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ABSTRACT

The flow field around the injection port for secondary injection
of a gas normal to a supersonic stream has been studied in a series
of wind tunnel experiments. The experiments were conducted at free-
stream Mach numbers of 1.38 to 4. 54. Gaseous nitrogen, argon, and
helium were injected through a circular hole or a transverse slot with
sonic flow at the injection orifice. Data are presented which include
static pressure distributions on the wall in the region of the injector,
shock shapes, and injectant mass fraction, total pressure, and
velocity profiles downstream of the injector. A scale parameter has
heen calculated, based on a simple, inviscid model of the flow field.
This scale parameter gives a good general correlation of the data. Use
of this scale parameter allows the prediction of a simple scaling law
for the normal forces on a wall produced by secondary injection. For
the case of injection through a slot, this scaling law has been compared
with experimental results reported by other workers. This compari-
son indicates that further work will be necessary to clarify the effect
of free-stream Mach number on the flow field. For the case of
injection through a hole, the force scaling law is in approximate

agreement with existing rocket motor test results.



Part

1L,

111,

iv
TABLE OF CONTENTS

Title

Acknowledgments

Abstract

Table of Contents

INTRODUCTION

INJECTION THROUGH A CIRCULAR HOLE

A,
B,
C.

D.

¥,

Description of Experiments

Description of the Flow Field

Analytic Model

Presentation of Experimental Data

1. Penetration height

[3%]

Shock shapes

3. Concentration profiles

4. Velocity and total pressure profiles
5. Wall pressure distribution

Discussion and Conclusions

1. Review of flow models
2. Review of flow field characteristics

Applications of the Scaling Law to Scaling of

Forces

INJECTION THROUGH A SLOT

A,

B
C.
D

Description of Experiments

Description of the Flow Field

Analytic Model

Presentation of Experimental Data

15
15
18
20
23
25
31
32

35

36
44
44
47
49

55



v

Part Title

1. Wall pressure distribution

Flow field visualization

Do

Concentration and total pressure measure-
ments

(O8]

E. Scaling Laws for Force on a Wall

F. Discussion and Conclusions

G. Comparison with Other Published Work

APPENDIX A ~ Notation
APPENDIX B ~ Derivation of Equations (2) and (27)
REFERENCES

FIGURES

61
65
68
70
77
&0
83

87



1=

I. INTRODUCTION

The description of the flow field set up by the injection of a
secondary gas into a supersonic primary flow is a problem of current
engineering interest. Flows of this type occur during thrust vector
control of rocket motors, during jet reaction attitude control of
vehicles moving through the atmosphere, and during fuel injection into
a supersonic burner.

In all of these applications, when a gas is injected into the
primary flow, a high pressure region is set up on the wall in the
neighborhood of the injector. The detailed mechanism which governs
the magnitude of the resulting force on the wall is not yct thoroughly
understood, but may be crudely described as follows. The injected
material acts as an obstruction to the primary flow and, as such, pro-
duces a strong shock wave in the primary flow. This shock interacts
with the boundary layer on the wall and may cause it to separate.
Both the initial shock and the resulting separation tend to produce a
region of high pressure near the point of injection. A further pres-
sure change may be produced farther downstream by mixing of the
primary and secondary flows. The relative importance of the pres-
sure fields produced by these processes has not been established and,
at present, published theoretical work usually emphasizes one or the
other of the processecs.

The goal of the present study has been to obtain fundamental
information concerning the processes of interaction which occur dur=-

ing secondary injection and, in particular, to determine similarity
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rules for the important phenomena. The situation chosen for experi-
mental and theoretical study is the sonic injection of a gas through a
wall and normal to a primary flow which is uniform and rectilinear
outside a wall boundary layer. The work is divided into two sections;
the first is concerned with injection through a circular hole, and the
second is concerned with injection through a slot. Apart from the
obvious distinction that the first case is three-dimensional and the
second case is two-dimensional, a second reason for treating these
two cases separately is that boundary layer effects were found to be
a much more important part of the two-dimensional case than they
were in the three-dimensional case. In each part, a model for the
interaction region is presented and is compared with experimental

data obtained by thc author and by othcr workers.
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II. INJECTION THROUGH A CIRCULAR HOLE

Although it is common practice to discuss a two-dimensional
case before presenting a three-dimensional one, since the two-dimen-
sional problem Is usually much simpler, this discussion will begin
with the case of injection through a circular hole. There are two
reasons for this. First, because of its relative experimental sim-
plicity and its importance in engineering applications, the circular
hole injection experiments were conducted first. Second, the case of
injection through a slot is complicated by an important interaction
between boundary-layer separation and the inviscid flow field, an
effect which is much less prominent in the three-dimensional case.

A. Description of Experiments

A series of experiments were conducted in the 2. 5-inch Super-
sonic Wind Tunnel at the California Institute of Technology. This
facility is described in detail in Ref. 1. Some minor modifications
to the tunnel have been made since this report was written, particu-
larly in the test-section region.

During these experiments, gaseous nitrogen, argon, and helium
were injected through orifices in the test-section side walls. Test
section conditions consisted of Mach numbers 2. 56 and 1. 38 and
Reynolds numbers per inch of 1.3 X lO5 to 4.3 X 105 at the first Mach
number and 4.5 X 105 at the second. At the Mach number of 2. 56
and below a Reynolds number per inch of 1.7 X 105, the boundary

layer on the test section wall was found to be laminar; above that

Reynolds number it was turbulent at the same Mach number. The
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tunnel could maintain quasi-steady state flow in the test section at a
Mach number of 1. 38 for only approximately ten seconds. It was
possible to perform experiments only at a single free-stream stagna-
tion pressure and therefore only at a single Reynolds number per inch.
This Reynolds number resulted in a turbulent boundary layer in the
region of the injection port.

Because of the very short test~time duration at the lower Mach
number, surveys of the undisturbed flow in the test section were car-
ried out only at the higher Mach number. Figure l shows Mach num-
ber profiles which were obtained at two axial stations in the test sec~
tion for an intermediate Reynolds number which corresponded to a
free-stream stagnation pressure of approximately one atmosphere.
These measurements were made in a plane equidistant from both of
the glass side-walls of the test section and normal to the wall contain-
ing the injector. It is believed that these profiles are representative
of the uniformity of the flow which existed for all of the tests, although
a variation in test-section Mach number of the order of £ 1 per cent
was observed when the nozzle blocks were removed and replaced for
the purpose of changing injectors. Examination of schlieren pictures
for various values of test~section Reynolds number indicated that the
boundary layer thickness exhibited by the profiles of Figure I, approx~
imately 0. 2 in., is the correct order of magnitude for all of the test
conditions. The data of Figure 1 were obtained with a probe made
from 0. 065 in. outside diameter tubing, flattened and ground at one
end to a tip which was approximately 0. 10 in. wide by 0. 006 in. high,

with a hole 0.002 in. high. Probe pressure was measured with



a mercury manometer.

The experimental data consisted of test-section flow condi-
tions, schlieren photographs, static pressure distributions on the test
section wall in the region of injection, concentration and total pres-
sure measurements in the flow downstream of the injection port, and
the injectant total pressure and mass flow rate. The static pressures
were measured by mercury manometers, and the concentration meas-
urements were obtained with a total-pressure probe and a Gow-Mac
thermal conductivity cell. The total-pressure probe which was used
for the concentration and total pressure measurements for injection
through a circular hole was a three-pronged probe with tips spaced
0.125 in. apart. The tips were circular, with a 0.031 in. O.D. and a
0.013 in. diamectcr hole. The total pressure profiles and the velocity
profiles which were then obtained from the total pressure, concentra-
tion, and other data, are the work of H. Burden, and are reported in
Ref. 2.

Figure 2 is a section view of the circular-hole injector which
was used for the majority of these experiments. The section is taken
in a plane parallel to the test-section flow, the same one in which the
Mach number and boundary layer profiles were obtained. It can be
seen that static pressure taps were located on the wall as close to the
injector as possible. One other injector, having a diameter of 0.114 in.
and a configuration quite similar to that shown in Figure 2, was also
used, although the nozzle block section in which this injector was

installed was not instrumented with static pressure taps. Discharge
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coefficients for each of these orifices were determined experimental-
ly, and the injection pressures were corrected for losses caused by
friction in the injectant supply tube.

In addition to the experiments at the California Institute of
Technology, experiments were conducted in the 20~inch Supersonic
Wind Tunnel at the Jet Propulsion Laboratory. These experiments
were part of a series which were conducted by M. W. Dowdy and
J. F. Newton, Jr. (3)x Gaseous nitrogen was injected through a sonic
orifice 0, 100 in. in diameter normal to the surface of a sharp-edged
flat plate, 7. 00 in. to the rear of the leading edge. The surface of
the plate in which the injector was located was parallel to the test
section flow, and a boundary-layer trip wire was attached near the
leading edge of the plate. Tests were conducted at test-section Mach
numbers of 4. 54, 3.50, 2.61, and 2. 01l. The highest and the lowest
practical‘ tunnel stagnation pressures were utilized at each Mach num-
ber except 3. 50 in an attempt to study the effect of tesi-section Reyn-
olds number at a fixed Mach number, but only at Mach 2. 61 was it
possible to achieve both laminar and turbulent boundary layers, at
Reynolds numbers based upon the distance from the injection port to
the leading edge of 0. 749 X 106 and 1. 99 X 106, respectively. At Mach
numbers 4. 54 and 3. 50, the boundary layer on the plate near the in-
jection port was always laminar; and at Mach number 2. 01, it was

always turbulent.

%k

Numbers in parentheses refer to references listed at the end
of the paper.
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The experimental data consisted of schlieren and shadowgraph
pictures, tunnel and injection conditions, and static pressure measure-
ments on the plate in the injection region. The static pressures were
measured by a single transducer and a pressure-switching mechanism.
Further details concerning the experimental apparatus and procedure
are available in Ref. 3, and a description of the wind tunnel facilities
of the Jet Propulsion Laboratory is given in Ref. 4.

B. Description of the Flow Field

A crude picture of the flow field produced by injection through
an orifice has been obtained by examination of schlieren and shadow-
graph pictures of the interaction region. Figures 3a and 3b are scale
drawings of two shadowgraph pictures taken at different free-stream
stagnation pressures but at the same ratio of jet stagnation pressure
to free-stream stagnation pressure. The free-stream Mach number
was 2.61 and the flat plate model was used here. For these examples,
the injected material enters, through a circular orifice, with a static
pressure much higher than the value in the undisturbed primary flow.
The flow is sonic at the injector and expands rapidly through a strong
Prandtl-Meyer fan. The interaction of the two streams produces a
strong bow wave on the upstream side of the injector, and the shock-
induced pressure field turns the injectant so that it moves approxi-
mately parallel to the wall.

The bow shock wave - boundary layer interaction produces a
region of boundary layer separation upstream of the shock. For the
case of a turbulent boundary layer, the example illustrated in Figure

3a, the separated region is short, and the oblique shock produced by
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separation is often too weak to be observed. When the boundary layer
is laminar, Figure 3b, the separated region is much larger, and the
angle between the separated flow and the wall is never more than a few
degrees.

Some details of the flow near the injector are shown on the
schlieren photographs. One feature which is usually seen, and which
is apparently the region of maximum concentration of the injectant, has
the appearance of a streamline of the injectant. Determination of the
maximum distance between this feature and the wall (see Figure 3)
gives a simple visual measure of the penetration of the secondary
fluid into the primary flow. Figures 3a and 3b illustrate flow condi-
tions in which the distance of this feature from the wall is much larger
than a characteristic houndary layer dimension.

Shadowgraph pictures taken at the higher Mach numbers and
correspondingly lower test-section Reynolds numbers showed wavy
shocks and jet outlines, which indicated unsteady flow. This unsteady
behavior has also been reported by Amick and Hayes. (5)

C. Analytic Model

In investigating the shock patterns produced by secondary injec-
tion, one is reminded of shock shapes produced by blunt axisymmetric
bodies. This fact suggested that some insight into the scaling laws for
secondary injection could be obtained by setting up a simple model for
a solid body which would give a shock pattern similar to that produced
by the injectant. For the purposes of this simple model, it is assumed:

(1) that a sonic jet is injected into a uniform supersonic flow with no
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wall boundary layer; (2) that no mixing occurs between the two flows;
(3) that the interface between the flows is a quarter spherc followed by
an axisymmetric half bodyj (4) that pressure forces on the sphere can
be calculated by use of modified Newtonian flow; and (5) that the in-
jectant expands isentropically to the ambient pressure with the vector
parallel to the wall at the downstream face of the sphere. However,
note that it is not assumed to completely fill the semicircular cross
section of the downstream face of the quarter sphere which forms the
"nose' of the equivalent solid body. Thus no continuity equation is
used here and the fraction of the cross-sectional area occupied by the
injectant flow is not specified, but must be determined.

