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ABSTRACT

PART I

Measurements of the total viscosity and total con-
ductivity were made as a function of positlion and Reynolds
number for the flow of air between two parallel plates with
a separation of approximately 0.75 in. The teumperature of
the upper plate was 130.0°F and that of the lower plate
70.0°F, The investigatlions were carried out at Reynolds
numbers from 40,000 to 100,000 and were in good agreement
with earlier data obtained at Reynolds numbers up to
40,000, The results obtained indicate little change in
the total Prandtl number with increasing Reynolds number

from the value of the molecular Prandtl number.

PART TI

The effect of vafying the length of the combustor
upon the frequency and the amplitude of the organ-pipe
oscillations has been investigatéd in a cylindrical com-
bustor 3.836 in. in diameter and approximately 162 in. in
length. Measurements of the.perturbations in pressure
were made in a premixed flame of air and natural gas at a
mixture ratio of about 90 per cent stoichiometric. Be-
sults indicate some discontinuous variations in frequency,
along with the presence of some gquiet regions, as the

length of the combustor 1s systematically changed. A
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driving mechanism of the combustlion oscillatlion is propo-
sed and is examined in the light of Rayleigh's criterion.

The calculated results based upon this driving mechanism
turn out to be in good agreement with the experimental

data.,.
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I. INTRODUCTION

An understanding of the interrelation of momentum
and energy transport in turbulent flow is a matter of
engineering interest. A great deal of effort has been
directed to the measurement of momentum transfer from
knowledge of local values of velocity and shear. More
limited investigatlons have been carried out 1ln the field
of thermal transfer. The éxperimental techniques in the
field of therwal transfer are often simpler and may permit
a more accurate evaluation of such transport phenomena
than can be obtained readily from the measurements of
momentum transfer, The solution of the equations repre-
sentiﬁg the energy balance in a turbulent stream can be
readily determined for a variety of conditions(15’27).

provided local values of thermal transport are available.

(26) was one of the first sclentists to

Reynolds
recognize the existence of a relationship between momentun
and thermal transfer. He did considerable theoretical |
work on the subject and obtained a simple relationship
between the two processes. According to his postulates,
the basic characteristics of convective thermal transfer
was indicated when treated as dlrectly analogous to woumen-

tunm transfer. Prandtl(ZS) did further theoretical work

on the relationship and refined Reynolds formula. The
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(17)

work of von Karman outlined the prinecipal relationships

associated ﬁith the concepts of eddy viscosity and eddy
conductivity which éffbrd_a useful, although empirical,
tocl 1in the evaluation of the effect of turbulence upon
the transfer of momentum and energy. Boelter(B) and

(26)

coworkers extended the Reynolds analogy and the con-

(17)

cepts of von Karman ,» and utilized such approaches to

predict the thermal transfer to fluids flowing in conduits.

(8,13,22,24,27)

More recent studies nave determined more

fully the effect of Reynolds number and position in the
flow channel upon the values of the eddy viscosity and the
eddy conductivity for a steady, nearly uniform flow of air

between parallel plates.

It is evident that a thorough understanding of the
quantitative relationships between womentum and thermal
transfer should improve the prediction of one type of trans=-
fer if the other is known since information obtained for
one type of transfer could then be applied to the evalua-
tion of the other without further work. Such methods
appear to be of particular utility in case information as
to the local behavior is desired. Furthermore, there has
been increasing interest in the course of chemical reac-
tions in turbulent flow, which has made desirable more
detalled understanding of the temperature distribution and

thermal transfer in flowing streaums.
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II. ANALYTICAL RELATIONS

Von Karman(l7) defined eddy viscosity for steady,

uniform flow between parallel plates as:

T g
€. =T ———— =V (1)
- o du

ay

The total viscosity was defined as the sum of the kinema-

tic viscosity and eddy viscosity:

(2)

T g
= € +V = ———
n m s du

ay

For uniform flow between parallel plates, the shear 1n
Equations (1) and (2) ie defined by the following expre-

ssion:

Yo 4P
ro= = ('dx)(l'z%};) (3)

It should be noted that Equations (1) and (2) cannot be
used directly to evaluate values of eddy and total visco-
sity at the axis of the flow since the shear and the
velocity gradient are zero at this point. However, by
application of L'Hospital's rule to Equation (3), the
following expression was obtaiﬂed, which permits a direct
evaluation of eddy and total viscosity at the center of

the channel:
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g ( dP/dx )
o m T o (dzu/dyz)

’ ()

The values of eddy and total viscosity can also be
estimated analytically(u'z?) from available generaliza-
(1,16)

tions of the velocity profile for flow between
parallel plates. It should be pointed out that this
approach yields zero values of total viscosity at the

center of the conduit, However, experimental evidence(zz'

2k, 27) indicates that thls situation 1s by no means true.
For thls reason it does not appear desirable to utilize
these analytical expressions to establish the total visco-

sity near the center of the channel.

The eddy and total conductivities have been defined

in the following way:

Q
4 dy
e "% ¢ dag " K (5)
P
<
q 4y
e = g TR S o, dt (6)

All the variables involved in Equations (5) and (6) may be
measured directly under steady, uniform conditions. How-
ever, the thermal flux obtained by conventional calorime-

tric techniques only provides information concerning the
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flux at the upper boundary. To obtain the local fluxes,
the effect of viscous dissipation must be taken into
account. The contribution of the thermal flux due to

viscous dissipation may be approximated by(zg):

o 7 L v , Ou
qj‘fyo"cpdy“fyo 3y W
1 dp ., (Y . du
=T(-—-d—-i-}fyo(_y° -2y ) gy &y (7)

Hence, the corrected local overall thermal flux becomes:

a = g, *q (8)

where aa is the thermal flux at the upper wall obtained

directly from calorimetric measurements(28'29).

In the treatment of the relationship between moumen-
tum and thermal transfers, the Prandtl number is often
useful. The wmolecular Prandtl number is defined as the
ratio of the kinematic viscdsity to the thermometric con-
ductivity. .The ratioc of the total viscosity to the totall
conductivity has been defined(9) as the total Prandtl

number:

N T B CY

Correspondingly, the eddy Prandtl numbef may be defined as:
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t'm_ K v .
Prg= ——=Pr (1l +—) - — (10)
c C C

On the basis of earlier experimental inforumation
(9'13?24), it appears that for a fluid with a molecular
Prandtl number corresponding to that of air, the ratio of
total viscosity to total conductivity, hereafter called
the total Prandtl number, does not approach unity at
Reynolds numbers up to 40,000. However, no experimental
information was avallable concerning the values of total
viscosity and total conductivity at higher Reynolds nuu-
bers. It was of interest to establish the trend of the
total Prandtl number as the Reynolds number was still
further increased above 40,000, The purpose of the
present investigatlion was %o establish vélues of eddy and
total viscosity and conductivity at Reynolds numbers bet-
ween 40,000 and 100,000 for a steady, nearly uniform air

strean flowing between parallel plates.
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III. EXPERIMENTAL METHODS

The equipment employed in these investigations has
been described in some deta11(7’8). It consisted of two
parallel copper plates between which air was circulated
under steady, nearly uniform conditions. The channel
was approximately 13 ft. in length, 12 in. in width, and
0.75 in. in height. The temperatures of the upper and
lower surfaces of the duct were maintalned at constant
but different values by circulating oil above and below
the parallel plates. Under such conditions a temperature
gradient normal to the direction of flow was imposed upon
the air streaun. The local velocity was established by
means of a 0,008 in. pitot tube and a hot-wire anemometer
mounted on traversing equipment, whereas the gross flow
rate was wmeasured by the use of a Venturl meter in the
supply duct. The actual vertical position of the traver-
sing pitot tube and hot-wire anemometer was determined by
means of a small cathetometer mounted upon the traversing

-equipument.

The hot-wire anemometer consisted of a l-mil plati-
num wire 0.4 in. in length. The constant resistance
method was applied in the local velocity measurements with

the anemoumeter. The anemometer was callibrated against
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pitot tube measuresuments near the center of the channel,

In applying the constant resistance method, the platinum
wire was held at an optimum operating temperature of about
50°F. above that of the air stream. Such an approach
decreased changes in the resistance characteristics of the
wire due to aging. Corresponding wvalues of velocity were
obtained with both the hot-wire anemometer and the pitot
tube. These data were used to establish the calibration
of the hot-wire anemometer. The hot-wire anemometer was
also used as a resistance thermometer. After making a
velocity measurement the resistance of the wire at the
stream temperature was'established. Measurements with
the traversing equipment indicated that the hot wire could
be located within 0.003 in. relative to the copper plates.
The behavior of the hote-wire anemometer near the wall has

been described(s).

The pressure gradients in the flowing stream were
ascertained from piezoumeter bars used in conjunction with
kerosene-in-glass manometers observed with a2 cathetometer
(7). In addition, the pressure was measured at the posi-
tion of the traveréing equipment which was 88.6 in. down-
stream of the approach section. Thermocouples were

provided in the upper and lower copper plates to establish

the teumperature at the boundary of the air stream. = The



thermal flux normal to the air stream was determined ‘by
the use of two calorimeters located in the upper plate,
one near the downstream end and the other near the middle
of the flow channel('z)'. - The copper plates were parallel
within 0.005 in. throughout the working section. The
width of the channel did not vary by wore than 0.010 in.

throughout the length.

A knowledge of the relationship between the pres-
sure and the distance along the channel was used to deter-
wine the uniformity of the flow. Under uniform velocity
for a fluld at constant specific volume and viscosity, a
linear relationship should exist between the pressure and
the position along the channel. As would be expected for
a compressible fluld, the pressure gradient at the down-
stream end of the channel was slightly larger than at the
entrance, However, the weight rate of flow of alr was
ﬁniform as long as there were nO'leak§ of air to or from
the channel through the side blocks. Consequently, the
Reynolds number of the flow was uniform throughout the
channel. In any event, the deviation from uniform flow
was sufficiently small as not to impair the analysis of

the thermal transfer nmeasurements.

In the present investigation, most of the measure-

ments were made with the upper and lower plate wmaintalned
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“at l3d°F. and 70°F.. respectively, whereas the entering
bulk alr temperature was maintained at lOOoF. Effort
was directed to the refinement of the apparatus in order
to permit the experimental measurements to be of as high
an'accuracy as was feasible. The temperatures were mea-
sured with resistance thermometers, which were compared
with a similar instrument calibrated by the National
Bureau of Standards, with an error of not wore than 0.05
°F., and the thermal flux at the upper wall was establish-
ed with a standard error of estimate of not more than 1%.
The probable error associated with the velocity and shear
measurements was estimated to be less than 1%. The
detalls of velocity, temperature, energy, and pressure
measurements followed closely the methods described ear-
_lier(s) and 1t does not appear necessary to desoribe

further the details of the experimental techniques.

Table I records a suumary of the experimental cone
ditions covered in this investigation. Table II shows
the properties of alr which were euployed in the analysis
of this work. Most of these data were based upon those

(18). The primary uncertainty

selected by Keenan and Kaye
assoclated with the application of these values resulted
from the presence of a small amount of moisture in the air

used, The influence of composition upon specifilc volume
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Qf the air-—wat'er‘ system in the gas phase at atwmospheric
pressure was established on the assumption that the phase
was an ldeal solution. The values of specific volume so
obtalned compared well with available measured values for
gaseous uixtures of air and water. The viscosity of the
alr-water mixture was established from the theoretical
considerations suggested by Chapman and Cowling(S). The
(23)

detalls of these calculations are available elsewhere .

Near the wall the error in establishing the position
of the wire exceeded the uncertainty in the measureuents
of the velocity and temperature of the air. It was found
helpful to establish the behavior near the boundary froum
the knowledge‘of the limiting velocity and temperature
gradient at the wall. The velocity'gradient at the wall

was established from:

du _ g

Equation (1l) can also be written in terms of the pressure

gradient as:

. g ¥
_(_QEL) = Q

4P
dy W 20 v (" ) (12)

W dx

Correspondingly, the temperature gradient at the wall was

glven Dby:
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[1]

dt _
(Sby - 'jfL (13)

From these limiting gradients and a few experimental data
in the vicinity of the walls, the velocity and temperature
profiles near the boundaries were established more accura-
tely than would otherwise be possible. Figure 1 illus-

trates the variation of temper#ture with position near the
wall for two Reynolds numbers. The significant effect of
Reynolds number upon the temperature distribution near the

wall is evident.

In the umeasurement of the temperature of a moving
stream by means of a stationary wire, it is necessary to
take into account the rise in temperature of the fluid
immediately surrounding the wire as a result of the vis-
~cous dissipation and pressure distribution in the vicinity
of the wire. For this purpose, it was found convenlent

to utilize the recovery factor concept to determine the

actual temperatufe of the flowing air. This factor(21’28)
is defined as:
TO - T TO - T .
$TTTLIT T W/(zsoy) (14)

(9,10,22)

Earlier studies with air vielded recovery factors

varying from 0.62 to approximately 0.69. In the present
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investigation a recovery factor of 0.66 was employed(ZI).
This corresponds to a maximum temperature deviation of
0.22°F, at a Reynolds number of 40,000 and a maximum tem-
peréture deviatioh of 1.30°F. at a Reynolds number of
100,000 at the center of the channel. The temperature

measureuents have been corrected for such effects.
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IV. EXPERIMENTAL RESULTS

A series of experlmental measurements of the velo-
city and tamperatﬁre distribution in steady, nearly uniform
flow was made at Reynolds nuubers between 40,000 and
100,000, The Reynolds number was evaluated in the follow=-
ing fashion:

: zyoU 2 yO
Re = =
(v)

y/¥o = 0.5 (V)y/yo = 0.5 JO

L

L= (15)

i

It 1s noted from Table II that the variation of kinematic
viscosity with temperature in the rahge'of conditions
encountered in the present investigation is virtually
linear.  For this reason the value of viscosity at the
center plane of the channel was employed in Equation (15)
instead of using a space-averaged value. The last equa-
lity involving the weight rate of flow was used in the

actual calculation of the Reynolds number,

Because the qualitative aspects of these measure-
ments are similar to those found earlier(13’22), there
does not appear to be any justification for graphical

presentation of the velocity and temperature distributions.
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Measurements were made in a regular sequence in order to
establish the general trend of the velocity and tempera-
ture with position,. Also for each test, several measure-
ments were made ih which the position was chosen at randonm
id order to determlne the reproducibility of the measure-
ments. These randou measufements dia not yleld greater
standard errors of estimate from the velocity and tempera-
fure profiles than the data obtained in a regular sequence

of positions.

