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~= ABSTRACT ==

In part I a radiative envelope, convective core model of the sun
has been constructed on the assumption that the radiative opacity is
due entirely to a Russell lMixture of heavy elements. The effect of
scattering opacity is taken into account. Following the method of
Schwarzschild and using the latest available data on the cross-sec-
tion of the Nlh reaction, an estimate of the central temperature and
composition of the sun has been made. It is found that the central
tenperature is approximately l7.5x106 %K, and that hydrogen, helium
and heavy element abundances are .66, .31 and .03 respectively. 4
comparison is made with the results obtained from other recent‘inves-
tigations, and with the results of spectroscopic analysis of the solar
atmosphere.

In part II the requirements of stability, energy generation and
age of the sun are used to construct models of the sun in which the
mean molecular weight of the envelope differs from that of the core.
The physical and chemical properties of three such models are listed.
A comparison with the results of spectroscopic analysis is made, and
the conclusion is drawn that the latter are more in accord with the
assumption of chemical homogeneity in the sun., A note is appended upon

the results of a recent similar investigation by Ledoux.
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CHAPTER I

INTRODUCTION

In this chapter we shall give a brief outline of the method of
Schwarzschild, and a discussion of those factors through which the cheme
ical composition enters the equations of stability and energy generation.
This will serve to facilitate the more detailed treatment of the problem
which follows in Chapters II and IIZ.

81. Outline of method(l). Spectroscopic observations show that
the elements hydrogen and helium go to make up the main bulk of the sun,
while other elements are present in comparabtively small amounts. The
proportions are approximately(Q) .70, 28 and .02 for hydrogen, helium
and combined heavy elements respectively, where the ratio Fﬂ/ﬂk is un=—
certain by at least a factor of 2. Let us then, describe the composition
of the sun by the three parameters X (Hydrogen), VY (Helium) and

(Heavy elements). Since we have the relation:
\ -

only two of these parameters are independent. The two additional rela—
tions which serve to completely determine the composition are (i) the
mass-luminosity relation; (ii) the energy production equation.

(i) lass-Luminosity Relation. For a star with given mass M)
X )

radius (K ) and luminosity (L.) the first relation is provided by ob-
taining that solution of the equations of stellar equilibrium (hydro-
static and radiative) which satisfies the boundary conditions. As will

be shown later, the equations of equilibrium when written in terms of
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suitable dimensionless variables are seen to have a one-parameter family
of solutions. The eigen-value parameter, which we shall denote by C ,
depends upon the mean molecular weight ( /4) of the star and the opacity
constant (K') both of which are functions of the hydrogen (X) and heavy
element (U4 ) abundances, Hence if the value (C,) of the parameter C is
chosen so as to give a solution of the equations of equilibrium which

satisfy the boundary conditions for a’pgrticular star - in this case the

sun - we have the first relation comnecting X and ¥t , viz,

C(X,U) =~ C o> (2-1)

(ii) The second relation required for the complete determination

of the composition is provided by the Energy Production Equation which

equates the total flux of luminous energy leaving the star per unit time
to the amount of energy generated per unit time within the body of the
star:

R
[ /E 477r7>d>~ M7s/5e¢} (2-2)

where L. is the total luminosity at the surface ( 7= R ) of the star.
/-) is the density at the point 7~.
£ is the rate at which energy is generated per gr. per sec.
at the point 7.
For a particular star the value of L is known from observation. The
quantity & , besides depending upon the density and temperature, is a
function of hydrogen (X ) and heavy element (U) abundances. The den-
sity and temperature throughout the star are known as functions of
from the integration of the equations of equilibrium, thus enabling us
to evaluate the integral (2-2) and obtain the required relation connect-

ing X and W
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R
/_.=‘/o‘€ u?ir730(f = ’C(X:u)

Solving (2-1), (3-1) and (};-1) we obtain X, Yand {. The mean
molecular weight ( ¢ ) in its approximate form depends simply upon X,

Y and U, and from a knowledge of p we can calculate the value of the
central temperature ( 7¢ ).

NOTE:  As will be seen in 8 3 it is not possible to write down an
expression for the opacity-—as we must do in order to integrate the equa~
tions of equilibrium and so obtain relation (3-1)--without a knowledge of
the hydrogen abundance ( X ) and the composition of the mixture of heavy
elements ( 4 ). Similarly, equation (li-1) cannot be expressed in terms
of X fd and numerical constants without first assuming an approximate
value for the central temperature ( Te )e Hence this method of calcu~
lating X, Y, U and 7. is essentially one of repeated approximations.
We assume approximate values for X, U and 7; so as to obtain the rela~
tions (3-1) and (/-1). Then solve these for X, U and 7. and use the
new values for a second approximation, continuing in this manner until
consistent values are obtained.

The parameters X and U enter into the equations of equilibrium--and
hence into the mass-luminosity relation (3-1)--by way of the mean mole-
cular weight ( 4 ) and the total mean opacity ( K ). These two quantities
are discussed in the following sections (88 2, 3).

8 2, llean liblecular Weight ( = )« If we neglect the effect of de-

generacy, the pressure, density and temperature in the sun are related by

the equation of state for a mixbture of perfect gases

P- R ,
/*‘Df

(3-1)
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where P is the sum of the hydrostatic pressure (p ) and the radiation
pressure (A ),
H is the mean molecular weight of the mixture ,
@ is the gas constant for one mole of a perfect gas.
If we neglect the contribution of the radiation pressure ( B, ) to the

total pressure (P ), we may write

p= GP7.

The mean molecular weight m for a mixture of hydrogen, helium and heavy

elements at high temperatures is given by the relation®

F: -

EX-U r3 (b-1)

in which complete ionization of the elements is assumed. If this were
strictly true there could be no absorpbtive opacity due to photo-ioniza-
tion, but the approximation is sufficiently good for present purposes.

8 3, Total llean Opacity (K ). The three processes that are of

importance in creating opacity of hot gas-mixtures in stars are, the
photo-electric absorption (bound-free transitions), collision absorption
(free-free transitions), and free-clectron scattering. The inmportant

quantity in stellar calculations is the Rosseland mean opacity(3) . In

the low temperature regions the mean scattering opacity ( 25) is negli-
gible compared with the mean absorptive opacity ( K,). It has been
shown()-‘) that the mean absorptive opaclity is given by the expression

-3-8

fex722. " Tp O N T'Z = WP (4-2)

where [ is the 'composition factor' of the mixture of heavy elements

* vd. Appendix I
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which compose (d, and is defined by [= E;. GZ | in which
My

€, 1s the proportion by weight of the element of atomic num

ber Z and atomic lass M, in the mixture of heavy elements. g

is the average "Gaunt factor" and [ the "guillotine factor"
5 /b is a function of the hydrogen concentration (X ), the heavy ele-
nent mixture (UL ), the density ( P ) and temperature (7 ). No explicit
form exists for the functional dependence, but tables of log'. (e/ i ) as a
function of log P (1+#X ) and 1log7 (corrected for screening of filled
shells and effects of pressure ionization) have been constructed(S) for
various mixtures of heavy elements. It is necessary to obtain an empiri-
cal expression for the factor l‘/ 5 « To do this we must first choose a
particular mixture of heavy elements, then assume a likely value for X,
and if we know the values of P and 7 which occur throughout the sun, we
can represent lorses values of /7 along the path of the points ( [)(IfX) 7))

by an expression of the form

ELompREX)”
7 P (5-1)

where T, , X, /6 are constants chosen to give the best fitting. Substi-
tuting for ¢/ i from (5-1) in the relation (L~2) we obtain for the mean
absorptive opacity
' - -« 1% __~3.58
= K
Ko = & ¢ X) (M)[»’ 7 (5-2)

In high temperature regions the absorptive opacity is negligible com~

pared with the scattering opacity. The mean scattering opacity is given(é)

by

Ky = 19( 17 X)N.
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The factor N is a slowly varying function of temperature. A%l solar

temperatures we have N =/ , giving

iK,= 190+ X).
To obtain the total mean opacity ( K ), (i.e. the Rosseland mean of the
combined absorptive and scatbtering opacity) in the temperature regions
where K . and /?5 are of the same order of magnitude, we make use of an-
other table of lorse which gives log (K/ K4 ) as a function of log
(R,/Ka)e A curve constructed from this table is shown in fig. (1 ).
As the slope of the curve does not vary rapidly in the region
~-2-5« /07 (K,/R.) < --§ , we nay replace it in that region by a straight
line passing through the point at which /07(/?//?4)'—'0. Denote the slope
of this line by m. ‘e then have as an approximate relation in this re-

gion

/"f ?\;Ig; Ve s /07 /,K;S -+ Wfl—-
or I—(- - (kq)lvm (Es)’:: CO'VIS(.-

Substituting for I?a and Es from (5=-2) and (6-1) we obtain as an approxi=-
mate expression for the total mean opacity

— " (-a)(+m)+ YT YT e -
K = 6/&7)2_@.) f/'f X)/ X m(u) / (o) )7"63“’8)(' Z&Cws/'.

= K ’(/ + X )(I'd)(,'m)fm(u)/"”‘/oq'“x/”“) 7__(_"' 5.'3-’ﬂ)(/"h)

This reduces to K for m=0 . The values of K’and mare chosen so as to
give the best agreement between the values of K as calculated from (6-3)

and as obtained from Liorse'!s tables.

(6-1)

(6-2)

(6=3)
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In the present work it was assumed that the heavy elements are
combined in the proportions of a Russell mixture, and liorse's “tables of
the guillotine factor for this mixture were used to obtain suitable val-
ues of the exponents &« and ﬁ in (5-1). For this purpose it was assumed
that the hydrogen content (X ) was .70, the heavy element content (W)
.03, and that the values of P and T are those given by Schwarzschild's
model (in which the effect of scattering is neglected)s o = f= 5z
was found to give good agreement with lbrse's table. Values of log(x /k;)
were then computed from (L-2) and (6~1) along the same path of (JCI*X )
and 7, and from an examination of the slope of the curve in fige (1)
for these values of log (/?,/E., ) an average slope of »=-2 was ar-

rived at. Putting o= /5 =4 , m=.2 in (6~3) we obtain
- y by 8y -2
g = K'(#X) W) £ (7-1)

Finally the constant K ’was chosen so as to give the best agreement with
the values of K computed from lbrse's tables. K 478107 was
found suitable, giving

-

_ , €, 8 .-
K = 4-78x/0 ’Q,«X)‘(u) P S aihe (7-2)

for the total mean opacity.

The parameters X and U enter into the energy integral by way of the
quantity & = the rate of energy production. A brief discussion of this
quantity is given in the following section.

8 Li. Rate of energy production. It has been s‘nown(?) that the nmost

likely source of energy in main-sequence stars is the Carbon-Nitrogen cycle.
If we denote by ,b the nunber of cycles taking place per gramme of material

per second and by £ the energy released in one cycle, then € - the energy
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produced per gr. per sec. is clearly given by
€~ Ep- (8-1)

hen the carbon and nitrogen nuclei partaking in the reaction have at~
tained an equilibrium distribution, the number of cycles per second ( /9 )
is equal to the number per second of any of the individual reactions
! . ]
composing the cycle. In the present work bhe HM reaction is considered.
; have ()
Hence we have
2)’ ~
< = 4 T @2 G
pep= L XX Iy ak'e P Te " il fyv/sea,  (8-2)

3‘/2. m m ﬁ
where X is the concentration by weight of hydrogen,

XN is the concentration by weight of Nlu ,

m, m, are the masses of the Hl and I§m nuclel.

