THI DINAIIC STRESS=ITRAIN UTATION
OF AWEFALED 28 ALDMIKUHA

UPIER  CRPRESSICE  INPACT

Thesis by

Jameg Fdgar Johnson

In Partial Fulfillment of the Requirements
for the Degrse of

Doctor of Pnilosorhy

Galifornia Institute of Tsclmology
Pagadena, Californis

1953



ACKNOJLEDRENTS

The author wishes to express his deep ferlin: of
gratitude to Professors D, 8, Clark and D, S, Wood, who
directed this research, and whese unfailing intersst and
help made this research possible,

The testing program wﬁs condusted under the
spongorship of the Office of Eavel Research, The author
also expresses his aporeciation to this agency for their

support of the work,



i3

ABSTRACT

This thesis preeents ths results of a study of the
stresc=sirain relation of a metal when subjected to compression
impact, An annecled 28 alumirmum is used for this investigatiom.
Two methods of securingz the dynamic stress-strain curve are
congidered; nemely, from the measurement of impect stress and
of maximum plastic strain as functions of the impact veloeity
from 3,15 to 125 ft/esc. The dynumic stmss—strtﬁ relations
obtained by these methods are ccapared with the static stress-
ptrain curve, Both of the dynamic stress~strain relations
lie considerably above the static curve, However, the two
dynamic relations are not coincident which indicetes that
a single dynamic stress=-strain curve carmmot properly describe
the bshavior of the materisl for 211 impeact velocities,

A family of streasswatrain curves is postulated in order to
explain the difference between these two relations, Each
curve of the family depends upon the final strain or impact
velocity.

It is further concluded thet the rise of the
stress-strain curve under dynamie loading esnnot be, induced

by moderate loading rates,
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The bghavior of metals and slloys under dynamic
conditions has received considerable attention in recent
years (1-—6)*. It is found that in the plastic range, the
stress for z given strain is increased when the rate of
loading is incressed, This effect iz particularly noticed
in high speed impact tests wzmm the rate of loading and
deformation are very high. Taylor and Whiffin (7~8) have
found thal the yield stress of steel in high epsed impact
tests is conaiderably higher than the statle yield stress,
The strength of annealed copper uader impact conditions
{8 also increased abowe the static wvalue, In compression
impact tests on annealed copper, Habib (9) has shown that
under ;mpaet eonditions, the stress for s given sitrain is
somevwhat greater than the static stress at the same etrain,
The results of an investigation by Clark and ¥ood {(10) on
a lerge mumber of metals and alloys indiecates that the
ultimate temsile strength of =11 the materials tested is
greater wder dynamic conditions than under static conditicms.

However, the results of thess tests are question-

able since the stress-strain relations and maximm sirecses

Figures aprearing in parenthssia refer to the references
listed at the end of this thesis,



are deducsd froo measurements mede on the snecimsn as g
whola, I% has heen shown by Lee and Wolf (11) that a
material test performed at high spesd msy be markedly
influenced bty plastic wave propagation effects. The stress=
atrain reletion under these conditiona cannot be deduced
from neasurements made on the specimen ss 2 whole ginge a
varistion of strain occurs along the specimen,

Rapid load tension and compression impact tests
have been psrformed on ennealed low carbon steel (12-13)
which exhibits & well defined unper yizld stress. The test
apacimen used in the rapid load tension tests is short enough
and the razte of rise of stress low ensugh sc that no
aporeciable stress waves occur in the specimen, The strain
propagation effects were considered in the compression
inpact tests, The resulis show that the materisl can withe
stand a stress up to twice the static upper yield stress for
short pericds of time before plestic deformation is imitiated.

Howvever, comparatively few tests have been
performed in which the stress-strain relaticn under dynamic
loading is determined, Kolsky (14) has performed iests
on copper and lead in which the stress-strain relation under
very high rates of loading was determined, A thin saction of
the materiel was placed between two sectioms of a Hopkinsom

preagure bar, The test material was plastieally deformed



when a comprsssion wave due to the Jetonation of an explosive
charge 2t one end of the pres-ure bor was propageted through
the bars and specimen. The particls velocity of each bar
section was measured a8 a function of time during impact. Tha
stress=strain curve was then caleulated from the particle velocity
meagurements, The results indicate that the stress for a given
atrain at very high loading rates is equal to sbout twice
the stress under static conditions, However, it is difficult
to interprat the resvltias of this investigation since the yielding
condition of the material is affected by the large component of
strass in the radial airection iniuced by the plane atrain
of the material,

An experimental technique has now been devsloped
in the Dymamie Propertiee Laboratory of the California Institute
of Technology to determine the stress-strain relation of a
material under Impact conditions, The technique used Lo
accomplish this is as follows: & compression stress ic ap lied
to one end of 2 long cylindricsl specimen by longitudinal
impact with an envil bar which remains elastic during the test,
The stress-time relation 2t the impact end of the specimen, the
strain~time relation at varlous positions along the specimen, and
the rlastic strain distribtution ir the specimen con be determined.
The stress-gtrain relation of the material under compresgion

inpact can be deduced from thesa measurements, The theory of plastic



w!’os

wvave propagition in leong thin bars devsloped by von Karman
{15=16) c=n be used to describe the deformation in the spec
during impact. Haflectiona of the waves from the frae end
of the npacimen end interfaee betweson the anvil ber ond .
specimen can be readily determined. |

The purposs of this investigation is to obiain
experimental data vhick will =2id in deternmining the stresse
girain relation of annealed 23 aluminum under impact ‘
conditions, The method used 1s to determine the streaes
at the impasct #nd of the specimen and the residusl strain in
the specimen as a function of impact velocity. The dynamic
strass—-sfrain curve 1s then deduced from these maasﬁrements
by the use of the t.heéry of plastic wave propagztion.

