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Abstract

This thesis is primarily a theoretical study of degenerate parametric amplification as a
means of generating squeezed-state light.
i) A wideband traveling-wave formalism is developed for analyzing quantum mechanically a
degenerate parametric amplifier. The formalism is based on spatial differential equations—
spatial Langevin equations— that propagate temporal Fourier components of the field through the
nonlinear medium. In addition to the parametric nonlinearity, the Langevin equations include
absorption and associated fluctuations, dispersion, and pump quantum fluctuations. The dom-
inant effects of dispersion and pump quantum fluctuations on the squeezing produced by a degen-
erate parametric amplifier are analyzed.
ii) The wideband formalism of i) is used to carry out a more detailed analysis of the effects of
phase mismatching. With the assumption of a lossless medium and a classical pump, we find that
parametric amplification is capable of generating squeezed-state light over a wide band if materi-
als with large % nonlinearities can be found, and that the squeezing bandwidth can be enhanced
by phase mismatching away from degeneracy.
iii) We consider again the effect of pump quantum fluctuations on the squeezing produced by
parametric amplification. We perform discrete-mode calculations for a parametric amplifier with
a quantum pump, and discuss some of the limitations of calculations of this sort in quantum
optics. We derive stochastic differential equations (SDEs) for one- and two-mode parametric
amplifiers, and from them obtain an iterative solution showing that pump quantum fluctuations
impose a limitation on the degree of squeezing obtainable from a parametric amplifier.
iv) A possible application of squeezing is considered; in particular, we study the effects of
squeezing the intracavity noise in a laser oscillator. We solve the classical noise problem of a
realistic laser model by making a bold—and possibly unrealizable —assumption, that the in-

phase and quadrature Langevin sources which are responsible for the ‘‘noisiness’’ of the laser can



be squeezed. We show that the effect of squeezing the in-phase quadrature is to reduce the phase
noise, including the linewidth, of the laser but, due to amplitude-phase coupling, not to eliminate

them altogether.
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This thesis is a theoretical investigation into (i), the use of traveling-wave
parametric amplification for the generation of squeezed-state light, and (ii), the possibil-
ity of reducing the phase noise—and hence the linewidth—of laser oscillators by
squeezing the intracavity noise. A recent experiment' has shown that cavity parametric
amplification can produce significant squeezing over a fairly narrow spectral region, the
bandwidth being limited by the cavity resonance width. Traveling-wave parametric
amplification, on the other hand, is not so limited, being an inherently wide-band pro-
cess. The only bandwidth limitation is due to phase-matching considerations. The
work in this thesis includes the following topics: (i) a traveling-wave analysis of the
effects of phase mismatching, linear loss, and pump quantum fluctuations on the
squeezing produced by a parametric amplifier near degeneracy (Chapter 2); (ii) an
investigation of the possibility of using degenerate parametric amplification to generate
broadband squeezed-state light (Chapter 3); (iii) a quantum-mechanical analysis, using
stochastic differential equations, of the limitations to squeezing in a parametric
amplifier due to pump quantum fluctuations (Chapter 4); (iv) a study of the spectral

consequences of squeezing the intracavity noise in a laser oscillator (Chapter 5).

The present chapter will serve as an introduction to squeezing and some of the
theory behind it. Section 1.1 describes what squeezed-state light is, and how it is
characterized by phase-dependent quantum noise. Section 1.2 gives a simple physical
analogy from which we gain some insight into the processes capable of generating
squeezed-state light, and describes some recent experiments in which squeezed-state
light has been generated and detected. The important mathematical tools used to
describe squeezed-state light, the quadrature phases and the quadrature-phase ampli-
tudes, are discussed in Section 1.3, as is balanced homodyne detection, the preferred

method used to detect squeezed-state light. Finally, a brief introduction to the rest of



this thesis is given in Section 1.4.

1.1 What is Squeezed-State Light?

In this section, we will consider a nearly monochromatic, nearly plane-wave elec-
tromagnetic field with a single polarization to illustrate the important ideas behind the
theory of squeezed-state light. The electric field can by decomposed into two quadra-
ture components with time dependence cosQ¢ and sinQ:. The quantum-mechanical
operators corresponding to the amplitudes of the two quadratures of the field, called
quadrature phases, will be shown to be non-commuting Hermitian operators (see Sec-
tion 1.3); the two quadratures thus obey an uncertainty principle. When the field is in a
vacuum state or a coherent state, the uncertainty product for the two operators is a
minimum, the uncertainties in the two quadratures being equal. When the field is in a
squeezed state, the variance of one quadrature—the squeezed quadrature —is less than
that of the vacuum, while the variance of the other quadrature is increased in accord-
ance with the uncertainty principle.

The electric field, propagating in the z-direction, is given at a particular point in

space z =0 by
E(t)=E (t)cosQt +E (1) sinQ¢ , (1.1)

where the operators E,(¢) and E,(t) are the quadrature phases of the electric field. They

are non-commuting Hermitian operators with the equal-time commutator

_.8hQ ¢ 1
B\ =i—— | > do, (1.2)

where o is a cross-sectional area used to account crudely for the transverse structure of

the field and P is an appropriate bandwidth. For non-commuting Hermitian operators A



and B ?
[A.B]=C — <84?><ABZ>>L1<C> 1, (1.3)

where, for any operator 6, A6=6-<6>. When applied to the quadrature phases, Eq.

(1.3) yields the uncertainty principle

2
) 2 4nQ ¢ 1 4
<AE,(¢)><AE2(t)>z[ oo b4 - (1.4)

Equation (1.4), when the equality holds, represents the ultimate quantum-mechanical
limit to the resolution of the quadrature phases after all other sources of noise have been
eliminated. Although the uncertainty product is constrained by Eq. (1.4), the individual
uncertainties <AE?2(¢)> and <AEZ(¢)> are not constrained; we might try to ‘‘beat’’ the
uncertainty principle by producing light with <AEZ2(r)> » <AEZ(t)>, but such that the

equality in Eq. (1.4) is satisfied. Such is the nature of squeezed-state light.

Coherent-state light, i.e., light produced by an ideal laser over time scales short

compared to the phase diffusion time, has equal fluctuations in the two quadratures,

such that the equality holds in Eq. (1.4); that is,

<AE}(1)>=<AB}(y>= L, (1.5)
co B2

Squeezed-state light, on the other hand, while satisfying the equality in Eq. (1.4), has

unequal fluctuations in the two quadratures:

<AE2%(¢ >=4h‘Q __.G

1 (1) o IB 5 do, (1.6a)
<AE? t >=4h'Q __1_

2 (t) o Ip 5 do, (1.6b)
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where G > 0. To keep our largely heuristic argument simple, we will assume that G is a
constant over the bandwidth B, considering the more general case in which G is a func-
tion of frequency in Section 1.3 and in later chapters of this thesis. If G > 1, fluctuation
in the E, quadrature is increased, while fluctuation in the E, quadrature is decreased, or

squeezed. The converse holds true when G <1.

The fluctuation in the electric field itself is given by

<AE*(1)> = <AE}(1)> cos’Qt + <AE (t)AE (1)> .. Sin2€

sym
+<AE2(t)> sin®Qt , 1.7

where sym denotes a symmetrized product. If the fluctuations in the two quadratures
are uncorrelated, then <AE(1)AE,(1)>,.=0. If we take (4hQic o)fp(l/Z)dw:l for

simplicity (this simply means measuring the noise in vacuum units), then

172

<AEY(1)>'"2= G2cos2Qt+$sin2Qt . (1.8)

Figure 1 illustrates graphically the nature of the quantum fluctuations for coherent-
and squeezed-state light. We assume in the figures that <E (1)>=A and <E,(t)>=0.
Figures la, Ic, and le are phasor diagrams for the electric field E(¢) in a rotating frame
in which the optical frequency ‘‘rotation’’ at frequency Q is removed. The quantum
nature of coherent-state light, i.e., light with G =1, is illustrated in Fig. 1a; a ‘‘quantum
fuzzball,”’ representing the quantum quadrature-phase fluctuations, is superimposed on
the vector representing the mean electric field. It is obvious that the noise shows no
preference for either quadrature, i.e., coherent-state light’s quantum noise is not phase
sensitive. The quantum nature of squeezed-state light is illustrated in the phasor

diagrams of Figs. 1c and le. In Fig. Ic, the E, quadrature is squeezed; the amplitude



-6 -

fluctuations are reduced and the phase fluctuations are increased in comparison to the
coherent-state light in Fig. la. The converse is true in Fig. le. It is clear from Figs. lc
and le that squeezed-state light has phase-dependent noise. This is further borne out by
the time variation of the electric field, illustrated in Figs. 1b, 1d, and 1f. In each graph,
the dark line represents the mean electric field <E(¢+)> =4 cosQt, and the shaded region
represents the uncertainty in the electric field, described by Eq. (1.8). Figure 1d shows
the well-defined peaks characteristic of reduced amplitude fluctuations, and Fig. 1f

shows the well-defined zero-crossings characteristic of reduced phase fluctuations.

1.2. Methods of Generating Squeezed-State Light

In the last section, we found that squeezed-state light is characterized by phase-
dependent quantum noise. What is needed is a phase-sensitive amplifier to generate
light with amplified quantum noise—amplified above the vacuum level—in one quad-
rature, and deamplified or ‘‘squeezed’’ quantum noise—deamplified below the vacuum
level — in the other quadrature. What kind of physical process will accomplish such a

phase-sensitive amplification?

A physical analogy will aid in answering this question. Suppose we have a vari-
able length pendulum,; that is, we can vary the length of the string to which the pendu-
lum bob is attached by pulling on the string while the bob is in motion, keeping the
pivot point fixed (by hanging the string over a pulley, for example). A simple experi-
ment shows that by pulling up on the string (i.e., shortening the string) each time the
bob is at its lowest point and returning the string to its original length when the bob is at
its highest point, we can amplify the motion. In pulling up on the string when the bob is
at its lowest point (when its velocity is a maximum), we give the velocity a ‘‘kick’’ for

the same reason that a twirling figure skater with arms extended rotates faster as she
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draws her arms in towards her. In one cycle of oscillation, we pull up on the string
twice, once as the pendulum swings to the left, and again as it swings to the right; we
“pump’’ the pendulum at twice its resonant frequency, and obtain an amplification of

the motion.

Now suppose we change the phase of the ‘‘pump’’ by 180°, i.e., we lower the
string each time the bob is at its lowest point, and pull up on the string when the bob is
at its highest point. The previous argument showing that the bob, when at its lowest
point, speeds up when the string is pulled up now shows that the opposite occurs when

the bob is lowered; the bob slows down, resulting in a deamplified motion.

Relative to the phase of the ‘‘pump,’’ there are two quadratures of the pendulum
motion, one in which the bob is pulled up when at its lowest point, and the other in
which the bob is lowered when at its lowest point. As we have seen, one quadrature is
amplified and the other is deamplified. This is just the phase-sensitive physical process
we need to generate squeezed-state light; devices implementing this process are known
as parametric amplifiers.

Nonlinear susceptibilities provide the means of producing parametric
amplification at optical frequencies. Three nonlinear-optical processes have been used
recently to generate squeezed-state light in the laboratory. Squeezed-state light was
successfully generated for the first time in the pioneering experiment of Slusher et al.?
They used backward four-wave mixing in an optical cavity to produce squeezed-state
light and balanced homodyne detection to detect it (see Section 1.3). Backward four-
wave mixing makes use of two counter-propagating pump beams, each of frequency Q,
interacting with counter-propagating signal and idler beams, at frequencies Q+¢ and
Q —¢, respectively, where the signal and idler are in separate cavity modes. The interac-

tion is mediated by the x> nonlinearity provided by a beam of atomic sodium. The
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weakness of the nonlinearity necessitates the use of an optical cavity, allowing the field
to make many passes through the sodium beam. In their best effort, they observed a
17% reduction* of the quantum noise level below that of the vacuum. Squeezed-state
light has also been generated by four-wave mixing in a forward geometry in the experi-
ment of Shelby et al.> An optical fiber provided the x® nonlinearity in their experiment,
the 114 meters of optical fiber obviating the need for an optical cavity. They obtained a
noise reduction of 12.5% below the vacuum level. The best results to date were
obtained by Wu et al.,' who used optical parametric down conversion to generate
squeezed-state light with a noise reduction of greater than 50% relative to the vacuum
level. Parametric down conversion uses a x® nonlinearity to mediate the interaction of
a powerful pump beam at frequency 2Q with a signal beam at frequency Q+¢ and an
idler beam at frequency Q—¢. Here the signal and idler belong to the same cavity mode
centered on €=0 (degeneracy). A frequency-doubled laser provides the pump at fre-
quency 2Q, and a cavity, resonant at frequencies Q and 2Q, provides a long effective
interaction length by allowing the photons to make many passes through the nonlinear

medium.

The common link between parametric down conversion and four-wave mixing
(whether backwards or forwards) is the reliance on a mechanism that couples a power-
ful pump component at frequency 2Q to signal and idler components at frequencies Q+¢
and Q—¢, where in all cases ¢ < Q. For parametric down conversion, the pumping field
itself oscillates at frequency 2Q, and is coupled to the signal and idler fields through the
x® nonlinearity. Four-wave mixing, on the other hand, uses the x* nonlinearity to cou-
ple the signal and idler fields to the square of the pump field oscillating at frequency Q.
The squared field contains the component at frequency 2Q needed for parametric

amplification to occur. Both processes can thus be understood in terms of our simple
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pendulum analogy; the pumping at frequency 2Q causes a phase-sensitive amplification

to occur, resulting in the production of squeezed-state light.

1.3. Quadrature Phases, Quadrature-Phase Amplitudes, and Balanced
Homodyne Detection

A plane-wave electromagnetic field traveling through free space in the positive-z

direction can be described by the positive frequency part of the electric field

2

1
po= o= [ 40 {__%“’;w] (@) 50, G.1)
[

where the integral runs over a bandwidth p symmetric about Q that contains all relevant
signal frequencies, and o is an effective cross-sectional area that crudely accounts for
the transverse structure of the field. The electric field operator is given by E =E®+E®,
The operators a(w) and a’(w) are annihilation and creation operators for the field which

satisfy the continuum commutation relation
[a (w),a (o)) =2rd(0- o) . (3.2)

The total energy (power integrated over all time) transported by the field through the

surface z =constant is

do ,oat
jﬁ - hwa'(a(w).

We let o=Q+e¢, where ¢ is positive by definition and e « Q over the bandwidth B;

we find that the electric field operator can be expressed in the form

E(z,t)=E (z,t)cosQ(t —z/c)+E(z,t)sinQ(t —z/c), 3.3)
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where E (z,t) and E,(z,t) are known as the quadrature phases ® of the electric field. The

quadrature phases, in turmn, are given by

¢ Y12
_| 8mh2 4 de —ig(t =2/c) 4y FepyiE(t —z/c)} 4
El(z,t)—\ co | jo o [ocl(e)e +o (€) , (3.4a)
r Y12
_ 8rthQ Ade [ —ig(t ~z/c) Froni €t -z/c):| 4b
By n)=| = | | 5 | ou®e +od(e) : (3.4b)

\ /

where o,(¢) and o,(e) are the quadrature-phase amplitudes *'

oc,(e)=%[(1+e/Q)”2a(Q+e)+(l—e/Q)"za'(Q—e)] , (3.5a)

ool(e)=—é[(l+£/Q)”2a(£2+e)—(1—e/Q)"za’(Q—e)] . (3.5b)

Here Q+A is the upper limit of the band B. We see from Egs. (3.4) that the quadrature-
phase amplitudes are the Fourier components of the quadrature phases, and hence con-
tain the spectral information about quantum fluctuations of the quadrature phases. The

quadrature-phase amplitudes obey the following commutation relations:

[ot(€),01,(€")] = [0,(€),02(€")] = [0 (€),012(€)] =0 , (3.6a)
[on ()0t (€7)] = [0y(),0 (€] = %2%(8 -€), (3.6b)
[o1y(£),04 (€] =[0] (£),0(€)] = ém(e—e') : (3.6¢)

Equations (3.6) imply the commutator Eq. (1.2) for the quadrature phases, and hence

the uncertainty principle Eq. (1.4), as discussed earlier.
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The real significance of the quadrature phases and the quadrature-phase ampli-
tudes becomes clear in a discussion of the method used to detect squeezed-state light.
A phase-sensitive detection scheme is needed to detect the phase dependence of
squeezed-state light; a balanced homodyne detector,*® shown in Fig. 2, is the preferred
detector for this purpose. The signal beam E,(z,¢) is mixed with a powerful local oscil-
lator (LO) beam E, o(z,¢) by a 50-50 beam splitter. The LO can be expressed as the sum

of a monochromatic field at frequency Q plus a quantum fluctuation term
E oz ,t)=A cos[Q(t —z/c )~ O o] +AE | ofz,t) 3.7
where
<AE; ofz,)>=0. (3.8)

The 50-50 beam splitter mixes the LO and the signal beams, producing the following

linear superpositions of the two at its outputs:

Ey(z,t)= %[ELO(z D +E (2 ,0))=Efz ) +ES Nz 1), (3.9a)

Ey(z,t)= j—E[ELo(z W) —E, @z )=EfNz t)+Ef )z 1) (3.9b)

The sign difference between Egs. (3.9a) and (3.9b) is due to energy conservation; the
field energy incident at the input ports of the beam splitter must be equal to the field
energy leaving the output ports.® The electric fields E,(z,t) and Ey(z ¢) are incident on
the photodetectors D, and D,, respectively, which we will assume are located at z =0.
The photodetectors respond to the normally ordered part of the incident power flux,
oc EC)(t)E™(1), since the remaining terms, containing terms like £%(¢) and E©%(r), oscil-

late at optical frequencies, far beyond the bandwidth of any photodetector. An ideal
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photodetector emits one photoelectron for each incident photon, so the photocurrent
operator is obtained by using the classical expression of the current but treating the
fields as operators. Taking the electron charge as ¢ and the area of the photodetector as

G4 We find that the current operators are

1(l')~

€ Oet
41t

[ELZ)) ()E} ) (t)+E_,(_)(t )EJ(+)(1)+E (6) (1)E (+)(t)+E (—)(t )EI(B 1, (3.10a)

n()=7 —ﬂ ESNOES)

€ Oget

0 EL BOEBO+EOOEN) -EQSWED)-ELER ).  (3.10b)

A balanced homodyne detector takes the photocurrents from the two detectors and

subtracts them coherently:
Oet

Ip()=1,()~ fz(t>-—~-—[E“’(r>E§"’(t)+E£8(t)E,H(r)]. (3.11)

Using Eq. (3.7), Eq. (3.11) can be written as

CO4et | A Q- g e
ID(t)zzlﬂ’;’z[—{E[Es(+)(r)e Qr ¢w)+EJ( )(t)e Qe ¢w)]

AEQ (¢ )Eé*’(r)+AE£8(:)E§‘>«)} . (3.12)

From Eq. (3.1), Egs. (3.4) and Egs. (3.5), we find the useful relations

E\(z,0)=EM(z,0)e" N "+ Lz )e K 0, (3.13a)
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E(z,t)=—iE Mz 1)e’ ™ ~7/0) 4 iE Oz 1)e ¥ ~2/) (3.13b)
Substituting Egs. (3.13) into Eq. (3.12), we find

c 0'dt:tA
4nthQ

Ip(t)= [E () cosdy o+ E () sind o] , (3.14)

where we have ignored the second term of Eq. (3.12) by assuming that A is very large.
Notice that the fluctuations from the local oscillator cancel; the local oscillator fluctua-
tions are correlated, or ‘‘balanced’’ in the two arms of the detector, and thus make no

contribution to the photocurrent.

