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Abstract

Based on the point of view of descriptive set theory, we have investigated several

definable sets from number theory and analysis.

In Chapter 1 we solve two problems due to Kechris about sets arising in number
theory, provide an example of a somewhat natural Dz(ng) set, and exhibit an exact
relationship between the Borel class of a nonempty subset X of the unit interval

and the class of subsets of N whose densities lie in X.

In Chapter 2 we study the A, S, T and U-sets from Mahler’s classification
of complex numbers. We are able to prove that U and T are Eg—complete and
Hg—complete respectively. In particular, U provides a rare example of a natural

X9-complete set.

In Chapter 3 we solve a question due to Kechris about UCF, the set of all
continuous functions, on the unit circle, with Fourier series uniformly convergent.
We further show that any 23 set, which contains UCF, must contain a continuous

function with Fourier series divergent.

In Chapter 4 we use techniques from number theory and the theory of Borel

equivalence relations to provide a class of complete Hi sets.

Finally, in Chapter 5, we solve a problem due to Ajtai and Kechris. For each
differentiable function f on the unit circle, the Kechris-Woodin rank measures the
failure of continuity of the derivative function f’, while the Zalcwasser rank measures
how close the Fourier series of f is to being a uniformly convergent series. We show

that the Kechris-Woodin rank is finer than the Zalcwasser rank.



Chapter 0
Introduction

The purpose of this chapter is to provide an introduction to the results proved

in the rest of the thesis.

One of the most interesting properties of a Borel set is its exact level in the Borel
hierafchy. We can attempt to compute an upper bound and lower bound for the set.
The upper bound is usually easier to find. It involves producing a calculation that
witnesses a given level. On the other hand, since Borel complexities are preserved
under continuous preimages, the notion of a continuous reduction yields a powerful

technique for producing lower bounds.

A. Kechris asked whether the set of real numbers that are normal in base
two is TI3-complete. In Chapter 1 we further study the relationship between the
Borel class of X C [0,1], and that of Dx C 2V, the collection of subsets of N whose
densities lie in X. Given the exact location of X in the Borel or difference hierarchy,
we exhibit the exact location of Dx. For a > 3, X is properly DE(Hg) iff Dx is
properly Dg(II¢ +o). We also show that for every non-empty set X C [0,1], Dx
is TI3-hard. For each non-empty IIJ set X C [0,1], in particular for X = {z},
Dy is IIg—complete. For each n > 2, the collection of real numbers z that are
normal or simply normal to base n is Hg—complete. And Dg, the subsets of N
with rational densities, is Dy(II3)-complete. In particular Dg provides one of few
natural examples of a Borel set above the third level of the Borel hierarchy. Note

that this chapter is a joint work with T. Linton. See [KL].

Mabhler [Mah] divided complex numbers into classes A, S, T and U according
to their properties of approximation by algebraic numbers. A consists of algebraic
numbers, while S, T, and U provide a canonical partition of the transcendental

numbers according to speed at which they are approached by a sequence of algebraic



numbers. We calculate the possible locations of these sets in the Borel hierarchy.
A turns out to be E-complete, while U provides a rare example of a natural So-
complete set. We produce an upperbound of 22 for S and show that T is H2
but not £3. Our main result is based on a deep theorem of Schmidt [Sc2] which

guarantees the existence of T' numbers. These results are given in Chapter 2. See
[Ki1].

We denote by UCF the set of all continuous functions, on the unit circle, with
uniformly convergent Fourier series. In Chapter 3 we answer a question from [Kel].
UCF is shown to be II3-complete. This suggests an interesting question related to
UCF. Namely, is it true that any Eg set, which includes UCF, has a continuous
function with Fourier series divergent? We show that it is true in the course of the
proof that UCF is IIg-complete.

Let X be a Polish space. A subset A of X is called a IT] set if there exists
a Borel function f from the Cantor space to X such that X — A is the image of
f. Thus a Hi set is coanalytic. We say that a subset 4 of X is Hi—hard if for
any II} subset B of the Cantor space there exists a Borel function f from the
Cantor space to X such that B = f~1(A). If, in addition, 4 is ITi, then A is
I1}-complete. In Chapter 4 we provide new examples of complete II] sets from
number theory and Borel equivalence relations. A set of real numbers M is called
a normal set if there exists a sequence (z,)nen of reals such that for all y € R,
y € M if and only if (yz,)nen is uniformly distributed mod 1. A sequence of real
numbvers (zn)nen 1s called a universal sequence if for all nonzero reals y, (yZn)nen
is uniformly distributed mod 1. We see that US is II;. A. Kechris suggested that
we calculate the exact complexity of US, the set of universal sequences of reals. We
show that US is II}-complete. Our result of U is based on a theorem of Rauzy [Ra].
Let E be a countable Borel equivalence relation on the Cantor space. We denote by
A(E) (F(E)) the set of all closed sets K such that EN (K x K) is aperiodic (finite),
i.e., for all z € K, the equivalence class of z is infinite (finite) in K. In many cases,
we also show that A(E) and F(F) are IT}-complete.

In Chapter 5 we consider I'I% norms. A norm on a set P is any function ¢



taking P into the ordinals. We only consider a regular norm ¢, i.e., ¢ maps P onto
some ordinal A. Given a Polish space X and a Hi subset P of X, we say that a
norm : P — Ordinals is a IT}-norm if there are IT} subsets R and Q of X x X
such that |

yEP=[zeP&y(x)<¢y) = (z.9) ¢ R < (v,y) €]

From the previous relation, we see that in a uniform manner for y € P, the set
{z € P:p(z)< ¢(y)} is I} ((z,y) € Q) and the complement of a I} set ((z,y) ¢
R), hence a Borel set. In [Mo] it is shown that every II}-norm is equivalent to one
which takes values in w;, the first uncountable ordinal. One of the basic facts is
that every II] subset P admits a II}-norm ¢: P — w; (See [Mo].) Hence it is very

natural to look for a canonical norm on Hi sets that arise in analysis and topology.

Zalcwasser [Za] and Gillespie-Hurwitz [GH] introduced a rank that measures
the uniform convergence of sequences of continuous functions on the unit interval.
We call it the Zalcwasser rank and apply the Zalcwasser rank to the Fourier series of
a continuous function on the unit circle. The Zalcwasser rank is a II} norm on the
set of all continuous functions with convergent Fourier series. Kechris and Woodin
[KeW] defined a rank that measures the uniform continuity of the derivative of a
differentiable function. We shall refer to this rank as the Kechris-Woodin rank. In
fact, they have shown that on the set of all differentiable functions, the Kechris-
Woodin rank is a II1-norm. Ajtai and Kechris [AK] conjectured that the Kechris-
Woodin rank is finer than the Zalcwasser rank, meaning that for any function f,
the Zalcwasser rank is less than or equal to the Kechris—-Woodin rank. In the last

chapter, we provide an affirmative answer to this conjecture.



Chapter 1
Normal numbers and subsets of N with given densities

1.1 Introduction

The collection of “naturally arising” or non “ad hoc” sets that are properly
located in the Borel hierarchy (meaning for example IT3 non X9), is relatively
small. In fact, only a small number of specific examples of any sort are known to
be properly located above the third level of the Borel hierarchy. Recently, Kechris
asked whether the set of real numbers that are normal in base two is Hg—complete.
Ditzen then conjectured that if this were true for each base n > 2 then the set of
real numbers that are normal to at least one base n > 2, should be £3-complete.
Certainly this example is non ad-hoc. We found this set extremely difficult to
manage, and hence we are inclined to agree with Ditzen’s conjecture. There is some
evidence supporting this conjecture; namely, results as in [Scl] which suggest that
normality base two and normality base three have a weak form of independence.
Unfortunately, such proofs are non—constructive and the conjecture appears to be
more number theoretic than set theoretic. It seemed reasonable to replace the set
in the conjecture with the easier to manage collection of subsets of N with density
1/n, for some (varying) n € N. However, in this case, the limit one computes is
the same for all n, and the set is too simple. We then looked at the subsets of N
with rational densities, Dg, and were able to show it was properly the difference
of two Hg sets, 1.e., D; (Hg)—complete. As Dg is at least somewhat natural, this
is rather surprising, since it lies above the third level of the Borel hierarchy. In
continuing the study of the relationship between the Borel class of X C [0,1] and
that of Dx C 2N, the collection of subsets of N whose densities lie in X, we were
able to show that if X is properly IIS (£2), then Dx is properly H3+1 (22+1)
for n > 3. Furthermore, the relationship extended to the difference hierarchy of
AD,, sets. If X is properly D¢(I12), then Dx is properly De(II7 . ,), so long as
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n > 2. However, on the dual side, at the finite levels of the difference hierarchy for
n = 2, an interesting phenomenon arises. For m < w, if X is properly ﬁm(Hg),
then Dy is properly Dm11(II3). So the analogy of Q to Dg extends to all finite
levels of the difference hierarchy, and no Dy can be properly D, (II3). If £ > w
and X is properly ﬁf(ng), then Dx is properly ﬁg(ng). For a > 3, if I' = I,
x0 DE(Hg), or 135(112), and I'* is the class where the a in T is replaced by 1 + «,
then X is properly T iff Dx is properly I'*. In particular we are able to show that
for every non—empty set X C [0,1], Dx is II9-hard; for each nonempty II3 set
X C[0,1], Dy is I'Ig——complete; for each n > 2, the collection of real numbers
z that are normal or simply normal to base n is Hg—complete; and as mentioned

above, D, or Dx for any E3-complete set X, is Dy (I13)-complete.
1.2 Notation and background information

For sets A and B, |A| is the cardinality of A, A denotes the topological
closure of A, and we denote the set of all functions from B into A by AB. If
X C A, we denote the preimage under f of X by f*(X). We sometimes identify
n€N=1{0,1,2,...} with the set {0,1,...,n —1}. Thus 2V is the collection of

functions f:N — {0,1}. We let A<N = |J A", denote all finite sequences from A4,
neN

and ASN = A<Ny AN, § and T denote the constant zero and constant one functions
in2N, If fe ASN andn €N, fl, = (f(0),...,f(n — 1)), and for s, t € AN, |s]|
denotes the length of s (the unique n for which s € A™), s C t (¢ extends s) means
tl|s| = s, and s~ t is the sequence s followed by the sequence t. We use R and Q to

denote the reals and rationals, and P denotes the irrationals between zero and one.

We describe the Borel hierarchy using the standard modern terminology of
Addison, and define the difference hierarchy, on the ambiguous classes of A2 41
sets, based on decreasing sequences of II‘; sets. For Polish topological spaces X, let
2{(X) denote the collection of open subsets of X, and II$(X) denote the closed
subsets of X. Inductively define for countable ordinals a > 2,

POX)={ACX|A= U Ap, where each A, € Hoﬂn(X) and 8, < a }.
neN

M(X)={ACX|A= n An, where each A, € Zop"(X) and A, < a }.
neN



A%X)={ACX|4Ae€ rig(X) NXZ2(X)}.

If X is known by context or irrelevant, we frequently drop it for notational
convenience. Thus, 2(1’ = Open, II§’ = Closed, 22 = F,, I'Ig = (s, and so on. The
difference hierarchy, which is a finer two sided hierarchy on the A9 sets, extends the
Borel hierarchy by including it as the first level (¢ = 1) for each countable ordinal
a. For ¢ a countable ordinal and any sequence of subsets of X, (Ag)s<¢, where

Ag D Ap if B < B' (so (Ap) is decreasing) and for limit A < £, Ay = [ 43 (so
B<A
the sequence is continuous), define a set A = D¢((Ag)s<e), by

r€EASIP<E (:c € Aﬁ), and the largest such 3 is even.

A countable ordinal 3 is even, if when we write 8 = A + n, with A = 0 or a limit
ordinal, n is even. Let De(I1%) be the collection of sets of the form De((As)s<e),
where (Ag)g<e is a decreasing, continuous sequence of Hg sets (for { < w, the
decreasing requirement is redundant). So D;(I12) = MY, D,(TI2) = {A - B |
A BeMN?, and A D B} (soin R, [0,2) is a typical D,(II9) set), and D3(I12) is
the collection of sets of the form

(A—B)UC where A,B,C €Il and ADBDC.

For any class of sets I', let the dual class, f, be the collection of complements of
sets in I' (so Dy(II2) = £9), and say A is properly I', if A € T — . We need the
following elementary facts about the difference hierarchy classes.

The D (II2) sets are closed under:

(i)  intersections with IT sets;

(i1) intersections with 22 sets, if £ is even;
(441) unions with II2 sets, if £ is odd;

(iv) unions with X2 sets, if £ > w.

Each of these implies a dual property for the ﬁe(ng) sets. For example, (7)
says that the 135(112) sets are closed under unions with 32 sets. By combining the
above properties with the fact that if A is ITI2, and B is I'Ig (8 < a), then both
A— B and AU B are Hf,',, we also have (for @ > 3, or a = f and £ > w):

(v) the D(II2) sets are closed under intersections with Hg sets.

We will need this for # = 3 later.



In order to determine the exact location of a set in the above hierarchy, one
must produce an upper bound, or prove membership in the class I', and then a
lower bound, showing the set is not in [. In general the lower bounds are more
difficult, but since these classes are closed under continuous preimages, the notion
of a continuous or Wadge reduction yields a powerful technique for producing lower
bounds. The idea is take a set C that is known to be a non T set, and find a
continuous function f such that f~(A) = C. Then A cannot be in T either. The
Cantor space 2 (with the usual product topology and 2 = { 0,1 } discrete) is known
to contain sets that are proper, in all the classes above. A subset, A, of a Polish
topological space, X, is called T'-hard (for I' = D,(II3) or De(II2)), if for every
C € I'(2V) there is a continuous function, f:2N — X, such that z € C & f(z) € A,
that is f~(A4) = C. Thusif A isT'-hard, then A ¢ T. Ifin addition to being I'-hard,
Aisalsoin I, we say A is '-complete. Wadge [Wa] (using Borel determinacy [Mar]),
showed that in zero—dimensional Polish spaces, there is no difference between a set
being ['-complete or properly I'. Let X and Y be Polish spaces, C C X, A and B
disjoint subsets of Y'; let C <w (A4; B) assert that there is a continuous function
f: X — Y where

zte€C= f(z)e A, andz ¢ C = f(z) € B.

IB=-A=Y - A, we write C <w A for C <w (A;-A), and say C is Wadge
reducible to A. Wadge’s result mentioned above was that for all Borel subsets A and
B of zero—-dimensional Polish spaces, either A <w B or =B <w A. Louveau and
Saint-Raymond [LS] later showed a similar result (which Wadge obtained using
analytic determinacy) for C <w (A; B), using closed games. It implies that for
each class ' = D,(II3) or 55(112) (a > 2), there is a ['-complete set Hp C 2N,
such that for all disjoint analytic A and B (in any Polish space), either Hp <w
(A; B) (by a one-to-one continuous function), or there is a T set S such that
A C Sand BN S = 0. For our classes (since we only work in Polish spaces), being
I'-hard, and being a non T set are the same thing. Hence a set will be properly
I iff it is '-complete. Notice also that if C is '-hard, and C <w B, then B is
I-hard. And if C <w (A; B), and D is any set containing A and disjoint from B,
then C <w D.



1.3 Subsets of N with given densities

We describe here the basic facts and properties about the densities of subsets
of the natural numbers that we need. This topic is covered in detail in [KN], for

example.

Definition 1.1 For A C N, let §(A) = lim

n—oo

A ﬂioa") , If the limit exists, and

say 6(A) does not exist, otherwise. We call §( A) the density of A.

