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Abstract

This thesis explores the feasibility of using synthetic jet actuators for the propulsion of

small underwater vehicles. This work was inspired by the widespread use of pusatile

jet propulsion by sea creatures such as squid, salp, and jellyfish. The jets created

by these animals utilize vortex rings for thrust production. A method for creating

similar vortex ring-based jets is the use of synthetic, or zero net mass flux, jets. These

jets, which form a jet structure through the alternating sucking and blowing of fluid

through a single orifice, have previously been investigated for the utility in air flow

control.

This thesis presents the design, construction, and testing of aquatic synthetic jet

prototypes. Force measurement and flow visualization experiments are performed on

these jets to gain an understanding of the forces and flow structures produced. The

flow visualizations confirm the outflow vortex ring observations reported previously

in the literature and present the first images of vortex ring formation inside the

synthetic jet chamber. A new phenomenon, that of self-induced coflow upstream

of the jet orifice, is discussed. The force measurements present confirmation that

a net thrust is produced by the jets and give insight to the relationship between

jet forcing parameters (such as frequency) and the resulting thrust. An automated
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genetic algorithmic approach to optimizing the thrust for a given jet geometry is also

presented and tested.

Using the results of these experiments I propose a model for synthetic jet thrust.

This model asserts that there are three force producing components to the flow: orifice

inflow, orifice outflow, and a self-induced coflow. The contribution of each of these

components is derived and compared with experimental results.

Included at the end of this thesis is a preliminary study into possible vehicle

architecture for the utilization of synthetic jet thrusters.
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Chapter 1

Introduction

This thesis explores the potential use of synthetic, or zero net mass flux, jet propulsion

for underwater robots. The design and construction of these jets is presented, along

with force measurement and flow visualization experiments. A model for synthetic

jet thrust is developed, and the feasibility of using synthetic jets as propulsors on

underwater robots is discussed.

1.1 Motivation

There are two categories of underwater robots: Autonomous Underwater Vehicles

(AUVs) and Remotely Operated Vehicles (ROVs). AUVs, as the name implies, op-

erate autonomously. Mission plans and software are loaded into the vehicle, which is

then launched. There is no real-time human control of the vehicle, and it operates

freely, untethered to a surface ship. This lack of a tether allows AUVs to maneuver

without fear of getting tangled or caught on something, but also means that all prob-

lem solving capabilities must be programmed in advance. Thus, AUVs at present are

primarily used for large scale surveying.
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ROVs are controlled in real-time by a human operator communicating with the

vehicle through a tether. Real-time operator control gives the vehicle more capabil-

ities than an AUV, as the pilot can make decisions when the robot faces difficulties,

allowing ROVs to operate in more challenging situations than AUVs. ROVs are of-

ten outfitted with a wide assortment of cameras, grippers, and scientific equipment

(e.g. coring drills, specimen containers, special sensors). Applications include ocean

bottom coring, sample collection, underwater repairs, and photography. To date, es-

sentially all ROVs and AUVs used in practice are propelled by groups of propellers.

While ROVs are much more adept than AUVs at hovering in one place, precision

maneuvers may result in less than optimal use of the propellers. Precise maneuvering

may require a propeller to turn only a fraction of a revolution, as opposed to the

continuous revolutions that propellers are designed for.

Despite the hydrodynamic advantages of propellers, there are a few downsides

to their use in AUVs and ROVs. Two sub-sea robotic applications that have mo-

tivated this thesis are exploration of dangerous, unpredictable environments such as

shipwrecks or caves and tracking of slow-moving creatures such as larvaceans and

jellyfish. In the first scenario, given an unknown layout of an obstruction-filled area

that is being explored, there is a high likelihood that the vehicle will bump into some-

thing risking damage to the robot. As such, it is not uncommon for propellers to be

broken or damaged. In such a situation, any protruding component of the vehicle is

a liability. One solution to these problems is using a ducted propeller. Examples of

this can be seen on vehicles built by Bluefin Robotics, the Monterey Bay Aqurium
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Research Institute, and others. It should be noted that the duct is primarily added

for hydrodynamic reasons, yet the duct also provides a level of protection for the

propeller. However, while more robust to breakage than an un-ducted propeller, the

ducted propeller typically still protrudes from the vehicle’s body and is thus still more

susceptible to damage than a propulsor that is flush with the vehicle hull. Another

alternative to exposed, unducted propellers is to embed the propellers in the hull such

that water is pulled through a hole in the hull and the propeller does not protrude

from the vehicle. From the standpoint of minimizing hull protuberances this is a great

solution; however, this method involves piercing through the center of the hull, which

complicates internal architecture. Additionally, when maneuvering in closed spaces,

small changes in speed and maneuvering are crucial. Propellers are optimized for

continuos revolution. Thus, small direction changes require the propellers to perform

“twitchy” maneuvers.

The second motivational application, tracking of slow-moving creatures such as

larvaceans and jellyfish, poses a different set of challenges. In discussions with biolo-

gists about this project, we were repeatedly told of their desire to have slow moving

autonomous vehicles which could maintain a high degree of maneuverability. While

the speed and maneuverability requirements are similar to those discussed above for

navigating in tight spaces, there are other unique practical concerns. Propellers pose

a threat to sea creatures, particularly fragile animals such as jellyfish. It is not un-

common for animals to be cut or killed by an ROV’s propellers. More speculatively,

it has also been suggested that given the lack of natural propellers, at least on a
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Figure 1.1: (A) shows a typical AUV tail configuration in which the small black
propeller and white/orange maneuvering fins can be seen, and (B) shows a ducted
AUV propeller. Figure (A) is courtesy of Brian Bingham, and Figure (B) is courtesy
of Bill Kirkwood.

scale larger than the flagellum of micro-organisms, the wake structure produced by

propellers may alert and scare off the very animals that the robots are trying to

investigate.

After considering the thruster configurations of nearly forty commercial and exper-

imental AUVs and ROVs, it becomes apparent that propellers are the only significant

method used to propel underwater vehicles. One alternative that has been explored is

flapping foils, an area in which a substantial amount of work has been done. However,

flapping foil propulsion is still used primarily in laboratories and not in real-world

applications [2, 3, 4, 5, 6, 7]. While flapping foils may potentially have an efficiency

advantage over propellers, their mechanical design tends to be more complex and

require a substantial amount of a vehicle’s internal space to be dedicated to actuators

and linkages.
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As such, propellers and their role in propelling underwater vehicles have been

intensely studied [8, 9, 10]. It is clear that in most regimes, propellers are the most

efficient propulsion method, and much work has been done in the area of matching

propulsion requirements to the optimal propeller [11]. However, as new regimes (such

as low speed propulsion for small vehicles) are explored, the possibility arises that

there may be more desirable propulsion methods for these applications.

1.2 Natural Inspiration

“Ages before man discovered jet propulsion, cephalopods were jetting

through primeval seas.”[12]

Alternative methods of underwater propulsion can be found by looking at what

occurs in the natural world. It should be noted that propellers do not exist in na-

ture (with the arguable exception of the flagellum of bacteria), yet sea creatures have

evolved numerous methods of propelling themselves through fluid [13, 14]. Our in-

spiration is the pulsed jet propulsion of many underwater sea creatures: squid, salp,

and jellyfish are common examples [15, 16, 17, 18, 19, 20]. These creatures propel

themselves by pulsing water out of a cavity in their body. The fluid rolls up into

vortex rings as it exits the body. Weihs showed that this method of pulsed jets re-

sults in an increase in average thrust for a given mass flux relative to what can be

accomplished with a steady jet [18]. It is, however, important to note that 70 of the

roughly 176 known species of cephalopods have mantle lengths of less than 15 cm

[21]. This seems to imply that there may be some limit to the size of the animal (or
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(A) (B)

Figure 1.2: (A) Dye visualization of the wake of a swimming jellyfish (image courtesy
of John Dabiri [23]); (B) Subsequent vortex rings pull fluid through their centers.

vehicle) for which this propulsion method is best suited. There are at least 22 species

that have a mantle length of over 30 cm, with some reaching in excess of 100 cm

[21]. O’Dor points out possible geometric and energetic constraints which may play

a role in explaining the prevalence of smaller squid [22]. Whether or not these sizing

constraints will apply to a synthetic jet propelled vehicle remains to be seen, but this

size distribution shown in squids should not be ignored.

While the swimming of cephalopods and jellyfish inspire this thesis, it was decided

early in the design process to develop a propulsor that does not exactly reflect what

has evolved in Nature. Some creatures, such as jellyfish, suck water in and then expel

it from the same orifice. Squid and salp, however, have separate orifices for these

two functions. The choice of a synthetic jet as a candidate propulsor is motivated

by that fact that it has only one orifice which can be implemented with mechanical
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simplicity. Our reasons for this approach focus primarily on simplifying the design

requirements for a vehicle using these thrusters. A more dramatic departure from

Nature’s design is the chamber section of our thruster, which has rigid walls. Most

of Nature’s jet propelled creatures have flexible chambers. For example, a jellyfish’s

bell expands as it fills with water and then contracts as it moves forward. It is likely

that the flexible chamber is a desirable feature that aids in the efficiency of these

creatures. Recent work by Dabiri [24] demonstrates that the ability to change the

orifice diameter during the vortex ring ejection phase results in higher energy vortex

ring structures. In the interest of mechanical simplicity, however, this thesis will look

only at the case of a rigid chamber with a fixed orifice diameter.

1.3 Vortex Rings

It has been demonstrated experimentally (e.g. Smith and Glezer [25], Crook and

Wood [26], and Krieg et al. [27, 28]) and numerically (e.g. Rizzetta et al. [29], Lee

and Goldstein [30], and Mallinson et al. [31]) that synthetic jets produce a series of

vortex pairs (or rings in the case of a circular orifice). Thus, a brief review of vortex

rings is presented in this section. A thorough vortex ring review has been written by

Shariff and Leonard [32].

Vortex ring formation is typically studied using a piston-cylinder apparatus con-

sisting of a piston pushing outwards within a cylinder, as illustrated in Figure 1.3.

The piston has a diameter of D and moves a distance of L. As fluid is pushed out

of the orifice, a boundary layer forms on the inside surface of the cylinder. A vortex
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L

D

Figure 1.3: Schematic of a typical piston-cylinder vortex ring formation experiment.
L is the distance travelled by the piston, and D is the piston’s diameter.

ring is formed by the roll-up of this boundary layer. For more information on this

process, the works of Maxworthy [33] and Didden [34] are excellent starting points.

The ratio between L/D, known as the characteristic stroke ratio, was investigated

by Gharib, Rambod, and Shariff [35]. They discovered that the value of L/D had a

strong correlation on the amount of circulation imparted into the ejected vortex ring.

At a certain point, roughly L/D equal to 4, it was found that no more circulation

could be added to the ring, and thus a trailing jet was formed behind the ring.

The primary method for modeling the circulation for a vortex ring is the slug

model, in which the ejected fluid is treated as a cylindrical slug of fluid which has a

uniform velocity [34, 32]. The slug model predicts circulation, Γ, as

dΓ

dt
≈ 1

2
U2

P (t), (1.1)

where UP is the velocity of the piston [32]. This approximation of Γ can then be

used to approximate the impulse generated by the ring. More recently, Shusser et al.

[36], Dabiri and Gharib [37], and Krueger [38] have all made modifications to the slug

model in order to more accurately reflect experimental results on vortex formation.
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1.4 Pulsatile Jets

Synthetic jets are a particular type of pulsatile jet. A pulsatile jet is, as the name

implies, is one in which the jet is formed by bursts of fluid which are typically ejected

from an orifice. The mean jet velocity can either return to zero between pulses (fully

pulsed jet) or merely be reduced (forced jet).

As mentioned in the introduction to this thesis, the earliest pulsatile jets were

those of aquatic creatures such as jellyfish and cephalopods [21]. Thus, there has been

an effort to understand the thrust produced from such a jet in hopes of explaining

Nature’s use of them. Weihs [18] looked at periodic (pulsatile) jet propulsion in

aquatic creatures. He found that for high pulse rates, pulsatile jets can produce more

thrust than continuous jets of the same fluid mass. This analysis was based on the

conjecture that the successive vortex rings are close enough to have an effect on each

other, thus increasing the net thrust.

1.5 Synthetic Jets

A wonderful starting point for the investigation of synthetic jet flows is the summary

written by Glezer and Amitay [39]. Synthetic jets are so-named because of their

ability to create a momentum flux while maintaining no net mass flux. Rather than

having separate inflow and outflow orifices, a synthetic jet typically has a single orifice

which is used for both inflow and outflow. Every pulse of fluid ejection, during which

a vortex ring leaves the orifice, is followed by a pulse of fluid inhalation. Thus, there
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A B

C D

Figure 1.4: Stages of a synthetic jet: (A) The initial in-stroke sucks water into the
chamber. (B) The out-stroke causes fluid to roll up into a ring. (C) The vortex ring
pinches off. (D) During subsequent in-strokes, water is sucked in from around the
departing vortex ring.

is an alternating pressure rise/drop across the orifice. In order for a jet to form, the

impulse from a departing vortex ring must be sufficiently large as to overcome the

forces that arise during the in-stroke phase. This process is illustrated in Figure 1.4.

Acoustic streaming [40], or streaming induced by acoustic waves, has been shown

to create jet flow. However, as pointed out in Crook et al.[41], acoustic streaming

requires the compression of the working fluid, yet synthetic jets occur in both com-

pressible and incompressible fluids, and thus acoustic streaming can not offer a full

explanation for the formation of synthetic jets in incompressible fluids. Therefore,

while this may be relevant for air based synthetic jets, it is unlikely to be of relevance
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to this aquatic synthetic jet study.

James and Jacobs [42] demonstrated the formation of a zero net mass flux jet

in water that was formed entirely from the vibration of a circular diaphragm flush

mounted on a plate. Their setup revealed that this chamberless configuration can

produce a selfsimilar jet (where the jet radius and the inverse of the centerline velocity

are both linearly dependent on the distance from the jet). They found this jet to be

the result of the formation and collapse of cavitation bubbles on the membrane’s

surface.

Smith and Glezer characterized formation and evolution of synthetic jets [25] with

a rectangular orifice geometry (using air as the working fluid). They determined the

near field (close to the orifice) evolution of synthetic jet flow to be dominated by the

formation, expulsion, and advection of discrete vortices. These vortex rings eventually

transition to turbulence, slow down, and lose their coherence. During the outstroke

of the membrane, fluid rolls up into a vortex pair (or ring in the case of a circular

orifice) which travels away from the orifice at a self-induced velocity. They found that

the in-stroke of the membrane seemed to trigger the transition of the vortex pairs to

turbulence, possibly due to the core instabilities associated with the reversal of the

streamline velocity near the orifice plane [25, 39]. They also noted the formation of

secondary vortical structures wrapped around the cores of the primary vortices. They

suggested that these lead to the breakdown of the primary vortices [25].

Additionally, Smith and Glezer concluded that the mean trajectories of the ejected

vortex pairs consist of three domains characterized by the speed at which the vortex
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pairs are travelling [25]. Initially, the vortex pairs travel at an approximately constant

speed which scales with I
1
3
0 , where I0 = ρh

∫ τ
0 u

2
0(t) dt, τ is the outstroke time, and h

is the width of the slit. The next domain is after the vortex pair has transitioned to

turbulance. They found this to occur at approximately 0.5 < t/T < 0.8; here T is

the period of oscillation. In this domain the propogation velocity of the vortex pair

decreases as (t/T )−2. The vortex pair’s velocity was found to be minimal at t/T=0.8.

The final domain, beginning at about t/T=0.8, is characterized by the pair’s velocity

increasing like (t/T )2 until the pair has become incorporated into the jet. They point

out that the mean centerline velocity of the jet behaves slightly differently, increasing

monotonically until the distance from the jet is about seven times the width of the

orifice slit, and then monotonically decreasing.

One intriguing result found by Smith and Glezer [43] is that the reversal in flow

direction along the jet centerline leads to the appearance of a stagnation point on

the centerline. This point moves during the in-stroke. Additionally, they found that

the stagnation streamlines divide the flow into two categories: flow that is driven

by the in-stroke and flow that is driven by the out-stroke. It should be noted that

these experiments were done for a synthetic jet with a non-axisymmetric geometry,

designed for the purpose of vectoring an adjacent steady air jet. While their geometry

is dramatically different than the one used for this thesis, this result will be referred

to in Section 3.2 when discussing the forces produced during the jet’s inflow phase.
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1.5.1 Jet Design

Most prior work seems to be in agreement that the parameters of importance for a

synthetic jet are its membrane deflection, cavity diameter, cavity height, orifice diam-

eter (assuming a circular orifice), orifice thickness, and actuation frequency. Mallinson

et al. [44, 45] present investigations into the effect of jet parameters (chamber depth,

chamber diameter, orifice diameter, orifice depth, and orifice thickness) on the exit

velocity of synthetic jets.