Assumption (4) is not as restrictive as the derivation of New-
tonian flow equations implies. Although the Newtonian approximation
is a limiting process in which Moo - oo and Yo © 1, comparison with
experiment has shown that the pressure distributions on the upstream
sides of blunt bodies are predicted reasonably well by Newtonian flow
calculations over a wide range of Mach numbers, and for Voo © 1.4, (6)

The coordinate system used in the analysis and in the descrip-
tion of the experiments is illustrated in Figure 3. The x-z plane is
shown here with the y-axis perpendicular to the page. The origin of
the coordinate system has been chosen so that the y = 0 plane includes
the center of the injector and so that the origin of the coordinate
system lies at the intersection of the bow shock wave with the wall.

The purpose of the analytic model is to determine the radius,

h , of the equivalent solid body as a function of the properties of the



~10-

free-stream and of the injectant. This is accomplished by constru~
ting a momenturmn balance in the x~direction on a control volume whose
bounding surfaces are made up of (1) the spherically shaped nose,
(2) the side wall lying under the nose, which is the plane z = 0, and
(3) the portion of the x = constant plane lying just downstream of the
nose. The x-component of the momentum change of the jet is equal
to the net x-component of the pressure force on the control volume,
all shear stresses being neglected.

lLet us consider the flow over the spherical nose. For New~-

(7)

tonian flow calculations, with the modification suggested by Lees ' ’,

the pressure coefficient, C_ = (P -~ P _)/3p V 2, on the surface of
P oo ©

the body is given by

.2
P = sin o

. 2
P sin ¢

where ¢ is the angle between the local tangent to the surface and the

o
=R

undisturbed flow direction, and must lie between 0 and w/2. Here Cp

e o,

and o are evaluated at the nose of the body. Hence, a"c =w/2 and C

ale
s

P

is the pressure coefficient corresponding to the stagnation pressure

behind a normal shock, found from the theory of supersonic flow of an

ideal gas:
Yoo 1
+1 Yoo © Y Yoo
* 2 Yoo 2 o +1
c, = 5 s M_ -1 {(1)
Yo Moo Zyoo Moo —yoo-l—l

In this case, the Newtonian calculation is applicable only to the

surface of the quarter sphere. The total axial force on the control
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volume was obtained by integrating the pressure force in the x-direc-
tion over the spherically-shaped nose of the equivalent body and the
portion of the x = constant plane just downstream of the nose. The
contribution of this latter surface is just - % Pooh'Z which is equal
in magnitude but opposite in sign to one of the terms which results
from *he calculation of the force on the curved surface (see Appendix

B for a detailed derivation). The net result is:
C h P 2

In order to calculate the net momentum outflow through the
control volume, we note that because the jet is injected normal to the
wall, the only contribution is the total x-momentum of the injected gas
after it has expanded isentropically to the free-stream static pressure.
The analysis could easily be extended to the case of injection at an
arbitrary angle to the free-stream flow, merely by including the x-
component of the momentum of the injected gas at the injection
orifice.

The momentum flux of the expanded secondary flow can be
simply evaluated. First, the mass flow of injectant is calculated from
the assumption that the injector flow is sonic and fills an area which
is ¢ times the actual injector areaj that is, c is a discharge coeffi~
cient for the injector and ('\/: d) is the equivalent diameter of the
injector, and hence is the characteristic dimension of the injector.

From this assumption it follows that:

(v, + 1) /(y, - 1)| 2
Y J J
2
J (3)
R]. TO /\(j—l-l
T

m. = cA.P
J J O.
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where (cAj) is the equivalent injector area., The Mach number at the
exit of the control volume is given by the expression for isentropic ex~
pansion from a stagnation pressure Po to a static pressure Poo' This

J
expression can be solved for the velocity, Vj , and the result is

Zyj Rj TO P (yj - 1)/\(J. <
V. = J 1- 0 4)
J_.. _*.\.{_;:T_.__ PO (
J

The momentum flux is just mj Vj , and conseguently, the force bal-

ance is then given by

F_ = rrlj V., (5)

All the parameters in this equation are known except the radi-
us, h , and therefore, equation (5) can be solved for this parameter.

The result is:

P 2
h = 1 °5  ¥; 2 y
d ‘\/c Moo Poo Yoo Cp>l<
1/
(v A1)/ (v;-1) o (v.-1) /v
2 2 ] ] . ] ] .
yoT|y3T = (6)
J J OJ-

Note that when the ratio (P /POO) is held fixed, the radius
j

decreases with increasing Mach number. However, for rocket work,

it is often more convenient to use the stagnation pressure ratio,

(Po /PO ), as the independent variable.
j o0
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The first two factors of (6) may be rewritten to give:

s
- (Vo) /2(v - 1) POJ_ v o, |?
T[L-; 1+ —T~— M(D P Sk (7)

o) YooC
o P

1 Voo ~1 2

It is evident from this form of these terms that the radius increases

with the square root of (PO /Po ) and, in a more complex manner,
j o0
with M .
fos)
The variation of the terms in the square bracket of eguation

(6) and that of Cp' with M or vy _ is not very rapid. Hence, the

most important variation of the radius is approximately given by:

1
h « (d",c )(_M_._)
(0o}
In terms of the mass flow rate of injectant, mj , equation (8)

can be written as

m. 1/4

1 j
S i = Ry T, (9)
o o j

Note that for simplicity, the complex dependence on Y; and Yoo has
been omitted here. Equations (8) and (9) are useful as long as

(POO/POJ_) <<land M_ > 2.
Although the derivation used to obtain equation (6) was based

on the assumption of a spherical interface between primary and in-
jectant flows, it should be noted that the functional form of eguation
(6) is not sensitive to the shape of the interface.. For example, the

derivation has been carried out for elliptical interface shapes with
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eccentricities ranging between 0 and 0. 98. The equations for h
obtained by this calculation had the same functional form given in
equation (6) and differed from it by a multiplicative constant which
depended on the eccentricity and which only changed by a factor of 2.3
for the range of eccentricities given above.

It is proposed that the calculated radius can be used as a mea-~
sure of the scalé of the disturbance produced by injection. Note that
although the expression for h , given in equation (6), contains no ad-
justable constants, the exact correspondence between values calculated
from equation (6) and any measured feature of the flow, such as the
penetration height mentioned earlier, is purely fortuitous. However,
if the model is correct, it is to be expected that changes in scale of
flow features will be proportional to changes in h.

Since the boundary layer has not been considered at all in this
analysis, it would be expected that h would have to be larger than a
characteristic boundary layer dimension in the immediate vicinity of
the jet, i.e., a characteristic thickness of the boundary layer in the
region of maximum separation, in order for the analysis to be appli-
cable.

However, there is a difference between the ohserved flow field
and the model which seems to make this limitation somewhat less
severe. As the injectant expands just after leaving the orifice, it is
initially conical in shape so that the actual obstruction shape as viewed
from the front is probably similar to that of a frustrum of a cone with

its small end resting on the wall, and capped by a sphere. This shape
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would be expected to produce considerably less of an obstacle to the
boundary layer than a quarter sphere of the same projected area.

Figures 3a and 3b given typical examples of the change in bound-
ary layer thickness caused by injection. The maximum thickness of
the separated boundary layer upstream of the injector was never ob-
served to be more than about twice the thickness of the undisturbed
boundary layer at the same distance from the plate, as determined
from the photographs.

To provide a basis for comparison, some experiments with
solid objects of the same shape as that postulated in the analytic model
have been conducted. These objects were attached to the nozzle wall,
and schlieren pictures were taken at a test-section Mach number of
2. 56. Photographs with the same shock shape were compared. 'The
separation produced with both laminar and turbulent wall boundary
layers was always considerably more extensive than that produced by
injection, thus supporting the preceding supposition about the applica-
bility of the model.

D. Presentation of Experimental Data

In the following sections, results are given of experiments con-
cerning the flow field geometry, concentration measurements, and
static pressure measurements on the wall. The data are presented in
terms of space coordinates normalized by the radius, which is calcu-
lated from equation (6). This mode of presentation was used to facili-

tate the verification of the proposed scaling law.

1. Penetration height. -~ In most of the schlieren photographs
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taken with secondary injection of argon and nitrogen into air, a distinct
feature appears which looks like the top or outer boundary of the jet.
Although this feature, shown in Figure 3, is probably the line of maxi-
mum concentration of injectant rather than the jet boundary, it has
been selected as being characteristic of the scale of the disturbance
produced by the jet, and hence is called the penetration height of the
jet. That flow fields for different injection rates should be geometri-
cally similar is, of course, an assumption which must be verified.

Values of the penetration heights determined directly from
schlieren photographs made in the CIT facility are shown in Figure 4.
Here, penetration heights normalized by the equivalent injector diam-
eter, ('\/c—:.‘ d), are given as a function of the ratio of injectant to pri-
mary stream stagnation pressures; data are presented for two Mach
numbers. Nitrogen and argon were used as injectants, and experi-
ments were conducted with two injector diameters.

The magnitude of the penetration height was found to depend
directly on the equivalent injector diameter and to vary approximately
with the square root of the injector - to - primary flow stagnation
pressure ratio. No dependence on injector molecular weight or spe-
cific heat ratio was noticed when penetration heights for a given total
pressure ratio were compared.

The data shown in Figure 4 were obtained with laminar and tur-
bulent boundary layers. It is particularly interesting to note that mea-
sured values of the penetration height were not noticeably dependent

on the state of the boundary layer, and comparison of Figures 1 and 4
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indicates that they were not noticeably dependent upon the boundary
layer thickness for values of h which were appreciably less than the
boundary layer thickness at M_ = 2, 56.

The data of Figure 4 show that the height increases with in-
creasing Mach number in the primary stream. This is a result of the
fact that for a given primary stagnation pressure, the local static
pressure decreases rapidly with increasing Mach number.

Theoretical values of the scale parameter are also shown in
Figure 4 for both Mach numbers. The agreement between the calcu-
lated and measured guantities is good over the whole pressure ratio
range studied, and the dependence on specific heat ratio, molecular
weight, and Mach number is correctly predicted.

Values of penetration heights were obtained in the JPL facility
from shadowgraph photographs for a wide range of Mach number and
pressure ratio. Comparison of these data with that obtained in the
CIT facility showed that the JPL, flat platc rcsults werc about 20 per
cent lower than the comparable CIT, nozzle wall data. This system-
atic difference is probably due to differences in the optical systems.
Also, in comparing the data with the results predicted from the model,
it should be remembered that the features examined on either schlie-
ren or shadowgraph pictures are not the jet boundaries themselves,
and hence that either the calculated scale factors or the measured
penetration heights can only be viewed as being proportional to the
actual characteristic scale of the flow.

Comparison of the flat plate data and the results of equation
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(6) are shown in Figure 5. Here, all of the measured penetration
heights arc incrcased by 20 per cent. The agreement between thecory
and experiment appears to be good, although the experimental data
may have a slightly more rapid variation with Mach number than is
predicted from equation (6).

Although the good absolute agreement between the prediction of
equation (6) and measured values is fortuitous, the fact that the data
agree so well in slope and shape over a range of injector diameter,
injection pressure, and primary-flow Mach number indicates that the
value of the scale factor predicted by equation (6) is a useful mesasure
of the scale of the interaction phenomena and suggests that the pro-
posed model does include the pertinent physical phenomena. The
success of this simple model in predicting the penetration heights also
indicates that the gross features of the flow field can be characterized
by a single dimension which is proportional to h.

2. Shock shapes. - As a further check on the suggestion that h
is a characteristic dimension of the flow field, the shapes of the bow
shock waves, as seen from the side, were determined from schlieren
and shadowgraph pictures from both the flat plate and nozzle wall data.
In all cases, the shock coordinates were normalized by values of h
calculated from equation (6). In Figure 6, a few typical cases from the
nozzle wall data are compared. The shock shapes plotted here cover
the maximum range of parameters studied in the CIT Supersonic Wind
Tunnel, and are typical of the measurements made of more than 50

schlieren photographs. In addition, the solid line in Figure 6 repre-
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sents the average of the data which were obtained from the flat plate
experiments at a Mach number of 2. 61. These data showed somewhat
less scatter than did the nozzle wall data which are plotted here.