2
a is the !'Bohr radius! for the system (= h /m e'2 2, vihere
m is the reduced mass of the system).
R is the combined radius of the nuclei ( = 1-{x/0 3@? f/4)
=BT i‘xvv.rhere B is defined by B = a(m*me’Z 2”)'/ Py /{5/’

I, is the "effective width" of the Nll‘ reaction defined by

the expression for the cross-section

o TR O [ ep[ GRS LB 5], (5)
2 Awn

where U is the proton velocity, £ the proton energy.

(1) e can replace X,in (8-2 ) vy A, U vhere AN is the fraction of

4 . . : .
N " present in the mixture of heavy elements in the central regions

of the sun, The value of /\N must be obtained from the results of spec—
troscopic analysis. The latter, however, gives us information about the

abundances of elements in the solar atmosphere cnly. The following data

ft
is taken from a quantitative analysis due to Unsold(9 ) .
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Elenent Abundance by Veight /l
H 25,100
He 18,200
c 7540 052
N 190 «130
0 389 «206
e 575 394
Na 1.32
g 38
Al 257
Si 39.8
S 12,0
Ca 3.02
Fe 132.

We see that the values of h for carbon and nitrogen in the solar
atmosphere are 052 and .130. Ve would like to know the value of h
for Witrogen at the center of the Sun. It seems reasonable to take this
as being equal to the sum of the values for carbon and nitrogen at the
surface of the sun. This can be seen in the following waye. In the solar
atmosphere the ratio of nitrogen to carbon abundance from the above data
is 2,5, At the center, however, the ratio of abundance is approximately
50, This figure is based on the most recent measurements on the c12 and
Nlh reactions (See (iii) Table (2)). ‘e may explain the difference by
supposing that there is imperfect mixing of elements between center and

surface, so that while the ratio 2.5/1 of nitrogen to carbon at the sur-

face represents the primitive distribution of these elements, the ratio
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50/1 in the hot central regions represents the equilibrium distribution
at the high temperatures prevailing there. This means that most of the
carbon nuclel in the central region have been transformed into nitrogen
nuclei so that we are justified in assuming that the nitrogen abundance
in the central regions is equal to the sum of carbon and nitrogen abund-

ance at the surface, i.e. /1, has the approximate value ,18.

(i1) The value of the 'effective width' (/, ) of the reaction is ob-
tained from the formula (8-3 ) for the cross-section (0°) using the ex—
perimental values of o at specified bombarding energies (E ). Recent
measurements of the cross-sections of the G2 and Nu" reactions at en-
ergies of the order of 100 K V have been made by Hall and Fowler( 102. The
resulls obtained indicate that the behavior of the cross-section at low
energies is reasonably well represented by the formula ( 8-3 ), but the
values of " are somewhat greater than those obtained from earlier meas-
wrements(11)- 75 and 300 e.ve for C12 and Nl)* as against 6 and 60 e.v,

In the present work the effective width for 1 was taken as 288 esVe &

(iii) iean Life of Zlements. Relative abundance.

The mean life of nucleus 2 is given by the relation

lean Life ( f,_) = noe of seconds per reaction per nucleus 2

no. of nuclei 2 per gr. (X m)

It

no. of reactions 2 per gr. per sec. ( )

X2 seconds .
m, p,

Let us rewrite ( 8-2)

i

= ELXXT, P reactions /gr/sec.

( 10~

(10-2)
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and substitute for /;_:.n (10-1) the expression (10-2)

4 table of values of the constant G, for ct2 13 ylb 115 at tempera-

(:_ = ! seconds
Em. I p X
= Cs years.
Lp X

7

-

Wwis

tures T = 16, 17, 18, 19, 20 x ZLO6 is given below (Table 1)

TABLE (1)
, )
T ct2 cl3 ik >
16 x 100 1.61 x 107 1.58 x 10°  3.94 x 104% 3.1 x 10%%
17x10% s.1x108 552 %108 1.23 x 1011 1.08 x 1011
18 x10°  2.18x 108  2.11x 108 L.20 x 1010 3.66 x 10%°
19 x 10°  8.94 x 107 8.70 x 107 1.55 x 1080 1.3 x 1010
20 x 10®  3.88x 107 3.7k x 107 6.15 x10°  5.32 x 109

Relative Abundance.

When equilibrium has been established between the elements taking

part in the cycle we have

fL = ﬁ%

for elements 2 and 3.

(11-1)
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Hence from (10-1)

f_;_ M. é) m3
X, X,
or Xo o maly (12-1)
X, m, ¢,
= S B oy (-1, (12-2)
3 C3 /:

Tf we take the effective widths of the L2 and Nlh reactions to be
75 and 300 e.v. respectively, then we have from (12-2) - using the values
of Cy given in Table (1) - the following values for the ratio of nitrogen
to carbon abundance at the center of the sun.

TABLE (2)

T x 10 Xn/}cc
16 71.5
17 63
18 56
19 50.5
20 L6.2

We see that the ratio of abundances in the center of the sun

(T=18 - 20 x 106 degrees) is approximately 50/1.
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CHAPTER II

THE LASS~LULINCSITY RELATICN

The lass~Luminosity relation results as a product of the integra-
tion of the equations of radiative and hydrostatic equilibrium. In
this chapter we describe these equations and their boundary conditions,
and discuss the method of integration and its results. /e suppose in
accordance with accepbed theory “hat the sun consists of an outer ra-

diative envelope surrounding an inner convective core.

8 1. Differential equations of equilibrium in radiative envelope.
The equation of hydrostatic equilibrium equates the gradient of
total pressure (hydrostatic and radiative) to the gravitational attrac—

tion,

dP__ G M)
dv ~ r-‘-/o’

where [P is the total pressure,

G is the constant of gravitation.

If we neglect the contributions of the radiative pressure, we can
replace P by the hydrostatic pressure (p) and writing p = g P7T
we obtain

R der)_ _ G Mo,
M~ odr r>

The mass (1) and the density ( /.’) are connected by the relation

d M) 7re
— _ i .
dr /o
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The equation of radiative equilibrimn( 12) relates the gradient
of the radiative pressure to the flow of radiation —
dh - (479 = - kp LO
dr dr c V278 4
where @ is Stefan's constantve
L(r) is the flux of radiation across the surface
of a sphere of radius 7.

K is the total mean opacity.

Finally, the luminosity L&) is given by
r
L) =/2 47 ripdr,
o

Due to the exceedingly steep increase in the rate of energy gen-
eration (£ ) with temperature ( € oc Tl9 for the C = ¥ cycle) we may
assume that all the significant energy generatilon takes place in the
core, so that the luminosity (L) in the radiative envelope has the

constant value
A
L = /i Aﬂ'r"/adf, (1h=1)

o

where f; 1is the radius of the core.

Hence the behavior of the mass,density and temperature in the radiative

envelope (f; < r < K ) is described by the equations

) A7) _ - G M) -2
é} Zé»: - 19 p, (1h-2)
dMey 47r"/o , (14=3)

v
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‘/6“7") = = E £ O
ar .c-‘e wrzr>’ (15-1)
Introducing the dimensionless variables &, w, o, T which are
defined(w} as follows:
y" = _%_ ’ (15-2)
Me)=uM , Ii = total mass 15-3)
= oM - =-470 M. . i, R in solar units). (15-4)
/) L7 R? ﬂ ¢ (e g7
(15-5)

o T ¢ M o . LS
, (T = 23010 p g iy R in solar units)

and replacing K by the expression (6-3 ) developed in the previous chap=

ter, the equations of equilibrium (1l4-2), (1L-3), (15-1) become

o’ - (a~‘z')_.0£' ,

w' = - EF" s (15=6)
G-t ) t-rmd T}
e ¢ & T
?@-5-/3Xl~m)+3
where primes denote differentiation with respect to © and the eigenvalue
parameter C is given by
(-m)(3x-+5)
(15-7)

(I‘dx""")fl S’“)(”m)fm -

C - 3kL u
;,'@,dn-:)(/-m) »3

lTiac R TCSPI1-mIty

Setting o< g , m=.2, K'=h.T8x 1017 (Chap. I, 8 3), substi-

tuting for f, and 7, from (15-L) and (15-5), and writing M= bf(SX-Us3)
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we have for the equations of equilibrium

5= G"'t')%;r

|73 = "%q s
t' = C .g_’.-‘f ’
T 54

and for C,

1ot 4 ra

C <[7-395]0+ XY (t) s x-tts3) LR
M

8 2. Differential equations of equilibrium in convective core.

i)
It has been shcwn(*h’ that the transport of energy through a gas-
eous star by radiation results in a stable condition as long as the

density and temperature satisfy the relation

d loyp /
</ /77' Y-/

where Y-is the ratio of specific heats (here assumed to have the sane
value ,SZi,as for the monatomic gases) When a point in the star is
reacined at which
/ /
ql1f . L,
(//07T y-/
the radiative equilibrium becomes unstable, equation (15-1)

ceases to apply, and the transport of energy is by means of convection

currents.

(Ll R)H 17 Solar 4tn;/;).

(16-1)

(16~2)

(16-3)

(16-L)

(16~5
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In the convective region we have an adiabatic temperature gradient
set up with the relation

Y —=YA¥-1) .
]5"‘[3 « T1 , TWiere y = S/3,

and the equations of equilibrium are
dp . _ ¢ Me 0
adr v ’

o M) v
— - ‘f//,
c/)" /o’

po=tp%

where & is 2 constant of proporticnalitye.
fid

Combining the first two equations we get

GG R) - eTer

Substituting for /b in terms of P and introducing the Lane~Emden

variables, § and © defined by

%
P /1{= 6 , where /0‘ is the central density, (17-1)
T-7.0 , Where 7; is the central temperature, (17-2)

r‘aii where a = (:‘[_ﬁ a )1'

the equations of equilibrium take the form

T 3o
éb' 5";(55’2) =- 6. @7-3)
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In terms of these variables we also have the following useful relations

Mer)= - A?Tdsﬂ g‘@,’ (18-1)

’
-

. /s R T
r: b R 2)57 (18-2)

erd _ ,(s_gg”‘); U(s), (193

M) o . i‘(iﬁ_@’)—: Vis).

r ( 18-l)
Tables of @ , U and ¥ as functions of §
(8-1 and 6'= 0 at S0 ) exis’o(l;).
8 3, Boundary Conditions. At the outer boundary of the sun
( &=/ ) we must have
Jg= T=0 wu =/, (18-5)
At the interface of the radiative envelope and the convective core =
defined as that value of { for which 6/(/7 o)/ 4(17 T) =3/2 - ve st
require conbinuity of mass densilty and temperature. Hence, denoting
values at the interface by the subscript &, we have
2 - as,, («) (18-6)

u;M=“v77a3/Q (gté’)i ’ (ﬂ)



% fLas = L6, (y)

or

- (3:_6__0:3/')‘. - Ues,) (X ) (1)

w: b . . §<?9) = V{S)
= >G5 /e ¢ (%2) (19-2)
'Y
The equations {16-1), (16-2), (16-3), (17-3) and the boundary con-
ditions (18-5), (18-86), (19-1), (19-2) completely determine the physical
state of the star. e mote that the boundary condition (18-6) o , vy,

5 , may be written in the form

a = cg-—g-’ (19-3 )
= S M . ©C¢

lo¢ - 5:3/& “17,?3 - 'é't’/a. po » (19..& )
7. = & L7 _

€ 0. ' Zr 0: 76 5 (19-5)

which enables us to write down the central temperature and density once
we know the values of &., 7,, 6; and Mo
e note that the solutions of (16~1), (16-2), (16=3) form a one

parameter family. In general, the boundary conditions will not be
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satisfied for arbitrary choice of the parameter C. The requirenent
that the boundary conditions be satisfied serves to determine a char-

acteristic value of € which we denote by C, and the relation

. . 6 .
C, = C = [T 315]0+X) C(L()E(EX-th) "f-__f/f ( 20~
Mé

is the so-called lass-Iuminosity Relation.

