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ABETRACT

The sbundence of lithium relative to vanadium, or its upper limit,
hes been determined for forty-six normal stars of spectral types from G&
to MO, inclusive., These resulis are based upon high-dispersion spectrograms
obtained with the coudé spectrograph of the Hooker telescope. The abundance
ratioc for the sun has also been determined, using the equivalent width
for lithium measured by Greenstein and Richardson snd messurements of vana-
dium lines in the Utrecht Atlas.

Values have also been obtained of quantities related to the physical
conditions in the stellar atmoshperes.

A renge of wp to a factor of one hundred in the abundance ratio is
found smong stars of similar surface characteristics. However, the maximum
abundance ratic observed smong similar stars declines with surface temperature.

It is not likely that a significant part of the variation is due to
changes in the veanadium abundasnce.

Greenstein and Richerdson have proposed that the lithium in the
solar surfeace has been depleted by convective mixing to hotter regions,

It is suggested that this hypothesis may explain both the trend end the

varistions observed in the coocler stars.
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I. INTRODUCTICHN
a) The Significence of Lithium

& basic requirement for any successful theory of the origin of the
chemical elements is that it must account quantitatively for all elements
found in nature. A theory which is currently under intensive study proposes
thet all the elements eare formed in the sters, with hydrogen ess the primor-
disl meterial. & deteiled review of the present state of this theory hes
been given by Burbidge, Burbidge, Fowler, and Hoyle (1957), who also give
en extensive bibliography,

The light elements deuterium, lithium, beryllium, and boron present
e considerable problem to any such theory of stellar synthesis, since they
are easily destroyed by proton bombardment at the temperatures at which most
stellar matter exists. Therefore they cannot remain in significent abun~
dance in stars except in the surface lsyers, and there only if the matter is
not rapidly mixed to the higher temperatures of the interior. Any process
which might form these elements in the interior must be coupled with a mech-
anisn to transport them quickly to the surface, and any method for produéing
them at the surface must involve non-equilibrium processes,

Thus the question of the abundances of these elements in stellar
etmospheres assumes & double significance, Not only is quantitative infor-
mation necessary in order to permit understanding of the elements' history
from a nuclear-physics standpoint, but such data will also bear upon the
astrophysical problems of mixing and atmospheric disturbances,

These elements are fairly common st the surface of the earth. The

atomic abundence curve given by Burbidge, Burbidge, Fowler, and Hoyle, which
" is based upon the data of Suess and Urey (1956), shows that lithium, beryl-
lium, and boron are slightly more abundant than the heavy, neutron-rich
elements, and several orders of magnitude less abundmant than the "iron
group” and the other elements lighter than iron. Deuterium is more ebun~
dant than the iron group, but about 101’L times less than hydrogen. These

low abundances, which are baged primarily on terrestrisl and meteoritic
measurements, are in qualitative agreement with the instability of these
elements in stellar interiors.

However, the surface of the esrth camnnot be regerded azs a fair gam-
ple of cosmic matter. It is essential to know how the abundances of these

elements at the surfaces of stars compare with each other and with the
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terrestrial velues., Very few dats heove been mede available on this vroblem,

Boron is not observable in stars. The weve lengths of the deuterium lines are

so close to the extremely strong hydrogen lines that there is litile hope

of seeing them if they exist. Lithium and beryllium have been ohserved but

i,

arly there isg = need for

(’D

few quantitative results have been forthecoming. €1

o

more informetion on the abundances of the light elements in sters, and et

L3

n the case of lithium and berylliuwm there is considerable hope that

o
@
3
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he informetion cen be provided by astrophvsical obgervations.

It is the purpose of this study to add to the avaeilable information on

’tﬂ‘a'

the abundence of lithium in stellar stmospheres, Lithium is somewhet less

s

difficult to observe then beryllium, since its strongest lines are in the

red region of the spectirum which can be recorded spectroscopically et high

&

dianerslon with modern equipment and materials, and in which the problems
o . of crowded lines are not severe. The strongest lines of
he other hand, are the doublet of Be II

.,

the observatiocnzal ??oal@ms are considerable. Only the

L e T v o)
t the meking of

stars provide sufficient energy at that wave length to permi
spectrogrems of eufficient dispersion to resolve the frequent blends.
Hore useful informetion can be provided by reasonable expenditure of time

.

in observation and analysis by concentrating at firvet on lithium,

b} Previous Observations
)
+ I

to separ-

fute

Cbeservations of lithium depend upen the resonance doublet of L
at A6707.74 and NE707.89. Since very high resolution is required
ate these lines, the doublet is usually seen as a single blended feature.
It arises from a transition snalogous to the "D" lines of Na I and the

"HY and "KM lines of €y II, Other lines of Li I are much wesker and would
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atmosphere. Since only this cne festure in the lithivm spectrum can be

xpected to be visible, ldentificstion must depend %rimarily on wave length

‘ng

co-incidence, snd also upon the aprearance of the feature if the spectrographic
dispersion is gufficient to partially resolve the blend,

The ifonization potentiesl of Li I is only 5.37 evy therefore it should
g *

be observable only in cool stars. In these, the identificaetion is streng-



thened by the fact that no observable atomic lines are listed in the Revised
Multiplet Table (Moore 1945) within 2 A of the wave length of the Li I doub-

let.

The only previous quantitaltive result on the abundance of lithium
in stars is the determination for the sun by Greenstein and Richerdson (1951).
Their study was based upon spectrograms teken at 0.7 A/mm with the 150-
foot solar tower on Mount Wilson. Flates of both the solar disc and suunspot
penumbra were used, On the solar disc the lines were extremely wesk, having
a total equivalent width of only 3.7 mA. This equivalent width was com—
pared with that of a line of Ca I at A6573 in order to obtain a relative

sbundance., The snalysis wag carried out using = model atmosphere of Strom-

H

gren and the Milne-Eddington approximation, snd yielded an abundance ratio

f

of lithium to calcium of about 100 times less than the terrestrial value.
Unsdld (1955) has criticized this enalysis on the grounds that the Li I
doublet but not the Ca I line is on the linear part of the curve of growth,
and that the chemical diggimilerity of lithium and calcium reduces the
significance of the comparigon with terresirial abundances. To overcome
these objections, he has compared the Li I equivalent width of Greenstein
end Richardson with that of & line of X I at MO44 and obtained the abun~
dance ratioc of lithium to potassium. His result is the same as that of the
other authorst the abundance of lithium is lower in the sun than in the
earth by a factor of sbout 100,

The Li I doublet has been observed in meny other stars, but no quan-
titative analyses have been made, Much interesgt in lithiuwm was aroused
by licKellarts (1941) discovery of an extremely strong festure in the cool
carbon star WZ Casgiopelze., Lines of variocus strengths were subsequently
found in other carbon stars. McKeller end Stilwell (1944) discuss the spec=
tra of thirty suech stars end find thet the sirengths of the doublets of Li I
and Ha I ere not correlated, These authors give the equivalent width of
the lithium doublet in WZ Cas as 8.4 A, about 2 x 105 that in the sun.
They conclude that there is not sufficient evidence to assert that the
greal strength of the Li I line is due to a high abundance, since it may be
caused by low excitaltion. However, other of their stars which have similar
Ne I doublet stremgths do not show &s much Li I. Keenan eand Morgan (1944)
clagsify W& Ces es a very cool carbon star, and suggest that the low tem~

persture mey account for the lithium strength.
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A lithiuvm feature slightly stronger than in WZ Cas is present in
another carbon ster, WX Cygni, where Sanford (1950) reports an equivalent
width of 10 A. Feast (1953) found a lithium line strong enough to bte seen
at 230 A/mm in the southern carbon star T Arae. Relatively weéak Li I fea-
tures have been seen in § stars (Keenan end Teske 1956, Herrill end Green-
stein 1956, and Teske 1956), Hunger (Byfibidge, et. al. 1957) has observed a
strong feature in a T Tauri star, In addition, the writer has inspected
e number of spectrograms obtained by J. L. Greenstein, and has found the
element in normal K stars of several luminosity classes, M0 stars {but not
M1 stars), and several carbon sters. It would eppear that lithium is ob-
serveble in fairly normel sters in which the temperature is high enough to
avoid blending by molecular lines,

Spitzer (1949) looked for interstellar lithium and beryllium, but
failed to d

abundances as respectively 1/10 snd 5 x 10_4 thet of sodium., In addition,

P

etect any. He obtained upper limits of the lithium and beryllium

lithivm, beryllium, and boron nuclel have been found in cosmic rays in

sbundances comperable to carbon, nitrogen, and oxygen (Burbidge, et. al. 1957).

¢) The Present Study

In view of the appearance of the lithium doublet in stars of various
sorts--both normal stars and spectroscopically peculiar ones--and the appar-
ent feilure of the line strength to be correlated with other obvious fea-
tures, it seemed worthwhile to attempt a quantitative survey at sufficient
dispersion to detect and measure weak lines. 8ince it would not be practical
to cover all stears in which this element might be detectible, it was thought
best to confine the survey et first to the bright, normal stars about which the
most informetion was aveileble from other sources. For such stars there
would be = meximum possibility of correlating varistions in the lithium abun-
dence with other characteristics of the stars, and 2 minimum probabllity of
unusual surface or mixing phenomena., If it were to prove possible to cor-
relate the lithium sbundance with certein regular properties of the normel
stars, a valuable basis would be provided for the study of the peculiar
stars,

The congiderations of ionization and blending by molecular lines
which were mentioned above suggested that the K stars constituted the most

promiging field to search for this element,



5

The use of the yellow-red region of the spectra of X stars, which
can be photographed together with the Li I doublet, offers other sttractions.
Lines of the elemenits of the iron group and the lighter metals abound, but
are not present in such numbers as to obscure the continuum. Holecular
feetures are practically absent. Furthermore, the continuous opacity,
due to the H ion, has a particularly simple analytical form which greatly
speeds the quantitetive analysis, Using the coudé spectrograph of the
Hocker telescope, spectrograms of a sixth magnitude star at 7 4/mm
dispersion in this region can be obtained in about four hours, This
dispersion is adequate for the measurement of line intensities in this spec-
tral region, and there are enough stars of type K brighter than the sixth
megnitude to provide material for such a survey. It was therefore decided
to obtain such spectrograms of as many K sters as possible in a reasonsble
tiwe, restricting the observetions to stars having reliable spectral class-
ifications on the MK system, and including as meny luminosity classes as
possible in each spectral class,

Obteining the absolute abundance of lithium in a number of X stars
would nol only be difficult and necessarily ineccurate, but not perticularly
meeningful, It seems better to follow the exawmple of Greenstein and Rich-
ardson, and obtain the abundance relative to another element vhich is not
likely to suffer capricious variations from ster to star., Such a relative
determination minimizes the number of physical properties of the stellar
atmosphere that need to be determined, since presumsbly both elements would
be affected similarly., This procedure permits a maximum sccuracy from a
winimum emount of work, and in attempting a survey it is importent to mini~
mize the labor expended on each star,

comparison line which

o

t is interesting to list the criteria for
Unsold gives in discussing the paper of Greenstein and Richardson. He
states thet the line to which the Li I strength is compared should be

(1) eimiler to the Li I lines in excitation and ionization state,

(2) on the linear part of the curve of growth,

(3) mnear A6708 in wave length, and

(4) due to an element chemically similar to lithium,
In the context of the present survey, several other general conditions
should be noted:

(5) for meximm efficiency, only one high-quelity plate should be

obtained of each star,

(6) no model atmospheres are available, and



(7) comparison between stars is more important than comparison with

the earth.
For this progream, Unstld's criteria (1) and (3) seem most weighty. Since
the atmospheres of the cool giants are undoubtedly distended and complex, it

Tl 2

is likely that one sees into regions of different temperatures and turbulent
velocities. If one were to compare the Li I lines arising from the ground
state with lines from e highly excited state of another atom=--perhaps in
order to fulfill condition (2)--it is likely that considersble error would

b B o ]

arise because the lines were formed under different physical circumstances,

Violation of Uns8ld'e condition (3) might enmtail also violation of condi-

tion (5) However, if the wave length difference were not sufficient to

require violating (%), condition (3) is not so important because the wave

s o

length varietion of the continuous opacity is lmown. Condition (4) is most

weigﬁty with respect to comparison with the earths If it proves convenient
or better in a nuclear~physics sense to compare lithium with & chemically

dissimiler element in surveying stars, it is still possible to compare with

5

the earth by placing the sun on the seame system as the sters studied.

Finally, it would seem that rigid adherence to condition {2) would cost

»

ne line is wealk enougl

e

s much sccuracy as it would sdd., Certainly 1
be on the linear part of the curve of growth, the result will be minimally
effected by the conditions of the stellar atmosphere. However, & line on

the linear part of the curve of growth in a K5 glant would be invisible in a
KO giant, Thus it would be necessary to choose different lines, possibly

not of the same element, for the cooler stars as compared with the hotter
ones. Furthermore, lines weak enough to be on the linear pert of the curve

are often too weak to be measured mccurately in stellar spectra, Although

Y

the lithiuwm line is generally in thig class, it geems bvetler for minimunm

:

errors and in order to meintain condition {5) %o use & mmber of lines of
a suitable element for comparison, and instead of insisting on condition
(2), use the comparison lines to determine a curve of growth appropriste to
lines obeying condition (1), with reference to & specific set of theoreti-
cal curveg of growthe

In view of the meny lines of the elements of the iron group which
exist in the yellow-red region, and since the abundances of these elements
are not likely to change significantly during the stable lifelime of s

star, or vary greatly relative to each other in different stars (see



-
Burbidge, et. a2l. 1957), it was decided to compere the lithium line to =
mmber of weak, low-excitation lines of an iron-group element. The same
lines and a standardized reduction procedure were meintained throughout the

progreil,
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II. OBBERVATICHS AND MEASUREMENTS
a) The Observations

The observational meaterial upon whicn this study is based is 2 series
of spectrograms obtained by the writer with the coud€ spectrograph of the
100-inch Hooker telescope on Hount Wilson. Use of the 73-inch camers of the
spectrograph and the second order of a 10,000 lines/inch grating produced
spectrograms at 6.8 A/mm dispersiony the grating's blaze st XE000 permitted
exposures of useful density over the wave length range M5300-6800. 4 Kodelk
ixe' rilter was placed in the stellar beesm ahead of the spectrogravh to
remove the interfering third order spectrum.

The plateholder of the 73-inch camera sccepts two standard 2xzl0-inch
plates. Each spectrogram for this study was made with two plates of dif-
ferent sensitizations--a Kodak type "D" plate for the wave lengths shortward
of M6000, and a type "F® plate lonmgward of NS0CO. Many of the brighter stars
observed were recorded on Ila-D and Ila-F platea, These have very fine
grain and give excellent contrast., For the fainter stars, and for &ll stars
when the limited supply of Ile-F plates was exhausted, 103e~D and 103e~F(3)
plates were used. The 103%a-F(3) plates were approximately three times fester
than the Ila-F, but much more grainy. The difference in speed between
the two sensitizations on each emulsion was not great. For all spectro-
grams, the projected width of the slit was 19 u, near the limit of resolution
of the plates. The projected slit length was 0.5 mm for most of the specira
taken on the Ila emulsion, and ranged from 0.5 mm to 1.5 mm for the spectra
recorded on the 103%a emulsion. In general if the star was sufficiently
bright to be recorded in two hours or less on the Ila plates, these were
used, until the supply was exhausted. iter this, such stars were recorded on
103a plates using a projected slit 1.5 mm long. Faimter stars were recorded
onn 103a plates using shorter slitsy in no case was the slit imsge shorter
than 0.% mm, It wes found that the 1.5 mm-wide spectrogrems made on the
1032 emulsion yielded microphotometer tracings quite comparable in nolse

level to those made on the IIaz emulsion with a widih of 0.5 mm. A few very
g ke

bright stsrs were recorded on the Ila emulsion with elit imeges longer than
0.5 mm.

411 plates were developed in a mechanically-rocked tank for four
minutes, using "D-19" developer.

In accord with the purvose of the investigation set forth in the
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Introduction, the list of stars for observation was selected from lists of
stars classified on the MK system by Johnson and Morgen (1953), Keenan and
Morgan (1951), and Romen (1952). The stars selected were brighter than
the sixth visual magnitude, and were of spectral types from G8 to MO,
inclusive. All luminesity clesses were included., As many stars meeting
these criteria were observed as time permitted, but only one spectrogram was
taken of each star. Table 1 lists the forty-six sters for which spectro-
grams of good photocmetric quality were obtained, giving the number in the
Henry Draper catalogue, the neme, the spectral class, the apparent visual
magnitude, the co-ordinates for the epoch 1950, the plate mmber, the emul=-

sion type, and the spectrum width in mm,

b) VWave Length Calibration
In order to calibrate the wave length scale on each plate, the spec-
trum of an iron arc and of a neon discharge tube were impressed on each side
of the stellar spectrum. 8ince the iron spectrum has relatively few lines
in the wave length region of interest, no filter was placed in the beam
of the arc lamp and both the second and the third order spectra were record-
ed. The third order spectrum (MA3500-4500) is rich in lines, The ironm

spectrum was impressed both gt the beginning and at the end of the stellar

i

exposure, so thet small changes in the plate's position would not affect the
deduced weve lengths, and so that any large movement could be detected at
once, Ko such large movements were found. The neon spectrum has very few
lines, all of them in the yello%—reé region. They are, however, useful for
quick visual identification of wave length regions. The neon spectrum wes
impressed only after the end of the stellar exposure, and after increasing
the separation of the prisms which deflect the light from the comparison

gource into the slit. iz step made the neon lines easily identifiable on

Th
the plate., This spectrum was not used for wave length measurements.

¢) Intensity Calibration
Two methods are available at the 100-inch telescope for the photo-
metric calibration of spectrograms. The first is part of the coude spec—
trograph itself, A movaeble lamp housing mounted on rails slop the spectro-
graph room illuminastes a set of slits of different widths on the spectro-

graph head., The light from the slits is reflected by a pair of plane mirrors
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Table 1

Stars Observed

ED  Name Type m a (1950) & Plete  Emul, width

nQ. w'
h m o ! Ce

3627 & And K3I1I 3,5 0 36,6 430 35 11416 IIa 1,0
4128 B Cet KOIII 2.2 0 41,1 =18 16 11633 10%a 1.5
6805 N Cet K2Iil 3.6 1 06,1 =19 27 11671 103a 1.5
6860 B &nd MOIII 2.4 106.9 +35 21 11425 Ila 0.5
8512 e Cet KOIII 3,8 121.5 08 26 11420 1032 1.1
9270 4 Pse G8III 3e7 128,8 +1505 11573 1la 0.5
11681% 10%a 0.5
10476 107 Psec K1y 5e2 1 39.8 +20 02 11415 103a 0.5
11909 1 Ari Klp 5,2 1 54,6 417 34 11580 10%a 0.5
12533 + AndA K2IIl 2.3 2 00,8 +42 05 11426 IIa 0.5
129029 & Ari K2I11 2,2 2 04,3 423 14 11427 IIa 0.5
20468 HR 991 K211 4.9 3 15,6 +34 02 11629 103a 0.5
20644 HR 999 K311-III 4.7 3 17.3 +28 52 11574 103a 0.8
22049 € Bri Kev 3.8 3 30,6 =09 38 11755 103a 1.5
27371 v Teu KoIlI 3.7 4 16,9 415 31 11630 103a 0.8
27697 & Tau KoIII 3.9 4 22,6 417 49 11655 Iia 0.5
26305 € Tau KoIII 3.6 4 25,7 419 04 11673 1032 1.5
29139 & Tam K5111 2,2 4 33,0 41625 11653 Ila 1.2
30504 HR 1533 K411 5.1 4 46,5 437 24 11672 1032 0.6
35620 4 Aur K3p 5.3 5 24,3 434 26 11668 1032 0.5
50778 e Cla K4ITI 4,2 6 51.9 =-11 58 11663 103%a 1.5
62345 K Gen G8III 3.7 7 41.4 424 31 11664 Ila 0.5
69267 B Cne K4111 3.8 8 13,8 409 20 11657 1032 1.2
76294 ¥ Hya KOIII 3.3 8 52,5 406 08 11658 103a 1.5
81797 @ Hys K3II1 2.2 9 25,1 ~08 26 11666 1032 1.5
90432 s Hya K4111 4,1 10 23,7 =16 35 11676 103a 1.5
90537 B LMi G8III-IV 4,5 10 25,0 +36 58 11632 103%a 0.6
96833 /UMa K1I1II 3,2 11 06.9 +44 46 11665 1032 1.5
98262 v UMa K3III 3,7 11 15.8 433 22 11659 1032 1.0
98430 & COrt G8III-IV 3.8 11 16.8 =14 30 11757 103a 1.5
104979 o Vir G8III 4,2 12 02.7 +09 01 11677 1032 0.5
108381 + Com K1III-IV 4,6 12 24,4 428 33 11670 103a 0.8
124897 & Boo K2I1Ip 0.1 14 13.4 419 27 11237 1Ia 1.5
165341 70 Ophia KOV 4,2 18 02.9 402 31 11422 Ila 0.5
166723 7 Ser G8IV 3,3 18 18,7 «0255 11412 IIa 0.5
176670 X Lyr K3II 5.1 18 58,1 432 04 11417 103 0.5
186791 + Aqgl K311 2.8 19 43,9 41020 11248 IIa 0.5
189319 + Sge KSIII 3.7 19 56.,5 419 21 11577 Ila 0.5
196321 70 Aql K511 5.2 20 34,1 ~02 43 11578 1032 0.5
197989 € Cyg KOIII 2.4 20 44,2 433 47 11255 Ila 0.5
200905 E Cyg K5Ib 4,1 21 0%3.1 43 44 11413 IIa 0.5
201091 61 Cygh K5V 5.2 21 04.7 438 30 11418 10%a 0.6
201092 61 CygB X7V 6.0 21 04.7 438 30 11571 103%a 0.5
201251 63 Cyg K4IT 4,9 21 04,9 +47 27 11419 1032 0.6
206778 ¢ Peg K2Ib 2.4 21 41.7 409 39 11257 Ila 0.5
219615 v Psc G8III 3,8 23 14,6 403 01 11579 Ila C.5
225212 3 Cet K3Ib 5e2 0 01.9 =10 47 11424 1032 1.2

*¥obtained by W. G. Melbourne
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toward the collimating mirror., The result on the plate is a set of twelve
continuous spectre of knyfn relative intensity, placed six on each side of
the stellar spectrum. The intensity of illumination of the slits can be
changed by moving the lamp housing and by changing the size of the lamp,
Hormelly the light passes throug a diffusing gless and a "bull's-eye"
filter-~blue with & clear center--in the lemp housing, end another diffuser
end e diaphragm near the slits, For the present exposures, a Kodak "x2¥
filter was also placed in the beem to suppress the third order specirum.

The second calibration system, which was not installed until after
epproximately one-third of the observations for this program had been com~
pleted, is a separate grating spectrograph., This instrument is equipped
with a wedge-shaped slit, so thet the intensity incident upon the plate
varies in proportion to the distance perpendicular to the dispersion.

The light incident upon the slit comes from s diffusing screen, which is
illuminated by a lamp mounted some distance away. The illumination of the
screen can be changed by changing the size of the lamp or by changing a
disphragm placed in front of it, The dispersion at the plate is approximate-
ly 50 &/mm, so that the entire specirum from the ultraviolet to the infra-
red can be impressed upon a single 2 x 5-inch plate. There were no signi-
ficant overlapping orders in the spectral regions of interest in this study,
The zero=-intensity point on the spectrogrem is located from the imege of a
rectangular slit which is cut in the slit-plate a known distance below the
point of the wedge. Plates used in this instrument are taken from the same
box as the stellar plate being calibrated, and are developed together wiih
it.

