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ABSTRACT

This thesis is a study of error-correcting codes for reliable communication in
the presence of extreme noise. We consider very noisy channels, which occur in
practice by pushing ordinary channels to their physical limits. Both block codes
and convolutional codes are examined.

We show that the family of triply orthogonal codes, defined and studied in this
thesis, or orthogonal codes can be used to achieve channel capacity for certain
classes of very noisy discrete memoryless channels. The performance of binary
block codes on the unquantized additive white Gaussian noise channel at very low
signal-to-noise ratios is studied. Expressions are derived for the decoder block
error as well as bit error probabilities and the asymptotic coding gain near the
point where the signal energy is zero.

The average distance spectrum for the ensemble of time-varying convolutional
codes is computed, and the result gives a surprisingly accurate prediction of the
growth rate of the number of fundamental paths at large distance for fixed codes.
A Gilbert-like free distance lower bound is also given. Finally, a Markov chain
model is developed to approximate burst error statistics of Viterbi decoding. The
model is validated through computer simulations and is compared with the pre-

viously proposed geometric model.



- 1ii -

ACKNOWLEDGEMENT

I am deeply indebted to my advisor, Prof. Robert J. McEliece, for his guid-
ance and encouragement. His invaluable insight and advice greatly improved this
work. I would like to thank Profs. Richard Wilson and Gary Lorden for helpful
discussions. Other people who had a strong influence in my mathematical and
engineering training are Profs. Joel Franklin, Edward Posner, P.P. Vaidyanathan,
Yaser Abu-Mostafa, and Dr. Laif Swanson.

Special thanks are due to Dr. Fabrizio Pollara at JPL for his contribution
and help. I am grateful to Mr. Ivan Onyszchuk for his assistance in simulations
and his constructive criticism that improved the manuscript a lot. I also thank
Mr. Kumar Sivarajan for his comments about this thesis. My gratitude also goes
to Drs. Khaled Abdel-Ghaffar, Eric Majani, and Kar-Ming Cheung for helpful
discussions.

My sister Ya-Yuan and brother-in-law Harry gave me a lot of help in all re-
spects during my stay at Caltech. Finally, I would like to thank my girlfriend
Pearl for her love and patience.

This work was supported by the Air Force Office of Scientific Research under

Grant No. AFOSR-88-0247. I appreciate their support.



-1V -

CONTENTS

ABSTRACT ii

ACKNOWLEDGEMENT ' iii

1 INTRODUCTION 1
1.1 Overview . . . . o i s e e e e e e e e e e e e e e e e e 1
1.2 A NotetoReaders . . . . . . . . . . . . i v i i e e 3

2 ORTHOGONAL CODES AND CHANNELS WITH NOISE

SCALING 4
2.1 Introduction. . .. . . .. . . . . ... e 4
2.2 Binary-Input Channels with Noise Scaling . . . . ... ... .. .. 6
2.3 Orthogonal Codes and Triply Orthogonal Codes . .. .. ... .. 11
2.4  Ag-Theorem for Binary-Input Channelé ................ 19
2.5 Acg-Theorem for Binary-Input Class I Channels . . .. .. .. ... 22
2.6 Remarks about Binary-Input Class II Channels . . ... ... ... 31

2.7 Generalization to Symmetric Class I Channels with More than Two

Inputs . . . . . . L e e e 34
2.8 Discussions . . . . . . . i i e e e e e e e e e e e 41
Appendix 2.A  Derivations of (2.11) and (2.12) . . . . . ... ... ... 41
Appendix 2.B  Derivations of (2.27), (2.28), (2.29), and (2.30) . . ... 43

Appendix 2.C Proof of (2.41) . . .. ... .. ... ... .. .. . ... 45



References . . . . . . . o v v i e e e e e e e e e e e e

PERFORMANCE OF BINARY BLOCK CODES AT LOW
SIGNAL-TO-NOISE RATIOS
3.1 Imtroduction. . ... ... ... . . ... ... . L ...
3.2 Bit Error Probability . . . . . ... ... .. ... .. ... ...,
3.3 Propertiesof P; . . . . . . . e e e e e e e e e
3.4 Examples . . . . . e e e e e
3.4.1 Orthogonal Codes . . ... ... .. ... .. ........
3.4.2 Bi-Orthogonal Codes . . . . ... ... ... .........
3.4.3 The (24,12) Extended Golay Code . ... ... .......
3.4.4 The (15,6) Expurgated BCH Code . . .. ... .......
3.5 Asymptotic Coding Gain . . . . ... ... ... . ... . .....
3.6 Discussions . . . . . . .. i e e e
Appendix 3.A  Derivations of (3.9) and (3.10) . ... ..........
Appendix 3.B Proof of Theorem 3.3 . .. .. ... ... ........

References . . . . . . . . . e e e e

ON THE PATH WEIGHT ENUMERATORS OF
CONVOLUTIONAL CODES

4.1 Introduction. . .. . . .. .. ... ... e
4.2 Average Distance Structure for Random Convolutional Codes . . .
4.3 The Generating Function A(z) .. ..................
4.4 Free Distance Bound . . . . . ... ... ... L.
4.5 Average Weight of Information Bits for Fundamental Paths . . . .
4.6 An Example of the Behavior of Convolutional Codes at Low Signal-

to-Noise Ratios . . . . . . . . . . . . o i i e e e e e

50
50
53
56
61
61
63
66
68
69
73
74
76

79

81
81
86
90
94

100



- Vi -

4.7 Extensions. . . .. . . .. .. e 106
Appendix 4.A  Derivationof (4.5) . .. ... ... ... ... ...... 107
Appendix 4B  Derivation of (4.7) . .. .. ... ... ... . ... ... 108
References . . . . . . . . . . . e 110

ERROR STATISTICS OF VITERBI DECODING AND A

MARKOV CHAIN MODEL 112
5.1 Introduction. . . . . . ... .. ... e 112
52 Reviewof BestsResults . . . . .. ... ... .. .......... 114
5.3 A Markov Chain Model . . . ... ... ............... 116
5.3.1 Bit Error Probability . . . . ... ... ... ......... 116
5.3.2 Guardspace Length Distribution . ... .. ... ...... 118
5.3.3 Burst Length Distribution . . . . . .. .. ... ... .... 118
5.4 Simulation Results . . . ... ... ... ... . ... .. . .. ... 119
54.1 Distance Measure. . . . . . ... ... ... . ... 120
5.4.2 Concatenated Coding Scheme . . . . . . ... .. ...... 121
55 Discussion . . . . . . .. e e 124
Appendix 5.A Geometric Model . . . . .. .. ... ... ... ..... 137

Appendix 5.B Computation of Reed-Solomon Error Probabilities . . . 137

References . . . . . . . . e e e 139



~ vii -

to my parents,
Tung-Hst and Bi-Hszia,
and

to Pearl



CHAPTER 1

INTRODUCTION

1.1 Overview

This thesis is a study of error-correcting codes for reliable communication in
the presence of extreme noise. We consider “very noisy” channels, which occur in
practice by pushing ordinary channels to their physical limits. Communication
systems operating at very low signal-to-noise ratios and data storage systems with
very high data densities are common examples of such channels. In the next two
chapters, block codes are studied, while convolutional codes are examined in the

last two chapters.

In Chapter 2, we consider discrete memoryless Class I and Class II very noisy
channels as identified in Majani’s thesis. It is shown that, for both classes of
very noisy channels, orthogonal codes can be used to achieve the computational
cutoff rate. Most importantly, we prove that the family of “triply orthogonal”
codes, defined and studied in Section 2.3, achieves channel capacity for binary-
input Class I very noisy channels, and so does the family of orthogonal codes if
the channels are also symmetric. However, similar results do not hold for Class II
channels. Generalizations to channels with more than two inputs are also given.
The results obtained in this chapter are among the few, since the introduction of
Shannon’s channel coding theorem, to show explicitly codes that achieve channel

capacity.
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In Chapter 3, we study the behavior of binary block codes on the unquan-
tized additive white Gaussian noise channel at very low signal-to-noise ratios with
maximum-likelihood decoding. Expressions are derived for the decoder block er-
ror and bit error probabilities near the point where the signal energy is zero.
Asymptotic coding gain at low signal-to-noise ratios is computed. Applications of

the results to several block codes are discussed.

The path weight enumerator of a convolutional code, which counts all funda-
mental paths in the code’s state diagram, is of great importance in performance
estimation. In Chapter 4, we compute the average distance profile for the ensemble
of time-varying convolutional codes, and find that the result gives a surprisingly
accurate prediction of the growth rate of the number of fundamental paths at
large distance for fixed codes. We also estimate the average free distance for time-
varying codes and obtain, for each constraint length, a Gilbert-like free distance
lower bound. A similar random coding analysis for the weight of information bits
for fundamental paths is given. Examples of the performance of several convolu-

tional codes at low signal-to-noise ratios are discussed.

In some applications such as concatenated coding systems, the burst error
statistics of a Viterbi decoder are important. Best showed that any convolutional
coding scheme with maximum-likelihood decoding on a discrete memoryless chan-
ne] can be modeled exactly as a finite state Markov chain. It then becomes ap-
parent that, for Viterbi decoding on discrete memoryless channels, output burst
and guardspace lengths are distributed asymptotically geometrically. However,
the excessive amount of computation required for Best’s method makes it infea-
sible for practical codes. In Chapter 5, we develop a Markov chain model to
approximate the burst error statistics of Viterbi decoding. Our Markov chain

model is validated through computer simulations and is compared with the geo-



CHAPTER 2

ORTHOGONAL CODES AND CHANNELS WITH
NOISE SCALING

2.1 Introduction

Shannon’s channel coding theorem guarantees that, as long as the rate is
below channel capacity, codes exist so that arbitrarily reliable communication is
possible. However, little is known about which codes can achieve channel capacity.
One of the few explicit results is that when communicating over an additive white
Gaussian noise (AWGN) channel, provided the bit signal-to-noise ratio Ej /Ny is
greater than In 2, the error probability of orthogonal codes can be made arbitrarily

small [12]:

lim PE:

M—oco

0 if Eb/NO > In2
1 if Ey/Ny <In2.

Since for AWGN channels, no bit signal-to-noise ratio less than In 2 can be achieved,
orthogonal codes provide error-free transmission for rates up to channel capacity.
In this chapter, we show that the family of “triply orthogonal” codes or orthog-
onal codes can be used to achieve capacity for certain other classes of very noisy
channels.

In [2] the concept of noise scaling is introduced to model certain classes of noisy
channels. The noise scaling parameter z is the resource per stored or transmitted
bit, where the abstract resource could be energy, area, time, etc. For example,

the scaling parameter could be the area per stored bit for a VLSI memory chip
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or the symbol signal-to-noise ratio for a practical communication system. The
parameter z directly affects the noisiness of the channel; the smaller z is, the
noisier the channel will become. The channel capacity C is hence a function of
the scaling parameter z. When the channel gets noisy, we use coding to combat
noise. By Shannon’s channel coding theorem, reliable communication is possible
if and only if the code rate R is below the capacity C(z). In many communication
or information storage systems, we want to transmit or store information not only
reliabiy but also efficiently or compactly. It will then be interesting to know what
the ultimate limits of information density are for various channels. Let A be the

resource per information bit:

Then the ultimate minimum resource per information bit should be

. Z
Amin = 185 70y (2.1)

For many practical channels, it is preferable to push them to their very noisy

limit to achieve the largest information density. We therefore define

Z
Ao = lim ——
¢ =13 C(z)’

the minimum achievable resource per information bit as z — 0. It will be the abso-
lute minimum of A if the infimum in (2.1) is achieved as z — 0. Another quantity
of interest is Ag, a practical measure of the minimum resource per information bit
needed as z — 0, defined by

z
= lim ——
Ao zl-E%RO(Z)’

where Ry is the channel’s computational cutoff rate. It is shown in [2] that the
family of orthogonal codes achieves Ap for very noisy binary symmetric channels.

We will generalize the result in this chapter.
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The study of very noisy channels in [3] identifies two classes of discrete mem-
oryless very noisy channels: Class I and Class II. We will use the model in [3]
throughout this chapter. The rest of this chapter is divided into seven sections.
In Section ‘2.2, Ac and )y are computed for both classes of binary-input very noisy
channels. In Section 2.3, we study orthogonal codes and define triply orthogonal
codes as well as generalized triply orthogonal codes. A construction of a sequence
of generalized triply orthogonal codes with arbitrary symbol size is given. Sec-
tion 2.4 shows that orfhogonal codes can be used to achieve Ay for both classes
of binary-input very noisy channels. In Section 2.5, we prove that the family of
triply orthogonal codes achieves Ay for binary-input Class I very noisy channels
and orthogonal codes will also achieve A¢ if the channels are symmetric. Section
2.6 is about binary-input Class II channels. We generalize our results to symmet-
ric Class I channels with more than two inputs in Section 2.7. Finally, possible

further research is discussed in Section 2.8.

2.2 Binary-Input Channels with Noise Scaling

We are particulérly interested in the behavior of channels when they are pushed
to their “very noisy” limit, i.e., if noise scaling is possible, when the scaling pa-
rameter z becomes very small. In other words, we want to study the behavior of
channels in the neighborhood of zero capacity. The model for very noisy channels

studied in [3] will be used in this chapter.

Consider a discrete memoryless channel (DMC) with input alphabet X and

output alphabet Y.

Definition 2.1 [3] A DMC is a very noisy channel (VNC) if its transition prob-



abilities satisfy
py|z) = w(y) + e-o(z,y) + O(e?), forallzc X andyc Y, (2.2)
where € < 1, w(y) s a probability distribution, i.c.,
w(y) >0, forallyely, and > w(y) =1, (2.3)
- yeyY
and o(z,y)’s are fized numbers satisfying

> o(z,y) =0, forallze X. (2.4)

yeY
It is clear that
lim p(y|e) = w(y),
and hence

limC = 0.

€0
Note that if the w(y)’s and o(z,y)’s are fixed, then the behavior of the channel is
controlled by the single parameter ¢. For our model, ¢ is a function of the noise
scaling parameter z.

Let the set Y of channel outputs be partitioned into two sets Y; and Y., where
Yi={vel:uw(y) #0},

Yo={yelY:uw(y) =0}.
In [3] two classes of VNCs are identified. Class I VNCs contain all VNCs for which
Y is empty, covering those VNCs studied in [4] and [5]. Class II VNCs contain
all VNCs for which Y, is not empty. For example, a very noisy binary symmetric
channel is of Class I and a very noisy Z-channel is of Class II. For Class I VNCs,
the channel capacity is of the order €%, but, for Class II VNCs, the capacity is of

the order e.
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In this section, only binary-input channels are considered. Without loss of
generality, let the input alphabet X be {0,1}. From [3], for binary-input Class I
VNCs, the capacity is achieved with uniform input probabilities, given by

2

d (Z L (o(0,9) ~ 0(1,y))2) +O(€).

C=——-
8In2 |\ = w(y)
For binary-input Class II VNCs, thecapacity is

€
= e (mx 2

yEY2

o(1,y) 2
+uo(1,y) In 0= jo(0,9) + ,Lw(l,y))) + O(€*). (2.5)

o(0,y)
(0,y) + po(1,y)

((1 - /J')G(O,y) In (1 _ .U')O'

Definition 2.2 [6, p. 94] A DMC is symmetric if the set of outputs can be parts-
tioned into subsets in such a way that, for each subset in the matriz of transition
probabilities, each row is a permutation of each other row and the same is true of

columns.

The capacity of a symmetric DMC is achieved with equiprobable inputs. Hence,
for a symmetric binary-input Class II VNC, the maximum in (2.5) occurs at

@ =1/2 and the capacity is

C=— ( > 0(0,y)In 20(0,9) ) + O(€?).

" In2 e 0(0,y) +o(1,y)
We now define three cases of severity of noise for VNCs, which are generaliza-

tions of those in [7].

Definition 2.3 A VNC is said to have moderate noise if the following limit is

nonzero.

2
lim ) _ b or Class I (2.6)
Zz—+ z

€(#)

lim —= = ks, for Class IL (2.7)

z—0 Z
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For this case, a finite nonzero number of information bits per unit resource can

be transmitted or stored as z — 0, so Ag is finite and nonzero.

Definition 2.4 If the limit (2.6) or (2.7) approaches infinity, then a VNC is said

to have light nosse.

For this case, an infinite number of information bits per unit resource can be
transmitted or stored as z — 0, so A¢ is zero. This is an unlikely case and rarely

occurs in practice.

Definition 2.5 A VNC is said to have severe noise if the limit (2.6) or (2.7) is

ZETO0.

For this case, all the bits become redundant as z — 0 and ¢ is infinity.

For the case of moderate noise, for binary-input Class I channels,

ro= 222 (Z ' (o(0,) - o(l,y»‘") , (2.5)

yey w(y)
and for symmetric binary-input Class II channels,
-1
In2 20(0,y)
Ag = — - o(0,y)In . 2.9
T Tk (ygz ©0.v) o(0,y) + 0(1,y)) (2:9)

We now compute Ay for both classes of channels, starting with the definition

of Ro,

Definition 2.6 [8, p. 68] For each pair zy,z5 € X, let

181,932 Z \/p [1131 lxz

yeY

and

Jo = min {E (J(Xl, Xz))} N
where the minimization is taken over all i.1.d. random variables assuming values

in X. The computational cutoff rate Ry 1s defined by

Ry = —log, Jo.
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For binary-input channels,

E(J(X,X2)) = (1=v)* + v+ 23 v(1—v)y/p(y|0)p(y[1)
vey

= 1+2v (Z Vp(yl0)p(y1) —.1) - 207 (Z Vp(y]0)p(y|1) — 1) :

yeY yey
where v = p(X; = 0) = p(X; = 0). Since the minimum of E(J(X;,X3)) is

achieved at v = 1/2,

l\)l}—l

(Hzm)

yey

and

Ry =1~ log, (1 +2 \/p(yIO)p(yll)) - (2.10)

yey

The following are proved in Appendix 2.A. For binary-input Class I VNCs,

2

Rmri—~(23i7w@w—ommf)+owr (2.11)

16ln2 | oy wly

For binary-input Class IT VNCs,

Ro= — (yey <\/a (0,1) \/a(l,y)))+0(e2). (2.12)

Note that, for binary-input Class I VNCs, R, ~ C /2, originally found in [4].

Therefore, for the case of moderate noise as characterized in (2.6) or (2.7), for

binary-input Class I channels,

Ao = limn =~ Jm?@}%wmwmmﬂ, (2.13)

z—0 Ry(z) ky ey wly

and, for binary-input Class II channels,

Zz _ 4In2 2\
Xo = lim G- (y€y2 (\/0 0,7) \/a(l,y)> ) : (2.14)

Also note that Ay = 2A¢ for Class I channels.
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Example. Consider the binary symmetric channel formed by binary phase-shift
keying (BPSK) with output quantization on the AWGN channel. The matrix of

transition probabilities is

PY|X:[1/2 1/z]+€_[ 1 —1].

1/2 1/2 -1 1
And
(2) = 5 - QWV22),
where z is the symbol signal-to-noise ratio and @Q(z) = —32;[;” e /2 dz. This

channel becomes a Class I VNC as z — 0. Since

2
1
ki = limE (2) = —,
z—0  z iy

which is nonzero, it has moderate noise and A¢ = 7 In2, which is the minimum
achievable bit signal-to-noise ratio as z — 0. Actually, it can be shown that A¢
is the minimum achievable bit signal-to-noise ratio for all z. For the case of no
output quantization, it is well known that the minimum achievable bit signal-to-
noise ratio is In2, which corresponds to a 10log(#/2) =~ 1.96 dB gain over hard

quantization. Also, for this channel, A\g = 2)c = 7ln 2.

2.3 Orthogonal Codes and Triply Orthogonal Codes

We start with the definition of a Hadamard matrix.

Definition 2.7 [9, Chap. 14] A Hadamard matriz of order M is an M x M

matriz Hys of +17s and —1°s such that
HyHL, = ML

We may permute rows or columns of Hys or multiply rows or columns of Hjs

by —1 without disturbing the above property, and such matrices are considered
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equivalent. Given a Hadamard matrix, we can always find one equivalent to it in
normalized form, i.e., the first row and the first column of the matrix contain only
+1’s. Hereafter, only Hadamard matrices in normalized form are considered.

