thermodynamic e q u i l i b r i u m  

r e s u l t s  g iven  i n  t h i s  work show q u a l i t a t i v e l y  t h e  t ype  o f  behavior  t h a t  can 

be expected governing aerosol  composit ion as a f u n c t i o n  o f  p a r t i c l e  s ize.  



5. SUMVARY AND CONCLUSIONS 

A method has been presented f o r  determin ing t h e  e q u i l i b r i u m  s i z e  and 

composit ion d i s t r i b u t i o n  o f  atmospheric sulfate/ni trate/ammonium aerosols .  

S i x  hypo the t i ca l  cases t h a t  span a  range o f  s u l f a t e ,  n i t r a t e ,  and ammonia 

l e v e l s  and r e l a t i v e  h u m i d i t i e s  were examined t o  determine how t h e  var ious  

species a r e  d i s t r i b u t e d  accord ing t o  p a r t i c l e  s i z e  a t  e q u i l i b r i u m .  Resul ts  

o f  t h e  c a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  e f f e c t  o f  su r face  curva tu re  on vapor 

pressure, the so -ca l led  Ke l v i n  e f f e c t ,  does n o t  i n f l u e n c e  t h e  t o t a l  q u a n t i t y  

o f  aerosol species b u t  o n l y  t h e i r  d i s t r i b u t i o n  by p a r t i c l e  s i ze .  The one 

species t h a t  c o n s t i t u t e s  an except ion t o  t h i s  statement i s  water, whose quan- 

t i t y  i n  t h e  condensed s t a t e  i s  impacted by t h e  K e l v i n  e f f e c t ,  a l though d i f -  

ferences i n  t h e  amount o f  aerosol water  w i t h  t h e  K e l v i n  e f f e c t  accounted f o r  

and neglected d i d  n o t  exceed e i g h t  percent  f o r  t h e  cases s tud ied  here. 

As a  r e s u l t  of ou r  ana lys is ,  we a re  now a b l e  t o  o f f e r  an exp lana t ion  f o r  ob- 

served d i s t r i b u t i o n s  o f  aerosol s u l f a t e  and n i t r a t e  by p a r t i c l e  s ize.  Su l fa te ,  

be ing e s s e n t i a l l y  n o n - v o l a t i l e ,  w i l l  have a  s i z e  d i s t r i b u t i o n  c o n t r o l l e d  by 

gas-phase d i f f u s i o n  and t h e r e f o r e  wi:: tend t o  accumulate i n  the  sma l le r  

p a r t i c l e s .  N i t r a t e ,  being more v o l a t i l e  than s u l f a t e ,  w i l l  tend t o  evaporate 

f rom the  sma l le r  p a r t i c l e s  and depos i t  on l a r g e r  p a r t i c l e s  where sur face 

curva tu re  e f f e c t s  on vapor pressure a r e  minimal.  
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Abstract.  The evo lu t i on  of t he  s i z e  d i s t r i -  
but ion of an ae roso l  undergoing growth by gas-to- 
p a r t i c l e  conversion is inves t i ga t ed  t h e o r e t i c a l l y  
vhen grovth occurs by any of t h r ee  mechanisms, 
vapor phase d i f fu s ion ,  r eac t i on  of  adsorbed vapor 
spec i e s  on the p a r t i c l e  s u r f a c e ,  and r eac t i on  of 
d issolved vapor spec i e s  i n  t he  p a r t i c l e  volume. 

In t roduct ion 

Atmospheric ae roso l s  evolve i n  s i z e  by coagu- 
l a t i o n  and 'gas- to-par t ic le  conversion. To i n t e r -  
p r e t  the  evolut ion of a s i z e  spectrum i t  is  neces- 
s a ry  t o  understand the inf luences  of these  two phe- 
nomena. It has  been found t h a t  a e roso l s  i n  t h e  
s i z e  range 0.01 pm t o  1.0 irm diameter grow prfnci -  
p a l l y  by gas- to-par t ic le  conversion, t he  process 
by vhich vapor molecules d i f f u s e  t o  the  surface  of 
a p a r t i c l e  and subsequently a r e  incorpora ted  i n to  
the  p a r t i c l e .  Considerable vork has been ca r r i ed  
ou t  t o  i den t i fy  the  chemical pathways of incor- 
pora t ion of vapor spec i e s  i n t o  atmospheric p a r t i -  
c l e s .  #i ic lL1 of t h a t  e f f o r t  has focrrsed on e luc i -  
da t i ng  gas-phase r eac t i on  mechanisms t h a t  lead t o  
condensable vapor spec i e s  such as s u l f u r i c  ac id ,  
amnonium s u l f a t e ,  amon im,  n i t r a t e ,  and organic  
ac id s  and n i t r e t e s  (Hidy e t  a l . ,  1980; Se in fe ld ,  
1980). vhereas  add i t i ona l  s t u d i e s  have concen- 
t r a t e d  on r eac t i ons  t h a t  occur on the  su r f ace  of 
o r  wi th in  p a r t i c l e s  between p a r t i c u l a t e  phase 
components such a s  metals and carbon, and 
adsorbed o r  absorbed vapor molecules (Judeikis  and 
S i ege i ,  1973; Novakov e t  a l . .  1974; Peterson and 
Se in fe ld ,  1979. 1980; Se in fe ld ,  1980) . 

The r a t e - con t ro l i i ng  s t e p  i n  gas- to-par t ic le  
conversion may be a r e s u l t  of one o r  a combination 
of  three  mechanisms: the  r a t e  of d i f fu s ion  of t he  

mechanisms can be i n f e r r e d  from d a t a  on t he  
evolut ion of an ae roso l  s i t e  d i s t r i b u t i o n  
(Seinfe ld  and Ramabhadran, 1975; He i s l e r  and 
Fr iedlander .  1977; Gelbard and Se in fe ld ,  1979; 
McMurry and Wilson, 1982). By ca l cu l a t i ng  grovth 
r a t e s  f o r  p a r t i c l e s  of d i f f e r e n t  s i z e s ,  the  
func t iona l  dependence of  growth r a t e  on p a r t i c l e  
s i z e  can be determined and compared v i t h  theore t -  
i c a l  express ions  r e l a t i n g  p a r t i c l e  growth r a t e  t o  
p a r t i c l e  s i z e ,  so-cal led  g r w t h  laws. i n  t h i s  
way i t  is  poss ib l e  t o  suggest chemical mechanisms 
t h a t  a r e  cons i s t en t  wi th  t he  data .  Careful ly  
executed labora tory  s t u d i e s  of  t h i s  type have no t  
ye t  been r epo r t ed ,  although a t  l e a s t  tvo a r e  
cu r r en t ly  i n  progress .  

The main ob j ec t  of t h i s  paper is t o  theore t -  
i c a l l y  c w p a r e  ae roso l  s i z e  spec t r a  evolving by 
t he  mechanisms of d i f fu s ion - ,  su r f ace  react ion- ,  
and volume react ion-control led  growth. The re-  
s u l t s  v i l l  provide a b a s i s  f o r  the i n t e r p r e t a t i o n  
of atmospheric and labora tory  aerosol  s i z e  spec- 
t r a  v i t h  r e spec t  t o  t he  governing growth mecha- 
nisms. 

Gswth  of  a S ing l e  Component Aerosol 

Let n(m,t)dm be the  number of p a r t i c l e s  pe r  
u n i t  voluw! of a i r  having mass i n  t he  range 
m, m + dm and l e t  Im(m.t) be the r a t e  of change 
of  the mass of  a p a r t i c l e  of mass m due t o  gas- 
t o -pa r t i c l e  conversion. When t h e  only process 
occurr ing i s  gas- to-par t ic le  conversion, t he  s i z e  
d i s t r i b u t i o n  funct ion n(m,t) is governed by 

vapor molecule t o  the  su r f ace  of t he  p a r t i c l e ;  the  
r a t e  of a su r f ace  react ion involving the  adsorbed the Of an from an 
vapor molecule and the  p a r t i c l e  s u r f a c e ;  and the  Initial distributions 

r a t e  of a r eac t i on  invoiving the  d issolved 
spec i e s  occurr ing uniformly throughout t he  volume n(r1.0) - n0(3 ( 2 )  
of  t he  p a r t i c l e .  The p a r t i c l e  grovth r a t e s  t ha t  
r e s u l t  i n  t he  t h r ee  cases  can be r e f e r r ed  t o  as under d i f f e r e n t  w d e s  o f  gas-to-particle conver- 
d i f fu s ion -con t ro l l ed ,  su r f ace  react ion-control led ,  s i o n  r equ i r e s  t he  so lu t i on  of equation (1) f o r  
and volume react ion-cantrol led  g r w t h ,  respec- t he  forms of  Im(m.t) corresponding t o  the modes 
t i v e l y .  I n  f a c t ,  i t  has been suggested t h a t  of conversion. 
information about pos s ib l e  chemical conversion Equation (1) can be placed i n  d imns ion l e s s  



form by de f in ing  the dimensionless time and 
p a r t i c l e  mass. 

vhere t is t i n e ,  0 is  the  densi ty  of t he  p a r t i c l e ,  
A is the  mean f r e e  path of the  air, and I& is a 
refexence value of I,. By then de f in ing  the  
reference s i z e  d i s t r i b u t i o n  funct ion n r  and the 
dimensionless g r w t h  r a t e ,  I(p.7) - 1~(rn,t)/1:. 
we obtain  the  dimensionless form of equat ion (1) .  

vhere N(W.T) - n(m,t) /nf. 
The object  of t h i s  vork is  t o  examine so lu t ions  

of equat ion (4) f o r  s eve ra l  forms of the grovth 
law I ( ~ . T ) .  I n  p a r t i c u l a r ,  t h ree  forms of I w i l l  
be s tud ied  corresponding t o  t h ree  d i f f e r e n t  ra te-  
con t ro l l i ng  mechanisms f o r  gas-to-particle con- 
vers ion.  

Diffusion-Controlled Grwth  

The r a t e  of change of the  mass of a p a r t i c l e  
r e s u l t i n g  from d i f fus ion  of vapor molecules of 
species  A t o  the p a r t i c l e  can be expressed as 
(Friedlander.  1977; Se in fe ld ,  1980) 

vhere PA is  the  molecular d i f f u s i v i t y  of A i n  
a i r ,  MA is  the  molecular ve igh t  of A, R i s  the  
i d e a l  gas constant ,  T is  the absolute  temperature, 
pA is the  p a r t i a l  pressure  of A i n  the a i r ,  
is the  vapor pressure  of A j u s t  above the  par- 
t i c l e  surface ,  and 

h e r e  Kn is the  Knudsen n d e r ,  t he  r a t i o  of t he  
mean f r e e  path of the  a i r  X t o  the  p a r t i c l e  
radius  r. The term f(Kn) accounts f o r  the  t ran-  
s i t i o n  beween  the  NO l imi t ing  cases: 

1 Rn + 0 continuum l i m i t  
f ( m )  - (7) 

It KD + m free molecule ltrpit 

The vapor pressure  of A j u s t  above the  su r f ace  
can be r e l a t e d  t o  the p a r t i c l e  mass through the 
Kelvin equat ion,  

h e r e  a is  t h e  su r f ace  tension of t he  pa r t i c l e ,  
is the  molar volume of condensed A, and p ~ g  is  

t h e  vapor pressure  of A over a f l a t  i n t e r f ace  a t  
temperature T. 

Ue def ine  the  s a t u r a t i o n  r a t i o  S - pA/pAO and 
the  reference g r w t h  r a t e .  

Then the  dimensionless growth r a t e  corresponding 
t o  equat ions  ( 5 )  and (8 )  is  

vhere the  dependence on time T e n t e r s  through S 
m d  vhere 

and 

(12) 

In  the  case of so-called pe r f ec t  absorption, 
pAs - 0 ,  and equat ion (10) reduces t o  

The continuum and f r e e  molecule l i m i t s  can be 
examined v i t h  reference t o  equation (13). We 
f i n d  

Surface Reaction-Controlled Grwth  

The second case ve consider is t h a t  of surface  
react ion-control led  g r w t h ,  npnely vhen the r a t e  
of p a r t i c l e  grovth is con t ro l l ed  by the r a t e  a t  
which adsorbed A on the  p a r t i c l e  surface  is con- 
ver ted t o  another  spec i e s  B. Thus, ve take, as 
the  s i n p l e s t  representa t ion of such a s i t u a t i o n ,  
t he  sequence. 

vhere A(s) denotes an adsorbed vapor molecule A 
on the su r f ace  tha t  subsequently is converted t o  
species  B . 

I f  ttre concentra t ion of adsorbed A on the sur-  



face is  cs, and the  r a t e  of conversion t o  B is  
f i r s t  order ,  with r a t e  constant  ks, t he  r a t e  of 
gain  of p a r t i c l e  mass due t o  the  su r f ace  r eac t ion  
i s  4nr21$kscs. At s teady s t a t e  t h i s  r a t e  must 
equa l  the  r a t e  of d i f fus ion  of molecules of A t o  
t he  su r f ace ,  which is  given by equat ion (5). 
mus. 