8 l. Intepgration of the equations of equilibriumn.

The standard procedure for integrating the egquations of equilibrium
is, having given € some arbitrary value, to start from the outer boun-
dary ( &=/ ) with an approximate analytical solution of equabions (16-1 ),

(16~2), (16-3), satisfying the conditions

The integration is continued by numerical mebthods up to the point ( 5’:;)

where dlog o/ d1logT = 3/9_. U and v are then computed from

(19-1) and (19-2), and from tables of L{ and V' the corresponding values

(g (U and S(V) of § are obtained. If S(UW =% (V, then,

the interfacial boundary conditions are satisfied and the value assigned

to € at the beginning is the required eigen-value, Otherwise, the in-
tegration must be repeated using different values for € until §(U) = $( 75
is obtained. To obbain an analytic solution the usual procedure of let—

ting =/ as a first approximation was employed. Equations (16-1),

(16=2), (16=3) then reduce to

1 o~
O":l“—)g
¢ '’

‘. ¢ g.."f"'.
7:5

ot
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Assume & relation of the form

&= A?n

stants. Substituting into the above equations we find
A = _J_,_/./ ’
clitn)’e
= 4
N e’
~' - / .
and ‘v I+ n
Hence T=( £-1 )}/ (1+n ) and &=

where A and n are con=-

& (1Y J(wn)

satisfy the approximate equations and the boundary conditions o= T2

at E=1,
M., = A(L /)
(/-I'h)

73 /- )"
e also have - = E-7)
(¢rn)
and o = A [é ’)
o8

From (21~1) starting values for U, & , T

&= 1.05, 1.10, 1.15.

Substituting for ¢ in (16-2) we get

/
t

t=/1 to (=€

("é‘ ‘:) ol

C was assuned to have the value

Five significant figures in the independent variables

out,

2

The integration was continued numerically using the method of

we obtain

were calculated for

C=218x 10_5

ilne,.

were carried through-

The variables M, &, T for the n'? step ofthe integration were predicted

from the formula

4
7. = &7 (

25&3’:g~+'27 ) F Fn
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and corrected by Simpson's formila
4 ’ '
’
= 3 (?rh:. * 4 ;n-/ fjn) * ;;-z.-

The interval*k'was increased progressively from .05 to .10, to «20~
the point Ck being reached in sixby steps approximabtely, After four
integrations had been completed a fitting of the boundary conditions
was obtained by interpolaticn for log C = 3.38125. The values of

the varisbles at the surface are
£, = 8.270, U, =135, o, = 197, T, = Lk,
%. =1.180, B, =.790.

Substituting log € = § . 38125 in (20-1) we obtain as the result of
the integration of the equation of equilibrium the mass-luminosity re-—

lation for the sun (i = R » L =1)

(ex) W) EX-Ue3) " [39562]. (221 )

8 1. Introduction. If we asswue thab all significand energy genera-

tion takes place in the convective core ( © & r< r;) we have (1u-1)

= /fh?ff\'/ﬂdf'. (22-2 )
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The value of the luminosity (L.) is known from observation,
re (= R/ b )  is known from the results of the integration of the equa-
tions of equilibriume. The dependence of € on density and temperature
is known (8-2 ), and the run of temperature and density throughout the
core is knovn in terms of the Imden variable 8 (17-1) and (17-2). Ve
can therefore evaluate the integral on the righit-hand side and obtain
the energy production equation., Cur object in this chapber is to dis-
cuss some problems which arise in comnection with bthis equation.

From ( 8=2 ) we have

-3 _.BT"
£€-%pT ’ (23-1)
2 (32,13 e 2
There 2, = E—"%./z_ X4 l'h_ﬁv aRe °'B, (23-2)
3 m' mN I\
In order that the equation {22-2) may vield a relation of X and
U4  which is readily solvable it is necessary to replace (23-1 ) by an
approximate formmula of the form
|
- np (23-3)
where 8,: and v) are sultably chosen constants.
Subsbituting (23-3) in (22-2) and expressing T, (.) and T in terms of
S  and b rrom (17-1) and (17-2), we have
L - _— 1.,-.7, 3 g': nt3 -~
-l—rusoclcao@ S d§
Ja— s kT '7 > ‘7 1 3
- Vol o~
LOII 2‘, ﬁ /o R "';/;_)("’f) :_..__.) 9" g"(é“ (23_25.)
o; O:) & 3¢/ /o
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The unknown gquantities X and U are contained in the factors
! - B . - ¥ N . -
€, and [, . All other quantities are known, so that (23-L) yields
a relation between X » U and knowm constants - the energy production

equation.

fa) ’ .
8 2, The constants €, and » . The constants €, and n are to
4

-k
. N . . -2 -
be chosen in such a way that the two expressions €&, f’T /’@ BT

and €, P 7 are equal at some temperature (T ), let us say, the
central temperature ( T, ). ¥e mmust also require that the integral

f .
L&) =/z;ﬁ p7 e
[-4

[
J4
3

f, ,
T dv  and L.I(ﬁ:) = /qﬁia (JLT" T

be equal for the value of i obtained from the integration of the equa~

/
tions of equilibriume In short, &, and V) must satisfy the relations

or i’o =

W

™~
&
N

L)

and

In terms of the ILmden variables, S and 9 s bthe last relation be-

comes

RS A -
l:_i%) - - so—;) 975 _B(/¢9)31..ol§-
4 [ A 30. v
L'(5.) <, /c”‘l é?"gdg
i B
BTS/ % 5 8oy,
_ e 4 e Bfrjgdi
LFe7 gs

by (2k-1).

(2k-2)
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Hence for a given value of S; and 7:, the constant P? mst be chosen

so as to satisfy equation ( 2L-2) and the corresponding value of Zgiﬁ
then given by (24~1) in which £, is replaced by its expression in ( 23=2),
Table (3) gives the values of the ratio L ($;)/ ¢'(E:)  for

g; = .0, 1.0, 1,2, 1.4 and for T, =16, 17, 18, 19, 20 million degrees.
From this table, for a given value of ., we can make a plot of those

values of V) which make L /1" =1 for various values of 7T, .

TABLE (3)

g
\77\\ .8 1.0 1.2 1ok

18 93l .910 . 396 891
18.5 .956 .937 .928 92l ,
1940 972 960 955 +952 T, 16.,10°
19.5 1.002 995 «990 «988
20,0 1.017 1.017 1,016 1,014
18 951 532 919 .915
18. '97)4- 0960 .952 09‘)—2-8 Vi
1940 «990 .983 .980 978 T, 17x10°

19.5 1.021 1.019 1.016 1.015
20.0 1.036 1.036 1.042 1.042

18 968 952 L2 Sl

18.5 991 L9861 975 968 ¢
19.0 1.007 1.004 1.00L 1.008 T, 18x10
19.5 1.039 1.041 1.041 1.047 ”

20.0 1.05 1.06L 1.069 1.075

18 984 972 963 .959

18.5 1.008 1,002 997 9L

19.0 1.024 1,025 1,026 1.025 T 19x10%
19.5 1.056 1.063 1,06l 1,064 ¢

20.0 1.072 1.086 1.091 1.092

18 998 990 98l 981
18,5 1,022 1.021  1.018  1.017
19,0  1.039 1.04 1.048  1.068 T 20x10°
19.5  1.071  1.083  1.087  1.088
20 1,087 1.106  1.115  1.117
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The ratio L ( g;) /L' §,-) is plotted as a function of ) for
S, =12 and T, =16, 17, 18, 19 and 20:10° %% in fig, 2. TFrom
the curves we can read off the values of N for which the ratio is
unity for each value of Toe A plot of these values of r) against
corresponding values of c is given in fig. 2.

It is clear from (2k-1) that in order to evaluate € in
terms of X , W and numerical constants, we must assign an approXs-
imate value for I, ‘together witn the corresponding value of V, as

. s B . . . 4 /
obtained Irom the curves in fig. 2. Inserting these values of €,

and in (23-L) we can solve [22-1) and {23=L) for X and UL , ob-
J

i3

tain T

. from (19-5), and compare this value with the assumed approx-
193

imation for Tc. The effect of errors in the choice of T, and /)
- L =1
/. P . vt e e . Y 7"
upon %, is seen from Table L in which the quantity (T:_'” 5 eB% })

is plotted for y) =17, 18, 19 and T, = 17, 16, 19 (TC is expressed

{
in units of 10° degrees).
TABLE I

N 17 18 19

17 1.32 x 10723 2.1l x 10723 3.6 x 10723

23 23

18 1.18 x 10720 2,25 x 10” 3l x 107

19 1.59 x 10790 2,30 x 10723 3.33 x 10723

from the table we see that a change of 7 o from 17 %o 19 alters
. ;o - . . N :
the value of &, by a factor of 1-:2. Lore irmportant is the correct

" e ¥ . . . 7 . .
initial choice of v‘) in evaluating &, since a change in Y] from 17

to 19 introduces an error by a factor of 2+5 in &, . Ience the
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desirability of using the { 9, 7. ) curve (Fig.

2) to obtain 9 On

the other hand the choice of 7 does not greatly influence the value of

the integral in (23-L), as can be seen from Table 5 where the integral

is plotted for several values of 4 and S .

20,0

52,640
51.400L
50,587
119 oCL7
118,316

TABLE 5

1.0

62,066
60,226
58.8L6
564776 .
554551

1.2
656620

63,386

59.372
57.504

1.h

664519
6L.169
624261
59.968
584123

Table 5 also shows that for a given value of :1 the integral

rapidly approacnes a limit with i

increasing %, .

This justifies our ear-

lier assumption that we may ignore bthe enersy production outside the

convective core.

In the present work a central temperature of 17.5 x lO6 ox ( ;2:19)

. . 7
was assumed in evaluabting €, as given by (2lL=1).

[y = 268 e.v, for 1 ang Ny =418 were useds

In evaluating €,

Substituting for /), and 7, in (23=L) from (15-L) and (15-5) and pub-

ting in the numerical value for 6.7

(5Xruf§)
X u

= [p6.9070] &
6.9070]

[

cye)

?"‘l_

9(,' ,é‘: ,?0

equatlon in X and { was obtained in the fornm

for &

iy Ry L

I =R

s the energy production

in solar units

=L =~1‘

(27-1 )
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HAFPTER IV

THE PHYSICAL AND CH ;;UAL PROPERTIES OF TiHL 10DEL

8 1. Survey of earlier work. DBefore discussing the propervies

cf whe solar model constructed in the present work, it will be conven-

-

by

ient to give here a brief swmary of the results o
(=5

(16)

some previous inves—
tizations made by Schwarzschild Keller(l7) and Harrison(18). All
the models to be described have certein features in common.

(a) The sun is assumed to consist of a convective core (in which
Y = 5/3) surrounded by a radiative envelope. The chemical corposition

is taken to be uniform throughout, and the approximate expression for

the mean molecular weight ( f* I / (50 = U=3) is used.

(b) The effects of radiation pressure and of scattering opacity

are neglected.

(¢) The source of energy is the carbon-nitrogen cycle, and all
energy generatbtion is assumed to take place within Hhe core,.

They differ, however, in the follcowing respects:
J ] H £~

The choice of the mixture of heavy elements —— either Russell
Mixture or Russell lixbture with the addition of oxygen is used,

(11) The treatment of the "guillotine factor' in the absorptive
opacity. In some of the models Stroagrcn's formlae nhave been used to
evaluate the guillotine factor -- in others, the table of liorse which
add to Strgmgren's values a correction for esreening of filled electron

shells and eifects of pressure ionization.
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(iii) The choice of the empirical constants /[~ R '7 and A in
the energy-production equation (23-L).

e shall swuwuarize the distinguishing features of these models under

the above headings (i), (ii) and (iii).