It is known that if Hjs exists then M necessarily equals 1, 2, or a multiple of
4. For a Hadamard matrix Hjs of order M = 4t, take any two distinct rows u

and v of Hs other than the first row. Consider the following matrix:

11 ... 1
Uy Ug ... Ups
vy V2 ... Upm

Let ay, as, as, ay be the number of columns of the form

1 1 1 1
1, 1 |,l-1{,|-1],
1 ~1 1 ~1

respectively.
Lemma 2.1 [9, Chap. 14] a; = a3 = a3 = a4 = M /4.

Now take any three distinct rows of Hyy, say u, v, and w. Consider the matrix:

Uy U ... Up
vy V2 ... Upm
wy Wy ... Wpg

Let by, by, bs, by, bs, bg, by, bg be the number of columns of the form

1] [ 1 1 1 -1 -1 -1 —1

1y, ¥ |, —-1¢{,{—-14{,] v {,| 1 {,{—-1},]—-1],

1 ~1 1 -1 1 —1 1 —1
respectively.

Proposition 2.1 bl -+ bg = bz + b7 = b3 + b6 = b4 -+ b5 = M/4

Proof. If any one of v, v and w is the first row of Hyy, then this proposition follows
directly from Lemma 2.1. If none of these is the first row, then from Lemma 2.1,
by+by = by +by = bs+bg = by+bg = by+bs = by+bg =bg+by = by+bg=by+b; =
by+bs = bs+by = bg+bg = M/4 which implies by = by = bs = bg, by = by = bg = by.

The proposition follows immediately. |
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Definition 2.8 [10] An orthogonal code is a code such that for any two codewords

the number of bit-by-bit agreements equals the number of disagreements.

Clearly, each row of an M x M Hadamard matrix can be taken as a codeword
of an orthogonal code of M codewords via the mapping that the +1’s are changed
to 0’s and the —1’s are changed to 1’s. Thus orthogonal codes have the same

correlation properties as those of Hadamard matrices.

Definition 2.9 [11] An orthogonal array (n,M,s,t) of strength t, size n, M
constraints, and s levels 1s an M X n matriz, with eniries from a set X, of s > 2
elements, such that each t X n submatriz contains all possible t X 1 column vectors

with the same frequency.

It follows directly that n must be divisible by s'. From Lemma 2.1, the

Hadamard matrix Hps of order M > 2 with the first row deleted is an orthogonal

array (M,M —1,2,2).

Definition 2.10 A triply orthogonal code of length n and M codewords is defined
to be a code in which each codeword is a row of an orthogonal array (n,M,2,3)

with the symbol set 33 = {0,1}.

It is shown in [11] that for an orthogonal array (n,M,s,3) of strength 3, M

must satisfy

M < F J +1, (2.15)

s—1

where |¢| is the largest integer not exceeding «. Substituting s = 2 in the above
inequality, we obtain M < n/2 for triply orthogonal codes. A different but simpler

proof is given as follows.

Proposition 2.2 For triply orthogonal codes of length n and M codewords, M

must satisfy M < n/2.
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Proof. For an orthogonal array (n,M,2,3) with symbol set ¥ = {—1,+1},
consider the M X n/2 submatrix B formed by taking all columns with the first
entry —1. Since the original orthogonal array is of strength 3, the inner product
of any two distinct rows of B is zero. Let V = U; 63 U, @ --- ® Uy, where U;
is the subspace spanned by the row ¢ of B. Then V is the row space of B and
dimV = M because the U;’s are orthogonal and, hence, independent. But, notice
that B is an M X n/2 matrix, and hence dim'V < n/2. E

The proof suggests the following construction of the orthogonal -array (2M, M,

2, 3) with symbol set 3 = {—1,+1} whenever the Hadamard matrix Hj, exists:
Ay =[Hy —Hyl.

This construction happens to be the same as that in [12]. From Proposition 2.1,
Ay is indeed an orthogonal array (2M,M,2,3). Hence a triply orthogonal code
of length 2M and M codewords can be obtained from A,s by changing all +1’s

to 0’s and all —1’s to 1’s. From [9, Theorem 14.1.1],

| Hy Hy

is a Hadamard matrix of order 2M if Hys is a Hadamard matrix of order M.
This is called the Sylvester construction. A triply orthogonal code can hence be
thought of as a coset of an orthogonal code. An example of a Hadamard matrix
and an orthogonal code is illustrated in Figure 2.1. Also an example of a triply
orthogonal code is shown in Figure 2.2.

We now generalize the definition of triply orthogonal codes to nonbinary cases.

Definition 2.11 A generalized triply orthogonal code of s symbols, length n and
M codewords is defined to be a code in which each codeword is a row of an orthog-

onal array (n,M,s,3) of strength 3.
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+ 4+ + + A+ 4+ F 000000O0CO
+ -+ -+ -+ - 01010101
+ - -+ 4+ - - 00110011
+ - =+ A+ - - 4+ 01100110
+ + 4+ + - = = = 000O01111
+ -+ - = 4+ - + 01011010
+ + - - - -+ 4+ 00111100
S S e i 01101001

Figure 2.1: Hadamard Matrix and Orthogonal Code, M = 8.

00001111
01011010
00111100
01101001

Figure 2.2: Triply Orthogonal Code, n = 8 and M = 4.

A sequence of such codes for arbitrary s will be constructed. First, consider the
case when s is p", a prime power. In [11], the following lemma is proved to be a

sufficient condition of the existence of an orthogonal array.

Lemma 2.2 If we can find a k X m matriz C:

i1 C12 ... Cipm

Ca1 €92 ... Capy
C=| . . .0

Cr1 Ck2 -« Crm

where ¢;; € GF(p"), and for which every submatriz obtained by taking t rows is of

rank t, then we can construct an orthogonal array (s™,k,s,t), where s = p".

Form an m X 8™ matrix D whose columns are all possible m X 1 column vectors

whose coordinates are in GF(p”). Then an orthogonal array (s™, k, s,t) is obtained
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by multiplying C in the above lemma by D. From a coding-theoretic point of
view, we can think of CT as a parity-check matrix of a |t/2]-error correcting

code. BCH-code-like constructions for C’s are given in the following propositions.

Proposition 2.3 If s = p", where p 1s an odd prime, let N = s™ —1 and consider

the following (s™ + 1) X 3m matriz:

1 0 0

0O 0 1

1 1 1
C=l1 @« of ’

Do ey
where « ts a primitive element in GF(s™) and 0,1, and o are expressed as 1 X m
row vectors in GF(s). Then every submatriz obtained by taking 3 rows of C has

rank 3.

Proof. Now consider 0, 1, and « as elements in GF(s). Any submatrix obtained

by taking three rows of C without the first 2 rows is of the form

1 o o
C=1]1 o o¥
1 o o

Then its determinant is
det (C') = (aj — a‘)(al — ai)(al —af) #0.

Hence C' is of rank 3.
Any submatrix obtained by taking the first row of C and any two of the last

N rows is of the form

1 O 0
CI — 1 ai aZi
1 of o%

and its determinant is

det (C') = !o?(o? — o) # 0.
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A similar result follows for any matrix obtained by taking the second row of C
and any two of the last N rows.
Any submatrix obtained by taking the first two rows of C and one row of the

last N rows is of the form

1 0 O
cC'=10 0 1
1 o o%

and its determinant is

det (C') = —a # 0,

which completes the proof. |
From Lemma 2.2 and this proposition, from C we can construct a sequence of
orthogonal arrays (s*™,s™+1, s, 3) for arbitrary m > 0 if s = p”, p an odd prime.

If s is a power of 2, then we have the following construction.

Proposition 2.4 Ifs=2", let N = s™—1 and consider the following (s™+2)x3m

matriz:
1 0 0 ]
0 1 0
o 0 1
c=|1 1 1 ,
1 « o?
St oD |

where o ts a primitive element in GF(s™) and 0,1, and o are ezpressed as 1 X m
row vectors in GF(s). Then every submatriz obtained by taking 3 rows of C has

rank 3.

Proof. Again consider 0, 1, and « as elements in GF(s). The submatrix obtained
by taking the first three rows of C is an identity matrix and hence it has rank 3.

Consider any submatrix obtained by taking the second row of C and any two of



the last NV rows. It is of the form

0 1 0O
C'=|1 o o
1 o ¥

and its determinant is
det (C") = o* —a¥
. N\ 2
= (a’ — o ) = 0.

All the remaining cases follow similarly from Proposition 2.3. |
Again from Lemma 2.2 and this proposition, from C we can construct a se-
quence of orthogonal arrays (s®",s™ + 2, s,3) for arbitrary m > 0 if s = 2.
Now consider the case when s = sys5-+-s,, where s; = p.*, and the p;’s are
primes. In [13], a generalization of MacNeish’s theorem is proved. We restate it

here as the following lemma.

Lemma 2.3 Letn = nyny---n,. If orthogonal arrays (n;, M;, s;,t) exist for every
4, ¢ = 1,2,...,u, then we can construct an orthogonal array (n,M,s,t), where

M = min(M;, M, ..., M,).

The construction can be found in [13]. From this lemma and the previous

constructions, the following proposition is obtained.

Proposition 2.5 If s = sy83--- sy, where s; = p.* and the p;’s are primes, then
we can construct an orthogonal array (s*™, M, s,3), where M = min(s7* + 1, s +

1,...,8% 4+ 1), for arbitrary m > 0.

From Equation (2.15), for an orthogonal array (s*™, M, s, 3), M must satisfy

3m—1 __
M < [s 1J ,
s—1
while for our construction, M = min(s?* + 1,s5* +1,...,s" + 1). An example of

a generalized triply orthogonal code is shown in Figure 2.3.
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0120120120120120120120122012
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Figure 2.3: Generalized Triply Orthogonal Code, n = 27, M = 4 and s = 3.

2.4 )p-Theorem for Binary-Input Channels

In this section, we prove an important theorem about Ay for both classes of

binary-input VNCs.

Theorem 2.1 For both classes of binary-input VNCs, if moderate noise is as-
sumed, the family of orthogonal codes can be used to achieve a minimum resource

per information bit of Ao.

Proof. Let C = {X¢,Xy,...,Xa—1} be an orthogonal code of length n and M
codewords, where n = M. The code C is used on a binary-input channel with
maximum-likelihood decoding. Our goal is to prove that the decoder error prob-
ability Pp — 0 as M — oo if A > )Aj. Assume the codeword x; is transmitted
and y is received. Let P}(; ) denote the decoder error probability given that x; is
transmitted. First, consider the case of two codewords: {x;,x;}. The decoder
will make a correct decision if and only if p(y|x;) < p(y|x;). Hence the decoder
error probability @; for the two-codeword case is

Q; = ) p(y[x),

yEY;

where Y; = {y : p(yx;) > p(y|x:)}. (Here we exaggerate the decoder error

probability a little bit by assuming that the decoder makes an error in case of a
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tie.) Since for all y €Y}, \/p(y[xj)/p(y|xi) > 1, Q; can be Chernoff-bounded as

Qi < 3 plyps): f,(y'x’,')+ > plvbe) ‘;((f,']g

YEY; ( !Xl) yeynr-Y,
= 2 Vplyx)p(ylx;)
yeyr
= [I 2 Vplulza)p(ylen),
I=1y€y
where x; = (z;1,. .., Tin) and X; = (;1,...,Z;n). But

> \/p (ylza)p(y|za) = D plylza) =1 if zq = zj,

yeYy yey

DY \/P(y|xil)p(y[3’ﬂ) = > \/pl0)p(y|1) if zu # z.

vey vey
Since x; and x; are codewords of an orthogonal code, the number of bit-by-bit

and

agreements equals the number of disagreements and it is n/2. We obtain

< (Tz \/p(yw)p(yu)) 2

For the original M-codeword case, the decoder error probability is bounded

above by the union bound:

P g) <> Q;
J#t
which yields
PP <M (z \/p(yzO)p(yu))
yey

It is shown in Appendix 2.A that, for Class I VNCs,

> V/p(l0)p(yl1) =1 - ( : )( (O,y)~0(1,y))2) +0(€),

veY vey w(y
and, for Class II VNCs,

> 4/p(]|0)p(y]1) ~1—— (Zy <\/a(o,y)—\/a(1,y))2)+o(f2).

yeY
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Hence, for Class I channels,

1 2 3
. ——(0(0,y) — o1,y + Ofe
(g/w(w 0.9) ~ o(1,9))* ] + O(€)

g7 (125 (Dyey sy e0n-o(10))?) +0())

- (5 (Srey st leOn o)) +0(e))

n
2

o] M

P < M(l—

Since z = AR, where the code rate R = In M/(nn 2), for fixed A, z decreases as

M increases. If moderate noise is assumed, then

na A A
In2

VA e for large M.

Thus, for large M,
PY < M Dyey w000 (1u)?
Recalling the expression for Ag in (2.13), we get
PO < M %
E = 9y

which implies that, if A > Ay, Pg) — 0 as M — oo.

For Class II channels,

Plgi) < M (1 ___;_. (Z <\/a(0,y) — \/0(1,3/))2) +O(€2))

n
2

Again if moderate noise is assumed, then

n € A
lnM.E_;.ln_zrvkz-E, for large M.

Thus, for large M,
P A ey, (VO /o 1)) _
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Recalling the expression for Ag in (2.14), we obtain
PO < MY %
E = R

which shows that, if A > Ao, Pg) — 0as M — oo.
Since the above proof holds for every 7, the theorem follows. |
One immediate corollary is that the theorem is still true if orthogonal codes

are replaced by triply orthogonal codes, as seen from the proof.

2.5 A¢-Theorem for Binary-Input Class I Channels

It is shown in [2] that the family of orthogonal codes achieves a minimum
resource per information bit of Ap for a binary symmetric channel if moderate
noise is assumed. Using an extension of the method in [2], we generalize the

result in this section.

Lemma 2.4 Let Xo, X1,..., X1 be t.1.d. normal random variables with mean

0 and variance 1. If Y1,Ys,..., Y1 are defined by
Yi=Xi+Xo, fori=1,2,..., M —1,

then the Y;’s are normal random variables with mean 0 and covariance matriz

21 ... 1

12 ...1
Cov(Y) = X

11 2

Proof. Since the sum of two normal random variables is still normal, the lemma
follows from trivial verifications. B
The following theorem and corollary are the most important results in this

chapter.
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Theorem 2.2 For binary-input Class I VNCs, if moderate noise is assumed, the
family of triply orthogonal codes achieves Ag, which is the minimum achievable

resource per information bit as z — 0.

Proof. Let C = {x,X1,...,Xar_1} be a triply orthogonal code of length n and
M codewords, where n = 2M. The code C is used on a binary-input Class I
channel. Without loss of generality, let the output alphabet Y of the channel be
{0,1,...,L—1}. Suppose the codeword X, is transmitted and the received vector
is y. Let Pg denote the decoder error probability and P denote the probability
of correct decoding. A maximum-likelihood decoder will make a correct decision
if and only if
p(y[xo) > p(y[x:), fori=1,2,...,.M —1

which yields

n

H (vjlzos) > ] p(vjlzis)s for 1 =1,2,...,M — 1, (2.16)

j=1
where xo;’s, z;;’s and y;’s are components of X, X; and y, respectively. Let N2(y),
y € Y, be the number of components of y equal to y when the corresponding
zo; = 0 and z;; = 1. And let N}(y) denote the number of components of y equal
to y when the corresponding zo; = 1 and z;; = 0. Since the codewords of a triply

orthogonal code are rows of an orthogonal array of strength 3, which implies it is

also of strength 2,

2N (y) = Nl(y) = %- (2.17)

yey yey
After cancelling terms on both sides, (2.16) can be rewritten as

I p(10)V Wp(y|1)¥® > T p(y|1)¥ @)p(y|o)¥ @)
yeyY yey

Taking logarithms of both sides, we obtain

3 (N (v)1n 2919 +N1(y)1n3(—y!~1~)) >0, for i=1,2,...,M—1. (2.18)

vey p(y[1) p(y[0)
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Since the channel is of Class I, w(y) > 0 for all y € Y, which implies p(y|0) > 0

and p(y[1) > O for all y. Thus, In(p(y|0)/p(y[1)) or In(p(y|1)/p(y|0)) in (2.18)
always exists.

In order to compute Pg, we define the following i.i.d. random variables. The
first set of i.i.d. random variables Uy, Us,...,U, is defined by their common prob-

ability distribution: !

_ 1, PO _
Pr(U—l p(yll)) = p(yl0), yel.

Since p(y[0) > O for all y € Y and X,cy p(y|0) = 1, U is a valid probability
distribution. The second set of i.i.d. random variables V;,Vs,...,V,, is defined by

their common probability distribution:

Pr(V —E—H) p(y]1), vel.

Similarly, V is a valid probability distribution. It is straightforward to calculate

the means and variances of U and V:

= Y p(yl0) In 2 IO), (2.19)
yeY ( ! )
= ¥ p(yjt) 1n 291 (2.20)
= p(y[0)’
also
Var(U) = E(U?) — E*(U)
B L2 Pllo) L P(y[0) :
= 5O (y%;p(y'o“ e 11))
_ 2 P(y]0) p(¥l0) , p(y'[0)
= 2 2, PRI Ry T 2 2 ORI Iy In )
If In(p(y]0)/p(y]1)) = In(p(¥'|0)/p(¥']1)) for some y # ', then we define Pr(U =

In(p(¥]0)/p(y|1))) = p(y|0) + p(¥'|0). All the derivations still hold. Similar modifications ap-
ply to the random variable V.



— Z Z p(le)p(y'IO) (11’12 p(ylo) —1n p(ylo) In p(y’,O))
yeY ( )

ey p(yl1) p(yll)  p(y[1
y'Ey
_ oy (12 PWIO) 12 P(10) o, p(y[0), »(y]0)
- f\;‘;,,ze:y p(y]0)p(y'|0) (1 p(y|1)+1 2(770) 21 p(y]l)l p(y,yl))
_ 2 P(y|0)p(y'1)
" s O sty (221

and, similarly,

11y 12 PElDP(Y'10)
Vet = g g TP oyt (222)

Now let U = (U1, Us,...,U,) and V = (V,V,,...,V,). Then (2.18) becomes
(U,X5-%x;) +(V,%x0-%) >0, for 1=1,2,...,M—1,

where (a, b) denotes the real inner product 37; a;b; of vectors a and b, a-b is the
bit-wise AND (a1b1,az2bz,...,a,b,) of a and b, and @ is the bit-wise complement

of vector a. If we define S;,2 =1,2,...,M — 1, by
Si = (U, X5 xi) + (V, %o - X3), (2.23)
then the probability of correct decoding Pp is
Po=Pr{S;>0, 1=1,2,...,M—1}. (2.24)

If M is large and, hence, n is large, from the central limit theorem, the S;’s
can be approximated by normal random variables. From (2.17) and (2.23), for

i=1,2,....M —1,

=
n
»Ms

(EU) +E(V)),

Var(S;) = Z— (Var(U) + Var(V)),
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because U; and V; are independent. Define the following sets:
Ao={m:zpm=0and zipm=1, 1<m<n},

Ai={m:z¢p,=1and z;,, =0, 1<m<n},
Bo={m:zom =0and zjn=1, 1<m<n},
Bi={m:zop, =1and z;, =0, 1<m<mn}.

Then from the properties of triply orthogonal codes,

ol = 141] = 1Bof = |B1] = 7.,

and
I.’qo N Bo[ = ]ﬂl N Bll = 181’_

Thus,

aEA, BEBy BEB,

= 2 B+ 2 2 BUJEWU) + > E(V,)

a€AgNBy aEAy BEBy pEALINB,
B o

E(sisj):E((Z Upt > Ua) (Z Vs+ D Vﬁ))

(2.25)

+ 20 2 BVREWVR) + 2. O B(U)E(Ve) + X 2. E(Up)E(Va)

a&Ay BEB; aEdo BEB, a€ Ay fEBy

B

n? n

| S

16 8

and

Therefore, for ¢ # 7,

Cov(S;,8;) = E(S:S;) — E(S)E(S;)

= g— (Var(U) + Var(V)) .

(B(U?) +E(VY) + (—— ~ -—) (B*(U) + B*(V)) + %iE(U)E(V),
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Now define a new set of random variables T3,75,...,Tam—1 by
T, = 8; — g (E(U) +E(V)).