Let us assume tha t  adsorpt ion equi l ibr ium can be 
expressed by a r e l a t i o n  of the  form, 

Then c can be determined f r w  equat ions  ( IS ) ,  
(16). &d (8) as 

(17) 
When the rate-determining s t e p  is  surface  reac- 

t i on ,  the  second term i n  the denominator of 
equation (17) dominates the f i r s t  term and equa- 
t i on  (17) reduces t o  

The corresponding r a t e  of p a r t i c l e  g r w t h  is  

Defining the reference g r w t h  r a t e .  

we obta in  the  surface  react ion-control led  diuen- 
s i o n l e s s  grovth r a t e  as 

I (u ,T)  = S I A ~ ' ~  e x p ( - K ~ - ~ I ~ )  (21) 

Volume Reaction-Controlled Grwth  

F ina l ly  we consider the  case i n  which the  r a t e  
of g r w t h  is  con t ro l l ed  by the  conversion of 

d issolved A t o  8 second spec i e s  B. The sequence 
can be depic ted as 

If the  concentra t ion of d issolved A is  cv and the  
r a t e  of conversion t o  B is  f i r s t  order ,  with r a t e  
constant  k,, the  r a t e  of gain  of p a r t i c l e  mass 
due t o  volume react ion is  4 rr%k,+. At s teady 
s t a t e  t h i s  r a t e  must equa13the r a t e  of d i f fus ion  
of molecules of A t o  the  p a r t i c l e .  Thus, 

As before ,  we assume t h a t  t he  equi l ibr ium can be 
expressed by 

(23) 

Then cv can be determined from equat ions  (22). 
(231, and (8)  as  

When the  rate-determining s t e p  is  volume reac- 
t i on ,  the  second term i n  the  denominator of equa- 
t i on  (24) dominates the  f i r s t  term and equation 
(24) reduces t o  

cv = exp v 

The corresponding r a t e  of p a r t i c l e  growth is  

Defining the  reference g r w t h  r a t e ,  

we obtain the  volume reaction-controlled dimen- 
s ion le s s  growth r a t e  as 

Dinensionless S i ze  Spectra  Evolution 

We n w  consider s i z e  spec t r a  N(u,T) corre- 
sponding t o  the  th ree  g r w t h  cases j u s t  devel- 



TABLE 1. Dimensionless G r w t h  taws 

Rate-Controlling 
Hechanism 

Diffus ion ~ 1 1 3 [ ~  - e x p ( ~ u - ' / ~ )  ]f(Kn)a 
Dif fus ion u1I3s f(Kn) 

(pe r f ec t  
absorpt ion)  

Surf ace r eac t i on  ~ ~ 1 2 1 3  e x p ( - ~ ~ - I f f )  
Volume reactzoo SV e x p l - ~ , - ~ / ~ )  

oped. The i n i t i a l  d i s t r i b u t i o n  No(u) was adapted 
from one measured i n  a p w e r  p l a n t  plume. (See 
case d i n  Table 3 of E l tg ro th  and Hobbs, 1979.) 
The dimensionless s i z e  d i s t r i b u t i o n s  a r e  pre- 
s en t ed  i n  terms of the dimensionless mass d i s t r i -  
but ion M(logl0 Do,r),  where ( ~ ~ 3 ) ~ n ~ ~ ( l o g ~ ~  Dp,T) 
d loglo Dp i s  the mass of p a r t i c l e s  having loga- 
ri thm of diameter i n  the  range ( l og lo  D p r  loglo  
g + d log10 D p ) .  vhere  loglo  Dp is  understood as 

DIFFUSION - CONTROLLED GROWTH 
Perfect Absorption 

3.5 

Io-' loo 10' 
Dp; p m  

Fig. 1. Dimensionless mass d i s t r i b u t i o n  
f o r  diffusion-controlled,grwth with  p e r f e c t  
adsorpt ion.  

l o g l o ( g l 1  urn). Thus, U i s  r e l a t e d  t o  N by 

For the i n i t i a l  d i s t r i b u t i o n  used, the  value of 
n was chosen s o  t h a t  the  maximum value of 
 flog^^ D O) is 1.0. niis value of nr  is 
1.645 1514 ~~-1-,-3. 

The d i m n s i o n l e s s  g r w t h  l avs  a r e  summarized i n  
Table 1. I t  is  necessary  t o  spec i fy  the  param- 
e t e r s  S and K. The s a t u r a t i o n  r a t i o  S was s e t  a t  
2.878 corresponding t o  a c r i t i c a l  diameter 
D* = &GIRT Pn S of 0.01 um f o r  a s u l f u r i c  ac id /  
v z t e r  ae roso l  a t  25OC. The Kelvin parameter K is 
then equa l  t o  0.1282. Since S is  taken as  inde- 
pendent of time T ,  t he  growth laws I a r e  func- 
t i o n s  of u only. 

Figure 1 s h w s  the  evo lu t i on  of the dimension- 
l e s s  mass d i s t r i b u t i o n  a t  T - 0. 0.2,  0.4,  and 
0.6 f o r  case (1) .  d i f fu s ion -con t ro l l ed  grovth 
wi th  pe r f ec t  absorpt ion.  We see  t h a t  the  smal ler  
p a r t i c l e s  grow p ropor t i ona l ly  f a s t e r  than the 
l a r g e r  m e s .  The dependence of I on p a r t i c l e  
diameter gradual ly  s h i f t s  from $ f o r  t he  smal- 
l e s t  p a r t i c l e s  ( f r e e  molecule reEime) t o  Dp f o r  
t he  l a r g e s t  p a r t i c l e s  (continuum regime), as 
i nd i ca t ed  i n  equat ion (14).  

DIFFUSION- CONTROLLED 
GROWTH 

lo-' d lo' 
DP .llm 

Pig. 2. Mxens ion l e se  raas d i s t r i b u t i o n  
f o r  d i f fus ion-control led  grwth. 



In case (2). d i f fus ion-control led  g r w t h  wi th  a 
non-zero vapor pressure  over the  p a r t i c l e  su r -  
face ,  as s h w n  i n  Figure 2 ,  addi t ion of a vapor 
pressure  leads  t o  a much s l w e r  g r w t h  of t he  
smal ler  p a r t i c l e s  than i n  case (1) i n  Figure 1. 
This,  i n  t u rn ,  reduces the  tendency of the major 
w d e  i n  the e s  d i s t r i b u t i o n  t o  steepen. To 
rmderstand why t h i s  i s  s o  consider e uation (10) 2 which may be expressed i n  terms of I$, as 

where a = ( ~ / 6 ) ~ / ~ ~ - 1 .  Now consider  a p a r t i c l e  
of diameter c lose  t o  Dp* , 1.e..  f o r  which 
(4/Dp* - 1) << clDp/K. Then the  second expo- 
n e n t i a l  i n  equation (30) can be expanded t o  give 

Thus, p a r t i c l e s  c lose  t o  t he  c r i t i c a l  diameter 
grow a t  a r a t e  propor t ional  t o  (Dp - D:). This  

SURFACE REACTION- 
CONTROLLED GROWTH 

to-* lo-' d ID' 

DP, r m  
Fig. 3. D i ~ n s i o n l e . s s  pnss d i s t r i b u t i o n  

f o r  su r f ace  r e a c t i o w c a a t r o l l e d  grovth. 

VOLUME REACTION - CONTROLLED 
GROWTH 

1 

m-= m-' m" 0' 

'51 pm 
Pi%. 4. Dimensionless mass d i s t r i b u t i o n  

f o r  volume react ion-control led  grovth. 

r i t u a t i o n  cun be contras ted v i t h  t ha t  i n  case (1) 
I n  which I - ~ 2 .  

Figures 3 an3 4 s h w  the  evolut ion of the  dimen- 
s ion le s s  mass d i s t r i b u t i o n  i n  cases (3) and (4). 
surface  and volume react ion-control led  g r w t h ,  
respect ively .  I n  t he  case of surface  react ion-  
control led  growth (Figure 3). we note  tha t  t he  
Large p a r t i c l e s ,  f o r  which the Kelvin e f f e c t  is 
neg l ig ib l e ,  grow a t  a r a t e  propor t ional  t o  ~ 2 .  
Recall t h a t  i n  d i f fus ion-control led  g r w t h  t i e  
Smallest p a r t i c l e s  a160 g r w  a t  a r a t e  propor- 
t i o n a l  t o  I$. The l a rge r  p a r t i c l e s  groving by 
d i f fus ion  g r w  a t  s r a t e  propor t ional  t o  Dp. 
Thus,  ve expect t h a t  of N o  continuum regime 
p a r t i c l e s ,  one g r w i n g  by d i f fus ion  and one by 
su r f ace  r eac t ion ,  the  p a r t i c l e  g r w i n g  by surface  
react ion does s o  a t  a g rea t e r  r a t e .  Uhen gas-to- 
p a r t i c l e  conversion occurs by volume react ion.  
large  p a r t i c l e s  grow a t  a r a t e  propor t ional  t o  

I$. Thus, these  p a r t i c l e s  pat more rapidly  than 
i n  e i t h e r  cf i f fus im o r  su r f ace  r eac t ion  cases. 

Zn Figure 5, the  d i s t r i b u t i m s  Erw a l l  t h ree  
l e c h a n i s w  a t  r - 0.4 a re  s h a m ,  providing a 
s~lmmary of the  e f f e c t s  previously mentioned. 
With the  current  non-d imens iona l i~a t ion~  the  
su r f ace  react ion is f a s t e r  than d i f fus iona l  



lo-z lo-! lo0 10' 

Dp* Pm 
Fig.  5. Dimensionless mass d i s t r i b u t i o n s  

f o r  the  t h r e e  grovtb mechanispes a t  T - 0.4. 

g r w t h .  Hwever ,  v i t h  a d i f f e r e n t  non-dimen- 
s i o n a l i z a t i o n ,  d i f f u s i o n a l  g r w t h  could be f a s t e r .  

The l oca t i on  of the main peakc provides an i nd i -  
c a t i on  of the  r e l a t i v e  importance of the grovth 
of smal l  and l a r g e  p a r t i c l e s .  For the  volume 
r eac t i on  case ,  vhere  the r a t i o  of l a rge  p a r t i c l e  
g r w t h  t o  smal l  p a r t i c l e  g r w t h  is  the  g rea t e s t .  
the  p a r t i c l e  diameter a t  vhich the  peak is lo-  
ca ted  is  the g r e a t e s t .  On the o the r  hand, f o r  
d i f f u s i o n a l  g r w t h  v i t h  no  vapor p r e s su re ,  where 
the  g r w t h  of sma l l  p a r t i c l e s  is  the  most impor- 
t a n t ,  the p a r t i c l e  diruneter a t  which the  peak i s  
loca t ed  i s  sma l l e r  than f o r  any of t he  o the r  
cases.  

Application t o  I d e n t i f i c a t i o n  of G r w t h  Hechanism 

The r e s u l t s  of the  previous s e c t i o n  i n d i c a t e  
t ha t  the mechanism of grcuth  of an ae roso l  can be 
i n f e r r e d  from the  evolut ion of its s i z e  spectrum. 
Figure 6 s h w s  th r ee  s i z e  d i s t r i b u t i o n s  a t  tims 
vhen the t o t a l  mass added t o  t he  p a r t i c u l a t e  
phase is the same iseven times the  i n i t i a l  aero- 
s o l  mass). Thus, t he  d i f fp ren t  s i z e  d i s t r i bu -  
t i ons  a r e  s o l e l y  the  r e s u l t  of the mganer i n  
which the  d i f f e r e n t  uechanisms d i s t r i b u t e  m e s s  

MFFUSION GROWTH I1J I ~ r f e c :  : Z i o n )  

lr-I loo 10' 

"PI Pm 
Fig.  6.  Dimensionless mass d i s t r i b u t i o n s  

f o r  t h e  t h r e e  grovth mechanisms vhen t h e  
r a t i o  of mass added by gas- to-par t ic le  
conversion t o  i n i t i a l  mass is  7. 

mong the d i f f e r e n t  p a r t i c l e  s i z e s .  This  ap- 
proach is  use fu l ,  because i n  gene ra l ,  t he r e  may 
be unce r t a in t i e s  i n  the  parameters needed t o  
r e l a t e  T t o  t. 

The d i s t r i b u t i o n  f o r  the  volume r eac t i on  case 
h a s  s i g n i f i c a n t l y  more l a rge  p a r t i c l e s  than any 
other .  Thus, i t  should be f a i r l y  easy t o  d i s t i n -  
guish exper imenta l ly  betveen a  volume r eac t i on  
and the  o the r  mechanisms. On the  o the r  hand, i t  
vould probably be d i f f i c u l t  t o  d i s t i ngu i sh  be- 
ween  the su r f ace  r eac t i on  case and d i f f u s i o n  
g r w t h  v i t h o u t  a  vapor pressure .  It vould prob- 
ably  be impossible t o  d i s t i ngu i sh  experimentally 
between d i f fu s ion  g r w t h  v i t h  a  vapor pressure  
and a  su r f ace  react ion.  
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Abstract-Description of the evolution of the size and chemical compositiotl of aerosols in plumes is 
fundamental to the ability to predict visibility impairment. Previously it has only been possible to predict 
changes in aerosol size distributions in plumes. In this work the first model for pred~cting both size and 
chemical composition evolution of plume aerosols is presented. Coagulation, homogeneous particle 
formation, heterogeneous condensation. and particulate phase chemical equilibria and kinet~cs are explicitly 
included. The model is based on a sectional representation of the size-compos~tion spectrum and 
computation is easy to implement. This model holds promise to be a standard component of all plume 
visibility calculations that require plume aerosol size and composition information. 

NOMENCLATURE 

0, activity of species i, mol (kg water)-' except a, 
which is dimensionless 

a ,  a plume dispersion parameters 
A cross-sectional area of plume, m2 
by, b, plume dispersion parameters 
C, molalit) of species i. mol (kg water)-' 
C [ n ,  n] net rate of change of n by coagulation, 

jpg)-'m-3s-' 
D particle diameter, pm 
Di particle drameter at the upper limit ofsection I, pm 
D i - ,  particle diameter at the lower limit of section I ,  pm 
Y e  Brownian diffusivity, m's- ' 
9 molecular diffusivity, m2 s- ' 
l i  rate of change of component i in a particle due to 

condensation. g s- ' 
k,(M) mass transfer coefficient of species i to a particle 

of mass M, pg s- ' atm- ' 
k ,  first-order rate constant for gas-phase SO, 

oxidation, s -  ' 
'G mean mass transfer coefficient for species i in 

section I, defined by (A.32). atm - s - 
k~~ mass transfer coefficient for species j to a particle 

with mass M, defined by (A.33). qtm-' s- ' 
K equilibrium constant (see Table 1) 
Ki i  turbulent eddy diffusivity in coordinate direction i, 

m2s-I  
K n  Knudsen number, 2i/D 
m number of sections 
"4 mass of component i in a particle, pg 

* Paper presented at the Symposium on Plumes and 
Visibility: Measurements and Model Components. Grand 
Canyon, Arizona. U.S.A. 10-14 November 1980. 

R.H. 
S 

S 
t 
I ' 
II 
6 
H; 
X 

Y, 
z 

Greek 

total mass in a particle, pg 
molecular weight of species i ,  g mol - ' 
size-composition density function, (pg)-* m- 
total aerosol number density. m - =  
partial pressure of species i in gas phase, atm 
partial pressure of species i in gas phase in 
equilibrium with the particle composition, atm 
partial pressure of species i in gas phase in 
equilibrium with the mean particle composition of 
section !. afm 
average mass concentration in section I, pg m- 
total aerosol mass in section 1, pg m - 
total aerosol mass of species i in section I, pg m- ' 
rate constant for species i in section 1, from (dm jdr) 
= r,M,s-' 
rate of change of component i in a particle due to 
intra-particle chemical reaction, pg s -  ' 
relative humidity, >,, 
number of components in the particulate phase 
rate of introduction of particles, (pg)-"m- 's- ' 
time, ses 
plume travel time, x, /Ti,, s 
velocity of air (u,, u,, u,),ms- ' 
generalized velocity in phase space 
setting velocity of a parlicle, m s -  ' 
spatial position vector (x,, x,, x,), m 
gas-phase mixing ratio of species i, ppm 
charge on a species 

coefficients in heterogeneous rate expression, i 
= 1, 2, 3 
intra-sectional coagulation coefficient, defined by 
(A.34, m3 pg-' s-  
inter-sectional coagulation coefficient, defined by 
(A.33, m3 pg-'s- ' 



coagulation coefficient for particle with masses U 
and M, m3 s -  ' 
activity coefficient for species with charge z 
h(M,/J%.-l) 
fractional error 
ratio of the mass of sulfate to the total mass of a 
particle 
conditional function used in (A.26) 
mean free path of air, pm 
standard deviations of plume dimensions, m 
total moiality of HSO;, SO:- ,and Mn2 +, mol(kg 
water) - ' 
(1.333 +0.71Kn-')/(I +Kn-') 

Symbols 
- time average (except for Ti which is a sectional 

average) 
tluctuating quantity 

( ) plume cross-sectional average. 

