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ABSTRACT

Previous theoretical studies of the photodissociation of water
vapor and the resulting evolution of oxygen in the earth’'s atmosphere
havebled to the conclusion that over most of geologic time the atmos-
pheric oxygen abundance has been quite low (< 10_3 times the present
atmospheric level). These studies have played a prominent role in
subsequent investigations concerning biological evolution, interpreta-
tion of the geologic record and the evolution of planetary atmospheres.
However, these early studies contain several objectionable features
which castvserious doubt on the validity of the results. In particular,
the path length dependence of the "effective absorption coefficient”
ir the Séhumann—Runge bands of oxygen has not been properly handled
and the calculations have been based on the incorrect assumpticn that
dissociation of HZO can be neglected when its rate 1s appreciably less
than the rate of absorption by 02. Wnen these deficiencies ars
rectified 1t appears that, contrarj to the previous findings, the O2
level could have reached an appreciable fraction of the present amourn:
in the absence of bpilological activity. Thus, if the earth's early
atmosbhere Wwere indeed highly recducing, some other explaration for this
“act must be found. One possibility which has been suggested is
that very early in the earth's history sufficient quantivies of

mydrezen were ouvgassed to raise the thermal conductivity of the upper

8

tmosgrere, reluce 1ts temperature and consequently retard the escape

of hydrogen atoms. It hag been suggested that such a "metastable”
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atmosphere could have existed for perhaps avbillion years. This esti-
mate, however, depends on the efficiency of the gravitational escape
of light atoms from a planetary atmosphere, i.e., on the importance of
the deviations from Jean's classical escape equation due to the
escape-induced departure of the atmospheric atoms' velocity distribu-
tion from a Max&ell-Boltémann law. This problem is too complex to be
handled entirely analytically, but the sﬁatistical approach seems
promising; indeed, three independent Monte Carlo calculations have
been recently conducted. Unfortunately, 1) there are potentially ser-
ious errors or unjustified simplifications inherent in all three stu-
dies and 2) the results from the three studies are so discordant that
even a qualitative idea of the validity of the Jeans escape rate cannot
be obtained. In view of the importance of ascertaining the magnitude
of the correction to Jeans' equation yet another Monte Carlo study has
been conducted. This study differs from previous efforts in many
respects, two of which are that accurate angular and velocity dependen-
ces have been calculated for the cross-section for the elastic scatter-
ing of an H (or He) atom by an O atom in the WKB approximation, and
thnat rather than following the particles’qf the real atmosphere (as did
2ll previous workérs), here those particles missing from the real
atmosphere by virtue of the escape process have been considered. It is
“ound that only moderate corrections to Jeans' escape rate are needed.
o firm picture can be sketched of the condition of the earth's-early
stmosphere from these considerations. Thus the nature of the evolution

of the earth's atmosphere is less well known today than understood.
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I. Introduction: Dissociation of HQO and Evolution of O2

The question of the evolution of the earth's atmosphere through-
out the 4.5 billion years or so of its existence is one of the most
basic confronting planetary science today. The interrelationships
among the atmospheric composition, the evolution of life forms and
the geologic record make it a complicated question to attempt to
answer but also add to its importance. A good deal of effort has
been expended on this matter, upon which we do not intend to dwell.

The interested reader can easily track down the necessary references
from any of a number of papers [Rubey, 1955; Cloud, 1968; Berkner ard
Marshall, 1964, 1965, 1966]. We state here simply that the terresvrial
near absence of the rare gases (consideringvtheir cosmic abundances)
suggests that the earth was not left with an appreciable atmosphere

at the conclusion of its formation. Our atmosphere today is the result
of volcanic effluence. Volcanic gases consist mainly of water vapor
with lesser amounts of such species as N2, Hé, CHM’ 302 and probably

CO,, put no oxygen. If oxygen was not present initially and did not

5>
result from qutgassing, where then did it come from? There are only
two important oxygen-producing mechanisms known. Oxygen can result
from the photodissociation of water vapor by the solar ultraviclet
(if the hydrogen escapes the planet and the oxygen atoms corbine witn
each other) or it can result from photosynthesis, which requires
extensive and highly developed life forms. On the present-day earth

the cxygen level is controlled by the balance between photosynthesis

on the one hand and respiration, decay and inorganic oxidation (fires)
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on the other. The question to which the present effort is addressed
is this: Before life forms evolved to their present dominant role in
the oxygen balance what was the oxygen level apt to be? Could it
have been an appreciable fraction of the present amount? Or is
photodissociation an ineffective means of producing oxygen-rich
atmospheres? This investigation was prompted by an apparent Soviet
measurement of an appreciable amount of molecular oxygen in Venus'
atmosphere. 7(This measurement is now widely disbelieved. Earth-based
spectroscopic searches for oxygen on Venus have produced upper limits
on its abundance several orders of magnitude lower than the Soviet
result of 1%. See the recent paper by Belton and Hunten [1968].)
If verified, this measurement seems to require either that 1) photo-
dissociation is a much more effective means of oxygenating an atmos-
phere than the results of Berkner and Marshall [196k, 1965, 1966]
allow or 2) unlikely as it seems, and as suggested by Libby [19687,
areas exist on the surface (or in the atmosphere) of Venus where life
forms can survive. As will be shown, the first slternative now seems
quite possible. Previous studies of the photodissociation of water
vapor and the resulting evolution of oxygen in the earth's atmospheré
have led to the conclusion that over most‘of geologic time the
atmospheric oxygen abundance has‘been.s 10-3 times the present
atmospheric level [Berkner and Marshall, l96ﬁ, 1965, 1966]. However,
“he Dpasic calculational method used seems of doubtful validity and
proper interpretation has not been made of the available laboratory
absorption data for the Schumann-Runge band system of 02. The calcu-

lations presented here suggest that the 02 level could have reached an
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appreciable fraction of the present amount in the absence of biolo-
gical activity. We now consider in some detail the process of photo-

dissociation of water vapor in the earth's atmosphere.

II. Mixing Ratio and Absorption Data

Molecular oxygen is uniformly mixed in the earth's atmosphere
up to heights of about 90 km. Throughout this range about one mole-
cule in five is an 02 molecule [U. S. Air Force Geophysics Research
Directorate, 1960, pp. 8-1 through 8-4]. Water vapor is now known
to be uniformly mixed in the high troposphere and up to at least
30 km in the stratosphere (the altitude limit of the balloon-borne
instruments) at about 3 parts per million by weight [Mastenkbrook,
1968; Williamson and Houghton, 1965; Calfee and Gates, 19667, or
gbout 5 molecules per million. (A recent paper by Sissenwihe et al.
[1968] reports balloon measurements of the mixing ratio at 32 kilo-
meters which are a factgf of 5 larger than the value adopted here.
At the 1969 Amefican Geophysical Union spring meeting Scholz et al.
[1969] presented mixing ratios obtained by rocket between 43.6 and

62.3 km. which are a factor of 10 higher than the value used here.

H

t seems unlikely that we are appreciably overestimating the HQO
mixing ratioi) Although few measurements have been conducted abo&e
30 km the assumption has been made that the mixing ratic remains
constant up to 70 km. or so [Hunt, 1966]. This assumption seems safe

and is adopted here. Carbon dioxide is also probably uniformly mixed

in this region at about 1 molecule in 3000 [U. S. Air Force Geopnysics
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Research Directorate, 1960; Goody, 1964, p. 10]. The final consti-
tuent to be considered in this calculation is ozone. Ozone is distri-
buted approximately exponentially above 30 km but with a scale height
of about 5 km (as opposed to about 8 km for the other species). We
assume here that there are 0.03 atm-cm of O3 above 30 km [Griggs,
19667].

Water molecules can be dissociated,
HEO + hy - OH + H

by photons of wavelength less than about 2390&. However, the absorp-
tion coefficient of this dissocilation continuum attains its maximum
value at about 16504. Absorption coefficients have been measured
[Thompson et al., 1963; Watanabe and Zelikoff, 1953] and are repre-
sented in Figure 1. The absorpticn spectrum of CO2 has not been
adequately investigated in this wavelength region. The nature of the
transitions involved is ‘not known. Nevertheless the available data
[Thompson et al., 1963; Inn et al., 1953] is pictured in Figure 1.

Absorption by O, in this wavelength region is due to a continuum with

3
a few weak overlying bands [Thompson et al., 1963; Tanaka et al.,
1953]. PFigure 1 also includes the ozone absorption coefficients. -
This ledves molecular oxygen to be considered. There are three
absorption systems to be taken into account. At wavelengths shorter
than about 17504 the very intense Schumann-Runge continuum provides

a virtually impenetrable barrier to soclar photons seeking to make

their way below about the 80 km level. Between 17504 ana about 2034
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the Schumann-Runge band system absorbs. Finally there is the Herzberg
absorption system underlying the Schumann-Runge bands and extending up
to about 2600A. This system consists of a very weak series of bands
dﬁe to the forbidden transition X Zé - A 32: and a continuum,
stronger than the Herzberg bands but about a million times weaker than
the Schumann-Runge continuum, resulting from the dissociation
0, 32; - O(3P) + O(3P). These systems have been investigated experi-
mentally [Watanabe et al., 1953; Blake et al., 1966; Metzger and
Cook, 196k; Hudson et al., 1966; Ditchburn and Young, 1962] and repre-
sentative results are given in Figure 1. Some of these investigations
have revealed pressure (possibly due to the formaticn of the complexes
OM’ 06’ etc.) and temperature dependences. In this thesis we take
data suitable for the middle atmosphere (low pressure and about
300°K). A more serious correction which must be applied, however,
and one which apparently has been overloocked by Berkner and Marshall
is the dependence of the "effective absorption coefficient” on the
path length. This corréection is important for the Schumann-Runge
bands, the individual rotational lines of which are much narrower
than the instrumental resolution attained. by early investigators.
These lines have natural (Lorentz) widths [Herzberg, 1961] in energy

units of

[1]

A

where h ig Planck's constant and v is the natural lifetime of the

state. Taking T ~ 1.1 x lO-ll sec (the bands predissociate Hudsor.
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-1 A
and Carter, 1968]) we obtain a natural line width of 1.0 x 10 o erg,

or about 1.6 x lO_EA at 1800A. The Doppler widths at 300°K are given

by

% x 18004 =~1::EZE? x 1800 ~ 2 x 107 °% 2]

These linesrcan be considered as purely Lorentzian when investigated
with an instrumental resolution of about 24, as was the case for the
déta used by Berkner and Marshall. It is known [Goody, chapter 4]
that under such conditions the "effective absorption coefficient",
kef(xo), for a single line, defined by

' -kkx
e-kef(xo)x ) fei-a) e M an

[3
St - Ag) O :

where kk is the monochromatic absorption coefficient, the integration
extends over all wavelength, A, and £()\) is the instrumental slit
function, varies very nearly as the inverse square root of the path
length, x. Thus absorption data obtained for a narrow line with a
thickness of absorber x cannot be applied directly to calculate
absorption through a thickness y, but rather the measured absorption
coefficient, km, should be replaced by Km X /¥x/y. If in addition to
the "srikes" in kk there is a component more or less constant over

the instrumental resolution (due, for example, to dissociation cortin-

ua), X , then the measured absorption coefficient, km, should bve
C - A

replaced by x_ + (km - kc) X J%x/y. The values for x, are plotted
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in Figure 1. Accurate measurements have not yet been made of the
Herzberg continuum absorption coefficient in the vicinity of the
strong Schumann-Runge bands but measurements at longer wavelengths
have been combined with theoretical calculations to produce reliable
values. Blake et al. [1966] have shown that for optical thicknesses
< 3.2 (the limit of their measurements) in the vicinity of 18004 the
absorption chfficient within the Schumann-Runge bands obeys the
simple inverse square root scaling for a single line. This range of
optical thickness includes all of the wavelength and altitude ranges
in the present calculation with a few exceptions in the 1760 ¥ 5% and
1770 * 54 wavelength ranges and the lowest three altitude ranges,
nbne of which contributes very much to the total absorption rate.
Since the continuum contribution to the absorption coefficient is
negligible in the waveléngth and path length ranges studied by Blake
et al. we will take for our effective absorption coefficient the
continuum value plus an inverse square root scaling on the Schumann-
Runge band contribution. This should give more realistic values at
longer wavelengths, where the continuum component may be appreciable.
For purﬁoses of calculation we divide the earth's atmosphere into
12 layers. The first contains the uppermost 5 atm-cm, the second the
next 10 atm-cm, the third the following 20 atm-cm and so on. Tables
1 and 2 list the amount and effective absorption coefficient for a
aumber cf wavelength regions of each of the four important species
in each layer. For 02 the effective absorption coefficient for the

ath layer, kr’ is derived from



e = e [4]

where X, is the total thickness of oxygen above the base of the nth
layer and kn’ is the effective absorption coefficient for the thickness
of oxygen above the base of the nth layer, determined in the manner
described abpve (continuum coefficient plus inverse square root
scaling on the "spikes"). In order to apply the inverse square root
séaling it is necessary to know the path length used in the measure-
ment of the absorption coefficients. This information is contained
in the "lL/e absorption cross-sections” of Blake et al. [19667 from
17504 to 19304 and their measurements with 150 atm~cm path length for
longer wavelengths. Since the vibrational structure of the bands is
comparable to the wavelength differences between the entries in Table
2 calculations were carried out at 2§ intervals. These effective
absorption coefficients were then combined to produce values at the

appropriate wavelengths by averaging transmissions in the 24 bands:

e = Tm— 5]

Here E is the effective absorption coefficient for the wavelength
interval defined by the summation, the k., are the calculated 2k
coefficients, Ai is 1 or 2 depending on whether the entire 24 interval

or only half of it is included in the interval, and x is the path
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length of absorber through the particular layer. The results are

given in Table 2.

