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ABSTRACT

A soil test box, capable c¢f appliying any combination of princi-
pal stresses to a cubical soil sample, was Geveloped for the experi-
mental investigation of the behavior of granulsr soils under static
loading. A stress conirol device was alsc cGeveloped, enabhling a con-
tinuous snd proportlonate change to be made in the stresses along a
stress path and considersbly simplifiying the calculation of the stress
state in the sample. The apparaius vwas usged Lo investigate (a) the
hydrostatic compression of an Ottawa sand, and (b) tae behavior of the
same s0il under various deviatoric stress paths Iz both loading and
unloading conditilons.

A thecrstical "holey” model was postulated for ssad urder hydaro-
statlic stress and the results of the analysis of this mocel were found
tc correlate closely wlth the experimental zata.

The guallibatlve behavicr of sand wader shear sbtresses was ex—
arined fromr a particulsete point of view. 5Specially designed tests were
performed on the Ottawa sand with loading and unloacing along stress
pathe whiech invalved different comhinations o7 hydrostatie and devia-
toeric stresses, with the purpose of examining the proportions of recover-
able and lrrecoveratle deformaticns. A feilure envelope was obbalned
fer a medium dense srd = medium loose sand by moncsoanicelly iner=zasing
while xeeping o constent under varlous conditicns of gtress

OCT
distribution, and it was found that the value of equivalent Coulomb g

Toor

ircreased from 42° ir triaxial compression to 48° in triaxiasl extension
for the medium dense sand and from 36° in triaxial compression to 44° in

Lrlsxiel extenslon lfur Lhe medlun loose sand.
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CIHAPTER T

REFERSENCE FREAMEWORK OF TEEQCRY

(1) DPrincipal Strece Space

It is desirable to set docwn a framework of reference at the be-
ginring of this thesis, so that later discussions can continue without
interruption by slaborate definitioms.

The term "stress” is defined in the usual englneering sense as
force ver unit area [1].¥ It car be shown [1] thas the stresses acting
at & point ¢i & material can be uniquely represented by three prineipal
strepses whege dlrectlons. of actlon are mutuslly perpendicular to each
other. Hence, to describe the stresses ir a meterilal, it is necessary
tc specifly cinly the three principal stresses and the directions in whileh
they act. A nomogeneous stress state in & body 1= one in which every
point In the body has the same set of principal stresses acting 1in tke
same Glirections.

The state of principal stresses can be split intc two additive
gystems of principal stresses [1]. The first, called the hyrostatic
gystem, has all three principal stresses equal. The second, the devia-
Toric syeten, represents a siate of pure chear,

It will be ftound convenient tc represent the stress statss of a
body by plotting the three principal siresses in z system of rectangular
coordinates in which the coordinates are made equal to the principal

stregses oy, oz =nd g5, of Fig. (I.1). It will be understood that, in

*Numbers in brackets refer to the references at the end of the
thnesis.



the content cf this thesis all compressive stresses sre positive and
that, uniess specified otherwlse, the rule will be fcllowed 1ir which

g1 > 92 2 0z 2 C. CThus by plotting the stress state as 2 point ir this
principal strese space (or the Haigh Weobergesrd space [21, [21), one
can easlly trace how the stress guate changés by following the sbress
point.

There are seversl features of the pri-ncinal stress space walch
are relevant tc the investigation described in this thesis. The first
15 the space dlagonal or the hydrostatic axis [L], which is the 1ine
with equstion ¢y = 0z = Oz, through the origin of the principsl stress
space, making equal angles of cog ™t l/ Jg‘with egach of the three ccoordi-
nete axes, Flg. (L.1). A point of this line represents = aydrostatic
stress state in which no shear stress exists and all rormzl stresses
are equal. The second iz that sny plane perpendicular to the space
diagonal ls called an octahedral plane, with egquation ¢y + Gp + o5 = Uy
and all points on this plane have the same mean normal stress, the octa-

hedral normal stress

‘JB-' (0"; + Gz + 0'3) = S/j (]--l)

O.O Cr_[l = L

to which only the hydrostaitic component of the principal stresses mokes
& contribution.

In partictiar, the planz perpendicular to the space &ilagonal
containing the origin has the equatiorn g3 + 62 + o3 = {, s0 that only
the deviatoric components cf the principal stresses can affeet the posi-
ticn of a point on this plane. This 1s called the deviatorie plane.

An octahedral plane 1s any pleane parallel to i%t, The resultant stresses
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at & point such as F, Fig. (I.1), due toc the Lydrostatic and ceviatoric
components, can he determined by passing a plane through P perpendicular
to the space ddzgonal which it will intersect at & point P' revresenting
the hydrostotic etress at 2. The line I'T' in the plane then zepresents
the deviatcric contribution to the stress state at P. The gquantities
abCT znd TCCT’ as defined in [4], are then represented as ghown in

Fiz. (?.1). A stress state can then bhe represented by and

et Toom

an. angie In the deviatorlec plane in which Tom acts,

The vertical plane which bisects the 30z and the oycq planes
nas its trace OA on the 0n0s5 plane, maklog ecual angles of L5° with the
exes 00z and 0oz. This plane is called tke triaxizl plane [k], because
ail voints on it represent a triaxial stress state in waich oy % Us = Ox.
(ders the rule gy > 0p > 03 is not obscrved.) The trisxial plene OA i1s
erown in Fig. (I.2), and has ordinates oy and sbscissee /2 oz = /2 0.
A point on this plane sbove the space clegonal has ¢y > &2 = $x ansé
Therafore represents a triaxial compression state, whereas a point
below It has oy < 02 = 05 and represents z triaxial extensicn stake.

Here g 18 the mejor end o3 the minor principal stresses.

I the Investigation cf the failure condition of soils, the
yieli strength (the term "yield") will be discussed in detall in Chapter
TiT) of the material is neuslly ewpresesc in termz of an angle of inter-
nal friction, denoled by ®. For a triaxial stress state, @ 1s calculated

Zrom

Ul/“& 1

- =\
sin @ = T2/o, ¥ 1 (1.2}
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where Uy =206 oz &re the major and minor principal stresses at rallure.
Here the intermecdiate prirncipal stress, oz, 1:s elther equal to the major
or to the minor principal stress. The value cf ¢ thus defined by Eq.
(1.2) 1= usually cclled the Coulorb friction angle [5]. Towever, when
the intermediate principal stress takes up a velue other than the major
or the mlnor principal stress, a frictilon angle as such, may have no
physical meaning; hnowever, we will continue te define a modified Coulomb
triction sngle, @, by Bq. (I.2), irrespective of the value of the inter—
mediste principal stress.

Tor terms such as the stress and strain inverilant functions, the

reader is referred to the book by Scott [U4].

(2) Genersl Bchavior of Granular Soil under Stresses

1t 1s alsc desirable at thig poiant to triefly desceribe the
general behavior ¢l send under stress, partlicularly as it has developed
ir. connection with this research progrsm.

ffand conslsts of a structural srrangement of grains, the pores
of the structure being filled with fluids, normslly zir end wster.
Therefore sand Zs not & continuous medium and shculd te properly treated
ag = diserete system of particles. The mechanical propertics of vand
are ther dictated by the interactlon of the grains at their contacts,
and zre inluenced also by the presence cof the pore flulds under certain
cornditions,

When such & mass of gralirns 1s subjscled to externsl shresges,
these stresses will be resisted by the forces develcped betweer grains

at points of contact. The overall or macroscopic deformaticn cf tae
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s01l mass when the Zoad (including both volumetric and shearing stresses)
is applied and then remcved after a certain tize 1s shown in Fig. (1.3),
after Scott [4]. The microscopic benavior will be examined in Chapter
ZIT. The deformstion ccnsidered nere can arise from hoth shesring
strains and volume changes. When the load 1s first epplied, there 1s an

Instantaneous ceformation OA. If the load is immediately removed, tae

e, The recov
able portion c¢f the deformation s represented by AB. If the load is
meintained on the soil for some time, the deformation will Increase
slong the curve AQ, which for sanc will quickly fiatten out to a hori-
vontal line. Also, the deformatlons represented by A and I are almost
equal, indlcating that the deformations In sand under stresses are al-
most irnstantanecus.

Wner the load is removed at time rerresented bty C, the deforma-—
tion willl succenly return to the value represented by D and will then
follow the curve IE untll a steady velue ls reached. Agsin Zn the case
of sand, elastic recovery takes place quickly, so tzat the deformations
can be consilderec to be instantanecus both on Joading arc unloadlng.

The tovel permanent set ils represented by OF, walch 1s rot very differ-
ent frcm the instantaneous permsnent set ODL.

When the results cf tests witl the conventionsl trilaxial appara—
tus 1n the zbsence of vikbrations [€], in which both O 0T and 0T in-
creage are examined by plotting axial stress versus axilal strain, Fig.
(I.4), it is found that = ronlinesr strses-streln relatiomsnip is ob-
tained between C and A. When the load is removed at A, the uniocading

curve 15 AB, with 0B representing the permarent set due to the paximum
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stress represented by A. Upon relosding, the porticn BU of the curvs Iis
traced, which Goes not ccincide with AB, thus forming a aysteresis loop.
When the stress 1s inereased beyond that represented by both A anc Z,
the poxt CD of otreos sbraln curve results, wihiich is more of a continua-—
tion of JA than of BC. This qualitative behavior is true at 2ll strass
levels.

Tt can therefare he geen that sand 1z 2 non-linear, plastic—
elastic meterial, whilch Bbehaves differently Zrom the créinary linearly
elastic material, such as steel. This 1s nos surprising, because, as
mentionea before, =so0il is a granular three-phase system, wheress stecl
is a continmm when examlned at a scale of the grain size of the soil.
Another important polnt of c¢ifference between the beaavicr of soil and
that of 2 continuum is that under pure shear = soil dilstes at small
strains (positively or negatively) . 7], whereas steel defcrms without
sny volume change Tor small strains.,

It isg, therefore, nct t0 be expected that the concepts of con-
tinuum mechenics cen be applied without modification %o sollse, and it

is Important to examine the behavior of soil ab the grals level,
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CHAXTER II1

REVIEW CF OTHEE INVESTIGATICNS

AND SCOPE OF PRESENL WORK

(1) EReview

A rather extensive survey cf the ilterature or the mechsnics of
granuler materisls car he found 1in the hook hy Seatth 4] =2nf the thesis
of Eell [8], and need only be summarized here.

Most ¢f the resemarch CGone In soil mechanics has been concerned
with the failure state ¢f the material, such as the work of Kjellman [9],
Bishop and Eldin [3C] and Kirkpatrick [11]. These investigators wers
interested in trhe Tallure envelope for solls. Only in a few cases was
the pre-yield behavior the msin chbjeet of the investdgations. Chaplin
[12] for example consldersd the compressiblliity of sand. He, ané most
other workers, used the tiriaxial apparatus for their experimental in-
vestigations and It is, therefcre, necessary to discuss briefly the
adventaeges and disadvartages of this apparatus.

In the triaxisl apparatus, the sample 1s subjected to a stress
system with radisl symmebry. It is therefore not possible te study the
sample under a general stress state with all three prineclpal stresses
different. The verticsl load ig asppiiled through rigld caps cn the top
arn bottom of the specimen. Due to the tendency cf the soil to undergo
racial defcrmations, shear siresses develop at the eads vwhere the sample
1s restrained, thus producing a stress inhomogenelty in the sample. The
actual stress state nas been anslyzed Ly ﬁaythornthwaite {1%] and Balla

[14]. Attempts have Teen made to lubricate the end plates In the tri-
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exlal tests (Rowe and Barder [L0], Lee anda Seed [L1], ané Bishop and
Green [42]), but 1t was found ([40], [41]} that the behavicr of the soil
was nct apprecisbly affected by the removal ¢f end regtraints on samples
of tue stundaré size of 4 in, diareter snd 8 in. heipgkt. 7The cffect of
the geometry of the sample was also Investigated by testing shorter
samples and it was then found that lubrication of the snd plates pro-
duced results different f'rom thoge obhhained with standard end plates.
The results of these investlgatlons only show that, whereas the elfect
of end friztion may be gquite smsll, the dependence of the messured re-
sponse of the soil sample cn its geomebry is an Indicetion that the tri-
axial test is nct a good one. Thies dependence can he explained by the
presence of the »igid end plates. Any initial inhomogeneity in the soil
sample favers the develcpment of fellure planes when the sample is
sheared. Because of the presence of the rigid end plates, thc stress
cecnditions become inhomogeneous and the scil will celform more along the
Tailure planes; whereas if s Tlexible boundary is present, 1% will de-
flect in such a way a5 to meinteln the stress homogeneity and in—
Liblt the propagazion of these planes. Under an Ilnhomogeneous sbress
system, cifferent elements willl contribute differently to the overall
behavicr or the sample. This argument is supported by the observation
of failure planez and pulging In the goil sawple, Indicating a non-
unifcrm deformation of the sample. °This point will te taken up apgein
in Chapter VII,

The messurements taken in a test using the srisxisl apparsatus
are then not a true representaticn of the properties of s0il bus are

influenced hy the apparatus 1tself anc the geometry of tre sample,
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Degplte these handicaps, the apparatus is still widely usec, mainly be-
cause a better test is generally not available. Although other pieces
ci soll testing equipment have peen built, such &s the simple shear hox
cf Roscoe [15] and the hollow cylindrical sample of Kirkpatrick [13],
they have not been developed as much as the triaxisl apparatus. Bell
[8] built & three-dimensional coxmpression apparatus which is capable of
epplylng any combination of principal stresses tc a rectengular plate
sampie. Slace Bell's work is very close to what will be degeribed in
thkis thesis, It 1s worthwhile €0 examire nis apparatus and ciscuss his
Findings.

Filrst of all, nis test specimen was cchntelned in a rubber tag
wnilch had the shape of & reclanguiar plabe, and was placed 1n a tess
frame. A rubber bag (pressure cell) was laid cn each of the four sides
of the sample bag end toucning it, and another flat rubkter bag was pus
under the sample bag., These bags were filled with water wkich could be
subjJected to pressure. On the top of the samwple bag was placed s rigid
lucite plate. Each palr of the pressure cells could apply a principal
stress to the sample, while the Ttase cell avplied the third principal
stress. By varylng the pressures in these cells, the gample could e
studied under different stress conditions. The stress increments in the
three principal stresses were applied in succession and the deformations
in the sample were measurea by the amount of water comirg out or going
into the pressure cells. Bell claimed that a kLomogenecus stress state
was gttained ir the test specimen; however, it is the sutkor's opinion
that, since the base cell only covered about 60% of the tottom areas of

the sample bag, tne stress state Inside the sample wag rot homogenecus.
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The base cell wes made smeller beceuse a 10% strain was enticilpated,
with the hope of achleving an aversge homogenecous sgtress state, whereas
only & maxlmum strain cf 2% cccurred.

The sample was completely sesled 1ir the sample bag except for
& hcle st each of the corners. Prieor te testing, through one of These
holes, the bag was f1lled with sand with the bag turned into an uwpright

)

position ané rotated through 45° in its own plene. 3Bell only tested
dense samples of standard Ottews send {e = 0.53), tecause he could pre-
pare samples only at the dense siste by his method in which the sample
was vibrated during preparation.

Although he could carry out hydrestetic ccmpression tegts In
this apparatus, for that purpose ne also dullt a spherical ccmpression
spperatus, consistling of a cylindrieal semple bag provided with crainage
lines at the ends. The hycrostatlc pressure was applied through water
ir @ chamber akin te that of the conventional triaxial apparetus. Evi-
aently this is much easier to cperate than the three-dimensional compres-
gion apparatus.

In these hydrusbable Lesls, Oliaws sand was used and 1t was
prepzred at Cifferent densities. To obtain the True volumetric changes
in the sample, Bell had to apply & correctlon for the penetration of the
rubber membronce inte the spacca bebween the sand gralns on the surface
of the samwple. The plece of rubber membrane used in obtairing this
correction was thicker (0.C51 in.) than the sample bag (0.032 in.), and
he argued that, gince an average grain diameter was 0.024 in,, thise
cleerepancy was not important. He observed that with suitable experi-

mental precautions, the deformetion of sand unéer hydrostatic stress was
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alrost completely elastic, bub non-linear. The fact of slastlclty belng
skserved might not be affected by the discrerancy ix membrane talckress

noted above, but in the opinion of the authcr the wagnituces of the zc-

tual corrected deformaticns moy have been offected, cince the nagnituce

of the corrections was the same as that of fkhe actual deformations.

Trere wers two main kinds of shearing tests performed apart
from the hydrostatic tests; the Tirst was one in which the stress point
wags confined to the octahedral plane and moved radially outward from
the hydrostatic sxis, ¥ig. (IZI.1). This was called & radial compression
test. The second was one 1n which the stress voint, also confined to
the octahedrel plene, moved in = circular path with center at the hydrc-
statice axis, and this test was calied a clreulsr compression test. In
some of the radisl compression tests, the sample was not stressed to
yield (feilure). TYield was defired by Bell to be the condition that at
least one of the materia®l coefflcients relating stress increments axn
strain increments becomes zero. Upon unloading in these tests, elastic
recovery in the principal strzing was found to be between 15-20%, ana
the volumetric strain due tc shearing was 10% elastic. With the dense
samples tested, an initial contraction in sample wvolume and then an ex-
pansgion were obgerved on the sample when being sheared under radial
compresslon, as 1a the convenbtlonal triaxial tests on dense sand.

In the circular compression tests, starting from s deviatoric
stress state below yield midway betwesn the triaxial ccmpression stress
gtote ond the 4riaxiel extenslion estrese state, Bell fouxné that & move-
ment of the stregs polnt toward the triaxial extension stress state le=d

towerd yieid (assoclated with volume expansion and increasing shear
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straln), whereas a movement of the stress point toward the triaxial com-
pression stress state led toward increased "stability” (volume contrac—
tior. end decreasing shear strain).

He also performed experiments in which the sample was carried
to yleld in racial compression. ¥For a dense sample under different
radial pathe, yleld was reached at an axlal strain of 2-3%, radial
strain of 2-21% and volumetric strain of #-1%, with the equivalent

O

Coulomb friction angle @ = 38° fer triaxial ccmpreession and @ = 52° for
triaxial extension. The yield (failure) envelope cbteined by Bell is
shcwn plotted on the cetahedral plane in Fig. (I1.2), where the Mohr-
Coulomb envelope was also shown. On the basls of standard trilaxizl
compresasion tests on the same scil (03 w8 psi), the peak point frlcetlon
angle was 27.5° at 0% axisl strein and 2% volumetric strain.
Bell also formulated stress-straln rslationships in terms of the
modified strese and strsin Invariant funetiong that he developed. e
expressed them in Incremental ferme and gove nurericsl velues e the
coeff'iciente, However it is the opinion cf the author that, although
the functional forms of these relationships may he correct, the rmmerical
values are not necessarily correct for the following reasons:
(i) Tne apparstus defects mentioned earlier.
(11) Stretificatlon in the sample produced bty the methed of
preparation could affect the results of the tests.

(111) BSince it was found that stress-strsin bekavior of sand
wzs non-linear and largely plastic, the fact that stress
increments were applied sequentislly mesrnt that 1f these

increments had been spplied irn a differert order, the
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regultc might have been difflerent. However 1 we congider
that the increments are small encugn so that 2 Talrly
smooth stress peth 1s traced In the principsl stress
gpace, this pcint might not be very importanz.

(1v) Since only one type of soil st one density was tested,

it is not kncwn whether results were general for other
soils, and if they were, waether the coefficients in the
exgressions would vary from soil to soil.

In shors, Bell's approach tc the problem of mechanies of granu-—
lar materlalis was an emplrical one, as 1s the suthor’s, dictated Ty the
necesslty of obtalning information on the qualitative soil behavicr,
and without attempilng an explanation of the tehavior ¢f the particles
at the grain level. Hie method of curve fitting made it necessary to
perform a series ol tests on each type of zcil in order to extract the
necegsary coefficiente to completely deseribe the soil behavior. Al-
though ne had an adequate spparatus at hils disposal, except for the
base cell wnlch cen be redesilgned, tne difficulty of sample prevaration
and the amount of time required “or 2 single test precluded his obtain.
ing a general guelitative view of scil behavicr under various condl-
tlone of loading.

In splte of the above comments on Bell's work, it must be
polnted out that ais idea of testing samples three-dimensionslly using
rubber bags was & good cne, and some of his tests (e.g., the circuler
compression tests) were new. It 1z felt thet, with scme improvements,
his apparatus cculd be used more ccnveniently. In this investigation,

Bell's 1dea of testing 501l 1s pursued turther by developing a new soil
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test pox which operates on the same principle zs Bell's zpoarstus.

(2) BScope of Present Work

The author feels that the stress-deformation charscteristics of
grarular solls have not veen systematically investigated. Although in
some cases stress-strair relationships have been provosed, ([i2], [16],
{171) they were mostly formulated for mathemstical coavenilence sné do
not necessarily represent the true behavior of soilsz.

It is desirable to examine the interactlion cf particles at the
graln level and 1f, Trem such considerstions, stress-deformation rela-
ticnehips car be formulated, to compare them with experimental cbserva-
tions, However, since ilttle werk has been done with thils object in
wind, there 13 a scarcity of irformation on which tc base our irtuition,
It 1s the purpose of this research to study the behavior of a granuliar
medlum, sand in particular, by speclally designed experiments and then,
after extracting the characteristics of its behavior, to explaiz them
Trem & particulate polnt of view. Im order to obtaln meaningful experi-
mertal results, it was found necessary te design a new epparatuz and
thie has been found t¢ be useful in studying soil behavior. The design
anG construction of such an apparatus constltutes a subslantlal part of
the research described in this thesis.

It is pertinent =t this point to indicete how the work described
ir thie thesis will fit 1lntc the general pileture ¢f the mecharics of
materiais. Tne ultimate alm in ressarch of this kind is the formula-—
ticn of valid constitutive relations that'describe the behavior of

greniular matters In general, whicn can he used te solve practieal prob—
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lems. The first ctep towards the formuleticrn of thepse relatlons is to
understand the gualitative behaviors of one material urder simple load-
ingg, Then a different granular meterial should be sbudied to see what
influence different “actors (such as density, grein sisze dist-thukion
and shape of grains) mey have in the qualitative behaviors. Afster de-
termining such 1zfluence, we may proceed to propose = continuum that
behaves in a similar manner as a granular material, incorporation into

it the various factors described above. Tnese factors will sppear In
the coofflclents in the constltutive equations, the formuistion o which
may reguire resulits from tests Involving complicated stress paths.

Since we are dealing with a non-linear elastic-plastic materlal, 1t can
te easlily seen that such methods as Indlicated abcve are really necessary.
The work described in this thesis 1s just the first step towsrds the

systematic study of the mechanics of granular meterisls.
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CHAPTER IIX

THRORETICAT, CONSITERATICNS

(1) Introduction

It has been mentioned that mest work in soil mechanics 1s em—
piricel, =znd that very seldom explanation ol the soil's kehavior from a
particulate point of view has heen attempted, Some considersation heas
been devoted to the analysls of reguler packings of spheres and rods as
models of sand; & revliew of these works which are mainiy concerned with
the elastic behaevier of the packings is given by Deresiewicz [18]. Tre
results of these analyses were soretimes checked by experiments with the
triaxisl apparatus [1Y,20], and, tecause of the limitations of the ap-
paratus, 1t 1s not appesrent that the analyticel results were actuaily
vorne out by experiments. The ylela or slidiag beravier of regular
packings was sludled Ly D=sbu [21), Reunle [22], Scout [h], and Purkin
[22]. Rowe [24,25] analyzed a few regular peckings of rods and spheres
under shear stress and from the results cdrew corcluslons zbout the be-
havicr of a random assembly of granular maberdseli. IHls work has besn
eritically examined [26,27].