A mathematical model for visibility impairment from 
either plume blight or regional haze must contain three 
ingredients: (1) a treatment of the advection and 
diffusion of gases and particles; (2) a routine for 
calculating visual range given the atmospheric gas and 
aerosol concentrations, viewing angle, solar angle, etc.; 
and (3) a description of the gas-particle dynamics, 
including the evolution of aerosol size and chemical 
composition. Items (1J and (2) have received consider- 
able attention in visibility and other models. The major 
missing aspect in all current visibility models is a 
detailed treatment of the gas-aerosol dynamin. What 
is usually done is to specify the aerosol characteristics 
on the basis of empirical observations rather than to 
simulate them from first principles. However this 
approach provides little insight into the governing 
mechanisms. The object of this paper i s  to develop and 
present a modei based on first principies for the 
dynamics of atmospheric aerosol size and chemical 
composition and to apply the model to predict aerosol 
size and composition as a function of downwind 
distance in a plume in which SO, is being converted 
homogeneously and heterogeneously to sulfate aero- 
sol. 

Prediction of the effect of changes in p r i m q  
gaseous and particulate emission levels on particulate 
air quality necessitates the development of mathemat- 
ical models that include aerosol processes and gas-to- 
particle conversion. Aerosols that do not change 
properties once in theatmosphere may be treated from 
a modeling point of view as inert gaseous species, with 
due attention to wet and dry deposition. As long as the 
aerosols do not interact or grow in the atmosphere, 
their size distribution is altered only through these 
removal processes which may be accounted for in a 
straightforward manner. However, most atmospheric 
aerosols do interact and grow by gas-to-particle con- 
version and thus more sophisticated approaches must 
be adopted. The prediction of both aerosol size and 
composition is the ultimate goal of aerosol modeling 
efforts and is the issue addressed in this paper. 

Although there exists a large number of reported 
ambient aerosol size distributions (Willeke et al., 1974; 
Willeke and Whitby, 1975; Hidy, 1975; Whitby, 1978) 
as well as efforts to characterize various atmospheric 
aerosol size distributions by empirical relationships, 
such as by sums of log-normal distributions, observed 
atmospheric aerosol size spectra and aerosol com- 
positions have not been predicted a priori. The reason 
for this is twofold. First, until recently it has not been 
possible to solve the general dynamic equation govern- 
ing a coagulating multicomponent aerosol, even with- 
out considering gas-to-particle conversion, sources, or 
removal mechanisms (Gelbard and Seinfeld, 1980). 
Second, the size distribution and chemical compo- 
sition of typical primary aerosols are not adequately 
known, and the major secondary species and their 
chemical and physical routes of incorporation into 
particles have yet to be completely identified. Even 
though not enough is known about the chemistry and 
physics of individual particles to support predictions 
of the evolution of complex atmospheric aerosols, it is 
now possible to attempt to explain the nature of 
atmospheric aerosol size distributions and to begin to 
develop mathematical models capable of relating pri- 
mary gaseous and particulate emissicns to ambient 
aerosol size and chemical composition distributions. 
The model presented in this work will predict aerosol 
size distribution and composition given inputs of gas- 
and particulate-phase chemistry and primary particle 
emissions. Based on the model, light scattering mlcu- 
lations which incorporate both particle sizeand chemi- 
cal composition effects can be used for visibility 
predictions. 

In section 2 we present the basic equations govern- 
ing $he multicomponent sectional plume model. The 
detailed derivation of the model is given in Appendix 
A2. The discussion in k t i o n  2 is aimed er describing 
the essential assumptions needed to obtain the model 
and describing the physical significance of each of its 
terms. In essence, the model represents a temporally 
(turbulent), spatially, and size/compsition-averaged 
form of the fundamental aerosol consewation equa- 
tion Section 3 is devoted to an application of the 
model to a plume aerosol. All phenomena that might 
be expected to be important in a plume are included in 
the example, primarily as a means of illustrating the 
features of the model. The case considered consists of a 
power plant plume aerosol containing an aqueous 
solution of MnSO, that evolves due to absorption of 
SO, followed by liquid-phase catalytic oxidation, 
coagulation, and gas-to-particle conversion of sulfuric 
acid vapor generated by gas-phase oxidation of SO,. 

2. MULTICOMPONENT AEROSOL DYNAMICS 

Gelbard and Seinfeld (1980) have developed a 
general method for simulating the evolution of the 
distribution of chemical species with respect to aerosol 
particle size. The physical phenomena included are: (1) 



coagulation; (2) intra-particle chemical reaction; (3) 
gas-to-particle conversion and (4) particle sources and 
removal mechanisms. Thus, for the first time a tech- 
nique is available for computation of not only the 
evolving size distribution but also the variation of 
chemical composition with particle size. In Appendix 
A1 and A2, a detailed extension of the multicomponent 
sectional technique developed by Gelbard and Seinfeld 
(1980) is presented for a plume aerosol. Therefore, only 
an outline of the logic used to develop the plume model 
follows. 

Consider for the moment a spatially homogeneous 
aerosol in which particle size is characterized by a 
single variable M, particle mass, which is conserved 
during coagulation and intra-particle chemical re- 
actions. By dividing the entire particle size domain 
into m contiguous arbitrarily sized sections and defin- 
ing Q, as the total mass of aerosol per unit volume of 
fluid in section 1 at  time t we have, by definition, 

one can define "a plume time" t' = xl/ii,, where iil is 
the mean speed in the xi-direction. The set of ms 
differential equations governing Q,, is* 

where Q,, is the mass of component i  in section I ,  and s 
is the total number of components in the particulate 
phase. M,- ,  and M, will denote the masses of the 
smallest and largest particles, respectively, in section I. 
Note that M, is arbitrary and the gpper bound of 

Term A represents the net rate of addition of the i-th 
component to section 1 by the heterogeneous conden- 
sation of vapor molecules onto particles within 
section I and by aerosol-phase chemical reactions 

se t ion  1 - 1 is equal to the lower bound of section I for 
I = 2, 3, . . . , m. The model derived in this work 
describes Q,, in a plume. 

occurring in particles of section I .  Term B represents 
the net rate of change of Q,, by condensation and 
aerosol-phase chemical reaction due to the growth of 

A detailed model of QIi as a three-dimensional, time- 
dependent function would clearly be the most compre- 
hensive approach available. However, such a model 

particles in section 1-1 into section I and to the growth 
of particles in section 1 into section I +  1. As a particle 
grows by condensation of vapor o r  as a result of 

would probably be of limited use due to: (1) the scarcity chemical reactions, it may eventually leave its section, 
of detailed aerosol and meteorological data needed to 
justify such a complicated approach and (2) the 
excessive computational requirements of such a de- 

while, a t  the same time, some of those in the lower 
section may grow into that section. Thus, together, 
terms A and B represent the net rate of change of 

tailed model. Furthermore, much insight can be gained component i in section I from intra-section processes 
by using a steady state, spatially and temporally 
averaged plume model that does not have the above 

and growth between sections. 
Terms C and D represent the effects of coagulation. 

shortcomings. Thus, in the proposed one-dimensional, Term C represents the rate of addition of particles to 
steady state model QIi is determined in a n  expanding 
puff traveling with a mean wind velocity. 

The summary of the approximations used to obtain 

section I resulting from all collisions involving particles 
in sections lower than and including section 1 itself. 
Term D accounts for the rate of removal of component 

the model is: 
1. Neglect Brownian diffusion for bulk transport of 

particles. 
2. Time-average and neglect terms containing tem- 

i  from section 1 due to the collision of particles in 
section 1 with those of all other sections. 

Term E represents theeffect of dilution of the plume. 
Finally, term F represents the rate of addition of mass 

poral fluctuations for coagulation a ~ d  condensation. of component i to  section 1 by sources. In the plume 
3. Spatially average in the x,-x, plane for a plume 

traveling in the x,-direction. 
situation, the original source of prticles appears as an 
initial condition on (2), 

Qii(t;) = QE, (3) 4. All particles within a section are approximated as 
being uniformly distributed with respect to the logar- 
ithm of (Dl1 pm) (where D is the particle diameter). 

5. All particles within a section are approximated as 

and ( ) = 0 for all sections I, except possibly for 
I = 1 if new particle formation by nucleation is occur- 
ring as  a source of fresh particles into the first section. 
(It is assumed by this statement that if homogeneous 

being of uniform composition in component i ( i  = 1, 
2, . . . , S) given by Q,JQ,. 
Note that by temporally and spatially averaging, the 
only coordinate upon which Qli depends is x,, the * All symbols are defined in Appendixes, A.l  and A.2 and 

in the Nomenclature section. distance downwind from the plume source. Therefore, 



nucleation is occurring, the particles so formed would 
be of a size such that they would fall within the first 
section. This assumption is, of  course, not necessary; 
fresh particles can be added to any section through 
specification of (Ti ) .) 

Equation (2) is the result of a careful accounting of 
all aerosol processes that add or remove mass of a 
component from a section on the particle size domain. 
The particular form of (2) is that for the plume cross- 
section averaged sectional concentrations, as indicated 
by the spatial averaging brackets, ( ). The coef- 
ficients q, and k p j  are determined based on the gas-to- 
particle conversion processes occurring, whereas rli 
depends on heterogeneous reactions that are taking 
place. The term A- ' dA/dt is determined by the rate of 
expansion of the plume. 

T o  illustrate the application of the multicomponent 
sectional model we now consider predicting the evol- 
ution of a power plant plume aerosol. The example we 
will present is, for the most part, hypothetical. With the 
introduction o f a  new model such as that just described 
it is important that the first application be an example 
that is carefully defined and for which the calculations 
may be repeated by others interested in using the 
model. In the example that follows we have en- 
deavored to include all important phenomena that 
influence a plume aerosol. The initial aerosol size 
distribution is taken from the plume field data re- 
ported by Eltgroth and Hobbs (1979). The com- 
position of the initial aerosol is assumed to be an 
aqueous MnSO, solution, for which an empirical 
expression is available for the rate of oxidation of 
dissolved SO, to sulfate. All parameters that need to be 
specified are set at atmospherically relevant values. 
Thus, while the calculation does not correspond to an 
actual plume, each element of the model is treated 
reaiisiically so ihat applicaiion to an actuai field 
situation in which the particles consist of aqueous 
solutions follows from that presented here. 

3. APPLICATIO% TO POWER PLANT PLUME 

AEROSOL 

We consider the problem of predicting the evolution 
of the aerosol size and composition distribution in a 
power plant plume. Upon emission from the stack, we 
assume that the primary aerosol consists of an aqueous 
MnSO, solution and that the gas contains SO,. As the 
plume is carried downwind and disperses, the SO, is 
both absorbed by the plume aerosol particles and 
converted to H,SO, vapor by gas-phase chemistry. In 
the particles, the dissolved SO, is catalytically oxidized 
to sulfate (SO:-), while, at the same time, the sulfuric 
acid vapor molecules from the vapor phase SO, 
oxidation are absorbed by the particles. Particle 
growth occurs due to  the water vapor pressure lower- 
ing effect of the sulfate formed in the particles. The 
ambient relative humidity and temperature are as- 

sumed t o  be known, as  is the background con- 
centration of NH,. Il is desired to  predict the distri- 
bution of all the dissolved aerosol species with particle 
size as a function of downwind distance. 

Although the specific conditions of our example d o  
not correpond to those of a particular plume, they have 
been chosen to reflect as closely as  possible the 
situation in an actual plume. Only the gas-phase 
conversion of SO, to  H,SO, will not be treated in 
detail, as  this step is only of peripheral interest to the 
model. In particular, the gas-phase oxidation of SOZ is 
treated as first-order in SO,, with the rate of formation 
of H,S04 vapor given by 

It is necessary to  specify the following parameters to  
exercise the model: = the section average coefficient 
for gas-to-particle conversion of component i ;  ( F i  ) 
= the mean partial pressure of each condensing 
component; p,, = the partial pressure of component i 
in equilibrium with the particles in section I; rli = the 
rate constant for production of component i by intra- 
particle chemical reaction in section 1 ;  'Ti,,,, T,, = the 
sectional coagulation coefficients; and ( l / A )  (dA/dtf) 
= the. rate of plume expansion. In addition, the 
number of species, s, and the number m and jocations 
of the sections must be specified. 

Physically, the plume aerosol consists of aqueous 
droplets containing MnSO,, in the amount specified as 
initially present, together with the other components 
that result from the dissolution of SO,, N H ~  and 
H,S04 in the droplets. The time needed for equilib- 
rium to be established between the gas and liquid 
phases is much shorter than that for coagulation or  
formation of sulfuric acid. Therefore, all the liquid- 
phase compositions, except those of M n Z +  and SO:-, 
aredetermined by equilibrium with the gas phase. That 
is, once the concentrations of Mn2+ and SO:- are 
specified, the entire composition of  the particle is fixed 
through chemical equilibrium. As a result, Mn2+ and 
SO:- are the only two components for which the 
multicomponent sectional equations are needed, i.e. 
s=2. The calculation proceeds as if the particles consist 
solely of MnZ'  and SO:-, although the particles are 
considerably more complex, and the parameters listed 
above must be determined on the basis of the actual 
particle composition. The dependent variables in the 
model are Q,,  and Q12, where 1 refers to manganese 
and 2 to sulfate. 

The gas-phase species are SO,, NH,, H,O and 
H,S04. The ammonia and water concentrations are 
assumed uniform and constant. The SO, concen- 
tration decreases with distance due to plume dilution 
and conversion to H,SO,. The production of sulfuric 
acid vapor is described by (4). The droplet-phase 
concentrations of  SO,, NH, and H,O are those in 
equilibrium with their prevailing gas-phase concen- 
trations. Transport of sulfuric acid vapor to the par- 





Table 1. Equilibrium constants for the aqueous SO,-NH, system* 

Reaction Equilibrium constant t Value @ 298 K 

H,O # H +  + O H -  
atf'aOH- K, = ---- 1.008 x 10- '* (mol kg-')' 

a, 
aSO,.H,O 

SO,(g)+H,O &SO,.H,O K, = - 1.231 mol kg-' atm- ' 
PSO1"w 
a~ ~ H S O ;  

SO,. H 2 0  * H + + HSO; K,,=------- 1.717 x 1 0 - Z m ~ l  kg-' 
"SO,-HIO 

aH- aSO:- 
HSO; # H +  +SO:- K,=- 6.0139 x 10-smol kg-' 

OHSO; 
~ N H , . H , O  

NH,(g)+H,O *NH, .H20 K, = ---- 57.46 mol kg-' atm- ' 
PNH& 

~NH;%H- 
NH,.H,O #NH: + O H -  Kt,, = - 1.798 x lo-' mol kg-' 

~NH,.H,O 
a~'aS0:- 

HSO; *SO:- + H +  K, = --------. 1.014 x 10-2 mol kg-' 
aHSO; 

* Reference: Wagman er al. (1968) 
t Water activity a, = R.H./100, where R.H. is 

Equations (13) and (14) may be solved iteratively as 
follows. First, values of cH+ and I are assumed. 
Using the assumed value of I, the activity coefficients 
may be calculated from (12). The values of cH+ and I 
are determined by iterating on (13) and (14). 