All the T;’s have mean zero and covariance matrix

21 ... 1

n 12 ...1

Cov(T) = 3 (Var(U) + Var(V)) )
11 ... 2

Similarly, for large M, T; can be approximated by a normal random variable,

which, from Lemma 2.4, is given by

Ty \/-’83 (Var(U) + Var(V)) (X; + Xo) ,

where the X;’s are i.i.d. N(0,1) random variables. From (2.24), for large M, Pc

can now be approximated by

PC’ ~ Pr Xi + XO > ’
\/2 (Var(U) + Var(V))

B p(y[0)

E(U) = y%p(ylo) In P(olD)
= E; (Zy ;U-(lz)- ((0,v) —0(1,?/))2) +0(e), (2.27)
B p(y[1)

E(V) = gz/p( 1)1 (]0)

— F; : (Z 1 (0(0,y) — 0(1,y))2) + O(e%), (2.28)
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Var(U) = Z ZpyIO (y'|0) In

vey y'ey p(y!l)p(y’]O)
_ . (% 20—(1?) (0(0,y) — 0(1,y))2) +0(&), (2.29)

Var(V) = > > p(y|1)p(¥'1)In

yeY y'ey p(y]O)p(y’]l)
= €. (Zy %y) (0(0,y) — 0(1,y))2) + O(€%). (2.30)

For convenience, let D denote the quantity 3¢y E(ly—) (¢(0,y) — o(1,y))*. Then

PC ~ PI‘{Xi >

Lk PI§

(€D + O(€%)
)

—Xo, i=1,2,....M—1
(2D + O(e®)

\/

= Pr{)ﬁ>—\/ﬁ-M—Xo, z':1,2,...,M—1}
1+ O(e)
— /OOQ(_\/E.M_Q,) Z(z) dz
—o0 1+ O(e)
— ﬁiP(ﬁ-%%—x) 7 (z) dz, (2.31)
where
Z(m):\;z;e_zz/z,
P(x):/_” Z(t) dt,

o0
Qz) = / Z(t)dt =1~ P(z) = P(—a).
Now we want to investigate necessary and sufficient conditions for Py — 1 as

M — co. Since z decreases as M increases, it is understood that € is a decreasing

function of M. From (2.31), a necessary condition for Py — 1 is

Jm evn = Jm eV2M = co. (2.32)
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If (2.32) holds, for each finite z,
M-1
£\/D + O(e M
lim P \/E-Mm :limP<E\/5-\/ﬁ)
M—o00 1+ 0(e) Moo \2
It follows that
M
Jim, o = im P (5D )
By using the approximation P(z) = 1 — Z(z)/z as £ — oo,

z(;@-ﬁ))M
VD -y

hm P = 11m (1——

M—o0

Since it is easier to deal with In Py, we have

Iim mP; = Ilim (Mln (1~—
M— 00 M-—-oo

= lim |- . e P/ )
Moo \ /21 e/D-\/n
The condition (2.32) is satisfied for the case of moderate noise since

2

ez-n:-E—-/\-logZMNkl-A-logzM, for large M.
z

Also
2 M .
lim InPs; = lim ¢~ sz inM
M=o Moo \/27TD \/kl/\ log, M
2 8In2

= lim
M=o\ V27D \/kl)\logz

1.._
= lim 2 )

M—o0 \/27TD \/kl/\log2

_ Ak D

by recognizing that A¢ = 8In2/k;D. Finally,

0, if A > Ao,

s, 1 Fe = { —00, if A< Ag,
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which is equivalent to

lim Pgp =

0, if A > Ag,
1, if A< Ac.

From the symmetry of triply orthogonal codes, it follows that Pr will remain the

same if any other codeword x; other than x, is transmitted. n

~Corollary 2.1 For symmetric binary-input Class I VNCs, if modercte notse is
assumed, the family of orthogonal codes achieves a minimum resource per infor-

mation bit of Ac.

Proof. If the channel is symmetric, then

EU) = 3 p(y0)In?

o=y p(y[1)
_ L Pll)
B % PlyIn! p(y|0)

= B(V)

because there exists y' € Y such that p(y|0) = p(y'|1) and p(y|1) = p(y'|0) for

every y € Y. Similarly,

Var(U) = Z Zple (¥'|0) In p(—y|~1—)——

vey y'ey p(y'|0)
_ 2 p(y[1)p(y'|0)
T TGyt
= VarElV)y.

If orthogonal codes are used instead of triply orthogonal codes, then, instead of
(2.25), we get
n
| Ao N Bo| + |A1 N By| = T

Following similar derivations for the covariance matrix of S;, we obtain

SVar(U) i=j

Cov(5:5;) = { $Var(U) i # .
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The rest of the proof for the theorem still works. n

Since a very noisy binary symmetric channel is of Class I, the theorem proved

in [2] is a special case of this corollary.

2.6 Remarks about Binary-Input Class II Channels

In the previous section, we show that triply orthogonal codes achieve Ay for
binary-input Class I channels and orthogonal codes also achieve A¢ if the channels
are symmetric. Similar results do not hold for general Class II VNCs since the
capacity in (2.5) is usually not achieved with equiprobable inputs. The following
examples show that orthogonal codes (or triply orthogonal codes) do not achieve
A¢ for some symmetric binary-input Class II VNCs.

Consider the VNC with the transition probability matrix given by
Pole = 010 te 2 -3 1
YW= lo 10|71 -3 2|
By our definition, it is a symmetric Class II VNC. If moderate noise is assumed,

then from (2.9)

_ 2 " R 20(0,y) -
S (Z 0.1 a(o,y)+o(1,y))

Q

and from (2.14)

do = 122 (Z (o0,0 ~¢o<1,y>)2) k

yEY2
2In2 -1
- (3-2v2)
8.080

Q
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From Theorem 2.1, we know that orthogonal codes can be used to achieve .
Since, for this channel, no transition probability p(z|y) = 0, the same method
used in proving Theorem 2.2 can be applied here. Proceeding as in the last
section, we have (2.26):

-1 (EU) +E(V))
V2 (Var(&) + Var(V))

Pc%Pr{Xi> — Xo, izl,Z,...,M—l},

where Xy, Xy,..., Xp—y are i.i.d. N(0,1) random variables, and the means and

variances of U and V are found by

_ _ L, Plo)
E(U) - E(V)—yze;/p(yl())l p(yll)

= €-(2In2—-In2)=¢-In2,
and

Var(U) = Var(V) = E(U?) - E*(U)

e- (2?2 + +1n’2) — (¢-1n2)* = - 31?2 + O(&).

Il

Similar to (2.31),

€/3
P =~ Pr Xi>—\/7—’b-'vm/°———Xo, 1=1,2,.... M —1
1+ Of(e)
7 M-1
oo €
= / Plvn - ————+x Z(z) dz.
~o0 14 0(¢)

A necessary condition for Po — 1 as M — oo is
lim /ey/n = oo,
M—oo v
which is satisfied for the case of moderate noise since, for large M,

€-n="":Xlog, M ~ky- X log, M.
yA
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Following similar derivations as in the last section, we obtain

Jim Py = A}Enw<Mln<P<\/;/§-ﬁ>>>

which yields

. 6ln2
L i A> 22

0, if A< &z
2
Since 61n2/ky ~ 4.159/ks, A¢ < 6In2/k;. Therefore,

61ln2
k;

A}EnmPEzl ifdeg <A<

when orthogonal codes (or triply orthogonal codes) are used on this channel.
Remark. In general, for symmetric binary-input Class II VNCs, if the following
is satisfied:

o(z,y) #0 forallze€ X and y € Yy,

then we can apply the same method as in the last section and obtain (2.26). The

means and variances of U and V are now given by

E(U) = E(V)
— Y plylo)1n 20

et p(y|1)

= ¢- (Z o(0,y) In Zg(l):zi) + O(€*),

yEY2

and

Var(U) = Var(V)
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= E(U?) - E*(U)
= - (Z (0, y) In? 283) +O(e2).

yE€Y2

Following similar derivations, for the case of moderate noise, we can show that

. 0, it A> A,
A}EnooPE*{ 1, A< A,

where A, is given by

_ 2In2 2 9(0,7) 09"
Ay = i -(Zo(o,y)ln ———)-(Zo(o,y)lna(l’y)) .

YyEY2 U(l’y) yEY2

Comparing A, and A¢ given in (2.9), from Shannon’s theorem, we have A, > A¢
in general. Hence if orthogonal codes (or triply orthogonal codes) are used on this

type of Class II VNCs, then
eriinooPE =1 ifdg <A <A,

Results similar to Theorem 2.2 or Corollary 2.1 do not hold for Class II VNCs.

2.7 Generalization to Symmetric Class I Channels with More than

Two Inputs

Consider a symmetric Class I VNC with s inputs, where s > 2. Without loss
of generality, let the input alphabet X = {0,1,...,s—1} and the output alphabet
Y ={0,1,...,L —1}. If the input probability is denoted by p(z) for all z € X,

from [3] the mutual information is given by

2

1057 = gz (2 sy [ S rereteen - (5 sttt | ) o

yeY w(y) zE&X z&X

Since the channel is symmetric, the capacity is achieved with uniform input prob-
abilities. Setting p(z) = 1/s for all z € X in I{X;Y), we obtain
1

C = % . (Z b (1 3 o¥(z,y) — (; Za(x,y)) )) + O(€°)

yeyY w(y) 8 zeX z&X
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€ 1 [s—1 . 2
— — o*(z,y) — 5 > > olz,y)o(z,y) | | +O()
2ln2 vey w(y s? zeX s? zeX 'eX
z'>z
€2
— — (o(z,y) — o(z',9))* | + O().
2s2In2 Zl:, (v) Zx %[
z'>z

Thus, if moderate noise is assumed, then
-1

Z (y) Z Z ~o(z,y))

yeyY z€X ¢ er
z'>z

2s2In 2

Ag = "

The following lemma is similar to Lemma 2.4.

Lemma 2.5 Let X, X1,...,Xp-1 be t.i.d. N(0,1) random variables. If Ya, Y3,
. ,Yrr_1 are defined by

Y =aX;+ Xy, fori=1,2,...,M~1,

then the Y;’s are normal random variables with mean 0 and covariance

-+ B2 ifi=3
Cov(Y;Y;) = oo
(¥i¥;) {ﬂz, if ¢ # 7.
Recall that for arbitrary s = sys; - - s,, s; a prime power, we have constructed
a sequence of generalized triply orthogonal codes with s symbols, length n = 3™

and M = min(s7*+1,s7+1,...,s7+1) codewords for m = 1,2,.... The following

theorem is a generalization of Theorem 2.2.

Theorem 2.3 For symmetric Class I VNCs with s inputs, if moderate noise is
assumed, the family of generalized triply orthogonal codes of s symbols achieves

Ac, which is the minimum resource per information bit needed as z — 0.

Proof. Let C = {xo,X1,...,Xp—1} be a generalized triply orthogonal code of

length n and s symbols. This code is used on a symmetric Class T VNC with s
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inputs. Suppose Xg is transmitted and y is the received. From the symmetry of
generalized triply orthogonal codes, the decoder error probability is independent
of which codeword is transmitted. A maximum likelihood decoder will successfully

recover the originally transmitted codeword if and only if
p(y|xo0) > ply|x:), for:=1,2,...,M — 1.

After cancellations and taking logarithms, we obtain

l )
S5 Y NF(y)In ) 0, fori=1,2,....,M—1, (2.33)
yeY leX meX p(y]m)
m#l
where N;"™(y) is defined to be the number of components of y equal to y when the
corresponding components of Xo and x; are [ and m, respectively. The value of
In{p(y{l)/p(y|m)) always exists because this channel is of Class I. Since codewords
of generalized triply orthogonal codes are rows of orthogonal arrays of strength 3,
SON/™y) ==,  forl,me X andl# m. (2.34)
yeY s
Define s(s — 1) sets of i.i.d. random variables by their common probability distri-

butions: 2

tm 1 PO\
Pr (U =1 p(y]m)> =p(yl),y € Y,

where [,m € X and [ # m. If we define

S;=>_ > (U™ gh™(xg,%x;)), fori=1,2,...,M—1, (2.35)
lermfég

where Ub™ = (U™, Up™,...,Ub™) and gh™ = (gb™, g™, ... ,gh™) are defined by

1,m )1, ifa; =1 and b =m
9" (a,b) = { 0, otherwise,

2If In(p(vll)/p(ylm)) = In(p(
In(p(ylt)/p(y|m))) = p(y|l) + p(y

y'[l}/p(y'|m)) for some y # y', then we define Pr(U'™ =
(¥'|!). Al the derivations still hold.
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fort =1,2,...,n, then from (2.33) the probability of correct decoding becomes
Po=Pr{S;>0, i=1,2,...,M—1}. (2.36)

Since Si is the sum of s(s — 1) i.i.d. random variables, for large M, and hence for
large n, Pc can be computed via the central limit theorem.
Now we want to find the first and second moments of the S;’s. By the definition

of U™, similar to (2.19), (2.20), (2.21), and (2.22),

E(UY) = z;/p y|l) In (( Ilfz) (2.37)
and
Lm) 2 Py[)p(y'|m)
Var(U" yze; > p(ylD)p(y'|m) In (G (2.38)

Also from (2.34) and (2.35), for 7 =1,2,...,M — 1,

Z > EUM™) (2.39)

lEI meX
m#l

and

Var(S;) = =3 Z > Var(U™). (2.40)
leX mE;éI

From the properties of generalized triply orthogonal codes, we show in Appendix

2.C that, for any 1 # 7,

Cov(S;,85) = = | >_ > Var(U"™)+ 3" > > Cov(U™UY)|[. (2.41)

leX meX leX meX ieX
m#l m#E tEm
)

Since E(S;), Var(S;), and Cov(S;,S;) are independent of ¢ and j(# ¢), we change
the notation to E(S), Var(S), and Cov(S,S'). Define T}, ¢ = 1,2,...,M — 1, by

T; = 5; — E(S).
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Then the T;’s have mean zero and covariance matrix the same as that of the
S;’s. From Lemma 2.5 and the central limit theorem, for large M, T; can be

approximated by
T; = aX; + B Xo,

where the X;’s are N(0,1) random variables and

o = \/Var(S) — Cov(S,8"),

B =1/Cov (S, 8").

Thus, from (2.36),

P = Pr{Xi>—]~E—(§’—)—g—-ﬁ~¥9, izl,Z,...,M—l}
M-1
= [ P(E—(ﬂ+ga:) Z(z) dz. (2.42)
—00 8% (87

Since the channel is of Class I, similar to (2.27), (2.28), (2.29), and (2.30), for

l # m, (2.37) and (2.38) can be reduced to

E(UY™) = ; : (% ﬁy) (e(t,y) - U(m,y))z) +0(e%),
and
Lmy _ 62 . __.1.,._ o —olm 2 63
Var(U"™) = (yezi o () (o(l,y) — o(m,y)) ) + O(€”).

Similarly, for [ # m # t,

Cov(U"™, U") = ¢* - (Z (L (o(l,y) —o(m,y)) (c(l,y) - U(t,y))) +0(€).
yey ¥ y)
Therefore,
E(S) = ne L (o(l,y) — o(m,y))* | + O(),



-39 -

Var(s) = 225 (z DI
yey ( leX meX
m>1
and
Cov(S,8") = p*
2ne
-y LIS T e
yeY leX meX
m>1
+ 22 > (olly) —
leX meX teX
m#AL t>m
t£1
Also
o = Var(S) — Cov(S, §")
2ne?
m>1
-2 > (e (m,y)) (o
I€X meX teX
m#l t>m
£l
2ne? 1
= —- o’(l,y)
33 ({fg w(y) ( ZEZI
N Dy
s? yeY w( lex
ne’
- S Y Y e
yéy lEI Tn€>§

'—Z Z 20(l,y)o(m,

m y))z) + 0(63)’

o(l,y) — o(m,y))”

(ly) —olt, y)))] +0(€)

~s), > all,y)o(m,y)

leX meX
m>1

)) +O(€°)
y))) +0(e%)

leX meX
m>l

(I, y) — o(m,y)) ) + O(€%).

Let D denote the quantity 35, ¢y E(lﬂ Siex EmEI (o(l,y) — o(m,y))*. Then
E(S) _v/n  e€D+0(e ) _\/ﬁ VD + O(€?) )
p S 4/e2D +O(e V1+0(e)
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Note that both the numerator and the denominator of 8/« are of the order v/n-e.

From (2.42), a necessary condition for Po — 1 as M — oo is

which is satisfied for the case of moderate noise because, for large M,

2

e n="-Xlog, M ~ k- A-log, M.
z

For each finite z,

M-1 M
i 7 (P9 £)" _ o p(9)
M—oo o o M-—ro00 o
€ M
= lim P<—\/D-\/ﬁ> .
M—o0 S

Therefore,

Jim P = lim (Mn(P(eVD/s-+/n)))
. (oD i)
= A}gnoo(Mln(lw E\/ﬁ/s-\/ﬁ ))

(_ 1 . sM e—ean/zsz)
V21 /D -/n
- lim( 5 Ml*ﬁg%)

Moco \ V25D | flAlogy M

s M1~7A5
= lim |- .
M=o\ V25D [k M log, M

by recognizing that A¢ = 2s*In2/k;D. Finally,

1 P = 1, if A> )\0,
Ml—znoo ¢ 0, if A< }‘Ca

which completes the proof. |
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2.8 Discussions

In Section 2.6, we find counterexamples showing that results similar to Corol-
lary 2.1 do not hold in general for symmetric Class II channels. However, one can
show that if moderate noise is assumed, the family of orthogonal codes can be
used to achieve A¢ for the very noisy binary erasure channel (which is of Class
IT). (The proof is omitted from this thesis.) This makes one suspect that results
similar to Corollary 2.1 may hold for subclasses of symmetric Class II channels.

In Section 2.3, we construct a sequence of orthogonal arrays of strength 3 for
an arbitrary number of symbols. However, the number of rows in the construction
is away from the upper bound. We think that, by different choices of the matrix

C in Lemma 2.2, one can make an improvement over the given construction.

Appendix 2.A Derivations of (2.11) and (2.12)

The computation of R, requires a longer expansion of p(y|z):
€? 2
p(ylz) = wly) +e-olz,y) + 5 -n(z,y) + O(c),

where the n{z,y)’s satisfy the same condition as the o(z,y)’s:

> n(z,y) =0, forallze X. (2.43)
vey

However, as we will see, the final expression for the first order approximation for

Ry does not contain the new term n(z,y). For Class I VNCs, since Y, = 0,

> /p(yl0)p(y[1)

yeY

= > w(y)+e-0(0,y)—f—;—2-n(0,y)+O(e3)
yeY

. \/w(y) +e-ol,y) + 62—2 n(1,y) + O(e?)
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1 N IR U
= % 'w(y) (1 t+e- w(y) (0(07?/) +o(1, y)) + € (wz(y) (0,y) (l’y)
+ 2w1(y) (n(0,y) + n(l,y))) + 0(63)>5 :

Using (14 6)2 ~1+6/2—62/8 as § — 0, (2.3), (2.4), and (2.43), we have

>~ \/p(y]0)p(y]1)

=
= Yol (145 ot (00 + o) + 5 - a0t
oy (1000) +2(1)) = 5+ s (010, + (1) + 0(€)
- %w(g) +5 %( (0,9) +o(1,y)) +f; (yeyﬁ -0(0,y)a(1,y)
- 5,,% (n(0,9) + n(l,y))) - %y% w(ly) (0(0,y) — o(1,9))* + O(€")
- 1-< 5 4 00—t +0()

Substituting into (2.10) and using In(1 — ) ~ —6 as § — 0, we obtain

2 1
Ry = — -
7 16In2 (Z

yeY W

(e(0,y) — 0(1,y))2) +0(€)

for binary-input Class I VNCs.
For Class II VNCs, since Y, # 0,

> /p(ylo)p(y|1)

yeY

= 3 <\/w(y) + €0(0,y) + O(€?) - \/w(y) +eo(l,y) + 0(52)>

yEY1

+ 3 /e 0(0,9) + O(&) /e - o(1,y) + O()

YEY2

= 3wl oo (0(0) + ofL) +O()

YyEY1

+ 3 et 0(0,9)0(1,y) + O(e%)

yEY2
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= Pl (Zy (0(0.9) +o(t,0)) + 3 z\/a(o,y)a(l,y)) +0(e)
= 1= 505 (0(0,9) + o(1,) ~ 2/o(0,9)0(1,9)) + O(€)

YyEY2

= 1- % (yg <\/0(0,y) - \/o(l,y)) ) + O(éY).

Therefore,

yeEY2

Ro= ;oo (Z (Velow) - wu,y))z) +0(e).