Exposures with the first system, hereafter referred to as the "step'
calibration, were made on all plates. Calibration spectrogrems were made
with the gecond, or "wedge," system for the"F"plate of all stellar exposures
subsequent to plate Ce 11570. The dispersion of the wedge spectrograph is
too smell to maeke it practical to expose two plates of different sensiti-

zations in their proper spectral regions simultaneously. In a few cases,
a separate exposure for the "DY sensité%ﬁion was made, Calibration expo-
sure times were approximately equal to the total time that a given point
on the stellar gsvecirogram wes illuminated,
In both calibration systems, it is necessary that the slits be uni-

formly illuminated, and both systems provide methods for testing this.
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In the step system, two apertures of uniform width may be slid into the place
of the set of slits. Unfortunately moving the test apertures into place

also moves the field lens, somewhat reducing the value of the test, 4n
exposure through the uniform epertures should leave on the plate two spec-
tra of uniform density perpendicular to the dispersion, if the apertures

are uniformly illuminated and the optics are proverly aligned. Such tests
were made, and it wes found that the apertures were not in general uniformly
illuninated, and that the intensity gradient varied in an irregular menner
with the position of the lamp. Thus it did not seem practicel to teke into
account the non-uniformity in the photometric reductions--esch exposure would
require a separate illumination gradient determination. However, since the
calibration slits are arranged so that slits of consecutively incressing
width are on alternste sidesg of the steller beam, the main effect is the
introduction of scatter in the calibration curve, The difference in inten-
sity of illumination between the strongest and weakest calibretion specirum
on one side of the plate is small compared to the difference between two
spectra of consecutive strength, which are on opposite sides of the plate,

In the wedge spectrograph, the slit can be removed and replaced with

¥

another one of uniform width. VWhen uniformly illuminated, this will give =

e

{

spectrogram with uniform density perpendicular to the dispersion., 4 test
indicated that this condition war fulfilled.

The sdvantage of the step system ig that the emulsion and development
given the calibration spectrograms are ss nearly as possible identical to
those of the stellar spectrogram. However, with the non-uniform illuminstion
introducing scatter, and with only twelve points to define a calibration
curve, the accuracy of the result suffers considerably. The wedge gpectro-
graph calibration may be subject to some systematic errors, but has very
little scatter, and an infinity of points 'is available to define the curve,

Since the wedge spectrogrsm can produce a well-defined calibration
curve, it is of interest to investigate the diff'erences between wedge and
step calibration curves made for the same plate. This was done in several
cases, and the results for e typical one (plate Ce 11659, HD 98262) are
shown in Figure 1. The abscissa is the logarithm of the intensity, in arbi-
trary units, snd the ordinaie,}g s is defined as the ratio of the micropho-
tometer deflection below the clear plate level caused by the blackened nlate
to that caused by the dark current. Thus it is a measure of the blsckening in

terms of the maximum vossible blackness. This quantity was used as a messgure
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of the exposure density throughoul the reductlions to remove the effects of

L,

variable plate background and varyving microphotometer sensitivity. The

curves in the fizure are the resulis of reducing the wedge spectrograms atb

BN

the wave lengths indicated. The points are from the step calibration at the

seme wave lengths., Agreement between the wedge curve and a curve through the
step points was forced at ,P = 0.50. There is no indication of a signifi-

cant systematic difference between the two methods., Thus there seems.lo be
no reason to prefer the step calibreation to the wedge methed, end since the
latter gives a better-defined curve, it was used whenever o wedge spectrogram
vag available.

In & few cases, the calibration specirograms were cither overexposed
or underexposed compared to the siellar gpectrogram, and exirapolation was
necessary. 4t wes found that two celibration specitrograms exposed for

«

sbout the seme length of time on plates with the same emulsion number gave
esgentially identical calibrebtion curves, even if not developed together.
Bince the condiltions of development were kept feirly constent throughout
the whole progrem, serious differences are not to be expecied, Thus vhen
extrepolsation was necessery, & celibrailion curve was selected from o spec-
trogram made under s nearly identical condilions as possible and used to

extend the inadecuatle curve,

d) Identification and Selection of Lines
Complete wave length measurements and line identifications were carried

out for one star only. This star was HD 206778 ( £ Peg), spectral type

E2Ib. The plate of this star was one of the best ones teken early in the
obgerving progran, and the star itself has about an average surface tempera=
ture for the sters in this study. Hicromeler measurements were made of all
spectrel features in the wave length region from A5300 to the beginning of
the "BY band of atmosvheric 0, 2t A6BET7. The measurements were reduced to
apparent wave lengths by refererce to the iron compsrison specirum, and
corrected for radial veloecity after identifying some of the stronger features.

The primary reference for identifications of the spectral lines was the

Revised Multiplet Table. The Revision of Rowlsnd's Preliminery Table of Solar

Wave Lengths (St. John, et. ale 1928) provided identificetions of terrestrial

1 £ s

atmospheric lines. Davis! (1947} list of identificetions in the M giant

B Pegasi was most helpful in confirming certain identifiecations and in provi-
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ding wave lengths of molecular lines. The list given by Burbidge and Bur-
bidge (1957) for K Geminorum was also consulted, as was Hacker's (1935)
for o Bodtis., BSatisfactory identificetions were obtained for most lines
strong enocugh to be ceritesinly real, considering that only a single speciro-
grem was measured. The complete list of the measured lines will not be given
here, since it is not relevant to the present study. Table 2 gives the lines
selected for photometry.

The wave lengths of a2ll the measured lines were marked on the micro=-
photometer tracings of the spectrogrem of HD 206778, 8ince all tracings
uged were made at the same scale, comparison with the marked tracing provided
‘repid identifications of the lines in the other stars, The considerable
differences in atmospheric conditions encountered in the stars studied were
not sufficient to meke identifications by this method difficuli,

The resonance doublet of Li I at AN6707.74 and A6707.89 wes not found
in the spectrum of HD 206778, However, the identification of five fairly
strong lines in the region MG700-6720 vermitted the comstruction of a paper
gcale by which the wave lengths of the Li I lines could be located to within
a few hundredths of en Angstrom on eny of the tracings., It should be repeated
thet no other lines of this ion are sufficiently strong to be seen in the
spectrum. Identification depends on wave length coincidence, and upon the
fact that the blended doutlet must appear broader than any unblended atomic
lines of comparable strength,

It was pointed out in the introduction that considerable simplification
is provided if the abundance of lithium is measured reletive to an element
of the "iron group." The lines used for comparison should preferalbly be
ss weak as possible (and still be measurable in all the stars studied) and
of low exeitetion, so that no systematic errors are introduced by comparing
lines formed at different levels in the extended atmospheres of the cool
gients and supergiants. A group of lines was found thet conforms rather
well to these criteria, and in addition has transition probabilities deter-
mined in the laboratory. The lines selected are in the spectrum of neutral
vanadium, and arise from levels of approximately 0.5 and l.l ev excitation,
Thirty-four lines were chosen in the weve lengih region N\5600~6300. These
lines are all sufficiently free from blends so that fairly accurate equiva-
lent widths could be obteinedy furthermore most of the lines are in parts of

the spectrum where the continuum is clearly defined, Table 2 lists the
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the multiplet rnumber and transition, wave

lines used by multiplets, giving

length, change in total anguler momentum quantum number, excitation potential,
end gf-value. The deta in the first five columns are from the BUT, while
those in the sixth are from the laboratory measurements of King (1947) for

¥ I (relative values), and from Allen (1955) for Li I (absolute values).

In order to determine the state of ionization in the atmosphere of

each star, lines of neutral and ionized scandium were measured., Unfortun-
ately no lines of ionized vanadium are aveilable in the wave length region
to

covered by the spectrograms, making it necessary substitute lines of

enother element of similar lonization properties. Four lines of e I and
P

three of Sc II were used in the lonization determination. 8Spectroscopic

m

date for these lines are also given in Teble 2. Ko memsurements of transition

robabilities are svailable For scandiume.

e) Photonetry
he wave length regions MABO00-5780, AME020-6320, and INET00-E720
of each spectrogram used in this study were registered on the Sinclair Smith
recording microphotometer of the California Institute of Technology. &n
overall magnificeation of approximately 220 wes used, The intensity calibra-
tion spectrograms were also registered (at a lower magnification) at the
wave lengths A5700, A6100, AEB00, and AETO0 Ffor most of the stars., In some

201

of the steller spectrograms an apprecisble part of the wave lenglh region
INE020-6320 Fell on the "D plates in this case an add ca

4 libration
of this plate was made at AE000, and the "FPeplate calibratio

£
[#2]
=
(63
]
Lo]
%
o
o
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at NO200 and A6700. The treecings of the celibration spectrograms were
reduced to curves similer to Figure 1. 4s mentioned previously, wedge
alibretions were used in preference to step calibrations when availsble.
Generally, the level of the conltinmum at a line fto be measured could
be accurstely interpolated from nearby regions of uninterrupted continuum.
In a few sters with broad lines, this could not be done for perhaps five of
" 4the lines measured. Even here, a reasonable estimete of the continuum could
be mede by inmspeetion of the spectrum tracing for 2 distence of 25 4 or =o
on each side of the line., Further, on some underexvosed regions on grainy
pletes the continmuum could not be seen with certainty. The letter effect
tends to produce random errcrs which cancel on the average, and the formex

s

affects relatively few linesjy consequently the location of the continuvum carnot
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Lines Measured

A

Li I

6707.74
6707.89

VI

5632, 469

6251,8%

6256.906
6292,858
6285,185
6274.670
6199.202
6216.368

6150.132
6189.350
621%,874
6224,507
6233%,187
6245,214
6266,32

6090.184
6119.505
6135.36

6039,650
6081.421
6111.622
6058,113

5727.024
5703.562
5706.973

5737.040
5727.662

5670.827
5776.670

5627 .628
5626,014
5668 . 369
5657 . 449
5646,112
5604,943
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Table 2 contld,

Multiplet A g E.P. gf
8¢ I
2 20
2 82D 6305.671  2.,5-2.5 0,02 —t

4 4

12 & 'F-z@° 5671.805 4.5-5,5 1. 44
5717.30 3e5=3e5 1.43

8¢ I1
28  aP-zD°  6245.629 2-3 1.50 —t
20 8P-z0P°  5657.870 0 1.50
5640.971 1-2 1.50

* Lines blended., Absolute gf.
t Relative gf(King, 1947).
¥ No gf available.
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be comsidered a significant source of photometric error.
The equivalent width, W, of an absorption line is defined by the

relation

(1) WefiE o,
where Fg is the interpolated flux in the continuum, and Fy is the flux in
the line. The integral is taken over the renge in A in which the integrand
is greater than zero, The direet way to obtein ¥ is to derive values of Fj
and Fy at a sufficient number of points on the observed profile, and proceed
by nmumericel or graphical integration., 4 rumerical integration method was
used on the first two trzcings reduced, those of HD 206778 ( £ Peg) and

ED 28305 ( g Tau). It was apparent from these that the method was too slow

1

in view of the volume of work to be done--a more rapld approximate method was
needed., It was further seen thet this method iz quite gensilive to errors
from blending in the wings of the line,

A plot of the integrand of equation 1 as a function of XA for a typi-
cal line indiceted that the profile could be fairly well approximated by a
triangle, and the equivalent width computed by the ordinary relation for the
area of & triangle. Indsed, this method is often used., The equivalent
width is determined by measureuments of the line depth and the line width at
the continuum, Unfortunately the latter quentity is subject to much uncer-~
tainty. Even wesk lines have some wings, end it is difficult to decide
where the line profile Yends." Further, the importance of blending lines
increases with distance from the center of the line being measured, Thus,
in an uncrowded region, the itrisngle method, which neglects the rounded bot-
tom of the line and the wings, may underestimate the true equivalent width,
end in & crowded region the influenee of blends may cause it to overestimale
this value,

An improved estimate of the equivalent width could be obtained by
measuring the totel widih of the line at the half-depth point (the "half-
width"). This would not only reduce the effect of blending, but since the
product of the depth and the half-width gives in general the area of a trap-
ezoid, the value would be correct if the line had a flat bottom of arbitrary
width, This would partially compensate for the true rounded profile.
However, having performed the,added labor of measuring the half-width

(involving en additional intensity determination), no further work is re-



20w
quired to compute the equivalent width on the assumption that the profile
is Gaussian. For a line whose central flux is Fg and whose half-width is

A2, the equivalent width on the assumption of a Gaussian profile is
(2) W= an (F55) /r /2/Tn 2 = 1,064 ( =) .
o o

Equivalent widths in HD 206778 and HD 28305 have also been computed in the
Geaussian approximetion. In addition, certein lines in HD 81797 (a Hya)
were selected for freedom from blending and were measured by both methods,
Analysis of the measurements of halfe-widths in this star indicated consider-
able broadening by demping, which would tend to produce line wings stronger
than the Gaussien approximation predicts. Thus the values for HD 81797
should be given high weight in testing the approximation. Figure 2 shows
the results. The ordinate is the equivelent width calculated by 2 numeri-
cal integration of the apparent profile, end the abscissa is the equivalent
width calculated on the Gaussian approximetion. Values from different
stars have different symbols. The full line is drawn through the origin
with a slope of #50, and the dashed line represents the expected slope of
the relation if the trapezoidal profile were a better approximation.
The difference between the two lines (6.4 per cent, according to equation
2) is negligible in terms of the main results of this studyj nevertheless
the points lie very close to the 450 line and systematically above the dashed
line. There is no indication of error due to neglected damping wings.
In view of these results, the Gaussian epproximstion was applied to all the
lines measured in this investigation. The intention was to resort tc numer-
icel integration for any line which showed noticeable wings, but none was
found. It wes noted in the case of HD 28305 that a curve of growth con-
structed from the results of integrated profiles showed much more scatter
than one constructed from equivalent widths computed on the Gaussian approx-
imation, indicating the value of the approximetion in suppressing blends.
Since the Li I festure is a blended doublet, the profile is not
symnetrical. HNevertheless, the Gaussian approximetion is still valid, since
it may be thought of as nothing more than the trapezoid formula--which
does apply in the absence of symmetry--with a correction factor for rounding
at the bottom and edges.
Some of the lines measured were partially blended so that the half-

width could not be determined., In these cases, a mean half-width was
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used, which was calculated from all of the measured half-widths For each
ster. For lines sufficiently wesk that the half-width is determined by the
instrumental profile or by motions in the atmosphere, it is independent of
central depth., All of the lines used were of this class in stars of spectral
types earlier than K3. In later types, a devendence upon depth was found for
the stronger lines, and the reletion between depth and width was determined
end used, In the coolest stars, the half-widths of & few weak lines not in Table
2 were measured in order to fix the weak-line end of the relation,

It is to be expected that equivalent widths derived from meen half-
widths are less accurate than those from measured half-widthz, In the
latter case, errors in measuring the central depths will be partizlly can~
celled by consequent errors in the half-widths. It is easily shown that if
the line profile is exactly trisngular and the central depth is inmccurstely
estimated, the resultant shift in the estimated position of half-depth will
cause an error in the width measurement which will cancel the error in the
depth measurement to the first order. If a mean half-width is used, no such
cancellation results. If the error in the central depth is due %o erroneous
placement of the contimuum, the effect of the shift in the half-depth position
is to square the error. However, as mentioned sbove, the position of the
continuum is ususlly well determined,

Tracings were made of a munber of weak comperison lines to estimate
the width of the instrumental profile. These gave instrumental half-widths
of about 0.20 &, The half-widths for weak lines observed in the stellar
tracings renged from 0.23 & to 0,42 A,

It is of value to compare the results by this method with those
obtained by other investigators for common stars. X. 0. Wright (1951b)
hes measured many of the lines listed in Table 2 in HD 124897 (& Boo).
Comparison of Wright's values with those of this study is made in Figure 3.
Wright used approximately the same dispersion as wes used here, and measured
equivalent widths by fitting empirically determined stendard profiles to
the lines, Figure 3 indicates that Wright's values agree fairly well with
those derived here, but are systematicelly slightly higher. The standard
profiles used by Wright, which are plotted in his paper, show considerable

wings, even for weak lines. There is no evidence for the existence of such
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wings in the tracings mede for this study. t should be pointed cut that
such discrepancies between equivalent widths measured by Mount Wilson and
Victoria observers have been noted before.

E, i, and ¢, R. Burbidge (1957) have measured equivalent widthe in
HD 62345 ( K Gem), using plates from the 100-inch telescope coud® speciro-
graph, but at a lower dispersion than used here. They used the triangle
approximation. As a consequence of increased blending and decreased cen-
tral depth at the lower dispersion, these authors did not measure most of
the lines of Table 2. A comperison disgrem similar to Figure 3 for the lines
in common indiceted a systematic difference, with the lines from this study
weaker, This is to be expected from the increased effect of blends upon the
lower dispersion measurements.

In spite of the above discrepencies, it would seem thst the Gaussian
approximetion is an efficlent method for oblaining an sccurate estimate
of the equivalent width of an absorption line showing no obvious wingse
It certainly surpasses in accuracy the often~-used triangle approximetion,
Perhaps the fitting of Voigt functions (van de Hulst and Reesineck 1947),
which is again more difficult, would improve the accurascy, but it is diffi-
cult to see how the agreement in Figure 2 could be improved., No approximation
is better (in the absence of blends) than the mumerical integration of the
observed profilej thus the agreement shown in Figure 2 is sufficient justi-
Ffication for the use of the Gaussian approximation.

Bince only one plate of each star was usged in this study, there re-
maing the possibility of gystemetic photometric errors not connected with
the assumed line profile. To test this, two plates of the same star are
needed, both reduced by the same method., W. &. Melbourne obtained =
spectrogram of HD 9270 ( N Psc) in approximately the same spectral range used
here., He had kindly permitted the writer to use it in this program. MNr.
Melbourne's spectrogram (Ce 11681) was mede on 103 2 emulsion, while thet
obtained by the writer is on Ile emulsion., 8ince the division between the
two plates in the different spectrograms occurred at different wave lengths,
the calibration curves were constructed for different wave lengths. Hence
ample opportunity for systematic differences is provided. Yet as the com-
parison of equivalent widths given in Figure 4 shows, no systematic effects
are spparent., Completely separate analyses were mede of these two spectro-

. grems, but the equivalent widths for the star given in Teble 4 are means
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from the two plates, weighted 2:¢1 in favor of the plate made on the Ila

emulsion,

£) The Li I Doublet

For those spectra in which the blended doublet of Li I is either
absent or too week to permit half-width measurements, it is necessary to
devise & method to obtain the equivalent width (or its upper limit) taking
into account the doublet nature., Since even at its strongest the Li I
feature showed e roughly triangular profile, it seems sufficient to repre-
sernt it in the case of very weak lines as the sum of two triangular pro-
files., 8ince the atomic weight of lithium is only about 1/7 that of vana-
dium, the broadening of the Li I profile due to thermal motion is greater
then thet for V 1. However, the brcadeq%ing effects of turbulence and the
instrumental profile, which are the same for all atoms, are much greater
than the effect of thermel motion§ therefore the difference in width between
single Li I and V I lines can be neglected, and the entire excess width
of the Li feature can be ascribed to its doublet nature.

Pigure 5 shows the assumed situstion., The dashed line gives the
undisturbed profile of the stronger member of the doublet, the dotted line
represents the weaker member, and the solid line their linear sum. If
the central depth of the strong line is d, that of the weaker line is 4/2,
and thet of the sum is dt. This latter quentity is the only observable
one, The line centers are separated by §, and the half-width (equal also
to half the width of the line at the continuum) is Ak, It follows from

the figure thet

2
(3) 4, = 4+ L)
therefore
; &
() d=dy /G- ) .

The equivalent width of the strong line is W = 1,064dAXN (inserting now the
factor for the Gaussian approximetion), and thet of the weak line is half this

value§ therefore the total equivalent width is given by

W= (2) (1.06k)amn
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(5) W= (2)(1.064)a, M8 - 22 .

Subgtituting & = 0.15 4,
(6) W= 1,06k 4, a0/(1 - 22220y

Thus the equivalent width of the whole festure is determined using
equation 6, obtaining AN from the weak lines of vanadium,

Equation 6 was used only when no trace of the feature was seen--
in which case dt wag estimeted from the noise pattern as the largest possible
undetectible &ggth—uand when the line was seen but was too wesk to permit
meesurement of the half-width., For stronger lines, the Gaussian epproximation
wes applied to the feature ss a whole.

As o test, equation & was spplied to two stare in which the Li I
doublet was strong enough to measure directly., The results are given in
Table 2 below.

Table 3
Test of VWeslr Doublet Formula

D w(a)  w(a)
(Gaus.) (eq.8)

200905 0.200 0,161
11909 0,049  0.046

S8ince as the line becomes saturated the flux at the center falls more slowly
than thet in the wings, the result of equation 6 would tend to underestimate
the true equivalent width by a greater emount as the total strength increased.
This expectation is confirmed by the results of Table 3. The agreement
for the weaker line is good, but the method underestimstes the strong line
equivalent width by 20 per cent,

Greenstein and Richardson (1951) take note of the considerable iso=-
tope shift in the lithium spectrum. The strong line of the less abundant
.isoteps, Lié, is epproximately co-incident with the wesk line of the strong
isotope, Li7. The wave lengths given in this study refer to LiT. These au-

7

thors found no evidence in the gun for an isctope ratio, LiO/Li s in excess
of the terrestrial velue, ©.08. In this study, no particular allowance has
been made for Lié. In the strong features which were measured directly, any

absorption due to Lié would have been autometically included. In the weak
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lines to which equation 6 was applied, a strong Lié component would increase
&t’ but the formula would underestimete the total strength slightly. None
of the strong lines, however, indiceted any appreciable abundance of Li~,
There seems to be no evidence that the isotope shift can introduce appre-
cigble error into the results,

The Li T doublet in most of the stars is blended with a weak feature
at M6707.52. This was noticed and allowed for by Greenstein and Richerdson
in the sun. Davis (1947) found it in B Pegesi and ascribed it to Ti0,

4 line at thet wavelength in the carbon stars is essigned to CN by Sanford
(McKellar 1944), It was always possible to free the Li I profile from the
effeets of the blend by simple extrapolation, since the blending festure
was weak and did not contribute significantly over most of the doublet.

In the MOIII star HD 6860 (B &nd) a broad blending feature appeared
whose shortward edge corresponded closely to the longward component of the
Li I doublet, In this star the depth 2t the intensity maximum between this
festure and the one at AE707.52 was taken as the maximum depth of the Li I
feature. The increased strength of the broad feature in a good spectrogram
of the M1III star & Ophiuchi was one of the reasons for dropping this star
from the program. It was felt that no meaningful upper limit to the Li
abundance could be obtained.

Since the Li abundance depends on only one spectral feature, it is
particularly sensitive to errors caused by plate defects. Therefore, each
plate was inspected carefully in the region of the Li I doublet both before
meling the tracing and while it was on the microphotometer. In those few
cases in which a defect appeared, the microphotometer entrance slit was ad-
justed to avoid it. It is fairly safe to assert that none of the Li I

equivalent widths are significently affected by defects.

g) The Case of the Sun

Since lithium hes been observed in the sun, it is of interest to
include the sun in the present investigation in order to put its abundance
on the same seale as in the cooler stars, Because of the relatively high
temperature and opecity in the solar stmosphere, the vanadium lines of Table
2 would be very weak at 6.8 A/mm, and the weaker lithium line would be unob-
servable, It seemed preferable thersfore to use the much higher dispersion
available in the intensity-scale tracings of the Utrecht Atlas (Minnsert,
Mulders, and Houtgast 1940) to determine the vanadium and scandium equivalent

widths, and adopt the equivalent width of the Li I feature given by Green-
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stein and Richardson. As will be shown later, no importent systematic dif-
ferences belween the sun and other stars seem to have arisen from the dife
ferent source of ecuivalent widths.