Crook and Wood [26] address the ”lack of reliable information on the behaviour

of synthetic jets operating at different conditions.” With their goal being to obtain

the maximum possible jet velocity, Crook et al.[41] investigated the effect of cavity

height, orifice/slit depth, orifice/slit width/length, membrane thickness, and type of

piezoceramic actuator, and compared the measured mean jet velocity. They utilized

Rathnasingham’s model of coupled fluid-structure interaction for a synthetic jet in a

compressible medium [46]. The steady Poiseuille flow equation is used to model the

flow inside the orifice. Their models were found to be more successful at predicting the

maximum jet velocity measured an orifice diameter away from the jet than predicting

the maximum velocity at the orifice. Additionally, they concluded that their model

did not well predict the optimal orifice diameter or cavity height. In a later paper by

Crook et al. [26], the effect of cavity height, orifice diameter, and orifice depth for a

fixed actuation frequency is explored; however the work focused more on qualitative

discussion of their results.
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1.5.1.1 Orifice Geometry

This thesis is concerned solely with a synthetic jet having a circular orifice. This

geometry is used by Crook et al.[41, 26], Rathnasingham and Breuer[46], and Mohseni

et al. [47, 48, 27]. It should be noted that the synthetic jet used by Crook et al. has

an orifice which is on the wall adjacent to the membrane, rather than opposite the

membrane as is seen in most of the other jets. Alternatively, Smith and Glezer [25] ,

performed their experiments on jets with a rectangular orifice slit. Both geometries

have proven effective at producing synthetic jet flow. (A third synthetic geometry,

the so-called ”springboard actuator.” is used by Rathnasingham and Breuer [46], but

will not be dealt with in this thesis.)

The advantage of the high aspect rectangular orifice is that it lends itself to 2−D

modelling (away from the ends of the rectangle). As pointed out by Lee and Gold-

stein [30], three dimensional simulations were prone to external flow breakdown due to

three-dimensional instabilities. Circular orifice geometries, on the other hand, neces-

sitate three dimensional modelling to adequately predict jet velocities and properties.

1.5.1.2 Scale

Glezer and Amitay [39] point out that it should be possible to create synthetic jets

over a wide range of scales given the characteristic dimensions of the jet scale with

the orifice diameter. However, synthetic jet investigations have primarily focused on

jets smaller than the ones presented in this thesis.

Micro-synthetic jets have been constructed and tested by Coe et al. [49], Müller et
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al. [50, 51], Mallinson et al. [31]. Amitay et al. [52] used a synthetic jet rectangular

orifice width of 0.5 mm. Crook et al. [41] experimented on jets with a circular orifice

diameter of 0.5 mm, while that used by Holman et al. [53] had a diameter of 2 mm.

In water, Crook and Wood [26] used synthetic jets with orifices of 5 and 7 diam-

eters. More extensive testing of synthetic jets was done by Mohseni and colleagues

[48, 27, 28]. They used an array of orifice diameters ranging from approximately 0.3

to 1.0 mm.

1.5.1.3 Jet Actuation Techniques

A variety of actuation techniques have been used to drive the membrane of a synthetic

jet. Piezoelectric actuation of a membrane seems to be the most common method

and is used in Crook et al. [41], Mallinson et al.[44], Chen et al. [54], Lee et al. [30],

and Smith and Glezer [55, 25]. Alternatively, pistons were used in theoretical models

by Rathnasingham and Breuer [46]. Mohseni et. al [47, 48, 56, 27] have successfully

generated thrust using solenoid-driven aquatic synthetic jets. Finally, acoustically

driven cavities were used by Müller et al. [50, 51].

1.5.2 Induced Velocity Field

Experimentally, the focus of synthetic jet research has primarily been to achieve an

understanding of the velocity field. To achieve this, a variety of flow visualization

techniques have been used. Hot wire anemometry readings were used by Mallinson et

al., Rathnasingham et al., and Smith and Glezer [44, 46, 25]; laser doppler velocimetry

was used by Gallas et al. [57]; Schlieren visualization techniques were used by Smith
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and Glezer [25].

Smith and Glezer [55, 25] showed the evolution of a synthetic jet near the orifice

to be dominated by the time-periodic formation and advection of vortex pairs. These

pairs transition to turbulence and then lose their coherence as they move away from

the orifice.

1.5.3 Modelling Synthetic Jet Flow

One goal of this thesis is to develop a simple model relating the geometry of a synthetic

jet to its average thrust. While the modelling of synthetic jet flow is an active field,

the dominant vein of this research is on computational fluid dynamic methods of

modelling the flow. Rumsey et al.[58] wrote in their summary of the findings of the

2004 Computational Fluid Dynamics (CFD) Validation Workshop on Synthetic Jets

that CFD can only qualitatively predict the flow physics. This is due in part to the

wide variation in results among different CFD techniques.

Rizetta et al. [29] numerically solved the flow field inside and outside of the

fluid chamber using the compressible unsteady Navier-Stokes equations. They used

a rectangular orifice geometry with a large aspect ratio. Their work found the height

of the fluid chamber to have a strong effect on the jet exit outflow profile. Lee and

Goldstein [30] present a two-dimensional direct numerical simulation of synthetic jet

flow. An intriguing aspect of their work is the investigation of the effect of orifice

geometry on jet velocity. They evaluated flow properties for three different orifice

(or ”lip”) geometries: a cylindrical orifice hole, an orifice with rounded edges, and an
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orifice with a cusp-shaped lip. The rounded lip was found to allow more fluid to be

entrained from the sides during the inflow, which increased the spanwise velocity.

Mallinson et al. [45] present a numerical simulation using the commercial Navier

Stokes solver CFX4.3. They model a jet with air (temperature 300K) as the working

fluid and a sinusoidally vibrating membrane. They ran their numerical simulation

for frequencies of 0.725 kHz and 1.45 kHz and for membrane deflections of 0.2-1 µm.

Interestingly, they find, for all combinations of frequency and deflection, that the

average velocity along the orifice centerline was greater than zero. In other words,

the actuator spends more time ejecting fluid at the center of the orifice than it does

ingesting fluid. Given that their model’s membrane spends equal time pushing out and

pulling in, this is an intriguing result. They also add that there is evidence that most

of the ingestion of fluid occurs along the edge of the orifice. However, this positive

velocity offset result is not in agreement with the experimental results of Smith and

Glezer [25]. Smith and Glezer’s experiment, performed in air for a frequency of 1.140

kH, found that at the center of the orifice the time averaged velocity is zero. Mallinson

concludes that ”no simple complete functional relationship is apparent” between jet

velocity and membrane-velocity/forcing-frequency, despite the presence of a nearly

linear relationship.

Tang and Zhong [59] present an incompressible flow model, pointing out that

prior to this there was no analytical model to quantitatively predict the performance

of synthetic jets. Their model assumes a circular orifice and uses the Buckingham-Pi

theorem to nondimensionalize the performance parameters of the jet. Their model
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found good correlation for circulation and mass/moment flux particularly for L/D <

3.5. For stroke ratios greater than 3.5, they found it necessary to add an empirical

correction factor.

1.5.4 Applications of Synthetic Jets

1.5.4.1 Flow Control

The primary application of synthetic jets, as discussed in the literature, is active flow

control. Smith and Glezer demonstrated the effectiveness of using synthetic jets to

vector the flow of adjacent jets. Crook et al. [41] and Amitay et al. [52] used synthetic

jets to affect flow separation on an airfoil. Mallinson et al. [45] show synthetic jets

to be effective at mixing in both flames and hypersonic cross-flow.

1.5.4.2 Thrust Production

The idea of using synthetic jets as propulsors is a relatively new concept. Müller et al.

[50, 51] propose synthetic jets as a method of propulsion for micro-airborne platforms.

Their design utilizes MEMS technology to embed electrostatic actuators into a wafer.

They present a proposed model for thrust as well as experimental results. Their

experimental results for thrust, however, are not the result of force measurements, but

rather predictions based on fluid velocity measurements. It should be noted that the

geometry of their synthetic jet actuator, as shown in Figure 1.5, is quite different than

the other geometries discussed in this section. Their model for thrust was constructed

using conservation of momentum. For the outflow, the thrust contribution was found
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Figure 1.5: Schematic of the resonator used by Müller et al.[50, 51]. Image used with
permission of Professor Luis Bernal.

to be

J =
1

T

∫
ue>0

ρu2
eAJEdt, (1.2)

where T is the period of membrane oscillation, ue(t) is the maximum velocity at the

orifice plane, and AJE is the effective area of the throat (orifice). During the inflow,

drag must be taken into account, and thus

D = −ρambU

T

∫
ue<0

ueAEdt, (1.3)

with ρamb representing the ambient fluid’s density, AE the effective area of the throat,

and U the flow speed of the fluid outside of the jet chamber. This model will be

referred to in Chapter 4, when a model for thrust from circular orifice aquatic synthetic

jets is presented.

Mohseni, Krieg, and collaborators [48, 56, 27, 28] have shown the potential for

synthetic jets to create a net thrust underwater. Their work included using solenoid-
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driven synthetic jets to turn a submerged cylinder. They found that thrust produced

by their aquatic synthetic jets is dependent on the square of the actuation frequency.

They also found that an L/D formation ratio of between 4 and 5.5 produced the most

thrust when all other parameters were kept the same. This is in agreement with the

findings of Gharib et al. [35] in their work concerning the optimal L/D for imparting

the maximum circulation into a vortex ring. To the best of our knowledge, Mohseni’s

work and our work is the first to directly experimentally measure the thrust produced

by a synthetic jet (in any fluid). One particularly intriguing result found by Krieg,

Mohseni et al. [28] was that for certain forcing conditions ,the thrust measured

was always positive; thus the in-stroke and out-stroke stages produced thrust in

the same direction. This brings to mind Mallinson et al.’s [31] observation that

their numerical simulation showed that the centerline average velocity was nonzero,

despite a symmetric membrane forcing profile. Krieg and Mohseni propose using

the slug model to calculate the impulse generated by the jet. Chapters 5 and 4 will

show that the slug model, while providing a qualitative prediction of thrust, does not

completely describe the thrust producing phenomena of synthetic jets, and thus must

be amended.
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1.6 Advantages of Using Synthetic Jets for AUV

and ROV Propulsion

For the applications proposed above, synthetic jets have many potential advantages.

First, these jets are compact mechanical structures, requiring only a small volume of

space. When used in small AUVs, they could potentially provide a propulsion scheme

which consumes very little of the vehicle’s precious internal volume, thereby leaving

more room for vehicle payloads. Second, the synthetic jet has only one moving part,

which lowers the probability of mechanical failure. As an additional benefit of having

only a single moving part, only one simple seal is necessary to protect the actuator

from the surrounding fluid. From a vehicle hydrodynamics perspective, synthetic jets

can be mounted in such a way that they do not protrude from a vehicle’s hull. This

can allow for a reduction in vehicle drag and a possible increase in vehicle efficiency.

Finally, the wake structure and noise generated by synthetic jets are likely to be

less obtrusive for underwater surveillance of biological organisms. Discussions with

biologists have revealed that animals are often scared away by propellers. While this

is undoubtedly due in part to the sound produced by propellers, it is also possible that

the unnatural wake they produce also causes animals to depart. We hypothesize that

the more natural wake structure of synthetic jets may be less intrusive to animals. On

a related note, propellers are often responsible for injuring or killing marine creatures.

Lacking a propeller’s sharp blade, synthetic jets are less likely to injure animals and

objects.
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1.7 Thesis Outline and Contributions

This chapter presented the background and motivation for this thesis. The following

chapters will present the investigations we have performed to characterize the thrust

produced by a synthetic jet, as well as the viability of using these jets for vehicle

applications.

Chapter 2 presents the variety of physical synthetic jet prototypes constructed to

perform the experiments presented in this thesis. While there is a wide array of designs

for synthetic jets in air, the incompressibility and density of water poses a different

design consideration. Three different membrane actuation methods (solenoid, speaker

coil, and motor) are presented and analyzed. While solenoid and motor driven aquatic

synthetic jet work has been presented by Mohseni and colleagues, [27, 28], this thesis

(and related conference articles [60, 61, 62]) is the first to explore the use of voice

coil actuation for underwater synthetic jets. This chapter will also discuss potential

improvements for the design of the next generation of synthetic jet actuators.

In Chapter 3, flow visualization experiments, both qualitative and quantitative of

the jet prototypes are presented. Dye flow visualization and DPIV (digital particle

image velocimetry) experimental results are shown and discussed. One particularly

intriguing result is the observation of an upstream coflow induced by the synthetic jet.

To the best of our knowledge, this phenomenon has not previously been investigated.

Additionally, this chapter will present visualizations of the vortex rings formed during

the instroke (inside the fluid chamber) and outstroke (in the ambient fluid outside of

the jet chamber).
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Chapter 4 presents a model for thrust produced by a cylindrical synthetic jet.

The model reflects geometry and membrane forcing profile. An analysis of the inflow

is presented which explains why a net thrust is produced even in the presence of a

symmetric forcing profile. The coflow phenomenon discussed in Chapter 3 is analyzed,

and its potential to augment the jet’s net thrust is shown. Finally, charts showing the

impact of various jet parameters on the produced force are included. These charts

are useful for the design of synthetic jets.

Chapter 5 will present the setup and results of the experiments run to measure

the amount of force produced by the jets. Despite the presence in the literature

of synthetic jet velocity measurements, there is not a similar body of experimental

measurement of force. Force measurement of synthetic jet thrust is a fairly new

result, as force measurements have only been presented by Mohseni and colleagues

[27, 28] (in water) and Kim et al. [63] (in air). Our studies look at the effect of both

frequency and forcing profile on thrust generation. Additionally, this chapter presents

the method and results of an automated thrust optimization technique designed to

use a genetic algorithm to find the jet forcing parameters resulting in the greatest

produced thrust.

As the intent of this project is to assess the feasibility of using synthetic jets as

propulsors on underwater vehicles, Chapter 6 analyzes the feasibility and practicality

of this application. The final chapter presents other possible applications of aquatic

synthetic jets and suggestions for future work.
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Chapter 2

Synthetic Jet Construction

While synthetic jets in air have been widely studied [54, 41, 57, 39, 42, 44, 55], the

literature on aquatic synthetic jets is sparse. For this reason, we chose to start this

project by designing and constructing a wide number of working prototypes.

The essential elements of a synthetic jet, regardless of the working fluid, are the

same. Only four elements are needed (as shown in Figure 2.1.) They are:

• Fluid Chamber: This is the body of the jet, into which fluid is pulled in and

expelled.

• Flexible Membrane: The bottom of the fluid chamber consists of a flexible

material which can be moved up and down.

• Membrane Actuation Mechanism: The jet requires some method for mov-

ing the flexible membrane. This thesis will discuss solenoid, speaker coil, and

motor-driven methods.

• Orifice Plate: By using an orifice plate to cover the end of the fluid chamber

opposite the moving membrane, the L/D ratio for the synthetic jet can be

changed without modifying the membrane actuation mechanism.
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Fluid Chamber

ho

do

doc

dc

dd

δ

hc

Orifice Plate

Vibrating Membrane 
        or
             Piston

Figure 2.1: Schematic of a synthetic jet actuator: exploded and cross-sectional views.

These four components describe the simplest synthetic jet. As will be discussed later,

the design of these components can have a substantial effect on the force produced

by the jet.

As mentioned in Chapter 1, most synthetic jets in the literature use piezo-electric

(or piezo-ceramic) actuation to vibrate the membrane [49, 55, 46, 41]. While piezo-

electric systems have shown to be well-suited for the construction of synthetic jets

with a compressible working fluid, the incompressibility and higher density of water

imposes different conditions on the jet. Therefore, alternative membrane actuation

methods were explored.

2.1 Speaker-Driven Jet Prototypes

Given that one of our secondary goals was to develop a low-cost thruster, we were

particularly interested in ”off the shelf” methods of vibrating the membrane. A
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magnet

voice coil

cone

center pole

frame

suspension

front pole

(A) (B)

dust cap

Figure 2.2: (A) Typical speaker configuration; (B) Speaker with cone and frame
detached.

starting point was an exploration of voice coils (speakers).

Speakers consist of three main components: a magnet, a voice coil, and a sus-

pension. The voice coil consists of wire coiled into a cylinder and placed over the

center pole of the speaker. The voice coil is surrounded on the outside by a cylin-

drical magnet. Current passing through the voice coil induces a magnetic field which

interacts with the field of the outer magnet. This interaction causes the wire coil to

move. As the wire coil is attached to the speaker’s cone, the cone moves as well. By

alternating the current in the coil, the speaker cone can be made to travel up and

down. The pressure waves created by the speaker cone moving through the air is

what we hear as sound [64]. Figure 2.2 shows schematics of an unmodified speaker as

well as a speaker that has been modified for use in our synthetic jet design. Various

methods for waterproofing speaker cones were explored before deciding to build a

water tight housing to enclose the speaker, as shown in Figure 2.3. It became clear

that attempts to use the speaker’s cone as the oscillating membrane would be too
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    Membrane to
Voice Coil Connector

          Voice Coil
(Commercial Speaker)

Mounting
     Plate

Cables to Signal

Orifice
 Plate

Fluid Chamber

      Housing

Figure 2.3: Speaker-driven synthetic jet prototype.

challenging. Thus, a metal attachment was designed and constructed which could

clamp onto the speaker’s dustcap, as shown in Figure 2.4. A threaded hole at the

top of this piece allows for attachment to the metal disk, which is affixed to the back

of the flexible membrame, which in this case is made out of 0.45 mm thick rubber.

The membrane is mounted between the fluid chamber and the cap of the jet housing.

The use of o-rings and gaskets between all connections prevented leakage. The orifice

plate is a two-part design, as shown in Figure 2.5, which allows the orifice diameter

to be changed easily. Dimensions for this jet are given in Table 2.1. The speaker coil

rests in a cylindrical housing. The housing, as shown in Figure 2.3, is substantially

longer than the size of the speaker would necessitate. This allows for greater stability
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(A) (B)

Figure 2.4: Speaker with mechanical adapter that allows a membrane to be attached.
(A) side view; (B) top view.