Appendix 2.B Derivations of (2.27), (2.28), (2.29), and (2.30)

To derive (2.27), (2.28), (2.29), and (2.30), we need a longer expansion of
p(y|z) as in the last appendix:
€2 5
p(vl2) = wly) + ¢ o(w,u) + 5 n(z9) + O().
However, the final expressions for the first order approximations do not contain

the new term 7n(z,y). We have

_ L Pl[0)
BOY = el

= > ((w(y) +e-0(0,y) + 52—2 -n(0,y) + 0(53))

yey

By using In(1 +z) ~ z — z%/2 as z — 0,

62

i (w00 +¢-0(0,0) + § n(0,9) + 0(e)

= lnw(y) +In (1—{—6-

= lnw(y)—l—e-a(o’y)-{-ez-(n( Y) O’y))+0(63).
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Similarly,
In (w(y) +e-o(l,y) + ¢ n(1,y) + 0(53))
= lnw € o(1,9) i n(1, )_02( ,Y) e
- ot +e 5p8l e 5 (- T o)
Thus
1 208) + €-0(0.9) + 5 -1(0,9) + O(¢)
w(y) +e-o(1,y) + 22 -n(1,y) + O()
1 €* 1
= ¢ w(y)( (0,9) ~ o (L,9) + 7 - (@(n(O,y)—n(lay))
1 2 2 33
t o (o*(1,9) - o*(0,y) ) +O(e%). (2.44)
Hence

EU) = e- > (0(0,9) —01y))+;—2'(2(n(0,y)~n(1,y))

yeyY yey

+ 2 ;%y—) (o*(1,9) — 0*(0,) +20%(0,) — 20(0,y)0(1,y))) +0()

yeY

- ;—2 ' (% E(Ey—)“ (JZ(O,y) —20(0,y)o(1,y) + 02(1,y))) + 0(63)
Similarly,
E(V) — Zpy“ (‘)
yey ( I )

- £ (Z oty 7O - a(l,y)f) +0(é).

We proceed to find the first order approximations for Var(U) and Var(V). By

definition

Var(U) = E(U?) — E*(U).
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We have

E(U? = > p(y]0) In

From (2.44)

-o(1,y) + 5 -n(1,y) + O(e)

2, __1.__ Vs -0 2 €%).
= ¢ (wz(y)( (0,y) (1,y)))+0( )

So
1

E(U?) = ¢*. (Z —— (0(0,y) — U(I,y))z) + O(é%).

yey w(y)
Therefore, from (2.45) we can obtain
Var(U) = E(U?) - E*(U)

= E(U?% + O(¢%)

o

yeY w(y

Similarly,

—17 (o(0,5) - o(l,y)f) +0(é).

Var(V) = €* - (Z 1 (0(0,y) — 0(1,y))2) + O(€%).

sy w(v)
Appendix 2.C Proof of (2.41)
We begin with the following definitions:
Abm = Ly Toy = | and z;y = m,

and

BY™ = {v: 20, = and z,, = m,
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for I,m € X and | # m, where z¢,’s, z;,’s and z;,’s are components of xo, %;, and
X;, respectively. Since the codewords of generalized triply orthogonal codes are

rows of orthogonal arrays of strength 3, for [ # m # ¢,
Lm| _ | gtm| = T
4] = (8] = s

and

[t Bhm| = |4 0 B = =

By the definition of S; in (2.23), for ¢ # 7,

E(S:S) =E|[> > > U (> > > U™

leX meXl acAlm leX meX peplm
m#l m#l
. l, l,m l, l)t
=Yy Y YEUTGT)+Y Y Y X X BT
leX meX acqbm geBlim leX meXl ieX acAlm geBht
m#l m# tEm
t5£1

DD ID VD DD B A (i)

leX meX I'eX tEX acAbm gept't

m#EL £ t#
-y x| X oe(@))r X3 sm)Em)
leX mel | acglmnphm aghlm geplm
m#l f#a

+Y Y Y B+ Y Y B0 E(UY)

leX meX teX | acAbmnpht acAbm gepglit
m#l ttil Bt

LYY EYE Y S EWETY

IEX meX I'eX t€X acqbm peplhyt

m#l AL AV
2
= ZZ 2 E((U"m) >+ (%-—~) >3 B (U
ex mEI leX %E;éllj
3 lz: Z Z E (Ul mUl t) (Z_ ) Z Z Z E (Ul m) (Ul,t)
EX meXl tEX leX meX teX
m#l tgz;zln m#l tt#;gz

FEY Y Y Sa(o) e (o).

leX meX 'eX teX
m#l 1'¢1 1Al
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E(S)E(S;) = E2(Sz')

- U Y RO LY Y Y B(0)E(0Y)

leX mE¢I leX meX teX

m#El iFEm
tAl
-"14—2 > BT EU.
€X meX 'e)x t€X
mZAL £ !

Then, for z # j,

Cov(S:,S;) = E(S:S;) - E(S)E(S;)

- 355 6(e)-w )
%;;zuwwwwmww

teXl
t#Em
LAl

= —|> > Var (Ulm) +>3 > > Cov(Ulm U”)
lex m(;r leX %E;é’ fg;fn

t£1
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CHAPTER 3

PERFORMANCE OF BINARY BLOCK CODES AT
LOW SIGNAL-TO-NOISE RATIOS

3.1 Introduction

It is well known that for block codes of a given rate, the larger the minimum
distance, the better the code will perform at high signal-to-noise ratios. An equally
important problem is the behavior of block codes at low signal-to-noise ratios. In
[1] Posner studies the properties of binary block codes over an AWGN channel
at low signal-to-noise ratios. Most of the results in [1] assume hard decision on
the channel output, and only results based on soft decision are for orthogonal
codes. In this chapter we derive error probabilities of general binary block codes
used on an unquantized AWGN channel at low signal-to-noise ratios, assuming
maximum-likelihood decoding.

The formulation and derivation in this section are based on [2]. Let C =
{%0,X1,...,Xp—1} be a binary block code (with components 0 and 1) of length
n and rate R = (log, M)/n. We shall evaluate the performance of C' on an
unquantized AWGN channel as a function of the bit signal-to-noise ratio Ej/No,
which we denote by A2. Suppose each codeword is equally likely to be selected
for transmission. The codes we are interested in are all “symmetric” in the sense
that the error probabilities are independent of which codeword is transmitted (all
linear codes have this property, for example). Therefore, we assume that x, is

transmitted.
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If X¢ is the counterpart of xo with its components 0 changed to —1, then the

output of the channel becomes
y = V5% + 1,

where the quantity v/S = AV/2R and the vector z = (21,22, ...,2,) has all com-
ponents i.i.d. normal random variables with mean 0 and variance 1. (Here we
normalize the noise power instead of the signal power as in some other formula-
tions.) The maximum-likelihood decoder outputs the codeword with the minimum
Fuclidean distance to the received vector y. This will be the correct decision if

and only if the decoded codeword was actually transmitted, or equivalently,
lz)* < ly = VS8%;|?, for i=1,2,...,M —1.
This inequality can be rewritten as
(2, VS (% — %)) < Ql‘l\/g(ﬁf — %)

Let d; be the Hamming distance between x; and Xy and u; be the vector in the
direction of %; — %o with magnitude v/d;. (Actually u; is just x; if xo = 0.) Then
VS (R; — Xo) = 2AV2Ru;. If we define the normal random variables

T; = (z,u;), for 1=1,2,...,. M —1, (3.1)
then P., the probability of correct decoding, is given by
PC:PI‘{T;<)\V2Rdi, for z':1,2,...,M—1}.

If the distribution function of T1,7%,...,Tar—1 is denoted by F(z1,zs,...,Zp-1),

then Py can be written as

PC:F(szRdl,)\\/QRdz,...,AVZRdM..l). (32)
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Note that T31,Ts,...,Tp—1 are M—1 normal random variables with mean 0 and

covariance matrix V with components
Vi = (w, uy).
If uy,u,,...,ups; are independent, then V is nonsingular and the density

function of T1,T%,...,Tx—1 is given by

1 1 Tv-lx
P(Z1,Taye ey Tpo1) = —F————————e 2" .
s (2m)M-1]V]

We can therefore write Pc as an M—1-fold integral:

MW2Rdy fAV2Rd; AV2Rdps
Pe :/ / / p(x) dx.
—~ Q0 —Qo0 — 00
However, if uy,u,,...,upr—1 are not independent, then V is singular and T3, T,

.+, Tanr—1 are “degenerate” in the sense in [3, p. 87|, and we cannot convert Pg
to an integral. This is true for most practical codes because usually M > n. For
example, the (24,12) extended Golay code has M = 4096 and n = 24.

The approach we take is to view Py in (3.2) as a function of A and approximate
Pc by Po(0) + AP5(0) in the neighborhood of A = 0. Since the codes we consider

are “symmetric,”

P5(0) = F(0,0,...,0) = — (3.3)

because each codeword is equally likely to be decoded if there is no signal at all.

By the chain rule for partial differentiation,
M-1
PL(0) = >  V2Rd;- F(0,0,...,0),
i=1

where
oF

8xz~

E(xlaxZa"‘axM—l): (Ilarh--',zM—l)-

We can further express F;(zy,Zs,...,Zp—1) as

Fi(zy,29,...,o0-1) = Gi(z1, ..oy Timy, Tty -+ s Tar-1) - fil i),
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where G; is the conditional distribution of (z1,...,Zi—1, Tit1,. . ., Zpr-1) given that

T; = z;, and f;(z;) is the marginal density of T;. Since each T; is a normal random

variable with mean 0 and variance d;, f;(0) = 1/y/27d;. Therefore,

PC~—+A \/wz\/-R, (3.4)

where P; is the conditional probability that 73 < 0,..., T;-1 < 0, T;11 < O,...,

Trr-1 < 0, given that T; = 0. The block error probability Pz = 1 — Py, and hence

P~1—————,\ [pr (3.5)

In the next section we find a similar expression for the bit error probability
at low signal-to-noise ratios. Some properties of P; are explored in Section 3.3;
we then discuss as examples orthogonal codes, bi-orthogonal codes, the (24,12)
extended Golay code and the (15,6) expurgated BCH code in Section 3.4. The
asymptotic coding gain at low signal-to-noise ratios is studied in Section 3.5.

Finally, in Section 3.6 we make some conjectures.

3.2 Bit Error Probability

Maximum-likelihood decoding of binary linear block codes on an unquantized
AWGN channel is now considered. We define P;, the bit error probability, to
be the ratio of the expected number of information bits in error to the length of
information bits. Let C = {xo,Xi,...,Xa-1} be a binary linear block code of

length n and rate R = k/n, where M = 2. Assume %, = 0 is transmitted so that
= \/—:S—;)A(O -+ z

is received, where %g, z, and v/S were defined in the preceding section. If the

decoder chooses to output x;, then it will make w; bit errors, where w; is the
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number of 1’s in the information sequence corresponding to x;. The expected

number of information bits in error is
M-1
b= Z w; Pr{ The decoder outputs x;. }.
=1 '
Hence, the bit error probability P, = b/k.
It remains to find the probability that the output codeword is x;. The maximum-

likelihood decoder will output x; if and only if the Euclidean distance between

the received vector y and X; is the smallest among all the codewords, i.e.,
ly — V8% < ly — V/S%;], for all j #1.
This inequality is equivalent to
(z,%; — %) < VSR, %; —%;),  forall j+#1. (3.6)

If we define d;; to be the Hamming distance between x; and x; and u;; to be the
vector in the direction of x; —x; with magnitude y/d;;, then (z,%; —%;) = 2(z,u;;).
Also, VS (%o, %;—%;) = 2Av/2R(d;~d;), where d; is the Hamming distance between

x; and xq. Therefore, (3.6) is equivalent to
<Z,11¢j> < Ay 2R(dj - di), for all j 1.

For 1 # j, we define the normal random variable T;; = (z,u,;), which has mean 0

and variance d;;. The bit error probability is then
P, = Z > w; Pr{T;; <2v2R(d; —d;), forallj#1}.
i=1

Using the same approach as in the previous section, we view P, as a function
of X and approximate P, by Py + A P} (0) near A = 0. By the chain rule for partial

differentiation and then proceeding as in the last section, we can obtain

1 M-1 .
Py(0) = % Z w; F*(0,0,...,0),
i=1
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where F* is the distribution function of T, ..., Tii-1, Tu+1, oy Tipr—1. Also

Pb Z Z ‘1]’

i=1 ke dz]
where P;; (¢ # j) is the conditional probability that 7i; < O, for all 5/ # 7 and

J' # 7, given that T3; = 0. We now use the linearity of the code to simplify
both the expressions of P,(0) and P;(0). For every pair of codewords x;, x;, we
can always find another codeword x; such that x; ® x; = x;, where @ means the
modulo-2 addition. Since the normal distribution is symmetric about the origin,
up to a permutation of the parameters, F* for ¢ = 1,2,..., M — 1 are equivalent

to F' in the last section, and P;; = P}, where x; = x; ®x;. By (3.3}, it follows that

1 &= 1 Mk 1
PO = 2= 2 ~

as expected, because each information bit is right or wrong with equal probability

when there is no signal at all. Now using the fact that d;; = d; if x; ® x; = x,, we

obtain

P~toa. Zw, 3 MP[. (3.7)
2 il VO

Note that the above approximation applies to all binary linear block codes. If

we make more assumptions about the code C, we can further simplify (3.7). Now
suppose C is systematic and has the symmetry property such that each bit in the
codeword is “permutationally equivalent” to each other bit, e.g., C is cyclic, or
more generally, its automorphism group (see definition in Section 3.3) contains
a transitive permutation group. Then the bit error probability can be found,
alternatively, by dividing the expected number of codeword bits in error by the

block length n. All the derivations remain the same as before except that £ and

w; will now be replaced by n and d;, respectively. Then,

P,,~%—,\ Zd %,; L\/E;ij)ﬂ‘ (3.8)

X OX ;=X
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After a few manipulations we can show that

Yoy BB S

i = i D

izz:l FA d =1 d i=0 X Xl))
X,‘G}Xj:)(z

where d(x; ® x;) denotes the Hamming distance between x; @ x; and xg. If we
further assume that the code C contains no repeated columns, i.e., there are
no two positions in the block where the corresponding bits are the same for all

codewords, then from Appendix 3.B

M-1

> dE=n(n+1)252 (3.9)
i=1
and
M-1
> did(x; ®x;) = n(n+1)257% — g2k 1, (3.10)
i=1

Equation (3.8) can hence be written as

Pb""%—}\ Z\/—P (3.11)

The unknown quantities in both (3.5) and (3.11) are P;, 1 =1,2,...,M — 1.

3.3 Properties of P;

The probability P; for ¢+ = 1,2,...,M — 1 is defined to be the conditional
probability that Ty < 0,..., T;-1 < 0, T;xy < 0,..., Tay—1 < 0, given that T; < 0.
In order to illustrate the calculation of the P;’s, consider the M = 4 orthogonal
code { xo = 0000, x; = 0101, x, = 0011, x5 = 0110 }. By (3.1) we have the

following random variables:

TT = 2+ 2,
Te = z3+ 24,

T3 = z3+ zs,
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where 21, z3, 23, 24 are 1.i.d. N(0,1) random variables. Therefore,

Pl = PI{T2<O,T3<O|T1:O},
P2 = PI‘{T1<0,T3<0|T2:O},

P3 = PI‘{T1 <0,T2 <0|T3 :0}

Since 23, 23, z4 are ii.d., it is easy to see that P, = P, = Ps;. It remains to

find the probability that z3 4 24 < 0, z; + 23 < 0, given that z, + 2z, = 0, which
is the conditional probability that a random point with a normal distribution
in 3-dimensional space falls in a region described by 23 +24 < 0, 2 +23 < O
given that it is on the plane 2, + z4 = 0. We shall show in the next section that
Py =P, = P; = tan™! \/i/ﬂ However, for most practical codes with M > n, a

closed form expression for P; is not expected to exist.

Definition 3.1 The set of coordinate permutations that map every codeword in
the code C into a (possibly different) codeword in C is called the automorphism

group of C, denoted by Aut(C).

It is not difficult to show that Aut(C) is indeed a group. The permutations in
Aut(C) partition the codewords in C into equivalence classes. Codewords x; and
x; are in the same equivalence class if there exists a permutation in Aut(C) that

maps X; to x;.

Theorem 3.1 If x; and x; are in the same equivalence class partitioned by per-

mutations in Aut(C), then P; = P;.

Proof. If x; and x; are in the same equivalence class, a permutation ¢ that
maps X; to x; will map all the codewords other than x, and x; to codewords

other than %, and x;. It is impossible that two different codewords are mapped
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to the same codeword because ¢! is also in Aut(C). Recalling (3.1), we obtain
that T; will be accordingly mapped to T; and {T;: 1 <I< M —1,1# 1} to
{T;: 1<l <M-—-1,14# 7}, which implies that P; = P;. N

In the preceding orthogonal code example, the permutation ¢ = (2 3 4) maps
X1 to X3, X3 to X2 and X3 to X, s0 P = P, = P;. For many codes, all the codewords
of the same weight are in one equivalence class (but this is not generally true), so
their corresponding P;’s are equal. Thus, we can use the notation P, for all the
codewords of weight d ( as we shall do in later sections). For this case, (3.5) can

be simplified to
1 R
Pep~1———X4/— > Ay;VdP 3.12
e 1= 7= 3|7 S AP, (3.12)

where A(z) = 3.4 A42% is the weight enumerator. Similarly, we can simplify (3.11)

to
Pb~1—,\ \/-ZAdde (3.13)

(Recall that the original assumption for (3.11) to hold is that C is linear systematic
with no repeated columns and Aut(C) contains a transitive permutation group?.)
Automorphism groups of several block codes are discussed in [4] [5] [6]. There are
computer search algorithms [7] [8] for finding the entire automorphism group of a
code. Furthermore, the entire automorphism groups of all 2, 3, 4-error correcting

binary primitive BCH codes have been determined algebraically in [9].

Definition 3.2 Let u and v be binary vectors. If u has a 1 in every position that

v has a 1, then we say that u covers v.

Theorem 3.2 For a binary linear block code, if the codeword x; covers another

(different) nonzero codeword x;, then P; = 0.

LA permutation group G is transitive if, for any two symbols 7 and j, there is a permutation ¢ € G
such that ¢ = 7.
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Proof. Let x; = x; ® x;. It follows that x; is covered by x; because x; covers x;.
We can now have the random variable T; = T; + T;. It is therefore impossible that
both 7; and 7} are less than O given that 7; = 0. The theorem follows from the
definition of P;. ‘ [ |

For most practical codes, M > n, which means that there are many more
random variables T; in the definition of the F;’s than the code dimension n. Hence,
it is desirable to eliminate some redundant random variables 7T to reduce the
complexity of computing P;. One simple result is that 7} < 0 can be eliminated
from P; if the codeword x; covers another nonzero codeword x; with 7; < 0. This is
proved by letting x,,, = %, ®x;, and then T} = T; +T,, and T; < 0,7, < O(or = 0)
guarantee that 7; < 0. The following theorem tells us in general how we can
eliminate redundant 7T;. We prove the theorem in Appendix 3.B by using the

Farkas Alternative [10, p. 56].

Theorem 3.3 Let the set A = {x: Ax < 0andd’x =0} 2 ® be nonempty.
The inequality bTx < 0 holds for all x € A if and only if b = b' 4+ ad, where
b'c{ATy: y>0andy #0} * and a € R.

To interpret this theorem, we view each 7; < 0 as an inequality in zq, 29, ..., 2,.
The theorem implies that given T; < 0, y = 1,...,1 — L,¢+1,...,M — 1, and
T; = 0, the particular 7} < 0 is redundant and can be eliminated if and only
if T, = Y% a;T; + oT;, where a; > 0 (not all zero) and a € R. Note that
setting « ;#81 reduces to the case stated previously: T; < 0 can be eliminated if

the codeword x; covers another nonzero codeword x; with 7; < 0. On the other

hand, if we somehow want to create another redundant inequality 7; < 0, then T

2Here x, y, d, b, b’ are column vectors, and A is a matrix.
3We say a vector x < 0 if all of its components < 0.

4We say a vector x # 0 if there exists one component # 0.
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must be in the form of Z?’I;ll a;T; + oT; with a; > 0 (not all zero) and « € R.
J#t

Theorem 3.4
P =Pr{ViT; —VyT; <0, j=1,....i—1,i+1,...,M~1},
where V;; = (u;,u;).

Proof. P; is the conditional probability that T3 < 0,..., T;-1 < 0, T;11 < O,...,
Tp-1 < 0, given that T; = 0. Since V;; < 0, given T; = 0, P; remains unchanged

ifeach T; <0,y =1,...,2— 1,1+ 1,...,M — 1, is replaced by V;;T; — V;T; < O:
P =Pr{Vil; - ViT; <0, j=1,...,i—L,i+1,...,M~1|T; =0},
It should be noted that the covariance between V;;T; — V;;T; and T; is zero:

COV(Vz’iTj - Vz’jTiaTz’) = VuE(TJTz) - VijE(Tiz)
= Vi(u;,uy) — Vi(u,w)
= ViuVij — VijVis

= 0.

