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ABSTRACT

The incompressible boundary layer equations in two dinuensiéns,
with heat transfer have been solved numerically using three different
methods and the results are compared. All three methods solve
these equations when the pressure distribution is prescribed on the
boundary, suction or blowing at the wall and the temperature dis-
tribution at the wall. The first method is the second-order Keller's
box scheme and the second method is the fourth-order scvhexne using
the Euler-Maclurin formula to replace an integral. The proposed
third scheme is also a fourth-order scheme which uses a four point
formula to replace an integral. All these schemes use a variable
mesh in iboth co-ordinates, When the truncation error is specified
the first scheme chooses an optimum spacing in the direction normal

to the wall.
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LIST OF SYMBOLS

A,B,C elements of £ matrix

f non-dimensional stream function

g non-dimensional temperature

h step size in m-direction

k step size in x-direction

L lower triangular matrix

N number of grid points in the m-direction

i P:p Prandtle number

q derivative of g with respect to 7

R Reynolds number

r tridiégnal matrix

r right-hand side vector in the equation

RS =r

T temperature

u x component of velocity in the boundary 1ayer
upper triangular matrix

e velocity of the main stream at the edge of the boundary

layer

Ue’ derivative of Ue with respect to x

v y component of velocity

w vector arrived at by multiplying the - matrix U and the
vector §

X distance along the surface measured from stagnation
point

y distance normal to the wall

a;,ap, b coefficients as defined in pages 31, 32, and 34
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Ba,Pz,B, functions of ay, aé and 8 as defined in pages 32 and 34

T matrix elements of the lower triangular matrix L
v elements of ' matrix

A matrix elements of the upper triafagular matrix U
a; g elevments of A matrix

5 vector whose elements are &f, 6u, §T, etc.

Sub scripts

.]' count of steps in m-direction
w quantities at the wall
Superscripts

n | ., count of steps in x-direction

i iteration number



1. INTRODUCTION

While developing this computer code to solve the two-dimensional
incompressible laminar boundary layer equations with heat transfer
it is attempted to make this as general as possible. This is achieved
to some extent by prescribing the boundary conditions in the most
general form. They are:

a) arbitrary wall suction (or blowing),

b) arbitrary pressure distribution along the wall,

c) arbitrary temperature distribution along the wall.

The governing equations are parabolic partial differential
equations with boundary conditions prescribed at the wall and at far
awa.y_fro;n the wall. A detailed discussion of the methods used to
solve these equations can be found in reference 5. A comrmon
practice in numerical solution of the two-dimensional boundary-layer
equation is to replace the streamwise derivative by a finite-~difference
approximation and reduce the initial/boundary—';ralue problem for
partial differential equations to the boundary-value problem for the
ordinary differential equation in the direction transverse to the flow.
The reduced problem is solved either by a shooting method or a
finite difference method. The shooting method utilizes initial-
value solvers for ordinary differential equations, and adjusts the
initial values that are not specified in the original boundary-value
problem until the solution meets the specified condition at the other
end. In the finite-difference method, the ordinary differential
equations are replaced by a set of coupled algebraic equations for a
large number of unknowns by substituting finite-difference approxi-

mations for derivatives. When the original differential equations
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are nonlinear, these algebraic equations also are nonlinear and
some iterative schemes are used to obtain the solutions. When the
memory capacity of a computer is limited, the shooting method is
the only choice, but the method is relatively inefficient compared
to finite-difference method and fails to converge when the initial
value solution‘ becomes very sensitive to the assumed initial values
as, for example, in the boundary layer with strong blowing at the
wall.

The memory requirement of the two-dimensional boundary-
layer solution is no obstacle to the computers of today, and in the
present investigation, finite-difference methods based on Keller's
box scheme (ref. 1,2} and its modification for higher-order accuracy
are forfnulated and coded in FORTRAN IV to be run on the 1BM
370/3032 at the Caltech computing center. Numerical solutions are
obtained for a laminar boundary layer subjected to unfavorahle
pressure gradient and the results from different schemes are com-
pared.

Transformation of boundary layer equations, formulation of
finite difference methods, Newil:on‘s iteration methods for solution of
nonlinear equations, numerical results and discussion are presented

in the following sections.



2. GOVERNING EQUATIONS

The continuity, momentum and energy equations for the two
dimensional, incompressible, laminar boundary layer are given by

(with notation as described in symbols):

Ju ov _
() axt3y=0
dUu
ou ou _ e ., 1 o du
(2) u—a—x+V?};_ Ue dx +R8y (v oy
() ol 4 2T _ _1 8T
ox oy R Pr aya
with boundary conditions
(4) .u(x,0) = 0 u{x, w0} = u,e(x)
vix,0) = v_(x)
T(x,0) = T_(x)  T(x,e) =1

In addition to the usual assumptions made in the boundary
layer theory the following assumptions are made:

a) The density and thermal diffusivity do not change with

temperature.

b) Kinematic viscosityvis a function of temperature.

In order to avoid the difficulties in numerical integration caused
by the boundary layer growth with distance x, the Falkner-Skan

transformation is introduced:
(5
e
- Y ZX .

Af 2Ue x/R f(x,n)

for the streamfunction and

ot

=3
!

for y and

®



-4-
T =1+ T (x)glx,m)
for temperature.

In the new variables the equations (1-3) and boundary conditions

(4) transform into

+ + = 1 € -
(5) (v £,) M <1 T Ue> £ T 2x T (1 - £)
- Zx(fﬂfxﬂ - fxfﬂn)
1 Ue' T,
: - - —_—_
(6) Prgn‘ﬂ+(1+xU >fg,n 2x T vfng
e w
= 2x(fn g, - fxgﬂ)
with boun'dary conditions
AT £(x,0) = £_(x)
fn(xs 0) =0 R f'n(x’ 00} = 1.0

g(x,0) = T:‘,'(?J [T ()-1] glx0) =0 .

These equations are solved numerically and the method is given

in the following sections.
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3. FINITE DIFFERENCE APPROXIMATION

The partial differential equations (5-6) are approximated by a

set of finite-difference equations using Keller's box scheme (ref. 1).

In order to implement Keller's box scheme for numerical

solution, the equations (5-6) are written as a system of first-order

partial differential equations:

(8) fn_ = u
(9) Uy = T

er' Ue‘
(10)  (VT)p + <1+ 5 ) 1+ 2x =5~ (1 -47)
€ e

= Zx(uux - fX'r)

(11) g, = 4

1 XUe' wa
(12) 55 9 * (1 + =35 ) fq - 2x
‘ e 7

with boundary conditions X
(13) £(x,0) = £_(x)
u(x,0) = 0 u(x, ) = 1.0
N | -
g(x: 0) = TW(X) [TW(X)- 1] \ g(X, w) = 0 .
The computational domain (0 < x < X ax? 0<n< nmax) is

divided into rectangular subdomains by grid work
Xy ,Xg,Xg, oo se o2 ecs o= Xn

M ,MNz,MNa, Ny

The central difference scheme is used to approximate a deriva-

tive:

1l m m 2
a_n]J_; =g @G-8 )+ oud) .



and
£ = 2T+ £5 )
Similarly
L
and v
fl;-% = 35 + £ h

In these equations, we use the notation

n .
fJ‘ - f(xn.v ﬂJ)

Similar expressions are used for the other derivatives. By substi-
tution of these approximations for derivatives, the nonlinear partial
differential equations are approximated by a system of nonlinear
finite-difference equations. - These nonlinear equations are solved
iteratively by Newton's method, at every x.

Let itl denote the current iteration. Then

f1+1 - fl + §f

Similar expressions hold good for the other variables. Assuming
6f to be small, nonlinear terms are linearized for small corrections.

For example, the product fT can be written as
4 88) (14 6m) = £78 o+ srrt 4 far
by neglecting higher order terms. Then the equations reduce to the

following set of linear equations for correction.

h

J _

(14) 6fJ - 6fJ_1 - 5 ((Su‘:r + 6uJ_1) = r1v,J’
hy

(15) duy - duy 3 - 5 (675 + 675 4) =7, 5 4
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(16) S ;ég;

r

+ 88,J 6fJ + Ss,J 6uJ +'S4 3 6TJ

2

S11,7-1 %851 F Se goy Oy S, g%l TS 501 ¥y

3 ¥

h :
J .
(17) ég5 - bg3_ 3 -5 (8 ay *8a5 3) =7x, 5,

(18) 'S ; ay + S, 8y + S, ybur + S, rog;
* 8, 3-189y1 v S, s ¥yt S o180 S, 51 %850
= rs,J
2<J<N

With these equations we have five boundary conditions
(19) 6f1 = 0’ 61.11 = 0, 6g1 = 0

(20) &uy =0, &gy =0

Complete derivations of these equations are given in Appendix 1.

We have 5(N-1) equations and 5 boundary conditions for 5N
unknowns.  Therefore these equations  can be solved. Now these
equations and the boundary conditions are arranged in such a way
that if tﬁese equations are written in a matrix form the coefficient
matrix of the unknowns will be a tridiagnal matrix.

In order to uséA matrix form the following vectors are introduced

EJ = 8¢

611J
6’FJ
GgJ
baz



and

"
o

]

H
[e)
o

for J=1,2,...,N.

To the system of equations (14) through (18) for J=2,...,N,

we add three equations from (19) at the top and two equations from

(20) at the bottom. The first five equations involving & and 6p

are,

These

where

6f1 = 0
su, = 0
égy =

]
Sug - -%a §Tg - %g_ 8§Ty..= T
. ba
2

6gs

are written in the following matrix form:

[Aﬂ 31 + [01] _5—5 = ;1

A;] = |1 0 0 0 0]
0 1 0 0 0
0 0 0 1 0
0 0 -%% 0 0
| 0 0 0 0 -%é—J




and

[C1] =

(=)

o NIE‘ o

1

0
. b
T2

g

At any station J=m similar matrix equation can be written:

mém- 1

where

+ A %
m m

+ C

= T

m6m+1 m
-zh 0 0
Sa, m-1 Ss -t Sl i,m-1
o .
8, m-1 8, M =1
0 0 0
0 = 0 0
2 <m <N
-%hm 0 0
S S
3, m 4, m 1,m
&, m 0 Sa,m
1
-1 th-i-l 0
0 0 -1




. 1y
Ay =1 Shy 0 0 0
SN Sa N S, N 5 N 0
Sy N S¢. N 0 Se | Ss | N
0 1 0 0 0
0 0 0 1 0
c =[o 0 0 0 0 ]
m
| 0 0 0 0 0
0 0 0 0 0
1
0 1 -3h_,,0 0
) 1
o 0 0 1 -3h |
and
CN = 0

Thus, the whole system becomes a system of linear vector equations:

Al -6-1 -+ Cl —gg = ?1

Bg6y + Agb, + Cgby = 13
3 -+ s = T

BN 6N— 1 AN6 N

These equations collectively can be written in matrix form by
denoting

0
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R
1
a1

2 <m<N

and

59 1<M<N

P—Al Cl . ] '—6_1_ _1:1
By Az GCs S| = e
By  A; G b3 T3
By An EN ;N
B IS I M
or
(] (61 = [r]

This is a matrix equation at any i+l iteration at any X -
R is a function of f, u, T, etc., of the ith iteration and [r] is a
function of f, u, ... etc., of ith iteration of station X which are

known. When this equation is solved for 9,
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f1+1 =+ 6f , etc.

are computed and iteration is carried out until convergence criteria are
met,

" In order to solve the linear equations

(£] (el = [x)
the L. U decomposition method is used. Where L is a lower tri-

angular matrix and U is an upper triangular matrix. Let L be of

the form
L = [ 7]
Ts 1 ’
Ta 1
Ta 1
PN l_j
and U be of the form
U = F-Al Cl
Ag Ca
Ag Ca
AN-I CN-J.
AN
then
k] = [L] [u]

From this equation the following relations between A, T', A and B

are derived
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A = Ay

Ty AJ—l = BJ J=2,3,4,...N

AJ = AJ - Ty CJ_1 J=2,3,...N
These equations can be solved sequentially. Hence I'y ... I‘N and
JAS S AN can be assumed to be known. The details are given in
Appendix 2.