Thus, whenever it exists, §(4) € RN [0, 1], and is roughly the frequency of
occurrences of A in N. For nonempty X C [0,1]NR, let

Dx={ACN|64) € X}

(if X = {r} wewrite D, for Dy,}). Let DE = Djg ;) denote the collection of subsets

of N whose densities exist. If we identify A C N with its characteristic function

1, ifn € A;

Xa:N— 2, givenbeA(n)z{O ifnd A

then Dx becomes a subset of the Cantor space 2N (with the usual product topology).
For s € 2<N let ||s|| = | {i € Dom(s):s(i) =1} | and let | s | denote the length of
s. We can then define the density of s, as

6(3)=M€Qﬂ[0,1].

|s]

For a € 2V, the density of « exists iff the sequence { §(al,) }nen converges, in which
case the limit of the sequence is the density of a. This shows that DE and D, are
Hg, since

a € DE < V¥n 3N Vk (| 6(aln) — 6(a[N+k)' < 1/n)

(that is the sequence of partial densities of a is Cauchy),

sac ()] U NC@NE),

neN NeN keN

where C(n, N, k) is the collection of & € 2N such that |§(afn) — 6(aln+k)| < 1/n,

which is clopen (both closed and open). In the future we will not bother rewriting
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number quantifiers as countable intersections or countable unions, nor will we verify
that the sets similar to C(n, N, k) above are clopen, if it is clear that they are. Dy
is also II3 since

o € Dy & Vn AN Vk > N(6(alk) < 1/n).
The sequence {§(aln) }, en 18 very close to being a Cauchy sequence, meaning that
if n is large, then 6(afr) and é6(af,+1) are very close. In fact,
1
(1) (1) ~ 8(ofun)| < g -

This shows that if I = liminf, .o {6(af,)}, and S = limsup,, . {6(af.) }, then
for every real number r € [I, 5], r is a limit point or cluster value of the sequence

{ 6(6![") }nEN'

1.4 Two methods for producing subsets with nice densities

We now give two methods for producing a € 2N so that the density of a is
easy to compute. The first involves copying the values of a sequence { z, }, ¢y With

r, € (0,1). The idea is to define a as a union, & = |J apn, where for all n € N,
n€N
Q41 is a finite proper extension of ay, 6(a,) = z,, and §(afk+1) is between 6(ay, )

and é(ayn41), whenever k is between | o, | and | apy;|. Thus the density of a will
exist iff the sequence {z, },cy converges, and the limit of this sequence will be
the density of a. Given any sequence {zn },cy € (0,1)N we define a, the result of
running the canonical construction with input { z, },cy, inductively as follows:

Let ag = (0,1). Given ap, if §(an) < Tp41, fix the least k¥ € N such that

_ lanl+4

6(an"1%F) = PREY’ >z,

+1
(k exists since { §(a, " 1F) }keN starts at 6(a,) and increases to 1). Set api; =
a1k If 6(an) 2 Tpt1, fix the least k € N— {0} such that

~ Gn
6(an”0F) = ]_;LI—H—U_IS < Tpta,

and set Qnt1 =0 0F. Let o = |J an € 2N, Clearly, |@ns1 | > |an|+1>n+1,
neEN
for all n € N. Using the minimality of k¥ and (1.1), we see that

1
l$n+1 - (5((1n+1)‘ < T < l/n

| an |



Since ap+1 is ap, followed k zeros or k ones, §(alm+1) is between 6(an) and §(an+1),
whenever m is between | &y, | and | ap+1|. So the density of a exists iff the sequence
of partial densities of & is Cauchy iff the sequence of the densities of the a,’s is

Cauchy iff {z, },cy is Cauchy. More precisely, for any convergent subsequence

{ xnk }kENv

lim z,, = lim é6(a,,).
k—oo k—oo

This gives then a canonical way to produce a with §(a) = r for any r € [0,1].
Notice also that if z,, happened to be zero or one, we could replace z, with 1/n or

1—1/n respectively, and hence we can run this construction for sequences in [0, 1],

The second construction involves partitioning N into a finite or countably
infinite collection of sets with positive densities, and placing a copy of some a,, € 2V
on the nth set in the partition. Then even when the partition is infinite, one can
basically add the densities. In general this is not true, since the union of the
singletons has density one, where as each singleton has density zero. But when
the pieces being combined are contained in disjoint sets with positive densities,
everything works out fine. Let I C N and { A, },.; be a family of pairwise disjoint

subsets of N such that |J A, = N (i.e., a partition of N); for each n € I, the density
nel

N
of A, exists and is positive; and Nlim 5" 8(A,) = 1. Foreachn € I, let a, € 2V
0 n=0

be such that é(ay) exists. Define C C N, the set obtained by playing a copy of a,

on A,, as follows:

First, since 6(A,) > 0, A, is infinite. Let {a} },.y be a one-to-one increasing
enumeration of A,. Then for each m € N there is a unique n and k such that
m = ap. Weput m € C iff m = a} and a,(k) = 1. It is straightforward to check
that

§(C) = 6(An)- &(an).

nel

> we mean that

Thus, whenever we say “let o be the result of playing a, on A,
« is the characteristic function of the set C' defined above. Of course we can still
make this definition even if §(a,) does not exist. If at least two of the a,’s have
divergent densities, the density of C' may or may not exist. However, if exactly one

of a,’s has a divergent density, then the density of C' does not exist.
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1.5 Some IT3-complete sets

In this section we establish a strong reduction of a IIg—complete set, to the
set Dg. Thus we have an affirmative answer to a question of Kechris, who asked if
Dgy was Hg—complete. Once this is done, we are able to show hardness for numerous
other sets, including the collections of normal and simply normal numbers. It is
known that the set

C; = {8 €N |Vn, 7(n)is finite } = {8 € NV |liminf B(n) = o0 }
is II3—complete (see for example (24) in [Mi] for a proof). |

Theorem 1.2 C3 <w (Do;—DE). In particular, both Dy and DE are Hg—

complete.

O The second part of the theorem follows from the first, because Dy C DE
and DE N -DE = §. The idea is to take 3 € NN and define from it a sequence
{ Zn }new S0 that £, depends only on a finite initial segment of 5. We then produce
the canonical o with input {z, },cy. The function 8 — o :NY — 2N will then
be continuous since the first N values of a depend only on the first N values

of {Zn },cn, Which depend only on a finite initial segment of 3. The sequence

1
Tp = M almost works, but we must first fix 4 so that 8(n) > 2, and f is not
1
eventually constant (so that lim 0n) exists iff it is zero). For B € NN, define
n-—oo n

B' € NN by

o= {1
Then 8 ~— ' is continuous and € C; & 3' € C;3. Given 3 € NV, let o € 2V be
the result of running the canonical construction on input {1/5'(n) },,cn. Then the
sequence { §(al,) }, oy always contains a subsequence which converges to zero, since
B'(2n + 1) = 2n + 2. Hence the density of a exists iff it is zero. Thus,

1
BEC;;@ﬂ'EC:;@ lim m :O¢$6(a)=0¢>a€D0®aEDE.
This shows C3 Sw (Dy; ~DE) and completes the proof. O

11



Corollary 1.3 For any nonempty X C [0,1], Dx is II3-hard. In particular for
each r € [0,1], D, is II3-complete.

a It is clear that D, is IT3 for each r € [0,1], so it suffices to prove the first

statement. Let f denote the continuous function from Theorem 1.2. If 0 € X,
f shows C3 <w Dx. If 1 € X let g(8) = ¢(f(8)), where ¢ is the bit switching

homeomorphism of 2V,

0, ifa(n)=1,;
9(e)(n) = { 1, if agn) = 0.

Then g shows C3 <w Dx. Finally if X C (0,1), let z € X be arbitrary. Let 4 C N
have density z. Fix n € N such that z + 1/n < 1. Let A; be disjoint from A, and
have density 1/n. Given 8 € NN, let a be the characteristic function of C = A,UCY,
where C is the result of playing f(3) on A;. Then § — « is continuous, §(C) exists
iff 6(C1) exists, and

1
BEC; & 6(Ch) exists & 6(C)=0&b(a)=2+—--0& a€D,.
n

Hence C; <w (D.;-DE), so C3 <w Dx, because z € X and Dx N -DE = {.

1.6 Normal numbers

For € [0,1] and n > 2, the base n expansion of « is the sequence {d; },.y €

nN such that z = 5 oo di

=1

and d; # n — 1 for infinitely many i. For z € [0,1]

and n > 2, say z is simply normal base n, and write z € SN,, if for each k£ =
0,1,...,n—=1,
6({teN|di=k})=1/n.

Say z € [0,1] is normal to base n, and write z € N,, if for each m € N and each

1
s €n™th

§({i € N|di = 5(0), iz = (1), ... ,dism = s(m) }) = 1/n™+1,

Thus, z is normal to base n, if in the base n expansion of z, all the digits ¥ < n

appear with equal frequency, all the pairs (k, ;) appear with equal frequency, etc.
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It is known that the set of numbers in [0, 1], that are normal to all bases n > 2
simultaneously, has Lebesgue measure one (see for example 8.11 in [Ni]). It is
straightforward to see that SN, and N, are Hg, since D, is Hg. One of the main
questions that motivated this study was to try to show that Ny = (J, cn N, was
X 0-complete. We were unable to answer this, but we did manage to show that each
N, and SN, are Hg—complete. As N, C SN, the following result shows both of

these simultaneously.

Theorem 1.4 For eachn € N— {0,1}, Dy <w (Nn;-SN,). In particular, both
SN, and N, are Hg—complete.

> d; . :
O Let z = ), i be any fixed number that is normal to base n. Let { i };cy
i=1
be an increasing enumeration of the set Iy = {7 € N | d; = 0}. Then I, has density
1/n since ¢ € N,. Given a € 2N let ' € [0, 1] be given by the base n expansion,
d'—{l’ if i = ¢ and ak) = 1;

' 1d;, otherwise.

. 1 . . .
Thatisz' =z+ >, i The function & — z' is continuous. If & € Dy, then z’
kea—(1)
is the result of changing a subset of density zero of the 0’s in the base n expansion

of r to ones, leaving the rest of the base n expansion of r unchanged. Hence, z' is
still normal base n. And if & ¢ Dy, then z' ¢ SN,, since 0 and 1 no longer occur

with density 1/n in the base n expansion of z'. ]
1.7 The Borel classes of Dy

We now turn to the problem of classifying the Borel class of Dx in terms
of the class of X. The fact that such an exact relationship exists is surprising.
Basically, Dx has one more quantifier and lies on the same side of the hierarchy as
X. We start with the upper bounds.

Proposition 1.5 For nonempty X C [0,1], if X is II3, then Dx C 2N is II3-

complete.
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O Let {Un },cn be a countable basis of open sets for R N[0, 1] (with the usual

topology). Let X = () G be any nonempty IT3 subset of [0, 1], where each Gy is
keN
open. A moments reflection shows that

a€EDx ®a€ DE andVkdn Im Vp>m (5(a[p) ceU,CcU, QGk).

Since membership in N(k,n,p) = { & € 2V | §(al,) € U, C U, C Gy } is completely
determined by of, (and whether or not U, C Gy, which is independent of alp),
N(k,n,p) is clopen for each (k,n,p) € N®. Thus Dy is II3, and by Corollary 1.3,
Dy is II9-complete. Furthermore, if we denote by P(X) the set of a € 2V such
that

Vkdn Im Vp>m (5((1[,,) elU,CU,C Gk),
then P(X) is II3 and « € Dx < a € DE N P(X). m

Corollary 1.6 Let X C [0,1] be nonempty.

(i) If X is B3, then Dx is Dy(II3).

(i) KX is TIO (Bg) for o > 3, then Dx is 1Y, (27,4)-

(113) I X is De(TIQ), for a and € > 2, then Dx is De(II7, ).

(iv) If X is ?é(ﬂg) for a >3, or & = 2 and £ > w, then Dx is De(Iy, o).
(v) If X is Dp(I13), for m < w, then Dx is Dpy1(T13).

O IfXisX¥3, -XisII3 and Dx = DE —D_x € Dy(II3) by Proposition 1.5, so
(4) holds. More precisely, for each X € £3([0, 1]), there is a 3 set P'(X) (namely
- P(—~X) from Proposition 1.5) such that « € Dx & a € DEN P'(X). Clearly, for
W=X-X"Y=|J X,and Z= () Xn,

neN neN
(1.2) Dw=Dx—-DX/, Dy: UDXn’ andDZ——— ﬂDXn.
neN neN

An easy induction then shows, for n > 2, that for each II2 (22) set X C [0,1],
there is a TID (2?,+1) set P(X) C 2N, such that

(1.3) a€Dx & aecDENPX).

This then gives (ii) for a < w, since the classes II2 and B2, for k > 4, are closed
under intersections with ITJ sets. The function f:2N — R, given by

f(a) = {gfa% if 5(a) exists;

otherwise.
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is a Baire class 4 function by Proposition 1.5. As f~(X) = Dx, for all X C [0,1],
if X is IS or B2, then Dy is M), ,or 8%, Thusifa>w, 4+a=1+a=a,
so (21) holds (also the levels of the projective hierarchy do not increase from X to
Dx). Using (1.2) and (1.3), one shows that for each D¢(IT3) set X C [0,1] (with o
and £ > 2), thereis a DE(H?+a) set P(X) C 2N, such that

Dx = DEn P(X).

Thus (i41) follows, since D¢(II], ) sets are closed under intersections with IIg sets

~

(as long as o > 2). If X is De(I1Y), for a and € > 2, then Dx = DE N -D-x

which is the intersection of a I3 set with a 55(H?+a) set. Fora > 3,or a =2 and
£ > w, the class ﬁg(l’l? +o) is closed under intersections with IT3 sets, and hence
(1v) follows. Finally, if X is Dp(I13), then Dx = DE N =D-x, which by (s:) and
the definition is a Dyt (II3) set, so (v) holds. a

The upper bound of D,(II3) for X = Q the rationals turns out to be a lower
bound also. This is rather surprising, since very few sets are known to be properly
located above the third level of the Borel hierarchy. We show now that Dg is X3-
hard. It turns out that no Dx is £3—complete (except of course for X = @) in which
case one might say Dx = -DE, which is Eg—complete by Theorem 1.2), and our
proof of this fact will be the second half of the proof that Dg is ’DQ(Hg)—complete.

Our reduction here uses a non-standard Bj-complete set, namely,
S3={ae2¥N|3RV¥r >R3¢, a(r,c)=1}.

If one views a as an N x N matrix of zeros and ones whose entry in row r and column
cis a(r,c), then S3 is the set of matrices where all but finitely many rows contain a
one, or equivalently with finitely many “all zero” rows. To prove that =C3 <w S3,
B € NN s o € 29N one attempts to define af,xn so that it contains 3(n) partial
“all zero” rows. With a little organization, this makes the number of rows in «
without any ones equal to the liminf of 38, so 8 ¢ C; & liminf, .. G(n) is finite
& a € S3. We define inductively, af,xn, from 8], (so that 3 — a is continuous,
and at stage n we must define a’s entries in column n for the rows 0,1,2,...,n—1,

as well as row n, columns 0,1,...,n), as follows:
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Stage 0: If 5(0) =0, set a(0,0) =1 and if 3(0) > 0, set a(0,0) = 0. Thus Zp, the

number of “all zero” rows in af;x; is either 0 = §(0) or 1 < 5(0).

Stage n: We are given af,x» and (n), and must define the first n + 1 entries, in
both column n and row n, of a. Let Z, be the number of partial rows in afpxn
that are all zeros. If B(n) < Z,, extend the “first” §(n) many “all zero” rows of
afnxn by adding a zero in column n; all the remaining rows (with index less than
n) receive a one in column n; and define the first n 4+ 1 entries in row n to be ones.
Here, “first” is defined from the indices of the rows, so the first 5 rows refers to the
5 rows with lowest indices. If 8(n) > Z,, extend every “all zero” row by adding
a zero in column n; every row that already has a one gets a one in column n; and
make row n begin with n + 1 zeros. Hence Z,,1, the number of “all zero” rows in
@l(n+1)x(n+1)s is either 3(n) or 1+ Z, < B(n). More precisely, for r < n, let Z,(r)
denote the number of rows in af,xn, With index r’ < r, that are all zeros. Then
(for r < n) we set

a(r,n) = {0, if Ve < na(r,¢) = 0] and Z,(r) < B(n);

1, otherwise.