Bquivelent widths for the vanadium and scandium lines were derived
by applying the Gaussien method directly to the tracings of the Atlas,
To estimate posesible systematic effects, these results were compared with
those of other investigetars for common lines. Wright (1951a) obtained the
solar spectrum at a lower dispersion than the 6.8 A/mm used for the other
stars in this’study by exposing on the moon and the sky. He gives equivelent
widths for nine lines used here. There are no sytematic differences apparent
between the two sets of results. Allen (1934) has given an extensive list
of solar equivelent widths obtained at the center of the disc with a highe
dispersion prismatic solar spectrograph. Eleven of the lines in Table 2
were included in his study. No systematic differences appear between Allen's
values and those derived here. Bell (1951) derived eguivalent widths from
the Utrecht Atlas by fitting Voight profiles. She has measured thirteen of
the lines in Table 2 and lists equivalent widths greaster by about 0,02 in the
logarithm than those derived here. This difference is trivial., Probably
for such weak lines the adopted Voigt functions are no closer to the true
profiles then the Gaussian functions. In view of these various results,
it was decided to use directly the equivalent widths given by the Gaussian

approximation,

h) The Table of Equivalent Widths

The equivalent widths derived according to the discussions of the
last several sections are given in the form log W/A + & in Table 4, The
spectral lines are listed in the table in order of increesing wave length,
The information given is as follows:

Column I: An ordinal number,

Column 2:¢ The wave length, according to the RUT.

Oolumn 3: The ion causing the line,

Column 4t The multiplet number in the RMT.

Column 52 The ebscissa of the curve of growth, uncorrected for
temperature (see Chapiter III).

Columns 6, 7, etc.: The derived values of log W/) + 6 for each star.

The equivalent width values for a star are grouped in a single column, and
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the columns are ordered according to the stars' HD numbers. In these columns
a "less-than" ({ ) symbol preceding an entry indicates that no trace was found
end an upper limit to the central depth was estimeted from the noise patterns
2 "less~than-or-equal-to" (4 ) symbol indicates that a trace of the line
was seen bul it was lmpossible to do more than estimaste a maximum depth.

“All of the results of this study are based on the values in Table 4o



A

5604.943
26,014
27.662
32,460
40,971
46,112
57 449
57.870
68369
70.827
71.805

57050562'

06.973
17.30
27.024
27.662
37,040
76.670
6039 ,690
58.113
8l.421
90,184
6111.622
19.505
3536
50,132
89.350
99,202
6210.676
13.874
16.368
24,507
33,187
45,214
45,629
51,83
56,906
66,32
74,670
85.185
92.858
6305.671
6707.82

Ion
VI
W

8¢ II
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Teble 4

The Equivalent Widths

37

28
19
o

log §'+ 6

Mult. logM, ED 3627 4128 6805  &3éo 8512
257  1.20 0,85 1.10 1,41 0.79
5.55 1.34 1.03  1.26 1.48 0.87
€52 145 1.3 145 1,54 1.28
3.52 1,05 <«0.08 0.77 1.37 0.38
- 1.28 1.26 1.34 1,34 l.21
5.64 1.24 0,91 1.22 1.,h 085
5.84 1,26  1.10 1.21 1,435  1.03
- 1,28 1.32 1.35  1.37  l.27
5.73 1.24 1.01  1.11 1.47 0.96
6,42 1.;2 1.20  1.36 1,58  l.24
- 1. 1.13  1.36  1.55 1,09
6,64 1,48 1,31 1.48 1,60 1.34
6.82% 1,53 1,36 1.48 1,60 1l.42
- 0.92 0.4 0.8 1.19 0.25
6.85 1,55 1,37 1,52  1.64  1.38
5.98 1.42 1.12  1.36 1.52 1.16
6.10 1,38  1.22 1.24 1,34  1.20
5.31 1.21 0,81 1.02 1.50 0.63
5‘95 1-40 1;18 - 1.#6 1016
5.25 1.38 0,84 1,06 1.48  0.92
6,00 1,43  1.29 1.35 1,53 . 1.26
6.54 1,52 1.24 1,39 1,59  1.27
5'90 1051 1.19 1058 1.54 1026
6.28 1,47  1.2h 1.39 1,55 @ 1l.26
5.85  1.39 1,16 1.30 1,48 1l.12
5.06 1,50 1,22 1,40  1.65  1.29
5‘88 1.28 OQ5O 0097 l¢§8 Otéh
5.16 1.60 1.30  1l.4% 1.66 1.28
— 1.43 1,02 1,26 1.59 1.06
4,80 1,41 1,03 1,31 1,49 1.0
5.34 1,55  1.33 1,47 1.67  1.36
Lok 1,31 1,13 1.29 1,50  1.13
4,78 1,46 1.08 1.25 1.5 1.10
3.6 1.14 o.41 0.82 1,25 %0.33
- 1,28 1.19 1.16 1,20 1.13
5.39 1,56 1,25 1.40  1.56  1.28
465  1.h2 - 1,24 1,44 1,04
4,56  1.37  1.00 1,20 1,43  0.94
5.00 1,46 1,20 1.3 1,44 1.15
5.16  1.44 1,08 1.31 1,52 1.10
5.18 1,50  1.22 1.3% 1,62  1.26
- 1.57 1.27 l. 1,60  1.17
- 0.51 «0.12 1.20 <0.,58 €0.26

*Derived from stellar W, not laboratory gf.
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Table 4 cont'd.,

No. 9270 10476 11909 12533 12929 20468 20644  po0h9 27371

1 067 059 0.36 1,22 1.08 1,25 1l.26 0.18 0,82
2 0082 Ll O.82 1556 1016 1.28 1037 Rt 0.81
3 1.30  1.06 1.25 1,48 1,33 1.52 153 1.0  1.30
4.40.,07 <0.,13 #0.435  0.97 0.70 1.07 091 <0.25  0.58
5 1.28  0.89 1.31. 1,38 1,31 1.48 l.42  0.88 1,33
6 0.80 0.63 0.55 1,31 1,11  1.29 1.32  0.60 0,90
7 0085 0064 0086 1.51 1.19 1;52 1037 0075 1'07
8 1.3% 1.04 1.33 1,40 134 1.45 147 1,05  1.37
9 0.83 0.62 0.84  1.3%0 1.20 - 1.34 1,32  0.86 1,01
10 1.16 1,08 1,09 1.48 1.38 1,45  1.51  1.17  1.28
11 0.94 0.8 0.99 1.4 1,28 1,52 1,42 1,00 1,10
12 1.2l 1.10 1.23 1,56 142 1,56 1.53  1.09 1,24
13 1.36 1.14 1.25 1,62 145 1,58  1.62  1.22 1,39
14 0051 b bl 0092 0-58 0'86 0093 0'15 o
15 1.33 1,19 1l.32 1,59 1.52 1.65 1.59  1.18 1,38
16 0.96 0,86 0,90 1,46 1.21 1,45 l.44  0.76  1.12
17 104 0.75  0.95 1,40  1.34 1,36 1.4l 0.99 1,17
18 hastad 001}9 hahe 1022 0096 1'15 1.21 0056 0'59 :
19 0.99 0.84 0.94 1,43 1.16 1.47 1.43  0.86  1.07
20 0,47  0.38 0.50: 1,23 0.97 1.30 .24  0.50 0.82
21 1,07 0.80 0.98  1.48  1.25 1,50 1l.45  0.98  1.14
22 1,21 1,08 1,08 1,50 1.29 1,53 1,51  1.20  1.37
25 0,99 0.86 0,98 1.46 1.20 1.46 1.4 0.89 1.11
24 1,17 097  1.02 1,47 1,27 1,51 1.4  1.08 1,27
25 1,04 0.70  0.83 1.4 1,14 143 141 0,95 1.1l
26 1,02 0.78 0.84 1.47 1.27 1.47 1.4  0.92 1.03
27 = — O.4h 1,24 0.82 1,14 17 0.6 0.4 .
28 1,10  0.93 0.99 1.54 1,34 1,53 1.60 1.00  1l.1%
29 074 0,56  0O.71 1.39 1.14 1.8k 1.35  0.68 0.8
30 0,94  0.74  0.73 1.46 1,20 - 1.4 0.84 1.00
31 1.24 0,97 105 1,56 1.38 1,58 157  1.18 1,28
32 0.87 0.75 0,80 1,46 0,99 1.2  l.d4 0.78 1.07
33 0,92 0.67 0,82 1.42 1.22 1.45 1.50 0.84 1.04
54 bt o= ‘0 002 1008 0064 o OQ9L“ haad Gol"!‘i‘
35 1,18 0.72 108 1,36 1,16 1,41 139 0.63 1.11
36  1.09 0.90 0.95 1.54 1.36 1,52 1.48 1.10 1.18
37 0.85 0.30 0.52 1.44 1.20 1,43 1.37 0.56 0,89
38 0.66  0.47  0.67 l.42 1.08 1.37 1.33  0.64  0.83
39 0.96  0.75  0.81 1.44 1.15 1.43 1.39  0.87 1,02
4o 0.97  0.94 0,89 1,48  1.18 1,48 1l.48  0.92  1.16
1,05 0.77 094 148 1,27 1,51 153 0.92 1,12
b2 0.9%  0.58  0.79 147  1.28 1,55 1.52 1.05 @ 1.08
43 0,76 «=0:,01  0.86  0.64 <0.25 1.27 0.90 <0.84  0.64
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Table 4 cont'd.

Fo. 81797 90432 90537 96833 98262 98430 104979 108381 124897

1 1.29 1.34 0,76 1,15 1,29 0,82 0.53 1,18  1.06
2 1.38.  l.b5  o0.01 1.18  1.36 0,78  0.50 1,29 1,15
3 1,50 1.55  1.24 1,39 1,52  1.2% 1,10 1,45  1.37
4 1,20 1,20  <0.48 0.64 1.06 0.30 <€0.15 0.46 0.69
5  1e30 1.3  1.18 1,30  1.35  1.14  1.10 1,38 1.2
6 1.29 1.3 0.89 1,108 1,34 0.81 0.45 1,20  1.15
7 1,33 137 0.94  1.21  1.35  0.87 0.65 1,24 1.20
8 1.33 1.35  1.24 1,37  1.37 1.23  1.30  1.38  1.33
9  1.37 1.40 0.88 1.20 1.28 0.93 €0.25 1,24 1.17
10 1.52 1.57 1.25 l.41 1.52 1,20 0.93 1.41 1.41
11 1.48 156 1.12 1.26 1.42 1,10 0.9  1.37  1.29
12 1.59 1,58  1.23 1.4  1.54  1.24 1l.12 1,49 1.4
13 1.65 1.67 1l.32 1,48 1,60 1,31  1.20 1.4  1.55
14 1,06 1,16 0,49 0.6 0.94 €0.38 o 0.74  0.72
15 1.66 1.67 1,31 1.49 1.65 1.35 1.23 1.51 1.50
16  1.50 14 114 131 1. - 0.61 1.36  1.28
17 1.48 1,51 1,10 1.32 1.4 1.06 0,85  1.38  1.36
18 1.30 1.49  0.60 0.80 1.33 0.62 - 1.0l = 0.97
19 = o bt 1002 1:20 1028 1002 R it 1025
20 1.34 1.38  0.69 - 1.26 0.68 £o0.42 1.20 1.07
21 1.54 1.50 1.09 1.27 l.42 1,13 0,91 1.37 1.33
22 1.50 1.52 1.13  1.30  1.47  1.30  1.09 1.41 e
25 1,52 1.50 1.09 1.29  1l.46  1.11  0.82 1,38 —
o 1.h7 145 1,16 1,30 l.42 1,20 1,07 1.38  1.35
25 1.4 1.45 1.0 1.23 1.4 1.06  0.74  1.33  1.30
26 1.54  1.57 1,10 1.32  1.56  1.24 0,83 42 1.bos
27  1.28  1l.33 €0.35 0,82  1.06  0.59 - 1.0 0.96
28 1.56 1.54 1.20 1.39 1.60 1.24 0.87 1.4% —
29 1.48 1.50  0.95 1.16  l.42 1,02 0,61 1.27  l.22
30 1.48  1.46  1.08 1,24 145 1.08 0.69  1.35  1.30
31 1.6l 1.62  1.28 1.4 1,57 1.31 1.09 1.47 —
32 1.48 1.45 0.97 1.27 Lo 1.08 0.50 1.32 1.28
35 1.45 1.40 1.01 1.21 1.38 1,01 — 1,20 1.22
34 1,14 1.17 - 0.62 1,09 0«22 - 0.83  0.79
25 1,26 l.20 lL.04 1,21 1,25 1.10 0,99 1,27 1,18
36 1,55 156 1,09 1.0 155 1.25 0,91 LAk 1.4
37 1.3 l.41 0,96 1,19 1.42 0,99 0.69  1.29  1.28
38 1.37 1.39  0.85 1.15.  1.35 1.00 0,59 1.21 1e14
30 1.h5 L5 096 1,29 143 1,05 0.84 1,25 1.29
o 1,52 1.47 1.11 1.28 1.46 1,18 0.80 1,34 -
41 1.57 1.57 1.15 1.35 1.51 1.26 0.9% 1.42 —
ho 1,57 1.68  LlJd5 1,34 1,58 117 o0.60s  1.39 1,38
43 1,25 <0.38 «0.29 1.32  0.69 <0.00 «0.13 0.78: €-0.38
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Table 4 cont'd.

No. 165341 168723 176670 186791 189319 196321 197989 200905 201091

—— 0.73 1.28 1.32 1.33 1.36 0,63 1.4k 0.98
0,16  0.79 1.25 1,408  1.46 147 %0.83 1.60 0.88

1

2

3 0.93 1.24 1.55 1.43 1.49 1.54  1.24 1.63 1.22
4*"‘0916 £0055 1.20 1907 1;26 1‘21% <0010 1e28 .‘.0952
5 0,86 1.17 1.22 1.38 1.30 1.30 1.20 1.48 0.55
6 0.37 086 1.14  1.34 1,38 1.36 €0,83 1.4  0.94
7 0.66  0.68 1.30 1.38 1.40 1,39 0.95 1.50 0.96
8 1,02 1.23 1.45 1.42 1.31 1.34 1,26 1.51 0.86
9 0.856  0.71 1.35 1.35 1.40 1.4  0.83 1.54  1.04
10 0,93 1,15 1.51 1.48 1.55 1.54 1.21 1.63 1.34
11 0.68: 0,97 1.52 1.42 1.52 1.49 1.04  1.56 1.28
12 1,01 1,15 1.61 1.57 1.55 1.59 1.31 1.72 1.32
13 1.10 1.26 1.54 1.61 1.57 1.58 1.42 1.76 1.45
11} C‘.QG: 0021 1.08 0096 1-23 1112 bt 1Q20 O;é@
15 1.07 1.27 1.54 1,66 1.64 1.67 1.35 1.79 1.42
16 0,55 e 1.40 1ot 1.51 1.48 1.25 1.59 1.23
17  0.76 1.01 1.44 1.39 1.54 1.50 1.0% 1.59 1.30
18 o T e 0098 1029 ez 1958 0048 1.55 0.51
19 0.67 0.91 1.40 1.51 141 1.3 1.07 1.51 1.09
20 0.27  0.52 1.29 1.42 1.38 1.37  0.61 1.50 0.82
21 0.80 1.10 1.47 1.55 1.49 1.49 1.17 1.64% 1,20
22 1,03 1,18 1.50 1.55 1.54 1.47 1.25 1.65 1.25
25 0,79  0.96 1.4 1.50 1.51 1.51 1.09 1.55 1,19
24 0.82 1.12 1.47 1.54 1.45 1.47 1.19 1.60 l.14
25 065  0.71 1.36 1.47 1.46 1.41 1,10 1.59  1.07
26 0.64 1.05 1.51 1.54 1.56 1.52 1.11 1.62 1.27
27 €-0.05  0.10 €1.25 1.30 1.32 1.32 - 1.46  0.78
28 0.8l 1.19 1.52 1.58 1.52 1,60 1.23 1.62 1.30
20 0,30  0.69 1.44 1.47 1.49 1.49 0.93 1.54 1.18
30  0.54  0.87 1.49 1.53 1.48 1.48 0.98 1.56 1.10
31 1.04 1.09 1.55 1.57 1.64 1.59 1,32 1.69 1.40
32 0,48  0.81 1.47 1.51 1.48 1.48 1.0% 1.56 1.14
33 0,50 0.82 1.47 1.46 1.45 1.40 1.02 1.55 1.12
34 e — 1.21 1.19 1,24 1.22 0,28 1.36  0.53
35 0,72 0.98 1.35 1.36 1.18 1.14 1.08 1.38  0.44
56 0389 hand 1.52 1e58 1051 1055 1n20 }..60 1@26
37 0.44  0.72 1.46 1.48 1ok 1.37 0.99 1.54 1.00
328 0.31 0.72 1.38 1.44 1.41 1.38 1.4 1.55 1.02
39 0,60  0.935 1,49 1.b49 145 1.Mh 0 1,13 1,55 1.19
4o  0.74 1.07 1.49 1.51 1.49 1.47 1,08 1.58 1.21
41 0.72¢ 1,04 1.54 1.56 1.61 1.55 1.23 1.61 1.25
42 002‘5‘75 0088 1.51 1-56 1568 1.65 1‘1'&‘ 1062 1-‘{4‘8
43 £=0,25 <=0,06 1.16 1.4% 1.11 €049 «0.03 1.47 £0.37
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Teble 4 cont'd.

No. 201092 201251 206778 219615 225212 (Sun)

1 1.06 1.39 1.27 0.43 141  -0.27
2 1.15 1.48 1.45 0.51 1.50 e
3 1,27 1.57 1.65 1.04 1.56 40,53
4 o0.h7:  1.26 0.98 <0.,10 1,18 <=0.35
5 0,66 1,42 1.45 1.17 1.46  +0.80
6 0.97 1.42 - 0.60 1.4 -0.16
7  1.07 1.42 1.43 0.58 1.47  -0.09
& 0.82 1.41 - 1.24 1,50  «40.9%4
9 1007 1011‘6 1.‘,'2'3 0355 1048 -'0.,09
10 4 1516 1057 1.51‘} leOO 1059 '!'O.A‘l
11 1.19 1.49 1.49 0.60 1.5% +0.28
12 1l.21 1.59 1.64 1,09 1.66  40.71
13 1,26 1,66 1.70 1.17 1.66 40.78
14 0.9 1.12 0,91 - 0:95 =0,.32
15 1.4 1.73 1.75 1.19 1.73 40.79
16 1l.22 1.54 1.51 0.68 1.55 40.05
17 1.23 1.5% 1.52  0.76 1.51 40,22
18 0086 1.43 1.50 hadiad 102‘1'7 e
19  1.08 1.54 1.48 0.88 1,56 40.26
20 1600 1.&4 1.54 0054: 1050 ”002‘6
21 1.17 1.64 1.55 1.02 1.65 40,32
22 1.30 1.60 1.64 1.11 1.68  40.66
23 l.22 1.57 1.50 0.86 1.58 40,25
22} Rid 1.56 l 557 ) 0099 1 065 ‘!’0056
25  1l.12 1.56 1.51 0.85: 1.58 -
26  1.30 1,60 1.57 0.80 1.61 40,24
27 090 1.43 o 0.41 1.45 -
28 1,28 1.67 1.66 1.06 1,71 +40.16
20 1.36 1.5% 1.47 0.47 1.57 =044
50 1@15 1055 e 0068 haatand “0058
31 1l.42 1.70 1.73 1.07 171 40,51
32 1.16 1.53 1.54 0.73 1.60 =0.10
33 1,12 1.52 1.53 0.69 1.57 =0.06
34 0,75 1,31 1.17 —— 1.30 -
55 O.l“l 1841 191‘%2‘ 1-02 1.4? *0'65
56 1953 1459 1c56 0097 1969 4"0.50
37 1,12 1.52 1.54  0.58 1.60 =042
38 1.05 1.51 1.47 054 1.55 «0.34
39 1.21 1.54 1.55 0.76 1.61 0.00
4o 1.24 1.56 1.53  0.80 1.41  +0.04
41 1.21 1.65 1,66 1.04 1.69 40,19
h2 1,52 1.64 1.73 0.76 1.73 =0.36
43 0,74 €054 €0.35 044 0.48 -0.26
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III. 7THE REDUCTICHS
a) Theory

(i) Introduction: The Curve of Growth

In order to utilize the data in Table 4, a relation between the equiv-
alent width of an absorption line and the number of atoms involved in its
formation is needed. In the absence of detailed model atmospheres, the
common procedure is to make use of one of the standardized curves of growth,
which give this relation in terms of the physical conditions at a represen=-
tative point in the atmosphere.

In computing curves of growth, two idealizations of the conditions in
the atmosphere have been used frequently. In the Schuster-Schwerzschild
model the stmosphere is representeéd as a layer in which line absorption only
tekes place, superimposed over a photosphere which radiates a pure continuum,
From this model one may derive the number of atoms per unit area above the
photogvhere active in absorbing a line., In the Milne-Eddington model, the
ratio of line to continuous absorption is taken as constent with optical
depthe Here one may obtain the mumber of active atoms per gram of stellar
material if the continuous opacity is known. The lines used in this analy-
sis arise from low-excitation states which will not increase in population
rapidly enough to compensate for the strong incresse inward of the opacity
which is %o be expected in the stars studied here, but this effect is
somewhat reduced by the fact that both the abundance of neutral atoms and
the opacity are proportional to the electron pressure. Probably the 5-8
model is most appropriate, but since sets of similar lines are being com-
pared here, it is not likely that the choice of models will have an appre~
cisble effect on the resulis. Wright (1951b) found that for @ Bodtis no
significant differences arose in the derived parameters when the data were
treated by the two different models.

A very convenient tabulation of the curves of growth in the H-E
approximation is provided by Wrubel (1949), These curves were calculeted
from Chendrasekhar's exact solution of the radistive transfer equation
for this representation of the absorption coefficientss therefore the appli-
cation of these curves suffers only from the inasccurscies inherent in the
M-E model itself. Since these excellent tables are available, and in view
of the discussion in the preceding paragraph, it was decided to make use
of the M-E model for the present study.

Wrubel's curves of growth relate the two quentities log W/b and



log Mo+ Here W is the equivalent widths b is the Doppler width given by

(1) b = vafe
where v is the most probable velocily of the atoms and ¢ the velocity of
lights and N, is the ratio of the "fictitious esbsorption coefficient” at

the line center to the continuous opacity. This cqusniity is given by

2
LA YHE_ ¢
(2) No =1, <, mcety *

where

¥y s is the rumber of atoms per gram of stellar meterisl in the

J

excitation and ionization state which gives rise to the line,

fute

s the atomic oscillator strength,

P Lt
>

. : . . 2 .
is the continuous opacity in em”/gm of stellar meterial,

|

1=

is the mass of the electron, and
£ is the charge of the electron.
Upon introduction of the Boltzmamn equation to give the distribution of

etoms in the excited stetes, equation 2 becomes

2 ..
Y /MES Wy ¢ gifh X /KT
= ———— - e ]
(3) ° me® B(L) v Ky ¢ !
wnere
N3 ie the mumber of atomes in the proper ionization state,
. -X,/kT
b s 4.1 JE I N 4 £, . e
B is the partition lunctlonwiggge o
251 iz the statistical weight of the jth level,
L3 is the excitation potential of the jth level,
k is the Bolizmenn constant, end
T is the excitation temperature.
The curves of growth depend on itwo parameters. There is a different

curve for every velue of the quantity &, which is the ratio of the damping
constant to the Doppler widthy and for every value of the ratioc By/By, which

specifies the temperature gradient according to the approximation

(4) B,(T) =B + B>

s .

where By(T) is the Planck intensity, and J is the optical depth.
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(ii) The Continuous Opacity

&11 of the gtars studied here are sufficiently cool that the con-
tinmuous opacity is due entirely to the negative hydrogen ion. This circum=-
stance grestly simplifies much of the reduction procedure, as will become
clear,

The abgorption coefficient for H~ has been tabulated by Chandrasekhar
end Breen (1946). It mey be written

(5) K'.k = &A%(T)Pe}{/i‘ﬂf ]

where

oy, is the absorption coefficient per H- ionm,

#(T) is the ionization function for H ,

EE is the electron pressure,

X is the abundance of hydrogen by mass, and

Y is the mass of the hydrogen atom.
The quentity apg(T) is tabulated by Chendrasekhar and Breen. Stimulated
emission is included in the factor Gy S0 that this quantity is really =
function of temperature also, but in the range of temperatures considered
here stimulated emission can be neglected, and an depends on A only. Hence
the ratio of the absorption coefficients for the same eleciron pressure
and different temperstures depends only on the temperatures and is indepen-

dent of wave length.