It is again evident from study of these data that the normalized
coordinates agree well and that the agreement appears to be independ-
ent of pressure ratio, specific heat ratio, injector diameter, and the
condition of the boundary layer. In addition, the fact that the data
from schlieren and shadowgraph pictures agree well substantiates the
assertion that the observed differences in penetration height from
these sources is a result of the differences between these two flow
visualization techniques.

In order to check the influence of molecular weight on the pro-
cess, some shock shape data were obtained with helium injectant.
Unfortunately, schlieren photographs taken with helium did not reveal
the penetration distance directly, although the bow shock was easily
observed. However, the normalized shock shapes agree as well as the
other data when the data are normalized by values of penetration height
calculated from equation (6) with experimentally determined values of
the flow coefficient, c. ence it is evident that the characteristic
dimension of the interaction is independent of molecular weight.

The data discussed here are shock shapes in the x-z plane.
From experiments conducted in the CIT facility at a Mach number of
2. 56, B—urden(z) has shown that the shock shape is axisymmetric about
an axis lying in this plane, and parallel to the wall but displaced a
distance h along the z-axis from the wall. Thus, given this axis, the

curve in Figure 6 gives a complete description of the shock shape pro-
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duced by injection.

In Figure 7 are presented curves which reprecsent averages of
shock shape data from the JPL flat plate experiments. This method of
data presentation was chosen because the curves lie so close together
that it would have been very difficult to visualize the important features
had the data points been plotted, but yet their significance is lost if
they are not directly compared. The scatter in the data is somewhat
less than that shown in Figure 6 except where the curves are dashed,
in which case the difficulty in interpreting the photographs caused
greater scatter. Some of this difficulty at the higher Mach numbers
was caused by the unsteadiness in the flow field previously mentioned.
The fact that the curves all approach a single curve for small values
of (x/h) indicates that the properly normalized shock shapes near the
injector port are nearly identical. Now the shock location near the
nose of a blunt body in a supersonic flow is very weakly dependent on
Mach number (for Mach numbers larger than about 2. 0), but is
strongly dependent upon the size of the body. Thus, Figure 7 indicates
that the dependence of h upon the free-stream Mach number is
correctly predicted by equation (6).

3. Concentration profiles. - A more critical check on the pro-

posed scaling law is given by examination of the flow pallern of the
injectant. The mixing of the injectant and primary flows has been
examined by making analyses of gas samples drawn from various lo-
cations in the flow field. Measurements were taken at Mach number

2. 56 in the nozzle-wall injection system with argon and helium in-
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jectants. The positions most thoroughly studied lie in the x-z plane,
v = 0; a few positions for other values of y were also examined.

Data obtained with argon injectant in the y = 0 plane are shown
in Figures 8a and 8b. Here, the origin of each concentration profile
is superimposed at the appropriate position on a plot of the x~-z plane
which also shows the bow shock wave. In Figure 8a, the region close
to the injector is shown on an expanded scale, and the data points are
presented in detail to illustrate the reproducibility of the experiments.
All coordinates are normalized by calculated values of the scale
parameter. The normalized diameter of the probe which was used to
make these measurements is shown in Figure 8a for each value of h
used in the experiments.

The data of Figure 8 show that near the injector the profile is
sharply curved on the lower side of the maximum, but that downstream
of (x/h) a 4, the profile is roughly Gaussian except for a slight wall
interference effect. It is obvious that the observed penetration height
and calculated scale factor correspond much closer to the line of
maximum concentration than to the outer edge of the injectant stream.

Mixing occurs rapidly close to the injector. For (x/h)~ 1, the
maximum concentration is less than 0. 80; thus, even this close to the
injector, the injectant is already substantially mixed with the primary
flow. Farther downstream mixing is slower, and at (x/h) ~ 12 the
concentration maximum is still greater than 25 per cent.

Measurements made on planes other than y = 0 are shown in

Figure 9 for two values of (x/h). These data and that shown in Figure
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8 have been used to obtain the cross plots and concentration profiles
shown in Figures 10a and 10b. In Figure l0a, cross plots of concen-
tration versus (y /h) for a number of values of distance above the wall,
(z/h), and for two values of (x/h) are shown. Above the concentration
maximum, the curves are again roughly Gaussian, but below it they
have a definite concentration minimum on the (y/h) = 0 axis. This
minimum is present at both (x/h) stations, but is much less marked
at (x/h) = 12,

The concentration profile of Figure 10b shows the extent of this
minimum more clearly. Here lines of constant concentration in the
(v/h) - (z/h) plane are presented. The solid points shown on the
figure were obtained by interpolation of the data of Figures 8 and 9.
The shapes of the two plots are roughly similar, although the (x/h)
dimension appears to be growing slightly more rapidly than the (y/h)
dimension.

The kidney-shaped cross section seen in the concentration pro-
files of Figure 10b suggests that a vortex is shed from either side of
the injectant jet. The vortex filaments appear to be roughly parallel
to the wall, and with vorticity such that, near the wall, primary gas
is swept in toward the centerline of the flow, i.e., toward (y/h) = 0.
This type of vortex structure has been observed by other workers for

(8)

the case of subsonic injection into a subsonic stream. Such vortices
may explain the steep gradients in concentration observed at the

(x/h)~ 2 position.

The data presented in the last three figures were obtained with
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argon injectant. Similar data obtained with helium injectant are
shown in Figure lla. As would be expected, these curves, presented
in terms of mass fractions, are not identical with the argon data,
since the two situations are not directly comparable. The difference
becomes more marked with increasing (x/h). The nature of the dif-
ference is more clearly shown in Figure llb, where the profiles for
helium and argon at (x/h) = 12.3 are compared with the concentration
valuss normalized by the maximum value. The curves are similar,
but the helium profile is lower than that for argon.

Although the general shapes of the curves shown in Figures
lla and 11b are quite similar, such features as jet width and distance
of maximum concentration line from the wall are definitely smaller
for the helium case. Hence, in the coordinates used here, the helium
jet spreads more slowly than the argon jet.

Argon data are presented in Figure 8 and 10 for stagnation
pressure ratios which give a 2. 2:1 change in penetration height. The
normalized concentration profiles shown in these figures are almost
identical over this scale change. The data are also insensitive to the
state of the boundary layer, since both laminar and turbulent layers
are included. Hence, it is apparent that the scaling rule given by
equation (6) is valid for the mixing process, too, when changes in
scale by not more than a factor of two are considered; the good agree-
ment of the data suggests that much larger changes could be adequate~
ly treated,

4. Velocity and total pressure profiles. - Figures 12 through 16
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give velocity, Mach number, and total pressure profiles normalized
by the respective free~stream values, for argon injection. (2) A single
set of injection and free~stream conditions "was maintained, and data
are presented for four values of (x/h) between (x/h) = 8 and (x/h) = 15.
At each axial station, data are given at the centerline and at two off-
axis positions. The argon concentration data of Figures 8 to 10 were
used to compute the effective specific heat ratio and molecular weight
for each of the velocity, total pressure, and Mach number data points.
For the cases where argon concentration data had not been obtained at
the particular location, the available concentration data were linearly
interpolated or extrapolated. The results of these interpolations or
extrapolations are presented as solid lines in Figures 12 through 15.
The velocity, total pressure, and Mach number profiles were found to
be very insensitive to errors in argon concentration in the range of
argon concentration which was encountered, so that the interpolated or
extrapolated values appeared to be quite satisfactory., The local total
pressure and Mach number were calculated with the assumption that
the local static pressure was constant and equal to its value at the
wall, Examination of the wall static pressure data of Figure 17 and 18
shows the static pressure to be approximately constant and equal to the
undisturbed static pressure for (x/h) greater than 8 and for (y/h) in the
range of zero to at least 4. 3. Because the wall static pressure was
found to be nearly constant in this downstream region, the assumption
of constant static pressure in this limited region away from the wall

is a reasonable one.
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Note that each of the velocity, total pressure, and Mach num-~
ber profiles exhibit two maxima at most locations, and that these
occur at the same values of (z/h). These curves show a minimum
near the maximum value of argon concentration. This is reasonable,
because the velocity which the argon would attain by expanding
isentropically from its stagnation pressure to the free~stream static
pressure divided by the free-stream velocity is 0, 885 for this set of
test conditions. In addition, the turning process results in losses, as
indicated by the very large total pressure defect in this region. The
velocity profiles do approach the free~stream velocity with increas-
ing (x/h), but there is still a substantial velocity defect at (x/h) = 15,
(y/h) = 0 and (y/h) = 0. 611. In Figure 14, undisturbed boundary layer
profiles are superimposed upon the velocity profiles which were
obtained with injection, and it can be seen that the flow near the wall
is characteristic of the undisturbed boundary layer at the two off-axis
stations, and somewhat less so at the axis.

Figure 16 is a composite plot of argon concentration contours
and total pressure contours at (x/h) = 12, The concentration contours
are essentially the same as those in Figure 10b for this axial station.
It can be seen that the shapes of these contours are somewhat similar,
but the kidney-shape is somewhat less pronounced in the case of the
total pressure contours. The shape of the total pressure contours is
a further indication of the presence of the two vortices which have
been mentioned earlier.

5. Wall pressure distribution. ~ The experimental results
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discussed up to this point concern the gross structure of the flow
field produced by secondary injection. It has been shown that these
features of the flow are approximately independent of the state of the
boundary layer and of the boundary layer thickness for values of h
which are as small as the boundary layer thickness or somewhat less,
and that a simple model of the flow leads to the calculation of a single
characteristic dimension which is a satisfactory scaling parameter.
In contrast, when examining the flow field near the wall, the state of
the boundary layer is very important because of its influence on the
interaction between the bow shock and the boundary layer.

For example, when the layer is laminar, the bow shock -
boundary layer interaction causes the layer to separate far upstream
of the interaction region, and the separation angle is quite small, c. g.,
Figure 3b. When the layer is turbulent, the separation point is much
closer to the interaction region, and the separation angle is much
larger (Figure 3a). Hence, it is evident that the static pressure dis-
tribution on the wall under the separated regions will be quite different
for turbulent and laminar boundary layers.

Static pressure data obtained in the CIT and JPL facilities are
shown in Figures 17 through 23. Values of the pressure change pro-
duced by injection and normalized by the primary flow static pressure
are given as a function of the position coordinates normalized by the
calculated scale factor.

Consider first the results for M = 2. 56 shown in Figures 17

and 18. In Figure 17, data are shown for pressures measured along



27
the x-axis, i.e., along a line parallel to the primary flow and passing
through the injector port. In general, the pressure increases rapidly
between -1 = (x/h)= -1 on the upstream side of the injector port, falls
to less than half the ambient around the port, and rises to the ambient
value in the region 3 —<-(x/h) < 4. When the boundary layer is laminar,
the pressure increases slightly farther upstream of the shock due to
separation; the corresponding turbulent separation occurs too close to
the injector to be clearly discerned.

Off x~axis data are shown in Figure 18 for conditions corre-
sponding tothe turbulent boundary layer data of Figure 17. The data
are for cuts along both y = constant and x = constant lines and serve
to give a rough picture of the off-axis pressure distribution. As would
be expected, pressure extremes are found along the x-axis and die
off with distance away from this axis.

A wide range of injector parameters are covered by the data
presented in Figures 17 and 18. For example, the change in total
pressure ratios used here produces a 6. 8:1 variation in the penetra-
tion height; data with both laminar and turbulent boundary layers are
presented, and helium and nitrogen injectants are used. In view of
this wide variation of parameters, the correlation of the data of
Figures 17 and 18 by use of the normalization factor, h, is satis~
factory.

The pressure distributions obtained at different Mach numbers
for the flat plate model are shown in Figure 19 through 23. Again, it

was not possible to present all of the data points; each figure includes



28~
one set of data points, and the scatter in the data for which only
average curves are given is similar to that of the data which are
presented.

At the lowest Mach numbers, the pressure distributions were
obtained with turbulent boundary layers, and the data are in good
qualitative agreement with the nozzle wall data of Figure 17. A curve
representing the average of the CIT data of Figure 17 is given in
Figure 20 to facilitate this comparison. One of the differences be-
tween the nozzle wall and the flat plate data for the case of turbulent
boundary layers was that separation could usually be observed in the
flat-plate pressure distribution data. In the cases for which the
separation shock was visible in the shadowgraph pictures, the point
at which the pressure rise was deteccted corresponded reasonably well
with the intersection of the separation shock with the wall.

Data with laminar boundary layers are shown in Figures 21, 22,
and 23 for the higher Mach numbers. These data show a much more
pronounced pressure rise far upstream of the injector than the corre-
sponding turbulent data; for example, compare data of Figures 20 and
21 which were obtained at Mach number 2. 61 and which have similar
scale heights. Downstream of the injector, the data are similar for
both boundary layer states. In general, the normalized pressure dis-
tributions with either a laminar or a turbulent boundary layer are
surprisingly insensitive to Mach number.