And for ¢ < n set
_J 0, if B(n) > Zy;
o(n, c) = { 1, otherwise.

One sees that if for all n > N, B(n) > k, then Z,, > k for all m > N + k, and the

first k¥ many “all zero” rows in of(nyr+1)x(N+k+1) always receive a zero. Thus,
- liminf A(n) < the number of “all zero” rows in a.
n-—0C

The reverse inequality is trivial if lim inf 8 = oo, so assume liminf 3 = k < co. Then
3 takes the value k infinitely often. Let n; < ns < ... < ng+1 be any collection of
k + 1 natural numbers. We show that for some 7 = 1 to k + 1, row n; of o contains
a one. Since B(n) = k infinitely often, fix n > ng41 such that f(n) = k. Then
Zn+1 < k, so at least one of the rows with indices n; gets a one at stage n. Thus

liminf, . B(n) = the number of “all zero” rows in a, which directly translates to
B ¢ C3 & a€s;,

and —C3; <w S3. So 53 is Eg—hard and it is straightforward to see that S3 € Eg.
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Proposition 1.7 53 <w (Dg; Dp), and hence Dy is Eg—hard.

a Let { A },en be a partition of N with §(A,) = 1/2"*! (for example one
can take {2"(2p+ 1) — 1}y for A,). Let {a} },c be an increasing enumeration

of A,. Let B, C A, be the set {‘IZ-(n!) | k€ N}, so that 6(B,) = mi'lm Let

B* = N— |J Bq, so that B*U{ By },¢y is a partition of N suitable for our second
) neN
canonical construction. Given o € 2V%N  let
1, ifforall ¢ <e¢, a(r,c') =0;
* i I — = 9 y
ar(e) = {0, otherwise.

Then o — { &} }, ¢y is continuous (from N3N 46 (QN)N) and o} is eventually zero
(hence é(a}) = 0) iff row r of a has a one, and a7} is identically one (hence §(ak) = 1)
iff row r of « is identically zero. Let f(a) € 2N be the result of playing o on B,

for r € N, and 0 on B*. Then, §(f(a)) = 3 7.,6(;:—4)-1
r=0 """
& _6(a7)

,.20 rl.2rtl
[1:71] or a proof that e is irrational). Thus, a € S; iff all but finitely many rows
of a contain a 1 iff for all but finitely many r, é(a}) = 0 iff 6(f(a)) € Q. Thus
Ss <w (Dg; Dp), and Dg is B3-hard, provided f is continuous. Since f(a)[, is
completely determined by afarxn, where M = max{m e N| A, N[0,n)#0}, fis

continuous and we are done. O

(which always exists). Also,

is rational iff §(a}) is non-zero finitely often (see for example 1.7 in

Lemma 1.8 For any set C, if C <w (Dx;D-x), then C3 x C <w Dyx.

O . Let f be continuous and witness C <w (Dx;D-x). Assume C C Y (some
topological space), then §(f(y)) exists for all y € Y. As in Theorem 1.2, we replace
B € N¥ with 3, where 3'(2n) = B(n) +2, and #'(2n +1) = 2n +2. So that 3 — 3’
is continuous and does not alter membership in C3. We show C3 x C <w Dx by
defining ¢(3,y) to be the result of playing f(y) (whose density always exists) on Ay,
the evens, and o' on A;, the odds, where &' comes from the canonical construction
with input {zn }, ¢y, Where 2, = (1—=1/8'(n)) - (6(f(y)la) + 1/B'(n)). This defines
a continuous function, since f is continuous and o[, depends only on 8}, and the
neighborhood of y that determines f(y)l» (which exists since f is continuous). If
8 € C3, then

lim z, = lim ([1-1/8'(n)] - [5(f(¥)) +1/8'(n)]) = 8(£(v))-

n—oo
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Hence, when 3 € C3,

8(6(8,y)) = (1/2)6(f(y)) + (1/2)6(f(y)) = &(f(y)) € X &y € C.

When 8 ¢ C3 the sequence {z, },oy diverges. So §(a’) does not exist and the
density of ¢(f8,y) does not exist. Thus ¢(3,y) € Dx & (B,y) € C3 x C. a

We now construct a sequence of complete sets for the differences of I'Ig
sets. Let m > 1 be a finite integer. In the space, (NN)m, consider the sets
Ao, Ar,...,Am_1, where

Ay =Cy x NN x NN x ... x NN
A =C3xC3 x NN x NN x ... x NN

.4,‘ = (C3)i+1 X (NN)m_i_l

Am—l =C3 XC3X...XCg.

Then each 4; € TI and 49 D 41 D ... D Ap—y. Let D3 = Dp({Aidicm) €
D (II2) and D3, = =D3, € D, (I13). Then we have that

D = {(ﬁ,-)Km € (NN)m | Bo € C3 and max{: < m:8,...,B; €C3} is even }

5;"11 = {(ﬂ,‘),(m € (NN>m | Bo ¢ C3 or max{i < m:fy,...,5 €C3} is odd }
We show now that for any D,,(TI3) set B C 2V, B <w D2, so D?, is D, (II3)-
complete and ﬁ; is 5m(ng)—complete. Given such a B, fix Bp 2 By 2 ... D
Bn-1, Hg subsets of 2N with B = Dy, ({Bi)i<m)- Since B; € I'Ig and Cs is I'Ig_—
complete, there is a continuous function, f;:2N — NN, such that o € B; & fila) €
Cs. Define f:2N — (NN)m by

fla) = (fo(a), fi(a), ..., fm-1(a)).

Since the B;’s are decreasing, it is straightforward to check that a € B; & fi(a) € C3
& f(a) € A, which shows B <w D3, Notice that C3 x D? = D3 ...
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Theorem 1.9 For 1 < m < w, if Dx is Dy, (T13)~hard, then D is D1 (I13)-hard.
Thus no Dx is ﬁm(ﬂg)—complete, and Dg is D,(I3)-complete.

m By Lemma 1.8, it suffices to show 5‘:’,, <w (Dx;D-x). If this were not
the case, then by the result of Louveau and Saint—Raymond'[LS] mentioned earlier,
there would be a Dm(IIg) set S such that Dx C S and SN D_x = 0. But then
Dx = SN DE, a Dp,(II3) set, which is contrary to the assumption that Dx is
5m(ng)—hard. O

We shall now basically show that X <w Dyx. Literally this cannot be true
because X lives in a connected space and Dx lives in a zero—dimensional space.
However, for large enough £ and a, intersecting a De(I13) set X with P, the irra-
tionals in [0,1], does not change the Borel class. Since P is homeomorphic to NN,
if X C P one can show X <w Dx. The following material is well known (see [Ni]
pp. 51-67 for example). Given 8 € NN, let 3*(n) = B(n) + 1. For each n € N, let

1

(1.4) ra(B) =rn =

50+ 1

5(1) + 1

ot
B*(n)
sor, € QN [0,1]. Then, ¢(B) = lim r, exists, is irrational, and ¢ is a homeomor-
n—oo
phism onto P. In a way, the next two results, as well as Lemma 1.8, show that our

canonical construction can absorb continuous functions. We shall see later that it

can actually absorb some Baire class one functions too.

Lemma 1.10 For nonempty X C NN, X <w (Dyx); Dg(-x))-

| Given 8 € NN, let f(B) € 2N be the result of running the canonical con-
struction on input {z, },cy, Where z, is the r,(8) in (1.4) (which only depends on
Blat1)- Then é(a) = }zié?w rn = ¢(B). Hence, since f is continuous, for any X C NV,
f shows

X <w (Dy(xy; Dg(-x))

and we are done. |
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Theorem 1.11 Let T' be one of the classes IIS or B for a > 3; De(T2) for a > 2;
ﬁé(ﬂg) for @ > 3; or 255(113) for £ > w. If X € [0,1] is [-hard, then so is Dx. In

particular, if « > w and X is '-complete, then so is Dx.

O The last part follows from the first and Corollary 1.6, since in this case
1+ o = a. For each such T, let T denote the dual class {~X | X € T }. Then T is
closed under intersections with IT3 sets and T is closed under unions with 9 sets.
Since X C [0,1] is I-hard, X is not in [.IfXNPeT, then

X=(XnP)U(XnQ

is also in f, since X N Q is countable and thus 23. So XNP ¢ f, and hence X NP
is '~hard. As ¢! is a homeomorphism, ¢~!(X N P) is [~hard. By Lemma 1.10,

4™ X NP) <w (Dxnp; Dpn-x)-
Thus ¢~ (X NP) <w Dx, and Dx is I'-hard. O
Notice that if I" is one of the projective hierarchy classes, then X is I'-complete
iff Dx is. We have already seen Dy is Hg~comp1ete, for any nonempty Hg subset X
of [0,1]. We shall now show that for & > 3, if X C [0,1] is II3 (29 )-complete, then

Dyx is TI? %9, )-complete. We need the complete sets, { H, C2N|n e N ,
1+« 14

from [LS], and some basic properties of their function p. For n and m € N, let
(n,m) =(1/2)(n+m)(n+m+1)+m.
Thus {, ) :Nx N — N is one-to—one and onto. Define p: 2N — 2N, by
p(a)(n) =1 & Vm (a({n,m)) = 0).

Again, thinking of @ as an N x N matrix of zeros and ones, with the entry in row n

and column m being a((n, m)), then

(a)(n) = 0, if row n of a contains a 1;
P "= 1, ifrow n of « is identically 0.

Thus, if a, is the binary sequence where an(m) = a((n,m)), then p(a)(n) =

X{ 6}(an). One can extend p to 25N, by defining for s € 2F, p(s) = s* € 2<N, where
Dom(s*)={n e N|{(n,0) <k}

20



(so that Dom(s*) is an initial segment of N),‘and for n € Dom(s*),
s*(n) =1 for all (n,m) € Dom(s), s({n, m)) = 0.
The properties of p that we need are the following; all appear in [LS].
(i) Yaed¥, VneN, IkVm >k (p(arm)fn - p(a)[n).

(1) Let Hy = {0} C 2N and Hpy; = p~(H,). Then H, is II%-complete.

Thus (7) says that for each : € N, the approximations a%(:) = p(af,)(¢) are eventu-

ally equal to p(a)(2).

Lemma 1.12 For H € 2V and X C [0,1], if H <w X, then p—(H) <w
(Dx; D-x). In particular, for n > 2, and X C [0,1], if H, <w X, then H,; <w
Dy, and if ~-H, <w X, then ~H,; <w Dx.

O Let ¢:2Y — [0,1] be a continuous function witnessing H <w X. Given
a € 2N apply p to af,, yielding say o € 2<N (this is a finitary process even though
p is Baire class one). Let a, = o2~ 0 € 2V, and set z, = g(a,) € [0,1]. We
let f(a) be the canonical construction on input {zn },cy. As usual, z, depends
only on af,, so f is continuous. Since g is continuous, z, = g(an), and {ap } ey
converges pointwise to p(a), we get that nllngo zn = g(p(a)) (and é6(f(a)) always

exists). Hence,
@ € p(H) = pla) € H & glp(@)) = lim 0 = 8(f(@)) € X & f(a) € Dx.

So p~(H) <w (Dx; D-x). ‘ O

Theorem 1.13 (i) If X C [0,1] is II3 —complete (29 —complete), for o > 3, then
Dx is H?+a—complete (B144-complete).
(1) IfX C[0,1] is D¢(TI)-complete, for o > 2, then Dy is DE(H?_,_Q)—comp]ete.

(i) IfX C[0,1] is ﬁg(ﬂg)—cbmplete, fora > 3, or for a = 2 and { > w, then
Dx is ﬁe(ﬂg_l_a)—comp]ete.
(v) X C[0,1] is Zsm(ng)—complete, for m < w, then Dx is Dpyi(II3)-

complete.
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Likewise all these hold with hard replacing complete and all implications reverse
for o > 3.

a The upper bounds for Dx are from Proposition 1.5 and Corollary 1.6. They
show the reverse implications hold for @ > 3. If @ > w, Theorem 1.11 gives the
above statements. Hence we need only work with o < w, which we will denote by
n. Now, (2) is just the second part of Lemma 1.12. For the remaining cases consider
the sets,

Dg = { (ag)p<e € (QN)f | @p € H, and the least 8 such that ag ¢ H, is odd }

13? =-Df = { (ag)p<e € (ZN)5 | the least § such that ag ¢ H, is even },

where (Hn)E is included in Df if £ is odd, and included in 13? when £ is even.
Then D is D¢(TI2)-complete, and 5? is 55(Hg)—complete. Furthermore, by ap-
plying p coordinatewise to D?"’l, we obtain Df. That is, @ = (ag)g<¢ € D?“ &
(p(ag))p<e € Dg. Thus, we simply mimic the proof of Lemma 1.12. Let I' be
any of the classes Dg(IIy

n

) or 135(113‘), mentioned in the hypothesis, where X is
I'-complete or I'-hard. Let I'* be the class where the n in I' is replaced by n + 1.
Let
D — { Dy, ifT= zge(ngx
Dg, if T = De(Il,).
Then the assumptions give a continuous function g witnessing Dr <w X. Since
£ is countable, (2N)€ is homeomorphic to 2N by some function ¢: (2Y¥)¢ — 2V, In
fact, if we take ( , }:{ x N — N to be any bijection such that for each § < ¢,
the sequence (8, n)nen is increasing, then we can take ¢(&)({3,n)) = ag(n). If we
then let @, = {ag(k) | (B,k) <n}, this will be a finite set containing an initial
segment of each ag. We can then apply p to each initial segment, obtaining say
(aj n)s<e. Let @ be the extension of (a} .)s<e by setting all undefined values
to zero. Then { @} }, oy converges pointwise to (p(as))s<e. Given & € (2N)£, let
T, = g(ak) € [0,1] (where &}, is as above). Then z, depends only on a finite piece of
a@. If we set f(&) to be the result of running the canonical construction on { 2 },,¢n;
f is continuous and as in Lemma 1.12, f witnesses Dr« <w (Dx;D-x). Hence
Dx is I'*~hard. Thus we are done, except for the last case where I'* = 5m(l'lg),

which follows immediately by Theorem 1.9. 0O
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Chapter 2
The Borel classes of Mahler’s A, S,T and U-—numbers

2.1 introduction

Mahler [Mah] divided complex numbers into classes 4,S,T and U according
to their properties of approximation by algebraic numbers. Some studies were done
on the structural properties of these sets. For example Kasch and Volkmann [KaV]
verified that the T numbers have Hausdorff dimension zero. Also in harmonic anal-
ysis, W. Morgan, C. E. M. Pearce and A. D. Pollington [MorPP| have shown that
the set of T and U numbers support a measure whose Fourier transform vanishes
at infinity. In the present paper we study the A, S, T, and U-sets from the point
of view of Descriptive Set Theory. Among the few sets whose exact Borel class is
known, a large percentage turn out to be II3-complete. For example, the collection
of reals that are normal or simply normal to base n [KL], C*°(T), the class of in-
finitely differentiable functions (viewed as a 2w-periodic function on R), and UCy,
the class of convergent sequences in a separable Banach space X, are Hg—complete
[Kel]. Apparently, there are few known natural ¥ 9—complete sets. Of course, the
complement of a Hg—complete set is Eg—complete. But, the complement of a nat-
ural set need not be natural! Tom Linton [Li] has shown that the family of H-sets,
a class of thin sets from harmonic analysis, is Eg—complete, and this is the only
¥ 0-complete natural set we know of (whose complement is not also natural). A.
Kechris proposed to find out what the Borel classes of the A, S,T and U-sets are.
It turns out that A is rather simple, being Eg—complete. On the other hand, T is
II0-hard, while U is £3-complete. Our main results are based on a theorem of W.
M. Schmidt (see [Ba], p. 85-94). The exact Borel classes of the S and T-sets are
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unknown to us.
2.2 Definitions and background

For spaces’X and Y, XY denotes the set of all functions f from Y to X, with
the usual product topology, X and Y being endowed with their usual topologies
(2={0,1} and N = {1,2,3,...} being discrete). For sets U and V, if S is a function
from X"t xY"t! to U x V™t and n € N, then S|, is the function from X"*! x
Y™t to U™ x V™ such that if S((z1, *,Zn+1), (Y1, s Yn+1)) = (w1, Unt1),
(v, 3 vnt1))y Slal(z1s 7y Tat1), (W15 3 ¥nt1)) = (w1570 ua), (V1,70,0a))
P={z € R:z > 1} and A denotes the class of all non-zero real algebraic numbers
in C. We briefly describe the Borel hierarchy. Thus the multiplicative sets of level
n are denoted by IT2, while the additive class of level n is denoted by £2. In
particular, 22 = Open, IIE = Closed, Eg = F,, Hg = (Gs. In addition, the
countable union of ITY sets is X +1; the countable intersection of IID sets is a
Eg+1 set; the complement of a IT set is £2; the X2 sets are closed under finite
intersection and countable union; while the II2 sets are closed under finite union

and countable intersection. If the context demands it, we use II3(X) to denote the

IT? subsets of a space X.