(iii) The Reduction Equations
(2) The empirical curve of growth.

By substituting equation into equation defining first
&5 % b g

(6) o= adn) ,

one obtaling

M 2 N4 A =X, /k
M M- AEDE g § T

Here the subscript § has been dropped from the stetistical weight., Taking
logarithms to the base 10 yields
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(iii) The Reduction Equations
(2) The empirical curve of growth,

By substituting equation 5 into equation 3, defining first

(6) g = @h¢<T> 9

one obteins

IR E C TN WY

Here the subscript § has been dropped from the statistical weight. Taking

logarithms to the base 10 yields



M - c

(8) log W, = log[/ﬁ = ﬁ(%? + log N, - log B(T) + log =
‘ gfN  B0ko
+ log gﬁ; -5 E

L)

vhere E is the excitation potential expressed in electron-volts., The first
term on the right conteins only constants, with the exception of X, which
may vary from star to star., This variation is probably smell for the stars
studied here, and will be neglected in what follows. This assumption is

irrelevant to the principal results. The following definitions are adopted:

2
e~ lM
(9) 58 /mz ()
(10) s = 2050

7
glh,0 g
Then equation 8 mey be written in the form

N
= - B 2 . &
(12) log 7, = log & + log N, - log B(e) + log < + log a(l.&)R(a)Pe

o eE o

Let it be hereafter understood that the symbol g refers to the case o = 1.4
end is a function only of wave length.

For the lines of V I, the relative oscillator strengths have been
measured by King (1947), but no absolute values of £ are available, Writing

the relative values as £', the calibration constant § may be defined such that

(13) £ = 0Pt

Then it is convenient to nmake the further definition

&
TIN(A £iIn{cm 10 P
(%) log 77} = log Erpt) - 1og | B iG] o EX oy

Inserting this definition into equetion 12 yields

(15) log'b% = log N, - log B(e) + log'% + log 47é - ¢k + log %g + 17 .
e

Now since @ is a function only of wave length, it is possible to compute
the quantity log h} for esch line for which King has determined an £', and
thig value will a;;ly to all the stars., This has been done using the gf'
values in Table 2, and log A} is given in the fifth column of Table 4.

exatgzin

It is useful to define furiher



(16) log ’)zg £ log ’le - gE
and write

(17) 1log 770 = log N, ~ log B(e) + log-{c; + log’)zg + log %% + 17 .
: e

low since the curve of growth specifies the relation between the
quantity @/E and®,y it is clear from equations 1 and 17 that for a given
ion in a star a similar relation exists between W/A and ng. This latter
relation will be called the "empirieal curve of growbth," o

Since two lines of the same W/A must have the same 75, then if they
have different excitation potentials they musi have differeﬁz_values of
Nd. According to equetion 16 from the difference of their log 7§ values
and of their excitation potentials, e may be deduced. Using thi;“Qalue
log ‘ﬂg can be computed for each line, and the empirical curve of growth
for the ion can be plotted.

It should be noticed that for lines originating in the ground state
of an ion, log Ns = log Nb. Thus the curve of growth relating log ¥W/n
end log 712 mey g; regarded as & curve of growth for lines from the ground
state. The value of e then is merely a parsmeter to reduce the separate
curves of growth for the various excited states to & single curve for the
ground state.
(b) Relative abundances.

The curves of growth for two similar ions do not differ significantly,
except possibly in the region strongly affected by the damping constant g.
Thus if fairly weak lines are used, the relative abundance of two ions
can be determined if an empirical curve of growth can be determined. Speci-
fiecally, for this investigation the relative abundance of Li I to V I is
of interest. The photometric results listed in Table 4 permit the construc—
tion of an empirical eurve of growth for VI. Given the value of log W/
for a single line of Li I, the corresponding log My will be the seme as that
for & V I line of the same log ﬁ/ﬁ. Hence from equation 17 there is a
definite log ’ng on the ¥V I curve of growth corresponding to the strength of
this Li I line, Equation 12 may be used to represent the log;‘ﬁo of the
Li I line, and equation 17 to represent the log No of the V I line with the
same log W/b. Equating the right sides of these expressions, and using

the symbols Qio and EF to represent the numbers per grem of Li I and VI
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(&g‘ and V- would be used For the singly ionized stetes and Li and V for

the total of all states), one obteins

T
log Li® - log B(Li I) + log §-+ log 535 - o + log ~§§;
= log V° -lo”B(VI)+loﬁ*£+lo'f72“+lo-—§-g417 $
g v & flo gRPe $
Li° a B{Li I c/v{Li
(18) log =fo = lo g'&2'+ log S35y ~ log 3;5%?71
-~ log Egé + 6% 4 log C + 17 .

Here log W&

mey be read from the empirical curve of growth for VI using the
equivalent width for Li I (corrected for the difference in thermel velocities
of the two atoms)§ the partition functions can be calculated from a spectro-
scopic term tablej the values of ¢/v can be obtained by 2 comparison of the
empirical and theoreticel curves of growth as described belows and the

value of E for the Li I line is zero. The remaining terms which are constents,
may be left unevaluated if only the varistion of the Li/V abundance ratio

from star to star is of interest, or may be determined from theory and labro-
etory experiment.

This last equation shows how the investigation is simplified by the
use of relative abundances, The ratio of neutral atoms is seen to be inde-
pendent of the electron pressure, the temperature-dependent part of the
continuous opacity, and the abundance of hydrogen. To determine the vari-
ation of the ratio, neither the absclute gf value for the lithium lines
nor the calibration of the vanadium f' values need be knowne
(¢) The relation between the empirical and theoretical curves of growth.

It is necessary to find the theoretical curve of growth which best
represents the empirical curve for at least two reasons: to obtain the most
probable velocity of the stoms v, and to extrapolate the empirical curve
when the Li I line is weaker then the weakest V I line. Other interesting
information about the stellar atmosphere will also be revealed by the theo~-
retical curve.

In order to find the proper theoretical curve, it is first necessary
to consider the temperature gradient parameter ?2/%&‘ This ratic can be
computed from the relation (Aller 1953, p. 204)

Bo

(19) = %
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where K ig the mean opacity, and u = EE/;Eia h being Planck's constant.
Thus ?2/31 depends both on the temperature and the wave length, and is dif-
ferent for every line in every star. For maximum precision, B,/Bj should
be computed for each line and the value of log A& for each line corrected
by means of tables given by Wrubel, so that the final curve of growth can be
represented by a single velue of the parameter. To follow such e procedure
would add much labor to the reductions. It was found sufficiently accurate
to determine the median value of ?2/81 for the VI lines used; and apply
the curves of growth for values of this parameter nearest the median value.

The demping constant affects both the slope of the curve of growth
in the central ("transition") region end the position of the curve in the
strong-line ("square-root") region. For high demping, the slope in the
central region becomes large and the extent of the region in log ﬂg is
reduced. Thus the stronger lines of the empirical curve of growth will
permit an estimate of 2, given theoreticel curves of growth for different
velues of a. If the strongest V I lines are too weak to determine a, then
this parameter is irrelevant to this enalysis because no stronger lines than
these are used., The damping constant is related to both the properties
of the atomic states and the pressure in the atmosphere, but no discussion
of the derived values is attempted in this study.

A& convenient way of fitting the theoretical curve of growth to the
empirical one is to plot the former on transparent paper end slide it ver-
tically and horizontally over the latter until the best agreement is ob-
tained, With a sufficient number of V I lines having a sufficient range
in log 'ﬁ@, an accurate £it is possible. Then, for a line of given strength,
both log W/A and log ¥/b can be read from the scales. Jdccording to equation
1 the most probable velocity follows from

y ’
(20) log §'= log'g - log % .
The velocity v so deduced represents all motions which affect the equivalent
width of & line§ thet is, all moltions whose mean free path is of the order of
the mean free path of a photon, or less., In general, then v arises from

both thermal motion and microturbulence, so thet
(21) v =V 4V

where
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(22) v, TN

we

here M is the mass of the hydrogen atom, as before, and 4 is the atomic

|2

weight of the element in question. In practice the thermal velocity vg
is computed from equation 22 using for the lemperature that derived from
in equetion 16, and then the turbulent velocity vi is obtained from equation
21, This latter quentity is the same for all atoms.

From the fit of the theoretical to the empirical curve the diffeerence
between log No and log ’zg is determined. Equation 17 indicates thet the

absolute abundance of V I can be expressed as
(23) log V° = log N, - log Mt + B(e) - 10& = - log 8¢ _ 17
« = o & ip FP °
hus if the ei@tron pressure, the calibration constant O, snd the abundance

of hydrogen which enters & can be obtained, the sbsolute abundance of V.I

can be calculsted, Lacking these, another quantity of interest may be

"

o ;
§ o V60 - . i [+
(24) log v = log R?e + 17 = log ?70 - log 770 + log B(e) =~ log v e
This quantity is s numerical representation of the absolute strength of

he V I lines, and is proportional to what would be known in the Schuster-
Schwarzschild model as "the number of V'I ions per square centimeter above

# It can be readily calculated,

the photosphere.
(d) The ionizetion of vanadium.

As wes wentioned in the preceding chapter, no lines of jonized vena-
dium are found in the spectral region covered in these observations. It ie
therefore necessary to deduce the ionization of vanadium from that of another
element, Scandivm is convenient for this purpose. Having obtained equivalent
widths for lines of both Se¢ I and Sc II, one can express the abundances of
these ions relative to V I by equations similar to equation 18, Then,

subtraction of the equetion for Sc I from that for Sc II gives

“+ ey ¥
(25) log %%v = 1eg’n“(gc I1) - 1Qg’nﬁ(3c I) + log §§§E_%%l - log g§§<s° IT)
+ log “’-—-—(Sc I) + ofB(Sc 1I) - E(Sc nl .

This equation applies directly to the comparison of one Sc¢ II line with one

8¢ I line. However, it will also apply to the average log ﬁQg values and
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the average gfd/u velues for a rmumber of lines efter correction for dif-
ferences in E. Actually, for the lines used in both lonsg excepl for one
miltiplet of Sc I, the E-values are nearly the same§ thus if we correct
the log Mé-values for these latter lines to the E's for the others, then
the last term in equetion 25 may be dropped. Expressing the difference

in the mean values of log gfi/a in the sense ionized minus neutr

and the difference of the mean values of log 12& in the same senses as &lo Qzu
(siace differences are the mame in both log ?21 and log 7ﬁ§>, equation 25

mey be written

s .

Se B(8c II
T = N -
(258) log 5o = Alog W, + log Jpgc57- = & -

H‘j-z—% - a 25]‘»{-2{}.
Tao o e £ oo LC“ q o o
(25) LOZ . = 8l 2.) loa &L OCe~C <+ log "‘“‘(Aw,. T log P e

Here @ is defined ss before, I is the corresponding lonlzation temperature,

and I is the ionization potential of the lower state (in ev). Applying

Hir

equation 26 to the neutral and the singly ionized states of both scandium
end venadium, and subtracting the equation for scandium from that for vena=-

dium, cneobtains
+ .
v Sc - o BV 1T
(27) log yo - log 5o = - e[f(v I) - I(8e¢ iﬂ + log géﬁvfyl

Now the ionization potentials of 8¢ I and V I are equal§ therefore the first
term above veanishes, and equation 27 may be added to eguation 252 to give

o

(28) lo %& = Alog 77 + log

[0

Thus if A cen be determined, equation 28 will permit the direct determine-
tion of the ionization of vansdium from the measurements of the scandium

lines., Unfortunstely no laboratory or accurate theorstical determinations
of the oscillator strengths £ have been made for scandium, Several inves-
tigators have estimated these values in determining abundances in the sun.
For the present study, the value of 4 will be obtained by applying both

equation 28 and equation 252 to the sun, using measured values of &1og'12

and nublished values of the abundances of the ions.
F
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Since the second ionization of vanadium can be neglected in all the
stars studied here, the total abundance of venadium is the sum of the neu-
tral and singly-ionized states. Then

v v
= 1
(29) P =l+m .
A quantity y may be obtained, given by
I o,V
(30) =1 ()

which is proportional to the total abundance of vanadium divided by the
continuous opacity. This may be used to test the necessary assumptions

concerning these quantities.

Equation 26 mey now be inverted to calculate the electron pressure

from the known ionization of vanadiums

o B(V II '
(31) log P_ = - beTle + 2,5 log T = 0.18 + log =TT ) log 50 .

Here the numerical value of the lonization potentisl has been inserted.

It should be menticned that investigations of stellar stmospheres
have generally shown that the same temperature cannot be used to express
both the ionization and the excitation equilibrim. Thus the tempersture
used in equation 31 ghould not be the one derived from equation 16. For-
tunately, the ionization temperature drops out of equation 27, so that it
does not affect the determination of the ionization state of vanedium,
However, it is probably also true that the excitation temperatures of 8c II
and Sc I are not exactly ecual, so that the dropping of the last term of equa-
tion 25 is not fully justified. But since the constant used in the ionization
determination is derived assuming the equality of the temperatures, the
errors introduced by this spproximetion are minimized.
(e) The ratio of total abundances, Li/V.

An epplication of the ionization equation for vamadium to the sun
showed that the second ionization of this element is negligible there,
Since the degree of ionization isg approximately as great in the sun as in
any star studied here, the ionization of V II can be mneglected throughout
the investigation. The iorization potential of this ion is 14 ev. Since
the ionization potential of Li II is 75 ev, there is certainly no second

ionization of this element, Therefore the ratio of the total abundances



may be written

W

, i LifaLit Lns® 14 nats® L1 v° 1 .
(52) T = () T =<‘%ﬁ><w+’%>/< +1) .

In this equation the factor Li /V is obtained from equation 18. Let the
coefficient of this queantity in the final form in equation 32 be called
Bs The Tirst term in the mumeralor and denominator of S is obtained from

equation 28, The second term in the numerator follows from an expression

gimilar to eguation 27:

Li*/Ls° -
e = - e I(Li I) - I(V I) =+ log

Here a value of o must be estimated. However, the result is not extremely

o

L
T

it § b

’.J- }-h
{31 I
ot

X

) B

(33) 1o

el

gensitive to this value, because the ilcnizaetion potentizls of the two lous
differ by only 1l.34 ev. Thus B mey be calculeted from equations 28 and 33,
and the total abundance ratio obtained from

Lo LQO
(52) M LoUSg

(iv) The Curve of Growth for the Li I Doublet

In the discussion of sub-section (iii), it wes assumed that the
equivalent width of a single line of Li I could be obtained. IHowever, the
two lines of the regsonance doublet, which are the only lines available, are
completely blended at the dispersion used here. Special consideration must
therefore be given to how the equivalent width of this blended feature me;
be related to the curve of growth for the V I lines.

It is essential to determine the source of the blending of the lines.
The blending may be ceused primerily by the spectrograph or by large-szcale
turbulence in the stellar simosvhere, the absorption coefficients remaining
separates or the absorption coefficients themselves may be blended. In the
former case the abgorptions add and the feature may be trested as the sum
of two lines§ in the latter the feature must be considered as 2 single line
formed by an oddly-shaped absorption coefficiemt. The V I curve of growth
would not apply directly in either case,

~

If the lines are weak, the equivalent widih is proportional to the
ifictitious absorption coefficients® therefore it is irrelevant which of
these two cases spply. It is only when the total equivalent width is suf-

ficient to place the feature above the linear part of the curve of growth
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To

that a distinction must be made.

F

w-yoe

It is instructive to determine the degree of blending of the absorp

tion coefficients in two extreme cases, In HD 62345 (K Gem), the tempera-
ture and the microturbulence are both high, and the blending should be =
meximum. Computing the thermal velocities Vg for both lithium and vana-
diun from equation 22 using the excitation temperature, and obtaining the
total velocity of the vanadium atoms from the curve of growth, the total
velocity of the lithium atoms is found to be 5.5 km/sec. Taking the profile
of the absorption coefficient for lithium to be determined by the velocities
and Gaussian in shape, its half half-width is found to be 0.10 A. Thus,

ince the geparation of the two line centers is only 0.15 &, it would seen

633

o .

that there is in this case significant blending of the absorption coefficients.

In HD 29139 (a Tau), the temperature and microturbulence are both low.

%

Proceeding as above, the total velocity of the lithium atoms is found %o

b

}..!.

be 3.1 km/sec, which yields a half half-width for the absorption coefficient
of 0.058 A, only about one-third of the separation of the line centers.

Here clearly the blending is much less., In the parts of the lines in which

(]

blending does occur, the total ebsorption coefficient is still probably
smell enough thet the resultant absorption is the sum of the absorptions
of the lines taken separatély.

% 4

The present asnalysis is considerebly simplified by the fact tha
strong Li I lines occur only in cool stars. In stars in which the temper~
ature and turbulence are sufficiently high to cause significent blending
of the absorption coeflficients, the continuous opacity and the lonization
of lithiuwm ere also sufficiently high to make the total absorption quite
small, Nevertheless in all cases in which the doublet was strong enough
for the two types of blending to produce different results, the amalysis
wag carried out using two different epproximationss

(2) The absorpiion coefficients are significantly, but not completely,

blended, It is assumed that the profile of the total absorption

coefficient remeing Gauwssian, and that its meximum height equals

thet of the stronger line of the pair, but that its widith increases
sufficiently to account for the total area under the absorption-coef-
ficient curves of both lines., Thus the effect of the blernd is to

increase the width of the absorption coefficient, which is equiv

£
lent to an increase in the velocity of the atoms. In the analysis
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the most probable velocity for the lithium stoms, derived as in the
preceding paragraph, was increased by a factor 3/2 to account for
the necessary increase in the absorption coefficient width, and this
increased velocity wes combined with the equivalent width of the
whole feature to yield the proper W/b to apply to the curve of growth.
This approximation certainly overestimates the effect of blending
in the cooler sters by a considerable amount.
(b) The sbsorption coefficients are unblended. Since the effect
of saturation will not be the ssme for the two lines of the doublet,
their equivelent widths will not be in the 1:2 ratio that applies to
the absorption coefficients. The following procedure was adopteds
(1) the most probable velocity was determined as in the exemples of
the preceding paragraphs (2) this was applied to the total equivalent
width to produce a total W/b; then (3) from the curve of growth
two values of log 723 were found which differed by log 2 and gave
values of W/b which added to the total ¥/b obtained in (2), The
sun of the deduced values of a&g was applied to equation 18,
From the foregoing discussion it would appear that in those stars in which
these two methods give different answers, method (b) would be much closer
to the truth. The result from method (2) would provide an estimate of the

maximum possible error from this source,

b) Procedure
In the preceding section the theoretical basis for the abundance
determinations was discussed and the equations to be used in the reductions
were derived., The present section will describe in detail the procedures

followed, and discuss the errors inherent in each stepe.

(i) The Excitation Temperature
The determination of the excitation temperature, which is the only
actual determination of temperature made in this analysis, is based on
equation 16 and the unique relation of the value of log - g to the equivalent
width expressed by squetion 17. 4As was pointed cut in the discussion of
these equations, two lines of the seme equivalent width would have the
seme log g; therefore the differences of their log ?Lé values and excitaﬁion

potentials would yield an estimste of o. This is in principle the method
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thet was adopted. From the list of the V I lines in Table 2, it is seen
that the lines of multiplets 34, 35, 36, and 37 heve similar excitation
potentials, averaging approximately 1.06 ev. The lines of multiplets 19
and 20 also have a very small range in E, averaging near 0.28 ev., The
procedure followed was this:
(a) 4 plot was made on translucent paper of log W/ vs. log M¢
for each group of lines separately,
(b) These two plote were superimposed with their log W/A scales
coincident, and were moved relative to each other in log flé_until
a continuous curve could be drawn to represent the combined set of
points. No reference was made to the theoretical curve of growth.
The ranges of strength of the lines in the two groups were always
guite similar, so that the two plots overlapped for nearly all of
their lengths, end it was never necessary te fit them "end-to-end."
(¢) The difference of the two log 7]} sceles with the points thus
superimposed was noted, and was divig;é by the difference of the mean
excitation potentials to yield the value of e.
(&) The value of log ?Lg was computed for esch line according to
equation 16 using the excitation potentisl for that line (not the
mean), and & plot was made of log W/ vs. log ?13 using all the V I
lines in these six multiplets., This plot was inspected to detect
eny asymmetry in the distribution of the points from the two groups
of multiplets which could have been caused by an error in a. If such
an agymmetry wage found, the analysis was repeated, The success
achgﬁved in eliminating such effects may be estimated by inspecting
the samples shown in Figure 6.
The accuracy of the determination with respect to internal errors
was estimeted in step (b). Not only was the best fit determined, but the
amount that the plots could be displaced relative to each other without
introducing obvious asymmetry was also noted. These displacements lead to
a value 0.12 as an estimate of the mean probable error in @, averaged over
all the stars. Errors are less in the hotter stars and greater in the
cooler onesg,.
The errors were produced not only by the errors in the photometry of
the lines, but also by apparent small errors in the gf'! values used. Certain

groupfings of points were seen through all the stars, indicating that either
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the gf' values were in error, or that unsuspected blends persisted. However,
some of these groupings fell below the mean curve on the plots, making the
first alternative seem more likely. These effects were quite small. A4s
the V I lines grew stronger in the cooler stars, the point wes reesched where
they were all on the central part of the curve of growth, and little slope
remeined in the plots. The fitting of the two groups then became more
uncertain., Nevertheless it is not likely that the probable error of o
exceeds 0.20, In the coolest stars, there appeared an apparent difference
in slope between the plots from the two groups of lines. The reason for
this is not clear, but it made the determination of o quite difficults.
The incresse of this effect with decreasing tewperature, as well as the
appeerance of a new blending feature near the Li I doublet (see Chapter II,
section £), led to the decision not to consider stars cooler than type MO

in this study.

(ii) The Temperature Gradient

It was pointed out in sub-section (iii) of section a) that a value
of the temperature gradient paresmeter B,/Bj must be computed in order to
select the eppropriste theoretical cur;; ;; growth to compare with the
observations. This quantity wes computed sccording to equation 19 {repeated
here for convenience),

(19) o 201

1 3K wu
using the tables of the H absorption coefficient given by Chendrssekhar
and Breen (1946) end the values of the mean opscity computed by Chandrasekhar
and Minch (1946). Since both of these quantities are proportional to the
electron pressure, their ratic is independent of it. Thus for a given
weve length, Bo/By is & function of temperature only.

In org;}~25 test the necessity of correcting each value of log 7Z§
to that appropriste to & single value of Bo/Bl, this wes done in one caégm
(HD 206778, € Peg). The results were com;;rgg with those obtained by ap-
plying one of Wrubells curves direetly to the empirical curve of growth
with uncorrected log 71& values, The theoretical curve was chogen so that
its value of §Q/El agreed as clogely as possible with the median value
computed for the.§ I lines, No gignificant differences were found,

Values of BO/Bl were computed for a number of teuperatures which
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covered the range of excitation temperatures encountered in the stars studied,
and for the wave lengths A5600 and A6300. These wave lengths defined the
range covered by the V I lines. The values of gQ/El so derived were plotted
as a function of e. The curves showed thet the range of values of the
paremeter in any star of interest did not exceed 0.10. It seemed likely
that the result for HD 206778 would then hold for all the stars. It was
further found thet the median value (the sverage of the two computed ex~
treme values at a given e) remained in the range 0.33 and 0.60. Hence it
was decided to use the excitation temperature of each star to enter these
curves of §g/31 to obiain & median value, reduce the data separately with
the curves cf“g}owth given by Wrubel for the values 1/3 and 2/3, and then
to interpolate roughly between the results. In practice, no significant
difference sppeared between the results from the two curves.