Since uncorrelated normal random variables are independent, the condition T; = 0
can be dropped without affecting P;, completing the proof. [

Note that Vi; = (u;,u;) = d;, and for codes with xo = 0, V;; is the number
of positions where x; and x; are both 1. As mentioned before, for most practi-
cal codes of interest, M >> n; even after the redundant 7; < 0 are eliminated
according to Theorem 3.3, the number of remaining conditions is still very large
compared with the code dimension n. Hence, it is difficult to find P; analytically,
so Monte Carlo simulations are used to find approximate values. Since conditional
probabilities are usually more difficult to simulate than unconditional ones, Theo-

rem 3.4 gives us an easy way to simulate P;. First n i.i.d. normal random variables
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z,t=1,2,...,n, with mean 0 and variance 1 are generated; then all necessary
(nonredundant) conditions V;T; — V;;T; < O are tested. If all are satisfied, we
record this event as a “success.” If any one of the conditions fails, we record this
event as a “failure.” The procedure is repeated a large number of times; then the

relative frequency of “success” will be an approximate value for P;.

3.4 Examples

We now apply the results in previous sections to orthogonal codes, bi-orthogonal

codes, the (24,12) extended Golay code, and the (15,6) expurgated BCH code.

3.4.1 Orthogonal Codes

We consider orthogonal codes with M = 2% codewords, which may be obtained
by the Sylvester construction [4, Chap. 2, §3] (or see Section 2.3). (Here all the
codewords begin with 0.) It is easy to see that all the nonzero codewords are in
the same equivalence class. By (3.12) near A = 0, the block error probability can

be approximated by

1 \ [k
PEN]_—?*A'(Z '—1) 57‘;P2k——1. (3.14)

By using P, = (2¥71Pg) /(2% — 1) [11, pp. 100] or (3.7), then

1 vy [ K
Pb 2 A 2 27{‘ P2k—1. (3.15)

We now want to compute the value of Py:—:, which is the conditional probabil-
ity that 77 < 0,7, < 0,...,Ty_5 < 0, given that Tox_; < 0. By the structures of
orthogonal codes, T}, 7 = 1,2,...,2*¥ — 1, are normal random variables with mean
0 and covariance

1 if g =g,
Vis = { ot~ if £ .
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With trivial verification, the random variables T}, 1 = 1,2,...,2F — 1, can be

modeled by

T; = V22X, + Xo),

where X, X3,..., Xy are 1.i.d. N(0,1) random variables. The probability Pys-1
is hence equivalent to the conditional probability that X; + Xy < 0, X, + X, <

oy Xor_g + Xo <0, given that Xyox_; + Xy =0. Thus

sz—-l

= Ahmo PI{X1+X0<0,...,X2k_2+X0<0lOSsz_1+X0§A.'E}

i PI'{ Xl < "Xo, N ,X2k~2 < "—Xo, —‘Xo § X2k__1 S —‘Xo -+ AI}
= 1m
AzH0 Pr{0< Xp_;+ Xo < Az}

Since Xy + Xo is N(0,2), Pr{0 < Xpx 3+ Xo < Az} = Az - Z(0)/V2 =
Az/v/4r as Az — 0, where Z(t) is the density function of an N(0,1) random

variable. We also have

A111']:1 PI'{ Xl < Xo, . ,sz__z < *‘XD,—XO S X2k~—1 S —XQ + ACE}

= lim /°° Az - Z(—t )[P(—t)]?'k'zZ(t)dt

Az—0

[P@))* dt,

A:c—+0 \/271' /

where P(z) = [* Z(t) dt. Finally we obtain
Pyicr = /2 /oo Z(V21) [P(8)] 7 dt. (3.16)

The same result was obtained in [1] by directly expanding into a power series
the expressions of the error probabilities for orthogonal codes from [12]. Our
Py-1 is equal to v/2 Ay in [1]. In particular, for k& = 2, A; was shown to
be tan~14/2/(7+/2); it follows that P, = tan™? v2/7. Since it was shown that
A, =~ (2/v)V7Inv for large v,

2

P2k—1 ~ -(—2—10—;—1-)—2~

27 In(2% — 1), for large k.
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k Py (28 — 1)K/ (27) Py 2714/ /(27) Py
2 3.0409e-1 5.1469e-1 3.4312e-1
3 9.0117e-2 4.3589%-1 2.4908e-1
4  2.6084e-2 3.1219e-1 1.6650e-1
5 17.3959e-3 2.0453e-1 1.0556e-1
6 2.0606e-3 1.2686e-1 6.4436e-2
7  5.6580e-4 7.5845e-2 3.8221e-2
8 1.535le-4 4.4170e-2 2.2171e-2
9 4.1242e-5 2.5222e-2 1.2636e-2
10 1.0991e-5 - 1.4185e-2 7.0995¢-3

Table 3.1: Psr-1 for orthogonal codes.

(3.16) has been integrated numerically for k£ = 2 to 10, and the results are listed
in Table 3.1, as are the quantities (2% — 1)4/k/(27) Pe-1 and Zk_l\/Wng—l,
which are the key elements of (3.14) and (3.15), respectively. Note that, for or-
thogonal codes at very low signal-to-noise ratios, the bit error probability increases

with k£, or the number of codewords M.

3.4.2 Bi-Orthogonal Codes

A bi-orthogonal code consists of the codewords of an orthogonal code and their
complements. We consider bi-orthogonal codes with M = 2%, k > 2, codewords.
The bi-orthogonal code is the first-order Reed-Muller code if the corresponding
orthogonal code is obtained by the Sylvester construction [4, Chap. 11, §3]. All

the codewords except the all-zero and all-one codewords have weight 2°72.

Proposition 3.1 All the codewords except the all-zero and all-one codewords in

a bi-orthogonal code are in the same equivalence class.

Proof. For a bi-orthogonal code with M = 2 k > 2, there are 2*— 2 codewords
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of weight 2572, 281 _1 of them begin with O because they are codewords of
an orthogonal code, while the remainders begin with 1. Since all the nonzero
codewords in an orthogonal code are in one equivalence class, it follows that
there are at most two equivalence classes for codewords of weight 272 in a bi-
orthogonal code, one for each half. However, since the automorphism group of
a Reed-Muller code contains the general-affine group that is triply transitive®
[4, Chap. 13, §9], there exist permutations in the automorphism group of a bi-
orthogonal code (which is the first-order Reed-Muller code) that map a nonzero
codeword beginning with 0 to a codeword beginning with 1. It hence follows that
all the codewords except the all-zero and all-one codewords lie in one equivalence
class. : |

The all-one codeword covers every codeword of weight 2%, so from Theorem

3.2 the corresponding F; is zero. Putting everything together, by (3.12) we now

~ e . —2 —P ~2.
P ~1 5t A-(2 )\/% k2

Since a bi-orthogonal code contains no repeated columns, can be encoded as a

have

systematic code, and its automorphism group contains a triply transitive group,
by (3.13) for A near 0,

1 [k
Pb~§—)\-(2"~2) E;PZ,C_Q.

Now our goal is to find an analytical expression for Ps:—2, the conditional
probability that 7, < 0, T3 < 0,..., Tox_; < O, given that 73 = 0. (Here we
number the codewords in such a way that x;,¢ = 0,1,...,2¥ 1 — 1, are codewords
of a corresponding orthogonal code and Xge-1,;, 7 = 0,1,...,2571 — 1, are the

complements of x;.) Since the all-one codeword Xj:-1 covers every codeword of

5 A permutation group G is ¢-fold transitive if, given ¢ distinct symbols 71,42, .. .,17;, and ¢ distinct
symbols 71, 72,..., 7, there is a permutation ¢ € G such that 216 = 51, 12 = J2,..., s = %.
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weight 272, the condition Th-: < 0 is redundant and can be discarded. From
the structure of bi-orthogonal codes, the covariances between T; and T}, 1,7 =
1,...,2F1 — 1,281 41,...,2% — 1, are given by

k=2 i — ;.
V'ij = 0, if IZ '—jl == 2k_1,
23, otherwise.

We then meodel the random variables Ty, ..., Tor-1_1,Tok-141,...,Tox_1, by
ﬂ =V 2k—3(XO + Xi)a

and

Tpe-1y; = V23 (X0 — X0),
where 1 = 1,2,...,2¥* — 1 and Xo, X3,...,X5+_; are i.i.d. N(0,1) random vari-

ables. Thus

sz—z

= Alim0 Pr{X;—X;<0and Xo+X; <0,Xo— X; <0,1=2,3,...,28t — 1,
z—

= Al‘ll'no PI‘{ Xg < 0, —Xo < X; <Xy+ AIE, and Xp < X; < ~X0,

i=2,3,...,251 -1}/ Pr{0< Xp + X, < Az}
o e B 2 [P() - PO 20 di
- Az—0 AIE/\/ZET—
= V2 [ 2(vay) (Pl) - P(-of " .

The same result can be obtained if we expand, into a power series in A, the
expressions for error probabilities in [12]. We have integrated numerically the
expressions for Py-2, kK = 3,4,...,11, and listed the results in Table 3.2, along
with the quantities (2F - 2)\/k/(27) Py—2. Again note that, for bi-orthogonal
codes at very low signal-to-noise ratios, the bit error probability increases with

the number of codewords.



k Pk (2k — 2)\/k/(27) Pyr-2
3 1.0817e-1 4.4848e-1
4 2.8223e-2 3.1526e-1
5 7.6703e-3 2.0527e-1
6 2.0968e-3 1.2704e-1
7 5.7062e-4 7.5889e-2
8 1.5415e-4 4.4180e-2
9 4.1327e-5 2.5225e-2
10 1.1003e-5 1.4186e-2
11 2.9114e-6 7.8817e-3

Table 3.2: Psr—2 for bi-orthogonal codes.

3.4.3 The (24,12) Extended Golay Code

The (24,12) extended Golay code is obtained by adding an overall parity
check bit to the perfect triple-error-correcting (23,12) Golay code. Its weight
enumerator is A(z) = 1+ 759z% + 2576z'2 + 759z'¢ + z?%. Note that the codeword
of weight 24 is the all-one codeword, which covers all other nonzero codewords.
The automorphism group of the (24,12) Golay code is the Mathieu group M4 [4,
Chap. 20, §4, Corollary 5] which is five-fold transitive [4, Chap. 20, §3, Theorem

2).

Proposition 3.2 [4, Chap. 20, §3, Problem (6)] All the codewords of weight 8

are in one equivalence class.

Proposition 3.3 [4, Chap. 20, §4, Problem (11)] All the codewords of weight 12

are in one equivalence class.

Proposition 3.4 All the codewords of weight 16 are in one equivalence class.
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Proof. The permutation that maps one codeword to another (possibly different)
codeword will do the same to their complements. Since the complement of any
codeword of weight 8 is a codeword of weight 16 and vice versa, the proposition

follows from Proposition 3.2. ' ]
Proposition 3.5 Fvery codeword of weight 16 covers codewords of weight 8.

Proof. The following is a generator matrix for the (24, 12) extended Golay code

(4, Fig. 2.13]:

(1 1000000000001 1011100010]
1 01 00000O0OO0O0O0OCO0OGI11O011100O01
1 00100O0O0OOO0OCO0O0CO0OO0101101110O00Q0
1 0001000O0OO0CO0O0O0O0OO0OO01011011100
1 00001 00O0OO0OO0O0OO0DO0O0O0O0101101110
1000001 00O0CDO0O0OCO0OO0O0O0T11 0110111
1 0000O001O0O0GOO0OCO1IO0CO0O01O0110T11
1 00006O0O0OCO0CI1IO0CO0CO0OO0C1I 1T 000101101
10000O0O0GCGO0O0C10O0OO0O111TO00O0T1O0T1T1O0
10000000001 0O0O0O1110001011
1 0000O00O0CO0CO0OO0O01O0101110O0O01C01
100000000000 111111111111 |

The codeword obtained by taking the modulo-2 sum of row 1, row 2,..., row 10

is of weight 16:

011111111110010111000101.

The modulo-2 sum of row 1, row 3, row 6 and row 8 gives a codeword of weight 8:

010100101000010111000000,

which is covered by the previous codeword of weight 16. Also note that the
modulo-2 sum of these two codewords is a codeword of weight 8 covered by the
first codeword. Now the proposition follows from Proposition 3.4. ]

By the above propositions, along with theorems in the previous section, near
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A = 0 the block error probability can be approximated by

4095 1
P A+ (/o (7598 Ps +2576V12 Pyy)

~ 4096
and the bit error probability can be approximated by

1 256 [ 1
a~——A--——@w¢@%+%MVmﬂg.
2 3 \or

Unlike the last two examples, we do not expect exact a,nalyticail expressions for P
“and Py;. The procedure described in the last section is used to simulate Ps and
Pyy. The results are Py ~# 4.0 x 107® and Pj; =~ 4 x 107%. (Since Py, is very small,

the reliability of the exact value is doubtful but the magnitude is correct.) Then

4095 1
P ~ —— —X-4/—(86x10%+36x107*
B 4096 \ 27 ( + )

4095
~ —— — X (3.6 x107°),
4096
and

1 256 | 1

P~ ——X-Z=4/—(86x107%+36x107*

b 2 3 Vaor ( * )

1

~ ——A-(0.30).
5 A+ (0:30)

Note that the terms above for weight 8 codewords (codewords at the minimum

distance) are much larger than the terms for P;s.

3.4.4 The (15,6) Expurgated BCH Code

We now consider the (15,6) expurgated BCH code with generator polynomial
(z*+z+1)(z*+ 22+ +z+ 1) (z+1) =2°+ 2%+ 2° + z* + = + 1. Tts weight

distribution is as follows.
d: 0 6 8 10
Ag: 1 30 15 18

It is known [8] [9] that the complete automorphism group of the (15,7) primitive

BCH code with d_:, = 5 is the group {bz? +¥'2¥"" . b € GF(2Y), b £
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p¥H and ¢ = 0,1}. We also know that the automorphism group of an expurgated
code contains that of the corresponding primitive code. With the above facts in
mind, by examining the codewords of (15,6) expurgated BCH code, we find that
all the codewords of equal weight are in the same equivalence classes. Therefore,

the error probabilities near A = 0 are approximately
63 12
Py~ o~ \- \/-5— (30v/6 Py + 15v/8 Py + 18v/10 Py) ,
T

and

1 32
Py~ = —\- \/ (3ofP6+15\fP8+18¢—P10)

2 15

From a Monte Carlo simulation, Ps ~ 4.1 x 1072, Py ~ 8.9 x 10™* and Py =

9.4 x 107%. Thus

63 [2
Pg ~ — —2X- 0.30 + 3.8 X 102 + 5.4 x 10~
B 64 57r( i oA )

% ) (012),
64

Q

and

1
Py~ —X-(0.26).

Note again that the terms above for codewords at the minimum distance are much

larger than the remaining terms.

3.5 Asymptotic Coding Gain

The coding gain is the ratio of the signal-to-noise ratio without coding to the
signal-to-noise ratio required when using an error-correcting code to achieve the
same error probability. We define the asymptotic coding gain as the limit, as the
signal-to-noise ratio approaches zero, of the coding gain. Two theorems based on

the criterions of Pp and P, respectively, will be given.



- 70 -

We now derive approximations to Pg and P, at low signal-to-noise ratios when
no coding is used. For an unquantized AWGN channel, if no coding is used, the

bit error probability is
=Q(vV2)),

where Q(z) = [ e */2/\/2x dt. Thus near A = 0,

poly.

2 N

If we group & bits as a block, when no coding is used, a block error occurs when

(3.17)

there is at least one erroneous bit and so
PE:l‘—(l—-Pb)k,

which gives the following approximation near A = O:

1 k

Comparing (3.5), (3.7), (3.11), (3.17), and (3.18), we obtain the following:

Theorem 3.5 For binary block codes, with the criterion based on block error prob-

ability, the asymptotic coding gain at low sz'gnal-to-noz'se ratios 1s given by
22(k 1)
Z \Vdi P;
i=1

Theorem 3.6 For binary linear block codes, with the criterion based on bit error

Gg =

probability, the asymptotic coding garn at low signal-to-noise ratios 1s given by
2

I (d; — dy)
Gy=—| > w =R
nk ; ; Vd;

XOX ;=X

If the code used is systematic with no repeated columns and its automorphism
group contains a transitive permutation group, then the asymptotic coding gain

can be simplified to

()
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which 1s equal to (k/n)*Gg.
We now apply the results in Theorems 3.5 and 3.6 to the codes discussed in the

previous section. For orthogonal codes with 2* codewords, based on Pg-criterion,

the asymptotic coding gain is

Gp = ZZ(k_I)(:k —1 ([ z(van (P dt>2,

which approaches mIn 2 = 3.38 dB as k£ — co. For the Py-criterion, the asymptotic

coding gain becomes

G, = k22 ( [ 2z PP dt)z,

—o
which is asymptotic in k to (7 In2)k*/2%*. The same results were obtained in [1].
We list the asymptotic coding gains based on criterions P, and P, for orthogo-
nal codes in Table 3.3. Note that, based on the Pg-criterion, except for k = 2,
orthogonal codes result in positive coding gain compared with no coding at low
signal-to-noise ratios and the gain increases with the number of codewords. How-
ever, for the Pj-criterion, there is always a coding loss when using an orthogonal

code and the loss increases with k.

For bi-orthogonal codes with 2% codewords, based on the Pg-criterion,

22(k—1)(2k - 2)2

G = ([7 2020 () ~ P @)

k

For the Pj-criterion,
Gy = k(2" — 2)? (/0°° Z2(v21) [P(t) — P(—)]F dt)z .

We tabulate these asymptotic coding gains for bi-orthogonal codes in Table 3.4.
It is observed that with the criterion Py, there is a positive coding gain when

using a bi-orthogonal code and the gain increases with the number of codewords.
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k Gg G,

2 -0.798dB -4.32 dB
3 0.258dB -7.10dB
4 0.880dB -10.6 dB
5 129dB -14.6dB
6 1.58dB -18.8dB
7 179dB -23.4dB
8 196dB -28.1dB
9 209dB -33.0dB

10 219dB -38.0dB

Table 3.3: Asymptotic coding gain at low signal-to-noise ratios for orthogonal
codes.

k Gg G,

3 0.505dB -1.99 dB
4 0.965dB -5.06 dB
5 1.32dB -8.78 dB
6 1.59dB -12.9dB
7 1.80dB -17.4 dB
8 1.96dB -22.1dB
9 209dB -27.0dB
10 2.19dB -32.0dB
11 2.28dB -37.1dB

Table 3.4: Asymptotic coding gain at low signal-to-noise ratios for bi-orthogonal
codes.
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Again, using the Pj-criterion, there is always a coding loss and the loss increases
with k.

For the (24, 12) extended Golay code,

222 2
Ge = 50 (759v/8 Ps +25761/12 Py)

1.16 ~ 0.66 dB,

Q

which is a gain over no coding. Also

k 2
Gb = (—) GE =~ 0.291 =~ —5.3 dB,
n

which is a loss. For the (15,6) expurgated BCH code,

210
Gp = - 6(30\/5P6+15\/§P8+18\/10P10)2

~ 135~ 1.3 dB,

and

k 2
n

It was shown in [1] that if hard quantization is used on an AWGN channel,
using the bit error probability criterion, any coding scheme results in a loss at
low signal-to-noise ratios. Note that for all the codes discussed in the last sec-
tion, based on the P,-criterion, there is always a loss with respect to no coding,
as we expect. However, one should understand that, at low signal-to-noise ra-
tios, maximume-likelihood decoding is not the scheme that minimizes the bit error

probability.

3.6 Discussions

The preceding sections show that the performance of binary block codes at low

signal-to-noise ratios depends heavily on codes’ geometries through the important
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quantities P;. Since the number of inequalities involved in P; is much larger than
the dimension for most codes of interest, closed form expressions for P; are not
expected to exist. We have tried some general lower and upper bounds, but all
the resulting bounds are pretty loose. Further research can be done in finding
good lower and upper bounds for P; by using the codes’ algebraic structures.

Now we state a conjecture about the property of P;,.which we cannot prove:
Conjecture 3.1 For codewords x;,x; € C, if d; < d;, then P, > P;.