IITI. Celculated Dissociation Rate

Values for the solar flux incident on the atmosphere (assuming
the sun to be directly overhead) are given in Table 3 [Detwiler et al.,
1961; Brinkmann et al., 1966]. Since the earth's albedo in the far
ultraviolet is extremely small (<1%), the atmosphere asbove the base of
the 12th layer (26.5 km) is optically thick over almost the entire
wavelength range considered and absorption by aerosols 1s unimportant
it is safe to assume that all incident photons will be absorbed by
one of the four important absorbers considered and that the rate at
which photons are absorbed in the wavelength interval designated oy
xz by the ith species in the jth layer is given to a good approxi-

mation by

-1 L
> z k<n)m:>\z) t(n,m)
a(i,i0,) =7, &0 0T
) A
)
L
"It ) )
l-e ,
X L (o]
{ py k(n>j,kz) t(n,3)
n=1

Here FX is the appropriate incident solar flux; m and n denote the
p
various layers and species, respectively, absorbing above the jth
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j-1
layer (note: if j = 1 the summation ¥ is defined to be zero);
t(n,m) is the integrated normal thiciZiss of the nth species in the
mth layer; and k(n, m, xz) is the effective absorption coefficient
for the nth species in the mth layer in the wavelength{interval xz.

.These calculations have been carried out and the results summed
to produce Figufes 2 and 3. Figure 2 shows the total absorption rate
for each of the four species as a function of wavelength. Since
nearly every absorption by HEO below 20004 results in dissociation
the curve for HZO can also be taken to be the photodissociation rate.
Figure 3 illustrates the corresponding quantities but as functions of
layer, integrated over wavelength.

From Figures 2 and 3 we see that appreciable water vapor dissc-
ciation occurs over a wide altitude range and that about half is
produced by photons in the narrow wavelength range 1775-1830§. CO2
absorption occurs somewhat lower in the atmosphere and tc longer
wavelengths. Ozone absorbs most strongly at the longest wavelengths
considered and quife low in the atmosphere. O2 is by far the domi-
rant absorbér everywhere. The total absorption rates by HZO’ COZ’

11

0, and 0, ave 6.42 X 107, 4.0k x 107, 7.88 x 10°T and 1.10 x 1005

photons cm“2 sec l, respectively.

We have considered only incident radiation in the wavelength‘
range l750-2000ﬁ. Longer wavelength radiation does not dissociate
water molecules appreciably. Strong absorption by atomic and molec-

ular oxygen and nitrogen prevent shorter wavelength radiation from

reachirg significant amounts of HEO’ This is true even of the rather

intense Ly ¢ radiation at 1216§; it is absorbed appreciably by oxygen
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above 80 km, where the water vapor mixing ratio may be smaller. The
Ly ¢ flux seems to vary by an appreciable amount (available measure-
ments, some of which are probably in error, vary within a factor of
50) with the solar cycle but the HZO dissociation rate computed for
a mean Ly o flux is a small but not altogether negligible fraction
of the total dissociation rate. In earlier times when there was
presumably less 02 in the atmosphere the Ly ¢ dissociation contribu-
tion could have been comparable to the long wavelength contribution.
Qur neglect of Ly ¢ radiation then will slightly gnderestimate the
02 levels if anything.

So far we have considered only the case in which the sun is
directly overhead (O° zenith angle). Since ozone is not an impor-
tant absorber in the wavelength range where HEO absorbs most strongly,

the dépendence of the O, mixing ratio on height can be neglected in

3
the succeeding calculation. Then, withh the composition fixed, the
previous results can be applied directly to the case of a zenith
angle ¢ % O° by dividing the former layer thicknesses by the secant
of 6, to account for the longer optical path lengths, and reducing
the solar flux by the same factor, since the incidence 1s now non-
normal. For calculating total absorption/dissociation rates as a
function of wavelength (integrated over altitude), the change in
layer thickness is unimportant and only the "effective solar flux

reduction factor" need be considered. Averaging over the course of

day and over latitude reduces the gbsorption rates by a factor of

[

L (the ratio of the surface area of a sphere to its cross-section).

This gives a mean total HQO photodissociation rate for the earth’'s
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present atmosphere of 1.60 x 109 molecules cm-2 sec-l. The earth is
believed to be about 4.5 x 109 years & 1.5 X 10%7 seconds oid. If
we make the reasonable assumptions that over most of the earth's
history 1) there has been about as much H,0 in the atmosphere (30
to 90 km) as we assumed to be present today (5 parts per million),
2) there have been no significant quantities of additional constituents
which strongly absorb in the 1750-20004 region and 3) the solar
ultraviclet flux has been roughly that of Table 3, then we can draw

17

the conclusion that 1.5 x 10 x 1.60 x 109 molecules cm-2 = 7200 gm

em or more of HQO has been disscciated in the earth's atmosphere.
This is about 2% of the total amount of water on the surface of

the planet and is equivalent to about 100 meters of our present
oceans. It is ernough to provide for all our present atmospheric O2
and 6200 gm cm_2 of oxygen in surface oxides. The absorption rates
as a function of altitude averaged over the surface of the earth will

not be calculated here. The effect would be to emphasize the higher

aititudes at the expense of the lower ones.

IV, Dissoclation Histories

Let us now consider a dynamical situation in which the compo-
sition of the atmosphere is allowed to change. We designate the

-2
column density of O, by oy (molecules cm ). Then
- %

—_—— =P -1 71
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n

where P = column production rate of O2 (molecules c:m—2 sec-l)

1l

g x dissociation rate of HQO
if we neglect other oxygen-producing mechanisms. Here f, the "escape
efficiency"”, is the ratio of the number of H atoms which do escape to
the number which could possibly escape (i.e., twice the dissociation
rate of H20>' Calculations have been performed for f = 3.

L = column loss rate of O, (due to surface oxidation).
We assume here that L = C y GOQ and that C has been constant over
most of geologic time. Now wehneed to know the H20 photodissociation

rate for various values of oy We need only repeat the above calcu-

'~

2
lations with different 02 fractions in the atmosphere. We also

change the O. fraction so that it is always in constant proportion

3

to the 02 level. This has been done and the results are given in
Figure 4, which depicts the total absoﬁption rates (integrated over
altitude and wavelength) for each of the four species for 0, levels
from 1/1024 to 5 P.A.L. (present atmospheric level). For the lower
02'concentrations the sﬁm of the absorption rates is less than the
solar influx because appreciable numbers of photons penetrate To tne
base of the bottom layer (26.5 km). In these cases the present results
will underestimate the absorption rates somewhat.

The water vapor dissociation data of Figure 4 were then fit to

a series of 1i power law functions,

[el
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where ay and bi are parameters for the ith interval in the abscissa.

Equation [7] then becomes

. T
-2 %%, ¢ %0, 9]

within the ith interval. This can be integrated to give

i b.-1
1
(e)
t = = log % + K [10]
C (bi - 1) i b -1 20 i
] O2 aifd
or 1
_2c¢ Jog -2
aif ’
(0 = |- - - ! [ll]
0, e Clo, - L)X, - ¢) _ 1]

We assume that the dissociation rate for O < g, = 1/102h P.A.L. is
2

constant and equal to the value in Figure 4 for o. = 1/1024 P.A.L.

Oy

We can now calculate the dissociation rate history for the earth for
various assumed values of the oxidation parameter, C, by applying

Equations [10] and [llj to successively greater oy intervals. As
' 2

each new interval is encountered the value of Ki 1s evaluated from

the results of the previous interval at their common o, value.
2
Values of C were chosen which give e-folding oxidation-loss times

]
(in the absence of production mechanisms) ranging from 1.41 x 103

17

sec (about half a million years) to 1.15 x 107 sec (about 4 billion

years).
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The results of these calculations are given in Figure 5. The
entire amount of oxidation for each of these curves can be calculated
from

£
Q=C oy (t)at [12]
t=0 °

where Q is this amount. This expression has been evaluated numeri-
cally and the results included in Figure 5 as labels on the curves.
We see that with thé extremely wide range of oxidation-time constants
chosen the resulting atmospheres have had from roughly l/HO to 3
times the P.A.L, of molecular oxygen over most of their history.

Our lowest value is a factor of 25 higher than the upper limit of
Berkner and Marshall. We can, however, limit the range further by
considering the amount of oxidized material present in the earth's
crust. The figures used here are those given by Polderveart [1963].

>

2
There are about 2.18 x 107 gm of matter in the lithosphere, or 3.87

7
X lOO g cm 2. Most atmospheric oxidation involves the formation of

Fe203 from FeO. The weight of the added oxygen atom is just lO% of

the weight of the Fe203 molecule. The lithosphere contains 2.8%

as compared to 5.8% FeO. If all this Fe.O_, were produced by

Fego3 203

atmospheric oxidation this would amount to

-~

.028 x .1 X 3.87 x 10° gmem & o= 1.1 x 10+ .

of oxygen lost in oxidation. Taking this figure as an upper limit

controlling the O, concentration in the atmosphere we see from Figure

2
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5 that the curve for 1.09 x lObr gm cm-2 reaches an O2 level of
slightly greater than .27 P.A.L. after five billion years and that it
is greater than .25 P.A.L. over 99% of geologic time. This repre-
sents a lower limit, as outlined above. It could, according to these
calculations, be somewhat higher. This is a factor of 250 higher than
the upper limit of Berkner and Marshall and implies that our atmos-
Pphere could have been highly oxidizing over a large fraction of
geologic timerin the absence of the widespread blological activity
which operates today. The implications of these results are discussed
later. We have of course assumed here that the mantle has suffered
no appreciable amount of oxidation and that the crust contained no
large amounts of free iron initially. Even relaxing these assumptions
somewhat it i1s hard to see how enough oxidation could have occurred
to allow the very low levels of O2 called for by'Berkner and Marshall
to persist. This is the result of the tendency of production and

loss changes to cancel one another.

V. H20 Mixing Ratio

Now we must consider two related probléms: Tirst, the possibility
that the H20 mixing ratio could have been substantially less over
most of geologic time than it is today and second, the matter of the
efficiency of escape of hydrogen atoms liberated by photodissocia-
tion. fhe only effective way that the H20 mixing ratio could have
been less than at the present is if the "cold trap" temperature at

the tropopause were lower. This could presumably be caused by a
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decrease in the level of CO2 or, more likely, 03, both of which heat
the atmosphere by their absorption of longer wavelength radiations.
However, calculations by Manabe and Wetherald [1967] of radiative
convective equilibrium temperatures as a function of altitude for

the earth's atmosphere with a wide range of CO, and O, distributions

2 3

make this seem unlikely. Virtually no difference could be induced on
the tropopause temperature by varying the 002 content. Virtually

the same (within one degree Kelvin) temperature minimum was cbtained
with a typical ozone distribution as with no ozone at all. For O3
distributions which have their maximum concentration below the typi-
cal level (about 22 km), which could be expected for atmospheres

containing less O, than the present terrestrial one, the minimum

3
temperature actually increased slightly. For the case in which the
ozone is concentrated almost exclusively above the tropopause the
temperature minimum did decrease by about 8 degrees, but this situa-
tion 1s not to be expected in an early terrestrial atmosphere. We
conclude that it is unlikely that lower tropopause temperatures
prevailed in the past and that the mixing ratio for water vapor has

always been essentially the same as it is today, except possibly for

short intervals.

VI, Escape of H Atoms: Photochemistry

The second question is whether the libverated H atoms really do
escape the earth's gravitational field or whether they undergo chem-

ical reactions leading back to the formation of more H,0 before being
o
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able to escape. This question cannot be answered definitely because
of the great uncertainties in our knowledge of upper and middle
atmospheric processes. We judge it sufficient at this time to estab-
lish the plausibility, within the limits of our observational
knowledge, that the earth is presently losing scme 1.6 x 109 H
atoms cm“2 sec_l. This is considerably higher than current estimates,
but it is felt that this is due at least in part to the current
belief that the production rate of H atoms cannot be as high as that
which has been derived here. A thorough treatment would establish
two points: 1) in the photochemical region (below 100 km) do the H
atoms retain their iden%ity or participate in reaction cycles which
restore their identity rather than allowing them to become locked
back up as HQO; and 2) do considerations of the classical escape
problem and our knowledge of upper atmospheric composition and temper-

9

ature allow of an average escape flux as high as 1.6 x 10

c:m-2 sec—l? ‘This is not going to be a thorough treatment.