A stetistical zpproach tc the problem of surface subsicence due
te on underground excavation was used by Litwiniszyn [28] znd Swest and
Bogdenoff [29]. This statistical approach to the study of a sbress-
gtrein relationship of sand 1z more realistlc than one based on the
consldersetion of reguler packings, sginece sand isg a random asgsenmblage of

granuiar particies.
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In this research, it is proposed to study the behavior cof agand
under two types of stress state. One 1s the hydrostatic stress state
and tne other 1s a deviatoric stress state. By separating the actual
stregs state 1nto these two systems, as is usually done in olassioal
linear elastleity, we hope to investigate the degree of coupling between
the deformations caused by these stress systens,

In consicdering the compression of sand by a hydrostatic stress,
we can basge our analysis on the resuits of Bell and z21lso on some pre-—
liminery tests which were carried out to check on Bell's conclusion
about the elastlelity of send under hydrostaztlic stress. Thesc also
showed that the deformation was almost ccmpletely elastic., Eowever,
when we come to conslder the deviatoric stress effects, 1t 1s felt
that, since this situatlon 1s very comrlicebed, Bell's findings regard-
ing the gquslitative benavior carnot give sufficlent information to help
our I1ntultlon, and <hat 1t is recessary to first carry out scme experi-
ments especially deslpgned to extract the characteristic behavior of the

maberial.

(2) Model for Sand under Hydrostatic Compression

Baped on Bell's findings [8] that sand under hydrostatic stress
undergoes a volumetriz strain which is largely reversible, an idealized
stress-strain relationship for sand under hydrostatic stress is de-
veloped in the following, in whien individual graing deform snd rebound
wltnout permanent defermstion and without slippage and rotation. The

behavior 1s assumed to be perfectly elastic.



Let us, et of all, enalyzc the behavio
of equal spheres. It nas beern found [18] that such spheres can be ar-
ranged irn the face-centered cudic array or in the tetrahedral zrray o
cive the densest possible packing. On the other hard, to give the least
dense and yet stahle packirng, the spheres must be arranged in the simple
cublc array. Both the densest {e.g., the face-centered cubic array) and
the least dense packlng wlll be examined.

A unit element of a regular array is such that when unit elements
are put together they will form the regular array without additlion or
subtraction of spheres or parts of them, ané without roteiion of the
elements. A wnit z2lement of the simple cutle array ana one of the fazce-
centered cubic arrsy are shown in Fig. (III.1).

Under hycrostetic stress, the forces developed hetween the
spheres in these regular packings are purely normal fcrees. A stress
history dnvolving shear forces is excluded). It is msoumed that, in any
random assertly of particles of more cor less spherical snape with non-
uniform particle sizes, tne intergranuiar forces developed under hydro-
statis stress sre alsc purely normal. (If the grains =re angular, tre
following development has to bhe modified., Thnis willl ve discussed in
Chapter VII.) This may be cssentially true after the granular medium
has been sublect to a few cyeles of loading end unleading with a hycro—
stetle stress, since *thils gives the potentlally slipping grains s chance
to slip and asttain wore stable positions. Then, tased on Rell's experi-
mental results, which show that %the volumetric stralns are largely re-
versible, we can assume that She tangentlel forces acting between

grains are small, beczuse Langentisl Icrces would produce irreversible

deformations [30].
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Turning our attention to sand as one particular kind of granu-
lar medium, t 1g observed [31] that the vold retic of a natural depcsi
of sand lies betwcen 0.4% ard 0.85 and is within the limiss of those
values representlng the densest and the least dense regular packings,
&5 given in Fig. (III..). Accordirg to Smith, Foote and Busang [32],
an assemply of randomly packed spherical particles may be regarded as
an arrangement of separate clusters of face-centered cuble and simple
cubic arrays, each present in a proportien tc yield the observed porosity
of the assembly. Thus if x is the volumetric fraction of face-centered

cubic grains, and {1 - x) that of simple cuklc grains, then

Dopa. = ¥p gg. ¥ (L - x) A 4. (I1I.1)

where n = poreslbty.

This assumptior may be an oversimplification, nut has the merit
of leacding to a statisticel estimate which 1s otherwilise ixzpossible.

Some fuvestigatcrs [19,2C] nave tried to predict the compressi-
bility of a porous granuler medium by using Hertz's coatact thecry [1],
whilch gives the volunetrle stralu as a twoe-thirds puwer fupcllon of Lhe
hydrostatlc stress. However, Bell's results show that for sand such a
relationship ¢€id not hclé. The scil bhecomss stiffer more rapidly than
predicted by =& two—thirde power law.

If we postulate trat, In addition to the Hertzlsn compression at
exlisting contact points, successively more contacts are made during a
graduel Incresse in external hydrostatic stress, a mocel for the be-

havior of sand can be developed. In thle model Initileily gaps exlst



between some gralns.

made =5 bthe paps are closed by increasing pressures.

of gep sizeg wlll be discussed later.
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The dals

Trhese gaps represent potenllal contacls with are
tritzution

The compresslonal characterdstics

of this "holey" model will be obtained first by concidcring the two rog-

ular arrays dlscussed apove and then apvroximating the vehavicor ol the
DL )

sand by the samc reascning as that benind Bg. (ITI.1).

The Hertz contect theory will he considered to apply =zt ezch

contact. According to Hertz [1], the centers of two perfect spheres

in conftact under a normal forece N will approach one another by aa amount

o piven oy

where R = radius of spheres,

1-v7

E
I
B

pal]

= ’

v = Pclsson's ratic of the material,

=
If

anc

Young's modulus of elasticity ¢f the material.

When I increases tc ¥ + 4N, the relative zpproach becomes

{(z11.2)

(I11.3)



The last equeticr is not valid when N is initially zero.
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(111.5)

To represent tre holey model ir the casc of the simple cubic

array, we meke some of the spheres of the unit

.mny - PR, - = = = fam g e
est, s0 that at zero

a0t touching each other or the

larger spreres.

element & little smsller

=

these smaller spheres are

o

Tze gaps belween thecse

two sets of spheres will bhe closed under an arbitrary pressure D, - How—
ever, if we take the simple cuble element in Fig. (IZII.1) and make some
of the spheres smaller than the rest, an unstable unit will result snd
1t is therefore necessary tc conslder a larger clement, such a&s the cne
shown in Mg, (III.2=2).

In

Fig. (IIl.2a), the unshaded spheres are smaller and they do
not carry any force at an external pressure p < Dy~ The force-carrylug
structure In the element is then composed of the shaded spheres. Note
that although the smaller spheres are not a part of the force-carrying
structure, they do contiribute to the measuremert of the void ratic.

Let the Torces between the shaded spheres he Ny for p < As the ex—

i
ternal stress increases beyond P, all spheres lncludirg the unshaded
(5maller) spheres will carry force. Lot Iz be the force meiween a

4

shaded end an unshaded sphere, which 1s the samc as the force between
two unshaded spherss.
Corresponding %o en inercace dp in the cxbermal pressure p,

these forces, Ny =nd No, chenge by an amount &Ny and dKz respectively.

Equilibrium requires
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Gy + 3 dlip = 16 B° dp . (111.6)

Trhe compressibility cf the holey model iz glven by

LY _24L_ 52 2 w Ny |5/
v L °R ~ R R% :
For » < p,,
Ny = 16 R2p.
AV - 2/%
~ 2(16 wp) /z

Assuming that the send graing are the same materisgl as silicorn
glass, then materlals properties can be assumed to be [33]
E - 12 X 10% poz,
and v = 0.17.

From these wvalues we can calculsete w acg

- = ,72 -
w =7 Q—Llé—l=o.0729x106,

1c7

. Z —
and wg// - 0,174 x 107%

= 3 X 1622 % 0.1 % 107* 9772
(111.7)

—_ 7
3.22 X 1075 p /)_

]

P\‘)
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When the gaps In a unit element are closed by P, s We require each unit

cube to remain = cube as the pressure increases, s¢ that they car still

2

be put together to Zcrm an assembly. This means that dQy and &0, the

relative spproaches catsed by the lncremertal forces 4Ny and ds re-—

spectively, must be equal.

Initially, Nz = 0.

JLodoly,
and dlp
CQly
dNe

For Ng # 0, ingtead of

doe

For 4oy = 40 = 4, we

= 12/3 - N
L Wiy (LN]_ 2 aliy .
=*§-'|: -f_; l-ﬂ'ﬁ—T\:J-— 3 (III.8)
(to first approximation)

Wi | 2/5

= 4}_.! . (1I1.9)

= Q0z bthen gives
- [? —C%}- (“1 - %—%ﬂ 7 . (IIT.10)
Eq. {II1.9) we have

Bloel?? aval . 1 s }
=E{;§l TEZ[*E_N?] (rrr.i.)

can solve Egs. (XII.8) and (ITI.11l) for 4Ky and

dNe.
[
Sy okl T
aN AV
—P,1=3[1-\/1——‘-‘9£‘——P—r§ . (111.12)
> L 2(&)1\‘-1}_, J
; ol
cmaz.,[l_[l_ dOR e
2 57z | - (111.13)
e | 2e)?]
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For the numsrical calculations, in the first step an increment
diy iz mede and 4y calculated from Eq. (IZIT.8). Then dr is obtained
from Bq. {IT1I1.6) with dNz = 0. After the first step, an increment dU
ig made znd Al and d¥s are caleulazed from Egs. (IIX.12) and (ZII.]}),
and dp cbtained from Eq. (III.5); knowlng &, the volumetriz strain é%i
can be calculsted as a function of p.

Eence, given a simple cublc holey element with 2 zertain glven
gap wictn with the corresponding closing pressure pi, a é%z ~ P curve
can be obtained for all velues of p.

For the face~centered cubic array, the holey structure 1s shown

in Fig. (JII.2%). The governing eguations are essentizlly the same,

except tnat kg. (1_1.€) pecomes

or, &Ny + aNp =2 /2 R%dp . (IZI.6a)

Also for the noley model hetfore closure of the gaps,

Ny =228 o,

AN — 272
- 202 \/Ewp)"/" = 1.045 x 107%p /3 . {1r1i.72)

oy
5
I}
i
[ [\, 1

LT
“r

for any pi'

A

~ p curve can ce woerked oubt as for the simplie cublc holey element

A Fortran program has been written to sclve thls problem numer—
AV

ically on the TEM TOSO electronle computer. Curves of —— ~ p nave been

v
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obteinea tor both types of regular packings for B; = 2, 4, 8, 1=, 20,
%0, L5 and 60 psi arc shown in Figs. {III.3) and (III.h).

In Eq. (III.2), R is the radius of curvature at the point of
coabact. Actual sand gralns are oot perfect spleres and oo thelr sur—
taces they have small bulges which have a smaller radius of curvature -,
zlthough the overall diameter of the grain is 2R. By sprinkling Ottaws
sand (-2C + LO sieve sizes), which 1gs the same soll as used in later ex—
periments in this investigation, on a flat surface and ocbserving through
a amicroscepe thelr radil of curvature of the grains at the polats of
contact, 1t was found that the average velue of = = r/R wes about 1/%.

T=is will change Egq. (IIZI.2) %o

. (Z11.2a)

Fenece 211 the subsequent equations for & srd for év‘-'-r- gshould nave ar
extra factor of (Z‘»)l/’?) *n them. The curves in Fige. (III.5)} and (III.4)
s11 have this factor incorporated. Tris value of a would be different
for another soil.

It is now necessary to consider the distribution of gap widths
in a8 real granular assembly. It must be remerbered that the gaps con-
sldered are only tnose which will close at hydrostatic stresses up to a
certain mexirmm pressure (e.g., 10C psi). There may be gans between
gdjacent grains wihilch wlll not be closed under lsboratcry pressures,
because the compressional deformaticns are very small and deformatlons
due to slippage of grains are supposed to be non-existent. The maximum

pressure 1s chivsen as beloyg o reusondble practlieal value low enough for
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We expect that these gaps which are potential contacts decrease
in number as the pressure under which they may cloge increases. Another
way of looking at thie 1z to consider a succession of models begirning
with one in which all the spneres are originally of ecual sizes. Any
deviation in the sizes cf some spheres from this uniform size will give
rise to a certain gap distributicn. By the same reason also, we expect
the peak of the gap size cistribution at & very Low pressure to be =t
zerc gep width (i.e., contact).

Since a gap width and the pressure to close 1t are related by

Bg. (III.2), we can spesk of the distributiocn of number of £a0s, Na,

2/3
with respect Toc pressure, p, or rather to p - .

Z Z
normal ¢istribution with respect %o pg//, Fig. (I11.52). At 92/’ = 3g,

Lot us consider a

where s = standard deviaticn of the normal curve, the oriinate of the
2L

curve 1s only 1% of its peak, and the area enclosed Letweer ph/’ = + 3As

Z,
is 99.'74% of the total area. Let us therefcre assume that at p2/ -

== DS
all the potentisl gaps have been closed and rormalize the ares under
_ 215 2)3 ‘ . :
the curve from p =Ctop = 23 tc be unity. An arbitrsry pressure
2/3

Py 1s assigned to 3s, and we can then mark off abscilssse slong the p;
scale &t each LU% Increment, say, ci the tctal ares under the curve,
Fig. (III.Sb). Assunming thet the gaps of &ll sirves are wnifommly dis-
tributed throughout the mass of sand, then each 0% ¢f tre sard will
kave its gap closing pressure pi at the valuc of p whore 5%, 15% stc.
of the total area occurs. Hence by summing ap the behavior of =11 10
portions, we will have the total overzll behavior of arn asgsembly of

unit elements having different gap-cliosing nressures.
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Such summatiorn procedures have teen carried out for both the
face-centered cubic and the simple cubie packinrgs, uslng a ncrmal &ls-
sribution cf gap width as well as e triangular one,®ig. (III.5c, 5d).
AV . e ,
The resulting Bl ~ P curves are shown iz Plgs. (ILI.O) w1l (lII.T).

It is seen that the two types of distritutlon exployed do not give

wicely diTTerent curves for ~ p, indicating that the compressional

v
nenavior of guch an ssgemblage ig not wery gensltive to the gep dds—
tribution. It 1s also seen that for p = 50 psi and for p, = 100 psi,
the curves lle falrly close to one ancther.

Tc obtaln the compressionsl behavior of a granular medium with
& porosity n, we agaln =2pply the approximation suggested by Smith, et =1.,
27], thus obtaining

v
| =]

_ AV Ly (V) .
‘assennly X' v )F.C.C. + (1 - %) ! a.c. (111.14)

where x has the same meanirg as in Fig., (IZI.1).

In the laboratory, it was found necessary to base volumetric
readings on the vclume at a certain non-zero datun pressure, because of
the uncertainty involved in cbtaining the correction curves for membrane
penetration and wall bulging effects. (These will be discussed in Chap~
ter V.) An arbitrary value of & psl has been chosen. The theoretical
curves shown 1o Figs. {IIT.6)} and (III1.7) are reduced tc the same zerc
volumetric change value at # psl and ere shown in Fig. (III.3), where
the compressibility curve for a random assembly with ¢ = 0.33 as calcu—
lated from Eq. (III.14), 1 elso shown. This velue of wvelé ratio is
thal 0l & medlur Gense sand tzsled 1n Lke experimental investigatlcn to

be degeribed later.



(3) Bshavicr of Band undsr Shear

Mindiin [30] showed that, for iwo equal syheres compressed by a
nermal force N and a noa~zero tangentilal force 7, there was an elliptical
enrulue on the area of contact which would undergo "slipping,” while no
slipping occurred betweer the twc spheres in the area within this annu~
lus. This annulus increased in area as T increased until T/K = p =
poefficient of snlid fristion, when the two spheres "s114" pagti eamch
other. When & force T < u N was decreased, slipping in the opposite
direction occurred untill at zero external force T thers was & residual
gelf-egqullibtrating system of tangerntial stress on the reglon ¢f contacth.
The shear force-shear displacement (T ~ ) relatiorship can be représented
as in Mg, (ITI.9). A Lhysteresis loop resulted from the loading and un—
loeding of the tangential force. Here, ":lip" and "slide" have special
meanings; slipping can occur on s emall scele on only pert of the asrea of
conteact of the two spheres, while if sliding takes plzce between them the
whole area of zontact glips.

The amount of werk supplied by shear force T is reprecented by
the area under the curve 04;. Fart of thiz work is dissipatec by the
friction forece over the annulus whers slipping occur and the rest is
stored as elastic shear straln energy in the grains, Wnen T Is removed,
the elestlc shesr strzin energy 1s recovered znd 1s represented by the
area under the curve A3By. Hence the portion of work input which is
disgipated i= represented by the loop O A1B;., Sdince the T -~ & relation
ie non lincar, the ratic of work dissipated by friction to work stored

ag shear strain energy lnoreases with the maximum value of T reached.
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Duffy ané Mindlin [3h] showed that the stress-strain relations
of a regular array of spheres must ve expressed in incremental Tcrms to
accourt for the non-liinear and inelsastlce effects of the tangentisl
forces and twilsting morents zcting at bthe contacts of spneres when the
array 1s subject to =z shear stress. These relations comprise a system

of slmiltaneous, non~-linear, integro-differentisl equations. A solutlon

stress path in which the tangentiel and ncrmal forces at the contacts
increased proportlonately. The same problem for a slmple cubilc arrey
was snalyred hy Nevesiewics [3A]}, and he suggested that the spproxima-
tion proposed by Swith, Foote and Busang [32] might be applied to a real
ranéox grentlar meditm. Although such an approximation may oe applilesble
“or the case wnere the material is under & purely hydrostetic stress, as
discussed ir. Section (2) of this chapter, the situstion under e devia-
tecric stress 1s much more compllcated, because here, If we 3till use the
approximation of Smith, et al., the orientation of the packings with re-
spect to <he prireipal axes of the applled stress is also important {26].
Tris means that the systex of non-linear ditTerentlal equations hag tc
e solved for each orientation of the packing, and how this orientaticn
is distrivuted spatislly is rot known., The mathemstles woula kecome
excecedingly complicated and look almost impospible. For this rcaseon,
the analysis of regular packings has rnot produced results that describe
the bekavior of real soils zatilefacterily.

In a rendom assemkly of gralns of all sizes, as in sand, the
factors which affect the shearing behavior of the assenbly are, among

others, the distributliorn of contaets and of asngles of inelination of



these contacts. Begilnning from a stete of hydrostatic stress repre-
sented oy the stress poilnt on the hydrostatic axds, and following the
stress path that moves radlally outwards from the centreid of tae cota—
hedzrel plenc, we can visuallze tangentlal forces Lelug developed at the
grain contacts, as in the case of a regular packing. These tangential
forces produce Tirst slipping and later sliding and nence largely ir-
reversible displecements, whenever the ratio of tangential force, T, to
normal ferce, N, 1s equal to the coeffizient of friction, p, of the ma-

terial of which the gralns are made cf'; 1.e., when the condition
T/H = p (1L1.15)

15 reached.

Fer the assembly under s glven shear stress, whick contact will
slide depends partly or its contect angle. However, although two grains
have thelr contact force at an inclination to the normal plame through
the contact greater than the angle of fricstion, @“ = tan_lp, they are
surrounded By other gralns and are hence prevented irom undergoing any
major movement, except a slight slide whieh brings sbout & Torce re-
distribution in the reighborhood of this contact. '[Mis may stebllize
The contoet bub mey bring another one into the critical conditlon, Eg.
(I11.15), which will 1n turn slide and cause another force distribution
whereby the first contact may become unsteble again. This process goes
on wmtll equilibrium ig attaired everywhere znd the condition T/N <R =
satisfied at each contact. The disturbance at the grair level is propa--
gatec to the boundariez of the mass and we notice irreversible (not clas-

tic) deformations on the boundarles. Tt is readlly seen that this faree
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redistribution ard propagation process is time-dependent and nence the
deformaticns &t the boundaries are also time~Gependent, ever when real
diffusion or relaxation effects are absent.

In genersal, the work dcne on the boundariee by an increment of
applicd shesar stress can be decomposced into three parts. The first
part is stored as elastic strain erersy in the grains, causing clastic
deformaticne. The second part ic discipated by slipping of the grains;
tkis occurs at all the grain contacts. Tne third part is dissipated by
the grains sliding at contacts where T = p N; this occurs at certaln
contacts. The deformations chserved on the bhoumderies are comhinations
of the elastlc deformation and ceformation due to slipping =nd sliding
cf the grains. When the shear siress cn the mass ig removed, the storec
elzestic strein enersy i1g releaseld, causing elastic reboundés at the
noundaries. Courter-slip also occurs cn all the wontacts, which also
contributes to the deformatlons observed on fthe boundaries during un-
loading. “resumably, the unloading may zlso cause znother graln re-
arrangemert by sliding, with a consequent force redistribution.

Should the load be applisd again siong the same stress path as
before and up to the same stress level, asnother series cof grain rear-
rengements and force redistributlons may occur, while at the ssme time
elastlc strain cnergy is being stored in the gralns. Both the plastic
deformations due te grain slipping and s1iding and the elsstic strain
energy stored may be different from those cecurring on first loading.
Henece, waen the ghesr stress is taken keyond the level attained at tke

first loading, the ceformations (plastic and elastic) may be different
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frcm tnose obtained 17 there has not bheen sn unlozding cycle at a lower
stress level. In other words, the stress nilstory iz important in the
stresg-deformation behavior of the soil.

For a sccond increment of sghear ctreos in she first cyele of
loading equal in magnitude to the first one, the grains undergo some
more elastlc deformation and therefore store up elastic energy as be-
foare. More contzets are brought into the critical conditfon and slifde.
it must be noted That for each Increment of the octehedral shear stress,
there 1s a plastic deformation. Hence the material as a whele can be
considered to "yield" from the imitiation of shearing stresses, where
she term "yield" has the ususl meaning of classical plasticity theory.
By this reasoning there is no point distinguishakle on the shear stress-
deformation curve of sand, abcve which the materiel 1s ssid to have
"vielded.” Yielding cccurs at all shear stress levels.

However, i we consicer the amount of elagtic stralr energy
stored in the gralns, we see thet this will Zncrease &s the shear stress
Inereases, wnile the plastic ceformation alsoc increases. For &z stress
path, Filg. (III.1Ca) in which the shear stress is zlways increasing, we
can piot the stress, Topms agailnst cne of the principal deformations, ui,
Fig. (ITI.1C0b}. Here uy is the total deformetion correspondinrs to The
mzjor principal stress oy, after the grain rearrsngement and force re-
cistributlon process has stepped. This relaticnsnip between strese and
Gef'ormation is non-linear with the defcrmation increasing more rapidly
thar the stress. TIhere is & point, ¥, on this curve, wkere the total
clastic strain energy stored in the mass reaches a maximum, Any addi-

tlonal erergy input at the boundaries casused by another increment cf
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shear siress has then ¢ be dissipated completely Tty sliding of =he
grains. The subsequent grain rearrengement releases some of the pre-~
vicusly stored energy which is dissipated by further grain sliding.
Hence on the stress-deformstion curve, we may notice an Ilncreese in tre
rate of deformation with respect tc stress. Zowever, the point ¥ at
which this increase occurs may be difficult to distinguish in an experi-
ment in whilch the ghressesz are varled continuousely. Bub vhen
stresses ave varied step-wise, & discontinuity may be ncticeable depend-
ing upon the size of the stress increment.

The amount of elastic strair encrgy stored in the wgrains depends,
for the same stress level, on the stete of packing of the medlium, whether
dense or loose. A densely packed medium car store a larger amoun< of
maximur strain energy then one which is loosely packed. Hence when the
stress 1s 1lncreased after the energy has reached a maximum at ¥, more
energy will be redeased In & dense medium than in a locse one. We ex—
pect to Tind a larger deformation due to thils release and the accompany—
Ing slipping for a dense medium, and, therefore, the discontinuity cof
the stress—deformatlon curve ls pronounced. Foer = very locse 8011, it
may not be notlceabls at all on the experimental curve.

We have therefore seen that "y1leid" actually ocecurs in the medium
at sll levels of chear streecg, vhercas ot a cortein point along the
stress path, there 15 5 change in the rate of displacemens due to the
release cf strain energy. This point represented by F in Fig. (IZI.10)
15 here called the "fallure” point. There %s considerable grain move-
ment at fallure, and the grain structure mey undergo a major adjustment.

Since the stress-deformation relatlon is influenced directiy by the grein
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structure, we expect 1t to be different after fallure. After failure,
most of the energy input as well as scme of the released energy is
digsipated by grains sliding snd the medium can be considered to be
completely plastic.