By changing the phase of the local oscillator ¢, ,, we can, according to Eq. (3.14),
make the photocurrent operator I, (t) proportional to any relative combination of E (¢)
and Ey(r). In particular, for ¢;,=0, the current is proportional to E (¢); for ¢;o=m/2, the
current is proportional to E,(r). A more general argument makes this even clearer. We
can re-express the signal field [Eq. (3.3)] so that it possesses the same argument as the

local oscillator field:

E (z,t)=E(¢p0;2,t) cOS[Q(t —z/c ) — Oy o] + E o (D1 0;2 ,t ) SIn[Q(t —z/¢c )~ Op0]

=[E ($r0s2 ,2) COSPp o — E ) (P 032 ¢ ) Sind; o] COSQ(t —z/c)

+[E ((¢032 »1) SINPp o+ E (01 032 ¢ ) COSPy o] SInQ(t —z/c) . (3.15)

Equating Eqgs. (3.3) and (3.15), we find

E (Orosz,t)=E ((z,t) cosdpo+E,(z,t)sind o, (3.16a)

E(OLosz t)=E(z,t)cosdo—E (z,£)sindy o . (3.16b)

The E (¢r0:z.¢) quadrature is in phase with the local oscillator. From Egs. (3.14) and
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(3.16a), we see that I, (1) E,(¢,0;z,¢); that is, at any phase ¢, the differenced photo-
current from a balanced homodyne detector is proportional to the quadrature which is in

phase with the local oscillator."

Experimentally, one is interested in the spectrum of the differenced photocurrent.
Spectral information is obtained using a spectrum analyzer, which yields an output sig-
nal proportional to the mean spectral power in a bandwidth B centered on frequency &
as a function of e. The relevant quantity here is the spectral density of I, (¢), which by

the Wiener-Khinchin theorem is the Fourier transform of the two-point correlation

function
; 2
¢ odctA
<Alp (AIp (t +7)> gy = I <AE (9100, )AE 1 ($1.0:0,¢ +T)> yrm
[(cowd)” gm0 (2 d
— de T de
| 4AnhQ s fo o S 11(9Lo.€) coseT, 3.17)
where
5 11(PL0€) =S 11(E)cOS G o+ [S 12(€) + 5 51(€)] cOsPyoSiNdy o +5 22(E)sindy o (3.18)

is the spectral density of E,(¢y0;0,¢), normalized so that the vacuum has a value of 1/2.

Here we have assumed
<Aa, (€)Aa, (€)>,,, = <oy (€)A0,] (€)> =0, (3.192)
<Ak, (€800, (€)> 0 =TS, (£)S(E—) . (3.19b)

Equations (3.19) characterize what is known as time-stationary quadrature-phase noise,
610 j.e., the conditions set forth by Egs. (3.19) guarantee that Eq. (3.17) is independent

of the time ¢. The spectral-density matrix S,,(e), *'° which contains all the spectral
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information about the quadrature-phase noise, is due to beats between the local oscilla-
tor frequency Q and the signal frequencies Q+e. The photodetectors D, and D, (Fig. 2)
are sensitive to such beats over a limited bandwidth only, their electronic bandwidth.
We identify this electronic bandwidth with our bandwidth B of relevant frequencies; in

other words, we identify A as roughly the highest beat frequency to which either photo-

detector can respond.

The time domain noise moments <AE?(:)> and <AE2(¢)> can be recovered from

Eq. (3.17). In particular, for 1=0 and ¢; ,=0, we find
4hQ (A
SAEF()>=="=[1des ), (3.20a)
and for t=0 and ¢; o =m/2,
<aE30>=2 (% e 5@ (3.20b)
co b

Comparison with Egs. (1.6) shows that §,,(e)=S,,()=1/2 for coherent- or vacuum-state
light. To squeeze the fluctuations in E, or E,, one must have §,,(e) < 1/2 or S,(¢) < 1/2,
respectively, over a significant portion of the bandwidth A. Regardless of whether E, or
E, are squeezed, one has squeezing over frequency bands of width less than A when

S..m < 1/2 over said band, where m =1 or 2.

Rather than looking at the entire spectrum, one usually looks only at the spectrum
in the bandwidth B « A about the analysis frequency e and sweeps the local oscillator
phase ¢, displaying the resulting trace on an oscilloscope. Assuming that the spectral
density is nearly constant over the bandwidth B, one can assume that the mean spectral
power over B is proportional to BS,(¢.0€). Let us consider a specific example.

Squeezed-state light in which the E, quadrature is squeezed, as in Figs. 1c and 1d, has
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the spectral-density matrix elements [see Eq. (3.11) of Chapter 2]

S 4(€)= %e-“ : (3.21a)
S ()= %ez“ : (3.21b)
S 12(€)=8,(e)=0, (3.21¢)

where u (assumed positive) is known as the squeezing parameter and we have assumed
the spectrum to be constant over the bandwidth B about €. Using Eq. (3.18) and Egs.
(3.21), we find for the mms spectral current (proportional to the square root of the mean

spectral power)
I(¢r.0,8)=[e 72 cos’y o+ e sin’dy o]'"2, (3.22)

where we have set the proportionality constant equal to one for convenience. Figure 3 is
a plot of Eq. (3.22) as a function of ¢;,. The dashed circle of radius one in Fig. 3 shows
the rms spectral current for u =0, corresponding to unsqueezed vacuum noise entering
the signal port of the detector. The vacuum noise, which gives rise to shot noise in the
differenced photocurrent, is clearly insensitive to the phase of the local oscillator. The
same figure also shows the cormresponding rms spectral current for a squeezed vacuum
with u=In4. We see clearly the reduced fluctuations for ¢;o=0, and the increased
fluctuations for ¢;o=n/2. The phase sensitivity of the noise in a squeezed vacuum is
obvious; any fluctuation in the phase of the local oscillator near ¢, ,=0 may degrade the
observed squeezing by mixing part of the amplified quadrature E, with the squeezed

quadrature E ;.

A typical experimental set-up, the one used by Wu et al.,' is shown in Fig. 4. Here
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a degenerate parametric amplifier (in an oscillator configuration) is the source of
squeezed-state light—squeezed vacuum in this case. The effective length of the non-
linear medium is increased by placing the crystal in an optical cavity, since it allows the
light to make multiple passes through the crystal. Notice that the same laser that pumps
the nonlinear crystal also acts as the source for the local oscillator. Figure 5 shows
some of the results of this experiment. The rms noise voltage V(0) is plotted as a func-
tion of the local oscillator phase 8. Here the noise voltage corresponds to our rms spec-
tral current plotted in Fig. 3. For certain values of 6, the noise voltage dips below the

vacuum level, given by the dotted line in Fig. 5.

1.4. Introduction to the Remaining Chapters

In Chapter 2, we develop a wideband traveling-wave formalism for analyzing
quantum mechanically a degenerate parametric amplifier. The formalism is based on
spatial differential equations—spatial Langevin equations—that propagate temporal
Fourier components of the field operators through the nonlinear medium. In addition to
the parametric nonlinearity, the Langevin equations include absorption and associated
fluctuations, dispersion (phase mismatching), and pump quantum fluctuations. We
analyze the dominant effects of phase mismatching and pump quantum fluctuations on

the squeezing near degeneracy (¢=0) produced by a degenerate parametric amplifier.

We carry out a more detailed analysis of the effects of phase mismatching in
Chapter 3. The spatial Langevin equations derived in Chapter 2 are easily solved with
the assumption of a lossless medium and a classical pump. We find that parametric
amplification is capable of generating squeezed-state light over a wide band if materials
with large x® nonlinearities can be found, and that the squeezing bandwidth can be

enhanced by phase matching away from degeneracy. We compare our results with
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similar results recently found for four-wave mixing in an optical fiber.

Chapter 4 considers again the effect of pump quantum fluctuations on the squeez-
ing produced by parametric amplification. We briefly describe a wave-packet approach
that enables us to treat traveling-wave problems quantum-mechanically with discrete-
mode calculations. The equations of motion resulting from such an approach are spa-
tial differential equations—as in Chapter 2—for the wave packet amplitude operators.
Under certain assumptions, we can replace the spatial variable z by the temporal vari-
able ct/n,, where n, is the index of refraction (assumed nondispersive). The resulting
equations of motion are of the same form as those one would derive from a Hamiltonian
using the standard approach to problems in quantum optics; one assumes the field can
be described by a few discrete modes, and writes down an appropriate Hamiltonian for
the process being considered. We justify our use of this Hamiltonian, and use it to
derive Fokker-Planck equations for one- and two-mode parametric amplifiers. Standard
methods of stochastic calculus'' are then used to derive Ito stochastic differential equa-
tions (SDEs) from the Fokker-Planck equations. An approximate solution of the SDEs
is obtained by iteration, and the full semiclassical correction (the correction to order
N7!, where N is the initial number of pump photons) is then calculated analytically. The
corrections obtained agree with the dominant correction calculated via spatial Langevin

equations in Chapter 2.

A possible application of squeezing is considered in Chapter 5; in particular, we
study the effects of squeezing the intracavity noise in a laser oscillator. We solve the
classical noise problem of a realistic laser model by making a bold—and possibly
unrealizable —assumption, that the in-phase and quadrature Langevin sources which are
responsible for the ‘‘noisiness’’ of the laser can be squeezed. We show that the effect

of squeezing the in-phase quadrature is to reduce the phase noise, including the
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linewidth, of the laser but, due to amplitude-phase coupling, not to eliminate them alto-

gether. Intensity fluctuations, on the other hand, are fully squeezed.
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FIGURE CAPTIONS

Fig. 1. Graphs of the electric field versus time for three states of the electromag-
netic field. The graph on the left represents the ‘‘error box’’ of the complex amplitude,
while the graph on the right is the time variation of the electric field for the same state.
The dark line is the expectation value of the electric field, and the shaded region
represents the uncertainty in the electric field. (a),(b) Coherent-state light. (c), (d)
Squeezed-state light with reduced amplitude fluctuations. (e),(f) Squeezed-state light

with reduced phase fluctuations. Reproduced with permission from Caves.'

Fig. 2. A balanced homodyne detector. The 50-50 beam splitter mixes the incom-
ing signal with a powerful local oscillator, with the output fields incident on the photo-
detectors D, and D,. The output signal is obtained by coherently subtracting the photo-

detector currents I, and I,.

Fig. 3. A plot of the rms current /(¢;0.¢) from a balanced homodyne detector as a
function of local oscillator phase ¢, for fixed analysis frequency €. The dashed line is
for a signal composed of un-squeezed vacuum noise, and the solid line is for a signal

composed of squeezed vacuum noise.

Fig. 4. Diagram of the principal elements of the apparatus for squeezed-state gen-
eration by degenerate parametric down conversion. Reproduced with permission from

Kimble.!

Fig. 5. Measurement of the phase dependence of the quantum fluctuations in a
squeezed state produced by degenerate parametric down conversion. The phase
dependence of the rms noise voltage V(6) from a balanced homodyne detector is
displayed as a function of local oscillator phase 0 at fixed analysis frequency (1.8 MHz)
and bandwidth (100 kHz) in the spectral distribution of photocurrent fluctuations. With

the OPO input blocked, the vacuum field entering the signal port of the detector
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produces the noise voltage given by the dashed line with no sensitivity on 6. With the
OPO input present, the dips below the vacuum level represent a 50% reduction in noise
power relative to the vacuum noise level. Note that the ordinate is a linear scale in
noise voltage. The dotted line is the amplifier noise level. Reproduced with permission

from Kimble.!
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CHAPTER 2

Quantum Wideband Traveling-Wave Analysis of a
Degenerate Parametric Amplifier

by Carlton M. Caves and David D. Crouch

Published in the Journal of the Optical Society of America B4, 1535 (1987).
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ABSTRACT

We develop a wideband traveling-wave formalism for analyzing quantum
mechanically a degenerate parametric amplifier. The formalism is based on spatial dif-
ferential equations—spatial Langevin equations—that propagate temporal Fourier com-
ponents of the field operators through the nonlinear medium. In addition to the
parametric nonlinearity, the Langevin equations include absorption and associated
fluctuations, dispersion (phase mismatching), and pump quantum fluctuations. We
analyze the dominant effects of phase mismatching and pump quantum fluctuations on

the squeezing produced by a degenerate parametric amplifier.
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1. INTRODUCTION

A degenerate parametric amplifier (DPA) is the prototypic device for generating
squeezed-state light.'"> A DPA runs on the nonlinear interaction between a signal field
near frequency Q and a pump field at frequency Q,=2Q.* This parametric interaction
has been exploited to generate squeezed-state light’>—but in an oscillator, rather than an
amplifier configuration. In the oscillator configuration the nonlinear medium is
enclosed in an optical cavity, in which multiple passes through the medium increase the
effective nonlinearity.>'® If one could find materials with larger x® nonlinearities,
however, one might prefer an amplifier configuration because of its intrinsically wider

bandwidth.

The conventional approach to quantum problems in nonlinear optics is to special-
ize to a few interacting modes of the electromagnetic field. All the spatial dependence
is contained in the spatial mode functions. The basic equations are temporal differen-
tial equations that describe the evolution of the modes. In one realization these equa-
tions are temporal operator Langevin equations for the evolution of the creation and

annihilation operators of the modes.

This conventional approach is well-suited to analyzing a parametric oscillator, in
which the appropriate modes are modes of the optical cavity, but it is ill-suited to
analyzing a DPA, which is a traveling-wave device not easily thought of in terms of a
few discrete modes. To analyze a DPA, one would like a set of spatial differential
equations for the propagation of the fields through the nonlinear medium. One way to
get such spatial differential equations is to take the temporal differential equations for
discrete modes interacting parametrically and to replace + with z/v,, where v, is the
phase velocity in the medium.'"" Aside from its questionable validity, this procedure

runs into trouble when there is dispersion, and it does not address questions about
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bandwidths. These problems with the conventional approach have been stressed by
Tucker and Walls,'> who developed a wave-packet formalism in an attempt to deal with

them.

In this chapter we model a DPA in a different way. Our approach is patterned
after the approach used in classical nonlinear optics, which is formulated in terms of
spatial differential equations for coupled Fourier components of the fields. We start
with an ideal, lossless, dispersionless medium with a nonlinear susceptibility x®. In
such a medium the Heisenberg equations for the field operators are an operator version
of the macroscopic Maxwell equations, together with a constitutive relation that
includes the nonlinearity.”® A temporal Fourier transform then yields spatial differential
equations for propagation of the Fourier components of the field operators through the
medium. These equations describe a parametric interaction between signal frequencies
Q+e and the pump at frequency Q,. Because there is no dispersion, the parametric

interaction is perfectly phase matched.

Our next step is to include absorption and dispersion phenomenologically. We
replace the actual nonlinear medium by a sequence of slabs of ideal medium separated
by beam splitters. Reflection at the beam splitters models a linear loss mechanism, and
frequency-dependent phase shifts at the beam splitters introduce dispersion. The final
result is a set of spatial propagation equations that include absorption and phase
mismatching. These equations might well be called spatial operator Langevin equa-

tions for the propagation of the field through the nonlinear medium.

Throughout our analysis we are interested in the dominant effect of quantum
fluctuations in the pump field, our goal being to investigate the conditions under which
the pump can be treated classically. The dominant effect arises from quantum phase

fluctuations in the pump, which feed noise from the amplified signal quadrature into the
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squeezed signal quadrature. The quantum phase fluctuations in the pump can be
viewed as due to vacuum fluctuations at unexcited frequencies near ©,, which couple to
signal frequencies through the parametric nonlinearity. The bandwidth over which such
vacuum fluctuations are important, which can be thought of as the pump bandwidth,
determines the size of the quantum phase fluctuations in the pump. This pump
bandwidth is limited by phase mismatching, which renders frequencies sufficiently far
removed from Q, effectively uncoupled from the signal frequencies. We evaluate this
pump bandwidth within our model. Perhaps surprisingly, it is smaller than the

bandwidth over which the DPA is phase matched.

In Section 2 we describe our model of a DPA, present a simple heuristic argument
for the conditions necessary for a classical pump, and then derive the spatial Langevin
equations for the model. In Section 3 we use the spatial Langevin equations to investi-
gate the effects of phase mismatching and pump quantum fluctuations on the squeezing

spectrum.

2. MODEL FOR DEGENERATE PARAMETRIC AMPLIFIER

A. Description of model

Consider a nonlinear medium of length L, which lies between z =0 and z=L. The
nonlinearity is described by a nonlinear susceptibility x®. Propagating through the
medium in the +: direction is a strong pump wave at frequency Q, and a signal wave at
frequencies near the degeneracy frequency Q=Q,/2. The parametric nonlinearity cou-
ples the pump to signal frequencies Q+e. We idealize all the waves as plane waves
with a single polarization in which the electric (magnetic) field lies along the x-axis (v-

axis). Specializing to a single polarization ignores the details of how phase matching is
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achieved in many real DPAs, but these details are not important for our quantum
analysis. Specializing to plane waves ignores the transverse structure of the waves,
which we, nonetheless, take into account crudely by introducing an effective cross-

sectional area o for the waves.

We assume, for simplicity, that the index of refraction for frequencies near Q, is
uniform with value n, =n,; hence the pump wave number is K, =Q,nyc. The index of
refraction for frequencies w=Q+te near Q is allowed to be dispersive with value
n(®)=nq+An(w); the corresponding wave number is denoted & (w)=on(w)/c. We assume
perfect phase matching at degeneracy—i.e., An(Q)=0—so that the wave number at
degeneracy is K =Qng/c =K, /2.

We assume for convenience that the medium is lossless for frequencies near Q,,
but we allow for absorption at frequencies o near Q. The absorption is characterized by

an absorption coefficient (@), which gives the loss per unit length in photon units.

The pump’s magnetic field has complex amplitude id,e’'* =iA,e**, where 4, is the
pump amplitude and ¢,=2¢ is the pump phase. The corresponding pump power is
P, =(co/8mno)A. .

It is useful to introduce a dimensionless measure of the nonlinearity,

12
2my A, x@ [ 8P
= =2n £ , 2.1
% n g ng?| co @.1)

in terms of which the nonlinear gain coefficient of the medium is
go=0(Q/c )= 0(K /ng) . (2.2)

There are three important spatial rates in our model: (i) the rate of accumulation of

phase K, (ii) the nonlinear gain coefficient g,, and (iii) the absorption coefficient y. The



-34 -
fundamental assumption of our analysis—just as it is the fundamental assumption of a
classical analysis of a DPA*—is that these spatial rates satisfy

g0 Y<K . (2.3)

That g,«<K is equivalent to saying that the dimensionless nonlinearity oy<1.