H atoms

Table 4 below lists the dissociative energies of the various
likely repositories for liberated hydrogen atoms, as collected by
Herzberg [1961, 1966]. While the energies required in practice to
cause a dissociation may be somewhat greater than those listed {for
HQO we saw that the dissociation cross-section reached its maximum
value at about 16504), nevertheless we should be able to tell some-
thing from Table 4 about the relative ease or difficulty of causing
various dissociations. Molecular hydrogen and CH are very difficult
to disscciate while 3202 and HO, can be readily broken up. The direct

2

formation ,of HE’
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-32
H+ H+ Mo Hy + M k =2.6 x 10
a slow three-body reaction [Larkin and Thrush, l96h], seens to present
no great threat to the existence of hydrogen atoms. It would seem
that the only real canger 1s presented by CH, which forms by the
reactions [Kaufman, 196L; Phillips and Schiff, 1962]

H+ O. — O + O X = 2.6 x 10 T+

3 2

H + HO, — COH + OH k=10t
At moderate aititudes, however, the hydrogen should be freed by
the reaction

OH + 0= H + 0, K =5x 10
Unfortunately our knowledge of the atmospheric concentrations of
such species as H02 and H202 is practically nonexistent. As a result
of this and other factors (poorly known reaction rates and mechanisms,
the complexity of the dissociation problem, etc.), though a numoer of
photochemical studies have been conducted [Kaufman, 1964, 1968;
Phillips and Schiff, 1962; Hesstvedt, 1968; Bates and Nicolet, 1950;
‘Colegrove, 1965, 1966; Hunt, 1966; Schofield, 1967; Patterson, 1966;
Kockarts and Nicolet, 1962] it seems impossible to state definitely
that hydrogen atoms either will or will not "last" long enough to be
transported out of the photochemically active region of the atmosphere.
It seems that its lifetime may be on the order of a day below SO km or
so. TFortunately for the hydrogen atoms, they are much more likely
to be liberated during mid-day, Qhen heating and convection should be
rost effective (and escape should be easiest). We conclude that

previous photochemical considerations cannot rule out the possibility

that a large fraction of the liberated H atoms do indeed survive long
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enough to avoid eventual recombination to HEO'

VII. Escape of H Atoms: At the Exobase

Secondly we consider the upper atmosphere escape problerm.
Stoney [1898, 1900a, b] appears to have been the first to recognize
the importance of the loss of the lighter constituents from planetary
atmospheres. . (Sidney Chapman has suggested that thermal escape -
i.e., the ballistic escape of the high energy tail of the velocity
distribution function - be renamed 'Stoney escape' in recognition of
this fact. This usage is not followed here because it is anticipated
that most rezders will not yet be familiar with this alternative
designation.) Jeans' subsequent analysis [1916] established the basic
physical brinciples and further, more detailed investigations have
verified the essential correctness of his results, at least as a fair
approximation [Milne, 1923; Jones, 1923; Spitzer, 1957; Chamberlain,
1963; Hayes and Liu, 1965]. We might wish to divide Jeans' escape rate
by a factor of 2 or so to allow Tor the deviation of . the velocity
distrivution from true Maxwell-Boltzmann caused by the fact that
many of the fast molecules leave (escape) the assemblage. (We will
see later that a factor of 2 is a rather liberal allowance for this

effect.) Jeans' escape rate i1s given by the equation

vrms GmM -GmM/chRc
L= — + 1 Po ©

_,/ 6 chRc

Here L is the escape rate in molecules (atoms in our case) cm sec
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Vs is the root mean square speed of the molecule at the "critical
level"; in cm sec—l; k is Boltzmann's constant; TC is the temperature
of the gas at the critical level; Rc 15 the distance from the center
of the earth to the critical levél; G is the gravitational constant;
m is the mass of a molecule (1 a.m.u.); M is the mass of the earth;
and fe is the ﬁumber density of the escaping specles per cubic centi-
nmeter. The eguation can be spplied to any species independently of
the others pfovided only that the critical level and temperature be
properly defined. The escape rate 1s proportional to the nydrogen
density (atoms) at the critical level (the critical level in the
earth's atmosphere occurs typically at about 500 km altitude).
Teking v, o = vr§£5275-and including the factor of & discussed above
we need specify only TC in order to calculate the escape rate.

The temperature of the critical level changes appreciably during
the day and with the solar cycle. In choosing a representative
temperature we select something nearer .the maxirum daily temperature
than the minimum for the following reasons: 1) atmospheric convec-
tion is more effective in allowing atomé to rise to the base of the
heterosphere (from which they should be able to proceed by thermal
diffusion to the critical level) during the day, when the temperature
is higher; and 2) the density of hydrogen atoms will increase during

the night, enhancing the daytime escape rate over what we would expect

from consideration of the mean density. Although Tc varies between

b

perhaps 600°K and 2500°K depending on conditicns, we choose 1500°K for

t

a representative value. This 1s consistent with information presented

for several reference atmospheres [Committee on Extension to the
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Standard Atmosphere, 1962; COSPAR Working Group IV, 1965]. The escape

rate is then

L = 3.785 x 100 - 45

sec C

Cur mean escape flux for the present-day earth of 1.6 X 109 cm-2

sec 1 requires a density of hydrogen atoms at the base of the exo-

sphere of

1.6 x 107
3.785 x 107

> 3

= 4.23 x 10° H atoms cm
This is considerably higher than values adbpted in prior work
[Kockarts and Nicolet, 1962; Liwshitz, 1967; Kellogg, 196k4; Bates

and Patterson, 1961; Brandt, 1962; Ingham, 19687 but it will be our
contention that mean hydrogen densities this high cannot be ruled
out. Most early estimates of the hydrogen atom density at the base
of the exosphere were derived from diffuse Ly w, LyR or H ¢ airglow
measurements and involve, in addition to a tricky radiative transfer
problem, an arbitrary normalization, usually to the 100 km level or
s0, although some have been normalized at 500 km. Thomas [1962]

has pointed out that "radiative transfer in models whose total hydro-
sen abundance ig consistent with daytime absorption measurements is
...inadequate in accounting for the observed nightglow features,” and
suggests that a nighttime bulldup may raise the density. Donahue
r1967] has suggested that the Ly ¢ calculations may be seriously
underestimating the hydrogen content of the upper atmosphere and

that this may explain the discrepancy between results for Ly o and
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Heo and Ly 3.

SeVeral more recent measurements by other means, not involving
the inversion of the radiative transfer equation, have produced
results suggestive of higher H atom concentrations in the upper atmos-
phere. Brace et al. [1967], from Explorer 22 measurements of elec-
tron temperaturé and concentration at 1000 km altitude, conclude that
"a local electron cooling exists in the equatorial region that is
inconsistentrwith present neutral atmospheric models but suggests the
existence of about 5 x 105 cm“3 atoms of neutral hydrogen at 1000
km", Hoffman [1967] reports mass spectrometer measurements of ion
densities obtained on a rocket flight gnd, assuming chemical equili-
brium between H+ and O+, he finds a neutral hydrogen density at 350
km of 5 x 106 cm—3. Reber et al. [1967] have obtained mass spectro-
meter measurements of atomic hydrogen itself, and report a typical
vaelue of 2 x 106 cm._3 at 300 km at 0900 local time. These values,
being more direct than the Ly o measurements, constitute strong
evidence that the hydrogen atom density at 500 km may indeed be as
high as the L4.23 x 10° required to allow the escape of 1.6 x 107
atoms cm_g sec_l. (These measurements were probably conducted near
solar minimum, so that the effective temperatures may have been
somewhat lower than 1500°K. At 1100°K, a typical daily maximum
temperature near Solar minimum, the Jeans escape flux is reduced by
a factor of 5; i.e., a density increase of a factor of 5 is required
to produce thne same flux.) We conclude that, within the limits of
present observational knowledge of the upper atmosphere, an escape

o 2 -1 | 1 .
rate o 1.6 x ;09 em © sec © does not seem out of the guestion.
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VIII. Results of Dissociation Calculation

The calculations of Berkner and Marshall are in error 1) because
they assume that photodissociation of H,0 becomes an inefficient
oxygen-producing ﬁechanism when the fraction of photons absorbed by
02 becomes larger than the fraction absorbed by HQO and 2) they have
not allowed for the péth length dependence of the oxygen absorption
coefficient. We have seen that the "Urey self-regulation‘mechanism”
for the shielding of oxygen by water vabor from the dissociating solar
ultravioclet is much less effective than the papers of Berkner and
Marshall assert. As a result, appreciable oxygen concentrations might
have evolved in the earth's atmosphere (%~P.A.L. or more) before the
evolution of widespread photosynthesizing organisms. It does not
seem that early evolution could have proceeded in such an atmosphere.
Further the geologic record strongly suggests that earlier than two
billion years ago reducing conditions existed over much of the earth's
surface. The evidence along these two lines, while not yet conclu-
sive; is nevertheless appreciable. Yet the assumptions made in the
present calculations do not seem unreasonable.

Perhaps there is a logical explanatioh consistent with the
present results. Berkngr and Marshall, for example, explained the
oresence of oxidized "red beds" of sediments away in terms of "local
oxidizing conditions" (they proposed that the ozone would concentrate
near ground level). If this is possible then maybe "local reducing
conditions" can also exist. Or perhaps a 'metastable’ reducing atmos-

phere, along the lines proposed by Rasool and McGovern [1966] could
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have persisted throughout the first 2.5 billion years. During this
time the mean dissociation rate of H,0 would be, at 10 > P.A.L. of

L cm—2 sec t (from Figure 4). But from

02, something over 1 x 10
Figure 5 we see that surface oxidation could not have been an adequate
sink for the liberated oxygen atoms. Therefore there had to be an
atmospheric sink. Oxiaation of methane presents one possibility

but does not seem likely in view of the.large amounts involved
(hundreds ofratmospheres). The reformation of water vapor by recom-
bination with free hydrogen seems the least objectionable sink.
Hdwever, it is not clear that such a situation could exist for long
periods of time without the hydrogen escaping, even With a much lower

(750°K) exosphere temperature. We shall investigate the hydrogen

escape problem in the next section.

IX. Introduction to the Atmospheric Escape Calculation

n the preceding seétion we have seen that an understanding of
the processes by which the lighter components of an atmosphere
escape to space 1s likely to figure prominently in any consistent
explanation of the evolution of the earth}s atmosphere (as well as
its present state). The theory of thermal; or gravitational, escape

nas not advanced significantly since Jeans wrote his Dynamical

Theory of Gases [1916]. The Jeans escape rate is based on the sssump-

tion of a Maxwell-Boltzmann distribution function throughout the

atmospnere, even at the escape level. In fact, however, escape is

itself a phenomenon which must alter the distribution function from

r
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Maxwell-Boltzmann (M-B), so that the Jeans rate cannot be strictly
correct; The mathematical complexity of evaluating the degree of
error in Jeans' formula due to this effect has prevented, until
recently, an assault on this problem. With the development of compu-
ters éapable of~performing lO5 or so multiplications per second, it
has become feasible to attack the problem in a statistical (as
opposed to analytical) way. And, indeed, within the past few years
three indepeﬁdent Monte Carlo studies have been conducted in an
attempt to answer Just éhis question [Lew and Venkateswaran, 1965;
Liwshitz and Singer, 1966; Chamberlain énd Campbell, 1967; see also
Liwshitz, 1966 and Lew and Venkateswaran, 1966]. Unfortunately, the
results of the separate studies are not consistent. For example, at
1730°K Lew and Venkateswaran (LV) found a correction factor of only
16%. Chamberlain and Campbell's value (CC) (at 15oo°i<) is 28% and
Liwshitz and Singer (LS) conclude (also at 1500°K) that a 73% correc-
tion is needed (i.e., that Jeans' equation overestimates the escape
flux by almost a factor of 4). There are other serious sources of
discrepancy, such as the dependence of the correction on temperature
(LS find a tendency for larger corrections. at lower temperatures, in
disagreement with CC; LV did their calculations at only one temper-
ature). The work of IV has been roundly criticized by both 1S and
¢C (Vv was the first paper of the three to appear) for numerous rea-
sons, two of which are 1) that IV have incorporated an abstruse
"gbsorption"” of particles in their calculation, which is difficult
to justify physically, and 2) that IV do not release their "source"

particles deeply enough-in the atmosphere. It is the feeling of the
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present author ﬂhat, while credit is due IV for pioneering in the
applicafion of the statistical approach to the escape problem, their
numerical results are of little value. A more detailed critique of
all three papers will follow as the various relevant points are encoun-
tered. While the three sets of calculations have numerous differences,
they are all basically similar. The results of LS and CC, in partif
cular, seem so discordant that a programming error, rather than a
difference in physical approach, may be responsible for the disagree-
ment.