Now we define the A,S5,T and U sets, from Mahler’s classification. For con-
venience we use Koksma’s notation which is equivalent to that of Mahler. Given
algebraic a € C, let p(z) € Z[z] be its minimal polynomial. Fix d,h € N. Let X, 4
be the finite collection of polynomials with degree < d whose largest coefficient has
absolute value < h. Let the height of a polynomial, ht(p), be the maximum of
the absolute values of the coefficients. Let A4 ; be the finite collection of algebraic
numbers a such that for some p € X, 5, p(a) is zero (recall that 0 ¢ N). Thus, A4
is the finite collection of algebraic (complex) numbers whose minimal polynomial
has degree < d and At < h. Let £ be any complex number and let « belong to A4 1
such that |{ — a| takes the smallest positive value; and define w}(£, h) by

1
€= ol = amEme
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Set

wy(€) = limsupwj({, h) and w*(§) = limsupwj(€).

h—oo d—oo

So the values of wj({) and w*(€) measure how fast £ is approximated by algebraic
numbers. We define, according to the values of w}(§) and w*(£), the A, S, T and

U-sets as follows:

A={eC:w"(§) =0},
S={(eC:0<w"§) < oo},

T={{€C:w*(¢) =o0and Vd € N (wj({) < o0)},
U={{€C:w*({)=ocand3deN (wi(f) =o00)}.

Thus, the A numbers are slowly approximated by algebraic numbers. The S num-
bers are approximated a bit more quickly than A numbers. On the other hand, the
T numbers and U numbers are very rapidly approximated, i.e., the value of w*(§)
is infinite. In particular, the approximation of the U numbers is so quick that for
some d € N, wj(¢) diverges. For these reasons, we claim that the set of complex

numbers is naturally partitioned by the A4, S,T and U numbers.
2.3 Results

Lemma 2.1 { € A <= £ is an algebraic number.
(See [Ba], p. 85-94.)
Proposition 2.2
(i) The A numbers are £3—complete, and the U numbers are X3.
(ii) The S numbers are B3, while the collection of T numbers are IIj.

Proof of Proposition 2.2(i) For each d € N, let U; be the collection of £ € C

25



such that w3(£) = co. Then Uy is II3, since
fely = wi(f) =00
<= Vae NVbe NIce N(wi(€,b+c¢c) > a)

1
< Vae NVYbeN3Ice Nda € A4+ (0<|f—a’<m)
_+.

=t NU U Vvibea,

a€ENbENcEN €A, b4

1

(b + C)ad+l’
which is open. Since it is easy to see that for each d, w}(£) = oo implies wj ,({) =

oo, we have U = |Jj2, Uq and U is X3. It is well-known that if D is a countable

where V(a,b,c,a) is the collection of £ € C such that 0 < | — a| <

dense set in a perfect Polish space, then D is B9-complete. Thus, by Lemma 2, A
p 2 y

is £9-complete.

(ii) By definition, T is the collection of { € C such that w*({) = oo and Va €
N (w}(f) < o). Thus, T = M([|N, where M = {{ € C : w*({) = oo} and
N ={eC:VaeN (w*) < )} Now M is I, since

(€M< Vae NVbe NIceN (wp,(€) > a)
<= VaeNVbeNIdceNIde NVee NIf e N
, 1
(Wb+c(§,6+f)>a+z_{‘_—1)

=teNNUUNU Wabeder,

aeENbeENceNdeENeeN feN

where W(a, b, c,d, ¢, f) is the collection of £ € C such that wy, (§,e+f) > a+g—%—1—,

which is open by the argument above. So N is Hg, since by (i), U is Eg and
EeN < VaeN (w;(§) < )

< £e€C-U.

Hence T is I3, being the intersection of two IS sets. Since £ € S &= ( ¢ T, ¢ U
and £ ¢ A, Sis 2. a

In 2¥, Q is the collection of sequences which end in zeros.
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Lemma 2.3 There exists a continuous function v from 2N to NN such that
(i) for each d € N, € 2V, v(a)(d) < v(a)(d + 1);
(i) a € Q <= limy_.o v(a)(d) < 0.

Proof of Lemma 2.3 Let « € 2Y. We produce 8 = v(a) recursively. First (2.1) =
a(2.1). Suppose that we have defined f(i) for all : < k. Put 8(k + 1) = G(k)
if a(k+1) =0and B(k+1) = B(k) + 1 otherwise. It is easy to see that the
function v satisfies (i). As long as « ends in zeros, so does v(a) in constants.
Otherwise, v(a)(d) goes to the infinity as d — oo, because infinitely many d’s,
v(a)(d +1) = v(a)(d) + 1. So (ii) is valid. For given d € N, a1, ap € 2V, such that
a1(1) = ay(2) for all ¢ < d, v(ay)(t) = v(ay)(z) for all ¢ < d. So v is continuous.

This completes Lemma 2.3. a

From Lemma 2.3, @ ¢ Q <= limy_. v(a)(d) = oco. To prove our main

theorem, we need a standard example of the II3—complete set.
Lemma 2.4 The set P; = {a = (ag) € (2N)N: Vd € N (ag € Q)} is IIg—complete.
(See [Kel].)
The following theorem is the main result of the paper.
Theorem 2.5 There is a continuous function f from (2N)N to C such that
a€Py< fla)eT anda ¢ Py < f(a) e U.
In pazlticular, T is II3-hard and U is £3-complete.

Roughly speaking, the original statment of a theorem of Schmidt is the follow-
ing: Let a1, a2, be any non zero algebraic numbers and let vy, v2,- - be any real
numbers exceeding 1. Then we may find £ € C such that according to a;,as,- -

and vy,vy,---, € is a U number or T number.

By using v, which is constructed in Lemma 2.3, we shall effectively control v;’s
so that we are able to prove Theorem 2.5. In order to make it work, we need to
state the reformulated version of a theorem of Schmidt which will play a crucial

role in the proof of Theorem 2.5.
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Theorem S[Schmidt] There exists a sequence < S, > such that for eachn € N,
(i) S, is a function from A™ x P™ to A™ x (0,1)" and Sp41|n = Sn,

(ii) Suppose that Sp((61,---,0n), (v1,--+,vn))=((71," " s¥n), (A1, -, An)). Then
for each j < n, v;/8; is rational, Hj4, > 2H; and iH]-"l < 41— 5 < %Hj_l,
where H; = h;j and h; = ht(v;), and furthermore, we have |y; — 8| > B! for all
algebraic numbers 3 with degree d < j distinct from~1,---,7;, where B = A;lb(3d)4
and b denotes the height of (3.

(See [Ba], p. 85-94.)

Using Theorem S we define the function §* from AN x PN to AN x (0, 1) as
follows: S*((61,62,--+), (v1,v2,--+)) = (71,72, )s (A1, A2,-++)), where for each
n, Sp((61,:+,02), (1, ,vn))=((71, "+ y7n)s (A1,-7+,An)). S* is well-defined by
Theorem S (i).

Proof of Theorem 2.5 Let o € (2Y¥)N. Fix a bijection <, > from N x N to N. For
each d, k € N, define

Ved k> = (V(ad)(k) + 1)(3d)5 and 9<d,k> = ed,k,

where the function v is constructed in Lemma 2.3. Put A = {6, x} and deg(fs %) =
d. Say §*((61,02,--+), (v1, v2,--))=((71,72,"**); (A1, A2, -+)). Then by Theorem S

(ii), 71,72, - - tends to a limit £ which is a real number and satisfies

(2.1) |¢ — 3| > B! for all algebraic numbers § distinct from v;,72, -,
and also

(2.2) lHj'l <E—v; < H;' forall j.

4

Define
flo) = lim v; =¢.

Claim. f is continuous from (2N)N to C.
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Proof of the Claim. Suppose (agm)) — (aq) as m — oo, where for each m,
(afim)) € (QN)N and (aq4) € (QN)N. Say for each m,

f((@§™)) = &n = Jim ;™ and f((a) = € = lim 7,

where for each k €N, 7,(67") and v are defined by S*, according to (afim)) and (aq).

Let € > 0. Choose qg such that Eim))

< €. Since (« goes to (q(qy) as m — oo,

200—2
by the definition of 7,(cm) and vk, we may find Ny € N such that I'y,(l;") — Yao| =

0 for all m > Ny. Then for all m > Ny, we have the following inequality:

lem — €] < 1€m — ™|+ 1™ — yao| + 700 — €] < < e

20.0—2
.. m mj\— 1 m)y\—
since from (2.2) and Theorem S (ii), |€m — % )[ < (H,g )) 1< -2—;:T(H1( )) 1<

1 _ 1
20.—1 a‘nd |£ - 7a-l S Ha ! < 20.—1 Hl ! S 2&-—1

function. d

for all @ > 1. So f is a continuous

Now we show the main part of the theorem. Depending on the properties of
v, Theorem S guarantees that we produce a T number or U number. So we divide

the following two cases so that one can have more intuitive ideas.
Case l. a =(aq) ¢ P3,i1e,3d €N (ayg ¢ Q).

Fixsuch d,i.e., ag ¢ Q. Then by Lemma 2.3, we have limy_.oc (¥(ag)(k)+1) =
oo. It is clear that for all k, A = heq k>,

R=4wa(&M =1 <16y jhs| < RTV<4E> from (2.2) and the definition of w}(€, ),
where f(a) = €. So dwj(€, heca k>) 2 Vea k> — 1, i€,
-1
(2.3) wi(€ hedr>) > M’%————— > (v(ag)(k) +1)3%d* - cll for all k.

It is easy to see that limsup,_, . h<q k> = 00, since the right side of (2.3) goes to
infinity as ¥ — oco. This shows that we may choose {kn} such that k,, — oo and
h<d k> — 00 as m — oo. From (2.3), we get the following inequality:
wy(§) = lilfln supwgy(§, h) 2 limsupwy(€, h<a k,n>)
—o0

m-—0o0
1

> lim (v(ag)(km)+1)3%d* - 7=

29



Therefore, wi(£) = o0 and f(a) =€ € U. So we derive a ¢ P; = f(a)=£ € U.
Case 2. o = (ag) € P3ie. Vd € N (a4 € Q).
Fix d € N. Then for all h, k, m, we have

1 _ m)(K)+1)(3m)3
£ = Yemk> thJ:f,:; HRFLHEm)

€ = B] > Aqogq ) (ht(8))CABEN*

for all algebraic numbers 3 distinct from 1,42, -+ from (2.1) and (2.2), where ¢ is

(2.4)

the image of f of a. In fact, all nonzero algebraic numbers appear in these two
inequalities. Let h be a given natural number. Then from (2.4) and the definition

of w3(&, k), we have the following inequality:
. 1 5 4
(25) h_d“’d(&h) > min{zh-—Mo(Sd) , )\(d)h_(3d) }’

where My = sup{v(as)(k) + 1:s < d and k¥ < oo} and A(d) =min{A,;:s < d}. Even
if for s < d, there is no k such that h«, ;> = h, this inequality can be applied. The
value A(d) is positive and 1 < Mp < oo, since {A, : s < d} is the finite set of positive
values and by assumption and Lemma 2.3, Vd € N (limg—.o v(aq4)(k) < 00). So from
(2.5), we get

wi(é h) < rnax{lggéE + 35 M, d* lig——'\-‘@ +3%d*} < o0
a\s = logh 0% dlogh

and
wi(é) = limsupwy(é,h) < max{35Mod4,35d4} = 35 Myd* < .

h—o0

Hence we can see that the inequality

(2.6) wyi(é) =limsupwi(§,h) <
h—oo

holds for all d. But for all d, k, we obtain

-1 1
wi(€ hedp>) > 1’%— > (v(aa)(k) +1)3%d" - =.
Asincase 1, w}(§) > 33d*M; — %l’ where My = limg—o v(as)(k)+1 > 1. Therefore,
(2.7) wi(€) > (3d)* and w*(¢) = limsupw}(§) = .

d— oo
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From (2.6) and (2.7), for all d € N, w}(£) < 0o and w*(§) = o0, i.e., f(a) =€ € T.
So we derive o € P = f(a) =€ € T.

By case 1 and case 2, weobtaina € P; = f(a) € Tanda ¢ Py, = f(a) € U.
By definition of T, U, it is easy to see that they are disjiont. So the continuous
function f satisfies P3 = f~*(T) and C— Py = f~!(U). This fact implies that T, U
are Hg—hard, ‘Eg*complete, respectively, since by Lemma 2.4, P; is Hg—complete.

We complete the proof of Theorem 2.5. O

Remark. We conjecture that S, T are 22~complete, Hg—complete, respectively.
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Chapter 3

On the set of all continuous functions

with uniformly convergent Fourier series

3.1 Introduction

There are many criteria for uniform convergence of a Fourier series on the unit circle.
One can find those tests in [Zy]. In the present paper, we study UCF from the point
of view of Descriptive Set Theory. In [Kel], it was conjectured that UCF is properly
TI3 (II3 non B3). Several natural properly I3 sets have been found. For example,
the collection of reals that are normal or simply normal to base n [KL]; C*°(T), the
class of infinitely differentiable functions (viewed as 2m-periodic functions on R),
and UCyx, the class of convergent sequences in a separable Banach space X, are
properly II3 [Kel]. It turns out that UCF is properly IT3. We give two different
proofs for it. [AK] Ajtai and Kechris have shown that EC, the set of all continuous
functions with everywhere Fourier series convergent, is properly C A, i.e., coanalytic
non Borel. We show that there is no X3 set A such that UCF C A C EC. Hence
any Eg set, which includes UCF, must contain a continuous function with Fourier

series divergent.

3.2 Definitions and background

Let N = {1,2,3,---} be the set of positive integers and NN the Polish space
with the usual product topology taking N discrete. Let X be a Polish space. A
subset A of X is C A if there is a Borel funtion from NN to X such that the image of
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NNof fis X —A4,ie, F(N)=X-A. A CA(II3) subset A of X is called properly
CA(II3) if for any C A(TI3) subset B of NV, there is a Borel (continuous) function
f from N to X such that the preimage of A of f is B, i.e., B = f~!(A). From the
definition it is easy to see that no properly CA(II3) set is Borel(¥3). In paticular,
if Hg subset A of a Polish space is properly Hg and the continuous preimage of a

subset B of a Polish space, then so is B.

Let R be the set of real numbers. Let T denote the unit circle and I, the
unit interval. Let E be T or I. We denote by C(E) the Polish space of continuous

functions on F with the uniform metric

d(f,9) = sup{|f(z) - ¢(z)| : = € E}.