A furthor ?urpose of this investigation 4sc to
determins 1f the strain deduced from initial stress~impact
velocily measurenents ie equal to the strzin measured afier
impact. The stress-strain relation sssocisted with the
initisl impact losd may not contimue to represent the
behevior of the material for an indefinite tima and an

additional strain mey result from relaxation of the material,



Yorddeal Impack achingt

The compregsion impact tests were made with the
vertical impact machine shown in Pig, 1. A guard tube
shown in Fig, 2 is held verticaliy in a central position
between the rails of the machine by means of an expendahle
snaser, A stantionary tohin bronze anvil bar of the sanms
diemeter es the specimen is centrally located within the
guerd tube by mesns of two slseves., An expendable annealed
conper cylinder is positioned betwsen the lower end of the
anvil bar and the fixed basa, The copper cylinder serves
to shaorh most of the impnet energy in the anvil bar hy
plastic dsformation, Since some missaligmment between the
t_znvil bar end the specimen will occur, the top end of the
anvil har is provided with = 19 inch radius convex spherical
surface to prevent initial impact with the cormer of the
specimen,

When the specimen Impacts the statiénary envil
bar a series of compression strains ere propagated through
the spscimen and an elastic compression wave is propagated
through the anvil bar, The yield strength of the anvil bar
is higher than the stres- imposed bty the jmpact and, therefora,

the bar behaves elastically during the tegt, Thus, any changs



b

1 Vertical Impact Machine.

Fig.
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in stress ot the intsrfice betuesn the anvil bar =nd specimen
is propngeted through the anvil ber at the elastie wave
velocitye The lenzth of the specimen is much less than the
lengtr of the anvil htar; and hence, the time renuired for
he first reflecting wave lrom the lower end of the anvil
bar to reach the interface betwesr the anvil bar and
sncelnen is groater than the time moquired for complete
unloading of the interface by the waves in the specimen,
Thus, the Intorfacs betueen the anvil bar and sneeimen is
aelunys unloaded by weves reflected from the free end of the
spaciman; =nd, consermuently, =11 complex reflections from
the lower end of the anvil bar noed not be considered,

The hammer, vhich slides on the twe vertical
rails Is rrovidsd with a central hole through vhich the
guard tube pusses, Twenty rubber bands 3/8 in, thick,

1 1in, wide attached to the harmmer and frame of thse machine
serve as & neans for sceelerating the harmer to the desired
impact velocity, The hammer is raised by a 1lifting
mechanism b0 a height at which the extension of the rubber
bands will give the desired velocity. The specimern is

held centrally in the hammer by means of a lucite shear
disk shrunk onto the bar and clampad in the hammer, The
shear disk strikes the top of the guard tute just prior to
the impact of the specimen on the anvil bar in such & manper

that the specimen is relessed from the shear disk and



imnacts the ezavil bor without disturbonce from the shear
dlsk, The shear disk fzils along tha eircumfersnca of ths
clesrance hole in the hammer, This allows the hammer to
contime downward, passing arourd the guard tube. It 1
decelerated by means of four vertleal friction brakes,
An additional means of decelerating the harmer from high
impact velocities i provided by placing a holl?qd lead
cylinder a few feet below the top of the guard tube,
The excess kinetic energy of the hammer is converted into
kinetic energy and plastic deformation of the leadvmass.
Impact velocities leas than 19 ft/sec canmot be
accurately determined in the verticsl impact machine, For
this reason, impact velocities lower than 19 ft/sec were
obtained by a different method, The‘speciman is suoported
in 2 horizontsl position as = pendulum by means of six wires
attached at two positions along the specimen, The anvil ber
is rigidly supnorted in a horizontal position such that the
snecimen when released from a given height centrally impacts
the anvil bar at the minimm point in the swing of the specimen,
The welocity of impect is determined Yy measuring the elevation
of the specimen prior to release for impact, The velocity of

impact could be determined to within * 1 per cent,

Recording Systen:

The vslocity of the harmmer 1s determined by measuring
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the tims to trawvel tetween three fived points nsar ths
position of lupact., As the hammer pusses euch of the three
fixed pointe, it closes an electric circuil, causing a
discontinuity in the sweep o - csthodeeray oascilloscope
sereen, & bining trace from an zuiio oscillator is slso
placed on the sereen of the oscilloscope. The oscilloscope
sereen is chotograched and the mumber of cycles bLetween the
éiscontinuitisg s counted, thus giving the time rejuired
for the hammer to travel the known distance between the
contact points, The accursey of msasurement of the hammer
velocity by this methol 1s * 2 per cent,

The streas as a function of time at the interfacs
between the anvil bar and speecimen i1s measured durlng impact
ty means of SB=4 resistence-ssnsitive wire gageé. Four
type AB=1/ bakelite bonded gages are cemenitad to the
cylindrical surface of the anvil bar, with their filsmenis
parallel to the longitudinal exis of the anvil ber, The
four gages are connected in serlss, giving a total resistancs
of 2000 olms. The strain gapes are connected in & voltage
dividing circuilt whiéh is energized by batteries, Means
for introducing mown resistance changss sre provided in
the eircuit for calibration of the records. The stress is
recorded by a suitabls cathode-ray oscilloscope employing a

single gwesp linear time bnse,



The anvil bar strain sages were ecalibrated by
placing the anvil bsﬁ* in & st2%ic testing machine, The
results of - previous investigstion (13) heve shown thnt
the sensitivity of the strain gages under impaét lozds is
the same 28 the sensitivity under static loads. It was
found that the stresses determined by the strain gages
wore within ¥ 1.2 per cent of the stresses calculated
frou the impact veloecities during an elastic impact.