Utilizing the umeasurements of velociﬁy and shear as
a function of position across the channel, the measured
values of thermal flui were corrected for the effect of
viscous dissipation. This “correction factor“ has been’
defined!?9) as the ratio of the corrected value of heat
flux to the uncorrected value. In carrying out these
calculations, the values of thermal flux &a determined

(8,28)

from calorimetric measuréments were employed for the
evaluation of the term g , as indicated by Equation (8).
The quantity 53 was established by application of Equa-
tion (7) to the measu:gd #alues of pressure gradlent and

veloclty gradient.

The extent of the correction for viscous dissipa-

tion is illustrated in Figure 2 as a function of position
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ia the channel for scveral Reynolds numbers. it is ‘evi-
dent that the correction is zero at the top of the channel
and attains a maximum at the bottom. The contribution

due to viscous dissipation is much greater in the boundary
flows than in the central part of the streau. Further-
wore, the correction factor increases.rapidly with increase

in Reynolds number,

From the information concerning the flow conditions
and the available velocity distribution and pressure
difference, values of the total and eddy viécoslty were
calculated by application of Equations (1) and (2). Such
calculations established, from the current data, the total
.and eddy viscoslty as a function of pos;tion for Reyunolds
numbers between 40,000 and 100,000, Comparlison was made
with the earlier data(zu) and good agreement was obtained
between the two sets of point values of total viscosity
for air flowing between parallel plates at Reynolds numbers
of approximately 40,000, The current and older data(24)
established the total viscosity as a function of position
in the stream,. Experiméntal values of the total viscosity
for several different Reynolds numbers are depicted in
Figure 3. Thé data shown in Figure 3 were similar in

(13,24)

form to those obtained earlier The minima at the

center of the channel'become wore pronounced at the higher
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- Reynolds nuumbers, Table III sets forth values of the
total viscosity as a function of position in the channel

for several Reynolds numbers.

Correspondingly, point valugs of the total and eddy
conductivity were calculated from the experimental tem-
perature distribution and thermal flux by application of
Equations (5) and (6).. The results of such calculations
for several Reynolds nuumbers are indicated in Figure 4 as
a function of positionlln the channel. These data were
corrected for viscous dissipation effect, as set forth in
Equations (7) and (8). The behavior of the total conduc-
tivity appears to be analogous to that for total viscosity,
The dotted curve shown‘in Figure 4 was recorded from

(2k) corresponding to the Reynolds

earlier measurements
number of 37,300. The deviation between the two sets of
data was estimated to be within 3%. Smoothed values of
total conductivity as a function of position in the channel
are rceccorded in Table IV for several Reynolds numbers.

The detalls of the experiumental data for total viscosity

and total conductivity are aVailable(é).

It should be pointed out that the values of total
viscosity and total conductivity are sensitive to the
velocity and temperature distribution in the channel. As

is shown in Figures 3 and 4, a small lack of symmetry
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' gbout the horizohtal axis of the channel persisted in the
experimental values of total viscosiﬁy and total conducti-
vity. It is not believed that the asymmetry of these
data resultad from changes in conditions during measure-
meﬁts but rather as a result of a lack of symmetry of the
molecular properties in the flowing stream as a result of
the transverse tenperature gradient. Figure 5 shows a
comparison between the values of total viscosity and total

conductivity at a Reynolds number of 80,000,

The influence of Heynolds nuuber upon the relative
conductivity in the boundary flow near the upper wall is
indicated in Figure 6. Siumilar behavior was found near
the lower wall. As Ilndicated earlier, phe flow 1s nearly
uniform in all respects throughout the flow channel at
distances greater than 40 in. from the entrance. The
behavior predicted from the Reynolds analog& is shown as
é dotted curve. The deviation from the analogy is many

times the experimental uncertainty.

The effect of viscous dissipation upon the value of
total conductivity 1s demonstrated in Figure 7 for a Rey-
nolds number of 100,000. The dotted curve represents the
values -of total conductivity uncorrected for viscous dissi-

pation. The syumetry of the data involving the corrected
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values of total conductivity 1s markedly better than -for

the uncorrected datsa.

The values of total Prandtl number were calculated
from the information concerning total viscosity and total
conductivity. The results are presented in Table V as
a function of poslition and Reynolds nuumber. The space-
average values of the total Prandtl number were also.eva-
luated as a function of Reynolds number. The full curve
of Figure 8 depicts the variation in the space-average
value of total Prandtl number with the reciprocal Reynolds
number. Total Prandtl numbers at several positions in
the channel are also included as experimental points in
Figure 8, The results indicate that the total Prandtl
number is relatively insensitive tb the Reynolds nuamber of
the flow and shows no trend toward a value of unity as the
Reynclds number is increased. The values of the total
?randtl number are nea;ly equal to the molecular Prandtl

number even at high Reynolds numbers.

Until further investigations are carried out invol=-
ving fluids with molecular Prandtl numbers which differ

markedly from unity, it remains to be ascertained if the
trend indicated in this investigation for alr persists

for fluids which possess Prandtl numbers warkedly greater
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>r smaller than unity. If such trends are encountered
for other fluids, it becomes a relatively simple matter
to predict local thermal transfer in turbulent flow for
situations where the local momentum transport is known.
The trends indicated by the current investigation show

that the molecular properties of the fluid exert a con-
trolling influence upon the transport even under rather

highly turbulent conditions.
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VI. NOMENCLATURE

A, Roman Type Syumbols

A Area, sq.ft.

cp Isobaric heat capacity, B.t.u./(1b.)(°F.).

g Acceleration due to‘gravity. ft./sec.2

k Thermal conductivity, B.t.u./(sec.)(ft.)(°F.).

a Weight rate of air flow, 1lb./sec.

P Pressure, lb./sqg.ft. | '

Pr ‘Total Prandtl number.

Prg Eddy Prandti number.

" q Thermal flux, B.t.u./(se;.)(sq.ft.).

&a Thermal flux at upper plate, B.t.u./(sec.)(sq.ft.)..

&J Thermal flux due to viscous dissipation, B.t.u./
(sec.)(sq.ft.).

Re ‘ Reynolds nuumber,

t Teuperature, °F.

T Absolute temperature, °R.

To Temperature at surface of the wire, °R.

Tg Temperature at the stagnation point, ©g,

u Local time-average velocity, ft./sec.
Gross velocity, ft./sec., = —%Bj§°11dy.

b¢ "Downstream distance along axis of stream, ft.

N Distance normal to axis of stream measured fron

lower plate, ft.

y

N Distance parameter =—;—C{}).

L
2
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Y4 Distance from nearer wall, ft.

B. Greek Tyne Symbols

¢, ~ Eddy conductivity, sq.ft;/sec.
i Total conduetivity, sq.ft./sec.

€m Eddy viscosity, sq.ft./sec.

€q Total viscosity, sq.ft./sec.
n Absolute viscosity, (lb.)(seé.)/sq.ft.
K Thermometriec conductivity, sq.ft./sec., k/aqp .
v Kinematic viscosity, sq.ft./sec.
¢ Recovery factor.
o Specific weight, 1lb./sq.ft.
T Shear, 1b./sq.ft.
@ Dissipation function, sec. 2,

C. Subscripts

a At upper plate.
W Wall.
X in the x -direction.

y in the y - direction.
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PART II

A STUDY OF ORGAN-PIPE COMBUSTION OSCILLATIONS
OF PREMIXED GASES IN A COMBUSTOR WITH
VARIABLE LENGTH AT ATMOSPHERIC PRESSURE
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I. INTRODUCTION

It has been known for some time that combustion
systems in which the flame is partially or totally confined
frequently generate acoustic oscillations. This combus-
tion oscillation or combustion instability usually results
from the interaction between the flame and the gas flow.
When an energy source 1s present in a flow system, the gas
flow through it may be disturbed by oscillations which are

coupled with a periodic energy release of the energy source.

Conseguently, sound igs produced if the release of energy is
nearly in phase with the variation in pressure of the gas
flow,. This kind of phenomenon is known also as oscilla~
tory combustion, unstable combustion, chygging. screaming,

(1)

or flame-driven oscillation .

Combustion oscillations may at times occur in indus-
trial combustion systems and in jet engines. As a matter
of fact, every combustion system clearly umay be a potential
oscillatory system in which oscillations may occur under
certain circumstances. These oscillations are for the
most part undesirable., Aside from their nuisance and
noisiness, they may interfere with the normal progress of
the combustion process, thus causing the flame to blow out,.

In some cases, the oscillations may become so violent that
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‘they cause physical damage to the equipment or fo its
surroundings. Sometimes, however, the oscillations in
themselves ére not so viclent, but they may trigger other
high-amplitude modes of osclllations which may be destruc-
tive.. On the other hand, oscillatofy combustion represents
a much more intense process than stable combustion. The
presence of oscillations may improve mixing, heat transfer
rate, and flame holding, and lead to increased efficlency
of combustion. Therefore, investigation of the behavior
of the coumbustion oscillation should provide lmportant
information for the optimum design and development of
rockets and industrial burners, as to whether it should be

suppressed or utilized.

There has been increasing 1nteres£ in the mechanisum
of the formation of oxides of nitrogen and other reaction
products of industrial fuels during combustion. The oxides
of nitrogen have been reported to be capable of accelerating
the formation of eye 1lrritants and other undesirable com-
pounds associated with air pollution(2'7). Earlier
reconnaissance studies(s'g) of the combustion of natural

gas and alr at atmospheric pressure indicate that perturba-

tions of pressure add materially to the formation of oxides

of nitrogen. More recent experimental 1nvestigations(lo"

12) have shown that during oscillatory combustion the
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residual quantities of the oxides of nitrogen may be as
much as 50 times that encountered during steady combustion.

It was also found that(lo)

the frequency of the perturba-
tions is of greater lmportance than their magnitude in the
formation of oxides of nitrogen. Thus, as an effort to
eliminate the formation of oxides of nitrogen for the sake
of the increasing air pollution problem, a more detailed
understanding of the nature and the driving umechanism of

heat-driven oscillations during combustion appears to be

desirable.

During oscillatory combustion, the excitation of
spontaneous oscillations may depend on varlous mechanisus.,
But in the presence of energy source, the wost lumportant
mechanism way well be the response of the energy source to
the perturbations in the gas flow. The energy released
by the energy source may not be inherently periodic, but
fhe reaction of the energy source to the disturbances in
the gas flow induces a periodicity i1n the release of
energy. The result is that oécillations will be promoted
if the energy thus added is sufficient to overcome the

dauping losses of the disturbances.

Heat~-driven oscillations have been reported to be
(1,13)

observed in alwost every type of flow combustor

The most common of all the types of combustion oscillations
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is the "organ-pipe". In the organ-pipe acoustic oscilla-
tion, the wavelength of the oscillation is related to the
long dimenslion of the combustion chamber, The gases
usually travel along this dimension through the combustion
chamber so that the oscillations are also recognized as in
a longitudinal wode, The oscillating component of the
flow may be considered as a movement of the gases back
and forth along the axis of the coumbustor. The well-

(14,15) and gauze tones

known phenomena of singing flame
(16,17) are all included in this category. There are also
combustion oscillations of the transverse type for which
the wavelength is related to a transverse dimension of the
combustor, In most cases the combustion chamber is of a
cylindrical shape, the transverse mode of osclllation
should then be replaced by both radial and tangential
modes., However, the organ-pipe acoustic oscillation 1is
considered far more important than the transverse type,
although the latter has become increasingly important in

recent years(18'21).

In the longitudinal mode, the oscillations are
prevailingly in standing-wave form. However, traveling
waves have also been encountered in some combustion systeus
(22-24>. It appears that there is no inherent reason why

both standing waves and traveling waves can not exist
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~simultaneously. Consequently, there can be osclllations
of both these wave forus. In fact, a standing wave may
- be consldered as a superposition of two traveling waves
of the same amplitude thatltravel in opposite directions
(25). Records of the combined modes of both wave forms
have been reported(26) although the standing-wave mode

normally predominates in a cylindrical combustor.

A complete understanding of the nature of oscilla-
tory combustion has not yet been resolved. Quite diver-
gent points of view are held by varlous investigators as
to the proper method to apply in an attempt to analyze a
problem of combustion oscillation. The purpose of the
present work is directed to a umore detailed understanding
of the combustion oscillations that were‘encountered in a
long, cylindrical combustor. Measurements of the pertur-
bations in pressure were conducted in a premixed flame of
air and natural gas at a mixture ratio of about 90 per
cent stolchiometric, it should be pointed out here that
the measured perturbations are not exactly the same in all
directions 6w1ng to the contribution of the bulk flow of
the combustion gases. Such contribution amounts to
approximately 3% of the total perturbation of combustion.
For this reason, the maximum perturbations measured in a

plane normal to the direction of the flow have been called
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(11'12). However, it is

the perturbations of normal stress
preferable to designate them as the perturbations of pres-

sure hereafter in order to be in agreement with the litera-
ture(1:22,23)

In portions of the experimental work, measurements
of the perturbations of the total optical intensity and of
the monochrowmatic intensities were made, along with tThe
measurements of the perturbations of pressure,. The effect

of mixture ratio upon the frequency and the amplitude of
the combus
a full-length open combustor of 168 in. Emphasis was

placed upon the investigation of the longitudinal resonant
phenomena that were observed as the length of the combustor
was varied. A driving mechanism of the.combustion oscil-~
lation is proposed and 1s examined in the light of Rayleigh's
criterion(27). The observed results are to be compared

with those predicted based upon this proposed driving

mechanism,
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II. THEORETICAL APPROACHES AND LITERATURE REVIEW

There are essentially two ways whereby the problems
concerning combustion oscillations are analyzed and solved.
'One approach emphasizes a formal analytical solution or an
approximate solution to the one-dimensional flow equations
governing the combustion process. These differential
equations have to be linearized, soume simplifying assump-
tions have to be made, and the perturbation theory has to
be employed in most cases before the differential equations
can be finally solvéd. The other approach prefers a
semi -quantitative solution by weans of the description of
a physical model(l). This technigque usually involves the
application of the iumportant features of.a driving mecha-
nism so that certain ranges in which oscillations can occur
may be determined. The well-known Rayleigh's criterion
of driving(‘?'?) is considered to be thg most important tool
in this category. For the convenlence of comparing this
work with the theoretical and the experimental studies
made by the other investigators, those previous works

directly related to this investigation are reviewed as the

situation arises.