Since factors of 4 in escape rate may be non-negligible in
calculations of atmosphéric evolution, it was decided to undertake
yet another Monte Carlo study of hydrogen (and helium) escape in
the earth's atmosphere. All previous studies have grossly misrepre-
sented the physics of the situation by assuming that the scattering
(of H atoms by O atoms) is isotropic (in the center-of-mass frame of
reference) aﬁd by adopting unjustifiiable velocity dependences of
the total scattering cross-sections. It was decided in the present
study to obtain meaningful differential and total cross-sections and
to correct several other errors in previous studies (which will be
discussed as they are encountered). We now review briefly classical
atom~atom elastic scattering theory, show that - if‘applicab;e - the
simplest theory (the small deflection approximation) would seriously
alter the physical picture of the escape region, and then settle on
a compromise approach between the classical and full~blown quantum
mechanical treatments. The results are believed to be fairly accu-

rate.
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X. Bcattering Mechanics

In this section we derive approximate expressions for the angu-
lar dependence and velocity dependence of the elastic scattering
cross-section for a collision of an H atom (mass about 1 a.m.u.) with
an O atom (mass about 16 a.m.u.). We will consider first the familiar
small deflectlon approximation to the classical problem, then the
classical problem for arbitrary scattering angle, then a semi-
classical correction to the classical problem for small-angle scat-
tering (to avoid an infinite total cross-segtion), then describe the
WKB approximation to the quantum mechanical approach and indicate
briefly what the rigorous quantum mechanical calculation would
involve. We consider only conservative central forces.

The geometry of the scattering problem in the center-of-mass
system is shown in Figure 6. A particle (either the H atom or the
0 atom) approaches a fixed center of force from a large distance away

with an initial momentum

gl
e

i =M Vi [—LL"]
The reduced mass, i, is given by

N0

b=
g

The impact parameter is b. The angle ¥ is defined by the equation
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b
sin ¥ = gx [15]

and ¥, is the scattering angle. In the small deflection approxi-
4L
mation we assume that

Y~ sin ¥ (161

and that

Thus we can evaluate Ye = Yf(vi,b) if we know Py

Q1<@
[l e}

[>s] [o0]
p_ = dt = Fdt (183
y _£ _£ N
where t = O at the time of closest approach. For central forces Fy
is given by

F, o= % F(r) [19]

For small angile scattering y a~~ b until, after the scattering, the

varticle is sufficiently far away from the scattering center that Fy
[ee]

makes no further important contribution to I Fy dt. With these
-w

assumptions we have

7(/ o+ vi2t2 ) at [20]
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where we have substituted

v/b2+ vi2t2 A~ T [21]
. C . nC
For a potential of the form V(r) = —; » for which F(r) = - il o Ve
7 T
have
Io 1 ot dw -n
yf k’p,v. (~n C) bn+l ;I 5 nt+2 o< Db [22]
o E ® (1w") 2
vit
where we have let w = - - Thus we have
{ -1/n
b(v,,¥.) = v, 2%y "I/ | . [23]
i’ f i f @ dw
-nC_j 5 n+2
- (1) 2

We let I(Yf) denote the cross-section (per particle per radian of

Yf) for scattering through an angle Yf:

, ‘ab(vi’wf)l
I(¥p) = 2m b(y,) 1‘—"5§;—*—f
‘ ]-2/n
o | —z |
L = (l+w2)-§_ J

The differential cross-section, dg/dQ (per steradian) is then propor-

tional to

Yf—l-Z/n

sin Vv,
1YI

-2-2/n
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In atom-atom elastic scattering the dominant long range force is

the attractive Van der Waals induced dipole-induced dipole or London
dispersion force, which has an r_6 potential. The dominant short
range force 1s a repulsion due to the overlép of the electron clouds
of the two atoms. This potential is usually taken as r-lz, although
other exponenté are frequently used. The above eguations hold for
both attractive and repulsive potentials, provided only that the

scattering angle is small (<< 1 radian). Thus the differential
1

cross-section, do/dn, should vary at small angles as Yf- S or

Yf-eé depending on which part of the potential is dominant (the
repulsive part of the potential can become important at small angles
only for very high relative velocities). The angle with which we
have been concerned, Yf’ is the scattering angle in the center-of-
mass frame. The correction for the scattering angle of the hydrogen
atom (we are not concerned with the scattering angle of the oxygen
atom) as measured in the "laboratory" reference frame (in which the

0 atom is initially at rest) is given by

vy, = tan — [25]

Equation [2h] also contains the velocity dependence of the cross-—

section:

-L/n

I(Vi) «< Vv [263

For the r76 and r-l2 potentials, respectively, the dependence of the
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cross-section on initial relative velocity is of the form vi—2/3
and vi—l/3 at any angle or in any angular range. This is thus also
true in the limit of the total cross-section, although the classical
total cross-section is infinite for potentials which are non-constant
at arbitrarily large distances.
. -6 -12 ) .
Suppose we include both the r and r terms in the potential

(e.g., the Lennard-Jones (12,6) potential,

where & and r are parameters; see Figure 7). From Equation [20]
we see that the scattering angle will now be given by the sum of two
terms, one for each part of the potential. If we evaluate the inte-

-gral we obtain

6 6 :
E r
ey o—m 1om | 231 “m_ _
fp =7 26 k {30 6~ 1 [27]
p,Vib L b

This can be solved for b in terms of Yf and vi:

I A
K % / kv,
where
_ dom & P
K = 2 [“/".
Loy vy

For Y. < 0, we may take the negaltive square root, giving very large
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impact parameters. The dominant potential in this case is, of course,
the attractive r—6 potential. Or we may take the positive root, as

we must if Yf > 0, giving values of b near

1/6
b = @—2—}5) v OHT T [30]

In this case there is a very narrow range in the impact parameter over
which small angle scattering can Sccur. Both parts of the potential
are important. In view cof the very small range of b over which the
r-l2 potential can exert itself (for small angle scattering) and the
relatively much greater region éver which the r_6 potential can be
effective, we would expect the small angle scattering behavior to
follow, very nearly, laws derived for the simple attractive r
potential. We also note, for potentials more complicated than V(r)
= C r_n, that b(Yf) is not necessarily a single-valued function of Yf.
Another important point is the following: at b = .947 r (for
the LJ potential) the scattering angle is zero. For greater values
Yf is always negative. But we know that as b - « the scattering
angle must — 0. Since there are no singularities in this region there
rust be some value of 5 - and thus of Yf(b) - at which de(b)/db = 0.
Frorm Equation [24] we see that the cross-section I(Yf) must be
infinite at this angle, Yg, which is known as the rainbow angle.
In reality the rainbow angle is large enough that the small deflection
approxization is often inadequate. We would, however, expect the

basic features of rainbow scattering to exist in the arbitrary-angle

classical treatment.
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The expressions derived above are very useful to laboratory
experiméntalists, who generally are not able to observe, or are not
interested in observing, at large angles. In our application,
however, 1t 1s essential that we know the differential scattering
cross-section for scattering into all angles. Therefore we now turn
to the arbitrar&-angle classical problem.

The Lagrangian for the system in Figure 6 is

.2 2
£ =% (5% 2567 - v(x) [31]
Lagrange's equations give
2' 2 b ~ 7
WrB8=pr Vi 5 =y vib 132]
r
t=-0
and
.. 2 av
BT -prb + 5 =0 [33]
These can be readily solved to give
1 dr |
6 =V  =v.b f = : . [34]
T f 1 g r2 oy ba
ad- v, o4 _&ir)
r2 K

where the integration is over the entire trajectory. A potential of
the form V(r) = C r * has a symmetrical trajectory (as do all central
forces) about the direction to its point of closest approach, o>

and r(t) is monotonic before and after the time of closest approach,

so that in this case
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1 dr
fp=2vd 2 72 [35]
qQ 2 Yy 2 ¢
V. e e
i 2 n
r

The value of ro is found by setting the radicand equal to zero and

He— 8

solving for the‘largest positive real root. The above integral cannot
be evaluated analytically for most potentials, including the inverse
sixth and twelfth power cases, and we must resort to numerical meth-
ods. The Lennard-Jones potential must also be handled numerically.
Before presenting numerical results we must do something about
the infinite value of the total cross-secticn. This is a problem
common to all force fields which are non-zero at arbitrarily large
distances in classical mechaniecs and those which do not fall off
.faster than r-e in quantum mechanics. The easy way out of this
dilemma is first to invoke the Heisenberg uncertainty principle as
follows: we do not care what the particular value of x of the inci-
dent particle is at a long time before scattering. We regquire only
that the particle be far away from the scattering center initially
and consequently the x-component of the momentum can be known with
any desired degree of accuracy. The initial ¥y value, b, of the inci-
dent particle is very important, however, and if the particle is ﬁo
have a well-defined classical trajectory then the uncertainty in the
impact parameter, Ab, must be much less than b. Once we have deter-
mined b to within this uncertainty, however, we have introduced an

uncertainty into the y-component of the momentum of the form
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Ap = Avy.’” Ab [36]

the wave packet which is the particle will spread after the measure-

ment of y with an angle 2 Avy /vi;
' 1

2 Avy
i 27 2 h

vV, 4 V.Ab > bov.D [371
i i i

For small angle scattering this angle of uncertainty of the incident
particle manifests itself in an equal uncertainty in the scattering
angle. The classical description is valid if this angle of uncer-
tainty is significantly less than the classical scattering angle;

i.e., at

v.b [38]

the predictions of classical mechanics cannot be trusted. This

should not be interpreted as implying that at angles smaller than

the "limiting angle", Yf%, one cannot distinguish scattered parti-
cles from unscattered particles and hence that it is meaningless to
talk about the (unmeasurable) scattering cross-section at such

angles. ¥or in an actual scattering situation we do not measure the
impact parameter, b, to within an uncertainty Ab before the scattering.
Instead we bombard the target atom with atoms whose position is
essentially unknown - plane waves for all practical purposes. And

the scattered intensity can be measured at arbitrarily small angles
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provided only that we observe at large enough distances to avoid the
inevitéble diffraction effects on the incident beam. The invocation
of the uncertainty principle merely tells us the angle below which
guantum mechanical calculational methods - the expansion of the wave
function in a sufficiently large number of partial waves and the
determination éf the phase shifts for each partial wave - may be
required. (For this purpose we may substitute b =,/C;7;-into Equa-
tion [38], where o is the total cross-section.) Since only small
angle scattering is usually involved one can make a number of simpli-~
fyihg assumptions (e.g., that only the attractive Van der Waals
force is important): Such calculations have been done (e.g., Pauly
and Toennies, 1965, p. 227 and p. 306). Theory and experiment are
in surprisingly good agreement on this matter. Typical results can
Dbe reasonably well approximated by assuming that at angles less than

5
Yf the differential cross-section is constant and equal to its

*
classical value at Yf . How does this affect the total cross-section?

We have
*
¥ -1
£ -21 O P
: '2/3 * T8 r £ . "
g =V I Yf sin Yf de + *EEE—Q— sin Yf ay .
. Yf—O ¥ =y T
e o
1
-2 % 3 -1 -1
v /3 [Yf_ -3mME+ 3 Yf* ?
-2 % 3 ) A
~ v /3 X 4 ye [39]

2
* ¥
where we have approximated cos ¥, by (1 - Yo ) and neglected the



38

-3 7% term. Now if we substitute
* _ 24 fO

Ye T uwvdo - [bo]

we get
- ~1/3

o a3 (B0 ) T

05/6 o V-l/3
QY

o vl r42]

For heavy atoms this is the dependence that is indeed observed.
For the scattering of lighter atoms, however, such as Li by Xe or
Hg, undulations are observed about the predicted form, due to quan-
tum mechanical interference effects. It ié necessary, of course,
to use velocity selected beams to observe these undulations because
they are usually "smeared out' when either target or projectile
particles have a thermal distribution. There is no experimental
data, to the author's knowledge, on the angular or velocity dependences
of the scattering cross-section of H or He by O atoms. However, it
seems - likely, with such small reduced masses, that the "wavelength"
of the undulations will not be negligible with respect to a veloccity
differential of physical interest (i.e., << kf75; m = my or mHe)
and that one cannot assume that the classical prediction will be

adeguate for an escape calculation. Thus it is necessary to calcu-

late the appropriate cross=-sections in a better approximation.
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XI. Classical Prediction
Before doing so let us look briefly at the atmospheric conse-
quences were the classical small deflection approximation valid.
The upward flux of atoms across a stationary horizontal plane in

a Maxwell-Boltzmann gas is given by

flux = p X J v, £(v) &v [k2]
all Vv with v >0

where p i1s the density, f£(v) the distribution function and vZ the
vertical component of velocity. The factor v, weights higher speeds
more heavily than slower speeds. Consequently, a higher fraction of
atoms crossing a given level will have speeds greatly in excess of
the mean speed than is true of the distribution function alone (see
Figure 8). Consequently, if the collision cross-section varies as
V-O.M, collisions will pose less of a problem to fast, potential
escape particles than to the gas as é whole. This will allow escape
to occur from a deeper level than would be indicated by the mean free
path of the gas as a whole. More dramatic than this effect, however,
is the pronounced forward-directedness of.fhe differential cross-
section (I(Yf) is approximately o Yf—l% for ¥, > Yf*). Since the
limiting angle, Yf*, becomes smaller with increasing speed the scat-
tering is most strongly forward peaked er fast particles. Thus not
only do-the fast particles suffer fewer collisions but the collisions
are less effective in robbing them of their speed (the excess over
escape speed is the important quantity) or directivity. Conseguently,

escape copld be expected to occur from a much greater depth than
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envisioned by Jéans. We can obtain a crude estimate of this depth
as folléws: We can assume, for numerical purposes, that a fast
pérticle will suffer half as many collisions per centimeter traveled
as an average particle (which is probably an O atom, which is bigger
and slower than an H or He to start with). The median scattering