The responsc of the recording gysten vas determined
hy impressing & 5000 crvele/sec square wave having 2 rise
time of less than one-half microsee on the sirain gage
circuit and recording in the usunl manner, The rise tims
of this smurre wave on the oseilloscope screen was found to
be 30 microsee, This minimm risc time of the recording
gystem imposes a 1limit on the time which can be aceurately

resolved on siress-bime records,

The plastic strain in the specimen after impact
is deternined with a comparstor ruling mschine, Thia mechine
is used for the murpose of marking the spzcimen at variocus
intorvals nlong its lenzth with & ine scratch before testing
and to measure ths change in dismeter st these positions after
irprot, The difference between the dismeter before and after

inpaet divided by the original dismeter ia the eircumferentisl



plestic strain., The lonzitullinal plastlc sirzin is the
clreumferentinl nlaatie strain divided by Poisson's ratle
which is sssumed to e ezl to 3,5 for plastic flod,

The comparcitor mlding machine consists of z siiding
carrisge which may bte moved ovsr the entire length of &
stotionary speecimen, The pesition of the carrisge is deter-
mined by mearns of a lesd serew and z disl gradusted in
0,001 in, divisions, 4 scratchins device, s lowepower
nicroscope, and g dianeter coumparater are mounted on the
carrizge, The seratching device consists of a simnle
machanism on which a rigld knife blade is mounted, The
low=power microscops i3 equlrped with an eyepiece containing
cross hairs which permit the accurate positioning of the
ecarriage 2t any noint elong the specimen, The diameter
comparator consists of two Imife edges in conjunction with a
diel indicator for measuring the diameter of the specimen,
The specimens are mounted in a position over the carriage on
a suiltatle support parallel to the direction of motion of
the carrisge.

The combined error in measuring the diamster
of the specimen is * 0,00008 in, for amy piven nosition along

the speciwmen,
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Froporatiop of Impsct fest Specirens:

The spscimens used in this investigation were
one=~half in, dizmeter extruded 2% 2luminum tars. The test
spacimens wers cut frmm the extruded bars snd mechined to
e length of 23 or 46 in, After machining, the spscimens
were srmesled in a speeial furmace at 670°F for two hours
znd furnsce cooled to roam tempersture, The tempera‘ure

gradlent along ths specimen length was less than 12°F.

Static compression and tension tests were performed
in 8 153,000 1t Olsen Universul Testing Machine havine a
leastreading of 1 1b (corrssponding to a stress of avproximately
19 lb/in.2 in the gags section of the test specimen), The
mechine was recently calitrsted and showed wun error of less
than 0,75 ver cent, The static compressios srecimens shown
in Fig. 3 wers machined from the imract specimens end snnealed
in the same munner zs the imnzct specimens., Decentric lcading
wag reduced hy placing schericzs Zooding blocks at each end
of the compression test specinmen,

Thrze tests were performed in which the plastic

longitu/inel snd circeriforential sirzin were measured, 4 given
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loed was apnlied to the test specinen and wuintained for a
period of 20 min or unitil equilibrium was resched., The load
wag then removed snd the plastic atrain in the specimen was
meagured, The longitudinal strain was determined by measuring
the change in the distance between pairs of scratched lines
on two opposite sides of the test specimen., This change in
distance was deteruined by means of u filar eyepiece and a lowe
power microscops, The circumferential strain was determined
by meesuring the change in diameter of the test specimen.
The change in dismeter divided by the original dismeter is
the circumfersntlal plastic strain, The longitudinal plastic
strain is the circumferential strain divided by Poisson's
ratio which is assumed to be equal to G.5 for plastic flow,
The longitudinsl plastic strain could be determined to within
0,0004 in./in, by both methods. 4 cowparison was made betwesn
the stress—strain relations obituined b the two methods,
The comparison indicetes thut the stressestrain relations
obtained by each methol are the same within the aceuracy
o? measurensitte The meén stresgse-strain curve up to 10
per eent strain, corrected for elastic recovery upon
removal of the load is shown in Fig. 4.

Two contimous loading static compres:ion tests
were performed using SR-4 resistance sensitive wire goges to

measure the circumferentisl strain, The circumferential strain
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coull be Jstermined to within * 2.2 per cent, The longitudinal

sy

strain is determined from the equation

s=:€-9+~c;[1uz-g:( (1)
L ve = Vp
where
S i=s the longitudinal strain,
£, in the eircuzforential strsin,
7. 1s Poisson's ratio for plastic [low,
Ve is theelsstic Poisson's ratio,
a is the comnressive siress,
and B is Young's modulus,.

The mean static stress—strain curve for the two tests
up to 1 per cent strain is shown in Fig, 4.

Jour statlc tension tests were performed to
sccurately determinz the stress-strain relation at low
struin viiues, The agtatic tension snecimen is shown im
Fize 3. The strain in the tension specimen was determined
with the use of Jl=j resistance-sensitive wire gages and s
Holz extensometer having e least reading of 0,700025 in./in,
The mean stressesirain curve for the static tension tests is
shown in Fige e

A cuapariscon of the static stress-strain relations



obtained *r the ahove metholds Intinate thnt for the mirpose
of this investigation, the loncitudinel ~train can b2 accurately

Aaternined from circumferential atrain measuremenis,

Tre velocities of elashtic waves in thz spacimen
and in tha tobin bronwe 2nvil bor wers “atsrnined in order %o
conmmte tha relations betireen the sbrain wavez In ths sﬁecimen
and the anvil tar, Tha elastic wave weloclitles vere deter-
mined by mensuring the resonance fremency of tha bsrs in
longitudinel vibration, The spocizen or anvil ber is rigidly
clenped at its auarter points which are the nodes Zor the
second mode of vibratlion, A nermanent megret loudspeaker is
nlaced al each end of the bar with the moving coll cemented
to the end of the bar, One of the loudsver’nrs is driven
tr an endio escillntor vhile the other loudspecker is uvsed
a8 a pickop whose cutrut is disnlayed on an oscilloscope
gereen, The resonance frequency of the ber in longitudinal
vibretion corresponds to the maxirmm amplitude of the detector
signal on the oscilloscope screen,