A. THEORETICAL APPROACHES

Consider a simple model of a flow system consistling
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of a straight section of a tube with constant cross-section.
For simplicity, the heat source is assumed to be concentra-
ted in a plane perpendicular to the axls of the tube so
that ﬁe have a disk-shaped heat source with negliglble

thickness, Now the following equations can be written

for this flow system(zs):

Equation of Continulity:

%‘% + V-(PF) =0 (1)
Equation of Momentum:
P{—a——i +('€’-V)?} =-VP + u{v2?+—;-V(v-? )} (2)

Equation of Energy:

DT d1lnV\ DP
- xu2
Peppy = KVOT +(a lnT)p Dt (3)

For an ideal gas, (31aV/d ln'I‘)p = 1, Equation (3)

becomes
oT — 2 oP -
pqp{?ﬁ?+ (vuV)T}==kV T +§ﬁ;+('v-V)P (4)

These three conservation equations, along with the equa-
tion of state for an ideal gas, furnish an adequate basis

for analytical solutions.
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A formal procedure for solving this set of differen-
tial equations is the application of the principle of
dynamic stability(zg) which means that swall fluctuations
are superimposed upon the steady-state flow of the gas.
Thus, all the variables may be split into steady-state and
oscillating components, A very important feature of this
method is that the fluctuating component of each varlable
may be assumed to be proportional to a time factor
exp{-Bt), where B8 1is a complex parameter, Then the
stability of this flow system depends solely upon the
value of 8 ; the flow becomes dynamically unstable and is
capable of producing spontaneous oscillations if the real
part of 3 1s negative, the reverse is also true. From
the foregoing differential equations and their relevant
boundary conditions, a characteristic equation in terms of
B can be derived. Therefore, the main problem is the
derivation and solution of this characteristic equation,
which involves linearized treatment, as well as the appli-

cation of perturbation methods.

)

In a series of papers, Me:c'k(zg"33 has provided a
very detailed systematic analysis for this problem. In
his analysls, Merk regarded the oscillation as consisting
of three components: an acoustic modé, an entropy wmode,

and a vorticity mode. He eliminated the.vorticity umode
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from consideration by limiting the wave propagation to
one-dimensional model. He noted that upstream of the
heat source the oscillations are maiAly acoustic, but
downstream of the heat source there exist both the acoustic
and entropy modes of the oscillations. The three conser-
vation relations are then established across the flame
front to match the acoustic fluctuations. - Through a.
series of linearized treatment, Merk finally expressed

hls transfer function ln terus Qf acoustlc admittances at
the two sides of the flame; the real part of this equation
provides the instability criterion, while the imaginary

part can be used to determine the fregquency of the oscilla-

tions.

Blackshear(Bu) provided a one-dimensional analysis
for the explanation of the mechanism whereby a flame
drives or damps a standing wave. He based his analysis
on the following mechanism: Waves pass through the flame
front with their velocity amplitude unaltered. When the
net veloecity caugsegs a2 change in the flame front area,
waves are propagated simultaneously into the hot and cold
gases. These flame-generated waves will drive the stand-
ing wave when they are phased with the existing components
of the standing waves. The strength of the wave was

found to depend largely upon the relative magnitude of
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-the disturbance of the flame area and 1ts phase relation

with the perturbation velocity.

Bailey(BS) studied the combustion osclillations

- produced by a flame burning above a grid from both the
experimental and theoretical standpoint. He assumed that
no time lag was involved in this oscillating system and
that the iwmportant damping forces were the radlation
losses occurring at the ends of the tube, Then, a linear,
oné-dimensional theory was presenfed. taking into account
both the driving and damping effects in the systeu. The
resultant instability criterion was found to be in accor-

dance with Rayleigh's criterion.

In their theoretical investigation of combustion
oscillations in rocket systems, Crocco and Cheng(22’36)
emphasized the aspect of time lag by neglecting the feed-
back effect which was employed by most of the other inves-
tigators. They then developed an instability criterion
in terms of the delay tiume. They found that the time lag
for excitation of organ-bipe oscillations must be within

certain intervals and that there exists a specific steady-

state relation between time lag and pressure.

It should be pointed out that Crocco and Cheng used

conservation relations for momentum and mass across the



- 54 -

flame front to set up their eguations, whereas Merk used
conservation relstions for momentum and energy. In this
connection Merk(29) explained that to match the acoustic
fluctuations the laws of conservation of momentum and
energy must be used since these laws contain only acoustic
quantities, while the law of conservatlon‘of mass deter-
mines the non-isentropic fluctuations in the vicinity of

the heat source.

Putnam and Dennls(lfIB). and Roginsk11(37) have
presented an excellent survey of the literature on flame-

driven oscillations of the organ-pipe type.

B. RAYLEIGH'S CRITERION OF DRIVING

Rayleigh(27) was the first to give a satisfactory
explanation of the singing-flame phenomenon which is
associated with the noise emanating from a tube with =a
flame in 1t(38). He later generalized his explanation
to a fundamental postulate applicable to all gas-coluumn
oscillations sustained by heat, Rayleigh's hypothesis
is summarized in the following wanner: In any problem
involving the driving of oscillafions by heat, the basic
issue is the relation between the heat transfer and

oscillation phases. If heat is imparted to the gas at
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the instant of maximum compression, or ls abstracted from
it at the instant of maximum rarefaction, the oscillation
is encouraged, the converse is also true. When the
transfer of heat takes place at the wmoment of either high-~
est or lowest pressure,the oscillation frequency is not
affected. If, however, the gas has a density equal to
that under quiescent condition at the instant of heat
transfer, the frequency will be altered, but not its
amplitude. 1t should be noted that Raylelgh's postulates
presuppose the presence of standing pressure waves in the
coubustion systen. Hayleigh also peinted out that the
amplitude of the sound depends primarily on the length of
the combustion column, while the flame merely serves to
restore the damping losses associated with the combustion

(1)

system .

Thus it is easy to visualize from the above gtate-
ment that, except at the pressure nodes and antinodes,
alteration of both the amplitude and frequency is produced
by a periodic transfer of heat from the heat source to the
gases. The osclillation 1is augmented if the addition of
heat takes place within the interval when the pressure 1s
greater than 1ts average value. To iterate, heat must be
added to the gas at a time less than a quarter period

either before or after the time corresponding to maximum
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pressure, and vice versa. Similarly, the frequency -is
ralsed if heat is added to the gas within a half perlod
before the occurrence of the highest pressure, and is
lowered if heat is added to the gas within a half perlod
after the occurrence of the highest pressure. Obviously
the increase ln fregquency attains a maximuwm when heat 1s
added to the gas exactly at the instant of a quarter period

before the phase of highest pressure.

It should be emphasized that the aforementioned
addition or transfer of heat is in fact the addition or
transfer of energy across the boundary of a system. The
need for this distinction results solely froum the necessity
of dealing with friction which is very complicated in
nature. Thus, the gain in internal energy of the system
will be equal to the net transfers of energy from the
surroundings, without regard to whether these transfers
ére accomplished by thermal means or mechanical weans or

by both combined(Bg).

40) has devised an ingenlous graphical presen-

WOOd(
tation for the physical interpretation of Rayleigh's cri-
terion. He considered the increument of energy as being
proportional to a corresponding increment of pressure.

Thus a picture indicating the relation between the sus-
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taining of Qscillations and the phase shifts can be clearly

seen.

(1)

Putnan gave a more detailed explanation of Wood's

- graphical presentation. To explain flame-driven oscilla-

(41)

tions, Putnam and Dennis proposed a mathematical for-

mulation of Rayleigh's criterion in the form:
fcycle Hp'at > 0 (5)

where H is the rate of heat release and p' is the oscilla-
ting component of the pressure. Driving is considered to
occur when the above inequality is satisfied. In separate
papers, Putnam and Dennis investigated experimentally the
acoustic oscillations occurred in multiple-port rocket-

(k2) and in & burner with deep ports(MB).

shape burners
The observed results were all examined by means of Ray-

leilgh's criterion. Furtheruwore, in order to Jjustify the
expression given by Equation (5), Putﬁam and Dennis(AZ)
presented a thermodynauwic analysis of phase requirement

for heat-driven oscillations.

Some refinements and revisions have then been made

(h) showed that

upon Rayleigh's criterion. Raushenbakh
Rayleigh's treatment involved an error in considering heat

source of energy as the only energy source available for
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the excitation of oscillations. In fact, acoustic energy
evolves not only from a source which includes both heat
and internal energy, but also from any source of kinetlc
energy. Therefore, in cases the kinetic energy becoues
vimportant. the excitation of oscillations 1s soumetimes
possible even 1f the heat lliberation is out of phase with

(H5.46) <tudted Rayleigh's postulates in

pressure. Chu
detail and found that they are valid only if the amplitude
of the oscillations 1s low and the ratio of 1sobaric to
isochoric specific heats remains counstant across the flame
front. However, these assumptions are considered to be

fulfilled for wmost cowbustion systeums.

C. COMPARISON BETWEEN BOTH APPROACHES

It is generally believed that a formal analytical
solution to the differential equatioﬁs governing a combus-
tion process furnishes the clearest and most detalled
information for the oscillating systeu. Such an approach
should lead to a thorough explanatlion of all observed
results subject to the given boundary conditions. Never-
theless, 1in practice, this situation is very seldom attaln~
able because of the mathematical complexity. Up to the

present, linearized treatments still have to be eumployed
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in most cases even for the simplest, one-dimensional model
of a combustion system. The use of linearized treatment
and of other simplifying assumptions tends to oversimplify
the problen. Some modes of oscillation may be eliminated
 from consideration, and the predicted results may depart
appreciably from the real physical situations. Moreover,

a clear picture of the physical aspects of the problem is
apt to be lost in the process of detalled mathematical
treatments. The final form of the analytical solution is-
usually so complicated that a suitable physical interpreta-
tion is often found to be very difficult to obtain. Fur-
thermore, there may be a wider variety of driving mecha-
nisms predicted than actually exist due to the large

number of variables involved, and the non-linear character=-
istics of an oscillating system are not in general ldenti-

(1)

fied in a linearized solution .

The application of Rayleigh's driving criterion
usually does not provide complete information for an
osclllating system. The ranges of frequency in which
oscillations are possible may be determined by the insta-
bility criterion, but not its amplitude. However, the
most lmportant feature of nonlinearities for a combustion
systex is preserved in this treatument. In addition, the

mathematical manipulations for this approach are far
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simpler than those for analytical solutions. This method
has been shown to be successful for the explanation and
correlation of some observed‘oscillation results(uz'uB).
For thils reason, it will be employed as the principal
theoretical basis for the analysis of the current experi-

wmental work.
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III. EQUIPMENT

The equipment employed in this investigation con-
sisted of a water-cooled coubustion tube mounted in a
vertical position. The tube was used earlier for studies
of combustion in a turbulent diffusion flame(8'47). The
combustor was constructed of a heavy-walled copper tube
3.826 in. in inside diameter and 162 in. long. An appro-~
priate mixture of air and natural gas was 1introduced into
the lower part of the coumbustor and passed through a per-
forated copper-plate flameholder, The combustible mixture
was then ignited by means of an electric spark located just
above the flameholder. A cooling jacket surrounded the
tube, and ports were provided along the wall of the combus-
tor to permit measurements of pressure perturbations and
the time-averaged apparent temperature as a function of the
distance along the combustion zone. A silencer was ins-
talled at the exit of the combustor in an effort to mini-
mize acoustic discomfort in the surrounding area. In
many occasions an afterburner was inserted into the upper
part of the coumbustor to ensure more complete combustion

of the exhaust gases. The arrangement of the combustion

tube is shown schematically in Figure 1.

Air and Gas Supply Systems

Alr was supplied by a pair of centrifugal blowers
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Figure 1. General Assembly of the Combustion Tube.
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driven by a D.C. wmotor, the speed of which was controlled
by a quartz oscillator and a preset oounter(us). The
flow rate of air was established through the use of a
Venturli uweter which was calibrated in accordance with
existing standards(49). Kerosene-in-glass manometers
were employed in conjunction with a cathetometer for the
measurement of pressure differences. The natural gas
was supplied at a pressure of approximately 18 psia. and
its flow rate was determined by means of a small callbra-
ted Venturl meter. The flow rates of both the air and

the natural gas were known within approximately 0.5 per

cent after suitable calibrations.

Plenum Chauber

Alr and natural gas were mixed iﬂ a small plenum
chamber about 1.0 sq. ft. in cross section and 1.0 ft.
high. The mixing process was carried out by injecting
natural gas through many small holes provided on a rank of
parallel tubes in the ?lenum chamber. The gas mixture
then passed through some straightening vanes for stabliz-
ing purposes, a flame arrestor, and a flameholder.

Figure 2 shows a schematic diagram of the alr and natural
gas supply systems and the mixing chaumber. A blow-out
plate was shown on the alr supply duct to ensure safety

for this section.
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Plameholder

The flameholder was constructed of copper and was
sealed to the wall by an O-ring so that the entire cross
section of the combustor could be covered. The grid set
employed in this investigation consisted of a flat plate
0.187 in. in thickness with 0.0625 in. diameter sharp-
edged holes on 0.250 in. centers. This grid set was
identified as "Grid 7C" , as shown in Figure 3. A short,
four-vane baffle was placed above the flameholder. The
holes were free from burrs and-other.gross lmperfections.
An effort was made to maintain the same velocity in all
the holes of the flameholder, In the course of experi-
mental measurements the perforations in the flameholder
were found to have decreased to a diameter of approximately

0.0617 in.

Ports
The arrangement for the location of eleven ports 1is
indicated in Figure 4. The first port was used primarily
for ignition and for visual observation of the combustion.
The second port was employed to provide spark ignition and
temperature measurements when required. The average
pressure in the combustion chamber was usually measured
et port 5 which was located 16.7 in. above the flameholder.

The rest of the ports were used for the measurements of
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pressure perturbations and of time-averaged temperature,
as well as for withdrawal of samples. However, measure-
ments of pressure perturbations in this work were only
wade at ports 4, 6, and 10, corresponding to 12.7, 22.7,
and 76.7 inches from the flameholder.

Pressure Transducers

Water-cooled, condenser~type, pressure transducers
manufactured by Photocon Research Products were used for
the measurement of the perturbations in pressure, as shown
in Pigure 5. The transducers possessed a linear response
up to frequencies of approximately 10,000 cycles per sec.
and a sensitivity of 0.01 psi. In order to increase the
linearity of the response, the transducers were employed
without a flame shield. This technique avoids difficul-
tles arising froum the accumulation of water between the
active diaphragm of the transducer and the flame shield.
Conventional single- and dual-beam cathode-ray osclllo-
scopes were used 1n conjunction with the transducers to
obtain a visual trace of the behavior of the system. In
addition, photographs were taken of the oscillograph traces

for quantitative wmeasurcements.