Sehwarzschild:

Froperties:
I = 474
Y = L1g
U = 12%
® = .76
T = 19.8 x 10° °k.
c

(1) Russel [ixbure of heavy elements.

(ii) Lorse's tables of the guillotine factor represented by the

. o 2 . .
empiracle formula log t/g = WL log . 5, leading to an

2 al () : - PS8 =3 9

expression for the opacity K, = K, o

e 12 . . . )
(iii) ©*° reaction with f; = 6 euv., 17: 17 , h, = .02

Keller:

A model consisting of hydrogen, helium and pure oxygen was con—
structed, and by an interpolation (based upon a study of aspidal mobions)
vebween this oxygen model and the R. ils model of Schwarzschild, an esbi-

mate was made of the properbties of an intermediabe model.
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Oxygen iodel:

Properties:

(1)
(1)

(ii1)

+
W
O

o= W5l

T, =18.0 x 106 oK.,

100% Oxygen in heavy element group

i
Guillotine factor (4/g) calculated from Stromgren's
formulae, and represented by Zmpirical formula

_ - .2
8§ = 17210001 + X% p? 1
K = K p'?-r"*"' Ko = I"7x(0 ( ¢ x) ¥ u.

ot reaction [ = 46 ewv., )=17 h, = .05

~
2

Intermediate iiodel:

Properties:

(1)

(i)

/T = 3.8 r (1 + X).

5
b
1
O
=3
<

po=o

Tc = 18.9 x 3_06

oK.

70% Oxygen, 30 Russell .lxture.

.35

(iii) Same as oxygen model.
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Harrison:

A number of nodels were constructed for various combinations of

Russell “xbure and Osgyzen.

EEh %S

Uf these, two are described here:

Re ::M;Odel:

Properties:
Y = 33.87
/a! - 067
o

T, = 18.9 x 10° %%

(1) Russell [ixture of heavy elements

1 " . .
(ii) Stromgren's values of gulllotine factor were represented

by two expressions, one for the outer part of “the radia-

. _.01 O) s N .
tive envelope (1.3735 Y and anotier for the inner

[-' %
part (1.727’4[) ")Oﬂs) .

(111) b

I reaction o= 2L0 e.v., N+ 17 h

Oxygen and R. i, siodel:

Properties:
¥ = SQ 7*’;
Fas S ey
U 6,05

T, =19 =10

o
N

6

O,
I\o



=32

(i) 609 Oxygen - L0% Russell Hdxture
—OO 5
(1) HE = 1.7266 p T 105p o L0261
3/ = 1.6757p L 8L2 logp > L0261 .

ki
Calculated from Stromgren's formulae.

(1ii) ©Same as R. 1. lodel.

8 2, Discussion

B

the resulis and methods of present investi-

gation,

The hydrogen and heavy element abundance were obtained by the
graphical solution (see Fig. 3) of the mass=luminosity relation {22-1)
and the energy-production equation (27-1). M can be written down im-
nmediately from (Li-1), and p. » T, are given by (19-L), (19-5), using

the values of o, Ti’ Bi given on page 22.

Properties:

ol

=17.5 x 106

o7 ®
i
.
&)

PC =131.7

Fortunately, the values of X, U and T obtained are very close to
tne values (.70, .03, 17.5) assumed when deriving a formula for the

guillotine factor (page 7) and evaluating €. (page 27).

[

Hence it was

not necessary to make a second approximation.
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The mass distribution and the density and temperature variation in
the model, in terms of the variables w, & , T , are plotted in

Figure U.

(1) Choice of heavy element mixture. It was decided to repre-

sent the heavy elements by the Russell Hixture
(K, Ca : Si : Fe : Nay, Mg : 0 = 1 :1:2z: ) :8)

in order to evaluate the guillotine factor. t is true that the more
recent results o spectroscopic analysis of stellar atmosphere do not
support this choice, since they indicate that the elements of the oxy-
gen group (0, C, N, S, Ne and A) make up 70 - 80% of the heavy elements
(ef. 50% for Russell lMixture)., However, the addition of oxygen to the
Russell Mixture does not greatly alter the final results as can be seen
from the properties of the two models of Harrison described on pages
31-32. 1In addition, the choice of Russell iiixture makes available the

tables of the guillotine factor as corrected by lorse.

(ii) Treatment of Opacity. In the solar models described in 8 1
the effects of scattering opacity were neglected. Its relative import-
ance can be seen from the value of the logarithm of the ratio of the
mean scattering to the mean absorptive opacity - log (gs/fa)—-at any
point in the sun. For Schwarzschild's model the value of this quantity
at the interface between the core and envelope is -~ .8. From Horse's
table (Fig. 1) we see that for log (?;/Ea) = -,3 we have log (E/E;) =,11
offﬁ = 1,29 E;. Thus the inclusion of scattering opacity would increase

the total mean opacity by 20 - 30%. Tor this reason it seemed desirable
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to construct the present model in which account has been taken of scate
tering opacity. The formula used for total mean opacity has been given
(7.2)s It is clear that (7.2) is only a rough approximation to the nu-—
merical values of % computed from liorset's tables since the guillotine
factor t/F cannot be adequately represented by an expression such as
(5=1), and the curve (log K/Ka, log KS/'Ka) has been approximated by a
straight line, To check the accuracy of (7-2) ¥ was computed from (7-2)
and from liorse's tables for values of log lo(l + X and log T occurring

throughout the present model.

ABLE

log P (1+3 log T log ¥ (lorse) log K (9-2) Difference

~1.5 el .96k 1.229 - .265
-1.0 642 1.123 1.189 - 066
- ¥5 6.3 1.180 1.149 .031
0 6.5 1.038 « 369 o169

.5 6.6 1,011 .829 .182
1.0 a7 SL6 $789 157
1.5 649 51l 509 005
2.0 7.0 <3381 1168 .087
2.0 7.1 JL6 228 - ,082

2019 7'16 0362 -160 - 0098
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.

The error is greater in the low temperature region. Iowever, it is

N

well known that the solubtions of the equations of equilibrium are

1

quite insensitive to conditions in the outer part of the star. The
agreement between (7-2) and _orse's values of K was rezarded as suf-
ficiently close so that it was not Jjudged necessary to adjust the
value of the constant K' and so obtain a second appro¥imation mass-—
luminosity relation.

(iii) The choice of r ,r] and A has been adeguately discussed
in Chapters I and I1I. lere we nmay note ©that in the models construcied

by Harrison (page 31) /7 = 17 and h =.02 have been used for the

} — ,
R reactions. The discussion in Chaplers I and III, however, shows

&

nat y} = 19 and h N .18 are probably more correct. This would in-
troduce a change by a factor of 16 in the right-hand side of the en-
ergy production equation.

x

In order to compare the results of the present work with the
other models which differ Ifrem it in the treatment of the opacity,

]

the mass luminosilty relations obbtained by Schwarzschild and Harrison

were solved in conjunction with the energy production equabtion {23-l)
s o }) n R PSTIR 3

with /M = 288 e.v., v = +1C and the appropriate boundary values

of the variables ¢ , T , 6 R & p $ for each case. The results

are tabulated on page 36:



iodel Opacity log C o loge¢ XYu /u T, {Jc

SCHVARZSCHILD T.i8326 1643178 607 W67 17.laoP

Russell lixture 36%

Absorptive Opacity ~=K,(I+XXU)p'1%'.-M- A 111.6

HARRISON TL0032  17.2517  T7l.5% W61 17.3x10°

Russell lixture 26404

Absorptive Opacity K=K, (1¢XXU) y s 2457 163.2
zsmorxmof‘”"Ss ¢

PRESENT 1ODEL T.38125 16,9070 6% LB 17.5x10

Russell lixture 31%

Total Opacity K =/<'(/rx)'fw'; st 3% 131.7

HARRISON Bo8690 16,9308 685 .63 17.3x0°

605 Oe LOZ Relle 297

Absorptive Opacity Kg= Kelir X )U) e e A 157,

“a‘ Ko (i e X XU /05,7'. 37
NoTE:  / 09 € is the constant on the right of the energy production equation
(27-1).
Some conclusions may be drawn from these results,

(a) If [, =238 e.ve and h,, = .18 are taken as reliable values for

the I’th teffective width' and abundance, the central temperature for a homo-
geneous model of the sun is approximately 17.5 x 106 degrees, and the hydrogen
heliunm and heavy element abundances are 67%, 30%, 3%. These figures agree well
with the results of spectroscope cobservation. (b) IHeither the inclusion of
scattering opacity, nor the addition of oxygen to the HRussell ilixture has any

rked effect upon the hydrogen, helium or heavy element abundance, or the

central temperature. (c) The central densify is quite sensitive to changes

in the expression used to represent the opacity.
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CHAPTZR 5
INHONCGENEQUS KODELS. INTRCDUCTION.

In the following chapters we shall consider now the preceding re-
sults are modified when we discard the assumption of uniform chemical
composition throughout the sun, and in particular, when we assume that
the mean wolecular weight is uniform in the convective core and in the
radiative envelope but has different values in the two regilons. That
the assuaption is not unreasonable is seen when we examine the agencies
wnich tend te promote or remove differences in chemical composition. On
the onme hand, the accretion of interstellar matter at the surface, dif-
fusion of elements in the interior, and nuclear transformations at the
center will act to bring about differences in chemical composition. On
the other hand, convection currents in the core and circulatory motions
set up as a result of the rotation of the sun will tend to preserve uni-
formity of composition.

In regard to the former, Atkinson(l9) has advanced reasons for main-
taining that the accretion of interstellar wmatter would not give rise to

any appreciable change in composition in a period of less than 1010

Years.
Similarly, no marked separation of elements by diffusion could take place
in less than 1013 years.(zo) However, the conversion of hydrogen into
helium by nuclear transformation is capable, as we shall see, of giving

-

rise to considerable differences in composition, bub because of the

strong temperature dependence of the nuclear reactions the changes will

take place only in the central reglon.
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In regard to those factors which tend to promote mixing in the
interior of the sun —-= the convective currents resulting fron instapil-
ity of the radiative gradient in the core, will ensure that those changes
taking place at the center are transmitted throughout the whole of the
cores AS to whether any mixing takes place between the core and the ra-

4o

diative envelope, it is inpossible to speak with certainty. The axial

oy

rctation of the sun will bring about a flattening of the core as well
as tending to sbabilize the convective currents in certain direchions<21).
The resultant unequal heating of the poles and equator will favor the
creation of large scale currents circulating in meridional planes. These
might, perhaps, produce mixing between core and envelope, but it seen
more likely that such currents will not pass from the core to the envel-
ope because of the different conditions prevailing in these two reglons
but will rather set themselves up as independent circulating currents in
each region. ZLittle can be said witnh certainty on this matter, bubt at
least, there are no compelling reasons for rejecting the possibility of
unequal chemical composition in core and envelope.

Stellar models in which the mean molecular weight ( f‘) takes on
different values in different regions of the star have been considered
on & number of occasions in recent vears.<“2) (23) The most important
physical context in which the problem has arisen is in connection with
the expected increase in the mean molecular weight in the central regions
as a result of the conversion of hydrogen into helium under the continued

operation of the carbon-nitrogen.cycle. The object of these earlier in-

vestigablons has generally been to determine what stellar configurations
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-3

1

are compatible with a given degree of inhomogeneity and with the re=-
quirenents of stability. By 'configuration' is here meant the mass,
radius and luminosity of the star, the radius and mass of the core,
and the physical state of the core (convective, isothermal, partially
degenerate, etc.). The degree of inhomogeneily is measured by the
ratio ( He / He ) of the mean molecular weight in the core to its
value in the radiative envelope. A study of stable configurations for
various values of He / o Vas expected to furnish a picture of the
evoiution undergone by the star according as its supply of hydrogen

is used up and the value of M in the core is increased.