1

angle, Yf K for a Yf-l§ angular dependence and a limiting angle of
mea

2° (appropriate foran H atom at a speed of 11.5 km/sec) is found from

YT ¥
180 -1% f
o 7 3 med , "l%‘-
e (2 180") av, + f Yp 0 g
\f’f: . Y 220 T
£~ 180° 1 3
o T T2 [43]
2 180° o \—1-}; 18¢° 11
o _ ! T3
I (2 5F) Wt J v, T ay,
\*}f:O v =20 I
£f- 180°
which gives
4 ~ by
fmed

An H atom traveling at 12 km/sec and scattering through 5° off an O
atom loses (from conservation of energy and momentum, the obvious
details of which are not reprcduced here) only l/MOOO of its speed
during the encounter. The average H atom having VH = vesc has, let

us say, 10% excess speed over that required for escape (VH;w 1.1
vesé). With v__  ~ 10.8 km/sec a typical potential escape H atom
will be able to suffer about 10% of L4000 = LOO collisions at the mean
scattering angle before its speed would drop below vesc. If the part-

icle started at some depth in the atmosphere with its veloccity nearly

-straight upward, it would execute very nearly a random walk in direc—
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tion and the numEer of collisions expected before the atom would be
deflectéa through 90° and (for the flat earth geometry) again be
unable to escape is something like (9O°/5°)2 = 324, If we assume
that the mean angle with the vertical of the H atoms' velocities is
30° during thisltime, t£en an appreciable number of escaping parti-
cles would have acquired their excess speed from depths of 324 cos 30°
~280 typical (for fast particles) mean free paths. This is the thick-
ness of atmosphere which would then have to be considered in treating
the escape problem properly. There is a factor of 2 in depth because
of the largef mean free paths of fast H atoms so that this thickness
is about 560 typical mean free paths. This corresponds to an alti-
tude of about 190 km. This is a far cry from the concept of a
shérply defined "transition level" or limited "transition region".
Furthermore, since the almosphere is nol isothermal below aboat 350
km, the correction to Jeans' escape rate due to the lower effective
tenperature (averaged appropriately over the cnbire cscupe reglon)
might outweigh in importance any correction due to the departure from
an M-B distribution function caused by the escape. Additional large
correction factors might also be needed to characterize the slug-
gishness of diffusion processes in replenishing the various parts
of the escape region. Clearly, if this picture of the escape process
is qualitatively correct, then all prior notions of how best to treat
the problem become suspect. Indeed, it was this point of view which
led the present author to investigate more carefully the nature of the
0-H elastic interaction and its effect on thermal escape. The true

.plcture, of course, must lie somewhere beitween the two extremes dis-
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cussed above (since the small angle approximation neglects the repul-
sive pafﬁ of the potential). We now turn to the problem of finding
where in this range a more accurate treatment of the escape process

will fall.

XIT. WKB Calculation of Elastic Cross-Sections

We have seen that the small angle classical calculation of
the atom-atom elastic differential and total scattering cross-sections
may not be valid for the O-H interaction at temperatures representa-
tive of those prevailing in the earth's upper atmosphere. The Schro-
dinger equation for the interaction of two particles (again in the

center-of-mass system) is

2

2 ,
- %; TY+V(ir) y=Ev . [qu

Here #, u, V(r) and E are, respectively, Planck's constant (divided

by 2m), the reduced mass, the potential energy of the system as a

Tunction of interatomic distance r and the kinetic energy

2 Ll
r282

_ o o2
E =3 (r~+ ) = 5V

The wave function for the system is denoted by V¥ (the scattering
angle does not enter the development until Equation [54], so no
confusion should result). We let k = &ZXand expand the wave function

in spherical harmonics (separation of variables) to obtain the

differential equation for the 4th radial wave function
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2
a(rvy,) '
Eg+k2_£(z;l)-2u\27(r)r\i,=o [45]
dr r # 4

For two non-interacting particles we have

2

a (r ¥°) )
LRSSy SRESNFACESEY | ¥ =0 [Lé]
ot r? 4

T ¥, = exp @‘ uz(r)> [47]

where

If we substitute Equations [47] and [48] into Equation [45] and
equate terms of equal power in # (neglecting the h2 in the centri-

fugal thential) the Ju/@'s can be determined and the solution written

L
2 L
r%_{g <k2 J&(zgl) u\gf(r)
{ “ r h ]
r 3
R
X exp i [ 2_2(s . L) _ 2w é(r) ar
} r A
i
+ smaller terms (k9]

Here Ty is the point of closest approach. Equation [L9] represent

w

two solutions, one with the exponent positive and one with it nega-
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tive. By taking linear combinations of these two solutions we can

find two wave functions for the classical,

2_ple+2) _2p¥(r)

k™= 0
r2 h2
and non-classical,
+
2o £(£2l)_2g\zfir)<o

r A

regions. Using Kramer's connection formulae [Merzbacher, 1961] to
Join these solutions gives, for the first approximation in the clas-

sical region,

[50]
X cos —E + T V//ke— 20 + 1) 2w Vr)
0

r2 h2

At large r this becomes

2 21+ 1) 2uvlr) \
) 0 {V//k' 2 2 Ko

- r
rV¥, ~cos{kr - kr. - Z + f
0 r h

The corresponding solution to Equation [46] is

A A+ li) - [52]

The phase shift for a given £ value is the difference in the argu-

n |3

T Y% ~ cos(%r - E -

ment between Equations [51] and [52]; i.e., it is the phase difference

‘between the two radial wave functions (solutions of Equations [45]
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and [46] at large r). The phase shift,'nz, is then

r 1
ﬂﬁ(k) = % S a8 + 1) - kr o+ j L//'ke- JAQ/ ; 1) 2. gﬁr) - % idr
r 1

o r A

(53]
The scattering amplitude, f(Y), where V¥ 1is now the scattering angle,
is given by

£(¥) = g I (e 1)[exp(2in,) - 1] 2 (cos ¥) (547

where Pﬁ is the pth Legendre polynomial. The differential cross-

section is given by

2 r(w))® [55)

and the total cross-section by

2 T ©
2 L7 .2
o= [ [leW)[" a¥ ex = 5 = sin"(n)) [56]
X=O ¥=0 k™ =

These ecuations describe the elastic scattering for a central force

in the (first) WKB approximation. The approximation that has been made
is the joining of classical and non-classical region wave functions

by the use of the Kramer's connection formulae. While the developrent
apove 1s sketchy, to say the least, further details are readily
available (e.g., Hirschfelder et al., 1954, pp. 685 ff., which is
followed in the above, or Dicke and Wittke, 1961, pp. 245 £f.). The
approximation is valid for large scattering angles as well as small -

in contrasc to the Born approximation, for example, which is valid
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only for smali "perturbation" scattering - and is much easier to
apply than the rigorous, straightforward integration of the Schrd-
dinger equation. Marchi and Mueller [1962] have compared WKB phase
shifts to "exact" numerical results for an H,-Hg system, which has
a very low reduced mass (~ 2 a.m.u.) as do the systems of atmospheric
interest. The relative speed is not stated but presumably it is on
the order of 2 km/sec. The agreement is excellent and is well within
the rather sﬁall experimental error in all available data. In é
later paper [Marchi and Mueller, 1963] they made a more extensive
comparison of the two methods. Aggin the agreement was excellent.
One "criterion of validity" for the WKB method is [Bohm, 1951,

chapter 12]
L aV(r)

<< 1 (571
[2u(E - v(x))13/?

For an O-H interaction at a relative speed of 1 km/sec (this is a
rather slow collision in the upper atmosphere; the most probable

speed of an H atom at 1500°K is about five times this great) Equa-
tion [57] is not satisfied for r much smaller than about 5&. Marchi
and Mueller found, however, that the WKB approximation still predicted
accurate cross-sections when the major portion of the contribution

to the integrand in Equation [53] was from values of r smaller than
this. In fact, except for unlikely energy resonances and cases of
orbiting the WKB approximation gave good results in all cases tested.
Consequently we adopt the method here for use on O-H (or O-He)

elastic scattering in the upper atmosphere.
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In order to calculate the total and differential cross-sections
in this manner, we need to know the parameters of the (assumed)
Iennard-Jones (12,6) potential function - & and r, (see Figure 7).
We do this for the systems O-H, O-He, He-He and Ar-Kr in order to
have a wide range of cases t0 better assess the reasonableness of
our results. Wé first use the Slater-Kirkwood formula for the Van
der Waals constant in terms of the atomic polarizabilities.

¥

s I
Nl ) Ne

and N2 are respectively the Van der Waals

.
¢=-3

[58]

ks

where C, e, 4, a1 Yoo Nl
constant, electron charge, lanck's constant (divided by 2m), eleciron
mass, polarizabillities of the two atoms and total number of electrons
in the two atoms. This formula is believed to bé more accurate than
The earlier version in which Nl and N2 referred only to outer shell
electrons and the even earlier form due to London [Pauly and Toen-

nies, 1965]. Polarizabilities are taken from a paper by Dalgarno

[1962] and Allen's Astrophysical Quantities [1963], Dalgarno's value

being preferred for 0. The values of y and N are as follows:

o N
H 0.67 x 1072 o3 1
He 0.21 oo 2
0 0.73 oo 8
Ar 1.64 " " 18

Kr 2.48 " " 36
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The values for the Van der Waals constant, C, are

L
0-H 10.98 x 10_60 erg cm6
O-He 6.16 " "
- He-He L. 71 " "
Ar-Xr 181.44 " "

Next we collect the values for the covalent radii of each of the
atomic species, add 0.8% to each to give a reasonable approximation
to the Van der Weals radii [Gould, 1962, p. 1497 and add these latter

quantities to obtain the values of ro for the appropriate systems:

covalent radius Van der Waals radius

H 281 1Qo8&
He ~2 R 1.0 &
0 JT4E 1.544
Ar ~ 1.914 2.71h
Kr 2.2 A 3.0 4

0-H 2.621

O-He 2.544

He-He 2.0 &

Ar-Xr 5.7LA

The Van der Waals constant is relsted to & and ro by

6 -
C=2¢erxr [99]
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Thus we can obtéin the values of & also:

e

0-H 1.70 x 107 erg
O-He 1.15 "
He-He 1.34 “
Ar-Kr 0.26 "

These values for & and r ~Seem Very reascnable and were adopted for
the WKB calculations. Results of the calculations are shown in
Figures 9-35. Tigures 9 and 10 depict the phase shifts for the 0-H
and O-He systems, respectively. TFigures 11-34 show the differential
cfoss—sections for 0-H (13 different relative velocities from 600
n/sec to 60 km/sec) and O-He (11 relative velocities from 600 m/sec
to 25 km/sec). Aiso plotted for comparison are the classical calcu-
lations for both small and arbitrary angle (hence the rainbow
effects) extending to the low-angle cutoff specified by the uncer-
tainty principle. TFigure 35 1s a plot of the total cross-éection for
the two systems as a function of relati&e speed. Also shown is the
curve used by L3 in their paper for the velocity dependence of the
0-H cross-section (more will be said about this shortly). This com-
pletes the section describing the calculation of the appropriate
differential and total cross=-sections in the WKB approximation.

In the next section we discuss the actual Monte Carlo calculation of
the escape flux in the esarth's atmosphere using these cross-sections
and describe the computer program which was written to perform the

calculatiogn.
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XIII. Monte Carlo Escape Calculation

A Monte Carlo calculation may be useful in describing the
pehavior of‘the aggregate of a large number of mutually independent
events. In the present applicafion the procedure is as follows:

We neglect the barometric density dependence of the upper atmosphere
on altitude aﬁd instead (as did CC and in analogy with plane-parallel
atmosphere radiative transfer calculations) consider a uniform plane-
parallel infinite slab of background gas (O atoms at the arbitrary
density of 108 cm_3) of finite thickness. The slab is considered to
be composed of 10 layers, each 10% of the total slab thickness.