Reflecting Disk

In order to understand better the effect of the

length of the combustor upon the oscillating conditions



of the Pressure Transduser,
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encountered in this equipment, a reflecting disk with a
diameter of 3.435 in. was lowered into the combustion tube.
The general arrangement of this disk within the combustor
is indicated in Figure 6. It was fitted so well within
the coumbustion tube that a nearly perfect reflection for
all the acoustic waves was obtained. Thus, the effective
length of the combustor can be varied by moving the refle-
cting disk up and down in the tube. The details of the
reflecting disk and its supporting rod are shown in

Figure 7. Provisions were made for movement of the disk
to different position along the combustion tube at distan-

ces from 60 to 90 in. above the flameholder.

Temperature Measurements

The apparent temperature at diffefent positions in
the combustion chember was determined by means of a 0,003
in. platinum/ platinum-rhodium thermocouple. The theruwo-
couple was shrouded within a small ceramic tube in order
to reduce the radiation effects. The electromotive force
of the thermocouple was measured with a White-type poten-
tiometer having a range of 1000 microvolts. Corrections
were made for the deviations between the thermodynsuic
scale of temperature and the platinum/ platinum-rhodium
scale of temperature(so). The thermocouple was callbrated

up to a tempersture of 500°F. with = platinum resistance
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thermoueter of the strain-free type which had been call-
brated by the National Bureau of Standards. Above this
temperature the characteristics of platinum platinum-
rhodium thermocouples from avallable tabulations(5l) were
used. The shrouded thermocouple,.however, was not em-
ployed at apparent temperatures in excess of 2000°F. owing
to rapid deterioration. Bécause of the uncertainties
arising froum radiation and possible catalytic effects, the
indications of the thermocouple were not believed to be
the actual temperature. Therefore, all temperatures

have been designated as apparent temperatures. Neverthe-
less, the measurements of the thermocouplg were at least
indicative of the appréximate temperature range encountered

in the coumbustor.

Total and Monochromatic Optical Intensity

In addition to the wmeasurement with pressure trans-
ducers as described above, the perturbations of combustion
were also established in terms of total and monochromatic
optical intensities in portions of the experimental work,
In essence the equipment for the measurement of total
optical intensity consisted of a self-reflecting collimator
and é photo-sensitive element. In this study the photo-
sensitive element employed for the deterumination of total

optical intensity was a Type P-2 lead sulphide photocon-
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ductive cell manufactured by Eastman Kodak Co. The total
optical intensity of the hot gases was first detected by
weans of the colllumator through a fused alumlinlium oxide
window located approximately 10 in. above the flameholder,
The output of the collimator was focused upon the photo-
conductive cell, the ocutput of which was then transmitted
to a Model 150A Hewlett-Packard oscilloscope equipped
with recording film(ll). The equipment for the establish-
ment of monochromatic optical intensity was also available.
A monochromator was used in lieu of the collimator. The

output of the monochromator was then transmitted to a

Type N-2 lead sulphide photoconductive cell.
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IV. EXPERIMENTAL METHODS

To initiate the operat;on, air and natural gas
were introduced into the combustor at the desired mixture
ratio and flow rate, and combustion was initiated by an
electric spark. After a period of about 10 minutes the
temperature of the cooling water attained a steady value.
The effect of the minor variaﬁions in the teuperature of
the incoming alr and natural gas upon operation at this
point was disregarded. After approximately 15 minutes
of operation, quasi-steady state was reached and measure-
ments of the perturbations in pressure were initiated.
The coumbustion process'was usually terminated after two

to three hours of continuous operation.

Both single- and dual-beam oscilloscopes were
employed in conjunction with the transducers for the esta-
blishment of perturbations in pressure. The use of the
dual-beam oscilloscope permitted two sets of measurements
to be recorded at the same tiume. Thus a direct evaluation
of the phase relationships of the data from different ports
was possible. In addition, the aumplitudes and frequen-
cies of the oscillations that occurred simultaneously at

two different ports could alsc be coumpared.

All of the measurements with 5he_reflecting disk
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were carried out at a mixture ratio of approximately 90
per cent stoichiometric.'unless otherwise specifically
indicated. The effective length of the combustion tube
for these measurements was varied by gradually moving the
reflecting disk up and down between 60 and 90 in. above

the flameholder. Also for each test, several measurements
were wmade in which the position of the reflecting disk was
chosen at random in order to determine the reproducibility
of the weasurements, It was found that the umeasureuments
were reproducible within the precision of umeasurement of
the primary variable. In portions of this study, measure-
ments of the perturbations in monochromatic inteuslty were
taken with the reflecting disk removed, which corresponded
to a full-length open combustor of 168 in. in length.
Under such condition, the length of the comwbustion chamber
wlll be specifically indicated in the course of the dis-

cussion.

The weight rate of air flow was maintained at the
same value within the experimental uncertainty throughout
these measurements, except for a limited number of special
tests where a slightly higher air flow rate was employed.
Time-averaged apparent temperatures were measured frequent-
ly in the course of the measurements at various longitudi-

nal poslitlions, as well as several radlal positions. The
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time-averaged pressure was determined at port 5 by means
of a mercury-in-glass manometer, and it was found that
the small change in this average pressure usually resulted

from the variations in the barometer.

Samples of the products of combustion were with-
drawn periodically from the combustor through a sampling
tube introduced through one of the ports. The port
selected for thils purpose in this series of measurements
was port 11 which was located about 100 in. above the
flameholder. During the saumpling process the gas were
allowed to flow slowly into an evacuated glass bulb for
a period of about two ﬁinutes. The sampling tube was
heated outside the combustion zone in order to avoid the
condensation of water and, consequentiy, the absorption of
oxides of nitrogen. The gross quantities of carbon mono-
xide, carbon dioxide, and oxygen in the gas samples were
determined by conventional Orsat techniques, whereas the
quantities of the oxides of nitrogen were established by
means of a phenol-disulphonic aﬁid method(sz). No attempt
was made to eliminate the minor changes in composition

during the sampling process.

The ailr used in this investigation was taken from
outside the laboratory and was fiitered and cleaned by

means of activated charcoal. The huwmidity of the air was
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controlled at a dew point of about 35°F. corresponding

to 0.0045 pounds of water per pound of dry air. The
natural gas was supplied by the Southern California Gas
Co. at a pressure of 18 psia. It was dried by passing
’through calcium chloride before being introduced into the
combustor, The composition of the natural gas was estab-
lished by a mass spectrograph. Table 1 shows typical
mass spectrographic analyses of the natural gas beilng used.
Because of the winor varlations iu the coubustion of the
natural gas with time, a gas density balance was employed
which enabled a first-order correction to be made to

account for these swmall variations.

The pressure transduceré were calibrated under both
static and dynamic conditions. The stafic calibration
was carried out before and after each set of measurements,
and apparently there was no deterioration of their behavior
during the course of the experimental work(ll). The
dynamic calibration was made by treating the cylindrical
combustor as a closed, gas-filled chamber which was sub-
jected to a local increase in pressure. The rather good
agreecent between the oscilllation frequencles and those
predicted by simple acoustic theory reflects well that the
response of the transducer at a frequency of approximately

1000 cycles per sec. is satisfactory.
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V.  EXPERIMENTAL RESULTS

Typical perturbations in pressure obtained at port
10 at a mixture ratio of 0.90 fraction stoichioumetric are
shown in Figure 8. The corresponding macroscopic mea-
surements of the behavior of the system are set forth at
the side of each record. Each of the three examples
i1llustrated in Figure 8 has different values of frequency
and amplitude corresponding to different effective lengths
of the combustor. The rather regular variations in the
magnltude of these perturbatlons with time are typlical of
the measurements that have been obtalined in earlier inves-
tigations with this equipment. It was noted that in most
cases the acoustic waves observed consisted of not only a
fundamental tone, but also a considerable number of higher
partials or overtones. -However, the general simplicity
and smoothness of the wave forms that were usually ancoun=-
tered indicate that all these overtones are of much lower

intensity than the fundamental

During oscillatory combustion a ringing sound was
sometimes produced in which the ear could distinguish a
high-pitched tone which 1s believed to be a natural over-
tone of the fundamental. Figure 9 shows aitypical photo-
graphic view of such a sound wave recorded by a high-speed

camera at port 6. The "kinks" in the wave shown in
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Figure 9 indicate the record of the overtone. Inspection
shous thatAthe frequency of the overtone is about six
times that of the fundamental. In addition, the inten-
sity of the fundamental appears to be more than ten times
that of the overtone. The clanging or metallic sound was
usually broduced when the pértials were inharmonic or out

of tune with the fundamental(53).

Figure 10 shows another irregﬁlar wave form record-
ed at port 4. In this case the sound consisted of a
fundamental tone and the octave overtone and probably some
higher partials. The fundamental constitutes the greater
part of the tone; the larger kink 1n the top of the curve
corresponds To the overtonevwith considerable intensity,
while the smaller kinks are due to the higher partials
which are of much less intensity. In some instances the
wavelets due to the higher partials are very pronounced in
portions of the wave and almost disappear at intermediate
parts which indicate that thére were Seats between certain

partials(SB).

In order to investigate the phase relationships and
to éompare the frequency and amplitude of the perturbations
that occurred simultaneously at two ports, ﬁost of the
measurements were carried out by the use of two transducers

and a dual~beam oscilloscope. Figure 1l shows a typical
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record of perturbations in pressure obtained at the same
time from ports identified as 6 and 10, with the former
corresponding to the upper trace and the latter correspond-
ing to the lower one, We may note that the waves at the
two ports are not exactly in phase with each other; this
implies that some traveling acoustic waves are also present
in the combustion tube along with the standing waves(l).
Furthermore, inspection of the other photographic records
shows that the phase lag between two ports is a function
of the length of the combustion tube. The frequencles

of the two waves appear to be the same within experiumental

uncertainty, whereas the amplitude seems to be larger the

further away from the flameholder.

At certain lengths of the cémbustér the combustion
was quiet and the oscillations almost disappeared. Fig=-
ure 12 shows the perturbations in pressure when the effec-
tive length of the coumbustor ylelded such a "quiet reglon'.
The upper trace represents the perturbations ln pressure
at port 6, while the lower trace represents those at port
L, It appears that in these qulet regions the oscilla-
tions may still exist, but they were so wgak in intensity
that virtually no measurable perturbations could be dete-
cted. The combustion with no measurable perturbations

will be called "stable combustion®. It should be pointed
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out that when the effective length of the combustor yield-
ed a quiet region, the combustion was quiet throughout the
entire combustor. The quiet zone encountered was not

related to the port at which the measurements were made.

Figure 13 depicts all frequency data obtalned at
ports 4, 6, and 10 as a function of the effective length
of the cowmbustor, Thes¢ experimental data indicate that
oscillations occurred only for certain positions of the
reflecting dlsk corresponding to specific effective lengths
of the combustion chamber. These poéitions were not
marked by single points, but each was marked by an interval
of positions in which the observed frequency was nearly
constant. In most such intervals there were several
different values of frequency. Between-such oscilllating
zones were qulet regions where elther no oscillations
occurred, or the oscillations were of negligible intensity.
It should be pointed out that only frequencies of the fun-
damental oscillations and their major overtones were re-
corded. Oscillations with an intensity less than appro-
ximately 5% of that of the fundamental were eliminated
from consideration. Prom the information presented in
Figure 13, it appears that the frequency of the coumbustion
oscillations ranges frouw approximately 630 to 1080 cycles

per sec.
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The experimental conditions covered in this inves-
tigation are summarized in Table 2. Figure 14 presents
the ampllitude of the oscillafions as a function of the
effective length of the combustor at ports &4, 6, and 10,
The shaded reglons between each two curves represent the
range of the wvariation of amplitudes recorded. The number
of experimental points has been indlcated on each curve,
The magnitude of the perturbations in pressure increased
gradually when the effective length of the combustor was
increased from a quiet region. In most cases the ampli-
tude reached a maximum when the effective length of the
combustion chamber was just below that corresponding to
the next guiet zone, Further increase in length results
in a remarkably rapld decrease in magnitude of the pertur-
bations until the quiet region 1ls reached. It is evident
from Figure 14 that the amplitude of perturbations in pres-
sure lncreased with the distance from the llaumeholder.
Furthermore, the oscillations were in general intensified
when the effective length of the combustor was increased.
Intense oscillations were encountered when the reflecting
disk was located at approximately 71, 76, and 82 in. from
the flameholder.

Table 3 presents the experimental analysis of the

frequency and the amplitude of the perturbations in pres-
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sure corresponding to the conditions recorded in Table 2.
In this analysis, the perturbations in pressure were shown
as a function of time for each test. The measured values
of the perturbations in pressure were established within
approiimately 5%. However, there was a small variation
with time in the magnitude of the perfurbations in pressure
even with the precautions that were taken to maintain as
near steady state as possible. This effect was believed
to be resulted frowm change in length of the primary com=-

bustion zone.

In portions of the experimental work, measurements
of the perturbations of the total optical intensity and
of the monochromatic intensities were made, along with the
measurements of the perturbations in preésure. In Figures
15, 16, and 17 are shown, for a full-length open combustor
of 168 in., the typical perturbations of total optical
intensity and of monochromatic intensities cofresponding
to carbon dioxide and water, respectively. It 1s apparent
that the perturbations in the total and monochromatic
intensities are much more irregular than.the perturbations
in pressure. The magnitude of the perturbations in wmono=-
chromatic and total optical intensities were found to be
much wmore susceptible to minor varistions in combustion

conditions than the perturbations in pressure. Thus the
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absolute magnitude of these optical intensities do not
appear to have any quantitative significance. However,

the relative fluctuation in total optical intensity which

has been defined as

: 6
1 2 1 2
2 IIM - o 91f91 Id6 i/(———-—ez = fel Ide)

i ZIIM-I°|= AI
I, Io

(6)

appears to be useful in the evaluation of the behavior of
the systemn. " In addition, the frequency of the perturba-
tions in monochromatic and. total optical intensities
appears to be 1n falrly good agreement With that oI The
perturbations 1n pressure. The vafiations of frequency
~ of the perturbations in monochromatic and total optical
intensitles with the effectlive lengith of the cowmbustor
’followed the same pattern as that shown in Figure 13.
Hence it should be recognized that these measurements are
at least of semi-quantitative wvalue, although they are
sub ject to wore uncertainty of interpretation. The mea=-
surements of the perturbations in monochromatic intensitles
corresponding to the wavelengths of carbon dioxide and
water permit the relative quantities of carbon dioxide and

water to be estimated. A detailed record of experimental
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analysis of the perturbations in monochromatic and total

optical intensities is available(Su).