In the present work our purpose is not so much Lo discuss the

-

configurations assumed by the sun during its past history as to try
To determine what 1ts present physical and chemical composition is R
supposing that the chemical composition of the core differs from that
of the envelope. If we describe the composition of the core by the
parameters X, M. LU, s and that of the radiative envelope by the para-
meters X,_, Ve ,We » then the problem before us is to determine the
values of these six paramebers wnich are consistent with 2ll the known
requirements and data.

Tnasmuch as the composition of the inhomozencous model is described
by six parameters, it will be necessary to find six relations connecting
then in order to completely determine the solution. Thae first two are

clearly provided by the relations

)(c"\/c +(/(t = 2, (3§\__1;

XetMe r Uy, =1 (39-2)

-
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£y

Lgain, since we are taking into account only those differences of chem—
ical composition which result from the operation of the carbon-nitrogen
cycle = the net effect of which is to convert hydrogen into helium - we

may set down a third relation, viza.,
(/lc - “ e’ (L!-O"':L)

We are here assuming that the sun started out as a chemically homogen—
eous mass. The requirements of stability and enerzy production will:
impose Wwo further restrictions on the chemical composition, as in the

case of the homogeneous model.

C(Xe , l‘(c ) = C, ’ (LLo=2)

7
/ (10-3)

Rt}

1t remains to find one further relation. Unforbtunately, there is no
exact reguirenent which can be imposed to completely determine the

problem. ‘e can, however, derive an approximate relation which con-—
nects the difference in hydrogen abundance in the core and the envel-

ope { Xg- Xc_ ) with the esbimated age of the sun. For, if we assuue,

a8

=N
@
w
L84
5
Py
}..J
o]

e
[N
£
o
ct
e ]
1~
}.qJ

changes in chemical composition due Ho ther-
monuclear reactions are confined to the core, then the present abundance
of hydrogen in the outer envelope ( Xe ,} the same as the original

abundance of hydrogen in the core { Xco) so that { X



-

measure of the amount of hydrogen consumed in the core during the life-

|

time of the sun ( C;-f; ). Since we know the rate of conversion of

hydrogen into helium it is clearly possible o esbtablish a connection

(é-’ to) = /(xe' Xco)-

B

This provides us with the sixth relation, so that

ot

solution to the

provlen is completely determined, at least to the exbtent that an

£

approximate estimate can be made of the degree of inhomogeneity which

is possible in the sun.

ks the relations (39-1), (39~2) and (10-1) present no difficulty
we shall proceed in Chapters & and 7 to treat in turn the requirements
of stabilily, energy generation and rate of change of hydrogen concen—
tration (L0-2), (h0=3) and (ll-1). 4 discussion of the results will

follow in Chapter 8.

(L1

B

-1)
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g1, Stapility. As in the case of the chemically homogeneous

L ) .

model, we must require that the non-homogeneous model sabisfy all

the requirements for stability, that is Lo say, the equations of Hy-
drostatic and radiative equilibriw: and the equabion of conservation of
nass, (1h-2), (14-3), (15~1) and the boundary conditions. The form

of the eguations remains unchanged--except that M in (1-2) is re-
placed by Me The boundary conditions at the outer surface ( 7= &)
are the same as before, viz., MR):- M ) /0 = T—:o » AT the interface
between the core and the envelope some modification of the boundary
conditions has to be made in order to take account of the discontinue
ity in the mean molecular weight: Clearly we must have ceontinuity

of pressure ( /7) and temperature (7 ) at the interface,

(/D)r"’ LI

(7’)\’» fep = (T)r» L&

\
5
SN—
t
¥
ot

where Y. 1s the radius of the core and Y -2 12,_ , T=> VE_ denote
approach of ¥ to the value ¥ Ifrom the envelope side and the core

[ 2

side respectively.
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But since

we must also require the continuity of P//,‘

(ﬁ) . (ﬁ) : (13-1)
He Jr>7;, el P> T

The remaining boundary condition in the case where H had the same value
in the core and the envelope was provided by the requirement that

d(/'7 ,0)/ A (L"‘? T) be conbinucus across the interface and that it
nave the value 3/2 in the core

e Uy < -
dlog T/ rov;, \dlg / re i

In the earlier invesvuvigations (24) into the stable configurations of
non~-honogeneous models, thils form of the boundary condibion was retained.

It was pointed out by Hovle and Lyttleton' (25) that if Iu is not contin-

uous, this condition on d(/r7 lo) / ;/(l¢7‘r‘) must be altered. The new .

-

form of the boundary condition in the present problem is easily deduced,

Y

$ince we have continuity of mass (M ) and radial distance ( ¥°) it fol-
lows from the equation of hydrostatic equilibrium

4_[:=_c/‘1(r)

ey

that we must have continuity of (f/ Plav N #)

L dp (4 dp
= [ ’
f c‘V' f—) r“r ﬂ df r“) f(:...



.-

or equivalently
L dp
£ /b ar
e d

From the equation of radiative equilibrium

= /1L d .
(/o ;—’l; T (Lh-1)

-

P

g_/ }a7'") _ /—; L
dr(‘.s = _:_;_/” ‘.;-7-’_,_.‘_7

with K replaced by its expression (7=-1)

_ , KX/ -+m) TP /-m (/’a()(/-m) e -
. K(’f X} (M) /0 /_7_(3.\ ,6)(/ M),
we get
/ 2 dT_ _3Kk'L 2 ! .
(H)I—mé* X)(/—x)(r—mj-rmp(/—a)(/-m)f/ T Y  leiac V¥ RI"'*"Z)Z"’”)’ *

Cn the right-hand side of this equabtion 7 and T are continuous.

L

s, the rate of transfer of energy, is also continuous because in

the radiative envelope,

Wil

L = [.{(radiative), and within the core,

L = L (radiative) + L (convective) but at the boundery of the core

I{convective) = O - by definition and hence, L = L.(radiative) is

continuous across the interface. ‘e conclude that the left-hand side

of the eguation is conbinuous.

4 ) AT
0+ X )q—d’("""*’"( )”"' C)l-m)+/ — ;/—r]
¢ (/(e /) 7 rs V;

Lr

=[ T30 m) 7 / (=Y O VY] £ dar/ . (1h=2)
é," Xc)( (Uc) P( T- dr o1

(a



Combining {(lh=-1) and (Jih=2)

(-X)( 1)+ mm f=w _G-x)( /1)
[+ x.¥ @)™ o Lo
ﬁ/£¢77_ Y-__,/_L._I_

Q—d)(/—n.}fm /e
[(’* X.) w.) /’UX )6&7/)] . (h5-1)
>

Hoting that we have

dilvp AL
5/7:;7’ i :723/‘;2' +‘/’

denoting (/67 o, /d(l«; 7" ) Dby the symbol A (the polytropic in-
dex) and recalling that /.) /,“ is continuoue (L13~1) we can rewrite

(Li5-1)

o)1= ) ¢-m) s
XS TS T, )

- ) 1-mm m ) (L—d)f r-m)

= 0+ Xe) U) M) G+, (15-2)

where N, has the value 3/2 and /g is the value of ¢ (17/3) /C/(lva 7)

on the envelope side of the interface.

Nle = (%é)r ST

“nen bhe chemical composition is uniform {L5-2) reduces to the former
condition

Ne= N = 2. .
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hybm

For d=f3= m =0 (45~2) reduces to the form discussed by Hoyle

and Lyttleton( 26)

. In the present case we have (page 7) of =~ /=5
and = -2 (L0-1). Hence the boundary condition (L5-2) reduces

to
6 : . .
(1+ Xe ) (He) Zﬂe +1) = 222(/,‘ X.) (Z/uc) «-:- (Li6=-1)

where /), has been replaced by its value 3/2.

Summing up the boundary conditions at the interface, and ex-
pressing quantities relating to the envelope in terms of the variables
u , o, T defined on page 15, and those relating to the core in terms
of the Lane~Emden variables & and o ,we have the following: (cf.
(18-6) (19-1) (19-2) ).

At t-t defined as the point where olvg o)/ dlmT)  at-

tains some value e,

radial distance R - a S , ()

nass U‘-M = - 1"’_’—“3/c (2"'9')‘_ ’ ) (/3)

Mo %
. .M o ‘
density ﬁ{ oc eyt H. /Jr. Q«., (Y)

temperature T; Me CM - T c

, i P L v Y
polytropic index (+ Xe> (Me) e 1) = 3 L+ Xc) EHo R (L6é-2)

The subscript ¢ on P and T refers to central values--nct to be con-
fused with subscript e on /u ,X,l,l , denoting core values.
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As on page 19 we combine these boundary conditions into the wmore use-

ful form
3/,
ﬁ_c _Q:c 3 = g___-O-; ) - u (g )
Me u.¢, ‘ ?
'
pe wlbe o ’5(«,9 ) = V(gu)’
Me T 2\ 0 /¢
and (+ X_) ()™ S (+ X)) (He)
!+ e é"( é’)e -fl) = = c .

There are two questions which naturally arise in comnection with
the boundary conditions (47-1), (L7-2), (L7-3).

(i) Do they represent a physically possible model?
(ii) How are the conditions to be applied in practice?

(1) It seems antecedently unlikely that in the actual physical
case a sharp discontinuity of the molecular weight will occur. "Phy-
sical intuition" would lead us to expect a smoobth transition from one
value of fe to another, The question has been investigated by Ledoux

He examines the effect of a discontinuity of M4 in the deep interior of

the radiative envelope and concludes that if the jump in the value of

J4 is such that the boundary condition of Hoyle and Lyttleton ( (45-2)

above with o= /3 = m = 0 ) is not satisfied, then the discontinuity

in M produces a condition of instability in a small gone past the

place where the discontinuity occurs. The resulting turbulence causes

mixing and the star will rapidly adjust itself to a neighboring stable

(27),

(L7-1)

(L7=2)

(L7-3)



state, in which the region of higher /4, and the exterlor region of
lower M are separated Ly a transition reglon in which A varies ac—~
v s M, s N - et
cording to the law pde< o) /-9 . On the assumption that th
heliws content of the star is negligible, lLedoux has constructed
stellar models which consis®t ol convective cores and radiative en-
vernope with assigned mean molecular welghts M and He respectively,

.

separated by btransition zones of variable Mo It is shown that these
models satisfy all the condltions for sbability, and further, that they
do not differ appreciably in their physical properties from earlier

3 . 3o P no T . 5 4 h] { . .
models constructed vy Schonbverg, Harrison and S;za.nCaz*aselchar\28) in

which suffers a sharp discontinuity and in which the Titting of
T ¥ &

core to envelope was made under he condition WNe= Flg=3/2. 3
provided that M. JHe is small, Ledoux concludes that while a

true physical model should include a transition zone of variable Mo
a satisfactory first approximation is obtained by keeping g discon-

tinuous, and using the condition Me = M. = 3/5 at the interface.

that this condition should be medified to allow for the change in chem~
ical composibtlon so as te asswme the form indicated in (L45-2). If then,
the incorrect condition /g=3/y gives a good first approximation to Le-

>

e Ly . 4
ritimate to

4
w

(0]
N

le

!

doux's model with transition zone of variabl o> 1t
o \ .

that the approxinmabion would be further inproved Ly the use of

4

. " - . . 4 Fee ST - 1
the correct boundery condition (L5-2)., This was the procedure adopbed

in the present work, bub as we shall see, it turns oub that the two



conditions are almest identical numerically--since in all the models
constructed the ratlio (_I + Xe).(fie)./(/;—)(c)"g‘,(c)." acsumes a value
very close to unity.