. Thus the original equation is written as

(L] [u] (8] = [x]

If we let
(ul (8] = [w]

then we have

(L] [w] = [r]

from which we get

this equation can be solved without any difficulty since only matrix
multiplication is involved. Hence w can be assumed to be known

for further work. The next equation to be solved is:

ful [8] = [w]
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Since U and w are known this can be solved in the following way:

— — = -
by Gy A Wa
Ay Gy
AN--iL. CN—l 6N—1 WN-1
AN N N _J

From which we get

AE. =W A & =w_ - C_5

N™N N m m m m ?n*‘i’ m = N-1

PEC Y

Using Gaussian elimination at each step the above equations
are solved sequentially.

After 6M'S are known

f = f +6f-etc.

are computed. Then we go back to the original equation [R][8] = [z],
recompute [£] and [r], and repeat the procedure until convergence

criteriai is met,
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4, STEP SIZE CONTROL

In order to get an optimum spacing, a step size control sub-
routine is incorporated in the program. In the central difference

scheme used in this computation, the truncation error is given by
TRUNCATION ERROR = O0(h®y'")

for an equation of the type

y' = f(x)

Step size is chosen such that the truncation error in equations (10
and 12) are below the prescribed limit. . This is achieved in the
following way. The equations are solved starting with a uniform
grid and the mesh is improved according to the following criteria,
by checking the truncation error of 7T solution.

(1) For each J, let R, = max(hJ,h } and calculate the

J J-1

truncation error

h2 Ty =T T =T

c - J NS SR B S
(hJ, hJ-l ) hJ hJ'._l

if € < maximum error allowed, nothing is done. If
€ > maximum error allowed, then two new points are

added such that
my = 2Ny, +ng) and Ny = 3(M;+n; ;)

(2) The new mesh is inspected and new points are introduced

such that

by

J-1

HLOW <

< HHIGH

Typical values are 0.3 for HLOW and 3 for HHIGH.



-16-
(3) Solve the equations with the new mesh points.
(4) Examine the truncation error of the new solution.
(5) Repeat the process until the error is less than the pre-

scribed limit everywhere,

Interpolation:

When the step size in the m direction is changed at a X
station, the variables at the X,_, sStation as well as the previous
iterated values at the current station need to be interpolated for the
new mesh points.

Suppose f(x) is a discrete function given at points

X = X vV = 1

y ,2,...N

Then a cubic polynominal P(x) is chosen for X1 <x < X, such

that at the given points the following conditions are satisfied

)

P'(XV) = f‘(‘xv) s P'(xvul) = filx, )

P(X\)) = f(x\)) s P(X\)-l) = f(x,,_,

In the program the subroutine CALCCF calculates the co-
efficients of the cubic polynominal and function subroutine PCUBIC

calculates the value of the function at any desired point. (Ref. 3.)
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5. A HIGHER ORDER METHOD TO SOLVE BOUNDARY LAYER

EQUATIONS

The box scheme as described in Sections 4 and 5 is a first-
order method in both x and 1 spacings. This calls for a fine mesh
to achieve the desired accuracy compared to higher order schemes,
which may require more computing time. Therefore, it is desirable
to employ a higher-order scheme which may be more efficient for the
same accuracy and which is easy to program. Here we describe one
such method and compare it with another higher order method ex-
isting already. Reference 6 gives a bri}’ef revie.w of other existing
higher order schemes. :

We consider the transformed equations (5,6) with boundary
conditions (7). They are written as a system of first-order equa-
tions (8,9,10,11,12) and boundary conditions (13). Only equations
10 and 12 involve the derivétighs with respect to x. Using central
difference schemes we write

1

ou |2 1 n n-1

Bx =5 (@ -uw )
k

and

n- n n-1
u = 2(u +u )

[

Appendix 3 gives the details of the equations and here we explain
only the procedure. Using this we can write these equations at any

n-3 station along x and reduce it to the form
Z = f(n)

integrating this with respect to m from N1-1 to ny we get
4
Z_. - Z = f(n, Z)dn

J-1
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where Ny-1 and ny are any consecutive points in the mesh. To
evaluate this integral we use a NEWTON'S BACKWARD interpolating
polynominal for f(n) and then integrate. Using four points Ny-2

nJ'_l: ’ﬂJ, "’lJ_,_l, we get

2y m %31 7 Gy T Gl T Gt Gl

where ‘Cl, Cs, Cs and C, are functions of hn-l’ hn and hn+1'

Linearizing this for small corrections as done earlier we get

6Z . - 62

7 J-1 ~ C, &f

- Cg8f - Cs 8f, - C,6f

J-2 'J-1 J J+1

= Z - Z_ 4+ G f 11

7-1 7 + Cg f

T2 + C&f‘]. + C, f‘),_{_1
At the boundaries one-sided four-point formulas are used and
given in Appendix 3. This system of equations can be written as

before in the matrix form
R&=1.

Solving this equation is more involved compared to the first-order

method since this equation contains unknowns at four points in every
equation compared to two in the earlier case. In order to simplify
this, the following approximation is used. Using Taylor's series ex-

pansions, we write the equation for 6Z's as

2
825 - 8Z1 1 - (Ca + C1)6f; | - (Cs + Cu)8f; +'O(h)

"—'-Z "Z +C1.f +C3f

J-1 7 + Cof

+ C,f

J-2 J-1 J J+1

If we neglect O(hz) terms in the left-hand side the equation reduces
to a form of the earlier case which can be solved easily.

In order to examine the consequences of this approximation,
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let £ = R, + 0(h®). Then R6 = r becomes R16 = r + 0(h®)s,
Namely, the approximation introduces the error 0(h°)§ at each
iteration, but since the condition of convergence is & — 0 this error
does not affect the final results. It affects only the rate of conver-
gence. This simplification significantly reduces the complexity in
solving this equation.

The equation R, 6 = r contains new elements only in £; and
r. Hence only the subroutines RHSI and RLHS need to be changed
since the structure of the matrix is unchanged.

After making these changes the te;;st case mentioned earlier has
been solved and the results are given in Table 1. To compare this
proposed method with existing methods another higher order method
that uses the Euler-Maclurin formula to replace the integral has been
programed and the results of»’ :this method also are given in Table 1.
Reference 7 describes this rr;éfhod in detail andv a brief description

is given in Appendix 3.
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6. DESCRIPTION OF THE PROGR_AM

The above algorithm is written in Fortran IV for use in IBM
370-165 computer. |
MAIN

The main program performs data input and calculation of
parameters like a,, aga, Bg ... etc., and calls various _subprograms.

SUBROUTINES

RHS1 and RLHS calculates thé right side vector r,, rg,
etc., in the equation R& = r. Also calculates the elements of R
matrix ’ » '

GUESS gives the Astarting profile at x=0. For further calcu-
lations 1;he profile at x=x__ is used as initial guess at X=X .
This helps to reduce the number of iterations at consecutive points.

DECOMP and SOLVE solve the equation [R]6 = r and gives
new profile.

STEPZ computes the optimum step size when the maximum

truncation error is specified.

FMIDPT, CALCCF and PCUBIC are part of interpolating

routine which gives the values for the new mesh points.

FUNCTION VISC and R\_{_QI supplies the functional relation
between VvV and temperature. |

A flow chart is given below and the listing of the program is
presented in Appendix 4.

In the case of the four-point scheme a new subroutine COEF

is added to calculate the coefficients of the four-point formula.
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FLOW CHART

7 INPUT
///i IF NO INPUT ,
STOP
CALL
GUESS | |

—/

=)

y

/

Je\ )

DECOMP

YES

INTERPOLATION

STEPSIZE

v
\\\~No CHANGE >, YES
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7. RESULTS AND DISCUSSION

To compare these schemes the following test case has been

used:
- - 5
Ue = X B x
where P is chosen such that the separation occurs at x=1. The

Tifford series is used to determine B, which gives

0.3411409

B

All three schemes are run with a uniform mesh in both x and 7
spacings. In the x spacing k was‘ tak:en to be 0.025 and in the n
spacing h was taken to be 0.1. The results are presented in
Table 1 along with the results of Tifford's series for comparison.
The computed separation points differ among all methods. The
probable reason is that, near the separation point, the derivatives
of flow properties with respect to x is large and at the separation
point it is infinite. Hence all these methods fail near separation.

The results from both four- and two-point fourth-order methods.
agree very well with each other and also with Tifford's series except
near the separation point. Tifford's series solutions are not valid
in that region. Therefore, for the g\iven B the separation could
occur at a point different from x=1. For these reasons the failure
to predict separation at x=1 need not be construed as a defect in
these methods.

Goldstein (ref. 8) investigated the solution of laminar boundary
layer equations near separation and concluded that the wall shear
vanishes as the square root of the distance to the separation point.