The effect of mixture ratio upon the frequency and
the amplitude of the combustion oscillations has also been
explored. Figure 18 presents the effect of mixture ratio
upon frequency with limited information at a fixed length
of the combustor of 168 in. It appears that the frequen-—
cies remained substantially constant at approximately 770
cydles per sec, until mixture ratios near stoichiometric
were encountered. The frequency then increased discon-
tinuously to about 930 cycles per sec. and remained vir-
tually fixed atithis value for the higher mixture ratios.
In the upper part of Figure 18 are shown the frequencies
of the perturbations in total optical and monochromatic
intensities as a function of mixture ratio. Within the
experimental uncertainty of the measurements, these pertur-
bations have the same frequencies as the perturbations in
pressure., The hysteresis pattern shown near the center

of the figure was established from earlier studies(ll’IZ).

Figure 19 shows, again for the full-length open
combustor of 168 in,, the magnitude of the relative per-
turbations in pressure and in wonochromatic intensities,

corresponding to the emissivity of water and carbon dioxide
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as a function of mixtufe ratio. These perturbations
reach a maximum in the vicinity of stoichiometric, or
perhaps slightly below it, and fall off rapidly in the

case of either leaner or ficher mixture ratios, The rela-~
tive perturbations in pressure and in monochromatic inten-
sities seem to be comparable. All of the measurements

of the perturbations in pressure presented in Figure 19
were taken at port 6, while most of the measurements of
monochromatic ilntenslitlies wefe taken ét port 3, with a

few others taken at port & and port 9 for the purpose of
comparison, The standard deviatiouns of these measurements

are also indicated in the figure.
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VI. ANALYSIS AND DISCUSSION OF RESULTS

A. PRELIMINARY CONSIDERATIONS OF SOUND WAVES

In this investigation, the only oscillations consi-
dered are those that have frequencies corresponding to the
- "organ-pipe" frequencles of the systeu. The organ plpe
is usually considered as a tube for which the length is
much larger than the diameter. It can be open elther at
one end or at both ends. Basic considerations(27'55)
indicate that, for small amplitudes of oscillations, the
pressure and the gas veloclty vary in a sinusoidal manner
with time at each interior point of the tube. Furtheruore,
the pressure, as well as the gas velocity, is a sinusoidal
function of distance along the tube. Thus the amplitude

of the oscillations can be expressed by

¥y, = ¥ysin(kx -ot) (7)

where w is the angular fregquency and « is an abbreviation
for w/c . Equation (7) represents a wave traveling along
the tube from the flameholder toward the reflecting disk.

Similarly, the equation

¥, =yMs1n(xx+wt) (8)

represents a wave traveling down the tube toward the flame
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holder having the same amplitude, frequency, and wave-
length. In the present combustion system, Equation (8)

1s also considered as the reflected wave traln reflecting
at the disk and traveling back to the flameholder, provided
that the reflection is perfect at the reflecting disk.

The resultant magnitude of these two waves, at any point

and at any lnstant, is the'algebraic sun of ¥q and Yo

Yy =¥, +J¥, = 2yysinkzcoswt (9)

Equation (9) represents a standing wave that no longer
travels along the tube. The displacement is always zero

at points where
KX = L.e "2” .-”.0...”,2”. c e L]

These points are known as the nodes of the oscillation.
On the other hand, the maximum displacement occurs at

points where
KX = +40 -3”/2v""/2' "/2!3”/2v s e .

These points are known as the antinodes of the oscillation.

In practice, a compressional wave usually shows
some decay in strength as it travels, particularly when it
is reflected(zu). Hence the reflected wave can not be
exactly represented by Equation (8) because the amplitude

way becoue smallér. Consequently, some traveling waves
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will exist along with the standing waves.

Putnam(l) has pointed out that there are probably
no pure standing waves in any coumbustion system, because
the inputs and losses of oscillating energy do not match
exactly on a point-by-point basis throughout the systemn.
Therefore, it seems to be necessary to have some unbalanced
traveling-wave coumponents to distribute the energy input to

the points of high loss.

In this study, all discussions will be based on the
modes of oscillation of standing waves alone. Such assu-
med behavior 1s considered to be of value in understanding
the characteristics of the waves that exist in the coumbus-
tor. Furtherpmore, the Rayleigh's driving criterion pre-
supposes the presence of pure standing waves(27). Owing
to the principle of superposition, such assuumption should
not result in any significant influence upon the basic
analysis in this investigation when in the presence of a
small amount of traveling waves., The principle of super-

position(sé)

states in general terums that partial effects
may be added together to obtain resultant effects, and the
action of each 1ndividua1 effect will in no way be changed
upon addition to or subtraction from it another effect in
equilibrium. It applies to waves or wave pulses of any

type, provided the differential equation of the wave ls
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(57)_

linear

It should be recognized that the energy for a com-
pressional wave involves not only the internal energy, but
also the kinetlc energy and the elastic potential energy
assoclated with the compression and rarefaction of the

(25)

wave motion The transfer of heat to the gas flow
from a heat source is in fact the addition of thermal and
wechanical energy to the system, which are then stored up

(39)

as internal energy

In the present work, the combustion tube is open to
the atmosphere at the upper end and is closed at the lower
end. The closed end always corresponds to a pressure
antinode, while the open end normally corresponds to a
prassure node. The latter situation seems reasonable,
since if the end is open to the atmosphere, 1t would be
expected that the pressure at this end remains constant

and equals to atmospheric pressure.

The general equation for the frequencies of such a -

system may be written as

c
fn =(2n + 1 %Ejj . n=20,1,2, ... (10)

The mode of oscillation when n=01s known as the fundamen-

tal mode or first harwmonic. The mode of oscillation when
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n=1 1s called the first overtgne or the second harmonic,
.and so forth. Simple acoustic theory(27) shows that the
node is not precisely at the end of the tube, but that the
effective tube length exceeds the actual length by about
0.6 of the radius. Therefore, Equation (10) should be
corrected for the effect of the open-end reflection and

should be rewritten in the following form:

C

where L, 1s 0.6 of the radius of the combustion tube,

For compressional waves in a fluid confined in a
tube, it can be shown that the velocity of wave propaga-

tion 13(5?)

c = 4 B/P, (11)

where B is the bulk modulus and P, is the density of the
fluid under quiescent condition. Here the bulk modulus

is defined as(zs)

B = - change in pressure ___Ar (12)
- T fractional change in volume INVAR

It should be recognized that the compressions and rarefac-

tions in a sound wave are much more nearly adiabatic than

1sothermal(57). Hence 1t is the adiabatic rather than
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the isothermal bulk modulus that must be used in computing

the speed of such a compressional wave.

As shown in Appendix- I, the adiabatic bulk modulus

B of a perfect gaé is

ad

Boa = YP (14)

where Y 4is the ratio of isobaric to isochoric épecific
heats, cp/’cv. The velocity of sound waves in a perfect

gas 1s therefore

o =yvgeT = yXERL (15)

For air in the range of temperatures under consideration,
Y has a value of approximately 1.39, and 1ts variation
with elther the temperature or the composition of the gas

mixture is small. Hence the value of Y 1s assumed to
remain at this constant value throughout the range of con-

ditions covered by this investigation.

B. THE DISTRIBUTION OF LOCAL AVERAGE GAS TEMPERATURE

As was pointed out earlier, the local gas tempera-
ture can not be established with certainty by the use of

thermocouples at teuwperatures higher than approximately
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1500°F. Therefore, these temperatures have to be estima-~
ted by means of certain theoretical considerations, espe-
cially af positions near the combustion zone where the
temperature was above 2000°F. The experimentél measure -
- ments of temperature umerely serve to check whether the
temperature distribution obtained from theoretical means

is sufficlently accurate for the purpose of this study.

The best assumption to be made for the theoretical
prediction of temperature distribution is the behavior of
local physicochemical equilibrium for a perfect gas at
constant pressure. A computer program for the calcula-
tion of rlame teuperature and'equllibrium compositions was
developed for such conditions. The calculation procedure
involves a balance of moles of the majof reactive coupo-
nents and the equilibrium relations for four of the eleven

(58)

reactions suggested by Wimpress For any assumed
input of reactants, the resulting 6ompositions were coum-
puted according to this routine procedure. The flaume
temperature was then obtained from the energy balance.
The detalls of this calculation scheme are presented in
Appendix II, Undoubtedly, such a siuple approach leaves

something to be desired, but nevertheless permits an appro-

ximation of the temperature distribution to be expected.

From the calculations based upon the assuuption of
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local physicochemical equilibrium, the thermal losses
turned out tb vary nearly linearly with gas temperature.
Figure 20 presents the thermal losses as a function of
equilibrium flame temperature and several values of mix-
ture ratio. For convenience, the thermal loss was assumed
to be a linear function of gas temperature in the present

analyslis, as represented by the following equation:
q=-aT + a' (16)

where a and a' are constants. It was also assumed that
the local heat transter was directly proportional to the
temperature differences between the gas stream and the
wall of the combustor. This implies that an average heat
transfer coefficlient hi is assumed Lo De-applicable for
the range of temperature covered in this analysis. Such

condition may be expressed by the following equation:

(-4

q:j;)Ahi(T-Tw)dA=af;(T-Tw)dx (17)

where a is an abbreviation for 2nrhy and Ty 1s the wall
tewperature. A combination of Equations (16) and (17)
yields:

-aT+a'=af;c(T-Tw)dx O (18)

If Equation (18) is differentiated with respect to x, there
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results:

dt
_a--a-}z-= a(T-Tw) (19)
Upon integrating Equation (19), the following result was

obtalned:

T-T, = Cpe Cl¥ (20)

In Equation (20), Cq is an sbbreviation for a/a, and C,

is an integration constant.

Let Tad be the adiabatic flame temperature and T,
the equilibrium exit temperature. The constants in
Equation (20) way be determined from the followling boun-

dary conditions:

T = Tad at x =0
T = Ty at =L
It follows that
1 Tad - Tw
c, = I 1n —— (21)
and _

Both the values of Tad and T, were deterumined from equili~

brium calculations, whlile the value of Tw was established
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by experimental uweasurements.

Figure 21 depicts the variation in space-average
temperature at a section with position along the length
of the combustor at a mixture ratio of approximately 0.90
stoichiometric, These temperatures were calculated from
Equation (20) upon the assumption of local physicochemical
equilibriun,. The calculated temperature distribution is
in good agreement with the limited experimental data, as
shown in Figure 21. A nuuber of measurements of the
average apparent gas teumperature as a function of radial
position at ports 10 and 11 and at the mixture ratio of
approximately 0.90 stoichiometric are reported in Table 4.
The curve shown in Figure 21 is dotted in the region near
the flaweholder because the thermal loss.would be large
and the assumed behavior of loéal physicochemical equili-
brium may not be attained in this region., The decrease
in teuwperature results entirely from the thermal losses to

the walls of the water-cooled combustor.

C. THE CALCULATION OF THE FREQUENCIES OF COMBUSTOR

According to Equation (10), the frequency is propor-
tional to the wave propagation veloclty ¢ and is inversely

proportional to the effective length of the combustor.
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However, it_is not easy to use this equation directly to
evaluate the frequency, since an appropriate value of the
wave veloclity ¢ to be employed in Equation (10) is not
known. The wave velocity is a function of gas.tempera-
ture and is hence an implicit function of position along
the combustor. Let L' be the effective length of the
coumbustor that has been corrected for the effect of the
open~end reflection, as represented by the following

expression:

L' =L + L, (23)

Then the time taken for a wave particle to travel to the
downstream end of the combustion tube and back, which 1is
half the period of the fundamental mode, can be calculated

by the following eguation:

11 L' 1.
®=fo prel > +fo 5 - g 9% (24)

Equation (24) has taken into consideration the effect due
to bulk flow of the combustion gases from the flameholder
to the exit of the combustor. In Equation (24), the
average womentum velocity for a perfect gas may be evalua-

ted from

W=—"95% = "PWa (25)
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From Equations (10) and (24), the following expres-
sion is proposed as a means of estimating the organ-pipe

frequencies of the combustion oscillations:

2n+ 1 1
= 1 1] ' (26)
n 2 fL ——é—-dx-+f§ ——L——dx

0 ct+u cC=-Uu
n=20,1, 2, 3, ...

A more convenient form of Equation (26) is obtained by

combining the two integrals in the denouminator:

£ = 4 fI" S , n=20,1, 2,.. (27)

Equation (27) can be further simplified since c? 1s at
least 104 times larger than uz, there results from neglect

of the momentum velocity the following:

2n+ 1 1

f In ee————— ' » n= 0. 1. 2. es e (28)
n 4 fL -—de
0 c

From the calculated temperature distribution and
by using Equations (15) and (28), the fundamental frequen-
cles of the combustion tube were computed as a fuanction of
the effective length of coubustor by means of numerical

methods, The variation in frequency with the length of
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combustor was then plotted in Figure 22, Filgure 22 is
the first of a serles of diagrams found to be useful in

the prediction of the permissible reglons of osecillation.

It should be pointed out that a2 limitation of the
higher wodes of organ-pipe oscillation exists in any com-
bustion tube when the quarter wavelength of oscillation
ié nearly equal to or becomes shorter than the dliameter

of the tube ¥2),

Otherwise, the organ-plpe oscillation
vanishes and oscillation of radial and tangehtial modes
prevails. For a tube open at one end and closed at the
other, the wavelength corresponding to the nth-mode of
oscillation may be expressed by the following equation:

4L

n:"?m S n=0, 1|.2' RN (29)

From Equation (29), the quarter wavelength of the ninth
mode of oscillation for the present apparatus is about

4,0 in., whereas the diameter of the tube is 3.826 in.
Thus, the maximum longitudinal frequency should not exceed
that corresponding to the ninﬁh mode of oscillation, and
only those modes-of oscillation lower than the ninth need

be considered.
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D. AN ANALYSIS OF OSCILLATION MECHANISM

The driving mechanism for the observed osclllatlons
is postulated in the following manner primarily based upon

Rayleigh's criterion(27).

Flgure 23 shows a schematlc
diagram of the éombustion chawber along with the plenum
chamber where the driving of oscillations originating in
the combustion chamber takes place. Referring to Flgure
23, a slight pressure fluctuation caused by some pressure
perturbations in the combustion tube is transferred across
the flameholder to the plenum chamber. This pressure
pulse travels the length of the plenum chamber, is reflect-
ed at the lower end, and returns to the flameholder. The
pulse causes a local increase in flow ra?e. which wmeans
that the gaseous ulxture passes through the flameholder

at a higher local flow fate and is burned at some later
time. If the time of burning of this extra quantity of
gas 1s in phase or nearly in phase with some subsequent
pressure perturbation in the cowbustion chaumber, the
osclllation originating in the combustion chamber will be
reinforced. The amplified pulse is then again transferred
across the flameholder into the plenum chamber, and the
process continues with increasing intensity until the

drivihg(forces are balanced by the damping losses.