The initlal yleldirng at small gtresses produces a preferred di-
rection for the grains to crient themselves. Even if we start with an
isotroplc material, 1t will tecome anisotropie when sheared, as cbserved
by Bell [8]. However, the degree of anisobropy 1s related to the stress
nistory. Hence, 1f we only study the beshavior of Initiaily isotropic
material belng shezsred from a hydrostatic state of stregs, we need orly
keep track of the stress history.

Dilation (positive or negative) in scil when gheared is a well-
known phenomencn. It has been observed on solls tested ir all kinds of
apperatus. Although in the conventlonal triaxial compression test the
mean stress Increases, which always causes Inltilal volumebric compres-
sion of the soll, 1t is felt that eventuasl dilztion is not caused Wy
‘characteristics of the apparatus anc would cecur even if the soil is
gheared under ccnstant hydrostatic stress.

This Intrinsic property of soll can be explained from the par—
ticulate polnt of view. When & grerular medium is subJected to pure
shear, tzngentlel foreces develop at the contacts of the grains whieh
wlll slip over one another, znd there will be observed a net volume
change in the medium. While the grains slide in such = way as to mske
more contacts ir one dlrection than the other (producing subsequent
anisctropy), we cen imaginc that more contacts will now have their tan-

gensial planes perpendicular to the major principal stress and less
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contacts wlth tanpeutial planes perpendicular to The minor principal
gtress., This 1s, In genersl, necessary tc provide equilibriur although
the presence of tangential forces at the contacts produces complications.
Further shearing ie produced by an inereasc in the major principal stress
and a decrease by the same amount in the minor principal stress (in a
two dimensional situation). Assuming, for tioc sske of argument, that
external stresses are resisted Ty noxmal forces, the change (an in~
crease) in these forces at the contacts perpendicular to the zejor
principal stress will be smaller than that (s decrease) in those Fforces
at the contacts perpendicular to the mlinor prineipal stress, becasuse
the former ccntacts are greater in number. IiHowever, the forces at the
latter contacts are decreasing, snd since the normal force ~ rormal dis-
placement relation is a non-linear one (Eq, (II1.2)), the compression
due to iIncrease In the former forces is therefore less than the expan-
slaon due to the decrease in the latter forces, and as & result the net
volume cnange of the medium will be an expansion.

llence 1t is seen that the volume chenge In scil uncer pure shear
ie due to two factors. Wnile the non-linearity in the force-displace-
ment relaticn et a single contact glves rise to an expansion, the effect
of the graing slipping over cne ancther can be either sn expansion or a
contraction, depending uvpon the initiladl density of meditm. Waich factor
will dominate the dilaticnal beravior deperds on the Gensity as well as
the state of shear. Initilally for z dense soil, both fectors may produce
an expansion, while for a loose scll, the grain sliding effect may domi-
nate, thus producing & compression. Waen the fallure state is approached,

g large proportion of the grains will have been orientec in the preferred
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direction, and it mey be comceivable that in such an arrangement trhey
are able to slide past cne snother without contributing noticeable volu-
metric effects. Therefore, at this state the dilation results only from
the cortribution of the non-linear effeect, indicating that an expansion
ghould slways sccompany the shearing near failure, Thig isg In agreenment
with the mathematical snalysis of Drucker and Prager {39], who fowrd
that & granuiar materiel has to expand while ylelding. Presumsbly,
when the deformaticns become very large (20% cr more) the soil may
reach a corstant vold ratic irrespective of the initisl void ratio.
This constant void ratlo is called the critical void ratic of ire scil.
We nave therefore zeen that the shearing behavior cf a granuvlar
medium i3 very complicated. It has Teen suggested by Scost that, to
study such behavior, we can generate a random assembly of spherical
particles by the method suggested by Veld [32]. We can next treat the
structure of the gralns subject to external loading as an indeterminate
structure with a certain elastic properties attached to the grains. It
1s immedlafely seen that, in order to reduce the effects of the bound-
arles, we requlre a large nurber of grains and the degree of indetermin-
acy of the structure goes up quickly. Although electronic digital com-
puters have been used to solve plan= stress problems by means of one-
dimcnslonal elements with node points on = regular gric work, [33], the
present protlem 1s a three-dimenzional one with random node points,
wnich is very diffleculs to program for the computer. If th’s alfficulty
coulc be overcome, this approach is atbractive 2Zn that 1t is applicable
under all loading conditions.

However we would like to examine various aspects of the cuallta-
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tilve behevior described. Therefore 1t is here proposed e obtaln more
experimental results with the purpose of helping our intuitiocn in form-
lating stress-strain relatlonshlps for sand., The theory and purpose of

the tests carried ocut In this investigation is now described.

(h) Theory and Purpose of Experiments

We separste s stress state Into two components, the hydrostatic
and the deviatoric states, =znd we propose to study the relatlions bhetween
the ceformations caused Ly them.

(z) Hycrostatic Compression Test

In this test, the three principal stresses are kept equal to
each cther. The stress path 1s represented in the princlpal stress
space as shown in Fig. (ITII1.12). Tke hydrostatic stress, denoted by
p (or U’OGT), is equal to 1/)/% times the distence of the stress point
slong the hydrostatle axis. In this test, the value of p is inereasecd
from zero at O to a maximum P at 3, and then decreased to & Jdatum pres-
SUre P at A, As meny cycles of hycrostatic stress are applied as de-—
sired between po and pm.

The purpose of this test 1s to find out what proportion of the
volumetrice strain ds elsstie and the effects of repeated cyeles of 2oad-
Ing and unlcading, and to compare the compressibllity curve with the
theory n Section {2) of this chepter.

(11i) Shear Tests in the Iriaxial Plane

The stress path herc 1z cither the triaxial extension (cp = o2 >
03] or the triaxlal compression {og > Uz = 03) stress path. It can be

readlly represented in the triaxial plane. There are five Tests in this
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categery. In all tests, stresses are applied, removed and reapplied to
examine the proportion of the scil's behavior which 1s elsstic.

() The stress path in thls test, designated TCa for triaxial
compression and TEa for triaxial extension, i1s shown in Fig. (II1.12).
Starting at ary initially nydrostatle stress state at A, the stresses
are veried so that the stress peint remains on the octzhedral plane
through A. The hwydrostetic, or the mean, stress is therefore keot
constant. As the stress polnt moves away from A, The value of Toor
increases from zero.

The purpose of this teegt is to determine the shear deformation
when only the shear stress 1s varled whlle starting from an initially
isotroplic stabc and the only stress history consists of hydrostatic
stresseg., It is alsc used to determine the point at which the scil
fails under the stress conditions stated,

(b) Tails test has the stress path shown 1o Flg. (IT1.13)., The

shear stress, T om? is increased from Zerc at A tc & certaln value st By,
N

0
and 1s then returned tc zerc. The next step i1s from A to By agaln, and
then inerecased further to Bz, after which 1t is returned to zerc and so
on. These eycles of loading, unloading, reloading toc the previcus maxi-
mum value, and then loading to another new maximum value, are cerried
out until the soll iz believed to have passed the failure point as found
in (a). (The TE stress path 1s shown only in Fig. (III.12) and not
shown In subsequent figures.)

This test, designated as ICb (TEb), is for determining what
proportion of the shearing defcrmation is elastic, and, by comparing

“he total deformation obtained when the shear sitress reaches =z new maxi-
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mum to that obtaired in {a), to £ind out the ciffect of stress history
on the stress-deformation releticn of the soil.

(¢) The stress path for this test, shown in Fig. (IIT1.14), is
the same as that in (b), except that esch time when the rhear ctresc ic
returned to zero value et A, a zycle of hydrostatic stress is applied
along the nydrostatic exis from A to C and back tc A. After this, the
ghear cycle beging sgain.

This test, TCc (TEc), is to find out what is the effect of stress
history on the hydrostatic compression of the soil., The compressional
behavior of the soil uncer hydrostatlc stress is determined by tests (1).

(&) Tne stress path for this test, shown in Fig. (III.15), con-
slsks of shearing with constant nydrostatic stress from A to ¥;, an in-
crease in bhoth Toap and UbCT frem By to €31, a return from €y %6 By, and
ther further shearing from By to Bs. The portions cf the path, 3,0y,

BzCz, cte., paszs through the origir O when produced. That means the

a3 Tr e
stress ratlos, Er'or 0961 » GO not change along these portlons cf the
c!
oc™

stress path, bul between By ané Bz, or Bo and Bg, these ratios do change.
Yrom Ty to Cp, Bs to On, ete., the magnitude of TOCT chonges in propor-
tlon Tc UCCT' These cycles of loading ard unloading with constant stress
ratios are carried out at eech value of the stress raslos st B1, Bg,
ghe., until the s0il is belleved to have failed.

The defcrmetion in the scil when the stresses are changed from

By to Ci consists of two pcrtions, one due tc the change in the mesn

stress, ﬁ’stT’ and the other due to the change in the ghear stress,
A Ty whereas there is nc effect due to the stress ratics which arc

xept constent. I we could provide measurement for the volumetric sirain
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alone, we may cetermine now thcse two components are relsted. The un-
loadlng cycle from C; tc By 1s lwportant In that it tells us whether
the deformation due to ASUCCT le eleastic or not.

(e) Tke stress pulh employed in this test 1s shown in Fig.
(111.16). It coumsists of shearing =t constant hydrostatic stress from
A to By, applying a hydrostatic stress orn tcp of the exdsting shear
ptress from Z; to Cp, removing this hydrostatic stress from C1 tc I,
and then applying a further Increment of shear from B; to Bs.

he portlons of the path B1C1, BeCz, 2tc. are parallel tec the

hydrecstatic axis, and hence the wvealue of the shear strees, doeg

TocT
not change along these porticns. But the hydrostatlc siress,
T
QoL

g
OCT
then comprises of two portions, ore Gue to A o and the other due to

T oeT
rmise}
A{ GO

o)
COT
stress state superimposed on a shear stress state. The unloading por-

%cr -F

decreases. The deformation in the scil

increasing, therefore,

. Therefore, this test shows us the effect of a hydrestatic

tions, Ci1Bi, C2B», etce., determine what portions of the ceformations
are elastic,

Aleng a generzl snear stress path, snown for convendence on the
triaxial plane in Fig, {IIZ.17), the difference in the stress states at
A and B can Le represented by the change Ir the hydrostatic stress GbCT’
the change in the shear stress TCGT’ and the change in the stress »atlo

Tocm

YocT

. Thesge are the fzetors which affeot the defermations in the glven

soll. By the shear tests (a) - (e) described above, we can differentiate
smong these effects and determire to what extent they are superposable

upon each olher. Chese tests need 10t e confined to the triaxisl plisne,
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vut for convenlezce of presentation and, since we waent Soc extract the
qualitative caaracteristics only, they are sssumed to reflect the be-
havior cf the general case ir which the stress path is nct confined tc
tne Lriaxial plane.

(112) Racisl Shear Tests

For the purpcse of investigating the siress-deformation rels-
tions of the ooil under gorcrel threc—-dimensicnal stress stetes, these
tests are carriec ocut by keeping the mean stress constant. The stress
paths, therefore, lle on =n octahedral plane, whose positicn is deter—
mined by the value of the mesn stress. One such plane iz skown in Fig.
(I12.18), where stress paths are chosen radially from the hydrostatic
axis O, Three such paths, CA;, 04 ard 04s, are chosen, which divide
the 60°-szector bounded by the triaxial compression and the triaxial cx-
tension stress paths into four equal scgments. They are termed RS-45°,
RS-60° and RS-75° respectively. The middle one, RS-60°, is especilally
Interesting in that o is constant along It. The piane straln stress
conditlon lies scmewhere among these tiree stress paths, although 1t i3
1ot necessarily represented py a straight stress path.

These radicl test:= are part of the investigaticn <f the failure
envelope. lhey, when combined with tests TCa and TRa, carried out for
varicus valuss of the hydrostatlic stress, will Gellne a fallure envelope
in the principal stress space for scll loaded once directly to fallure.
The other tests, TCbh, c, d, =nd e, will determine how the position of the

envelope 1is affected by the stress history in those tesgte.
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(1v,; lests Yor Anisctropy of the Sample

Naeturally occurring soils are ilnherently arnisotroplc due to the
conditions prevelling cduring deposition of the sclls. We want to deter—
wine the degres of anlsobtropy in the samples that are prepured [or use
ir the tests outlined above. One way of coing this iIs to prepare two
gamples to the same denslty by the same procedurec, testing one sample
by spplying =z certain combinatior of principal stresses, and Lestlng
the other sample by applying the same combinatlon of principal stresses
but witkh a rotatlon of the dlirections of the stresses, as demonstrated
in Fig, {T77.19). The strains measured ir. the two tests may then be
comparec. I they differ, we can conclude that arisotropy exists in the
sanmple,

This method of testing for anlsotropy is = more sensitive one
than just measuring and comparing the three principal straing in a
hycrostatic compression test, because the shearirg Ceformations iIn the
present method are much greaver than the volumetric strailn in the hydro-

statle Lest.
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CHAFIER IV

LESCRIZTION OF APPARAIUS

(1) ZIucroduciion

Tne IZnadequacy of the trlaxial apparstus as a plece 27 research
equipment was noted in Chapter II. Other devices, such as the one using
6 hollow cylindricel cample [11], use samples whose geometric shape 1s
not simple, and what is mecre Important is that they are strain-controlled
devicesz, 1l.e., they deform the sample In & definite manrer and ther the
resistancn of the sample is measured, and they often impose mixed bound-
ary conditions cn the .sample so that inhomogeneous stress states are
produced. Aligo different stress paths in the principal stress space re-
quire diffarent apparatuses.

In order to investlgate the three~dimengional stress-deformation
characteristics of solls, 1t 1s necessary to have an apparatus which is
capable of applying any homogeneous stress state to a gammle with a
simple shape, such as & cube. It 1s also necessary that the time o
prepare & sample for use in this apparatus be a minimum. Preferably, it
should be stress~contrelled, because we want tc perform loading and un—
loading tests in which we vary the stresses along a chosen stress path
and measure the deformations.

To the present Bell's apparatus seems <o come closest to these
réquirements, and the disadvantages of this eguipment have been discussed
sarller. Io Lhe present investlgaticr, improvements over Dell's three-
dlmensional compressional apparatus were sought. A soll test box and &

stress control device have been buils end they are descrited in the
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fellowing sections. A U.8., patent 1s being applied for each of taese

twc pleces of equipmﬁnt.*

{2} Soil Test Box

This is = cubical box whose walls are bullt of aluminuwr and are
5/8" thick. Each wall is machined separately, omd the drawings giving
dimensions for their comstruction ere show: in Fig. (IV.1). The verti-
cal walls are identical, so the box nas twe perperdicular vertical
pleres of gymmetry. The top and the bottom of the hox are slightly
smaller than, btut are otherwlse identical to, the vertical walls., Tae
top 1= shown in Fig. (IV.2).

Tach wall has L5° vevelled edges, and along these edges there is
a contlnuous rectangular groove which is slightly shallower at the cor-
ners ol the wall, as skown in Fig. (IV.1l). Soeciel preformed latex
rubber membranes, prepared by & dipping process from aluminum r0lds
which are the same slzes as the walls, are Fi%ted on tcp of each wall.
These membranes also have recbangular groovec in the pesltion corres—
ponding to that on the wall, Fig. (IV.2)}. The thickness of the membrene
1s 0.010-0.012 In. on the flat porticxn, and £.015-2.02C in. alcng the
grooves. Tre size of the rectangular grooves on the walls 1s such that,
when a rubber merbrene is Tfitted on the top of the wall, a 0.139" diame-
ter C-ring can Just run in the grooves around the wall, Fig. (IV.3).

Each wall nes a /4" drilled and tapped nole onm 1its back for

attachling e Poly-flo tubing ccnnection, except the top wall which has

*For the soil test box, the identificatlon number in the Califor-
nic Inotitute of Technology Fatent Office 1s CIT Duczket No. 1152, and
for the siress control device, 1t is CIT Docket No. 1173,
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two holes for such purpose. Fach wall nas three holes slong each of
the edges and there are three nholes in the rubber membrane in the cor—
responding positicns, Fig. (IV.E),to accommodate 10-24 machine screws.

Tre box 1s assembled by putting the Zour vertical walls together
first. 1This is done by putting 10-24 Allen screws through the holes and
Allen nuts on the other end of the screws, and then tightening the nuts.
It ie dlmportant not tc tumm the screws themselves because they may tear
up the rubber membrane. When the screws are tightened, she C-rings will
press agalinst one enother along the common edges, thus giving a sealirg
actlon tc the space hetween each membrane and its walls, and to the in-
slde of the box.

In orcder trhat the ftop or the bottom of the tox can be removed
without disturbing the vertlcal walls, a rete’ning aluminum freme is
used on the top and another on the bottem. This trame is shown in
Fig. (IV.4). It has the same shape as the bevelled rim of the rectangu-
ler cylinder made frcm the vertical walls. For the purpose of ettaching
these retaining frames onto the vertleal walls, another set cf roles,
wwe on each edge, are mads on the top and bottom edges of the vertical
walls, Fig. (IV.1), as well as on tae retaining frames, to sccommodate
440 machine screws. Ihe retaining frames, of course, have the 10-2k
scrcws in the eppropriate positicms, Flg, (IV.4).

With the vertical walls loosely assembled, the aluminum retaining
frames zre put in place and the 4-40 Allen sorews are inserted and Allen
nuts put on their ends. The whole thing is then ascombled by <tightening
both sets of screws & little bit cne at a time, to sveld unsymmetrical

distortions of the set up, until all the screws are completely tightened.
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After this, the top and the bollom walls can be put on after they have
been fitted with the membrane ené the O-rirng. In Fig. (IV.5), the box
is shown assembled but with the top removed, and the walls are connected
to Poly-fis tubings.

The space between each wall and ‘ts membrane 1s filled with
water which can be pressurized. Each pair of opposite walls 1s in%er-
connected and appliss the same pressure to the sample which is placed
in the tox. As the membranes deflect under pressure, the sample is com-
pressed. The deformatlon in the three perpendiculsr éirections can then
be measurel by recording the volumes of water coming ous or going irto
cach palr of membranes. These then represent the principal "strains"”
erising from the prineipsl stresses applied through the membranes.

On one eglde of the top aluminum reteiring frame, =z small hcle
is drilled through, Fig, (IV.3), ensbling a hypodermic needle to be in-
surted for lndependent measursment ¢ the internal volumre changes cf
the sample.

When the membranes carry equal pressures, the whole sample is
under & hydroetatic strepcs ctate, except the small fractions next to the
sluminum retaining frame. Even thouph the membranes are curved and
bulge inwards, we cen take the sample as under a Tomogencous hydrostaticz
stress state. However, when there exists a ghear stress in the system,
tne curved bouncaries of the sample, as defined by the ruktber membranes,
procuce compllcations. If we can keep the membranes fairly straight and
not greatly inf'leted while the sample 1s being prepared in an unstresszed
state (sample preparstion will be described in Chapter V}, and sinece in

all the tests the maximum strains enccuntered are only 1-1.5%, repregent~
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ing spout 1 zm. movement of each membrane, it is quite safe to sssume
thet in the bulk of the sampie & homogeneous stress stete exists, whereas
the smzll volumes of the sampie at the corners and along the edges of the
pox may be uncer a slightly different stress system. This is not con-
slderec important.

It was observed irn tests after the box had been bullt thaz,
since the side membranes actuslly zouched one another at the common
edges, tney tenced to interfere with one ancther whenever they were under
different pressgures. A stainless steel spacing freme was therefore con-
structec, by sllver-soldering 1/2" X 3/16" metsl strips together, to fit
closely into the box so that its sirips would =ct as separators between
gach palr of adjscent membranes, Fig. (IV.v).

Flg. (Iv.6) shows the box completely assemtled, end connected

with the asedle for interrnal volume measurement.

(3) Stress Contrcl Device

Bell [8] found toat shear stresses produced irreversible Getor-
metions in sand. Hence the stress ulslury uf a s0il has an important
bearing on 1ts behavior. Yet in his tests the stress state on the sample
was changed by successlvely adding or subtracting an inecrement to each
of the thrcc principal stresses in order to reach o new silress sgbate.
Because cf the irreversible behavior we would expect to obtain Gifferent
results Trom the tests 1f the increments were applied in a different
order. It was, therefore, thought deslreble to climinste this factor
oy changing all the stresses simultaneously‘and proportionstely along a

controlled selected stress path.
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Trke ceonventional triaxial tegt is carried cut by keeplng oz =
gg = constant and changing o3. The hyérostatic stress therefore changes
in a Ltest. But 1t 1s customary Lo show the results vy plotting them on
one octahedral plane, as Kirkpatrick 4id [11]. This then sssumes that
the behavior of the soll tested does not depend on the hydrostatic
stress. In order to separate the effects of the hydrostatic stress
from these of the deviatoric stress, 1t 1s necessary tc keep the hydro-
static stress constant by confining the stress path to er octshedral
plane.

A strees contrel device which satisfies these rejulrements nas
beern designed and built. Tais device is shown ddsgrammeticalily in Fig.
{1v.7), and a photograph of the actual set up is shown in Fig. (IV.8).
(Tn the following, when items are referred to, such ac cylinder A,
plate E, ote., without specification of the figure, it 1s to be under-~
stood that they refer tc Plg. (IV.7).) It is a mechanical-hydrsulic
analog of the octanedral plane, consilsting of a 1/4" eguilateral triangu-
lar steel plate E, supported from underneath st the cornsrs by three
hyaraullce cylinders A filled with Mobil L.T.E, oli. The weigh® ¢f the
plate 1s counter-palanced at the corners by welghts H. Acting vertically
downwards on vhe plate is a fourth inverted hydraulic cylinder 3, which
is comnectec to an alr supply whose pressure 1s contrclled by a regulator.
The ends of the piston rods of all the cylinders are capped with & ball
bearing, and the ball bearing of each of the cylinders & fites into a
gpherical dent on the underside of plate k, All Tour cylinders are
identical and have a cross sectlonal ares of 2.26 sq. in. and a stroke of

1.0% in. The pressures in cylinders A correspond so the three principal
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gtresses. The TForce exerted Dy the top cylinder I is cdistributed among
the cylinders A. By keeping the pressure ir c¢ylinder B constanz, the
sum cf the pressures {and therefore the mean pressure) in cylinders A
is alse constant. The ratio of the three principal stresasses geonecratcd
in A is dependent on the position of B. If the pisten rod of 3 aets on
the centrold ¢f plate E, the three principal stresses arc equal; oy
varying the positiorn of B, verious stress ratios car he ohtained.

It cen be shown (see Appendix A) that there exists an exact
gnalogzy between the locatlion of *the point of action ¢f the top cylinder
B on the trianguler plate and the positlon of the stress point, defined
vy the princlpsl stresseg generated in cylinders A, cn the cctahedral
plane, whese position in the principal s;ress space ig determined Dby
the mean stress. This snalogy applies waen the displacements in cylin-
ders A are small. IHence, much of the Tedlium ‘nvolyved Iin calculating
the stresses required snd/or the gtress invariants rfrom a desired posi-
tion of the stress point along a given path 1s eliminated by using thils
snalog. Any stress path on the octahedrsl piane car be easily marked in
the btrianguler platc and the sop cylinder is then moved to Tollow this
pata. The pressures in cylinders A automstically give the combination
cf principel stresses deslired, For example, 1If we want to carry out =
triaxial compression test witk a congtart mean stress, starting from =
hydrostatic stress state, all we neec to do 1s to move the top cylinder
from its centroidal position alorng a straight lire towards the o3~
eylincéer. A triaxial extension test is carried out by movizng the eylin-

der away from the gz-cylinder.
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Ancthier sttactment ls showa n Figs. (1,7, and {(IV.0). IL is
a f1fth hydrsuliec cylinder C ildentical To A and B, suspended symmetri-
cally sbout the centroid of plate E. I% rests centroidally ca a 3/16"
egutlateral triangular cteel plate J, which s suspended symmebrlcally
by the rods I from plats E. The piston rod of C, therefore, points
through the centrold of plate E. When the cylilnder C is pressurized,
it Increases the prescures in oyltinderes A by equal amounts, and the
stress polrnt in the principal stress gspace then moves along & straighs
Jine parallel to the hydrostatic axis. Tnis attachment doubles the
cepacity cf the system as far as the magnitude cf the hydroststic stress
avallable ig concerned, and proved to be very useful in Investigating
the effects of g nydrostatlc stress superimposed on a deviatoric stress.
Along a chosen stralght stress path on plete E, the ball khesring
on the pistor rod ¢f the cylinder B 1s gulded by twe metal strips with
slots made on them at 3" spscing as shown In Flg. (IV.S). Tre cyiinder

cen be moved in 2"

steps, or, 1f finer steps are reguilred, it 1s moved
to let the ball bearing hear against two adjusteble screws (Fig. {IV.8)),
Bo that, tneoretically speaking, any =small stress Increment can be ob-
tained. Tne 3" spacings are numbered, J = C,L1,2, **+ esc., with the
zero value corresponding t¢ the centroilal position of cylinder R.
Other mebhods ol conlrol of Lhe movemenl of cylinder B are possible.