Consider the quantity E?’:III \V/d; P;, which plays an important part in expressions
of both the block error probability and the bit error probability. Based on what

we have observed, we boldly make the following conjecture:

Conjecture 3.2 The sum of terms +/d; P; at code’s mintmum distance is larger

than the sum of the remaining terms.

Appendix 3.A Derivations of (3.9) and (3.10)

We need several equalities before we can show (3.9) and (3.10). If the code C

has no zero columns and no repeated columns, then it is easily shown that

M~1
x?] — 2]6—1, for j fomng 1’ 2, caey n, (3.19)
=1
M-1
zijZi; =0,  for 7=1,2,...,n, (3.20)
=1
M-1
Tz = 2872, for 7,0 =1,2,...,n and j #1, (3.21)
=1
M-1
xijfil = 2k—2, for ]al = 172) <.y and ] 7é l? (322)
=1

where z;;,7 = 1,2,...,n, are the components of x; and Z;; is the complement of
z;;. (Note that the symmetric assumption we made about each bit position in the

codeword implies that there are no zero columns.)



We have

> TiiTim = nin — 1)257%,

Therefore,
& = n2"' 4 n(n—1)2"?
= n(n+1)2°72

This ends the derivation of (3.9).

Similarly,

l\gl d; d(x; © %) = Ail (]é %’) (f: (Zim ® xlm)) .

If j = m, then by (3.19) and (3.20)

M-1 k-1

2 if ;; = 0,
Z zi;(zi; @ 1y5) = { 0 ’ if xlj, -1
i=1 ’ '

Since there are (n — d;) of z;’s such that z;; =0,
On the other hand, if 7 # m, then by (3.21) and (3.22)
M

It follows that
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Finally,

M-1
did(x; ®x) = (n—d)2¥ +n(n-1)2572
i=1
= n(n+1)257% - 4251,

which is the result of (3.10).

Appendix 3.B Proof of Theorem 3.3

In this appendix x, y, b, b’, d are all column vectors and A is a matrix. We

say a vector x > 0 if all its components > 0.
The Farkas Alternative [10, p. 56] FEither the equation

Ax =Db has a solution x>0 (3.23)

or (exclusively)

- yTA >0, yY"b <0 has a solution y. (3.24)
Lemma 3.1 Either the equation
Ax+ad=Db has a solution x>0, a € R (3.25)
or (exclusively)
yTA <0, y¥d =0, y'b >0 has a solution y. (3.26)

Proof. The assertion (3.25) is not yet of the form (3.23) in the previous lemma.
So we use a trick: we set the unconstrained &« = v — v and require v > 0 and

v > 0. Now (3.25) becomes

Ax+ (u—v)d=Db hasasolution x>0, v >0, and v > 0.
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Multiplying both sides of the equality by —1, we now have
(-A)x — (u —v)d = —b has a solution x >0, v >0, and v > 0.

In partitioned form, this says

x
[-A,—d,d]| v | = —b has asolution x>0, v >0, and v > 0.
v

Now we have a Farkas case (3.23). By (3.24), the alternative is this:
yT [—A, —d,d] >0, —y*b <0 has a solution 7y.
If we unpack the first inequality, we can obtain
~y'A >0, -y"d >0, y'd >0,

which is equivalent to

yTA <0, yfd =0,

completing the proof.

Lemma 3.2 Suppose the set A = {x : Ax < 0, d7x = 0} is nonempty. If

Ax <0, dTx = 0, bTx > 0 has a solution x, then Ay < 0, dTy =0, bTy > 0

has a solution y.

Proof. Let x = x° be a solution of Ax < 0, d¥x = 0, bTx > 0. Choose

y = x°+ €z, where z € A and ¢ > 0. We will show that for small enough e, y is

a solution of Ay < 0, dTy = 0, bTy > 0. First since Ax®° < 0 and Az < 0,
Ay = Ax®+ €Az < 0.

Second we obtain

dTy = dTx° + ed%z = 0.
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Finally we can have

bTy = bTx? + e¢bTz.
Since bTx® > 0, the condition bTy > 0 holds for sufficiently small e. N

Theorem 3.3 Let the set A = {x: Ax < 0, dTx = 0} be nonempty. The
inequality bTx < 0 holds for all x € A if and only if b = b' + ad, where b' €

{ATy: y>0andy #0} and a € R.
Proof. The proof for the sufficient condition is straightforw.ard. We have
bTx = b'Tx + ad”x = b'Tx = yT Ax,

which is < 0 because y > 0, y # 0 and Ax < 0. Now comes the proof for the
opposite direction. Suppose the necessary condition is wrong. First we assume
that b = b’ + ad but with b’ = 0. Then b¥x = ad”x = 0, contradicting that
bTx < 0forall x € A. Second we assume b is not in the form of b = b'+ad, where
b'e {ATy: y >0} and a € R. It follows that the equation ATy +ad = b
doesn’t have a solution y > 0, o € R. Therefore, the case (3.25) of Lemma 3.1 is

wrong, and we must have the alternative:
xTAT <0, x'd =0, x"b>0 hasa éolution X,
which is the same as
Ax <0, dTx =0, bTx >0 has a solution x.
By Lemma 3.2 this implies
Ax <0, d¥x =0, bTx >0 has a solution x,

which contradicts the assumption that b¥x < 0 holds for all x € 4. |
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CHAPTER 4

ON THE PATH WEIGHT ENUMERATORS OF
CONVOLUTIONAL CODES

4.1 Introduction

In the study of convolutional codes, we are particularly interested in distance
propérties because they are of great importance in performance estimation. Usu-
ally we consider the convolutional code encoder as a finite state machine; then the
behavior of the encoder can be completely described by the corresponding state
diagram. There is a one-to-one correspondence between the possible output code
sequences from the encoder and the paths through the state diagram beginning
and ending in the all-zero state. We call a path beginning and ending in the all-
zero state without intermediate returns a fundamental path, and for each d denote
by A4 the number of fundamental paths of weight d. The path weight enumerator

[1] A(z), which is the generating function of A:

A(.’IJ) = Z Adxd
d=0

provides weight distribution information of the corresponding convolutional code.

The free distance of the code is defined to be the least d such that A, is not zero:
dfree :mln{dz 0: A; > 0}

It is well-known that for a given code rate, the larger the free distance, the better

the code will perform at high signal-to-noise ratios. In this chapter, we introduce
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a quantity, called the dominant root of the code, which tells us the growth rate of

Ay at large distance:

a = limsup A(];/d. (4.1)

d— o0
The importance of o can be seen from the following transfer function bound for
the first-event error probability (which is the probability that the correct path is

excluded for the first time during Viterbi decoding):
Pg < A(Z)|p=1, (4.2)

where < is the channel’s Bhattacharyya parameter [1|. For a binary-input DMC

with output alphabet Y,

v =Y /p(y0)p(y[1).

yeY

For the unquantized AWGN channel,

.. —Hs/N
~ = ¢ BlNo,

where E, /N, is the channel symbol signal-to-noise ratio. The largest positive
value of 7y for which the bound 4.2 converges is the radius of convergence of A(z),
which by a well-known theorem [3, p. 213] is @™, where « is defined in (4.1).

In principle, the path weight enumerator A(z) can be computed by applying
Mason’s gain rule, or some other standard combinatorial technique, to the code’s
labelled state diagram [1] [4]. In general, A(z) is a rational function, with integer

coefficients:
N(z)

A(z) = D(z)’

Since the coefficients A, of A(z) are nonnegative, it follows from [3, Theorem
7.21] that z = &' is a singularity of A(z), i.e., that D(a™!) = 0. Thus « is the

reciprocal of the least-magnitude root of the equation D(z) = 0.
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In this chapter we shall investigate the dominant roots of various convolutional
codes. In Table 4.1 we actually compute o for some (2,1) convolutional codes of
constraint length ! K from 4 to 12. For K < 7, « is computed directly from the
denominator of A(z). For K > 7, we compute « as follows. From [5], it is known
that the maximum number of consecutive all-zero branches that can occur in a
nonzero fundamental path is K — 2 for a rate 1/2 code of constraint length K.
Hence any fundamental path of weight d has length < (K — 1)d branches. We
then compute A4, from the trellis diagram up to some large enough d for a given
code and found o approximately by either 44/A4-1 or m for some large
d. (For some codes A; = 0 for odd d, so we compute m for large even d
instead of A4/A4-1.)

One should note that for a fixed constraint length, all dominant roots are close
together, and, furthermore, they seem to approach a limit for very large K. We
explain this interesting phenomenon in Section 4.2 by considering the ensemble of
fixed convolutional codes as a subset of the ensemble of time-varying convolutional
codes, and then computing the average distance profile for a random time-varying
code. The result gives a surprisingly accurate prediction of the growth rate of
the number of fundamental paths at large distance for fixed codes. In Section
4.3, the corresponding generating functions are found, and their pole locations are
investigated. In Section 4.4, we estimate the average free distance for time-varying
convolutional codes and obtain, for each finite constraint length, a Gilbert-like
free distance lower bound that performs asymptotically as well as the asymptotic
bound in [6]. A similar random coding analysis for the total weight of information
bits for fundamental paths at each distance is given in Section 4.5. An interesting

example of the performance of several convolutional codes at low signal-to-noise

!Following [1], we define the constraint length K to be m + 1, where m is the code’s memory.
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Generator polynomials

K g1 g2 dfree 184

4 1101 1111 6 2.20557
4 1011 1101 6 2.21750
4 1001 1011 5 2.20557
4 1110 1101 6 2.08931
4 1010 1101 5 2.07766
4 1111 0111 4 2.06709
4 1001 1000 3 1.93013
5 10011 11101 7 2.31266
5 10101 11101 6 2.29655
5 10111 11111 6 2.30147
5 11101 11001 7 2.29503
5 10001 11111 6 2.34632
5 11111 01111 4 2.25692
5 10101 10000 4 2.09504
6 110101 101111 8 2.35695
6 110001 101001 6 2.35830
6 100101 111111 8 2.36326
6 110011 111011 7 2.35927
6 100011 100111 7 2.34530
6 101111 011001 8 2.35089
6 110101 100000 5 2.18396
7 1011011 1111001 10 2.38762
7 1100101 1000101 7 2.37357
7 1001001 1110011 8 2.38751
7 1100111 1111111 6 2.38699
7 1001111 1100011 8 2.38929
7 1110011 0101001 8 2.38219
7 1111001 1000000 6 2.24920
8 11100101 10011111 10  2.40007
8 11011011 10011011 7 2.39711
8 10011101 11010011 8 2.39768
8 10001001 10101101 8 2.39200

Table 4.1: Dominant roots for some (2,1) convolutional codes.
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K 9 92 dfree o

8 10000101 10111001 8 2.40034
8 10111001 01110001 9 2.38478
8 11101111 10000000 6 2.32136
9 101110001 111101011 12 2.40733
9 100100101 100100001 7 2.41385
9 110000001 110101101 9 2.40651
9 101011001 110100111 11 2.40672
9 111100011 101001101 11 2.40582
9 101111011 011001111 10 2.40383
9 111010111 100000000 8 2.34476
10 1001110111 1101100101 12 2.41046
10 1011101001 1001010011 9 2.40925
10 1010011001 1001111011 12 2.41026
10 1101101001 1011110101 12 2.41019
16 1111100011 1000011011 10  2.40888
10 1100100011 0111010001 10 2.40999
10 1110111001 1000000000 8 2.35743
11 10011011101 11110110001 14 241212
11 11100110111 10001101111 11 2.41125
11 11010000001 10010011111 11 2.41247
11 11000010011 11001001101 11 2.41172
11 11001010101 10000101011 11 2.41251
11 11110101001 01101100001 12 2.40988
11 11110110001 10000000000 8 2.36820
12 100011011101 101111010011 15 2.41303
12 111110110111 111101011011 11 2.41191
12 101001001101 111000100111 12 2.41321
12 110110111001 100001100101 13 2.41318
12 101011011001 100100001001 10 2.41355
12 101100000101 010100010111 11 2.41259
12 110001100001 100000000000 §] 2.40774

Table 4.1: (Continued.)
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ratios is given in Section 4.6. Finally, possible extensions to this work are discussed

in Section 4.7.

4.2 Average Distance Structure for Random Convolutional Codes

In this section we shall compute the average distance profile for the ensemble
of time-varying convolutional codes. A time-varying convolutional code [1] [7]
is a convolutional code whose generator polynomials may be changed after each
time unit. In other words, the tap positions of modulo-2 adders in the shift
register encoder are reselected after each shift of the bits. Now consider the
ensemble of all time-varying convolutional codes, which include the ensemble of
fixed convolutional codes as a subset. A uniform probability measure is imposed
on each code by randomly reselecting the encoder tap positions after each shift.
This can be done by hypothetically flipping a fair coin for each tap position. Then
the encoder output will be a random binary vector after each shift.

Let A; denote the average number of fundamental paths of weight d in the
ensemble of all (n,k) time-varying convolutional codes of constraint length K.
We consider only the (n, k) codes with 28(~1) states, whose encoders have k shift
registers all of the same length K. One of the main results in this chapter is the

following theorem:
Theorem 4.1 For K > 2,

Ag=0,+

I

g
2

K~-1 ¢; s d
; 6:62"-:—4;1_ <2“6) ,

where
1— o, fd=0,
0, =1 (& if1<d<n,

an >
0, if d>n,
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and r;y, 1 =1,2,..., K — 1, are the reciprocals of the roots of
K-1
—2F-1) > ¢y =0
i=1

Proof. Let A4; be the number of fundamental paths of weight d and length [ so

that

Zd = sz,l- (43)
l

Under the uniform probability measure, each branch of a trellis path is a random
n-dimensional binary vector, and each nl-dimensional binary vector has the same
probability of being a fundamental path of length /. Let T; denote the number of
fundamental paths of length [ for any (n, k) convolutional code of constraint length

K. Then the probability of being a fundamental path for any nl-dimensional

nl
d

—  _(nl\ T
Ay = (d) ol (4.4)

We show in Appendix 4.A that the generating function T'(y) of T; for any (n, k)

binary vector is 7}/2™. Since there are ( ) nl-dimensional binary vectors of

weight d,

code of constraint length K being considered is given by

_Ply) (2 -1yF(1-y)
)= Qy) 1—2ky+ (28— 1)yX (15)
Cancelling the common factor (1 —y) in P(y) and Q(y), we obtain
P 2F — 1)y%
T(y) = (v) _ ( )y - (4.6)

Qly) 1-(2 -1y
The denominator @(y) can be shown to be squarefree for K > 2 by proving that

Q(?J) =(1-y)Q(y) =1~ 25y - (2’“ — 1)yK is squarefree:

ged (@(y), @'(y)) =1, for K > 2, (4.7)
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The derivation of (4.7) can be found in Appendix 4.B. For K > 2, T(y) can
therefore be partial-fraction expanded to

&

K-1
T(y)=1—
(v) y+§1_w,

where r;, i = 1,2,..., K—1, are the reciprocals of the roots of 1—(2¥—1) Zf:—ll Y =

0 and
—r:P(r’)
€ = — v
Q'(r; 1)
Therefore,
K-1
Ti=¢+ ) art, (4.8)
=1
where
1, ifl=0,
o= —1, ifl=1,
0, ifl>2.

d! 2

14 0l
_ 5 nl(nd — 1)+ (nl — d+ 1) (i) |

where rz-l ™ is any n-th root of r;. In order to compute the above series, define

f{#) =1+" 41"+ .-+t +.... Then the d-th derivative of f(t) is

et
&
=
Il
™
=
8
S,
£
|
=
B
|
j=
+
o
=
3,

o K~1 td
Ag= > ¢~ Ef[d](t) F for d > n. (4.9)
i=1 : t::-é—
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where w = ¢'%. With f(t) in this form, its d-th derivative is easily found to be

n—1
_ ! Z d! - (1 — wet)~ D, (4.10)

Combining (4.9) and (4.10), we get

1 d
1 " ¢ wrf
AdZ“ZZ + 'l) , for d > n.
n =0 1 s, T8 \2 —wir?

Since w’r; /n, s =0,1,...,n — 1, are all the n-th roots of r;, A; can finally be
expressed as the form in Theorem 4.1 for d > n. The proofs for d = 0 and
1 < d < n are the same as the above except that a few modifications for the offset
0, are needed. |

Now we want to investigate the behavior of A; when d is large. Let 6§ be
any n-th root of any r; and let r be the reciprocal of the least-magnitude root of
1— (28— 1) =K ' y7, the denominator of T'(y). From [3, Theorem 7.21], r is real

and positive because T'(y) is a nonnegative series. Since

5 5] oF
’2~5’SH2!—I6II Sy

it follows from Theorem 4.1 that for large d, A, satisfies

where [ is some constant independent of d and

o = .
2—

For large K, r is very close to 2%, and then & is very close to 2%/(2 — 2%), where

R = k/n is the code rate.
We compute & for (2,1) codes of constraint lengths from 3 to 12 in Table 4.2.

Comparing Tables 4.1 and 4.2, we can see that for a given K, the o’s in Table
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=

&

1.7473273
2.1065695
2.2699329
2.3451684
2.3806466
2.3977176
9 2.4060505
10 2.4101566
11 2.4121921
12 2.4132048

G~ AW

Table 4.2: Average & for (2,1) convolutional codes.

4.1 are quite close to the &’s in Table 4.2, especially for K > 7. Some kind of law
of large numbers appears to be in operation. If we choose a convolutional code
randomly, then its « is expected to be close to the average &. Note that for (2,1)
codes, & will approach v/2/(2 — /2) = 14 /2, which is 2.4142136..., for large
constraint length K. All the above results can facilitate predicting Ay at large
distance for codes of moderate to large constraint length. Also note that the o’s
for the codes usually used in practice, of which the encoders have both ends of
shift registers tapped to the modulo-2 adders, are closer to the average & than

those for systematic codes (the last row of each constraint length in Table 4.1).

4.3 The Generating Function A(x)

In this section we compute the generating function A(z) of A; and then inves-

tigate the pole locations. From (4.3) and (4.4),
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Changing the order of summations, we obtain

= T

ZznzZ( ) t=2 e

by recognizing 37, (’le) z% = (1 + z)™. Therefore A(z) can be found to be

A(z) = T(<1;x>n) | (4.11)

_ (28 — 1)(1 + z)"K
Sk — (2 - 1) IS 2K (1 4 ) (4.12)

All the poles of A(z) for n = 2, k = 1, and K = 7 are plotted in Figure 4.1.
Observe that there is only one pole inside the unit circle, a fact that is proven for

n <4 and K > 2 by using the well-known Rouché’s Theorem:

Rouché’s Theorem [3, Theorem 3.42] If f(2) and g(2) are analytic inside and
on a closed contour C, and |g(z)] < |f(z)| on C, then f(z) and f(2) + g(z) have

the same number of zeros inside C'.

Lemma 4.1 The polynomial @(y) = 1—2%y+ (28— 1)y¥ has only one zero inside

the unit circle for K > 2.

Proof. Choose r < 1 but sufficiently close to 1 such that 1—2r+ (2% —1)r% < 0.

This is possible because @(y)]y:1 = 0 and

d%y) =2+ K(2*~1)>0, for K > 2.

y=1

Let C be the contour |y| =r, f(y) = —2%y, and g(y) = 1 + (2 - 1)y*. On C
g()] =1+ (2" = Dy | <1+ (2F - 1)r" < 2% = |f(y)].

Since f(y) has only one zero inside the contour C, then by Rouché’s Theorem,
Q(y) has only one zero inside C. The lemma follows from the fact that any zero

inside the unit circle will be inside the contour C for r sufficiently close to 1. &
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Figure 4.1: Pole locations of A(z) forn =2, k = 1, and K = 7. (The circle shown
is the unit circle.)
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Since Q(y) = (1 — y)Q(y), where Q(y) is the denominator of T(y), it follows
from the lemma that T'(y) has only one pole inside the unit circle for K > 2.
Since T; > O for all [, the pole inside the unit circle is real and positive. Finally,

we state the theorem as follows.

Theorem 4.2 For n < 4 and K > 2, there is only one pole of A(z) inside the

unit circle.

Proof. From (4.11),

=1 ((45)),

If z is a pole of A(z) and y is a pole of T(y), then

(37 -
5) =0,

or equivalently
T = <2y% - 1) .

It follows that

1

lz] <1 if and only if yn — 5’ <

From Lemma 4.1, for K > 2 there is only one pole y ( real and positive) of T'(y)
inside the unit circle, and hence for n < 4 there is only one n-th root of ¥ inside
the circle |z — (1/2)]| = 1/2 as seen from Figure 4.2. K

Thus for n < 4 and K > 2, the approximation
Zd ~ ﬂ&d

is very accurate for large d because & is the reciprocal of the only pole inside
the unit circle for A(z) and all the other terms neglected in the approximation

approach 0 as d — oo.
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~
N

Figure 4.2: The unit circle |z| = 1 and the circle |z — (1/2)] = 1/2.