In view of the above described driving wmechanism,
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\\\———REFLECTING DiSK

/—- STANDING WAVES

l///~—-COMBUSTION CHAMBER

| FLAMEHOLOER

l j\\ PLENUM CHAMBER

Lm F“’"‘"’T\\\\

PRESSURE PULSES

Figure 23. A Schematic Diagram of the Combustion
Chamber along with the Plenum Chamber.



- 118 -

the oscillations in the coumbustion tube will not reach a
high intensity unless energy is added periodically to the
gases 1in the combustion tube in such a way as to meet two
requirements. First, the periodic transfer of energy
must be in phase or nearly in phase with the fluctuations
of pressure in the combustion tube. This 1s known as the

(42)

time condition for resonance The second requirement
is that energy must be transferred to the gas near a point
of maximum pressure, This represents the space condition
for resonance. However, in the present combustion systeun,
the flame, and consequently the primary location of the
energy release, is at the closed end of the combustion
tube where a pressure antinode of any standing oscillation
is found. Therefore, the requirement of space condition

for resonance is always satisfied in this combustion system

and only the time condition need be considered.

Figure 24 shows the graphical presentation of
Rayleigh's eriterion proposed by Wood(UO). where the
increment of energy was considered as being proportional
to a corresponding increment of pressure. According to
the time condition for resonance as stated above, the
period of the pulse in the mixing chamber must be close to
some multiple of the natural period of the coumbustion tube.

Referring to Figure 24, such a situation implies that the
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— — — —

FREQUENCY

Figure o4.

ENERGY INPUT

ENERGY SUPPLY IN PHASE WITH
PRESSURE

f=nfp
AMPLITUDE INCREASED
FREQUENCY NOT AFFECTED

ENERGY SUPPLY OQUT OF PHASE
WITH PRESSURE

f=(ntd)fy
AMPLITUDE DECREASED
FREQUENCY NOT AFFECTED

PHASE OF ENERGY SUPPLY
PERIOD BEFORE PHASE
OF PRESSURE

f={n-L)f,
INCREASED
AMPLITUDE NOT AFFECTED

PHASE OF ENERGY SUPPLY ;';-
PERIOD AFTER PHASE
OF PRESSURE

f=(n+5)fm
FREQUENCY DECREASED
AMPLITUDE NOT AFFECTED

Grapnical Presentation of Rayleigh's Criterion of Driving.
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period of.the wixing unit ry; must not differ from some
multiple of the natural period of the combustion unit nr
by a factor greater than /4, Otherwise, the addition

of energy would occur near the time of winimum pressure,
thus damping the oscillation. The condition for resonance

can therefore be formulated as
|fm =nr| £ /4, n=1,2,3, ... (30)
It follows that

(n-%)7

IA

m < (n+ 3)7 , n=1,2, 3, .. (31)

A wmore convenlent form of these inequalities is obtained
by substituting the frequencies for the periods since one

1s the reciprocal of the other. Then there i1s obtained
(n-%)fg<f<(n+d)fy . n=1,2,3, ... (32)

Equations (31) and (32) represent the instability criterion
for which oscillations originating in the combustion tube

can be amplified.

The period of the cycle for a pressure pulse to
travel the length of the plenum chamber L, to be reflected
at its lower end, and then to travel back at the sonic

velocity ¢ can be expressed by

me2m v (33)
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Here {1 1is the time required for the excess quantity -of

gas to pass through the flameholder and be burned. The

value of } has been.shown(az)

I
2

to be normally of the order
of 107 sec., while the value of 2Ly /¢ 1s of the order
of 107° gec. with the present apparatus. Hence {1l can be
neglected in Equation (33) and r;, as well as f, becoumes
a constant as long as the temperature of the incoming air

and natural gas remains constant.

The temperature of the gas mixture was usually main-
tained at 80°F, Using Equation (15), the velocity of
sound at this teuperature 1s approximately equal to 1160
ft./sec. The effective length of the plenum chamber L
was found to be 117 in. From Equation (33), such s length
corresponds to a frequency of 59.5 cycles per sec. in the

mixing chamber.

Equation (32) represents a set a horizontal straight;
lines when the freguency f 1s plotted against the effective
length of the combustion chamber L, as shown in Figure 25,
Oscillations only occur in the alternative horizontal
narrow regions centered at f=nf_, whereas the shaded area
-represents the quiet regions where virtually no oscilla=-
tions occur. The frequencies of the oscillations in the

combustion unit are also shown in Figure 25.
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E. COMPARISON OF PREDICTED RESULTS WITH EXPERIMENTAL
DATA AND DISCUSSION OF RESULTS

In Figure 25, the frequency for the five modes of
ogclllation in the combustion chamber is plotted against
the effective length of the combustor. The oscillation
is elimlnated in the cross-hatched regions according to
the instability criterion represented by Equation (32),
which predicts that there should be no oseillation in
these regions. The calculated frequency curves in these
quiet reglons are therefore not significant. Figure 26
shows the predicted intervals of frequency that also satis-
fy the instability criterion as a function of the effective
length 6f the combustor. This'figure is virtually the
same a8 Figure 25 except that the shaded.reglons have been
eliminated, since the calculated frequencies in these
regions do not really exist. In Figure 26, the vertical
stripes of qulet region are obtained at the length of the
combustor where none of the five wodes of oscillation

show up.

The experimental data that have already been shown
in Figure 13 are superimposed upon the predicted inforua-
tion of Figure 26, as shown in Figure 27. The predicted
results appear to be in good agreement with the experimen-

tal data. The standard deviation for the fourth and fifth
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modes of oscillation was found to be approximately 3.2
cycles per Sec.. while that for the other three modes of
oscillation amounts to about 10 cycles per sec. Following
the theoretical analysis described above, the curious
behavior that the frequency of the oscillations shifts
abruptly as the effective length of the combustor is

changed has been explained.

The fact that the observed values of frequency are
nearly constant in each interval while the predicted values
are not can also be justified by means of Raylelgh's cri-

(27)

terion From the information presented in Figure 24,
1t 1s evident that frequency is increased when the phase
-of energy supply is equal to or less than a quarter period
before the phase of maximum pressure, thé converse 1s also
true. Consequently, the predicted values of frequency
shown in Figures 26 and 27 are subject to the following
correction: The frequency at the right half of each
interval should be increased slightly and that at the left
half be decreased slightly; while the value at the center
of each interval remains unchanged.  This correction
permits the predicted wvalues of frequency in each interval

to be nearly constant. However, the amount of this

correction can not be determinedlby Raylelgh's criterion.

Referring again to Figure 24, the amplitude of the
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oscillations should reach a maximum at the center and
vanish at both ends of each interval, The distribution
of the aumplitude of the oscillations should be symmetrical
in each interval according to the simplified theoretical
analysis, However, the observed amplitudes are by no
means symumetrical in each interval. As shown in Figure
14, the amplitude of the oscillation grows gradually,
followed by a rapid decrease, as the effective length of
the cowmbustor is lncreased. Such behavior may be expla-
ined in the following manner: As the length of the com-
bustor is increased, the period for the oscillations of
any particular mode also increases. Consequently, a
’larger amount of combustible gas mixture 1s injected into
the combustion chamber in this period, and more energy is
avalilable for driving an oscillation. Therefore, the
amplitude of the combustion oscillation increases with the
effective length of the combustor. The observed amplitude
is considered as the combination of the contribution due
to thils effect and the symmetrical profile resulted from
Raylelgh's. criterion. Once the perlodical energy supply
becomes out of phase with pressure, the oscillation is
damped out, no matter how much extra amount of energy is
added. This effect permits the sudden decrease of ampli-

tude to be explained.
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Some experimental data do not agree well with the
theoretical prediction. This 1s attributed to the effect
of the flame pattern and the presence of some intensity of
travellng waves., The behavior of local physicochemlical
equilibrium is also not expected to be fulfilled every-
where. Furthermore, the amplitude and frequency of the
perturbations can be affected as a result of change in
length of the coubustion zone as the effective length of

the combustor 1s changed.
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VII. CONCLUSIONS

In thls study, the effect of varying the effective
length of the combustlion tube upon the frequency and the
auplitude of the organ-pipe oscillations has been investi-
gated in a long, cylindrical combustor, The experimental
results indlicate some dliscontinuous variations in frequen-
cy; along with the presehce of some quiet regions, as the
effective length of the combustor is systematically changed.
On the other hand, the amplitude of the oscillation grows
gradually in each interval of coutinuous variation in free-
quency, followed by a more rapid decrease in amplitude,
as the effective length of the coubustor is gradually in-

‘creased.

The observed results were analyzed primarily based
upon Rayleigh's criterion. It was found that the oscilla-
tions in the combustion tube were predouinantly standing
waves, The upper end of the combustion tube always cor-
responds to a pressure node, whereas the lower end always
corresponds to a pressure antinode, A slight pressure
fluctuation caused by any small disturbance in flow in the
combustion tube is transferred across the flameholder to
the plenum chamber. This means that the pressure fluc-

tuation originating in the combustion tube induces a
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pressure pulse traveling back and forth in the mixing
chaumber. If the period of this pressure pulse is close
to some multiple of the natural period of the oscillation
in the combustion tube, the oscillation originating in the
combustion tube will be amplified.

The calculated values of frequency based upbn this
proposed driving mechanism turned out to be in good agree=-
ment with the experimental data. However, the auplitude
of the oscillations cah not be determined quantitatively
by means of Raylelgh's criterion. While a formal analy-
tical solution of the differential eduations governing
the coubustion processes is not possible at this time, it
-appears that the application of Rayleigh's criterion ls
the most effective method available for énalyzing problems

concerning organ-plpe combustion oscillations.

The natural frequenclies of the combustion tube
were calculated based upon the local gas temperature esti-
mated under the assumptibn.of local physicochemical equi-
librium, This estimated tempersture profile seems to
agree quite well with the limited temperature data avail-
able, thus confirming the wvalldity of the assumptions.

From knowledge obtained in thls study, oscilla-

tions may be eliminated by changing the length of either
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the combustion tube or the mixing chawmber. In addition,
the amplitude of oscillation can be reduced if the flame
is moved away from the closed end of the combustion tube.
- Increase in diameter of the combustion tube may also lead
to the elimination of some higher modes of organ-plipe
oscillation. However, radial and tangential modes of

osclllation may prevall under such clrcumstances.
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IX. NOMENCLATURE

A. Roman Type Symbols

a, a' Constants,

A Cross-sectional area of combustor, sq.ft.

b Specific gas coustants, B.t.u./{1b.mass}(°R).
B Bulk modulus, psi.

c Velocity of sound, ft./sec.

Cl,c2 Constants.

cp Isobaric specific heat, B.t.u./1b. °F.
¢y  Isochoric specific heat, B.t.u./lb. Op,
f Frequency of oseillations in the combustion tube,
cycle/sec.
Ty Frequency of oscillations in the plenunm chamber,
' - ecycle/sec.
g Acceleration due to gravity, ft./sq.sec.
hy - Local average heat transfer coefficient, B.t.u./
(sq.ft.)(°F.)(sec.).
H Rate of heat release, B.t.u./sec.
I Instantaneous optical intensity.
k Thermal conductivity, B.t.u./(ft.)(°F.)(sec.).
| L Effective length of couwbustor, in.
Lr ?z?gth for the cérrection of open=-end reflection,
L Length of combustor corrected for the effect of

open-end reflection, in.

Lo Effective length of the plenum chawmber, in.
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Molecular weight.

Weight rate of flow, lb./sec.
Positive integers.

Pressure, psi.

Oscillating component of pressure, psi.
Heat flux, B.t.u./(sq.ft.)(sec.).
Radius of the combustion tube, in.
Gas constant, B.t.u./(1b.mole)(°R).
Time, sec.

Temperature, °p. or °m.

Avefage momentum velocity, ft;/seo.
Volume, cu.ft.

Velocity vector, ft./sec.

- Cartesian coordinate, in.

Amplitude of oscillations, in.

Greek Type Syumbols

.®Q>~<"CDQ

An abbreviation for 2mhs r, a constant.

A complex parameter,

Ratio of isobaric to isochoric specific heats.
Time, millisec.

Time taken for a wave particle to travel to the
downstream end of combustion tube and back, sec,

An sbbreviation for w/c.

Wavelength, in.
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K Absolute viscosity, 1lb./ft. sec.
P Dénsity. 1lb./cu.ft.
Po Density under quiescent condition, lb./cu.ft.
- Q Time taken for gas to pass through the flame
' holder and be burned, sec..
T Period of oscillations in the combustion tube,
5CC.
Ta Period of oscillations in the plenum chamber,
sec, :
4 Angular frequency, secot

Mathematical Symbols

d Ordinary differential operator.

D Substantial differential operator.
o Partial differential operator.

Jo Integration operator.

\Ze Gradient of a scalar ¢.

V:F Divergence of a vector F,

2 Laplacian of a scalar ¥.

e,exp Exponential. .

iIn Natural logarithm.

A Difference in, increment in.
Subscripts

ad Adiabatic.

e Exit.

is Isothermal.
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Mixing chamber.
Maximum or minimum.

Any positive integer, referring to nth mode of
oscillation.

Wall.
Initial state.
Final state.
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TABLE I
TYPICAL NATURAL GAS ANALYSES

Mole fraction

Component

Sample 1 Sample 2
Methane CHQ 0.8904 0.8897
Propane C3H8 0.0163 0.0157
n-Butane . Cquo 0.,0016 0.0022
1-Pentane CSHIZ 0.0006 0.0006
Nitrogen N2 0.0104 0.0107
Carbon dioxide 002 0.0080 0.0082
Oxygen o, 0.0002 0.0001
Molecular Weight 17.9697  17.9897

Specific Welght (60°F and 30 in. Hg)
Dry . 0.0473%5 0.04736
Saturated 0.04740 0.04741
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APPENDIX I

ADIABATIC AND ISOTHERMAL BULK MODULUS OF A PERFECT GAS

The bulk modulus of a substance is defined as(25)

AP
B .. - AV v .

In the limiting case of small changes,

B = «V 77 .

For a perfect gas in an adiabatic process,

PVV = constant.

Whence
pyv’"lav + vVar = o,
and
ap PY
av = =" v .

The adisbatic bulk modulus is therefore
Bad= 'V('T) = YP .,

In an isothermal process, for a perfect

PV = constant .