              Membrane
(Disk Attached on Back)

Orifice

Orifice Plate
Orifice Plate Holder

(A) (B)

Figure 2.5: (A) Top view of fluid chamber with orifice plate removed. (B) Orifice
plate and holder.

in the force measurement experiments presented in Chapter 5.

The speaker used for these experiments was a Goldwood GW-8024 190 Watt 8”

woofer, and was chosen because of its low cost (< $20 per voice coil). Additionally, its

plastic cone makes it less susceptible to damage should water leak into the housing.

Signals were sent to the speaker using a Measurement Computing PCMCIA digital-

analog card (Model DAS16/12-AO) and a car stereo amplifier (Alpine brand, MRP-

T220) as illustrated in Figure 2.6. The use of an audio grade amplifier allows for both a
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speaker

amplifier

power
source

computer

Figure 2.6: Schematic of speaker-driven prototype configuration.

dc 3.81 cm
doc 7.62 cm
do variable (up to dc)
dd 2.85 cm
δ ≈ 3 mm

Table 2.1: Dimensions for speaker-driven prototype.

proper impedence match between speaker and amplifier and a necessary amplification

of the signal sent from the computer.

An additional voice coil prototype thruster was built using a Bruel and Kjael 4810

minishaker, a device designed to vibrate small objects. This voice coil provides more

force and thus could allows for greater membrane throws. The minishaker’s cost,

however, was ≈ 100 times greater than that of the commercial audio-grade voice coil

and not easily configurable for possible future jet designs. Thus, this prototype was

used only for the automated thrust optimization experiment presented in Section 5.5.
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(A) (B)

Figure 2.7: Scotch yoke prototype in (A) piston cylinder configuration and (B) with
larger fluid chamber attached.

2.2 Motor-Driven Prototype

While there are many benefits to using the voice coil prototypes, the exact throw of

the membrane can vary from trial to trial. Additionally, the relatively small throw of

the voice coils makes it harder to be sure of the membrane’s velocity at any given time.

Finally, the throw of the membrane constrains the scale of the rest of the jet design.

This makes flow visualization difficult, as the scale of the fluid structures are smaller

than can be reliably visualized. Thus, for more precise studies, particularly those

involving flow visualization, it is important to have a prototype with a repeatable,

and larger, throw distance. This was accomplished using a “Scotch Yoke” design, as
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hc

doc

dc

δ

Figure 2.8: Scotch Yoke prototype parameters.

illustrated in Figures 2.7 and 2.9. Tapped holes at various distances from the wheel’s

axis allow for easy adjustment of the L/D ratio for the jet. The dimension values

for this prototype are listed in Table 2.2. As shown in Figure 2.7, the larger fluid

chamber can be removed, allowing for a “piston-cylinder” setup. This configuration,

which sets do = dc, allows the demonstration (as shown in Chapter 3) that a synthetic

jet can be formed without an orifice plate.1 Signals are sent to the Pittman GM8724

1This is an unsurprising result, as James and Jacobs [42] demonstrated the formation of a zero
net mass flux jet in water that was formed entirely from the vibration of a circular diaphragm flush
mounted on a plate. Their experiment is discussed further in Chapter 1. It should be noted that
they did not detect the presence of distinct vortex rings.
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   servo
controller

power
source

computer

power
source

Figure 2.9: Schematic of Scotch Yoke prototype configuration.

dc 2.75 in
doc 3.0 in
do 0.75 in
dp 1.0 in
ho 0.125 in
hc 3.9 in
δ variable (from 2-8 inches)

Table 2.2: Dimensions for Scotch Yoke-driven prototype.

S021 motor driving the scotch yoke using a J.R. Kerr Inc. PIC-SERVO 3ph v.1 servo

controller board and Z232-485 v.2 converter, as is illustrated in Figure2.9.

2.3 Solenoid-Driven Jet Prototypes

In the early stages of this investigation, two solenoid-driven synthetic jet prototypes

were constructed to investigate the effect that an increased membrane throw would

have on the force produced by a synthetic jet. As in the speaker coil actuation

method, a rigid chamber with an orifice plate was used. Due to the potential risk

of the long throw tearing the membrane, the rubber membrane was replaced with
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Figure 2.10: Solidworks CAD model of solenoid-driven prototype, courtesy of Joanna
Cohen.

a solid disk. Two solenoid driven jets were built, one using a pull solenoid and one

using a push solenoid. Springs were used to return the membrane/disk to its resting

position. Unlike the speaker coil actuated synthetic jet, the solenoid jet only has one

variable parameter: actuation frequency.

As will be shown in Chapter 5’s discussion of thrust measurement experiments the

throw, and thus force, produced by these prototypes fell dramatically with frequency.

The work of Krieg et al. [27, 28] shows the same throw vs. frequency trend, yet their

design allows for the exploration of a much greater range of frequencies. For these

reasons, work with the solenoid jet prototypes was stopped in favor of focusing on

the speaker coil prototype.
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Chapter 3

Visualizing Synthetic Jet Flow

Figure 3.1: Dye flow visualization of synthetic jet thruster operation.

As only a small amount of flow visualization work has been published on synthetic

jets in water [26], much remains to be learned about them. Prior to this study, no
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flow visualization has been done inside the fluid chamber. Current understanding

of the flow inside the fluid chamber is based on the results of simulations, such as

those done by Rizzetta et al. [29]. This chapter presents qualitative visualizations

of the inflow and outflow stages of a synthetic jet, confirming both the formation of

vortex rings during the outflow and the formation of a stopping vortex inside the fluid

chamber during the instroke. In this study, qualitative flow visualization techniques

using colored dyes illustrate the dynamics of synthetic jet flow, that the overall flow

structure is a jet (illustrated in Figure 3.1) , and that well defined vortex rings are

created (shown in Figure 3.2). Additionally, the concept (and visualization) of a self-

induced coflow is presented. Finally, these pieces are integrated into a more complete

description of synthetic jet flow in water.

3.1 Outflow

The outflow phase of a synthetic jet, during which the jet’s membrane or piston is

pushing fluid out of the chamber, is the most studied aspect of the synthetic jet.

As shown in many papers (including those by Smith and Glezer [25] and Crook

and Woods [26]), vortex rings/pairs1 are formed in this stage (a single ring/pair per

outstroke).

Vortex ring formation during the outflow was present for all of our prototype

jets. Figure 3.2 shows the rings formed using the scotch yoke prototype. In this

1As explained in Chapter 1, there are two main categories of synthetic jet orifices: circular and
slit. The circular orifice produces a vortex ring during the out-stroke. The slit orifice, typically used
to study 2D flow, produces a vortex pair, assuming the slit has a sufficiently large aspect ratio.
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Neutrally buoyant 
             dye first vortex ring

third vortex ring

second vortex ring

Figure 3.2: Dye flow visualization of a synthetic jet with an L/D stroke ratio of 2.
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blooming

vortex
 rings

Figure 3.3: DPIV vorticity plot of voice coil-driven synthetic jet flow, color coded
according to vorticity strength (positive vorticity means a clockwise rotating vortex
and vice versa). The jet is flowing from left to right in this image.

case the cylinder was filled with an approximately neutrally buoyant dye, and a blob

of this dye was also allowed to settle outside the orifice prior to starting the jet.

Distinct rings were also seen in both digital particle image velocimetry (DPIV) and

dye visualizations of the voice coil driven prototypes. Figure 3.3 shows a vorticity

plot from a horizontal plane visualization of the voice coil jet actuated at 10 Hz.2

Pairs of counter-rotating vortices are clearly visible in the field. In the near and

intermediate field of the orifice, the flow has a clear vortex ring jet structure. In the

far field, notice that the axial flow breaks up (the “blooming phenomena” described

by Reynolds [65]).

2This DPIV image is from data taken in collaboration with Kayte Fischer, an undergraduate
student at Caltech.
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3.2 Inflow

Given that the primary use of synthetic jets has historically been in the area of flow

control, the literature focuses predominantly on the flow outside the jet cavity. To

gain a further understanding of the forces acting on the jet, a better understanding of

the flow inside the chamber was needed. This was accomplished by performing DPIV

on the Scotch Yoke-driven prototype.

Rizetta, Visbal, and Stanek [29] present a numeric simulation of the flow field

inside a synthetic jet chamber. Being only the second numerical simulation of a

synthetic jet (the first being that of Kral et al. [66]), theirs was the first to include the

flow inside the chamber. It should be noted that their simulations were for a synthetic

jet with a slit orifice and compressible fluid. Their model shows the formation of a

stopping vortex within the chamber. During the instroke, their model predicts a

counter-rotating vortex pair (as their simulations are for a slit orifice, this is truly a

pair of vortices as opposed to a slice through the same vortex ring) forming at the

inner edge of the jet orifice.

3.3 Inflow/Outflow Interaction

Figures 3.4 and 3.5 show a single in-out cycle of the scotch yoke jet. The flow is

imaged using a laser sheet oriented along the jet axis and with the camera oriented

perpendicular to this axis. The water is seeded using 14 micron glass particles. This

experiment uses two 150 mW New Wave Gemini lasers and photographed 30 frames a
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Figure 3.4: DPIV data taken inside of the scotch yoke synthetic jet chamber. The
frames progress from top to bottom and left to right.
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Figure 3.5: Page 2 of DPIV data taken inside of the scotch yoke synthetic jet chamber.
The frames progress from top to bottom and left to right.
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second using a CCD camera. From the photographs, cross-correlation of the particle

locations in consecutive frames can be used to determine the local flow velocity. These

values are then used to estimate an overall velocity field. Subsequently, the vorticity

field can be calculated from the velocity field [67]. The motor of the scotch yoke was

driven at a constant PWM (pulse width modulation).

In a sample run, several stages of jet evolution are evident. For example, the

formation (and subsequent pinchoff) of a vortex ring inside the chamber is quite clear

in frames 163-175. During frames 177-189, the formation and subsequent departure

of a counter-rotating vortex ring outside the orifice can be seen. Finally, frames

189-193 show the formation of the next stopping vortex inside of the chamber. It is

interesting to note that the previous chamber-internal vortex ring is still present, and

visibly weakening, at the piston end of the chamber. Similarly, in frame 163 we can

see a weakening vortex ring towards the right of the frame.

3.4 Self-Induced Coflow

As previously stated, the outflow vortex ring formation presented in Section 3.1 has

been well documented both experimentally and theoretically in the literature. The

inflow stopping vortex discussed in Section 3.2 has been predicted numerically. To the
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VV
VV

UU
V component of velocities 

U component of velocities 

dc do

dc do

Figure 3.6: Velocities calculated along the line a ≈ 0 (just downstream of the orifice)
over the course of three inflow/outflow cycles. The middle image (reproduced larger
in Figure 3.7) shows velocities perpendicular to the jet axis, while the bottom image
(reproduced larger in Figure 3.8) shows velocities parallel to the jet axis. The x axis
of the plots represents these cross sections are from the same DPIV data presented
in Appendix A.



43

-V

+V

V Axis Velocities over three in-out cycles

time

dc do

Figure 3.7: Plotting the v axis velocities over time. During the inflow, the flow along
the orifice plate towards the orifice is very clear (the dark blue and red). During the
outflow, the sign of these velocities switches, yet the duration and region of influence
for the outflow is much smaller than during the inflow (the small yellow and blue
regions) occurring, in time, between the large inflow velocities.
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-U +U

time

U Axis Velocities over three in-out cycles

dc do

Figure 3.8: Plotting the u axis velocities over time. These velocities never change sign,
thus indicating that the self-induced coflow’s direction never changes. The magnitude
of this flow is clearly larger during the inflow and approaches 0 during the outflow.
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best of my knowledge, however, no one has previously modelled or visualized the flow

external to the jet and upstream of the orifice. Most models have assumed an infinite

plate with an orifice and chamber in it, and experimental setups have been designed

to focus on the downstream flow. While visualizing the vortex ring formation inside

the jet’s fluid chamber, it became apparent that, in addition to forming the above-

mentioned outflow and inflow vortices, the synthetic jet also induces flow upstream

of the orifice plane.

After performing DPIV on the scotch yoke prototype at a frequency of ≈ 1.2 Hz,

Figure 3.6 (A) was generated to illustrate how the radial velocities along the orifice

plate during inflow and outflow. The schematics at the top of the figure show the

line along which the velocities were calculated. Data for three inflow/outflow cycles

is shown. The x-axis on both plots is the frame number (where there are 34 frames

per cycle), while the y axis is the location along the v axis of the jet. The color

represents the velocity at that point. The top image shows the radial velocities. It is

quite clear that fluid is pulled into the orifice during the instroke. More surprising is

the result that the flow spends most of the duration of the in/out cycle being pulled

toward the orifice, even during the inflow. There is a brief period (frames 32-36, for

example) where the flow is reversed, but the region over which this reversal acts is

relatively small. Figure 3.6 (B) was produced to show the velocities in the u direction

(parallel to the chamber walls). As is expected, the magnitude of the flow along the

orifice plate is relatively small, and higher velocities are observed near the edges of

the orifice during the inflow. We note that flow measurement on this line near, in,
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and around the orifice are, at best, qualitative, as there is a high level of laser light

reflection off of the orifice plate.

An interesting and unexpected result is the flow observed outside the chamber

walls. At both the top and bottom of the plot, the v axis flow is negative throughout

the entire flow cycle, which implies that the synthetic jet is inducing its own coflow. As

can be seen in Figure 3.9, which shows a DPIV velocity frame during the inflow phase,

the flow along the sides of the chamber is fairly evident. This presents an additional

mechanism by which the synthetic jet can create a net thrust. This coflow is present

at all points in the cycle, with the lowest magnitude velocities occurring during the

outflow. The coflow may contribute to thrust in the +u direction at all times. This

will be discussed in greater detail in Chapter 4. The figures in Appendix A show the

DPIV velocity fields for the entire plane over the course of a single inflow/outflow

cycle.

3.5 Notes on the DPIV Data Presented in this

Chapter

The DPIV experiments presented in this chapter were performed to corroborate our

qualitative understanding of synthetic jet flow. However, the quantitative values of

the results suggests that the trigger that synchronized the firing of the laser pairs

may have been allowing the time between pairs to change over the course of individ-

ual experiments. This hypothesis is based on the following information. First, the
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g coflow

coflow

Figure 3.9: DPIV taken during inflow of the scotch yoke prototype shows evidence of
a selfinduced coflow upstream of the orifice.
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brightness of the individual photographic frames varies dramatically. When the tim-

ing is consistent, the brightness level of the frames is relatively constant. Secondly,

there appears to be a drift in measured velocities that is consistent with the timing

between lasers firing. Figure 3.10 shows the u component of velocity calculated at the

same point in the flow field over the span of 120 frames, approximately 3 in-out cycles

of the scotch yoke jet.3 The blue line is the actual data. Notice that the velocities

are increasing in magnitude. At first glance this could be attributed to the possible

speeding up of the scotch yoke rotation rate. However, over the course of the three

cycles pictured, the period remains constant, while the velocities increase. If the

scotch yoke was speeding up, we would expect to see a decrease in the cycle period.

The red line shows the data after being corrected for a linear drift, as we suspect was

the case in this system. After this correction, the cycles look fairly similar to one

another. The possibility that the increased velocities are a real phenomenon cannot

conclusively be ruled out, in light of the above considerations. Thus, these DPIV

studies are presented as a qualitative investigation of self-induced coflow and internal

chamber vortex ring formation.

3.6 Summary of Flow Visualization Results

Combining the flow visualization observations from this chapter with the visualization

information available in the literature, a general picture of the flow induced by a

synthetic jet can be synthesized. This is pictured in Figure 3.11.

3Note that this plot is created from the same data set used to produce the figures in Appendix
A.
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(A): During the initial in-stroke of the membrane (or piston), a vortex ring

forms at the inside of the orifice plate. Fluid is also pulled from upstream

around the sides of the fluid chamber.

(B): The internal vortex ring pinches off and travels away from the orifice. Fluid

is still being pulled from upstream around the exterior of the fluid chamber.

(C): As the membrane (or piston) pushes outward, another vortex ring forms

at the outside edge of the orifice plate. This vortex ring is opposite in rotation

to the one formed in step (A). Fluid is still being pulled from upstream around

the sides of the fluid chamber. The vortex ring from steps (A) and (B) may

still be present, but weakening, in the chamber.

(D): The vortex ring formed in step (C) pinches off and advects away from the

orifice. Fluid is pulled from upstream around the sides of the chamber and may

be entrained by this ring.

(E): As the membrane (or piston) pulls inwards, the process begins again. The

ring ejected in step (D) will continue to travel away from the jet.

This simple schematic of synthetic jet flow will be used in Chapter 4 to create a

force model for synthetic jets.
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(C) (D)

(E) (F)

Figure 3.11: A schematic of synthetic jet flow.
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Chapter 4

Modeling the Thrust Produced by
a Synthetic Jet

As discussed in Chapter 1, most current synthetic jet modeling is done using compu-

tational fluid dynamics. Thus, there is not a standardly accepted closed form solution

for the jet velocities nor for the thrust produced. However, for optimizing design of

future devices, and for purpose of control design, such a model is needed.