The total mass of the particle is now available since 
the masses of M n 2 +  and SO:- are known together 
with their molalities. Finally, the volume of the particle 
can be calculated from 

where r., is the molal volume of the i-th component. 
Values of r., were calculated from data in International 
Critical Tables (1928), Klotz and Eckert (1942) and 
Lindstrom and Wirth (1969). 

4. RESULTS OF PLUME SIMULATION 

Figures 1-7 show the results of the calculations 
performed. In each figure the component mass con- 
centrations are referred to  the left-hand ordinate. The 
component mass concentrations are indicated by the 
shaded regions on each bar representing a section. The 
difference between the mass represented by the shaded 
regions and the total mass is that of water. In all cases, 
water comprises at least three-fifths of the mass of each 
section. Ten sections (m = 10) were used in the com- 
putations*. The sections were selected according to Do 
= 0.01 pm, Dl, = 5 pm and D,iD, - , = 1.86. 

* Results simiiar to those presented here were obtained 
using 20 sections. 

the relative humidity in %. 

Figure 1 shows the assumed "initial" size-com- 
position distribution at 1 km. The "initial" distribution 
was chosen based on data reported by Eltgroth and 
Hobbs (1979) for the Centralia plume on 22 
September, 1977 (entry (d) of Table 3 of that work). In 
addition, we have assumed that the initial plume 
aerosol consists of an aqueous solution of MnSO, in 
equilibrium with a relative humidity of 90%. This 
relative humidity was taken to be constant over the 
length of the plume. A uniform background concen- 

toL 10 1 o5 10 

Particle diameter, pm 

Fig. 1. Aerosol mass distribution at a distance of 1 km 
from the source. S(IV) refers to the total concentration 
of sulfur in oxidation state four, i.e. SO;H,O, HSO; 
and SO:-. S(V1) refers to the total concentration of 
sulfur in oxidation state six, i.e. SO:- and HSO; .NH, 
refers to  the total concentration of NH,.H,O and 

NH:. 



tration of NH, of 0.05 ppm was assumed. At 1 km, the 
concentration of SO, in the plume was taken to be 
1.2 ppm. As the plume is diluted, the SO, concen- 
tration is reduced accordingly. (Sulfur dioxide is also 
depleted by pas-phase conversion to sulfuric acid and 
by absorption into the particles.) 

Three cases were studied: 
(i) Case 1 (Figs 2-3): n o  reactions, coagulation, 

dilution. 
(ii) Case 2 (Figs 4-5): liquid-phase reaction only, 

coagulation, dilution. 
(iii) Case 3 (Figs 6-7): all phenomena included; gas- 
and liquid-phase reactions, coagulation, dilution. 

In each case, the size-composition distributions at 2 
and 10 km downwind are shown. A common feature of 
each of the three cases is the depletion of the two low- 
est sections ( D o  = 0.01 pm, D, = 0.0186pm, D, 
= 0.0346pm) due to coagulation with larger particles. 
Because we have not assumed that homogeneous 
nucleation is occurring, there is no source of fresh 
particles to  replenish the two lower sections. 

Case 1 shows the effects of coagulation and dilution 
on the size distribution. N o  reactions were assumed to 
be occurring. Section 4, centered around 0.1 pm dia., 
initially has the highest mass concentration. As the 
plume is carried downwind, dilution reduces the mass 
concentrations in all sections equally. Dilution is 
accounted for by the term A - ' d Aid[ '. This term can 
be specified based on the conventional s, and a, 
parameters for the Gaussian plume equation. In this 
work, the Pasquill-Gifford (P-G) u, and a, parameters 
for neutral conditions were used. If the plume area A is 
taken as proportional to  the product, a,a,, then 

Fig. 2. Aerosol mass distribution at a distance of 2km 
from the source resulting from coagulation and dilution 

of the distribution of Fig. 1.  

Fig. 3. Aerosol mass distribution at a distance of 
10 km from the source resulting from coagulation and 

diiution of [he distribution of Fig. 1. 

Fitting functions of the form, a, = a,(t')4 and a, 
= a,(t')b* to  the P-G neutral curves, we obtain 

1 dA 1.4 -- = - 
A d r '  r '  ' (17) 

From I to  lOkm, the plume is diluted by a factor of 25. 
The size distribution evo!ution in Figs 1-3 can be 

explained on the basis of the combined effects of 
dilution and coagulation. Particles in sections 1 and 2 
are continually depleted through coagulation with 
those in higher sections. Conversely, the other sections 
gain mass by the same process. This effect is greatest 
for the smallest sections. For example, from 1 to 10 km, 
coagulation reduces the amount of mass in the first 
section by a factor of almost three. On the other hand, 
for the sixth section coagulation adds less than 1 7; of 
the final mass. Dilution simply lowers all concen- 
trations equally whereas coagulation produces a shift 
toward the upper end of the spectrum. 

Figures 4 and 5 show the mass distributions at 2 and 
lOkm when the manganese catalyzed liquid-phase 
oxidation of dissolved SO, is occurring. in addition to  
coagulation and dilution. In each section, the rate of 
formation of sulfate, expressed as a percentage of the 
total particle mass, depends only on the internal 
concentrations. Since the internal concentrations are 
initially equal for all sections. an equal percentage of 
the total mass of each section is added as sulfate with 
downwind distance. Thus, for example, at 2 km, the 
SO:-, M n Z 7  , NH: , etc. fractions of the total mass of 
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Fig. 4. Aerosol mass distribution at a distance of 2km 
from the source resulting from coagulation, dilution, 

and liquid-phase oxidation of dissolved SO,. 
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Fig. 5. Aerosol mass distribution at a distance of 
lOkm from the source resulting from coagulation, 
dilution, and liquid-phase oxidation of dissolved SO,. 

each section are equal. The values of these fractions 
change with downwind distance but remain uniform 
across the sections. At the rate of sulfate formation 
predicted by (7), the quantity of sulfate formed in each 
section is not large enough to alter substantially the 
total mass distributions from Case 1. For example, a t  

Fig. 6. Aerosol mass distribution at a distance of 2 km 
from the source resulting from coagulation, dilution, 
hquid-phase oxidation of dissolved SO,, and gas-to- 
particle conversion of H,SO, vapor formed by gas- 

phase oxidation of SO,. 

10 km, particles in Section 4 contain approximately 
0.08 pg m - of sulfate,. as compared to a total mass 
concentration in Section 4 of about 0 . 2 4 ~ g r n - ~ .  

Case 3 (Figs. 6 and 7) includes all the phenomena of 
interest. Gas-phase oxidation of SO, to  H,SO, is now 
assumed to occur, with a first-order rate constant k, 
= 0.05 h -  '. The sulfuric acid vapor is absorbed by the 
particles, directly contributing sulfate to that being 
formed in the liquid-phase by the manganese catalyzed 
oxidation. We note that for the specific parameters of 
our study, this gas-phase oxidation rate dominates that 
in the liquid phase. For example, at lOkm, particles in 
Section 4 contain about 10pgm-3  of sulfate, as  
compared with about 0 . 0 0 8 ~ g r n - ~  in the previous 
case. Because of the hygroscopicity of sulfate, a large 
amount of water is associated with the particles. Thus, 
the total mass concentration of particles in Section 4 in 
this case is about 4 0 ~ g m - ~ ,  as compared with 
0.24 pg rn- in Case 2. When the sulfate is being added 
by gas-to-particle conversion, more sulfate per unit 
mass is added to the smaller particles. 

Recall that sections are defined in terms of M, the 
total mass of metal and sulfate, rather than in terms of 
particle diameter. Thus,as the composition of a section 
changes, its boundaries, expressed in terms of particle 
diameter may change. This happens in Fig. 6. From 
1 km to 2 km a large amount of sulfate from the gas 
phase is deposited on the drop. Thus, the main 

This sulfate refers to that formed by reaction beyond 
that present initially as MnSO,. 



196 
X = I O ~ ~  bution of plume aerosols has been presented and 

applied to a hypothetical, yet realistic, example of a 
power plant plume aerosol. The evolution of the 
aerosol size and composition distribution averaged 
across the plume has been calculated as a function of 
down wind distance. Upon emission, the aerosol was 
assumed to consist of aqueous droplets of MnSO,. 
During transport downwind and dilution, the plume 

- particles interact by coagulation and grow due to 
'5c liquid-phase catalytic oxidation of dissolved SO, and 

gas-to-particle conversion of sulfuric acid vapor for- '"" : med by the gas-phase oxidation of SO,. Based on the 
work of Gelbard and Seinfeld (1980), the model 

5 0  consists of a set of ordinary differential equations for 
E QQ the mass of component i in section I ,  where the 

aerosol size spectrum has been segmented into m 
sections ( I  = 1,2, . . . , m). The set of ordinary differen- 
tial equations is solved by standard methods. The 
model presented in this work has the unique capability 
of simulating both the aerosol size and composition 

10- 10 10 10 distributions and therefare can be used as an aerosol 
Por*~cie diameter, prn dynamics component of detailed plume models. 
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example, that the lower boundary of the first section 
becomes larger than 0.01 um. Davies C. W. (1938) The extent of dissociation of salts in - 

The ratio of sulfate added to the particles by gas-to- 
particle conversion to that produced by heterogeneous 
reaction decreases as particle diameter increases. Thus, 
eveE though on an overall basis, for the particulx set 
of parameters chosen here, the gas-phase oxidation of 
SO, is more important than that in the liquid phase, 
internal reaction dominates the rate of sulfate pro- 
duction in large particles. 

The rate of liquid-phase sulfate formation is second- 
order overall, being proportional to the product, 
ySO,Q,. (If ySO, greatly exceeds 200 ppm, the value of a, 
in the rate expression (6), the rate becomes inde- 
pendent of yso2. In the situation considered here, SO, 
concentrations are well below this value.) On the other 
hand, the homogeneous conversion of SO, to H,SO, 
is first-order. As the plume is diluted, the rate of the 
heterogeneous reaction is quenched relative to that of 
the first-order reaction, a phenomenon that has been 
discussed in detail by Freiberg (1978) and Schwartz 
and Newman (1978). As a result, the particle size at 
which homogeneous and heterogeneous sulfate pro- 
duction mechanisms are roughly equal increases with 
downwind distance. 
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APPENDIX At:  M O D E L  DEVELOPMENT 

Derirarion of the equarion gorerning rhe mean aerosol sire- 
composit~on drstribution function in a plumejrom a conrinuous 
point source 

Let M denote the total mass ofa particle. Let m, be the mass 
of the i-th component in the particle. Let m = (m,, . . . , 
m, _ ,), where the particle has s components. Note that m, has 
been omitted from the m vector, because it is fixed once the 
rest of the m,'s are given, i.e., 

Then. let n(m, M,x, t)dm, . . . dm,_, dM be the number of 
parl~cles havrng total mass M in the range [EM, M +dM], 
mass of component i, m, in the range [m,, m, +dm,], i = 1, 
2, . . . , s - 1, at locat~on x at time t. The rate of change of n is 

Using the divergence theorem in s +  3 dimensiori, :he 
driftine term is 

where 

Here, u = (u, ,  u,, u,) is the velocity of the air and w, = w,(M) 
is the settling veloc~ty. 

Let R,(m, M )  and l,(m. M, x, r) represent the net rate of 
change of component i in a particle due to intra-particle 
chemical reaction and condensation, respectively. Note that I, 
is the rate of condensation minus that of evaporation. Then 

and 

where 

Sm, 
-= 1, + R,, 
St 

' 
R T =  C R,. 

i = l  

The coagulation term in (A.2) may be written as 

where B(C'. M )  is the coagulation coefficient for particles with 
masses U and M. Note that n(m, U, x, t )  = 0 if 

Because of this cond~tion, the limits on the integrals in (A.8) 
can be extended from - cc to cc as n is zero whenever any of 
the m,'s are negative. 

The Brownian diffusion term in (A.2) is given by 

where liB is the Brownian diffusivity. However, transport by 
Brownian diffusion is negligible compared with that of 
turbulenr diffusion, and this ferm can be neglected. Finally, let 
S(m. M. x, I )  represent the source term in (A.2). 

We now time average (A.2) and use an overbar to denote the 
average values. Let C[n, n] denote the coagulation term of 
(A.8). T ~ m e  averaging gives 

an = - I  s 
- = -  Z =--If;ri+Iln'+~,~) 
21 ,, , om, 

d + C[R, ii] + C[n', n'] +S+ - w,R. (A.10) 
dx, 

In general, 1, can be expressed as 

where ki(M) is a mass transfer coefficient, p, = pi(x, I) is the 
partial pressure of species i in the bulk fluid, and p,, is the 
partial pressure of I just above the particle surface in 
equilibrium with that in the droplet. 

We will assume that the stochastic coagulation term is 
small compared to the mean coagulation rate, 

c[q f i ]  B C[n', n'], 

and that the turbalent species fluxes can be represented by 
eddy diffusivities, 

a -  aii - uin' = -Kii  -. 
axi Sx, 

Seinfeld and Rarnabh&an (1975) considered the stochastic 
condensation term, I,'n', and showed that this term is 
generallj negligible compared with I,n, and i t  will henceforth 
be neglected here. 

Using these assumptions in (A.lO) gives 

= - ' E  - = - z - [kitM)(h-p,e)l+ Rin 
Sr ,, , am, 1 

d a 
- i 1 = I - (u ,n -Ki ,E)+C[n .n l+3+-w ,r  ax, axi 8x3 

(A. 12) 



This is the general equation governing the mean aerosol size- 
composition density function in the atmosphere. 

We wish toapply this equation to typical plume geometries. 
Define the plume cross-sectional averages, 

( f i , ) = A j ~ f i ; ( x l . ~ ~ . ~ 3 ) d ~ ~ d x ~ .  A (A.13) 

where A = A(xl) is the cross-sectional area of the plume at  
downwind distance x, . 

We now average (A.12) across the cross-section of the 
plume. In general, R, will be independent of x so 

1 j jR,rdx2dr,  = R~ (R) .  (A. 1s) 
A 

It will be assumed that* 

j j f i , ~ d x , d r ,  = (fi,) ( R ) .  (A. 16) 
A 

Consider next theadvection term. Assume that both i3, and ii, 
are zero. Further. assume that ii, is constant across the plume. 
The advection term becomes 

Next, we consider the turbulent diffusion term. It is 
customary to neglect the xl-term [the "slender plume a p  
proximation"). Choose the region of integration so that the 
gradients of ( t i )  vanish at the boundaries. Thus, the entire 
turbulent diffusion term vanishes from the spatially averaged 
equation. 