It should be stated that it was necessary to extrapolate the mean
opacities of Chandrasekhar and Miunch to higher values of g. UWhile this
introduces uncertainty into the derived values of éﬂzﬁl’ the insensitivity

of the results to this parsmeter makes the uncerteinty of no consequence.

(iii) Fitting the Theoretical Curve of Growth

The theoretical curves of growth computed by Wrubel for Bo/Bl equal
to 1/3 and 2/3 were plotted on semi-transparent paper, using all_;ézaés of
the demping constant given by him. Following Wrubel, all the curves for a
single value of the temperature gradient parsmeter were plotted together.

The plot of W/A vs. log N§ made in sub-section (i), which is the
empiricel curve of growth, was a1;;§s plotted to the same scale as the plois
of the theoretical curves., One of the sets of theoretical curves was super-
jmposed upon the empirical points and translated in both co-ordinates until
the best representation of the points by the curve was achgﬁved. The epprop=
riete value of the damping constant was also chosen in the process, using
the slope of the central part of the curve of growth in most cases, and also
the position of the beginming of the "squere-root" branch where possible.
The differences in the two co-ordinates of the empirical end theoretical
relstions were noted. The procedure was then repeated using the other set
of theoretical curves., This whole process was then repeated at least twice,
gso thet at least three sets of co-ordinate differences were obtained for

each value of the temperature gradient parameter, If the scatter was large
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in these values, more attempts at fitting were made, Although some effort
was exerted to make each fitting process as independent as possible, it is
certain that each attempt was influenced by the previous one. However,
on several occasions 2 second atiempt at Ffitting the curves wes made several
days after the first one, and good agreecment was obtained,

The renge in values of log 713 wes in all cases sufficient to permit
e fairly well-determined fit of the curves. Even when the lines were essen-
tially all orn the tremsition part of the theoretical curve, the observations
covered the entire region so that relatively little uncertainty remasined,

For the hottest stars the vertical fit was somewhat uncertain, This has

a relatively small effect on the results, since both the vanadium and lithium
lines are similarly affected. Nevertheless it was always possible to deter-
mine a setisfactory value, except in the casze of the sun. Here the value

of the microturbulence given by Minneerti (1953) was adopted, end the thermal
velocity was computed from the excitation temperaturey the combined velocitlies
were used to fix the vertieal fit of the curve of growth. Estimetes of the:pro=-
bable errors of the fitting constants averaged over all the stars would be
0.04 in log ¢/v, and 0.06 in log N§ =~ log ’Eé. The errors in the Ffirst
quantity are larger for the hotter stars§ in the second, the errors are larger
in the cooler ones.

Further indication of the accuracy of the fitting process can be
obtained from the agreement of the independent analyses of the two spec~-
trograms of HD 9270, The difference in the two values of log ¢/v was 0.05,
and the two values of log ?Lg - log 0?0 agreed to the second decimal place,
which was the accuracy to which the c;;putations were carried. The spectral
type of this star is G8 III, so that the V I lines are just below the "knee'
of the curve of growth.

Figure 6 presents three sample cases of the adopted fit of the theo-
retical to the empirical curve of growth. The values of log W/A are plotted
against log ME for three stars--HD 9270, 6805, end 189319--of spectral
types 68 III, K2 III, and K5 III (respectively). These stars indicate the
variety of fits thet hed to be mads. The adopted theoretical curve of
growth is elso drawn in for the case B,/By = 1/3. The necessity of using
a theoretical curve for exﬁrapolatioﬁugo-géak lines is cbvious in the two
cooler stars. It might be thought that the fit in the log 7&2 co-ordinate

is extremely uncertain in the cool stars., However, the slope of the central
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region of the curve of growth is strongly effected by the damping constanty
therefore the appropriate value of this guantity could be chosen with suf-
ficient accurscy to eliminate uncerteinties in the horizontal fit arising

Ysquare-root® brench. Having

from the position of the beginning of the
chosen g, the fit to the data could be done to within about 0.15 in log Azé
in the coolest stars.

It is worth repeating at this point that the applicability of Wrubel's
curves of growth to these data is assumed, and certeinly cannot be tested
by the limited information available here. Hore detailed discussions of the
spectra of individual stars must be made to provide definitive tests of
this assumption.

Having found the relation between the empirical and theoretical
curves of growih for en individual star, no further use was made of the
empirical plot. Values of log 723 for other lines were derived by obtaining
values of log W/b, applying them to the two theoretical curves {for the
two values of the temperature gradient parameter) and reading off the corres=~
nonding values of log ’ﬂé; these were then converted to log 42§ by the lmown
differences between these quantities. The adopted value of 1og‘712 for a
line was derived by interpolating between the two values from the two curves
of growth, roughly linearly according to the position of the derived median
Bo/By with respeet to 1/% and 2/3. 4s wes stated before, the two values
ggfg-rarely significantly different. The use of both curves helped to
reduce accidental errors.

The quantity x? was derived from the fitting constants of the curves

of growth sccording to equation 24, repeated here for reference.
(24) log v = logz 470 - log 020 + log B(V.I) = log = .

x? is proportional to the sbundance of neutral vanadium divided by the con-
tinuous opacity. The values applied to equation 24 were interpolated between
those derived from the two curves, and the partition function wes obtained
as discussed below,

In one case, the adopted theoretical curves of growth were used to
determine the value of log ’H@ listed in Teble 4, The V I line A5706.973
was found in the analyses of the hot stargs--which were done first--to fall
consistently above the mean empirical curve of growth. This line is one of

the strongest used, and it was clear that in the cooler stars it would be
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needed to help determine the damping constent. Therefore a new value of
log qzé was determined for this star from the stellsr data. Using the equi=-
velent widths and adopted theoretical curves of growth for eleven G& and KO
sters and two cooler stars, values of log Ql— were determined using the
general procedure described in this section in reverse-~proceeding from
W to log 72& by the theoretical curve, obtaining log Olg from the fit, and
then log /ng from the temperature. The mean velue of this latter quantity
derived from these stars differed from the velue computed from the labora-
tory gf' by more than ten times its probable error. The derived value was
therefore adopted and used in the cool stars. No indications of further
chenges were noted. The deviation from the laborastory value may have been
ceused by blending, but if so, the blend was sufficiently constant through-

out the stars to permit use of the totsl equivalent width,

(iv) The Partition Functions

Nothing has been said heretofore about the computation of the par—
tition funeticns, beyond stating their definition subsequent to equation
3. Since these gquantities enter into all the reduction equations, their
calculation should be discussed.

For convenience, the definition of the partition function is repeated
heres

B(T) = Z.g.e—xj/m .
47

In principle, there is no reason to suppose that the series converges, but
in practice the statistical weights of g g3 of the highest energy levels must
vanish because of the effect of collisions with other particles.

Class (1951) made extensive computations of B(T) for various ions
in the sun. e took into account the effects of collisions in considerable
detail, and found that for levels whose effective principal quantum muber
(computed from the level energy and effective nuclear charge by the hydro-
genic formule) is greater then six, the effects of collisions are gignifi-
cant, He also found that in the outer leyers of the solar atmosphere the
temperature is sufficiently low thet these levels do not affect the partition
funetion. This will clearly also be the case in the ceoler stars considered
in this study. Thus in calculating the partition functions, no particular

account wag taken of the effect of collisions except to cut off the summa-



tion after including all levels whose effeective prinmeipal quantum npumber is
less than seven.

The date used in the ecalculations were taken from Atomic Energy

Levels, Vole« 1 (Mcore 1949). Following a method similar to that of Claess,
the conmtributions of all levels were added explicitly for those terms whose
mesn energy was less than 1.5 electron-volis. For terms with excitation
energy greater than this but less than 3.0 ev, the exponential was computed
using the mean term energy and multiplied by the total statistical weight
for the term. For the higher terms, all levels in a l-ev energy range

were considered togetheri the exponential was computed from the energy at
the center of the range, and multiplied by the total statistical weight

of the levels included. The computetions were carried out at temperatures
of 2500°, 4000°, and 5000° for the ioms Li I, Li II, V I, and V II,

The results are given in Table 5, below,

Table 5
Pertition Functions, log B(T)
T v v Il Li I Lid 11 6

5000  1.638  1.634 0,320 0,000 1,01
4ooo  1.565 1,572  0.308 0,000 1.26
3000 1,489  1.503 0.301 0,000 1.68
2500  l.44%  1.462 0,301 0.000 2,01

These values of log'gigl were ploﬂ?d as a function of g, and smooth
curves were drawn through the results. These curves were entered to obtain
the partition functions at the stellar ltemperatures,

The values sbove overlap somewhat those computed by Claas for the
outer layers of the solar simosphere, and show small systematic differences.
But since Claas used older sources for his spectroscopic data, the differences

probably arise from revisions in this material.

(v) The Abundance of Neutral Lithium
The steps invelved in determining the abundance ratio of neutral
lithium to neutral vanadium have all been discussed alreadyj little morve
need be done here then to bring them all together in sequence.

Having obtained & value (or an upper limit to the value) of the
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equivalent width of the blended doublet of Li I, a value of the most probable
velocity is caleulated from thet of the V. I lines, obtaining the thermal
contribution for both lithium and vanadium from equation 22 using the exci-
tation temperature. For lithium, the contribution of the thermal motion to
the total velocity always exceeds the turbulent contribution, while the
reverse is usually true for vanadium,

In 211 caseg, a value of log 713 representing the sum of both lines
wag caleulated on the agsumption of blended absorption coefficients, as
explained in subsection (iv) of the previous section (method "a"), In
those stars in which the equivalent width of the doublet was greater than
40 mh, s value of log ﬁhg for the entire feature was also computed assuming
that the absorption coefficients were unblended (method "b"), since here
differences between the methods might be expected. The stars in which the two
values disagreed were all among the cooler ones, so that the unblended approxi-
mation was the most sccurate, and the value of log 723 computed on this assunp-
tion was used to derive the final results., The bleng;é assumption was
used in the weak-line ceses to simplify the computations., HNote that the
actual velues of log Ny are different in the different assumptions in all
cases, bul For weak liggé.the difference is exactly cancelled in equation
18 by a difference in the lithium veloecity. ,

The abundance ratio of neutral atoms was computed from equation 18,
using this value. (or values) of log Mg, the partition functions from the
curves described above entered with the excitation o value, and the values
of log ¢/v for lithium and venadium. The excitation potential for the
lithium doublet is zero§ the remaining constants are left unevaluated and

written as a single constant K, so that the equation tekes the form

.9 : .
(34) log Li . log 7)2 + log § glzl - log &é%%%%l + log K, and

(35) log K = log © - log &% 4 17 .

The value of K cennot be determined with any accuracy until a reliable
determination of C, the calibration constant of the V I ' values, is made,
K was calculated roughly both from equetion 35 and from equation 34 using
abundance determinations in the sun by other authors, but the results of

thie investigation will be quoted with K left unevaluated,
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(vi) A Test for Systematic Errors
The possibility remeins that in the cool stars and the supergiants
some systematic effect, possibly due to stratification in the atmospheres,
persists which produces spﬁrious abundance ratiocs between the ground-state
lines of lithium and the slightly excited lines of neutral vanadium used for
comparison, especially when the V I lines are quite strong. 4s a test of
this, & very weak line of V I, A5632.469, which has an excitation potential
of only 0.07 ev, was used to obtein the abundence ratio Y /V° = V/V by the
same procedure used for the lithium line, excluding, of course, the compen-
sation for blending. This line was not used in obtaining the curve of
growthe In applying equetion 18 to this line, the terms in the partition

functions and the velocities drop out,
(36) log gg = log qlg + 6E - log E%& + log C + 17

and the constants may be replaced by a term log K' as was done for the
lithium case, but here it is clear Pfrom equation 14 that log X' = = log 71&.
This wesk vanadium line was used to compute the quantity log V/V, which __
must be constant in all the stars. It should also be near zero, but any
smell constant deviation would not affect the conclusions of this study
regerding the variations of the Li/V ratio.

4 similer procedure was applied to the equivalent width of the strong
line A5727.024, which has an excitation potential of 1.08 ev. If the values
of log V/V derived from both the weak and the strong line remasin constent
in the stars studied, then reasonable confidence may be had in the absence
of serious systematic errors arising from either curve-of-growth, & excitation-

potential, or excitation-temperature effects,.

(vii) The Ionization of Vanadium
The ratio of ionized to neutral vanadium atoms wes determined from

the equivalent widths of the scandium lines using equation 28, repeated here:

"
v B(V II
(28) log o = Alog 770 + log g%vrf~l -4 .

Basically, the values of log W/b for the scandium lines and the adopted
curves of growth were used to obtain values of log MNos and the values for

the lines from multiplet 2 of Sc I were corrected to agree in excitation
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potential with the other lines using ¢ derived from the V I lines$ then the
mean log 170’5 were computed for each ion, and the difference, ionized minus
neutral, was inserted into equation 28 as Alog o The constant 4 was
obtained from the sun as described below.

One difficulty in applying the above procedure occurs when one of
the 8¢ lines is not measured. Since the value of 4 depends on which lines
are used, a new value would have to be obtained from the sun each time a
different Sc line were omitted. This places considerable weight on the
accuracy of the individuel equivalent widths of these lines in the sun, where
they are quite small. To reduce this dependence on the individual values,

a method was adopted in which each individual line in a star provides an
estimate of the meen log N, for all the lines of thet ion listed in Table
2§ therefore & mean value ;;} all the lines could be obtained even if all
were not observed. In this way a single value of A applied in all cases,
and depended on the mean of all the lines observed in the sun., Systematic
differences in the state of ionization will not appear between stars because
of different photometric errors in the solar lines.

In order to apply this method, a table was first comstructed of the
log Mo values for the Sc lines from the best plates, selected on the basis
of good contrast and low tracing noise., Only those stars in which all
the 8¢ lines were measured were used here. Then, systematic differences
between stars were eliminated by subtracting the value of log ), for a selected
line in each ion from all the values in thet ion in every star._—fhis
provided a table of "adjusted" log Mo Vvelues which reflected only the fluc-
tuations of this quantity from line to line in a single star,

| At this point it was possible to determine whether the V I excitation
temperature was adequate to use in adjusting the log ‘ng's from the two
ground-state Sc¢ I lines. This was done by computing the mean adjusted log No
velues for Sc I from all four lines and from the two excited lines alone, -m
;§;raéing both these means over all the stars, and obtaining the variances
(gz) of these grand means, The variance of the mean obtained from the
four lines was slightly less then that obtained from the two, indicating
that although the accuracy was not improved as much by including these lines
of different excitation as would be expected for lines of the same exci=-
tation, the accuracy was certainly not reduced by their inelusion, and

probably would be increased in cases where one of the excited lines was
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unobservable. IHence the two ground-gtate lines were retained.

A mean value of log “4n, was then obtained for each ion in each star
from the original,table; and the deviation of each line from the appropriate
mean was recorded, These devistions were each averaged over all the stars,
providing a mean deviation from the mean for each line. Thus in the reduc-
tione, the appropriate mean devistion was aspplied to each observed log MNo
to estimete the mean log 7, of all the lines of that ion. 4All of the availe
able estimetes of the meanf;ére averaged to provide the adopted mean for
the ion. The difference of the adopted values became Alog o in eguation 28,

From Teble 5 it may be seen that the term in the partition functions
which enters equation 28 is always mpproximately zero.

The velue of & was determined from the abundances derived for the sun
by Unsdld (1948) and Wright (1951a). Both equation 28 (venadium) and 25a
(scandium) were used after determining Alog 7Y from the Utrecht Atlas date
and the curve of growth filtted in this study.“u?artition functions were taken
from the work of Class (1951). Both UnsZld and Wright used the Schuster-
Schwarzschild model and gave abundences in mumbers of atoms "above the

" Bince only ratios are used, this makes no difference.

photosphere.
Uns81ld's values are based on the equivalent widths of Allen (1934), and
Wright's were determined using his own relatively low-dispersion sky and
moon plates. Wright gives the total abundance of esch ion, while Unsdld
gives only the abundpfece in each excited stafe and the total abundance of
the element., The Boltzmann equation wes epplied to Unsdld's results to
give the values needed here. 8ix determinations of 4 were made treating
both scandium and vanadium abundences from three sources: (a) Wright's
results, (b) UnsGld's results applying his value of a (0.868), and (c¢)
Unséld's results applying the value of o derived here from the solar V I
lines (1.11). This latter determination was included because Unsbld's @
wes derived to apply to both the excitation and ionigzation of a large num-
ber of ions with lines of a large range in excitation potentialg therefore
it mey be less sccurate for the ilons in question than e value derived for
one of theme The best agreement for the two elements was Ffor case (c),
where the results were negligibly different. The adopted value, +0.38,
wag the mean for this case, and agreed very closely with the mean of all
six determinations.

The resultant of & remeins a source of uncertainty iwe=dhe
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in the results, since it is ultimately based on UnsSld's end Wright's est-
mates of the absolute oscillator strengths of the scendium end vanadium lines
which they measured. However, since it is the difference in the log Joe N
values for the two ions that enters 4, the uncertainty is perheps less than
in the absolute values themselves. Any error in A is most importent in
the coolest stars, since it sffects the value of E?Ef which eppears in the
factor B in equation 32a, and of course this ratic is larger at lower tem—
veratures. If 4 is too large, the ratio I?/E* will be too large, and B
will be too near unity--i.e., too small., Thus a large 4 will tend to reduce
the sbundances for cool stars. However, in the MO III star HD 6860 (B And)
a decrease of 1,0 in A (e factor of 10 in E?/Ef) increases the value of
B by only a factor of 2. There is no way to estimate the uncertainty in
A, but it seems unlikely that it is enough to have a major effect on the
results,

Having obtained the ratio Ef[zo for e star by the above procedure,
the quantity y, which is proportional to the abundance of vanadium divided
by the contimuous opacity, was calculated from the value of 1? obtained

in subsection (iii) above, using equations 29 and 30§ i.e.,
4
o v
Yev(l+g) o

(viii) The Ionization Tempersture

In order to determine the ratio of total abundances of lithium to
vanadium from the ratio of neutral ions determined asccording to subsection (v),
it is necessary to have both the ionization of vanadium determined as in
subsection (vii) and the relative ionization of lithium to vanadium, deter-
nined from equation 33, For this purpose, and in order to estimate the
electron pressure, a value of the ionization temperature is needed. This
cannot be derived from the data of Table 4, but must come from other sources.

Detailed investigestions of stellar atmospheres, including those of
Greenstein (1948) of F stars of several luminosities, and the Burbidges
(1957) of a @8 giant and = "Be II" star, indicate thet the ionietion tem-
perature 1ls usually higher than the excitation temperature, and is, in fact,
better approximeted by the effective temperature. Since, however, the

excitation temperatures seem to show variation esmong sters of the seme
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spectral type, it might be the case that the ionization tempersture shows
similar effects. The effective temperature, however, is usually taken to
be same for all stars with the same spectral classification. It was decided,
therefore, to meke two estimates of the ionization temperature, each based
on the effective tempersture but being differently sensitive to individual
differences between stars.

Popper (1958) has investigated the problem of the effective tempera-
tures of sters of late types, and has concluded that to & good approximation
a2 unique relation exists between a color index obtained from the long wave
length part of the spectrum and the effective temperature. A color index such
as the 1 - R of Stebbins and Whitford (1945) would be desirable, but, lacking
values of this index for a sufficient number of stars, the B - V of Johnson
and Morgen (1953) cen be used., Popper has also concluded that the table
of effective temperatures as a function of spectral classification given
by Keenan end Morgan (1951) is most reliable for the dwarfs.

Following Popper's suggestions, a list was made of stars with accu-
rately determined color indices on the B - V system and good spectral classi-
fications on the MK R¥ system, teking all stars from GO to M2 in the lists of
Johnson and Morgen (1953), Johnson and Harris (1954), end Johnson (1955).
Using the dwarfs from this list, a plot was made of B - V vs., e(eff); deriving
e from the teble of Keenan and Morgan. These points (Figure 7) appear to
fall on a linear relation, except that only three points fall between B - V
= 0,9 and B = V = 1.4, and these are somewhat below the line (up to 0.1
in @). But since the remaining points suggest a linear relation, a linear
one was adopted, From this reletion, values of e(eff) were determined for
all the stars in the list. Eighteen stars studied here are included.

These eighteen stars were used fto construct a correlation plot of
o(eff) and e(exe). This relation, when extended to include the sun, can
be fairly well represented by & straight line (Figure 8). The scetter is
fairly small (£0,07), and no significent segregation of points sccording to
luminosity class appeers, except for the two supergiants. The color in-
dices for these stars are not well determined, and the excitation tempera-
ture of one of them (HD 200905, ; Cyg) is obviously much too high for its
spectral class, judging by the other stars studied. The relation between

the a's can be expressed by the equation

(37) e(eff) = ofexc) ~ 0.19 .
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Thus equetion 37 was used to obtain one estimate of the ionization tempera-
ture, replacing e(ion).

The second estimate was to use the s(eff) obtained from the color
index where this quantity was availeble, and to estimate it from the spectral
class otherwise. This latter step was made by way of a correlation of the
effective temperstures of the stars on the color-index list with their
speetral classificetion. Bince a gsufficient sawmple was not available for
each temperature and luminosity subdivision, the table of Keenan and Morgan

was used to establish trends., Table 6 below gives the velues edopted.

Table &
Effective Temperatures e(eff)
v Iv. IiI II Ib

G8  0.94 1.03 1.04 1.19 1.36
KO 0,98 1.08 1,11 1.25 1.42
K1 1.02 1,13 1,16 1.3l 1.46
K2 1,06 1.18 1.24 1.36 1.50

kK3 1,09 1.34  1.50 1.57
K4 1.15 1.45 1.52 1.58
K5 1.26 1.50 1.55 1.60
K7 1.%9

MO 1.42 1.55 1.60 1.65

These values of @ are close to those which mey be computed from the tempera~
tures of Keenan and Morganj in general, the dwarfs agree with the published
values except at K4 and K5 (no values are given at K7), the giant values of &
are less in types earlier than X5 and wmore in K5 and MO than the published
temperatures give, and the supergiant valueg sre all grester. In all cages
the differences are too small to significantly affect the derived Li/V
abundance ratios,

Thus for each ster two estimates of the lonization temperature were
made: one using the effective temperature given by equation 375 and the
other by using the color index B - V to derive 2 temperature from Figure 7,
or by taking the value for the proper spectrel class from Table 6 if no
color index was available. Separate estimates of the abundance ratio and
the electron pressure were made from the two tenmperatures, unless they were

in agreement.
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(ix) The Electron Pressure and the Total Abundance Ratio

Heving two estimates of the ionization temperature for each star
and determinations of the ratios E+/E§ and Li%/V°, velues of the total
ebundance ratiopég/z were calculeted from equations 33 and 32a, and
electron pressures were comvuted from the 8ahe equation, 31. Two values of
each quantity were obtained,

In order to obtain a final value of the abundance ratioc, some choice
or interpolation had to be made belween the two computed ones. The electron
pressure was used as the indicator of the most likely velue, and the derived
results were regarded as indicating the range of possible choices, In quite
a few caszes, the two eéﬁimates of the ionization temperature coineided
so thet no choice was posgsible or necessary, end in other cases the two values
were quite cloge, Hesulis of thig type established a run of electron prea-
sure with spectral eclassification, which served as a criterion teo guide
the choices in the other cases. In addition, 0. C. Wilson has kindly fur-
nished estimstes of the absclute visual magnitude for twenty-nine of the
stars studied here derived from measurements of the emission width in the
"K¥ line of Ca II (see Wilson and Vairu Bappu 1957). These values constitute
an extension and an improvement of the published list, and the writer is
most grateful to Dr, Wilson for permitting their use here in advance of
publication, The sbsolute magnitudes showed that two stars of the same
classification may differ considerably in luminosity§ therefore presumably
also in electron pressure, with the brighter star having the lower pressure.
Whenever this criterion could be brought to bear, it was used in choosing
the electron pressure from the prescribed range for each star. The Li/V
ratiorwas then chosen according to the adecpted electron pressure.