The velocity of propagation of theclastic wave, Cyo

'f:g
o

(2)

-



where
f is the resomancs ireguengy < lungltudinal
vitroticn,
1l 10 the length of the test hery
and I is the node o longitudincl virration,

oy » T a4 e 4 T PAPRTRER P i o
Toung's moulus, Iy is also comuted Trom

B (3)

vhers e is the mass denaity of the material,

The results of the determination of the velecltiles
of vropagation of elastic waves for the materials used in
this investigation are given in Table I, The Tesonancs
franquencies are given for the second and third modes of
vibretion, The latter could be obteined since the nodal points
for the third mode are very pear the quarter points of the
ber. The elzstic wnve velocitles are commuted for each
test, and the sverage veloclity in each materisl is alse
given, Younc's modulus of sach meterisl is corputed from
ﬁbe average elastic wave velocity and the mass density, f o
The value of () riven for ecch material in Table I is =n
sverage of three densitice obtaired bty welghing a lmown
volure of the meterisl, It iz estimeted that the eccurzcy
4n the determination of elastic wrve velocitles is within
2 0.6 per cent, The deviation of volues of elestic wave

velocitics from the mean velue is less than 0,7 per cent,
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TABLE 1

ELACTIC YAVE VELOCITIES AND MODULI OF ELASTICITY

Regonance Elastic Wawve Modulus of

Tast Length Frequenoy Velocity Elastici
Humber in, Mode Cycles/sec in,/sec 1 061b/ in.
Doterminations on Annesled 28 Alumimm
@ = 254 x 10~ secz/:l.n.lP
1 42 2 4076 195,600
2 48 2 4062 195,000
3 48 3 6154 196,900
4 48 2 4084, 196,000
5 47 31/32 2 4065 195,006
6 47 31/32 2 4050 194,800
7 47 31/32 2 4060 194,800
g 47 31/32 3 6110 195,400
Average 195,400 2.7
Determinations on Anvil Rar
(tobin bronsze)
@ = 7.85 x 10741b sec?/in,*
9 87 13/16 2 1587 139,200
10 87 13/16 2 1589 139,600
1 87 13/16 3 2387 139,700
12 87 13/16 3 239 139,900
13 87 13/16 2 1585 139,100

Average 139,500 15,2



Compregsion Jlmpagh Tegts:

A series of tests was made to determine the relations
batuesen the maximum compression stress at the impect end of
the specimen, the plastic strain distribution in the specimen
after impact, and the velocity of impact, The velocity of
impact is definad as the velocity of the specimen just prior
to the impact of the specimen on the anvil bar, Since the
envll ber lg elastic, the change in velocity of the imrected
end of the specimen upon impact is not equal to the velocity
of imnact, The change of velocity upon imnact is defined as
the particle welocity, v. This is equivalent to assuming
thet the end of a stationery specimen iz suddenly put inte
motion with o constant velocity, v.

The perticle velocity at the impact end of the
specimen is determined by satisfying the contimuity of stress
and particle velocity at the interface of the test specimen
and the anvil bar, The particle velocity, v, is given by

v, - (4)
o
vhere
vb is the velocity if lampact,
(rm is the maximum compression stress at the interface,
'6; is the msss density of the anvil bar,
and Z is the velocity of propagotion of an elagtic wave
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in the anvil bar, Iupact velocitiss were chosen to obtain a
uniform distribution of test points in the plot of O ve, v.
A tracing of a record of siress vs, time at the impact end of
the specimen is shown in Fip, &,

The results of the compresaion imract tests are
summarized in Table I, The nlastic strain distribution in
the specimen after impact was determined for most of the
testa, The maximum nlastic strain near the impact end of the
spocimer for these tests is also given in Tuble II., Impact
velocities from 19.2 to 125 ft/scc were obtuined in the vertical
impact machine, Impact velocities from 3.15 to 15.9 ft/see
were obtained by supnorting the speeimen horigontally as &
pvendulum, The points representing the particle velocity as a
function of meximm compression stress at the impact end of
the speclmen are vlotted in Fig, 6, The points representing
maximom compression stress as e function of the measured
gtrain near the impact end of the énecimen zre plotted in
Fig. 7. The strains are corrected for the elastic recovery
upon removal of the load,

The experimentally determined relationship of particle
velocity 84 compression stress shown in Fig, 6 is the relstion
between the maximm compression stress and particle velocity
at the impact end of the specimen, The stresse—strain curve

during impact conditions car bs deduced from this relation if
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TAPLD IZ

RESULTS OF COMPRESTINY THPACT ToST2

Maxrimum
Meximm Velocity Moximum Permanent
Specimen Stregs of Impact FParticle Velocity Strain
thmber  1031b/in? £t/s2¢ ft/sec per cent
204 130 3.15 2.16 -
21C 1.82 4q50 3612 =
208 2.43 6.21 4436 -
20D 2492 9.82 7.61 -
21B 3.23 10.0 7.54 had
4“ 3035 1204 9-83 -
AOB 3084 1406 11 06 et
éa 4el2 16,8 13.6 0,30
EA L7 16,8 13.6 Ce35
21A 4.21 15-9 '2.7 -
19F 4465 19,2 157 0,25
5F 5007 19.7 15.8 0,35
22C 5423 25.3 213 0.45
585 5.74 26,6 2202 0,50
22D 5481 2949 255 0,55
198 5.87 31.1 26.6 Q.70
234 6423 33.2 28,5 0,70
19D 6436 37.6 32,8 0,90
23R 6,68 32,2 33.1 0.90
4E Teh5 43.9 38.2 1.10
4D 7,52 45,8 40,1 1.10
4C Te56 L8 39.0 1,10
4B 7458 4463 32,5 1.10
LF 7.60 45.4 39.6 1.05
LA T.65 449 39.1 1.10
1A 7.68 FAN 38,6 1,20
1B 8,22 52,0 45,7 1.45
1C 8,82 52,2 5145 1.65
1D Ge39 671 60,0 1.90
5n 948 716 64,4 2,05
1E 175 70,8 63,3 2,20