There have been three models presented for force from a synthetic jet: those of

Müller et al. [50, 51], Mohseni et al.[27, 28, 48, 56](both discussed in Chapter 1), and

Polsenberg Thomas et al. [60, 61, 62]. As mentioned in Chapter 1, Müller’s model is

for a substantially different jet geometry as well as being for use in air. The models

proposed by Mohseni [48] and Polsenberg Thomas [62] focus on the outflow of the

synthetic jet and neglect any serious investigation of the inflow forces. Additionally, no

models have incorporated the possible force contributions from self-induced coflow.

This chapter will present a synthetic jet thrust model which incorporates inflow,

outflow, and self-induced coflow.
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Figure 4.1: Control volume for synthetic jet force analysis.

4.1 Control Volume Analysis

As Newton’s second law of motion must hold for this system, the time rate of change

of the system’s linear momentum must equal the sum of the external forces acting

on it. An axisymmetric, fixed control volume, Ω, surrounding the synthetic jet flow

downstream of the orifice plate (i.e., a > 0) is shown in Figure 4.1. The momentum

equation for this volume of incompressible fluid can be written [68] as

∂

∂t

∫
Ω
ρ~u dV +

∫
∂Ω

(n̂ · ρ~u)~u dA = Fext + Fv −
∫

∂Ω
n̂p dA+

∫
Ω
ρ~gdV, (4.1)

where Fext is the sum of external forces, Fv is the viscous forces, and ~g is the gravita-

tional field. Following a similar control volume analysis performed by Krueger [69],
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Equation 4.1 can be rewritten as

∂

∂t

∫
Ω
ρ~u dV +

∫
∂Ω

(n̂ · ρ~u)~u dA = Fext +
∫

∂Ω
τ n̂dA−

∫
∂Ω
n̂p dA−

∫
∂Ω

Φgn̂dV, (4.2)

where Fv =
∫
∂Ω τ n̂ dA, τ is the shear stress tensor, and φg is the gravitational poten-

tial. The gravitational potential, φg, can be written as Φg = ρgh− p∞ ≡ −ph, where

h is the vertical distance from the orifice center, ~g is acting in the −ẑ direction, and

p∞ is the ambient pressure [69]. For this control volume, τ can be assumed to be

zero. This reduces Equation 4.2 to

∂

∂t

∫
Ω
ρ~u dV +

∫
∂Ω

(n̂ · ρ~u)~u dA = Fext −
∫

∂Ω
n̂p dA−

∫
Ω

Φgn̂dV (4.3)

= Fext −
∫

∂Ω
(p− ph)n̂dA.

In the absence of external forces being applied to the jet, Fext = 0. Additionally, as

gravity is acting in the −ẑ direction, integrating ρgh over the axisymmetric control

volume results in
∫
∂Ω(p− ph)n̂dA = 0. Thus, ∂

∂t

∫
Ω ρ~u dV +

∫
∂Ω(n̂ · ρ~u)~u dA = 0. This

dramatically simplifies Equation 4.1:

∂

∂t

∫
Ω
ρ~u dV = −

∫
∂Ω

(n̂ · ρ~u)~u dA. (4.4)
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Figure 4.2: Details of surface ∂Ω1.

To easily assess the right hand side of this equation, it is convenient to break surface

∂Ω into components.

ρ
∂

∂t

∫
Ω
~u dV = −ρ

∫
∂Ω
~u(~u · n̂) dS (4.5)

= −ρ
∫

∂Ω1

~u(~u · n̂) dS − ρ
∫

∂Ω2

~u(~u · n̂) dS − ρ
∫

∂Ω3

~u(~u · n̂) dS

−ρ
∫

∂Ω4

~u(~u · n̂) dS.

As the flow is axisymmetric about the orifice (given a cylindrical fluid chamber

and circular orifice),
∫
∂Ω2

~u(~u · n̂) dS = −
∫
∂Ω3

~u(~u · n̂) dS. Thus, the flow through

∂Ω2 and ∂Ω4 can be ignored. Additionally, as a → ∞,
∫
∂Ω4

~u(~u · n̂) dS → 0. Thus,

conservation of momentum simplifies to

ρ
∂

∂t

∫
Ω
~u dV = −ρ

∫
∂Ω1

~u(~u · n̂) dS. (4.6)

By breaking the boundary ∂Ω1 into sections as shown in Figure 4.2, Equation 4.6
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can be further simplified. As the boundary ∂Ω1 lies along the orifice plane, there is

no flow through ∂Ω1B and ∂Ω1D. The surface integral reduces to

∫
∂Ω1

~u(~u · n̂) dS =
∫

∂Ω1A

~ucf ( ~ucf · n̂) dS +
∫

∂Ω1C

~uo( ~uo · n̂)︸ ︷︷ ︸
coflow

+
∫

∂Ω1E

~ucf ( ~ucf · n̂) dS dS︸ ︷︷ ︸
orificeflow

(4.7)

where ucf is the coflow velocity as discussed in Section 4.4, and uo is the flow through

the orifice.

This thesis proposes that there are at least three major thrust-producing compo-

nents of synthetic jet flow: inflow, outflow, and self-induced coflow. Therefore, over

a single in-out cycle, the total force produced by the jet can be written

∫ t3

t1
Ftotal(τ) dτ = −

∫ t2

t1
Fin(τ) dτ︸ ︷︷ ︸
Inflow

+
∫ t3

t2
Fout(τ) dτ︸ ︷︷ ︸
Outflow

+
∫ t3

t1
Fcf (τ) dτ︸ ︷︷ ︸
Coflow

, (4.8)

where t1 marks the beginning of the instroke, t2 marks the switch from instroke to

outstroke, and t3 is the end of the outstroke. Note that this is the same as Equation

4.7, with the orifice flow term broken in to inflow and outflow components.

4.2 Outflow

The outflow phase is the most important in terms of synthetic jet force production.

During the membrane outstroke fluid is ejected through the orifice. As seen in the

previous chapter’s flow visualizations, this ejected fluid rolls up into a vortex ring

which travels away from the jet. As work by Smith and Glezer [43], Mallinson et al.

[45], and others has shown, the fluid flow achieves its maximum velocity during this
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(B)(A)

Figure 4.3: Slug Model: (A) A cylindrical slug of fluid is ejected from the orifice and
(B) rolls up into a ring.

phase. Two methods for calculating the outflow force, Fout, are presented: the slug

model and a quasi-steady model. As is show below, both models produce the same

force and impulse.

4.2.1 Slug Model

As was mentioned briefly in Chapter 1, the slug model is often used in the piston-

cylinder vortex ring formation literature. The slug model uses parameters from a

cylindrical “slug” of ejected fluid (see Figure 4.3) to estimate the circulation of the

produced vortex ring [32, 34, 36, 48, 70, 69]. Circulation is the line integral of velocity

over a line enclosing a vortex; it is a measure of the vortex strength. The reaction

force acting on the jet is higher for stronger vortices, so maximizing the circulation

is an indirect way of maximizing thrust. This model computes the net impulse, I, of

a single vortex ring formation and ejection.
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do

Figure 4.4: Treating the outflow as a quasi-steady jet simplifies the outflow modeling
considerably.

The slug model impulse, ISM , as presented by Krueger [69], is

ISM(t) = ρA
∫ t

0
U2

J(τ) dτ, (4.9)

where A is the orifice cross-sectional area, and UJ is the spatially average jet velocity.

Thus, for the outflow of a synthetic jet with a circular orifice, this becomes

ISM(t) = ρAo

∫ t3

t2
u2

or(τ) dτ (4.10)

= ρπr2
o

∫ t3

t2
u2

or(τ) dτ,

where t3 − t2 is the duration (in seconds) of the outflow portion of the cycle.

4.2.2 Quasi-steady Model

An alternative to the slug model is a simple quasi-steady jet model, as illustrated

in Figure 4.4. Unlike the slug flow models, which incorporate vortex ring formation,

the quasi-steady model is concerned solely with mass flux and neglects vortex ring
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formation. Using conservation of mass, the exit velocity of the fluid is calculated, and

force is approximated using this velocity. The assumption is made here that uor is

constant across the entire area of the orifice. Shusser er al. [36] have considered the

effect of boundary layer growth in a piston-cylinder setup on vortex ring generation.

Accounting for this effect would cause uor to vary over the orifice plane. However,

the orifice thickness of the synthetic jets considered in this thesis is very small rela-

tive to L, reducing the importance of boundary layer effects within the orifice. The

synthetic jet flow thrust model proposed by Müller et al. [50, 51] uses this approach

for calculating outflow force.

Therefore, using the quasi-steady approach,

Fout(t) = ρAou
2
or(t) (4.11)

= ρπr2
ou

2
or(t),

Integrating Fout(t) from t2 to t3,

I = ρAo

∫ t3

t2
u2

or(τ) dτ (4.12)

= ρπr2
o

∫ t3

t2
u2

or(τ) dτ

= ISM

results in an impulse that is identical to the one solved for in Equation 4.10 using the

slug model equation. Thus, this is the force, and impulse, that will be used for the

outflow in the synthetic jet force model.
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4.2.3 Reynolds Number

As was discussed in Chapter 1, synthetic jets can be created over a wide range of

scales. One way to compare these jets is to look at their Reynolds number. The

Reynolds number for a round synthetic jet, as used by Mallinson et al. [44],

Redo = uor
do

ν
(4.13)

is based on orifice diameter and mean exit velocity. This value is useful for comparing

the performance of synthetic jets which are of different size and/or working fluid. It

should be mentioned that most jellyfish, the inspiration for this project, typically

operate over a range of Reynolds numbers between 100 and 10,000. Ctenophores

operate between 1500 and 6000 [71], while there are a few species which have Reynolds

numbers below 100. Synthetic jets, on the other hand, can be designed to cover an

even larger span of Reynolds numbers.

4.3 Inflow

At first glance, it might appear that the equations for inflow should mirror those for

outflow, the only difference being that during inflow the force would be exerted in the

opposite direction. This would imply that for a symmetric forcing profile the inflow

and outflow forces would cancel each other out.

As flow visualizations have shown, the inflow is not simply a reversal of the outflow.

If that were the case, a jet would not be formed. The structure of the two flows differs
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45̊

do

45̊

do

(B)

(C)

do

(A)

Figure 4.5: Three possible illustrations of jet inflow: (A) shows the inflow modeled
as a reversal of outflow, (B) places a sink at the center of the orifice, and (C) also
uses a sink; however, it is placed in such a way that fluid is drawn in along the edge
of the orifice.
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greatly. Despite the same volume of fluid passing through the orifice in both flows,

the inflow is omni-directional whereas the outflow is directed.1 Therefore, we can

write the inflow force, Fin, as a fraction of Fout:

Fin(t) = η Fin (4.14)

= η ρ π r2
o u

2
or(t).

We can define η as the fraction of the inflow force which is acting perpendicular to

the orifice plate. Any portion of the force that is acting parallel to the plate can be

neglected, as the flow is axisymmetric and thus those forces cancel out. If η = 1,

implying that all inflow force vectors are perpendicular to the orifice plate, Fin(t) has

the same form as Fout(t). This would imply that for a symmetric forcing profile, the

magnitude of Fin and Fout would be equal, resulting in zero net thrust. We know that

this is not the case from our own experimental results (presented in Chapter 5) and

from the results of Krieg and Mohseni [27, 28]. Both sets of experiments found that

a net thrust could be achieved even if the membrane moved inwards with the same

velocity profile with which it moves outwards.

Rather than the uniformly directed flow pictured in Figure 4.3(A), Rathnasingham

[46] suggests that the inflow of a synthetic jet acts as a sink. This possibility is roughly

depicted in Figure 4.3(B). A more realistic schematic of the inflow is shown in Figure

4.3(C), as the simulations of Rizzetta et al. [29] and Mallinson and Reizes [72] suggest

1Blowing out a candle is a simple demonstration of this. You have probably never seen someone
suck out a candle, yet you yourself have probably blown out candles. The same amount of air is
inhaled and exhaled, yet the exhalation produces a more noticeable effect on the fluid flow in front
of your mouth than inhalation.
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that more fluid is sucked in around the outside of the orifice than in the center.

In our outflow model we assume that the fluid is ejected perpendicular to the

orifice plate. Thus, all outflow vectors are at an angle of π
2

with respect to the orifice

plate. For the inflow sink approximation, (pictured in Figures 4.3 (B) and (C), the

average angle that the flow vectors make with the orifice plate is π
4
. Again, given that

the jet flow is axisymmetric, any radial component of force will cancel out, leaving

only the streamwise component. Therefore,

η = sin
π

4
.

Synthetic jet thrust is dependent on the asymmetry between the inflow and outflow

phases. As was discussed in the previous section, symmetric inflow and outflow would

result in zero net force. This inequality in directionality between inflow and outflow

begins to explain the existence of a net force even when there is a symmetric forcing

profile. However, the flow visualizations presented in Chapter 3 have raised the

possibility of a third component to the net thrust equation: a self-induced coflow.

4.4 Self-induced Coflow

Our DPIV data implies that fluid is pulled from upstream during the instroke of the

jet’s membrane. This section explores a coflow model which is based on a simplified

potential flow model where flow is driven by an inflow sink model. Given the radial

symmetry of a sink, this model predicts a less directed flow than would be found by
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modeling inflow using a quasi-steady jet.

4.4.1 Potential Flow Review

For a cylindrical synthetic jet, the flow field is axisymmetric about the orifice. Thus,

we can use a 2D flow model and integrate over the volume. This section will present

a brief summary of the elements of potential flow theory that will be used in our

synthetic jet model. Potential flow makes the assumptions that the fluid flow is

irrotational, i.e., ω = 5 × ~v = 0, and incompressible, i.e., 5 · ~v = 0[73]. More

information on the topic can be found in Granger [74] as well as most introductory

fluid dynamics books.

For two-dimensional motion of irrotational, inviscid fluid flow, where φ is the

velocity potential and ψ is the stream function,

∂φ

∂x
=
∂ψ

∂y

and

∂φ

∂y
= −∂ψ

∂x
.

Note that these are the Cauchy-Riemann relationship equations. The complex ve-

locity potential of the flow is defined as F = φ+ iψ. Thus,

real(F ) = φ
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and

imaginary(F ) = ψ.

Recalling that z = x + iy, we can define a function, W = dF
dz

, known as the

complex velocity. It can be shown that W can be expressed in terms of the velocity

field in the Z plane (where u and v are, respectively, the x and y velocity components.

Expanding dF = dφ+ idψ gives

dF = udx+ vdy + i(−vdx+ udy) = (u− iv)dz.

Thus,

W =
dF

dz
= u− iv.

It should be noted that, in polar coordinates, W = (vr − ivθ) e
−iθ.

4.4.2 Sink

In order to model a synthetic jet’s inflow, it is necessary to know F and W for a sink.

In 2D, a sink is simply the center point of a purely radial inward flow, as shown in

Figure 4.6. Given that the jet’s flow is axially symmetric, we can define the flow rate,

q, as

q =
∫ 2π

0
vrrdθ,

where vr is the radial velocity. As vr is constant for all θ, regardless of r, q = 2πrvr.

Solving this equation for vr gives vr = q
2πr

. We can then use vr and the knowledge
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Figure 4.6: A sink is produces an axisymmetric, purely radial, flow.

that vθ is equal to zero to solve for W :

W (r, θ) = (vr − ivθ)e
−iθ (4.15)

=
(
q

2πr
− 0

)
e−iθ

=
q

2πr
e−iθ.

W (z) =
q

2π

1

z
. (4.16)

The complex velocity potential for a sink can then be found by integrating W (z) with

respect to z: F (z) = q
2π

ln z.

4.4.3 Conformal Mapping

The equations for a sink on a flat plate are well known. The equations for a sink

offset from a corner (as shown in Figure 4.7) are more complicated. Thus, solving for

a sink on a flat plate and mapping the solution to the more complicated geometry

simplifies the problem substantially.

Riemann’s Mapping Theorem [75] states that for a simply connected domain, D,
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(A) (B)

Figure 4.7: The potential flow calculations for a sink on a flat plate (A) are much
simpler than those for the geometry shown in (B).

in the Z plane, there exists a univalent function, f(z), such that c = f(z) maps D

onto the disk |c| < 1. Let Γ be the piecewise linear boundary of a polygon in the

C plane, and let the interior angles at successive vertices be α1π, . . . , αnπ. The

Schwarz-Christoffel Theorem states that this transformation can be written as

dc

dz
= γ(z − k1)

α1−1(z − k2)
α2−1 . . . (z − kn)αn−1, (4.17)

where γ is a complex number and k1, . . . , kn are real numbers. Thus, the polygon is

mapped to the upper half of the Z plane. The vertices of the polygon, K1,K2,. . .,Kn,

are mapped to the points k1, . . . , kn on the x axis [75].

Such a mapping, which preserves local angles, is called a conformal map. More

precisely, a mapping, w = f(z), is considered conformal if, for every point z0, f(z0)

is analytic and f ′(z0) 6= 0 [76].

4.4.4 Mapping Synthetic Jet Geometry

As the flow around a synthetic jet is axisymmetric, it can be treated as a 2D problem.

If the jet orifice is centered at the origin of the axes, with the jet centerline running
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Figure 4.8: Orientation of synthetic jet in mapped fluid region.
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Figure 4.9: Desired mapping from Z plane to C plane.

along one of the axes, we only need to worry about half the plane. Figure 4.8 shows

the jet superimposed over such a map.