The nonlinear gain is effective only over the bandwidth for which the medium is
phase matched. The extent of phase mismatching at frequencies Qx+e is characterized

by

_(Q+8)An(Q+€) (Q-€)An(2—¢) (2.4)
[ c

Ak(e)=K, —k(Q+e)—k(Q-g)=

The index of refraction varies only a small amount over the phase-matched bandwidth,

so we can expand it as
An(Qte)=+n'e+ %11”82 , (2.5)

where the derivatives of n(w) are evaluated at Q. One then finds that
Ak(e)=—pelQc, p=2Qn"+Q%"", (2.6)

where p is a dimensionless factor for which a typical value might be Ip 1~0.1. One can

now introduce frequencies ¢, and ¢, at which the medium begins to be badly

mismatched:
IAk(e)L =1 = € =IpI"%(Qc/L)"*, (2.7a)
Ak ()20l =1 => &=Ip172(2Qcg o). (2.7b)

The bandwidth A/2r over which the DPA is phase matched can be defined as
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A2n=n""min(e,,&,) < Q2 . (2.8)

B. Conditions for classical pump

The pump wave is, of course, not completely classical. Its monochromatic excita-
tion at frequency Q, is inevitably accompanied by quantum fluctuations, which lead to
fluctuations in the pump amplitude and phase. The limit in which the quantum fluctua-
tions can be totally ignored and the pump is strictly classical is not just the limit of a
very strong pump; rather, it is that the pump amplitude A, — -, while the nonlinear sus-
ceptibility x®—0, in such a way that the dimensionless nonlinearity oge<x™A, (or the
nonlinear gain g,) is held constant. Knowing this limit, however, does not tell one
whether the pump in a given DPA can be treated classically to a good approximation.
Indeed, the important practical question concerns a given nonlinear medium with a
fixed value of x®—not a fixed value of o, One would like to know, given x@, the

range of pump powers P, for which the pump is approximately classical.

There is a simple heuristic argument'* for the dominant effect of pump quantum
fluctuations. If the DPA were powered by a classical pump, it would produce ideal
squeezed light at phase-matched signal frequencies. Such ideal squeezed light can be
represented in a complex-amplitude diagram by an ellipse'>'¢ with radius e “¥* for the
squeezed quadrature and radius e** for the amplified quadrature (ellipse with solid lines
in Fig. 1). The orientation of the ellipse is determined by the phase of the pump; in Fig.
1 the pump phase is chosen so that the ellipse with solid lines is oriented along the real

and imaginary axes.

The dominant effect of pump quantum fluctuations arises from the phase fluctua-

tions, which have characteristic size A9, =1/2N,”?=1/24,. Here N, is the number of pump
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photons, and 4, is a dimensionless pump amplitude in photon units. The pump phase
fluctuations cause the orientation of the ellipse in Fig. 1 to fluctuate, as indicated
schematically by the dotted ellipse. The characteristic angle through which the ellipse
tumns is A¢=A¢,/2=1/44,. These orientation fluctuations feed noise from the amplified
signal quadrature into the squeezed signal quadrature, thereby degrading the squeezing.
The characteristic size of the noise added to the squeezed quadrature is Age®”. Thus the
condition for a classical pump is

Ades* =eg°[‘/4,4[, <e 8 = A, >>71t—e28°l‘ = %ezm,((wc) . (2.9)

One sees in this condition the limit for a strictly classical pump: o= constant, 4, — oo

Missing from the preceding argument is any hint of how to relate the physical
pump amplitude A, to the dimensionless amplitude 4,. That relation requires identify-
ing an appropriate bandwidth. The pump quantum fluctuations can be regarded as aris-
ing from vacuum fluctuations in unexcited frequencies near Q,, which are coupled to
signal frequencies by the parametric nonlinearity. The size of the phase fluctuations—
and, hence, the effective number of pump photons—depends on the bandwidth of
nearby frequencies that must be considered. Clearly this pump bandwidth A,/2x is lim-
ited by phase mismatching, which means that frequencies sufficiently far removed from

Q, are not effectively coupled to frequencies in the signal field.

Given a pump bandwidth A, /2r, one can identify the number of pump photons as

Ne—tt €O 2
PEhQ,A, 2 AnghQ, A, T

=4 (2.10)

Here

A oe=(dnghQ, A, lc 6)"? (2.1D)
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is an effective amplitude for the pump quantum fluctuations; it corresponds to a vacuum

power P, =(co/8rngA . =h,A,/2r. Notice that the variance in the pump phase is
2_ =
(A9, )*=1/4N, =(hS2, /4P, 4, 2m) . (2.12)
It is useful to introduce a dimensionless nonlinear susceptibility

2y PA
a() - T‘X vac (213)

(XVacEZ ng ’

which measures the intrinsic nonlinearity of the medium in units of the pump vacuum
amplitude.

Now write the condition (2.9) for a classical pump as
A, >>%exp[20c,,ac(QL/c )A4,]. (2.14)

For a given nonlinear medium with a fixed value of o, (QL/c), there is a restricted range
of pump amplitudes for which the pump is approximately classical. The upper end of

the range is determined by the solution of
Apes = X200, (L 0) A 2.15)

to be approximately classical, the pump must have dimensionless amplitude 4, much
bigger than 1, but somewhat smaller than A4,,.. Rewritten in terms of physical parame-

ters, the condition for a classical pump becomes

77

1 Ap X(2) QL 8Tth
—hQ —— 8 — - . 2.16
P> 16 he2, . exp| 8n el o ( )
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These considerations hinge on knowing the pump bandwidth A,/2r. One’s first
guess might be that A,/2r is about the same size as the phase-matched bandwidth Ar2r,
but our detailed calculation in Section 3D confirms the preceding argument and shows

that within our model
A, 2r=cgo/QIn’l, (2.17)

which is typically smaller than A2x.

Previous analyses of pump fluctuations in a DPA have idealized to a few discrete
modes; thus they do not address bandwidth questions. Wodkiewicz and Zubairy" spe-
cialized to a single-mode pump and a single-mode signal, and they analyzed classical
fluctuations in the pump amplitude and phase. Their result is consistent with the above
argument, with A¢, given by classical phase diffusion instead of quantum fluctuations.
Hillery and Zubairy'* considered a single-mode pump and a single-mode signal, and
they evaluated the effect of pump quantum fluctuations by using a path-integral
analysis. Their result is consistent with the preceding argument. Scharf and Walls'® spe-
cialized to a single-mode pump and a two-mode signal (signal and idler modes), and
they did a detailed asymptotic analysis of pump quantum fluctuations. In their analysis
the dominant effect of pump quantum fluctuations is an error term e** V4804, (in our
notation), a bigger effect than the dominant effect e3°L/4Ap suggested by the above argu-
ment. If the Scharf-Walls result is correct, then pump quantum fluctuations are more

serious than our analysis indicates.
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C. Spatial Langevin equations

We are primarily interested in the behavior of the signal field. Propagating toward
the nonlinear medium from the vacuum region z <0 is the input signal field, a free field

whose positive-frequency field operators can be written as

12
B =D =E = B)i’z%{zf’;“’} ap(@)e’ ™0 7 <0, (2.18)

where the integral runs over a bandwidth B, about Q, which contains all relevant signal
frequencies. The operators a;(») and a/ (w) are annihilation and creation operators for

the input signal field; they satisfy continuum commutation relations
(@ (o)ai (@)]=2n8®w—-w) . (2.19)

The total energy (power integrated over all time) transported by the input signal field

through a surface z =constant is

Ao 4 oat
o, S hovain (@)

Similar considerations apply to the output signal field, which propagates away
from the nonlinear medium into the vacuum region z>L. We denote it in the same way

as the input signal field, but with ‘‘in’’ replaced by ‘‘out.”’

Inside the nonlinear medium we write the signal field in terms of a temporal
Fourier expansion. The positive-frequency part of the magnetic field operator is given

by

BM= jﬁ %QBs(w,z)e“(k’_""), k=wn(w)c, 0<z<L, (2.20a)
. 2n

. 172 12
Bs(m,z)={ ¢ ] {2"”“")”‘”} a,(@z) . (2.20b)

n (co)vg (w) co
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Here v, (0)=(dk/dw)™" is the group velocity in the medium.

If there were no nonlinearity, the Fourier components B,(w,z) would have no :
dependence, and the displacement field operator D, and the electric field operator E, P
would have  Fourier expansions similar to  Eq. (2.20a), with
D (w)=[n(w))E,(®)=n(o)B; (). In addition, the energy transported by the signal field
through a surface z =constant would be

do

}
b, oy was (@)a, ()

[the group-velocity factor in Eq (2.20b) is included to ensure this form]. Since the non-
linearity is small, we ignore the energy stored in the nonlinear polarization; hence we
can write the total energy transported by the signal field through a surface z =constant in
the nonlinear medium as

dmw

.= hoa, (0,2 )a, (0,2) .

Thus the operators a, (w,z) are Fourier components normalized to be in photon units.

These considerations show that if there are no reflections at the input and output

surfaces (perfect antireflection coatings), then appropriate boundary conditions are
a,(w,0)=a;,(0), a,(®)=a,(®L). (2.21)

A priori one does not know the commutators of the Fourier components q, (»,z ), because
knowing them would require knowing the nonequal-time field commutators. Nonethe-
less, in this simple case of plane waves propagating in one direction with no reflections,
the above boundary conditions specify the commutators for a, (w,0) and a,'(®’,0) and also

the commutators for 4, (w,L) and a,/(w’,L). Further, since the output boundary could be
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put at any value of z, one in fact knows the equal-position commutators for any value of

[a, (0,2 )a,/ (@) =2n8(0-w) . (2.22)

Besides the signal field one also needs the pump field. Inside the medium we

expand the pump’s magnetic field operator as

d ik —
BW= jp, T:Bp(o),z)e ke =00 " ko=wnglc, 0<z <L, (2.23a)
17
1., 27tn ol
B,(0;2)= EtApe ¢P21t8((0—Q[,)+ - } a,(®z) . (2.23b)

Here the integral runs over a bandwidth B, about Q,, which contains all relevant pump
frequencies. The first term in B,(w,z) is the strong mean pump field, and the second
term represents fluctuations about the mean. Considerations identical to those for the
signal field show that g, (®»,0) and a,(w,L) are input and output annihilation operators at
frequency @. Throughout our analysis we assume that, aside from the strong excitation

at frequency Q,, the input pump field is in the vacuum state.

We would like to include in our description absorption and dispersion in the signal
field, but there is a difficulty in doing so. The equations that we use to describe the
nonlinearity are an operator version of the macroscopic Maxwell equations, which are
the Heisenberg equations derived from an appropriate Hamiltonian. It is difficult to
include losses and dispersion in such a Hamiltonian formalism.!* Therefore, we
separate the losses and dispersion from the nonlinearity by using a trick (Fig. 2). Sup-
pose that we have managed to propagate the signal and pump fields to position z in the
medium and we wish to propagate them a further small distance Az. We replace the

actual medium between z and z +Az by a beam splitter followed by a slab of ideal
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nonlinear medium, which has no absorption and no dispersion. The reflectivity of the
beam splitter accounts for losses, and frequency-dependent phase shifts at the beam
splitter introduce dispersion. The ideal nonlinear medium has uniform index of refrac-
tion n, and nonlinear susceptibility x®.

The problem that must be solved is to relate the fields entering the actual medium
at z +Az, i.e., the Fourier components a,(wz +Az)e™* *4) and a,(w,z +Az)e™ **), to the
fields leaving the actual medium at z, i.e., the Fourier components a,(m,z)e® and
a,(o,)e™* (Fig. 2). To do this we need to know how to propagate the fields through the
beam splitter and the ideal nonlinear medium.

As a first step we need to describe the fields within the ideal nonlinear medium.
We denote these fields by a subscript 0, and we write each field operator as a sum of a
signal field and a pump field. For example, the positive-frequency part of the magnetic

field operator within the ideal nonlinear medium is
B{" =B{P+B§) . (2.24)

The signal and pump fields are written in terms of temporal Fourier transforms:

BP=[ 42 B () * | ky=wngc , (2.25a)
B. 2x
172
2 T
Bos(m»§)=[ o w} a0, (@), (2.25b)
BiP= [, 22 By, @) 57, (2.262)
1 21tn yhw 2
Bop(w,§)=Empei°’2n8(w—ﬂp)+{ ‘; J ag, (@,8) (2.26b)

(z <&<z+Az). Just as before, the operators a,(w§) and ay, () give the energy
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transported in photon units, so it is appropriate to impose boundary conditions in terms
of them.

The beam splitter transforms the fields that leave the actual medium at z before
they reach the slab of ideal medium. Since the beam splitter has no effect on the pump

field, the appropriate transformation at pump frequencies is

ag, (02)=a,(0,2). (2.27)

At signal frequencies the beam splitter has frequency-dependent reflectivity
Y(w)Az , which thus becomes the loss in photon units at frequency o within the slab Az.
In other words, y(w) is the absorption coefficient (loss per unit length) of the actual
medium. To conserve energy (or to preserve unitarity), the beam splitter must have a
second input port, into which propagates a free field with annihilation operators b, (),

satisfying continuum commutation relations
(b, ()b, (@) =218(0- o) . (2.28)

This auxiliary signal field accounts for fluctuations associated with absorption; it is
assumed to be in the vacuum state. The transformation law for the beam splitter at sig-

nal frequencies is
ao, (0,2)e™% = M@/ 11 _ vw)Az]a, (0,2 )e™ +[Y(0)Az]"%b, (w)e™ )} . (2.29)

The phase factors ¢ and ¢”* are included so as to match the phase of the field leaving
the actual medium to the phase of the field entering the ideal medium. The frequency-
dependent phase shift at the beam splitter, wAn (w)Az/c, where An (w)=n(w)—n,, is simply
the additional phase shift required to account for dispersion in the actual medium within

the slab Az.
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It is useful in what follows to write b, (w) as an integral over a continuum of contri-

butions within the slab Az:
z+4Az
b, (w)=(Az)™"? J’ dtb (k). (2.30)
The operators b, (w,) obey the commutation relations
[b, (@.8),b,(00',§)] = 2n8(00 - )8~ &) . (2.31)

At the far end of the slab, the appropriate boundary conditions to get back into the

actual medium are
a,(0,z +Az)=ag,(@,z +Az), (2.32)
a,(0,z +Az)e*C ) =q (0,7 +Az)e 4 (2.33)

Just as above, the phase factors in Eq. (2.33) match the phase of the field leaving the

ideal medium to the phase of the field entering the actual medium.

What remains now is to propagate the field through the slab of ideal nonlinear
medium. If we describe the nonlinearity by a susceptibility x@, then the Heisenberg
equations for a lossless, dispersionless nonlinear medium are simply an operator ver-
sion of the macroscopic Maxwell equations, supplemented by a constitutive relation.'®
The two important Maxwell equations are c¢™'9D§}/9t=—-0B{P/0t and JES}/I0&
=—c"'9B{19t, where ¢ can stand for either s or p. We choose to write a constitutive
relation for the electric field in terms of the displacement field,” rather than the usual
relation for the displacement field in terms of the electric field. Thus we use a nonlinear
susceptibility n®=ns°x®. Decomposed in terms of signal and pump fields, the constitu-

tive relation becomes
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E§P=na®DP-8mPDDE (2.34a)
E§=ng"D§) - 4@ DT . (2.34b)

By plugging the Fourier expansions [Eqgs. (2.25) and (2.26)] into the Maxwell
equations and the constitutive relation and by keeping only the highest-order terms in
ap<<1 and oy 4, <oy, we find the following two spatial propagation equations: (i) a sig-

nal equation,

12

da s (0,5) (Q, —) o+
dt =& ;;2 e*al (Q, -w)
r, 7 172 ’
8o ¢ do’ | eo'(@-w)| " dep @ £ - 9

and (ii) a pump equation,

2 4 0s (@0 E)a g (0 — 0 E)

1/2
(A, /2m)

00 (0-o)
Q’Q,

dag, (&) i g0 ¢ do

e "1 b (2.35b)

The first term in the signal equation is the primary effect of the parametric nonlinearity.
It is the standard nonlinear coupling, mediated by the pump at frequency Q,, between
signal frequencies w=Q+e and Q,-w=Q-e. The second term is an integral over
equivalent couplings mediated by initially unexcited pump frequencies o  within the
bandwidth B, ; it includes the effects of pump quantum fluctuations. The pump equation
describes an integral over nonlinear couplings between a pump frequency o and signal

frequencies " and w-w’; it includes, for example, the effects of pump depletion.
Equations (2.35) are the desired equations for propagation through the slab of
ideal nonlinear medium. If we assume that the slab is sufficiently thin that g,Az <1,

then we can approximate the solutions of Egs. (2.35) as
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Az , (2.36a)

aos ((l),z +AZ)=GOJ((D,Z)+ I ——

I da Os (a)vé)
d £

(2.36b)

aop ((l),z +Az )=¢10p ((D,z )+

[ da,, (co,é)} A
d§ |-

If we further assume that (w)Az <1 and wAn (w)Az/c <1 and linearize in these quantities,

we can combine Egs. (2.27), (2.29), (2.32), (2.33), (2.35), and (2.36) to relate the fields

entering the actual medium at z +Az to the fields leaving the actual medium at z. By

taking the limit Az -0 and simultaneously introducing the operators b,(®»,£) of Eq.

(2.30), we can rewrite these relations as two spatial differential equations: (i) a signal

equation,
da, (0,z) 1
dz == EY(OJ)"; (0)92)
12
(2, —w) N
-8o ;;2 ¢t K hoox "sf(Qp —0z)

+[Y(@)])' b, (0,2)

4 ’, 12 ’
.80 dw o0 (0 —0) iAK(o)'m)z (IP(O),Z) t,
+i>2 e oL g -wz), 2.37a
! A, B 21 QZQP ®, 12m)'2 ( ) ( )
and (ii) a pump equation,
da,, ((1),2) = —l_ _i J d(D/ (0(0/((0—(0’) ]/Ze -iAK((x),(:)’)z as (0‘),’2 )a: (0.)— wfvz) (2 37b)
dZ 2 /4’, B 27t Q2Qp (AP/27t)l/2 . °

These two equations are the spatial Langevin equations for our model of a DPA. The

quantity
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_ @An(w) (@' - w)An (@' — ) (2.38)

’ w,nO ’
AK (0 ,0)= — —k(®)—k(® —®)=
C C C

characterizes the phase mismatching between a pump frequency o’ and signal frequen-

cies w and o - .

The first term in the signal equation (2.37a) describes attenuation that is due to
absorption, and the third term represents the fluctuations associated with absorption.
The second and fourth terms are a consequence of the parametric nonlinearity; they are
the same as the equivalent terms in the signal equation (2.35a) for an ideal medium,
except for the presence of phase-mismatching factors. The characteristic size of the
pump-fluctuation term is 1/4, times the size of the primary nonlinear term. The pump
equation (2.37b) differs from the pump equation (2.35b) for an ideal medium because
of a phase mismatching-factor.

The spatial Langevin equations (2.37) display clearly the classical-pump limit:
go=constant, 4, —eco. In this limit the pump-fluctuation term in the signal equation goes

away, and the pump is decoupled from the signal field.