Tke system In which the pressures generated in the cylinders A
are transmitied to the soll test box as princlvel stresses is shown
ochematically in Pig. (IV.10), and a ponotograph of the whole setup 1s

ghown ir Fig. (IV.11).

Tne aydraulic 01l in a cylinder A 1s connected to a gracduated
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glass etmnd plve (3/8" I.D. ani 1L/2" 0.D.), the bottom part of whick is
£11led wilth water communicating with = pair cf opposite walls of the
01l test box. Tae pressure in the hydraulic cylinder is thus trang-
mitted through the water to the sample. The oil and the water ere im-
niscible, thus the elevation of their Interface, Filg. (1v.12), glves an
indicetion of the deformation taking piace In the sample in the direc-
ticn of this principel stress. This deformation includes that of the
sample and those due tc the tubling ana mexbrane penetration and wall
effects, and nas to be ccrrected, as will be discussed in Chapter V.
The volume change in eaca palr of membranes can be read to C.1 c.c. on
the glass tubes.

In order that thils system may work satisizctorlly, it i1g neces-
sary that the friction in the Lydraulic cylinders be kept very low. An
oriinary hydraulic cylinder with O-rings around the piston 1z not sult-
eble frem this point of view, &nd 1% was found Lhalt a speclal kind of
eylinder using rcliing diaphragms practlically vrovides no frictional
resistance to the movement of the piston (see Appendix B). A3l the
cyllnders used 1 the stress conbtrcl dsvice are the demonstration model
10-1C0 actuator mzde by the Bellofram Corporaiion, Mass., and can be
subjected to maximum pressure of 100 psi. They perform very satisTac-
torily for the present purpoese. Huch an actuator is ghown In ¥Fig.
{(IV.1%). To adapt this to a hydraulic cylinder used in the stress con-
trecl device, a hardened steel extension rod is sttached to the plston
»ad of the actuator and passes through & linear ball bearing embedded in
a luclte plate which 1s part of the framework of she cylinder showm in

Figs. (IV.9) snd {IV.14). Wnen fixed this way, the pistoa rod of the



i ne lincar wall bearing of-
fers very little resistance to the movement of the extension rod.

Figs. (IV.9) and (IV.14) show the top oylinder B. The tase of
the cylinder ie supported on three ball bearings, for the purpose of
ailowlng free movement cf the cylincer on the underside of plate G,
Fig. (IV.7). Wken piste E tilts as cylinders A change in their cil
contents due tc deformations in the =o0ll test box, the cylinder E would
tend to slide out of position. I% 1s therefore necessery to embed an
electromagnet, L, on the base of cylinder B, Figs. (IV.7) and (IV.9),
which when energized will atiach itself to the bottom of plate G, thus
preverting any leteral movement of B. When cylinder 3 is required %o
move TO s new posilblon, lhe electromagnet 1s de-energized, the cylinder
moved and the electromagnet energlzed again.

It can thus be geen that the stress control device Zs easy to
operate and has merite in that 1t enebles the astresses, as representsd
by the pressures in cylinders A, Ic ve veried simultaneously and con-
tinuously (as smoothly as we care “c move the top cylinder), while the
hydrostatic stress can be kept constant if desired, and in that a great
simplifization 1s introduced with respect to the calculation of +he
stresses required to give a desired stress path and quartities related
to them, The atbachment of the hanging eylinder C makes it possitle to
obtain any desired stresgs path In the prineipal stress space. TFor cali-
bration of the stress control device, see Appendix RB.

Waen we want to compress the sample hycrostatiecally, it is, of

course, not necessary to employ the stress control device. Since the

lhree principal stresses are equal during a hycrostatic strass gycle,
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e gonnected Lo & column of water subject
to a common air pressure, as shown 1n Fig. (IV.10). By changing one
pressure only and recording tihe changes in levels of the water columns,
we can study the behavior of the sampie under hydrostatic strece.

Tec 0il reservoilrs shown in Figs. (IV.10) and (IV.12) provide

the poseiniiity of oll transfer from the reservoir to the eylinders A

and vice versa.
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FlG.(Z.2). JTOPKALL , RUBBER MEM-
BRANE AND O-RING

FIG.(IU. 3). TOP WALL wWITH RUBBER
MEMBRANE FITTED



FIG (I 4). SPACING AND RETAINING FRAMES

FIG (Y. 5). OPEN BOX SHOWING
SPACING FRAME
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FIG. (IV.6). BOX COMPLETELY ASSEMBLED,
SHOWING HYPODERMIC NEEDLE



- 76 ~

(Pb b
<
/L G ¢
(] X »
fo) 7o Ayr
[/
| /5" |
¢ I ‘——l
° £
72‘,11
; H
A8 T Sor |2 L T 3
Tesl | )
AT A A
f=
75 Air
Sy iy
- K - =,

AANERE RN R R AR AR AARARR A RN R SRR

| A Middle Cylinders J 7% ! Fi'anju/ar Steel Plale
& Top Cylinder - K Adjusting Wing Nufs
. C Bottom Cylinder L E/ecﬁ-omagnef
E FG #* ) lriangular Stee{ Plate Sloifed -ﬂny/e Columns

a
H Counferbalancing Weights b Pulleys
L Threaded Suspension Kods C  Aylon Thread.

FIG. (IZ.7)

SCHEMATIC SKETcH OF STRESS conjRol pDevice



...77_.

(25 TN PR .-
e Mo tearwrewrwrwrisvwe i

7OP CYLINDER AND
GUIOING ITRIPS

FIG. ([Z.9).

FIG. (IV.8) STRESS CaNTROL DEVICE



_78 .

df?

=138 Snivdvddtr (or ) D/

27N Pof S X
I\QJ‘PW\\vmww m.\\vh.n-W(\Q\_ X
26npL) anssalf @

© %.Sw& \Eﬂxob Ssase

xXogr. |
453 &
\.\Ofﬂ. 2 AWy P {if
A D - PA —/f—/ ﬁ\ u*ﬂ. *
1, 17 LILU(. 11 m {
\ XX m
[ S IS s0972L
°7%d N o/
NE\U\Q\a W . £y bl >
JELZEIY N
J
IRERIR
LS
L” “
A10NIDS DY -
.. kN*G\V) ” ”
m - |
29n)- L _ W

SAIONADSAY IO




_79_

SIgnl SOmynsuIar
Ny SYIOAYISIY /0

(/1)

/4

dN-13S SNIUdVIAY 2137402 (If AD

o




- 80 -

20LUNIO I¥NSSIVS WYHSOTIFG (€1 A1) DI

YOI TLAD JOL (£ D B/




- 81 -

CHAPTER V

EX-ERIMENTAL PROCEDURES

(1) Introduction

The reasons why simple load tests, including unloading, are re-
qulred to extract the characteristic behavior of the soll were given
in Chapter III, and the purpose of each test was elso discussed there.
In thils chapter, the experimental procedures requlred in carrying ous

thesge teste sre described.

(2) Preparation of Sample

The soll tested 1n this *nvestigation was standard Otbtawa saxnd,
whose grain slze distributicn is shown in Fig. (V.1). IS can be seen
that wost of the grains lie between U.S. Sieve Nos. 20 and L0, Only
dry samples of this s0il were tested snd a description cf their prepars—
tlon tc different densitles 1s given below. This applies to samples for
all the tests to be described in later sections of this chapter.

Prior to testing, a small amount of water, which was tap water
kept 1r a flask Ia the laboratory fcr a few days, was introduced inte
the space behind each membrzne of the box with the 114 removed, care
belng taken to remove any zir bubtles Trom the water. The valves S,
Fig. (IV.10), were shut cff and water was poured into The box to a level
determined by the pottom of the plastic scraper which was resting on the
rim of the box, Fig. (V.2). The volume of water thus introduced was re—
corded., The box wag then emptied by siphdning out the water, and the
luside of the Lox wes drled wibh tlssue paper. The bux was then ready

to be filled with sand.
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To cttaln a locse sample of the scll, a glass funnel was Tilled
wltr sand wilth ts tip touching the bottcm of the vox. By moving the
funnel around inside the box and gradualiy raising 1t while its tip was
kept Just above Lhe surlace of the sand accusmulablng in the box, = loose
semple was obtained. To get denser samples, the sand was allowed to
cérop througn the funnel at a constant height above the surface of sand
eccurmlatcd on the bottom, Fig. (V.ll). The density of the sample ob-
talned increased with the height through which the grains had fallen,
within the test limits of 0 to L2 inches, and it is believed that, if
the rate at wnhich the gralns dropped wag kKept falriy uniiorm, s homogene—
ous saxple was cbtained. The question of the measurement of possible
anisotropy ir the sample will be discussed later 1n this chapter.

it was not advisable to introduce tco much water into the slde
membranes initizlly, because the membranes would bulge tos much, causing
the shape of the sample teo te far from cuble, as illustrstec in Fig.
(V.ba). However if the membranes were not filled, water woulé rest in
the bottom leaving prectically ro water in the top position to accommo-
date expencsion of the sample, Fig. {(V.5t). Since a couple o millZmelers
of lateral movement cf each mexbrane wag all that was required to accom-
modate the total deformation cf the sample during a test, it was found
test o load the box in three or four ctagen. In cech sctage, cnough
water was introduced to ‘nilate the side membrane zbout 5 mm. for a
height of sbout 1 in. (Fig. V.5t). Tren sand was dropped irto the box
as deseribed shove, untll a little Tit leas than one “nch of sand had
sceunulated, Figs. (V.5c) and (V.6). HNext, a lucite stemp was placed on

top of “he sand sccumiiated (Fig. V.7), ard valves P and £ were opened
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to let measured amounts of water flow lubo lhe spuces beulnd the mem
branes, until the mewbranes were inflated about 5 mm. for ancther inch
or so sbove the sand surface, Figs. (V.5d) and (V.8). The lucite stemp
was removed and the procesé of pouring sand into the box regumed until
another inch of sand had accumulated. This procedure was repeated until
the whole box was filled Yo the level as determined by the bottom of
the lucite scraper (which was the same level as the water before), Figs.
(V.5e) and (V,9). Although the sides of the sample misht not be made
plane by the technique, its overall shape was roughly cubic.

When the box was filled with sand in this way to the same level
as the water before, the density of ssmple could be calculated from the
welght of sand put in and the volume it oceupled, which was equal 1o the
volume of water required to f£ill the box initilally minus the total volime
of water introduced into the membranes during preparation. The void

rablo, e, of lhe sample was calculated from

~ vol. of voild
" vol. of grains

1000 W
~ 2.204 X 2,65

1000 W (v.1)
2,200 X 2.65

v

v

TTw ot

where W

welght of sample, in 1b.,

V = volume of sample, in c.c.

and the speeific gravity of the graines was taken to be 2.65 [8].
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Tne vcid ratic thus fetermined was rather sensitive to both the
welght znd the volume of the sample and was usually determinable oniy
to + 0.005.

Af'ter wreparing the samplce in the morncr described, the top of
the box was put on. We could not laspect the top mexbrane Lo see
whether 1t was air free or not, because the O-ring was sffective in
scaling the spacing behind the mexbrane only after the top was screwed
down tlght. Hence we had to clrculate water through this membranc
througr the twe connectlons on the top plate of the box with the vox
slightly tilted, as illustrated in Fig. (V.Sf).

The hypodermic reedle was Inserted ints the holes in the top
aluminum retaining frame, as shown 1n Fig. (IV.€), ard commected to one
arm of a U-tuse while the other arm was under atmospheric preesure, Fig.
(1v.10).

The sample was then ready to be tesgtad.

{3) <Correclions
Since the deformations cf the soll wsre measured by the amount
of water that went into or came out of the svaces tenind the membranes,
it die necegegary to consider how thesge measurementc werc rclatcd te the
actual deformations and to cetermine the necessary corrections. Three
o these corrections msy be distingulshed:
(i) The rubber membranes under pressure penetrate into tre
spaces between the soil grairs, Fig. (V.10), and make
the volimetric readings too large by an amount whick

depends rnonlinearly upon the pressure.
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(11) The screws holdingl lhe walls of the box together
lengthen and the walls themselves bulge outward
under the pressure applied to the water behind

the wallp,

(i1i) The connecting Poly-flo tubings expand under pressure.

The first two corrections were obtained together empirically
by the following method. Two aluminum blocks were made of respective
sizes 3 5/8'X 5 5/8" X 3 15/16" and 3 15/32" X % 15/3°" x 3 21/32",
One block was inserted into the box and the voilds hetween it and the
membranes were filled with sand. The volume chenges in the membranes
were then reccrded for different hydrostatic pressures. The same yro-
cedure was repeated for the other block. The two tests differed only
in the thickness of the sand layer existing between the block and the
membranes under the test pressures, while the aluninum blocks themgelves
were consldered relatively incompressible at the pressures employed,
'the results are shown in Fig. (V.1l), in vwhich an extrapolation was made
to give the volume changes in the case where the amount of sand present
in the box is zero, sc that there 1s no contribution from the compres—
slon of the sand. Then the changes in this case represent the correc~
tions to be made for both wall-bulging and membrane penetration effects.
To measure the effect of the expansion of the tublngs, a piece
of about 10 ft. length was filled wlth waler and pressure applied to
- the water, as illustrated in Fig. {V.12). The amount of water going
into the tubing was found to he proportioﬁal to the pressure, as showm
in Fig. (V.13), where the values had been adjustcd to those for the

length of tubing (about 17 £t.) used in the setup shown in Fig. (IV.11)
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and illustirated in Fig. (IV.10).

Cembining these corrections, a single correcticn curve was Ob-
tained for each pair of walls, as shown 1n Fig. (V.13). An arbitrary
datum pressure was chosen at it psi, because at smaller pressurcs, an
urcertainty exlists as to the state of the sample =% the boundsries next
to the membranes, and as tc whether or not the membrancs were touching

the sample completely st the ecges and corneras of the hox.

(4) Hydrostatic Compression Tests

Uyérostatic compression tests, described in Section 4(1) of
Chapter III, were performed on samples of different densities, In each
test, the pressure was appliec through the water tubes with the valwves
Q and K (Fig. (IV.10)) closed and valves P and S open, and was adjusted
oy the regulator M. Hence the stress control device was not needed and
the three principal deformations were read on the zraduated water tubes.
Tae test pressure renge (460 psi) was divided into intervals, smaller
in the lower pressurs range, Bach lncrement was lel'l on for two minubes,
Curing which time the deformations would rormally reach steady values.
At the end o each iccrement, the ievels of the three wafer columns were
read to 0.1 c.c. and recorded. The water in the U-tube for the memsurc—
ment of the internal volume change was halanced ané the level resd.
After reaching the maximum pressure, the unloading cycle began and the
decrements of pressure were the same as the Inerements during “oading.
The water columns and the U-tubes were read after each decrement had

been left on for two minukes.
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A few cycles of hydrcstatic stress were applled, deperding on
the density of the sample. A larger number of cycles was apnliesd to a
locse sample, becanse a loose sample was axpected to underge more dir-
reversible volumevrle sbrain for euach cycle of hydrostatic stress. The

results c¢f these and subsequent teste will be shown in Chapter VI,

(5) Shear Tests ir the Triaxial Plan

Tre guiding strips were adjusted on the trilangular plate of the
stress contrnl devise to give 2 triaxisl compression or extension stress
path. A sample was prepared and sutjected to a few cycles of hydro-
static stress (5-60 psi}, To enable scme of the unstable grains to at-
tain more stable positions. Thnese cycles were applied through the weter
colums as in Section (4), and then coabrol was transferred to the stress
control device. This was done Dy plecing the top cyiinder B (nere, the
reterence figuresare (IV.7) and (IV.10)) at the centroid cf the triangu-
lar plate =nd loading it tc generate a hydrostatic stress ¢f 4 psi in
ezach of the lower cylinders A. The valves P were closec snd valves §
opened. One to two cyeles of hydrostatlc stress were applied using
thils device, the results of which were compared witn those obtailred by
means of bthe water coluwms.

Tke capacity of each cylinder was 200 pasi, but the laborstory
suppiy te the tep cylinder B could nct be meintained steady by the repu-
lator Ni at 75 pei. Consequently, if the top eylinder alone won uocd,

a maximur hydrostatic stress of only 25 psi on the sample could be gen~
erated. It was tTherelfore recessary to empioy the hanging cylinder C to

obtair hilgher hydrostatic pressures. It was important —o see that the
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henging cylinder had its plston upright bpefore applylng pressurs to it
by means ¢f the repgulator Np, ant that the hanging rods I aic not touch
the holes through whicn they passed. This sometimss Involved leveling
the small triangulsr plate J on which this cylincer sat, by adjusting
the screws K on the lower ends of the hanging rods.

After these cyclies of hydrostatic stress, the pressure in the
top cylinder wuas wmdjusted to glve the value cf Toom Gesired, with <he
bottor hanging cylinder exerting no pressure. Next began the shear
tegt which wes one of the five types outlined in Section 4(ii) of Chapter
IZI. The cxperimental manipulations were described in the following:

Test (a). To produce the stress path for this test, as showm
in Fig. (IZI.11), the top cylinder B wes moved along the path defined
hy the gu'ding strips, in steps which were larger in the beginning and
smeller as the test went on, while the air pressure in the cylinder was
kept constant. The deformations after each step were measured by the
changes in clevations of the cll-water Interfaces in the columns. The
realings were teken at frequent Intervals (1 minute or so) and recorded
on standsrd forms as shown in Appendlx C, until they reached & statlonary
value. Tais usually took 3 to 4 minutes., The intermal volume change
ovtained through the nypodermiz needle was aiso recorded.

Turing the test, or any olher tesls lovelving the sbress consrol
device, 1%t was necessary to watch the level ol pistons in all cylinders
(A, B and @), and care was taken not to let the cepacity of any cylinders
run out. {The totael capecity of eny onc cylinder 1o about %5 c.c., which
corresponds to about 3% strain. However, the piston of any one cylinder

was not necessarlly set inltielly at an extreme position.) This might
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necessitate transfevring o1l to arnd from an oil veservoir into the
cylincer, vig valves R, sc as to adjust the level of the piston. When
this had to be done, valves S were closed to shut off the box, and
pragsure was applied to the reservoir =t a velue slightly higher or
lower (depending which way we wernted the 021 to flow) thar that in the
cylinder wnose capacily was rearly exhausted. Then valve R was opened
to allow a slow trensfer tc take place. After this, the reservoir was
disconnected by cleslng valve R and the ©ox connected bty opening valves
S. Wher the defcrmations were large, such transfers might be necegsary
in more than orne cylinder and more than once in one ¢ylirder durlng the
test, eepecially when the plate hegan to tilt too steeply. The plate
chould e kept Todrly Zevel, obherwlse the analogy between the plate
and the octshedrzl plane (see Apvenéix A) would not hold. Whexn the soil
was belleved to have failed (see Secsion 3 of Chapter ITI), the tor ay-
linder was moved hack to the centroid of the pluate in steps. The defor-
metilons and the Internal velume change were recorded at the end of each
step. Tre test ended after tne cylinder had teen returned to the cen-
troldal position.

Ir.1ls test was carried out in botr triaxial compression and ex-
tension on samples of four different censitles (donse, mecium dense,
redium loose and loose) at velues of Opap €Al to 15 pel and 20 psi.

Test (b), To produce tre stress path shovm in Fiz. (III.12), the
top cylinder was moved one step out and, after e steady state wss reacned,
the defocrmstions were recorded. The cylinder was then brought back to

the centroid, and the defcrmations recorded. Next it was moved to re-
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trace 1ts previous steps, readings taken, and 1t was moved one further
step out, then returned and so on. The test was stopped after the
cylinder had been taken beyond the fallure positiou found Lo lest (a)
and brought back to the centroid.

This test was carried out in both triaxial compression and ex-
tension on samples of two different densities (medium dense and medium

loose) at a value of @ equal to 20 psi,

ocT

Test (c¢). To produce the stress path shown in Fig. (III.13),
the same procedures as in (b) were taken, except that following each
return of the cylinder to the centroid, the pressure in the bottom
hanging cylinder was Increased from zerc to 75 psi by three increments
and decreased back to zero by the same increments., At the end of each
inarement the deformationa were recorded.

The value of UCCT used at the beginning was 15 psi and therefore
increased from 15 psi to 40 psl during the hydrostatic cycle bétween A
end C. Thc test was performed In briaxial compression and exbension
and at two densities (medium dense and medlum loose).

Test (d). The stress path for this test was shown in Fig.
(I11,1%). To produce this, the top cylinder B was moved along the se-
lected path and, at each new position, after the deformations were re-
corded, the pressurs in the top cylinder was increased from the initial
value of 45 psl to 75 psi in two equal steps. Since the stress ratio

Tocr

%ocr

the increase in pressure in this cylinder had the effect of producing the

depends solely on the position of the top cylinder (see Appcndix A),

stress path B3Cy. The pressure was next réturned to its former wvalue,
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and the cylinder moved another step outward until it kad passed the
faillure point found in (a).

The two values of %ocT in this test were 1) and 25 psi, and the
test was carried out in triaxial compression and extensgion and at two
different densities (medium dense and medium loose).

Test (e). ‘The stress path ror this test was shown in Fig.
(III.15). To achieve this, the top cylinder B was moved out one step,
the plate which supported the bottom cylinder C wag leveled and pressure
In this cylinder was increased from zero to 75 psl In 3 steps. Egual
incremental pressures were generated in the middle cylinders A, fthus
producing the stress path BiC;. The pressure in the hanglng cylinder
was then released and the top cylinder moved one more step out, until
it had passed the failure point determined in (a).

The value of oo used in this test was 15 psi and was increased
to 40 psi along BiCy. The test was carried in both triaxlal compression

and extension on samples of two different densities (medium dense and

medium loose).

(6) Radial Shear Tests

There were three different tests in this category. The experi-
mental procedures were the same for each and they only differed in
their stress paths, as shown in Fig. (III.17).

The guiding strips on the triangular plate of the stress control
device were adjusted to give the stress path desired. From then on,

the procedures were the same as those for tests 5(a) (or TCa and TEa).
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These tests were carried out on samples of two different densi-

ties (medium dense and medium loose) at a value of UCCT equal to 2C psi.

(7) Tests for Anisotropy of Ssmple

Normslly, the directions of the major, intermediate and minor
principal stresses with respect tc the soill test box was as shown in
Fig. (V.lka), but two tests were carried ocut by rotating these direc-
tions as shown in Fig. (V.1lhb and c). All that was involved was inter—
changing come of the connecting tubing between the stress control de~
vice and the soll test box.

The first one had a triaxial compression stress path and was
performed on a medium dense sample at a value of Yoo equal to 20 psi.

The second had a RS-60° stress path and was performed on a

medium loocse sample at a value of equal to 20 psi.

o0t
The results of these tests could be compared to those obtained

in the test without a rotation of the axis of the principal stresses.
The results of all the tests desecribed in this chapter will e

shown in Chaplter VI.
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CHAPTER VI

EXPERIMENTAL RESULTS

(1) Summary of Tests

The theory of tests performed ir this research was glven in
Chapter I1I, where the stress paths for various tests were also given.

In Table (VI.1l) is given a summary of these tests.

(2) Results of Hydrostatic Compression Tests

The results of aydrostatic compression tests of a dense, medium
dense and loose sand are shown in Figs. (VI.1l), (Vi.2) and (V1i.3) re-
gpectively. 1In each figure, the total volume compression, AV, of the
sample, after applying the correction shown in Fig. (V.13), is plotted
versus the hydrostatic pressure, p. The volume compression AV was
calculated on the basis that the volume change was takern to be zero at
the datum pressure of L4 psi.