4.4 Free Distance Bound

In this section we first estimate the average free distance and then present a
Gilbert-like free distance lower bound for time-varying convolutional codes. If we

define cAlfree to be

diee = min { d: A;>1 } , (4.13)

then intuitively Elfree constitutes an estimate of the average free distance for a
random time-varying convolutional code. Furthermore, the following theorem

gives a lower bound on free distance:

Theorem 4.3 There ezists an (n,k) time-varying convolutional code with con-
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straint length K and free distance dge. satisfying

dree_
A > 1.

o)

-
i
=]

Proof. The sum Efgge A; must be greater than or equal to 1 for any time-varying
code of given rate and constraint length if dg.. is the corresponding maximum
free distance. Since A, is the average of A4 in the ensemble of time-varying
convolutional codes, the theorem follows. |
This lower bound guarantees the existence of at least one time-varying code
such that the free distance is bounded below. We can easily see that the lower
bound is not larger than Zl{ree. It will become clear that the bound in Theorem
4.3 is Gilbert-like if we consider its analogy for binary block codes. For random
(n,k) block codes, (g) /2"* is the average number of codewords of weight d. The
inequality E?:o A; > 1 is hence equivalent to
()
i=0 \*?
which is just the Gilbert-Varshamov bound for block codes except that the upper
limit of the summation should be d — 1 for the bound.
Costello [6] obtained a Gilbert-type asymptotic lower bound on free distance

for nonsystematic time-varying convolutional codes:

d co R(1 — R~-1
lim —= > (1—277)

4.14
Koo nK = H(2R-1) + R—1’ (4.14)

where H(z) is the binary entropy function. Based on random coding arguments,
Forney [8] gave a bound that is not restricted to linear convolutional codes. For
the binary case, it says that there exists an (n, k) trellis code with memory m and

free distance dy... satisfying

diree > max (nmln2 —In(1+e7%) + g) ) (4.15)

2/(1+e~o)>28 o o
a>0
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where 0 is a constant independent of m. It is shown in [8] that asymptotically
(i.e., as m — o0), the bound (4.15) can be put in Costello’s form (4.14). The

following theorem is about the asymptotic behavior of the bound in Theorem 4.3.

Theorem 4.4 Asymptotically, the bound in Theorem 4.8 can be put in Costello’s
form (4.14).

Proof. We only need to show that the lower bound in Theorem 4.3 can be put
in the form of Forney’s bound (4.15). By using the Chernoff bound and the
generating function A(z) of 4y,

dfree o)

>4 ZZ “dimee) = gt A7), @ >0, (4.16)
i =0

Thus, the bound in Theorem 4.3 can be given by

min > A(e™*) > 1,
a>0

where the minimization occurs because we want the inequality in (4.16) as tight

as possible. The above inequality can be rewritten as

1 1
dree__>. - 1 == - . 7
" maxa<nA(e_a)) (4.17)
Using (4.12), we obtain
et = nK[In2—In(1+ e )] —In(2* — 1)
Ale2) N

K 1
+In 27" (1 4 ¢7%) ni . (4.18)

_7:1

We now upperbound E]I-{:"ll 27 (1+ e %)™ by

K-1 - ny 00 —
14+e® 14e®
( +e ) > +e (4.19)

=1 2
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The inequality (4.19) will become an equality as K — oco. For (4.18) to be valid,

we must have

K-1 —a\ "
1+e™
2F—-1) > <1,
( )j:l( 2 )

and by (4.19) this yields

which is equivalent to the required condition in the maximization domain of (4.15):

2
— > 2% (4.20)
1+e @
If we set 4, a constant independent of m, to be
0 = n[ln2—In(1+e*)]—In(2* 1)
1+e*\" 1+e )"
1—-(2F -1 1
anfi-e-a (57) /- (557) ]
then from (4.18),
I e > nm [ln2 —1In(1+ e“")] + 0, (4.21)

Ale=)
which will become an equality as m — oo. Combining (4.17), (4.20), and (4.21),
we have put the bound in Theorem 4.3 into Forney’s form (4.15). |
Based on the idea in [8], a more general lower bound on free distance for trellis-
coded modulation schemes was derived in [9] [10]. The bound can be applied to
time-varying convolutional codes. For the binary case, it says that there exists

an (n, k) time-varying convolutional code with memory m and free distance die,

satisfying
E 0|E
divee >  max (m (a’p)+ [ (a’p)]), (4.22)
E(a,p)>kIn2 o o

a>0

0<p<1

p(y)
where

py1/e
E(e,p) = —In [Z p(y) [Z p(}")e—“d(y’y')} } : (4.23)

yES y'es



- 08 -

and

k__
0[E(a, p)] = In (e”[E(""”)_““z] — 1) Y (22—kl) . (4.24)

The signal set S consists of all binary n-tuples, and p(y) is the probability of a
particular n-tuple y; also d(y,y’) denotes the Hamming distance between y and
y'. Compared with Forney’s bound (4.15), this bound has extra parameters p and
p(y) in the maximization domain. However, we find that if E(«, p) is maximized

by equiprobable signals, i.e., p(y) =1/2" for all y € S, then

1 /{1

- 1/
Bloyp) = ~In |3 5|5 20 oY)
|lyeS y'es

3 1+e—-a np l/p
et
] 2

= n[ln2—In(1+ e %)]

regardless of what the value of p is. Since 0[E(c, p)] is independent of m, we can
hence put the bound (4.22) in Forney’s form if E(ea,p) is maximized by equal
probabilities. For this case, the asymptotic behavior of the bound (4.22) will
be the same as Costello’s bound (4.14). We do not need the extra condition
p = 1 as required in [9]. Although it is claimed in [9] that 9E(e,p)/dp < O
and the asymptotic form of the bound (4.22) is tighter than Costello’s bound
(4.14), actually we will not get improvement by having p if E{e, p) is maximized
by equal probabilities p(y). We conjecture that the asymptotic behavior of the
bound (4.22) will always be the same as Costello’s bound (4.14).

In [9] another free distance lower bound is derived on expurgated sets of codes
that meet some “adjacent distance” requirements. This bound has the same
asymptotic behavior as the random coding bound (4.22) but gives better results
for small constraint lengths. The random coding bound in [9] (Equation (4.22)),

the expurgated bound in [9], our lower bound in Theorem 4.3, divee N (4.13), and
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K rand. bound ! exp. bound ? lower bound ® di.. maxd.. *

3 1 5 3 3 5
4 2 5 4 4 6
5 2 5 4 5 7
6 3 6 5 5 8
7 4 6 6 6 10
8 4 7 7. 7 10
9 5 8 7 8 12
10 6 8 8 9 12
11 6 9 9 9 14
12 7 10 10 10 15
13 8 10 10 11 16
14 8 11 11 12 16
15 9 12 12 13 18
16 10 12 i3 13 19

!Random coding bound in [9].
2Expurgated bound in [9].

8Lower bound in Theorem 4.3.
*Maximum free distance for noncatastrophic fixed codes [11].

Table 4.3: Lower bounds on free distance for (2,1) convolutional codes.

the maximum dg.. of fixed noncatastrophic codes for (2,1) and (4,1) convolutional
codes are listed in Table 4.3 and 4.4. For small constraint lengths, our lower
bound is better than the random coding bound in [9] but slightly worse than the
expurgated bound in [9]. As K increases, our lower bound becomes closer to the
expurgated bound in [9]. It should be noted that either the random coding bound
or the expurgated bound in [9] involves maximization over several parameters,
while our lower bound is simpler and requires only computation of series expansion
of a known rational function, which can be done by either long division or iterative

methods.
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K rand. bound ! exp. bound ? lower bound ®* dpee max diee *

3 4 9 6 10 10
4 5 10 8 11 13
5 7 13 10 13 16
6 8 14 12 14 18
7 10 16 14 16 20
8 12 17 16 18 . 22
9 13 19 17 20 24
10 15 20 19 22 27
11 16 22 21 23 29
12 18 23 23 25 32
13 20 25 25 27 33
14 21 27 26 29 36

!Random coding bound in [9].
“Expurgated bound in [9)].

3Lower bound in Theorem 4.3.
*Maximum free distance for noncatastrophic fixed codes [11].

Table 4.4: Lower bounds on free distance for (4,1) convolutional codes.

4.5 Average Weight of Information Bits for Fundamental Paths

In this section we give a similar random coding analysis for the total Hamming
weight of information bits for fundamental paths at each distance. The complete

path enumerator [1] is defined by

Ale,y,2) =30 3 Agz'y's,
4 1 i

where Ag;; is the number of fundamental paths of distance d, length I, and input
weight 2. In principle we can compute A(z,y, z) by the same method in obtaining

A(z). The complete path enumerator A(z,y,2) is in general a rational function
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with integer coefficients:
N(z,y,z)
D(z,y,z2)

Define By = 3,3 ;1Aq,:, the total number of information bits for fundamental

Alz,y,2) =

paths at distance d. Then the generating function B (z) of By is

Blz) = BA(;,;/,Z) )
_ Ny(z,1,1)D y(:z: 1 1) N(z,1,1)D,(z,1,1)
h D*(z,1,1)
': N, (z,1,1)D(z ) N(x)Dz(x,l,l), (4.25)

D*(z)
where N(z) and D(z) are the numerator and the denominator of A(z), and the
subscript z means parfial differentiation with respect to z. The values B, are
important because for maximum-likelihood decoding the bit error probability can
be bounded above by
1 0A(z,y,2) 1
k dz k gy

z=,y=2=1

P, < (4.26)

where «y is the channel’s Bhattacharyya parameter [1]. It is important to note

that the bound diverges at a1,

as does that for the first-event error probability.
Now we want to find the average By in the ensemble of all (n, k) time-varying
convolutional codes of constraint length K. Let T}; denote the number of fun-

damental paths of length [ and input weight ;. By using a uniform probability

measure,

Thus,

S (:) >, (4.27)
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The generating function T'(y, z) of T;; is found in Appendix 4.A. Define

Sp =Y 1Ty,. (4.28)
1=0
Then its generating function is
0T (y, z k2k-1yK
S(y) = ——*(gz I -
I P

(y) can be partial-fraction expanded to

fi
s n-y)z} !

Similar to Section 4.2,

_1) J] 1 J]—

K —1, are the reciprocals of the roots of 1—{2*

where r;, 1 = 1,2,

0 and
1 d
“=- [S(y)(1 — r:w)] . (4.29)
fe= 8w —ry)| .. (4.30)
Therefore,
K-~-1
lecr! + £l + 1)rl] (4.31)

=1

Substituting (4.28) and (4.31) back to (4.27) and using the same technique in

Section 4.2, we finally obtain the following theorem

Theorem 4.5 For K > 2,

. 1K—1
ba = ;z=16:g.::r;{1 % 2-
oL fi5<_‘5__)d+1+__ff__2_.d(_5__)d |
n [1-5\2-6 (1__%) 2-46

K —1, are the reciprocals of the roots of 1—(2%—1) Zf Lyl =

wherer;, 1 =1,2,..
0 and e;, f; are given in (4.29) and (4.30), respectively
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Hence for large d,

_ o\ o\
Bd~ﬂ1(2_%> +ﬁ2'd<2_{,/;> ;
K-1

where r is the reciprocal of the least-magnitude root of 1 — (2¥ — 1) im1 y? = 0.
This result can be expected from the expression of (4.25).
Similar to A(z), the generating function B(z) of B, is found by
Bla) - 3% —g}l—)—&xd LT L
o ( + x>n> - k2rK+E=1(1 4 g)nK
2 (208 — (28 — 1) DX 2nlE=3) (1 + )]

4.6 An Example of the Behavior of Convolutional Codes at Low Signal-

to-Noise Ratios

In this section we shall give an interesting example about the behavior of con-
volutional codes at low signal-to-noise ratios. In [12] we conjecture that for a given
code rate, the smaller the value of the dominant root, the better the convolutional
code will perform at low signal-to-noise ratios. However, after extensive computer
simulations, the conjecture is proved to be false ny the following counterexample.
Here we have three (2,1) convolutional codes all with constraint length 5: Codes
A, B, and C. Their generator polynomials, free distances, dominant roots, and
distance spectrums are shown in Table 4.5.

Results of computer simulations for these three codes with Viterbi decoding
(with 32-bit truncation length) on an unquantized AWGN channel with binary
phase-shift keying (BPSK) are illustrated in Figure 4.3. The bit error probability
Py is plotted as a function of the bit signal-to-noise ratio E;/N, in decibels. Shown

also in Figure 4.3 is the no-coding curve. Code A has the largest free distance
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Code A Code B Code C

g1, 92 11001, 11011 10001, 11111 10001, 10101

dfree 7 6 5
o 2.30034 2.34632 2.32637
d Ay By Ay By Ay By
5 0 0 0 0 1 1
6 0 0 1 2 2 4
7 2 4 1 1 4 12
8 4 12 3 10 8 32
9 6 26 5 15 16 80
10 15 74 12 52 34 196
11 37 205 27 123 75 481
12 83 530 61 346 170 1192
13 101 1369 144 926 392 2984
14 442 3504 334 2492 912 7520
15 1015 8849 789 6675 2129 18995
16 2334 22180 1847 17594 4973 47924
17 5371 55235 4347 46091 11609 120509
18 12353 136720 10203 119278 27074 301708
19 28414 336732 23963 306475 63084 751860
20 65364 825768 56246 781096 146889 1865284
21 150359 2017233 132005 1978601 341870 4608678
22 345876 4911042 309773 4983836 795453 11345518
23 795636 11919854 726856 12494136 1850572 27840404
24 1830234 28852304 1705495 31191560 4304973 68123240

Table 4.5: Distance spectrums for Codes A, B, and C.
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Figure 4.3: Performance curves for Codes A, B, C, and no coding.
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among the three codes, so it will perform the best at sufficiently high signal-to-
noise ratios. Note that Code C outperforms the other two codes for E,/Ny less
than 0.8 dB, although it has a larger dominant root than Code A (and has the
smallest free distance). This hence gives a counterexample to the conjecture in
[12]. Also note that Code C has both A; and By larger than Code A for all d.
Regarding 4; and B, at free distance, Code A has A; = 2 and By = 4, which are
larger than Ag = 1 and Bg = 2, respectively, for Code B. However, for E, /Ny less
than 1.8 dB, Code A performs better than Code B, showing that the so-called
“error coefficient” at free distance (or the number of “nearest neighbors”) is not
a good criterion for the performance of convolutional codes at low signal-to-noise

ratios.

The transfer function bounds (4.2) and (4.26) diverge at E,/No = ln /R =~ 2.2
dB for these three codes. This example indicates that, at signal-to-noise ratios
where the transfer function bound diverges, conclusions drawn from the bound

cannot be used to estimate or predict the code performance.

4.7 Extensions

In this chapter we only deal with binary convolutional codes, and hence an
immediate generalization of this work is to general g-ary convolutional codes.
Another possibility is extension to trellis-coded modulation schemes, which find
important applications to band-limited channels. But then the distance measure
between codewords is Euclidean distance (réal number) instead of Hamming dis-
tance (integer), and the codes are nonlinear. Nevertheless, we think that a similar

random coding analysis can be done for trellis-coded modulation schemes.
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Appendix 4.A Derivation of (4.5)

In this appendix we shall derive T'(y) given in (4.5) by extending the argument
in [2, Sec. 4.6], where T'(y) for any (n,1) code is found. Actually we shall find
T (y, z) first, where the 2z terms describe the Hamming weights of the corresponding
input bits. Consider any (n,k) convolutional code of constraint length K with
2F(E-1) states, whose encoder has k shift registers all of the same length K. Then
T(y,z) is independent of n and the generator polynomials. It is a function only
of k and the constraint length K. Since we shall use recursions on K to get
the expression for T'(y, 2), we change the notation to Tk (y,z) to emphasize the
constraint length. We claim that the following recursion holds, which is the same

as [2, (4.6.2)]:
Tx(y,2) =y - Te-1(y,2) + Te-1(y,2) Tk (v, 2), K >2. (4.32)

Consider all 2¥ —1 states with a branch into the all-zero state in the state diagram.
Suppose that all paths reaching any one of these states are absorbed. Then the
generating function enumerating those paths is just Tx_1(y, z) because we may
ignore the initial inputs in all shift registers as if we had a code of constraint
length K — 1. If the following input is all-zero, then we get a fundamental path
and this case constitutes the first term of (4.32). If the following input is anything
other than all-zero, then we are in the same situation as leaving the all-zero state.

These paths are enumerated by T’k (y, ), justifying the second term of (4.32).

The initial condition for (4.32) is
k k . '
T (y,2) = Z (2) Yzt = [(1 + 2)F ~ 1} Y

i=1

because any input other than all-zero produces a fundamental path of length 1 for
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a code of constraint length 1. Then from (4.32) by induction we can easily show

I L A )
Tk(y,2) = T—y{l+[(1+2)*—1 01— gk}

We therefore obtain the expression for Tk (y):

(2% - 1)y* (1 - y)
1— 2%y + (2% — 1)yXK°

TK(y) = TK(yaz)lz:I =

which reduces to 2, (4.6.6)] for k = 1.

Appendix 4.B Derivation of (4.7)

In this appendix we prove that @(y) and its derivative Q' (y) are relatively

prime for K > 2, where Q(y) =1— 2Fy + (2F — 1)y¥, by showing that
ged (@(y),@'(y)) #1 if and only if K =2 and k = 1.

If K = 1, then @(y) = 1 — y, which is squarefree. For K > 2, @’(y) =
K(2%F —1)y®-1 — 2¥. We can now find their g.c.d. by Euclid’s algorithm. By long
division,

Qy) = %y Q') + (—ﬂ-fgf{:ﬁy + 1) :

Hence gcd(@(y),@’(y)) # 1 holds if and only if

28(K — 1) A
NS Se— 1 !
el Q'(v),
or equivalently,
[K@F -1yt -2 . =o,
VSRS
which yields
K¥(2F - 1) = 2"(K — 1)1, (4.33)

K cannot be odd and in fact (4.33) holds if and only if K = 2 and k = 1. Suppose

K = p2*, where p is an odd integer. Then (4.33) becomes

pf 2t (2 — 1) = 2FK (p2! — 1)KL, (4.34)
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As p is odd, ged(p¥,2*¥) = 1. It follows that for (4.34) to hold we must have
p"|(p2* — 1)1, However, p [(p2' — 1)X~! unless p = 1. Substituting K = 2¢

back into (4.34), we obtain
2t2t (zk . 1) — 2k2t(2t . 1)2‘-—1’

which implies

t=k and 2—1=1,

sot:kzlande:Z
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CHAPTER 5

ERROR STATISTICS OF VITERBI DECODING AND
A MARKOV CHAIN MODEL

5.1 Imntroduction

The Viterbi algorithm is an effective way of decoding convolutional codes. It
recursively finds the maximum-likelihood path through the code’s trellis diagram.
One of the characteristics of the Viterbi algorithm is that the decoding errors
tend to occur in clusters or bursts. In some applications, burst error statistics
can be important design considerations. One example is a concatenated coding
system in which the inner convolutional code is Viterbi decoded and the outer
code (sometimes interleaved) should correct most of the Viterbi decoder error
bursts. In this chapter, a Markov chain model for the burst error statistics of a
Viterbi decoder is developed.

For simplicity, only (n, 1) convolutional codes are considered here; the results
are easily generalized to (n,k) codes. The notation (n,1, K) g1,92,- .. ,gn denotes
a rate 1/n convolutional code with constraint length K and octal generator poly-
nomials g1,92,...,9,. Consider a sequence of Viterbi decoder output bits of the

form
B

/-—-—/‘_\
CC *Cerr---TeCC ¢,
N’ N
K-1 K-1

where the letter ¢ represents a correctly decoded bit, e represents a decoder bit

error, and z is either ¢ or e. If the string zz - - -  does not contain K —1 consecutive
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c’s, then the string exz - - - ze is called a burst of length B. The string of ¢’s between

two bursts is called a guardspace (or waiting ttme) with length G > K — 1.