The separation point, x,, was estimated by fitting a parabola to the



-23-
computed wall shear at x=0.9 and 0.95. The fourth-order methods
give xs=0.9587, while the second-order method gives xS=O.9589.
Therefore, we conclude that all computed values beyond x=0.95 are
meaningless, and we also suspect that Tifford's series solution is

unreliable beyond x==0. 8.
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8. CONCLUSION

Among the three methods considered, the second-order method
has poor accuracy. This strongly emphasizes the need to adopt
'higher-—order. methods. The complexity in adopting such higher-
order schemes prevented the wide use of such schemes in the past.
Now it is clear that extension to higher-order is not necessarily a
problem once certain approximations are made as demonstrated in
the present study. Among the two higher-order methods each has
its own advantages and disadvantages. The two-point formula which

uses the Euler—Maclurin formula has a’lower truncation error of

1 .5 1
K
_ 720 °7 ore
compared to
1 1 s
36 hJ 13 hylbhy ¥ J+1)+4 Thy J+1]F[“J+z’“J+1’”J’ﬁJ 1 Ny-24

where F[nJ+2’nJ+l’nJ’nJ-l’hj-Zj is the fifth difference in the
NEWTON's divided difference (ref. 3) the truncation error of the

four-point formula at any station Ny This reduces to
11 S FT

720 T orf

for uniform mesh and the upper bound for non-uniform mesh occurs

when hJ_1 and hJ - 0 and the error is
24 W Fr
720 Ja,ns

These errors are so small in many cases that these errors will not

‘have any effect up to at least six significant figures. Extension
of these methods to higher-orders are possible. The four-point
scheme is easy to extend since only the coefficients in the formula
need to be redefined, whereas in the two-point scheme higher deri-

 vatives have to be evaluated. For the type of equations dealt with
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in this study the evaluation of higher derivatives become cumber-
some and time consuming. The author believes that the fourth-
order methods are optimum. Between the two fourth-order schemes
investigated the two-point scheme is found to be inefficient since the
derivative evaluation is more involved as in the present case. By
using the four-point scheme one can save up to 20% of computing
time in the uniform mesh case and up to 17% in the case of non-
uniform mesh without loss of accuracy. Nevertheless, an optimum
method would be a combination of these two methods. That is to
use two-point schemes where the dériv/étives come out of solution
as in the case of the firvst three equaﬁbns and use the four-point
scheme &s in the case of the last two equations for which the
derivatives are not available. This will be more efficient than the

two methods discussed earlier.
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TABLE 1

(Ax = 0.025, An = 0.1)

x FOR DIFFERENT SCHEMES

TIFFORD'S

FOURTH-ORDER METHODS | SECOND-ORDER
x SERIES __|FOUR-POINT | TWO-POINT _ORDER
0 1.232588 1.232588 1.232588 1.231682
1 1.23252 1.23252 1.23252 1.231615
.2 1.23152 1.231514 1.231514 1.230613
.3 1.227145 1,227145 1.22626 -
4 1.2153 1.215245 1.215245 1. 214406
.5 1. 189458 1.189458 1.188718
6 1. 139967 1.139968 1.139413
7 1.050123 1.050124 1. 049892
.8 0. 8919 0. 886646 0. 886648 0. 886966
.9 0.5979 0. 559499 0. 559503 0. 560802
.95 0.215214 0.215222 0. 217702
.97 | 0.1815
. 975 0.18715 -0.123194 ~0.116905
.0 0 0. 026157 ~0. 178514
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APPENDIX 1.

FINITE-DIFFERENCE FORMULATION

Finite difference approximation of equation

U I
vf (1 +2=UYff + 2x — (1 - £2
Ol * 07 g7 U £l + 22 g (1 - £g)
= 2x(f f - f f )
nxn  xmM
1 % ZXTW'
s [ doniil 1 - .
Pr &m + (1 + U, U, )fgn T fng

= 2x(f g - £ g)

with boundary conditions

at

n=2~0 f = fw
f =0
n
g = (Tw-;)/'Tw

= f = 1 0

n 0 n

g =0

Before integrating numerically, these equations are written as

a system of first-order partial differential equations.

f = u
n

u =T
il




These five first-order equations are written as finite difference

equations in the following way.

DeScriEtion of Grid System

The computation domain (0 < x < x 0

max

I

NS M) i

covered by the network (x = x;,xp,.. $X 5 M= My, Mg - .nN). The step

size in the x-direction is

i

kn = Xn - Xvn-l

and in the n-direction

hy =Mz - N3,
» J+l
hJ+1
n-1 J
n fJ n
fJ hI
J-1
kn kn
- > X
n-1 n n+1

Here superscripts denote the x-index and subscripts denote the
n-index.

Using the central differences scheme the derivatives are written

as 1
af | fy - f?—l

a'l'] J-% hJ
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and
of n-3 ) oo fn-l
ox J ' kn
A linear interpolation is used to get midpoint values. For
example n_, n
~ . fJ fJ-l
J-3 2
n n-1
+
and fn_% _ fJ. fJ
J - 2
(1) f =u

n
This equation can be written as

J J-1 — L = J J-1
hJ' J-3 2
h h
J n J =n _
£1 - 5wy - i, 2 %5 = O
Linearization:
Set L
fn,:'t+l _ fn,i + 6f un,1+1 N I,

where the second superscript i is the iteration number. Substituting

these into eq. (1) and retaining only the first powers of &f and &u, we

obtain (dropping n)

hy by
8f; - 7 duy - 8y 4 -5 duy =1y g
where h h

i by s By oy
Tttt gyt oy

Similarly the equations (2) and (4) can be written as
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where
. s h . h .
_ 1 i ~J i J 1
T3l T T Tyt Tyt T
bg. - &g - il-l 5q.,. - El 5q = r
J J-1 2 J 2 J-1 4,J-1
where
Ty 3.1 J-1 J 2 7 2 J-1-

2

Now equation (3) is written as follows

L = 2x%(uu_ - £ T)
e x

\A

where g g
- e e R
L = (v7%1-+ <1 + x i ) fr + ZXfTT—(l u”)
e e
Finite differencing in the x-direction, we obtain at x = S S
=2
n= ﬂJ
1,010 n-1 *n-1 n n-1, n n-1
E(LJ + LJ ) = —E——& (u;r.‘“+ u )(uJ - Uy )
n
n n-1 n n-1
- (fJ - f_], )(ﬂ'J + ‘FJ }
By letting
2% 1
-3 n
k = ag
n
the above equation is written as
2
n n,n n n _n n n-1 n n-1_n
LI - e (up) +az f5 T3 + a3 f?'rJ - ag £] 7 T3 = RL3;
where .
RL3 = - Ln—l _ u;l(un—l) + ag’l fn-l Tn-l

J J J J J

At any nth station the solutions at n-1 station are supposed to be
known, and hence the right hand side of the above equation is known.
Finite differencing in the m-direction, then, results in the equation

(dropping n)



T}J— [y = oy ) v B rpr v B
+ 204 “%lu?r—%&ui—l
G e T
-Gl - fle:i’TJ—l = Rb3ps
where

Bz = 1+ a3 + ag

Ba = 2a; * ag
Now intrc;ducing
‘y .. 7 . .
Vl 1 — r 1 oV . 6g:} = Vl + (Vi)l 6g

3+ s 2 T
ol 1 i i )

]

-3
+
o
-3

and dropping higher order terms this equation becomes

S, ybgy * S, pSfy * S, youp+ S 18Ty
511,7-1%83.1 T S5 718850 S, g%y TS5, 5o
where

2 . v
S == YL T, with V! = (&=
2,3 "8 V1o 7= %),
S = BgT. + ap T2}
s, J P27y 2T
Sa,J = - 2Pavyy

2z n-1
5., B, V17 Pafy - cafy
2 n-1
%,0-17 71 Vg1 T Pafpg ey
2

S oz
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and

"
I

2RL3J-—% - 40.1 - BETJ_EJ
2 2
- ﬁBTJ_lfJ—_l + ﬁSuJ + ﬁqu_l

" n-1 n-1
-y iy - e Ty ,fr

+ oag TJfle-I + ag TJ-lffIl:i
2 2

- Y T+ — Vv T
hy Y7'3 T h; Vr-17re

Following the same procedure equation (5) reduces to

Ss,J 6qJ' ¥ Sv,J 6fJ * Sa,J 6uJ’ * Sa,J 6g.T +

S

2o, 3-1%95.1 TS

7, T-1%5.1 TSy 5oy TS, yoabep = v g

where

165]
1

2 -1
5,7 = Pra; * Paly - as £

1

€3]
1l

n-—
y T Paay * aa qy

n-1
Ss,J =0a28; - Bsgj
n-1
SQ,J = -[34113. - gz uy

2 2
s, 5 = 2RMo5L - BrR] 95 T Brh; Y-l

Paasty - Peay iy * Pros8;
+ Bau. . g + apu??
sBy.185.1 7 %Yy g5

n-1 _ n-1 n-1
G2 Uy 1857 - 9285y Yy - %287 1Y%
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n-1 n-1 n-1
- Qo qJ_ fJ. - Op qJ—lfJ—l + Qp quJ—

n-1
+tazqy pfy

and

W
By = 8 + az and 9=2xT

xTr
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L.U. DECOMPOSITION OF R MATRIX

R is a tridiagnal band matrix of the form

l? = 'A"l Cl N ~ ~
By Az C; ~_ 0
s Bs As C3 N
~ \. . . ~ <
~ M ~ .
0 » Br-1 AN Onad
~. By Ay
~
p S ——

and to be decomposed into a form such that £ = L.U

U are of the form

i
4

M 4

(A2-1)

where 1. and

L = 1 \~\
\I-‘g 1 \\\ °
\\ I‘a 1 \\
\\ F 1 \\\
S . (A2-2)
\\\\ . \\\
0 RS N
\\\TN 1
and
U = (& G RN
\\ AQ Cg s 0
RN (A2-3)
\\ \\ .
\\\ w <
S S .
0 SANer Onct
\\ AN
- -
By equating the matrix elements of £ with the elements of
L. U. after multiplication we get the following matrix equations:
5 = A,
Tbs g = B J=2,3,...N (A2-4)
AJ = AJ - I‘JCJ_1 J=2,3,...N



~-36-~

It can be shown that AJ is of the form

— o

by = | @17 ®2,] ®3,J %4, J Ns,J
021,35 O22,J Q33 J Q24 7 935,37

Gzi,J 98,5 Oaz:,J O34, 7 O58 T

0 -1 -%hJ+1 0 0

0 0 0 -1 -th_
27T+

.

and 1"J is of the form

~
Ty =1 M1 3 %e, 5 %337 %N, ] Ns,J

Y21,J Yes,J Yes J ‘}’2435 Yas, J

Ya1, 3 Vsa,l ‘Y:az,J Va4 ,J V35, JF

0 0 0 0 0
0 0 0 0 0
Since A, = A; is knownk,':‘ the following equation can be solved.
Taly = Ba
This gives
[ h )
Ty = -1 -_~-za- 0 0 0
2 2
0 —ESE,]_ 0 "'~']'_,]';SS 1- O
2 2
0 0 “fg S10,1 0 "o S10,1
0 0 0 0 0
0 0 0 0 0

After T is known, Az is determined from
by = Az - T2G

This involves oniy matrix multiplication and addition.’ I‘J and AJ

for J=3,4,...,N may be determined by successive application of

second and third equations of (A2-4). "Determination of AJ after
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is known involves only matrix multiplication, but getting I‘J from

Ty
Iyby_q = By

involves solution of simultaneous equations.

Let us transpose this matrix equation

T T T
A;als = By
Since I‘J. contains only zeros in the last two rows, the above

equation gives three equations for three row-vectors of’ TJ

1,3

T]" -

[AJ-I

= [Dz]‘
2,7
Tos, J

E

Dy = S 5.1
Sz, J-1
0 Sg,J-1

0 | S, 341

i —

D; = S7,J_1

| Se, J-1
0

Se J-1

S10,7-1

These three equations are solved using Gaussian elimination.
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APPENDIX 3. HIGHER-ORDER FINITE DIFFERENCE

The boundary layer equations for constant density with heat-
transfer case in the transformed variables as mentioned in Appendix
1 describing the second-order scheme.