In spite of the good general correlation of the pressure data in

Figures 19 through 23, some systematic variations with pressure
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ratio, or scale, can be noted. In the case of laminar separation,
Figures 21 to 23, it can be seen that the separation distance normal-
ized by h decreases as h increases. Considering the assumptions
of the analytic model, it is not surprising that it does not account for
an effect of shock ~ boundary layer interaction particularly well.
However, in the case of the turbulent boundary-layer data upstream
of the injector, the correlation is excellent, and thus it appears that
the turbulent separation distance is a linear function of h.

In Figures 19 through 23 it can be seen that the agreement in
the data is very good immediately downstream of the injection orifice
in the region of minimum pressure, but a systematic difference
appears somewhat farther downstream, in the range of (x/h) between
3 and 5. As h, or the injection pressure, increases, the pressure
in this region rises more abruptly, until it actually overshoots the
free-stream static pressure except at Mach number 4. 54. At the
lower Mach numbers, this overshoot becomes more pronounced, and
its maximum value moves forward, in the normalized coordinates, as
the injection pressure is increased. This overshoot occurs consider=-
ably downstream of any visible feature in the shadowgraph pictures to
which it might be attributed.

This pressure overshoot is probably caused by the reattach-
ment of the injectant jet to the wall. The increase in overshoot
pressure with penetration height is explained by the fact that h is
increased by increasing the total pressure, Po." As h increases, the

J

pressure ratio through which the injectant expands, i.e., P_ /Pm,
J
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increases, and the velocity in the jet must increase. Hence, the
turning shock must be stronger and the pressures produced by the
shock must be higher.

In each set of data at a constant Mach number, it was noted
that the centerline pressure distribution corresponding to the lowest
injection pressure seemed to be somewhat smeared out compared to
the others. The pressure changes were more gradual, but extended
over a larger region, again in the normalized coordinates. Although
no detailed boundary layer studies have yet been made to confirm
this supposition, the schlieren and shadowgraph pictures seem to
support the notion that this smearing out of the pressure distribution
occurs when the scale of the obstruction is of the same order as a
characteristic boundary layer thickness. Since the scaling procedure
is based upon a single scaling parameter for the flow field, it seems
logical that this simplicity would be modified in a region where the
scale factor was of the same order as another important character-
istic dimension of the flow.

Ihe correlation of the CIT data in Figure 17 is not as good as
that of the JPL data presented in Figure 19 through 23, which appears
to be excellent. At least some of the scatter in the CIT results is due
to the rather crude pressure instrumentation. The data for one of the
higher pressure-ratio runs of the CIT data with a laminar boundary
layer exhibits what appears to be the pressure plateau characteristic
of laminar separation. This pressure plateau does not show up clearly
in all of the CIT laminar boundary-layer data, as can be seen in

Figure 17. It is not known whether this is entirely due to inaccuracies
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in measurement, or whether the much more pronounced effects of
laminar separation exhibited in Figure 21 are primarily a result of
actual differences in the shock ~ boundary layer interaction between
the two sets of experiments. In any event, the character of the bound-~
ary layer on the tunnel wall in the CIT tunnel would be expected to be
different from that in the flat-plate experiments in the JPL tunnel.

Several papers have appeared in the literature which present
pressure distributions on flat plates with secondary injection, which
are similar to the experiments described in this paper(S’ 9, 10, 11).
Data from the paper by Cubbison, Anderson, and Ward(g) was con-
sidered to be the most directly comparable to that which has been
presented here. Figure 24 presents six pressure distributions in the
plane y = 0 for two Mach numbers; the data are plotted in the manner
of Figures 17 to 23, except that the original pressure coefficient nota-
tion was retained. The agreement is seen to be quite good, except in
the separation region upstream of the injector at free-~stream Mach
number 4. 84. It should be noted that for the two largest values of h,
at Moo = 4. 84, the boundary layer was separated up to the leading edge
of the plate, thus precluding any similarity in that region.

E. Discussion and Conclusions

Quantitatively, the results of the shock shape, concentration,
and pressure measurements indicate that the scaling parameter, h,
is satisfactory for the range of variables which has been investigated,
with the previously mentioned restriction that it be about equal to or

greater than the separated boundary-layer thickness. The correlation
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of the shock and concentration data was excellent, but it appears that
the size restriction to the applicability of the scale parameter is more
severe for the static pressure distribution on the wall than it is for
these other features of the flow. Some lack of similarity in the pres-
sure data was observed in the laminar boundary layer separation re-
gion, and at the lower Mach numbers in the reattachment region down-
stream of the injector. It is apparent that a simple one-parameter
scale transformation cannot give a detailed correlation of the pressure
data in these regions.

1. Review of flow models. = A number of models have been

suggested by other authors which lead to a calculation of a scale height
for secondary injection. For example, see Reference 12 to 15. Un-
fortunately, most of these models are for two-dimensional flow and are
not directly applicable. However, it is still possible to compare their
approach to the one used in this paper.

One assumption used was that the penetration height is fixed by
the area required to pass the mass flow of injectant after it expands

(12)

isentropically to the local ambient pressure. In our case, this
assumption leads to the result that the penetration height depends only
on the ambient static pressure and injectant specific heat ratio, and is
independent of the momentum of the frcc strcam. These conclusions
are not in agreement with the experimental results. A second type of
model, e.g. Reference 13, is based on the assumption that the

separated boundary layer is tangent to the top of the injectant stream,

and that side force is only generated upstream of the injector port.
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Our experimental work indicates that such a model is valid only when
the scalc height is less than the boundary layer thickness.
Furthermore, analysis of the results of Newton and Spaid(lé)
shows that with gaseous injection, the major portion of the side force
is applied downstream of the injector port. They found that there was
still a small positive contribution to the side force for (x/h) > 12.
Although this work was carried out in a conical rocket nozzle, the re-
sults should apply at least qualitatively to the present discussion.

Additional information is furnished by analysis of the results
of Walker, et al. (17), who worked with a conical nozzle which had
injector ports of various diameters located close to the nozzle exit.
Their values of specific impulse of side injection, IS, are given in
Figure 25 as a function of the ratio of distance between injector port
and nozzle exit to values of the scale parameter calculated from
equation (6). In these experiments, the ratio of the distance between
the injector and nozzle exit to h varied from about 2.9 to 8.5, and
the corresponding specific impulse for secondary injection increased
by a factor of about 1. 4. These results can also be interpreted as
showing the effect of systematically increasing the wall area on which
the pressure disturbances act from an area corresponding to (X/h) =
2.9 to (X/h) = 8.5. For this configuration the contribution to side
force is small when (X/h) > 7. This result agrees with the analyses
of the data of Newton and Spaid, (16) discussed in the previous
paragraph, and shows that the downstream contribution to side force
is very important.

A third model is that which was proposed by Broadwell. (14)
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In this paper, the blast-wave theory was used to obtain a pressure
field on a flat plate. The scale of this pressure field was determined
by calculating a value for drag produced by injection and equating this
to the energy added to the free stream per unit length. This drag is
therefore completely analogous to the change in the x-component of
momentum of the jet in the present model, equations (3), (4), and (5).
A value of drag, then, corresponds to a scale height, so that these
two approaches can be compared. In Reference 14 the drag, or energy
per unit length, is calculated by assuming first, that the injected
material reaches the velocity of the undisturbed free stream, and
second, that the effect of adding mass can be taken into account by
adding heat to a part of the free-stream flow sufficient to produce the
same volume change which would be produced by mass addition. The

result of this calculation is as follows:

2 T
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In order to compare the effect of these assumptions with the
present model, an equation for scale height similar to equation (6)
was derived by substituting equation (10) for equation (5) in the present
derivation. The resulting equation, analogous to equation (6), gave
very nearly the same Mach number dependence as equation (6), but
showed a strong dependence upon the molecular weight of the injectant
at a constant value of free- stream - to - injection pressure ratio.

This dependence was not observed. These results indicate that the
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scale of the flow field is probably determined by an isentropic expan~
sion of the jet in the immediate vicinity of the injector, rather than by
the acceleration and mixing process between the jet and the free-stream
material which occurs farther downstream. These results and con-
clusions are also in accord with the fact that the drag of a slender,
blunt-nosed body at high Mach numbers is determined almost entirely
(6)

by the characteristic nose bluntness dimension.

2. Review of the flow field characteristics. - The concentration

and pressure data have now made it possible to add some details to

the qualitative description of the flow field which was presented earlier
It has been shown that the jet mixes very rapidly as it leaves the in-
jector, and much more slowly for (x/h) greater than about 4. The jet
is approximately parallel to the wall at (x/h) =~ 3.

A pair of vortices appear to be shed from the jet near the in-
jector; these accelerate the mixing process and result in a region of
low concentration of injectant material in a region immediately down-
stream of the jet near the wall. The flow is separated just downstream
of the injector and appears to reattach to the wall in the region
32 (x/h) € 4. This reattachment may be accompanied by a compression
wave system, increasing in strength with jet - to - free stream stag-
nation pressure ratio and with decreasing free-stream Mach number.

The character of the boundary layer separation for the case of
injection into a turbulent boundary layer is quite different from the
separation of a laminar boundary layer. The pressure rise due to

turbulent separation extends only slightly upstream of the bow shock,
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but the laminar boundary layer separates far upstream. In neither
case, however, does the height of the separated boundary layer
approach the height of the jet, if the jet height is much greater than
the undisturbed boundary layer thickness. This result is quite differ-
ent from the results obtained in boundary-layer separation studies

(

with a two-dimensional step. 18) Part of this difference seems to be
the result of the inherent difference between two- and three~-dimen-
sional obstructions; the boundary layer can simply go around the three-
dimensional object, but the flow must all go over the top of the two-
dimensional one. In addition, there is the previously mentioned effect
of the jet shape near the wall which tends to provide clearance for the

boundary layer.

F. Applications of the Scaling Law to Scaling of Forces

If the scaling law, as developed earlier in equation (6), can be
taken as being a good approximation, then it is easy to predict the
variation of the side force generated on an infinite flat surface by the
variation of the jet parameters. For many purposes, it is desirable
to know the change in force produced on the wall by secondary injec~
tiomn.

The side force contribution from the pressure field resulting
from secondary injection from an infinite flat plate can be expressed

as:

AF = JP f (P-POO) dx dy (11)
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Dividing through by (POO hZ) we have:
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The integral of equation (12) is evaluated in the normalized coordi-
nates, and therefore will depend only upon the free-stream Mach num-
ber and specific heat ratio. That is,
g = a{M_, v}
The total side force due to injection,Fs ,1s the sum of the
interaction force, AF, and the thrust of the injectant, Fj. The thrust

of a sonic jet is given by

F, = PojAjch{M:i} (13)
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It is useful to compare the total force due to injection with the
thrust which would be produced by the jet alone if it were expanded
isentropically in a nozzle to the free-stream static pressure. This

quantity will be denoted F, , and is given as follows:
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Combining equations (6), (12), (13), (14), and (15), we have

1
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The second term in equation (16) is the ratio Fj/Fj , the ratio
max

of the thrust of a sonic jet to the thrust of a jet with optimum expan~
sion.

The usual form for presentation of rocket motor tests has been
to give the ratio of side force to axial force as a function of the ratio
That is,

of secondary to primary mass flow rates.

FS/FP = f (mJ/mp)

Results from (16) can be compared with rocket motor data by

using the expression for F, written in terms of mj , as follows:
1
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Equations (16) and (18) can be used to correlate side force measure-
ments if the dimensionless pressure integral, 3, is known.
Even when 3% is not known, correlation can be made if
(FS/F. ) is held constant, keeping in mind that the first term in
max
equation (16) depends only upon free~stream parameters. This con-
dition implies that valid comparisons can be made when any of the
following parameters are changed: injectant molecular weight and
total temperature, injector diameter, and primary-stream molecular
weight and total temperature. In addition, the dependence of equations
(16) and (18) upon Po. is very weak, particularly if Po. >> Poo'
Hence, a change in tljle ratio (PO./Pm) will only introduce a slight
J

error in scaling.

Subject to these restrictions, it is evident that
. \’R T
Fs o mJ : Oj

In addition, if changes in axial thrust of the primary flow
caused by non-~optimum expansion and by secondary injection are

neglected, then

and therefore

Fs mT. TOj /mj
F s m T, 'm (19)
P P Op P

This result indicates that the thrust ratio depends directly on the mass

flow rate and on the square root of the ratio of injectant total tem-
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perature to molecular weight. The ratio is independent of injector
diameter.