It is instructive at this point to contrast our approach with the wave-packet formal-
ism developed by Tucker and Walls,"> which has been applied to a DPA by Lane er al."
In our approach, because we work in the temporal Fourier domain, frequency matching
is enforced exactly. Just as in the usual classical analysis, phase mismatching appears
as a mismatch AK (o’,) between wave numbers whose corresponding frequencies match
exactly. Tucker and Walls idealize to an infinitely long medium so that wave-number
matching is enforced exactly. In their formalism phase mismatching appears as a

mismatch between frequencies whose corresponding wave numbers match exactly.

Before going further, we make a series of simplifications. We assume that the

absorption coefficient is constant over the signal bandwidth, i.e., nw)=y; we ignore the
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variation of the square-root-of-frequency factors in Egs. (2.37); and we choose the
pump phase to be ¢, =2¢=0. With these assumptions it is convenient to rewrite Egs.

(2.37) in terms of deviations of signal and pump frequencies from Q and Q,:

da,(Q+ez .
da,(Q+ez) = %Yd: (Q+e2)—goe' ¥ g (Q—g2)+7?b,(Q+&2)+P(ez), (2.39a)

dz
da,(Q,+€z) ;i 80 = de’ .../ . a,(Q+E,2)a (Q+e—¢€7)
#=_M “E -itk(e.e-g)z_S
e 24 j_w o € @, 2m)" (2.39b)
Here the pump-fluctuation term is given by
= 'f.q_ © _@,_ iAk(eE)z aP(QP +£_€,__’z) o —¢’
P(ez)=i 4 e 2m e (A‘,/Zn:)“z al(Q-¢g,z2), (2.39¢)
and the phase mismatching has been redefined in terms of
Ak (£€)=AK (Q, +e—€ ,Q+€)= - Q+e)An(Q+e) (Q-e)An(@-¢) (2.40a)
C c
Ak (€)= Ak ()= — QFOMQ+E)  Q-D)An(Q-¢) (2.40b)
c [

[cf. Eq. (2.4)]. In Egs. (2.39) we formally extend the integration limits to +eo, anticipat-
ing that in the calculations of Section 3D, the phase-mismatching factors provide a

natural cutoff for the integrals.

We now introduce quadrature-phase amplitudes™'** for the signal field, defined by

oy (6,2)= %[as (Q+ez)+a(Q-€2)], (2.41a)

(€)= — é[a: Q+e:)—a/(Q-e2)] . (2.41b)
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The quadrature-phase amplitudes are the Fourier components of the quadrature phases
of the signal field, defined with respect to frequency Q. Evaluated at z =L, they contain
the spectral information about the squeezing produced by the DPA. They are defined
here with respect to a phase such that when ¢, =0, the o; quadrature shows maximum
squeezing near degeneracy. The frequency argument ¢ of a quadrature-phase amplitude
is always assumed to be nonnegative.

Suppose that the output of the DPA is detected by a balanced homodyne detec-
tor.'?> If the detector is ideal, the quadrature-phase amplitudes (multiplied by an
appropriate factor) give the Fourier components of the differenced photocurrent at the
output of the detector.”” Hence they provide the spectrum of the differenced photo-
current. Specifically, if the phase of the local oscillator powering the homodyne detec-
tor is chosen so as to display maximum squeezing for the phase-matched frequencies
near degeneracy, then o,(g) gives the Fourier component at rf frequency ¢ of the differ-

enced photocurrent.

We find it useful to introduce another set of quadrature-phase amplitudes,

oy(€,z)= —;—[e TiMkE22 (Qtez)+e M2 Qgz)], (2.42a)

T e @22; (Qyez)— e ™21 e2)], (2.42b)

p(Ez)= -

which are related to the original quadrature-phase amplitudes by a frequency- and

position-dependent rotation:
o, (€,2 )= 0, (€,2 ) COS[Ak (€)z /2] + 00,(e,2 ) sin[Ak (€)z /2] (2.43a)

0y(€,2) = — 0y (€,2 ) Sin[Ak (€)z /2] + 0(€,2 ) coS[Ak (€)z /2] . (2.43b)
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Evaluated at z =L, these barred quadrature-phase amplitudes also contain the spectral
information about the squeezing produced by the DPA, but with some of the effects of
phase mismatching removed. To detect these barred quadrature-phase amplitudes, one
would have to vary the phase of the local oscillator in a homodyne detector as a func-

tion of rf frequency e.

We now put the signal equation (2.39a) into the form that we use in Section 3 by

writing it in terms of the barred quadrature-phase amplitudes:

@—f—’zl =—(go+ é—y)&,(e,z )+ %Ak (€)0u(&:2) +7"By(e,2) + P, (6,2) (2.44a)
doy(ez) 1 - 1, - - _
A +(go— ‘2‘7)001(8,2)"‘ —5Ak(e)a,(a,z)+y B,(e,z)+Py(Ez) . (2.44b)
Here
Bies)= %[e TIAkEERY (Q+ez)+e MO HQ-gz)], (2.45a)
Baez)=— é[e iskER2h (Qtez)—e MO HQ—gz)] (2.45b)

are quadrature-phase amplitudes for the fluctuations associated with absorption, and the

pump-fluctuation terms are defined by

P (&2)= %[e-‘A"<€>”21>(+e,z)+e"A"<€>”2P"(—e,z NE (2.46a)

P,(ez)=— —é—[e SIOKERZP (4g ) M@ 2pT(_g 7). (2.46b)

Equations (2.44) show that the primary effect of the parametric interaction is to deam-

plify (squeeze) the a, quadrature and to amplify the o, quadrature. This primary effect
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is degraded by absorption and phase mismatching.

3. MODEL PREDICTIONS FOR SQUEEZING SPECTRA

A. Solution of signal equations

We can write a formal Green function solution of the signal equations (2.44) for

the barred quadrature-phase amplitudes:

o, (Ez)= 3 {5",,,(8,2)&,.(8,0)

n=12

+ jo dz’ G (€2 —2 )Y B, (6,2 )+ P, (€, ’)]} , m=12.

Here the Green function matrix is given by

_ o — 112087
G“(e’z)Ee-ﬁllw ,

1—p?
z 2 —pr
Gzz(e,z)se—wﬂﬁg_—_ll_é;_f_ )
l—p
G ~ 8 _ ,—82
G12(8,2)=—G21(e,z)=ue~yz/2€ 1 e2 ,
—H

where

g =g(e)=(g§ —[Ak(e)2])"?,

Ak (€)/2

h=p(e)= go+8(e)

(3.1)

(3.2a)

(3.2b)

(3.2¢)

(3.3a)

(3.3b)

The Green function matrix represents the familiar classical solution for a DPA with
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phase mismatching and absorption. Of course, only in the classical-pump limit, where
the pump-fluctuation terms P, vanish, does Eq. (3.1) give an actual solution of the sig-
nal equations. In the presence of pump fluctuations, Eq. (3.1) is an integral equation,

which can be used as the starting point for an iterative solution procedure.

If € lies well within the phase-matched bandwidth A/2r [Eq. (2.8)], then Ak(e)— 0.
Thus the barred quadrature-phase amplitudes become the same as the unbarred
quadrature-phase amplitudes and, in addition, g(e)— g, and p(e)— 0, so that the Green

function matrix becomes diagonal, with the diagonal elements given by
C_;”(S,Z )=e —ﬁ/Ze id , 522(8,Z)=e —yzlzegoz . (3.4)

This is the classical solution for a phase-matched DPA with absorption; the parametric

interaction deamplifies (squeezes) the o, quadrature and amplifies the o, quadrature.

B. Squeezing spectrum

Our goal is to calculate squeezing spectra for the light generated by our model
DPA. Spectral information about the squeezing produced by the DPA is contained in

the spectral-density matrix”'602 §

-n(€) of the output quadrature-phase amplitudes
o,,(e,L). The spectral-density matrix arises from second-order noise moments of the

quadrature-phase amplitudes:
<Aa) (€ .L)A0, (€L)>, =TS, €)5E—€), mn=12. (3.5)

Here, for any operator O, AO= O- <>, and sym denotes a symmetrized product. A
similar spectral-density matrix can be defined for the barred quadrature-phase ampli-

tudes:

<Aa} (€ LA, (6.L)> =TS, (€)5(e—¢) . (3.6)
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These two spectral-density matrices are related by

S11=8 11 COSXAKL /2) +8 5, sin®(AkL /2)
—(S 12+ 8 2,) cOS(AKL /2) sin(AKL /2) , (3.7a)

Sp= S 11 SIN*(AKL /2)+ S. 27 COSX(AKL /2)
+(S 1248 21) COS(AKL /2) sin(AkL /2) , (3.7b)

S12=S831 =(8 11 —S2) COS(AKL /2) sin(AkL /2)

+8 15 COSHAKL 12) — § 5, sin®(AKL 12) (3.7¢)

where Ak = Ak (g).

We are primarily interested in the spectrum of the squeezed quadrature, i.e., §,, or
S.;. As noted in Section 2C, S () gives the spectrum of the differenced photocurrent in
an ideal balanced homodyne detector, when the phase of the local oscillator is chosen
so as to display maximum squeezing for the phase-matched frequencies near degen-
eracy. The spectrum §,,(¢) would apply if one suitably varied the phase of the local
oscillator as a function of rf frequency e.

We must also specify the spectra of the input signal field and the auxiliary field
associated with absorption. We assume that both are in the vacuum state, which means

that their first moments vanish and that their second moments are given by

<o (€00, (£,0)>

sym

= <o) (€ ,0)0r, (£0)>,,,= -;—11:8,,,,, Se—¢), (3.8a)

<BJ(E 2B, (E2)> = é«nﬁ,,,,, S(e—-€)d(z —z). (3.8b)
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Recall also that we assume that the input pump field is in the vacuum state, aside from

the strong excitation at frequency Q, .

In the classical-pump limit (P, =0), it is straightforward to calculate the output

spectral density matrix S,,,(¢) in terms of the Green function matrix:

_ . _ Lo, _
S (€)= {Gmp (e.L)G,, (eL)+Y _[0 dz G, (e.L —2)G,,(eL —z )} . (3.9

1
2 p=12
The first term in this spectral-density matrix comes from the vacuum fluctuations in the
input signal field, processed through the parametric interaction; this first term includes
phase mismatching and attenuation that is due to absorption. The second term arises
from the fluctuations associated with absorption. It is an integral over fluctuations

injected at positions z within the medium; after a fluctuation is injected at z, it is pro-

cessed through the remainder of the nonlinear medium between z and L.

If we assume further that ¢ lies well within the phase-matched bandwidth A2r,

then S,,, (€) =S, (¢) becomes diagonal, with the diagonal elements given by

— 1 'Y+2gOe—(Y+2g")L
SuE)=S,e=—"—, 3.10a
1 1(€) > 1220 ( )
_ Y-2g e"(Y‘zgo)L
522(8)=Szz(£)=%————0—?——— . (3.10b)
Y—280

This is the familiar situation of squeezing competing with losses. In the absence of

absorption, Egs. (3.10) reduce further to the spectra for ideal squeezing:

Su(£)=%e 2L S2z(e)=—;-e23°L . 3.11)
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C. Phase mismatching

The preceding analysis can be applied immediately to investigate the effect of
phase mismatching on the squeezing spectrum. To isolate the phase-mismatching
effect, we assume that there is no absorption (y=0) and that the pump is classical

(P,, =0). Then the spectrum of the o, quadrature becomes

Su©®=5 16 EL)I*+1GuEL)1?]. (3.12)

The significance of phase mismatching for §,(¢) is quantified by the dimensionless
parameter

Ak(€)2g9=—(p/Ip | Xele,)? (3.13)

[cf. Eq. (2.7b)]. We assume that IAk(e)2gol <1, i.e., exe,, and we then expand in
| Ak (e)2g,!, keeping only the largest corrections to ideal squeezing. Under these cir-

cumstances, one sees that g =g, and
W(E) = Ak (€)/Ag o= — %(p/ Ip IXe/e,) . (3.14)

When there is at least a moderate amount of squeezing, i.e., gL is somewhat larger than
1, the largest correction to ideal squeezing is the one that grows fastest with g,L. This

means that we can approximate
Guel)=e ™, Gpel)=p©e* (3.15)

which leads to a squeezing spectrum

Sy(e)= %{e “2 4 ue))e 28"} = —HL “28el i—(e/az)“ek“ﬂ . (3.16)
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The dominant correction to ideal squeezing arises because phase mismatching
feeds a fraction Ip(e)l of the amplified quadrature into the squeezed quadrature. In

order to neglect phase mismatching and have ideal squeezing in the spectrum §,(¢), one

requires

)l e?d e 8% — ex2'%gye 5L (3.17)

To explore the effect of phase mismatching on the squeezing spectrum §,(¢), one

needs to consider an additional dimensionless parameter
Ak(e)L = —(p/1p 1)(ele,)? (3.18)

[cf. Eq. (2.7a)]. Assuming that 1Ak(e)L | <1 and performing a similar analysis to find

the largest correction to ideal squeezing, one finds
S (€)=~ e""""’[‘+|— (©) - ~Ak(e)L e (3.19)
n®)=- ll»l 2 e J‘ . (3.

Equations (3.16) and (3.19) somewhat overstate the deleterious effects of phase
mismatching.?* A frequency-dependent rotation of the barred quadrature-phase ampli-
tudes oy(e,L) and oy(e,L) [similar to the rotation of a,(e,L) and oy(e,L) in Egs. (2.43)] by
an appropriate angle 6(e,L) diagonalizes the resulting spectral-density matrix §,, (e).
This choice of 6(¢,L ) minimizes (maximizes) § ;,(e) [$ ,(e)]. Keeping only the dominant
correction to ideal squeezing for goL somewhat larger than 1 and for € «<g,, one finds

that
§ &=y e T (L aln©T ol ) = %e‘z&‘ [1+(e/e,) g0l ] (3.20)

The dominant correction arises from the reduction in the nonlinear gain due to phase
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mismatching [Eq. (3.3a)]. In order to ignore phase mismatching and achieve ideal

squeezing in the spectrum § ;,(€), one requires that
21u(e) (gL )P <1 => e<x<ey(gol) M. (3.21)

Relation (3.21) imposes a much less stringent restriction on the radio frequency ¢ than

does expression (3.17).

D. Pump quantum fluctuations

We tum now to an analysis of quantum fluctuations in the pump field. The start-
ing point is the formal solution [Eq. (3.1)] for the squeezed quadrature a,(e,L). To sim-
plify the analysis and to highlight the effect of pump fluctuations, we assume there is no
absorption (y=0), and we assume that ¢ lies well within the region of perfect phase

matching (e<e,e “5%). With these simplifications, we can write
G (€2)=8,e 8, (3.22)
and the formal solution becomes

_ - L —
oy (&,L)=e 5" 0y (e,0) + jo dz e ¥ "9p (g2) . (3.23)

One can solve Eq. (3.23) by an iterative procedure in which the fundamental
expansion parameter is 1/4,<«!1. The procedure is to evaluate P (e,z) to progressively
higher orders in 1/4, by plugging in progressively higher-order approximations to the
signal and pump fields. Here we are interested only in the first-order correction to
o,(e,L ), so we can evaluate P (,z) using the zero-order solutions for the signal and pump

fields.
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Furthermore, we are interested in the dominant effect of pump fluctuations when
there is at least a moderate amount of squeezing, i.e., gL is somewhat larger than 1. In
this case the dominant contribution to P, comes from the amplified o, quadrature, so we

can neglect the contribution to P, from o,.

With this final assumption in mind, we use Egs. (2.46a), (2.39c¢), (2.40), and (2.42)

to put P, in the form

, t /.
18 ° d¢’ L0 e ap(Q,,+€—£,2)+a,,(Qp—e+€.‘.)&fl(€;z)
—_ 12 i
2 4, 0 2t (AP/ZR)

1;](872)':

(Q, +e+€.2)+al(Q, —e~¢€z)
A, 2m)'"?

%

+e —iQn (e +e)z/c (;«;(8,,2) ,

(3.24)

where we make explicit use of the Taylor expansion (2.5) for the index of refraction.

The next step is to substitute the zero-order solutions into Eq. (3.24). The zero-
order solution for the pump is that the operators a,(w,z)=a,(w) have no : dependence
(decoupling from the signal), and the zero-order solution for o,(¢’,z) is given by the first
term in Eq. (3.1) with y=0. This step taken, one then performs the integral over z in Eq.
(3.23). Before proceeding, however, the form [Eq. (3.24)] for P (e,z) permits a further

dramatic simplification.

The phase mismatching factors conspire in Eq. (3.22) to introduce new oscillating
phase factors exp[i Qn’(e'—¢€)z/c ] and exp[—iQn’(¢' +€)z/c]. Once the integral over : in Eq.
(3.23) is done, these phase factors cut off the ¢ integral in Eq. (3.24). The first phase
factor cuts off the integral when ¢’ is sufficiently far from e that the phase factor oscil-
lates rapidly on the scale g;' set by the nonlinear gain. Similarly, the second phase fac-

tor cuts off the integral when ¢’ is sufficiently far from —e. The frequency scale of these
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cutoffs is characterized by a frequency e;, defined by

Qlnleyc

2% =1 = €;=2cgyQIn"l . (3.25)

Notice that ¢, is typically somewhat smaller than ¢, [Eq. (2.7b)]; indeed we assume that
gy<<gpe FL.

Since by assumption ¢ lies well within the region of perfect phase matching, and
since ¢ in Eq. (3.24) is restricted to be within about a distance ¢, of ¢, we are entitled to
use in Eq. (3.24) the perfectly phase-matched zero-order solution for o,(€'z), i.e.,

ay(€',)=ef" oy(e’,0). Substituting the zero-order solutions into Eq. (3.24) and performing

the integral over z in Eq. (3.23), one finds
oy(e.L)=e " o (e,0)

8 = de oW E Ol q (Q, +e—€)+a,)(Q, —e+E) 5 €0)
44, In (A, 12m)" ’

14 )
2cgo

e i€ voLie g (Q, +e+€)+a(Q, —€—¢) a0 |
Qn' (A, 2m)'"2
1-i (e +¢) P
2¢g

(3.26)

This equation is the basic result for the dominant effect of pump quantum fluctuations
on the squeezed quadrature.

The form of Eq. (3.26) [or of Eq. (3.24)] confirms the heuristic argument given in
Section 2B. The pump field can be decomposed into quadrature phases whose

quadrature-phase amplitudes are
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o, (8,) = %[a’, (Q, +ez)+ apf(Qp -&z)], (3.27a)

o, 5(62) =~ é[ap (Q, +e2)- a[f(Qp ~&,2)]. (3.27b)

When ¢, =0, the strong mean pump field at frequency Q, has complex amplitude iA,.
Thus the o,, quadrature represents fluctuations that are in phase with the strong mean
field, i.e., pump amplitude fluctuations, and the a,, quadrature represents fluctuations
that are 90° out of phase with strong mean field, i.e., pump phase fluctuations. A glance
at Eq. (3.26) shows that the dominant effect of pump quantum fluctuations comes from
fluctuations in the o,, quadrature—phase fluctuations—which feed noise from the
amplified signal quadrature into the squeezed signal quadrature. The characteristic size
of this effect is given by the factor e**/44, in front of the integral in Eq. (3.26) [cf. Eq.
(2.9)]. All that remains now is to use the integral to determine the pump bandwidth

Ap 12r.