An extreme example of the divergence of the two results is the case
of the supergiant HD 200905 ( ¥ Cyg). The excitation tempersture derived
here wes extraordinarily high~-much in excess of its effective lemperature
according the Table 6. Thus in deriving en ionization teuperature from the
excitation temperature, a high value also resulted, giving a high electron
pregsure-—specifieslly, log P = 40,41, The ionization temperature based
on the coler index was 1ower, glVlne an electron pressure log P £ =243 ==
e renge of almost a factor of 10/ in Pe. The ratio of abundances had a
renge of less than a factor of 4. Since the K3 supergiant HD 225212 (3 Cet)

gave coincident results in the temperature estimates and a computed electron
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pressure log Pg = =2,65, it was obvious that the lower limit of the electron
pressure rané;m(and the maximum abundance retic) should be chosen for HD
200905. The K2 giant HD 12533 (v And A) had & permitted range of about
1.8 in log Pg (and o factor of 2 in the abundence ratio). Had no value of
the absolut;—ﬁagnituée been available, the egétron pressure would have
been chosen to agree with the other K2 III stars. But Wilson's measurement
showed this star to be almost three magnitudes brighter then these other
starsy therefore a lower electron pressure was adopted.

Usuelly the two values of the abundance ratio were in good agreement,
differing by a factor less than 2. In the extreme cases a reasonable choice
could always be made, so that the uncertainty involved in this step is

less than a factor of 2.

(%) The Absolute Abundance of Vanadium

Since the principsl result of this paper is a set of values of the
abundence ratio of lithium to vanadium, and since it will be assumed that
any variation in thie ratic is due to variations in the abundance of lithium,
it is of interest to make at least a rough check on the constancy of the
venadium abundance. This assumption is really quite a safe one, since it
is possible to see by inspection of the spectrogreams thet the strength
of the lithium feature fluctuates rather wildly with respect to the other
spectral lines. If one is not inclined to question the constancy of the
vanadium abundance in these stars, the computation can be regarded as a
test of the adopted electron pressure and temperature values which enter
the calculation.

The determination rests upon the quantity y defined in equation 30,
an observational result which is fairly well determined and which is propor-
tional to the abundance of venadium divided by the continuous opacity.

Combining the definitions of y and I? in equations 30 and 24 gives
(38) log V = log v + log RPe - log 6C = 17 .

Here it should be reczlled that R is the ratio of the H™ absorption coeffi-
cient at the temperature of interest to thet at e = 1,4 (for the seme Pe),

G is the calibration of King's relative gf' values for V I, and
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It is not necessary to evaluate the constant term 6C in order to test the
congtancy of log V, but it is of interest to do so to see if the result is
of a reasonable order of magnitude. & value of C may be obtained from
Allen's (1955) list of absolute gf values for V I, based on an f-sum rule,

From these, and King's relative values, one obtains
<4
C =1.39 x 10 o

The constant ® may be evaluated from the known physical constants, taking
& reasonable value for X. Adopting X = 0.70, often used for solar-type

stars, one obtains
& = 1.19 x 107,
Finally,
(39) log V = log v + log RP_ + 22,78 .

Thus the absolute vanadium abundance may be calculated from the
adopted electron pressure and the value of R deduced from the tables of
Chandresekhar and Breen (1946) for the adopted ionization tempersture,
since this temperature is probably closer to the one responsible for the
opacity. Of course the adopted electron pressure is very subject to error,

and the venadium abundance reflects this directly.
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IV, RESULTS

This chapter presents the mumerical results of this study. Those
quantities which bear upon the physical properties of the stellar atmospheres
are given Firsty in those ceses in which two values of a quantity have been
derived, both are presented, elong with the final adopted value. The second
section presents the principal results of this study-~the relative abundances
of lithium to vanadium., Here also duplicste values and final choices are
given where appropriate. Finally, the errors invelved in the various steps
of the analysis are discussed with regard to their influence upon the final

results,.

2) Physical Properties of the Atmospheres

Table 7 presents the results which refer to the physical conditions
in the steller stmospheres., All the values related to a single star are
collected in & column, and the stars are ordered according to spectral
classificetion rather than in order of HD numbers. This arrangement groups
together stars of similar physical characteristics., The left-hand column
in each section of the table identifies the quantities in each row. The first
row identifies the ster by its HD mumberi the second gives the spectral classi-
ficationi the third line (omitted in later types) gives the spectroscopic
group according to Roman (1952), either strong-line (st-l), weak-line (wk-1),
strong CN absorption at A4150 (4150), or weak CN absorption (CN)j the fourth
ryb gives the observed excitation temperature parameter; the £ifth, the
most probable velocity for V I atoms, inecluding both thermal motion and
microturbulences the sixth, the half-widths for wesk lines, which includes
the effect of macroturbulencej the seventh, the dezree of ionization of
venadiumg the ei%?h, the quentity y proportional to the abundance of
vanadium divided by the continuous opacitys the ninth, the sbsolute visual
megnitude derived from the width of the Ca Il emission by Wilsong the tenth,
the absolute visual magnitude from Romen's (1952) ecalibration of the lum-
inosity classess the eleventh (a2 double row), the ionizestion temperature
perameter derived from both the color index (or the spectral class) and
the excitation temperatures the twelfth (elso double), the electron pressure
derived from these two sourcesy the thirteenth, the adopted electron pressure;
and the fourteenth, the absolute abundence of vanadium in atoms per gram

of stellar material.



HD
Type
Group

v(lm/sec)
A (4)
log 7o
log ¥
()
My(R)
3 (B=V)
Ge

log Pg(B=V)
ee)

log Pg
log V

HD
Type
Group
Se
v(ion/sec)
an (4)
vt
log 7o
log v
M, (W)
Hy(R)

i (B-V)
el(ee)

log Pe(B=V)
eg)

log Pg
log V

Teble 7

b8

Physical Parameters

(Sun)
G2V

1,11
1.9

1.69
~7.28
+4.7
4.6

0.88
0.92

+1,62
+1.30

+1a5

90537
G8III-IV
st-1
1.33
2.7
0.27
0.99
=6.48
+1e3
1.04
1.14

+1.06
40,29

40,9
16.6

98430
G8III-IV
wh=1
1.52

2.6

C.27
0.87
=654
4163

1.04
1.33

+1,18
‘"1 002

+0,8
16,5

104979
G8III
wk=1
1.24
3.7
0,30
1.55
~6.61

0.0

1.04
1.05

+0 .50
+0.43

+065
16'0

168723
GBIV
wh=1
1.21
2.4
0.28
1.30
=645
+%65

1.09
1.02

’POG5?
+0,91

+0.6
16.3

62345
G8III
st=1
l1.24
4.7
0629
1.22
-6 T4
0.0

1.08
1,05

"'0055
+0.76

40,6
16.1

219615
G8III
CN
1.57
2.8
0.27
1.74
-6,28
+1.9
0.0

1,04
1.18

+0.51
~0.76

+Oe5

160 1

76204
XOIII
4150
1.42
5.5
0.29
1.39
=6.25
+0.5
+0.7

1.11
1,23

+0,12
‘0078

0.0
16.1

9270
G8III
st=1
1.24
2.7
0.34
1.47
=624
=0.2
0.0

1.11
1,05

+0,04
+0.50

0.0

3.50 9

28
KOIIX
st-1
1.35
2,8
0.32
1.20
-6.14
+0,8
+0e7

1.11
1.16

+0.51

+0.1
16.3



Type
Group

v(km/sec)
an (&)
v+
log o
log v
M, (W)
()
ei(B«V)
(ee)

log Pg(B-V)
Gg

log Pg
log V

HD

Type
Group

v{ku/sec)
ax (4)
*)
log 7
log ¥
My (W)
M, (R)
o3 (B=V)
(ee)

log Pg(B-V)
eg)

log Pe
log V

8512
KOIII
wk=1
1.43
2.9
029
1.18
=621
+1.0
0.7

1,11
1e24

+0.33
=029

+005
16.3

96833
K1II1
wk=1
1.37
360
0,28
1.0%
“5.97
0.7
+0.8

1.22
1.18

“6056
«0,04

"'Q.g

69~

Table 7 cont'd,

197969
KoIII
st~1
1.41
360
0.35
1.29
=629
+1.3
+0.7

1.15
l.22

~0.07
”'0061

“’Ool
15.9

108381
K1III-IV
4150
1.4
2.8
0.32
0,99
=569
+1le3

1.14
1.25

40,29
"0.54

0.0
16,7

27697
RoILl
gt=-1
1.31
4,1
029
1.03
=663
+0.7
407

1.12
1.12

+0.38
+0.38

+0.4
16,0

10476
Kiv

1,18
2ol

0,26
1.14
=G 689
+6.5
+6.2

1.01
0.99

+1.15
*1.55

+1.2
16.4

28305
KoIIl
w1
l.21
362
0,29
1.37
=6.20
+0e5
+0.7

1.15
1.02

-0.15
+0.84

+0e1
16.1

27371
K0Iil
gte1
1.16
3.0
0.27
1.37
6,25
+0.7
+0a7

1,12
0.98

+0007
4‘1.15

0.5
16.6

165341
KoV

1.10
1.8
0.26
1.14
=7.06
5.4
+6.0

0.98
091

+1.38
41,62

417
16.6

206778
K2Ib
1.61
2.7
0.42
0.83
=4e93
4.3

1.50
142

“'3-0(55

"’2-0
15.9



HD

Type

©g
v{km/sec)
AN (gi
log 7o
log v

b (W)

M, (R)

ei(B~V)
(ee)

log Pe(B-V)
eg)

log Pe
log V

HD

Type

®e
v{lm/sec)
8 (4)
log o
log ¥

M (W)

My (R)

(B-1)
en)

log Pe(B-V)
oc)

10g Pe
log V

20468
K2Il
1.60
3.0
0.30
1.08
=5635

2.5

1,36
141

=144
~1.83

=16
15.8

225212
K31Ib
1.75
2.3
0.40
0.79
4,25

memunen

1.56
1.56

~2.65
"”2065

"‘2.6
16.1

= Qen

Table 7 cont'd.

124897
K2ililp
1.43
2.5
0.31
0.80
=5,05
+0.5
+0e9

1.29
1.24

0,64
0,27

=0.5
16.0

176670
K311
1.75
2.8
0.28
0.59
=5 o 49
~2.5

1.50
1.56

“‘"2000
-2.15
-2e2

15.2

12533
K2111
1.67
2.9
0.32
099
~5.26
~1.6
40,9

1.24
1.48

=046
=2, 26

-1.6
15.8

186791
K311
1.74
3.0
0.37
0.85
-5.21
=20
-2.5

1050
1.55

=2¢27
~2.64

2.4
15.3

12029
K2I11
1.52
2.3
0.26
1.26
=5.65
+1.3
+0.9

1.24
1.53

=0.73
"‘1941

"'1QO
15.9

20644
K3I1-I11
1.51
3.2
0.32
0.98
=555
-1.0

1.42
1.32

"'1 089
""1 105

"106
15.6

6805
K2III
1.51
2.4
0.%2
0.94
-6.03%
+1l.1
+0.9

1.24
1,32

"'0041
“'leOl

=07
15.8

98262
K3ITI
1.60
2.8
0.28
0.54
=567
0.7
40,1

1.41
1.41

"1.21
=1.21

"“1*2
15.9

22049
K2v
1.25
2.9
0.27
0.66
=137
+6.5
46,4

1.06
1.06

+1.24
+1.24

+1le2
1650

3627
K3I11
1.75
2.5
0.26
0.43
=5,86
40,2
4061

1.34
1.56

-0.65
~2,29

-0.6
16.1



HD

Type

Ge

v(kn/sec)

ax (&)
v+

log 7o

log v

(W)

M,(R)

Gi(BGV)
(Qe)
log Pe(B-V)
e
log Pg

log V

HD
Type
Ge
v(km/sec)
Ax (&)
log %3
log v
My (W)
My(R)
e;{B=V
lgﬁe))

log Pe{B=V)
(ee)

log Pg
log V

81797
K3III
1.55
2.6
0.28
0.20
=565
1.0
0.1

1.34
1.36

=050
-0.50

=0¢5
16.5

50778
K4TII
1.61
2.3
0.28
0,08
“5.63
0.1

145
1.42

~0.96
=0.7h

~0.8
16.3

-71-
Teble 7 conmbtid.

35620
X3p
1.57
2,2
0,30
0.28
543

1.38

i o e

-0.88
=0.9
16.4

90432
KhIII
1.50
1.9
0.29
-0.08
~5e37

"‘Ool

1.45
1,31

=097
40,08

uo’9
16.5

201251
K411
1.73
2.5
0.30
0.53
~4.86
"‘2”0 5
1.52
1.54

""20 17
"20 1?

=2¢2
15.9

200905
X51b
1.39
2.0
0.38
40,42
=kt o 37
-4,0¢

s gy

1,58
1.20

~2.43
4041

'“272{'
16.2

30504
LATT
1.42
2.2
0.30
=004
=5.63

""205

1,52
1,23

"‘1;52
+0.65

=15
15.8

196321
X511
1.48
2.0
0.30
=0 .26
<532
-2.5

1.55
1.29

=153
4041

~1.5
16,1

69267
KA4III
1.51
2.4
0.27
0.12
=551
+0.2
=0.1

1.47
1.32

"1.52
=0,19

"‘100
16.2

29139
K5IIT
1.73
1.7

0,32
+0.02
= 47
+0.2
~0.2

1.49
1.54

”ln57
~1.74

“’194
170



HD
Type
®e
v{kn/sec)
aAx (&)
V+
log 7o
log v
ﬁv(ﬁ)
ty (R)
ei(B-V)
(Se)

log Pg(B-V)
6e)

log Pg
log V

189319
K5ITI
1.65
2.0
030
~0.23
=5,32
-1.0
0,2

1.50
1.2}6

"1.19
~0.89

"102
16,2

]2

Table 7 contid.

201091
K5V
1.48
1.5
0.25
=0,40
=697
+6.6

emensan

1.27
1.29

+0.63
40.63

40,6
16.2

201092
K7V
1.52
1.3
0.23%
~0.95
6452
+8.4

1.40
1.35

+0,28
+0'8O

+068
16.9

6860
MOIIX
1.64
1.8
0.30
=0.23
-4,86
=0.8

e e

1.55
1.45

""l 056
~0,82

=1e2
16.8
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The latter cuantity is given in this table because it is of interest
meostly as a check on the assumed and derived stmospheric parameters. It
depends on the adoplted electron pressure and ionization temperature, as
well as the abundance of vanedium and the theory of the H absorption coef-
ficient.

Table 7 ig of interest mot only because of its bearing on the final
resultes presented in the next section, but also because no such extensive
teble of the spectroscopic properties of cool stars has been published
heretofeore, Wnhile the sccurescy of the values suffers from the limited amount

2 4 3

of material entering easch one, their comparative magnitudes galin from the
homogeneity of the data.

First, it is encouraging to note the constency of the derived values
of the vanadium abundance., 4&ll the values are contained in the range of
log V from 15.2 to 17.5, inclusive, and all but six are in the range from
15,8 to 16.8, inclusive. These values have been plotted as a function of
spectrel type in Figure 9. 4 different symbol has been used for each lumin-
osity class (intermediate classes, i.e., LI-III, have been omitted for
simplicity)}. No systematic trend is evident. In view of the large uncertainty
of the adopted electron pressures, this is quite satisfectory. The agreement
of the solar value with theose for the other stars indicates that no serious
differences arise from the different source of data.

It is interesting to notice a few of the extreme cases. 4ll of the
values below the lower limit of the smaller range are K3 stars, the two lowest
being HD 176670 (A Lyr) and 186791 (v &ql), both K3 II. In these cases it
seems likely that the electron pressures are too low, since the adopted values
are almost as low as that adopted for the K3 1b star HD 225212, which hes
a normal value of log V. The highest value of log Viwas found for the star
HD 11909, classed as Klp. Nore will be said of this star later. 4 high
value is also indiceted for the K5 III star HD 29139 (& Tau). This ster
is, sccording to Wilson, over a magnitude fainter than the other K5 III
star observed. Horeover, the excitation temperature is lower, the degree
of ionization of venadium is greater, and the value of ¥ is almost ten times
greater than thet of the other star. This value of ¥ is quite near to that
observed for the supergient HD 200905 {;f Cyg), which must have a lower opa-
city. It would seem possible that the abundance of vanadium is high in

HD 29139,
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Also worthy of note ig the considerabvle variastion of the derived
parsmeters among starg of the ssme spectral classification. For example,

o+

three of the four giants in the Hyades cluster sre included here (HD 27371,
27697, and 28305). A4 spectrogram was also taken of the fourth, but it was
found to be improperly exposed, and no further opporiunity existed for
obteining a plate. These stars are all clessified as KO III, and one of
them, HD 28305 (€ Tau), is clessified as "weak-line" by Roman. All the
others are "strong-line" stars. It is certeinly unlikely that these stars
have different metsl abundances. However, HD 28305 is 0.2 magnitudes brighter
then the other two stars studied here., The data in Table 7, on the other hand,
show considerably less difference between HD 28305 and 27371 than between
these two and HD 27697 (& Tau). Its excitation temperature, proportion of
ionized venadium, and value of y are all significantly lower than in the other
two stars. OFf course the spectral classifications are fairly coarse, and
variations within classes are to be expected., MAnother case of this is the
K2 IT1 ster HD 12533, in which the values of all the parameters are con-
gsiderably closer to those of the K2 II star HD 20468 than to those of the
other K2 III sters. Also it is nearly three magnitudes brighter then the
other giants. In short, there would seem to be evidence of significant
differences smong stars of the same spectiral classification. In this regard
it may be pointed out that according to the eveolutionary processes discussed
by Sandage, Schwarzschild, Hoyle, end others (see, for example, Sandage 1957a,
and Hovle and Schwarzschild 1955}, two gient stars of the same surface temper-
ature and luminosity mey have different masses. Perheps, then, some spec-
troscopic differences can be expectsd, Also, of course, the spectral class-
ifications, which ere done at low dispersions, are not necessarily highly
accurate even with respect to the coarse subdivisions used.

Several of the most luminous stars show peculiar excitation tempera-

tures. This is especially true of the K5 Ib star HD 200905 (%; Cyg), which

¥

has an excitetion temperature as high as some KO III stars. The excitatior
temperatures of HD 196321 and HD 30504 (X5 II and K& II, respectively)

are almost this high. It is lmown that the atmospheres of the highly lumi-
nous sters are very tenuous and’can by no means be in thermodynemic equili-

n

brium. Therefore while these temperatures can serve no other purpose than
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to describe the populations of the two excited states of V I from which
they were derived (note that they lead to sbsurd electron pressures), there
is little ground for doubting their correciness for this purpose.

& brief exemination of the three stars studied which are called
"peculiar“ from the low-dispersion spectrograms is in order, HD 11909
(1 Ari) is classed as Klp by Romen, who stetes that the H-lines and A4290
are strong end indicate luminosity class II, while the CN bands and Sr II
ere weak, indicating class III. In any case, she obviously regards the star
ag o giant., The present results conflict quite sirongly with this classi=~

fication, The vanadium lines are quite strong (as indicated by a y value
ten times that of the sun) and permitted a ré@cnable estimate of the dem-
ping constant. This value appeared to be quite high, on the order of that
for the sun (see Aller 1953, p. 292} or greater., The excitation tempera-
ture is slightly higher than that of the sun, and the ionizetion temperature
based on it is sufficient to demand a high electron pressure even with the
rather high degree of ionization. Thus the excitation temperature, the
demping, the electron pressure, and also the low derived velocity parameter
indicate that this star is a dwaerf of neer solar temperature. However, the
high velue of y demands either e high abundance of veneadium or a low opacity.
The H épecity computed for the ionizetion temperature and electron pressure
indicates a high abundance of vanadium, If there were any contribthion to
the opecity by neutral hydrogen, a still higher abundance would be required.
Perhaps this star is actually a metal-rich dwarf. The data presented here
are not sufficient to answer this question, but it would be of interest
to investigate the star further.

HD 35620 (¢ Aur) is classified K3p by Romen, with the remark that
Ol and 8r II are too strong for class III, and H is too weak. The results
obtained in this study do not differentiate it from the K3 III stars.

HD 124897 (o Boo) is a well=kmown high-velocity star, and is
classified by Roman as K2 III, but Johnson and Morgsn (1953) append the
"veculiar® designation. The results given in Table 7 do not set it off from
the other K2 III stars except possibly in its excitation temperature, which
seems significantly higher than those of the others. Its value of y is some=-
what lower than that of one of the K2 III stars and about equal to the other's
(HD 12533, mentioned above as over~luminous, is not considered here).

Otherwise its parameters conform quite well to the other stars.
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Putting aside individual peculiarities, it is instructive to note
the general trends of the quantities, The excitation temperatures generally
decline with advancing spectral class, andithe electron pressures decline with
increasing luminosgity, as is to be expected. In addition, the mean half-
width for wesk lines (é&) inereases with luminosity, which is anticipated
from inspection of the spectrograms. Surprisingly, however, the most pro-
bable velocity declines with temperature and is quite insensitive to lumi-
nosity, except that it is lower for dwaerfs than for more luminous stars.
It has been thought that this quantity should show the ssme correlation
with luminosity that the line width doesg in fact, it does show such a
correlation in hotiter stars (see Greenstein 1948). But since the lines used
here are largely on the central part of the curve of growth in the cooler
stars, and the derived velocity cannot be much affected by errors in eg,
it would seem that the values giving this discordant result are quite—;éll
determined. Only a few comperisons with other observers are possible.
The Burbidges (1957) in their analysis of K Gem (HD 62345) gave a velocity
derived from many lines, mostly of higher excitation than used herej their
value of log v/c is approximately 0.l less then that derived here. Wright
(1951b) in his analysis of & Boo (ED 124897), derived = value of log v
approximately O.1 greater then derived in this study, using approximately
the same lines. It was noted with respect to Figure 3 that Wright'ls ecuivalent
widths are systematically larger than those derived here, but the difference
does not seem sufficient toc account for this result., This gtar was also
studied by van Dijke (1946) who obtained a value close to Wright's. How-
ever, she used stronger lines of Fe in a crowded part of the spectrum, mea-
suring by the triengle espproximestion. Probably this comparison is not par-
tieularly significant., It does not seem likely that the values of v derived
here for the cocol stars can be in error by O.l in the logarithm, since that
implies errors of the equivalent widths of the same order. Quite likely
there are differences in velocity for lines from levels of different exci-
tation, but this has not been investigated sufficiently in the cool stars.
It seems likely that the values given in Table 7 represent fairly well the
ion and levels from which they were derived.