The discussion given in the earlier sections of this paper indi-
cates that there are a number of restrictions which must be placed on
this scaling procedure. Clearly, the procedure is strictly applicable
only if the wall on which the pressure disturbances exist is of suffi-
cient extent that the pressure at its boundaries has returned to the
free-stream static pressure. In practice, this means that the
boundaries must be at least 10h away from the injector.

In addition to this geometric limitation, it will be useful to
summarize again the limitations on the scaling procedure itself. First,
it is necessary that the scale height be at least as large as the sepa-
rated boundary layer thickness.

Second, if the boundary layer is turbulent, scaling appears to
be excellent except in the reattachment region. If scaling of a nozzle
is carried out by using geometrically similar devices with equal total
pressure ratios, (Po./Po ), then the reattachment phenomena will
also be similar and nJo sc:{ing errors will be introduced. This scaling
procedure is that which is most likely to be used in the design of a
large rocket nozzle where the boundary layer is almost certainly
turbulent.

Third, if the boundary layer is laminar, upstream separation
phenomena are more important, and scaling may be less satisfactory.
In this case, there is some indication that pressure changes compen-

(15)

sate each other; " however, no information on such compensation
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can be deduced from the present work.

Some direct comparison can be made of the scaling law devel-
oped here with experimental rocket engine tests. Even though the
flow field in a nozzle is not directly comparable to that treated here,
it is felt that the general conclusions drawn from the present work are
useful.

(19)

Rodriguez and many other experimenters have found that
the side force is independent of the injector port area for fixed mass
flow and depends linearly on the mass flow of injectant when the pri-
mary flow parameters are held fixed. This result agrees with that
obtained from equation (19).

Some work has been carried out in which injectants with
different total temperatures and different molecular weights were

wsed. (17, 20, 21) (20)

The correlation proposed by Lingen and later

(21)

approximately verified by Chamay and Sederquist agrees exactly
with equation (19).

Figure 26 shows data from Reference 20 for gas injection into
a rocket nozzle. The parameter (To./To ) was changed by a factor
of more than 6 for the two cases, ami thepagreement is excellent,
although the data are badly scattered. Figure 27 shows data for
nitrogen and hydrogen injection into a rocket nozzle, from Reference
21. The scatter here is much smaller than for Figure 26, but
the correlation is not quite so good. It can be seen that the corre-

lation improves with increasing ™y so that there is about 10

per cent difference between the nitrogen and hydrogen data at the
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higher injection rates.

In the previously mentioned paper by Walker, et al., data are
reported for injection of different gases into a rocket nozzle. The
correlation of these data by the present treatment is presented in
Figure 28a. Only data for sonic injection are presented. The choice
of hz as a correlating parameter was made because it accounts for
variations in Yj and (Poo/Po.)' It can be seen that the effect of in~
jector diameter is accounted %or quite well, but considerable system-~-
atic variation remains among data for different gases. It is interest-
ing to note that the correlation is in error by about the same factor
over the entire range of hZ, or injection rate, in contrast to the data
of Reference 21.

(22)

The different treatment proposed by Broadwell gives a
somewhat better correlation of the data of Reference 17, particularly
at the higher injection rates (see Figure 28b). Figure 28b also in~
cludes data for subsonic injection, but does not include the effect of
injector port diameter. In another figure of Reference 22, Broadwell
shows a correlation of this effect which is as good as that in Figure
28a.

Because of the disagreement between the various sets of
experimental data of References 17, 20, and 21, it is difficult to judge
the value of the present technique in correlating rocket motor data for
different gaseous injectants. Both the technique proposed by Broadwell

and that proposcd by the author appcar to bc in approximatc agrec-

ment with experimental data, although both techniques predict greater
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increases in performance with decreasing molecular weight of injectant
than are actually realized.

In the case of the technique developed here, the explanation for
this discrepancy is believed to be as follows. The assumption of isen-
tropic expansion of the secondary flow appears to be quite satisfactory
in the vicinity of the injector. However, it has been demonstrated for
gaseous injection into a rocket exhaust that in many configurations, a
major portion of the side force is developed quite far downstream of
the injector. The concentration and total pressure measurements
which have been presented here show that mixing of the injectant with
the free stream is quite rapid, and that the speed of the injected gas
downstream of the injector is strongly affected by the free stream
flow. The effective scale of the obstruction downstream of the injector
will then be less than that predicted by equation (6) if the speed of the
injectant corresponding to an isentropic expansion to the free-stream
static pressure is significantly greater than the speed of the free
stream. This effect of mixing will then result in lower performance
for a light gas than for a heavy gas when they are compared at the
same value of the scale parameter, h, for rocket-nozzle injection
configurations for which the side force contribution downstream of the

injector is important.
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III. INJECTION THROUGH A SIL.OT

In addition to the experiments on injection through a circular
hole into a supersonic strcam, a series of experiments were con-
ducted in the 2. 5-inch Supersonic Wind Tunnel at the California Insti-
tute of Technology in which gaseous nitrogen, helium, and argon were
injected through a transverse slot in the test section wall. Injection
was normal to the free-stream flow.

A, Description of Experiments

The experiments were conducted at a test~section Mach num-~
ber of 2. 56 and at Reynolds numbers per inch of 1.3 x 105 and 2.5 x
105° The higher Reynolds number resulted in a turbulent boundary
layer on the test section wall in the vicinity of the slot injector, and
the lower Reynolds number resulted in a laminar boundary layer in
the same region.

The slot was 2.00 in. long and 0. 006 in. wide, leaving a 0. 25
in. section of solid wall between each end of the slot and the test
section side wall. This was done to provide clearance for the hound-
ary layer on the side wall, and to avoid the problem of sealing the
high-pressure plenum chamber behind the slot against the side walls
of the test section. Figure 29 is a section view of the slot injector,
in what has been called the x~-z plane in the previous section. The
injection pressure was measured at a location where the injectant
velocity was believed to be very small. A row of static pressure

taps was installed along the centerline of this nozzle block, parallel



45~
to the free stream flow, and extending 1. 56 in. from the slot in the
upstream direction and 2. 125 in. in the downstream direction. The
four pressure taps in this row nearest the slot passed through the
plenum chamber, but are not shown on this figure because including
them would have made it unnecessarily complicated. Additional
pressure taps were located in rows parallel to the centerline and 0. 42
in. to either side. The injectant was introduced into the plenum cham-
ber through two 0. 25 in. O. D. tubes, spaced 0. 476 in. apart, on
either side of the centerline. A perforated baffle was placed between
the tube outlets and the slot. This arrangement was chosen in an
effort to obtain flow at the slot which was as uniform as possible. The
slot configuration shown in the slot detail was chosen so that friction
losses would be relatively small, and so that the slot could actually
be machined with reasonable assurance of obtaining a uniform cross-
section along its length.

Uniformity of the flow produced by the slot was checked by
making a total pressure survey along its length. The slot was pres-
surized with nitrogen, and was allowed to exhaust to the atmosphere.
A probe was located 0. 01 in. above the slot, and total pressure mea-
surements were obtained which showed the flow to be uniform to with-
in 1 3.5 per cent in the central region, excluding the last 0. 15 in. on
each end. The discharge coefficient for the slot was determined as a
function of Reynolds number based on the slot width by measuring
mass flow rate of nitrogen through the slot with a sharp-edged orifice,

in accordance with the applicable supplement to the ASME Power Test
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Code.

Essentially the same types of measurements were made for the
slot-injection experiments as were made for the hole-injection exper-
iments, with a few exceptions. For this series of experiments, the
static pressures were measured with a Statham 0-5 psia pressure
transducer, and a Scanivalve pressure-switching mechanism. The
probe which was used for the concentration and total pressure mea~-
surements was the same one which was used for the boundary layer
surveys, and has already been described. The purpose of this con-
figuration was to provide good resolution in the vertical direction, and
to provide rapid area increase inside the probe downstream of the
tip. When concentration samples were being obtained, a low pressure
was maintained inside the probe so that the flow would be sonic at the
tip, and so that an attached shock would exist at the probe tip. These
conditions were desired so that species of differing molecular weights
would not be partly separated before entering the probe by passing
through a region of large streamline curvature.

The minimum injection pressures or mass flow rates were
determined by the requirement that the flow be sonic at the slot, and
the maximum values were the largest at which supersonic flow could
be maintained in the wind tunnel test section.

The degree to which the flow field approximated two~dimen-
sionality was checked by examining transverse pressure profiles
obtained without injection and with various injection flow rates. These

pressure profiles exhibited a maximum deviation from uniformity in
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the transverse direction of about T 3.0 per cent for the highest injec-
tion flow rates.

B. Description of the Flow Field

A gualitative understanding of the flow field produced by injec-
tion through a slot into a supersonic stream has been obtained by
examination of schlieren photographs from experiments in the CIT
facility, and has been greatly aided by the work of Buffum, Price, and

Slates (23)

of the U. 8. Naval Ordinance Test Station, China Lake,
California. This work consisted in part of detailed optical studies of
the flow produced by injection through a slot into a two-dimensional
expanding nozzle.

Upstream of the slot the flow field is similar to the flow over a
forward-facing step. A sketch of a typical flow field for the case of a
turbulent boundary layer is shown in Figure 30a, which is a scale
drawing from a schlieren photograph obtained at the CIT facility. For
this example, the flow is sonic at the slot, and has a much higher
static pressure than that of the primary stream. It expands rapidly
through a strong Prandtl-Meyer fan, and is turned by the primary
stream so that it eventually moves in a direction approximately
parallel to the wall. The flow immediately downstream of the slot is
separated from the wall, but it reattaches in a relatively short distance.
The obstruction produced by injection causes the boundary layer to
separate upstram of the slot, and also results in an obligue shock

which intersects the boundary layer approximately at its point of

separation. The obstacle which is created by the injected material also
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produces a curved bow shock which begins at some point above the
wall and in front of the injectant jet, and then joins the separation
shock to form a lambda~shock structure. A single shock then continues
from this intersection.

The total pressure of the flow which has passed through the
lambda-shock structure is different from the total pressure of the
flow which has passed through the single shock, so that a slip line is
formed which originates from the intersection of the bow shock and the
separation shock. This slip line could be seen quite clearly on shadow
graph photographs which were obtained for gaseous injection through
a circular hole., Spark schlieren pictures often showed multiple ex-
posures for the separation shock, with only single exposures for other
features of the flow, indicating an unsteady separation region. It is
probably for this reason that the boundary layer between the separation
shock and the jet was not sufficiently well defined on the schlieren
pictures to allow the direct measurement of a separation angle. The
magnitude of this angle can be estimated by finding the wedge angle
required to produce the separation shock angle for the particular free-
stream Mach number. Downstream of the bow shock, the flow under-
goes an expansion which turns it toward the wall. A recompression
shock then turns the flow parallel to the wall,

Figure 30b is a scale drawing of a schlieren picture obtained
for injection with a laminar boundary layer. The separation angle
for the laminar boundary layer, of the order of 3 to 4 degrees, is much
less than that for the turbulent boundary layer, and the separation

shock is correspondingly weaker. DBecause the bow shock and the
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separation shock do not intersect for this set of experimental condi-
tions, there is nothing corresponding to the slip line which was
observed in the case of the turbulent boundary layer. It is interesting
to note that the beginning of the bow shock, as observed from the
schlieren photographs, is at the point where the outer edge of the
separated laminar boundary layer makes its closest approach to the
injectant jet, Immediately downstream of this point, the boundary
layer is no longer distinguishable on the photographs. 'The flow is
turned very slightly by the weak separation shock, and more strongly
by the bow shock, after which it passes through an expansion region
in which it is turned toward the wall, and finally passes through a
recompression shock which turns it parallel to the wall.

In view of the substantial qualitative differences between the
flow fields which are obtained for injection with a laminar boundary
layer and injection with a turbulent boundary layer, it appears that
different assumptions may be required in the construction of an
analytic model for each case. Omne of the most important differences
here is that in the laminar boundary layer case the bow shock does
not appear to become very nearly a normal shock in the vicinity of the
jet, as it does in the turbulent boundary layer case, indicating that
the obstruction produced by the jet is more nearly covered by the
separated laminar boundary layer than it is by the turbulent boundary
layer.