Substituting Eq. (3.26) into the expression (3.6), one finds a flat squeezing spec-

trum

s 1| _op , €% ~gd
S“(e)=§ e +R—- , EXge , (3.28)

where the pump bandwidth is defined by

A I“EE 1

1 8o
T le2n 14 (e —2® 429

T Qln

2n

[cf. Eq. (2.17)]. As expected, the frequency e;, which comes ultimately from phase

mismatching, provides a cutoff for the pump bandwidth.
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One further point deserves mention. We have calculated the first-order correction
to oy(e,L) resulting from pump quantum fluctuations; this first-order correction goes as
1/A,. Squared in calculating the spectral density, it produces a correction to the spec-
trum that goes as 1.4 The second-order term in oy(e.L) due to pump fluctuations goes
as 1/4>. Multiplied by the zero-order solution e " 0y(e,0) in forming the spectral den-
sity, this second-order term also yields a correction to the spectrum that goes as 1/4;.
Why have we ignored this correction when it is formally of the same size as the effect
we have calculated? Because one can convince oneself, either by tedious analysis or by
clever insight, that the correction to the spectrum due to the second-order term does not

2g8L

grow as fast as e*". Hence, the correction we have calculated is the dominant effect

when there is at least a moderate amount of squeezing.
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FIGURE CAPTIONS

Fig. 1. Effect of pump quantum fluctuations on squeezing. Ideal squeezing is
represented by the ellipse with solid lines. Pump phase fluctuations cause the orienta-
tion of the ellipse to fluctuate through a characteristic angle A¢=1/44,, as indicated
schematically by the dotted ellipse. These fluctuations feed noise from the amplified

signal quadrature into the squeezed signal quadrature.

Fig. 2. Trick for introducing absorption and dispersion (phase mismatching). The
actual nonlinear medium between z and z +Az is replaced by a slab of ideal (lossless,
dispersionless) nonlinear medium preceded by a beam splitter. Reflection at the beam
splitter accounts for losses, and frequency-dependent phase shifts at the beam splitter

introduce dispersion.
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CHAPTER 3

Broadband Squeezing via
Degenerate Parametric Amplification

by David D. Crouch

A condensed version of this chapter will be published in Physical Review A.
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ABSTRACT

We show that parametric amplification is capable of generating squeezed-state
light over a wide band if materials with large x'® nonlinearities can be found, and that
the squeezing bandwidth can be enhanced considerably by phase matching away from
degeneracy. We compare our results with similar results recently found for four-wave

mixing in an optical fiber.
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Squeezed-state light has been generated recently using degenerate parametric
amplification in both oscillator' and traveling-wave? configurations. In the experiment
of Slusher et al., ? pulsed squeezed-state light was generated in a traveling-wave degen-
erate parametric amplifier (DPA), using a pulsed pump to increase the effective non-
linearity. If materials with larger x® nonlinearities can be found, one could generate
squeezed-state light over a wide band using a continuous pump. Here we present a
first-order analysis of a DPA with a cw (monochromatic) pump; we ignore losses and
pump quantum fluctuations, which have been studied previously,® but we include

dispersion.

The spatial differential equation describing the DPA is given by?

da (Q+¢g,z) :

7 _goe»[Ak(e)z+2¢]asf(Q_€’z) , (1)

where the parametric gain g, is given by

)
2o= 2y ®Q | 8nP, 2)
0 e o ’

and the phase mismatch Ak (¢) by
Ak(e)EK[,(ZQ)—k(Q+€)~k(Q—e)=%[ZQn QQ) - (Q+em(Q+e)—(Q-en(Q-€)]. (3)

Here ¢,=2¢ is the pump phase, P, the pump power, Q, =2Q the pump frequency, n(w)
the index of refraction, x® the nonlinear susceptibility (assumed nondispersive over the
frequencies of interest), and o an effective cross-sectional area used to account crudely
for the transverse structure of the waves. The operators a,(w,z) are Fourier components

of the magnetic field operator
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d (., (@ 12
+) [ 20 ¢ T (W)HW —iofr—n(@)z/c]
B,+(Z,t)—jﬂ' 7 *i " (@), (co)] [ o } a,(wz)e . 4

Here B, is the signal bandwidth, and v, (w) the group velocity.

We introduce a set of quadrature-phase amplitudes,’~ defined by

&1(6,2 )= %[e —i[Mk(e)z/2+4) a,(Q+ez)+e i[Bk(e)z/2+4] asf(-Q -£2)], (Sa)

a(e,z)=— —; [e i BkE2=24 g (Qtg,z)—e €248 T g 7)), (5b)

The quadrature-phase amplitudes o, and o, contain the spectral information about the
squeezing produced by the DPA. If z =L, oy(e,L) and o,(e,L) can be detected by a bal-
anced homodyne detector by changing the phase of the local oscillator as a function of
rf frequency e.

By combining Egs. (1), (5a), and (5b) we can write the equation of motion for the

DPA in terms of the barred quadrature-phase amplitudes,

do,(e,z) - 1 ~

= —go (e )+ k() ay(en) (6a)
doyez) - -

"Zﬂ =806z )— %Ak (&)oy(e,z) . (6b)

At phase-matched frequencies, where Ak(e)=0, the o, quadrature is deamplified
(squeezed) and the o, quadrature is amplified. At other frequencies, where Ak ()0, the
phase mismatch degrades the squeezing by mixing part of the amplified quadrature with

the squeezed quadrature. The solutions to Egs. (6a) and (6b) are given by

o, (e,2) =Re [1(e,2) +V(g,2 )]y (6,0) ~ Im [(E,z ) — V(E,2 )]0y (€,0) (7a)
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(€2 )=Im [J(e,2 ) +V(E,2 )]0 (€,0) + Re [1(€,z ) — V(E,2 )]Oa(E,0) , (7b)
where
= Z — ’———'Ak (82— i z 8
H(g,z)=coshg (€) 12g © sinhg (€)z , (8a)
8o
= S0 8b
v(g,z) e g (€)z (8b)

when g >[Ak(e)/2])?, and

H(E,z )= cosK (€)z —i?zA?,;—((—% sink (e)z , (9a)
8o
= — 1 b
V(e z) X© sink (€)z (9b)
when g2 <[Ak(€)2]>. Here
8(&)=iK (e)=[gd — (Ak(e)/2)"1"*. (10)

Spectral information about the squeezing produced by the DPA is contained in the
spectral-density matrix* $,,,(¢) of the output quadrature-phase amplitudes o(e,L) and

op(e,L):
<A&,:(E’,L )A&" (e,L )>Jym = 7;5'_""’ €)d(e-¢), mpu=12. (11

Here, for any operator 8, A6=6—-<0>, and sym denotes a symmetrized product. Using

the continuum commutation relation

[a(wz),a’(0/z2)]=2nw-), (12)

one can show that for a vacuum input
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< A(;,: (E',O)A&n (870) >xym

=—72£8,,,,,8(e-e'). (13)

Although the barred spectral-density matrix S, (e) contains all the spectral infor-
mation about squeezing, it does not give directly the maximum and minimum spectra at
each e. This is obtained by diagonalizing the spectral-density matrix by applying a suit-
able frequency- and position-dependent rotation 6(g,L) to the output quadrature-phase

amplitudes o (e,L) and a,(e,L). We define a.,(e,L) and o,(e,L) by
o (&,L )= 04 (&,L ) cosO +ay(€,L ) sind , (14a)
05(&,L )= — 0, (e,L ) sind + o, (€,L ) cosh (14b)
and the new spectral-density matrix §,,, () by
<Aa)(eL)A, (€L)>,,, =78, (€)5(e—¢’) . (15)

Using Egs. (7a) and (7b), we find that the elements of the rotated spectral-density

matrix §,,,(€) are given by

511(e)=—;—{lu(e,L)l2+2Re IuEL)V(EL) e 2+ Iv(e L)1}, (16a)
§ 12e)=8 (e)=Im [(e,L)V(e,L) e "2®], (16b)
§ (®)= 5 (IN(EL) 2= 2Re [IELIVEL) e 20T+ IV(E L)V (16¢)

We diagonalize the spectral-density matrix by choosing 6 to satisfy

HEeL)IV(EL) e 2=~ Ip(e, L)l Iv(EL)! . (17)

The matrix element S ,,(e) gives the spectrum of the differenced photocurrent from a
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balanced homodyne detector when the phase of the local oscillator is chosen to yield
the maximum squeezing at rf frequency €. The elements of the spectral-density matrix

resulting from this choice are

§ ()= [HEL) = IVEL)I P, (18a)

§22(e)=~;’-[lu(e,L)l+Iv(e,L)l]2. (18b)

Equations (17), (18a), and (18b) are formally equivalent to results obtained recently by

Potasek and Yurke for four-wave mixing in an optical fiber.®

The frequency dependence of the phase mismatch Ak(e)—and thus the index of
refraction—must be specified before we can study the squeezing spectrum. Since the
index of refraction varies only a small amount over the phase-matched bandwidth, we

can expand it in a Taylor series about Q,
n(Qte)=n(Q)tnN(Q)e+ % nAQer+ -, exQ (19)

where nY)(Q) denotes the j* derivative of » evaluated at Q. One normally assumes
phase matching at degeneracy, i.e., n(2Q)=n(Q). Here we will not make such an

assumption, but will assume n (2Q)=n(Q+¢y), where g,«<Q. Equation (3) then becomes
Ak (e)= %[2911 (Q+6)—(Q+EN(Q+E)—(Q-En(Q~¢€)] . 20)
Substituting Eq. (19) into Eq. (20), we find to fourth order in &/Q,
Mk(€) =2 (A —p (107 -q (©], (21a)

where the dimensionless parameters A, p, and g are given by
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A=2[n(Q+gy)—n(Q)], (21b)
p =2Qn Q)+ Q2 P(Q) , (21c¢)
q= le—[4Q3n O(Q)+Qn Q)] - (21d)

Phase-matching occurs at frequency Q+¢,, where Ak(e,)=0; setting Eq. (21a) equal to

zero and solving for ¢,,, we find

12 12
€, =27f,, =Q{—-@~[1i[1+5—é§] H . (22)
2q P

We wish to investigate the case where A=0 and p =0 simultaneously, so we must
find a frequency Q, such that n(2Q)=n(Q) and p (Q)=0; then Ak(e) o< (e/Q)* varies from
zero only slowly as long as e«Q. For example, using a modified Sellmeier equation for
the ordinary refractive index in lithium niobate’ and assuming that phase matching is
possible at any frequency, we find that p =0 at Ay=2rc/Qy=1.9025pm; we also find that
p>0 for A<hg, p<0 for A>Ay, and g <0 for all wavelengths in the neighborhood of A,. In
the following we will assume g,=1.0m™!, and L =1.0m. Figure 1 is a plot of the squeezed
spectral density S (where § =25, so that § =1 is the vacuum level) as a function of
f =¢22rn for relatively large values of p. The solid line is for A=1.935pm, where
p=-3208x10" and ¢ =-4.883x10"2. The short-dashed line is for A=1.875um, where
p =2.76x10"> and q = -4.545x1072. The bandwidth over which squeezing occurs at these
frequencies can be improved by taking A to be nonzero; the result is a nonzero phase-
matching frequency, as is seen from Eq. (22). The medium-dashed line in Fig. 1 shows
the broadened squeezing band for A=1.935pum obtained by taking f,=¢y2n= -1 GHz,
resulting in A= -7.86x10”7 and, from Eq. (22), a new phase-matching frequency f,, =2.42

THz. The long-dashed line in Fig. 1 shows the broadened squeezing band for
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A=1.875pum obtained by taking f,=1 GHz, resulting in A=7.38x10” and a new phase-

matching frequency f,, =2.62 THz.

Squeezing over much greater bandwidths is obtained near A,, where p is small.
The solid line in Fig. 2 shows S as a function of f for A=Ay, where p =0, g = —4.7x1072,
and A=0. In practice, p can be small, but not identically zero. The short-dashed line in
Fig. 2 is for A=1.8971 pm, where p =5.39x10™, g = -4.67x1072, and A=0. Because p and ¢
are of opposite sign, Eq. (22) yields two phase-matching frequencies: one at f,, =0 and
another at f,, =16.99 THz. The long-dashed line in Fig. 2 is for A=1.8971pm and f,=1
GHz, where A=7.55x10". Again we have phase matching at two frequencies, f,, =6.39
THz and f,, =1575 THz, resulting in squeezing of roughly 80% or better over a

bandwidth of 17 THz.

Similar results are obtained for four-wave mixing in an optical fiber.** To derive
the spatial equation of motion for four-wave mixing, we proceed as in Ref. 3; we prop-
agate the field through a slab of ideal (dispersionless) nonlinear medium, and then intro-
duce dispersion via the beam splitter method of Ref. 3. Because the signal and the
pump occupy the same band, we need not treat the signal and the pump separately as
we did with the DPA. The positive frequency part of the magnetic field operator in an

ideal nonlinear medium is given by

B =, -g-;—’ Bo@8)e ™7, kg=amglc (23a)
where
) f
Bo(ﬁ),a):AOe'(Yz +9)2K6((D—Q)+ n"’:; 0‘)] bo(w,é) . (23b)

Here A, (0) is the amplitude (phase) of the classical pump,
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24 PA¢  48mQy® p

q
nac nlc’s *

(24)

Y

is the nonlinear phase shift due to the interaction of the pump with itself, i.e., the optical
Kerr effect, and P, is the pump power. The integral [Eq. (23a)] runs over a bandwidth B
about Q that contains all relevant signal frequencies. The Heisenberg equations of
motion for a lossless, dispersionless nonlinear medium are simply an operator version
of Maxwell’s equations, supplemented by a constitutive relation.® As with the DPA, the
two important Maxwell equations are ¢™'9D§" /9t = —9B§ /9t and OE 19E = —c~'9B§P /ot .
Once again we write a constitutive relation for the electric field in terms of the displace-
ment field rather than the usual relation for the displacement field in terms of the elec-

tric field. The resulting constitutive relation is

EFP =DPm¢ —2my®m$HIDP DS . (25)

By plugging the Fourier expansion [Egs. (23a,b)] into the Maxwell equations and
the constitutive relation and by keeping only the highest order terms in vy, we find the

spatial propagation equation

dbo(Q+€,2)

y =2ivbo(Q+€,z)+i1e? POl (Q-gz). (26)
z

If we then use the beam splitter method to introduce dispersion, we find

db, (Q+€,z)

g =2ivb, (Q+€,2)+iyeX F 0 MO p FQ g7y, (27)
zZ

where

Ak,(e)EZKp(Q)—k(Q+e)—k(Q—e)=%[2Qn(Q)—(Q+e)n(Q+e)—-(Q—e)n(Q—e)]. (28)
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The magnetic field operator in the dispersive medium is then given by Eq. (4) with
a,(w,z) replaced by b, (»,z). Introducing b, (Q+¢€,2)=c,(Q+¢,z)exp(2iyz), we find

dc,(Q+¢€,2) 3

! e ka®2 4201 L H0) 2y (29)
z

where ¢, =0 -4 and
Ak (€)= Ak, (€)—2y . 30)

Equation (29) has the same form as the equation for the DPA, Eq. (1); the solution of
Eq. (29) follows from Eqgs. (7), (8), and (9) if Ak (e) is substituted for Ak (e), y for g,, and
¢, for ¢. The solution so obtained is different from that of the nonlinear Schrodinger
equation only in the absence of odd-order dispersion terms that have been shown by
Potasek and Yurke® to have no effect on the squeezing. Using Eq. (20), we expand

Ak (¢) in a Taylor series:

Akeff<e)=%ms e (€19 —q, (/)] , (la)
where
__ 2y
a=-2E (31b)

Here p, and g, are given by Eqgs. (21c) and (21d), respectively. Equations (29) and (31a)
are the four-wave-mixing analogs of Egs. (1) and (21a) for parametric amplification; in
this sense, four-wave mixing and parametric amplification are equivalent processes for

generating squeezed-state light.

Maximum squeezing occurs not when Ak, (e)=0, but when Ak (€)=0; we find the

‘‘phase-matching’’ frequencies f; by substituting p, for p, g, for ¢, and A, for A in Eq.
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(22). If ¢, and A, are both negative—as they tend to be for optical fibers—then only
one real solution f;, will exist regardless of the sign of p,. If A, could be made
positive—as is possible with the DPA—then for p, >0 one would obtain two real solu-
tions f,, and f,,. For p, <0 there are no real solutions when A, >0. It is the possibility of
obtaining two phase-matching frequencies that distinguishes parametric amplification
from four-wave mixing in an optical fiber. As we saw in Fig. 2, two phase matching
frequencies result in squeezing over a very wide band. This is not possible with four-
wave mixing.

In our example, we have assumed that one could phase match lithium niobate at or
near A,=1.9025pm, a wavelength somewhat into the infrared. We are not proposing
lithium niobate as a candidate material for the generation of broadband squeezed-state
light, but use it merely as an illustrative example. Whether or not suitable materials can
be found is a problem we have not addressed; the point we wish to make is that if one
can find a nonlinear material in which it is possible to phase match at a frequency Q at

which p (Q)~0, one can then obtain squeezing over a large bandwidth.
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FIGURE CAPTIONS

Fig. 1. Spectral-density S as a function of detuning f for degenerate parametric
amplification in lithium niobate; § =1 is the vacuum level. Solid line: A=1.935pum, f,=0.
Short-dashed line: A=1.875um, f,=0. Medium-dashed line: A=1.935pm, f,=-1 GHz.
Long-dashed line: A=1.875pum, f,=1 GHz.

Fig. 2. Broadened squeezing spectra near A,=1.9025um, where the dispersion

parameter p =0. Solid line: A=2,, f,=0. Short-dashed line: A=1.8971 um, f,=0. Long-

dashed line: A=1.8971 pm, f,=1 GHz.
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CHAPTER 4

Limitations to Squeezing in a Parametric
Amplifier due to Pump Quantum Fluctuations

by David D. Crouch and Samuel L. Braunstein

Part of a paper submitted to Physical Review A.
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ABSTRACT

We perform discrete mode calculations for a parametric amplifier with a quantum
pump, and discuss some of the limitations on calculations of this sort in quantum optics.
We calculate corrections to the squeezing due to pump quantum fluctuations to order
1/N?, for a pump initially in a coherent state with average photon number N. We find
that the limit to the variance of the squeezed quadrature due to the quantum nature of

the pump goes as N™'2.
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1. INTRODUCTION

The parametric amplifier'? (PA) is a basic device in quantum optics and quantum
electronics. It couples a pump field at frequency w, to signal modes at frequencies near
w=w,/2. In this chapter we are mainly interested in the application of the PA for gen-
erating squeezed states,> i.e., quantum states for which one of a pair of canonically
conjugate variables has its quantum noise (uncertainty) reduced below the vacuum level
(zero point noise). The main purpose of this chapter is to show that the ability of a PA

to produce squeezed-state light is limited by the initial phase noise in the pump.