As discussed in the previous section, such a map can be created using the Schwarz-

Christoffel transformation. It should be noted that this transformation puts the

boundary along the horizontal axis downstream of the jet. This is not a problem, as

it enforces symmetry. Additionally, as flow is allowed along (but not through) the

boundary, the flow along it can be calculated as follows:
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∂c

∂z
= γ(z − k1)

α1−1(z − k2)
α2−1 . . . (z − kn)αn−1

= γ(z − 0)( 1
2
−1)(z − 1)( 3

2
−1)

= γ(z − 0)−
1
2 (z − 1)

1
2

= γ

√
z − 1√
z

. (4.18)

Integrating with respect to z gives

c = h+ γ
(z − 1)

√
z −

√
z − 1Log

[√
z − 1 +

√
z
]

√
z − 1

, (4.19)

where h is a constant ,and γ is a complex number.

For convenience, the choice was made to map the origin of the Z plane to the

origin of the C plane:

c(0) = h− i
γπ

2
(4.20)

h = i
γπ

2
(4.21)

c(z) = i
γπ

2
+ γ

(z − 1)
√
z −

√
z − 1Log[

√
z − 1 +

√
z]√

z − 1
(4.22)

Varying γ allows us to adjust the position point P (see Figure 4.9), thus choosing

the synthetic jet’s diameter. Point P in the C plane is the mapping of point z=1 in

the Z plane; thus γ should be chosen such that c(1) = iroc (where roc is the outer

radius of the fluid chamber).

c(1) = i
γπ

2
= iroc (4.23)
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points in Z plane
points in C plane

Figure 4.10: The result of the mapping described in Equation 4.25. The green circles
are a set of points in the Z plane, and the red circles are the same points after the
mapping.

γ =
2

π
roc =

doc

π
(4.24)

The final Z plane to C plane mapping is:

∂c

∂z
=

doc

π

√
z − 1√
z

(4.25)

c(z) = i
doc

2
+
doc

π

(z − 1)
√
z −

√
z − 1Log

[√
z − 1 +

√
z
]

,

√
z − 1 (4.26)

and can be seen in Figure 4.10.

This model treats the synthetic jet’s inflow as a time varying sink placed in the

center of the orifice, as shown in Figure 4.11. The sink strength, q, is a function

of the orifice area and outflow velocity. For simplicity, I have made the assumption

that the outflow velocity is uniform over the area of the orifice. A future model
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Ө

Figure 4.11: If the inflow is treated as a sink, the source strength must be scaled to
account for the fact that fluid is only entering from 0 ≤ θ ≤ π.

could incorporate issues such as boundary layer formation, which would lead to a

non-uniform velocity distribution. By definition, fluid enters a sink axisymmetrically.

In the case of a synthetic jet, however, we know that physically all of the fluid is

entering only half of the “sink.” This does not pose a problem in our model, as the

other half of the flow is on the other side of the conformal map boundary (across

which fluid cannot flow). To account for this, the value of q must be double what it

would be if the flow was entering truly axisymmetrically:

q = 2 do uor. (4.27)

According to Brown and Churchill [76], “under a conformal transformation, a

source or sink at a given point corresponds to an equal source or sink at the image

of that point.” Given our mapping, the sink occurs at the origin. Thus, the complex

potential is

F (z) = − q

2π
Log(z), (4.28)
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where q is the strength of the sink. Differentiating F with respect to z results in the

complex velocity, W :

W (z) =
dF

dz
= − q

2πz
. (4.29)

The complex velocity now needs to be mapped into the C plane. A small compli-

cation arises from attempting to invert c(z). There is no simple closed-form equation

for z(c); thus W (c) must be written as a function of z. As c is also a function of z,

this does not pose a problem. The velocity field W (c(z)) can then be plotted with

respect to c(z).

W (c(z)) = W (z)
∂c

∂z

−1

(4.30)

=
dF

dz

∂z

∂c

=
dF

dz

∂c

∂z

−1

= − q

2πz

π

doc

√
z√

z − 1

= − q

2doc

√
z

z
√
z − 1

A sample plot of W can be seen in Figure 4.12.

When calculating the thrust produced by a synthetic jet, only the real part of W

adds a contribution, as the imaginary part is axisymmetric along the a axis, as shown

in Figure 4.13. Thus, we are interested in the magnitude of ucf = |real(W )|. The

sink strength, q, is merely a scaling factor, thus the case q = 1m2

s
can be considered.

Then, given a constant jet geometry (i.e., an unchanging doc value) the results can

be scaled for any sink strength. This nondimensional scaling factor will be called qs.
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cm

cm

Figure 4.12: Transformed flow in the C plane.

roc

r

ro

ou    

cfu    (r)  = real(W(r))

W(r)

b
a

Figure 4.13: The magnitude of ucf varies as a function of r, the distance from the
orifice’s center.
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To find Fcf using the chosen control volume (Figure 4.1), it is necessary to calculate

the value of ucf for points along the line a = 0 (which physically represents a line

from the orifice origin to ∞ lying on the surface of the orifice plate). To do this, it

is necessary to find the line in the Z plane which maps to this line in the C plane.

Given that there is no closed form solution for z(c), a numerical method must be

used to find the Z plane points which map to a = 0 in the C plane. A brute force

way of doing this is to create a very dense grid of points in the Z plane, map these

points to the C plane, and then select the points that lie on the line a = 0.2 Once

this has been done, ucf can be plotted as a function of b. On the jet, b represents the

distance from the orifice’s center along a line perpendicular to the centerline of the

jet. To simplify the discussion in this section, calculations will be made using r as a

variable, where r = b, as this is a more intuitive description for the radial distance

from the orifice’s center.

Along Ω1, ro ≤ r < roc lies along the orifice plate, and thus no flow travels across

that boundary. Therefore, ucf (r) = 0 for ro ≤ r < roc . While there is flow along

this surface, it is due to orifice flow, not coflow. As roc increases the velocity at

r = roc decreases. This is to be expected, as sink-induced velocities decrease with

distance from the sink. Figure 4.14 shows ucf as a function of r (distance from the

orifice center) for three values of roc: 5 cm, 10 cm, and 15 cm. Plotting ucf this way

2This method can be simplified, as the points in the Z plane that map to the points a = 0 are
located on a roughly quadratic curve in the Z plane. Thus, the mapping process can be sped up by
mapping a less dense grid of points in the Z plane to their respective C plane points, then plotting
(in the Z plane) the points which correlated to the desired line in the C plane. A quadratic curve
can be fit to these points. Then, points lying on, and near, this line can be mapped to the C plane.
The result should be points which lie on or near the line a = 0. Points from this new set can then
be selected based on how close to a = 0 they lie.



75

q=1 (cm  /s)2

distance (cm) from orifice center

Figure 4.14: As the fluid chamber’s outer radius (roc) increases, the coflow velocity
at the point (r = roc) decreases.



76

Figure 4.15: As the fluid chamber’s outer radius (roc) increases, the decay rate of
ucf (r − roc) increases.

Figure 4.16: As the fluid chamber’s outer radius, roc, increases, the decay rate of
ucf (r − roc) as a function of (r−roc)

dc
increases.
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r

ro

roc

max

Figure 4.17: To calculate Fcf , ucf is integrated over an annulus with an inner radius
of roc.

illustrates the change in coflow velocity magnitude, however, it is harder to see the

relative rates of decay. Figure 4.15 shows ucf plotted as a function of (r − roc), the

distance from the outer wall of the chamber. This plot clearly shows that the rate of

velocity decay, as a function of distance from the outer wall, increases as the chamber

outer diameter increases. A third way of looking at ucf is with respect to r/doc,(i.e.,

the coflow velocity normalized by the orifice outer diameter), as is shown in Figure

4.16.

The force contribution from ucf can be found by integrating over the annulus

illustrated in Figure 4.17, where roc is the inner radius, and the outer radius goes to

∞.

Fcf = ρAu2
cf (4.31)
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= ρ
∫ 2π

0

∫ ∞

roc

u2
cf r dr dθ

The lack of a closed form representation for ucf necessitates the use of a numeri-

cal method to solve for Fcf . At least two approaches can be taken. One would be

to attempt to fit a function ucf (r) to the points found using the numerical method

discussed above and then integrate from r over [roc,∞] . An alternative is to numeri-

cally integrate the points, skipping the curve fitting step. Both of these methods pose

distinct challenges. The latter approach is presented in the next section.

4.4.5 Numerical Integration of Coflow Force

The numerical integration method requires an outer limit of integration to be chosen.

Figures 4.15 and 4.16 show that ucf quickly approaches 0 as r increases. However,

as roc increases, the area of the annulus also increases. Therefore, even a small value

of ucf can produce a significant force if acting over a large enough area. For this

reason, choosing a constant distance (r − roc) as an upper limit of integration for

all roc can result in physically unrealistic forces for large roc. This raises a problem

with the potential flow approach to calculating ucf : potential flow neglects viscous

effects. For a real fluid, ucf (r) will decay more rapidly than predicted by potential

flow due to viscosity. Similarly, friction along the orifice plate will reduce the value of

ucf (r = roc). Therefore, this analysis should be considered only as an approximation

of self-induced coflow effects.

To find the force contribution from the coflow, the streamwise component of the



79

roc

roc

ri
ri+1

[real(W  )]i

2

[real(W     )]i+1
2

(A) (B)

Figure 4.18: The integral
∫ 2π
0

∫ rmax
rc

u2
cf r dr dθ can be solved numerically using cylin-

drical shells.

velocity must be integrated over the control volume surface ∂Ω1:

Fcf (t) = ρ
∫ 2π

0

∫ ∞

roc

u2
cf r dr dθ

As shown in Section 4.4, ucf scales with q (the sink strength), where q = 2douor. If

the coflow velocity, ucf , is know for some value of q, q = k, this is written as ucf :(q=k).

The coflow velocity can then be scaled for any desired value q = d:

ucf(q=d) = qs ucf :(q=k), (4.32)

where qs = d
k
. Note that qs is a dimensionless value.3

Given a set of points lying along the line a = 0 in the C plane, let n equal

the number of points for which (r − roc) ≤ rmax, where rmax is the outer limit of

3For example, if ucf :(q=1m2/s) is known and ucf :(q=5m2/s)is desired, qs = d
k = 5; thus

ucf :(q=5m2/s) = 5ucf :(q=1m2/s).
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integration, and q = 1m2

s
. A new function χ(roc) can be defined as

χ(roc) =
∫ 2π

0

∫ rmax

rc

u2
cf :(q=k) r dr dθ (4.33)

∼=
n∑

i=2

π(r2
i − r2

i−1)[u
2
cf :(q=k)]i−1

, (4.34)

where χ represents the integration illustrated in Figure 4.18. This equation can now

be combined with Equation 4.31:

Fcf = q2
sρχ (4.35)

=

(
d

k

)2

ρχ

= (2 do uor)
2 (k)−2ρχ

= (4 ro uor)
2 k−2ρχ

= 16 r2
o u

2
o k

−2ρχ

4.5 Synthetic Jet Force Model

Combining the inflow, outflow, and coflow equations presented in the preceding sec-

tion allows for the expansion of Equation 4.8:

∫ t3

t1
Ftotal(τ) dτ = −

∫ t2

t1
Fin(τ) dτ︸ ︷︷ ︸
Inflow

+
∫ t3

t2
Fout(τ) dτ︸ ︷︷ ︸
Outflow

+
∫ t3

t1
Fcf (τ) dτ︸ ︷︷ ︸
Coflow

.
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If it is assumed that there are no external forces acting on the jet and that the self-

induced coflow is only present during the inflow,4 the impulse, ISJ , for a synthetic jet

with a circular orifice becomes

ISJ =
∫ t3

t1
Ftotal(τ) dτ (4.36)

= −
∫ t2

t1
Fin(τ) dτ +

∫ t3

t2
Fout(τ) dτ +

∫ t3

t1
Fcf (τ) dτ (4.37)

= η ρπr2
o

∫ t2

t1
u2

o(τ) dτ︸ ︷︷ ︸
Inflow

+ ρπr2
o

∫ t3

t2
u2

o(τ) dτ︸ ︷︷ ︸
Outflow

+ ρqs(t)
∫ t2

t1

∫ 2π

0

∫ ∞

roc

u2
cf (r, τ)r dr dθ dτ︸ ︷︷ ︸

Coflow

,

where the period of a single in-out cycle is T = (t3 − t1). The instroke occurs during

t1 < t < t2 and the outstroke during t2 < t < t3. This generic equation allows for

the substitution of any model for ucf , uor, and η. In the next section I will present

assumptions that allow this equation to be solved for our proposed jet geometry.

4.6 Model for a Sawtooth Forcing Profile

Equation 4.37 is a generic equation for a synthetic jet’s impulse. Fin, Fout, and Fcf

are all dependent on the geometry of the synthetic jet (see Figure 4.6). In this next

section, each of these terms will be solved for explicitly using jet geometry parameters.

As discussed previously, the assumption
∫ t3
t2
u2

cf (τ) dτ = 0 is made.

4The preliminary DPIV data presented in Chapter 3 suggests that while there is coflow induced
during the outflow, it is of a smaller magnitude than during the inflow. Additionally, a strong
argument can be made for the presence of coflow during the inflow using a potential flow model. It
is harder to use such an argument during the outflow. Thus, this model will assume the Fcoflow ≈ 0
during the outflow. Our data suggests that this will result in an under-prediction of total force.
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ho

do

doc

dc

dd

δ

hc

ho

do

doc

dc

dp

δ

(A) (B)

Figure 4.19: Jet geometry for a membrane-with-disk configuration (A) and for a
piston configuration (B). Section 4.6 assumes that configuration (B) is used.
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All three components are dependent on the variable uor, the velocity of fluid

moving through the orifice. This velocity is determined by the area of the orifice and

the volume, V , of the fluid that exits the orifice during the outstroke of the membrane:

V =
πδ

3
(r2

d + r2
c + rcrd). (4.38)

For a piston, rd = rc, which simplifies V to V = δπr2
c . This is the case that will be

considered in this section.

To satisfy the conservation of mass, the amount of fluid pushed by the piston must

be equal to the amount of fluid that exits the orifice.

ρπr2
ouor(t) = ρπr2

cup(t) (4.39)

r2
ouor(t) = r2

cup(t) (4.40)

uor(t) = up(t)
(
rc

ro

)2

(4.41)

This equation for uor(t) can now be used to solve for Fin(t) and Fout(t) in terms of

jet geometry and up(t), which is the velocity of the piston.

Fout(t) = ρπr2
ou

2
o(t) (4.42)

= ρπr2
o

[
up(t)

(
rc

ro

)2
]2

= ρπu2
p(t)

r4
c

r2
o
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Using the relation η =
√

2
2

from Section 3.2,

Fin(t) = −ηρπr2
ou

2
o(t) (4.43)

= −
√

2

2
ρπr2

o

[
up(t)

(
rc

ro

)2
]2

= −
√

2

2
ρ πu2

p(t)
r4
c

r2
o

.

If a sawtooth piston velocity profile (as was used in the experiments presented in

Chapter 5) is assumed, piston velocity can be written in terms of δ, f , and vp.

T =
1

f
(4.44)

tin = vp × T (4.45)

=
vp

f

tout = (1− vp) × T (4.46)

=
1− vp

f
,

where T is the period of piston actuation (duration of a complete in-out cycle), tin is

the amount of time required for the piston to pull in, and tout is the amount of time

required for the piston to push out. All quantities are measure in seconds. As before,

0 < vp < 1.

Instroke (t1 < t < t2):

up:in =
δ

tin
(4.47)
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=
δf

vp
.

Outstroke (t2 < t < t3):

up:out =
δ

tout

(4.48)

=
δf

1− vp
.

Using these equations for uor, Fin and Fout can be written explicitly in terms of

jet geometry and forcing parameters, and thus
∫ t2
t1
Fin dt and

∫ t2

t2
Fout dt can also be

solved for explicitly.

For a sawtooth forcing profile,

Fin = ηρ πr2
ou

2
o (4.49)

=

√
2

2
ρπr2

o

(
up
r2
c

r2
o

)2

=

√
2

2
ρπu2

p

r4
c

r2
o

=

√
2

2
ρπ

(
δf

vp

)2(
r2
c

ro

)2

=

√
2

2
ρπ
δ2 f 2 r4

c

vp2 r2
o

Fout = ρ πr2
ou

2
o (4.50)

= ρπr2
o(up

r2
c

r2
o

)
2

= ρπu2
p

r4
c

r2
o
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= ρπ

[
δf

(1− vp)

]2(
r2
c

ro

)2

= ρπ
δ2 f 2 r4

c

(1− vp)2 r2
o

Therefore, for a single in-out cycle, the impulses generated are:

Iin =
∫ t2

t1
Fin(τ) dτ (4.51)

=
∫ t2

t1
−ηρ πr2

ou
2
o(t) dt

=

√
2

2
ρ π r2

o

∫ t2

t1
u2

o(τ) dτ

=

√
2

2
ρ πr2

o (t2 − t1)

(
up
r2
c

r2
o

)2

=

√
2

2
ρ π

vp

f
u2

p

r4
c

r2
o

=

√
2

2
ρ π

vp

f
[
δf

vp
]
2

[
r2
c

ro

]
2

=

√
2

2
ρ π

δ2 f

vp
(
r2
c

ro

)
2

Iout =
∫ t3

t2
Fout(τ) dτ (4.52)

=
∫ t3

t2
ρ π r2

ou
2
o(τ) dτ (4.53)

= ρ π r2
o

∫ t3

t2
u2

o(τ) dτ

= ρ π r2
o (t3 − t2)

(
up
r2
c

r2
o

)2

= ρ π
(1− vp)

f
u2

p

r4
c

r2
o

= ρ π
(1− vp)

f

[
δf

(1− vp)

]2(
r2
c

ro

)2

= ρ π
δ2 f

(1− vp)

(
r2
c

ro

)2
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Combining these equations,

Isj =
∫ t3

t1
F (τ) dτ (4.54)

= −
√

2

2
ρπδ2 f

vp

2
(
r2
c

ro

)2

︸ ︷︷ ︸
Inflow

+ ρπδ2 f

(1− vp)

(
r2
c

ro

)2

︸ ︷︷ ︸
Outflow

+
∫ t3

t1
Fcf (τ)dτ︸ ︷︷ ︸
Coflow

= ρπδ2f

(
r2
c

ro

)2[
1

(1− vp)
−
√

2

2 vp

]
+
∫ t3

t1
Fcf (τ)dτ,

where Isj is the impulse generated by an entire in-out cycle. Division of Isj by the

period, T , results in the average force over a full cycle.