1F 9.98 - 76,0 68,4 2.35



Haximan

Muselmam Veloolty Meximm Perrmanent

Speciren Stress , of Irpact Particle Velocity Strain

Fumber  1031b/in§ £t/sec £4/see per cent
354 1044 80,0 72.1 2.65
178 11.5 97.0 82.3 3.20
18A 11.8 98.5 8345 3.40
18B 12,2 103 839 3.65
194 1264 122 113 3.85
18C 12.5 m 102 4400
18D 12.8 115 106 Lel5
188 13.0 123 113 4,65

18F 13a4 125 115 4,80
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the following assumption are i2dc. First, it is asoumed thet
the stresceparticle velocity relatlonshilp during leoading
follovs this curve continuously up tc the point corresponding
to the given impact wvelocity. It is possible however, thal
this relation may represent the locus of the terminal roints
of & mmber of distinet stress-particle wvelocity curves vhich
depend unon the given impact velocity. Second, it is assumed
that the Iinetic energy and shear siresses associated with
the laterzl motion of the particles of the spzcimen can be
neglected. The theoretical relstion obtained under these
assumptions will later ba compared with other experimental
results to determine the validity of these assumptions,.

These assumptions porait the use of the theory of
longitudinal waves of plistic deformatlon in long thin bars
devaloped by von Karman (15«16). The strain fer = given
stress can te expressed in terms of a definite integral which
depends upon the slope of the stresseparticle velocity curve
up to the ziven stress, 4 certaim veloclty of propagation
is associated with each walue of plastic strain ss given by

tho fellovineg foram

¢ = ﬁgg—/(o (5)

vhere

¢ is the wvolocity of vropagation,



() is Ao sagr e lis a? the materiael,
ag-

and £ is ths strain, The velocity of propagation
for o glven ctrain 1s alzo ¢zl to the slope of the v vs, €
curve al this straine. This is given by

c =X (6)

The slope of the atragiestrain oUTVE 4 %‘—, iz determined from

equations (5) end (6), It 1s exrressed by the following equation

T _ 4T 2
ralle— i I

The strain, % corresponding to a given stresgs, O‘.i. on the

0" vs. v curve shown in Pig, 6 is computed from the mﬁati@n

1
0 | e m
° dv *
The slope of the O vs, v curve shown in Fig, & is determined
at conveniently locmted points snd the quantity given by
equation (7) is cloited for ezch of the corresponding stresses,
0’ 4 This siress—strain relstion is showm in Flg. 8 bty the
curve designated ag strese=velocity measurements, The atatic
stress-strain curve and stressestrain relation determined from
meximun compression stress-messured plastic strain are shown
for comparison, The latter is desipfhted by the curve, etresse

rlastic strain measurements,



20

12
A 7
i B 7/ s
“c ¢
58 7
M
o /
o
o © ) . —
n
)/ﬁ/
4 S — B et
2 A —Stress—Velocity Measurements
B — Stress—Plastic Strain Measurements
C — Static
% T 2 3 4 5
0 ] 2 3 4 5

Strain, per cent

Flge 8 Dyacuic Stress=Strain Releations



T

The stress-gtrain curve deduced from meximm
atrege~volonity moasurerents is somawhat different from the
curve determined from maximum stregs-mezsured strain, Thus,
for & given gtress, the ctrain defuced from stress-velocity
reasurenents with the use of the theory of plastic wave
propagation is less than the measured atrain efter impact,
Howevery ths stress=~strain relsticn glven bty sither of thess
curveg lies considerably above the static streas—strain curve,
Therefors, under impsct conditions, the stress for a given
strain is greater than the stress undsr static conditions.

A further investigztion was mrde to detarmine i7 this increase
in stress of the materisl is associsted with the extremely
‘ .%gs?b loading rates in Impact or If the inecresse could bs

otiained bty moder=te lozling rates.

Tl'léc,moderate losding rate tests were parformed in a
rapid load testing mschine by manipuloting the load achuating
mechanien in such = manner that ¢ nearly constent rate of
gtrain ns oblained. The apseimens were the seme ns the statie
tension specimens shown in Flg. 3. The load acting on the
specinen was measured by mesans of s dynamomater employing
typa AB=14, “Re=4 straln gages with suitable temperaiure

coupensation, The strain in the specimen was measured by means



of an extenscmeter el loying sl iicr S3=4 strain gages,
The lead and the strzin wers rocorded om ;ZﬂOthTaph‘iC paTer
by & recording oscillograch. Timing lines at interwvals of
0.1 sec were rojected onto the test record to provide a
time base, The stress could be determined to within 2 1.5
per cent and the strein to within * 1 per cent, Twe loading
rates wverc used. These losding rates corresponded to strain
retes of 0.,011/min and 0,040/min, The stresse-strain curves
for the two raizs are shown in Flge 9 with the static stresce
atrain curve,

The results indicate that the relatively large
increese in siress over the statliec value for a given strain
is associzted with the extremsly ;&Q’. loading rates in impact,
Thus, the strecasestrain reletion for the msterial used in
this investigotion obtained under impact conditions is not
the seme a3 the stressestrain relation under static or moderate
loading rates. It is evident that a dynamic stress~strain
curve must bz used to describe the process of propagation of
plastic deformntion., The plastic strain measured after imnect
may not ropressnt the valus of strain assoclated with the
propagaetion process. The measured plastic strain mey be
the sur of plastic strain due to initisl impact and an additional
strain due Yo relaxation of the material, Since the stress

et the impact end of the specimen and the impact velocity were
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measured during impact, the relatlon determined from these
measurements mey be more romresentative of the behavior of
the materizl under impact coniitlons than the dynamic curve

determined from strain measurements after impact.