Figure 10 is the result of an attempt to correlate several of the
quaentities in Table 7 with Romen's spectroscopic groups. Her "strong-line'
group is associated with the low-velocity, presumably younger, sters, and

the other three groups tend to be high-velocity stars, especially the
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14150" and "CN" groups. The oquentities examined are log y, which is
a measure of the absolute strength of the venadium lines, log Ef/z?,
the degree of ionization of vandium, ¢, the excitation teuperature pare-
meter, and v, the microscopic velocity paremeter. All these quantities
should be related to the strength of the lines seen at low dispersion.
In Figure 10 an average value for each quantity is given for all the giant
sters observed in each spectroscopic groupdin each spectral cless. These
averages are plotted as a function of spectral class with a different

gymbol for each spectroscopic group. The vertical bars are estimates of

the probable error. These estimates depend on the valuss derived for the
X0 III stromg-line stars, which were the only averages based on more than
two values. The four stars in this group provided values of the probable
error of a single observation for each gquantity, end the probable error
given for esch point in Figure 10 is this value divided by the square root
of the number of stars entering the average. The figure indicates no
segregation of the groups in log y or v, bult possibly the high-velocity
stars have high ionization and low excitation temperstures. This latter
effect was noted also be Greenstein and Keenen (1958). Beceuse of the
very smell sample, the present resulis cannot do more than suggest these
correlations,

In conclusion, it would appear from Table 7 that in general the re-
sults of the photometry are reasonable and real, and it is possible to pro-
ceed to the results on the sbundance of lithium with the expectation that

they will be meaningful,

b) Relative Abundances

The principael results of this study, the relaﬁive‘abundance of lithium
to veanadium for all the stars studied, are given in Table 8. In addition,
the ratio of neutral lithium to neutral venadium, a preliminary quentity which
is subject to a minimum uncertainiy, is presented§ ez is also the ratio
of venadium tc vanadium, computed from two different lines as a test for
errors.

The quantities involving the lithium asbundance are given as logarithms
of the abundence ratios divided by the constent K. The vanadium-to-venadium
ratios are also given as logarithms, The symbols (£ ) and (£ ) have the
seme significance as in Table 4, and 2 colon (&) following an entry indicates

unusual uncerteinty in the value.
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The arrengement of the table is similar to that of Table 7. The
quantities derived for e given ster are collected in a column, and
stars are ordered according to spectral classification. The column at the

P

left of each group identif'ies the quantity in each row. The first row

identifies the stars by their HD mumbersi the second gives the spectral typeg

14

the third (omitted in later types) gives the spectroscopic group according to
Fomeng +the fourth gives the retieo of neutral lithium to neutral vanadiunm,
divided by the constant K (in later types this is made a double row, giving
the quantity computed for both unblended (ub) and blended (bl) absorvtion
coefficients)s the Fifth (a double row) gives the ratio of total lithium to
total vanadium divided by K, with the ionization correction computed
temperature derived from both the color index or spectral class (B-V) and

&

the excitation temperature ("ﬁ), the sixth gives the final adopted abundance
ratio of lithium to vanadium, still divided by Kj§ the seventh gives the
sbundance ratio of vanadium to vanadium derived from the weak line at M56323
and the eighth gives the same quantity derived from the strong line at
25727. Only one figure is given for the ratio of neutral lithium to neutral
vanedium when the doublet is sufficiently weal that the blending of the
absorption coefficient is irrelevant to the results§ in this case the value
is alweys given under the "unblended" heading. The abundances of total
lithium to total vanedium are-all computed using the ratio for neutral atoms
derived on the unblended spproximation when a choice is necessary. It was
explained previously that this approximstion is certainly nearer the truth
than the otherg and since the total abundance ratio is proportional to the
ratio of neutrals, the two velues for the latter quantity give an eslimatle
of the maxiwmum errvor from this cause,
in important difference between the results presented in Table &

and those in Table 7 is thet while in the latter each depends on the average
properties of a fairly large rumber of lines, all the mmbers in Table &
result from the photometry of only one spectral feature., It is therefore

to be expected that the values in Table 8 show a considerably greater scatter
than those in Table 7. Since it is at once clear that the prineipal feature
of the lithium-to=vanadium sbundances is their large range, it is essentieal
to determine how much of this may be attributed to random errors. This is
one of the reasens for obtaining the abundence ratio of vanadium to venadiunm,

which must be unity in all stars.
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Teble 8

Relative Abundances
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Table 8 comtld,

HD 96833 108381 10476 11909 206778
Type K1III K1III-IV K1V Klp X2Ib
Group wk-1 4150 e - —
+ O
log 2hy(ub) 2,91 1.88 (2,40 3.13 40,51
(v1) 2,98 5,14
log E5(B-1)  4.20 3,06 SN J— £2.15
(o) 413 320 {3.38 3.91 <2,04
log 55 k.16 3,11 ¢3.39  3.91 £2.11
log %(Wk) ""0909 "‘0.65 <Ge§8 <0059 "‘0085
. log Hst) 20,06  =0.05 40,01 0.0k 40,08
HD 20468 124897 12533 12929 6805 22049
Type K21l K2IIlp  K2III K211l K211l Kov
: 0
log Bo(ub) 2,20 €0.8%  1.29:  (l.ko 2,42 <2.31
(p1) 2,27 2.47
log BH(B-T)  3.68 42,18 2.50:  <2.81 3,71 (3.28
(ee) 3.75 £2.11 2.92: $2.93 3.82 ¢ 3.28
log £5 3,72 £2.16  2.808  <2.86  3.76 (3.28
log %(Wk) =006 =0.17 =0 ¢39 -0.09 ~0.20 £0.48
log %(st) 40,34 +0,12 +0,02 400 44 40,14 0,11
HD 225212 176670 186791 20644 98262 3627
Type K3Ib K3II K311 K3II-II1 K3III K3I11
Li®
leg ub) .’GQO8: 1.79 2915 1.84 1054 0.97
) .84 2,05 1.8
log PH(B-V)  1.65:  3.59 5.79 3,39 2.80 2,32
(eg) 1.63: 3,47 3.85 3,25 2.80 2,62
log £ 1,655 3.43 3,82 3,36 2,80 2.32
}.Og %(?ﬂ{) ""1.01 "’OQOI ""O’oh‘l ""{}019 "Qal? "0037

log %(st) 40,02 -0.1%  40.36  40.01  40.20  40.05



iﬁ:}
Type

Li®
o8 ol

Li
log -ﬁ%(B-V)
Ce
log %%
v
log ?( wk)

log %(st)

HD
Tyre

LiC%
log E%gég?%

log %%fBFV)

ec)

log %%
Vi

log ﬁ(wk)

log %{st)

log %(wk)

log %(st)

81797
K31I1

1080
1.85

3.10
3.10

3,10
=0.22

+0,04

50778
K411

< 045

<1.75
C1.71
{173
~0.04

+0e31

189319
K5III

1.07
1.13

2635
2.30

2.35
=0.15

40,03

- 8] =

Table 8 contld,

35620
X3p

03783
2,152
24158
() o 29

+0,26

90432
K4I1I

¢ 0.33

<1l.63
< lo43

< 1.61
+0620

+0,03

201091
K5V

{1.92

201251
K4TT

200905
K5Ib

lell
1a25

2,76
227

2,78
~0 .64

40,04

201092
Kv

1,70
2,37
2,28
2’28
=067

+0.03

20504
K411

1.66
1.72

2407
2.69

507
~0.10

+0,12

196321
K511

{054
{ 1.67
{ 133
(1.67
=0,15

40610

69267
K41TI

050
<1.92
(1l.71
<1.86
"'Ooll

+0, 16

291359
K5III

("‘lslzf‘
{0.27
< 0.33
< 0.27
=0.35

+0607

6860
MOITI

(=003

<1.31
1,17

<L1.24

+0.15

+0,12



- 32 o

Before investigatling the scatler in the derived vanadium ratios,
it is necessary to exeamine possible systemstic trends which might discredit
the lithium results. The weak vanadium line, as previously remarkéé, should
be subject to all the stratification effects that the lithium doublet isg,
for in all cases when the ebundance of lithium is high for the spectral clasg,
the total strength of the Li I doublet is greater than that of the weak
V I linee First it is necessary to observe that in the 8 and X0 stars
most of the entries under the weak line vanadium—to-vanadiuwm retio indicete
that a maximum was computed, and even in those cases where none is indicated
it is unlikely that the value may be taken for other than a meaximum, becsuse
the line is extremely weak in these stars, Note that in this case the plates
were not critically inspected for defects at this wave length, as wes done
for the Li 1 feature. Then considering only the values from Kl onward, it
is seen thalt they are systemetically negetive, indiceting a possible error
in the laboratory gf' or a depression of the contimuum at this wave length,
but there is no trend with temperature. However, the valueg for the three
supergiants are all low. & plot wes made of log Li/KV vs. log V/V(wk)s
no correlation was found.

The sbundance derived from the strong line is not affected by the
digappearance of the line in the hotter stars. It is, however, dependent
more strongly on the excitation temperature, since this line originates in
a 1,08 ev level, and also by the choice of the damping constant in the coocler
stars., Inspection of the values indicates & slight systematic increase,
amcunting te about 0,20 to 0.25 in the logaritlm from the hotter stars to
the cooler ones., This is likely due to increasing blending with another
line of the same multiplet located 0.64 A to the longward. There is no
systemetic effect connected with the supergiants,

Thus the venadium-to-venadium ratios indicate that no significent
systematic errcr has been introduced into the resulis by the application
of a gimple curve—of-growth anslysis to lines of the range of sitrength and
excitation used here., This conclusion applies both to the principles
involved and the actual procedure applied. The only possible exception
to thig gtatement is in the case of the superglants, vwhere the vanadium
ratios indicate that the final results may be low, bul probably by a

fgetor lesg than five,
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It is next desirable to evaluate the scatter in the vanadium
results. Assuming that the two vanadium-to-vanadium retios cen be represented
as constants with randomly-scaltltered errors, it is possible fto derive values
of the probable error of a single measurement by the usual procedures. Sueh
an analysis gives 0.10 as the probable error of log V/V for the strong line,
including all starsg and 0.12 for the weak line, including 2ll stars later
than K1 except those in which a meximum is indicated and HD 201092, in which
the exposure was too weak in this region to give a relisble result. These
values are negligible compared to the range of 4 found in the log Li/V values,
The computed probable errors for the vanadium-to-vanedium retiocs include all
the errors involved in selecting the appropriate theoretical curve of growth,
but not in determining the ionizetion correction.

It would appear, then, that the values of the abundance ratio of
lithium to vanadium given in Table 8 are devoid of serious systematic errors,
and, as will be shown in the next section, the randonm errors are sufficiently
small that differences of a factor greater then three sre probably resl,
Examination of the lithium-to=vanadium ratios then indicates a high varisbility
emong sters of the ssme spectral classificeltion, and a decline of the
maximum velue for a clasgification with temperature. OCf course the high
opacity in the hotter stars precludes observing any but the largest abundance
ratiog-=that is, a G8 Ill star with an abundance ratio equal to the largest
found in & K5 star would not show e Li I line at the dispersion used here.
Hevertheless, some of the observed abundances are significantly above the
limit get by the opacity.

It might be thought that the high abundence ratios in the G8 and KO
gtars are spurlous because the lines were quite weak, especially since some
apparent lines measured for the weak-line vanadium-to-vanadium ratio have
high values, But the lithium line region on the plates was insvected for
defects, and in the highest~abundance~ratio cases, the Li I feature could
be easily seen. Further, the two separste analyses of HD 9270 based on
different plates gave lithium-to-venadium ratios differing by only 30 per cent.

Some of these effects are illustirsted in Figure 11, In this figure
reproductions are presented of four of the spectrogrems used in this study.
Three of them are of stars with large lithium-to-vanadium raticss HD 9270,
type G8 1IIy HD 6805, K2 III; and HD 200905, K5 Ib. The other spectrogram,

HD 12929, is of a star of the same classification as HD 6805, but shows
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no lithium, The spectral regions shown are the region of the Li I doublet
at A6708 and a region at X6200 containing lines of verious elements and
excitation potentials as indicated. The relative strengths of the high=-
and low=excitation lines indicate the expected dependence of excitation
upon spectral class, Note thel in genersl the excitation appears lower in
HD 200905 (;'Gyg) then in the K2 III stars, although it was found thst the
excitation temperature for the V I lines used was higher then in those
stars, In the three stars that show the Li I feature, its strength increases
as the stars become cooler, and the strengths of the V I lines of 0.3 ev
excitation also increase. IBut their increase coupled with the decressed
population of the 0.5 ev level relative to the ground state, the increased
reletive ionization of lithium, and especially the effect of the broader
ebsorption coefficient of lithium, gives the result thet the strong Li I
doublet in HD 200905 represents an abundance ratio twenty times smaller than
does the weak feature in HD 9270. The sgimilarity of the spectra of the two
K2 stars in all respects except the Li I doublet is also apparent.

It is interesting, but not essential to the interpretetion of the
results, to evaluate the constant X which appears in the abundence ratios,

This constant is given in ecquation 35 of Chapter III as

log ¥ = log C =~ log ggh + 17,

'y

The value of C was given in Chapter III, section b), ss 1.39 x 10"#. The
value of gf, according te the method of reduction used here, should be the
total for the entire doublet, and can be found from Allen's (1955) table.
Since this is a simple transition in a light etom, this value is well deler-
mined from theory. The value of & can be found by interpolation in the
tables of Chandrasekhar and Breen, using @ = 1.4 and Pe = 1. As a result,
one obtains
log K = 7,705 X = 2,0 x 10-8 ,
An alternate procedure ig to use the retio of lithium to calecium in

he sun determined by Greenstein and Richardson (1951) and the ratio of

b

caleium to vanadium given by Unsdld (1948) to determine a ratio of lithium
pEA 7

to vanadium devold of an undetermined constant. The comparison of this ratio

with the one in Table 8 will evaluate K. The result of this procedure is

log K = -7,96; ¥ = 1,1 x 0-8 ®
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In view of the various evalualions of transition probabilities and
analyses of the solar atmosphere involved in these two values, the agree-—
ment is quite satisfactory. It is sufficient for the present purpose to
know that K is of the order of 108, The agreement of the two values re-
flects favorably upon the results obtained here for the sun, and upon the

procedure used in general,

¢) Discussion of Errors

In verious places in the foregoing discussion, estimates have been
made of the probable errors involved in various steps of the analysis,

It is necessary to consider these all together, and estimate their effect
upon the Ffinal resulis.

Since the reduction procedure is a complex of graphical and arith=
metical steps, it is not possible to derive an analytical expression for
the probeble error of the result in terms of the probable errors of the
various quenitities which enter, Therefore whet was done was to choose
a particular star and subject the various initial and intermediste quentities
in its reduction procedure to perturbations, and then carry each perturbation
separately through ithe procedure to determine its effect upon the results.
The perturbations chosen were estimates of the probable error of the quantity
invelved., The reduction used for this estimate of error was that of
HD 96833, a K1 III star, probably a little hotter than the average star
of the study.

Because in general the reductions were carried out in terms of
logarithms, the preseunt treatment of errors will derive the probable errors
in the logarithms of the quantities., IDach source of error will be treated
geparately, an estimate of the magnitude of the error will be made, and its
effect upon log Li®/7° and log B will be determined, 8ince the sum of these
two quentities equals the logarithm of the total sbundance ratio, the sum
of the squares of the errors in these two quantities will be an esgtimate of
the square of the error in log Li/V.

Errors in the partition fumctions end in the temperature gradient
paremeter will not be treated, since their effects on the results must bhe

very small,
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(i) Photometry

It was shown in Chapter II, both by compasrison of the assumed and
observed line profiles and by the comparison of the results of the photo-
metry of two plates of the same ster, that there is probably little syste~
metic error in the photometrye. Further, a small systematic error affecting
all the lines would have no significant effect upon the results, since these
essentielly depend upon the ratio of the strenpths of the lithium and vana=
dium lines. It 1s therefore necessary to consider only the random errors in
the photometry.

Errors in the photometry can be caused by blends, plate defects,
tracing noise (plete grain), and errors in the calibration curves. The

3

plotied position of a V I line in the empirical curve of growth is also
affected by errors in the laboratory gf'' value. The effects of blending have
been minimized by careful choice of the lines used and examination of each
line before measurement, It seems probable thet since approximately 35 V I
lines were used to determine the empiriecal curve of growth, the errors will
tend to average out and leave only a scatter in the plot for the curve.

This will have the effect of permitting a range of possible fits of the
theoretical curve, centering on the correct one., The megnitude of this
effect will be considered under "Fitting the Theoretical Curve of Growth!
belowe ) ,

Since only one measurement isg involved in determining the strengih
of lithium in the spectrum, there is no opportunity for the errors of photo=-
metry to average out. A&An estimate has therefore been made of the probable
error in the value of 1og’722 derived for the Li I doublet. 8ince this line
is usually on the linear pg;E of the curve of growth, it is possible to
estimate this error from other lines also on this part of the curve. In
the G8 stars, almost all the vanadium lines come in this category. Therefore
what was done was to take the equivalent widths of the V I lines observed in
the G8 IIT stars HD 62345 end HD 104979, correct these to values of log ¥ by
enter the theoretical curves of growth to obtain log ’UO, and apply the
appropriate fitting constant to obtain values of log qqg. These values were
then compared with those derived from the laboratory Eﬁ?'values and the
excitation temperature. The mean square difference between the two values
of log 013 was obteined by averaging over all the lines, From thig, a value

of 0,08 for the probable error of a single measurement was derived, This
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value is telken as the probable errer in leg for the Li I doublet, and

53

as such produces an error of equel magnitude in log Li%®/VO, This figure is

v
jai
Q
&

ably & slight overestimete, because it includes the effects of errors
in the gf! values. ’

Up to seven lines are used in determining the ionization of vanadiumg
thus there should be some cancelletion of random errors. INevertheless,
gince this number is cuite a bit smaller then the mumber of V I lines, it
seens necessary to estimate an error here also. Bach of the scandium lines
uged in thig step provides an estimste of the mean log 7?0 for all the lines
of its ion., Therefore the difference between this estimate and the final
adopted mean mey be teken as an estimete of the error in the photometry.
Such differences were teken for all the 8c lines measured in ten of the
hottest and ten of the coolest stars in this study, and the mean square
difference was determined. 8ince the value of Alog 470 in equetion 28 of
Chapter III results from at least six lines in each star studied, the
probable error of six measurements was derived from the above snalysis as an
estimate of the error of Alog :ﬂgﬁ The resultant velue was 0,05, which pro=
duces an error of equal magnitude in log VO/V*, But since this quantity is
itself guite smell in HD 96833, the effect of the error on log B is negligible.
The effect would be greater in cooler stars, but would be compensated by

e decreased effect of the error in the estimeted ionization temperature.

(ii) The Excitation Temperature
Errors in the derived excitation temperature parsmeter ee may be
regarded as due to errors in judgment in superimposing the two plots of
log W/A vs. log M. The error has been estimated by determining the range
of fits over which no obvious asymmetry of the positiong of the pointe from
the two initial plots was seen in the final combined plot. A4 fairly generous
]

attitude was adopted in deciding what comstituted "obvious asymmetry.!

The resultant estimates of errors renged from about 0.08 in the G8 stars

i

d
to about 0,20 in the K5 and HO stars. Thus it seems fair to adopt 0.15
88 & generous mean.

¥y

The error in the excitetlion temperature paremeter has several effects,
which sre given below:
(2) The error changes the value of log NI calculated for each V I

1

line, and thereby shifts the abscissae of the empirical curve of

%

growth, producing an error in the fitting constant of the theoretical
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crfive, log N& - log Nege This error is in this case 0.10. 8ince

the fitting constant is used to obtain the value of log ?zg for Li I,

the error enters log Li%/VO directly, giving an error of 0.10 there

L]

Ce

o

1
b) The error chenges the correction applied to the values of log CQG
of the ground-state 8¢ I lines to bring them into consonance with

5

he other lines used in the ionization determination. The error

ol

of 0el5 in a@e will produce an error of C.l10 in log E?/Ef, which in
turn yields an error of 0.0l in log B.

(¢) The error in o produces errors in the thermal motions computed
for lithium and vanedium, The latter produces an error in the
velocity of microturbulence, which combines with the error in the
thermal velocity in computing the most probeble velocity for lithium,
The resultant error in log Li%/V® is only 0,01, since the error in ¥/b
is almost entirely cancelled by the error in the ¢/v(Li) term which
appears in the reduction equation, The cancelletion is complete if

ne saturation effects are present.

y

(d) &n error of 0.15 in the value of o produces an error of 0,15
in one ol the estimates of e3. This produces an srror of 0,20 in
the corresponding estimate of log B. This ignores the fact thet

3 £

the relation applied here assumes the identity of the effective and

lonization temperatures, Furthermore, the final value of log Li/V
depends on two estimates of log B--the one discussed here and one
based on the color index or spectral class. It does not seem possible
to evaluate the error in the second estimate, or the error involved

in the basic assumption, But assuming that the second estimete is

no worse then the first, perhaps the error of 0.20 in log B is &
reagonable esgtimate of the total effect of the uncerteinty in the

ionization temperature.

(i1i) Fitting the Theoretical Curve of Growth

In fitting a chosen theoretical curve of growth to the empirical
one, errors arise because of the scatter in the results of the photometry
of the V I lines. EHach of the two fitting constants, log ¢/v end log A& -
log Mo , may be in error. B8ince at least six sets of these quantities were

obieined in each analysis before adopting final velues, estimetes can be

=)

mnade of the uncertainty of the fit. 8ince the sets of constants are not

<
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really independent estimates, it does not seem justified to apply the usual
statistical procedures. 4 mental average based on an examinaiion of the

values, and consgidering the lack of independence, seems to be the best thatl

can be done., Istimates of in the fitting constante
are then 0.04 in log ¢/v, end 0,06 in log 77g - log 725. The latter error
directly produces an error of the same megnitude inm Egg Lio/ve,
The error in log ¢/v vroduces an ervor in the determination of the
velocity of microturbulence, which affects both the lithium line and the

%2 Ly 3 Py » £ A1 i"i : <4 . .. =4 S
scandium lines. In addition, the cuantity log g/z\f) itsel? appears in the
reduction equation giving log Li®/V°. The effect on the Sc lines produces

n error of C.0% in log VO/V* which is not large enough to affect loz 8.

The total effect on the value of log Li®/V° is an error of 0,06,

Having surveyved the sources of errors in each reduction, and esti-
mated the effects on the values of log gg?/z? end log B, it is now possible
to ecalculate the totel probable errors of these quantities and that of the

Tinal result, log gg/z.

The total error is given by the square root of the sum of the squares

; . , 20 0
of the partial errors. For log Li /V, the totel vprobable error is 0,15,

g interesting Yo compare this value to the probable errcor derived

e

It
quentity log V/V, which includes essentially the same errors but could
derived without examining the sources of error in detail. The error derived
in the previous section for log V/V was 0,12, These %wo resulis agree

satisfactorily.

The error derived for log B is entirely due to the estimated error

in the lonization temperature, The {est star is teo hot for the degree of
tonization of vamadium to be effective in delermining B. In a cooler star

= =

the effect of ionization would be more, and of the temperature, less., In
3 b

cocler stars a possible errcr in the ioniz at¢0ﬁ constont 4 would also be

i

importent., The probable error in log 8 is found fto be 0,20 in this case,

& LI
The probable error of the total sbundance retios is then the sum

e value derived

of the sgueres of the errors in log Li®/V® and log f.

is 0.25. This corresponds to an estimated probable error in Li/V of =

factor of 1.8, Although there are many uncertainties in this value, it
sems reasonable to conclude thet differences in the abundance ratios of
0e5 or more in the logarithm are significant.



pointing oult agein thet the Lwo indevendertily-derived

Ly
i Rl

chundance ratios from the two spectrograms of HD 9270 differed by only 30

per cent. This ster is one of the hotlter ones used and has a very weak

3

Li I festure, While one cannot estimate @ probable error from two meassure-

ments, at least it is well within the factor of 1.8 calculated here.
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Ve DIBCUSSI

a) The Abundance of Lithium
In section b) of Chapter IV the resulis on the rele
Lo

um to vansdium are tabulated., The figures indicate

p.