As in Appendix 1, the central difference scheme is used to
approximate a derivative in the x-direction and mid-grid value

___1__(n n-l)
u =5 (W -u
n

n+1

|-

n
%(u + u

)

Using these finite-difference approximation, we get the following

equations at x = X (refer to Appendix 1 for the grid system and

+1

other details). The superscript n+l is omitted from the wvariables

at x = X 41 for clarity.
f =u
n
u = fF
n
VT = F
( )n
g'ﬂ = q
1 _
Br iy = C
where
F = Bau® - BofT - 2a; + agf 7T
n n? n_n n
-apltf+ (u) - £T1T] - Lg
G = ug(b+ag) -~ (lta;tag)qgf + ap (ung+gnu-quf+fnq)

- ap (Wg"-q") - Lo
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2
LY = (vv)g (1+a;) £477 + 262 [1 - (™ ]
L? = 1

n n. . nn nn n
Br Iy + (I+tg)fg - 08 u' g

and a;, ag, Pa, Bz and 6 are defined in Appendix 1. Integrating

these equations from Ny_1 to ny we get

n

fJ-fJ_l" | u dn
I-1
n

Uy - ¥yy T Tdn
7-1

1
n
gy Er.1 < q dn
J-1
1 W
J-1
In the integral
n
F dn
J-1

F is replaced by a Newton's backward interpolating polynomial using

the information available at N1+1s Ny M3-3 and Ny_p- Then we get
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Ny
f F dn = ;;1 (DF; , + G(NF, | + Cs (N F,
M3-1
+ G F_,
3 <J<N-1

For J=2, we use the values at m;, Mg, Nz and m, for the interpola-

tion formula and get

Ne
B dn = blFl + baFQ + b3F3 + b4F4r

1

At the outer edge, the approximation

n
jN Fodn = §(Fy + Fy_ )by

N-1

is used because all f, u, T, etc., are linearly varying and hence
this is exact. For different behavior of the function at the far end

the form used at J=2 should be used.

After linearization as done earlier the equations are reduced to

ﬁfJ - 6f._T-1 - (Ca+Cl)6uJ_1 - (Ca +C4)6uJ

ﬁuJ - 6uJ-1 - (Cg+Cl)6'TJ_1 - (C3+C‘,‘)6'rJ

J-1 " Y5 + CITJ—Z + CETJ_I + C3TJ_ + C‘;:TJ_*_1
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GOW)J - éhm)J_l - a16FJ - agéFJ_l
= (VT)-J_;[ - (\)'T)J_ + G FJ-Z + CEFJ_1

+ CF,. + C,F

J J

6gJ- - 6gJ_1 - (C1+C2)6qJ_l - (C3+C4-)6qJ'

= gJ—l - gJ + Cqu—Z + CQqJ_l + quJ- + C4qJ‘+l

1 /
ﬁ(ﬁqJ-éqJ_l) - 338G - 2,8G;

s 1 .
=Py Q5179 ¥ GGy T GGy * GGy + GGy,

The equations have the same form as the first-order method
except the elements of the le:fé—hand side matrix and the r wvector
are different. This needs the modification in Routines RHS1 and
RLHS in the program.  After the modification. a test case is solved
and the results are presented in Table 1.

The coefficients b, , bz, bs, etc., are found for two cases.

a) uniform mesh

by =5y b
by = 5o h
bs = - 55 h
by ==y h

and
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G = -5 h
C(7) = 3> h
Ca(7) = 25 h
Cald) = - 57 h

b) non-uniform mesh
for J=2

b = Ty [ +he)(Hs +Hy) + 2, Hy]

by = Trip [(Hs +2Ho)(H, +hs) - Hyhy]

B = - g (he t2Hs)

where

S
1

he + by
hé"'_'h‘:.
by + hy + by

% .

Hy
for 3<J<N

3
B (H; +h, )

G ) = - 12H;h;

By

Cg(J) = m;—; [(H1 +hJ+1)(H2+hJ-1) + ZthJ._l]

By

12H, h‘]._’_1

J'+1]

3
by
120, t;h

C,(J) = - (Hy +h_ )
J+1 J-1
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where

1
[»n

Hs(J) = Byyy + By + By,

Alternative Scheme Using Euler-Maclurin Formula

If we use the two-point Hermite interpolation instead of thé
four-point formula to approximate the integrand, we obtain the

Euler-Maclurin formula

n h R
Fdn =t (Fp 4 Fp o)+ ) (Fy_ - Fp ¢ O(h7g")
I-1 |
where

If we use this scheme, the equations reduce to

By By
fy - fy =7 (ogtuy )+ 35 (T5,-T5)
hJ th
up = Uy g =3 (Tt ) F 13 (O - 7))
hy by
- 2 — : — - !
Wy = Oy g =5 (Fy+Fp )+ 35 (F}_ - F))
hy b
8y -~ 871 =7 (Qytazy ) + 15 Gy 1-Gy)
Prhg th
Q - 951 =~z (G;*G; ) + 15 (G} -G}

After linearization and omission of 0(h°)§ terms as mentioned earlier

we get
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hy
s, - 8y | - 5 6u; - hibu;
hy h?r
=iy -yt (ptuy ) Ay Ty -7
h h
J J
buy - duy 4 -5 8Ty - 73 6Ty
h h h?
_ - _J _J .o .
=V -9ty Tt T -1 Uiy
h; by
hy by
- - e — - wm— VAl S il |
= (T)y_y = (VD) 5 (Fy4Fy () - 03 (FL-TFY )

T! appea¥ing in the second equation and implicitly in ¥' can be de=
duced from (\J'T),n =

F and given by

T = (F - V!
. ( vg“’r)/v

where Vv is given by function VISC(T) and V' is given by DVDT(T)
in the program.
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APPENDIX 4. FORTRAN LISTING OF COMPUTER CODE

MAIN

GUESS

DECOMP

SOLVE

FUNCTION VISC and DVDT
STEPSZ

FMIDPT

FUNCTION PCUBIC
CALCCFE"

RLHS (lst order)

RHS1 (1st order)

RLHS (four-point scheme)ﬂ
RHS1 (four-point scheme)
COEF (four-point scheme)
RLHS (two-point scheme)

RHS1 (two-point scheme)

53
53
54
56

59
60
62
63
65
66
67
69



MATIN

IHPLICIT REAL*B(A~H90~Z)

DIMENSION F(lﬂos?)sU(IOOQZ"T(10012)96€10072)1Q(100y5’sH€1007V;Av
DIMENSION X(d)’TW(E)lRL3(100"RLS(IOO),Y‘IUO)’YI(IOO)

DIMENSION C(100,4)
COMMON/ALLZF0sT,GrQsH

COMVON/CONSIP/AL]P9AL2P98T5?RgBTA3PvBTA4P9THP

COMMON/GUES/Y
_COMMON/TRPR/THsPR
COMMDN/CALCFIYIQC

COMMON/RHS/RL33RLS

COMMGMfCONS/ALI9ALZsBTAZsBTA3oBTA4’TH

LOGICAL_CONST ~

COMMON/MESH/ “CONST
101 _FORMAT (SXs*X S0 ,F7,49"

« ¥ TT=esF 11,680

,57,4,97“FA-¢7F11.6:'_ U t'oF11e6~."“W$

G’~°;F11 YR =0 sF11.6)
ITERATION=

Y912+ DECOMP LTFRA110N“'1IngF

102 FORMAT(795X%s*STEP SIZE

PR=1,.
KY=90¢ -

KP=KY~1
XK=,025

X371,
X(2)=0.

B=0,3411409

~Xxti)=0,0

3 CONTINUE

HJ=,1

DO 3 J=1sKY

THIJY=HS

TCONST=,TRUE,

1P=1

TWil)=l,

“Tur=0,
_UEP=0,

TWi2)=l.

FW=0.
UE=1,

o IsT=-1_

CALL GUFSS(KY’I)
DO & J=1sKY

Y11=y )
4 __CONTINUE

TTIX=)
_ALl=l,
ALZ= 0-

TH=0,
333 __CONTINUE

IcT=0
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ALZ2P=ALZ2
TH=2, #X{IX)#TWP (1X)/TWLIX)

_IFUIXGEQez) ALZ=2.¥X(2) /XK=1a.'

BYA2=AL1+AL2
_BTA3=BTA2+ALl

BTA2=1.+B1A2
___BTA4=TH+AL2
G(I9IX)—(IH(ZX) -1 )/TH(IX)

— _FtlsIX)=F¥

CALL ELAPSE
. _CALI_DECOMP(KYsIXsICT)

caLL RLHS(KY!IXvIP)

. CALL ELAPSE_ R SR

WRITE (6s102) IST.ICT
IF _(IX_ .EQ. 1) P =2

_ DO 311 J=1sKY
e FAJsIPI=ELJs LX)

U(JQIP)~U(J91X)
LTI IPI=T(J51R)

GlJsIP) =G (U5 IX)
Q(JsIP)=Q¢Js IX)

311 CONTINUE
IP=1

DO 2 I=1sKYsKP

HRITEJéyIUll~511X)5Y1€I)9F(I91); ULI9)1)oTCLs1)sGCIsldoQCIol) .

2 CONTINUE

X{1)=X(2}
IX=2
AL1P=AL1

BTA2P=8TAZ -
BTA3P=BTA3 L

BTA4P=BTA%
THP=TH

X(2)=X(1)+XK
L S IFUX{1) oGELX3) STOP

X1=X(2) #4438
UEP‘I."S.“XI_

UE= IQ-XI
ALl—UEP/Ut

GOTO 333
END
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SUBROUTINE GUESS(KY»I)
IMPLICITY REAL"S(A"HVO"Z)
DINENSION F(}QQQ’L}E}}OO!Z)vT(10012)9G(100,2)sQ(lOO,C)yH(lOO)
DIMENSION Y(100) T
2 CGHHON/ALL/F!U!T';G?Q’H
COMMO"I/GUtS/Y o
Y2=3,5%3.5
¥1=3.5
| C ____  _BOUNDARY CONDITION _
F(19I)-—0 U
U(].’I)-—O. !
T(ly1)=0,5
G(l,_l)?"l.
Q(ls1)=0.9
Y(i)=0.
D0 300 J=zsKY
Y(J)—Y(J'l)J-H(J)
YY=Y(J)
IF (Y(J) +61.3.5) GOTO 190
FUJp1)=YYa#3/Y25 (] =, 54YY/Y])
UJs 1) =YYRS2/Y28 (3,2, 4YY /Y1)
TUIsD)=6e%YY/Y25 (1, ~YY7YI) T T
GiJsl)=1.=U(Jr]1)
G(Jql)‘-T(Jyl)
6070 _300
190 CONTINUE
L FCIsI)=F (U=191)+H (D)
U‘J’I) I-
T(J21)=0,
G(Je ) =1.=U(Jv I
QI Iy==T(Jsi)
300 QONTINUE N
INITIAL ESTIMATE COMPLETED
ETURN )
END_




SUBROUTINE DECOMP (KYsIXsICT)

IMPLICIT REAL®8(A-HyO0—Z)

DIMENSION R11100)»R2(100)sR3(100)sR4(100)sRS5(100}
DIMENSION 51(100)952(100)953(100)154(100)’55(100)g56(100’9%7(100)__‘

DIMENSION S8(100)S9(200)5S10(100)+S11(100)}

DIMENSION_F(10052)9U€100+2)97(10052296(10092)9Q(100s8) sH(100) .