Lagranre Diagram:

The process of wave propagablon inm the specimen can
be dedueced from a stresse—sirain relation of the material,
The wave propagation process is represented in a Lagrange or
pogition~tine diagram from which the stress, strain, and
particle velocity are determined as a function of position
and time, Thus, the strese=-tine, strain-time, and straine
poaition relations deduced from this stress-strain relation
can be compared with the experimentally determined relatioms,
The theory and grephical solutions for stpein propagation
problems were develonsd by von Xarman, Bohnenblust, Hyers,
snd Charyk (17-18), The details of the method of constructing
a Lagrangs diagram from a stress—strain relatiom are given
in the appendix,

The dynamic stress-strsain curve deduced from
paximm stress—impact velocity measurements shown in Fig, 8

is used in constructing the Lagrenge diagram, It is assumed

thet the stress-strain path during loading follows this stresse



strain relation, The lepr8B@diagram showm in Fig, 10 is
constructed for the maximm wvelocity of imposct erployed in

the impact tests. The lins, x = 0, revresents the interface
between the anvil bar and test specimen, The line, x = « 3 in.,
represents the position of the strain gages on the envil bar,
The heavy irregular line represents the boundary betwsen

the plastic and hysteresis regions for the maximm impact
velocity whils the heavy dashed lines represent similer
boundaries for lower impact velocities,

Stress as a function of tiwe at the interface
betveen the tests epecimen and anvil ber is determined from
the Legrange dlagram, The theoreticsl stress-time relations
for four impact welocitles ere showm in Figs. 11, 12, 13, and
14 The corresponding experimental relations cbteined from
stress=time measurements are also shown for comparison.

The theoretical plastic strzin distribtution is alse
deternined from the Lagrange dlagram, Three plots of plastic
strain as a functlon of the distance along the specimen
are shown in Figas, 15, 16, and 17. The corresponding expertie
mental plastic atrain dietritutions meseured afier immact
ars also shown for comnarison,

The plastic strain distributions shown in Figs, 15,
16, and 17 indicate that the maximum plastic strains at the

inmpact end of the speeimen which are computed from the
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Lagrange Aiagram are not equal to the measured sirains., The
mengured plagtic strain near the imoct on of the snecimen
is greater then the meximw: plastic strain commuted from

the Lagrange dineram. A comrerisen of other uvlagtic straim
distritutions indicates that in nearly every cass the measured
maximm str:in is greater then the computed meximm strailn,
For this renson, sirain sms a function of time during imnact
was determined experimentally at several positions slong the
bar in an sttempt to explain the discrepancy.

The strain in the specimen as a functiom of time
wae determined during impact with the use of SR~4 resistance
sensitive wire strain gages cemented to the specimen, Gages
vere mounted in such = manner that the circumferential strain
was recorded, In this meoner, tension strains are msasured,
This was considered necessary since the reliability of wire
strain gagses st large wvaluss of compressive straing is uncertaln
(19). One channel of ths recording system wes used to deber-
nine stress~time at the impact end of the specimen in the
usual manner and the other channel was used for straine-time
measurements, A reference timing marl wag simltansously
impressed on each oscilloscope Vacmen trace of streas-tims
and strain-time in ordsr to establish the time at impact
on the strain-time record,

Four typical expsrimentsl strain-time records



]

ere shown in Fizs, 18, 19, 27 and 21. The strain-tine
relstions ore also deternined theoretically from the Lagrenge
dipgram and shown in the flgures for comparison, The rosults
indicate thet the meximum strain deternmined from straine

time records near the impact end of the specimen is cauperable
with tho neasured strain after impect. Furthermors, this
maximum strzin is obtained during the initisl loading of the
specimen snd the strzin remeins nenrly constant sfter this

maximm strain is resched,
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End, Specimen No, 124
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DISCUSSITN OF RESULTS

The exrerimental results indicate that the sireg.-
strain relation deduced from stress—velocity messuremsnis
with the use of the theory of propagation of plastic strains
lies above the stress=strain relation determined from stresse
plastic strain measurements, Thus, for a given stress, the
strain deduced from streas-velocity measurenents is less then
the strain measured after impact. This can be seen in Fig, 8,
Thie discrepancy between the two stresse-strain curves cannot
be explained by experimental errors or errors due to con=-
struction of the curves, A dynanic streas-strain relation
determined from elther stress-velocity meesurements or. stresse
plastic straln measurements lieas censiderablg ebove the static
stress—strain relation, Tho dynamie streas-estrsin curve
determined by either of the methods is representative of the
behavior of the material whem the load duration is of the
order of one millisee, Thus, the increass in gtress over the
static value for a given strain can be considered zs a
primary effect which accompanies the increased loading rates
prevailing under immct conditions, The discrepancy between
the two dynamic curves deduced from stressevelocity measvrements
end stress-plastic strain measurements can be coneidered as

e secondary effesct,



l, 5

1f a constant stress i1z applied to the end of a
semi-infinite bar by compression lmpacty; an initlal streas
and strain are reached at the impact end which corraspond to
n point on the dynamic stress-strain curve. This position
on the dynsmic stress-strain curve cannot be maintained
indefinitely and the stress and gtrain must a»proach somd
equilibrium position on the static stregs-gtrain curve.

In this investigation, the specimen is of finite lengih,and,
consequently, is unloaded by tho reflection of waves fran
tho froo ond. The relaxation of stress ani/or strain from
the dynamic curve to the static curve is interrupted by the
unloading of the specimen, The magnitude of this relaxation
cen be estimated from the stress-time records at the impact
end of the specimen and compered with the difference betueen
the measured end esleulated meximwm plastie s‘train;f' The
stregs-strain relation during relaxation cannot be determined
Prom the experimentel date, but the overall magnitude of the
relaxation can be estimated.