C. Analytic Model

It was previously mentioned that the flow for two-dimensional
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gaseous secondary injection into a supersonic stream bears some
resemblance to the flow over a forward-facing step. With this as a
starting point, an analytic model of the flow field has been constructed
whose purpose is to calculate an effective step height which can be
used as a scale parameter for the entire flow field. The work of

(24) and the work of Vas and Bogdonoff(lg) con-

Bogdonoff and Kepler
cerning supersonic flow with a turbulent boundary layer over a forward-
facing step indicate that the separation distance ahead of the step is
proportional to the step height if the step height is somewhat greater
than the undisturbed boundary layer thickness; therefore, an analysis
which is based on an analogy with the flow over a forward-facing step
would probably only be useful when the effective obstruction heights
were greater than the undisturbed boundary layer thickness.

The analysis is begun with the following assumptions, which
are similar to those made in the analysis for injection through a cir-
cular hole: (1) that no mixing occurs between the secondary and the
primary flows; (2) that the interface between the two flows is a rounded
forward-facing step; (3) that the injectant expands isentropically to the
free-stream static pressure and is turned parallel to the wall; and (4),
that the wall shear can be neglected immediately downstream of the
slot. Assumptions (1) and (3) imply that the scale of the flow field is
determined by conditions in the immediate vicinity of the slot, rather
than in the region far downstream.

The coordinate system which has been used with the analytic

model and in the presentation of experimental data is shown on Figure
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30, The origin is at the center of the slot, in the plane of the wall.
The x~axis is downstream of the slot, along the wall, and the z-axis
is normal to the wall.

A momentum balance in the x-direction was constructed for a
control volume bounded by the interface between the two flows, the
wall, and a plane normal to the x-axis and intersecting it at a point
upstream of the attachment of the secondary jet to the wall. Note
that because of the existence of this separated region downstream of
the slot, the secondary flow through the rear face of the control
volume has not been assumed to be a uniform flow over lhe enlire
rearward face, so that the effective scale is not determined by the
continuity equation. Assumption (4) also seems to be reasonable
because of this separated region downstream of the slot.

In the case of the analysis for secondary injection through a
circular hole, it was assumed that the boundary layer coul_d be
neglected entirely, and that the force exerted by the primary stream
on the equivalent solid body could be calculated by modified Newtonian
flow theory. In the two-dimensional case, however, the boundary
layer cannot flow around the body, but must flow over it, resulting
in aviscous<nviscid interaction which is a much more prominent
feature of the {low field for the slot than it was in the three-~dimen~
sional case. The importance of this viscous-inviscid interaction

causes difficulty in the calculation of the x~component of force exerted

by the primary stream on the forward-facing portion of the control

volume. The following form has been assumed,
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h (20)

where %0 is the free-stream dynamic pressure, h is the height of
the equivalent step, and CD is a drag coefficient which is probably

a function of the free stream Mach number, Moo , and the free~-
stream Reynolds number. In view of the previously mentioned differ-
ences between the flow fieldswhich result from injection into a tur-
bulent boundary layer or a laminar boundary layer, it seems likely
that CD would be different for the two cases. The only other term
which is included in the momentum balance is the momentum outflow
of the secondary jet through the rear face of the control volume, which
is calculated exactly as it was in the three~dimensional case. The

result is:

o
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Here ilhe notation is the same as it was before, except that d refers
to the slot width, and the momentum flux is per unit slot length. The
momentum balance is

F = m., V, (22)

X J ]
Substituting from equations (20) and (21) and solving, we have
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It is a simple matter to substitute the free-stream stagnation pressure,
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Po » for the static pressure, which has the effect only of changing the
00
functional dependence of egquation (23) on Moo and Yoo As in the

previous case of injection through a hole, we have the most important

variation of the equivalent step height given by,

P
de oj
2 P
CD Moo o0

oy
A

(24)

This proportionality can also be written in terms of mj » the mass
flow of the jet per unit length of slot, as follows:

m. VR, Tq.

hoe —d L) (25)
Cp M_

where Rj is the gas constant for the injected gas and To. is its
stagnation temperature. Equations (24) and {25) are usefu:]l when
E:D/Po. << 1.

JA value for CD remains to be determined. Figure 31 consists
of two simplified sketches of the flow field as it is assumed to be for
this analysis for the cases of both laminar and turbulent boundary
layers. The heavy line represents the shape of the obstacle which
is encountered by the inviscid flow. If all of the shocks are relatively
weak and the flow deflection angles are small, then the assumptions of
linearized supersonic flow are satisfied by the inviscid portion of the
flow field, and CD should be consistent with the Prandtl-Glauert rule,
as follows:

c - const. (26)
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It can be seen from schlieren pictures of the flow fields that the
assumptions of linearized supersonic flow are fulfilled to a greater
degree of approximation by the laminar boundary layer case than by
the turbulent boundary layer case. On the other hand, if both the
separation shock and the bow shock are strong, and the ramp formed
by the separated boundary layer is such that an abrupt step is still
presented to the inviscid flow, modified Newtonian flow theory may
give a better value for CD than that which is given by the linearized
theory. This amounts to the assumption that the important contribu-
tion to the force on the forward-facing portion of the control volume
is determined by the static pressure behind a strong shock in the
free stream flow, rather than the boundary layer separation pressure
near the wall. A modified Newtonian flow calculation for the drag of
a circular cylinder of radius h gives the following result (see
Appendix B for a detailed derivation):

2 %

)

ES

where CP is the stagnation-point pressure coefficient for the flow

of an ideal gas, and is a function of Moo and Voo Schlieren pictures
of the flow fields indicate that the conditions under which equation (27)
is valid are met more closely by the turbulent boundary layer case
than by the laminar boundary layer case. The primary difference
between equations (26) and (27) is that equation (26) gives a value for
CD which decreases as Moo increases above unity, and equation (27)

gives a value which increases wilh Moo in the same region, but

becomes approximately constant for Mao greater than about 2.
{
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Because the experiments in this series were conducted at a single
free-stream Mach number, it has not been possible to test either
approach, although other published data allow some estimation of Mach

number effect. (25, 26)

For the purposes of this discussion, however,
equation (8) has been used to calculate values of h.

As in the case of the analysis for injection through a circular
hole, it is proposed that h be used as a measure of the scale of the
disturbance produced by injection. Considering the assumptions which
have been made, guantative correspondence between calculated values
of h and any measured feature of the flow would appear to be fortui-

tous.,

D. Presentation of Experimental Data

Results of the slot injection experiments are presented in the
following sections. As in the case of the circular hole injection ex-~
periments, the space coordinates have been normalized by calculated
values of the scale factor, h.

The maximum values of h for which supersonic flow could be
maintained in the test section was found to be 0.468 cm. If we refer
to Figure 1, it can be seen that this value is not greatly larger than the
boundary layer thickness. Although it has not been shown that h is
equal to an equivalent step height, the schlieren pictures indicated that
only for the largest values of h, or of (Po./Po ), did the obstruction
produced by the jet appear to be larger thanJ the Ol?ndisturbed boundary

layer thickness. Because of this experimental limitation, deviations

from similarity in these data would be expected to be present, and



these deviations should be functions of the ratio of the two character-
istic dimensions of the problem, the jet obstruction height and the
boundary layer thickness.

The schlieren pictures which were obtained for the slot injec-
tion experiments did not reveal any feature which had the appearance
of a penetration height of the jet, as was seen in the pictures for the
case of injection through a hole.

1. Wall pressure distribution. - Because it did not seem possible

to make a direct comparison of calculated values of h with some
feature of the flow field, the scaling procedure had to be verified in a
more indirect way.

Figure 32 is a plot of the static pressure along the x-axis, with
the pressures being normalized by the free-stream static pressurec.
The injectant gases are nitrogen and argon, the boundary layer is tur-
bulent, and the values of h which are shown here are the larger ones
which were obtained during this series of experiments. The general
behavior of the pressure distribution is somewhat similar to that
which was obtained along the x-axis for injection through a circular
hole, but here the extent of the disturbance is much greater, in terms
of the calculated scale factor, than in the previous case. Boundary
layer separation upstream of the injector is accompanied by a pres-
sure increase, beginning in the region of (x/h) between -6 and ~-10. The
maximum static pressure which is observed upstream of the injector
is very nearly the same as that in Figure 17, for the corresponding

three-dimensional case. The pressure minimum downstream of the
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injector is not as low, however, as it was in the latter case. The
pressure returns to the free-stream static pressure for(% ) between
4 and 6. (In comparing these results with those in Figure 17, it must
be remembered that the origin of the coordinates in Figure 17 is the
extrapolated intersection of the bow shock with the wall, but in Figure
25 it is the center of the injector.) There is a small tendency for the
static pressure to overshoot the free-stream value in the downstream
region, and the tendency increases with the ratio (P ‘»/Po ). It is

J oo

believed that this is the point at which the jet attaches to the wall
and is turned parallel to the wall through a compression wave systern,
the same as in the three-dimensional case. However, the recompres-
sion shock as observed in the schlieren photographs approaches the wall
somewhat upstream of this point, at(%—-} between 2 and 3 but it is not
observed nearer the wall than (z/h) about equal to one.

A comparison of the values of the scale factors corresponding
to the data which are presented in Figure 32 with the boundary layer
profiles of Figure 1 shows that only the largest of these scale factors
is greater than the boundary layer thickness. If the scale factor
actually is of the same order of magnitude as an equivalent step height,
and some evidence will be presented later which indicates that this is
true, then it is not surprising thal the scaling law does not work
perfectly. The deviation from similarity is a trend toward a smaller
scale of the disturbance, measured in units of the scale factor, h,
as h increases. This trend is in accord with wall static pressure data

o . e 18,24
which have been obtained for the flow over a forward-facing step, (18,24)
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and for the flow over a solid spoiler, (25) when the step or spoiler
height is not grcater than the thickness of the undisturbed boundary
layver, for values of Moo ranging from 1.57 to 3. 85. KEven so, the
scaling is reasonably good with a variation in h of about 4. 6:1, and
the agreement between the nitrogen and the argon data is excellent.

Figure 33 is similar to the previous figure, except that data
for the smaller values of h are presented, and data for gaseous
nitrogen, helium, and argon injection are presented. The solid line
represents an average of data for h greater than 0.2 cm. The trend
of decreasing extent of disturbance, in the normalized coordinates,
with increasing scale factor is much more pronounced than it was in
the previous figure, although the variation in the scale factor for this
figure is somewhat greater than in the previous one--about 7. 8:1.

The data of Figure 33 constitute important evidence that the
lack of explicit molecular weight in the expression for h, equation
23, is correct. The solid points are for each of the three gases with
injection conditions chosen to give scale factors near 0.0l cm, and the
other data points are a similar set for the scale factor in the range
of 0.075 to 0.099 ¢cm. The molecular weight of the gas has been
changed by a factor of 10 for each of these sets, and the agreement is
very good.

Figure 34 is the same type of plot as the preceding two figures,
except that the boundary layer is laminar, and nitrogen gas is the only
injectant. The pressure disiribution still rises (o a maximum

immediately upstream of the injectant, falls to a minimum downstream
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of the injector, and rises downstream to a value near that of the free
stream. However, values of the maximum and minimum are much
less extreme than those which were observed with a turbulent bound-
ary layer. For injection through a hole, the pressure distribution
along the x-axis was affected by the state of the boundary layer only
near the location of boundary layer separation; the maximum pressure
which was obtained just upstream of the injector, and the entire pres-
sure distribution along the downstream x-axis was found to be inde-
pendent of the state of the boundary layer. For injection with a slot,
however, the entire flow field is apparently altered. The sketch of
Figure 30b indicates the reason that the pressure maximum upstream
of the injector is so low in the laminar boundary layer case. The bow
shock does not approach the wall very closely, but seems to end at a
three-way intersection of the shock, the outer edge of the separated
boundary layer, and the jet. As is to be expected, the separation
angle of the laminar boundary layer is quite small, so that the pres~
sure rise which is associated with it is correspondingly small. The
pressure distribution downstream of the injector indicates that the
jet attaches to the wall further downstream than in the case of the
turbulent boundary layer.

Experimental difficultiecs greatly restricted the studies for the
laminar boundary layer condition. The range of scale factor presented
here is the greatest which could be obtained, because smaller obstruc-~
tion sizes would have been too small for effective study, and the

tunnel would not maintain supersonic flow in the test section with
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larger obstruction sizes. Examination of Figure 1 shows that these
data are for values of h which are all considerably less than the
undisturbed boundary layer thickness, so that it is to be expected that
the scaling procedure does not work particularly well.

A second problem which made it impossible to obtain a good
check on the scaling procedure was that the laminar boundary layer
separation point at the higher injectant flow rates was near the
beginning of the curved portion of the nozzle wall downstream of the
throat. The location of the separation point was apparently affected
by the favorable pressure gradient in this region, thus preccluding
similarity.