__DIMENSION AII(IOO)OAIZ(IOOJ9A13(100),A14f100);AlS(lOU)
DIMENSION AZI(IOO)9A22(100)qA23(100)9A24€100)eA?J(lOU}

DIHENSION, A3LLIOG§9A32(100)9A33(100)yk34€300)9A33(lﬂu)

i

DIMENSION 811(100)9812(100)9813(]0079“}4(100),815(100)
DIMENSION. 821(100)9822(100)7823(100)vBEAilOO);B?S(lOU)
“DIMENSION 831(100)’832(100)y833(100}9P3Q(100)9835(109)

DIMENSION DF(lOO)vDU(100)9DT(100)gDG(lOO)vDQ(IOO)

DIMENSION P5isD(5)

DIMENSION HlllOO)»HZ(lOO)vHB(lGQ)9W4€100)9w5(100) “ e

COMMON/RHL/R13R2yR39R49R5

COMMON/COMP/SI’520539q49Sva6yS?gSB999:SIOv311

COMMON/ALL/F9UsTyGsQsH

COMMON/CSOLVEZ A110A13yA15’A21sAZBrAvaASlvA33¢A3§9D¢P

T LOGICAL SULV
COMMON/SOL/SOLY

. SOLV=,TRUE,

L-U_DECOMPOSTITION STARTS _

200

1P=1

. Ici=0
T CALL RHSI(KYﬁIXvIP)
). CONTINUE

CALL RLHS(KY’IXyIP)
K=KY+1

H(K)Y=0.
DU(K) =0,
DT(K) =0,
DG (K)=0,__

Da (K =0,
INITIAL VALUES FROM HAND COMPUTATION

All(1)=1,

A22(WVV=le - o o

A34(1)=1.

b - ——




e e s

_B35(2)=-S10(1)¥%2,/H(2)

B1Z2(2)=-H(2)/2.,
B13(2)=0. _

14(2’ 0.
__B15(2)=0,
Bei(2y=0.
__B22(2)=-55(1)*2,/H(2)
B23(2)=0, A .
B2 (2)==S9(1)%2,/H(2)

- —— e e et e e = ——— .

B31(2)=0.
B32(2)=0,
B33(2)= =S10 (1) #2./H(2)
B34 (2)=0,

INITIAL VALUES FROH HAND COMPUTATION OVER

- SINCE AT J=2 GAKMA~ MATRIX 15 KNOWN EDLLHINQ §TEP IS SKIPPED FOR i
IFtJ.EQ.2) GUTO 210

GAUSSIAN tLIMINATION OF DELTA MATRIX "STARTS
Bl= A13(JP)+HJ*A1?(JP)
B2= A£3(JP}+HJ*A22(JP)
B3= AJ3(JP)+HJ*A3?(JP)

C

- DO 306 J=izsKY
HJ==H(J) /2.
JP=g~]

C

¢

c

 D3=B3~ A31(JPT*81/A11(JP)

CI=AIS (UPT+HIFAT 4 (IP)
C2=A25 (JP) +HJ*A24 (UP)
€3=A35(JP) +HI®A34 (P}
Dz=B2~A21 (JP) #B1/A11 (UP)

_E2=C2-A2)1(JPI¥CI/Al1(JUP)
T E3=C3-A31(JPIEC1/AL1(UPY T=D3¥EZ/DZ
GAUSSIAN ELIMINATION OVER

USING THE SAME UTM THE EQNS ARE SOLVED FOR DIFFERANT ROWS
D‘l) "'1.

D(Z)”HJ
D(3)=0,

TCALL’ SOLVE(BloDZ,DBvE29E3yHJ9JP,CI)
BI2(N=D (=) ' T -

TB13(J)=D(3)
__Bl4(J)=D(4)_

_.. DlA)=S)1(uP)

_B22()=Dlz) ___

D(3)Y=0.
D(5)=0.

Bll(J)y=D(1)

B15(J)=D(5)

D(1)=32(Jr)
___D{2)=53(Jr)
D(3)=5S5(JP)

D(S)=0.
_CALL SOLVt(BlvD?,D3rE29E39HJ9JPyC1)
821 (J)=p (1}

B23(J)=D(3)




I

ok

B24 (JY=DC&)
B25(J)=D(5) )
DI1Y=ST(JIP)
D(2)=S8(JF)
D(3)=0, o L
D (4)=S9(JP)

D(5)=S10(uP) ' e
CALL SOLVE (B1:D2,D3sE29E3+HJsJIPsC1)

B31(J)=D(1) .
B32(J)=D(2)

B33(J)=D(3) . S
B34 (J)=D(4) : .

B35(N=D(SY__ » e
CONTINUE _
GAMMA_ MATRIX_AT NEXT STATION COMPUTATION QVER

c

DELTA MATRIX COMPUTATION STARTS

e AIYLtM=1, ; ' ' o

A12(J)=HJ=B14 (I

AIBI=-BLAD RS T
A4 (Jy==B15 () , j

Al5(J)=-B15 () #H : -
AZ1(J¥=S21J)

 ARR(W=S3D=BRANN)__ .

A23(J)=S4(J)—B24 (J) #*HJ e e
AZ4 (J)=S1(J)=B2S (N -
A25({J)= ~B25(J) ¥HJ

A3T(JY=ST ) |
_A32(J)=S8(J)=B34¢J) -
TTTA33(N = B34 (DRI L
_A34(J)=S9(J)~B35(J) . B e
TA35(J)=-HU#BIS () +56 (J)

DELTA MATRIX COMPUIATION AT NEXTY PI_COMPLETED

OO

RETURN TO GAMMA MATRIX COMPU1ATION

“3U6_ CONTINUE e

¢

e M3({1)=RS{1)

INITIAL VALUES OF W MATIX
. Wl{1)=R1l(1l)
W2(1)=R3(1)

W4 (1)=R2{1}
W5 {1)=R4 (L) ~ : e

c

COMPUTATION OF W MATRIXSTARTS
bo 307 J—<9KY

S JP=g-1

Mith= Rl(d)-ﬂll(J)“Wl(JP)—BIZ(J)*VZ(JP)~813(J)*N3(JP)—BI4(J)*H4(JP

1) =B151(J) %45 (JPS

W2 (J)=R3(u)=B21 ()WL (JP)~B22 (J) #W2 (JP}~B23 (JY #W3 (JP) =B24 (J) *H& (UP _
11 =~B251J) #wS (JP]

W3 (J)=RS (u) =831 {J) 41 (JP) ~B32(J) #42 (JP)-B33 (U} #H3 (JP) ~B34 (J) *H4 (UP
T1)-B35(J) *wS (JP)

Wa {J1=R2{J) . e
5 () =R4 () ‘

307 CONTINUE

¥ MATRIX COMPYTATION OVER
SOLVING FUR DF’DU"Q..O BEGINS
GAUSSIAN tLIHINATION

DD 308_JJ=1sKY — ] e e e e

J= =KY+1~JJ
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AdP=JH]
HJ=H(J+1) /2,
_Bl=a21{W /MM o e
"B2=AZ2(J) - Bl?Ala(J)

_B3=A23(J)~B1¥Ai3 (W)
TB4=A24(J) - 81*“14(J)

L BS=APS5(J) - 81*A15(J>.M< - — e L

1= A31(J)/AII(J)
__Ce= A38(J)-C1”A12(d)

T €3= A33(J)=-C1¥AI3 (W)
_C4= A34(J)'C19A14(J)

T Cs= AoS(J)“ClVAIS(J)

______Dbi=cass2 . e I

D3=C3~D1%b83 ~
D4=C4~D1%b4

D5= CS-D}*BS
wB2= HE(J)-BI*Hl(J)

WC3=w3(J)~Cl¥wi(n) \
__¥p3=WC3 _ ~ple#ws? R S
W4 TJ) =04 (W)= (DY (JP)=HI*DT(UP}} /

_._,*_FS(J)‘HS(J)-(DGLJP)”HQFDdepﬁ)

E1=83-82¥%HJ

£3=D3
E4=D5-D4%HJ
V1=WB2+B4*WS (J) +B2%H4 (J)

E2=B5-B42H.) ' e

V2=HD3+W5(J) *04
C CALCULATION OF DF!DU9-oo00

DA(J) =(VIRE3~V2*E1) 7 (E3*ER-E1¥ES)

TBTUO =(VITT ~E2#pQ{J)}/EY
DU(J) ==W4 (J) ~HI*NT (J)

DG(J)—-Hb(J)“HJ*DQ(J)

DF(J):(WI(J)“AIZ(J)*DU(J)*AIS(J)*DQ(J)-AIB(J)*DT(J)*RLA(J)&DG(J))I B

TALL(J)
[ CALCULATION OF DFsDUsessces OVER AT JpJ+l STARTS
308 CONTINUE

DO_309 J=1sKY

F (I IXV=F (Js LXI4OF (J)
ULy IX)=UCJo LX) +0ULD)
TOIyIXV=T (Jy LXV+DT (U}
Gy IXY =6 (Jg LX) +DG (D)
u(avxx)-a(uggx1+o@(g>
309 CONTINUE

C FvU’Toﬁscto...UPDATED .. NEXT_ITERATION STARTS .

ICT=ICT+1
_IF(ICT.GE.10) GOTO 220

"IF(DABS(D1{1}) «GT.EPS.OR +DABS(DQ(1)).GT+EPS) GOTO 200
__220_ _CONTINUE
IST=0 .
SOLV=,FALSE, ' L o
RE TURN :

____END




-53-

P U . - e

SUBROUTINt SOLVE(Bl902s03yE?aE3,HJ,JPoC1)
TMPLICIT REAL®B (A-Hs0-7)
o DIMENSION_ AIICIOG)9A13(100),A15(100)’A21(100)sA23(1001yAﬁS(loo),
1A31(100)+A33(100)+A35(100)sD(5)«p(5)
,_._._._.COMMON/CSOLVt/_.AJ.lJAIBrM,‘: sA2l. 9A23vA25_1A51 2A331 435, 1D2P
P{1)=D{1)
e P13)=D(3) -
P{5)=D(5) .
P12} =D(3)+HJITD(2)~D (1) #BLI/AYLLUP)____ _ R
P(4)=D(S5)+HJIF0(4) =D (DI #CI/ALI (UP) ~P(2)*Ee/02 :
. Dt33=Pl4&)/E3
D(2)=(P(£)~DJ*D(3))/02
0(1)~(P(1)-A51(JP&*D(E)-ABl(JP)*B(Bs)fﬂ;LcJP) R
Dlé)= (P(3)—A13(Jp)*o(1)~A23(JP)*o(21—A33(uPi#0(3);/Hd _
Dtb)~(P(b)~A£b(JP)"Dﬁl)-kdﬁﬁdP)*D(dzmA35(JPMDG))/hd A e
RETURN
END
DOUBLE PRtCIbION FUNCTION VISC(T}
_IMPLICIT REAL¥8(A~H:10-Z)
VIisc=l,
e NISC=R8
RETURN i
END
. DOUBLE PRECISION FUNCTION DVOT(T)
IMPLICIT. REAL*8(A-H,O~Z)
DVDT=0.
_RETURN_
END
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SUBROUTINE SIEPSZ (HRUsHRL yDETsDEQyMPIQsIST9IX)
__TWPLICIT REAL®B (A-Hs0-2) __
DIMENSION F(xoo,?),U(loo.Z),T(100.2),5(100,2),Q(100ed)

_DIMENSION X(100),B8(100) e e e e e e

COMMON/GUtS/X

sH(100)

_”__-_SOMHQN£ALLLELULI!G)Q’H
- N=KY

NM=MP=1

1P=1 ,

10=0
e B1)=XA1)

DO 306 J=zsNHM

HI=H(D) e R

IF(HJ.LT. h(J+l)) HJ—H(J+1)
_HJ=HJ*HJ.