Assuming that the sample was isotropic during the hydrostatic
compression test, and that its shape was rcughly cubic, the principal
deformations, A.Vi, in the three perpendlcular directicns should be
egual. However 1t was sometimes observed that The vertical deformations
A Vi was greater than the two horizontal deformations A Vs and A Vg
which are always equal, while at other times, the three were nearly
equal. 1Ihils discrepancy could be due o the fact that the box has only
twe plahes of symmetry, both vertical, and we had not taken this into
account when we applied the corrsction to the deformation readings. Or
it couid be due to the ssmple being anisotropic, but this effecl was

considered not important, as supported by the results of snisotropy
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Table (VI.l)

Value of

o Used Results
Stress Path Void Ratio Volume of oCT ed, Shown in
Test Shown in Fig. of Sample Sample, c.c. psi Fig.
HC-1 ITT.11 0.486 810 L-€0 VI.1
HE-2 B 0.537 877 460 vVI.2
AC-3 " 0.692 820 460 V1.3
TCa~-1 I11.12 0.510 816 20 VI 4
TCa—2 " 0.540 783 20 VI.5
TCa-3 " 0.610 798 20 V1.6
TCa~4 " 0.637 812 20 VI.7
TCa-5 " 0.670 817 20 VI.8
TCa~6 " 0.53%5 779 15 VI.9
TEa—1 " 0.502 812 20 VI.10
TEa~2 " 0.538 790 20 VI.11l
TEa~3 " 0.640 808 20 VT.12
TEa-4 " 0.670 808 20 VI.l3
TEa~5 " 0.531 801 15 VI.1k
TCh-1 III.1% 0.535 809 i5 VI.15
TCh-2 " 0.620 826 15 VI.16
TEb-1 " 0.526 793 15 VI.17
TCe-1 IIT.1h 0.540 783 15-40 VI.18
Tre~2 " 0.604 807 15-L0 VI.19
TRe-1 " 0.528 791 15-40 VI.20
TCA-1 ITT1.15 0.53h TR 1525 VI.21
TCd-2 " 0.590 829 15-25 VI.22
TEd-1 " 0.530 767 15-25 VI.23
TCe—1 III.16 0.53h 764 15-40 VI.2h
TCe~2 " 0.605 825 15-40 VI.25
THe~1 " 0.530 788 15-Lo VI.26
Rek5e-1 I11.18 0.526 81k 2 vI.27
R&y5°_2 " 0.610 823 20 VI.28
RS60°-1 I7I.18 0.518 836 20 VI.29
READ°-2 B 0.61h 837 20 VI.30
RST75°-1 ITT.18 0.532 83k 20 VI.3Ll
R375°-2 " 0.606 827 20 VI.32
A-1 V.1k(b) 0.520 802 20 VI.33
A2 v.1h(c) 0.61h 826 20 VI3
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tests given later in this chapter. The probahle reason for the meass—
ured vertical deformation belng greater than the horizontal ones 1s
the trapping of air in the water behind the rubber membrane of the
top wall. This was possibly due to the fact that, whereas we could
inspect the side wall and the botitom membranes to make sure that there
was no alr in the water behind these membranes, we could not do the same
with the top one, and the circulation of water behind this mewbrane
through the two connections on the top (see Fig. (V.5f)) did not com—
pletely remove all the trapped alr. Since the pressure range in the
hydrostatic compression test was nearly four atmospheres, the compressi-
bility of any amount of air trapped in the top membrane was rather sig-
nificant, especilally when the compressibility of the sample 1tself was
so small.

In order to better represent the true compressibility of the
sample, the assumption was made that the three principal deformations
were equal. The total volume change AV was then calculated by AV =
2/2 (AVs + AVs). It is estimated that the error thus involved is no
greater than the uncertainty due to membrane correction. The values of
AV showa in Figs. (VI.1), (VI.2) and (VI.3) were calculated in this way.

A word must be said about the internal volume change measured
by the hypodermic needle. This reading included the volume chsange of
the sample 1tself and also the volume of membrane penetration. Since
we had not determined the membrane penetration fector independently, it
was not possible to isolate these two components 1n the internal volume
change as measured by the needle. However, this reading afforded a

check on the possible presence of a leak In the membrane into the box in
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which case this reading would increase with time, as this was different
from a leak outside of the box in which the hypodermic reedle reading
would be stationary. A leak outside would be indicated by the increas-—
ing volume of water going intc the spaces behind the membrahes.

In each of the three hydrostatic compression tests, the results
of two cycles (loading and unloading) or hydrostatic stress were shown.
In each cycle, the datum for AV was taken at that value of volume
reading at 4 psi. The compressibllity was not shown in terms of the

void ratio, since the changes in e were very small.

(3) Results of Shear Tests in the Triaxial Plane

Teats TCa and TEa. The results of these tests are shown in

Figs. (VI.4) to (VI.1L4), by plotting J versus A V,- The parameter j is
the number of steps through which the top cylinder of the stress control
device ic moved and is & measure of the shear stregs. For the relation
between j and the stresses, see Figs. (A-3) and (A-4) (Appencix A). We
use the convention that AsVi 1s positive for compression.

In these tests, in which the intermediate principal stress was
equal either to the major or to the minor principal stress, it was ob-
served that the two principal displacements corresponding to the two
stresses which were egual were always nearly the same (maximum differ—
ence less than 10%). Hence for the sake of clarity, only the major and
the minor principal displacements are shown in Figs. (VI.L) to (VI.1h)
except in Fig. (VI.hb) where the three displacements are shown for a
typical test. These displacements were alsc plotted on a semi-loga~

rithmic graph.
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In these figures are also shown the total volume changes
AV (= E; A.Vi). The internal volume change AV, . measured by the
i
hypodermic needle is not shown, hecause 1t was found toc be nearly equal
to AV (maximum difference less than 0.2 c.c.). That this was so could
be explained by the fact that the mean stress was held constant in these
tests. Had the membrane penetration correcticon function teer a linear

one, there would bhe no contribution from this factor to AV Al~

int”
though this correction function was nct linear, over the pressure range
of these tests (say from 8 to 36 psi in triaxial compression) the devia-
tlon from linecarity only conbribubed a little o A\Vint' Therefore
Axvint essentlially measured the actual total volume change of the sample,

which was AV and it was observed that AV and AV were indeed always

int
nearly equal.
To obtain the strains from displacements, we need only to divide

the deformations CA'Vi and csV) by the volume of the sample, assuming

that the sample was initially a cube and the displacements were small.

Tests TCbh and TEb. The stress-deformation curves for these

tests are shown in Figs. (VI.15) -~ (VI.17). The same remarks for tests
TCa and TEa are appllcable here, except that on the semi-logarithmic
plots only the displacements when a new maximum shear stress (w j) was

reached are shown.

Tests TCc and TEc. The stress—deformation curves for these

tests are shown in Figs. (VI.18) - (VI.20). The compressibility of the
sample durdng the nydroustabtlc slress cycle when each tlme the sample was

unloaded to the hydrostatic stress is shown in Figs. (VI.18¢), (VI.19c)
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and (VI.20b). Here AV was calculated by directly summing AYV,.
Here again, the semi~logarithmic plots only show the displace-

ments corresponding to a new maximum shear stress.

Tests TCA and TEA. The stress—-deformation relations for these

tests are shown in Figs. (VI.21) - (VI.23). When the pressure in the
top cylinder was increased from 45 to 75 psi and then reduced back to

45 psi with the cylinder in an eccentric positicn, the value of J re-
meined unchanged. For such cycles of stress In which GCCT changed from
15 psi to 25 psl and hack to 15 psi, the displacements induced are shown
in Figs. (VI.2la) - (VI.23a). In Figs. (VI.21b) - {VI.23b), the total

volume changes AV (= E:A‘Vi) for one cycle of stress of each value of
i

J are plotted versus 9er*

Tests TCe and TEe. The stress~deformation relations for these

tests are shown in Figs. (VI.24) ~ (VI.26). Strictly speaking, when

the pressure in the hanging cylinder was lacreased from zero to TS5 psi
and then reduced back to zerc with the top cylinder in an eccentric
position, the value of J decreased and then Increased to its former
value. The actual value of J at each increment of the pressure in the
hanging cylinder could be calculated from Too anc et this was not
attempted and, for the sake of clarity of presentation, the deformaticns
in this cycle of stress were plotted as 1f J were constant, as in Figs.
(VI.24a) - (VI.26a),

The value of © changed from 15 psi to 40 psl and back to 15

OCT
psi; the corresponding total volume changes AV (=2:ZXVi) were plotted
i

versus g

ocp In Fie. (VI.2kv) - (VI.26b), for different values of J.
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(4) Results of Radial Shear Tests

The results of these tests are shown in Figs. (VI.27) to
(VI.52). The three principal displacements A.Vi and the total volume
change AV (= ? AsVi) are plotted versus j. AV, are also plotted on =

semi-logarithmic grapk.

(5) Results of Tests for Anisotropy

The results of these tests, A-1 and A-2, are shown In Figs.
(V1.33) and (VI.34).

In A-l, the stress path was triaxial compression, and it was
observed that A Vy and A Vg were nearly equal (maximum difference less
than 0.5 c.c.). Hence only A Vy and A Ve are plotted in Fig. (VI.33),
both arithmetically and semi-logarithmically.

In A-2, the stress path was RS60°. All the three principal
displacements are plotted in Fig. (VI.34), both aritimetically and semi-

logarithmically.
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CEAPTER VII
DISCUSSICON OF TEST RESULTS

Any statement made in thils chapter about the behavior of sand

applies only to the Ottawa sand tested in this investigation.

(1) Hydrostatic Compression Tests

The results of hydrostatic compression tests HC-1, HC-2 and HC-3
were shown in Figs. (VI.1) to (VI.3). It is seen that the volumetric
compression AV varied non-linearly as the hydrostatic pressure p ancd
the relaﬁionship was & strain-hardening one.

The compressibility of sand was found to depend on the density
of the zo0il, as represented by the void ratio e; the looser the soil,
the more compressible 1t was. During the first cycle of loading and
unloading, there was a certain amount of irreversible volumetric com-
pregssion which was smaller for the denser soll. During the second
cycle, the amount of irreversible compression was considerably reduced,
especlally for the dense soll in HC-1, where all the compressiorn was
recoverable at the datum pressure of 4 psi. However, for the two locser
samples there was still some Irreversible deformation when the hydro-
static pressure was returned to 4 psi.

It 1 suggested thabt bthe Irreversible deformatlon was due to
the inltially unstable scll grains trying to attain more stable positions
when the sample was subjected to hydrostatic stresses. For the magnitude
of the maximum pressure employed in these tests (60 psl), graln crushing

was undetectable, as supported by comparing the grain size distributilon
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of a sample after a test to that of the same soil taken before the test.
This is not shown, because it 1s ldentical to the one shown 1n Flg.
(V.1). The number of initially unstable grains in a dense soil would
be less than that in a loose soil. Therefore, it only took one cycle
of hydrostatic stress in HC-1 to bring nearly all of these grains into
stable positions, and during the second cycle of stress, nearly complete
recovery was obtained. For a looser sample, there was still a certaln
amount of irreversible deformation during the second cycle, Figs. (VI.2)
and (VI.3); however, if a few more cycles of stress had been applled,
there could have been no ilrreversible deformation at all. This would
be achieved when each grain in the sample had attained a stable positicn
with respect to its surrcunding grains.

From the consilderation gilven in Chaphter TTT about the behavior
of spheres under combined normal and tengential forces, it seems plaus-
ible to assume that the magnitude of tangential forces acting between
grains in a rendom assembly under hydrostatic stress is very small.

This i1s justified because tangential forces would produce "slipping"

and "sliding" between grains, both of which involve irreversible move-
ments, whereas experimental evidence showed that the volumetric compres-
sion is largely reversible. If this assumptlion is made, the external
stresses are resisted by normal forces between the grains, and the over-
all volumebtric strain results from the elasblc compression of gralns by
the normal forces at the contacts.

Upcen this assumption and subsequent reasoning, the theory of
koley models presented in Chapter LLL was basedj this theory postulated

an increasing number of contacts to be made under Increasing hydrostatic
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pressure. It 1s now appropriate to compare the experimental results to
the values predicted by the theory of holey models.

Before this comparison is made, we observe that the loading and
unloading portions of the hydrostatic compression curves do not coircide
even for the dense sample where there was complete recovery at the datum
oressure. In other words, there existed a hysteresis lcop. It 1s
thought that part of this hysteresis may be due to the uncertainty in-
volved in measuring the correction due to membrane penetration and wall
bulging effects. It is quite possible that it is a property of the ma-
terial itsclf, but there is no way to predict this from the theoxry in
Chapter III. Therefore, in the following comparison between theory and
experiment, only the loading portions of the compressibility curves of
the second cycle of the three tests are taken.

These are plotted as volumetric strain (é%z %) versus pg/5 in
Fig. {VII.1). In the same figure are shown the theoretical curves for
random assemblies of spheres with void ratics as shown, which correspond
to those of the samples in the respective tests. It must be remembered
that these curves are for an assumed value of the ratio r/R of 1/3 (see
Chapter III). It is seen that an excellent correlation is obtained for
the medium dense sample of HC-2, while the theory predicts higher values
for the dense sample of HC-1 and lower values for the loose sample of
HC-3, However, the dlscrepancies In the last two cases are not great
snd the curves have roughly the same shapes. Bearing in mind that the
total corrections which are applied to the observed volumetric readings
to obtain the true deformations were about twice as large as the defor-

mations themselves, we may tentatively conclude that the theory does



— 183 -
predict the behavior of sand under hydrostatic stress. (It must be
noted that the volumetric stralns are very small and the apparatus is
not sensitive for precise measurements at this level. However, when a
deviatoric stress is applied, the shearing deformstions are much larger
and the apparatus has then a greater reliability.)

For the sake of comparlson, the compressibility curves obtalned
by Bell [8], on samples of dersity comparable tc the present tests, were
also plotted in Fig. (VI.2) and Fig. (VI.3). It is seen that Bell's re—
sults show a much sgharper rise at the small pressure range and are
roughly parsllel to those obtalned in this investigation for larger
pressures. It is the author's opinion that the discrepancy at small
values of the hydrostatlc pressure 1s due to the error in the membrane
correction used by Bell.

In Fig. (VII.1) are also shown the compressibility curves for a
simple cuble and a face-centered cubilc packing, as obtained by assuming
only a Hertzian behavior at the polnts of contact. They are straight
lines on the é%z ~ pe/5 plot.,

Hence 1t 1s felt that the experiments tend to conflrm the theory
of hcley models postulating succesgeively inereasing numbere of contacte
between grains in a random granular assembly under increasing external
hydrostatic stress, The volumetric strain does not depend linearly upon
the two-thirds power of the exfternal pressure, as was predicted by using
only the Hertzian contact theofy, but it increases less rapidly than the
two-thirds power function due to the increased number of contacts con-
tinuously being made. It is possible to express this hydrostatic stress-

volumetric strain relationship in a closed form by curve fliting or
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numerical methods, which will be useful in the formulation of constitu-
tive equations for this material, but it must be pointed out that, at
present, the expresgsion sc obtained will Just be wvalid for the material
tested (although at various densitiles) and it is not known whether
another goil will behave simllarly. For example, a soll with angular
grains would certalnly exhibit a greater compressibility than the ma~
terlal tested which hag more or less rounded particles; a well-graded
soll, capable of being packed to a greater density, may not be described
by the holey model, because new contacts may be created at a different
rate. If = genersal theory were to be developed for different kinds of

soll, these variables would have to be included.

(2) Tests TCa and TEa

These tests were pertormed by increasing the deviatoric shear
stress from zero ﬁhile the mean stress was kept constant. The three
principal displacements were measured in terms of ﬁxvi and were plotted
versus j, which is a measure of the shear stress, in Figs. (VI.L) to
(VIi.14)., The volumetric deformation AV (=§:l&v&) was also shown.

It can be seen that under both TC and TE stress concltions, the
principel displacements were larger for samples which were loose than
those for samples which were dense at the same stress levels. That
means & loose sample deformed more than a dense one when subjected to
the same stresses. This 1s expected, because in a dense sample there
are more ccnbacts bebween grains per unit volume. The load-resisting
structure made up of the grains in contact 1s then more compact and not
so flexible as in a locse soil. Moreover, slipping grains are surrounded

by otherg to a greater extent and are hence not so easily able to slide.
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In the plots to an arithmetical scale, Figs. (VI.4a) to (VI.lka),
it 1s seen that the stress deformstion relations were non-linear, with
the displacements ircreasing more rapldly with respect to the shear
stress. The displacements were also plotted on the logarithmic seale
versus J on a linear scale, Figs. (VI.4b) to (VI.14b). It can be seen
that, on many of the dlagrams, an approximately linear relstiomship
existed between the shear stress (~ j) and the logarithm of displace-
ments (log AxVi). The slope of the straight line portion increased with
density. The deviation from linearity was small in all the tests except
TCa-6. The initial portions of the curves (i.,e., at small shear stresses)
deviated from the straight line, but at these levels of displacements,
the measurements of the deformatlons were not accurate because of the
correction factors, It is also the nature of the semi-~logarithmilc plot,
with the origin at minus infinity. Therefore, as a first approximation,
we may assume that there 1s a linear relationship between the shear
stress and the logarithm of the principal displacements in both triaxial
compression and triaxial extension stress states.

Tests TCa~6 and TEa-5 were different from the others in that
the value of 0o in these tests was 15 psi, while it was 20 psi in the
others. Comparing Tests TCa-6 to TCa-2 and TEa-5 to TEa-2 (both members
in each palr had nearly equal densities), 1t is seen that the displace-

ments were larger where O was smaller. Since only one test of each

ocT
kind was performed with oo = 15 psi, it 1s impossible to draw any
general conclusion about the dependence of the displacements upon %o

On the stress—-deformation plots, when the shear stress was in-

creaged to a certaln point, there was a sudden increase in the displace~
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ments for further shear stress inecrements, and subsequently a disccn-
tinuity could be found on the curves, This discontinuity is more
reaclly identifled on lhe seml-logarithmlc plots, which were made mulnly
for this purpose. As explained In Chapter III, this discontinulty is

herein defined to be "failure."

Actually, since the sghear stress was
applied in increments, we can only locate the fallure point within an
interval. For example,'in Fig. (VI.kb), although the dlscontinulty of
the curves was drawn at J = 10%, failure actually occurred between J =
10% and the next stress level, which in this case was J = 1l.

Such a discontinuity and the Interval defining the fallure point
were marked on the semi-logarithmic plot in each of Figs. (VI.L) to
(VI.14). It is observed that in general this discontinuity was more ob-
vioug for o dense soil and became obscured for a loose goill. This is
in agreement with the reasoning given in Chapter III, based on the con-
sideration of energy stored and work done. However, this has to depend
partly on the magnitude of the stress increments near the fallure point.
Had we been able to apply very small increments near the fallure point,
we may not be able to detect any discontinuity at all.

Failure occurred at different levels of shear stress for samples
of different densities. In Fig. (VII.2), the value of Coulomb ¢ at
failure of each sample ls plotted versus the void ratic of the sample
for both the triaxial compression and triaxial extension stress paths.
It should be noted that the end points of the failure Interval corres~
ponds to the values of ¢ before and after fallure. The two shaded bands
in this figure define the fallure zones for the sand tested under the

two stress conditions. The valuc of ¢ inercascs with the density (or
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decreases with e). Observe that Test TCa-6 (with Oyop = 15 psi) gave

the same Failure interval as TCa-2 ( = 2C psi), while TEa-5 (o

oCT ~
= 20 psi). Based

“ocT
15 psi) had a lower failure interval than TEa-2 (

%ocT
on the limited information thus gathered, it 1s suggested thét the posi-
tion of the failure point does not depend on the value of Som*

In most cases, shearing was continued after the soll had falled.
Prom the semi-logarithmic plots, with the limited Information avallable,
it is seen that another straight line could be rcughly drawn for the
stregg~deformation relation after failure. Thls straight line has a
flatter slope than the one hefore failure. Therefore, the informations
obtained from Tests TCa and TEa indicate a bllinear shear stress-log
(principal displacements) relationship for sand stressed once to fallure
and beyond.

The total volume change AV, calculated by direct summation of
the three principal deformations AxV}, was also shown in Figs. (VI.L) to
(VI.14). For loovse sulls, AV was positive (compression) in the begin-
ning and then became negative (expansion) when failure was approached.
When the density of the sample increased, the amount of initial compres-
slon decreaged until t'or a dense sample (TEa—l and TEa—2) AV was nega—
tive right from.thé beginﬁing, and then decreased at a faster rate when
failure wag approached. At fallure, samples of all densities were ex-
panding., The magnitude of AV (positive or negative) was rather small
at the Initial stages of shearing but fallure was always preceded by an
increased rate of expansion.

In TCa-1 and TCa-2 where the samples were considered dense, a

contraction was observed at the beginning, in contrast to what happened
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in TEa~1 and TEa-2 where samples of the same density expanded. This
leads to a tentative concluslon that the stress conditions may also af-
fect the way a soil dllates.

That a soil would always expand as it fails was explained in
Chapter ILL. It was pointed out that this is in agreement with the
mathematical analysis of Drucker and Prager [39]. The concept of criti-
cal vold ratic is not applicable here, because the deformations obtained
in these tests were still small (< 2% strain) and the sample had not
reached the ultimate condition.

In all but two (TCa-6 and TEa-2) of these tests, the sample was
unloaded toc the hydrostatic stress state. The amount of recoverable
principal deformations, as measured during unloading, was small (~ 20%)
compared te the total deformations immediately before unlozding, although
strictly speaking the latter included the plastic deformations occcurring
after the so0il had failed. In view of this last fact, the proportion of
elastic and plastic deformations will be discussed in connection with
tests TCb and TEb in which unloading was performed below the failure
stress level.

For the purpose of comparison, the results of a conventional
triaxial compression test, taken from Bell [8] are reproduced in Fig.
(VII.3), where the results of Test TCa-1 are alsc shown. It can be seen
that the behaviors in these two tests were quite different. Although
the initial behaviors of the soils in the two tests were guite similar,
they begaﬁ to deviate from one another as the tests proceeded, with the
sample in the conventional test deforming considerably more than the

present one. It was pointed out in Chapter IT that the development of
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fallure planes in the presence of the rigid end plates in the conven-
tional test was an indica£ion of non-uniform deformation. During the
early stages of the test, fallure planes had not formed to any extent,
and end friction wasg relatlvely unlmportant; hence the behavior of the
sample was about the same as that observed in the present test, in which
the stress conditlons were consldered tc be uniform throughout a test
because of the flexible membranes. However, when the strains became
blgger, the formatlon of fallure planes in the cylindrical sample pro-
duced resulbts which were only representative of the regions where the
failure planes were formed. Relatively large movements tock place on
these planes, thus accounting for the large overall deformations ob-
served, whereas in the present test the soil may have been free from
such planes and 1t deformed uniformly.

An attempt has also been made to plot the results of the tri-
axisl compression tests of thils investigation in the stress-dilatancy
plot as used by Rowe [24]. Whereas Rowe obtained straight line relation—
ships from results of conventionsal triaxial compregsion tests, such re~

lationships are not obtalned here.

(3) Tests TCb and TEb

These tests were carried out by applying cycles of shear stress
to the sample, while the mean stress was kept constant (15 psi). In each
succeeding cycle, the octahedral shear stress was brought to a new high
value and then reduced back to zero. The proportion of elastlec and plas-

tic deformations can be studied from the results of these tests.
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The stress-deformation relations of TCh-1, TCb~2 and TEb-1 are
shown in Figs. (VI.15), (VI.16) and (VI.17) respectively. Test TCb~1
should be compared with Test TCa-6, for they had the same value of Tom
(15 pei) and both samples had the same void ratio (0.535). Similarly,

Test TEb-1 should be compared with Test TEb-5. However, since no TCa

test was performed on a medium loose soll with Ooop = 15 psi, Test TCb-2
could only be compared with Test TCa-3 which had Syor = 20 psl. In the

semi-logarithmic plots of Fig. (VI.15) to (VI.17) are plotted the defor-
matlong in the samples when the shear stress was increased to a new high
value.