C(T) can also be considered as the space of all continuous 27-periodic functions
on R, viewing T as R/27Z. Let UC denote the set of all sequences of continuous

functions on I that are uniformly convergent, i.e.,
UC = {(fn) € C(I)"Y : (fy) converges uniformly}.

To each f € C(T), we associate its Fourier series

Sifl~ 3 f(n)e™,

1 2r

where f(n) = 5 f(t)e™'"tdt. Let
0

SalFit) = Y f(n)e*

k=—n
be that nth partial sum of the Fourier series of f. We say the Fourier series of
f converges at a point ¢t € T if the sequence (S,(f,t)) converges. Similarly, we
define the uniform convergence of the Fourier series of f. Let EC denote the set
of all continuous functions with Fourier series coﬁvergent. According to a standard
theorem [Kat], the Fourier series of f at ¢ converges to f(t) if it converges. Hence

we have

EC ={feC(T):Vte|0,2n] ((S’n(f, t)) converges )}
—{f € C(T):V t € 0, 2] (f(t) - nlgréosn(f,t))}.
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We define by NF the complement of EC. Let UCF denote the set all continuous

functions with Fourier series uniformly convergent, i.e.,

UCF = {f € C(T) : the Fourier series of f converges uniformly}.

3.3 Results

Theorem [AK] EC is properly CA.
(See [AK].)
Proposition 3.1 UCF and UC are IIj.

Proof of Proposition 3.1. Let Q be the set of all rational numbers. We consider
T as [0,2n] with identifying 0 = 2. By the definition of UCF,

~ feUCF <= Sn(f) converges uniformly
<—=VaeNIbeENVc,deNVeecQ
1
(IS5+<(£,€) = Soralfre)l < 2)

— fe ﬂ U ﬂ m V(a,b,c,d,e),

a€N beN ¢, deN eeQn{o,27]

where V(a, b, ¢, d, €) is the collection of f € C(T) such that |Sy1+.(f,e)—Sp+a(f,e)| <
1/a, which is closed, since the function f — f(n) is continuous. Hence UFC is

IT3. Similarly, so is UC, and we are done. O

Lemma 3.2 The set C3 = {a € NV : lim, ., a(n) = oo} is properly II3.
(See [Kel].)

This set will be used to prove our main theorem.

Proposition 3.3 UC is properly IT3.

Proof. We define the function F from NN to C(I)N as follows: for each 3 € NV,

F®) = (575
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Then it is easy to see that
B € C;y <> F(B) converges <= F(f) converges uniformly,

since F(3) is a sequence of constant functions. Clearly, F is continuous. Hence
UC is the continuous preimage of C3. By Proposition 3.1 and Lemma 3.2, UC is
properly I13. O
Theorem 3.4 There is a continuous function H from NN to C(T) such that

B € C; implies H(3) € UCF, and

B ¢ Cs if and only ifH(3) € NF.
In particular, UCF is properly TI3.

By this theorem, we have the following corollary.
Corollary 3.5 There is no 33 set A such that
UCF CACEC,

1.e., any 23 set, which includes UCF, must contain a continuous function with

Fourier series divergent.

Proof. Suppose a Eg set A satisfies UCF C A C EC. Then by Theorem 3.4 we
obtain H~!(A4) = Cj3. Since A is 23, so is (3. By Lemma 3.2, it contradicts our

assumption. O

From a basic fact of Descriptive Set Theory [Kel], any Borel set is coanalytic.
So by Theorem [AK], since EC is properly CA, it is a very natural guess that the
complement of C3 can be reducible to EC — UCF. In fact, we have the following

theorem.
Theorem 3.6 There is a continuous function H from NN to C(T) such that

B € Cs implies H(8) € UCF, and
3 ¢ Cs implies H(8) € EC — UCF.

In particular, UCF is properly Hg.
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In order to prove Theorem 3.4 and Theorem 3.6, we need the following criterion

due to Dini-Lipschitz {Zy]. Let f be defined in a closed interval J, and let
w(8) = w(é; f) =sup{|f(z) - f(y)| : 7,y € J and |z — y| < §}.
The function w(8) is called the modulus of continuity of f.

The Dini-Lipschitz test. If f is continuous and its modulus of continuity w(d)

satisfles the condition w(é)logé — 0, then the Fourier series of f converges uni-

formly.

We introduce the Féjer polynomials, for given 0 <n < N € Nand z € R,

n

in k
Q(z,N,n) =2sinNz ¥ Smk i
k=1
n . k
R(z,N,n) =2cos Nz Z smk d

k=1
These two polynomials were used to prove that there exists a continuous function

whose Fourier series diverges at a point.
Lemma 3.7 There are positive numbers Cy,C> > 0 such that
|Q| < C1 and |R| < Cy,
i.e., these polynomials are uniformly bounded in z, N,n.
From Lemma 3.7, we immediately have the following.

Proposition 3.8 Let (N;) and (ni) be any two sequences of positive integers, with

ni < Ny and let ay be such that oy + as + a3z --- < 0o. Then the series

Z akQ(a:, Nk, nk) and E Oth(:E, Nk, nk)

converge to continuous functions.

Proof of Theorem 3.4 Let ay = 27%, np = 1/2N; = 22° (k= 1,2,3,---). We
define H from NN to C(T) as follows: for all 8 € NN,

1
H(B)= Zo‘k'ﬁ'(k_)Q(x’ Ni,mk).
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Claim 1 H is continuous and well-defined.

Proof of Claim 1 By Proposition 3.8, H is well-defined. By Lemma 3.7, it is easy

to see that H is continuous. O
We divide the rest of proof in two parts.
Case 1 lim,_., A(n) # oo.

We want to show that H(8) € NF. For each k € N,

|Shyeny (H(8),0) = Sw, (H(8),0)| = | S H@EW- Y BB

[ Ng+ns <Nk

(3.1)

1 1
I+=z4+--+ )>ak logng = 2% log22

N _1_<
- ’“ﬂ(k) 2
log 2

(k) ﬂ(k)

ﬂ(k)
holds. Since lim, .o #(n) # oo, there exists a p € N such that for infinitely many
k’s, B(k) = p. Hence the Fourier series of H(3) does not converge, since in (3.1),
we have 1/plog2 for infinitely many k’s. Thus H(8) € NF.

Case 2 lim,_. 8(n) = .

We show that H(8) € UCF. We will demonstrate that w(é; H(3))logé — 0 as
6 — 0. Then by the Dini-Lipschitz test, this shows that the Fourier series of H(j3)
converges uniformly. We take any 0 < § < 1/2 and define v = v(§) as the largest
integer k satifying 22" <1 /6. By Lemma 5, we have the following inequality:

1
k;ﬂ 507 Qe + 6, Nemi) - k%‘ilakﬂ(k Q(z, Nx,ni)
(3.2) o N L oo e
< k;_l Ok =7~ B0k) = sup{ (k‘) > }k_zl;l o
= —v-1 log 2
4CSUP{ﬂ(k) k>vi2vt 4C’sup{ ( } k> V}llogéi'

Now we calculate the rest of H(8). We clearly have

Q'(z,N,n) = NR(x,N,n) + 2sin Nz Zcoskw, Q'| < NC +2n =n(",
k=1
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for N = 2n and C' = 2C + 2. By the mean value theorem, we have the following

inequality:
Zak Q@ + & Neyne) = ) ai g5 Qe, Nem)
k<v ( )
(3:3) <C’5<2‘1221——1 b )
- 8(3.1) 5(1/)

1 k
< C 22 2= k22 S 2 —-k
Z B(k) |10g 5 Z
By (3.2) and (3.3), we have the following:

(3.4) | (6; H(ﬂ))log&l < max{4Csup{ (k) k> V},C'22'" 222 —k (1 )}
k<v

Now if § — 0, then v — o0o. So it suffices to show that the right part of (3.4) goes to
0 as v — oo. Since B(v) — oo as v — oo, sup{1/8(k) : k > v} goes to 0. We need
to show that the rest goes to zero as v diverges to infinity. It requires the following

easy fact.
Claim 2 Y, 22" % < 22" -vte,

Proof of Claim 2 Use induction on v. For v = 1, 2271 = 2 < 22-1+4 - 95

Suppose it is true for v. By the induction assumption, Eksv 22" —k 4 92" -(v+1) <
22" —v+d L 92" T —(v+1) [t ig enough to show that 22" ~+4 4 92" 1 =(v+1) < 92"+ +4.

Letting 8 = 22", one can verify this inequality. O
g

Fix e. Take Ny such that 1/8(k) < € for all k¥ > Ny. For this Ny, we choose
N > Ny so that 2-2"+v Zk<No 92" —k < efor all v > N. Then for all v > N, by

claim 2, the following inequality is valid:

20272 ¥ 92" -k

k<v
1 v k 1
< 20! <2—2 +v Z 22 —k +2—2 +v Z 22 ~k )
k< Ny (k) No<k<v 'B(k)
, . 22"—1/+4
< 2C" <e+2-2 Tre Y 2 —’C> < 2¢C" (1+ T )

No<k<v
= 34e.
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Hence the right side of (3.4) converges to zero as v goes to the infinity, i.e., as § — 0.

So we derive H(3) € UCF.

By cases, we obtain

B¢ Cs= H(B) € NF, and
BeCy= H(B) € UCF

respectively. We have shown the first part. In particular, C3 is the preimage of
UCF. Hence by Lemma 3.2, the second assertion follows. We have thus completed
the proof of Theorem 3.4. O

Proof of Theorem 3.6 Instead of ), we use R. As in the proof of Theorem 3.4,
we define H from NN to C(T) as follows: for each § € NV,

#B) = Zakﬂ—(l-k—:-)-R(x, Ny, ).

The same proof as before will demonstrate that this function is continuous, well-
defined and if lim,_ . 8(n) = oo, then the Fourier series of H(8) converges uni-
formly. So it suffices to show that if lim, . 3(n) # oo, then H(8) € EC —
UCF. Suppose limp—.o0 3(n) # oco. The representation of H (B) as Fourier series is
Y- aysinvz. We see that Y a,sinvz converges uniformly for § < |z| < = for any
6 > 0, since the partial sums of R(z, Nk, ny) are uniformly bounded in %k and z,
§ < |z| £ . The series ) a, sinvz contains sines only, and hence it converges for
z = 0, and so everywhere. Now we will show that )_ a, sinvz does not converge

uniformly. It is easy to see that

3n 2n 3n

S S : . k s1n(2n;c + v)x
g Qy SINVT — E a,sinve = E a, sinve = 27 5(’0) E
v=1 v=1 v=2n;+1

So if we let z = Zﬂ’_’ then we have

Nk
3ng 2ng Nk
. . sin( 2n,C + v)x _
a, SINVT — ay,sinvx| =27 —k > sin — -
2 evsinee =) 3 2 FOREI
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since for all 1 < v < ny, §7r > L(an +v) > T So finally,
4 dny, .2
3ng 2ng . 1 - g 1
Ay Sin v — a,sinvz| > 27 sin — -
Lo I
(3.5) >97* 1 logn,sin
2> g ng sin
B(k) 4
_log2 1

V2 Bk

Hence } a, sinvz does not converge uniformly, since in (3.5), the same value ap-

pears for infinitely many k’s. Hence as in the proof of Theorem 3.4, we finish the

proof of Theorem 3.6. O
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Chapter 4

Complete coanalytic sets

4.1 Introduction

The following are some examples of I’Ii-complete sets in Analysis and Topology.
The set of all differentiable functions on the unit interval [Maz]; the set of all nowhere
dense differentiable functions on the unit interval [Maul; the set of all sequences
(frn)nen of continuous functions on the unit interval such that {f,)nen converges
pointwise; the set of all continuous functions f on the unit interval such that the
Fourier series of f converges everwhere [AK]; the set of all compact countable subsets
of an uncountable Polish space [Hu|; the set of all compact subsets K of R? such
that K is simply connected [Be|; the set of all compact subsets K of the unit
interval such that K is a set of uniqueness [Kau| and Solovay (unpublished), are all
IT;-complete. In this paper, we give some natural complete II] sets occurring in

Number Theory and in the study of countable Borel equivalence relations.

A set of real numbers M is called a normal set if there exists a sequence (Tn)nen
of real numbers such that for all y € R, y € M if and only if (yz,)nen is uniformly
distributed mod 1. Rauzy [Raz| found a sufficient and necessary condition for a set
to be normal. By a theorem of Hahn [Kel], we can get a more exact necessary and
sufficient condition. Namely, for a given subset M of real numbers, M is normal if
and only if for all nonzero integer ¢, ¢B C B, 0 ¢ B and B is F,;. A sequence of
real numbers is universal if and only if (z,)nen, 1.e., for all nonzero real numbers y,
(yTn)nen is uniformly distributed mod 1. Using results of [Rau] we show that the
set US, of universal sequence of real numbers, is Hi—complete. A Borel equivalence

relation on a Polish space X is countable if all its equivalence classes are countable.
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For a given countable Borel equivalence relation E on 2N, we denote by A(E) (F(E))
the set of all closed sets K such that EN (K x K) is aperiodic (finite), i.e., for all
r € K, the equivalence class of = is infinite (finite) in K. In many cases, we show
that A(E) and F(E) are II}-complete. We also prove that US is IT3-complete.

4.2 Notations and background

We denote by N, Z, Q and R the sets of natural numbers, integers, rational
numbers and real numbers. For such a space X and a Y, XY denotes the set of all
functions f from Y to X, with the usual product topology, X being endowed with its
usual topologies (2 = {0,1} and N = {0,1,2,...} being discrete). For given set X,
X * is the subset of X without zero, i.e., X* = X —{0}. Let N™! = {0}U{ {7 }nen-
We consider the space N™1 as the subspace of R. We denote by N<N the set of all
finite sequences of natural numbers. We consider the space oN" with the usual
product topology with N<N being discrete. For s € N<N, [h(s) is the length of s.
Let s,t € NN, We say t C s if there is k¥ < lh(s) such that t = s | k. We denote
by s°t the concatenation of s and t, i.e., [h(s"t) = [h(s) + lh(t) and s"t(i) = s(7) if
i < Ih(s), and s't(j +1h(s)) = t(j) if j < [h(t). We put for each n € N and s € N<N,
s"0 = s and s°(n) = s'n. For each n € N and s¢,81, " ,8n41 € N<N_ we inductively
define sp"s1” -+ "8p+1 = (80781"*** "8n) Sn+1. For infinitely many nonempty finite
sequerces g, 51,52 - - € NN, we may similarly consider s9"s;"s2" -+ as an element
in NN.. Let T ¢ N<N. T is called a tree if T is nonempty and for all s € N<N,
s€T =Vt Cs(teT) We denote by Tr the set of all trees on N. We may think
that any tree T on N is an element of 2N<N, ie, Tr C 9N" Then we see that Tr
is a closed subset of 2N<N, so a Polish space. T is called a wellfounded tree if for
all & € NN there is n € N such that a | n ¢ T. We denote by WF the set of all
wellfounded trees on N. Let X and Y besets. Let z € X, BCY andC C X xY.
Put

C.={yeY:(z,y)€Cland VBC ={z € X :Vye B ((z,y) € C)}.

Let X be a Polish space. Let A be a subset of X. A is called a II] subset if
there is a Borel set C of X x 2V such that 4 = V2 C. Equivalently, there exists
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a Borel function from 2V to X such that f(2¥) = X — A. Thus I} is coanalytic.
Note that for any Polish space Y, any Borel subset 4 of Y and any Borel subset B
of X xY,VAB is Hi. Hence any Borel set is Hi. A is called Hi—hard if for any
Polish space Y and any Hi subset B of Y there exists a Borel function f from Y
to X such that f~!(A) = B. If in addition to being II]-hard, A is also II7, then

we say A is Hi—complete. Note that any Hi-hard set is non Borel.