DEL= HJ*(DABS(((T(J+191X)~T(J91X))/H(J+1)*(T(inX)wT(dm1¢IX§2!H(J)S

1/ {H{J +R{J21) 1))

IF (DEL.LEJDE!) GOTO 260
1P=2

I=[+IP

I0=1Q+1

TB{I~ 2)“(X(J)*X(J 1))/29
B(I =~1)=X{J)

B(I)"(X(J)+X(J+1))/2-
~G0T0_270

2b0 CONTINUE
_I=1+]IP
IP=1

270 CONTINUE
3U6  CONTINUE
MpP=1 )
IF(IP.EQez) MP=]4+1
B{MP)=X(NM+1)
DO 307_J=leMP

BlI=1)=X{J) —

T =BTY) ,
_IFUJWNEL1_ ) _H{) =Bl =B(J=1)

"307 CONTINUE

400 CONTINUE _ . - .
NM=MP =1
ICT=IC_ — —— e
1C=0 .

—— =2 e S
B(2)=H(2)

. 16=0
DO 308 J=3,MP

BN 5 £.0 S —— _— e e e+ e
HR=H (J) /H1J=1) '
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__IF(HR.GT.HRU) GOTO 410 -
" IF(HR.GE«HRL) 6OTO 420
S ot 5.2 S
IF(16,E0.1) 60T0420
BUI-1)=H(y=1)/2, R
B(I~-2)=H{u~1}/2, ,

e e e s ame e R

410 CONTINUE
B(IY=H{J) 2.
__Bll+1)=H(J) /2. B
I=I+1 '
_IC=IC+1 : . . - e
16=1 . .
- 6GOTO 430
420 CONTINUE
) 8(I)=H(J)
16=0 v
4%30__COUNTINUE. ] e
308 CONTINUE ! ‘ 4
MP=1 . - .
X{1)=0, .
DO 309 J=zsMP — — e e e e,
H{J)=B{J) )
— XD =X{Jm1) RS . i : - R
309 CONTINUE
IF_(IC.NE.0) GOTO 400
1Q=1Q+IC+1CT
IST=IST+1

IFTIST.EQ.20) GOTO 440
__IF{I0.NE.D) GOTO 200 o e R
7450 TCONTINUETTT
10=0
200 CONTINUE
___RETURN e e e
END :
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T SUB_ROUTINE FMIDPT (NsKYsIX)
IMPLICIT_KEAL%8(A-H9O=Z)

DIMENSION F(lOO,?)rU(10092)9T(100,2)96(10096)vQ(lOO,d),H(loo)
__DIMENSION Yl(lOQ)yY (100)1QD(IOOLLTD(100)yC(10094) _

COMMON/ALL/FsUsT5G9QrH
_COMMON/CALCF/Y1yc

COMMON/GUES/Y
QLLLL_lAJJJQOM_LIR&I.CALL N=KY Of f PREVIDUS_SLAIION X

C'!..'.-Oo.eKY LURRE'NT VALUE
____NP=N=~)

DO 12 I=1ls]IX
—IM=I. e e e+ e+ e e o

DO 1 J=2sNP /

HIZ 1o Z(YLAJd® L) =Y] (J=1})

TN ={TLO+1s1) =T (J=1s1)) /HJ
B0(U)=(Qu+1 s FT =0 (U=1s 1)V /HY _
1  CONTINUE
e H1m=Y1(2)=Y1(1) _ ) : e
1O =(T(2s I =T(1,1) ) /HI1
Q1) =(0¢zs IT~Q(1,1))/H]

HN=YY (N) =Y1 (RP)’
TOAN) = (T(NsT)=T(NPsI1))/HN L

QD(N)~(Q(N'I’“Q(NP’I))/HN
DO 2 J=1aN

C€J11,-F(J’I)
—C(Js2)=Utas1)

2 _ CONTINUE

CALL CALCCF (NPyIM) " e

DO 3 J=1iKY . ;
. ¥B=Y( e o
F(JyI)—PCUBIC(YB,NP’IH)

3 _CONTINUE ' -
DO & J=lsN :
CtJsl)=U(Js1) N . e

C(Js2)=T(J>I)
4 CONTINUE =
CALL CALCCF (NP,  IM)

D0 .5 _J=1yKY . — - _— e e et e e e

Y8=Y (J)
_~“~_y(JyI)"PCUBIC(YB,NP’IM) e
5 CONTINUE
__..DO. 6 =N
CJy1I=T(Jo 1)

6 CONTINUE

CALL CALCCF{NRsIM) . .
DO 7 J=1sKY

_ ¥YB=Y({(J)

T(Js 1) PCUBIL(YB’NP IH)
CONTINUE . R e e e
DO 8 J=1lshit -

CiJs2)=TDAJ)__ . e e
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CClJs1)=G(Us 1)
TClJe2) = =Q(JeI)
__ 8 CONTINUE

CALL CALCLF(NPvIM)
DO 9 J=1lsKY

YB=Y (J)
G(JoI)*PCUBIC(YB9NP’IM)

9 CONTINUE - o
D010 J=len
T €I )=04J51)
C(J92)=0D(J)
710 CONTINUE
___CALL _CALCCF (NRsIM) o L
D011 J=1eKY
YB=Y (J)
Q(Js I = PCUBIC(YBvNPQIM)
_11_CONTINUE -
12 CONTINUE
__D013 J=1sKY ) e B _
) Y1¢J) =Y ()
— 13 CONTINUE
N=KY
_____ RETURN o e i
END Y T
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s
-

DOUBLE PRECISION FUNCTION PCUBIC(Yva’M) -

IMPLICIT REAL¥B(A=H20U=2) T Ty
DIMENSION Y1(100),C(100+4)
COMMON/CALCF/YIsC
_DATA_I71/ o
H=Y-Y1(1) o
T ) 10530+20 _
10 IF(1,EQ.1) GOTO 30 S T/
I=1-1 .
H=Y=Y1(D)
IF(H) 10930430
19  I=I+1
o HEHY o
20 IF(ILEQ.N) GOTG 30 ) T o )
HY=Y=Y1(I+1)
IF (RY) 30+19,19
30 PCUBIC“C(Iyl)+H*(C(I,2)+H*(C{I,3)+H*C(I 4)))
RETURN ' o
END ; o o
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. __SUBROUTINE CALCCF (NsIH) o e
IMPLICIT REAL®8(A~Hy0-2)
oo DIMENSION Y1(100)sC(100s4)_ . . __  __ _
_ COMMON/CALCF/Ylsc = ’
DO _10_I=19sN -
H=Y1(I+1)~Y11I)
e DEXS(C(I+151)=CUIs1)I/H
DF3=C{1,y2)+ClI+1,2)~2.%DF1
_ClI,3)=(0FI~-G(I42)=DF30/H__ _ S
10 ClIs+4)=DF3/H/H
RETURN
END
\
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N

SUBROUTINE RLHS(KYsIXsIP)
IMPLICIT KEAL®8(A-H3G-7)

DIMENSION F(10092)9U(10092);T(10072)9G(10092)a0(100,d)9H(1003
DIMENSION Rl(lQpllﬁgi}OO)9R3(LQQLLR§£10011RQLLOO)

DIMENSION SI(100)v52(100)353(100)gS4(100)9Sb(100) 56(100)947(100)
DIMENSION 58(100)959(100)9510(100)1311(100)
DIMENSION RL3(100)sRLS(100)sTW(2)
_COMMON/ALL/FsUsT5GoQeH o
COMMON/RHL/PL5R29R39R4QR5
COMVON/COMF’/SI 94&95395495595695]’5393995109511
COMMON/RHS/RL3'RL5

_COMMON/TWFR/IHIPR ,
COHMON/CONS/ALI’ALZ’BTszaTA398TA49TH
15m1w+(Tw(IX)=l 126G (JsIX)

TP=1. +(TU(IX)- 1 EGUJPIIX)
D0 _305_J=zsKY

JP=J=1

HJ=H{J) /2.

L

PRH 1.7 (PR#*HJ)
___VECTOR R UPDATED ON EVERY ITERATION

RZ(JP)—U(JP»IX{-U(J&IX)4HJ*(T(JsIX}%T{JP:IX))

. R3l= BTAZ*(T(JaIX)*F(JoIX)+T(JPcIX)“F€JP'lX))

R32=BTA3¥(U(JsIX)*0(JrIX)+U(JIPHIX) *U(IPIX))

R33= ALé*(Y(J’IP)*FlJ9IX)+1(JP’IP)*F(JPoIX)“T(JtIX)*F(JQIP)mi(JP 1x

_1)#F (UPSIP))
TTTTTRB4=(VISCUTX) FT (Us IX)=VISCATPI T (JP: IX) ) /R

R3{JI=RL3(J) ~R31+R32~R33=R34=4 %A1 ] B
RE(IPT=6(IP s LX) =G (Js IXT+HI# (B (U IXIFQ (JP TV}
R51={Q(JeIX)=Q(JPsIX) )#PRH T
RS2=BTAZH (G (I IX)#F (D IX)4+QTIP s IXYHF (UP IX))

T RS3=BTAGS (ULJsIX)#6 (Js IX)+U(IP L IX) #G(UPsIX))

'Rbé ALZ*(U(JrIP)*G(JyIX)+U(dP1IP)*G(JP;IX =G (Js IP)*ULIL IN)~G(JPy IP
)*U(JP,IX)HQ(JyIP)“F(J’IX)-Q(JPfIP)*F(JP;IX)+0(JQIX)*?(JpTP)+Q(JP9

TZIXIEF (SRS EIPY)

_RS{J)=RLS(J)~R51~R52+RS534+R54 _ _ _
VECTOR COMPUTATION OVER

~ COMPUTATIUN OF S VECTOR

TSI =DVDI(TX) #T (Js IX) 7HJ

. S2(0)=BTAZ#T (Ur IX)+AL2ST(JIP)

T83(J)=~2.%BTAIXU(Jr IX)

_ S&(J)=VISC(TAI/HJ+BTAZHF (Js IX) =AL2%F (JyIP)

SS(JP)==VISC(TP) /HI+BTAZHF (UPsIX)~AL2%F (JPs1P)

__S6(J)=PRH+BYAZF (Js IX)=AL2®*F (JyIP)

ST{I)=BTAc*Q(JsIX)+AL2¥Q(JHIP)