When the signal modes are initially in vacuum states, only the pump’s phase can
determine which quadrature will be squeezed. If the pump’s phase fluctuates, then the
quadrature chosen will have a slight admixture® of its conjugate quadrature—the noisy
quadrature. This argument is treated more carefully in Section 2 for the case of phase
noise in a classical pump. Calculations of the corrections to semiclassical order (to
order I/N in the matrix elements, where N is the average photon number of the pump)

have been previously performed for both the one-’ and the two-mode® PA.

Hillery and Zubairy’ studied the one-mode PA with an interaction Hamiltonian
A, =i @ 4%} (1.1)
int 2 P P *

(up to a phase rotation of the variables), where 4 and 4, are the annihilation operators
for the signal and pump modes, respectively, and «x is a coupling constant which is pro-
portional to the second order nonlinear susceptibility x® of the medium in which the
interaction is taking place. They used a path-integral technique® to obtain corrections at
the semiclassical order. They did not claim to get the full semiclassical correction,'

and the dominant terms they obtained for the fluctuation in the squeezed quadrature

were
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<ap>= et (1.2)
4 64N

where #,=—i(d —4")2 is the quadrature (analogous to the position operator) which is
squeezed by the interaction in Eq. (1.1), and u =N'"?kr is a dimensionless time. This

yields a minimum variance, and hence a limit to the squeezing, of

<Ae2> . =L (1.3)

min~ _ — ’
8N 172

which is just what the argument of phase noise in the classical pump gives (see Section
2).
Scharf and Walls® studied the two-mode PA whose interaction Hamiltonian is

(again up to a rotation of the variables’ phases)
5 o—itqalals _sos st
Hint—lhK(alaza —daa ), (14)

where 4, and 4, are the annihilation operators for the two signal modes. They used an
asymptotic method developed by Scharf''"? to arrive at the dominant correction to the

variance of the Hermitian variable

$r=—2(d,~d]), (1.5)
as
—2u 6
<Aap2>=4 4 ¢ 1.6
2 4 7 1920N (1.6)

where d,=(d,+d,)N2. They concluded that the minimum variance obtainable by the

two-mode PA would be
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1

—_— 1.
6(10N )4 (1.7

<A)?22 min =

How can we compare these calculations? If one rewrites Eq. (1.4) in terms of the

variables

a, =V (d,+d,), (1.8a)
., 1 .
0"5@( —-d,), (1.8b)

then the interaction Hamiltonian may be written'

A e, aF2a 24
Hi, =i 2(aP,, —dld))- ,_( R, -d2)). (1.9)

If the pump is now treated classically, then the 4, and 4_ modes become completely
independent, each described by the one-mode PA Hamiltonian Eq. (1.1). Thus we
might expect the same correction to the squeezing due to a quantum pump as found by
Hillery and Zubairy [see Eq. (1.2)]. In fact, since the pump is allowed to be quantum
mechanical, the 4, and 4_ modes can interact with each other by modifying their com-
mon pump. Thus these modes cannot completely decouple. Even so Scharf and Walls’
results of Egs. (1.6) and (1.7) are surprising; for a pump with N =10° there is a large

discrepancy

_ 400 ‘ (1.10)

The purpose of this chapter is to resolve the apparent discrepancy between these two

calculations, first noted by Caves and Crouch."
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This chapter is divided into four sections. Section 2 justifies our use of discrete
mode calculations for a traveling-wave device, which in principle should be given a full
continuum treatment, and also reviews the argument for the contribution of phase noise
in a classical pump. In Section 3, we use the positive-P distribution'® to derive Fokker-
Planck equations for one- and two-mode parametric amplifiers. Standard methods of
stochastic calculus!” are then used to derive Ito stochastic differential equations (SDEs)
from the Fokker-Planck equations. An approximate solution of the SDE:s is obtained by

iteration, and the full semiclassical correction is then calculated analytically.

We have found that Hillery and Zubairy have in fact calculated the exact semi-
classical corrections to the parametric approximation for the one-mode PA, and that the
dominant corrections for the one- and two-mode calculations are the same, and agree
with the dominant correction obtained by Caves and Crouch'® from a continuum calcu-

lation.

2. DISCUSSION

The conventional approach to problems in quantum optics typically makes use of
a mode expansion to describe the electromagnetic field. Using this approach, one can
derive from an appropriate Hamiltonian remporal differential equations for the modal
creation and annihilation operators, the spatial dependence being carried by the mode
functions. Such an approach is suitable for cavity devices in which one has well
defined standing-wave modes (the eigenmodes of the cavity), but not for a traveling-
wave device in which such modes are non-existent. One would like to derive spatial
differential equations governing the evolution of the field operators through the
medium, in analogy with classical nonlinear optics; the conventional approach is

clearly unsuited to this purpose. Tucker and Walls'® and Lane er al.” recognized these
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problems with the conventional approach and developed a continuum wave-packet for-

malism in an attempt to deal with them.

In this section we briefly describe a discrete mode expansion of the electromag-
netic field in terms of wave-packet modes that enable us to derive spatial equations of
motion for PAs. We assume that the wave packets are short compared to the nonlinear
medium through which they propagate, so that they ‘‘fit’’ inside the medium, allowing
us to ignore boundary effects. Physically, the individual wave packet propagates from
free space through the entrance boundary on a time scale short compared to the time it
will spend inside the nonlinear medium; in this way the interaction is ‘‘turned on.”’
This method is preferable to the technique often used in the conventional approach in
which the interaction is suddenly tumed on throughout all space, either at time ¢ =0 or at
some time in the remote past. We also present a heuristic argument for the dominant
effect of pump quantum fluctuations on the variance of the squeezed quadrature in a

PA.

We will give a brief outline of the derivation of the discrete wave-packet mode
equations of motion for the PA; details will be given elsewhere. The discrete mode

expansions of the signal and pump magnetic field operators in a dispersionless medium

are given by
R Mo = | 2rngho, 12 i@t ~nzlc)—AkT, ]
BPzty= Y T | ————| dulz)e > “fUt—nezlc)-kT,], (2.1a)
n=-Mk=~oc CGTS
= [ 20, | :
B z)=i ¥ [—T”} be(z)e WSO f 1 —nozie)~kT,1,  (2.1b)
k=-w| €CYdp

where

[ (2 ), (2 )] = LB (2 )by (2)] =0 (2.2a)
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[k (2 ) (2)1= 8B’ (2.2b)
[he(2),68 ()]=8 , (2.2¢)
and
sinmt /T .
fit)= T j=s,p 2.3)

J

is the wave-packet envelope function. Here n, is the index of refraction of the disper-
sionless medium, Q, =2Q is the pump frequency, and o is a cross-sectional area we use
to account crudely for the transverse structure of the field. The discrete-mode expan-
sions described by Egs. (2.1a) and (2.1b) are obtained from a continuum description by
dividing the signal and pump bandwidths into ‘‘bins’’ of width Aw, and Aw,, respec-
tively, with signal center frequency o, =Q+nAo and pump center frequency Q, =2Q.%
Here we have assumed that the pump can be described by a single frequency bin. Each
signal (pump) bin corresponds to a train of wave packets in the time domain, each of
duration T, =2r/Aw, (T, =2m/Aw,) with envelope given by Eq. (2.3).

By substituting Eqs. (2.1a) and (2.1b) into Maxwell’s equations, we obtain the

spatial equations of motion

sin[~(kT, —k T, T,] .

ddme(z) _ , T 0T, -4
=K et le T - b(z)dl,(2), 2.4a)
z Z. kT, ~k'T,VT, * (
db(z) K M= r g SINRGET, kT, VT, i
T M M e Pt Gu(z)dw(z),  (2.4b)
dz 2 ke n(kT, —kT, )T,

where the coupling constant «” is given by

1n
. AnQy @ [ 27:11(,179,,} ‘ 2.5)

K 2
ngc coT,
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Here we have assumed that Am, <Aw, (or T, >T,) to avoid coupling among energy
non-conserving modes. By restricting our observations to the region of spacetime near
t —nyz/c =0, we can discard all wave packets (both signal and pump) with & #0, since

fi(T)=8, o. With d,o(z)=d, (z) and b(z)=d,(z), we find

dd,(z) , .
P ap(z)af,,(z), (2.6a)
da,(z) ¥ M .
dz = - —2— . E,Ma,, (z)a_,, (1. ) . (26b)

Assuming that the wave packets are narrow compared to the scale of variation set by «/,
we can replace z by ct/n, and obtain the temporal equations of motion

dd, (t)

—=xd,0dL ), (2.7a)

da M
ay(e) _ X S a0dL0, (2.7b)

dr n=-M

where x=cx’/n,. Equations (2.7a) and (2.7b) are identical to the Heisenberg equations
of motion that are derived from the multimode interaction Hamiltonian

M
=i X 14,08/ 1,040, 1),0) 2.8)

when the conventional approach is used.

The Hamiltonian Eq. (2.8) correctly describes the interaction of a discrete pump
mode with 2M +1 discrete signal modes, but it does not provide a completely accurate
description of traveling-wave parametric amplification, since it ignores the interaction

of the pump wave packet k =0 with signal wave packets other than £ =0. Ignoring as it
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does interactions with these wave packets, the Hamiltonian cannot correctly describe
nonlinear effects such as pump depletion; it does, however, correctly describe the effect
of the initial pump quantum fluctuations on the signal modes. We will show, first by a
heuristic argument and then by the results of detailed calculations using the Hamil-
tonian Eq. (2.8), that the initial pump quantum fluctuations are responsible for the dom-
inant correction to the squeezing due to the quantum nature of the pump. We also cal-
culate higher-order corrections. By the argument just given, the exact form of these
corrections cannot be related to the physical parameters of a traveling-wave PA,; these
corrections are of physical interest, however, in showing how nonlinear effects affect
the squeezing, and of mathematical interest in demonstrating the computational tools

we have developed to calculate them.

The wave-packet approach gives us a new and more realistic way to deal with
traveling-wave problems in quantum optics; it also leads one to realize that the conven-
tional Hamiltonian approach can lead to misleading results when used blindly. We
will, however, ignore distinctions between the conventional and the wave-packet
approaches through much of this chapter. The point we wish to make is that the wave-
packet modes are an appropriate set of modes for describing the spatial evolution of
quantized electromagnetic fields in traveling-wave devices without resorting to contin-

uum calculations.

We will now give a heuristic argument for the effect of pump quantum fluctua-
tions on the squeezing produced by a PA. Our treatment of parametric amplification
has thus far treated the pump quantum mechanically. Under certain circumstances, one
can treat the pump classically, in what is known as the parametric approximation; in
this approximation, one replaces the pump operator by a c-number o, =N"?¢'*. The

interaction Hamiltonian for a one-mode PA, where we ignore all modes in Eq. (2.8)
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except for n =0, is

v 172 . ;
H, =i————hK1;l (6™ ~d*(1)e™*],

where do(1)=d(t); two resulting equations of motion are

da(t) —KN‘/zeiq”df(t)
dt ’

) _ (12,7i% 1)
dt

We define two sets of quadrature-phase amplitudes,'
xfl(t):%[d(t)ﬂi’(t)] ,
£a(0)=—S1a 0 =d"w),

and

2= %[a‘ e ¥ +d1(1)e' "],

£, (t)=— é[d(t Ye 2l (1)e' ],

(2.9)

(2.10a)

(2.10b)

(2.11a)

(2.11b)

(2.12a)

(2.12b)

the two sets being identical when ¢, =0. The two sets of quadrature-phase amplitudes

are related by the rotation

24(1)=2%{ (t) cos(9, /2)—¥, (£)sin(9, 12) ,

Rat) =27 (1) cos(9,/2)+5 | () sin(9,/2) ,

(2.13a)

(2.13b)

pictured in Fig. 1 for ¢,/2=A¢. By substituting Egs. (2.12a) and (2.12b) in Egs. (2.10a)
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and (2.10b), we see that the quadrature-phase amplitudes £{(s) and ¥, (¢) decouple the

equations of motion:

di{ (1)

L=k @) => R W)=F{0)e" , (2.142)
di, 12, . ,
20 W) = S w=E O (2.14)

where u =xN"?% is a dimensionless time. For a vacuum input, one easily finds that

<Af{2(u)>=%e2“ : (2.152)

<ARLKu)> = %e-z" : (2.15b)

the ¥, quadrature exhibits maximum squeezing when the pump’s phase is ¢,. The
corresponding noise in the quadrature-phase amplitudes £, and #,, from Egs. (2.13a),

(2.13b), (2.15a), and (2.15b) is described by

<ARR@)>= e cos’,2)+ e sin’ (9, 2) (2.16a)
<AfF(u)>= -}Ie—z" cos’(¢,/2)+ %e”‘ sin’(9,/2) . (2.16b)

Suppose we allow the pump’s phase to fluctuate. For the quantized pump in a
coherent state |N">> with mean photon number N, the phase fluctuations are character-
ized by

A

<aYI>=<p;>= P

(2.17)

since we may choose without loss of generality <¢,>=0. Because N is large, <apr>
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will be small; we can thus approximate cos’(¢,/2) by 1, sin’(9,/2) by <¢/4>= 1/16N, and

the variance of the #, quadrature by

<AR2uy> =ty L (2.18)
4 64N

The pump can be considered classical and the parametric approximation valid when the

correction term is small, that is, when
N> Tlgexp(41\7 2ty (2.19)

where we have used the definition of u. The second term of Eq. (2.18) is the dominant
correction to the variance of the squeezed quadrature due to pump quantum fluctua-
tions. Because of the quantum nature of the pump, phase fluctuations are unavoidable;
Fig. 1 illustrates their effect. The solid ellipse represents squeezing with a classical
pump (i.e. the parametric approximation) with a well defined phase ¢, =0. When ¢, =0,
the ellipse is rotated by an angle ¢,/2 as demonstrated by Eqs. (2.13a,b). Pump phase
fluctuations cause the orientation of the ellipse to fluctuate about ¢, =0 with the charac-
teristic angle A¢=<¢2/4>=1/4N"?, as represented by the dotted ellipse in Fig. 1, feeding
noise from the amplified quadrature into the squeezed quadrature. One also sees why
amplitude fluctuations are unimportant. Amplitude fluctuations merely produce fluctua-
tions in the gain (or rate of squeezing); they do not couple noise in the amplified quad-

rature into the squeezed quadrature.

The above argument is for a one-mode PA, but it is easily extended to any number
of modes; the same argument has been given for a continuum-mode PA," yielding the
same dominant correction as given by Eq. (2.18), but given N in terms of the pump

power by identification of an appropriate bandwidth defined by phase mismatching. In
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the parametric approximation, the signal modes interact in pairs at frequencies Q+nAw
and Q- nAw, there are no interactions among different pairs in this approximation, and
each pair can thus be considered separately. The correction that we have been discuss-
ing is due to fluctuations in the initial state of the pump, and has nothing to do with
back-action from the signal modes—pump depletion being one example of such back
action—which would depend on the number of signal modes. The initial fluctuations
act on each pair of modes in the same manner as described in Eq. (2.18) for the one-
mode PA, yielding for each pair of modes a correction identical to that of Eq. (2.18).
This correction is then independent of the number of signal modes, justifying our one-
mode treatment.

The arguments given above are not rigorous; we have cited quantum mechanics as
the ultimate source of pump phase fluctuations, yet we have treated their effect on
squeezing classically. What we have given is a plausibility argument for and a physical
picture of the dominant effect due to such fluctuations. The validity of our arguments
will be confirmed by our detailed calculations showing the correction terms in Eq.
(2.18) to be the dominant effect of pump quantum fluctuations on the squeezing,

independent of the number of signal modes.

3. STOCHASTIC DIFFERENTIAL EQUATIONS

A. The one-mode PA

The dynamic evolution of a one-mode PA is described by von Neumann’s equa-

tion in the interaction picture

ps (1)
ot

=%mmﬁﬁm, 3.1)
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where the interaction Hamiltonian H () is given by Eq. (1.1). All operators are now in

the interaction picture. We will assume that initially the signal mode is in the vacuum

state, and the pump is in a coherent state of real amplitude oy:

p(0)=p; (0)=10,0> <0,04]! .

(3.2)

To solve Eq. (3.1), it is convenient to project the density operator p,(¢) onto a suit-

able set of basis states. The positive-P representation's is an off-diagonal representation

obtained from an expansion on a coherent state basis:

pr(1)= [[[[P (ot BB, 1) A0y, BB, ) d’0cd’er, d*BdB,

where the operator A is given by

Lo, > <B* B, |

[\ s j 32 = s %
(o04,,8,8,) <B B lo,>

o (eB+a B 00 04 00> 0,01 P+
Using Eq. (3.3a), one obtains the operator identities
dh=0A, Ad'=pA,
dpf\:otpfx, Ad)=B,A,

and

i"A=| L 4| A, Ad=|or|A,
A aa+ﬁ [ B
~t2_| 9 A Ag = 9
dyA= 50:“3[, A, A4, ap+8BP}A

(3.3)

(3.3a)

(3.4a)

(3.4b)
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Substituting Eqgs. (3.3) into Eq. (3.1), using the operator identities in Egs. (3.4), and

integrating by parts yields the Fokker-Planck equation

DN N B SO W S -
= =| ~%B 5 —oB, E)B+ > aa,,+ > aBp+ 2 32t 2 T P, (3.5)

where 1=t and P =P (o, 01,,8.8, 1) -

In its present form, Eq. (3.5) is a complex eight dimensional Fokker-Planck equa-
tion. The analyticity of A=A(a,0,,B.8,), however, allows us some freedom of choice in

interpreting the derivatives:

A _ oA _ . 9R 3.63)

A _9A _ . 9A
i (3.6b)
0A _ 9A . 9A
do,  doy, ~.—laocpy ’ (3.6¢)
dA _9A . 9A (3.6d)

B, B B,y

Here ““x’’ and ‘‘y’’ denote real and imaginary parts of a complex number. By properly
interpreting the derivatives in Eq. (3.5), we obtain a real Fokker-Planck equation with
positive-semidefinite diffusion. A detailed derivation of the diffusion matrices for both
one- and two-mode PAs is given in the Appendix. Using the standard methods of sto-
chastic calculus,” this eight dimensional Fokker-Planck equation yields a set of eight
real, first order Ito stochastic differential equations (SDEs). When written in complex

notation, the resulting SDEs are

doa=a7,[3d'c+\/gdwl, (3.7a)
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dp=of, dt+\B, dw,, (3.7b)
do, =— %o@d‘c, (3.7¢)
dp, = -5 B dz, (3.7d)

where, in the Ito calculus,
dW? =dw? =dt. (3.7e)

The Wiener increments aW, and dW, are real and independent.