For the coagulation term, assume thatt 

(C[R,R]> = C [ ( R > ,  (">I.  (A. 18) 

Let (S )  represent the cross sectional average of the source 
term and neglect the settling term (restricting our analysis to 
aerosols of dia. 1 pm and smaller.) 

We are interested in steady state conditions. However, in 
the case of a plume. x, and "time" are related, so we can define 
a new "time" variable, t' = x, /El. Note that I' is the time a 
parcel of fluid has been in the plume. 

Thus, (A.12) becomes for a continuous plume, 

* The error introduced by this assumption can be esti- 
mated by assuming Gaussian profiles for both p and n. The 
fractional error is defined as E = @,ti) - (fi,) (R)/(fiiR). 
If the area A is selected to include 75 Yb of the plume mass, E 

= 0.13. If A is chosen to include 80y,0 of the plume mass, E 

= 0.17. 

t The error introduced by this assumption can be esti- 
mated from a typical plume cross-sectional profile for total 
aerosol number density, N(cm-7). The fractional error is 
given by E = ( ( N 2 )  - ( A ' )  (N) / (N2  )). For example, 
using the distribution from Fig. 19 of Eltgroth and Hobbs 
(1979), E was found to be 0.07. 

APPENDIX A.1: DERIVATION OF THE SECTIONAL 
EQL'ATIONS 

The numerical solution of (A.19) poses a difficult problem. 
If the size spectrum is divided into a set of sections. over each 
of which the particle composition is assumed to be uniform, 
then (A.19) can be converted to a set of ordinary differential 
equations that are easy to solve and implement. 

To sectionalize (A.19), multiply (A.19) by mi and integrate 
over M from Mi- ,  to M, and over all m. Let$ 

Ql, = IMi Ia . . . j5 mi(R)dmdM. (A.20) 
Mi-, - a  - (L 

QI = jMf j5 . . . I* M (n)dmdM.  (A.21) 
Mi-1 - m  - T2 

(Ti) = IMi I:s . . . I:E m, ( 3 ) d m d M .  (A.12) 
Mi-1 

Consider the first term of (A.19). After multiplying by m, 
and integrating, it is of the form 

Similarly, the second summation becomes 

Consider the coagulation term C[ (R),  (fi)], 

. . . I:amf~[(ff). ( r ) l d m d M  

= . . . I f f i  m,B(U,M-U) 
2 -, - E 

(R(m-C,M-U,!')) 

(fi(t, U ) )  (R(m, M))d tdmdUdM.  (A.25) 

In the first integral, change variables. Let = m - t and W 
= M - U. Introduce the function defined by 

1 if the condition is true 
@(condition) = 

0 otherwise. 

Witb the above substitutions, (A.19) becomes 

$ Notational consistency would dictate that Qli be written 
as (D!,), denoting both temporal and spatial averaging. 
For simplicity, we neglect the overbar and brackets on Q,i and 
Q, . 



In the above equation, the first term on the right represents 
the total mass of i added to particles within the section by 
condensation and reaction. The second term represents the 
change in i due to growth into or out of section 1. 

In order to put (A.26) into closed form, it is necessary to 
know the behavior of (ii(M,m)) as a function of M. 
Unfortunately, the only quantity that is known in B given 
section is the average value of ( f i )  in that section. Since 
particle mass, rather than the number of panicles, is con- 
served, it will be assumed that particle mass, not number, is 
uniformly distributed. In addlt~on, since experimental data 
are usually plotted against the logarithm of particle diameter, 
it will be assumed that particle mass in a section is evenly 
distributed in terms of the logarithm of diameter. The cuwe 
for the actual mass distribution is approximated by a 
horizontal line, M (dN jd log D)  = q,(t)*. in each section, 
where q,(r)  is the average mass concentration in the section. In 
terms of ( F i  ). this becomes 

Using (A.27) in (A.21) gives 

Assuming that the composition of all particles within a 
section is uniform, we have J:= . - . I: ki(M)pi. <n )dmdM = hi0 

JM' J5 . . . Ja i i ( ~ ) ( n ) d m d ~ .  (A.~o) 
Mi-I -5 -a 

where p,,, is the value of p,, evaluated at the mean particle 
mass and composition of section 1. We express the rate of 
heterogeneous reaction R, as rl,M in evaluating the second 
term in the integrand of (A.26). 

The second term in (A.26) is to be evaluated between the 
upper and lower limits of the I-th section. There is some 
ambiguity about how the values at the limits related to the Q,,, 
which are averages over the entire section. As mentioned 
previous\), this term represents the effect of particles growing 
into the next larger section. This rate will bedetermined by the 
conditions in the section the particles are leaving. Thus, the 
upper and lower limits of this term will be evaluated using 
quantities in the I-th and (I- l t t h  sections, respectively. 

W~th  these assumptions, (A.26) becomes 

where 
01 

QI@) = q,(t)log-, (A.28) 
4 - 1  (A.32) 

where D, is the particle diameter corresponding to MI. Using 
(A.27) In (A.28) gives k . = ----- kj(M,) , (A.33) 

Q " MAq 
( ~ ( m ,  M ? )  = -.-L- 1A.29) 13jF = 

M ~ A ~  ' (JL 

MI M~ B(U,M)O(M,-, c L r + M < M , )  
where A, = In -. dU dM, u M A ~ A ~  

M I - ,  (A.34) 

Througout this paper, 1ogD is used as a shorthand 
notation for log(Dj1 pm). 
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SUMVARY AND CONCLUSIONS 



Summary and Conclusions 

A study has been made o f  atmospheric aerosols .  T h i s  s tudy has invo lved  

model ing b o t h  t h e  thermodynamics and k i n e t i c s  o f  these aerosols .  

I n  t h e  thermodynamic study, c o r r e l a t i o n s  were developed f o r  t h e  chemi- 

ca l  p o t e n t i a l s  p resen t  i n  t h e  sulfate/nitrate/ammonium/water system. The 

behavior  ob ta ined  us ing  these c o r r e l a t i o n s  was checked a g a i n s t  experimental 

data. The agreement was good. These c o r r e l a t i o n s  can e a s i l y  be extended t o  

deal w i t h  more compl ex systems. 

Then, u s i n g  these c o r r e l a t i o n s ,  a  computer code was w r i t t e n  t o  p r e d i c t  

t h e  e q u i l i b r i u m  behavior  o f  t h e  system. Th is  code accepts as i n p u t s  t h e  

t o t a l  concentrat ions o f  s u l f a t e ,  n i t r a t e  and ammonia, as w e l l  as t h e  temper- 

a t u r e  and r e l a t i v e  humid i ty .  I t  then outputs  t h e  amount o f  aerosol present ,  

i t s  composit ion, and phys ica l  s t a t e  ( l i q u i d  o r  s o l i d ) .  T h i s  program was 

t e s t e d  over  a range o f  cond i t i ons ,  and t h e  r e s u l t s  were discussed. 

The n e x t  s tep  was t o  extend these r e s u l t s  t o  t h e  case where t h e  e f f e c t  

o f  p a r t i c l e  cu rva tu re  on vapor pressure, t h e  so -ca l led  K e l v i n  e f f e c t ,  i s  

impor tant .  As a r e s u l t ,  i t  was determined t h a t ,  except f o r  water, t h e  

impact o f  t h e  K e l v i n  e f f e c t  on t h e  t o t a l  composit ion o f  t h e  aerosol i s  neg- 

l i g i b l e .  Even i n  t h e  case o f  water, f o r  t h e  cases s tudied,  t h e  change i n  

t h e  t o t a l  amount o f  water  present  caused by i n c l u d i n g  t h e  K e l v i n  e f f e c t  was 

l e s s  than e i g h t  percent.  However, t h e  K e l v i n  e f f e c t  d i d  a l t e r  t h e  composi- 

t i o n  o f  t h e  sma l le r  p a r t i c l e s  r e l a t i v e  t o  t h e  l a r g e r  ones. S p e c i f i c a l l y ,  

i t  tends t o  s h i f t  ammonium and n i t r a t e  f rom t h e  sma l le r  p a r t i c l e s  t o  the  

l a r g e r  ones.. T h i s  exp la ins  why n i t r a t e  tends t o  be found i n  l a r g e r  par- 

t i c l e s  than s u l f a t e  (Appel e t  a l . ,  1978). 



The second area covered i n  t h i s  s tudy i s  aerosol  k i n e t i c s .  F i r s t  o f  

a l l ,  a s tudy was made of t h e  case where coagu la t ion  i s  n o t  impor tan t .  As 

a r e s u l t  o f  t h i s  study, i t  was shown t h a t  t h e  e v o l u t i o n  o f  an aerosol  

d i s t r i b u t i o n  can be used t o  i n f e r  t h e  mechanism o f  s u l f a t e  p roduc t ion .  

Then, a model was developed f o r  t h e  e v o l u t i o n  of aerosol  s i z e  and 

chemical composit ion by coagu la t ion  and condensation o f  one o r  more gaseous 

species and by aerosol-phase chemical r e a c t i o n .  T h i s  model uses t h e  sec- 

t i o n a l  method. I n  a d d i t i o n ,  i t  a l s o  inc ludes  s i m p l i f i e d  thermodynamics. 

The most impor tan t  r e s u l t  o f  t h i s  study was t h e  development o f  two 

l a r g e  computer codes t o  p r e d i c t  t h e  thermodynamics o f  t h e  atmospheric s u l -  

fate/nitrate/ammonium/water system. These programs have been t e s t e d  under 

a wide v a r i e t y  o f  cond i t i ons .  They can be incorpora ted  i n t o  l a r g e r  codes 

s imu la t ing  t h e  k i n e t i c s  o f  t h e  system. 
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INTRODUCTION 

This report  describes a computer program f o r  calculating the  equilibrium 

i n  a system containing t h e  f o \ \ w i n g  components: 

l iquid  phase: NH:, H', HSO;, SO:-, NO;, HZO 

so7 id  phases : NH4HS04, ( N H ~ ) ~ H ( S O ~ ) ~ ,  (NH4)2S04 

NH4N03, (NH4) 2SOq* 2NH4N03 

(NH4)2S04 3NH4N03 

gas phase: N H 3 , H N 0 3 ,  H2SO4, H20 

This system consis ts  of 13 chemical equi l ibr ia  involving 17 species 

(Table 1). Which of the  possible equi l ibr ia  a r e  relevant in  a given s i tua-  

t ion  depends on which of the  species a r e  present. The speci f ica t ion of the  

system i s  completed by four  mass balance re la t ions  f o r  the  to t a l  quant i t ies  

of NH3, HN03, H2SO4 and H20. The program determines the  chemical equilibrium 

operationally by solving a s e t  of nonlinear algebraic equations. Exactly 

which equations must be solved i s  something which must be determined during 

the  course of the  calculation.  

The quant i t ies  determined by the  program a r e  the  17 concentrations: 

3 where ni i s  the.concentration of species i i n  vnol/m of a i r .  The actual 

calculation i s  carried out in  terms o f  t he  mola l i t ies  



where Mw i s  t h e  mo lecu la r  we igh t  o f  water.  

DEFINITION OF THE PROBLEM 

The bas ic  c o n d i t i o n  f o r  e q u i l i b r i u m  i s  t h a t  t h e  t o t a l  Gibbs f r e e  energy 

GT of t h e  system should be a  minimum. Thus, t h e  problem i s  

min GT 
n 

(1) 
i 

sub jec t  t o :  a )  conservat ion o f  mass 

b )  n .  > 0 a l l  i 
1 - 

The problem can be s f m p l i f i e d  by i n t r o d u c i n g  5, t h e  v e c t o r  o f  ex ten ts  - 
of r e a c t i o n ,  such t h a t  ni can be expressed as 

where nio i s  t h e  i n i t i a l  va lue  o f  ni, and v i s  t h e  m a t r i x  o f  s t o i c h i o m e t r i c  

coe f f i c ien ts .  The use o f  t h e e x t e n t s o f  r e a c t i o n  a u t o m a t i c a l l y  s a t i s f i e s  

conservat ion o f  mass. The r e a c t i o n s  a r e  chosen as shown i n  Table 1. Note 

t h a t  t h e  i - t h  r e a c t i o n  i s  associated w i t h  t h e  fo rmat ion  o f  ni f rom the  gas 

phase components. 

I n  general,  t h e  s o l u t i o n  t o  the  m in im iza t ion  problem (1)  w i l l  l i e  on 

one o r  more o f  t h e  c o n s t r a i n t s  (b) .  That i s ,  n o t  a71 o f  t h e  p o s s i b l e  spe- 

c i e s  w i l l  be present.  For  example, by t h e  Gibbs phase r u l e ,  a t  most two o f  

t h e  s i x  p o s s i b l e  s o l i d  phases w i l l  be present  a t  one time. The c r i t e r i o n  

f o r  when ni = 8 . f o r  some i i n  t h e  s o l u t i o n  i s  t h a t  t h e  change i n  GT must 

be p o s i t i v e  whenever ni i s  fonned. For  a  species f o r  which ni i s  p o s i t i v e ,  



t h e  change i n  GT whenever an i n f i n i t e s i m a l  amount o f  ni i s  formed must be 

zero. Thus, t h e  c r i t e r i a  f o r  e q u i l i b r i u m  become 

g. . 0 
1 - f o r  ni = 0 

where gi = (aGT/agi) = .T vjiuj. Thus, i t  f o l l o w s  t h a t  t h e r e  a r e  two p a r t s  t o  

t h e  c a l c u l a t i o n .  F i r s t ,  i t  must be determined f o r  which species ni i s  zero. 

Then, t h e  system o f  equat ions (3 )  must be so lved f o r  t h e  remain ing species. 

E x p l i c i t  expressions f o r  t h e  gi f o r  t h e  system o f  i n t e r e s t  a r e  g iven  

i n  Table 2. Note t h a t  f o r  t h e  l i q u i d  phase species, gi depends on t h e  i o n i c  

s t r e n g t h  I. However, i o n i c  s t r e n g t h  i s  o n l y  de f ined  when t h e r e  i s  a  l i q u i d  

phase present .  T h i s  problem i s  reso lved  by r e q u i r i n g  t h a t  the re  always be a 

c e r t a i n  minimum amount o f  water  present,  chosen small  enough n o t  t o  s i g -  

n i f i c a n t l y  a f f e c t  t h e  c a l c u l a t i o n  of t h e  composit ion o f  t h e  o t h e r  phases. 