From the aritimetical plots, 1t can be seen that these deforma-
tions were nearly the same as those when the shear stress had been re—
duced to zero and then increased back to this previcus high value.

Hence 1t 1s possible to draw an envelope tc the stress-displacement
curve through those points representing the displacements at the maximum
values of the shear stress. This envelope was shown on the semi-loga-
rithmic plot. By comparing these envelopes of Tests TCbh-l and TEb~1 to
the stress-displacement curves in Tests TCa-6 and TEa~5, it is seen that
the envelopes did not differ very much from the stress-displacement
curves. This leads to the preliminary conclusion that the displacements
in the soll do not depend on the stress alstory on the soill, provided
that thils stress history consisted only of loading and unloading along
the same radial path on the octahedral plane, snd that the soll has not
been subjected to shear stress of magnitude greater than the present omne.
This observation is made based on the results of the two tests on a

medium dense sand and with different stress paths (TC and TR).
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If we compare the results of Test TCb-2 with those of Test TCa~-3
(voth were on medium loose sample), bearing in mind the difference in
the values of the mean stress In these tests we may tentatively conclude
that the observation made in the last paragraph is also valild here. We
expect this observation to hold even in situations where we have a real
three dimensional stress state, because, even though the stress condi-
tions in these ftests were TC and TE, the actual state of stress in the
sample was quite homogeneous. Therefore, we reach the conclusion that
for granular soills of all densities and under any stress state, the def-
ormations before failure only depend on the existing shear stress, pro-
vided that previous loading and unloading occurred along the same radial
path on the octahedral plane and that the soil has not been ''prestressed”
with a larger chear stress. The coincidence of the envelope and the
virgin stress-deformation curve was alsc obtained on the plot of the
total volume change AV (= Z A Vi) .

In these three tests, failure was observed tec take place within
the stress interval indicated on the plots. If we compare these Inbtervals
with those in the corresponding tests where no unloading was carried outb
on the sample (specifically j=9% to 10 in TCb-1 to j=9 to 10 in TCa-£;
J=6 3/k to 7 in TEb-1 to j=65 to 7 in TEa-5), we can conclude that the
fallure stress level of the soll in a medium dense state was not affected
by previcus loading and unloading along the same stress path. However,
for a medlum loose soll, such a conclusion cannot be drawn, partly be-
cause the.value of GCCT used in TCh-2 was different from that in TCa-3.
The sample in TCb-2 falled at a stress level lower than that in TCa-3.

Maybe a loose s0ll 1s less stable than a dense one arnd is more easily
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affected by the stress history. Thils point will be elaborated on later.

In these tests, as in the regular TCa and TEa tests, the sample
always expanded when it began to fall, even though it might have con-
tracted during the unloading cycles.

The unloading and relcading portions of the stress-principal
displacement curves in these tests were fairly straight and the area of
the hysteresis loop formed by them was duite small, except when the un-
loading was performed after the sample had failed, as in TEb-1 when un-
loading from and reloading to J=7 were carried out. As a flrst approxi-
matior, we can assume that unloading and releading in shear in granilar
solls take place along the same straight line on the stress-dlsplacement
plot. Unloading after the sample had failed produced displacements
which were far from linearly rclabcd bo the ctrees, especlally in the
region of low shear stress. For unloading from stress levels below
faillure and the subsequent reloading, the approximate straight line
stress—deformatlon relatlonships have slopes whilch decrease only slightly
with the stress level from which unloading started. When this stress
level was about midway to the failure state, we can assume that the
slope was constant. From the plot ol AV (=§: AxVi) it can bhe seen that
unloading was accompanied by & volume contraction in the sample, irres-
pective of whether the sample had expanded or contracted before unloading
started. This means that the soill became stronger during the unloading
process,

Since 1t had been concluded previcusly that unloading and relocad-
ing did not affect the virgin stress~deformation curve, we can treat the

deformation recoversd by unloading as the elastic portion of the total
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deformation. This recoversble deformation is shown in Fig., (VII.4) as a
percentage of the total deformation before unloading., It can be seen
that the deformations were not all recoverable even at the lowest level
of shear stress from which unloading was carried oukt. Due to the in~
sensitivity of the apparatus and measuring devices, 1t was impossible
to judge whether this was true at very small shear stress (e.g., J=%).
However, it would appear from extrapolating the results shown in Fig.
(VII.4) that the irrecoverable portion of the deformation at small shear
stress would be quite small. While the ratio of elastic to total defor-
mation was between 60 to 80% at the first shear stress level (j=2), this
»atlo decreased ag the shear stress increased and wag between 15 to MO%
at failure. The elastic portion of the major principal deformation was
always less than that of the minor principal deformstion, and this com-
paratively large recoverable portion of the minor principal deformation
probably accounted for the contraction of the sample during unloading.

We note also from Fig, (VII.4) that the proportion of elastic
deformation was larger in a densge soll than irn a loose one. This was
enticipated from the conslderstion of the behavior of particles. There-
fore, since a loose soil would undergo largely plastic deformations,
from the failure point of view 1t was more sensitive than a dense one.

In Fig. {VII.4) aze also Shown the ratlos of elastic to total
principal deformations calculated for Tests TCa and TEs at the unloading
cycle aftervfailure nas been péssed. It is seen that for AV, this ratio
has an average value of about 15% and for A Vg it 1s about 30%.

In the following, loading ard unloading tests in general (i.e.,

not TC or TE) are examined from an energy point of view in terms of the
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energy supplies by the external stresses and the energy stored in the
material.
In Figs. (VIII.5), the three principal stresses are plotted
versus their respectlve principal strains. They are for a test in which
Gy + 0z + Oz = constant, and 01, 0= 2> @ and 03 < o_,.. The total

OCT ocT
energy input in the shearing portion of the test can be calculated as
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assuming that V 1s constant, whick is approximately true { ev—-< l%) .
o
And Ey = —v—f a(av) (ViI.3)

The integral in Eq. (VII.2) 1s the arca under the arithmetic
gtress-principal deformation curves as plotted in Chapter VI, Therefore
the Ei (1 =1, 2, 3) are the contribution from the shearing of the mate~
risl., The integral in Eq. (VII.3) is the total volumetric change of the
sample and hence E. 1s the contribution from the dilation of the mate-
rial. It would appear at first sight that the presence of E4 is rather
gurprising, and 16 may be neglected. However 1t must be remembered that

a

granular soil is a dilatant material and 1t turns out that since L )
ocT

whose value can be calculated from Appendlx A, is rather small
(e.g., Tor a TC stress path, a; = 0.115, and ep = ag = ~0.057), the
contribution from Es is rather significant with respect to the other
1tems.

Hence to calculate the energy input curing loading, we just need
to compubte the area under each of the stress-deformation curves in the
three principal directions, together with the summation of the volumetric
change. Similarly, to calculate the energy release during unloading, we
compute the corresponding areas under the unloading portions of the
curves.

This indicated procedure has been carried out on the results of
Tegts TCbl, TCb-2 and TEb~l. Due to the limited number of unloading
cycles in each test, it is only pesslble to draw the following conclu-
glon: the amount of recoverable energy is only a small portion of the

total energy input, about 20% for unloading from = medium value of ] and
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less than 5% for loading from a large value of J (say, after failure).
For unloading from a small value of J, the contributlon from the dila-
tional effects is very pronounced, which, in view of the uncertainty
involved in the membrane correctlon factors, mskes the energy calcula-—

tions doubtful for small values of the shear stress.

(4) Tests TCc and TEc

These tests were ldentical with Tests TCbh and TEb, except when
the shear stresé wag zero at the end of the unloading cycle, the hydro-
static stress on the sample was increased from 15 psi to 40 psi ané
then back to 15 psi. This cycle of hydrostatic stress was carried out
wilth the main purpose of determining the effect of previous shear stress
history on the hydrostatic compression of the material.

The volumetrlc compression of the sample during this cycle of
hydrostatlic stress 1s plotted in Fig. (VI.18c) for TCc~l, Fig. (VI.19c)
for TCc-2 and Fig. (VI.20b) for TEc-1l, for each value of J from which
shear unloadlng commenced. The value of AV was calculated by direct
summation of the three principal displacements l&Vi, which, although not
shovn, were nearly equal when the previous maximum shear stress was small
and became slightly unequal (with A Vs showlng more compression than
A Vy) as this maximum shear stress increased, until failure was reached.
That they were equal meant that the compresslon was 1sotropic. This
leads to the conciusion that shear stress history in which the failure
stress state has not bheen exceeded does not greatly affect the isotrapy
of the sample as far as can pe determined by the apparatus employed in

this investigatlon. The sample became increasingly enisotropic when
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failure was approached. When the sample falled, the grains underwent
large movements in a preferred direction, which produced a strong anlso-
tropy in the sample.

By examining the compressibility curves of these tests, and
comparing them to those where the soil had not heen subjected to any
shear stress at all (i.e., j=0), it is seen that the compressibility of
the sample in all tests remained approximately unchangea by the shear
stress hilstory until failure was approached, and the volumetric compres-
gion was almost completely elastlc. Near or after fallure, the soll be-
came more compressible, but this deformation was then less elastic.
However, the recoverable portion was the same as before. In fact, the
unloading portion of the compressiblility curve was the same in all the
hydrostatic cycles, lrrespective of the maximum shear stress.

This can be explained from the results of previous tests. It
has been found that the sample always expanded when it was near to
fallure, no matter in what density state it was, and that part of this
expansion was lrreversible when the shear stress was removed. Now when
the soill was subJected to a hydrostatic stress increment, it was allowed
to recover some of thils expansion in addition to the real hydrostatic
compression of the soll under hydrostatic stress. Since the expansion
arcse mainly from the contribution of A Vg, the hydrostatic stress in-
crement now produced more compression 1n the A Vs than in the AV, dl-
rection. When this.hydrostatié stress increment was removed, only the
real elastic hydrostatic isotropic compression could be recovered,
leaving the recompression as an irrecoverable deformation. £ince the

elastic hydrostatic compression of sand depends only upon its density
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for wvoid ratio), and because the density of the sample was only changed
very slightly during shearing (%K < 0.05%) , 1t could be expected thet
the unloading portion of &ll the hydrostatic cycles following shear un-
lozding to be the same. The recompression by hydrostatic stress follow-
ing shesr unloading was small when the maximum shear stress was small
compared to the faillure shear stress. Hence, we reach the conclusicn
that the hydrostatic compression of this sand is elastic and isotropic
and remains unchanged by stress history whilch consists only of shearing
in a radial line on the octahedral plane without producing failure.

By comparing these TCc and TEc tests with the last serles (TCb
and TEb), it can be seen from the stress-deformation plots that, except
in Tegts TCe-1 and TCbhb-1, there was a very gocd agreement between the
virgin curves (i.e., the envelopes of the stress-deformation curves) in
the other two palrs of tests in the series. It 1s the opinion of the
author that the results of tests TCe-1l were unreliable, because, if the
hydrostetic stress cycle on the sample after each shear loading produced
only elastic, 1sotroplc compression, the behavior of the sample upon re~
loading, especially when the shear gtress returned to the virgin region,
should not be affected. Hence, basing on the results of the other two
tests in this group‘(i.e., TCc-2 and TEc-2), we may conclude that the
shearing behavlor of the soil does not depend upon any shear unloading
interrupted by a hydrostatic stress history at zero shear stress.

The virgin stress—~deformation curves of these three tests were
also shoﬁn or a semi-logarithmic plot. It can be seen that fallure oc-
curred in the samples within the intervals shown. Again by comparison

with TCb and TEb tests, we find that these intervals were the same In
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both series, except In TCe-2. However, in TCc-2, the sample was a medium
loose one, and the discontinuity was not obvious, perhaps due to the
large stress increments near to failure. The difference between this
end the corresponding TCb-2 was not large. Hence, the author tends to
conclude that the failure strength was not affected by the hydrostatic

stress cycle applled when the shear stress was unloaded Lo zero.

(5) Tests TCA and TEd

These tests were carried out by increasing 9, when the sample

cT

TocT oy
was under a shear stress. The ratio of (or Ef) was kept constant
oCT 8
and ToeT increased proportionately with GCCT' They were carried out
with the purpose of determining the effect of 1 and a on the def-

OCT OCT
ormations. The results are given in Figs. (VI.21), (VI.22) and (VI.23),

where the principal deformations caused by increasing from 15 to

%cr

25 psei and decreasing to 15 psi are skown. The volumebtric compression

AV, calculated by direct summation of AV

IE 1s also plotted versus

oo for different values of J.

It was thought that, as far as the stress path was concerned,

the schearing deformstlons 1n the soill would depend on three factors:

the magnitude of the shear stress T

oom? the magnitude of the mean stress

T and the ratio of these two. In these tests, the last quantity,

represented by J, was held constant. Therefore, the deformation A;Vi
could be decomposed into two parts (A.Vi)Cr and (AsVi)T. From the tesgts
04 and TEd, the interrelatlion of these two components could be deter-

mined with specilsal reference to the elastic and plastic portions of each.

It had heen found 1n previous tests that the deformations due to an in-
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crease 1n SocT in a sample under a hydrostatic stress state were elastic

and ilsotropic, and that the deformations caused by a shear stress ToaT

confined on the octahedral plane were partly plastic and partly elastie.

We heoped to find out whether the effect of a change in stress UbCT under

the conditlons 1n the present tests was elastlc or not.
Referring to Figs. (VII.6), waich illustrate the different def-
ormation situations in the tests, poilnts A represent the deformations in

the sample when.j increased to a new value with GCCT constant; points B

represent the deformations when ¢ increased from 15 to 25 psi, with

OCT

J constanty and points C represent the deformstlions when decreaged

Yocr
from 25 to 15 psi, with j constant. The difference between A and B then

represents the total deformation caused by AsUOCT and A;TOCT, whilch carn
be split into the elastic portion @A'Vﬁ)e and the plastic portion (ﬁsVi)p,

i.e.,

H]

(av)," = (av)%+ (av)P = (av) + (& V),

i

€ P ' e P
[(Avi)(I + (Avi)g] + [(A v,).S (A, ]
(VII.h4)
The elastic components in this deformation (& Vi)cé and @A'Vi)qe,

were recovered when decreased from 25 to 15 psi and thelr sum was

%aT

equal to the difference between B and C, i.e.,
B _ e _ . e e
AV =@v) =(av) "+ (V) " . (VII.5)

By subtraction, the difference between A and C represents the

irrecoverable components of the deformation,'i.e.,
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(A Vi)AC = (A Vi)IJ = (A Vi)gp + (A Vi)Tp . (VII.6)

At small vaves of j, (A Vi)cr and (AV i)'r were of comparable
magnitude. While (A Vl)cr and (A Vl)_r were both of the same sign (posi-
tive, representing a compression), (A V:.;)Cr and (A VS)T were of different
sign, with (A V3)T being an expansion. Therefore (A Va)AB was composed
of two quantities which tended to cancel each other. Thus, (A Vi) AB was
observed to be smaller than (& Vi) AB. Moreover, it was found in previous
tests that both (A Vl)Tp and (A VS)TP were around 30% of A Vi and A Vg
respectively for small values of j (see Figs. VII.W). If (& vi)(r was
almost completely elastic (i.e., (A V:i_)crp = O), then (A Vi)p in Eq.
(VII.6) would be equal to (A Vi)'rp' In other words, the irrecoverable

portion of the deformation between A and B would be completely due to

(A vi)T.

i.e., (a vi)j_\_C =@V v)?, (VII.T)
and (& vi)cB = @) = (av) "+ (a5 . (VII.5)
or, (A vl)CB = (A1) = (ava) ° + (avL) S, (VII.5a)
and o (aTa) s (aTe)® = (o Va),S + (Vs © . (VII.5b)

In Eq. (VII.5a), both (& Vl);' and (& Vl):‘ are positive (com-

pression). For small values of J, (A Vl)Te did not change rapidly with
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respect to j. 1Indeed, If we postulate that (A Vl)o,e was constant with
respect to J, then the sum of (& Vl)ce and (A Vl)Te at J=2 should not
differ sppreciably Trom the sum of the same quantities at J=k Ffor example.
It was indeed obgerved in the tests that (A Vl)CB was about constant for
the first few values of j at which the value of & was varied. At

OCT

larger values of J, the deformation due to A T (i.e. (& V_-,_)T) became

OCT
larger exponentially with j (remember the straight line on the semi-
logarithmic plot of j versus deformation). However, the proportion of
elastic deformation became smaller, around 30%. Therefore, (A Vl)Te
was alsc increasing but rather slowly. By exemining Figs. (VI.2la) to
(VI.23s), it is fourd that indeed (A Vl)CB increased with respect to J.
(Had the shearing deformation been completely plastic, (A Vl)CB would
be constant at all values of j). By the same reasons, we expect

(A vy )P = (A Vl)'rp to increase rapidly with respect to j since both

(A Vl)'r and the ratio of (A Vl)Tp/(A V;;_)Te increased with j. This was
indeed the case wilth the tests.

The same argument can be applled to A Vg, but here it is a little
more complicated, because of the difference in directions of (A Va)a‘ and
(A VG)T' Depending on the relative magnitudes of these two quantities
which in turn depended on j, we can have one of the two situations sghown
in Figs. (VII.6c) and (VIL.6d). In Fig. (VII.6c) for small J, point B
was to the right of point A, indicating that the compression of {A VS)U’
was bigger than the expansion of (A VS)T. Upon unloading of O a2
(a VS)U‘ was completely recovered, but (A Vs)'r was about 60% recoverable.

This brought ue back to point O, with AC representing the 40% of (A VS)'I’

which was lrreversible. For a larger wvalue of J, for example in Fig.
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(VII.6:1), the expansion of (A VS)T wag larger than the compression of
(& Vs)o*’ thus point B was to the left of point A, indicating a net ex-

pansion. When A g, Wwas removed, (A Vs) ° snd (& Vs) © (unich was

OCT
about 30% of (A Vs)T) were recovered, bringing us to polnt C, with AC
representing the irreversible portion of (A VS)T.

The same reasons as used 1n the case of A Vi now indicate that
a slight decrease in the distance BC for A Vs, which represents the re-
coverable portion of A Vg, and a much faster increase in the distance
AC which represents the irrecoverable portion of A Vg should take place.
Examination of Figs. (VI.2la) to (VI.23a) reveals that this is in agree-
ment with the tests results.

In the sbove discussion, the assumption was made that N Vi)r:
was completely elastic. This asgsumption was partly substantiated by the
agreement of the experimental results with the concluslon reached from
the reasoning above. This can be further shown to be a valid assumption

by plotting AV (= L A V,) versue Writing Eqs. (VII.L) and (VII.6)

OCT”
in terms of AV instead of A Vi’ we have

(A V)AB = (av)® + (aV)P (V1I.8)
(o V)CB =(av)°® = (a v)cre + (& V)Te (VII.9)
@, =@ =@ns®+ e’ (VII.10)

The loading portion of the AV ~ plots represents (A V) AB,

%cT
and the unloading portion represents (A V) CB. It was found in previous
tests that for shear stresses not near to failure, (A V)T was small.

Hence Eq. (VII.9) becomes
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an)S = @0 = (" (VII.98)

From Figs. (VI.21b) to (VI.23b), it can be seen that the unload-
ing portion of each curve was the same in each test, for all values of
J including j=0. This then proves the validity of the assumption that
the compressibllity by the increase in onctahedral stress with constant
Toor/ Soop Wes elastic.
The loading portions of the AV ~ Oyop CUrves represented both

the plastic and elastic portions contributed by A'GOCT and A'TOCT' The
contribution from A T was rather small and almest elastic except

OCT

when failure was approached; 1t was then an expansion which was not
completely recoverable. Hence for values of j near to and especially
after fallure, the loading portion of the curves would show an expan—
sion, as for j=10 and 11 in Fig. (VI,2lo) and for J=7 and 75 in Fig.
(VI.23b).

We therefore reach the conclusion that the compression of =

granular soil by a hydrostatic stress with a proportionate increase 1n

the shear stress Toop 5° that the ratio TOCT/UCCT remains constant can
be decomposed into two parts, one from the contribution of ASGCCT and

the other from AxTO Each can be estimated separately from the re-

CcT*
sults of the hydrostatic compressior test HC and the tests TCbh and TEDb.

In this sense, an uncoupling is achieved. Actually, the effects of

Toor and GOCT are stlll coupled because of the dilation of the material.

No attempt was made to draw an envelope for the stress-deforma—
tion curves in these tests, because such an envelope is difficult to

define and depends on the increment in j after each cycle of %
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Moreover the stress path did not lie completely on an octahedral plane.
For the same reasons, fallure was difficult to define for these tests.
However, from Figs. {VI.21) to (VI.23), it appears that failure occurred
between J=10 and 11 1u Tests TCI-1, between J=8 and 8% in Tests TCI-2,
and between T and 7% for Test TEd~l. The Jjudgment was made by observing
the shear displacements caused by A T op? and by observing the relstive
positions of points similar to points A, Figs. (VII.6). If these fallure
irtervals are taken to be correct, then they represent a higher stress
level in all three cases than the corresponding Tests TCa~6, TCbh-2 and
TEa-5, where the sample was sheared directly toc failure, (except in
TCb-2 which is used for comparison because no TCa test was avallable

near this vold ratio with o= 15 psi). However, the difference is

oc
quite small in these, and since this method of determining failure is
not reliable, depending on the magnitude of the stress increments, it

1s suggested that not too big reliance should be put on these failure

Intervals.

(6) Tests TCe and TEe

These tests consisted of superimposing a hydrostatic stress state

on top of the deviatoric stress state in the soill sample. The magnitude

of the ghear stress ToeT did not change during the application and re-—

moval cf the hydrostatic stress, but the mean stress %o

amount equal to the hydrostatic stress applled. At the same time, the

changed by an

ratio 7 decreased. Therefore, of the three factors (7

ocr’ ®oor?
which were thought to influence the deformastion in the

oot/ oo
and 7/ o)

soll, only two were varled In these tests, and by the loading and unload-

ing of the hydrostatic stress, we hoped to distinguish the effects of each
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of these two fachors. The results of these tests are shown 1n Figs.
(vi.2h) to (VI.26).

In the Test Seriles TCAd and TEd, results of previous, simpler,
tests were used to predict the behavior of those tests, and it was
found that good agreement was obltalned hetween the predictions and the
experimental obgervatlons. The same procedure wlll be attempted here.

Referring to Figs. (VII.T), which illustrates the different
deformation situations in the present tests, points A represent the

deformations in the sample after J had been Increased to a new value

with UOCT constant; points B represent the deformations In the stage,
vhen oy .., Was increased from 15 to L0 psi, with j constant (however,

it was explained in Section 3 of Chapter VI that j actually decreased
and then increased back to ite original value during the cyecle of hydro-
static strese; bubt for convenience of plotting, it was treated as con-

stant; actually 1t wae T that was constant); points C represent the

OCT

deformallons when UOCT was decreased from %0 Lo 15 psl, wibth J constant.

The difference between A and B then represents the total deformation
T
OCT

ct 0T
portion (A.Vi)e and the plastic portion @A'Vi)P as follows:

caused by A;ab and A{ , Which can be splilt into the elastic

il

Bv), = (a7 + (V)P = (av), + (& LA
(Viz.1i)

[(A V)5 (A vi)gp} ¥ [ (A vi)fj/Cr + (& Vi)ﬁ/o]'

The elastlc components in this deformation, (A‘Vi)oé and

e
(A.Vi)T 00T decreased from 40 to 15 pei and

/G s were recovered when q,

thelr sum was equal to the difference between B and C, i1.e.,
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(o vi)CB = (& vi)e = (A vi);‘ + (A Vi):/c' (Vvir.1z)

By subtraction, the difference between A and C then represents

the irrecoverable components of the deformation, i.e.,
C _ P _ D D
(Bv)y" = (V) = (V) + AV, (ViI.13)

As 1n the last Section, we make the assumption that (AxVi)g was

B _
completely elastic, i.e., (AxVi)G = 0. The effect of TOCT/GCCT is

more complicated, and we have to go back tc Tests TCa and TEa arnd TCb
and TEb in order to find out this effect, In the first set of tests,

T was Increased monotonically until the soll failed. During this

ocT

shearing, the ratio TOCT/ alsc inereased. But in the present tests,

TocT

TOCT/GbOT decreased from a maximum value at A to a minimwm value at B.