F̄ =
Isj
T

(4.55)

=
1

T

ρπδ2f

(
r2
c

ro

)2 (
1

(1− vp)
−
√

2

2 vp

)
+
∫ t3

t1
Fcf (τ) dτ


= f

ρπδ2f

(
r2
c

ro

)2 (
1

(1− vp)
−
√

2

2 vp

)
+
∫ t3

t1
Fcf (τ) dτ


= f

ρπδ2 f

(
r2
c

ro

)2
2 vp −

√
(2)(1− vp)

2 vp (1− vp)

+ ρ
∫ t3

t1

∫ 2π

0

∫ ∞

roc

u2
cfr dr dθ dτ



For configurations in which ucf = 0 (where doc approaches ∞) this equation

reduces to

F̄(ucf=0) = ρπδ2f 2

(
r2
c

ro

)2 [
2 vp −

√
2(1− vp)

2 vp (1− vp)

]
. (4.56)
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4.7 Geometric and Actuation Profile Force Depen-

dencies

The derivations in the previous sections make it clear that the amount of force pro-

duced by a synthetic jet is dependent on both the jet’s geometry and the velocity

profile with which the membrane is actuated. As a design tool, it is beneficial to

have these relationships written explicitly. This section contains relationship tables

for both the general case (a synthetic jet with any piston actuation profile, up(t)) and

the specific case of a sawtooth actuation profile.

4.7.1 Force Relationships: General (Table 4.1)

Fout Fin Fcf

t1 < t < t2 Fout(t) = 0 Fin(t) = ηρ π u2
p(t)

r4
c

r2
o

Fcf (t) = 16ρ u2
p(t)

r4
c

r2
o

χ
k2

t2 < t < t3 Fout(t) = ρ π u2
p(t)

r4
c

r2
o

Fin(t) = 0 Fcf (t) ≈ 0

⇑ rc ↑ ∝ r4
c ↑ ∝ r4

c ↑ ∝ r4
c

⇑ roc no change no change see discussion

⇑ ro ↓ ∝ r2
o) ↓ ∝ r2

o ↓ ∝ r2
o

⇑ up(t) ↑ ∝ u2
p(t) ↑ ∝ u2

p(t) ↑ ∝ u2
o

Table 4.1: Effect of changes in synthetic jet geometry and actuation on force.
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Fout Fin Fcf F̄

t1 < t < t2 Fout = 0 Fin =
√

2
2
ρπ δ2f2r4

c

vp2 r2
o

Fcf = 16ρ δ2 f2 r4
c

vp2 r2
o

χ
k2

t2 < t < t3 Fout = ρπ δ2f2r4
c

(1−vp)2 r2
o

Fin = 0 Fcf ≈ 0

⇑ f ↑ ∝ f 2 ↑ ∝ f 2 ↑ ∝ f 2 ⇑
⇑ rc ↑ ∝ r4

c ↑ ∝ r4
c ↑ ∝ r4

c ⇑
⇑ roc no change no change see discussion see discussion
⇑ ro ↓ ∝ r2

o) ↓ ∝ r2
o ↓ ∝ r2

o ⇓
⇑ δ ↑ ∝ δ2 ↑ ∝ δ2 ↑ ∝ δ2 ⇑
⇑ vp ↑ ∝ (1− vp)−2 ↓ ∝ (vp)−2 ↓ ∝ (vp)−2 ⇑

Table 4.2: Effect of changes in synthetic jet geometry and actuation on force, assuming
a sawtooth forcing profile.

4.7.2 Force Relationships: Sawtooth Profile (Table 4.2)

4.8 Potential Sources of Error in this Model

There are a few clear reasons for any discrepancies between the model’s predictions

and experimental results. As each part of the force equations was derived, the fol-

lowing assumptions were mentioned and explained. This section reiterates these as-

sumptions and the possible effect they may have on the total force calculations.

4.8.1 Outflow Assumptions

The outflow calculating presented in Equations 4.11 and 4.10 make the same assump-

tion. First, it is assumed that uor is constant across the entire orifice area. We know

that this is not the case. While uo(θ) is constant, uo(r) is definitely not. However, as

Fout is dependent on the integration of uor over the area of the orifice, and conservation

of mass must be satisfied, this assumption is reasonable.

The second assumption that is made is that do for the outflow is the physical
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diameter of the orifice plate. This minimizes the impact that a boundary layer forming

along the orifice’s walls may have. Given that the orifice plates built and modeled

for this thesis are relatively small compared to the jet’s other dimensions, this seems

to be a fair assumption. However, Shusser et al. [36] have calculated the effect

that boundary layer growth has on the formation of vortex rings generated using a

traditional piston/cylinder arrangement. For thick orifice plates, their findings can

be applied to the Fout formulations.

4.8.2 Inflow Assumptions

The value of η, the average angle of inflow, effects the value of F̄ . The value η =
√

2
2

was calculated assuming that the inflow vectors are the same as they would be if the

inflow was a perfect sink. While this is consistent with the rest of the model presented

in this thesis, this is clearly an approximation.

4.8.3 Coflow Assumptions

Self-induced coflow in synthetic jets has not been discussed prior to this thesis. Thus,

much work is needed to gain a thorough understanding of this phenomenon and its

contribution to net thrust. The magnitude of the coflow velocity, using the sink model

presented in Section 4.4, is based on the distance from the sink to the outside wall

of the fluid chamber. The model in its current configuration places the sink in the

center of the orifice (as illustrated in Figure 4.3B). The strength of the sink is based

on uor and do, yet the distance from the sink’s center to the outer chamber wall, roc,
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is constant regardless of do. For the reasons discussed in Section 4.3, it is likely that a

“split sink,” as picture in Figure 4.3C, is a more accurate depiction of the inflow. This

would mean that roc would actually decrease as doc increases. This would increase the

velocity of the coflow and, by extension, Fcf . As more flow visualization is needed to

verify the validity of this claim, the more conservative coflow velocity model is used.

It must also be reiterated that the current coflow model is created using potential

flow. As a potential flow model assumes an irrotational, inviscid fluid, the velocities

calculated using it must be taken only as a rough estimate. Finally, the assumption

that
∫ t3
t2
Fcf (τ) dτ = 0 is made. This means that there is no coflow force generated

during outflow. This assumption is made based on the flow visualization result shown

in Figure 3.6.

4.9 Notes on Parameter Coupling

Realistically, not all of the parameters in the above equations can be uncoupled.

Clearly, for a fixed piston throw, δ, increasing the chamber radius, rc, will increase

the volume flux through the orifice and thus the amount of thrust produced. How-

ever, this also increases the amount of force that the piston must exert on the fluid.

For membrane actuation techniques that do not have a mechanically enforced throw

distance (ie., voice coil, solenoid, etc.), the increase in required force will typically de-

crease the the throw. A solution to this problem is to mechanically enforce the throw

distance (using a scotch yoke, cam, or other method). This approach is also not

without its tradeoffs, as the increased force will require an increase in input energy.
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4.10 Modeling Conclusions

This chapter presented a new model for synthetic jet force production. It was pro-

posed that there are three force-producing elements to synthetic jet flow: inflow at the

orifice, outflow at the orifice, and a self-induced coflow. A derivation was presented

for the asymmetry of the orifice inflow term. The proposed inflow model explains the

occurrence of a measured net thrust despite the use of symmetric membrane actuation

profile.

A potential flow, conformal mapping approach was presented for the self-induced

coflow velocities. From this, a coflow thrust model was derived. While the contri-

bution from the self-induced coflow is relatively small, it raises the possibility that

careful design of the thruster housing (or robot) shape can augment this term and

add additional thrust.5

5In a power-limited application such as autonomous underwater vehicle operations, even small
improvement in efficiency can have substantial impact on mission duration.
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Chapter 5

Experimental Thrust Measurement

When this project was begun, no data on synthetic jet thrust was available. Mohseni

[48] reported having used synthetic jets to spin a submerged cylinder, but no data

or video was presented. Thus, no quantified proof that synthetic jets produce a net

thrust was available. Additionally, the model presented by Müller [50] proposes that,

in the absence of a free stream flow, no thrust is generated during the instroke. As

the model presented in Chapter 4 asserts that a net thrust is produced and thrust is

produced during the instroke, experimental verification was necessary.

5.1 Force Measurement Setup

For synthetic jets to prove useful as a propulsion method, it must be shown that an

appreciable amount of force is produced. A simple device was constructed to measure

the produced thrust from several of the prototypes described in Chapter 2. A force

sensor (an Interface Advanced Force Measurement Part WMC-5 strain gauge1) was

1It should be noted that we used three different force sensors over the course of this project. The
first was a Kistler 9212 load cell. We found the drift on this sensor to be rather high, and thus used
it only for the automated optimization experiments discussed in Section 5.5 Experiments using the
Kistler sensor will be noted as such. All other experiments were conducted using Interface Force
load cells.
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Figure 5.1: Force measurement setup.

mounted between the back of the jet prototypes and a metal mounting plate, as shown

in Figure 5.1. The setup was then submerged (as shown in Figure 5.2). The jet was

only submerged part way, so that the drag could be ignored (as opposed to covering

the entire jet and thus needing to consider the added mass and drag produced by the

flat circular back of the jet.) The average thrust was measured by taking the average

of at least 5 seconds of data (at a sampling rate of 8 kHz). To account for any possible

sensor drift, the sensor’s zero force level was calibrated before each set of trials.

5.2 Voice Coil Results

For the experiments described in this section, dc = 3.81 cm, dd = 2.85 cm, do = 0.95

cm, as labeled in Figure 5.3. The maximum throw of the disk, δ, is approximately
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Figure 5.2: Illustration of force measurement setup with jet submerged.

3 mm. The throw was measured by inspection using a high speed camera. The

membrane throw changes with frequency and velocity profile. Measuring the throw

by looking at video images, over the range of 1-7 Hz (for velocity profiles .2, .5, and

.8), the throw varied from 2-4 mm (while the jet is submerged). No clear relationship

between throw and frequency is evident over this range, though typically a speaker’s

throw will decrease with increased frequency. Given that the exact throw of the

membrane is unknown, it is difficult to compare the resulting forces with the model

predictions (as the model is dependent on membrane throw.)

5.2.1 Relationship Between Forcing Frequency and Thrust

This thesis will focus on the forces produced for membrane oscillation frequencies

of 10 Hertz or less. This decision was made for a variety of reasons. First, lower

frequencies are less likely to cause resonance effects on our particular apparatus. The
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exact frequency at which this transition occurs is likely dependent on the geometry of

the jet, as the various natural resonances (membrane, chamber, mounting platform,

etc.) are dependent on geometry and construction. Second, the higher the frequency

the greater the amount of power that is needed. As we are trying to test the feasibility

of using synthetic jets for slow moving vehicles it makes more sense to focus on lower

frequencies. Third, sea creatures using pulsatile jet propulsion tend to do so at low

frequencies. Thus, I hypothesize that synthetic jets operating at low frequencies are

less likely to bother sea life.

As the jet is hanging from the force sensor there will be a force measurement

offset even before turning the jet on. This is shown in Figure 5.4A. The average

“jet off” sensor reading must be subtracted from the average reading taken with the

jet on in order to get an accurate reading of the force contribution due to the jet’s

thrust. Figure 5.4B shows a typical force sensor reading for a running jet. (In this

particular plot the jet actuation frequency is 5 Hz.) It is clear that the jet contributes

a force throughout its entire cycle, and that during the instroke the sign of the force
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Figure 5.4: (A) shows a sensor reading before actuating the jet’s membrane; (B)
shows the sensor reading while actuating the membrane at 5 Hz.

is opposite that of the force produced during the outstroke. This is consistent with

Chapter 4’s model which predicts thrust production during both the instroke and

outstroke.

Figure 5.5 shows the effect of frequency on measured average force for the speaker

driven jet Note that for this experiments the programmed membrane velocity profile

was symmetric (i.e. the membrane instroke velocity is the same as the outstroke

velocity). It is clear that the average thrust increases with increased membrane

actuation frequency.

Currently, in the synthetic jet literature, only membrane forcing profiles which

are symmetric in their instroke and outstroke velocity profiles are considered. As the

model presented in Chapter 4 shows, changing the relative inflow and outflow rates is

likely to have an impact on the net thrust. This chapter presents a preliminary study

into the effects of modifying this variable. Perhaps the simplest way of doing this is

to specify the membrane’s displacement as a sawtooth function. As shown in Figure
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Figure 5.5: Force as a function of frequency

5.6, by changing the point in a cycle at which the switch from inflow to outflow occurs

will allow for the ratio of inflow to outflow velocities to be altered.

As this experiment is performed using the apparatus illustrated in Figure 2.6, it

can not be assumed that the signal sent from the computer, as shown in Figure 5.7A,

is an accurate representation of the membrane displacement. Figure 5.7B shows a

reading taken at the speaker’s leads. Note that the increase in amplitude is inten-

tional, due to the use of the audio amplifier. Clearly the signal read at the speaker

leads is not a perfect triangle. There are a few possible causes for this. First, the

noise and clipping that occur at the sawtooth peaks in Figure 5.7B may be due to

an impedence mismatch between the speaker and the card being used to read the

signal. Thus it is possible that that particular effect may simply be a measurement

artifact. The curvature of the instroke and outstroke signal line may have many pos-

sible causes. Moving the speaker cone (even without a power source) will generate
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Figure 5.6: Parametrization for the signal sent to the speaker, showing programmed
signal as a function of time for a single period of duration T . The vertical line marks
the point lp, where the velocity attains its maximum amplitude A.

a signal since the process of moving the magnet through the wire coil will generate

current. Thus, it is reasonable to assume that if the voltage is increasing the speaker

cone (and thus the jet membrane) is also moving outwards. Similarly, a decreasing

voltage would signify an inward movement. The exact membrane position can not,

however, be extrapolated from this voltage. Therefore, for the purpose of this chapter

I will use the phrase programmed velocity profile to refer to the signal sent from the

computer to the amplifier.

5.2.2 Relationship Between Programmed Velocity Profile and

Thrust

Figure 5.8 shows the average thrust for five different programmed velocity profiles

(0.2, 0.4, 0.5, 0.6, and 0.8) in the 1–10 Hz region. A direct correlation between

programmed velocity profile and measured thrust can be seen. The measured thrust
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Figure 5.9: Force as a function of frequency and velocity profile

increases as the velocity profile index decreases. This correlates to a lower outflow

velocity than inflow velocity, but to a longer time spent ejecting fluid. It should be

noted that the points shown in this plot were taken randomly out of order so as to

rule out any sensor drift as a possible explanation for such a trend. Each point on this

plot is the average of 5 trials, with the error bars representing a standard deviation.

This result was confirmed by an experiment, performed by Dr. Michele Milano,

which took, and averaged, five measurements at all combinations of frequencies 2-

10 Hz (in increments of 8/19 Hertz) and programmed velocity profile 0.1 - 0.9 (in

increments of 0.8/19 using the same equipment as used to produce figure 5.8). The

results of these trials are shown in Figure 5.9. Section 5.5 will illustrate that an

automated optimization experiment using the laboratory grade voice coil prototype

also confirmed the advantage of a programmed velocity profile less than 0.5.
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5.3 Additional Verification of Force Measurements

Given that the synthetic jet forces measured above are among the first such measure-

ments ever performed, further verification of the validity of the measurements was

desired. For that reason, a second set of experiments (presented below) were per-

formed. For these experiments a 16-bit data acquisition card was used so as to obtain

higher resolution in the results (a 12 bit card was used in the previous section). In the

interest of performing these experiments in a completely new setup (for verification

purposes) a new force sensor, an SML-10 tension/compression load cell from Interface

Force. The sensor signal was amplified using an Interface DCA amplifier. The sensor

was mounted as shown in Figure 5.1, and the mounting plate was 1
4

inch aluminum

so as to minimize any vibrations. The sensor was calibrated, as shown in Figure 5.11,

2 The jet was taken apart and a new speaker was put in. The membrane throw,

δ for this second set of experiment was not formally measured, though spot checks

indicate that the throw is less than that of the previous experiment. This is likely due

to the fact that the speaker in the previous experiment had been run in hundreds of

experiments over the course of two years, and thus the speaker’s suspension is more

flexible.

This second set of force measurements was taken on the same jet as used in the

previous section, however the orifice diameter was changed to do = 0.7 cm. (The

other dimensions stayed unchanged: dc = 3.81 cm, dd = 2.85 cm).