For a given set C C X, in order to calculate the exact complexity of C, one
must first calculate an upper bound for C, by showing for example that C is Hi.
And then prove a lower bound for C , for example by showing that C is II;-
hard. Usually, finding the upperbound is fairly easy. However, it can be difficult to
prove the hardness of C. Since the II] classes are closed under preimages of Borel
functions, if B is Hi-hard (H}—complete) and B = f~!(C), where f is a Borel
function, then C is IIi-hard (II}-complete, if also C € IT3). This remark is the
basis of a common method for showing that a given set B is II]-hard: Choose an
already known Hi—hard set B and show that there is a Borel function f such that
B = f~1C).

By a standard theorem in [Kel] or [Mos], WF is II}-complete. We will use
W F to prove the last theorem.

4.3 The set of all universal sequences of real numbers

We introduce a coanalytic set from Number Theory. Let (z,)nen be a given
sequence of real numbers. For a positive integer NV and a subset T' of the unit
interval, let the counting function A(T; N;(zs)nen) be defined as the number of
terms z,, 1 < n < N, for which the fractional part of z, is in 7. The sequence
(zn)nen of real numbers is said to be uniformly distributed modulo 1 if for every
pair a, b of real numbers with 0 < a < b < 1, we have

A([a, b)§.N§ <xn)n€N)

N—c0 N =b-a

A set M of real numbers is called a normal set if there exists a sequence (A,)nen

in R such that (zA,)nen is uniformly distributed modulo 1 if and only if z € M.
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We denote by U the set of all pairs ({An)nen, ) of RY x R such that (zA,)nen is
uniformly distributed modulo 1, i.e.,

U= {((/\n)neNa x) eRVXR: (xAn)nen is uniformly distributed mod 1}.

Thus for each (An)nen € RN, Ui, ymen 18 @ normal set. Also for each normal set M,
there exists (A, )pen € RN such that M = Unynen- We call (An)nen a universal
sequence if for every nonzero real z, (zA,)neyn is uniformly distributed mod 1.
Hence for each (An)nen € RY, (An)nen is a universal sequence iff Uirpynen = RX.

We denote by U S the set of all universal sequences, i.e.,
US = {(An)neny € RY: Vz € R*({(z\n)sen is uniformly distributed mod 1)}
Thus US = YR U.

Let X be a Polish space. Let {fn)nen be a sequence of continuous functions
from X to R. We denote by C((fn)nen) the set of all real numbers = such that

frn(z) converges to zero as n — oo, i.e.,

C((fr)nen) = {z €R: fo(z) — 0 as n — oo}.

A continuous function f : R — C is said continuously (c.d.p.) definited positive
if for all finite sets A of real numbers and all functions ¢ from A to C, we have the
inequality 3, yeaxa f(& —y)e(z)e(y) > 0. We recall £ the set of c.d.p. functions,
Ly the set of c.d.p. functions such that f(0) = 1, and L] the set of f € £, such
that Yz € R, f(z) > 0. Note that if f € Lo, we have f(z) = f(—z) and f(z) < 1;
in particular if f € L, fisevenand Vz € R ,0 < f(z) < 1.

Let v be a function from N to N. Let {w;; : ¢,j € N} be a family. Then
(uk)rkeN = (Wn,0,"*, Wn u(n))neN means that for each j < v(0), u; = wo,; and for
each 1 > 1, j < v(1), Uy(o)4-+u(i=1)+; = Wi j. We call by (ur)ren the composition

of _(wn,Oa e ,wn,u(n)>n€N-
Theorem H[Hahn| Let X be Polish.

A subset A C X is F,¢ iff there exists (f,)nen & sequence of continuous func-
tions from X to R such that 4 = C((fn>neN)-
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(See [Kel].)

We recall now a famous theorem of Weyl [We].

Theorem W The sequence (z,) is uniformly distributed mod 1 iff

for all integers h # 0.

We use Th.eorem W to prove that US is II}. By Theorem W, we obtain the

following:

((An)nen,T) €U <= (TAn)nen is uniformly distributed mod 1

N—oo

N
= Va € Z* ( lim -]lv Y ermiania = o)
n=1

= VaecZ*VbeNIce NVde N
c4+d 1

1 2wiaz
a n <
c+d;e = b+1

= N N UN Veses

a€ZX bEN ceNdeN

where V, 4 ¢4 1s the set of all elements ((/\n),z) such that

ﬁi' Clearly V, p,c,q4 is a closed subset of RY x R. So U is a F,s set, i.e., a Borel

set. Hence US is I3, for US = VR and U is a Borel set.

1 ct+d 2miazi,
c+d Zn=1 € <

By a theorem of Hahn [Kel], we immediately obtain the following reformulation

theorem of Rauzy [Raz].

Theorem R[Rauzy| For given B C R, B is normal iff Vg € Z* (¢B C B), 0 ¢ B
and B is Fgs.

Lemma 4.1 There exists Fy5 set B C R x R such that VR B is Hi-complete,
(z,y) € B <= (—z,y) € B for all (z,y) € R x R and Vz (B, is normal).

Proof of Lemma 4.1 We can choose a F,s5 subset C of R x R such that Vz €
R ((2,0) ¢ C), (z,y) € B <= (~z,y) € B for all (z,y) € Rx R and V*" O is

45



IT;-complete. Let
B={(z,y) € C:YgeZ* ((x,qy) € O)}.

Then B is also a Fi,4 set. Clearly for given z € R, B, is F,5. Let (z,y) € B and
g € Z*. Then by the definition of B, (z,iqy) € C for all : € Z*. Hence by the
definition of B, we obtain (z,qy) € B. We thus have ¢B, C B, for all ¢ € Z*.
Since for all z € R, Vg € Z* (qu C B,;), B, is F,5 and 0 ¢ B,, by Theorem R, B,
is normal. Clearly V®* B C VR* C. Suppose ¢ € VR*C. Then Vy € R* ((z,y) € C).
Thus Vy € R* Vg € Z* ((z,qy) € C), ie., Vy € R* ((z,y) € B). Soz € VR* B.
Hence we derive VR* B = VR (. |

Theorem 4.2 For B as is in Lemma 4.1, there is a Borel function R from R to RN
such that for all z,y € R,

(z,y) € B <> (R(z),y) €U.

By Theorem 4.2, we have z € VR" B iff B, = R* iff Ug,) = R* iff R(z) €
VR U iff R(z) € US. So we obtain VR* B = R™}(US). Hence the function R

witnesses that US is II}-hard, i.e., II3-complete, since U S is II}. Thus we conclude:
Corollary 4.3 US is II]-complete.

Proof of Theorem 4.2 We fix B in Lemma 4.1. By Theorem H, we have a
sequence (fn)nen of continuous functions from R x R to R such that (z,y) € B <
fa(z,y) — 0asn — co. Let z € R. Then B; = C({(fa)z)nen). Replace {fn)nen by
(9n)nen where for each n € N and for all z,y € R, ga(z,y) = fu(lz|, |y|). Note that
for all (z,y) € R x R, (z,y) € B iff (z|,|y|) € B. Thus C((gn)nen) = C((fn)nEN)-

We can suppose that for each n € N, g, is even. We fix 2 € R. Clearly, g,(z,0)

does not tend to zero. So choose the least N, € N such that for infinitely many n,
Ign(-Ta 0)! 2 1/N:-

Lemma 4.4 Let 0 < 2r < NL, Then in a Borel way, there exists a sequence of
elements of L such that if B, , = C((f;:,z>keN); we have

(i) If for all enough large k, |gi(z,y)| <r, theny € B, ,
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(i1) If for infinitely many k, |gx(zx,y)| > 2r, then y ¢ By r.

Proof of Lemma 4.4 Let FF = {y € R : |gp(z,y)| < rand |y| > n+—1}’ and

= {y € [-n,n] : |ga(z,y)| > 2r}. Note that we can check in a Borel way
whether or not F; and K7 are nonempty, since a continuous function on R is
totally determined on the domain Q. Hence without loss generality, we may assume
that F? and K} are nonempty. Then FT K7 are disjoint symetric to the origin
and 0 ¢ F?. Take the least M(z,n) € N such that M(z,n) > M(z,:) forall i < n
and 0 < 27‘—47—15—,-;5 < infyers |y| and 0 < Qm < inf(y ;)eFsx Kz |y — 2|. For each
neN,set Q, = [-n,n] N Q. We enumerate Q, = {q,(,")}peN. We define a sequence
(M7 ,)pen as follows:

T _ T, (n) — — (n)
My, ={z€ K :|¢;" —z|= ot 6™ — yl}.

Then it is easy to see that for each p € N, My , is non empty and has at most two

elements. We define a sequence (c% ) as follows:

)
Cnp= Sup =z

’ zEME
Claim 4.1 We can choose {(c; ,)pen in a Borel way so that {c}; ,}pen is a countable
dense subset of K.

Proof of Claim 4.1 Since g,(z,') can be determined on the domain Q, we can
proceed in a Borel way to choose ¢ , for each p € N. So the first assertion follows.

We show that {c}; ,},en is dense in K. Let k € K. Then there exists a sequence
(p1)ien such that qg,) converges to k. It is enough to show that ¢Z

k. For all [ € N, we obtain

ez o — Kl <leZ , — P+ gl — k| = nf 1y — g™+ 1M — k|

n,p; CONVErges to

<l = g+ k= i = 0,

as | — oo. Hence c; , — k. So we have shown that {c} ,} is a countable dense

n,pi
subset of KZ. |

We let € = 'M_('i_ﬁi For each n € N, choose the least N, € N such that

czc | (c;,,.-?cn, )butC"”gZ U (m-é ¢z ; +§)

i<N, i<N,
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The least N,, exists, since KZ is compact and CZ is dense in KZ. Here we see that
this procedure can be done in a Borel way, since C7 is countable. Since C7 is dense

in K7, we then obtain the following:

- €
K:c | [cfm-—i i+ }c U ( —e,cz,i-!-e).
<N, <N,

Say Ao(z,n), A1(z,n), -+, AN, (x,n) are the centers of corresponding intervals (¢Z ;—

€ Cpo T€), " -,(cfl,Nn —€¢ n, T €). Then X(z,n) € K7 for all i < N,. Now let

2 3 fOI' |yl < 2M(1: n)’

1 — MGnly|
T J—
o7 (y) 0, for |y| > 2M(1:,n)

Then foralln € Nand z € R, 42 € L. Let

Gz (y) = ¢ (y) + = |¢’ y = Ai(z,n)) + 6% (y + Ai(z,n))| .

Then GZ

n,t

is c.d.p. Let

z .
r —_ n,:

mhE Gy (0)
where i < N,,. Clearly fr. € Lt. Weset (fi_ ) = (f]1. > fin, z)nen. We
verify (i) and (ii). Suppose |gi(z,y)| < r for all enough large k. Then y € FF for
all sufficiently large k. We fix such k. Then ¢pr(; k)(y) = 0. Since for all ¢ < Ny,
=i, ), Iy, B) > 25k, By (Y= A2, B) = Bartonty (v (e, B) =
0. Hence fi, . (y) = 0. Therefore, for sufficiently large k and for all ¢ < Ny,
fii-(y) =0, ie., for enough large k, hi(y) = 0. So y € B,,,. We have finished (i).
Now suppose |gx(x,y)| > 2r for infinitely many k. If y = 0, then clearly y ¢ B, .

So suppose y # 0. Then for infinitely many k, y € Ki and 2—M—(117)- < ly|. We fix
such k. Then for some ¢ < N, |y—Ai(z, k)| < 'MTIE,TE holds. Hence by the definition
of drr(zk)s PrM(z,k) (y — Ai(z, k)) is bigger than 1/2. Since 234—(1;;5 < |yl, we have
dM(z,k)(y) = 0. It is easy to see that GZ ; > 1. Since by the definition of @z 1),
forally € R, ¢pr(z,k)(y) < 1, we obtain 3[@ar(z k) (21) + ar(z ) (22)| < 1. Hence we
get

feiz(y) <

ooh—l
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So we conclude y ¢ B, .. We have finished (ii). It is easy to check that our

construction was carried out in the Borel way. O

We will use Lemma 4.4 countably many times. It will be easy to see that we
are constructing our function R in a Borel way. We let r(n) = ZN (n¥1)- Lhen by

Lemma 4.4, if B; r(n) = C((f;:,(;)ﬂeN), we have:

(i) If for all enough large k, |gx(z,y)| < r(n), then y € B, r(n),
(ii) If for infinitely many k, |gi(x,y)| > 2r(n), then y & B, (n).
Clearly B; = (), en Bz,r(n)- We take
(Z)=027fi2)

(Xj=0279)

for each k € N. Then (hf) is the sequence of c.d.p. functions with Af(0) = 1. It is
easy to see that C((h )nEN) = Nnen Bz,r(n) = Bz. We need the following lemma,
[Raz]:

hE =

Lemma 4.5 Let f be a c.d.p function with f(0) = 1, let K a compact set of R and

€ > 0. Then there exists an integer N > 1 and a finite sequence ug, U1, -, UN—_1
such that

N-1
(%) sup f(z) — = Z e(zug)| < e.

k 0

We let K = [—n,n]. For each s,n € N and s > 1, we denote by V, , the set of all
(wk)k<s—1 satisfying (x), i.e.,

s—1

hE(y) — 5 3 cxelyw)

k=0

Vs,n = {(wk)kSa—l . 8up < —

y€[—n, n]

n+1"

We know that for each n € N, AZ is c.d.p. and A%(0) = 1. Lemma 4.5 thus implies
that there exists a least v(n) > 1 such that V, (), is a nonempty open set. Since
we have the countable dense set [ J,cy Q" of [J,enyR™ and for each s,n € N, V, , is

open, we can calculate in the Borel way whether or not V, ,, is empty. We define a
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well order <,(,,) in N¥(") as follows:

(kOa e u(n 1) '<V(n) (k Tty k:,(n ) Nu(n) — (ko < ]CI) or
(ko = ky and ky < k}) or
(Vi < v(n) (ki = k!) and
ky(ny—1 < kv(n)—l)
for all (ko, -, ku(n)—1),(Ko, s kp(ny—q) € N“("). We take, in terms of <,(n), the

least (l(()"),---,l((n) ) E N¥(") such that (qlgn),...7qli?1)1)—l) € Vi(n)n, where Q =
{gm}men. We set qlgn) = wp,; for each ¢ < v(n) — 1. Set

v(n)—1
z 1
Sily) = e kzzzo e(ywn,i) for all y € R.

Then we evidently have C({SZ)nen) = C({((A%):)nen) = C({(fn)z)nen). Make
(uf)nen the sequence composition corresponding to (W0, Wn y(n)—1)nen. For
each n > 1, set

x _ 1 . T

tr(y) = - ;e(yuk) for ally € R.

We require the following lemma [Raz]:

Lemma 4.6 If (un)nen Is composed from the sequence (wn 0, ", Ws y(n)—1)neN

and if f is a function from R to C, the sequence <u(n) E"(") -1 f(wn,k)> converges
to zero iff so does for (1 577 f(wk)>

By this lemma, we have C((S%)nen) = C({tZ)). We finally set

R(z) = (umnEN-

By Theorem W, for each y € R, the sequence (yuZ) is uniformly distributed mod 1
iff .
1
lim — )=
lim = e(hyuy) =0,
k=0
for all ¢ € Z%, ie., y € Uyzy = Up(s) iff for all ¢ € Z% (tZ(qy) — 0 as n — o0).

Hence for all ¢ € R, C({(fn)z)neN) = Utuzy = Ur(z). It is easy (but somewhat
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complicated) to see that R is a Borel function from R to RY. So we complete

Theorem 4.2. a
4.4 The sets arising countable Borel equivalence relations

Let X be a Polish space. Let (X)) be the Polish space of all closed sets of X
with the Hausdorff metric. Given Borel equivalence relation E on X, E is called
countable if for all z € X, [z]g, the equivalence class of z, is countable. Let E be
a countable equivalence relation on 2N. We denote by A(E) (F (E)) the set of all
closed sets K such that EN K x K is aperiodic (resp. finite), i.e., for all z € K| the

equivalence class of « is infinite (resp. finite) in K. Hence

A(E) = {K e K(2%) : E | K is aperiodic}
F(E)={K e K(2V): E | K is finite, }

where E [ K = ENK x K.