Thus

gas,

(1)

(2)

(3}

(&)

(5)

(6)

(7
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PAV +VdP = 0 , (8)
and

ap. P

w -V (9)

The isothermal bulk modulus is then

P
Byg = =V(-)=P . (10)

It follows that

B

H

ad )’Bis- . (11)

Hence for a perfect gas, Y, the ratio of lsobaric to iso-
choric specific heats, is also equal to the ratio of the

gdiabatic bulk modulus to the 1sothermal_bu1k modulus.,
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APPENDIX 1II

COMPUTATION OF EQUILIBRIUM FLAME TEMPERATURE
AND COMPOSITIONS

The 'flame temperature and compositions of the gas
mixture were calculated under the assumption of local
physicochemical equilibrium for perfect gases at a con-
stant pressure. The feed was assumed to contaln,only'CHu.
C2H6. CBHB' Cquo. and alr and all the other minor compo-
nents were neglected. Their combustion reactions are
then:

1. CH,+ + 202—;_-: 002 + 2H20

2. C,H + 330, == 2C0

> + 31H20

2
3. CBHS +,502;:: 3002 +1+H20

10 —
4, CyHyo + 6202,__ 4002 +‘5H20 .

In addition to these four reactions the eleven reactions

suggested by Wimpress(SB)

may also take place. However,
only Nos. 1, 7. 8, 9., and 11 of those are considered to be
important up to a temperature of BOOOOF. Since of these
five reactions, Nos, 1,.7. and 9 are related and only two
of these three are independent and need be considered, an

arbitrary choice was made to consider Nos. 7 and 9. The

eight equations involved are then:
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1, CH4 + 20, — CO, + 2K

, = €O, 20 + AH,  (cal/mole CH,)

2. CZHG + 3%02: 2CO, + 3H20 + AH2 (cal/mole CzHé)

3. C,Hg + 50, = 3CO, + 4H,0 +AH

3 (cal/mole C

3 5Hg)

b4, CyHyg + 6%02—‘_—: 4002 + 5H,0 +AH, (cal/mole CuHm)

7. AH (cal/mole CO) + CO + 30, == CO

7

8. AH8 (cal/mwole OH) + OH + %Hz — H,0

9. AH9 (éal/mol-e Hz) +H, + %02 — H,0

11. %NZ + 0, &= NO + AH11 (cal/mole Nz)

A computer program for the calculation of flame tem-
perature and equilibrium compositions'was developed. The
couputer subroutines required were written in Fortran IV

and the computer-produced binary decks are available.

The wa jor reactive components of the final products

o 02, NO, OH, CO, CO,, H

elght unknown number of wmoles, Therefore, eight equations

are N 2O. and H2. There are

are needed to solve for the aforementioned number of moles,
Four of the eight equatibns involve the balance of moles
of carbon, oxygen, hydrogen, and nitrogen atoms, and the
four other equations represents the equilibrium relations

for reactions 7, 8, 9, and 11. The method of using the
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values of equilibrium constants K is according to that

(58).

reported in Wimpress

- The following scheme was employed in evaluating the
equilibrium flame temperature. To obtain the initial
estimate of final temperature, it was assumed that only
reactions 1 through 4 occurred for stoichiometric and rich
wixtures and that only reactioﬂs 1 through 4, 7, and 9
occurred for lean mixtures. It was further assumed that
each of these reactlions went to completion. For an as=-
sumed input of moles of feed, the final cowmpositions were
cocmputed. The flame temperature was then obtained from
the energy balance by means of a double iterative procedure.
A check was made at the final flame temperature utilizing
the equilibrium constants for the reactiéns not considered
to ensure that the number of moles of 03, NOB’ CHQ, and the
number of moles of oxygen, hydrogen, and nitrogen atoms are

negligible.

Since table-look-up subroutines are time consuming,
it was decided to employ analytlical expressions for calcu-
lation of the required values of 1lsobaric heat capacity,
equilibrium constant, and enthalpj. In some cases 1t was
necessary to evaluate the coefficients over two ranges of
temperature to obtain the desired accuracy. The coeffi-

cients of the analytical expression for most of the compo-
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‘nents were obtained from JANAF Tables(59). Those for

hydrocarbons other than methane wefe reported in API(6°).

while those for argon were contributed by Kelley(él).
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PROPOSITION I

The effect of suspensions of so0lid particles upon
the longitudinal dispersion of a soluble matter flowing
in a pipe has been studied experimentally. It wags found
that the presence of the solid particles increased the
rate of radial diffusion in both laminar and turbulent
flow, while the rate of longitudinal dispersion was
reduced apprecliably. The appropriate viscosity for use
in correlation'Waslfouhd,to be the effective viscosity

of suspenslons.,

A. Introduction

The longitudinal dispersion process in a pipe flow

has long been considere to be characterized by a

diffusion-type model governed by the diffusion equation

2
i

where x4 = x=-Ut 1is the distance between a fixed point
and a plane moving ab the mean velocity. In this equa-~
£ion K, which has the units of a molecular diffusion
coefficient and is called the longitudinal dispersion
.coefficient(S),'uniquely characterizes the disgpersion

process. This longitudinal dispersion coefficlent also
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represents the combined action of molecular diffusion and
variation of velocity over the cross-section of the tube.
When a pulse of soluble matter 1s introduced into a
stream of flowing fluid, it spreads out under the combined
action of convective transfer and molecular diffusion.

It is apparent that the effect of convective transfer is
to increase the distance over which the séluble substance
1s dispersed. The effect of radial diffusion tends to
eliminate the radial concentration gradients created by
the convective effect and to keep the pulse together.
Consequently, the dispersion or spread of the pulse is

reduced.

(5)

A dimensional analysis on the variables affect-
ing the dispersion during steady flow iﬁ a smooth straight
pipe indicates that the dlmenslonlesg group K/dU, which
is similar to the reciprocal of the Peclet number, may be
expressed as a function of the Reynolds number and Schmidt

number

X

A = F(Re,50) =F {(T2), (1} . (2)

‘where D is the molecular diffusivity of the substance
under consideration, In turbulent flow, however, mole-

cular diffusion is much less luportant than eddy diffusion,
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so that the effect of the Schmidt number upon the disper-

gion coefficient should be very small.

A solution of Equation (1) when the material is

"1lnitlally concentrated at x=0 13(6)

(3)

-{ x -Ut)2
e b

C = At'%exp{
where A i1s a constant depending on the total amount of
diffusing material. It should be noted that the concen=
tration-time curve given by Equation (3) is not perfectly
symmetrical when measurements are made at a fixed position
Xx. Taylor(u) has suggested, however, that the lack of
symanetry 1s small when measurements are made at positions
farther than about 100 pipe diameters downstream in turbu-
lent flow. Under such conditions. the solution given by
Equation (3) uway be used to calculate the longitudinal

dispersion coefficient K from the approximation:

x1%

—ﬁ%—=ln2, (4)

(h)’ is half

where XL, according to Taylor's definition
the mean length of pipe containing fluid of concentration
greater than half the wmaximum, The length X3 1s in turn

equal to
x%=Ut% s (5)
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where t% is the time interval hetween succesgsive occur-
rences of the half-maximum concentration. Since t% can
easlly be measured from a concentration-time curve, Equa-
tion (4) thus provides a principal basis for calculating
the longitudinal dispersion coefficient corresponding to
the flowrates at which the asymmetry of the concentration-

time curve is small,

The problem of the dispersicn'of soluble matter in

circular pipes has been studied by many 1nvestigators(1'u'

7'8). However, none of them have studied the longitudi-
nal dispersion process in a two-phase flow. The latter
problem is considered to be very important as to indus-
trial applications, particularly in catalytic reactor
design. Therefore, the purpose of‘the.present work is to
investigate the effect of adding solid particles upon the
digpersion of a soluble pulse in a flowing stream. The
suspensions of spherical solid particles were employed

for which the effective vis&osity had been measured as

(9)

a function of solid concentration

B, Equipment and Experimental Methods

The apparatus consisted of a conical-bottomed
supply tank, connected to a small rotary pump, which in

turn discharged to a 3/4 in. brass pipe. The discharge
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line was gradually bushed down to the 3/8 in. test line
where measurements of dispersion were made. The test
line consisted of a 38 ft. straight length of 3/8 in. 1.d.
brass pipe. The discharge passed into the supply tank,
thus constituting a closed circuit. A flexible buna-=N
rubber vane was used in the rotary pump when handling
suspensions of solid particles in water. A stirrer was
euployed in the supply tank to provide uniform dispersion

and thorough mixing of the suspensions,

The pressure drops along the test line were measured
by means of four piezometer bars, which were used in con-
Junction with mercury- and Meriam Fluid- in-glass wmano-
meters. Potassium chloride solutions were introduced
into the flowing stream through an 1n3edtion device which
was located at the upstream of the test line. The nozzle
in contact with the pipeline was flattened into a slit so
that the salt solution being injected could be uniformly

distributed across the pipeline.

The passage of the salt pulse was detected by wmeans
of five electrodes situated along the test line. The
~electrodes were iumersed to occupy the central part of the
cross-section of the pilpe, thus were expected to measure.

the wean concentration of the pulse over the cross-section.
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The position of the electrodes immersed in the pipe was
varied duriﬁg a few test runs and the conductivity was not
affected. A filament transformer was used to maintaln a
potential difference of 12.6 volts a.c. across the elec-
trodes to produce a current through the electrode palr.

The current set up a potential drop in a 120  resistor
connected in series with the electrodes. | The potentilal
difference, which is proportional to the conductivity of
the pulse, was then applied to a Bedkman Dynograph recorder

and a cathode-ray oscilloscope.

To prepare for the measurements, the tank was first
filled with water and the pump was allowed to run for
about ten minutes to remove air from the test line. The
stirrer was then turned on and a measured volume of solid
particles was added into the tank to make up the desired
suspensions. The solids concentration was determined by
allowing the solid particles in the sample to settle and
observing their total apparent volunme. As 1t was found
difficult to maintain the concentration constant with
varying flowrates, the readings were repeated each time

the veloclty was changed.

The accuracy of the experiumental measurements has

also been 1nveétigated._ It was found that the error of
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the mean veloclty measurements was less than 1%. The
error introduced by the temperature measurements was less
than 0.5°F. In the experiumental measurements with the
two-phase flow, the error resulted from the measurements
of solld concentration was found to be less than 3%,
which corresponds to an error of about 2% in viscosity.
Therefore, the waximum error of the effective Reynolds

nuuber measurements is approximately 3.5%.

C, Experimental Results

In order to make sure that the apparatus operated
satlisfactorily, the dispersion process was first studied
in a stream of clear water for calibration purposes. The
injections of salt solution into the Pipe were carried
out at various flow rates and the responses to each pulse
at.each electrode were obtained ffom the recorder. The
curves thus obtalined represent the time variation of
conductivity as the pulse passes each electrode. Since
the dispersion coefficient can only be assessed from a
concentration-time curve, it becomes necessary to investi-
gate the relationship between the conductivity and the
concentration of the salt pulse. Then the concentration-

time curves can be plotted.

Most of the measurements were made at the electrode
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30 ft. downstream of the injection device and at the.
Reynolds nuumbers between 12,000 and 800. As the Reynolds
number is reduced, the thickness of the laminar sublayer
increases. Salt can only escape from the laminar sub-
layer by means of molecular diffusion. It follows that
the effect of radial molecular diffusion can no longer
balance the effect of the variation of velocity over the
cross-section of the flow. Consequently, the pulse can
rnnot be centered around the plane moving at the mean velo-
city and the asymmetry of the concentration-time curves
increases. At the Reynolds numbers .less than about 1,600,
the concentration-time curves become noticeably steeper

at the front than the rear with a long tail in the rear.
However, the lack of symmetry of the concentration-time
curves was considered to he small at the Reynolds numbers
greater than approximately 2,000, Thus, the longitudinal
dispersion coefficients based upon Equation (4) were only

calculated at the Reynolds numbers higher than 1,600.

Figure 1 shows the dimensionless group K/dU as
a function of Reynolds number for the dispersion of salt
pulse in pure water, The cﬁrrent da&a appeared to be in
good agreement with the data reported by Fowler and
(7)

Brown . The agreement between these two sets of data

reflects that no serious error should exist in the pulse-
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detecting measurements.

In the two-phase flow experiments the s0lid parti-
cles employed were 40/60 mesh polystyrene divinyl benzene
~copolymer spheres with a density of about 1.08 gr./cmj.
The maximum volume concentration obtained with steady
flow was about 35%. Experimental results showed that
the terminal fallingvveloclty of a single particle was
about 0.6 cm./sec. The porosity of settled beds was
investigated by means of the volume displacement method

and was found to be 37%.

It is known that the wviscosity of suspensions is
considerably greater than that of pure water at the same
temperature. An effective viscosity of - a suspension has
thus been proposed under the assumption that the flow of
a suspension can be treated with the analytical technique

developed for single-phase flow(lo).

Consequently, an
effective Reynolds number based upon the average density
of the mixture and the effective viscosity of suspensions
has been defined. The effective viscosity of a suspen-

sion has been found to be a function only of the volume

concentration of solids(il).

For the polystyrene spheres
cmployed, the experimental work of Mather'?) provided s

direct relationship between the effective viscosity of
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suspensions and the volume concentration. The data were

reported in the tabular form and are plotted in Figure 2.

- The effect of suspensions of solid particles upon
~the dispersion proccss was then investigated. It was
found that the degree of syummetry of the concentration-
time curves in laminar flow progressively increased with
the concentration of the suspensions. For suspensions
with concentration higher than 20%, the concentration-time
curves appeared to be symmetrical at the Reynolds numbers
as low as 800. It is suggested that, therefore, the
presence of solld particles in the stream of water umay
have produced a considerably higher rate of radial diffu-
sion which tends to keep the pulse together and results in

& more symmetrical dispersion of the pulse.

Figure 3 shows the dimensionless group K/4U as
a function of the effective Reynolds number for the flow
of suspensions of styrene spheres in water. The experi-
mental data.obtained at qulite different solid concentra-
tions do fall on a single curve; this impllies that the
hypothesis of single-phase flow 1s applicable in this study
and that the appropriate viscosity for use in correlation
ls lndeed the effective viscosity of suspensiouns., The

magnitude of K/4U for the flow of suspensions is cou-
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pared with that for pure water shown in Figure 1., It
appears tha£ the longitudinal dispersion coefficients for
the flow of suspenslons are much lower than those for pure
water. These results reaffirm the conclusion that the

~ presence of solid particles increases the rate of radial
diffusion so that the longitudinal spread of the pulse is
reduced. The difference between the two sets of data
results from differences in the rate of radial diffusion
and differences in the convective effect produced by
differences in the velocity distribution. In turbulent
flow the effect of the altered velocity distribution is
probably winor and the lower values of K/dU observed
when particles were present bear out the hypothesis of
increased radial diffusion. In laminar flow, the effect
of the altered velocity distribution can be quite signi-
ficant. However, the fact that the values of K/4U
are considerably lower than those for pure water lends

support to the hypothesis of increased radiasl diffusion.
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PROPOSITION II

Some expressions associated with the properties of
local turbulence were found to be wrong in a paper by
G. Astarita published in I & EC Fundamentals, Vol. 4, No. 3

(1965). These quantlities are discussed and corrected in

this proposition.