__SB(I=ALZ2®G(JII1P)~BTA4HG(JyIX)

S9(J)==BTA4#U (Jy [X) =AL2¥U (J5 IP)
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. S10(JP)=BIA2RF(JP s IX)~ALZ2®F (JPsIP)~PRH o o
S1I¢JP)==DVDTITP)#T(JPsIX}/HI

__3U5  CONTINUVE .. _ .. . . .. S — ——

C VECTOR COMPUTATION OVER

€ __R VECTUR SPECIFIED AT _BOUNDARY - .
R1(1)=0,
R3(11=0, _ S - - R . RS
RS(1)=0,

o _R2(KY)}=0,
R4 (KY)=0,
RETURN.
END
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SUBROUTINE RHSY(KYsIXsIP) e
IMPLICIT REAL®8 (A=H:0-2)
"DIMENSION F(100,2)9U(100:2)yT(lOO,Z),6(100’2)'0(100vd),H(IOO) e
DIMENSION RLS(IOO)’RLb(IOO),TW(Z)
COMPON/ALL/FrUyT,G,Q,H
) COMMON/TWPR/IH-PR
______COHMON/CONSIP/ALI9AL29BTA2yBTA3vBTA4’TH
COMMON/RHS/RLB,RLS : _
IpP=l, +(TH(IP)~ NFCWIPSIPY e
TJ—1.+(TH(IP)~1 )*G(JyIP) E .
— D0 303 _J=zsKY J
C COHPUTATIUN OF R VECTOR . -
_RL3{J)=0,
3u3 RLS(J}=0.
__I11=0_ : —— e
IFTIX.EQe L) GOTO 200
DO _304 J=zsKY
JP=J=-1
HJ=H{J)
PRH=2, /(PR*HJ)
RL?LQ[TZ.“ALI F(le=(U(JsIR) #e2) 4] e~ (U(JIPIP)¥%#7) ) ' o
RL3(J)-RLJ(Ji+(1 +401 )*(F(JoIPiﬁT(J,IP)+F(JPoIP)“T(JP'IP))
RL“JJ) RLJ(J3+(VjSC(TJ)”T(JvIP)—VISC(TP?“T(JP,IP))*Z /HJ e -
RL3(J)=ALe *((T(JoIP)*F(JsIP)+T€JP93P)*F(JP'IP))«(U(J’XP)*U(dsI
1PY+U(JPy IP)*U(JP;IP)))~RL3(J) e
RLb(J)“(Q(J,IP)-Q(qP,IP))*PRH+(1+AL1 )*(F(JvIP)*Q(d&IP)+F(JP91P
) #QeJIPsIP) )~ TH *(U(JvIP)*G(J;IP)+U(JP91P)*G(JP,IP))
RLS (J)=AL¢e *(Q(JyIP)*F(J,IP)+Q(JP91P)*F(JP91P)-U(J!IP)*G(J’IP)‘
ZUJJP,IP)*G(JPQIP))“RLS{J) - .
304 CONTINUE :
c ITYERATION FOR FATA BEGINS_ ‘ e .
200 CONTINUE B
 RETURN.
(END

e e el e e e ee e . - -




IMPLICIT REAL®B(A-H»0~2)

DIMENSION F(100’2)’U(IOOvE);T(100,2)96(10092),Q(loO;d),H(IOO)

DIMENSION SB(100)+59(100)+S10(100)sS11(100)
__DIMENSION RI(100)sR2(100)+R3(1060),R4{100)sRS(100},THIZ) o
DIMENSION PFL(IOO)9R6L(100)9RFP(100)vRGP(lOO),RF(IOO)yRG(lOO)
COMMON_/RHS/ RFLsRFPsRGLYRGP+RF yRG.
DIMENSION c1(1003,C2(100),CB(100>¢C4(100)
_COMMON/COEFF/C15C2¢C39C45B15B25B3¢B%
COMMON/ALL/FyUsTsGsQsH
__COMMON/RRL/R1I*R2,R3sR4 RS o o
COMVON/COMP/51052753734935756’57138§S 95{09311
COMMON/TWPR/TH PR
COMMON/CONS/ALTsAL2+BTA2sBTA3,BTA4sTH
LOGICAL SOLV
COMMON/SOL/ SOV
U TX=Le#THALX) %6 (JsIXy -
TAPEL L HTWIIX) #G(UP IXY o T
DO10_J=1sKY ;
RF(J)“BTAJ*U(J,IX)**d“BTAZ*F(JsIX)*T(JvIX)+AL2*(F(dqlP}*T(JgIX)*
_AT(JHIPISF LI IX) ) 4RFL(J) -2 %ALL
RG(J)=BTA4*U(JsIX) FG(JsTX)~BTAZ#Q (Je IXI#F (Us TX) +AL2# (U(Js IPI®G (U I XT
—AXIHG (I IPI USSR IX) =Q (U IP) #F L5 IX) +F (U2 IP) Q(J9 IX) ) +HOL (J)
10 CONTINUE ™~
IF {,NOT,SULV) RETURN
KP=KY-1
DO 20 J=35KP
Je=g-2
JP=Jm]
TJl=g+l , R
L Rl(J)*F(JP,IX)-F(J'IX)+C1(J)“U(JZ;IX)+C2(J)*U(JP*IX7+L3(J)“U(‘sIX)
1+C4(J)*U(01,IX)
R2(UP)=UUP s 1X) =U(JsIXI+CL (I 4T (42 s IXI4C2(N HT(IPs TR +C3 (N H#T(Js ]
IX)+C4 (N #1(JLyix)
R3(J)~VISL(TP)*T(JPva)—VISC(TX)*T(J;IX)*CI(J)*RF(Jd)+C2(J)*RF(JP)
1+C3 (J) #RF () +C4 (JY 4RF (J1)
—___R&(JP) G(dP,lK)-G(JyIX)+Cl(J)*Q(JZsIX)+C2(J JEQUIPITRI+C3 (N #Q (9]
IX)+Ca (I #Q(JLrIX)
___m-RS(J)—(Q(JPvIX)—Q(J:IX))/PR+CI(J)*RG(J2)+CC(J)*RG(JP)+CB(J)4RG(J)+
-~ 1C4(JIBRGLIL)
20 CONTINUE
R1(2) F(loIX)-F(EoIX)+BI*U(1vIX)+92*U(2’1X)+83*U(3,IX)+B4*U(4,IX)
__m__Rd(l)~U(lvIX)—U(Z:IX)+81*T(17IX)+BZ*T(?9IX)+B3*T(37IK)+B4*T(4»IX)_Hn,
J=2 _




-64-

JP=1

R33N = VISC(TP)*T(JP11X)—VISC(TX)*T(J?IX)+BL“RF(1)+82“RF(2)+83“RF(3

1

J+B4LERF (&) e
R4(1)=G(1sIX)=G(2+IX)+B1#Q(191X)+B2%0Q(2+IX) +B3%Q(3+ 1K) +B4G#0 (491X}
R5(2)=(Q(Ls IR} —Q(251X) ) /PR+B1%RG (1) +B2¢RG (2) +BI#RG (3) +B4¥*RG (4)_
RI(KY)=F (KP s LX) =F (KY s IX}+(U(KPyIX)+U(KY s IX) ) ®H (KY) /20
___R2(KP)=U(KPy LX) ~U(KY s IX)+{T(KP IX)+T(KY s IX) ) #H(KY) /20 .
J=KY
JP=KP

____R3(J)=R3(J)/HJ

e _JPmg=]

T S10(JPI=BIAZEF (UP» IX) ~ALZ*F (JPoIP)~PRH

40 ¢
c

¢

_RI(1}=0,_

R3(KY)= =SVISC(IR)#T (JP, IX)—VISC(TX)*T(J,IX)+(RF(KP)+RF(KY))*H(KY)/Z-
R4(KP)—G(KP,1X)~G(KY,IX)+(Q(KP,IX)+Q(KY,IX))*H(KY)/Z: o
RS(KY)”(Q(KP9IX)~Q(KYoIX))/PR+(RG(KP)+RG(KY))*H(KY)/do
DO_30 u=lsKY.
HJ=H(J) /2.

RS {J)=RS () /hJ :

) CONTINUE_ - o
‘COMPUTATION OF 'S VECTOR 1 :

DO_40 _J=23KY S U

HI=H{J) /2% .

PRH=1,/ (PR#*HJ) oo , .
_SUU=DYDILTRY#T (I IXV/HS _ e
S2(J)=EBTAZHT (JsIX) +ALZH*T (J5 IP)

S3(J)==2"BTA3*Y(JsIX) )

S4 (J)Y=VISC(TK) ZHJ+BTAR2F (Js IX)=AL2¥F (Js 1P}
SS{JPI=~VISCUIP) JHI+BYAZHF (UP s IX) =ALZ#F (JPsIP)
S6(JY=PRH+BTAZHF (JoIX)~AL2%F (JsIPY
ST(J)=BTAZ#Q(JsIX) +AL2*Q(J»IP)

SBIJY=AL2%G (J?IP) ~BTA4*G(Jy1X)
S9(J)==BTA4*UIJe IX)=AL2*U(Js IP)

Sll(JP)““UVDIlTP)*T(JPyIX)/HJ
CONTINUE
VECTOR COMPUTATION OVER

R VECTUR SPECIFIED AT BOUNDARY

R3(1)=0,

RS(1)=0. : : —
R2(KY)=0, .

R4 (KY) =0, ’ e e
RETURN N .

END. [ - . R . v
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~ SUBROUTINE RHSI(KYsIXsIP)

FOUR POIN! SGHEME PREVIOUS X POINT CALCULATION_ _

IMPLICIY REAC“S {A~H0~7)

" DIMENSION F(100,2)5U(10052)sT(10042)356410092)9Q(10092) sH(100) _
DIMENSION RFL(IOO)iRGL(lOO)’RFP(IOO),RGP(lOO)ﬁRF(IOO)vRG(lOO)
DIMENSION CI(IOQ);C2(100)9C3(100)9C4(100)
LOGICAL COUNST

_COMMON/MESH/ CONST
COMHON’COEFF/CI’C29C3vC4sBlgB2¢83934
COMMON/ALL/F 1UsT+GQsH

COMMON/THPR/TWQPR

COHMON /RHS/ HFL:RFP!RGL9RGP!RF9RG
COMMON/CONSIP/ALI1AL2987A2!8TA39BTA49TH
DIMENSION TW(2)

TP=1, +TW(IP)*G(JP’IP)
TJ=1 o4 TH(LP) #6 (J, 1P)
IF({IX.EQ. 1)-60T0 40
COMPUTATION OF R VECTOR

DO 20 J=1+KY
RFP (J) =RF (J) , o
TRGPIIVERG ()