We denote by F the countable Borel equivalence relation on 2N x N~! such
that for all (z,a),(y,b) € 2§ x N7, (z,a)F(y,b) <= « = y. We also introduce
the basic equivalence relation Ey on 2N as follows: for all z,y € 2V, zEyy <—
there is a m € N such that for all n > m, z(n) = y(n).

Let E be a countable Borel equivalence relation on 2N. We calculate the upper
bounds of complexities of A(E) and F(E). By definition, we have the following:

K € A(E) <= E | K is aperiodic
<= Vz € 2V (2 ¢ K or [z]p is infinite in K)
— Ve N (z ¢ K or Vn € N 3zq,21, -+, 2, € [7]E
(Vi,j <n(i#j=zi#z;)and Vi <n (z; € K))
& Vre2¥(z ¢ K or (z,K) € V);
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K € F(E) <= E | K is finite
> Vz €2V (z ¢ K or [z]g is finite in K)
< Vz 2N (ac%Kor '
dn e N3zg,z1, -+ +,2, € [2]p (Vi <n (z; € K)) and
Vyelelp (Visn (y#z) =y ¢ K))
— Vre 2V (r¢ K or (K,z) e W),
where V' is the set of all elements (K,z) such that Vn € N dz¢,21,---,2, €

zlg (Vi,j Sn(i#j=2i#z;)andVi < n (z; € K)) and W the set of all
elements (K, z) such that In € N Jzq, 21, -+, 2, € [z]E (Vi <n(z; € K)and Vy €

[2]g (Vi<n(y#zi)=>y¢ K). Let X and Y be Polish spaces. Let A be a Borel
subset of ¥ x X such that for all y € ¥, A, is countable. Then by a standard
theorem in [Kel], {y € Y : 3z € A, ((z,y) € A))} is Borel. The relation ‘z € K,
ie, {(K,z) e K(2Y) x 2V : z € K}, is a closed subset of X(2Y) x 2. Hence by the
above two facts, it is easy to see that V and W are Borel. Finally, A(E) and F(E)

are I'Ii.
We need the following proposition to make the proofs of our theorems easy.

Proposition 4.7 Let E be a countable Borel equivalence relation on 2N. Assume
W = {z € 2V : [z]gN[z]’s # 0} is uncountable. Then there is one-to-one continuous
function f from 2N x N7! to 2N such that

(z,0)F(y,b) <= f(z,a)Ef(y,b)
for all (z,a), (y,b) € 2N x N7,
Proof of Proposition 4.7 We may find a Cantor subset C' of W such that
(i) For all z € C, z is a limit point in [z]g,
(ii) For all z,y € C, zEy implies ¢ = y.

By a standard theorem of Feldman and Moore [FM], there exists a countable group
G and a Borel action of G such that E = Eg. We enumerate G = {¢gm }men. We
define the function from C x N~! to 2N as follows: for all z € 2Y and n € N,
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T(z,0) =z, T(=, ﬁi) = gm.z where m is the least m such that 0 < d(z, gm.z) <
1 1

-1 and gm.z is different from T'(z,0),---,T(z, ;7). Then T is an one-to-one
Borel such that for all (z,a),(y,b) € 2V x N7!, (z,a)F(y,b) <= T(z,a)ET(y,b).
So for each a € N7!, there exists a dense G subset S, of 2V such that T | S, X {a}
is continuous. Let S = (,¢y-1 Sa- Then S is a dense G5 subset in 2. It is enough
to show that T is continuous on S X N7!1. Suppose (z,,a,) — (z,a) in § x N7L,
If an’s end in the same value, it is obious. So a, — 0 and for infinitely many n’s

an # 0. Clearly we can assume a # 0 for all n € N. Then we have
d(T(2p,an), T(z,a)) < d(T(2p,an), T(zn,0)) + d(T(zs,0), T(z,0))
+d(T(x,0), T(z, an)) + d(T(z, an), T(z, a))
< an +d(T(z,0),T(z,az)) + an + an
= 3a, + d(T(zx,0),T(z,0)) — 0,

(%)

as n — oco. Hence T is continuous in S x N™!. We choose a Cantor subset K of
'S which is homeomorphic to 2N. We take f = T | K x N™!. Then f witnesses

Propostion 7, since K is homeomorphic to 2. So we are done. O

Theorem 4.8 Under the same assumptions as Proposition 4.7. A(E) and F(E)

are I1] -complete.

Recall now the following theorem:
Theorem D[HKL] For any Borel equivalence relation E on 2N,
(a) either E is smooth or,

(b) there is an one-to-one continuous function h from 2N to 2V such that for all
z,y € 2%,
zEoy <= f(z)Ef(y)

holds.

Here E is called smooth if there is a countable Borel separates family. By
Theorem D, for nonsmooth E, it is easy to see that A(E) and F(E) are II}-hard
using Theorem 4.8. In addition, if E is a countable Borel equivalence relation, then
A(E) and F(E) are IT}-complete.
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Proof of Theorem 4.8 We have seen that A(E) and F(E) are II;. We show
the hardness of A(E) and F(E). By Proposition 4.7, it is enough to show for
AN x N7 F) and F(2Nx N~1 F). We write A(2YN x N71, F) = A(F) and F(2N x
N=1, F) = F(F). We recall that WF is II;-complete. We will somehow construct
Borel functions from T'r to K (2N x N~1) such that the preimages of A(F) and F(F)
of these functions are precisely WF. This will prove that A(F) and F(F) are I;-
hard. First we show that A(F) is IT}-hard. We will construct a Borel fuction from
Tr to K(2V x N) which witnesses that A(F) is II]-hard. Fix a bijection (,) from
Nx NtoN. Let T € Tr. We define (4, ¢),en<n rey as follows: for all s € N<N and
keN,
Ask =

{13(0)+--~+s(k)+k+1*0*13(0)+'~'+3(")+k+1‘0" .. } U {loo}’ ifk < lh(s),
N, 0.W.

Denote by A, the set of all elements a of 2N such that for all k € N, (a)kx € As i,
le.,

A, ={ae2V:Vke N ((a) € 451},

where for all k € N, (a)g(m) = a((k,m)). Inductively, we define (AT),en<n as
follows:
Ag =2V

for each n € N,
T Ay, i (n)eT;
4<)—{ (n)

0, o.w.,

for each s € NN, m € N,

Asm, ifsmeT,;
2N, f3HtCs(t#0,teT,VneN({tn¢T)and s'm ¢ T);
AT =<0, fVtCs(t#0andt€T=3IneN (tneT)),
HtcCcs(t#bandteT) & sm¢T
orVtCs(t#0andt¢T).

We define (BT) _ . as follows: for all s € N<N,

g€N<

BT = { {0} U {g enines), if s €T;
’ N_l oW,

54



For each o € NV, set CT = MNnen Aa[n X B:‘frn. We define the function H from Tr
to IC(2N X N‘l) as follows: for all T € T'r, '

= |J cl.

a &NV

We should verify that the function H is well-defined, Borel and H~*(A(F)) = WF.
(i) H is Borel and well-defined.
Proof of (i) Let T € Tr. Inductively, we define (T(™) ¢y as follows:

T® = {{mo) € NN: (mg) € T};

Tt = {(mo, -+, Mp41) € N2 {mo, -+ ,mnga) € THYT.

Note that for all T € Tr and n € N,

H(T) c H(T'™) and H(T"V) c H(T™).

Claim 4.2 H(T) = ,en H(T™).

Proof of Claim 4.2 Clearly H(T) C (,en H(T™). Suppose (z,a) € H(T™)
for all n € N. Then there exists {an} C NN such that (z,a) € C’T(n) ie., (z,a) €
45(7} % X BT< ik for all k&, n € N. We take an a from the closure set of {az}. Then there
is a strictly increasing sequence (IV,,) of natural numbers such that ey, converges to
a. We fix k in N. It is enough to show that z € AZ:“C and a € BZM. We let s = ay.
Suppose s € T. Then for large enough n € N, s € T(¥»)_ ie., by the definition,
AT = Af(N" nd BT = BT We are done for this case. Suppose s ¢ T. Clearly
a € BT. We choose a sufficiently large n € N such that N, > [h(s) + 5. Since
T e AST(N") and s ¢ T™») | by the definition, there is t C s such that

t#0,te T and Vm e N (t'm ¢ TOV)),

Clearly the previous relation is true for T instead of T(N»). Hence AT = 2V, ie.,
z € AT. So we obtain (N, oy H(T™) C H(T). This completes Claim 2. O

Using Claim 2, we show (i). We refer to the fact that if X is metrizable and
K, € K(X), --- C K1 C Ky, then limp_.c Kpn = [,y Kn- By Claim 2 and this
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fact, we obtain

H(T) = lim H(T™),

since -+ - C H(T(l)) C H(T(o)). For each n € N, we define a function H, from Tr
to K(2V x N71) as follows: for all T € Tr, H,(T) = H(T(™). We denote by Tr(™
the set of all trees T such that for all s € T, IA(s) < n. Note that for any T € Tr(™,
Ho(T) = Uyér, AT x BT, where Tyy = {s € T : Vn € N (s'n ¢ T)}. Then it is
easy to see that for each n € N, H, is well-defined. We need the following claim.

Claim 4.3 Let n € N. Then H,, is a Borel function.

Proof of Claim 4.3 Since the function T —— T is continuous, it is enough
to show that H, | Tr'™ is a Borel function. Set R = H, | Tr'™. Let U be
open in 2Y x N7, Then it suffices to show that R™*({k € K(X) : K C U}) and
R '({ke K(X): KNU # 0}) are Borel sets. We observe the following:

KeR'({keK(X):KCU}) < RT)= | ATxBl cU
s€Twm
<= Vs € Ty (AT x BT c U);

KeR'({keK(X):KcU}) < ( |J ATxBI)nU #0
a€Th
< Ise Ty (AT x BT nU £0).

Hence we need only show that for given s € N<N with lh(s) < n, {T € Tr{™ :
AT x BT c U} and {T € Tr™ : AT x BT N U # 0} are Borel sets. Let s € N<V,
We define two functions P, , anf P; , from Tr™ to K(2Y) and X(N~1) as follows:
for each T ¢ Tr("), P (T) = AT and P, ((T) = BT. Clearly P, , and P, , are
continuous. Sois Py ; X Py ,. Hence {T € Tr(™ . AT x BT c U} and {T € Tr(™ .
AT x BT N U # 0} are Borel sets. We have finished the proof of Claim 4.3. a

Since H = limp_.o H,, by Claim 2, H is the limit of Borel functions H,. So
H is a Borel function. This completes the proof of (i) O

(i) H™*(A(F)) = WF.

Proof of (ii) It is enough to show that forall T € Tr, T € WF = H(T) € A(F)
and T ¢ WF = H(T) ¢ A(F). Suppose T € WF. For all « € 2N, AT £ § if
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H#eT(YmeN(t'm¢T)andtCa),ordif o.w. Hence either CF = AZ[n X Bzrn
for some n € Nor CI = (. So it is easy to see that H(T) € A(F). Suppose
T ¢ WF. We take o € [T]. Note that for all o, 3 € NV, either CT = Cg or
forall z € CL and y € C’E;, z and y are not F-equivalent. Clearly CI # § and
CT c 2V x {0}, i.e, for all z € 2% x N™!, CT N [z]F contains at most one element.

Hence H(T) ¢ A(F). O

We have finished the first part of the theorem 4.8, i.e., A(F) is II}-hard. We
show that F(F) is II}-hard. We slightly modify the proof of the first part. We
construct H from Tr to K(2Y x N=1) which proves that F(F) is II}-hard. Let
T € Tr. We define (DT ) en<n as follows: for all s € N<N,

DT = { {0} U {537 he<ings), if s €T
o.w.
For each @ € NN, we define Cl’a and Cz,a as follows: C’lqja = ﬂnGN‘AZ[n and
CTy = UnenDZtn- We define H from Tr to K(2V x N™1)) as follows: for each
TeTr,
HT)= |J T, xCT,.
a NN

We define <fIm> and <f~Im,n>n€ as follows: for each T € Tr and m,n € N,

neEN

Hu(T)= |J T, x Ty
aENN

ﬁm,n(T) U CT(n T(m).
aeNN

Then as in the first part, for each m,n € N, one can show that ﬁm,n is Borel,

—~

H, =limp_so I?m,n and for each T € T, I?m(T) C ﬁm+1(T). It is easy to see
that H(T) = Unen Ho(T) and as in the first part, H is well-defined.

Claim 4.4 Let X be a Polish space. Let Ko C K; C -++, K, € K(X) foralln € N.
Suppose Koo = |Jpen Kn € K(X). Then limp—oo Kn = Koo

Proof of Claim 4.4 Let Uy, Uy, --,Uk be open sets in X. We denote by B the
basic open set related to Uy, Uy, -+, Uy, i.e.,

B={KeKX):KCU & KNU; #0&---& KNU # 0}
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Suppose K, € B. It suffices to show that for large enough n € N, K, € B. Since
K € B, we have

I\"OOCUO&A’ooﬂUl#w&"'&I{ooﬂUk#@.

As K is the increasing union of K,’s, for sufficiently large n € N, the previous
relation is true for K,, i.e., K, € B. Hence K, converges to Ko, = UneN K,. So

we are done. O

We have seen that for each T € Tr, H(T) is the increasing union of Hy,’s. By
Claim 4.4, we obtain that H(T) = limm—cc H.,(T). Hence H is the limit of Borel
functions Hm. So H is a Borel function. Similarly to the first part, we can show
that H™? (F(F)) = WEF. We have finished the second part. Hence we completed
the proof of Theorem 4.8. O
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Chapter 5

The Kechris-Woodin rank is

finer than the Zalcwasser rank

5.1 Introduction

Zalcwasser [Za] introduced a rank that measures the uniform convergence of
sequences of continuous functions on the unit interval. We apply the Zalcwasser
rank to the Fourier series of a continuous function on the unit circle. Throughout
this paper, we will only consider the Zalcwasser rank on the Fourier series of a
continuous function. In [AK] it is shown that on EC (the set of all continuous
functions, on the unit circle, with convergent Fourier series), the Zalcwasser rank is
a II} norm which is unbounded below w1, i.e., functions in EC are arbitrarily bad
in terms of this rank. Kechris and Woodin [KeW] defined a rank that measures
the uniform continuity of the derivative of a differentiable function. We shall refer
to this rank as the Kechris-Woodin rank. In fact, they have shown that on the
set of all differentiable functions, the Kechris-Woodin rank is a II]-norm which is

unbounded below w;.

Ajtai and Kechris [AK] conjectured that the Kechris-Woodin rank is finer than
the Zalcwasser rank, meaning that for any function f, the Zalcwasser rank is less
than or equal to the Kechris—-Woodin rank. There is a fair amount of evidence
supporting this conjecture. For example, the Zalcwasser rank is 1, i.e., the smallest
poésible number, for all differentiable functions f, whose derivative f' is bounded.
On the other hand, on the set of all differentiable functions with bounded deriva-

tives, the Kechris-Woodin rank is unbounded below w; (See [KeW]). Our main
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result is an affirmative answer to this conjecture of Ajtai and Kechris.
5.2 Definitions and background

Let R be the set of real numbers. Let T denote the unit circle and C(T) the

Polish space of continuous functions on T with the uniform metric

d(f,g) = sup{|f(z) - g(z) : 2 € T}.