(ii) It remains to discuss how the boundary conditions (Li7-1),
(47-2) and {1i7-3) are Lo be applied in pracitice. 4 dlfficulty arises

here In as nuch a8 the boundary conditions involve the as yelt unknown

)
.J

quantities e, M, Xc s Xc. In orxder to overcone this diffi-
culty it is necessary Lo rescord to a metihod of trial and ervor as fol-

lows. Jirstly, an arbitrary value { Co. ) is assizned to the eigenvalue

)

parameter C and the equations of equilibrium (vage 1) are integrated
sl AL AR - . I} [ S T 4 ) N o -
for this value inbo & point were Mg ( =@ 'l’)/(c’t’) ) nas fallen to

the value 3/2. lext, the quantities /g , & /@t € 3) and ul /'z'
are evaluated for the last three or four steps of the integratvion. A
particular value of Mg is selected--say Me=/6 , and the value of
Fe/He is so chosen (= B , say) that the point ( H, V )

(vde (L7-1), (h7-2)) lies on the Lane~imden polytrope of index 3/2.
{Be Ae Tables). This permits the evaluation of S and 0 srom the

4

aovin

ct

he mass-luminosity eguation

c, = [6.3451] (r Xc)‘écue)

. 64 /2

5 Xe- Upr3) L R-) (19=1)
M3 '

whlch gives us a relation between xe_and ue. Imowing the values of

c, T, & s 6’, 2 and Iu‘/l“e at the point where Me= /16 ,

we can write dovm the energy production equabion (H0-3)

Lo~ J(Xe,uc)

(Lo=-2)



w550

siving us a second equation in u « 1n addition we hawve
4 > [

><e1*"\/e +rUe =1,

X+ Ve v U,

and ;lﬁ/axe = /g.

Solving (L9-1)-(50-4) for Xe,-’ X y Me s /1c Ve can now west
the remaining boundary condition (47-3). If it is not satisfied, we
then choose another value of N, in the integration and repeat the

T A 1 L D — Fal S IR
i O Vg

above oroced ure. Ln 1&Ct, nowever, LU was i

-

chosen, all three boundary conditions (47-1), (L7-2} and (47-3) were
able to be satisfied at Me=/§ to a suf
The fact that condition (L7-3) can be satisfied for the cases studied
( He/pe = 1.098, 1.2, 1.32 ) shows, following the argument of ILe-

] (29\ 3 L 3 1

doux' =7/, that in these cases no bransition zone will appear at all,
since it is only in cases where Me /74 is of such a value bthat conm-

dition (L7-3) cannot be sabisfied that it becomes necessary to introduce

a zone of variable /4 .

(50-L)



8 2, Inergy froduction. Tor the casc of the homogeneous model

. L M el Lovee }
the energy production equation has the form (23-l),

3
_— —_— 3
L - LT 2_o//-)cz /G'7a3 0']1 Szdg.

(51-1)
To adapt it to the inhomogeneous case we have only to replace a, ../,
by thelr appropriate expressicns derived {rom the voundary conditions
< i i / s ap e Yoy
< 5 Y g , (page 46 ) and note that the €, depends now upon the
values of X and U in the core, i.e., X c > U ¢ ¢+ Thus, we have
ﬂ = ,fic gj/z M 3 = ﬂ % /o o 9
MHe 07 uyiR . %
where /8 is tne value of He //u e Which gives the proper values to the
fitbing functions, M and V- (1721 and (47-3),
~ q—
¢ = He T Q1 M — T T
0 KR °Y
[ -
i3 — 6
c 3-/ /“ e s
a = R,
bc’ Si
d ? 4 _ ?o L
ar ° L B7."3
73 .
7 e
L
! = 4 u. I LY. 5 LN
- k Xc [4 N hl\lq /e o 5



Substitubing for a /ﬂc , /e in {51-1l) we have:
3

P 3
- > 21 . - . 3 3. N
) B R 5 e ) (e e

/’c/fle Lo, T, B0 3., E; ere found from the fitting of the

&

{(L7=37 for whatever value of T

toundary conditions (L7-1), (L
o

is chosen. 7 is taken as before to correspond with the estimated
value of 7_ . Upon inserting mumerical values of all the constants
and sclving in terms of X‘ R Ll‘ s Xe R L(e 5 we get

(-"'7@'[1,7‘3)” 2/

= CwnSéZx 151

X, U. R”L.

Using /uc/ e = /3 and Z{c z ue this becomes

‘7
i (5Xe-Ue 7 3) = Comsl: M (52-2)
%[Xc + ’g—;:'[ae—s)J LR

kT
52-2) represents the final form of the energy production equatbion

o~

- :

waich in conjunction with the mass-luninosity equation (Lo-1) deter-
3 [ Y

mines Xeand L(e’



In this chapter we shall investigate the connecltion between the
age of the sun and the difference between the hydrogen concentration

n the core and in the radiabtive envelope. The question of the rate

I.Jo

of consumption of hydrogen has been treated by 7. ten Bruggenoaﬁe<30),
on the asswmpbion that there is complete nixing of elements through-
out the star, so that the composition remains uniformn. The methods
and results of ben Bruggencabte will be briefly reviewed here, after
which we shall apply the method with suitable modifications to the
case of an inncnmogeneous model in which all changes are confined to
the core.

The conversion of one gran of hydrogen inbto helium is accompan—
ied by the release of an amount of energy ODm c“where D is
tihie mass loss per gram of hydrogen. The rate of conversion of hydro-
sen into heliwn is - M dX/4f vwhere M is the total mass and X
the hydrogen concentrabtion, is assumed uniform everywhere within the

star. Assuming bthat this is the only source of energy in the star,

we can write

-M mc* qL2( - L
dt !

where L. is the lwminosity at time ti

3-1)
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Now, if L. can be expressed as a function of X we can integrate

this equation to obtain X as a function of the time £ . The desired

expression for L. can be obtained by eliminating R Jbhe radius of the

star,fron the mass-lwiinosilty and energy production equations. Ior

the mass—-luminosity equation ten Druggencate takes
”/2.

L. = comsl” BKD(%‘) }2,/

where Ko = 3.9 x /0“-,2:_ Qf )()[[»()-

This is seen to be identical with (15~7) when we put X = /5-, mz0
since U is constant in time we have,writing  m = 4/6X+3), (since
U2«X )

L= cmst _ Q7 MSS
(rX)(+ £X)7T R

The energy production equation has the form
L~ XMp,
with -

t A~ _/‘é/ T ~ pe GM

—

[~ X M1 g
@'Xf?))q RBr;? ¢

wnence

In (53~1) and {5li=1) M is approximately constant; and if the

gravitational "constant" ( is not a function of time (ten Bruggen-

cate considers also the case where C ~ ’/l:‘ ) the only variables

(5h=2)
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are L , X and the radius R . Zliminating R between (53~1) and
(54~1)
Z. = CchS[' , _
lantus °
z'lfs (+ X) 7/‘5 (/+ {X)TZ;?

For }2 = )9 (ten Bruggencate)

X-o‘l..(' . X )I~oné . 5/; X)?-’-s‘

(55-1)

e see that (55~1) differs little from the mass-luminosity relation
(54=1), so that we may use (5h~1) instead of (55-1). Substituting
the expression (5l=1) for [_ in (53-1) and integrate from € = &
( €ois the time at which the sun was formed) to = ¢, (the pres—
ent instant, at which [ =L, , and X=X, , say) we get

(b‘,bo) = M AMC “/(. -U ) (5’5_2)
“lb (/+ X/ )

where Ux) =

e ’7
/7 25 (X) + 17e25 (X)>

and wr ) = (1+ .‘93)()
Assuming b

(X,=

hat the present concentration of hydrogen in the sun is .60
60 ) ten Bruggencate evaluates the age of the sun ( € -€ )
for various values of X

s the original hydrogen concentration



Xo (£- &)
1,0 187  x 107 yrs.
9 96  x 107

.8 W x 107

.7 151 x 107

66 8.0 x 107

63 3.6 x 107

Nl 1.08 x 107

A knowledge of the age of the sun could enable us to determine
Xo « It nas been shown(31) that an examination of all the avail-
able evidence leads to an estimated 3.6 x 107 yre. as the age of the
sun, bten Bruggencate concludes that >(°=~63 so that the decrease
in the hydrogen concentration during the life time of the sun amounts
to a nmere 3%.

As might be expected these results of ten Bruggencate are al-
tered notably if we assume that changes in chemical composition are
confined to the convective core. In this case, since X;L,)Q JJe

are constants, the mass-luminosity relation becomes simply((15~7) with

e<_,ﬂ>_,.¢,— m=-2)

(56-1)

The energy production equation (52-1) may be reduced to the form

= 17 ]
/b(_i_.ﬁé - C«rnsl'__/_l:{_f
X, U, L R**
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or, since U, , pe are constants and  p, = wf(s X+ 3),

S22
R

L. = cmsl é-)( +3> / . (57-1)
Xe

Eliminating R from (56-1), (57-1)

/sa
L= ¢ X +3) (57-2)
PE—— ] '3
X 3/)'2.
c

The constant C in (57-2) may be evaluated by replacing L and X,

by their present values, L, X‘,. L., is known from observation

/ 133 \ e b ;

{ L,=3.78x10"" 245 /see. ), and X, is the hydrogen abundance

in the core as compubed by the method of Chapter 6. Replacing C by

its expression in terms of L, X, , » We have

&/ 3
£ X3V ) (57-3)
L, 5Xq1-3 —)Z‘ °

Ve can now substitute for [ from (57-3) in (53~1) ~ noting that
the total mass M in (53-1) rust now be replaced by the mass of the

core u,M.

S uMAmct X,

—— -

L, d b

i

5/5 P

&
(5')(;1 3 /Stxu
X, ,+3 ({;)'

y



Integrating between the limits [ =&, , X=X, and (= €,
X c= X‘ , —=where, as before, Ca and € . » marx the beginning and

the present moment of the sunts life—— we get,

: Aca 3s2
(6-t) = wHBme™ (5Xat3)* L) (56-1)
, & MM Bme™ (5 Xet3)” _dX.. 58-1
L, ( )/5 o (FXe +3)/5

fa ]

Since no change has taken place in the hydrogen and helium abundance
in the envelope, we may write Xeo = Xe, , vihere Xe, is
the hydrogen abundance in the envelope as calculated by the mebhod of
Chapter 6. Xe, is simply the present abundance of hydrogen in the
core, also obbtained by the method of the previous chapter. e can

simplify (5h=1) by noting that the integrand is a very slowly varying

:

function of X, in the range 6 < X < -g in which we are interested.

e can therefore evaluate the integrand at the lower limit and obtain

finally

(6-6) = uMBme™ (X, - X, (58-2)
L‘I

= IOIO w, (Xel _ Xu ) \1:.41"5.

The relation (50-2) provides the final check {see Chapter 5) upon the
permissible degree of inhomogenelty in the sun. Admitledly it is not
a precise check since estimates of the age of the sun, ( b',(:.”o) vary
within wide limits, and {Xe,-xc,) is linear in ( LL, - t'o Je This lat-
ter feature of (50~2) is in marked contrast to the relation (55-2)

obtained on the assumpitilon of periect mixing tnroughoub the sun, where

itively on ( X,~ X, ). {See page B6).

Qv-

( €,-E,) depends quite sens



CHAPTER 8
PROPERTIES OF IIGOLOGENEOUS 10DELS. DISCUSSION OF RESULTS.