At the next cycle of hydrostatic stress, decreased from a

oot/ oot

new maximum value at A. Therefore, as far as the value of TOCT/GbCT

was concerned, the stress conditions between A and B were similar to

unloading from the virgin curve which had as 1ts ordinate,

Toor/ %ocr
and the conditions between B and C were similar to reloading along the

same stress path. Now if we consider that the unloading and reloading

cycles of TCh and TEb were performed with T as the variable in-

oct/ %ocr

stead of T was constant), we can employ the results of those

ocr (Toer
tests 1n connection with the present context.

From the results of TCbh anrd TEb, we found that the unloading
of T/G‘produced deformations which were relatively small and varied

linearly with j. The reloading of T/c'produced deformationg which in

general were approximately linear and the hysteresis loop between the
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unloading and reloading portions of the curve was small, The deforma-—
tion during unloading would, in the present tests, be represented by

e -
(a Vi)T/O' and that during reloading by (& vi)'r/cr° Had there been no

P _
T/O'—O.

But the presence of the small hysteresis loop meant that (A Vi)z/cr wa.s

hysteresis loop, these two quantities would be equal, 1,e., (A Vi)

not zero put a small quantity.
Thigs, together with the assumption that (A Vi)§=0, indicates

that Eq. (VII.13) will become
C _ P _ P _ ]
(avy),~ = AV = (A7), = small. (VII.13a)

In Eg. (VII.1l), written for A Vi, the contribution of (A vl)Gr
was a compression and that of (A vl)'r/tr was an expansion, since ’!.'/O‘ was
unloading. These two tended to balance each other and, therefore, the
net result, (A Vy) AB would be comparatively small. However, for A Va,
both contributions from (A Va)o_ and (A VS)T /o‘ were compression and they
produced the same effects. For small values of J from which 'r/c began
to unload, (A Vi)'r /0' would be small, but it increased with the value of
Jj. Therefore at small J, the compression of (& Vl)c‘ predominatea the

expansion of (A Vl)'r/cr and hence (A Vq) B

N should show a net compression.

At thie value of J, the hysteresis loop was almost negligible; hence
(A Vl)AC = (A Vi)p was very small as in Fig. (VII.7). At the next value
of J from which unloading of T/cr began, (A Vl)r/c increased slightly
over the last cycle, and the net change (A Vy) AB would now be smaller
than before. At the same time, the hysteresie loop was more nobiceable
now, and hence (A Vl)AC hecame larger. As the value of j Increased, we

might reach a situation as shown in Fig. (VII.Tb) » in which the expansion
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of (A Vs)'r/cr was greater than the compression of (A V;L)Cr and then the
reloading of T/0 did not recover (A Vl)'r /o completely, leaving point C
to the right ¢f point B. Examination of the tect rccocultc shows that
these behaviors actually occurred.

The same reasoning can be applied to A Vg. Here both (A Vg)q
and (A VS)T/U were compression. We expect (A Vs)o_ to remain constant
while (A Vg)T/o_ to increase with j, resulting in an increase in (A VS)AB.
We also expect that (A VS)?’/U to increase with J, as the hysteresis loop
became bilgger, thus (A Vs) AC would be swall at rirst (in Fig. (V1I.7c))
and would become larger as J increased (as in Fig. (VII.7d)). Examina-
tion of the test results reveals that these observations were borne out
by experiment.

In the above, the assumption was made that the (& Vi)o- remained
the same at all values of J from which unloading of 'r/ o took place and
was elastic. That the conclusions reached from the above arguments
were 1in agreement with the test results substantiated this assumption
which can also be ghown to be valid in the following where AV (=2 A Vi)

was plotted versus o Writing Egs. (VII.1l) to (VII.1l3) in terms of

oCT*
LAY, we have
(27)," = (V) + (V) (VII.14)
B e e
(& V)C = (A& V)O_ + (& V)T/ﬂ_ (Vir.15)
(o V)AC = (& V)o_p + (& V)g/c_ (VLIL.16)

The loading porticn of the AV ~ SooT plots represents (A V) AB 5

while the unloading portion represents (A V) CB, Since the hysteresis
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loops in the AV ~ 3 plots of tests TCb and TEdb were qualitatively the

same as those in the AsVi ~ J plots, we can use the same reasoning as

before and reach the conclusion that (A«V)g/c.was negligible for small

G
A’

irreversible component at the end of the cycles in the AV ~ GbC

of I"igs. (VI.Eh-b) to (VI.26b), would increase with J+ This was 1ndeed

velues of j and increased slightly with j. Hence (A V) which is the

T plots

the case 1n those plots, That, at small values of j, we have almost
complete recovery meant that (AAV)U was indeed elastic.

The loadlng portlons of these AV ~ UOCT plots consisted of
contributions from (A.V)G and CA'V)T/U. Since T/0 wag unloading,
(AxV)T/U would be & compression, as deduced from the AV ~ J plots of
Tests TCb and TEb. As the value of j, from which 7/0 unloading tock
place, Increasecd towards fallure, 1t was found before that the sample
wag in the process of expanding., Now the T/o‘unloading would recover
part of this expansion and hence at large values of Jj, we find a notice-
ably larger compressicn. However, as T/U reloaded, thils compression was
largely recovered and an expansion resulted. Therefore the compressibil-

1ty of the sample under ¢

00T became larger and yet it was still largely

reversible. At the small values of J, the compression due to the un-
loading of T/G was small; the compression was thus mainly from the con-
tribution of (AxV)G. It was found that at the first value of j, the
compresglbility was indeed the same as for a goil compressed by a purely
hydrostatic gtress. We can therefore conclude that the compression of
this granular soil by a hydrostatic stress superimposed upon a deviatoric
stress 1s made up of two parts: the first is a contribution Ffrom the in-

crease in O,,, and has the same characteristics (i.e., elastic, isotropic)
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as 1 the same £>cb were applied on top of a hydrostatic stress state;

CcT

the second ig a contribution from the decrease in , which is

Toer/ %oct
largely elastic., The contribution from each component can be predicted
from the hydrostatic compression test (HC) and from the loading and un~
loading tests (TCb and TEb). There 1s an uncoupling between the ef-

fects of « and T

ocT OCT’

estimated separately and then superimposed. But actually a coupling

in the sense that the above components can be

exists because of the dilational effect of the material, (i.e., AV

caused by T ) and because of the fact that increasing creates

0CT %oeT

shearing deformation through the effect of TOCT/UOCT'

For the same reasons as given in the last Section for tests
TCa and TEd, nc attempt was made to define an envelope for the stress—
deformation curves. However, 1T we try to define fallure by observing
the relative positions of the points similar to points A, Fig. (VII.T),
we can roughly define the faillure intervals to be jJ = 9-1C for TCe-1i,
J=[-T> tor LCe-2 and j=6-63 for TEe-l1. These intervals are all lower
than those in the corresponding Tests TCa~G, TCb~2, and TEa-5. How-
ever, the difference is small and for practicsl purpcses, we may treat
them as equal. When we compare some of the stress-deformation curves
with those in the regular tests (e.g., A Vi in TCe-l and TCa-6) we
find that they are nearly identlcal, This and the observation on the

gmall difference in the failure intervals are consequences of the elas~

tie deformations along the stress path in the present tests.
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(7) Radlal Shear Tests

These tests were similar to Tests TCa and TEa in that the sample
was sheared from a hydrostatic stress state by monotonically increasing
the octahedral shear stress, while the mean stress was kept constant.
(TCa 2nd TEa are equivalent to RS90° and RS30° respectively.) But in
these tests, the sbress condition was no longer a triaxlal one, and
hence they were truly three-dimensional tests. These tests were each
carried out on a medium densge and a medium loose sample and the results
were shown in Figs. (VI.27) to (VI.32) by plotting the three principal
displacements and the total volume change versus the shear stress (~ j)
linearly and semi-logarithmically.

It 1s Interesting to note that the intermediate principsl dis-
placements were comparatively small with respect to the major and the
minor displacements. For RS45°, in which the intermediate principal
stress was increasing on loading, A Vp was a compression (positive).
Upon unloading, A Vo expanded. For RST75°, in which the intermediate
principal stress was decreasing, A Vo was an expansion (negative) and
during unloading, A Vp was a compression, For RS60° in which the inter-
mediate principal stress remained constant, A Vg was negligibly small
until the shear stress was falrly large and then 1t was a compressicn
in both the dense and the loose samples. Upon unloading in both samples,
A Vo continued to be a compression,

In these tests, the intermediate principal stress was different
from both the major and the minor principal stresses., According to
Scott [k], who reached the following conclusions by analyzing regular

packings, the soll developed a preferred plane of shearing under these
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conditions, which was parallel to the direction in which gp acted.
Shearing, therefore, took place mainly by the movement of the sample
normal to the dz-direction. Thils would explain why the observed dis—
placement in the op-direction was small compared to those in the oy and
0z directions,

On the semi-logarithmic plots of displacements versus shear
stress, 1% 1s seen that once again, as in Tests TCa and TEa, there was
a roughly linear relationship between the octahedral shear stress and
the logarithm of principal displacements with the slope of the straight
line increasing with density of the material. That such observations
had been made in various tests in which shearing was accomplished by
keeping Hhe mean stress constant and increasing the shear stress from
zero along a sbtralght line In different directions on the octahedral
plane 1s useful for the purpose of formulating constitutive releation-
ghips.

Again, a8 for Tests TCa and TEa, the data showed an increase in
the rate of deformation with respect to the shear stress and a disconti-
nuity could be drawn In the curve joining them. Hence we determine the
interval within which fallure occurrec in the soll. These dlscontinui-
tieg were more obvious than those in Tests TCa and TEa, especially on
the semi-logarithmic plots. Whether this was due to the Tact that the
goil had a preferred directlon of shearing 1s not known.

. The fallure intervals for a medium dense (e = 0.52) and a medium
loose soil (e = 0.61) under stress conditions of TC, TE, RSL5°, RS60°
and RST5° are shown in Fig. (VII.8), where the results are plotted on an

octahedral plane. The interval for e = 0.52 under TC 1s obtained by
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interpolation in Fig. (VII.2), while other intervels are obtained from

tests on medium dense samples under the corresponding test conditions.

The intervals could bc plotted by measuring from the origin C at = dis-
tance proportional to j along the respective radial paths, or by calcu-
lating the value of the equivalent Coulomb angle ¢. A shaded band was

drawn for each egoil, indieating the region where the failure point must
lie for soil sheared to fallure along a radial path.

For the purpose of comparison, lines are drawn in Fig. (vI1.8)
to represent the different values of the equivalent Coulomb @. These
are straight lines joining the points on the TC and TE lines, where @
has & real mesning. It is seen that the value of the equivalent Coulomb
¢ cbtalned by experiment is gmallest in TC and largest in TE, and is
monotonically increasing in between. That ¢ has to take on a larger
value under stress conditions where there is no axlal symmetry than in
the TC condition was explained by Scott [4], who attributed it to the
fact that the soil has to exact a penalty for the presence of a preferred
direction of shearing by requiring a higher value of ¢ at fallure. He
oanalyzed the failure by slipping on hexagonal planeg of a face-centered
packing under triaxial compression conditions, whereby sphere B, Fig.
(VII.9a), moves over the valley between the spheres E and F which are
cn a lower hexagonal plane, and obtained the following relationship for

¢ in terms of the coefficient of friction p,

V3 k2 p
tan @ = (VII.i7)
ST T E W
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If we assume Ffallure under triaxial extension stress state to

occeur by sphere B moving over G, and perform the same calculatlon as
(vir.18)

Scott, we obtain the following relationship for ¢ ,

Egs. (VII.17) and (VII.18) are plotted in Fig. (VII.Ob) and it

can be seen that for the values of p shown, ¢ In B 1s alwsys greater
Tais calculation is not meant to correlate the values of

than ¢ in TC.
¢ obtained experimentally on the real soll to those obtalned from the
analysis of regular packings, but is presented merely for the purpose of

illustrating why there can be a difference in ¢ In the two stress condi-

tions.

In the same figure, the "yleld" envelope obtained by Bell [8]
for the same Ottaws sand as used in this investigation at a veld ratio
o = 18 pei.)

(Bell used T

of e £ 0.52 was presented for comparison.
It is seen that Bell's value of ¢ in TC was 38°, L4-6° lower than that

obtained here and the value of @ in TE was 52°, which was 4° higher
than that obtalned here, Whereas the difference between P and P
was 14° in Bell's work, it is only 4-6° here, Results of conventional
triaxial compression and extension tests show that P and P are
about the same [10,11]. Remembering the stress inhomogenelty in these
conventional tests and the homogeneity In the present tests, we conclude
that inhomogeneity tende to reduce the difference in Q. and Q- Bell'sg

tests were also inhomogenous, yet he obtalned a bigger difference in
Frem this

This may be due to anisotropy in his samples,

and P than here.
which must have the opposite effect as stress inhomogenelty.

Prg
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we conclude that the degree of anisotropy in Bell's tests was quite
large, and that the fallure envelopes determined in this investigation
are a bebler representatlion of the actual fallure sbale of the materlal,

In Figs. (VI.27) to (VI.32), 1% is seen that although most of
the samples (except in RSk5° -1 and RS&5° ~2) contracted at the initia-
Lion of shearing, tley all expunded when the fallure sbale was approached,
confirming the observations made in connection with Tests TCa and TEa,
Hence we can conclude that granular soils must expand when they are
sheared near failure.

The stress path RS60° was of special interest in that the inter-
medlate principal stress 0z remained constant along this path. Prom the
results of RS60° -1 on a medium dense soil and RS60° -2 on a medium
loose soll, we see that the displacements in the go-directlion were not
zero but consisted of a compression, The question arises as to where
on the octahedral plane the stress path corresponding to the plane
strain conditions lies. Under plane strain conditions, there 1s no
sbrain in one of the principal directions. Observing that A Vs was
positive in RS60° and negative in RST5°, we see that the stress path
which would give rise to plane strain shearing must lie between the
RS60° and RST5° radial paths, being closer to the former than to the
latter. However, 1t must be emphasized that such a path is not neces-
sarily a straight line.

On the basis of the limited amount of data on the deformation
of the saﬁples after failure had been reached, the bilinear relationship
of shear stress ~ log (principal displacements) seems to hold approxi-

mately for three-dimensional shearing as well as In triaxial shearing.
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This 1s only tentative, hecasuse the present investigation was mainly

concerned with the pre-failure behavior cf the material,

(8) Anisotropy Tests

These were tests performed by rotating the axes of the stress
system on the sample, with the purpose of determining any anisotropy in
the sample czused by the method of preparation. Test A-1 should be
compared with Test TCa-~2, and A-2 with RS60° -2, as both members in
each palr had nearly the same density and the same gstress psath. Re-
sults of Tests A-1 and A-2 were showr in Figs. (VI.33) and (VI.3k4)
respectively.

By comporing Fig. (VI.33) to Fig. (VI.5) and Fig. (VI.34) to
Fig. (VI.30), it is seen that the general behavior of the soil was not
effected by the rotatlon of the axes of the stress system. A remarkable
correspondence In the magnitude of the three principal displacements in
the two tests A-2 and RS60° -2 (with medium loose samples) wes evident,
whereas there was a not very big difference in the results of Tesgts A-1
and TCa~2. In the latter pailr of tests, both samples failed between
the same stress interval (J=9 and 10) and both samples started to expand
at the same stress level (J=8). 1In the former palr of tests, both sam-
ples started to expand at j=53, but the sample of A-2 failed between
j=6% and 6%, whereas that of RS60° -2 falled between j=6% and 6%. How-
ever, the last discrepancy was not great.

Although complete agreement was not obtained from these aniso-
tropy tests with the resgpectlve regular tests, it is felt that the de-

gree of anlsotropy in the sample Iinduced by'the method of preparation
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was not great. (This does not include the stress-induced anisctropy,
which is inherent in the shearing of granular material.) It ig, there-
Tore, proposed to treat the samples tested in this investigation as
lsotropic. Thie assumption ie decglrablc because the analysis of the
test results would have been very difficnlt had the samples been treated

as anlisotropic.
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CHAPTER VIII

SUMMARY, CCONCLUSIONS AND

RECCMMENDATIONS FOR FUTURE WORK

(1) Summary
The following is a summary of the resulits of the theoretical

considerstions and experimental investigation described earlier in this
thesis. It 1s assumed and substantiated by test studies that the soil
samples tested were homogeneous and initially isotropic and that a ho-
mogeneous stress state was applied to the sample by rubber membranes.

It is also assumed that tne stress control device varied the stresses on
the sample in = continuéﬁs menner and the stresses indeed traced the
stregs path desired.

A theoretical "holey" model for the compressional behavior of
sand under hydrostatic stresses was postulated in Chapter III, the
onolyolo of whickh chowed that the compression of sand by a hydrostatic
stress is isotropic and completely elastic. Although the Hertzian con-
tact theory was postulated to hold at each contact where only normal
forces were assumed to exist, the presence of potential contacts which
were made by successively larger extermal pressures resulted in a stress-
strain relatlonshlp in which the volumetric strain does not vary as the
two—thirds power of the hydrostatic stress (as predicted by the Iertzian
theory), but increases less rapidly than the two-thirds power, showing a
strain ﬁardening effect due to the increased number of contacts which

form the load-resisting structure.
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An almost complete recovery of the volumetric strain was obbained
for samples of different densities, indicating that, under external hy-
drostatilc pressure, the tangentlal forces acting at the contacts between
grains were indeed small, and the grains compressed and rebounded elas-
tically under normal forces., The close correlation between the compres-—
gibillity predicted by the theory of holey models and that obtained ex-
perimentally shows that the concept of potentlal contacts being closed
by successively larger pressure may represent a correct pilcture of the
behavior.

In the theory of holey models, the grain size distribution of
the soill does not appear and the contrclling parameter i1s the density of
the soil (expressed in terms of n or e). Although the angularity is
partially taken care of by the radius of curvature of the gralns at
points of contact, 1t remains to be proved that this theory would still
hold for solls other than.the Ottawa sand tested which i1s fairly uni-
formly graded and whose grains are rounded. However, the concepts of
successlve contacts being made will presumably hold for all kinds of
granular soil, and it ie thought that, after a few cyecles of hydrostatice
stress to stabilize the critically unstable grains, the hydrostatic com-—
pression of all granular soils may well be elastic.

The quealitative bechavier of sand under a shear stress was eX-
amined at the particulate level and some simple loading and unloading
tests involving ccmbinations of aydrostatic and deviatoric stress states
were pefformed to verify the intuitive concepts of the shearing behavior
of sand. This was necessitated by the lack of informstion from the re-

sults of other research work in this field. It was thought that these
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experimente might help cur intuition in the formulation of the general
stress—-gtraln relationships.

From the consideration of the material at the grain level, it
was found thet, even at very small shear shtresseg, the material would
undergo some macroscoplce irreversible deformation, irreversible in the
sense that when the applied loads are removed, a permanent set would
remain. This is due to the fact that a tangential force hetween twn
grains in contact produces "slipping” on part of the contact area which
is not completely reversible, no matter how small the tangentilal force
may be. While this irrevereible deformation is inherent in'the deforma—
tion of granular material, o 1s the elastic portion of 1t, being due
to the elastic energy stored in the grains under the action of tangential
forces, Wnen the external shear stress ls removed, thls elastlc energy
is released, causing a rebound at the grain contacts resulting in a par-
tial recovery of the total deformation macroscopically. When the granu-
lar material i1s subject to a shear stress, at some of the grain contacts
the ratic of tangential force to normal force, T/N, may exceed the coef-
ficient of Friction w and "sliding" occurs between the grains. This
further contributes to the irreversible deformatlion due to the slipping
of the ccntacts. During slipping and sliding, part of the energy sup-
plied by the applied stresses is dissipated by friction and is there~
fore i1rrecoverable. Since slipping would occur at all contacts and
sliding at some contacts at all shear stress levels, "yield," with a
meaning és used in plasticity theory, is not a sharply defined point
along the stress-deformation curve of the materisl. However, as shear-

ing goes on, there comes a point on the curve at which the material is
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unable te store any more elastic energy and the deformation increases
at a faster rate, This point was defined as "failure."

Failure was identified in the experiments by a discontinuity in
the shear stress - log(principal displacement) curves, and was located
within an interval of the shear stress. The failure envelope was in-
vestigated three dimensionally for the sand 1n a medium dense and s
medium loose state, by performing tests in which the mean stress was
held constant and the octahedral shear stress was increased monotonically
along a radial straight line on the octahedral plane. Fiye such straight
lines were employed, including the triaxial compression and the triaxial
extension stress paths. The fallure envelopes obtained were shown in
Fig. (VII.7). For both states of the sand, the value of equivalent
Coulomb @ is least in trilaxial compresslon and increased towards tri-
axial extension where it is 4°-10° higher. The reason for this increase
wag briefly discussed and was attributed to the penalty the soill has to
exact due to the presence of a preferred direction of shearing dominated
by the intermediate prinecipal stress.

Shearing wlth constant mean stress was also performed on samples
of all density states in both triaxlal compression and triaxial exten-—
sion (TCa and TEa). The value of equivalent Coulomb ¢ was shown as a
function of tke initial vold ratic in Fig. (VII.2) and 1t can be seen
that a difference of sbout 12° exists between the value of ¢ for dense
and lcose solls in these stress states.

From the shearing of samples of different densities under any
shearing stress path, 1t was found (a) that a dense so0il would expand at

all shearing stress levels away from the hydrostatlic state and, when
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fallure was approached, would expand at a faster rate, and (b) that a
loose s0il would contract at low shearing stresses and then expand when
fallure was approached. This 1s contrary to the observation with the
conventional triaxial apparatus and trlaxial test stress path, where
81l soils contract at the beginning. Remembering that the conventional
triaxial test does nct keep the mean stress constant, the contraction
of a dense =01l can be due to the increase in the mean stress. The ob-
servations in the present experiments were intuiltively explained in
Chapter III. That samples of all densities expanded during fallure is
in agreement with the conclusions reached by Drucker and Prager [39]
from a mathematical point of view. ©8ilnce the maximum deformastions in
the samples were only about 1-2% strain in these experiments, it is not
possible to achieve the critical vold ratio, because 1t would take a
much larger deformation (~ 10% strain) to reach the ultimate state in
the samples.

The results of the tests, in which the shear stress was increased
directly to faillure, show that an approximately linear relationshlp ex-
isted between the octahedral shear stress and the logarithm of the
principal displacements. The dispiacements were larger for a loose soll

and increased as the mean stress ( ) increased. From the limited

%cT
amount of Information on the behavior of the material after fallure, 1t
seems that another linear relationship existed between the same two
quantities. This bilinear relationship would be useful in the formula-
tion of é general stress-—strain law for the materisl.

Unloading, followed by reloading, of the octahedral shear stress

was carried out in Tests TCh and TEb from different levels of the shear
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stress before and after fallure. The results show that the envelope of
the shear stress-principal displacement curves was not greatly affected
by this slress hilstory of unloading and reloading along the same radial
line on the octahedral plane, indicating that only the maximum shear
stress 1s sufficlent to determine the deformations on the virgin curve.
The same kind of stresg history did not affect the Failure point. The
same hilinear relaticnship existed between shear stress and log (prin~
cipal displacement). Before failure, unloading and reloading were
roughly along the same straight line on the linear scale, with the slope
of the straight line decreasing only slightly with the level of the shear
stress from which unloading commenced. The small hysteresis loop before
failure indicated that only small amount of energy was dissipated during
the cycle of unloading and relcading. After failure, the unloading
curve became more non-linear and the hysteresis loop larger, indicating
a greater energy dissipation.