2. Flow field visualization. -~ It was desired to make another

check on the scaling procedure by comparing normalized shock
coordinates, although this method of comparison is not as sensitive as
that which can be used with other data. Because of the limitation on
the maximum scale obtainable, it is not surprising tofind that the
shock coordinates do not agree well when compared in the normalized
coordinates for different injectant to free-stream total pressure ratios.
The peak pressure in the separated region for both laminar and tur-
bulent boundary layers depends upon the scale of the obstacle causing
the separation if the height of this obstacle is equal to or less than the

(24)

undisturbed boundary layer thickness. If the pressure behind the
separation shock is a function of obstacle height, then the separation

shock angle and the boundary layer separation angle will also he

functions of obstacle height.
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Figure 35, however, is a plot of shock shapes for nearly the same
values of the scale parameter, but with different injectant gases,
helium and nitrogen. It can be seen that the agreement is quite good
in the upstream region where the differences shown between the bow
shocks and the separation shocks are within the error in measurement
from the photographs, but the recompression shock is definitely higher
for helium injection than it is for nitrogen injection. This indicates
that the shape of the obstruction produced by the two gases may be
different, and that mixing of the injectant and the primary flow may be
important.

3. Concentration and total pressure measurements. - Figures

36 to 43 present the results of concentration and total pressure mea-
surements for argon and helium injection which were made downstream
of the slot. Figure 36 is an argon concentration profile which was
obtained for an intermediate value of h in the region near the injector.
This concentration profile, taken together with those of Figure 37, gives
information about the mixing of the jet with the free-stream flow as a
function of distance from the injector. The bottom scale in Figures

27, 38, 40, and 41 is the dimensionless distance from the center of

the injector. The axial station at which each set of conceniration and
total pressure data were obtained are indicated on this bottom scale,
and the position of the recompression shock is indicated for each
abcissa. Note that the {z/h) scale of each of these plots is twice that
of the (x/h) scale. The total pressure and velocity profiles have been

normalized by corresponding undisturbed free-stream guantities.
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In calculating the velocity profiles, the variation in gas pro-
perties with argon or helium concentration has been accounted for, the
stagnation temperature of the free-stream and the injectant gases has
been assumed to be constant and equal to room temperature, and the
static pressure has been assumed to be constant in a direction normal
to the wall between the wall and the recompression shock. For the
data of Figure 37, static pressures immediately upstream of the re-
compression shock were calculated from the flow properties immedi-
ately behind the shock and the shock angle. Static pressures at some
distance above the recompression shock were calculated by assuming
a linear variation in static pressure between the recompression shock
and the bow shock. For values of (x/h) greater than about 10, and for
the region between the wall and some point part way between the re-
compression shock and the bow shock these assumptions about the
static pressure are believed to be reasonably accurate. They are
dubious in the region upstream of the attachment point of the jet,
because large vertical pressure gradients are found near the wall for
boundary layer flows near separation and reattachment. In the case
of Figures 38 to 41, insufficient information were obtained to permit
a reasonably accurate correction to the static pressure above the re-
compression shock, so that the data in this region have not been
corrected. This has been indicated on the figures with dotted lines.

Examination of the concentration and velocity profiles indicates
that the jet is accelerated and diluted by the primary flow, and this

is accompanied by a relatively slow spread of the injectant in the
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vertical direction with increasing distance downstream. A comparison
of the mass flux of argon at each axial station for the data of Figure
37 was made by numerical computation of appropriate integrals, and
the difference between the first and last stations, (x/h) = 6.67 and
(x/h) = 30. 8, was found to be 1. 2 per cent, and the difference between
the first and the intermediate station, (x/h) = 14.7, was 15.1 per
cent. Considering the precision of the experiments, and the assump-
tions involved in the calculation of the velocity profile, this agreement
is considered to be quite good.

At given values of (x/h) and (z/h), it can be seen that there is
a trend toward higher values of velocity for larger values of h. The
reason for this is probably some combination of the effect of increasing
injectant velocity with increcasing injectant stagnation pressure, and
smaller thickness of the boundary layer, in the normalized coordinates,
with increasing scale factor.

A comparison of the velocity profiles of Figures 38 and 41,
for argon and helium injection at similar values of h with a turbulent
boundary layer, shows that the velocity profiles at corresponding
stations for these two cases are very nearly the same. On the other
hand, the concentration profiles show that the mass flux of helium is
much less than the mass flux of argon, indicating that the momentum
flux of the helium is much less than the momentum flux of the argon
at these downstream stations. The wall static pressure distribution
and shock shape data for injection conditions similar to these agrees

very well, however, particularly in the region upstream of the slot.
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This again indicates that the characteristic momentum flux of the jet
which determines the scale of these features of the flow should not be
evaluated at a point far downstream of the slot, where considerable
mixing has occurred, but is actually better approximated by the
assumption of an isentropic expansion without mixing.

It should be noted that the flow far downstream of the slot would
not be expected to have a wake similar to that which would occur for
the flow about a solid object. If the free-stream flow is uniform, then
the x-component of momentum flux integrated in any x= constant plane
downstream of the jet from the wall to the becw shock will differ from
the x-component of momentum flux integrated over a projection of
this surface on any other x = constant plane upstream of the disturb-
ance by the shear stress on the wall between the two planes. This
fact could be used as a check on the accuracy of the integrated veloc-
ity and concentration profiles, if a reasonable estimate of the wall
shear could be made.

Figures 42 and 43 are plots of argon concentration vs. (z/h)
for nearly constant values of (x/h), but for different injectant and free-
stream stagnation pressures. It can be seen that the scaling is not
particularly good for the more upstream position, but that it improves
as {x/h) is increased. This is in contrast to the case of injection
through a circular hole, where the scaling of the concentration data,
for a given injectant gas, was very good. The differences for the slot
injection case are believed to be partly a result of the small values of

h which could be obtained compared to the boundary layer thickness,
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and partly a result of a basic difference between the two-dimensional
and the three-dimensional situations. In the three-dimensional case,
the injectant could penetrate the boundary layer and expand in the free-
stream flow, with the boundary layer flowing around it at its narrower
base. In the two-dimensional case, the jet always interacts with the
entire wall boundary layer. If the obstruction produced by the jet is
of the order of the boundary layer thickness or less, the effects of
changes in the ratio of these two characteristic lengths becomes
important. In terms of the normalized coordinates, as h is increased,
the vertical extent of the jet in the downstream region will decrease,
because it is mixing with a higher-velocity primary stream. This is
the trend which has been observed. It is also to be expected that the
concentration profile for injection into a laminar boundary laycr will
show smaller curvature than a corresponding concentration profile
obtained with a turbulent boundary layer, because of the more gradual
increase in velocity with distance from the wall which is characteristic
of the laminar boundary layer,

E. Scaling Laws for Force on a Wall

If it is assumed that the scaling law as developed in equation
23 is correct, then an expression for the force on a wall can be derived
in exactly the same manner that it was in the three-dimensional case.
If it is understood that the force terms are now in units of force per

unit length of slot, we can write:

Q0

AF = f (P—-POO) dx (28)
=00
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and define:

AF
ﬁ-g-*w(Mafvm) (29)

then by the same algebraic manipulations as in the three-dimensional
case, we have:

AF 3

¥ M 4y _c”

max © ‘oo p

(30)

All of the results of the earlier analysis follow if (88 /w) is replaced
by 31[;.

If it is desired to restrict attention to the normal force
generated upstream of the slot, we can assume that the calculated
value of h is the height of a forward-facing step or equivalent solid
spoiler, and follow the procedure recommended for predicting the
pressure distribution ahead of such a disturbance which is given in
Reference 27. This procedure is to use the best available semi-
empirical or empirical equations for the pressure coefficient for the
laminar plateau or for the first peak pressure rise for turbulent
separation, which are functions of the free-stream Mach number and
Reynolds number in the laminar case, and functions of the Mach
number in the turbulent case.

For the case of a laminar boundary layer, equations for the

separation and plateau pressure coefficient presented by Gadd(zg)

(29)

and Sterrett and Emery, with coefficients resulting from an emper-

(30)

ical fit to date of Chapman, et al., are as follows, for Moo

between 1 and 3. 6:
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_1/4
c = 0. 93[ReX (MOOZ § 1)] (34)

psep

5 -1/4
C = 18zRe (M % - 1)] (35)
Pplat = *
where Re‘( is the Reynolds number based upon the effective distance
from the leading edge of a flat plate. The peak pressure coefficient
for a separated turbulent boundary layer ahead of a forward-facing
step, for step heights greater than the boundary layer thickness, can

be obtained from the following empirical equations:

C = 3.2 (36)

ppeak 5 z
8+ (M - 1)
oo

1.5« M < 3.5
(¢ 0]
(31)

from Liove, and

, (37)

from Sterrett and Emery. Using the appropriate pressure rise and
the free-stream Mach number, a flow deflection angle can be deter~
mined.

If this flow deflection angle is used to construct a ramp from
the wall upstream of the step to the top of the step, the separation
distance can be approximated by the distance along the wall from the
beginning of the ramp to the step. The normal force can then be
roughly approximated by the pressure rise given by the previously

determined pressure coefficient acting over this separation distance.
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With these resirictions and approximations, AF becomes
1
L\F:Cp qoohcotS (31)

i
where Cp is the appropriate pressure coefficient, as described

previously, and & is the flow deflection angle. The dimensionless

incremental force, {§, becomes

1
_ C d,, cot &
(ee]
Substituting this into equation {30), we have
C'
%?E—~— = {; —L. cots (33)
] i C
max p

This method has been used to cstimate the pressurce distribution
for the data of Figure 32, making no correction for any difference
between the location of the slot and the location of an equivalent
physical obstacle. It can be seen that the incremental force upstiream
of the slot would be predicted reasonably well, The predicted separa-
tion distance is somewhat short, but it definitely indicates that the
calculated value of the scale parameter is of the correct order of
magnitude.

¥. Discussion and Conclusions

Considerable emphasis has thus far been placed upon using
experimental results to verify the scaling law. It should be pointed
out that the body of data for injection through a slot which has been
presented here constitutes a comprehensive description of the flow
field, and is a contribution independent of the success of the scaling
law. In particular, the concentration, total pressure, and velocity

profiles which are presented here are believed to be at present the
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only published data of this type for slot injection into a uniform super-
sonic flow.

Because of experimental limitations, it has not been possible
to verify the scaling procedure in as satisfactory a manner as was
done for the case of injection through a hole. The dependence of h
upon the ratio (Po./Po ) has been reasonably well verified for the
larger values of }i byotohe wall static pressure distribution data, and
approximate separation distance calculations indicate that h is of the
same order of magnitude as the height of an equivalent physical
obstacle. A trend in the direction of a limiting pressure distribution
with increasing scale factor was noted in the static pressure data for
injection with a laminar boundary layer, but the results are inconclu-
sive. The lack of explicit dependence of the scale factor upon
molecular weight of the injectant has been well verified by the static
pressure and shock shape data, for the entire flow upstream of the
slot, and, at the very least, for some distance downstream of the slot.
The effect of molecular weight of the injected gas is seemingly
independent of the scale magnitude, or of the boundary layer thickness.
The concentration and velocity profiles give reason to believe that
mixing is important in the far downstream region, and that this
similarity for different gases may not be preserved. Scaling of the
concentration profiles applies only to the same injectant gas, because
the analytic model predicts the same scale height for different mass
fluxes for gases with different molecular weights.

Further work is needed to complete the picture; two-dimension-
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al experiments for scale heights much larger than the undisturbed
boundary layer thickness are needed. In addition, the effect of the
free-stream Mach number predicted by the analytic model has not been
verified. The prediction of the free~stream Mach number effect is
controlled by the choice of CD’ which was discussed in the section on
the analytic model. Experiments will be necessary to evaluate the
correctness of this chcice.

G. Comparison with Other Published Work

Several papers have been published which are concerned with
the flow field for injection through a slot into a uniform supersonic
stream, (25, 26,32) or into an expanding two-dimensional nozzle.<23’ 33)

The work of Buffum, et al., (Zg)bel'ongs to the latter category.
The detailed optical studies which they have presented have been very
helpful in obtaining a qualitative understanding of the flow field, but
it is not possible to make a useful quantitative comparison with data
such as nozzle-wall static pressure distributions to that obtained in
this series of experiments because of the different geometry.