N W
of 1lith

spectral classification the ratios are highly varisble, but
maxinun declines with spectral type. The observed range of varistion is
small in the G8 and X0 stars, but here the high opacity and ionization

prevent observation of a Li I doublet if the sbundance isg much less than
the maximun, The indication of the later clesses ig thet two stars with

5

n nay have sbundance ratios differing by

e
0
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the same epectral classif
a feactor of ag much as 100, and there is no reagon to believe that this
cannot also be true of the earlier classificetions. The abundance ratio
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shest obmerved, which is consonant with

derived for the sun iz smong the

In general, it seems unlikely thet very
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much of the variation can be accounted for by changes in the abundance of

vanadium, both from the evidence of the absolute sbundance of vanadium
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as given in section a) of Chapter IV, and from the an;

e
in which the lii‘ium line changes considerably more smong sters of similar

type than do the vanadlam lines. It wes suggested earlier that two stare,
ED 29139 (@ Tau) and HD 11909 (1 Ari) micht have high vanadium sbundances.
If the vanadium sbundance in the latier is ten tinmes normal as ihe derived

vaelue suggests, then the lithium asbundance in this star ig the highest
bserved. Io lithium feazture was seen in the spectrum of HD 29130, éﬁd an

increase of a factor of ten in the vanadium abundance here would merely

inecresge the upper limit For lithium to a value similar lto other stars of

1 ]

similar classifications. If both these stars heve high venadium abundances,

abundance of lithium is not correleted with the abundance

then appsrently
of venadium, Furthermore, there ls no correlation with any of the other

& Y

properties of the stars given in Tables 7 or 8, such as lumincsity, slectron
pressure, opacity, temperature (excepnt in the sense indicated sbove), or

Roman's spectroscople groups.

&

" The hope expressed in the Introduction that the lithium abundance
might be found to be correlated with & gross property of the stars does

2 s 5

not seem to have been realized except in a limited sense. Possibly it

is @ sensgitive indicator of the efficiency of some procesg in the star which

4]

has no obvious effect upon its general characteristics,
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lithiuvm nucle
equilibria between lithiuwm atoms and an unobse
in the reductions, namely molecules. It seems
equilibris can change enourh between stars of
to account For the varistions exhibited in Tab
worthwhile to consider molecules in a little d

A molecule lilkely fto account for some

hydride, LiH. This substance, which is analog

The equilibrium between a diatomic molecule and its cor

be

written for LiH as

(L p(Li)p(H)/p(Lik) = X(T)

Here the p's are the partial pressures of the
involves béth the disgsociastion potential and a

»

which arises from a degree of freedom not peos

92) gives a convenient expression
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the equilibrium for Li and Lil with the analog

equation 1 in th
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Another possibility is the radical Li0, anelogous to OH. ¥No dis-
sociation constants are svailable for this molecule, but it seems likely
that since the bond in this case is ionic, and the ionization potential of
lithium is much lower than thet of hydrogen, that Li0 is the more strongly
bound, However, Nal must be quite similar to LiC0j; therefore if the obsere
vable lithium is strongly depleted by the formation of this substance, the
sodium must be similarly affected. No quentitetive investigetion has been
mede of the sodium sbundence, but there was no obvious correlation bebween
the etrensth of the "D¥ lines of Na I and the Li I doublet in the spectra
studieds It was mentioned in the introduction that MeXellar and Stilwell
cbtained the same result in the carbon stars. Furthermore, VO is a stable

k)

cempound with a two-electron bomd. It seems likely that vanadium would he
more strongly oxidized than lithium if oxidetion were important, and in
this case one would expect the Li/V. abundence retio %o increase with de—
clining temperature instead of the opposite effect observed,

In general, then, it seems possible to neglect the effects of mole-
cule formation,

The data indicate that stars cooler than the sun have less lithiuvm
then the sun., If the vanedium abundence of HD 11909 is actually high, as
suggested, then the lithium esbundance may significantly exceed the solar
value. But it aslso seems likely that this star is hotter than the sun.

The results of Greenstein and Richardson (1951) indicate that the lithium
abundance of the earth exceeds the solar shbundance by & factor of 100, IF
the terrestrial abundance is typical of the material out of which the solar
system has formed, the conclusion is inescapable that the net effect of ihe
processes scting on the material of the solar surface has been tc desgtroy
lithivm., Greenstein and

to regions of sufficliently high temperature to destroy lithium. But sside
from the specific process, the results of this study indicate that the net
eifect in cooler stars is also destruction. Certainly it is conceivable
that the initial compositions of the stars were different, but there is no
reason to suppose thal the present temperstures of the stars are related

to the initial compositions. It seems then that basically the sters cooler
than the sun destroy lithium, and that the efficiency of destruction is

righly variable but increases with decreesing tempersture,
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b) The Production and Destruction of Lithium

Although it does not seem likely that the results of this study can
lead to any definite conclusions, it is interesting to exsmine the various
methods that have been proposed by which sters mey manufacture and destroy
lithium and to note any suggestions that may be made esbout them on the hasis
of these results.

(1) Processes in Stellar Atmospheres

Burbidge and Burbidge (1955s,b) studied the spectra of two A stars
which show strong megnetic fields, and found that the heavy elements are
overabundant by a factor of the order of 1000, Fowler, Burbidge, end
Burbidge (1955) suggested that these overabundences mey be caused by muclear
reactions at the surfaces of the stars resulting from the acceleration of
particles in varying megnetic fields. They also proposed that Li, Be, and B
may be formed by spalletion reactionson heavier rmclei, and indicated that
a good possibility is that such reactlons are produced by high energy protons
( > 100 Mev) in low-density regions high in the atmosphere. Huch of this
meterial would then be injected into the interstellar gas. They suggested
that if similer processes, probably of lower efficiency, operste in the I
dwarfs, it may be possible to account for the cosmic abundances of the light
elements,

Hothing is known, either from theory or observations, &s to how the
strength and varisbility of the magnetic field depends on the other properties
of the starg thus it is not possible to say how the deia on the lithium~toe
vanadium ratios fit the idea that lithium is either produced or destroyed

s v "

by surface magnetic fields. Babecock (1958) has given a catalorue of gtars
foed )

. +t

which he hes examined for varieble magnetic fields. Only a few of the stars
studied here are included in his lists, and these show no ecvidence of fields,
although in stars with broad lines no field can be detected. He has observed
magnetic fields in a few M stars which show peculiar emission lines, and of
course in meny A and F stars. Since the sun also shows complex megnetiec

elds, it seems likely that they ere a property of all stars, but ne

i
correlation with the lithium ebundences can yet be established,

(ii) Convection

As was mentioned earlier, Greenstein and Richerdson have suggested

that the sbundance of lithium is low on the sun relative to the earth hecause
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conwvection in the outer layers of the sun circulates the surface material
to sufficient depths to cause the destruction of the lithium by energetic
protonse. The reguirement that the lithium abundance be reduced to its

tenper-

present level in the lifetime of the sun sets a lower limit on the
sture to which the material must be convected. In this way, these authors
were able to estimate the minimum depth of the solar convection layer.

Indeed, recent calculations indicate that the general requirements
for a satisfactory wmodel of & stellar interior demand an outer convection
zone for the sun (Schwarzschild, Howard, and Hrm 1957¢ VWeymann 1957).
Earlier, Osterbrock (1953) had demonstrated the need for = considerable
convection zone in the outer part of X dwarfs. 4 recent rediscussion of
the pertinent observational material by Limber (1958a) reduced the discre—
pancy noted by Osterbrock between his models for the niddle and late i
dwarfs and the observations, and further theoretical work (Liﬁber 19561
indicates that the cool dwarfs have completely convective interiors. The
general trend of the results of these authors is that the cooler the star,
the more of its mass must be included in an outer convection zone, Hovle and
Schwarzschild (1955), in attempting to Fit models for the giantstars Lo
the evolutionary tracks deduced from globular-cluster coloremagnitude dia-
gramg, found it necessary to invoke outer convection zones for sters more
then two megnitudes above the main sequence. They do not give sufficient
details of their calculations to show how the convection zone changes with
temperature, and, since they emphasize the preliminery nsture of their
calculations, they would probably regard any conclusions based on the details
of their models es unwarranted. Nevertheless, it seems clear that the giants
also must have outer convection zones, which are presumebly of different
depths in stars of different surface temperatures,

Since detailed models for the sun and the K dwarfs are availsble,
it is interesting to reverse the procedure of Greenstein and Richardsen and
estimate the mean lifetime of a lithium nucleus at the bottom of the con-
vection zones of these stars. Presumasbly, the longer the lifetime at the
bottom of the comvection zone, the more lithium should appear at the surfece
if convection is primarily responsible for the destruction of this element.
Greenstein and Richerdson give the following formula for the mesn lifetinme

of Lil (the most steble isotope) under stellar conditionss
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(3) t = (1.8 x 1077)
(4) v -1,

Here T4 1is the temperature in millions of degrees, and L is the density.

these equations and the conditions 2t the bottom of the convection

J -
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zones given in the interiecr models, the lifetimes given in Table 9 helow

were computed, Iliere the first column gives the spectral classification,

e

ok

the second and third columns give the temperature and the density =t the
bottom of the convection zone, the fourth column gives the lifetime of
Lil in years (equation 3 gives the lifetime in seconds}, and the final

i
column gives the reference for the data in the second and third columns,

Tahle 9

The Lifetime of Li{ a1 the Bottom of Convection Zones

Type Tg P t(yr) i Reference
Gav 1.04 0,020 1.0 x 100 Weyman 1957

e

K1V 2.5 0545 4,1 x 107  Osterbrock 1953
HOV 2.6 193 6.1 x 108 "

It is clear at once that the lifetime in the sun is too long to account

for the destruction of lithium as suggested by CGreenstein and Richardsone.
However, Hoyle and Schwarzschild have pointed out thet the depth of con-
vection in the giant models is extremely sensitive to the assumptions made
about the atmosphere. In particular, the efficiency of convective transport

of energy in the lower simosphere, where the process is driven by the ioniza-
i ks 2 &=

tion of hydrogen, is criticel, and cannot be accurately caleculated. This is
probably true also in the dwarf models, as Osterbrock hinted. Therefore it

is quite possible that the conditions here given for the bottom of the
convection zones are considerably in error. Bul since Wevmerm used Ustere

o,

brock's procedure for taking the atmosphere into sccount it is likely that

oy

all the errors are in the same sense. &lso, in deriving ecuations % and 4
Greenstein and Richardson used early velues of the lithium reaction cross-
sections, which are probably inaccurste. Eoth of these considersiions casi
doubt ﬁpon the absolute values of t, but probably their relative values

are of the correct order. In particular, one would not be surprised on the

besis of these results to see considerably less lithiuwm in the atmospheres
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of X dwarfe than in ¢ dwarfs. Unfortunstely not many dwarfs were included
in this program, but the K0, K1, and K2 dwarfs studied indicate abundances
at least five to ten times less than the sun, the X5 dwarf a deficiency of
at least a facltor of 15, and the K7 dwarf a deficiency of about a factor
of 40, Clearly this is in the right sense. Unfortumately no two dwarfs
studied are of the same spectral tyve, so no information about possible
variations within & spectral class is available,

No detailed giant models are available to permit a similar anslysis
for these stars, but it is reasonable to assume that the trend would be
similar, Thus it would seem possible to account gqualitatively for the
general decline of lithium sbundance with surface temperature through its
destruction at the bottom of ocuter convection zones, which increase in

4]

&

decliining temperature.

#

Although it may be possible to account for the general decline of
the lithium sbundance in this way, nothing has been said sbout the considere
able variations of the abundance under similar surface conditions. But it
does not seem unlikely thet the depth of convection is different among
stars of the seme spectral and luminosity class, at least among the giants.
As was pointed out above, the depth of the convection zone is influenced by
the efficlency of the convective transyport of energy near the surface. IFf
two stars differ in the general metal abundence, the electron pressure and
hence the continuous opsecity would vary proportionally. However, the appear-
ance of the spectrum al low dispersion might be very little affected, since

the strengths of the lines depend on the ratio of abundance to opacity. But

[

a lover opacity would mean more effective radiative transport of energy, and
less need to transport it by convectiong thus the surface convection, and,

in turn, the deeper convection would be influenced by a difference which
would not be observed in a gualitetive exsnminetion of the spectrum, Furiher~
more, according to the semi-~empirical evolutionmary tracks of Sandare (1957=a)
it is possible, as was mentioned esrlier, that two giant stars of the same
radius and luminosity have different masses. Hecessarily the more massive

of the two must have & higher central temperature, and therefore a different
temperature distribution in the interior. Probably, then, the depth of the
convection zone would be different. Bul since the surface conditions of

the two stars are quite similer, no gross differences in the spectrum would
appear, Thus it appears that there are mechenisms which cen change the depth
of convection without producing profound changes in the spectrum, and thereby

b
produce lithlum ebundance differences in superficially similar stars.
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It seems to be possible to construct a fairly reasonsble case link-
ing the abundance of lithium fto convection., It is, of course, completely
speculative, except for a small degree of substantiation in the dwerfs. It
is quite likely, however, that further investigation could shed some light
on the matter. For example, according to present understending of stellar
structure, two dwarfs of the same radius and luminosity must have the saume
mass, Thus in the dwarfs one of the causes mentioned above for different
depths of convection in stars of similar surface conditions is eliminated.
&n extension of the present study to more dwarfs would therefore be valusble,
More detailed studies of high~dispersion spectra of the stars studied here
could reveal differences in the opacities, metal abundances, and so forth.
Differences in mess between two giants of the same radius would require
differences in the surface gravities which might be reflected in the demping
constantse. All the stars in this program are bright enough so that spectroe
grams of the highest dispersion could be obtained, and spectrophotometric
analyses of the highest precision could be performed. Detsiled comparison
of two stars with the same spectral classificiation but different lithium-
to=vanadium ratios might be quite revealing,

The observation of lithium in the spectra of 8§ stars beclouds this
undoubtedly oversimplified picture of the effect of convection, & stars
exhibit strengihened lines of those heavy elements whiech, according to
Burbidge, Burbidge, Fowler, and Hoyle (1957), are formed by the slow capture
of neutrons by elements in the iron group (g=-process). The source of neutrons
is @-particle captures by neutron-rich isoltopes near oxygen in mass in
regions of the interior which have contracted and heated after the exhsustion
of hydrogen., The aeppearance of the elements formed in the s-process at
the surface indicates mixing to depths of extremely high tempersture.

This interpretation of the observations is strengthened by the discovery
of technetium in R Andromedae (Merrill and Greenstein 1956). There are no
known stable isotopes of this element, indicating thet the time-scale of
mixing from the interior to the surface must be on the order of 107 years
or less, Clearly lithium cannot survive mixing to suech high temperatures
unliess the hydrogen is exhausted in all regions in which the temperature

s of the order of 106 degrees or more., However, the lithium line in R &nd

Bde

auite weak. According to Merrill and Greenstein's estimates, its strength
slightly less than that of the 0,07 ev VI line at 35632, 1In HD 200905,

in which the sbundance ratio wasg found to be about 0.07 of the solar value,
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the Li I doublet is twice as strong as the V I line. 8ince the lithium
feature in ED 20090% is strong enough to be slightly above the linear vart
of the curve of growith, it would seem that the lithium abundance in R &nd
is less than half thet in HD 200905,

It is elso possible that the proper kind of mixing can increase the
surface lithium sbundance. Cemeron (1955) proposed that the proton=proton

chain of hydrogen burning mey end in peart by the reactions

He (@, v)Be (e™,v)LiT

Fowler (1958) has discussed the consequences of this reaction with respect

to energy production in stars near solar iype, taking into account the
newly=-discovered high cross=section for the firsi of these remctions. In

the sun, the Lil would be destroyed by proton capture. In hot stars, the Bel
would capture a proton before it would capture an electron, end Lil would not
be formed. In the case of stars with mixing to & hydrogen-burning zone, if
the Bel could be removed to a cool region before the time necessary to
capture an electron (the order of = year, at the most), Lif? might be produced
and preserved. bBut since in a zone where hydrogen is exhausted, HeJ would
also be exhausted, the remction would not proceed et the bottom of the mixed
region in 5 stars.

The above reactions were first proposed by Cameron to explain the
carbon stars, which show both lithium and bands ofv015; the latter results
from hydrogen burning in the ClN-cycle end indicates mixing to depths where
that process is taking place. It would seem more likely that these re-
actions will produce lithium in carbon sters than in 8 stars., However, even
in 8 sters possibly an element of mass may pass through a region in which
these reactions are taking place on its way upwerd from grester depths and
may accumulate a small amount of lithium, which is destroyed as the element
returns downward on the next half of the cycle. The greatest difficuliy
with any of these suggestions is the short lifetime of Bef against electron
capture., Further judgments on the feasibility of this process must swait
& better understanding of the interiors of giant stars,

In general it seems possible that there is a connection between the
abundance of lithium on the surfaces of stars and the depths of convection
and mixing. Certainly no cause-~and-effect relation has been established,
but it appears worthwhile to make further investigations along the lines

indicated above.
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Assuning that convection is solely responsible for the depletion
of lithium in the cool stars, the present results can be used to make a
rough estimate of the mixing time. JAccording to the evolutionary tracks of
Sandege (19572), stars slightly more massive than those in the galactic
cluster M67 evolve through the Kegiant region at nearly constant absolute
visual magnitude. If the rate of depletion of lithium in the stellar aimos-—
vhere depends on the mass, the G8 gisnts with the most lithium are similer
in mess to the corresponding K5 giants, provided both are sufficiently mass-
ive to evelve at constent M,. The results of Table 8 indicete a difference
of about a factor of 50 in lithium abundance between the G8 giant and the
K5 gient with the highest Li/V ratios. It may be objected that only iwo
K5 giants were studied, so that the value used is probably low. However, it
cannot be extremely low because it is higher than that for any of the other
five giants observed later than K3, Let then the factor 50 be assumed for
the depletion of the atmospheric lithium for & certain star of moderate mass
as it evolves from G8ILII to K5 III, If 1/e of the surface lithium is des-
troyed in each convective cycle, four cycles are required to produce this
depletion, Sendage (1957b) has studied the evolutionary times for the less
nassive stars of M67 in this part of the H-R diagram, and obiains a value
of atout 5 x 108

stages. llore massive stars will evolve more rapidly, but they also pass

years for the time spent by these stars in the corresponding

through a larger range in surface temperature. Perhaps 1 x 108 years is =
reasonable guessg for the evolutionary time of the star discussed above,

Then the mean time for a convective cycle is about 2 x 107 years. This value
is large compared to the mixing time of 105 years required for the 8 stars,
ag digoussed above, Poseibly the velue of 1 x 108 years for the evolutionary
time is too long, but a decrease of a factor of 100 seems unlikely in view
of Sandage's results, Hore likely the efficlency of destruction of lithium
per cycle is smaller than supposed hereg furthermore it is likely that the
mixing rate is more rapid in the coocler 5 stars than in the X glants. The
mixing time derived from the lithium results does not therefore contradict

the shorter time required for the § stars.

¢) Wz Cassiopeiae

It hes apparently become customary for any suthor who digcusses

lithium in an astrophysical context to attempt an interpretation of the
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extremely strong lithium lines found in certein cool carbon stars, In
view of the fact that the present investigation has produced more data on
lithium end on the general properties of cool giants then any of these
suthors had at their disposal, it would seem remiss of the present writer to
negleet a similar effort,

It was mentioned in the introduction that McKellar and Stilwell
(1944) have measured the ecuivalent width of the Li I doublet in WZ Cas as
8.4 A, The strongest Li feature measured in this study was in the supergiant
HD 200905 ( g'ﬁyg}, in which the equivalent with is 0.20 4. But this strength
represents an abundance only 0.07 of that in the sun. Il seems possible
then that if WZ Cas is nuch cooler tham..g Oyg, the strength of the doublet
may be casuged more by low temperature than high sbundance,

Keenen and Horgan (1941) devised a classification system for carbon
stars to replace the older R and N ¢lassification. The classification is
two-dimensional, depending on the temperature as deduced from atomic lines
end the ecarbon abundance deduced from the 62 bands. Their temperature
classification of Wi Cas is 09, at the extreme cool end of the carbon se-
guence, By comparison with the atomic features in normal stars, they give
temperatures for their classes €0 through C5 only. In order to derive a value
for class €9, these temperatures were extrapolated. First converting them
to values of a, they were plotted against the cless number, and a curve was
fitted by eye. This curve was chosen to have slightly decreasing curvature
so that e for class 09 would be underestimated and the temperature over-
estimated, so that the effect of temperature on the line strengilh would be
underestimated, The result of the estimate was o = 1.9 (T = 2700°), which
geens hot compered to other estimates of the temperature of this star,

The values of log zf/i? and log 4 observed for the glant stare were
then plotted as a function of o (effective) and extrapolated linearly to
8 = 1,9, The plotted points fitted feirly well to linear relations. This
permitted the calculation of the horizontal shift between the empiricel and
theoretical curves of growth—-using equetions 24, 29, and 30 of Chapter IIl--
and the ionization correction from equetions 32 and 335, Here the thermal
motion was calculeted from the effective temperature end the microturbulence
wes negleeted. Then assuming a lithium-to=-vanasdium ratio of 10%@ (essen-
tally the solar value) ecuation 34 of Chapter III was applied to obtein

log Ozg and the deduced shift wag epplied to derive the total log ’ﬂc. Then
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the equivalent width was computed on the assumption of unblended absorption
coefficients, The result was W = 0.9 A, angd order of magnitude low., Reducing
the temperature to s = 2.2 (which is as good an exbrspolation as 1.9, but =
less comservative guess) yields W = 3.1 &,

The result is quite inconclusive, The extrapolations required are
enormous and cemmot be regerded as more then educsted guesses. In any case
it seems possible to get the required line strength with no more than the
solar abundance of lithium and ceriainly not more then the terrestriszl
abundance. It seems likely that the sbundance is higher by at least an order
of magnitude than in normal late K starss The difference between the line
strengths in the carbon stars remains to be explained, but the effects of
temperature may be quite large. Eguivalent widths of the order of 1 A occur

frequently in the list of MeKellar and &tilwell.

d) Summary

The observed variations in the lithium-to-vanadium abundance ratios—-
which can be ascribed to chenges in the lithium abundances—-cannot yet be
fexplained" in any final way. It appesrs likely thet the cool stars basically
destroy lithium by processes which increase in efficiency with decreasing
temperature, but which are very strongly varisble,

It has been suggested that magnetic metivity at the surfaces of
gtars may accelerate protons, and, especially in regions of very low density,
produce the light elements by spallation reactions. If this process operastes,
it seems likely that it will contribute more light elements to the inter-
gtellar gas than to the stellar atwmosphere itself. However, too little is
known of the relation of stellar magnetic sctivity with the other observable
properties of the atwosphere to permit any deteiled connection with the
present results,

A vossible connection exists between the depths of surface convection
zones in cocl stars and the abundance of lithium in the surface. Hodels
of dwarf interiors indicate that the lifetime of lithium st the bottonm of
the convection zones decreases with surface temperature. If reactions in
the convected gas destroy the surfece lithium, a decrease in the surface
abundance with temperature would be expected, and is observed. If a similar
effect operates in the giants, and if the depth of convection is strongly

affected by surface opacity or total mass, it mey be possible to account
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for both the trend and the fluctuations observed., It seems possible to
test these ideas observationally.

The results of this study and the preceding discussion suggest &
general picture such as the following: the light elements are produced
in magnetically-induced reactions in the outer stmospheres of stars (whence
they are injected into the interstellar gas) and/or in the interstellar
medium, The abundances observed in stellar atmospheres are the remsing
£ the initial materisl reduced by degtruction in convective nmixing. In
this picture the abundances in the hot stars should have suffered no
depletion. It therefore becomes of interest to extend the search for 1lithiuuw
to include all the G stars, and to search for beryllium in stars of earlier
tyre.

This study has not provided any definite answers to the general
guestion of the origin of the light elements, but it has provided useful
data and led to suggestions for further investigation. 8ince it is of the

nature of a first survey, such resulis are guite satisfying.
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