When the specimen strikes the stationary anvil
bar, an initisl stress and strain are reached, The initiation
of any additional plastic strain at the interface after the
initizl impect is accompznied by 2 compression plestic strain
propagating through the apeecinen, An unloading tension

weve traveling st the elsstic wave velocity mst also be



wd fren

propagated through the sorciven apd snvil bar to saticfy the
continuity of stress and particle wveloeity at the interfoce.
Thug, any incrsape In stroin efter the initlel sirain 1mst
be accompenied by a decrease In stiress 2t the interface,
fowever, tho experimental stress-time records at the Interface
fulicate that during inpsct the strece at the impact end

of the specimen renalns neerly constunt, This cun be seen
in Tipse 11, 125, 135 and 14, A ﬂecréa.se in siress due to
relaxation cannot be observed if the clange of stress is
less then the variastion of stross slong the nearly constant
pertion of the stress-time record., This varistion of atress
imposes an upper limit on the streeé decrease thet can be
gttrituted to relaxation. The magritude of this lecrease

in astressy & 0’1 s due to relexation is determined from

the Furonlot reletionas of siress and particle velocity and
is given.by

1 8.
aC, =00, | =% ' 8)

vhere 4 0, is the incremental stresz increase due to the
compresrion wave in the specimen,

c is the comprossion wave veloeity,

e i8 the elastic wave velocity in the specimen,

and ¥ is the ascoustic impedance of the specimen, (0 e



divided by the acoustic impedance of the bar, (J C, The
Hugoniot relation of the strain, iﬁ?, asgoclated with the

incremontal stress, 4H @ 29 is given by
ACG . = pciie, . (s)
2" %2

If a strain inereasge due to relaxation occurs, the
megnitude of this strain can be determined from equations
(8) and (9). It is assumed first that the compression wave
velocity, ¢y 1s equal in magnitude to the wave velocity of
the initial strain attained during impact loading., However,
the additional strain computed from these equations is much
less than the difference between the measured and computsd
plastic strain, As an example, for a meximm strain of 4 per
cent, the variation of stress in the stregs~time rscord is
less then 200 1b/in,? hence, A 0°,< 200 1b/in.? The propagation
velocity of a plastic strain of 4 per cent megnitude is equal
to, ¢ = 2,12 x 10t in, /eec, and the computed increment of
atrain, 4£

2
the moasured and calculated maxirmum plestic strain from the

s is equel to 0,03 per cent., The difference betwsen

stress-strain relation at this same value is equal to 0.3
per cent, Thus, the muximum udditional strain which can

be attributed %6 relaxation iz only one~tenth of the
difference between the mecsursd znd computed values, or less

than 1 per cent of the final strain,
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It is seen from equations (8) and (9) that if the

velocity of proparation, ¢, is decreassd, the wvalue of 1'3:2,

increases, The walue of ¢ which satiefies the values of

| = 200 1b/in.> and e,

from the equations, The wave velocity for these conditions

&0 = 0,3 per cent can be determined
is comruted to be ejual to 1900 in,/Bec. Thie indicates

that thes additional strain is propagated through the gpoeimon
with a velocity less than one~tenth of the propagation velocity
of the initial strain, and hence the distance of propagetion
of this strain is much less than the distance propagated b-
the initial strain, This is in contrast with the meagured
plastic strain distributions, since & region of uniform
strain exists near the iﬁpact end of the specimen, Therefore,
the diserepancy between the siress-strain relations deduced
fron stress-velocity measurements and the relation determined
from stresseplastic strain measurements cznnot be attributed
primarily to strain relaxation,

It is possible that s single stress-strain relation
which describes the behavior of the materisl for all impact
velocities does not exist, A4 famlly of stress-strain relstions
which depend upon the velocity of impact or finsl strein during
impact might explain the diacmpgncy between measured strzin
valuss and the values deduced from etresmlocity measuremsntso.

This cen be seen from the siressegtrain relations shown in
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Fig. 22. The stress-strain curve deduced from streas—
velocity measuremenis is represented by the curve designated
(0 = %) in Fig, 22, If the stress-strain relation during
loading follows this curve up to the point Py the strain ai
P is less than the measured v:lue of strain at P'. The
gtregs~strain curve obtained from stresseplastic strain
mesasuremsnts is represented by the curve (0 - cp) in
Pig, 22, If the stresse~strain relation during loading follows
this curve up to the polnt P', the particle velocltly commated
from this curve is greater than ths particle velocity
deternined from welocity measurements, However, a siress-
gstrain relation can exist, represented by the dashed curve in
Fig, 22, such that the stress, strain, and particle velocity
computed up to P! are equal to ths measured values, This
curve is not nnisue since only the end conditions at P! and
the particle velocity computed up to P! are given, Thus,
it is evident that the form of the relation must be chosen
gomewhat arbitrerily in order to quelitstlvely represent
the family of stress-strain curves which depend upon the
finzl value of strain, This form is chogen in the following
nanner,

If the stress-sirsin relation during impact follows
the stress-strain curve repreesnted by the dashed ocurve im
Fig. 22, the stress and particle vd ocity up to a given strain,

£y ere gilven by
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(10)

£
v = f c* de (11)
C

where c¥* is8 the wvelociiy of propagation for a given strain,

C}

i
D
@

)
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o
o
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Thus, the stress and particle velocity can be expressed in
terms of the propagation velocity which is s function of

the strzin, The propagation velocity, c¢; is defined as

% = o £ =g
¢ (4] ©

et = et Ae €, >c>e (12)

vhare € is the proportional limit for the particular
stress~strain relation,

c is the elastle wave veloeity,

c is the wave velocity for the corresponding
strein on the curve determined from stress-
plastic strain neasurements,

and L ¢ s a term which modifies the wave velocity, c.