The procedure described in Chapters ¢ and 7 was applied to the
construction of three models, the properitles of wiileh will be out—
lined in this chapber.

(1) —
L07 C, = $-4384c¢.

Jass-Iuminosity Relation (L9-1)

(1+ Xe) () 6 X~ Uer3)

6y

|4 ou30],

At Ng= 3/2 fitbing obtained for /“‘c/{"‘z’ (099 (L7-1) and

(L7=2).

o

1
0
.
O
-]
L

N
#
.
N
-3

M0
] !

[\

N

bt APRY
. L]

N —~3

&
]
-
-3
]
==

Energy FProduction Iquation (52-2)

(5X -Ue+3)" - 7
Ue/1-08¢ [Xe t-or7 (QQ—B)J

Chemicel Cormposition:

-6063’].

X e = het .G = 639
Y, = ol Y. = 3%
u e = 27 Uc — 2%

4 — 65
he = O pe o=



0
Central temperature and density

m

N O,
T, 17.9 = 10 K,
%) = 166,
e

"

Test of fitting condition (L7-3)

L 4
(Neri)= ('_LZ(_9> (L‘f> 2-s)
'TXC }/‘c
= )007 x 2.5 = 2-5%
n& = /'5_2- *
Age (58-2)
E-E) = 1w xr0T9n
(2) -
LDJ Co, = 5 -Soby,
{ass-Luminosity Relation (L9-1)
' .8 64
(I"’Xe) (uf) (fxe;u.efj) = Er'/l’?éj.
it N, = 3fp, fitting obtained for M./ pu,=//8(L7-1) and
(h7-2).
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Inergy Production Equation (52-2)

(5 Xo-Ugr3)""
U/fia [Xc +-°#(U¢'3)J

= [/%wr2q4],

Chemical Composition:

Xe = 05.3¢ X, 61427
Y ot r &L
-x‘.re = 1305/3 EC 3700,'./
SR W - .2
Le = le2f UC 1e25

4
Pe - ‘55 HC COO

Central temperature and density

T = 18x10° %k,

(e

Test of fitbing condition (L7-3)
.G 4y
(nc+') = (’LXC ) .“e) 2.5
, =z
+ XC /uc

- l.ol ~ 2.5 = 2.52..
Ne = )sa.

186 .

n

ige (56-2)

F-C = 2.4 x/o’7urs,

(3) -
Loj c, = 5.854694,
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Yass—Luninosity Relation (119-1)
6 -8 6
(+ X‘e) (Ue) Xz U +3) = [:-’-/--/5’/5’).

At WNg=3/y fitbing obtained for f"‘/,“c = .35 (L47=1) and

cC = llohh

T, = 1.187
S, = 31042
3.5 1.25
6. = .768

Inergy Production Zguation (52-2)

i

(er- ue *3.)'?
Ue /132 [Xc + 064 ( Ue- 3):(

= [7-2m].

Chemical Composition:

X, = oL o = 573
Ye = 53 T - L2g
U = 19 U = 19
e c

52 -
P e = - f’(c -
Central temperature and density

T = 18.4x10

c 2

Ce

2,0,
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Test of fitting condition (L7-3)

1t X ¢

A -4
(n +1 )= (1+X¢)(}Ae) 5)
=1.012 % 2.5

N, =1.53,

Age (56=2)
(t;'to) = 4 X ID"7¢a-r5.

Discussion of Resultse

(a) PFitting of boundary condition (47-3). The fitting of the en—

velope to the core was made in each case at the point where Ne=/-5
leading to calculated values of N, =1.52, 1.52 and 1.53 (cf. con—
dition (L47=3)). TFor exact fitting to a convective core we should,

cf course, have wn,=/)-§ « The error in fitting is reflected in
the values of the variables w, T, 0O, o 3 e , 3 at the interface
and hence appears in the energy proauction equation, but in view of

the uncertainty which already attaches to the value of the "effective
width" { [T ) of the nuclear reaction, the additional error in the equa-

tion resulting from the imperfect fitting is of no account.
2

(b) Physical characteristics. The most noteworthy features of the

models constructed are the progressive shrinking of the size and mass
of the core, the rapid increase in central density and the slow in~
crease in central temperature as we go from Pre /,ue= / to

Ke /f" e = 1'320 . The decrease in the mean molecular weight of the
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radiative envelope, which would be expected to reduce the central
temperature, is more than compensabed for by bthe increase in the ra-

tio T,/O; at the interface,

(¢) Chemical Composition. The difficulties and uncertainties which

beset the spectroscopic analysis of stellar atmospheres are such

that we must avoid attaching too great significance to a comparison
between the resulis of spectroscopic analysis and the abundance of chem~
ical elements as deduced from the internal constitubion and energy
production of stars. AL most, such a comparison can be expected Lo
yield conclusions of a very general nature. Professor J. L. Green-
stein® suggests the following relative abundances (by weight) as be-

ing in good agreement with the most recent spectroscopic data: H 709

He 287, Oxygen group (O, C, 1, S, Ne and &) 1.5%, metals ( Si and i)
5%« The ratio H /He is unceriain by at least a factor of 2. Thile
the first model described at the beginning of this chapter (Hc /Me=1089 )
has a composition (B 7L¥%, Te 247, other elements 2%) which agrees
closely with these figures, it would seenm to De excluded on the grounds
of age-- 1l.h x 107 years, as compared with esbimated age 3 - 5 x 107
years. On the other hand, the third model (}Jc/}xe = [-32. ), whose
age (L x 107 years) agrees well with the estimated age of the sun, has

a chemical composition (H 9L%, He 57, other elements 19) which is less
easy to reconcile with the results of spectroscopic analysis. The un-

certainty of the latter, however, leaves open the guestion of the

a2
3

Private communication to Professor R. @' Christy
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1

uitability of this model. ‘e note that the abundance of heavy ele-
ments decreases with increasing inhomogeneity and that the require~
et X <1 places an upper limit on the valuc of Me /Me « This
limit is somewhere in the neighborhood of 1.35 (a fourth model con-
structed for LeqCo = 5.§B496 waos Titted at fe /pte = /-38 but
gave a value of )%fweauer than vnity. The ratioc M /MHe differs
appreciably in the three models -- 3.1, 6.3, 18.0.

A comparison of the above resulbs with those derived (Part I

g

from the study of a homogeneous model leads us Lo The following cone-
clusions.

(a) Tresent estimates, based on bthe specihroscopic data, of the
abundances of chemical elements in the solar atmosphere, wnile not
decisive, seem bto favor bhe supposition thalt the convective core and
radiative envelope have bthe same chemical composition.

(b) Should future investigation alter bthe estimated spectroscopic
abundances in the direction of great hydrogen content and lower heliunm
and heavy element content, it will always be possible to consbruct an

inhomogeneous model in agreement with such results. o marked differ-

ence in central temperature will result.

IIOTZ: While the present work was in progress, a paper by P.
Medoay\ 32) was published in which the chemical composition of an inhomo-

geneous solar model is investigated. The treatment of the problem dif-
fers from the foregoing in the following respects.
(i) The variation of the "gulllobine factor' with terperature and

i — -3
density is not taken into account. The opacity law K = Ko ‘If X)(U)/aT
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(ii) The effect of scatbtering opacity is neglected,
(iii) TIn fitting the envelope to the core, allowance is nade for

.

the possible appearance of a Transition zone of variable M

(iv) iethode The distinguishing feature of the method - as con-

trasted with the above - is that of the six variables : “C s Y; s Uc )

Xe , xe s Ue which describe the composition of the nodel, the last

three are given values in agreement with the spectroscopic analysis

. . , o (33)
of the solar atrmosphere uy unsola(“B’. The remaining variables : “c s

Iy are obtained from the relations
¢c ? e

<

U, = L{e_,

and ;L‘/?le = fﬁ (obtained by fitting).

The energy production integral (51-1) and age relation (58-2) are then

used as checks on bhe result. Thus, giving R, L and I theilr solar val-
L . 7 find vy 25 1 Fae . .

ues, taking X, = W56, U = 0L and § K, = 107 the constant G in the

mass-luminosity relation

3L pF
Co ™ /e}:&c“li "’r_‘:"" Qfxe)((h),

(cfo (15-7) with X=f= m =0 )

is evaluated. By interpolation between a number of models (constructed

for different values of S, and fitted to convective cores, with a trans-—

ition zone where necessary) a ritting of the boundary conditions is made

e
2y

for the value of CO obtained, leading to the following results

st
pd

The notation adopted in the present work is used.



!

-3
Q
[S2=%

1

where e is the mean molecular weight in bhe transition zone at its
boundary with the radiative envelope,

U, is the fractional mass of the core,

u ks iz the fractional mass of the core plus transition zone.

The energy production integral is evaluated as a check—-using X . = .25,

A

hs

%, (nitrogen abundance) = .0053--and the result & =1/ Ly obtained.
S - S .

The esbtimated age of the model is &5 x 107 years. The conclusicn is drawn

that an inhomogeneous medel constructed so as to agree in the chemical

composition of its envelope with the results of spectroscopic analysis,

9}

satisiies all the conditions of the problem for He /f"" = /.352 s

~

and has an age which 1s of the correct order of magnitude.
The discrepancy beuween bthe results obtained in the present work

- 3

and those of Ledoux may be atbribubted to:



{(a) The different treatment of the opacity law in the two cases—

leading to a different mass-luminosity relation
Lom)

{) t-a)(i-m)r | =)(1-m)t v -~

- 3K'L (]
< :T. c R TGPy (I+ X‘) (M' e) ’
o o

17
47% x [ O in the present work,

no

with o= B<.5 m=2 K

) 25 . [ .
{O in Ledoux!'s treatment.

]

A = {5"—0 m=0 K

(v)  The values assigned to X , M and U in the radiative en-
velope X¢= XX N e = 40 5 (/{e = ‘Ok4 s while in agreement
Fn Tells simates(33) . giffer from the 1 i
with Unscldls earlier estimates s diifer from the later estimatbes
Xe= 70  Ne =29 Up= 02 which were used for purposes of compari-

son in the present work. (See footnote on page Olt).

Y n 1 oo 3 . 1.1 - 1 } .
(c) The value of the "effective width" (M) of the % reaction

used in the present work (288 e.v. as against 60 e.v.).

The differences mentioned under (b) and {c) arise out of the more re-

cent investigations of the spectroscopic data on the sun and of the

cross=-sections of the nuclear reactions, and need ne further justifica-
tlon at this time. It remains only to discuss the importance of taking
invo account the variation of the guillotbine factor with temperature and
density, and the effect of scattering opacity mentioned in (a). Two
questions have to be answered in this respect. Vhat is the ratio between
total mean opacity (absorptive plus scabtering) and the absorptive mean
opacity for the temperatures and densities which occur in solar models?

Does the empirical formula (7-2) for the tobtal rmean opacity used in the

present work glve reasonably good representation of the total mean

o



ples? To answer these quesblons

the two quantities K /Ka (llorse) and K (lorse) / K (7-2) have

been compubed for a number of points ( /tr? !, /‘7 P('*X) ) in
!

each of the four mwdels construched ( /-lc/[u{ = 1.0, 1.089, 1.18, 1.32).

The values are listed below {Table 7).