Although we cannot solve Egs. (3.7) analytically, an approximate solution is pos-
sible in the case of a nearly classical pump. We assume that the stochastic pump mode
variables o, and B, consist of a mean amplitude o, (chosen to be real) plus fluctuations

Ao and AB:
o, =0y +Ac, (3.8a)
B, =0o+AB . (3.8b)

We define new variables x,, p,, x,, and p, by

.X]='%‘((X.+B) . x2=—é(0!.-—[3) N (3.9a)

pi=5@0+aB), pr= - (Aa-AP). (3.9b)

It is convenient to change variables once again. We define the variables z, and =, by

z,=x.e7", (3.10a)
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Zo=Xxqe" . (3.10b)

The resulting SDEs are

. 12 . 12
1 Py 1 _ Pi1+ip; D1—p2
dzy=—@p +zpre ™ )du+=e™| | 1+—=| aV,+|1+———| dV,|,
1 % P1+zop) 2 H % ] 1 { %

(3.11a)

.Y 12 .y u2
1 N i Pi+ip pi—ipa
dz,=— “—z.p)du——e*| | 1+ v, -1+ av,| ,(3.11b
72 ozo(zlpze 2P 1)du e H } i { . ] 2} ( )

dp,= 2(110 (z7e™ —z2e™)du , (3.11c)

1
dp2=—a2122du N (3.11d)

where u =y, d",=\/adW;, and dV2=\/adW2:

We use an iterative procedure to obtain an approximate solution of Egs. (3.11).

The square roots are expanded in a Taylor series:

. 12 . . 2
+i ol ) ti
[1+P1 Pz] =1+LP1 Py 1 P1tipy) . 3.12)

o o 2 ol 8

Substituting Eq. (3.12) into Egs. (3.11) and integrating formally, we find

zilu)=z,(0)+ i IO" [z, (X )p 1 (x) +2(x )P, (x Je > 1 dx
)

1 11 i
+7§‘JO e '{deLa{EPI(X)dVWLEPz(A )dW} + } , (3.13a)
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z(u)=z,(0)+ éjo [21(¥)P2x ) —z,(x )p,(x )] dx

: u x 1 .
—Tlﬁjfo e'{dw+a{—;—pl('V)dW+épz(x)dV} + } , (3.13b)
Pl(u)=l)1(0)+‘2’:x:jo [23 ()e™ ~zF (x)e™ ) dr (3.13¢)
Palty=psO) == [ 71 )5 dr (3.13d)

Here we have defined two new independent Wiener increments

dV (x)+dV,(x)

dV(X):———T y

(3.14a)

dV (x)~dV,(x)

aw(x)= 5

(3.14b)

The new Wiener increments defined in Eqgs. (3.14) correspond to a rotation of the old

Wiener increments, 4V, and dV,, and hence retain the same correlation matrix."’

We can ignore the initial values z,(0)=x,(0), z,(0)=x0), p,(0) and p,(0) in subse-
quent calculations because all moments involving these quantities are zero. To see this,
we observe that the P-function gives normally ordered averages for all moments o and
p”, and all normally ordered averages are initially zero for the case studied here. By

extension, all moments involving the initial values x,(0), x,(0), p,(0), and p,(0) are zero.

The formal solution [Egs. (3.13)] yields an approximate solution, valid for short
interaction times and large pump amplitude, when the stochastic variables are expanded
in a perturbation series in the reciprocal of the pump amplitude:

0= E o5 . (3.15)

n=0
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By substituting the expansion Eq. (3.15) into the formal solution Egs. (3.13) and equat-

ing equal powers of og”, we obtain an approximate solution to the set of SDEs: (i) to

zeroth order,

zl(o)(u)=—\l%L e*dv,

0 u)= _Vl'fjo et dw ,

pOw)=p”m)=0,
(ii) to first order,

2 w)=2{" )=0,
1 ¢" e ‘
piN)= [ e ™ —z(P%(x)e™]dx
P )=~ [ )z w)ax

and (iii) to second order,

D)= [ O @)+ ()pfd ()e X dx

l u — 1 .
+55 b e wav +ipfPyaw,

252)(u)=J:[Zl(o)(x)pz(])(x)ez‘—zéo)(x)pl(')(x)]dx

~ o5 b e @ +ipfcxyavy,

pPw)=pPu)=0.

(3.16a)

(3.16b)

(3.16¢)

(3.17a)

(3.17b)

(3.17¢)

(3.18a)

(3.18b)

(3.18¢)
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The SDEs corresponding to the zeroth order solutions z {” (u) and z{” («) are

1
dz(® = 5 e™dv, (3.19a)
dzf0 = - -J? e"dw . (3.19b)

We define the new variables
Ayu)=z{"w)e", (3.20a)
A,(w)=iz{® w)e™ , (3.20b)

with the resulting SDEs

dA,=A1du+—\/1.2=dV, (3.21a)
dA2=—A2du+V!§—dw. (3.21b)

Equations (3.21) describe two independent Ornstein-Uhlenbeck processes, each with
zero mean. Thus z{”(u) and z{”(u), apart from the exponential factors ¢* and ™,
respectively, are themselves Ornstein-Uhlenbeck processes. They are Gaussian vari-
ables; all higher order moments can be expressed in terms of second order moments.
With this in mind, we can formulate a pair of rules to guide us through the remaining

calculations: (i) a rule for quadratic moments,

<21(0)(u)21(0)(w)>av=%(1—e_z"') u>w, (3.22a)

<P > = - € 1) uzw (3.22b)
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< @)z{” (w)>,,=0, (3.22¢)

and (ii) a rule for quartic moments,

<Pz )z Wz @>0 = <O Wz 01> <0 402>
av 1 av

<z O w)> <000 >,

<P E> < PeROw>,,  (3.23)
<z e 01 ) >0 = <P W2 0)> <Oy ®ey>.

+ <z Wz w)>, <001 O @)>

+<eP Wi >, <O ErPw)>,,,  (3.23b)

where < >, denotes an average in the positive-P representation.

The squeezing in the signal mode is easily calculated by the repeated application

of (i) and (ii). The quadrature-phase amplitudes are defined by

N PO i
fi=@+dl,  f=—@-dh), (3.24a)
5 1. 5 By

=@, +d)),  Py=——,~d]), (3.24b)

where #, and ¥, are signal mode quadrature-phase amplitudes, and £, and P, are pump
mode quadrature-phase amplitudes. The expectation values of the signal-mode
quadrature-phase amplitudes #, and £, are zero when the signal is initially vacuum. We

then find that the uncertainties in £, and ¥, are

<APE> = % + <x12(u)>av=%+ <z 2> e, (3.252)
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<AE>= i + <x22(u)>av=%+ <z2u)>, e . (3.25b)

We see from Egs. (3.25) that x, and x, are the c-number equivalents of the quadrature-

phase amplitudes ¢, and £,, respectively. To second order in o', the uncertainties are

<ARI>= % +<zO%u)>, e+ % <2 Ow)zPw)>,, e*, (3.26a)
0

<AEZ> =i-+ < PHu)>, e <Oy >, e (3.26b)
0

Application of (i) yields the ideal squeezing:

<A > =g+ O e = e (3.27a)

<A“\$\22 >idca|= 'i_ + <:2(0)2(u )>av 6_2" = % 6_2“ . (3.27b)
Repeated applications of (i) and (ii) yield the quadrature variances correct to semiclas-
sical order og?=N"":

<Af12>=%e2" +—é%’:[u2e2“+u(e2“+l)—(3sinh2u +2) sinhu e“—sinhzu} , (3.28a)

<ARZ>= —4-11— e+ gl—ﬁ[uze“z“ —u(e™ +1)+(3sinh®u +2) sinhu e ™ —sinhzu] , (3.28b)

which are exactly the results obtained by Hillery and Zubairy.” The variance of the

squeezed quadrature, including the dominant correction for at best moderate squeezing

only, is

e-—2u + L_ (’2“ , (3 . 29)
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which agrees with Eq. (2.18), validating our heuristic picture of the effects of pump

fluctuations on squeezing.

B. The two-mode PA

The analysis of the two-mode PA is similar to that of the one-mode PA. The
equation of motion is again von Neumann’s equation in the interaction representation,
Eq. (3.1), with the two-mode interaction Hamiltonian given by Eq. (1.4). Initially, we
assume the signal modes are in vacuum states, and the pump mode is in a coherent

state:
p(0)=p;(0)=10,0,00> <0,0,06] . (3.30)
The positive-P representation for the density operator is
pr(0)= [[[[[P (01,0004, B1.B2By 1) Acoti, 00,01, BB, )
xd?a, d?o, d*o, d*Byd’B,d’B, , (3.31)
where the operator A(oy,0,0, 81,828, ) is given by

) 'al ’aa’ap > <B;;B2‘7Bp.|
A(al ,%,ap ’Bl’ﬁbﬂp ) = W

(B POy ) @i 0 4000 10,003 <0,0,01 PO PR (3.31a)

Substituting Eqgs. (3.31) into Eq. (3.1), using the two-mode version of the operator iden-

tities in Egs. (3.4), and integrating by parts, we find the Fokker-Planck equation for the
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two-mode PA:

9
doy

[«5}

d
L= By =2 - uf, a%l—ﬁlap —ouby 35

o ? doy

0 ) e i
% 50;+B1B2 8[3,, i do,do, H}P 9B,9B,

where t=xt and P =P (0,005,888, .7) -

P,

(3.32)

Proceeding as in the one-mode case (see Appendix for details), we can derive a set

of Ito SDEs from the Fokker-Planck equation, Eq. (3.32):
doy=P,0, dt+ Vo, dW
doy =By, dt+Vo, dW
dB=0,B, dt+B, dW,,
dp,=o,B, dt+Vp, dw; ,
doy, = —040,dT,
dp, =-B,B,dr.

The complex Wiener increments W, and dW, are defined by

aw \, +idWw,,
aw, =—-_‘/§— )

aw , +idw,
W= ——p—— >

(3.33a))

(3.33b)

(3.33¢)

(3.33d)

(3.33e)

(3.331)

(3.34a)

(3.34b)

where dW .., dW,,, aw,_, and aw 2, are independent, real Wiener increments, and, in the
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Ito calculus,

AWl =dWi=dt s=x,y. (3.34¢)

The complex pump amplitudes o, and B, are again assumed to consist of a large,
real mean value o, plus small fluctuations, as in Egs. (3.8). We define the new variables

X15Y17X29Y29P1’ andp2by

Xi=5 (4B, Xo=— (B, (3.35a)
Yi= 5 +B), ¥o== 2Py, (3.35b)
P1=—;—(Aa+AB), P2=—é(Aoc—A[3). (3.35¢)

It is convenient to change variables one more time:

U1=X1€_“ N U2=X2€u y (3.36a)

Zl':Y]e_“ , Z2=Y2eu . (3.36b)

The resulting SDEs are

1 , 1 Py+iP,|"? PPy |
dU1=_(U1P1+U2P28_u)du+—e_“ 1+ dV‘+ 1+ dV2 ’
o 2 0O o)

(3.37a)
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1 ) 1 py+ip, )", P,-ip,)"?
le=-~(ZlP1+Z2P2€" ‘)du +'_€—“ 1+—_— dVl + 1+ dV2 y
o 2 o

%
(3.37b)
dUy=——(U \Pre™ U P )du —ie"Hu P‘”Pz] mdv,—[n P“”’z} deEJ ,
% 2 o o
(3.37¢)
AZy=—(Z\Pre™ ~Z,P ) du -ie"Hu i ”PZJ l/zarv; —[1+ P‘_ipz] deZJ :
O 2 o 0
(3.37d)
dP,=51;(U222e-2“ -U,Ze*)du , (3.37e)
dP,= —é(v,zz+uzz,)du , (3.37f)

where u = agt, dV, =Yoo dW, and dV,=o,dW,.

We can obtain an approximate solution to Egs. (3.37) just as we did in the one-
mode case; we formally integrate Eqs. (3.37), expand the square roots, and substitute
the expansion Eq. (3.15). We have found the approximate solution up to second order

in og': (i) to zeroth order,
| ,
U§°>(u)=E jo e~*(dS +idS,) (3.38a)
ZOw)=Uu®" ), (3.38b)

U )= [} e @S s-ids.), (3.38¢)
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A OE "Ug(o)‘(ll) ,

PO w)=Pf (u)=0,

(ii) to first order,

UM w)=z{"(u)=0,

USY )=z w)=0,

PP)= [ P ZE (e ~U 0 ()Z0 (x)e™ ds

P u)=- JO' WO )ZO )+ U0 ()Z{O (x)]dx ,
and (iii) to second order,

UP W)= [ WO PO )+ UL )P (x)e ™ 1dr

+ ijoue-* [P (x )(dS +idS )~ P5" (x )(dS 5~ idS )] ,
2@ w)= [ 120 P () +ZPP ()e ™ 1 dx

+ :1‘- j:e-x [P () (x)(dS | —idS )+ P§) (x )(dS 3 +idS )]
UP )= [, 00 @PE (0)e> ~UP )P ()] d

+ ;1{ [[ 1P ()(dS 3—idS )+ P11 (x)(dS , +idS )] ,

(3.38d)

(3.38¢)

(3.39a)

(3.39b)

(3.39¢)

(3.39d)

(3.40a)

(3.40b)

(3.40c)



- 111 -

ZP (u)= !0" [Z©® )P (x)e ~Z (x)P (P ()] dx
- % Lue‘[Pl(l)(x )dS 5 +idS ;)— P3P (x)(dS —idS,)] , (3.40d)

PI(Z)(u)=P2(2)(u)=O. (3.40e)

Notice that in Egs. (3.38) and Egs. (3.40) we have replaced the complex noise incre-

ments by the real Wiener increments dS, dS,, 45 3, and dS ,, where, using Egs. (3.34),

s, =" . dS,= d_i : (3.41a)
AW, +dW aw,, —dw
dS 5= 'YJE B ds= (3.41b)

Also note that, as in the one-mode case, we have dropped all contributions arising from

the initial conditions.

By comparing Egs. (3.38) with Egs. (3.16), we see that the zeroth-order solutions
U® @), Z2{" @), Uf” w), and Z{’ (x) have real and imaginary parts that are Gaussian vari-

ables. Let
U )=z " u)=0,(u)+iQ,u), (3.42a)
U (u)=-Z" ()=0 ) +iQ 4u) , (3.42b)

where Q,(), @x(u), @3(), and Q) are independent Gaussian variables with zero
mean. We can use Eqs. (3.42) to generalize the one-mode rules [Egs. (3.22) and Egs.

(3.23)] to the two-mode case: (i) a rule for quadratic moments,

<Qi)Q1(w)> = <Q2(U)Q2(W)>av=%(l—e'z"') us>w, (3.43a)
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<Q5)Q3w)>, = <O W)Q4w)> = %(cﬂw ~1) wuzw, (3.43b)
<Q;w)Q;)>W=0 i%j, (3.43c)
and (ii) a rule for quartic moments,
<Q1)Q 1) 1W)IQ ((2)> 4y = <1 (1)Q1(¥)> o <1 (W)L 1(2)2 v
+<0,1)Q (W) <2:1(v)21(z )2 av
+<0,(1)Q1(2)> 0 <21V 1(W)Z e (3.44a)
<0H)Q )0 )12 > = <L) ()1 WIL1(E) ar (3.44b)
<Q3U)Q5(1)Q3W)Q5(2)> o, = <Q3)Q3(v)> 0 <L W)L )2 av
+ <Q5(1)Q3(w)> o <@3(")C5(= )2 av
+ <0 3(1)Q5(z)> 0 <@ W) ey » (3.44¢)
<0 4()Q40)Q W)Qaz)> oy = <5231 3(W)L (= )2y - (3.444)

We can calculate the two-mode squeezing by repeated application of (i) and (ii).

The two-mode quadrature-phase amplitudes are defined by

X/‘lzé(dl+é‘27‘)7 XA2“"'—21_(dl_aA’.;r)9 (3~45a)
= EI_( i, +d)),  Pa=—50,-d]). (3.45b)

The two-mode signal quadrature-phase amplitudes are nor Hermitian operators. The

mean-square uncertainties in the two-mode quadrature-phase amplitudes are given by



A

<IAR 1> == <KX +X X]>-<X ><AX]>, (3.46a)
<18%,1%> = %<}f{}fz+}fz}?{ >_<R,><k]>, (3.46b)

or, in terms of the stochastic c-numbers, by
<lAXA'll2>=%+<X,Y1>m,-—<X,>,,v<Y,>av, (3.472)

<IAR, 17> = % P <K > = <X > <Y > (3.47b)

From Eqs. (3.47) we see that X, and Y, are the c-number equivalents of the operators X,
and its Hermitian conjugate X[, respectively, and X, and Y, are the c-number
equivalents of the operators X, and its Hermitian conjugate X}]. Substituting Eq. (3.15),

Egs. (3.38), Egs. (3.39), and Egs. (3.40) into Egs. (3.47), we have to second order in ag'
<IAR 12> = 2+ UL @ZO@)> 4 e + <UL @ZP WU P @Z{01)> e,
(3.48a)
<IAX, 12> = % + <UL @)ZP u)>,, e + 7:07<U2<°> ZP @)+ UP W)ZP u)>,, e,

(3.48b)

since the expectation values of X, Y, X,, and Y, are zero.

Repeated application of the two-mode rules (i) and (ii) yields the mean-squared
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uncertainties correct to semiclassical order og2=N"":
212 Vogw, 1| 2 0 3 ca2 o 5L w_ 32
<IAX IP> == + —=| ue® +u(=e** +1)—(4sinb’u +=)sinhu ¢" — = sinh’u/| ,
4 8N 2 2 2
(3.49a)

<IAX, 1> = le‘2" +—l_— ule™ —u(ie‘z“ +1)+ (4 sinh’u +£)sinhu e — —3—sinh2u ,
4 8N 2 2 2

(3.49b)

which are slightly different from the one-mode result, Egs. (3.28). When the dominant
correction only is kept, the uncertainty in the squeezed quadrature is

T TS T
SIAGIP>E ey e (3.50)

which is the same as the dominant correction found for the one-mode case, Eq.(3.29), in

contrast to the result obtained by Scharf and Walls,® Eq. (1.6).

4. CONCLUSION

We have calculated, for the one- and two-mode PA, the explicit corrections for
squeezing to order N~', due to a quantum pump in a coherent state with an average pho-
ton number of N. We found that the pump’s phase noise is responsible for the dominant
contribution to the limitations on squeezing for any number of signal modes. We also
briefly discuss when traveling-wave calculations can be treated by Hamiltonian

methods in the most direct way. This was done by discretizing the continuum problem.
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APPENDIX: DETAILED DERIVATION OF THE STOCHASTIC DIFFEREN-
TIAL EQUATIONS

We will first consider the one-mode PA. Equations (3.6) allow us to choose the
derivatives in Eq. (3.5) so that a Fokker-Planck equation with real drift and positive-

semidefinite diffusion result:

9 _d _ .9d
-k T ’a&,y , (A.1)
where & represents any of the complex variables o, B, a,, or B,, and “‘x > and “‘y”’

denote the real and imaginary parts of the complex number &. For the drift terms, we

have
~a, B2 = ~Re(e, ) 3‘2-(— ~Im(at, B) 5‘% , (A.2a)
-of, 5%—=—Re(a[3p an —Im(af,) aBy (A.2b)
%Z%=Rei%i: a;:x +Im[%2} aj,,y , (A.2¢)
J;i%— e%— e +xm[%i] s (A.2d)

The corresponding drift coefficients are

A1=Re(ap B) ’ A2=Im(ap B) ’ (A3a)
2 2
A3=—Re[%—] , A4=—Im{%—J , (A.3b)

As=Re(af3,), Ag=Im(af,), (A.3¢c)



2
Ay=—Re| & | | A8=-xm[%} , (A.3d)

where the subscript 1 corresponds to o, 2to o, 3 to ot,,,, 4 to 0t,,,, Sto B,, 6 to B, 7 to

By, and 8 to B,,.