NUMERICAL SOLUTION OF THE EQUILIBRIUM PROBLEM 

The e q u i l i b r i u m  de te rmina t ion  problem i s  d i v i d e d  i n t o  two p a r t s .  F i r s t ,  

t h e  amount o f  water  i n  t h e  l i q u i d  phase i s  assumed. An i t e r a t i o n  i s  then 

performed t o  f i n d  t h e  e q u i l i b r i u m  concentrat ions o f  a l l  the  o t h e r  species. 

S ince t h e  amount o f  l i q u i d  water  present  i s  t h e  n a t u r a l  sca le  f o r  t h e  problem, 

cons ider ing  i t  as known makes t h i s  c a l c u l a t i o n  e a s i e r  t o  perform. The water  

a c t i v i t y  obta ined i s  then  compared w i t h  t h e  r e l a t i v e  humid i ty ,  and t h e  amount 

o f  water  p resen t  i s  ad jus ted  accord ing ly .  T h i s  second s tep  i s  t h e  s o l u t i o n  

o f  one equat ion i n  one v a r i a b l e ,  f o r  which the re  a r e  standard r o u t i n e s .  A 

f l o w  diagram f o r '  t h e  s o l u t i o n  i s  shown i n  F i g u r e  1. 







Table 2. Expl ic i t  Equilibrium and Mass Balance Relations f o r  the  
Sul fate/Ni trate/Armonium System 

RTn 
- a n  H2sO4(g) 

PO 



Table 2. Explicit Equilibrium and Mass Balance Relations for the  
Sul fate/Ni trate/Amonium System (Continued) 

g4 (Continued) 2 2 
o n~~3(g~n~2~04(g) + m  a n y 0 +  + m  en y +  1- an 

NO; NH,.NO; H+ H ,HSO;; (pol2 

2 g5 = an m + m 2-+ [2 rn an yo 
9 + 2 m  )any0 

N H ~  so4 HSO;, so:- ZNH; ,SO:- 

+ 9 o R3T3n~H3(g)nH2S04(g) + 2 m  a n y 0 +  a "',+ an y + 2- I- an 
NO; NH, ,NO; 2H ,SO4 

g6 = an rn + m +t[m an yo + - 9 m an -yo 
N H ~  NO; H S O ~  NH;,HSO; so:- ZNH+SO~- 

2 z4' 4 R T n  
o N H ~ ( C ~ ) ~ H N ~ ~ ( ~ )  

trn a n y +  + m t m  any0 
H+ H ,NO; ( NH; NOJ NH'NO;] - " (pol2 



Table 2. Explicit Equilibrium and Mass Balance Relations for the 
Sulfate/Ni trate/Ammonium System (Continued) 

+ m  m tn a: + m + m  aria: 
H+ NO; H+ , NO; N H ~  H S O ~  NH:,HSO, 



T a b l e  2. E x p l i c i t  Equ i l ib r ium and Mass Balance R e l a t i o n s  f o r  the 
Sul f a t e / N i  trate/Atnmonium System (Cont inued)  

g, ( c o n t i n u e d )  



START a 

convergence QN1 . I  
a d j u s t  amount 
of l i q u i d  water  

Figure J.. Flow Diagram of Equilibrium Calcu la t ion  



I n  t h e  f i r s t  p a r t  o f  t h e  c a l c u l a t i o n  t h e  equat ions a r e  so lved us ing a 

combinat ion of two o p t i m i z a t i o n  methods. I n i t i a l l y ,  t h e  conjugate g r a d i e n t  

method i s  used t o  min imize t h e  express ion f o r  t h e  t o t a l  Gibbs f r e e  energy. 

T h i s  method has t h e  advantage t h a t  each s tep  i s  guaranteed t o  decrease t h e  

t o t a l  Gibbs f r e e  energy o f  t h e  system, and thus w i l l  improve even a poor 

s t a r t i n g  guess. The second method,used when t h e  minimum i s  approached,is 

Newton's method. 

The conjugate g r a d i e n t  method may be s u m a r i z e d  as f o l l o w s .  L e t  g  = vGT 
-.. 

i .e .  gj  = C v.  .p That  i s ,  t h e  components of g  a r e  g iven  i n  Table 2. L e t  
i I J  i. .., 

supersc r ip ts  represent  t h e  va lues obta ined a t  t h e  end o f  each i t e r a t i o n .  L e t  

H0 = I, t h e  i d e n t i t y  m a t r i x .  Then, f o r  each step, k, proceed as fo l lows.  

-k 
1. 

k k  
s e t s  = - H  g -. 

2. f i n d  a a s c a l a r  such t h a t  

3 ,  -k l e t  sk = as - - 

4. update 

where 



T h i s  procedure i s  repeated f o r  k  = 0, ... 12, and then r e s t a r t e d  us ing  

H0 = I. However, i n  p r a c t i c e ,  be fo re  k  reaches 12, t h e  method w i l l  have 

converged s u f f i c i e n t l y  t o  a l l o w  the  second method t o  be used. 

1 A t  each step, t h e  q u a n t i t y  g  s  i s  checked t o  make sure t h a t  i t  i s  nega- - - 
t i v e ,  i .e .  t h a t  t h e  s tep  i s  headed downh i l l .  I f  i t  i s  no t ,  t h e  method i s  

r e s t a r t e d  f rom k  = 0. 

Step 2 r e q u i r e s  f u r t h e r  explanat ion.  T h i s  r e q u i r e s  f i n d i n g  a such t h a t  

^k k  g  i s  orthogonal t o  s  a t  I + a .  Th is  i s  done as f o l l o w s .  F i r s t ,  f i n d  %, - 
k  t h e  l a r g e s t  number such t h a t  5 + a i k  i s  s t i l l  i n  t h e  f e a s i b l e  reg ion.  Def ine - - 

Compute f ( s ) .  I f  f (%) < 0, t h e  a l g o r i t h m  i s  t r y i n g  t o  leave  t h e  f e a s i b l e  

reg ion,  so use a = o,,,. If f(%) > 0, then  i t  i s  known t h a t  f ( 0 )  < 0 by con- 

s t r u c t i o n ,  and f ( % )  > 0. Thus two values which b racke t  t h e  r o o t  a r e  known. 

There a r e  standard r o u t i n e s  t o  f i n d  t h e  ze ro  of f i n  t h i s  case 

Occasional ly ,  i t  w i l l  occur  t h a t  % = 0. T h i s  u s u a l l y  means t h a t  a  

species has been inc luded  i n  t h e  c a ? c u l a t i o n  which should n o t  have been. 

That i s ,  a  species which should a c t u a l l y  be handled by ( 4 )  had been 

t r e a t e d  by (3 ) .  Thus, t h i s  r e a c t i o n  must be removed f rom t h e  s e t  o f  r e a c t i o n s  

which a r e  being t r e a t e d  by (3) .  

The procedure f o r  e l i m i n a t i n g  reac t ions  i s  as f o l l o w s .  F i r s t ,  t h e  reac- 

t i o n s  which a r e  t r y i n g  t o  consume ni a r e  found. These a r e  t h e  r e a c t i o n s  f o r  

which Z v . . s .  i s  negat ive.  I f  there  i s  o n l y  one such reac t ion ,  a  f l a g  i s  
j 1J J 

s e t  s i g n i f y i n g  t h a t  t h i s  r e a c t i o n  i s  no longer  t o  be inc luded  i n  t h e  ca lcu-  

l a t i o n .  Then, a  new va lue  o f  % i s  c a l c u l a t e d  and t h e  c a l c u l a t i o n  proceeds 

as before.  



Suppose there are  several reactions which consume ni. Then, the one 

which benefits l e a s t  from consuming ni is found. That is, j is found such 

that  gj/uij i s  a minimum. This reaction i s  then forced t o  run in  reverse 

t o  provide ni t o  the other reactions. Mathematically, t h i s  is done by per- 

forming Gaussian elimination on v so that  vik = 0 for  k f j. In addition, 

the same operations are  perfonned on 5 and on the rows and columns of H. 

Then, the inverse elimination i s  perfonned on 6 .  After th i s ,  a f lag i s  s e t  - 
signifying that  the J t h  reaction has been dropped. Finally & i s  recalcu- 

lated, and the calculation proceeds as before. 

When reactions are  dropped as above, some provision must be made t o  

check when they should be reinstated. ThSs f s  done as follows. Every 

time the conjugate gradient nethod bs restarted, o r  convergence i s  suspected, 

a l l  dropped reactions are  reinstated. I f  the excluded reactions were the 

proper ones, a l l  of the reinstated reactions will imnediately be dropped 

again. 

The second method used i s  Newton's method. Near the solution, th i s  

method will converse in fewer functional evaluations than the conjugate gra- 

dient method. However, f a r  from the correct answer, there i s  no guarantee 

that  each step will be better than the l a s t  one. This i s  especially true 

i f  incorrect species have been included in the calculation. 

The evaluation of F, the Jacobian of 6, i s  done numerically, using f i n i t e  

differences t o  approximate derivatives. However, care must be taken that  the 

number of reactions included does not exceed the number permitted by the 

Gibbs phase rule. If S t  does, a l l  o f  the reactions will not be l inearly 

independent. 1; t h i s  case F will be singular. 



There a r e  two s i t u a t i o n s  when the  phase r u l e  can be v i o l a t e d .  The f i r s t  

r e s u l t s  f rom i n c l u d i n g  t o o  many reac t ions  i n v o l v i n g  t h e  l i q u i d  phase. Con- 

s i d e r  t h e  system w i t h  no s o l i d  phases present.  There a r e  f i v e  bas ic  species 

+ present-H , NH3, SO:-, NO;, H20. I n  a d d i t i o n ,  t h e r e  i s  one r e s t r i c t i o n ,  

e l e c t r o n e u t r a l i t y .  F i x i n g  T  and P leaves o n l y  fou r  degrees of freedom. Th is  
+ 

may be understood by n o t i n g  t h a t  an equimolar m i x t u r e  o f  H', NH4, HSO;, and 

NO; may be considered as 

Thus, 

A second way t h a t  t h e  Gibbs phase r u l e  can be v i o l a t e d  i s  by t h e  ex is tence  

o f  t o o  many so l  i d  phases. For example, t h e r e  a r e  s i x  p o s s i b l e  s o l i d  phases 

i n v o l v i n g  o n l y  t h r e e  species. 

A  t h i r d  p o s s i b l e  problem i s  t h a t  t h e  Jacobian can be i l l - c o n d i t i o n e d .  

I n  t h i s  case, even though t h e  problem i t s e l f  i s  we77 posed, roundo f f  e r r o r  

can cause the  Jacobian t o  become s ingu la r .  As an example o f  t h i s  behavior,  

consider  t h e  hypo the t i ca l  system 



L e t  [A] = [B] = 1. Then, t h e  Jacobian becomes 

If o n l y  t h r e e  s i g n i f i c a n t  f i g u r e s  a re  re tu rned  

which i s  s i n g u l a r .  

Note t h a t  t h e  problem a r i s e s  because t h e  chemical p o t e n t i a l  o f  A v a r i e s  

more r a p i d l y  than t h a t  f o r  B as the  composit ions a r e  changed. Thus, t h e  term 

r e l a t i n g  t o  t h e  chemical p o t e n t i a l  o f  A  masked t h e  term r e l a t i n g  t o  t h e  

chemical p o t e n t i a l  o f  B. Th is  can be overcome by r e w r i t i n g  the  equations 

A l l  t h r e e  o f  these problems, i l l - c o n d i t i o n e d  Jacobians, and two v i o l a -  

t i o n s  o f  t h e  phase r u l e  a r e  d e a l t  w i t h  by t h e  f o l l o w i n g  method. F i r s t  o f  

a l l ,  A  i s  found such t h a t  



The u l t i m a t e  goal i s  t o  separate as much as p o s s i b l e  species where 

auilan i s  l a r g e  from those where i t  i s  no t .  I n  o r d e r  t o  do t h i s ,  i t  i s  f i r s t  i 

necessary t o  determine f o r  which species api/ani i s  l a r g e .  That  i s ,  t h e  spe- 

c i e s  w i l l  be ordered i n  terms o f  (ap./an.). F i r s t  o f  a l l ,  f o r  s o l i d s ,  
1 

(au. /an j )  = 0. Thus, these species go t o  t h e  back o f  t h e  l i s t .  Since the  
1 

o r d e r i n g  need o n l y  be approximate, i t  w i l l  be assumed t h a t  f o r  gases and 

l i q u i d s  (aui/ani) = RT/ni , t h e  va lue  f o r  gases. Thus, gaseous and aqueous 

species w i l l  be ranked i n  o rder  o f  i n c r e a s i n g  n i' 

The nex t  s tep  i s  t o  do t h e  ac tua l  r e w r i t i n g  o f  t h e  equations. Th is  i s  

done as f o l l o w s .  F i r s t ,  t a k e  t h e  f i r s t  species i n  t h e  o rder  descr ibed above. 

Then, a  r e a c t i o n  c o n t a i n i n g  t h a t  species i s  se lected.  I f  t h e r e  i s  no such 

r e a c t i o n  which has n o t  been se lec ted  i n  an e a r l i e r  step, t h e  procedure i s  

s t a r t e d  over  us ing  t h e  nex t  species on t h e  l i s t .  I f  t h e r e  i s  such a r e a c t i o n  

Gaussian e l i m i n a t i o n  i s  used on the  rows o f  A u n t i l  t h e r e  i s  o n l y  one reac- 

t i o n  i n v o l v i n g  t h a t  species. T h i s  procedure i s  then fo l lowed f o r  each spe- 

c i e s  i n  o rder  u n t i l  o n l y  s o l i d  species remain. 

Consider t h e  r e s u l t i n g  s i t u a t i o n .  By cons t ruc t ion ,  each o f  t h e  r e a c t i o n s  

which have been se lec ted  c o n t a i n  a species present  i n  no o t h e r  reac t ion .  Thus, 

t h e  Jacobian o f  t h e  system con ta in ing  these r e a c t i o n s  w i l l  be non-s ingular .  

By cons t ruc t ion ,  t h e  remaining reac t ions  c o n t a i n  no species which a re  compo- 

s i t i o n  dependent. These r e a c t i o n s  a r e  then a l lowed t o  r u n  t o  complet ion. 

They a r e  then e l i m i n a t e d  as descr ibed i n  t h e  s e c t i o n  on t h e  conjugate gra- 

d i e n t  method. 



PROGRAM USE 

The program i s  called a s  follows: 

Where W ,  R H ,  T and IFLAG a re  the inputs and CONC i s  the  output. The various 

input and output variables a r e  defined in Table 3. 