In Tests TCc and TEc, at the end of each cycle of shear unload-~
ing, a hydrostatic stress cycle was applied. It was found that the
response of the sample was the same as if the soll had not been sub-
Jected to any shear stress, i.e., the compression by the hydrostatic
stress cycle was isotropic and almost elastlic. When the shear unloading
vas begun at a stress level above fallure, the soil showed some degree
of anisotropy by compressing more In the direction in which the previocus
minor principal stress acted. This indicated that the anisotropy de-
veloped in the sample was small before failure and became noticeable
after faillure had been reached. As in Teste TCb and TEb, the cnvelope

of the stress—deformation curve seemed to be unchanged by the stress
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history which in this case consisted of unloading, followed by a hydro-
static stress cycle and then reloading, The linear relationships there-
fore still holds between the shear stress and log(principal displace-
ment ).
The stress paths in Tests TCd and TEd consisted of excursions

in which GCCT and TOCT increased proportlonately but the ratio TOCT/GbCT

remoincd conpbtant. It waes found that the results of thece tecte counld
be predicted from those of previcus tests, by separating the principal

deformations Into two parts, one due to the change of Ooo and the

other to that of T The first was lsotropic and elastic and had the

cT”

same value as if AXGCCT were applied along the hydrostatic axis; the

second was partly elastic and partly plastic, with the latter becoming
domlinant as the magnitude of TOCT/UOCT increased. The volume change

could also be decomposed into two parts: the contribution from A'UOCT

which was completely elastic and the contribution of AT (the dila-

OoCT

tion eftect). 'fhe expansion of the soil when failure was approached was
also reflected in the volume change.

Tests TCe and TEe consisted of superpositlion of hydrostatic
stress state on an existing deviatoric stress state in the sample.

was constant, but g o incressed and the ratic 7

oc OCT/UCCT decreased,

Toom
representing an unloading. It was found that the results of these tests

could agaln be predicted from those of previous tests, by separating the

deformations into two parts, one due to the change of oo and the other

to the unloading of < The first was isotroplc and elastic and

oot/ %ocr

had the same value ag if Ascb were applled along the hydrostatic axisj

cT

the second deformation was also almost elastic in the sense that during
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the reloading of T it was recoverable to a large extent. The

OCm/ ocT?

volume change could also be calculated in twc parts, one from the con-

tributblon of A'UOCT which was completely elastlc and the other from the

contribution of A (7 which was alsc largely elastic. Since

OCT/ OCT

the soill would expand as T/U‘Was increased toward fallure, unloading of
T/G produced compression which was superimposed upon the compression

due to A GOC .

Therefore, if we postulate the shearing deformations of a granu-

lar material being due to three factors, A O and A (T

0oCT OCT/ OCT

along a general gtresgs path on the triaxial plane, we can predict these

» &%t
deformations from the results of simple tests like the hydrostatic com~
presslon test and the triaxial compression or extension tests, and then
superimpose the contribution from each factor. Although these tests
were performed with triaxial stress paths, presumably the qualitative
results willl also be true for a truly three-dimensional situation in
which all three principal stresses are unequal. Stress paths on which
the axes of the principal stress rotate are more complicated and, since
the behavior of granular solls is highly non-linear, the effect of the
rotation may be great. The equipment employed in this investigation are

not capable of investigating such effects.

(2) Conclusions

The following conclusions are based on the theoretilcal consider-
ations and experimental investlgation described in previous chapters of
this thesis, and apply only to the Ottawa sand tested In this investiga-

tion.
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(i) The soil test box is capable of applying any homogeneous
state of stress to a cublc soil sample and is simple to
operate.

(11) The stress control device is an analog of an octahedral
plane of the principal stress space and affords simple
control and variations of the three principal stresses
along any stress path with no rotation of the principal
stress axes.

(11i) The hydrostatic compression of sand is isotropic and
almost completely elastic and can be predicted from the
theory of holey models. It does not vary as the two-
thirds power of thc hydrostatlc pressurc bubt incrcapcso
less repidly due to the increased number of grain contacts
at higher pressures. It does not depend upcn any shear
stress history below failure.

(iv) Shearing of sand with a constant mean stress produces def-
ormations in the directions of the principal stresses,
whilch lncrease exponentlally wilth the octahedral shear
stress.

(v) Dense soils expand and loose soils contract in the initial
stages of shearing with a constant mean stress, but fallure,
as defined in this work, occurs in all granular scills with
an expansion in volume.

(&i) Shear unloading and relcading produce deformations which
vary linearly with the shear stress, and hysteresis is

small on repeated loadings. Deformations in the present
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granular soll sheared wilh a consbant meuan stress depend
only upon the maximum shear stress on the soil. ILoading
and unloading do not affect the deformation at a higher
shear stress.
(vii) The deformations in a granular soil under general stress
conditions in which the principal axes G0 not rotate can
T and

OCT
3
AL(TOCT/GOCT) respectively, and each can be calculated

be separabed Inlto three parts, due Lo AXUOCT’ Fa\

from simple tests like the hydrostatic compression test

and the radilal shear tests and then superimposea.

(3) Recommendations for Future Work

One obvious extension of this investigation 1s to perform the
experiments describec in this thesis on other granular soils, to find
out whether the same qualitative behaviors occur as in the Ottawa sand
used in this investigation. If so, we may proceed to formulate consti-
tutive relationships for granular soils under simple stress paths, using
density, grain size distribution and angularity of grains as parameters
in these relationships.

Formulatipn of the general constitutive relatilonships may re-
guire more experiments in which the stresses are variled in a more general
manner, e.g., with rotation of the principsl sbress axes, which will re—~
gulire new apparatus being designed. However, the soll test box and the
stress control device can still be employed, for instance, in the 1n-
vestigation of the effect of a complicated stress history on the behavior

of the material. Tests may be required in which & circular stress path
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v an octahedral plane 1s employed wlth constant TOCT and UO oT* Tnls
is easily achleved in the apparatus used here.

On the analytical side, further work can be done iIn pestulating
a model tor granular soils under shear stress. Since a granular soill
ls a random assembly of particles, a statlistical approach seems attrac-
tive, with the number of contacts and the angle of their inclination
as the statistical parameters. Having extracted the characteristic
behavior of the material, constitutive relationships can be formulated
which can then be used to sclve practical problems. Solution of such
problems can be compared te the results of carefully performed model

tests. A close correlation then means a triumph In the mechanics of

granular scills.
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APPENDIX A

ANATOGY BETWEEN STRESS CONTROL DEVICE AND DEVIATORIC PLANE

AND DETERMINATION OF STRESSES FOR VARIOUS STRESS PATHS

The analogy between the triangular plate of the stress control
device and the deviatorlc plane in the principal stress space 1g shown
ap followo.

In Fig. (A.1), & welghtless plate is represented by the equi-
latersl triangle ABC, and is supported at the corners A, B, and C by
upward forcec Fp, Fz and Fz normal to its plan;. At the centroid O of
the trisngle is set up a cartesian coordinate system (x,y).

A force F, representing the load applled by the top cylinder,

acts downwards at polint P with coordinates (x,y). The forces F, can be

determined from equilibrium as follows: i
Fy +Fo +Fg =F . (A.1)
Taking moments about BC,
F N3 +y) =F1/3 4 ;
l.e., Py =F (1/3+y/\/>4), (a.2)

where 2 £ = length of one slde of triangle ABC,
Rotate the coordinates clockwise through 30° to Ox' and Oy'.
P now has new coordinates x' and y', and taking moments about AC, we

find that

Fo =F (1/3+x'4/34) .
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But, x' = x cos 30° -~ y sin 30° = = -3V
. X 3
S Fa o= F( /3 + 55 - 7 . (4.3)
\ 2 V3 4
Rewriting Egs. (A.2) and (A.3) in the dimensionless quantities
X =x/4 ‘and y=y/b,
we have _ F1 = F (1/3 + YA/3) (a.2)',
— - \
Fg = F 1/5 + X/2 - —_X__H J (A'ﬁ)” (a)
23 4
and Fy + Fo + F5 = F (A.1) .

From Eqs. (a), we can find the coordinates of the point P, given Fi, Fo,

and fa. 'lheretore

y = (3¢, - F)/ /3F = (2Fy - Fo - F3)/3 F. (A.L)
3% - s/ +5/2V5 -5 = (26 - Fo - Ta)/6 F - (F-3F2)/5 F.
Or, E = Ea_:_Eﬁ . (A.s)

F

In Fig. (A.2) are shown the principal stress space and the devi-
atoric plane.
The coordinates of the point P' on the deviatoric plane (x,7),

are founa ag tollows:
—— - - -
OFP" = 11 + 0] + o3k ,

wherelf,'g and X are the unit vectors in the g1, 0o and g4 directilons

respectively.



- 21 ~
5K=l/5 (o1 + 02 + 0g) (-:-L>+3 +E) .
. AB' =0 '~6K=l/5i(201—f72-‘73)_i>+ (202 - 05 - 01)

—
+ (20‘3 - g3 ~ 0'2) k}.

(203 ~ 01 - 02)}

[207 - 02 - 03] .

2
/B

i.e., 2B = 1/6 [20y - 0 - cra][é-i’ - 3

1
=

5
&
5l

1/6{ [Ll-O'l ~ 202 - 20'3 - (,—!-0'1

[bop - 203 - 201 + (201 - 6o - 03)] 3

+

-

o3)] k

1

-+ [)4-0'3 - 20'_1 —_ pﬂ'g -+ (Pﬂ'l - 0o

5(02 ~ 03) j + 3(0z ~ 0z) ¥

= (UZ;GS) (E“E) b
and, x = [BB"[| = (02 - 0a) /2

Oz —- Oy

/2

3

(A.6)

205 ~ 205)] 1

(8.7)
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Comparing Eqs. (A.4) and (A.5) to Egs. (A.6) and (A.7), it is
gseen that there 1s indeed s geomebrie analogy hetween the triangular
plate and the deviatoric plane. A point represented by P (X,y) on the
plate has the coordinates (x,¥) on the deviatoric plane, and we have

the following snalogous quantitiles:

On the plate In the stress gpace
Fi, Fz, Fa 01/3, 02/3, 03/3
F =Fy +Fs + Fg Ooap = 1/3 (o1+0t0s)
% . F ¢§ X
y-F V2 y

In using the stress control device, 1t 1s more convenlent tc
£ind the stresses for a given position of P. For thils purpose, we make

the following reduction. From Egs. (a), we have

n

Fi=oih = F (1/3 + y//3) = pA (/3 + y/V3) = oypp L+ V3 7)),

where A = cross sectlonal area of cylinders,

snd p = pressure in top cylinder.
Lo =0, (L3, (5.8)

0z = 0y (L+3/2x -V3/2y) , (4.9)

and o0y = 0y, (1 - 3/2 x -V3/2¥), (A.10)

where O, = 1/3 p. (4.11)
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Now T .. is related to the length, T, of the radius vector from the

centroid of the plate and the relationshlp is found to be

Toor = V3/2 Ooap T, (A.12)

In Egs. (A.8) - (A.12), X, ¥, and T are all dimensionless quan-
tities, the length of one side of the triangular plate being made equal
to 2 unitsa.

In Fig. (A.3) is shown the triaxial compression stress path,

X = 0, 572 0. The sides of the plate are of length 2 £ = 15", and steps
are made at 1/2" intervals along the path and numbered j, with j = O at
the centrold. Hence in terms of j, the three principal stresses are

given below:

0p = 0y (1 + 3/5/3),
J=z0
o2 = 03 = Oy.p (1 - 3/10/3), triaxial (A.1%2)
compression.
Tocr = %cr * /7 VE -
oy o5 -1 01/ - 1
The quantities = sin and
Q Yoo ’ %o ) @ o1/05 + 1
-1 ToCT
o |=tan  — are plotted as functions of § in Fig. (A.3).
QCT

In Fig. (A.4t) is shown the triaxial extension stress path,
¥y = x tan 30°, x, ¥y > 0. Steps are made at 1/2" intervals along this
path, but due to a miscalculation during construction, the first step

ic only 3/10". The streeses are obtained as follows:



- 2kl ~

03 = Oy [l— (3 - 2/5)/5 ﬁ], | J>1
R EA R IC R E N e (R
Toor = Tor Kégzyilil . ) [18% step = 3/10"].
In Fig. (A.4) the quantities Uéi , UFS , ¢ and & are plotted
| ocT ~ “oct

as functions of j.
Three other stress paths have alsoc been studled and they are
shown in Fige. (A.5) - (A.7). For these stress paths, the following

relaticonships are obtalned:
(o > g2 > 0g3) \
01 = 9yam ( 1+ 0.08163),

92 = %qr ( 1+ 0.02993), (stress path at 145 to

the x-axis) j > 0 . (A.15)
O3 = Oyap (1~ 0.11153),
Tocr T %cr :
5 /6 /
g1 = O (1+0.13) )
17 ocr Al
02 = Oyop = constant, R
v (stress path at 60 to (4.16)

the x-axis) J >0 .
05 = 5o (1 - 0.1)),

oot = %0 ~4— -
56




~ 2hs

I

91 = Oy [1+0.1136 (3 - 2/5)1, \

Oz = Oyup [1+0.0299 (3 - 2/5)1, .
(stress path at 75 to (A.17)

> the X-axis) j > 1 . :

[1-0.0817 (j ~2/5)],

93 = ¢

r oo f3-2/5) )

ocT ocT 5 V?;

0y = o]
In Figs. (A.5) - (A7), 57—, 77—, 7
OCT OCT OCT
against j for these stress paths.

» ¢ and O are plotied

An estimate was made of the errors Induced in the stresses due
to an inaccuracy In the position of the top cylirder along the triaxial
stress path. Suppose an error of 0.05" was involved in the position of
the top cylindér; then, for a triaxial compression test, the maximum
error in the major principal stress occurs at J = 0 and is 1.2%, whereas
the error in the minor principal stresses ilncreases as J lncreases and
at J = 8, tais error is 1.1%. TFor a triaxial extension test, the maxi-
mum error in the major principal stresses occurs at j = 0 and is 1.6%
and that in the minor princlpal stress increases as J increases and at

j = 6. This error is 3.8%.
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FIG.(A.1)
THE WEIGHTLESS PLATE OF THE STRESS COMNTROL ODEVICE
7
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APPENDIX B

(1) Calibration of Bellofram Cylinder

A Bellofram cylinder, set up as shown in Fig. (TV.1k), was
f1lled with hydraulic oil and placed on a bathroom scale, as in Fig.
(B.1), and the oil was connected to a Statham pressure transducer. The
oubput of the transducer wae recorded by an auto-recording potentiome-
ter, and the transducer-recorder set-up was previously calibrated by
alr pressures. Tﬁe bathroom scale is assumed to be true,

The plunger A of the scale was screwed downwards to produce an
axlal load of P lbs. in the piston of the cylinder, as recorded by the
scale. The pressure p generated in the cylinder was recorded by the
potentiometer in terms of the voltage cutput of the transducer, which
was readily converted to p. The cylinder was lcaded in this way In
steps to 67 psl and then unloaded. The P ~ p relation was plotied in
Fig. (B.l). It is seen that a linear relationship exists between these
two quantities and there is very lithtle hysteresis in the cylinder,
since the loading and the unloading portiocns of the curve are almost
1dentical. The fact that the stralght lines do not pass through the
origin 1s due to the zero error of the scale.

The slope of the straight line represents the effective area
of the hydraulic cylinder and was calculated to be 2.24 gq. in. This
can be compared to the value of‘2.26 8q. In. listed in the manufacturcr's
‘catalog. This difference and the slight hysteresis could be due to the

bathroom scale.
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(2) Calibration of the Stress Control Device

A calibration test was carried out to determine the principal
stresses generated in the hydraulic cylinders A supporting the triangu-
lar plate of the stress control device as a function of the position of
the top cylinder B.

A Statham pressure transducer was connected to a manifold which
had connections for each of the three cylinders A. An auto~recording
potentiometer was used to record the voltage output of the transducer.
The transducer and recorder set-up had been previously calibrated by
alr pressures.

For each position of the top cylinder B along the selected tri-

axlal compression stress path with a constant % starting at the

CT’
hydrostatic position, the transducer was first switched to one of the
three cylinders A. Tae potentiometer recorded the pressure generated
in the cylinder. It only toock a few seconds for the pressure to bulld
up to its new steady value. After this steady value had been attalned,
the transducer was switched to another cylinder until the pressures in
all three cylinders had been recorded. The top cylinder was then moved
to a new position with the pressure In i1t being kept constant.

The steady values of the three principal stresses are shown in
Fig. (B.Z), where they are compared to the values calculated from Eq.
(A.13). It can be seen that a close correspondence exists between the
two sets of values, and the maximum error wes about 0.2 psi. Hence 1t
can be aséumed that the stress control device does produce the correct

principal stresses along a stress path.

Tests were not carried out along other stress paths.



- 254 ~

.QW. k \Q 8

oS o of oz o o
_ " 230/M17 4D o ! |
_ WYY407775 40 nmouwdgityd (1 9.) DA
: | L
\@\
| A
| | \
M. I o7 I I
\ buisvasrog . o4 ©

Pl AP Lursoamiy Jd ©

| 25d o/-02 _ S —
g/ o/-0€7 Q\O\,w..

/

|

w\vu.n S\QPQ\GQ\

—r<

7]

/

&N\mt«nﬁ\%ﬁ.\QQ \\.D\

J4 w031 QI \

Lmua\ohtbnk

1

d

AR

4

L4

oo/

..WN\



_255_'

INIT JoALNOD SCIMLS SO NOUYIFITVD (&) OIS

e m - e

€1z vof-

comen paesnaIRI
! |

o/

vo \hhmk.u\vxo > / brX L) s ) .
bsr O
o/ e 2 | > Z M
| | | | 4
.. ! : : O
“ -
»
e L ez ®
ﬂl.u —_— + ! ! _
Zp — X , “
: p — © “ W
ol vaompsury; Kg m w
Pounjgo SenfeA - S 21
| “ |
| |
p 4of- casd ¢p= %
of

Sompon p2)e)n2723 DL —— _
_ ) @ _ !
|




b= » |51 |55 WABRTIEE | S48t - S 8- g¢- 2y 1 |- L

ghe Soz (223 R [%5)

- . ~ RS AR bhs

9-1 « {,2- S| 5 1,85].88 st-1 I-1z¢-| » T L-1¢¢-| « [~ |~ ~]|~ L5
e - dé/ (2% 28 v |u | = “ 533

i el N el ~ 2419461894 & 17 923

2-1 « |2 A€ | g | | Nf! L], - eafan WA I EREEER E <73

3t : A4/ +N‘\vﬂ + hel « |« ” " ) (405

Z - e Z 5957 58| 3 2
o|l~l¢C St L e | u- |, 9- |- |82 KRS RAKIEEEAERE [

U 5 . 72 : 7 v |w | v | o
— ~ - e VAV AR A o-JF

A_u N 0_ w 1€ 61| 4,92 52,59/ S-1,5-1z-1 - -1 st w [« ]~ EE 3
%W_ K 59/ | 257 . 257 o [ | v [ %
, a | ~ e ARIAK »5%
T~ = 2 FLe]~ e Fle T e e v T3

&5z +mb KMN *mmN " o e o 9¢h

1~ ~1 ~ N » B3N TR F T

o1 .o RANAKAEZE 2 ,z- e~ AR R b4

157 Kz 297 : Za NN

g L P V= Aeumgrl=z ] T 1T [ T5%
o |lsz| © o |o o |ops ol ol o [s9z of| ol olsozlezloziaz] o | ez| O |c2joé
S I D e e P I o e T e AR R
Aepe] AV (o500 Taw <55770) thr C>570)  EAT ol | o] [ d | d |2

. o/ S50= w\m\iﬁw q\ 7 .o,@«.w\ F1oA
“,\Q / \.W.QY\ .UoﬁN" KS\N.IN\ 2918 = m\\,\\:\nv“ U\Q U.::J\,U\_
§9/15/4 TAUVT wdoz = 09 ! ojduog 2512¢ ez /op . (-0 *Ls3l




_257_

Y - | - ~eolti)7#] = 9]
Wl | Th- FANR AN 79|, - .48~ | L7 AR R E 24
{2 997 vy A ERE 2.9 -
~ — _ — el r 2T AV IR Y
| S foe | o e/ | & |per| - of-|7-|25-1 ~ AF-19-1ed-| « [« |~ |w ][~ 057
YA Hlz IXZ sy -t Ly
~ 1. P - ~ Lo\ sgE) 8 ags
5.5~} Nm\f #m.t 7 \m? L& - K *.?:\ 7 lg- KZs Y/ t«w\ w | | v 52/
;29 §¢ 29 59/ o e w | ow ol
i LAk , 947 H9 K2 EEEIEE K 13
B - —~ . —~ il e Lk 7§ |
be-| v |s55-|  [ge/| w [ ¥ g5e A4 - |$8-[¢F7 b9-1 -1~ w1~ 13
FrE , (7 287 LF Y« |« o | [X]
. m,\m QV\N »E N ) v o " " 155
st -~ ~ R AR AL E L N r
L B ...h? ’ R ARA RIS s-1 b~ 907-1 as- |, 4- +&1 P B O . I
Bet iz S KA EERE PYa
52 »Qm\u [o1 .‘Hg T " o
N P ~ ~ —~ V6e|li|tdnh] %ol 2
/-1 W | 11- J910/1,821. 87 ch-l o- 8- of-\§-|dh-| « [ -1~ | ]~ RN
¢he g [ () « [~~~ T T 171 17TPF8
~ _ ~ ~ ~ | 3PS |Hesf o) |07 | o og [LL5°9
one) bz | Dol i el b | DN e ] |25 82 A0 |- By Nysd|yed [rsd| oy
dviap] AV (o500 ‘ny (2'3/°0) TAY Co>570) AT —] m.lo 0 nh \. uowle .A& n\ orll
| =o(dss fo oyvyr prof
£F 2 iyop = apfwog fo 2umyo)
L REV ‘¢z /oN (pawo3) [-v3l 1Sl



-258..

S\l Ll 122 7 e {ds-| e ls-| » LB 0 -lor| v - |- S
|2 st QQN %QN o | « * _&.Q&
i § | — . —ezlez| | o | 1, | 2 18%
Wz-l o lbz- AR Lsl-1 - .s&m\ N 99 7-{0o-198\ v {v |« [+ | VT {Tho
vez 4 A5z 147 PNt gpe| 7 (02| 0 [0 |[g7+7
e Loz ol el b DN 27w Gy BTNGE v By r vsd|vsd | vsd| wy
e AV 500 Tap (55 70) Ths £o | !

>0 outt}
[EETRY) EAT O] | o] - unu~ﬁ\ n\ L

ske zous

= gychers w\u oy’ Proj
= apfing \Q nmv::y\ng
sczloN (p4w2) 1-v2/ FLszl




J

S5.C.

._.259._

LIST OF SYMBOLS

Meanings
r/R
(0, = Opap)/3s 1 =1,2,3
conshant
void ratio
Young's modulus of elasticity
Contribution of oy to the total energy input, 1 = 1,2,3
Contribution of dllaticon to the total energy input
Face-centered Cubic

Number of steps from the centroid along a straight
stress path in the stress control device

Porosity
Normal force at point of contact cf gralns
Normal force between two large spheres in the holey models

Nermal force between a large and a small sphere 1In the
holey models

Proportion of potential contacts with initial gap width
Hydrostatic pressure

Hydrostatic pressure at which the gaps in the holey models
are closed

Maximum hydrostatic pressure at which all potential
contacts have been made

Radius of curvature of grain at point of contact
Radius of grain
Simple Cubic

Tangential force at point of contact of gralns
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u Prinecipal displacement in ¢, directions (1 = 1,2,3%)

i i
v Volume of sample
AV Total volume change in sample (= L A Vi)
i
AV, Deformation in o, direction (1 = 1,2,3)
Alvint Internal volume change measured by hypodermic needle
X Volumetric fraction of F.C.C. grains in a random assembly
T
o tan * UQCT
OCT
cl Relative approach of the centers of two spheres in contact

under a normal force

o) Tangential displacement of two spheres under a
tangential force
AV,
€ Principal strains in o, direction (1 = 1,2,3), €, =V
¥ Coefficlent of friction
v , Poisgeon's ratilo
0y, Oz, Oz Major, intermediate and minor principal stresses
GOCT Octahedral normal stress or mean stress
TOCT Octahedral saear stress o
P Equivalent Coulomb angle of friction {= sin t &2
A
03

(- +v&)

E

€
IS
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