To simplify the derivation of the diffusion matrix, we let o, =(x +iy y* and

B, =(u +iv)’. *' Using Eq. (A.1), we find

, 5%22—=(x +iy)? a?; =x? ;iz +2xy aoi; +y? a?;z , (A.4a)
B, —é%zf(u +iv )25%2;=u2 aa[: ; +2uy GB,?;By +v? a?;,_ ) (A.4Db)
The resulting nonzero elements of the one-mode diffusion matrix are
D;;=x*>, Dy=xy, (A.5a)
Dy =xy, Dypy=y>, (A.5b)
Dss=u?, Dsg=uv, (A.5¢)
Dgs=uv, Dgg=v2, (A.54)

where we have used the same subscript convention as in Egs. (A.3). In matrix form,
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Egs. (A.5) become

(x2xy 000 0 00]
x»y2000 000
0000 000
000 000
00u>u 00
00w v200
000 000
000 000

(A.6)

S O O o O

S oo o < o

The diffusion matrix D can be written as the product of a matrix B with its transpose B™:
D=BBT. (A.7)

We can easily show that

xx 00000 0]
yy000000
00000000
1100000000
V2|0000uu00
0000vvOO
00000000
(00000000]

(A.8)

The Fokker-Planck equation corresponding to the drift coefficients in Egs. (A.3) and the

diffusion matrix Eq. (A.6) has the form

/i L% _ 9 g7}, (A.9)
o A T ey ) '

Using the Ito calculus, we can derive a set of SDEs from the Fokker-Planck equation

Eq. (A.9):

N
dx,' =A,~ dt+ E Bl/ dW/ ) i,jzl,u.,N ) (A.IO)
j=1
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where aW; is a Wiener increment, and, in the Ito calculus,

dW,'de-:a,-de, i,j=1,...,N.

(A.10a)

For the one-mode PA, x,=0,, x,=0a, €tc., dW,=dW , , aw,=dW, , etc., and N =8. Substi-

tuting Egs. (A.3) and Eq. (A.8) into Eq. (A.10) and recalling that x =ReVa,,, y =ImVo,,,

u =ReVp,, and v =ImVp,, we find the Ito SDEs for the one-mode PA:

— dW +dW
do, =Re(o, B)dT+ReVar, ~——‘"%——3"— ,

AW o +dW o

do, =Im(a, p)dwlm\/ET ,

CIWB, +dW[3,

dp, =Re(aﬁp)dx+Re\/ET ,

; — dWg +dWg
dBy=Im(aBp)dt+Im\/Bp T ,
dt,
dt,

(2
dp,.=-Re %— dt,

’[32
dB,, =-Im| =—| dt.

By defining the new Wiener increments

AW o +dW o,
W =—

(A.11a)

(A.11b)

(A.llc)

(A.11d)

(A.lle)

(A.11f)

(A.11g)

(A.11h)

(A.12a)
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dWB'+dWﬁ’

aw,= -
2 5 ,

(A.12b)

and writing Egs. (A.11) in complex form (da=da, +ido.,, etc.), we obtain the complex

SDEs Egs. (3.7).

The derivation for the two-mode PA proceeds in a similar fashion. We can use the
two-mode equivalents of Egs. (3.6) to show that Eq. (A.1) applies in the two-mode case

as well. Applying Eq. (A.1) to the drift terms of Eq. (3.32) results in

=B, — 8 —Re(Byo, ) —Im(B,ot, ) 8 (A.13a)
(9} ly
— 0B, == 3[3 =—Re(o,f3,) 3[3 Im(ay, ) 52— 3131y (A.13b)
~Broy, =— 8 = —Re(B,0, ) 30, Im(Bl%) oy (A.13c¢)
~ouB, 50 = ~Re(aufl) 35— —Im(eyf,) 50— (A.13d)
2« 2y
J d d
o, 00 @; =Re(a,0,,) —__3apx +Im(o00) 50, (A.13e)
=R +Im A.13
BiB2 52— 3[3,, e(BiBy) 5 — aBp.x (BiB) 52— Bpr ( f)
The corresponding drift coefficients are
A,=Re(B0,), A,=Im(By0,), (A.14a)
As=Re(Bio,), Ay=Im(Bo,), (A.14b)

As=Re(o,B,), As=Im(0oB,), (A.14c¢)
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A7=Re(alﬁp) ’ A8=Im(alﬁp) ’ (A.14d)
Ag=—Re(0,0,), Ajo=—Im(a,00), (A.14¢)
A =-Re(BBy), Aj,=-Im(BB,), (A.14f)

where the subscript 1 corresponds to o, 2 to a,, 3 t0 0y, 4 t0 0y, 5 to By, 6 t0 By, 7

10to o

to B,,, 8to B,,, 9to o, oy »

pX’

11to B, ,and 12to B,,.

As in the one-mode case, we let a, =(x +iy)* and B, =(u +iv)’. We choose the

derivatives so that

2 2 2 2 2
3 1|(x2+y2)[ aa2 . }

== +
% aalaa’l 4 Oy a(xlzy aa’].t aa’l2y
?* ?* ?? 9*
2_,,2 _
+A-y )[ 90y, 90, aa,ya%] +4xy{ douy, 90y, * aa,ya%H ’
(A.152)
82 ___1__ ) 2 82 82 a2 aZ
P 3B.0B, ~ 4 {(“ ” )[ oB% o3 oBL 9}
?* ?? ?? 9*
+2(u-v? - +4 + ‘
=y )[ 3B1.Par as,yabzy] “V[ 3Bre3Ba * 9Bry o H
(A.15b)
The resulting nonzero elements of the two-mode diffusion matrix are
D”=D22=D33=D44=%(x2+y2), (A.16a)

Djy=-Dy= 5 2=y, (A.16b)
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Dy,=Dy3=xy , (A.16c¢)
Dss=Dgg=D7;=Dgg= %(uz+v2), (A.16d)
Dy, = —Dgg= %(uz_vz) : (A.16e)
Dgs=Dg=uv , (A.16f)

where the remaining nonzero elements are obtained from the symmetry relation

D;;=D;, and the subscripts follow the same convention defined in Eqs. (A.14). In

Jio

matrix form, Eq. (A.16) becomes

(x2+y2 0 x2-y? 2y 0 0 0 0
0 x24+yr 2xy y*2-x%2 0 0 0 0
x2—y? 2y x%*+y? 0 0 0 0 0
2 2 2 2
bl 2xy y*-x* 0 x*+y 20 2 0 20 2 0 A.17)
2 0 0 0 0 u+v 0 u'—v" 2uv
0 0 0 0 0 u’+v? 2w vi-u?
0 0 0 0 w?—v? 2uv uWP+vr 0
0 0 0 0 2uv  vi-u? 0 u2+v2J

Here we have suppressed the rows and columns of D corresponding to o, and B, since
all elements of these rows and columns are zero. The diffusion matrix D can be written

as a product of a matrix B and its transpose:

D=BBT. (A.18)
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We find that

Lo | =
(=]
(=]
(]
(=]
|
<
|
<
= R oo o <

(A.19)

The Fokker-Planck equation corresponding to the drift coefficients Egs. (A.14)

and the diffusion matrix Eq. (A.17) is of the form Eq. (A.9), with the corresponding

SDEs of the form Eq. (A.10). In the two-mode case, N =12. Substituting Eq. (A.14)

and Eq. (A.19) into Eq. (A.10), and recalling that x =Re\/€, y =Im\/€, u =Re\/E, and

v =Im\/E, we find the SDEs for the two-mode PA:

dot, =Re(B,ar,)dT+ _}E-me@dw,x ~imVo, dW ),
doy, =Im(B,a,, ) dT+ %(Im\/oz_pdwlx +Reoy, dW ),
do,, =R ! Revo, Vo,
o, =Re(B,0, )d T+ @—(Re a, dW,, +ImVa, aw,,),
1 —_— —
doy, =Im(B,0,, ) d T+ TZ(Im\/ap aw,. -—Re\locp aw,,),
dB,, =Re(0,B,)dt+ Vli—(Re\/[—}:dW?_x ~1m\B, dw,,)
dpy, =Im(aal3p)d’f+ Vlz—(lm\/ﬁ;dwh +Re\/[§;dwzy) ,

d By, =Re(oyB,)dt+ %(Re\/[g;dwh + Im\/B;dWZy ),

(A.20a)

(A.20b)

(A.20c)

(A.20d)

(A.20e)

(A.20f)

(A.20g)
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dB,, =Im(o,B, )dT+ Vl_z»amx@dwh —Re\p, aW,,),
doy,, = —Re(oyo,)dT,
daoy,, = —Im(oy0,)dT,
dB,,. =-ReB,prdr,

dpr = —'Im(BIB2)dT ’

where

v e ot dWa, W W,

1x \ji ’ 1y \IE ’
awg, +dwW dawg +dwW

Bl—v Bl) Bu 1y

W =—— dwzy———T—"—

By defining the complex Wiener increments

dW 1, +idW
aW,=——p—",

dW 5, +idW,
dW2=~—\/.2_——y~,

(A.20h)

(A.201)

(A.20))

(A.20k)

(A.201)

(A.21a)

(A.21b)

(A.22a)

(A.22b)

and writing Egs. (A.20) in complex form, we obtain the complex SDEs Egs. (3.33).

The choice of derivatives in Egs. (A.15) is certainly not an obvious one. One

might make a more reasonable choice such as

o o’ =x? G +x G J
? doy0,  doy, doty, v

2
[3,, J =u? +uy
9B19B, 0B 1, 9B

+v

& [ P P

+ 2
ale aﬂ2y aﬂ]yaBZ\r ) aBl

82
a

2
+ =N A4
aal.raa’ly * aa’lyaa’).\' J Y aal 125]

y -y

&’

yaB2y ‘

(A.23a)

(A.23b)
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A similar choice worked quite well for the one-mode PA. For the two-mode PA, how-
ever, this choice leads to a diffusion matrix that is not positive-semidefinite, which in
turn results in a complex matrix B. The resulting SDEs for the ‘‘real’’ and ‘‘imag-
inary’’ parts of &y, oy, B, By, ,, and B, are complex rather than real. Writing the SDEs
in complex form, however, results in the same set of complex SDEs that one obtains
with the original choice of derivatives, Egs. (3.33). One can then work backwards to
find the correct choice of derivatives, i.e., the one that results in a positive-semidefinite

diffusion matrix D and thus a real matrix B.
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FIGURE CAPTION

Fig. 1. The effect of pump phase fluctuations on squeezing. The ellipse with solid
lines represents ideal squeezing, in which the pump has a well defined phase. Phase
fluctuations in the pump cause the orientation of the ellipse to fluctuate about ¢, =0,
with the characteristic angle A¢=1/(4N'"?), feeding noise from the amplified quadrature

into the squeezed quadrature.
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CHAPTER 5

The Spectral Consequences of Internal Squeezing
in a Laser Oscillator

by Amnon Yariv and David D. Crouch

An expanded version of a paper submitted to Optics Letters
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ABSTRACT

We study the effects of squeezing the intracavity noise in a laser oscillator. In par-
ticular, we find that by squeezing the in-phase quadrature of the noise (squeezed ampli-
tude fluctuations), the phase fluctuations are reduced, resulting in a reduction in laser

linewidth.
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We are witnessing a nascent interest in the possible effect of squeezing' on laser
oscillators. The few treatments published to date use a quantum theoretical approach to
look at phase diffusion but do not consider the all-important amplitude-phase coupling

which dominates the phase noise of semiconductor lasers.>?

In this chapter, we solve the classical noise problem of a realistic laser model by
making a bold—and possibly unrealizable —assumption, that the in-phase and quadra-
ture Langevin sources which are responsible for the ‘‘noisiness’’ of the laser can be
squeezed. We proceed to show that the effect of such squeezing is to reduce the phase
noise, including the linewidth, of the laser but, due to amplitude-phase coupling, not to

eliminate them altogether. Intensity fluctuations, on the other hand, are fully squeezed.

The method we use is that of Ref. (3), which we will repeat in part for complete-

ness. We start with Maxwell’s equations

> o8
VXE = 3 )
2 -2 aE—) Qw -
VxH =cE +e~—at *5 [P +P], 2)

where o is the conductivity of the medium used to account for distributed losses and
. . . . =2 .,
output coupling, € is the nonresonant dielectric constant, P is the component of the
polarization due to stimulated emission, and p represents a Langevin noise source due
to spontaneous emission. Solving Egs. (1) and (2) for E@ 1) yields the wave equation
E _FE

V2E —po s —pe 2 s =p
ot o2

ot 9t

25 2>
oP +y_} , 3)

where we have assumed that V(V-E)~0. We then expand the electric field and the polar-

ization in terms of orthogonal cavity modes:
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E@t)=Re| TE, ()2, ()| (4a)
P@t)=Re| P12, )| (4b)
p@t)=Re| T p.(t)e, )| , (4c)

where the spatial mode functions satisfy the homogeneous wave equation

V2Zn(?)+wn2ru82n(?)=0 (5)
and the orthogonality relation
[ CAGEACOLIEIL (6)

Here V is the cavity volume and w,, is the passive cavity resonance frequency. By sub-
stituting Eqgs. (4) into Eq. (3), using the orthogonality relation [Eq. (6)], and assuming

that only one mode oscillates, we find the equation of motion for a single-mode laser

é(t>+;‘—E'(t)+w§E(t>=—%[15(:>+p'(:)1, )
P

where 1, and w, are the photon lifetime and resonant frequency, respectively, of the pas-

sive resonator.

We can relate the polarization P (¢) to the electric field E(¢) by the relation
P(6)=eolx"+xPEX1)E (1) (8)

where " and x® are the complex linear and nonlinear susceptibilities of the laser

medium, respectively, due to the population inversion; the imaginary part of x©®, ),
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represents gain saturation, and the real part of x®, %, represents an intensity-dependent

index of refraction.®> We take
E(t)=[Ag+8(t)] e[+ 9)

where A, is real and &) and ¢(¢) with zero means represent amplitude and phase quan-
tum fluctuations, respectively, caused by p(s). The linearized van der Pol equations

resulting from a substitution of Egs. (8) and (9) in Eq. (7) are?

A (2)

&(t)+w,8(t)= —— , (10a)
2w
and
. 30x VA3 A ()
Agd(t)+ Ta(t)—— P (10b)
where o, =—3xA ¢ w/2n? and
——ﬁi—t)=[A,(t)+iAi(t)]e““"*“’”, (11)

so that A, (¢) and A, (¢) are the in-phase and quadrature noise (Langevin) sources.

Our main ensatz will be to assume that as a result of squeezing the intracavity
noise, the ‘‘powers’’ of A, and A; are no longer equal. The equality of these powers is
at the heart of all present laser theories and the consequences of our departure from this

equality are of fundamental importance. We thus take
<Ai(t1)A,'(t2)>=Q€_25D(tl—[z), (12)

<Ar(tl)Ar(t2)>:QeZJD(“"Z)i (13)
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<A (1A, (1)> =0, (14)

where s is the squeezing parameter (s =0 is the non-squeezed case), 0 =4hom/eVT, (V is
the volume of the resonator, and n the inversion factor), and D(r) is the Dirac delta
function.

The solution of Egs. (10) using Egs. (12), (13), and (14) follows the method of
Ref. (3) leading, respectively, to the following results for the spectral density of the fre-
quency fluctuations, the laser field spectrum, the laser linewidth, and the spectral den-

sity of the power fluctuations:

2 -2s
WAO,(Q)=%[”—°’} [e%Lz : (15)
nt? | Po 1+(Q/wy)
R — 16)
2n (Q-w)+(Aw,/2)* (
AO)J hwn
A = = —— 2s 2 -2s ,
( V)la ZK 27{1:}’0 (e +0e ) (17)
homP, %
Wap@)=2 00 e (18)

where Py=eA4V /1, is the mean output power of the laser oscillator and o=y"x is the
amplitude-phase coupling constant.’?

The laser linewidth is proportional to the factor exp(2s)+oZexp(—2s). The first term
exp(2s) represents an amplification of the direct phase diffusion term while the term
o?exp(—2s) is due to a deamplification (squeezing) of the amplitude-phase coupling. It
thus follows that because of the coupling the phase noise cannot be squeezed out com-
pletely unless «=0, and the minimum value of the noise factor is

[exp(2s)+ o exp(—2s)]u,=20. and obtains with s=InVo, resulting in a minimum laser
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linewidth of

Ammin homo (19)

2 mtP

AVmin =

We can, however, squeeze the power fluctuation spectrum, Eq. (18), which depends
only on the factor exp(-2s). Figure 1 is a plot of the normalized laser field spectrum
R (V) =(rAw,, /AZ)W 2rv’), nommalized in the sense that R(0)=1 when s=InVo. Here
v=Q2r. Using typical parameters for a GaAs semiconductor laser, we have
v=02r=3.53x10"* Hz, n=3, 1, =5x10"? s, P,=0.5 mW, and a=4. The solid line is for
s =0, when the intracavity noise is unsqueezed and is equally distributed between the
two quadratures A,(t) and A;(r). The dashed line is for s =InV4, which results in the

minimum laser linewidth Av_, .

Our conclusions follow directly from the assumed form of Egs. (12), (13), and
(14). These take their inspiration from the form of the squeezing of the quadrature field
components of the field operators in quantum optics.'* To the extent that the laser noise
can be attributed to the transitions induced by the resonator vacuum (zero point) field,
the form of Egs. (12), (13), and (14) is plausible if the laser vacuum field is squeezed,
although the issue of whether the vacuum field accounts for all or one half of the spon-

taneous emission is not yet resolved.’

Recent proposals for reducing laser fluctuations involve injecting a squeezed
vacuum field into a laser to inhibit phase diffusion,® injecting a sub-Poissonian current
into a semiconductor laser to reduce amplitude fluctuations,” and pumping the laser
with an incoherent source in a squeezed vacuum state.® The first two techniques are
directly applicable to semiconductor lasers as such lasers are limited by quantum, rather
than technical noise. It is possible that a direct squeezing using a nonlinear element

inside the laser resonator might more closely approximate the assumed form of Egs.
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(12) and (13). One such method might employ the amplified and doubled output of the
laser to pump a degenerate parametric amplifier crystal within the laser resonator. Such
an arrangement is known’ to lead to squeezing in configurations which do not include
the gain medium. An important basic issue then is what happens to the cavity vacuum

fluctuations in the presence of gain and squeezing.
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FIGURE CAPTION

Figure 1. Normalized laser field spectrum R as a function of detuning from line
center v/—v. The solid line is the field spectrum when the intracavity noise is
unsqueezed, i.e., s =0. The dashed line is the field spectrum when the intracavity noise

is squeezed, with s =InV4.
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