Since hydrogen is a minor component in the upper atmosphere, it is
the oxygen atoms, with their much smaller diffusive equilibrium scale
height, which determine the position of the "escape level"”. The
temperature of the oxygen atom background gas is specified and it is
assumed that this temperature is constant and that the 0 atoms have
an M-B distribution appropriate to this temperature. The H (or He)
atoms are assumed not to interact with each other, but only with the
(M-B) background gas. An H (or He) atom is released into the back-
ground gas. There were two different procedures adopted in the present
calculations: in one the particles are injected at the bottom of the
slao (as was done by LV, LS, and CC) with a speed and direction
appropriate for an M-B distribution (this requires that the slab be
made thick enough that departures from M-B due to escape at the top
are small at the bottom of the slab). The particle's parameters must

not e chosen directly from an M-B distribution, however, but from
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the appropriate flux:
2
v
Ty 3/2 o m/2 2

2 ~ 2T ,
szo (gﬂkrr) ._}P, f ‘YV e (V cos 0) sin € 46 dop dv
v=v ' 8=0 @zo
[60]

This is the integral of the M-B distribution function multiplied by
the vertical.cbmponent of trne velocity. We disagree on this point
with LV, who drew thelr parameters simply from an M-B distribution.
If we integrate Equation [60] over the angular coordinates we obtain

.V

m.. 3/2 @® -
2kT
F = pO(EﬂiT) T ‘f v e av re1]

v=v’

A pseudo-random number, i is generated (by the method of congru-

R:

ences) between O and 1 and this is set egual to

2
J O

v
f v3 e 2kT dv
. /
i =T 5 [é2]
mHv

o -
f v3 e 2kT v
=V

This determines the speed, v, of the incident atom. The lower limit
on the integration, v’, is zero when parﬁicles are being injected
from the bottom of the sleb. In the second procedure, in which pgrti—
cles representative of the "missing" particles in a real atmosphere
(i.e., reflected escape particles) are injected from the top, the
value'of viis v’ = Vese® The integrals in Equation [62] can be

solved in terms of the error function. FPrior to the running of the

main Monte Carlo program, this equation is solved for v for iR =
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0.00, 0.02, d.Oﬂ, ..., 1.00 for the appfopriate values of my, (for
q or Hé) and T and these values are read into the computer as a table
~from which v can be obtained for arbitrary iR by interpolation. The

value of v for iR = 1.00 is strictly infinite, which would cause

serious error in the calculation so instead an "effective" value

of v was obtained by extrapolating from the v values for iR = 0.94,

0.96 and 0.98. A slight error remains in the procedure here but
it 1s of no important consequence. Once the speed of the incident
particle has been chosen the angle which its trajectory makes with
the.vertical is obtained, from Equation [60], as follows:

3]
f cos B sin 6 ad
— _ 6=0
lR—-l TT/2
cos O sin 6 d@
§=0

= cosB [63)

where iR is another random number between O and 1. The positive
root is taken for the first case (injection at the bottom) and the
negative root for the second (injection at the top). Thus L45° is
the median angle. TFor the M-B distribution as a whole, as used by
LV, the value is cos—l(.5) = 60°. Wé need not specify the azimuthal
angle. |

The particle now has a speed and a direction. We fix its po;i—
tion by specifying that it be initially at the bottom of the slab in
the first case or at the top ih the second. At this point its mean
free path is needed and here a slight digression is necessary. The
mean free path of a hydrogen atom moving With a finite speed through

& M-B distribution of O atoms is a function of the speed of the hydro-
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gen atom in the rest (or atmospheric) frame, vy, even for hard sphere
model afoms. The dependence is obtained by integrating over the 0
atom velocity distribution the product of density, cross-section,

distribution function and relative speed (again the flux factor) to

obtain the collision freguency, P:

P(v gV f(? ) av [6h]
-O BIO YIO r 0 0
where
_ - .
v, = A/VH + Vo 2 ViV COs B [65]

For hard sphere atoms the cross-section is constant and the integra-
tion can be performed in terms of the error function. This is the
velocity dependence used by CC. We have seen, however, that the
cross-section is styongly velocity dependent. The results of Figure

35 were fit to the parametric form

<1|3>

B
+—5+C, v, 2 1400 m/sec

r v
r

o(vr) =

1

olv,)

D, v, < 1400 m/sec [66]

The values of A, B and C were (in c.g.s. units) 94.2 x 10 , 185.0
7

x 107 and 22.8 x 10720 £or 0-H and 51.7 x 107, 93.0 x 1070 ana
- 7
22.0 x 10 10 for 0-He. This can be substituted into Equation [64]

and the integration performed piecewise in terms of the error func-

tion:



m. v
00 v v
P(v,) = p o 3/ 2n ? v ; 2kT Hf ’ v 2c(v ) dv_ dv
H O\2rkT Vg v 20 0 v "IV —w | T r r 0
o r I"H "0
[67]
where we have used the relationship
v dv = vV, sin B a3 [68]

The integrations are straightforward and the integrated forms,
which are fairly complicated, are not reproduced here. The mean

free path is related to the collision frequency by

Yy
2(vy) = B(v,)

[69]

Values of z(vH) are calculated, again in a preliminary program,

for 51 values of Vo ranging from O to 5 times the most probable speed

2kT

My

in ecual stéps and are read into the conpPutér as a table by the main
program. The mean free path for arbitrary Vi is obtained by inter-
polation. Figure 36 depicts typical results.

Once the mean free path is known the distance which the particle
will travel before its next collision with an O atom is obtained from

another random number between O and 1 as follows:
q = —‘loge(lR) X £ [70]

It should be pointed out that, whereas CC assumed that the cross-

section was velocity independent, LS adopted a velocity dependence
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but failed to take into account the integration over background gas
velocities. Furthermore, their velocity dependence, shown in Figure
35, was obtained from collision integrals [Krupenie et al., 1963]
sensitive only to large angle scattering and hence is not really
appropriate in the escape problem. LV also neglect the integration
over background gas but do provide for a velocity dependent cross-
section. Unfortunately they do not reveal the values of the para-
meters in their interatomic potential so it is difficult to assess
the value of the procedure.

Having specified the location of the next collision we must
now obtain the parameters (speed and two angles) for the O atom with
which the H atom will collide. CC err in this matter by simply
choosing the speed and direction from an isotropic M-B distribution.
IV make the same mistake and LS 4o not state what method was used in
deriving the target particle parameters other than they were drawn
“at random". In fact, the parameters of the ultimate target particle
are influenced by the speed of the incident particle. For "fast" H
atoms the effect is not imporfant but for "slow" H atoms it can be
quite appreciable. To find the appropriate speed of the O atom we
generate another random number between O and 1 and set it equal to
the fraction of the total collision frequency of the H atom due to

oxygen speeds less than Vgt
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' m.v
VO __0¢o0 vH+vO
2KT 2
f vy e v~ g(v. ) av dv,
v =0 v =lvi-v | ¥ T
i =10 L MO [71]
mOVO vtV
= T TorT © 2
i} I Vo e y —lvf—v | V. o(vr) v, av,
AO— r V'H 0

Values of Vo for the previously mentioned 51 values of vy and values

of iR = 0.00, 0.02, 0.0k, ..., 1.00 were calculated with a prelimi-

nary program and the resulting 51 X 51 matrix read into the computer

as a table. Values of v, for arbitraryva and iR are obtained by

two dimensional interpolation. For i, = 1.00, v

R is strictly infi-

0
nite, but here again the value of Vo Was obtained by extrapolating
from the three previous values.:

With the speed of the target particle properly chosen we must
now generate two angles to describe its direction of approach. One

. . -t . . . .
is un azimuthul angle (about the vector v, ) which is cssential to

H)
the calculation but is not mentioned by LV, IS or CC. This angle, vy,
is obtained simply by generating a random number between 0 and 21.

The second angle, B, the angle between the vectors ¥, and ?H’ is

0
obtained from Equation [67] with Vo = constant:

Ve
f olv. ) v 2 av

IVH_V ' r r r

1= 2 o) [72]

#.0 >

v i; | o(v,) v~ av
H O

Where iR is yet another random number. The angle B is obtained from



= oo™ g (73]

The integrations in Equation [72] are; as before, done piecewise and
are straightforward but awkward (the solution of a cubic equation is
generally required). This part of the calculation is done in the main
pfogram becagse a three dimensional matrix (VH, VO, iR) would require
too much core space.

Now we must specify the scattering angles (as before, two
angles are required; no mention is made by W, LS or CC of an azi-
muthal angle. Furthermore, all three have assumed isotropic scatter-
ing.). The appropriate differential cross-sections of Figures 11~
34 were read into another preliminary program which generated tables

of scattering angle, ¥, versus probabllity, i,, for the various

R?
given values of vr,

v

1

J 1(¥) ay |
iR = I:?Q-__—— [74]
[ x(y) ay
y=0

which were read into the main program. Then, by generating another
random number between 0 and 1 and knowing V.o the scattering angle
(in the center-of-mass reference system) can be obtained by two
dimensional interpolation. The corresponding angle in the "labora-
tory" system (in which the O atom is initially at rest) is obtained

by use of Egquation [25]. The corresponding azimuthal angle, ¥, is

generated 'at random (between 0 and 2m7) as was Y -
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The four eduations of conservation of energy and momentum for
a two bafticbe collision involve 14 quantities: two speeds, £wo
masses, two angles each for the initial directions of the two parti-
cles, two speeds after collision and four more direction angles.
Two can be eliminated by choosing the coordinate system in & conven-
ient manner. We know all the precollisional quantities and two post-
collisional quantities (the scattering angles). The three uninter-
esting remaihing quantities (oxygen speed and direction angles) can
be eliminated to give a single equation for the post-collisional

hydrogen speed:

/2 Ve
mVy [mo+ mH] -2 0V [movo sin B sin ¥ cos (x - y) + m vy cos Y.

+ mV, cos B cos Y] + mByH[mHny 2 myv, cos B - mCyH] =0 [75]

4
where v is this speed. In the reference system in which the O

H
atom is initially at rest (vo= 0) Equation [75] takes on a slightly
less cumbersome form and we can readily obtain the post-collisional
hydrogen speed in that system (since ¥ and y are defined in this
system; B is defined in The ztmospheric system but drops out when
Vo= 0). We then must add the vector ?O to this vector to produce
the vector appropriate to the atmospheric system. All the necessary
‘quantities are known. To transform the two scattering ahgles ¥ and
x bacx into the atmospheric system, we first obtain the angles (in

/
the laboratory coordinate system) to this new vector VH and then

[N ]

rotate the "laboratory" coordinate system in the plane containing
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v;ﬁ and ;O (see Figure 37) counterclockwise through an angle (m - &

- 3) where
v 2+ v 2. v 2
_ -1{_r 0 H
& = cos T v (76]
r O
- /
and find the new angular coordinates of the vector v, . The details

H

of the transformation are omitted as they are straightforward.

The angle which the scattered H atom now makes with the verti-

cal is given by

. cos 6/ = cos 8 cos ¥/ + sin 6 sin ¥’/ cos(x’~ v) [77]

Here 6 is the prior value of 6’ and ¥’ and ¥’ are the transformed
scattering angles. We have now specified completely one leg of the
H (or He) atom's trip throughout the slab of O atom background gas.
The speed of the H atom has been constant in going from its injection
point (or the site of its prior collision) to the site of the present

collision. The time spent in traversing one complete layer of the

atmosphere is then

a
Y .
t = v.. cos B [78]

where‘dz is the layer thickness (one-tenth of the slab thickness).
The time spent by the H atom in each layer is computed and added to
an accumulation register for that layer. This will make it possible
to obtain a density distribution function at the end of the calcu-
lation.

We now repeat the above process (except for the injection part)
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repeatedly until one of two things happens: l) the atom reaches the
upper limit of the slab with a speed greater than vesc in which case
it has "escaped" or 2) the particle reaches the bottom of the slab in
which case its path is also terminated. If it reaches the upper
surface with less than escape speed (10.785 km/sec) it is specularly
reflected and the calculation continues. Each time a particle escapes
a "1" is added to an "escape register" and the appropriate increments
made in the aensity registers; a similar accounting is made of parti-
cles which fall below the base of the slab. A program run consists of
the program deck (written in Fortran IV and included as an Appendix),
the appfopriate tables and control cards specifying the temperature,
slab thickness, number of particles whose histories are to be followed
between printouts and whether the particles are to be injected at
the top or at the bottom of the slab. The major portion of the
execution time is spent in evaluating transcendental functions, most
of which would be necegsary regardless of the particular manner in
which the cross-sections, etc. are handled. Execution time on the
7094 Model I (which is about 40% slower than the Model II) is consider-
ably less than 10 milliseconds per collision. In view of the larger
-number of collisions per particle necessitated by the strong forward
scattering, however, the time per particle (typically 1/3 second)-
is probably considerably greater than for previous investigators,
who followed hundreds of thpusands.of particles in compiling their
statistics. We will not be able to accumulate such large numbers but
will achieve comparable statistical accuracy by inJecting the parti-

cles at the top of the slab rather than at the bottom, which results
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in a reduction in calculation time (for a given accuracy) of typically
a factof‘of 100. The apparent statistical accuracy of the previous -
investigator§ may be, of course, misleading because of possible
flaws in their procedures. IV, for example, state that they gener-
ated an average(of 5.5 random numbers per particle followed. In

the present study, however, slightly more than 6 random numbers were

generated per collision, with many tens of collisions, in general,
for each particle. It is theoretically possible to economize on

the number of random numbers needed but the effort is awkward and
would not improve the program efficiency since relatively few
machine.cycles are required to generate a random number. Thus we
suspect that the previous investigators may have oversimplified the
problem, perhaps by neglecting the importance of the third dimension,
and certainly in thelr choice of models, which do, however, allow the
use of a relatively thin slab of gas (a few mean free paths in
thickness).