TABLE 7

log T Ibé 'p(' t Xe) K /Ko (Morse) K (Morse) /% (7-2)

Pefpe = 1 646 o5 1.11 1452

67 1.0 1.12 lell

669 1.5 1.22 1.01

7.0 2.0 1.31 .82

Tel 240 1.51 83

Interface Telb 2419 1.6l «30
HPe/pte =1-089 643 1.5 1.22 1.15
649 1e5 1.30 1.00

649 2.0 1a2h «89

T4 240 1.38 «51

Tel 2.0 170 o856

7ol 245 1.51 67

Te2 245 1.91 01

Interface 7.15 2425 1.82 Ol
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Pe/me = 1118 648 1.5 1.27 1,07
649 1.5 1eL6 1,00
649 240 1.35 .36
7.0 240 1.62 o8l
7.1 240 2422 1.03
Te2 2.5 1489 o75
742 245 2463 1.01
Interface 745 2.0 2.2 1,16
Pe/me = |32 648 1.5 1.32 1.07
649 1.5 1656 1,03
649 2,0 1ol <89
7.0 240 1.79 .89
7.1 240 2,51 1.09
7.1 245 2,11 .80
interface Te2 245 3.72 1.17

An examination of the above figures shows thab the error due to
neglect of scattering opacity, already considerable in the homogenecus
model {  6L% at the interface), becomes quite serious in hon-homogen-—

eous models { 827, 1247,  372% at the interfaces). The necessity

of removing this source cf error as far as possible is clear. The ex—
tent to which tne present empirical formula (7-2) does so can be seen

from the figures in the fourth colum which show that the errors
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introduced by the formula vary fronm 527 %o 33%. These exbreme
errors, however, occur in the cooler regions of the envelopes where
their effect on the final results is less serious (cf. remarks on

page 35). It is satisfacltory to note that the errors at the inter-

faces, the significant part of the envelope as far as finsl results

=)
are ctoncerned, nowhere exceed 20%. It is of interest to consider

the effect of a 20% error in K on the chemical composition of the

models. This effect was studied by correcting the constant X7 in (7-2)

in accordance with the results listed in Table 7 and using bthe new
£ kS I L) R . . 3
value of ¥ 1o compubte the chemical composition.

The resulits obtained were as follows:

Me/pe~1 g! {(new) = 79 ! (old).
X (new) = 67.85. U (new) = 3.3%.
X (old) = 66427, U (0ld) = 2.75.

Mefpre = 12089 k! (new) = .79 ¥ ' (old),
Xe(new) = 75.L%. U (new) = 2.3%.
Xolold) = 75.07. U (o1d) = 2,17,

X (new) = 6L.57.

X (old) = 63.0%.

Pefpe = 1418 %/ (new) = 1.26 K' (old)
Xelnew) = 83.3%. U (new) = 1.5%,
Xlold) = 85.35. U(old) = 1.25%.
X (new = 59.7%.

i

X fold) = 61.23.



/uc/ =12 . K (new) = 1,26 1" {old),

X,e(new) = 92.97. (new) = .63.

X, (o1d) = 4.2, U (or1d) = &
e

it
AL
(92N
*
—‘\}
(s

.

Xc( new)

X(o1a) =5

\
.
)
L]
~
Civdy
-

It is seen that the errors in Xg_, X ¢ do not amount to nore

.

chan *+ 2 Z, and the errors in e bo more than 2,37 for non-hono-
geneous, 7,67 for homozeneous models.

rerarks indicate that the mass-luminosity relation
(22-1) based upon the expression (7-2) for F is reasonably accurate.
This weans that 1t is now possible to estimate the permissible varia-
tion in the effective width ( ' J of the Nlh reaction. For [ ought
To have such a value bhat the value of Xe computed from the mass lum-

inosity relation and the energy production equation should not excecd

undty. It is of interest bto investigate the liwmits im posed on I~ oy

these two requirements, viz., nass-lwninosity relabion as in {(22-1) and

< 1. The following procedurs was adopted. Several values were

assigned in turn o s ranging from J3L% to h%. Using the masselumine
osity relation (22-1) the corresponding values of were obtained.

These values of X and U were used to evaluate bthe constant on the

right-hand side of the energy generation eguation (27-1). The factor

/"\

A

by which this consbvant was increased is a measure of ine perissible
increase in / (the only empirical constant in the right-hand side of

{27=1), excephing /?N s the ratio of nitrogen to heavy element abun-

+
JJ

ce) for the selected value of U . The resulis are tabulated below.
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U X Y Frectional increase mf

ShE 99,664 0u 5 501
o s ’ -t 2
OS‘,?’J 93 01/’3 Otll.[v? 10
o o o
O 90. % 9’0)4:0 9905

2,07 7045% 27455 2469

it

}J'

s seen that a change in the value of d from 3,09 to 1.0%
is effected by a change in /~ of from 20 to 7l times the value
adopted in the present work. Since spectroscopic estimates of u
rmight easily lie anywhere bebtween 1.0% and 3.0%, the restriction

laced on possible values of / is no t very severe, In other words,

o

s far as the above theoretical considerations and the spectroscopilc

evidence go, the experimental value of [~ could vary by a factor of

>

20. Tc tals extent the consideration raised in {c¢} (page

[
o]
("

i

O
~
0

not decisive as between the rvesulis of the present work and those of
Ledoux.

L

An examinatlon of Ledoux!s results shows that a fitting of core %o

iy

envelope withoul the necessilty for a transition zone of variable Je can

-
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be made for values of ,uc//,L¢ less than 1.37h. AE Me/Me = 1374
the mass and extent of such a zone are stilll so small that its intro-—
duction does not alter the boundary values of the variables of integra-
tion at the interface appreciably, and nence cannot affect the values

of Xc A T, , /Oc to any noticeable extent. This is a further

Justification of the adoption in Part IT of &

4

he present work of nodels

in which a sharp discontinuity of /u. existsS.
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(6)
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(7)
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PEHDIX I

oy T ODIIOITAR UETOHT OF
Liidy O DLCULAR VELGHT OF TIdE
fhiull

e T

STELLAR UATERTAL,

e wish to determine the appropriate molecvlar weight ( /u ) that

nas to be used in the equation of state adopbed:

A&

in a gas of molecular weighth M and density /0 » The nuuber of pape-

vicles per unit volume is clearly given by

!

n- L (1)

vhere /)7” is the mass of a hydrogen atom,

o

sSuppose we have a mixture of elements and that an element of atomic

munber cecurs with an abundance factor X_ ~—in obther words, 1 sram
b4 3 &

'

of the material contains Xz grams of the element., Let us suppose fur-
£ IR - Lo oo “ L Tan e - i - . .
ther that each atom of the slement conbributes, on the average, ”2 free
particles per unit atomic weight, i.e., if A is the atomic welght, then

Lo
§

each atom contributes A Ny free particles. ‘e tien have

~
ro
e

~

P sy
n —~ 2 X ;02

my,

vhere tne sumigtion is extended over all ¢

<
%
©
@
£
@
Ls

s
&
L ]
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Comparing (1) and (2), we find

/

s Zz,z n,

The determination of /u involves, thersfore, a specification of the
svate of lonization of the stellar material abt a prescribed tempera-
ture and density. Let us suppose thabt the conditions are such that
the ionization is complete, so that an element of atomic nuimber X2

and atomic weighb A gives rise to 2+ nparticles. Then

n, = 2—5—’. (3)

5

It is well known that except for the lightest elements (hydrogen and
helium), the ratio ;)-2 as defined in (3), is approximately 1 : 2.
Hence, if we assume that in 1 gram of stellar material there are X
grams of hydrogen, U grams of the heavy elements and Cr-X-y

grams of heliumy we can write

—= /7’—' ;=l 2 >
/ll 2’ Py %) 2 L z-.

The expression for /u becores

- /
2.X+%_(/—X- L{) +é u

-
=

- 4
ér)(— ut+3)
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APPENDIX II

Integration of equations (16-1), (146-2), (16-3) for

log C = 5+37935, 5-438L6, 5-5L696, 5-56L96.

log C = 3'37935

£ wu

T o

1.05 .99999 .01029 . 00001
1.10 « 99999 .02059 .00020
1.15 .99998 .03088 . 00096
1.20 . 99993 .0oL118 . 00293
1.25 .99983 .05147 .00693
1.30 «9996N L8177 .01399
1.35 .99933 .07206 ,02535
1.h0 .99885 .08234 .0h2l
1.45 .99821 .0926) . 06630
1.50 .99732 10291 10016
1.55 .99522 .11320 NNy
1.60 99481 12345 .20183
1.65 .99313 .13372 27437
1.70 .99110 14395 .3643L
1.75 .98873 15418 LL7h23
1.80 .98591 .16438 60613
1.85 .98291 17458 . 76357
1.90 97939 .18473 U817
1.95 9756k .19L88 1.1629
2,00 9713k . 20498 14104
2,05 . 96682 .21507 1.6932
2,10 96176 .22510 2.9140
2.15 .956L7 .23512 2,3751
2,20 . 95064 . 24507 2,7792
2.30 .93803 « 2614837 3.7251
2.L0 «92395 . 28LL7 1. 3687
2.50 . 90809 .30385 6.2251
2,50 .39212 +32300 73060
2.70 37457 . 34187 9.6206
2,80 .35596 «360L9 11.67h
2490 .33663 +37879 13,969
3.00 .31650 .39081 16,503



3.40
3,80
3.80
L. 00
Le20
LoLo
L.60
11, 80
5.00
5.2C
5.L0
5.60
.80
6,00
6420
6.40
6,60
£€.30
7.00
7.20
7.40
7450
730
£.00
80 20
8.40
8.6C

o

SR

o

[\

b

[

i

!

u

. 73186
.63650
LOL562
L0367
56318
.52LL6
8776
L5318
112080
+39060
.36255
.33655
.31253
. 29035
« 26993
25110
«23380
. 21765
20322
13971
L7733
16538
.15538
L1566
13673
1285
.1208L

8.207
.1353
938k

195.0
X3
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T

L6556
.L9788
.5287%
55829
53642
61318
.63365
.66235
.68537
L7077k
. 72357
. 74833
76715
. 73510
.30222
.33L09
Rmn
.36319
.37675
.33985
.9023L
91L37
. 92589
.93701
. 9)4—767
95798

g

28,909
36,309
L4, 335
52,816
61,688
70,725
79.621
88. 569
97,766
106. 1y
114.83
122,89
130,59
137.51
151,38
157.53
163430
168,70
173/75
178,46
182.86
186,95
190.76
194,29
197.59
200,61

2.598

1.185

1.777
1 * 707
1,61
1.575
1.512
1.L450
1.392



1.05
1.10
1.15
1.20
1.25
1.30
1.35
1.L0
1.45
1.50
1.55
1.60
1.65
1.70
1475
1.80
1.85
1.90
1095
2,00
2,05
2,10
2.15
2420
2,30
2,50
2,50
2,60
2,70
2,80
2.90
3,00
3.20
3.L0
3,60
3,80
1«00
lie 20
Lo L0
1. €0
L.80
5,00

u

.99999
+99999
.99998
. 9999
.99985
«99968
«99939
«99896
«99037
£ 99758
«99657
.99530
«99377
.99193
« 93977

.98722

.93LL9
.9812¢
.37786
.97398
» 96986
» 96525
. 96013
.95513
.9L366
.93076
.91683
.90159
. 33550
« 36931
. 35050
.33182
» 79305
. 75289
71210
67143
63140
59257
.5550L
.51930

L8537

-LE3L1

log C
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= 5.13846

Lo

(X

01029
.02059
.03088
04118
L051L7
06176
07206
08233
.0926l
10288
11319
J23L2
.13372
«14h393
15417
16139
L7LES
L8477
19491
« 20506
2151
. 20522
.2352L
. 2525
. 26511
. 281:80
30428
.32356
. 34257
.36137
«37985
39811
. 1133 65
L6797
§50096
.53265
«56299
«59202
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FIG. | (SEE PAGE 6)
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FIG. 2(b) (SEE PAGE 26)
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FIG. 4 (SEE PAGE 33)
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