A. Discussions

In a recent paper by G. Astarita(l). analysis of
the mechanism of energy dissipation in turbulent flow is
made based upon the consideration of the frequencies of
the non-inviscid eddies. This analysis offers the possi-
bility of interpreting the drag reduction phenomenon
observed in the turbulent flow of viscoelastic liquids.
The interpretation tries to show that the turbulence in
viscoelastic liquids is less dissipative. A brief review

of this paper is abstracted as follows.

" The author asserts that the largest eddies which
are present in a circular pipe have a scale of motion
- equal to the pipe diameter d, and a velocity equal to the
average velocity of the fluid u. The Reynolds number
for these eddies is equal to the Reynolds number of the
flow:

dup
— 5> ° 1
Re) >»>1 ( )
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For swaller eddies,

u
PumA

R = -
°A m Amax

(2)

where A 1s the scale of motlon of eddles and u, the
turbulent veloclty corresponding to this scale of motion.
As long as Re, is larger than unity, the eddies may be
considered to be substantially conservative, i.,e., their
motion is inviscid. These eddies receive energy froum
the larger ones and give it up to the smaller ones, but
their own motion is nondissipating. . The limiting scale
of motion A, for which the motion remains to be inviscid

is defined by:

pPuUL, A
e (3)

In a purely viscous liquid, those eddies whose scale of
motlion i1s smaller than A, are essentially dissipative and
the viscous forces are important. For these inviscid

eddies, Levich(?) shows that
u, ~ u(aza)t’3 | (&)

From Equations (3) and (4), the scale of motion of the
largest non-inviscid eddies can be obtained by simple

substitutions.
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Up, ~ ‘uRe'llu_ - {5)
Ay ~ dRe-B/u . (6)

Thus the lowest frequency of the non-inviscid eddies is:

©rp = A  d

Ro o Lpellz | (7)

An order-of-magnitude anaslysis of Equation (7) indicates
that the frequency of non-inviscid eddies in the liquids
which are usually considered viscoelastic is larger than
the inverse of the stress-relaxation time in turbulent
flow. Consequently, the non-inviscid eddles are nondis-
sipative or at ieast less dissipative than in purely

viscous liquids.,

Some uwistakes were found in the foregoing discus-
sions. The following discussions and corrections are
primarily based upon the discussions presented in the

book "Fluid Mechanics" by Landau and Lifshitz‘3’.

To realize the real physical plcture, some baslc
concepts concerning the nature of fluid turbulence are
introduced first. In turbulent flow there exist many
turbulent eddies of different sizes. By the size of an
eddy it means the order of magnitude of the distance over

which the velocity varies appreciably. As the Reynolds
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number increases, large eddies“appear first, later appear
the smaller ones. For very large Reynolds numbers,
eddies of every size from the largest to the smallest are
present. An lmportant part in any turbulent flow is
played by the largest eddies, whose size is of the order
of the dimensions of the region in which the flow takes
place. For turbulent flow in a circular plpe, this
dimension should, of course, be the plpe diameter d. The
velocity in these large eddles 1ls comparable with the
variation of the wean velocity over the distance d. The
order of magnitude of this variation is denoted by Au.
It should be ewmphasized at this point that we are dealing
with the order of magnitude, not of the mean velocity u
itself, but of its variation Au over distances of the
order of d. The reason for this 1s because it 1s this
variation Au which characterizes the velocity of the tur-
bulent flow. The mean velocity itself can have any mag-

nitude, depending upon the frame of reference used.

For large eddies which are the basis of any turbu-
lent flow, the viscosity is small and unimportant. The
viscosity of the fluid 1s 1mportant only for the smallest
eddies, whose Reynolds number is comparable with unity.
The energy passes from the large eddies to smaller ones,

practically no dissipation occurring during this process.
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This flow of energy is dissipated only in the smallest
eddies, where the kinetic energy is transformed into heat.
Since the viscosity of the fluid is important only for the
smallest eddies, we may say that none of the quantities
pertaining to eddies of sizes A >> A, can depend on the

viscosity u.

The order of magnitude of the energy dissipation
in turbulent flow can then be determined according to
these arguments. Let ¢ be the mean dissipation of energy
per unit mass of fluid per unit time. Although the dis-
sipation is ultimately due to the viscosity, the order of
magnitude of ¢ can be determined only by those quantities
which characterize the large eddies. They are the fluid
density P, the dimension d, and the vﬁriation of velocity
Au. Employing dimensional analysis, it can be found
that
| e ~ ( u)i/a (8)

and this determines the order of magnitude of the energy
dissipation in turbulent flow. In a similar manner, the
order of magnitude of the turbulent velocity variation uy
over distances of the order A can also be determined and

is found to be

w, ~ (eI, {9
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The frequencies corresponding to the eddies are
also of particular interest. The frequency 1s defined
as the ratio of the mean veloclity u to the dimension ).
Again one should notice that the frequency depends only on
the velocity u itself, but not on its variation Au. This
1s because the frequency determines the period with which
the flow paﬁtern 1s repeated when observed in some fixed

(3)

frame of reference ‘Relative to such a system, how-
ever, the whole pattern moves with the fluid at a velocity

of the order of u.

In view of the foregoing definitions and discussions,
some corrections can then be made on these basis. First
of all, the lowest frequency of the non-invisecid eddies
as given by Equation (7) appears to be wrong. Since the
frequency is defined as the ratio of the mean velocity u
to the dimension A, the correct form of Equation (7)

Should be

. red/* | (10)

oy = =~ %
This gives the order of magnitude of the upper end of the
frequency spectrum of the turbulence. Evidently, the
lower end is at frequencies of the order of wu/d. Thus
the frequency range increases with Re3/u. whereas it 1is

Rel/2 in Astarita's paper.



- 180 -

Furthermore, the expressions u, and Ux, given by
Equations (4) and (5) also seem to be questionable.
Couwbining Equations (7) and (8) yields:

u, ~ Au(a/za)t3 | (11)
From Equations (11) and (3), we obtain
uy, ~ AuRe™1/H (12)

Equations (11) and (12) are apparently different from
Equations (&) and (5), respectively. Instead of using

the mean velocity u 1itself, it is the vériation.of this
mean vélocity Au over the distances of the order of d
that should be used here, It is believed that all the
mistakes that were made by the author are essentially due
to the cholice of improper fraumes qf reference when handling

these turbulent quantities.
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C. Nomenclature

d
Re
Re/\

u

Au

Diameter of the pipe, L.
Reynolds number,
Reynolds number for eddies with scale of motlion A.

Time-averaged mean veloclty of the fluid in turbu-
lent flow, L/T.

Variﬁtion of the mean velocity over the distance
a, L/T.

Turbulent velocity variation over the dlstance A,
L/T. .

Mean dissipation of energy per unit mass of fluid
per unit time, L2/T3.

Scale of motion of eddies, L.

Limiting scale of motion of eddies for whlch the
motion remains to be inviscid, L.

Density of the fluid, M/L°.
Absolute viscosity of the fluid, M/LT.

Lowest frequency of the non-inviscid eddies, T'l.
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PROPOSITION  III

The problem of steady-state diffusion of a material
moving with the fluid in laminar flow through a pipe with
a first-order chemical reaction has been solved analytical-
ly. The final results were expressed in terms of an
orthogonsl set of elgenfunctions. An approximate soiution
under the conditions of swmall pipe diameter, slow chemical

reaction, and large distance downstream was also obtained.

The description of diffusion processes in terms of
solutions of various simplified forms of the diffusion
equation has often aﬁpeared in literature. However, in
order to avoid mathematical couplexity, very few of these
solutions have taken into account the effect of chemical
reactions, The problem of diffusion of a soluble matter
moving with the fluid in laminar flow through a circular
pipe with a chemical reaction, a system of great practlcal
importance, has never been solved before. Therefore, an

attempt was made to solve such a problem analytically.

The diffusion process in a binary diffusing system

is governed by the following binary diffusion equation:

8C,

+Ve(CoV)= Ve(CDygVxy ) + Ry (1)

For diffusion in dilute liquid solutions at constant
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temperature and pressure, it can be readily assumed that
C and D,p are constant. Equation (1) may then be simpli-
fied to the form:

oCx
St +7.vVC, = DABVZCA + R, (2}

All the subscripts will be omitted hereafter for the sake
of simplicity. For laminar flow in a circular pipe at

steady state, Equation (2) yields

It is usually the case that the radial component of mole-
cular diffusion is wmuch wmore lumportant than the axial

component. In this case the term bZC/axz way be neglect-
ed. Furthermofe, the first-order homogeneous chemical

reaction may be represented by
R = -k'C , (4)

where k' is the rate constant. Equation (3) then becomes

2
2%, 15C

S5 -xe(5)

Equation (5) is subjected to the foliowing boundary condi-

tions:
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C=¢C, at . x=0 (6)
C bounded as X — oo (8)

To solve Equation (5), it would be convenient to

introduce the following dimensionless wvariables:

r _
] _a""n (9)

226 1 3¢ Ua? 2,09 x'a?
on? tTSn-Tp (1-1)§E -—p—¢=0. (10)
If we further define
D ' . k'a?
x=¢ , amd 5B =a (11)
U a2

the following equation is obtalned:

2% + 1 2¢ _(1-1%2)2¢ - ad =0 (12)
> 12 n 27 ¢
with the boundary conditions:
¢ =1 at £ =0 (13)
29 - 0 at N o= 1 (14)

EXY)
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¢ Dbounded as £ — oo (15)

Equation (12) may be solved by using the wethod of separa-

tion of the variables. Let
S(n,€) =X (€)Y (n) (16)

Substitution of Equation (16) in Equation (12) yields:

42y X dY 2 dx _

It should be noted that the partial derivatives have

become ordinary derivatives. It follows that

1 odx _ ¥Y'+ $Y' —ay - - (18)
X d¢ (1-7°)Y ’ '

where A 1s an eigenvalue. Thus
X(€) = e~*¢ (19)

From. the boundary condition given by (15), A must be real

and positive.

From Equation (18), we have

2
5 7 [A(1 n* ) a]Y 0 (20)

Equation (20) is a homogeneous linear second-order differ=-
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ential equation. Even so, the mathematlcal treatment is
still very difficult,. However, it can be much simplified

under the transformation
% = r , (21)

Equation (20) then becomes

Y r a<y

dy
Tz tAgrt[Mi-r)-dY =0, (22)

where r = 0 is a regular singularity.

One of the most general methods for solving linear
second-ofder differential equations 1s that for obtailning
a series solution in either ascending or descending powers
of the independent variable. A series 'solution of Equa=-
tion (22) can be obtained by means of the method of

Frobenius. | The series assumes the form
[+ 4 o0 +
Y(r) = 75 2:0 Ch "= Y ¢, 078 (23)
n;

According to the method of Frobenius, the following

differential operators are introduced:

2_d%f  _ ar
x—d—;z-‘—S(S-l)f . xdx —af (24)

Equation (22) may now be written in terms of §, using (24).
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We have

{68(s-1)+ 48 +[(a-a)r -ar2]}¥(r) =0 (25)
Substitution of the series (23) gives

oi Cn{ll'(n+s)2+()‘-a)f-Afz}rn+s=0 - (26)

n=90

ioeo

s

Cos?r® +{cy (1 +sf +27%cy} 871

+ Z {Cn(n+s)2 +Aﬁicn_1 ""AECH-Z} r
n=2 (27)

We now equate to zero the coefficient of each power of r,

The indicial equation is

Cos?rS =0 (28)

the roots of which are

sy =8z =0 , Co #0 (29)

In order to satisfy the boundary condition (13), Co must

be equal to unity. From the coefficient of 311 we
obtaln
cy = - Azl (30)
1 = - 3

The general recurrence relation is

n.?.Cn_ +-—A—I}i Cn-l -—ﬁ_ Cn-2 =0, nz2 , (31)
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which determines successively the coefficients 02 s C

3.' 'y
in termws of Cy;. From Equation (31) we have

Cz =_;1}_{(_4_£_g_)2+1):_}

CB = __3_]_‘6_{(%&)3 +_£_A(LF_)} , etc,

The solution of Equation (22) may then be written as:

() =% cprm = AP 2 e {02 et e L

(32)
Since the indiclal equation (28) has double roots, a
second solution of Equation (22) may be obtained from
(oY /é S)s==0 according to the method of Frobenius. The
boundary condition given by Equation°(145 provides the

elgenvalue equation:
L aad ) .
2 ac, =0 (33)

From this relation a set of eigenvalues Ais Aps +.. Can be
derived. The corresponding eigenfunctions Yl. Yz, 0ee
form a complete set with the following orthogonality

relation:

J.cly n(l-nz)xmxndﬂ =0 , w#n | (34)
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The solution of Equation (12) may then be written

in the following general foru:
$(n.&) = T v My (n) . (35)
The boundary condition (13) ylelds
’)E b Y (n) =1 . (36)

Equation (36) can be used to determine the coefficients

bk by means of the orthogonality relation (34). We obtain

Jow(1-vA) Y, (¥) av
fo et =AYk ay

(37)

If x is large, then ¢ will be large as well., It
follows that the first term of the series expansion in
Equation (35) gives a result that should be sufficiently.
accurate for most purposes. In this case we have the

following approximation:
$(n,€) ~ byY, (1) e™ME (38)

Furthermore, if a is small, i.e., when the pipe diameter
and the rate constant are small, the first eigenvalue A

can be readily obtained in terms of a power series in a:

o 3
Ay =2a -7 +0(a’) (39)
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Substitution of Equation (39) in Equation (32) leads to:

2 b

Yy (n) =1 --%n% + &t so(nb) (40)

Since 7 < 1 and a is small, the first two terms in Equa-

tion (40) should furnish a good approximation for Y,(n):
Yy (7) % 1 -—fn% (41)

The coefficient by ean then be evaluated by substituting
Equation (41) in Equation (37):

by =1+ + 0(a?) . (42)

Therefore, an apprdximate solution in the case of small
pipe diameter, slow chemical reaction, and large distance-
downstream has been obtained and can be written in the

following simple form:

S(1.6) m (1+-5X1-"2n?)a 20 (43)
and the corresponding coucentration distribution 1is

- k'a2 . k'a? ré -2k'x/U
_C(r.x) ~ Co(l*'—lé—ﬂ)(l -TD—-a—z—) e L (Lh)

If the foregoing assumptions are not satisfied, the general

form of solution given by Equation (35) must be used.