We shall shortly remark on some of the results of the Monte
Carlo runs conducted with the above program and speculate on the
effects on the evolution of the terrestrial atmosphere. We will
"first consider an intermediate temperature, 1500°K. Calculations
were performed with particles incident at the top of the slab with
total thicknesses of 107, 2 X ]_O7 and 3 X lO7 cm, corresponding to
approximately 5, 10 and 15 typical mean free paths (for hydrogen).
The philosophy here is that a real atmosphere (i.e., one with an

escaping component) can be considered as being composed of two types
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of H atoms: firét, the atoms thaﬁ are really there and second, the
atoms wﬁich are "missing' because of escape. While neither component
is itself M-B in character (except near the lower boundary of the
slab), the two components taken together as one system do satisfy
the M-B distribution. The "missing" atoms can be visualized as being
"red" atoms and the real atoms as being "green". "Red" atoms are
injected, as previously described, into the top of the slab in a
fashion which is equivalent to placing a specular reflector on top
of the slab (instead of the "semi-permeable membrane" in the real
atmosphere which reflects slow particles while allowing fast ones
to pass through). Their trajectories are followed until 1) they
re-escape (that is, hit the 1lid with greater than escape speed) or
é) they pass below‘the lower boundary of the slab. The density
distribution of these particles is established, as is the fraction
ending iﬁs career in each fashion. Now if the bottom of the slab is
placed deeply enough that the hydrogen distribution in its_vicinity
is nearly M-B then, as found by LS and as is intuitively expected,
it makes little difference in what manner the particles = which in
the real atmosphere are diffusing upwards - are injected. Conse-
quently, when a "red" particle reaches the level of the lower boun-
dary 1t can be considered to be specularly reflected from this boun-
dary, being dyed green in the process. This is equivalent to simply
injecting "green" particles into the real atmosphere from the Bottom
from the entire M-B distribution. These particles also have one of
two fates: 1) they can diffuse upwards to the upper boundary and,

if they have sufficient speed, escape or 2) they can, in their mean-
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derings, return to the lower boundary of the slab. In either case
they ha&e left the slab. Since both the upper and lower boundaries
are equivalent, for the sum of the two components, to specular
reflectors (or contact with an isothermal M-B region at either end)
the total hydrogen density (the real plus missing parts) must be
constant throughout and the total distribution function M-B throughout.
As a result, if we can characterize either one of the two components
for a given ﬁemperature and total density we can easily find the
other component. The density of the entire system is of course
directly related to the total flux (or escape flux) at either boun-
dary. In most cases it seems that it may be much easier to perform

"o

the calculation "from above" than "from below'" and it is the former

method which has been relied upon most heavily in the present work.

XIV. Results of Monte Carlo Calculation

Table 5 lists the calculated escape fluxes. The "number escaping"
always réfers to a computer run of 250 injected particles. Typi-
cally, a dozen or so such runs were conducted for each species-
temperature-thickness combination. The rms deviation among these runs
was taken as the probable uncertainty. For 0-He fewer runs were
made, in general, and in this case the error bars are meant to be;
indicative only. Particles were injected at the top for all such
combinations and additionally at the bottom for O-H at 1500°K, in
order to test the consistency of the two procedures. We can also

get an idea of the relative efficiency of the two approaches from
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Table 5. For injection at the top the mean uncertainty in the
"number escaping” (the rms deviation among the various runs) for all
thickness-temperature combinations (considering only the O-H data
now) is 6.7 and the mean "number escaping” is 76.0. This refers to
the "missing" component of the atmosphere. For the real atmosphere
this repreSentétive escape flux is 250 - (76 £ 6.7) = 174 £ 6.7, or
about 3.85% uncertainty. It is easily seen that (for the 1500°K
case) injection at the bottom (for which approximately equal numbers
of particles were involved and equal machine time spent) produced
much worse accuracy, typically 32.6% (from a mean escape number of
10.63 £ 3.47). Since the accuracy improves only as the square root
of the computing time the order of magnitude advantage in accuracy
enjoyed by injecting.the particles at the top represents two orders
of magnitude advaﬁtage, if the calculations are to be performed to a
given degree of accuracy.. Thus we have been able to cbtain statis-
tical accuracy with only a couple of thousand source particles'
comparable to that obtained by other investigators with a couple
hundred thousand source particles. For.O—He, since the correction
term is so much smaller, the advantage 1s even more spectacular.
SincevCC.Were investigating the real component of the atmosphere they
were unable to calculate the O-He correction at temperatures much
below 7TOO0°K (their lowest point).

To transform the data of Table 5 into corrections to Jeans'
escape rate we must know the fractional density at the "escape level"
Gue to each component of the hydrogen distribution (i.e., the "real"

particles and the "missing" particles). In all cases treated here,
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it is not very important precisely how we define the "escape level";
we take it to be the mean free path (from the top of the slab) for
a hydrogen atom with the most probable speed for the given tempera-
ture, ./ 2kT/mH - The density distributions for the cases calculated
for Table 5 are shown in Figures 38-43. The densities have been
normalized to cdrrespond to a total hydrogen (or helium) density
(real plus missing) of 1 cm—3. The escape level is indicated.
For O-He the density corrections are seen to be always very small
and have been neglected. The density distribution for the 1500°K
case (for O-H) with the particles injected at the bottom has -
been incremented by the corresponding density with injection at
the top. The sum should, of course, be equal to 1. This serves as
a check on the entire procedure. We see that the agreement is pretty
good; the mean deviation from 1 is within the mean error bars in
all three cases. It may appear suspicious that the calculated densi-
tles tend to fall below 1 in all cases, but it must be remembered
that the ten density points comprising each curve are not independent.
If a given set of calculations produces a low density at one altitude
there will be a strong tendency to produce a low density at all
altitudes. More machine time could reduce the error bars, but if an
error exists in the program, we can see that it is likely to be a
small one. Also shown in Figures 38-43 .are least-square fits of
straight lines to each species-temperature-depth combination (eyeball
fits for 0-H, machine-calculated fits for O-He). They extrapolate

(as was found by CC) to some value below the base of the slab, but

whereas CC found the convergent point about 2/3 of a typical mean
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free path below the base, we find it to be somewhat lower, about 1.6,
1.5 and 1.35 typical mean free paths respectively for slab thicknesses

of 1 x 107,-2 X 10! ana 3 X 107

cm (for O-H).

The densities were read from these figures and Table 6 was
compiled, giving the corrections to Jeans' escape rate for the various
cases. The reéults are compared in Figure UL to those of previous
workers. The present results are in excellent agreement with those
of CC. We disagrée strongly with those of IS and IV. For the first
time, a Monte Carlo calculation of hydrogen escape agrees with a
previous such calculation. Furthermore, these two calculations are
the two most recent and their authors have thus been able to profit
by their predecessors' mistakes. We coﬁclude that the escape of
hydrogen in terrestrial-type atmospheres is about 70% as fast as
indicated by the Jeans equation. The rate of escape of helium is
predicted even more accurately by Jeans' equation, the error being
only some 1 to 3%. A straight line could be drawn, if Figure il were
e#tended to include high enough temperatures, through the three pre-
sent O-He points and CC's O-He points at 7000°K and 11000°K. This
provides further reassurance that the agreement is more than coinci-
dentai. Although the uncertainty limits in prior work (see Figure
L) prohibited a clear prediction of the temperature dependence of
the correction factor it is seen from the present work‘that the
correction term becomes larger with increasing temperature. In
Figures 45-49 we present the calculational results indicating the

angle at which the various particles which were followed escaped or,
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in the case of injection at the top of "escape" particles, re-
escaped;b For hydrogen at 1000°K we see a marked tendency for parti-
cles escaping from the "missing" component of the atmosphere to
emerge at angles more nearly horizontal than is true for a M-B flux.
Therefore the particles escaping from the 'real" atmosphere will
tend to emerge ﬁore nearly vertical than for a M-B distribution.
This is intuitively reasonable. At 1500°K the effect is not as
pronounced aé at 1000°K and at 2000°K it is less pronounced yet.
Figure 48 shows results for 1500°K with the atoms injected at the
bottom of the slab. It is difficult to see the slight favqring of
angles nearer the vertical, again demon;trating the statistical
advantage of following the "mi;sing" component of the atmosphere.
Figure 49 depicts results for O-He analogous to those of Figures
45-47. Because of the smaller'number of escapes, results for all
three temperatures have been added together. The proclivity of the
"missing” helium atoms to escape near the horizontél is dramatic
indeed. The corresponding effect in the escaping 'real" atmosphere
might be very difficult to demonstrate by straightforward calculation

because of the smallness of the re-escaping ("missing") component.

XV. Summary and Conclusions

We have shown that previous calculations of the dissociation

of water vapor and evolution of oxygen in the early fterrestrial atmos-

v

phere are seriocusly in error. The widely accepted conclusion that

3

in the absence of life forms no more than about lO- P.A.L. of O2



68
could cvolve hae been shown not to be justificd; indced, amounts
comparable to the P.A.L. could conceivably have built up in the avail-
able time. The calculated equilibrium oxygen level, furthermocre,
is only weakly sensitive to postulated environmental differences,
due to the tendency of production and loss changes to cancel one
another. If indeed the earth's early atmosphere was highly'reducing,
then some other explanation for this must be found. The most promi-
sing poséibiiity seemed to be a Rasool-McGovern type "metastable"
atmosphere resulting from an early outgassing of vast quantities of
hydrogen. Rasool and McGovern claimed that such a reducing state could
exist for up to a billion years before the hydrogen would escape. If
the escape of hydrogen were much slower than indicated by Jeans'
escape equation (due to the departure from an M-B distribution near
the escape level), this time interval coula conceivably be extended
to the 3 billion or so years suggested by the geologic and fossil
records. But we have seen that Jeans' equation is likely to be in
error, for hydrogen escape in the earth's atmosphere, by no more than
about 30%. Thus the quéstion regarding the early state of the
earth's atmosphere remains open. An obvious next step would be to
examine the photochemistry of O-H complexes throughout the photo-
chemically active region of the atmosphere (includiﬁg a better treat-
ment of eddy diffusion than is presently available) to see if the
hydrcgen atoms are indeed provided safe passage to the heterosphere
with a reasonable efficiency. It is not clear, however, whether the
available laboratory and theoretical data (e.g., the eddy diffusion

coefficient) are good enough to make such an effort worthwhile.
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We achieved excellent agreement with the results of CC and
disagreément with those of IV and LS. Several gquestions present
Themselves. Tirst, could this agreement be a result of the cross-
sections used and thus be only an apparent agreement? It seems
unlikely that this could be the case; it seems more probable that
in retrospect the escape fluxes are not very sensitive to the parti-
cular form of the cross-section. The only way to provide a definite
answer to this guestion, of course, 1is to fepeat the calculations
using an isotropic differential cross-section and simplifying the
velocity dependence of the total cross-section, so as to simulate
CC's model. By far the more important of the two changes is the
angular dependence of the cross-section. It was possible, by modi-
fying a single card in the computer program, to make the change to
an isotropic cross-section. The previous velocity dependence of the
total cross-section was retained, but this should be only of secon-
cary importance. Three sets of 250 H atoms ("missing" atoms) were
released at the top of the slab (about 5 typical mean free paths
thick, typical of the work of CC or LS. The resulting escape flux
for the "real" atmosphere was 0.678 times the Jeans rate, within the
error bar for the corresponding (15 typical mean free path slab
thickness) WKB differential cross-section calculation even without its
own (rms) uncertainty of about 0.027. This confirms that the agree-
ment with the results of CC is more than just accidental.

Another question which might be raised is whether the cause for
the discrepancy between the present results and those of CC, on the

one hand, . and those of L3, on the other, might lie in the use of a
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uniform slab of background gas by the former and a diffusive-equili-v
brium background density distribution by the latter. Perhaps the
different treatment accorded the role of gravity might account for
the difference. One can clearly see, however, if one consults the
appropriate literature, that the sole difference between the treat-
ments presented here and by CC, on the one hand, and by LS, on the
other, regarding the role of gravity 1s that LS proposed an exponen-
tial height distribution for the background oxygen gas. The role of
gravity in influencing the trajectories gf individual H atoms (which
don't really move in straight lines nor at constant speed) is neglec-
ted in all these investigations, except for the specular reflection of
slow particles (having less than escape speed) off the "top" of the
atmosphere. Now an exponentially distributed atmosphere can be
approximated arbitrarily closely by a series of thin uniformly dense
layers of background gas with gaps, or voids, of varying thickness
vetween these layers. The gaps are simply regions where there is no
background gas. Such a situation could not arise in the real world
but for calculational purposes this is a valid construct. If the
layers are made thin enough then on a macroscopic level the two atmos-
pheres would be equivalent. Now if we inject hydrogen (or helium)
atoms at either the top or bottom of the construct atmosphere we
have the following situation. Since collisions can't occur in the
gaps the density must be constant there and equal to the common densi-
ty of the constituent at the base of the overlying slab of background
gas and at the top of the corresponding underlying slab. It is easily

seen that the gaps play a completely passive role in the escape pro-
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dess except for the resulting influence on the density distribution of

the escéping component. This density as a function of "optical

depth" of the background gas is the same in the "construct" atmos-
phere and in a single uniform slab. Conseguently, since the density
was pfeSumably correctly calculated by LS and the density correction
(which is small anyway) correctly derived it is clear that the two
approaches should give the same answer. The above conslderations
would not berstrictly correct if LS had taken fully into account the
effect of the gravity field on the individual trajectories (though it
would undoubtedly still be a very good épproximation) but this was
not done.