It is shown in [1] that the average burst length distribution for time-varying
convolutional codes can be upperbounded by a geometric distribution. In [2] ge-
ometric distributions are used to model both the burst length and guardspace
length distributions. In [3] [4] Best shows that any convolutional coding scheme
with maximume-likelihood decoding on a discrete memoryless channel can be mod-
elled exactly by a finite state Markov chain (a metric-state diagram), and hence
the Viterbi decoder output burst and guardspace lengths are distributed asymp-
totically (but not exactly) geometrically. Although this approach yields exact
Viterbi decoder output characteristics, the excessive amount of computation re-
quired makes it infeasible for practical codes. For example, the (2,1,3) 3,5 convo-
lutional code on a binary symmetric channel has a 104-state Markov chain. The
(approximate) Markov chain model described in this chapter has the same 25!
states as the encoder. The resulting burst length distribution is asymptotically

geometric and the guardspace length is distributed (exactly) geometrically.

In Section 5.2, we review some results from [3] [4]. A Markov chain model
to approximate Viterbi decoder output error statistics is developed in Section
5.3. In Section 5.4, our Markov chain model is validated by computer simulations
and it is compared with the geometric model. Based upon distance measures for
burst length and guardspace length distributions, our Markov chain model is a
better approximation to the actual simulation of the Viterbi decoder than the
geometric model in [2]. However, both models closely approximate the overall
decoder output error probabilities of a concatenated Reed-Solomon/convolutional

coding system.
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burst

DET1

CO

guardspace

Figure 5.1: Markov chain for the (2,1,2) 1,3 convolutional code on a binary
symmetric channel.

5.2 Review of Best’s Results

In [3] [4] a method is presented by which any convolutional coding scheme with
maximum-likelihood decoding on a discrete memoryless channel can be modelled
as a finite state Markov chain (a metric-state diagram) whose transition proba-
bilities can be computed. Some states in the Markov chain correspond to error
bursts, the others to guardspaces. An example of the Markov chain is illustrated in
Figure 5.1 for the (2,1,2) 1,3 convolutional code on a binary symmetric channel.

The chain shown in Figure 5.1 is actually a metric-state diagram after merging
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and deleting redundant nodes. There are two states 0 and 1 in the encoder’s state
diagram and five effective metrics A, B, C, D, and E for Viterbi decoding, which
are [0 2],[0 1],[0 0],[0 —1],[0 —2], respectively. The notation
CO corresponds to metric C and state 0. All the transition probabilities in Fig-
ure 5.1 can be calculated explicitly in terms of the channel’s crossover probability.
Based on this model, the first-event error probability, the bit error probability, the
burst length distribution, and the guardspace length distribution may be derived
exactly.

For this example, the burst length distribution is
P(B=1b)= oA + al)\l{,
where ap and oy are scaling factors, and |Ag| > |A;|. Hence for large b, P(B = b)

is approximated by the dominant term apA}, which is a geometric distribution.

Similarly, the guardspace length distribution is

P(G = g) = Poud + Brii,
where fy and f; are scaling factors, and |ug| > |u1]. The guardspace length
distribution is approximated by the geometric distribution Soug for large g. Since
this method can be applied in principle to any convolutional code with Viterbi

decoding on any discrete memoryless channel, the burst length and guardspace

length distributions will be asymptotically geometrically distributed:
P(B=0b) =) oA,
and 1
P(G = g) = > Bui.
Although the above analysis is exact, t}]le number of the nodes in the model

grows enormously with the code’s constraint length, which makes the method

infeasible for practical codes.
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5.3 A Markov Chain Model

The output of the Viterbi algorithm is a maximume-likelihood path traversing
through the code’s state diagram. Our model approximates the Viterbi decoder
by a finite state Markov chain with the same configuration as that of the code’s
state diagram. This model is not strictly accurate, since the decoding state at time
unit ¢ depends not only on the decoding state at time unit 7 — 1 and the channel
noise but also on the metrics at time unit 7 — 1. However, computer simulations of
decoder error statistics in the next section show that this approximation is good
for some practical applications. Hereafter, the “Markov chain model” corresponds
to the model developed in this section.

An example of the Markov chain model for the (2,1,3) 3,5 convolutional code
is shown in Figure 5.2. The four decoder states are 0, 1, 2, and 3. The most recent
bit in the encoder shift-register is the last bit in the state’s binary representation.
The p;; is the transition probability that the decoder will go to state j at the next
time unit, given that it is presently in state 7 . The transitions not shown all have
probability 0.

All the output statistics of the Markov chain model can be computed from the
transition probabilities. In the following we compute some of them: the bit error
probability, the guardspace length distribution, and the burst length distribution.
Suppose a (n,1, K) convolutional code is used and the all-zero code sequence is
transmitted. (Since a convolutional code is linear, on a symmetric channel the
decoding errors are independent of the transmitted code sequence.) The model

has 2™ states called 0,1,...,2™ — 1, where m = K — 1 is the code’s memory.

5.3.1 Bit Error Probability

Let P = [p;;] be the model’s transition probability matrix. Then the column
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D33

Figure 5.2: Markov chain model for the (2,1,3) 3,5 code.

vector of stationary probabilities of the states, 7 = [ mp 7y -+ mam_y |7, is just

the eigenvector of PT with eigenvalue 1:
7 =PTr.

The bit error probability P, is the sum of the stationary probabilities of the states

whose binary representations have a 1 in the last bit:

m
Pb = ZW2:‘_1.
=1
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5.3.2 Guardspace Length Distribution

The guardspace length G > m and is geometrically distributed:

g—m
Poipoe , for g >m,
P(G = = -
( 9) { 0, otherwise.

The average guardspace length is therefore

e 1
G=—+m-—1.
Po1

5.3.3 Burst Length Distribution

Let x®), i =0,1...,2m — 1, be eigenvectors of the transition probability ma-
trix P with corresponding eigenvalues );. Also let y®), 1 = 0,1,...,2™ — 1, be
eigenvectors of P7 with corresponding eigenvalues );. Assume all the eigenvalues
are distinct. Define u; to be the probability that a path starts from the zero state
and arrives at the zero state (with possible intermediate returns) in  branches.

For convenience, set uy = 1. From [5], for [ > 1, u, is given by

271

w= 3 sy, (5.1)
=0
where
1
Ci:'——;r——7—~f
S
is a normalization factor and z;;'i), yg.i), j=0,1,...,2™ — 1, are components of x(9),

y), respectively. Since u; must remain bounded for all I, it follows that |A;] <1
for all 2. The matrix P always has an eigenvalue 1, so without loss of generality
we may put Ag = 1. All the other eigenvalues must satisfy |\;| < 1. Now define f;
to be the probability that a path starts from the zero state and arrives at the zero
state for the first time in [ branches. It will be convenient to let f; = 0. From [5],

fi and u; are related by

fi = w — (fiwgr + - - + fimgua), for 1 >1, (5.2)
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or, equivalently, their generating functions F(z) and U(z) satisfy

1
Flz)=1-—
For our model, fi = u; = poo and fz = f3 = ... = f,, = 0. From [5], the average
fis
_ > 1
=0 CoZp "Yo

Since by the definition in Section 5.1, the length of a burst is m branches
shorter than that of a fundamental path through the state diagram, the burst
length distribution is

1—poo?

P(B =
( 0, otherwise,

Jotm
b) = { for > 1, (5.4)

where 1/(1 — pgo) is a normalization factor. From (5.1), (5.2) and (5.4), we can
compute the burst length distribution, which is asymptotically geometric. The

average burst length is

o) 00 b T .
=S 4p(B=b) =5 eem S mmt (m = Dee
b=0 3=1 1 — Poo 1 — poo

]

where f is given in (5.3).

5.4 Simulation Results

In this section, our Markov chain model is validated by computer simulations
and it is compared to the geometric model by using distance measures for burst
length and guardspace length distributions, and output error probabilities of con-
catenated Reed-Solomon/convolutional coding schemes. The description of the

geometric model proposed in [2] is given in Appendix 5.A.
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5.4.1 Distance Measure

A function p is a distance function for probability distributions [6] if p(F,G)
is defined for every pair of F'; G of probability distributions and has the following

three properties:
p(F,G) >0 and p(F,G)=0 ifandonlyif F =G,
p(F,G) = p(G, F),
and finally the triangle inequality
p(F1, Fy) < p(Fy1, G) + p(Fy, G).

Two types of distance functions will be used here to measure the closeness of two

distributions. The total distance T'D is
TD(Fa G) = Z]f’l - gila
i=0

where f; and g; are densities of discrete probability distributions F and G, respec-
tively. It satisfies

0<TD(F,G) <2
The maximum distance M D is
MD(F,G) = max|f; — gi,
and it satisfies
0< MD(F,G) < 1.

Computer simulations of the Viterbi software decoder, the Markov chain model,
~ and the geometric model on a unquantized AWGN channel have been done for
the (2,1,7) 177,133 convolutional code and the (2,1, 5) 23,35 convolutional code.

First, the Viterbi software decoder generates parameters, at several different bit
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signal-to-noise ratios needed for both models, such as transition probabilities for
the Markov chain model, and the average burst length, the average guardspace
length, and the burst error density for the geometric model. Then distributions
of the burst length and the guardspace length are computed for both models.
Finally, other simulations for the Viterbi software decoder ! produce statistics for
the simulated burst and guardspace length distributions.

The burst length distribution and the guardspace length distribution are com-
pared from three different sources: the Viterbi software decoder, the Markov chain
model, and the geometric model, by using 7D and M D measures. The results
are listed in Tables 5.1, 5.2, 5.3, and 5.4. For the burst length distribution,
the Markov chain model gives a better approximation to the actual data from the
Viterbi software decoder than the geometric model for both convolutional codes
at all bit signal-to-noise ratios tested. For the guardspace length distribution, the
Markov chain model and the geometric model are almost the same since both
result in geometric distributions. Note that, at relatively high bit signal-to-noise
ratios (above 2.5 dB for the (2,1,7) code and 3.0 dB for the (2,1,5) code), the
geometric distribution is not a good approximation for the guardspace length.
This is because at those bit signal-to-noise ratios, short guardspaces are much
less probable than one might expect from a geometric distribution. Based on the
distance measure, we conclude that, for Viterbi burst error statistics, our Markov

chain model performs better than the geometric model.

5.4.2 Concatenated Coding Scheme

One a,pplica,tion‘ of the Markov chain model is that, when different concate-

nated schemes (all with an inner Viterbi decoder) are studied, one may use the

!Here different seeds (from those of former simulations) in the random number generator of the
Viterbi software decoder are used.
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Ey/No, M&G M& S G &S
dB TD MD TD MD TD MD

0.0 0.09590 0.04013 0.1824 0.04451 0.2318 0.08464
0.5 0.1245 0.05222 0.1618 0.03350 0.2235 0.08572
1.0 0.1415 0.05982 0.1350 0.02276 0.2192 0.08258
1.5 0.1562 0.06139 0.1557 0.03695 0.2555 0.09834
2.0 0.1581 0.06008 0.1010 0.02735 0.2310 0.08743
2.5 0.1737 0.05533 0.1050 0.02225 0.2317 0.05748
3.0 0.2002 0.04970 0.1629 0.03347 0.2485 0.07204

Table 5.1: Distance measure of burst length distributions for the (2,1,7), 171,133
convolutional code. (S: Viterbi software decoder, M: Markov chain model, G:
Geometric model.)

Ey /N, M& G M& S G &S
dB TD MD TD MD TD MD

0.0 0.1778 0.04105 0.09617 0.02019 0.2025 0.05009
0.5 0.2114 0.04873 0.09874 0.01809 0.2334 0.05211
1.0 0.2516 0.05837 0.08217 0.01510 0.2637 0.05040
1.5 0.2971 0.07078 0.08021 0.02015 0.2989 0.05845
2.0 0.3425 0.08406 0.06660 0.01018 0.3354 0.07387
2.5 0.4010 0.09831 0.06406 0.01045 0.3914 0.09594
3.0 0.4636 0.1308 0.08732 0.01334 0.4462 0.1205
3.5 0.5667 0.1750 0.1572 0.03529 0.5356 0.1567
4.0 0.6264 0.1739 0.2222 0.08532 0.5732 0.1849

Table 5.2: Distance measure of burst length distributions for the (2,1,5) 23,35
convolutional code. (S: Viterbi software decoder, M: Markov chain model, G:
Geometric model.)
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E,/No, M & G M & S G&S
dB TD MD TD MD TD  MD

0.0 4.708e-6 1.368e-7 0.3062 0.04928 0.3062 0.04928
0.5 4.816e-6 8.864e-8 0.3200 0.03973 0.3200 0.03973
1.0 6.620e-6 6.752¢-8 0.3519 0.03623 0.3519 0.03623
1.5 1.022e-4 4.946e-7 0.4437 0.02670 0.4438 0.02670
2.0 3.869e-4 7.667e-7 0.5529 0.01674 0.5529 0.01674
2.5 9.379¢-4 6.171e-7 1.258 0.01362 1.258 0.01362
3.0 1.471e-4 3.183e-8 1.907 0.02560 1.907 0.02560

Table 5.3: Distance measure of gap length distributions for the (2,1,7) 171,133
convolutional code. (S: Viterbi software decoder, M: Markov chain model, G:
Geometric model.)

Ey /N, M & G M & S G &S
dB TD MD TD MD TD MD

0.0 8.689e-8 2.416e-9 0.1425 0.02420 0.1425 0.02420
0.5 5.266e-7 9.657e-9 0.1542 0.01794 0.1542 0.01794
1.0 1.610e-5 1.775e-7 0.1850 0.01487 0.1850 0.01487
1.5 1.305e-5 7.852e-8 0.2773 0.01148 0.2773 0.01148
2.0 1.971e-5 5.756e-8 0.3270 0.005874 0.3270 0.005874
2.5 4.262e-4 5.673e-7 0.4962 0.003859 0.4962 0.003858
3.0 5.100e-4 2.800e-7 1.078 0.001656 1.078 0.001656
3.5 3.024e-3 6.467e-7 1.797 0.01259 1.797 0.01259
4.0 1.570e-3 1.888e-7 1.734 0.2254 1.736 0.2254

Table 5.4: Distance measure of gap length distributions for the (2,1,5) 23,35
convolutional code. (S: Viterbi software decoder, M: Markov chain model, G:
Geometric model.)
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model to generate error sequences instead of simulating the Viterbi software de-
coder. The advantage is that large amounts of data can be generated quickly and
inexpensively. For example, only about 2.2 minutes per million bits of computer
time on a VAX 11/750 are needed for the Markov chain model of the (2,1,7) code,
compared to 2.9 hours per million bits required for the Viterbi software decoder.

Consider concatenated Reed-Solomon/convolutional codes on an unquantized
AWGN channel. Monte Carlo software routines for the Markov chain model and
the geometric model are used to generate Viterbi error sequences. (The required
parameters for those two models are taken from simulations of the Viterbi software
decoder as in last subsection.) Then concatenated Reed-Solomon word error and
bit error probabilities are computed by using outputs from the Viterbi software
decoder, the Markov chain model, and the geometric model. This is done for
the (2,1,7) 177,133 and (2,1,5) 23,35 convolutional codes concatenated with
the (255,223), (63,47), (31,23) Reed-Solomon codes with ideal interleaving or no
interleaving. The computation of concatenated Reed-Solomon output word error
and bit error probabilities is given in Appendix 5.B.

Simulation results are shown in Figures 5.3 to 5.14, where the Reed-Solomon
performance curves are plotted versus the concatenated bit signal-to-noise ratios.
For all cases considered, both the Markov chain model and the geometric model
give good approximations to the actual data from the Viterbi software decoder.
In this regard, the geometric model seems advantageous because it is simpler than

the Markov chain model.

5.5 Discussion

The required parameters for the Markov chain model (or the geometric model)

are obtained from simulations of the Viterbi software decoder. It is useful to have
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Figure 5.3: Performance statistics for the (2,1,7) 171,133 convolutional code
concatenated with the (255,223) Reed-Solomon code, ideally interleaved.
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Figure 5.4: Performance statistics for the (2,1,7) 171,133 convolutional code
concatenated with the (255,223) Reed-Solomon code, noninterleaved.



- 127 -

1. =
-1
10 CONCATENATED
= / REED-SOLOMON
3 WORD ERROR
= PROBABILITY
-2
10 —
o~ =
) 3
& .
[+
& ]
=
o -3 .
Z 10— CONCATENATED
5 E REED-SOLOMON
= = BIT ERROR _/
3 3 PROBABILITY
Q
S i
a -4
10—
-5
10—
-6
10—
4 + VITERBI SOFTWARE DECODER
] © MARKOV CHAIN MODEL
4 & GEOMETRIC MODEL
-7
10 ¥ T 1 T ' 1 T 1 T ] 1 T I |
1 2 3 4

Ey/N,, dB

Figure 5.5: Performance statistics for the (2,1,7) 171,133 convolutional code
concatenated with the (63,47) Reed-Solomon code, ideally interleaved.
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Figure 5.6: Performance statistics for the (2,1,7) 171,133 convolutional code
concatenated with the (63,47) Reed-Solomon code, noninterleaved.
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Figure 5.7: Performance statistics for the (2,1,7) 171,133 convolutional code
concatenated with the (31, 23) Reed-Solomon code, ideally interleaved.
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Figure 5.8: Performance statistics for the (2,1,7) 171,133 convolutional code
concatenated with the (31,23) Reed-Solomon code, noninterleaved.
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Figure 5.9: Performance statistics for the (2,1,5) 23,35 convolutional code con-
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Figure 5.10: Performance statistics for the (2,1,5) 23,35 convolutional code con-
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catenated with the (255,223) Reed-Solomon code, noninterleaved.
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Figure 5.11: Performance statistics for the (2,1,5) 23,35 convolutional code con-
catenated with the (63,47) Reed-Solomon code, ideally interleaved.
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Figure 5.12: Performance statistics for the (2,1,5) 23,35 convolutional code con-
catenated with the (63,47) Reed-Solomon code, noninterleaved.
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Figure 5.13: Performance statistics for the (2,1,5) 23,35 convolutional code con-
catenated with the (31,23) Reed-Solomon code, ideally interleaved.
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Figure 5.14: Performance statistics for the (2,1,5) 23,35 convolutional code con-
catenated with the (31,23) Reed-Solomon code, noninterleaved.
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approximate values for the transition probabilities for the Markov chain model
analytically. Actually, the transition probability py; can be upperbounded the
same way as the first-event error probability. However, nothing similar is known

for the other transition probabilities.

Appendix 5.A Geometric Model

A geometric model was proposed in [2] to model the Viterbi decoder burst
error statistics. There are three parameters needed for the model: the average
burst length B, the average guardspace length G, and the burst error density 6.

The burst length is modelled as distributed geometrically according to

o | ar—=¢)t, forb>1,
P(B=1b) = { 0, otherwise,

where ¢ = 1/B. Errors within bursts occur randomly with probability 8 (except
that each burst begins and ends with an error). The guardspace length distribu-

tion is modelled as

_ ) r@=r)m, for g >m,
P(G=g) = { 0, otherwise,

where r = 1/(G — m + 1).

Appendix 5.B Computation of Reed-Solomon Error Probabilities

Consider an (n, k) Reed-Solomon code with symbols from GF(2) that corrects
t = (n — k)/2 symbol errors. Suppose this code is used as an outer code in a
concatenated coding system with a convolutional inner code. The Reed-Solomon
input symbol error probability V, is found by partitioning the Viterbi output bit
sequences into disjoint b-bit sets and counting how many of the sets contain bit

errors. A word error occurs when there are more than ¢ (out of possible n) symbols



- 138 -

in error for a Reed-Solomon codeword. For the case of ideal interleaving, i.e., the
symbols are interleaved at a sufficient depth so that symbol errors are independent
at the Reed-Solomon decoder input, the word error probability is
P= Y (") Vi(L- V)
i=t+1 \?

When more than t symbol errors occur, the decoder either detects the presence
of more than ¢ symbol errors but is unable to correct them, or miscorrects the
received pattern into a codeword other than the transmitted codeword. Since
the probability of decoder miscorrecting is very low [7] [8], assume the decoder
can always detect the presence of more than ¢t symbol errors. The Reed-Solomon

output symbol error probability is then approximated by

P, ~ XZKCQVﬂl—%V”-
i=t+1 n L
If the bit error probability at the output of the Viterbi decoder is denoted by V;,

then the Reed-Solomon output bit error probability is approximately

-
Hz%&

38

For the case of no interleaving, the Reed-Solomon output word error probabil-
ity is calculated by partitioning the b-bit sets at the input of the Reed-Solomon
decoder into n-set blocks and counting how many of the blocks contain more than
t sets in error. The bit error probability can be found by examining how many

bit errors there are for those blocks with more than ¢ sets in error.
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