_RFL(J)=(AL2=ALL~], )“F(JoIP)*T(JqIP)+(2.*ALl*AL2)*U( 1P) #5p=2 ALY
I=-RFP (JY ‘

REL () = (TH=AL2) #U(Js IP)#G (Js IP) = (1o +AL1=AL2) %Q (I3 IPI¥F (Js IP) ~RGP (Y

20

40

Y

n

0 CONTINUE
RE TURN A
_CONTINUE _
DO 10 J=23KY

RFL (J) =0,

TREL(J)=0,

_CONTINUE
"IF(.NOT.CUNST) RETURN

HJ=H (KP) 724,
Bl1=HJ*9,

B2=HJ#19,

 B3==HJ#s,

B4=HJ
D030 _J=2,KP
Cl(J)=~HJ
C2(Jy=HJI®13, e
C3(J)=C2(u) -

et =C1 (W)

CONTINUE
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SUBROUTINE CUOEF (HeKY) <
IMPLICIT REAL®B{A-Hy0~2)
DIMENSION €1(100)5yC2(100)5C3(100)5C4(100)+H(100)
COMMON/COEFF/C15C29C3sC45B1:E2,83,B4
__LOGICAL CUNST e . . o
COMMON/HESH/ CONST
_____IF(CONSTY) 60l10_z0 _
HI=H(2)+H (3)
___H2=H(3}+Hi4)
H3=H1+H (%)
__BI=H(2)# ((H1+H(3)) * (H2+H3) +2.#H1#H3) / (12.#H14H3) - L
B2=H(2) * ( (H3+24%H2) * {H1+H (3) ) ~H2#H (2) ) / (120 %H2%H (3} )
____HC=H(2)®®3/12. " R
B3=~HC* (H{2)+2. *HZ)/(HI*H(B)*H(#))
e B4=HCE (H1+HA3 1)/ (H2¥H3#H (4))
KP=KY~)
—DO_10_J=3yKP : P
JP=Jg=-1
I ) N TS N — . _ - e
Je=J=-2 .
HI=HAJ1) +H(J)
H2=H (J} +H (JP) F
L H3=HISH(JPI ! L e
HC=H (J) ##3/12, ‘
o C1EJI=~HCR(HI+H(J1)) Z(H2#H(JPY#H3I) e
C2(H =H (T # (THLI+H(JL) J R (H2Z4+HTJP) } 42 FHI#H (JP) ) / (H1¥HIOP} #12,)
__C3tN= H(J)a((H2+H<JP))&(H1+H(J1))+2,¢H2«H<41;)/(1?.«ﬁ¢%H{J1)y
e (WY ==HC*® (HZ+H (JP) )/ (H1¥#H3¥H(J1))
10 CONTINUE —
RETURN ,

20 _ CONTINUE e e . e L
KP=KY=-1 '
HJ=H(KP) /24, _

Bl=HJ#9, ’ . -
- BEEHJ*19, ) ' ' e
B3==HJ%5,
_B&=RS -
DO 30 J=21KP A )
Cl{J)=-HJ . e e
C2{Jy=HJ*13, )
C3{J)=c2iv) e o
Ce{I=C1{) '
30 CONTINUE

RETURN T .
END ) —
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SUBROUTINE RLHS(KYsIXsIP}
. IMPLICIT KEAL%B(A~Hs0~Z) ___. ' e
DIMENSION F(L00, 2)’U(100y2)yT(lOO,Z)’6(100'2);Q(100;d) Wy H(100)

...... —DIMENSTION. 51(100),53(100),53(100)»54(100>,55(100),56(100),57(100) -
DIMENSION S8(100),53(100)9S10(100)9521¢100)

DIMENSTON .R1€100)5R2(100)sR3(100).sR4(100).9R5(100) ,TWR2)__
DIMENSION RFLU100)+DRFL(100)sRFP(100)sDRF (100)sDT(1UU)4DTP(100)
DIMENSION_RGL(100) sORGL (100) yRGP (100) sDRG_ lIOO.I’RF(iﬂol,RG!IOO) _____ -
DIMENSION DRGR(100) sDRFP(ig0? ) S
_COMMON/DRFG/DRFPDRGP -~ e L e 2
COMMON/DERIV/RFLvDRFLoRFPvDRF sDTPsDT+RGL+DRGLIRGPsDRG ¢RF4RG
COMMON/ALL/ZF U TsGeQsH_~
COMMON/RHL/RE*R2:R3sR44RS
COMMON/COMP/SI 952953954155955951958'5975101511
COMMON/TWFR/TWsPR :

__QOMMOW’CONS/ALI,AL29BTA2:BTA398TA49TH — . e
LOGICAL SOLV :

i COMMON/SOL/_SOLV
TX=] o (TWEIX)~1,) %G (J:IX)
TP=1 e+ (THIIXI=1,)#GL{UPsIX)
D010 J=1sKY
RF {J)=BTAI*U(JsIX) ¥#2~ BTAZHF (Jy IXI AT (Js IX) +AL2¥ (F(Js IPI#T (JsIX)

lT(JyIP)*F(J,IX) )-2.*AL1+RFL(J)

WDTJJ)" (RF.SJ)“DVDUTX)*Q(JsIXL?‘:HJcIX))/‘,VIW(T)H

DRF(J)m2.*8TA3*U(JoIx»*T(J,IX)—eTAa*(F(J,IX)ﬂDT<J)+U(J,1x)*T(J;Ixr
1)+AL2*(F(d;IV)*DT(J)+T(JoIX)*U(J,IP)*T(JQIP)“U(JvIX)*P(J:IX)*DTP(J .
t-‘))+DRFL(J)

RG(J)»BTAé*U(JsIX)“G(J;IX)—BTAZ*Q(J;IX)*F(d91X)+AL2“‘U(d1IP)*G(Js'X)
1x>+G(J,IP)“U(Jva) Q(JoIP)*F(J,IXHF(J,IP)*Q(J,IX))+RbL(J)

DRG (J) =BTAGH (UL, TX) #Q LI IX) 4G (Js IX)HT(JrIX))=BTARH (RIS IX)#U(Je XX ___
1)+F(JcIX)“PR*RG(J)J+AL2*(U(J91P)*Q(JoIX)+G(JyIX)*T(JvIP)+G(JyIP)*1
ﬁ(J’IX)*F(J,LX)*PB*RGP(J)+F(J¢IP)*PR“RG(J}+Q€J’IX)*U(J¢IPI)+DRG[(d1

10 - CONTINUE

_IF(.NOT.SULV). RETURN

DO 30 J=23KY~ :

e JJPEY=Y e -

HI=H(J) 72, ' : )

_HIP=H(J) %#2/12.
R1(J)“F(JP,IX)-F(J9IX)+HJ“(U(JP'IX)+U(J91X))+HJP*(T(d911X) TCJsIX)

1)
R2(JP) = U(JF’rIX)—U(JsIX)+HJ*(T(JP.IX)+T(J, IX) ) +HJP# (DT {JPI=DT{J))
__R3WJi= =VISC(TP) #T (JP s 1X) ~=VISCITX) #T(Js IX} +HIF (RF (J) +RF (UP) ) +HUP# (DR __

lF(JP)-DRF(J))
R4 (JP) =G (UP s IX) =G (Jr IX) +HI* (R CIP L IX) +Q (Js IX) ) +HIP#PR¥ (RG (JP)~RG (U} }

1)

_ RS ({J) Q(dPoIX)—Q(JoIX)+HJ“(RG(JP)+RG(J))+HJP*(DRG(JP)*DRG(J))
R3(J)=R3 (v} /HJ

e RS (J)=RS (V) /HJ. e e e e e

30 CONTINUE .
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- HJI=H(J) /2

COMPUTATION OF S VECTOR _

DO 40 J=2sKY

JP=g~1
PRH=1./ (PH*HJ)

S1(JI=DVDT(TXi#T(JsIX)7HJ
SZ(J)=BTAZST (JrIX)+AL2#T(JsIP). S

SB(J)-—?.*BTA3*U(J91X)
S4{JY=VISCITA) ZHJ+BTA2HF (Jy IX)~-AL2#F (Js 1P}

S5 (JP) *VlSC(TP)/HJ*BTAZ*F(JP,IX)-KEZ*F(JPQIP)

__56(J4)= PRH+BTA£*F(J;IX)-AL2*F(J’IP)

ST(J)—BTAﬁ“Q(J'IX)+AL2“Q(J’IP)
S8(Ur= ALZ“G(J;IP)—BTA4*G(J;IX)
S9(J)”-BTA4*U(J1IX)"ALE*U(J;IP)
510(JP)”BIA?*F(JP;IX)-AL&“F(JP91P)=PRH

40

Sll(JP)"*DVD‘(TP)°T(JP1IX)/HJ
CONTINUE

VECTOR COMPUTATION OVER
..__R_VECTUR bPECIFIED AT BOUNDARY ___
TR = =0,

—___R3f1)=0, a2

RS (1Y=0,
R2(KY)=0.,

RGLKY)I=0,
RETURN

17

END




_SUBROUTINE RHSI(KYeIXsIP)

L IP=le+(THWLIP) =] )*G(JP’IP)

__DRGL (J) =0

DIMENSION. F(100»2)vU<100,2>oT(100,2Lx§11901€LL9110012)1H(1no)

IMPLICIT REALFE (A=HYU=ZT

DIMENSION TW(Z2)

___DIMENSICN RFL(100)oDRFL(lOO),RrP(loO).DkF (1001 +DT(1U0)4,DTP (100} _
DIMENSION RGL(loO),UkG'(100)9RGP(100),DRG tloo )9RF(100),RG(100)
__DIMENSION DRGP(IOO)sDHFP(IOO) e
COMMON/DRFG/URFP.DRCP B

COMMON/DERIV/RFL .DRFLsRFPsDRF oDTPaDTvRGLfDRGL9RGPsDHb sRFsRG
COHMON/ALL/F&UvT,GyﬂvH
COMMON/TKIR/THIPR.
COMPON/CONSIP/ALl,ALZ:BTAZ;BTA39BTA49TH

TJ 1o+ (TH(IP) =~ ~1.)#6(JsIP}
D010 J=2sKY

RFL(J)=0.
DREL(J)=0.
‘RGL (J) =04

10 CONTINUE
JIF(IX.EQ:l) GOTO 30

K¢

COVPUTATIUN OF R VECTOR
D0 20 J=1KY

20
T30

DIP (=0T (J)
_RFP (J)=RF (J}_
"DREP (J)=0OKRF (V)™
_RGP (J)=RG (J)
"DRGP (J) =DKG (J) ,
RFC () =(AL2=AL1~], )*F(J:IP)*T(JgIP)+(20<AL1~AL2)*U(Jle)*%?~2¢“AL_.Q
I=RFP ()

DRFLUJ)=(2 . %AL1=AL2) %2, “U(JvIP)*T(J;IP)~(1.+AL1—AL2)*(F(J,IP)*OTP(
T +T(JsIPI#UCI5TP) ) ~DRFPLJY-

RGL (J) = (TH=AL2) #U(J1IPT#6 (JeIP)~ (], +AL1—AL2)«Q(J,1P)°k(J,Ip)
I=RGP {J}
DRGL(J)~(!HnAL?)*(U(JeIP)*O(JrIP)+G(J9!P)ﬁT(JsIP))~(19+AL1~AL2)“(Q
1(J’IP)*U(JsIP)+F(inP)*PR“PGP(J))*DRGP(J)
CONTINUE

CONTINUE

RETURN
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