There are two final points which should be mentioned. First,
although for most practical purposes they are probably qualitatively
correct, the "relaxation time" calculations of IS should be redone.
This would serve as reassurance that no important diurnal or other
time dependent effects are being overlooked. The other comment con-

3

cerns the helium escape problem. The production rates of He~ and

HeLF for the various mechanisms suggested are highly uncertain.
Nevertheless if the currently favored values are roughly correct

then, as has been pointed out many times, there is some difficulty

3

in explaining the present atmospheric He :Heh ratio (about 10—6);*

3

there is simply too much He~. This has led to a search for non-
thermal escape mechanisms (e.g., the "polar wind") which will not

3

L L ;
favor the loss of He” so greatly over that of He as in thermal, or
gravitational, escape. If large corrections to Jeans' equation had

been corroborated (factors as high as 15 are consistent with the
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error bars of 1S for hydrogen) then the possibility would have been
open that the correction factor for He3Awould be significantly larger
than for Heu and that this could be at least a contributing factor

3

explaining the high He~ atmospheric abundance. Alas, it has been
shown that the correction factors for He3 and HeLL are both very small

and hence thatAno Justification can be advanced from these calculations

for a high He3:Hel+ ratio.
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Table 2 (Part 1)

-1, .
kef(cm ) in layer (02)

A (&) kH2O kCO2 ko3 1 2 3 L
1760t5 57, .16 23. 1.66 .62 .39 .27
1770%5 L6, .12 22. 1.13 L2 .26 177
1780%5 37, .09 22, .66 .24 .152 .102
1790%5  27.5 .07 22. .63 .23 L1k .096
180072° 19.3 .05 21, 66 .25 153 .102
1820%t10 8.0 .035 20. Rk} .152 .095 .063
184010  2.55 .020  19. .36 .133  .083  .055
1860T10 .90 .010 17. .25 .092 .058 .039
1880110 .35 .005 16. L15h 0 L057 .036 .02k
1900f10  .135 .0035 15. .100  .037 .023 .0156
192010  .053  .0017  13. .08k 031 .0195  .0132
1940710  .022  .00055 11. .0k6 0170 .0108  .007k
1960¥10  .0093 .00010 9.3 .02k L0092  .0059  .oOLL
1980t10 .00kO .00001 8.6 .0186 .0070  .0045  .0032
2000110  .0016 .000001 8.0 0081 .0032  .0021L  .00156
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Table 2 (Part 2)

-1\ .
kef(cm ) in layer (02)

5 6 7 8 9 10 1 12
.191 .138 .10 .073 .05k .ok1 .031 .025
.122 .086 .060 .0l3 .030 .022 .0161  .012
.070 .0k9 .035 .024 .0173  .01l23  .0089  .0064
.066 .ol6 .032 022 .0152  .0106  .007k  .0052
.069 .048 .033 .023 .0158 .0109 .0076  .005k4
.0L3 -030 .020 .01h0 L0096  .0066  .00k6  ,0032
.037 .026 L0175 .0119 L0081 .0055 ,0038 .0026
.026 L0184 ,0128 .0090  .0063  .OOLkL  .0031  .0023
L0165  .0116  .0082  .0058 .00kl .0030  .0022  ,00160
.0109  .0077 .0055 .0039 .0028 .0021L  ,00157 .00120
.00G2  .0065  .00k6  .003L  .0025  .00182 .00137 .00LO7
.0052  .0037 .0027 .0021  .0016  .00121 .00097 .00080
.0029  .0022  .0016L4 .00127 .0016 .00083 .0007L .00051
.0023  .00l7  .00133 .00105 .00085 .00071 .0006L .00055
.0012  .00094 .00077 .00065 .00057 .00051 .000LT7 ,00OLL



Table 3 : Solar Spectral Irradiance at 1 a.u.

Ay Tlux (photons/ cmz sec)
1760 ¥ 5 10.0 x 10%°
1770 ¥ 5 12.8 "
1780 I 5 4.0 "
1790 £ 5 15.6 "
1800 T %O 26.9 "
1820 T 10 k6.3 "
1840 * 10 L6.5 "
1860 T 10 55.0 "
1880 T 10 63.6 "
1900 T 10 88.y v
1920 T 10 108.9 "
1940 T 10 129.2 "
1960 T 10 176.1 "
1980 T 10 192.3 "
2000 T 10 229.0 "
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Table 4 : Dissociation Energies of Hydrogen-Containing Species

Species

HéO

e

OH
H,0,
HO,
H,0,

HO2

Products

H+ OH

H+H

O+ H

HOO + H

OH + O

CH + OH

H+ 0

Energy Required

(ev) (1)
5.113 ehok
L. 476 2769
4.35 2849
3.88 3194
2.7 4590
2.12 5846
1.99 6228
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Table 5

"Number Escaping"

O-H
slab thickness= 1 X lO7cm,v 2 X lO7cm 3 X lO7cm
1000°K 52.0 T 5.3 60.4 T 6.2 62.8 T 6.5
(top) 1500°K . 62.4 * 5.8 81.7 ¥ 7.4 87.6 T 7.k
(bottom) 1500°K 10.9 ¥ 3.2 11.0 T 2.9 10.0 T k4.3
2000°K 78.5 T 6.5 90.3 % 6.1 108.0 8.7
O-He
1000°K 2.33 1+ .88 3.00 T 1.41 1.33 ¥ 1.25
1500°K bh3 T 129 L.oo?t 2.19 3.75 ¥ 2,49
2000°K L.50 * 1.50 5.33 T 1.25 8.33 T 2.36



88

Table 6 (Part 1)

typical real (H or He) atmosphere fractional density
mean free slab thickness =
path 7 7 7
T(°k)  (km) 1 x 10" cm 2 x 10' em 3 x 10 em
0-H
1000 - 17.2 .996 .992 .988
1500 20.0 .972 .9LO .915
2000 22.0 .92k .869 .822
O-He
1000 8.77
1500 9.74 density correction negligible

2000 10.77



O-H

Table 6 (Part 2)

fraction of Jeans' escape rate

89

slab thickness =

T(°K) 1 xﬁlO7 cm 2 X lO7 cm 3 X 107 cm adopted
1000 .795 T 021 .765 * 025 .758 ¥ .026 .758
1500 72 F Lok L7116 T o031 710 T o.032 .710
2000  .742 t 028 .735 * .028 .691 * .ok2 .691
1000 991 t ook .988 T .006 .995 L .005 .991
1500 .982 * 005 .984 £ ,009 .985 T .010 .84
2000 .982 F 006 .979 ¥ .005 .967 ¥ .009 .967



Fig. 1

Fig. 2
Fig. 3
Fig. 4
Fig. 5
Fig. 6
Fig. 7
Fig. 8
Fig. 9
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FIGURE CAPTICNS

Absorption coefficient data. "THR" refers to the work of
Thompson, Harteck and Reeves [1963].

Absorption rates for the various species at.Oo zenith angle
as functions of wavelength.

Absorption rates for the Vvarious species at O° zenith angle
as functions of altitude.

Mean absorption rates for the various species as functions
of the oxygen level.

Oxygen level histories for the earth. The quantity C is

the oxidation loss rate; Q is the amount of oxygen lost by
the atmosphere to the crust.

Scattering geometry.

Lennard-Jones potential function. ”rm” is the internuclear
distance corresponding to minimum potential energy and "&"
is the depth of this well.

Ratio, R, of the number of particles having a given speed in
a Maxwell-Boltzmann flux to the corresponding number in a
Manell-Boltzmann distribution function. Speed is given in
units of the most probable speed, VF§£T7E-. Speeds Suffi-
cient for escape from the earth for hydrogen atoms (at 1000,
1500 and 2000°K) and helium (at 1000°K) are shown.

Phase shifts for O~H elastic scattering for various relative

6

I
speeds ranging from 6 x 10 ecm/sec to 6 x 10 cm/sec.  Hori-



Fig.

Fig.

10

11

.12

. 13
. 1k

.15

oL

zontal axis gives the {-value, vertical axis the phase

" shift. Insert shows the upper-left-hand corner in greater

detail.

Phase shifts for O-He elastic scattering for various
relative speeds ranging from 6 X lO)1L cm/sec to 2.5 X 106
cm/sec; Horizontal axis gives the fg-value, vertical axis
the phase shift. Insert shows the upper-left-hand corncr

in greater detail.

Differential elastic scattering cross-section for 0-H
calculated in several approximations. Relative speed is

600 m/sec. Shown are the small-deflection classical
approximation, the arbitrary angle classical calculation,
the WKB approximation and the cumulative WKB calculation.
Horizontal axis gives the (center-of-mass) scattering angle
in degrees, vertical axis the differential cross-section in
ﬁz/radian except for the cumulative curve which is simply in
Ag. Note in succeeding figures that as the relative speed
becomes larger the agreement between the arbitrary angle
classical calculation and the WKB calculation becomes pro-
gressively better, first.at the very large scattering angles

and then to successively smaller angles.

Il

Same as Fig. 11 except v, = 1000 m/sec.

Same as Fig. 11 except v = 1400 m/sec.
Same as Fig. 1l except v_ = 2000 m/sec.
Same as Fig. 11 except v, = 2700 m/sec.



Fig.

Fig.
Fig.
Fig.
Fig.

Fig.

Fig.

. 16
S 17
. 18
.19
. 20
.21
. 22
. 23
. 2k

25

. 27
. 28
. 29
. 30

3L
32
33
3k
35

36

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

Same

as
as
as
as
as
as
as
as
as
as
as
as
as
as
as
as
as
as

as

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.

11 except v
11 except v
11 except v
11 except v
11 except v
11 except v
11l except v
11l except v
11 except v
24 except v
24 except v
24 except v
24 except v
2L except v
24 except v
24 except v
24 except v

24 except v

2L except v,

i

Velocity dependences of the

sections.

3700 m/sec.
5000 m/sec.
7200 m/sec.
11000 m/sec.
15000 m/sec.
25000 m/sec.
L0000 m/sec.
60000 n/sec.
600 m/sec and the system is O-He.
1000 m/sec.
1400 m/sec.
2000 m/sec.
2700 m/sec.
3700 m/sec.
5000 m/sec.
7200 m/sec.
11000 m/sec.
15000 m/sec.
25000 m/sec.

total elastic scattering cross-

The various curves and points include the calcu-

lated WKB values, the curve fits to these points, the corres-

ponding small-deflection approximations and the curve used

by LS for O-H.

Typical dependence of the mean free path on particle speed,

» 8
at the arbitrary background density of 10 cm

-3. Speed is



Fig. 37
Fig. 38
Fig. 39
Fig. 4o
Fig. 41
Fig. L2
Fig. 43
Fig. Lk

93
plotted in units of the most probable speed, JFEEE7;;. A
"fast" particle can travel about twice as far between colli-
sions as a particle having the most probable speed.
Geometric quantities involved in transforming between the
"laboratory' system (in which the O atom is initially at rest)
and thé "gtmospheric” system (in which the O atom has initial
velocity ?O). ‘Primes denote guantities subseguent to scat-
tering. Subscripts "L'" and "A" refer to the "laboratory" and
"atmospheric" systems respectively.
Calculated density profile of the “missing"” hydrogen compo-
nent at 1000, 1500 and 2000°K for a slab thickness of 1 x
lO7 cm. Straight lines through the error bars are (eyeball)
least-square fits. The "escape level" is indicated in each
case., Series of error bars with no straight line drawn
through them is the sum of the "real" and "missing" density
profiles (at 1500°K) and should add to 1.0 (0.2 on this scale).
Same as Fig. 38 except slab thickness is 2 x lO7 cm.
Same as Fig. 38 except slab thickness is 3 X 107.cm.
Same as Fig. 38 except that 1) the system treated is O-He,
2) the least-square fits were calculated precisely and 3)
calculations were not performed for the "real" component of
the helium distribution at 1500°K.
Same as Fig. 41 except the slab thickness is 2 x 107 cm.
Same as Fig. L1 except the slab thickness is 3 X 107 cm.

Escape rate in units of the Jeans rate (vertical'axis)

versus temperature (horizontal axis) in °K. Present results



Fig.

Fig.

Fig.

Fig.

L5

. L7

L8

b9

9k
are labelled "B" (the values above 0.9 on the vertical scale
are for O-He, those below 0.9 for O-H), previous results LV
(Lew and Venkateswarar), IS (Liwshitz and Singer) and CC
(Chamberlain and Campbell). Present results compare favor-
ably with CC, disagree with LV and LS.
ZenithAangle distribution of the escape flux for a temper-
ature of 1000°K and slab thicknesses of 1 x 107, 2 x lO7
andr3,x lO7 em. The particles were injected from the top
of the atmosphere and hence are the "missing" component.
Vertical axis is the percent of the escape flux emerging in
5° intervals of zenith angle; horizontal axis is the zenith
angle. Also shown is the appropriate distribution for a Max-
well-Boltzmann flux. The departure shows up clearly; parti-
cles from the "missing" component tend to escape with greater
zenith angles (i.e., more nearly horizontally) than for the
sum of the two components.
Same as Fig. 45 except that the temperature is 1500°K. The
departure from the M-B curve i1s somewhat less pronounced.
Same as Fig. 45 except that the temperature is 2000°K. The
departuré from the M-B curve is much less pronounced.
Same as Fig. 45 except 1) the temperature is 1500°K and
2) the particles were released at the bottom of.the atmos-
phere ("real" particles). Departures from the M-B curve are

ambiguous.

Same as Fig. 45 except 1) the system treated is O-He and

.2) because of the paucity of statistics all temperatures
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were grouped together. The departure from the M-B curve. is

striking.
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