2To verify the sensor’s reliability in for measuring small forces in the appropriate region of its
range, the calibration was done by adding weights in addition to the jet.
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5.4 Force Results for Solenoid Driven Prototype

In Chapter 2 designs for solenoid driven synthetic jets were presented. However,

we found that the range of frequencies over which force could be produced using

these synthetic jets was suprisingly small. Figure 5.12 shows the steep drop in force

as frequency is increased. Krieg, Mohseni, et al. [27] present the results of force

measurements performed on solenoid driven synthetic jets. They, too, found that the

stroke length of the piston was dramatically reduced when the actuation frequency

was increased. In their experiment the throw decreased from ≈ 0.3 inches to ≈ 0.03

inches over the range 0− 40Hz.

Given our results, and those of Krieg, it is unlikely that solenoid actuation would

be chosen as an actuation method for synthetic jets in configurations where a wide

range of frequencies are desired. It is, however, possible that solenoids may be ideal

for applications in which the jet is designed to be driven at a particular frequency.

The solenoid, and the restoring spring’s constant, could be chosen to meet specific

design criteria. This would be similar to the use of piezoelectric membrane actuation

in air synthetic jets which are tested and designed to be driven at their resonance

frequency.

5.5 Automated Optimization of Velocity Profile

The research presented in this section was done in collaboration with Dr. Michele

Milano and Maxwell Grazier G’sell. [60]. This thesis was begun with the hope that



105

0.005

0.004

0.003

0.002

0.001

0.006

frequency (Hz)

Fo
rc

e 
(N

)

Figure 5.12: Force as a function of frequency for solenoid driven prototype (5 trials
were performed for each frequency.

synthetic jets may prove a viable propulsion method for small underwater vehicles.

For that to be the case, the jets would need to be produced in larger quantities. As

our prototyping in Chater 2 shows, subtle variations in the design such as quality

of construction, tightness of the membrane, and variations in response from voice

coil to voice coil, which can have significant implications on the efficiency and force

output of the jets. For this reason, we sought to create an automated multi-variable

optimization technique to find parameter combinations resulting in maximum thrust,

as an alternative to the prohibitive task of exhaustively testing all possible parameter

combinations.
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5.5.1 Genetic Algorithm

The genetic algorithm used in this experiment is a modification of the Controlled

Random Search (CRS) method of [77]. For convenience, a brief summary is provided

below. A more thorough explanation can be found in Michele Milano’s dissertation

[78]. The algorithm used for this experiment wass written by Dr. Milano.

Let G(λ) be a cost function to be minimized by the choice of design parameters,

λ ∈ Rn. For this work, G is the inverse of the average thrust produced by the

synthetic jet (produced over a 7 second period). In a first phase, a set of S parameters

vectors, or “population points,” are initially chosen at random according to a uniform

distribution within a defined n-dimensional search. The inequality S � n must hold

for the algorithm to work properly. The algorithm proceeds as follows:

1) Find the parameter λmax from the initial set of S points which maximizes

G: λmax = arg
[
maxi=1,...,M G(λi)

]
; Gmax = G(λmax)

2) Randomly choose n + 1 different population points: λ1, ..., λn+1 (breeding

set). All subsequent operations are performed on this set

3) Mutation step: for all breeding set points, with probability

Pi = (1 − αI) ·
(
1 − β

(G(λi)−GT )

G

)
· γ, replace the point λi with one randomly

chosen within the search volume limits

4) Recombination step: for each of the n+ 1 points determine the centroid, λi,

of the other n points, i.e. λi = 1
n

∑n
j=1 λj



107

4.a) Generate offspring λsi = 2λi − λn+1; if λsi is not contained in the search

volume, process next point in breeding set

4.b) Calculate G(λsi): if G(λsi) < Gmax then purge λmax from population, and

substitute by offspring λsi

5) Compute the new Gmax, if necessary

6) Iterate steps 4 and 5 on the whole breeding set

7) If convergence test fails, return to step 1

There are 4 parameters (α, β, γ, and GT ) and two variables(I and G) that must

be chosen by the user in this optimization scheme. The variable I is the number of

consecutive iterations in which the population has not changed. It provides an empir-

ical measure of the need for fresh information through increased mutation probability.

The variable G is the average population fitness, used as a scaling factor. The most

important parameter is GT , a threshold value used for the convergence test: we de-

clare convergence once all of the population’s fitness values are below it. With this

convergence criterion, population points will be clustered inside the domain defined

as: {λ|G(λ) < GT}. According to the formula defining mutation probability, the

parameter 0 ≤ α ≤ 1 modulates the mutation rate during the optimization process,

and the parameter 0 ≤ γ ≤ 1 enforces its upper bound, since 0 ≤ β ≤ 1. The term

containing the parameter β causes population members far from convergence (with

fitness > GT ) to mutate more frequently. (CRS can be regarded as a GA with zero

mutation probability.)
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5.5.2 Experimental Parameters

We used a GA population of 50 elements, with the parameters α and β fixed to 0.25,

the upper bound γ to 0.02 and the thresholdGT to 0.1, which is small enough to ensure

a sufficient exploration of the search volume. This algorithm yielded a satisfactory

result in about 1000 iterations. The number of iterations would be substantially re-

duced by removing the amplitude parameter, as we found that the maximum allowed

voltage amplitude to result in the maximum force. However, leaving this parameter

in the optimization provides a more thorough test. It is also possible that for different

types of speakers there may be a noticeable membrane throw versus input voltage

relationship, and the optimization would catch this. Additionally, any other desired

parameters could be added to this optimization as long as the parameters could be

physically changed automatically by the system.

It is probable that a jet’s performance characteristics will change over time as it

ages and mechanical considerations, such as the stretching of the membrane, vary.

Thus, it is recommended that an automated optimization process is used in the future

testing of synthetic jets.

5.5.3 Optimization Results

We tested this optimization scheme on a synthetic jet prototype using the Brul and

Kjael minishaker as an actuator. The optimization was run shortly after constructing

the first prototype, and before any other force measurements had been made. Figures

5.13 - 5.19 show the distribution of parameters in the population as the number of



109

iterations increases.

An alternate way of viewing the results is to plot the mean amplitude (Figure

5.20), velocity profile (Figure 5.21), and frequency (Figure 5.22) as a function of it-

eration number. As the thrust was maximized, the population’s frequency increases.

This is unsurprising, as an increased frequency leads to an increased fluid velocity

across the orifice. Similarly increasing the signal amplitude, which leads to an in-

creased membrane throw, was also found to increase average produced thrust. The

one surprising result of the optimization was the dominance of low velocity profiles in

the final population. (Low velocity profile corresponds to a membrane forcing profile

in which the outstroke is slower than the instroke.) This is the opposite of what we

had been expecting; however it is consistent with the results shown in section 5.2.2.

5.5.4 Future Applications of this Optimization Technique

The automated optimization process was useful for getting an initial sense of the effect

of frequency, amplitude and velocity profile on produced thrust. While there appears

to be a clear relationship between frequency and force for the frequencies tested, the

automated optimization may be useful if it is decided that frequencies well above this

range wish to be tested. A potentially more powerful application of this technique

would be the testing of more complex velocity profiles. The simplicity of the sawtooth

profile, while ideal for this preliminary exploration of synthetic jet thrust, likely limits

the amount of force produced by the jet. Krueger’s work on the effects of overpressure

on the thrust produced by pulsed jets [1, 38] highlights the advantage of maximizing
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Figure 5.13: Distribution after one iteration
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Figure 5.14: Distribution after 101 iterations.
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Figure 5.15: Distribution after 201 iterations.
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Figure 5.16: Distribution after 401 iterations.
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Figure 5.17: Distribution after 601 iterations.
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Figure 5.18: Distribution after 801 iterations.
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Figure 5.19: Distribution after 1001 iterations.
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Figure 5.20: Mean population amplitude versus iteration number.

Figure 5.21: Mean population angle versus iteration number.
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Figure 5.22: Mean population frequency versus iteration number.

the acceleration of membrane. The approximately constant velocity of the membrane

following a sawtooth profile fails to take advantage of this finding. Therefore, an

optimization experiment that tests dramatically different velocity profiles has the

potential to provide great insight into ways of increasing the thrust production of

synthetic jets.

5.5.5 Comparison with Model

We can use Equation 4.55 to predict the average force produced by the voice coil-

driven synthetic jet prototype described in Section 2.1 and compare the result with

the forces measured in Section 5.2. For this jet, ro = 0.4763cm, rc = 1.905cm,

roc = 3.805cm, and δ = 0.3cm. The frequency, f , ranged from 1 − 10 Hz, while the
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velocity profile, vp, ranged from 0.1− 0.9. This was for a sawtooth forcing profile.

From Equation 4.50:

Fout = ρπ
δ2 f 2 r4

c

(1− vp)2 r2
o

=

(
1000

kg

m3

)
π

(0.003m)2 (f 1
s
)
2
(0.01905m)4

(0.004763m)2 (1− vp)2

=

(
f

vp

)2

(1.6414× 10−4)N.

From Equation 4.49:

Fin = ηρπ
δ2 f 2 r4

c

vp2 r2
o

=

√
2

2

(
1000

kg

m3

)
π

(0.003m)2 (f 1
s
)
2
(0.01905m)4

(0.004763m)2 vp2

= (
f

1− vp
)
2

(1.1606× 10−4)N.

Plugging u0 = δ f
vp

( rc

ro
)2 into Equation 4.35:

Fcf = 16 r2
o u

2
oρ

χ

k2

= 16 ρ
r4
cδ

2

r2
o

f 2

vp2
k−2χ

= 16(1000
kg

m3
)
(0.01905m)4 (0.003m)2

(0.004763)2

f 2

vp2
k−2χ

=

(
f

vp

)2(
χ

k2

)
(8.3595× 10−4) N. (5.1)

As this experiment was performed with a prototype with doc = 7.62cm, χ was

calculated, using the numerical method discussed in Section 4.4.5 for both doc = 7cm
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Figure 5.23: A comparison of predicted force versus experimental results (using η =√
2

2
) assuming a membrane displacement of 3mm.

and doc = 8cm to see the sensitivity of χ relative to doc. What was found was that chi

was larger for doc = 7cm. As doc does not impact Fin or Fout, Fcf will be calculated

for both values to see the difference this makes on the force’s magnitude.

Fcf(dc=7cm) =

(
f

vp

)2(
0.3681× 10−8

)
(8.3595× 10−4) N

=

(
f

vp

)2 (
3.0771× 10−12

)
N

Fcf(dc=8cm) =

(
f

vp

)2(
0.5796× 10−8

)
(8.3595× 10−4) N

=

(
f

vp

)2 (
4.8452× 10−12

)
N

Thus, the contribution of force from coflow is negligible in this case. This is

unsurprising given that doc is 8 times greater than do, and uor is very small. In

contrast, the scotch yoke apparatus on which the coflow was first noticed had a doc that
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Figure 5.24: Comparison of experimental results with model predictions for variation
in velocity profile, vp.

was only 4 times greater than do and a relatively large magnitude of uor. Plotting the

experimental average measured force versus the model predictions (using η =
√

2
2

and

vp = 0.5) as a function of frequency results in a plot (Figure 5.23). This simple model

does a surprisingly good job at fitting the experimental data if we use the assumption

that the average membrane displacement is 3 mm. Given that a precise measurement

of membrane displacement is not available for this apparatus, the comparison with

the model should be taken as an initial validity check and not an exact comparison.

Future comparisons of the model against other experiments will be needed to quantify

the model’s accuracy.

The model shows a positive correlation between measured and predicted forces, as

a function of geometry and frequency, for both of the cases shown above. A trend that

is not matched between the experimental results and the model is that of the effect
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of velocity profile on force. As can be seen in Figure 5.24, our experimental results

show that a lower velocity profile (representing a sawtooth profile in which the piston

velocity during instroke is faster than during outstroke) produces a greater thrust.

The model, however, has the opposite prediction. The model also predicts that the

direction of the force will switch as a function of vp. It is likely that this discrepancy is

due, at least in part, to the issues discussed above regarding the relationship between

programmed velocity profile and membrane displacement. Thus, the only conclusions

that can safely be drawn is that changing the programmed velocity profile does effect

the thrust produced.

5.6 Summary of Force Measurement Results

This chapter presented force measurements for an aquatic synthetic jet. A proce-

dure for measuring the synthetic jet’s average thrust was developed and experimental

repeatability was demonstrated. A direct relationship between frequency of mem-

brane actuation and average thrust was evident. Additional investigations into the

effect of membrane velocity profile on thrust were performed, and it was shown that

changing the relative in/out flow rates does have an effect on the thrust produced.

An automated thrust optimization procedure was demonstrated and its results were

shown to be consistent with the other findings in this chapter. Finally, a preliminary

comparison of measured versus modeled forces is presented.



123

Chapter 6

Feasibility of Using Synthetic Jets
for Vehicle Propulsion

As discussed in Chapter 1 the motivation for this research is determining the suitabil-

ity of synthetic jets for small vehicle propulsion. Discussions with biologists revealed

that there is a desire among scientists for vehicles small enough to be transported,

launched, and recovered by a single person. An application for such a vehicle is the

tracking of slow moving creatures that are often carried with the ocean currents.

Given the results of the force measurement presented in Chapter 5 have the potential

to be used in exactly this sort of vehicle. Small, slow moving vehicles are an ideal

application for synthetic jets.

Synthetic jets are clearly not the best method for generating large magnitude

thrust. From an efficiency standpoint, applications which require large thrust forces

are better suited for the use of propellers (ducted, unducted, or water-jet configura-

tion). Synthetic jets are, however, an attractive AUV (and ROV) propulsion alterna-

tive for other reasons. Given that discussions with marine biologists was a motivator

for this research, the effect of the propulsors on marine life is particularly interesting.
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When vehicles are being used for close observation, or collection, of sea life, propellers

pose a risk to the animals. The spinning blades can maim or kill the very creatures

the vehicle is trying to observe. Additionally, synthetic jets could be built into the

hull of a vehicle without any parts protruding. As protruding parts are more likely

to break, using synthetic jets for propulsion may add additional robustness to the

vehicle.

A more anecdotal downside of propeller driven vehicles is the unnatural form

of their wake. Propellers, on a scale larger than the flagella of microorganisms, do

not occur in nature. Thus, it seems reasonable to conjecture that creatures may be

scared off by the wake of AUVs and ROVs that are propeller-driven.1 As vortex ring

propulsion is common among ocean animals, it is possible that a vortex ring-propelled

AUV would be able to get closer to sea creatures.

Given the relatively small forces produced by synthetic jets, they may prove useful

as a primary propulsion scheme for only a small class of vehicle applications. More

useful may be their possible use as a secondary propulsion system. As synthetic jets

could be embedded into the vehicle’s hull, it is easy to imagine a vehicle with both

propeller and synthetic jet capabilities. A traditional torpedo-shaped vehicle with

embedded synthetic jets has been built by Mohseni et al.[56], but no performance

results have yet been published. As discussed in Chapter 1, synthetic jets have been

explored as flow controllers in air. They could very well be used for the same thing

1I have spoken to a biologist who describes expeditions in small one-person submarines. When
they turn the propellers off, creatures will come very close to them, and they are more likely to see
animals that they have never seen before. Turning on the propellers, in his opinion, scares off many
creatures.
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underwater on AUVs and ROVs. Embedding synthetic jets on a vehicle’s hull could

prove useful in reducing drag forces. A final intriguing vehicle application of synthetic

jets is the design of micro-AUVs. Designing a very small “jellyfish-like” vehicle with

a single synthetic jet would allow for the optimization of Fcf . Thus, it is conceivable

that a fairly efficient small AUV could be designed using a synthetic jet even without

needing to incorporate the complicated flexible, variable-diameter fluid chamber of a

jellyfish.

6.1 Propulsion Force Requirements

Discussions with biologists2 revealed that there is a desire for small vehicles (less than

a meter in characteristic length3) that are capable of slow movement. Given that one

of the applications suggested for such a vehicle is the tracking of slow moving creatures

that are often carried with the ocean currents. For such an application speeds on the

order of 10 cm/s would be desirable. This section will do a feasibility study for

a theoretical vehicle to asses the practicality of using synthetic jets to meet these

velocity requirements.

2A meeting with Dr. George Matsumoto and Dr. Bruce Robison, both biologists specializing
in marine invertebrates, was held at the Monterey Bay Aquarium Research Institute to discuss the
need for, and practicality of, small vehicles with propulsion schemes other than propellers.

3The size is driven by the desire of these scientists to have a vehicle which could be transported,
launched and recovered by a single person
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6.1.1 Steady State Propulsion

For a vehicle moving at a constant velocity the propulsion force must overcome the

drag force. The drag force, FD, for a vehicle as

FD =
1

2
CDρv

2
vAv, (6.1)

where v2
v is the vehicle’s velocity, Av is the vehicle’s characteristic area, and CD is

the coefficient of drag. This equation can also be rearranged to find the coefficient of

drag when the drag force is know:

CD =
FD

1
2
ρv2

vAv

. (6.2)

CD is dependent on the vehicle’s geometry and velocity. As this thesis is a feasibility

study for synthetic jets, this section will provide equations for an idealized spherical

vehicle. A sphere is an interesting hull shape to consider as it would allow for equal

drag in all directions. Thus, for a truly neutrally buoyant vehicle, the necessary

thrust needed for a given velocity would be independent of desired direction of motion

(though the configuration of the thrusters on the sphere’s hull would dictate the

directions which the vehicle could travel). The calculations in this section will be

performed for a spherical vehicle with a 12 cm diameter. The thrusters embedded

in this vehicle will be loosely based on the dimensions of the voice coil-driven jets

presented in Chapter 5. Thus, they will have an initial chamber diameter, dc, of 3.81

cm. I will assume that they have a piston configuration as shown in Figure 4.6.
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(A) (B)

Figure 6.1: (A) depicts a hypothetical synthetic jet propelled spherical vehicle. The
synthetic jets are the black circles on the hull. (B) shows a the vehicle sliced in half.