SAMPLE CALCULATION 

Consider the following sample problem which i s  Case 6 of Bassett and 

Seinfeld (1983). 

where RNH , RHNO3 and RHZS04 a r e  the ra tes  a t  which the  corresponding 
3 

species a r e  sntroduced, 

The program t o  solve t h i s  problem i s  as follows 

IMPLICIT DOUBLE PRECISION (A-H, Q-Z)  
DIMENSION PLT(61 ,16), W(3), CONC(15) 

C PLT i s  the array used t o  s tore  the r e su l t s  of the  calculation 
C 
C W ,  CONC a re  the  arguments f o r  the subroutine 

D O 2  I = 2 , 6 1  
C each time throuoh t h i s  loop advances the  
C solution one time s tep  

TIME = (1-1 1/60. 
C TIME i s  the time in hours 

T = 298.15 



Table 3. Subrout ine Arguments 

I n p u t  Var iab les  

Name TY pe D e s c r i p t i o n  

W Double P r e c i s i o n  To ta l  mass con e n t r a t i o n s  o f  t h e  v a r i o u s  con- 
a r r a y  W(3) s t i t u e n t s  ug/m s 

W(1) t o t a l  NH3 
W(2) t o t a l  HNO 
~ ( 3 )  t o t a l  H ~ s ~ ~  

RH Double P r e c i s i o n  R e l a t i v e  humid i t y  f r a c t i o n  
s c a l a r  O z R H 2 1 .  

T Double P r e c i s i o n  temperature O K  
s c a l a r  

IFLAG I n t e g e r  s c a l a r  F lag  
IFLAG # 0 use r e s u l t s  o f  l a s t  s tep  as 

s t a r t i n g  va lue  f o r  t h i s  s tep 
IFLAG = 0 generate a new s t a r t i n g  va lue  

f o r  t h i s  s tep  

Output Var iab les  

Name Type D e s c r i p t i o n  

CONC Double P r e c i s i o n  Mass c o n c e n t r a t i  ns o f  t h e  species a t  
a r r a y  CONC(15) equi 1 i b r i  um m/m 9 

CONC(1) H+ 

cor ;c i2 i  NH; 

CONC(3) HSOi 

CONC(4) SO:- 

CONC(5) NO; 

CONC (6 )  (NH4)2H(S04)2(s) 

CONC(7) NH4HS04(s) 

CONC (8) (NH4)2S04(s) 

CONC(9) NH4N03 (8 )  

cONC(10) ( N H ~ ) ~ S O ~ - ~ N H ~ N O ~ ( S )  

cONC(I~)  ( N H ~ ) ~ S O ~ - ~ N H ~ N O ~ ( S )  

CONC(12) H20(k) 

CONC(13) NH3(g) 

CONC(14) HN03(g) 

CONC(15) H2S04(gf 



Calcu la te  t h e  i n p u t s  t o  t h e  program 
CALL EQUIL (W,RH,T,CONC, ISTART) 
c a l l  t h e  e q u i l i b r i u m  r o u t i n e  
ISTART=l 
Set ISTART # 0 
Thus, t h e  f i r s t  t i m e  through, the  program 
w i l l  generate a s t a r t i n g  guess. A f t e r  
t h i s ,  i t  w i l l  use t h e  r e s u l t s  o f  
t h e  l a s t  s tep  as t h e  s t a r t i n g  va lue  
f o r  t h e  n e x t  s tep  

PLOT ( I  ,1) = 60. *TIME 
DO 2 5-2,16 
PLOT(1,J) = CONC(J-1) 
S to re  t h e  r e s u l t s  i n  t h e  a r r a y  PLT f o r  
l a t e r  o u t p u t  
OUTPUT THE RESULTS 
WRITE (96,900) 

900 FORMAT (58X,'Test case1//T44,'Concentrations ( 1 .D-6 g / '  , 
A 'mf*3 o f  a i r ) ' / '  timei,T13, 'H+',TZO,'NH~+' ,T27, 
B 'HS04-' ,T35, '504-2' ,T44, 'NO3-' ,T49, ' (NH4)3H(S04)Zi , 
C T64, ' (NH4) 2S04 ' ,T74 ,'NH4N03 ' ,  
D 2 ( '  (NH4)2S04') ,1XY1H20(1)' ,1XY1NH3(g)',lX, 
E 'HN03(gji ,T123,'HZS04(g j'/'(min) ! ,T58,'NH4HSO4' ,T8? , 
F '*3NH4N03' , l X , '  *ZNH4N03'/lX,132('- ')) 

WRITE (96,901) ((PLT(I1,JJ) ,JJ=I,16) ,II=1,61 
901 FORMAT ( 16F8.4) 

STOP 
END 

The o u t p u t  f rom t h i s  program i s  shown i n  Table 3. 

INTERFACE WITH A CELL MODEL 

The e q u i l i b r i u m  model descr ibed here i n t e r f a c e s  w i t h  a c e l l  model as 

f o l l o w s .  A t  t h e  s t a r t  of each step, t h e  t o t a l  amounts o f  NH3, HN03 and 

H2S04 a re  known f rom t h e  r e s u l t s  o f  the  l a s t  step. I n  a d d i t i o n ,  t h e  tempera- 

t u r e  and r e l a t i v e  hurnidi ty a r e  assumed known f rom meteoro log ica l  data. Using 

these as inpu ts ,  t h e  e q u i l i b r i u m  program can then be used t o  c a l c u l a t e  t h e  

r e s u l t i n g  concen t ra t ion  o f  aerosol , i t s  composit ion, and phys ica l  s ta te .  

These can then, i n  tu rn ,  be used t o  c a l c u l a t e  va r ious  r a t e  constants, such 

as r a t e s  o f  d r y  deposi t ion.  Knowing these, t h e  c e l l  model can then  be used 

t o  i n t e g r a t e  t h e  system, t o  f i n d  t h e  t o t a l  amounts o f  t h e  va r ious  species 

p resen t  a t  t h e  end o f  the  t ime step. 
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Introduction 

This report describes a computer program f o r  calculating the equi- 

librium in a system containing the following components 
+ 

l iquid phase: 2- N H 4 ,  H', HS04, SO4 , NO;, H20 

sol id phases: NH4HS04 , ( NH4 ) 3H ( 2 

NH4N03, (NH4) 2S04y (NH4) 2S04*ZNH4N03 

(NH4) 2S04*3NH4N03 

gas phase: N H 3 ,  HN03, H20 

This calculation takes into account the e f f ec t  of surface curvature 

on the par t ic les ,  the so-called Kelvin e f fec t .  The strength of the e f fec t  

depends on the radius of the par t ic les .  Thus, i t  i s  necessary to  take 

into account the par t ic le  s ize  dis t r ibut ion.  This i s  done using the sec- 

tional method. In t h i s  method, a l l  par t ic les  whose diameters l i e  in a 

given range are  assumed to  have the same equilibrium properties. These 

ranges of par t ic le  s izes  a re  referred to  as sections. Since the chemical 

potential depends on par t ic le  diameter, the same specfes in two different  

sections must be treated as i f  i t  were two different  species. Thus, fo r  

example, NH4N03(s) i n  section P must be treated as being different  from 

NH4N03(s) in section m.  Thus, the system contains 10 N S  equil ib r ia  involv- 

ing 1 2  NS+3 different  species, where # , i s  the number of sections used. Which 

of the possible equi l ibr ia  a re  relevant i n  a given s i tuat ion depends on 

which of the species a re  In each section, there will be the 

electroneutral i ty  condition, and, since H2S04 i s  assumed t o  be non-volatile, 

a mass balance on sulfate .  In addition, there will be three mass balance 

relations fo r  the total  quantit ies of NH3,  HN03, and H20 i n  the system. 





One problem with the above formulation i s  t ha t  the constraints a r i s -  

ing from conservation of mass will prove awkward t o  handle computationally. 

This problem can be circumvented as follows. As mentioned before, the 

chemical potential of a given species will depend on the diameter of the 

par t ic le  in which the species i s  present. Thus, f o r  example, f o r  NH4N03(s), 

there will be a ser ies  of equi l ibr ia  o f t h e  form 

NH3(g) + HN03(g) = NH4N03(s, in section L) 

Assume tha t  the reaction involving NH3(g), HN03(g) and NH4N03(s) i s  reac- 

t ion j. Then, l e t  6' be the amount of NH4N03(s) formed in section P 
j 

above that  present a t  some arb i t ra ry  i n i t i a l  time, n "hen, the mini- i $0' 

mization becomes 

min G 

6: J 

subject t o  

where v i s  the matrix of stoichiometric coefficients.  

In general, not a l l  of the species will be present a t  equilibrium. 

For example, by the Gibbs phase rule ,  a t  most two of the six possible 

solid phases will be present a t  one time. The cr i te r ion  f o r  when n p  = 0 

f o r  some i and R a t  equilibrium i s  tha t  the change in G must be positive 

R whenever an infinitesimal amount of ni i s  formed. For a species which i s  

present a t  equilibrium, the change in G  henev ever an infinitesimal amount 
P of n i  i s  fcrned must be zero. Thus, the c r i t e r i a  f o r  equilibrium are 



gt = o f o r  n p  > o (2) 

R gi - > o f o r  n" o i 

R where gq = ( a ~ / a $ )  = 
v jk  

where the k - t h  reaction involves the forma- 
j 

t ion of species i .  Thus, there a re  two parts t o  the calculation. F i r s t ,  

i t  must be determined f o r  which species nq i s  zero. Then, the system of 

equations ( 2 )  must be solved f o r  the remaining species. 

Evaluation of Chemical Potentials 

Values fo r  the bulk phase chemical potentials have been given previ- 

ously (Bassett and Seinfeld, 1983) and will not be repeated here. The 

ef fec t  of surface curvature on the chemical potential i s  estimated as fo l -  

lows. F i r s t ,  assume tha t  a11 par t ic les  i n  section % behave as  i f  they had a 

diameter = (dk-ldQ)f where dQ - and dQ are  the lower and upper l imits  

of the R - t h  section, respectively. Then, by the Gibbs-Thompson equation 

where pi i s  the bulk phase chemical potential of species 1 ,  a i s  the sur- 

face tension, and ii is  the molal volume of species i .  

Currently, there does not appear to  be a good way available to  calcu- 

l a t e  a fo r  aqueous mixtures. Thus ,  the value f o r  pure water will be used. 

As a resu l t  of t h i s  approximation, i t  i s  not worthwhile to  develop complex 

methods fo r  computing T i .  Instead, i t  will be approximated assuming that  

the density of the par t ic le  i s  t ha t  of pure water, pw. Then, 



where Mi i s  t h e  mol ecul a r  weight  o f  species i . 
F i n a l l y ,  no te  t h a t  eva lua t i on  of t he  l i q u i d  phase chemical p o t e n t i a l s  

requ i res  knowledge o f  t h e  l i q u i d  phase concentrat ions.  However, these 

q u a n t i t i e s  a r e  o n l y  de f i ned  when t h e r e  i s  a l i q u i d  phase present .  Thus, 

i t  w i l l  be necessary t o  r e q u i r e  t h a t  t he re  always be a c e r t a i n  minimum 

amount o f  water present,  chosen small enough n o t  t o  s i g n i f i c a n t l y  a f f e c t  

t he  c a l c u l a t i o n  o f  t h e  composi t ion o f  t h e  o the r  phases. 

Method o f  S o l u t i o n  

To determine the  e q u i l i b r i u m ,  t h e  system o f  non l i nea r  equat ions 

(2)  must be solved numer ica l l y .  I n  s o l v i n g  t h i s  system, t h e  s o l u t i o n  f o r  

t h e  case w i t h o u t  sur face tension,  determined by t h e  program EQUIL,wil l  be 

used a s  a s t a r t i n g  value. Thus, t he  problem i s  t o  c o n s t r u c t  t h e  s o l u t i o n  

f o r  t h e  case w i t h  t h e  K e l v i n  e f f e c t  f rom the  s o l u t i o n  f o r  t h e  case w i thou t  

t he  K e l v i n  e f f e c t .  T h i s  i s  done us ing  t h e  homotopy method o f  K e l l e r  (1 978, 

1982). For d e t a i l s  o f  s o l v i n g  the  case w i thou t  t h e  K e l v i n  e f f e c t ,  see 

"Atmospheric E q u i l i b r i u m  Model o f  Su l fa te ,  N i t r a t e  and Ammonium Aerosols, 

Program Users Manual ." 

A. Homotopy Method 

The homotopy method can be descr ibed as fo l l ows .  L e t  a be t h e  phys- 

i c a l l y  observed sur face tension,  and l e t  $be the  va lue  used i n  t h e  c a l -  

c u l a t i o n .  L e t  o*= aX where X i s  a  parameter. Then, t he  system o f  eaua- 

t i o n s  ( 2 )  can be r e w r i t t e n  as f (E,,X) = 0  where f i s  t h e  vec to r  o f  ex ten ts  
- * -  -.. .., 

o f  reac t i on .  Now, t h e  problem i s  t o  f i n d  the  s o l u t i o n  o f  f ( f , l )  = 0 based -., - - 
on t h e  s o l u t i o n  o f  f ( f  ,0) = 0 

.., * - 



An obvious way t o  attack this problem i s  by a straightforward appli-  

cation of Newton's method. Let 5 .  be the value of 5 a t  the end of the 
-1 - 

i - t h  i t e ra t ion .  Then, l e t  the s t a r t ing  point 6 be the solution of 
-0 

f(5,O) = 0 ,  and - - - 

where f = (af/ag).  The problem w i t h  t h i s  scheme i s  t ha t  i t  will only 
-5 -+ * 
-, 

converge t o  the desired solution i f  i s  suff ic ient ly  close t o  the f inal  

value. 

This problem can be overcome as  follows. F i r s t ,  note tha t  the larger  

the surface tension i s ,  the larger  the e f fec t  on the composition i s  l ike ly  

t o  be. This means t h a t  the  i te ra t ion  given by (6)  i s  l e s s  l ike ly  to  con- 

verge. To avoid t h i s  problem, instead of trying to  go from X = 0 t o  

X = 1 i n  one s tep,  do i t  i n  several steps.  That i s ,  replace (6 )  by 

- 1 
'"a) 

where ha i s  between zero and one. Then, s ta r t ing  from A = 0, i t e r a t e  to  

f ind the solution a t  ha. Then, using the solution a t  ha as a s ta r t ing  

value, i t e r a t e  t o  find the solution a t  Xb and so for th until  A = 1 i s  

reached-. 

The preceding method is-,a powerful way t o  determine the equilibrium 

of the system for  most cases. However, there a re  cases where the above 

method will break down. A simple example of t h i s  i s  a s  follows. Consider 

a system containing only su l fa te ,  ammonium and water. For simp1 i c i t y ,  

assume that  there i s  enough ammonia present so tha t  the concentrations of 



a l l  ions other than SO: and N H ~  a r e  negligible. Then, only two equi l ibr ia  

a re  important 

and 

Using (4) ,  the expression f o r  the equilibrium of the f i r s t  reaction i s  

where a i s  the water ac t iv i ty  without the Kelvin e f fec t .  Using the defi-  
ww 

s a t  nit ion of re la t ive  humidity, RH/100 = pw/prt where pw = po exp((vo H20(9) - 
' k 0 (  2) 

) /RT)  i s  the saturation vapor pressure of water, (8) becomes 

Thus, i t  follows tha t  an increase i n  X i s  equivalent t o  a decrease i n  rela- 

t ive  humidity. Now consider the case where the re la t ive  humidity is 

exactly equal to  the re la t ive  humidity of deliquescence. Then, any increase 

i n  A ,  being equivalent t o  a decrease i n  re la t ive  humidity will cause the 

1 iquid phase to  disappear completely. That i s ,  an infinitesimal change 

i n  X will cause a large change i n  6 .  Thus, f(5,A) i s  discontinuous a t  t h i s  
-, ... & 

point, and the i te ra t ion  scheme given by (7)  will f a i l .  