(33)

Fejer and Josse present side force measurements for cold
air to cold air injection through a slot into a two-dimensional expand-
ing nozzle. Their data are presented in part as a magnification
factor versus pressure ratio. 'lThe magnification factor is defined as
the side force divided by the secondary jet momentum, which is
evaluated by assuming that the secondary jet expands to the static

pressure at the injection station; this is the same way that the

momentum of the secondary jet is evaluated in the present analysis.
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The pressure ratio is the injectant stagnation pressure divided by the
static pressure at the injection station. The curves all show the
general behavior of rising rapidly with pressure ratio and then leveling
off at an essentially constant value. Many different injector configura-
tions are represented, with different slot widths and injection siations;
the pressure at which each curve levels off and the value of the mag-
nification factor at the plateau depend upon the configuration. This
plateau behavior for sufficiently large pressure ratio is consistent
with equations (16) and (33), which give a value of (FS/F. } that

max
depends only upon frce-stream quantities for sufficiently large values
of (P /P ).
o, o

(32)

The work of Strike and Schueler is both experimental and
theoretical. Their analysis is similar to that which has been pre-
sented here, in that they determine an effective obstacle height, and
then calculate a force resulting from increased pressure upstream of
the step. The obstacle height calculation is based on that of Vinson,
et al. (10). An objection to this analysis has already been raised in the
preceding section, where it was pointed out that it leads to an effective
obstacle height which depends only upon the ambient static pressure
and the injectant specific heat ratio, and is independent of the
momentum of the free stream.

The force is calculated by adding an inviscid interaction term
and a viscous interaction term. The inviscid interaction term is

computed hy calculating a bow shock stand-off distance from the

obstacle and assuming that a pressure equal to the pressure behind a
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normal shock in the free-stream exists on the wall in the region
between the obstacle and the calculated shock stand-off position, The
viscous interaction term is computed in essentially the same way as
it is in the present treatment.

None of the results of the present investigation, nor the
published pressure distributions of Refs. 18, 24, 25, and 26, for flow
with injection through slots or flow over forward-facing steps or
spoilers show a wall static pressure upstream of the obstacle or of
the injector which is the same order as the pressure behind a normal
shock in the free-stiream flow.

The experimental work of Ref. 32 consisted in part of force
measurements for injection through a slot or through one or more
holes in a flat plate mounted in a wind tunnel test section. The slots
were always much shorter than the plate width, so that a flow which
closely approximated two-dimensionality was not produced. F¥or this
reason, a meaningful comparison of the present experiments and
analysis with these force measurements was not possible.

(25)

Heyser and Maurer present data for the flow over solid
spoilers mounted on a flat plate, and for the flow with injection through
a slot in a flat plate into both subsonic and supersonic free-stream
flows. The injectant was air, and the range of free-stream supersonic
Mach numbers was 1. 57 to 2. 80. Pressure distributions were
obtained both upstream and downstiream of the slot, along the center

of the plate, both with and without end plates mounted at each end of

the slot. The normal force on the plate ahead of the slot caused by
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injection was determined by integrating the pressure distribution.
Most of the results of a comparison of the present work with their

data can be obtained from Figure 44, a plot of (F /F. ) vs.
s max
(PO /POO). This is a reproduction of part of Figure 27 in the original
J
paper, with dotted curves added to represent the predictions of the

ry

The dotted curves have been constructed with the

. i 2 * . ; . -
assumption that CD = = Cp as mentioned earlier. The large

present analysis.

values of normal force at the smaller values of pressure ratio are
the result of the non-linearity of separation distance with obstruction
height for heights which are not greater than the boundary layer
thickness. This conclusion is substantiated by pressure distribution
data which are presented in Ref. 25 for both the injection and solid
spoiler cases.

The present analysis predicts the correct magnitude of the
force ratio for Moo = 2.8 and for the higher pressure ratios, but it
also predicts an increasing (F_/F. ) with decreasing M _, which

s' 7] o
max
is opposite to the trend of the data, at least at the higher pressure

ratios where the assumptions of the analysis are more plausible.

If we let
C const.

M 2—1
o

the trend of the Mach number variation is in the same direction as
that shown by the data at the higher pressure ratios, but the variation
with Mach number is too rapid. It will he difficult for a theory to

account for the details of the behavior of these curves, since curves
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for different Mach numbers cross, and the values for Moo = 1.5%
and Moo = 1.83 are very nearly the same.

Although the data of Figure 44 was obtained with end plates at
each end of the slot, a considerable number of pressure distributions
were presented in the paper which were obtained without end plates.
The separation distances which are presented are all somewhat shorter
than those which have been measured in this series of experiments.
A figure which is presented to show the effect of the end plates at the
various Mach numbers indicates that the separation distances are
considerably increased at the lower Mach numbers by the addition of
the end plates, but that the separation distances are not strongly
affected by their addition at the higher Mach numbers, 2.20 and 2. 80,
which bracket the Mach number of this investigation. A persomnal

(34)

communication from F. Maurer indicated that the experimental
conditions for which pressure distribution data are given in Ref. 25
deviated substantially from two-dimensionality for a slot width of 0.1
cm and values of (Po_./Poo) greater than 5.

A e Re) (26)
paper by Romeo and Sterreftt

presents experimental
data for air to air injection through a slot in a flat plate into a Machb6
supersonic stream. Again, most of the results of the pressure dis-
tribution data can be deduced by inspection of normal force data.
Figure 45 is a plot of (A F/Fj) vSs. (Po./Poo) for various slot widths
with a turbulent boundary layer upstrea,lgn of the slot. These data are

for normal forces acting upstream of the slot only and were obtained

by integrating pressure distributions., It should be noted that the
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trend of greatly enhanced normal force for the smaller pressure
ratios which was a feature of the lower Mach number data of Ref. 25
is not in evidence at this Mach number, so that the pressure distribu-
tion and force data scale reasonably well with pressure ratio, for the
larger slot widths. Because no mention was made of a correction for
the discharge coefficient for the slot, the effect of changing the slot
width is difficult to interpret, since the mass flow through the slot is
not necessarily proportional to the geometrical slot width. Another
difficulty in interpreting the data concerns uncertainty about the degree
to which the flow approximated two-dimensionality. ''he flat plate
was approximately one-half the width of the test section, no end plates
were used, and no evidence was presented to indicate that the flow
was in fact two-dimensional, although in the text it was mentioned that
pressure measurements were made at locations off the plate center-
line. It should be noted that the use of end plates does not automatical-
ly result in a two-dimensional flow because of the boundary layers on
the end plates, but a comparison of data with and without end plates
is useful, particularly if the data show very little change for the two
test conditions.

Although the variation of (AF/FJ.) with (Po./Poo) given by the
data of Figure 45 for the larger slot widths is in :g'easona“*ole agreement
with the present analysis and with the analysis of Ref. 12, the magni-
tudes of the predicted forces are much too low.

In summary, the data of Ref. 25, 26, and 33 give some

evidence that the dependence of the scale factor upon the ratio
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(Po./Po ) is correct, although a more careful test could be made if
addgtioni data were available in which the two-dimensional character
of the flow were well established, in which the discharge coefficient
for the slot were accounted for, and in which the scale of the obstruc-
tion were definitely greater than the boundary layer thickness. The
importance of the ratio of the scale of the obstruction to the boundary
layer thickness has already been discussed in section II. F, which
summarized the results of the data which were obtained in the CIT
facility., The comparison of the present theory with the data which
has been presented in Refs. 25 and 26 indicates that the variation of
the scale factor with the free-stream Mach number is not satisfactorily
predicted by equation (23). This result suggests that CD should be
a decreasing function of Moo » but should decrease more slowly than
1/ VMOOZ - 1. An empirical fit could be made to the data of Refs.

25 and 26, but it is doubtful if these two different sets of experiments
are really comparable, for reasons which have been previously stated.
A set of experiments are now in progress in the 20-inch
Supersonic Wind Tunnel at the Jet Propulsion Laboratory which include

gaseous injection through a transverse slot in a flat plate into a
supersonic flow. These experiments should provide data which will

shed light on some of the uncertainties which have been discussed

here,
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APPENDIX A

Notation

injector area
discharge coefficient
drag coefficient

2

_ PYT B _ 1 5
pressure coefficient, {(P POO)/a P o Vroo 1

pressure coefficient at the wall at the point of
boundary layer separation

plateau pressure coefficient for a separated laminar
boundary layer

first peak pressure coefficient for a separated tur-
bulent boundary layer

the appropriate pressure coefficient to be used to
estimate normal force on a wall, see equation (31)

hole diameter or slot width

probe diameter, see Figure bHa
force on body surface in i direction
thrust of a sonic injectant jet

total axial thrust

total side thrust

scale height

effective specific impulse of injectant, Fs/mj
mass fraction of argon

mass fraction of helium

Mach number

mass flow rate
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AF
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. th :
molecular weight of 17 species
static pressure
stagnation pressure

gas constant for species (i)

Reynolds number based on distance between leading

edge of plate and injector centerline
static temperature

stagnation temperature

velocity

axial distance from injector port to nozzle exit

coordinaie axes, see Figure 3

angle between body surface and free-stream flow,
see Appendix B

specific heat ratio
boundary layer separation angle
F -F.

5 J

ratio of nozzle area at injection station to nozzle
throat area

- o, see Figure 46

W

parameter from blast-wave theory, see References
14 and 22

dimensionless pressure integral, defined in
equation (12)

dimensionless pressure integral, defined in
equation (29)



Subscripts refer to:

jand s: injectant stream

oo and p: primary stream

-79-
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APPENDIX B

Derivation of Equations (2} and (27)

The relationship for the pressure on an elementl of surface

inclined at an angle ¢ to the flow is

C .2
P _ sin g
c_ sin” o
P (04

where ¢ 1is defined as follows:

and the other quantities have been defined in the text. For the two-~
dimensional case, it is desired to calculate the force per unit length
on a cylindrical surface of radius h. Reference to Figure 46 a shows
that
dF = Psin g dA
1 {(b-1)
= Psingh dg

where FX is the force on the cylindrical surface. But
1

P =P +C g

© P ® 5 (b-2)
_ * sin o
S ! Cp Hoo s»iﬁz OL*

o
=R

For this case, o is evaluated at the nose of the body, therefore

We now have

_ . ) .3 L ;
dFXl = (POO sin ¢ Cp 4., Sin a) h df {b-3)
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From the figure it can be seen that

sina = cos B (b-4)
and

I

PZ i B 3
Fxl = ] (POO cos § + CP 4, ©Oos g) h ds {(b-5)

0
F =P _+<2¢" q)n (b-6)
X4 o 3 p o

The total force in the x~direction on the control volume also has a
contribution from the surface which is normal to the x-axis. This

item is just - Pooh., Therefore,

F_ = -,f- CP a b (b-7)
It

Fx - CD Yo b, (b-8)
then

Cp = -371 c; (27)

Figure 46a also serves as a section in the x-z plane for the
three-dimensional case. If we now consider FX to be a force,
rather than a force per unit length, we have for the three-dimensional

case, with the aid of Figure 46D,

dA = wh° sin o dg {(b-9)
Letting sina = cos §, and substituting for P, we have
™
P2 . 2 . 2 .
FXl = JO (POO sing + Cp 4, COS g sing)wh de {(b-10)
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Ao
R

_ 1 .
FXl = T (Pt 5 G ay) (b-11)

The total x-component of force on the surface of the control volume

is obtained by adding the downstream contribution, which is
2

-+ h" P . The result is
(oo}
r hz %
FX = = Cp 4., {(b-12)
or
=T My cfute (2)
x ¥] 00 o p lo'o]
If we let
ﬂ'hz
F = —— Cpag, then (b-13)
C = %— C* (b-14)
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(y/h) = Constant
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Correlation of Rocket-Motor Thrust Vector-
Control Performance for Different Gases and
Temperatures (from Reference 20)
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a. TURBULENT BOUNDARY LAYER CASE

VPl Ly Ly

b. LAMINAR BOUNDARY LAYER CASE

Figure 31, The Injectant Obstacle as Seen by the
Inviscid Flow Field
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Figure 36. Concentration Measurements with Argon Slot

Injection; Injector Region. h = 00,1158 cm.

Turbulent Boundary Layer
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Figure 39. Concentration, Total Pressure, and Velocity .'
Profiles for Argon Injection Through a Slot..
h=0.2316 cm. Turbulent Boundary Layer
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Figure 42. Argon Concentration Profiles for (x/h) ~ 15,
Slot Injection
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Figure‘ 43, Argon Concentration Profiles for
(x/1) ~ 30, Slot Injection
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Figure 46a. Sketch for Pressure Integral Derivation, Two=~
Dimensional Case

dd

Figure 46b. Sketch for Pressure Integral Derivation, Taree=
Dimensional Case