Given that the jet’s are embedded in a spherical hull, where rs � ro, we would

expect the force contribution from coflow to be negligible. Thus we can use Equation

4.56 to calculate the expected average thrust for the jet:

F̄(ucf=0) = ρπδ2f 2

(
r2
c

ro

)2 [
2 vp −

√
2(1− vp)

2 vp (1− vp)

]
. (6.3)

For simplicity let’s assume a sawtooth membrane velocity profile of vp = 0.5, a

frequency of 8 Hz, and an initial piston displacement, δ, of 3 mm. Thus,

F̄ = 1000× π × (0.003)2 × (8)2 ×
(

(0.0191)2

0.00475

)2 [
2× 0.5 −

√
2(1− 0.5)

(2× 0.5)× (1− 0.5)

]
(6.4)

= 0.0063N. (6.5)

Returning to Equation 4.56, we can calculate the speed that the spherical vehicle
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could move based on this F̄ . The value of CD for a smooth sphere can be found using

a look-up chart such as the one presented in Newman [79]. This value is Reynolds

number dependent. For a 12 cm diameter sphere moving at between 5 and 15 cm
s

,

CD is roughly 0.5.

Thus, the drag force that needs to be overcome is

FD =
1

2
CDρv

2
vAv (6.6)

=
(

1

2

)2

× 1000× v2
v ×

(
π × 0.062

)
(6.7)

= 2.8274× v2
v . (6.8)

From the above equation, it follows that a thruster producing 6.3 mN of force

could propel the spherical vehicle at 4.7 cm
2

. This is below the 8 to 10 cm
s

velocities

we would like to achieve, so a method of increasing the thrust must be found. Using

the design tables in Chapter 4 we can see that force increases with δ2, so doubling

the membrane throw would quadruple the force. At 25.2 mN of thrust, the vehicle

could be propelled at 9.4 cm
s

. Alternatively, force increases with r4
c , so increasing the

fluid chamber diameter would have a great impact on the thrust produced.

6.1.2 Acceleration and Deceleration

It is important to remember that the calculations presented in the previous section

are for steady state propulsion of a vehicle. This thesis is motivated by the idea of

propulsion in regimes where a high level of maneuverability is important. Therefore,
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additional calculations must be performed to evaluate the acceleration and deceler-

ation capabilities of a vehicle propelled by synthetic jets. When a vehicle is moving

through fluid it is necessary to accelerate (or decelerate) not only the vehicle itself but

also the fluid surrounding the body. In other words, the inertia of the fluid must be

overcome. This inertia is referred to as the added mass, ma. Thus, when calculating

the force needed to accelerate the vehicle, the mass to be accelerated can be written

m = mv +ma, where mv is the vehicle’s mass and ma is the added mass.

For a sphere:

ma =
1

2
ρVs (6.9)

where Vs is the sphere’s volume. Therefore:

m = ms +ma (6.10)

= ρπ
4

3
r3
s +

1

2
ρπ

4

3
r2
s (6.11)

= ρπ
4

3
r3
s

(
1 +

1

2

)
(6.12)

= 2ρπr3
s . (6.13)

Thus, the force needed to accelerate the vehicle can be written as

F = ma (6.14)

= 2ρπr3
s as (6.15)
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Thus, the sphere’s acceleration, as, is

as =
F

2ρπr3
s

. (6.16)

Using the same parameters as in the previous section (for a sphere with a 6 cm

radius), an average thrust of 0.0063 N would result in an acceleration of 4.6 mm
s2 .

as =
F

2ρπr3
s

(6.17)

=
0.01

2ρπ(0.06)3 (6.18)

= 0.0046
m

s2
(6.19)

At this acceleration rate it would take approximately 17.3 seconds for the vehicle to

reach a velocity of 8 cm
s

. Such a slow acceleration rate would probably be unacceptable

for maneuverability critical vehicle regimes. However, making the jet modifications

discussed above that would bring the predicted average thrust for a single synthetic

jet to 0.0252 N (by doubling the piston throw)would increase the acceleration rate to

5.8 cm
s2 . At as = 5.8 cm

s2 , it would take approximately 1.3 second to achieve a velocity of

8 cm
s

. This is a much more reasonable acceleration time. However, it is clear that other

modifications, particularly increasing the fluid chamber diameter, could increase the

acceleration time even further.

The calculations in this section are intended to demonstrate feasibility, not opti-

mization. It is unlikely that a perfectly spherical vehicle shape would be chosen. If

omni-directionality is not a concern, a much more streamlined body can be designed.
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Net Thrust Direction

Figure 6.2: Illustration of the use of two thrusters to augment net thrust.

Such a design would require smaller jet forces for both steady state propulsion and

acceleration. Additionally, if a spherical body were chosen, using a single thruster at

a time would be the minimum force production case. One can envision using multiple

thrusters at once, as shown in Figure 6.2, to achieve greater thrusts.

Based on these calculations, it seems reasonable to propose that synthetic jets can

produce enough thrust to be considered for the propulsion of small vehicles needing

to achieve velocities on the order of 8 cm
s

with reasonable acceleration rates.

6.2 Practical Concerns

In Chapter 1 practical reasons for using synthetic jets for vehicle propulsion were

listed. This section will address these reasons in more depth.

Robustness is an attribute of synthetic jets which should prove beneficial if they are

integrated into an underwater vehicle. Synthetic jets, in the simple designs presented
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in this thesis, have a single moving part (the membrane actuator). For underwater

robotic applications, the minimization of moving parts is important as it reduces the

vehicle’s number of potential failure points. Thus, the simpler the thruster design the

better.

For applications that entail maneuvering in tight spaces, the minimization (if not

elimination) of appendages protruding from the vehicle’s hull becomes important.

As mentioned above, the minimization of the vehicle’s potential failure points is an

important design consideration. The single orifice needed for a synthetic jet seems

ideally suited for flush integration into a vehicle hull. This is demonstrated in the

vehicle designed by Mohseni et al. [56].

In addition to minimizing moving and external parts, minimizing seals is impor-

tant to the robustness of a vehicle. The reasoning for seals is twofold: to prevent water

(particularly corrosive seawater) from getting into the vehicle and damaging electron-

ics and other components, and to prevent any of the vehicle’s internal components

from escaping into the environment. This latter consideration would be particularly

important for applications involving pristine, unexplored bodies of water (Lake Vos-

tok, in Antarctica, for example). To prevent water from entering around the shaft of

a propeller (on a propeller driven vehicle) a shaft seal must be used. Designing such

a seal has challenges as a propeller shaft is rotating. Our voice coil-driven synthetic

jet needs only one critical seal4. This seal is the one between the membrane and the

fluid chamber.

4The phrase ”critical seal” is being used here to denote a seal which, if compromised, would allow
water to leak into the vehicle. A ”non-critical seal” would be one which, if compromised, would not
threaten the hull’s integrity.
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For animal tracking applications, creating a vehicle which does not scare off the

intended targets is crucial. Obviously the impact of any lighting system or active

sensor must be considered carefully. Additionally, the wake structure of the vehicle

should be examined. Currently, practically all AUVs and ROVs are propeller driven.

Above the micro-organism level, propeller-like propulsion systems are non-existent.5

It seems reasonable to expect that a creature confronted with a wake pattern that it

has never previously encountered would be scared off. Synthetic jets produce a wake

structure similar to that of jellyfish. Thus, we hypothesize that this wake structure

would be less disturbing to creatures.

6.3 Comparison to Other Propulsion Systems

The direct comparison of synthetic jets to other means of underwater propulsion must

be done carefully. As there is not one single metric of comparison, a propulsion scheme

must be chosen depending on the circumstances under which it will be used. This

section will compare synthetic jets, using a number of performance characteristics, to

other propulsion methods: ducted and unducted propellers, water jets, and flapping

foils.

The typical propulsor for an underwater vehicle (AUV or ROV) is a propeller.

As discussed in Chapter 1 this propeller may be ducted or unducted. Propellers,

like synthetic jets, have a single moving part (a rotating shaft) and a single seal.

However, unlike the seal on a synthetic jet, a propeller’s seal must accommodate

5At the micro-organism level, the rotary motion of the flagellum of some bacteria comes to mind.
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a rotating shaft which adds to the difficulty of achieving a water-tight seal. More

importantly, a propeller must stick out of the vehicle’s hull (unless a waterjet design,

discussed in detail below, is used). This leaves the propeller prone to breakage during

launch, recovery, and operation. The helical wake of a propeller does not have a

biological analog, with the microscale exception discussed previously.

A water jet is a through jet which pulls water in through one orifice and expels it

through another orifice. This fluid pumping is typically achieved using a rotor/stator

propeller system. Similar to a propeller, this can entail as little as one moving part

and a single seal. However, unlike a propeller, a water jet system is internal to the hull.

This approach to AUV propulsion can be seen on Stanford’s OTTER vehicle [10]. As

with propellers, a water jet’s wake would not be mistaken for that of a biological

organism. Clearly the water jet configuration has many advantages over a traditional

propeller driven system in terms of its suitability for low-speed applications requiring

maneuverability. However, there are mechanical design tradeoffs to the use of water

jets on AUVs and ROVs. As separate inflow and outflow orifices are needed, the

placement of both orifices and and the connecting piping must be considered. This is

substantially more complex than the embedding of a single orifice synthetic jet with

no connective tubing needed.

An additional aspect of any propeller driven system, be it in a ducted, unducted

or water jet configuration, is directionality. Propellers are inherently right or left

handed, and thus their helical wake is not truly axisymmetric. Thus, a vehicle often

heels slightly to counteract the torque. Synthetic jet flow, as produced by a cylindrical
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jet with a circular orifice, is axisymmetric.

Flapping foil propulsion, which is still in its infancy as far as oceangoing AUVs and

ROVs are concerned, typically entails multiple moving parts (servos and linkages).

This increases the possible points of failure. The number of seals is dependent on the

particular design. For a flapping foil to work, particularly in a biologically inspired

carangiform configuration, the fin must protrude from the hull. As mentioned above

for propellers, this adds to the likelihood of damage due to impact with objects.

Clearly the wake produced by a flapping foil has a great similarity to that produced

by a fish.

A more complicated comparison between synthetic jets and other propulsors is

efficiency. As can be seen in the models presented in Chapter 4 during the instroke

of the membrane the force (with the exception of any self-induced coflow forces) is

acting in an opposite direction than during the outflow stroke. Thus, energy used

during the instroke is being used to produce a force in the opposite direction that

thrust is desired. This is inherently wasteful, energy efficiciency-wise. It is unlikely

that synthetic jets would ever be chosen for their efficiency. A study of synthetic

jet efficiency has never been done and thus direct comparison to other propulsion

schemes is not currently possible.

6.4 Vehicle Conclusions

This chapter is intended to serve as an initial feasibility discussion of using synthetic

jets as underwater vehicle propulsors. The ability of these jets to propel small, slow
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moving robots was shown. Additionally, a comparison of synthetic jets to traditional

underwater vehicle propulsors is presented.
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Chapter 7

Conclusions and Future Work

As discussed in Chapter 1, the motivation for this research is determining the suit-

ability of synthetic jets for small vehicle propulsion. Prototype synthetic jets were

constructed to gain a further understanding of the fluid structures and forces that

they could produce. A synthetic jet force model was developed to aid in the design

of such devices. This chapter will briefly summarize the findings of this thesis and

discuss future directions for work in this area.

7.1 Summary of Results

7.1.1 Force

This thesis confirmed that a net thrust can be produced using a synthetic jet under-

water. As was shown in Chapter 5’s force measurement experiments, thrust increases

with frequency. This trend is also clearly captured in the model presented in Chap-

ter 4. A genetic algorithm-driven automatic optimization process is presented and

shown to produce the same results as a brute force sampling of the parameter space.

Applications of this process to creating more complex membrane forcing profiles are
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described.

7.1.2 Flow Structure

Fluid visualization performed using both dye and digital particle image velocimetry

(DPIV) confirmed that vortex rings are formed during synthetic jet outstroke. This

is not a new result, as it has been previously reported in both air and water synthetic

jets. A more intriguing result is the confirmation of a vortex ring forming internal

to the fluid chamber during the instroke stage. This formation has been previously

predicted in flow models (initially by Rizzetta et al. [29]), yet this was the first

experimental visualization of this phenomenon.

The most significant fluid visualization result presented in this thesis is the pres-

ence of a self-induced coflow. As earlier visualization experiments and simulations

have focused on synthetic jets on a flat plate, or with an orifice diameter (or slit

width in the case of rectangular jets) much greater that the outer diameter of the

fluid chamber, little attention has been paid to the flow upstream of the orifice. The

DPIV visualizations presented in Chapter 3 and Appendix A show that the upstream

fluid is effected by the jet and that this effect has the potential to add to the jet’s net

thrust.

7.1.3 Modeling

In Chapter 4 a new model for synthetic jet force was presented. This model builds on

earlier force models (Mohseni [48], Müller et al.[50], and Polsenberg Thomas et al.[62])
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and contributes new insight into the inflow stage. A model of the self-induced coflow

contribution is constructed using a conformally mapped potential flow approach. The

model is then compared to Chapter 5’s force measurements, and a good agreement

between model and experiment is found. A design table is created which details the

effects that varying jet geometry parameters will have on the force produced by the

jet.

7.1.4 Vehicle Feasibility

Chapter 6 presents a discussion on the feasibility of using synthetic jets to propel small

underwater vehicles. Based on the model (Chapter 4) and force measurements (Chap-

ter 5) it is reasonable to conclude that synthetic jets do offer a reasonable method

of propulsion for small vehicles to be used in slow speed applications. Calculation of

projected vehicle velocity and acceleration are shown.

7.2 Future Directions

The possibility of synthetic jets inducing a coflow that augments their thrust pro-

duction is a new idea. This thesis raises the question of what effect the jet’s outer

geometry has on the fluid velocities upstream of the orifice. The coflow model pre-

sented here is a very preliminary study meant primarily to verify that the inflow

could produce appreciable upstream velocities for a cylindrical synthetic jet and thus

explain the results of Chapter 3’s flow visualization experiments. A more thorough

analysis of this portion of the flow will undoubtedly require a closer look at viscous
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effects and boundary layer formation on both the orifice plate and outer chamber

walls.

While the model presented here seems to accurately predict the effect of jet ge-

ometry and membrane actuation frequency on produced force, it was not successful

in predicting the effect of membrane velocity profile. As the force results show that

changing the profile did have an effect on thrust. this is an area for further research

that has the potential to broaden the range of forces that a given jet geometry can

produce. The automated optimization process presented in Section 5.5 should prove

a useful tool for this exploration.

In conclusion, this thesis has demonstrated that a net thrust can be produced

by a synthetic jet and that the jet’s geometry and forcing profile can be altered so

as to modify the magnitude of the thrust. The practical benefits, from both an

engineering and marine ecology standpoint, of using synthetic jets on AUVs and

ROVs were presented. The modeling and design charts presented here can serve as

a starting point for the design optimization of synthetic jets given size and/or thrust

constraints.

The driving goal of this thesis was to determine whether synthetic jets may be

useful for propelling AUVs and ROVs. I believe the answer to that query is “yes.”
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Appendix A

DPIV Visualization of Self-Induced
Coflow

This Appendix presents DPIV velocity images for an entire in-out cycle of the scotch

yoke driven synthetic jet prototype as presented in Chapter 3. This yoke’s wheel

spun at a frequency of ≈ 1.2 Hz. Image pairs were taken at a rate of 15 Hz, with a

5 ms time step between images in a pair. The data was processed using the process

described by Willert [67], with a processing window of 32 × 32 pixels and a step size

of 16 pixels. Figure A.1 shows a sample pair of photographs from this experiment,

for orientation and size comparison. Note that this experiment was performed on the

prototype described in Section 2.2 and the dimensions for this jet can be found there.
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Figure A.1: A sample pair of photographs used for this DPIV experiment.
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Figure A.2: Velocity comparison of DPIV frames 2 and 3.
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Figure A.3: Velocity comparison of DPIV frames 4 and 5.
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Figure A.4: Velocity comparison of DPIV frames 6 and 7.
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Figure A.5: Velocity comparison of DPIV frames 8 and 9.
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Figure A.6: Velocity comparison of DPIV frames 10 and 11.
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Figure A.7: Velocity comparison of DPIV frames 12 and 13.
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Figure A.8: Velocity comparison of DPIV frames 14 and 15.
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Figure A.9: Velocity comparison of DPIV frames 16 and 17.
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Figure A.10: Velocity comparison of DPIV frames 18 and 19.
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Figure A.11: Velocity comparison of DPIV frames 20 and 21.
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Figure A.12: Velocity comparison of DPIV frames 22 and 23.
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Figure A.13: Velocity comparison of DPIV frames 24 and 25.
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Figure A.14: Velocity comparison of DPIV frames 26 and 27.
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Figure A.15: Velocity comparison of DPIV frames 28 and 29.
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Figure A.16: Velocity comparison of DPIV frames 31 and 31.
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Figure A.17: Velocity comparison of DPIV frames 32 and 33.
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Figure A.18: Velocity comparison of DPIV frames 34 and 35.
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