Note tha t  t h i s  breakdown occurs because the step s ine i s  defined i n  

terms of A alone. That i s ,  the step is  defined t o  be over when A has 

changed by a given amount, irregardless of the change i n  6.  Clearly, i t  .. 



would be b e t t e r  t o  d e f i n e  the  s tep  i n  terms of some combinat ion o f  t h e  

changes i n  A and 5 .  Then, i n  t h e  preceding example, t h e  d i f f i c u l t i e s  
-.. 

cou ld  be overcome by o n l y  l e t t i n g  5 change by a smal l  amount. Th i s  i s  - 
t h e  idea behind t h e  pseudo-arc1 ength c o n t i n u a t i  on method of K e l l  e r  ( 1  978, 

1982). 

Th i s  method i s  as fo l l ows .  S t a r t  w i t h  t h e  bas ic  equat ion 

L e t  5 = ~ ( s )  and A = A(s) where s i s  a new parameter. D i f f e r e n t i a t e  (10) ... - 
w i t h  respect  t o  s 

where f = (a f /ah) .  Thus 
...A -.. 

I n  add i t i on ,  we w i l l  r e q u i r e  

Thus 

E i t h e r  choice of s ign  i n  (14) s a t i s f i e s  (13), t he  proper  choice w i l l  be 

discussed l a t e r .  



The physical interpretat ion of the above parameterization is  as  fo l -  
T T lows. Let x = ( 5  , A )  the vector of unknown quant i t ies .  Now, one way t o  .., - 

proceed i s  by solving the s e t  of different ial  equations (12), (14). If  

t h i s  were done, s would be the distance the curve x ( s )  t ravels  through x 
-., - 

space. 

While i t  i s  possible to  solve the system (12) ,  (14)  there i s  a method 

which avoids the necessity of solving a s e t  of different ial  equations. 

Let a be the s tep size.  Then the method i s  defined by (10) i n  conjunction 

w i t h  

where x i s  the value of x a t  the s t a r t  of the step. Note that  as  a ap- 
-0 ,., 

proaches zero, the lefthand side of (15) approaches the arclength along 

the curve x ( s ) .  Thus, by solving (10) and (15) ,  a method i s  obtained - 
which has the advantages of arclength continuation without having to  solve 

a different ial  equation. 

The system ( l o ) ,  (15) i s  solved as follows. To s t a r t ,  l e t  

The i te ra t ion  i s  continued by 



where &ti and &hi  a re  found by solving - 

The sign i n  (14) i s  chosen so tha t  

which means tha t  2 points i n  the same direction as (dx/ds) . - x - -"u 
Note tha t  i f  i n  ( 4  f f 1 << 1,  the i te ra t ion  scheme given by -5 U A  

* 

(16)-(21) reduces to  tha t  given by ( 7 ) .  

B. Application to  the Equilibrium Problem 

In the preceding section, a method of solving the system of equations 

(2) i s  described. However, as mentioned before, i t  i s  necessary to  check 

to  make sure that  the r i g h t  equations a re  included i n  the system (2 ) .  This 

i s  done as follows. A t  the end of each step, a check i s  made to  see tha t  

(3) i s  s t i l l  sa t i s f ied  f o r  the species having n t  = 0. If there i s  a spe- 

R c ies  having n P  = 0, b u t  not satisfying ( 3 ) ,  i . e .  gi changed sign during i 

the l a s t  s tep,  the concentration of tha t  species i s  allowed to  become posi- 

t ive .  This i s  done by including the corresponding reaction i n  (2).  

In addition to  the above check, each n: i s  checked t o  make sure i t  

i s  non-negative. If  i t  i s  negative, the following procedure i s  used. 

F i r s t ,  Gaussian elimination i s  performed on the matrix of stoichiometric 



c o e f f i c i e n t s  u n t i l  there  i s  on ly  one reac t ion  i nvo l v i ng  nf. Then, t he  

R equ i l i b r i um  r e l a t i o n  f o r  t h i s  reac t ion  i s  replaced by the  equation ni = 0. 

Note t h a t  the system ( l o ) ,  (15) w i l l ,  i n  general, on ly  be solvable 

by t he  i t e r a t i o n  method (16)-(21) i f  the  i n i t i a l  guess i s  s u f f i c i e n t l y  

c lose t o  the so lu t ion.  Th is  means t h a t  f o r  convergence 

f o r  some value o f  E. However, when t he  system has been a l t e r e d  by one o f  

the  above procedures, the new system may no t  be near equa l i ty .  Thus, 

(22) may no t  be sa t i s f i ed .  This can be overcome by rep lac ing f w i t h  ... 

Note t h a t  E , A. i s  a  so l u t i on  of f ^ ( c , l )  = 0. Thus, t h i s  transforma- 
-0 mW - 

t i o n  w i l l  smooth ou t  any d i s c o n t i n u i t i e s  i n  f. 
mW 

C. Choice o f  Step Size 

A key element i n  the  preceding ca l cu l a t i on  i s  t h e  choice o f  step 

size, a. Th is  i s  chosen as fo l lows.  F i r s t  of a l l  a  t e n t a t i v e  value o f  a 

i s  chosen based on the r e s u l t s  of the  l a s t  step. Then x i s  computed 1 
(1 using (16), and the corresponding values o f  n: are  determined. I f  ni i s  

non-posi t ive f o r  some gas o r  l i q u i d  phase component, the  value o f  a used 

was too large.  Then, the value o f  a must be adjusted as fo l lows.  F i r s t ,  

R f i n d  %,, the l a r g e s t  value o f  a such t h a t  ni i s  non-negative f o r  a l l  l i q u i d  

and gas phase species. Then, r e s t a r t  the ca l cu l a t i on  from the previous 

value of x using a = 0.9 % 
-0 



R If  a l l  the n i  a r e  posit ive f o r  gaseous and l iquid phase species the 

calculation proceeds as  f o l l  ows. Calculate C~ using (17)-(20). Then, 

f ind 

If R i s  greater than or  equal t o  one, the calculation i s  diverging, halve a 

and s t a r t  over from x . Similarly, i f  a t  some point a f t e r  )c2 i s  calcu- 
-0 

R l a ted ,  n i  is  non-positive f o r  a l iquid o r  gas phase species, halve a and 

s t a r t  over from x . 
-0 

If  R i s  l e s s  than one, i t e r a t e  to  convergence. Then, the value of a 

f o r  the next s tep i s  determined as  follows. F i r s t ,  note tha t  t h i s  method 

i s  quadratical iy  convergent. Thus, f o r  small a, j l f  (sl , h l )  11 and [If ( $ 5 , ~ ~ )  1 1  
2 4 are proportional to  a and a , respectively. Thus, R i s  proportional t o  

2 a . The idea i s  t o  make R f o r  the next step equal t o  some desired value , 
say 0.2. To do t h i s ,  l e t  

where % i s  the value of a fo r  the next step. Honever, there will be 

l imi ts  placed on how much a can change between steps.  Specifically,  the 

i n i t i a l  value used f o r  the next s tep,  6 i s  given by 



Alternate Use of the Homotopy Method 

The parameter X can be used t o  change other quant i t ies  besides sur- 

face tension. For example, l e t  [HN031, [NH31 and [HpS04] denote the total  

amounts of n i t r a t e ,  ammonia, and su l fa te ,  respectively i n  the system. Then, 

the e f f ec t  on the equilibrium compositions of a change in to ta l  mass pres- 

ent  and in the re la t ive  humidity can be determined by l e t t i n g  

[HN03] = [HNO3I0 + h A[HN03] 

CNH~I = [ N H ~ I ~  + A ntNH3I 

[H2SO4I = [ ~ ~ S 0 ~ l ~  + A [ H ~ S ~ ~ ~  

RH = RHO + h ARH 

where the subscript o denotes the i n i t i a l  value, and A denotes a change. 

This will probably be the best way of using the program inside a larger  

regional mode1 . 

Program Use 

The program i s  called as follows: 

CALL KEQUIL(W, RAT, CONCS, RHS, D ,  CONC, R H ,  T,  IFLAG) 

where W ,  RAT, CONCS, RHS, D,  R H ,  T ,  AND IFLAG are  inputs, and CONC i s  the 

output. The various i n p u t  and output variables are  defined i n  Table 1. 

Other Requirements 

When compiling the f i l e  KEQUIL.FOR, the user 's  default  directory must 

contain the f i l e  NS .PAR containing the single FORTRAN statement 

PARAMETER (NS=XX ) 

where XX i s  the number o f  sections to  be used. Note tha t  t h i s  means 

KEQUIL-FOR must be recompiled whenever NS i s  changed. 



Sample Cal cul ation 

Consider the fol 1 owing sample problem. 

[ H ~ S O ~ ]  = 30 pg/m3 

sulfate distribution 

dS - - -  2r H2S041 
dend ex, (- f ( ~ n  d) 0.3 )) 
sectional boundaries 

5 sections, do = 0.01 pm (dL/de-l) = (300) 0.2 

The program to solve this problem is as follows 

IMPLICIT DOUBLE PRECISION (A-H S O - Z )  

INCLUDE 'NS.PAR8 
NS.PAR IS A FILE WHICH DEFINES THE VALUE OF NS - THE NUMBER 
OF SECTIONS IN THE CALCULATION 

DIMENSION CONC(14*NS) ,CONCS(14*NS) ,W(3) ,RAT(NS) ,D(NS+l) 
DATA W/P20.00,30.DO/ ,DZ/O. 300/ 
DATA RH/ .9DOl ,T/298.15m/ IFLAGd1 I 
FN(x)=O. 5Oo"ERF(SIG*LOG(X/DZ)) 

INITIALIZE THE VARIOUS VARIABLES USED IN THE CALCULATION 
SIG=2 .DO/SORT(3.W) 
D(1 )=I .D-2 
FCT=300. W* (1 , DO/NS) 
DO 10 I=I ,NS 
D( I+l)=FCT*D( I) 
MT(I )= FN(D(I+I))-FN(D(I)) 

CALL THE EOUILIBRIUM ROUTINE 
CALL KEQuIL(W,RAT,CONCS,RHS,D,CONC,RH,T,IFLAG) 

OUTPUT THE RESULTS 
WRITE(96,900) 
FORFSAT(58X,'Test case'//T44,Tooncentrations ( 1.d-6 g/mn3 ', 

o f  air ) ' , / I  section',T13,'H+',T2O,'NH4+',T27,'HS04-', 
T35, 'SO4-2' ,744, 'NO3-',T49, ' (NH4)3H(S04)Zt ,T64, 
' (NH4) 2S04' ,T74, 'NH4NO3' ,2( ' (NH4) 2S04') ,1X, 'H20(1)" , 
lX,'NH3(g) ' , ~ X , I W N O ~ [ ~ )  '/T58,'NW4HSO4' ,T8I9'*3NH4N03' 
2X,'*2NH4N03'/1X,(125f I - ' ) ) )  



WRITE(96,901) (LL, (CONC(14*(LL-1)+I I), I I=1,14) ,LL=l ,NS) 
901 FORMAT((I4,4X ,14F8.4)) 

STOP 
END 

A sample ou tput  f r o @  t h i s  program i s  g iven i n  Table 2. 



Tab1 e  1. Subrou t ine  Arguments 

I n p u t  v a r i a b l e s  

Name TY pe D e s c r i p t i o n  

RAT 

CONCS 

RH S  

D 

RH 

T  

I FLAG 

Double P r e c i s i o n  T o t a l  mass concen t ra t i ons  o f  t h e  
a r r a y  W(3) v a r i o u s  c o n s t i t u e n t s  pg/m 3  

W(1) t o t a l  NH3 

W(2) t o t a l  HN03 

W(3) t o t a l  H2S04 

Doubl e  P r e c i  s i o n  R e l a t i v  amount o f  s u l f a t e  i n  each 
a r r a y  R A T ( N S ~ )  s e c t i o n  f 
Doubl e  P r e c i  s i o n  S t a r t i n g  v a l u e  f o r  i t e r a t i o n  f o r  
a r r a y  CONCS(14 NS) IFLAG=2 

Double P r e c i s i o n  R e l a t i v e  h u m i d i t y  f o r  t h e  l a s t  s t e p  
sca la r  f o r  IFLAG=2 

Double P r e c i s i o n  Sec t i ona l  boundar ies i .e. de, pm 
a r r a y  D(NS+l) 

Double P r e c i  s i  on R e l a t i v e  h u m i d i t y  f r a c t i o n  
sca l  a r  O < R H < 1  

Double P r e c i s i o n  Temperature K 
s c a l a r  

I n t e g e r  Sca la r  F l a g  
IFLAG=l - no s t a r t i n g  da ta  i s  
a v a i l a b l e  
IFLAG=2 The r e s u l t s  f r om a  p r e v i -  
ous c a l c u l a t i o n  a r e  t o  be used as 
t h e  s t a r t i n g  v a l u e  f o r  t h i s  run.  
Requires CONCS and RHS, t h e  va lues 
o f  t h e  o u t p u t  v a r i a b l e  and t h e  r e l a  
t i v e  h u m i d i t y  r e s p e c t i v e l y  a t  t h e  
l a s t  s tep.  

Output  V a r i a b l e  

CONC Double P r e c i s i o n  Mass concen t ra t i ons  o f  t h e  spec ies 
A r ray  CONC(14 NS) 3 a t  e q u i l i b r i u m  pg/m . 

CONC(14(L-l)+I) i s  t h e  concentra-  
t i o n  o f  spec ies I i n  s e c t i o n  L 



Tab1 e I. Subroutine Arguments (continued) 

Output Var iable 

Name TY pe Descr ip t ion 

CONC Double Prec is ion I 
(continued) Array CONC ( 14 NS) 

(continued) 1 

2 

species 

NO; 

(NH4)3H(S04)2(s) 

NH4HS04(s) 

(NH4)*S04( S )  

NH4N03( S )  

(NH4) 2S04*3NH4N03(~) 

(NH4) 2S04*2NH4N03( S )  

Notes 

INS i s  the number o f  sections used. 

 he amount o f  su l f a te  i n  each sect ion i s  automat ical ly  normal ized 
t o  g ive the proper t o t a l .  

3 ~ h e  gas phase concentrat ions appear on ly  i n  the l a s t  two elements 
o f  CONC. 



QB 
Pa, 
4 P  
9az 

rpe 
ma, 
r p 4  w a  
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