C(T) can also be considered as the space of all continuous 27-periodic functions on
R, by viewing T as R/27nZ. We denote by D(T) the set of differentiable functions
on T. Let N={1,2,3,---} be the set of positive integers and NV the Polish space
with the usual product topology, where N is given the discrete topology.

We briefly recall the definition of a complete IT1 set. Let X be a Polish space.
Let A be a subset of X. A II} set A is called Hi-hard if for any Polish space
Y and TI} subset B of Y there exists a Borel function f from Y to X such that
f~1(A) = B. If also A is I} it is called II}-complete. Clearly any IT}-hard set is
non Borel. A norm on a set P is any function ¢ taking P into the ordinals. For each
such ¢, we associate the prewellordering <, on P, z <, y <= ¢(z) < ¢(y). ¢ is
regular if ¢ maps P onto some ordinal \. Two norms ¢ and ¢ on P are equivalent if
the two associated prewellorderings are the same (<,=<y), i.e., p(z) < p(y) <
¥(z) < ¥(y). Every norm is equivalent to a unique regular norm. Given a Polish
space X and a Hi subset P of X, we say that a norm ¢: P — Ordinalsis a H}-norm
if there are II] subsets R and Q of X x X such that

(5.0) YEP=[zeP&y(z) <S¢y < (z,y) ¢ R < (z,y) € Q.

It is well known that if a subset A of a Polish space and its complement are both
II;, then A is Borel (See [Mos]). In (5.0), we see that in a uniform manner for
y € P, the set {z € P: () < ¢(y)} is I} ((z,y) € Q) and the complement of a
II] set ((z,y) ¢ R), hence a Borel set. In [Mos] it is shown that every IIi-norm
is equivalent to one which takes values in w;, the first uncountable ordinal. One

of the basic facts is that every II subset P admits a II1-norm ¢: P — w;. (See
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[Mos)].) Hence it is very natural to look for a canonical norm on IT! sets that arise
in analysis, topology, etc. We will introduce IIi-norms on the set of continuous
functions with everywhere convergent Fourier series and the set of differentiable

functions. From norm theory, we have the following fundamental theorem. (See
Chapter 4, [Mos].)

Boundedness Principle. Let X be a Polish space. Let P be a II] subset of X
and ¢: P — w; be a II-norm on P. Then P is Borel if and only if ¢ is bounded

below w;.

With this basic principle, one can prove that a IT} set P is I} non Borel by

showing that some II}-norm on P is unbounded below w;.

5.3 The Kechris-Woodin rank

We define a II}-norm on D(T), which we refer to as the Kechris-Woodin rank
[KW]. We consider T as [0, 27] identifying 0 with 2x. When we say U is an open
neighborhood in T, U is considered as the usual open set in R. Let f be a function

and [ an interval with endpoints a and b. We define the following:

f(b) f(a)

— da.

Af(I) =
Fix f € C(T) and € > 0. For each closed subset P of T, we define the K-W derived
set of P by
a}‘ZV(P) = {z € P :V open neighborhood U of z, 3 closed intervals I,J C U
such that TN J NP # 0 and |[Af(I) - Af(J)| > €}

6K W(P) consists of all e badly behaved points of P in terms of the derivative of f.
Clearly, 9 KW(P) is closed. We can then define the sequence (3 W(P,a))a<w, by

transfinite induction. Let
oF¥(P,0)=P.
affGW(P, a+1l)= 6{2‘” (6IfEW(P, @)).

For A a limit ordinal, 3I;W(P, AN=N 8 V(P a).
a<lA
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Note that {J.5, 0F Y (Pra) = Upen Bﬁ'XV(P, a). By transfinite induction, we define
the sequence (5);"‘/‘/(P,01))0,<W1 by setting

8" (P,a) = | of (P, ).
neN

Fact 5.1 f € D(T) <= 3Ja <wy,0f"(T,a) =0.

Using this fact, we can define the Kechris-Woodin rank on D(T). For each
f € D(T), let |flkw = the least ordinal a for which 3]{<W(T,a) = . We let
b1 D(T) be the set of all functions whose derivatives are bounded in absolute value

by 1. The following two facts appear in [KeW].
Fact 5.2 For each a < w, there is a function f in by D(T) with |f|xw = «a.
Fact 5.3 |- |xw: D(T) — w; is a I} -norm.

By these two facts and the Boundedness Principle, we have the following:

Corollary[KeW] The sets D(T) and by D(T) are IIi non Borel subsets of C(T).
5.4 The Zalcwasser rank

We associate to each f € C(T), its Fourier series S[f] ~ 3.°°__ f(n)ein=,

n=-—00
2w

where f(n) = QL f(t)e™ ™t dt. Let
T Jo

Sa(fit)= Y f(n)e™

k=—n

be the nth partial sum of the Fourier series of f. We say “the Fourier series of f
converges at a point ¢ € T” if the sequence (S,(f,t))nen converges. We will give a
rank on EC, the collection of all continuous functions with everywhere convergent
Fourier series. According to a standard theorem [Kat], if the Fourier series of f at

t converges, then it must converge to f(¢). Hence,
EC ={f e C(T):Vte€[0,2r],(Sa(f,t) )nen converges }
—{f € C(T) Yt € [0,20],1(1) = Jim Sa(f,0)}
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Let f € C(T), P C T be a closed set, and let = € P. We define the value of the

oscillation function of f on P at z as follows.
w(z, £, P) = inf nf sup{|Sm(f,y) = Su(fiy)l:mn2p&ye P &le—y[ <6}
pel

Thus the oscillation function of f on P measures how bad the uniform convergence
of the Fourier series of f, near z, is on P. For each f € C(T) and each € > 0, define
the Z derived set of P by

87.(P)={z € P:uw(z,f,P)> ¢}
Fix f € C(T) and € > 0. We define (07,(P,a))a<w, by transfinite induction as
follows. Let
87 (P,0) = P.
0% (P,a+1) = 07,(02 (P, ).

For limit ordinals A, 8% (P, A) = GZE(P a).
a<A

Note that {J,5, 3Z,E(P, o) = U,end F Z . (P,a). Define the sequence (3fZ(P,a)>a<w1
by

af (P,a) U 3 l(P,a).
neN

Fact 5.4 f ¢ EC < Ja< wl,af(T,a) =90.

Using this fact, we define the Zalcwasser rank as follows. For each f € EC, let
|f|z = the least ordinal « for which 6fZ('II', a) =

Fact 5.5 |- |z: EC — w, is a II}-norm.
Fact 5.6 For each o < wy, there is a differentiable function f such that |f|z > a.

In particular, by these facts and the Boundedness Principle, D(T) is II; non

Borel. Also the following theorem is true.
Theorem [Ajtai-Kechris] EC is II}-complete. (See [AK].)
For a reference to the previous three facts and theorem, see [AK].
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5.5 An equivalent definition of the Zalcwasser rank

As we have seen, the definition of the Zalcwasser rank is very natural. But
when we compare the Zalcwasser rank to other ranks or attempt to calculate the Z
derived set of a given closed subset and continuous function, the definition of the
Zalcwasser rank is extremely difficult to work with. We give an equivalent definition
of the Zalcwasser rank which is more practical. We need the following formula for

Fourier series (See [Zy]).

Proposition 5.7 Let 6 be a fixed positive number less than w. Then

(1) Sulfyz) — f(z) = /m )R G 4 o),

fz+t) + f(z —t) - 2f(2)
5 :

In this formula, o(1) tends to 0 for any x and the convergence to zero is uniform in

where ¢.(t) =

every interval where f is bounded.

Let f € C(T), P C T be a closed set, and let z € P. We define Q(z, f, P) the

analogous definition of the oscillation function as follows:
& .
sinnt
/ qby(t)———r——dt
0

In order to calculate Q(z, f, P), we only need to know the local behavior of f. But

Qz, f, P) = inf inf sup{

in > — 6}.
inf inf n>p&y€eP&lz—y| <8}

for w(z, f, P), we have to calculate the nth partial sum of the Fourier series of f
(which usually is not easy) before we can calculate w(z, f, P). From this point of
view, Q(z, f, P) is more practical than w(z, f,P). For each f € C(T) and each
e > 0, we define the K derived set of P by

8f(P)={z € P:Qz,f,P) > ¢}.

As in the definition of the Zalcwasser rank, we define (8 (P,0))o<w, foreache>0
and then (3;( (P,))a<w, by transfinite induction.

Theorem 5.8 Let f € C(T) and P C T be a closed set. For each a < wy,
if f € EC, then 8} (P,a) = 8f(P,a) and if f ¢ EC, then 8f (P, o) # 0.
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In particular, instead of 8]?(P,a), we can use 8}"(P,a) to define the Zalcwasser

rank.
Proof of Theorem 5.8 We fix f € EC. Let P be a closed subset of T. By
transfinite induction on «, it is enough to show that for each ¢ > 0,

0f(P,a) =07

2
17 €

(P, a),

since f (P) = .50 95 (P) and 87 (P) = U.so 87 (P). Hence, it suffices to show
that for z € P, 0
Q(:L‘,f,P)ZE - w(x’f’P)Z_f-

T

Let z € P. By the definition of w(z, f, P), for each § > 0,p € N,

(5.2) w(z, f, P) < |8a(f,y) — Sm(f,0)l
foraln,m>p& ye P & |z —y| < 6. In (5.2) letting m — oo, by (5.1) we have

sin nt
t

dt

9 5
(53) w(x,f,P)S|5n(f,y)—f(y)IS;’ | e +o(1).

Since f is continuous, in (5.3) o(1) tends to 0 uniformly on all of T. Hence by (5.3),

we have

[\

(54) w(:c,f,P) S ;Q(:E,f,P)

So w(z, f,P) > 2n e implies Q(z, f,P) > e. For the other direction, suppose
w(z, f,P) < 2r7Ye. Let ¢, > 0 be such that w(z, f,P) < 2r ey < 2n~te. Let
€; > 0. Then for some § >0 and p € N,

(55) Sn(,9) = SmlF¥) € 200+

foralln,m>p &y € P & |t —y| < é. Here we can take § < 7, since f is periodic.

In (5.5) letting m — oo, we have

(56) Sn(£,9) = FW)] < 20 + 26
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foralln>p & y € P & |z —y| < é. Since (5.1) holds uniformly in T, by (5.1) and
(5.6), we have the following

2 ¢ sinnt 2
;/0 ¢y(t)‘T‘dt S;fo + 3e1,

for sufficiently large n and for all y € P & |z — y| < 6. Hence we conclude
Uz, f,P) < eg+3/2m7¢;. Since €; is arbitrary, Q(z, f, P) < ¢y < €. It is not hard
to see that afp((P) #0if f ¢ EC. It is easy to see then that the second part is a

consequence of the first part. O

5.6 The Kechris-Woodin rank is

finer than the Zalcwasser rank

By Fact 5.2, the set b, D(T) has arbitrary Kechris-Woodin ranks below w;.
But for any f € b;D(T), it is easy to see that the Fourier series of f converges
uniformly, i.e., the Zalcwasser rank of f is 1. Hence it is natural to guess that the

Kechris-Woodin rank is finer than the Zalcwasser rank. We verify this now.

Theorem 5.9 For given f € D(T),

|flz < |flkw,

i.e., the Kechris-Woodin rank is finer than the Zalcwasser rank.
In order to prove this, we need the following lemma.

Lemma 5.10 Let f € D(T) and P be a closed set in T. Then for given €;,e2 > 0,

87.,(P) C O5Y (P).

Proof of Lemma 5.10 Suppose z € P —9KW(P). Then by the definition, 36 > 0

1€2

such that Vp < ¢,r < sin (=6 + 2,6 + 2) N [0, 2] with [p,g]N[r,s] NP # 0

(5.7) |Af(lp,q]) — AS([r,s])] < ea.
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We fix positive values 61, 62 such that é; < 7 and z—§ < 2~ (61 +62). In particular,
by (5.7),

By (t
(58) 209N A f(ly - t.4]) - Ay + DI <
holds for all 0 <t < é; and all y € PN [z — 61,z + &;]. Hence by the formula (5.1)
and (5.8), we have the following: for all y € PN [z — §,,z + &;], V

2 sin nt

- ¢> () ——

T Jo

1 (%
<o [ IAfQy =) = Af(ly.y + Dl sinntldt + o)

Sa(fry) = Fly)l = dt| + o(1)

1 [ 1
S '7; /0 €2dt + O(].) = ;6262 + 0(1)

Since our function f is differentiable, Proposition 5.7 says that o(1) tends to 0
uniformly in every interval, i.e., the value o(1) is dependent on n only. Hence for

sufficiently large n and all y € [z — é;,z + 6;] N P, we have

Sulfv) = FW) < —bres + 62,

ie., Qz,f,P) < n 166, + 8, by the definition. Since §, is arbitrary, we have
Q(z, f,P) = 0. Hence by Theorem 5.8, z ¢ 8,?,61(P). So we are done. |

Proof of Theorem 5.9 Fix f € D(T). Suppose that for all ordinals o < w;,
8]?(13', a) C 6}<W(P,a). Since f is in D(T), by Fact 5.1, there is an a < w; such
that 8){"W(T,a) = (. Thus by our assumption, BfZ(T, «) must be the empty set,
i.e., | f|z is less than or equal to a. Hence |f|z < |f|xw. It is enough to show that
for any € > 0, Bz’e(P, a) C afGW(P, @) by transfinite induction on @. For o =0 or
o, a limit ordinal, this is obvious. Suppose it is true for «. Then by Lemma 5.10,

we have

87 (T, o+ 1) = 87, (87 (T, @) C 87 (87 (T, ).

It is easy to see that for all closed subsets A and B of T with A C B, 0 V(4,a)C

81‘ Y(B, a). Hence by the inductive assumption,
OF Y (87 (T, @) COFV (0F Y (T,a)) = 0F ¥ (T, a + 1).
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Thus 3?(P, a+1)C a]{"W(P, a + 1). Hence the theorem is established. |

5.7 The Denjoy rank and remark

For each f € D(T), there is a canonical rank, which is called the Denjoy rank,
|f|lps, from D(T) to wy; which measures how long it takes to recover f from f' via
the Denjoy process (See [Br]). We briefly introduce the Denjoy rank. Let g be a
measurable function on T and P be a closed subset of T. We define the set of all

singular points of g over P by
S(g,P) = {z € P g is not Lebesgue integrable on I N P
for any open interval I with z € I}.

Let f € C(T). Let {(an, bs)) be the sequence of open intervals complementing P in
T. We define the set of divergence points of f over P by

D(f,P)={z€ P: Z |f(br) — f(an)| diverges for every
I
open interval I with z € I}.

Here 3, indicates that the sum is to be taken over all the intervals (an,b,) which
are contained in I. For f € D(T) and each closed subset P of T, we define the DJ
derived set of P by

8P’ (P) = S(f',P)UD(f,P).

As before, we define the transfinite sequence (3}”(P,a))a<u1. For each f € D(T),
let |f|ps = the least ordinal & for which afDJ(T, a) = 0. For f € D(T), it is known
that |f|ps = 1 if and only if f’ is integrable. Hence |f|ps = 1 implies that the

Fourier series of f converges uniformly, i.e., |flz = 1. So we might guess that

|flz < |flps.
Conjecture For each f € D(T), |f|z < |flpJ-

T. Ramsamujh [Ra] has shown that |f|ps < |flkw. In fact he proved that
for any € > 0 and o < wy, 6}3J(P,a) - GEGW(P, a). We have shown that for
any €;,€e2 > 0 and a < wy, 8}2,61(P,a) - Blff‘;V(P,a). So it seems likely that
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afe(P,a) C G?J(P,a) for any € > 0 and a, i, |flz < |f|ps. Recently, Ki
[Ki3] has shown that this conjecure is not true. Namely for any ordinal a, any
nonzero ordinal 8 and any countable ordinal 4 with «, 3 < v, one can construct a

differentiable function f on the unit circle such that

\flz=a+1, |flps=8+1and |flxkw = 7.
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