It is now casoumed that the termy, A ¢y is given by

Ag =alc = co) (13)



whare the values of 2 and Z, depend upon the {inal strain,

¥ Ths values = and co can be delermined from eguatlons

7°
(10) and (11) since the integrals evaluated at the final strain,
€40 mst be compatible with the measured values of @ and v,

A treil and error solution wae used to determine
the values of a and co corresponding to & finel strain of
2.0y 3.5, and 5,0 per cent. The stress-strain relations
corresponding to these values are determined from equation (i0).
These reletions ars shown in Flg, 23 by the solid curves,
The stress-strain relation determined from stress-plastie
strain messurements and the relation deduced from stress—
velecity measurements are sharn for comparison,

The results indicate thet if the stress-strain
reletion depends upcon the finsl strain during impact, the
glopa of this curve at the final strain is leze than the
slope of the curve deternined from stress-velocity messuremenis,
This decreased slope corresponds to & lower wave velocity for
the final strain, 4 comparison was made between measured
plastic strain distributions and strain distributions
deduced from stress—velocity measursments., The comparison
indicates that the mexizum plastic strain propagates e dige
tance which 1s less than the computed distance, Since &
different stress-strain curve must be used for esch final

strain or impact veloelty, o single Lagrange diagram camot
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descrits the behavior of the material for all impact velocities.
In order to compare the distance of propagstion of the maximm
strain es comubed from the stress—strain relatlons vhich
depend upon the fimal strain with the measured distancs, 2
Lagrange diagram wes constructed from each of the three
atress-strain relations deternmined above, Only the particular
section of the Lagrsnge dlagram which determines the final
strain propagation disgtance was constructed. Ome of these
sections for o final strain velus of 5.0 per cent ig shown in
Fige 24e The results for the three £ing) strain values

ere presented in Table III, The distances deduced from
stresa-velooity measurements end the distances from the
measured plasiic strain distributions are also given for
comperison, The results show that the distences computed
from the stress—strain relations which depend upon the final
strain compare more favorably with the measured values than
the distsnces computed from stress-velocity neagurements.

The stress—strain relations which depend upon the
finel strain, shown in Fig. 23, are consigtent in that the
curves lie progressively higher for increaging final strains.
These curves are similar to curves obtained under increasing
rates of losding, If the impact ends of the specimen and
anvil bar were vlane surfuces, the rate of loading ai the

imnaet end of the specimen would be imfinite, However, the
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TABLE III

PROPAGATION DISTANCES OF MAXDMUM STRAINS

From Plasgtic
Maximm Strain Strain Distribution
per cent Heasurements In, A In, B In,
260 5,0 el 5eY
3,3 4LeD 6,2 5.3
5.0 5.0 5.8 5.0

'A - From Lagrange diagram deduced from siress-velocity

measursnents,

B = From Legrange disgrazs deduced from stress-strain

relaticna which derend upon the finsl strain, €
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impact end of the anvil bar ussd im this investigation is
provided with a convex spherical surfece. The rate of loading
at the impact end of the specinsn is equal to a finite value,
Since the stress~time records indicate that the riss time

of the stress at the interface is less than the 30 microsec
rise time of the recording system, the stress rise tims

cannod be debtornined from the experimental recordss In

spite of thisy an upper and lower limit on the stress rise
tims can be determined in the following manner,

If the specimen behaves elastically during inpact
loading, the stress rise can be deterninsd by e theory
developed by Sears (20). As an example, at an impact
volocity of 60 ft/sec the time required for the stress to
reach a velue equal to 95 per cent of the maximm stress is
ebout 7 microsec, If the specimen behaves plasiically
during impact, the stress rise time is equal to the time rejuired
for the plane surface of the specimen end to deform plsstically
to the spherical surfzee of the anvil bar end., Thils time is
assumed to bs equal to the bhelght of the spherical surfacs
divided by the impzct velocity. Tor an impect veloeity of
60 ft/esc, this time is equal to about 2,3 microseec., Thrus,
the gtress rise tims for an elastic-plastic epecimen is
between 2,3 and 7 microsec for en impact velocity of 60 ft/sec.

The loading rate increases ze the wveloeity of impzet increases
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for two reasons., First, the behnvior of the materisl st
larger plastic strains or impact v-locities 1s more nesrly
deseribed by the bohavier of a rlastic material; and,
consequently the rise time of the stress aporoaches the lover
limit of rise time., Second, since ths walue of the final
stress increases, thn loading rate increases, This loading
ratz eammoet be 2nnlind to tha remnindsr of the immet
specimen sincs the stress, atrain, and strainerate are not
wniform along the specimen lengthe In order to properly
describe’ the behavior during impset of a sneeimen which
exhitits o strain-rate effect, the stress-strain relation
must have a tims depsndence,.

An extenslon of the theory of wave propagztion to a
material exhibiting = stroain-rato effect has been made by

Melvern (21), A flow law of the form

Eo‘g:é“ +z2(0, €)
wes agsumed to anply when plestie deformation occurs. . The
complication introduced by the strainerate effect in the
solution of the problem necessitated the choice of an
idealized form of g( @ 4c). “lthouph the theory accounted

for several discrepancies observed in the experimentsl results

of previous investigotions (5-6), it failed to nredict e
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rerion of constant strain near the Impret end of the spseimen,
It seaonms prohabls froz the exneriuontal results of the wresent
investigation that o sinple form of g ¢, £) cannot describe

the behavior of the materisl under impact loading,

Tests in which the wave welosity is wessured zsg a
function of strain offer a means for determining the strsse-
strain relstion up to a strain of 2 per cant dnring inpeet
clonding, The straln in the grecinen can be measured as e
function of tine at two positlons along the specimen length
with the use of SR/ strain gages. The time requlred for
a given strain to propagate the knoun distence between the
gages could then he determined from the strain~time records,
The welocity of propagation of this strain is equal to the
distance tetwesn the gases dlvided by the recuired time of
trovels The stregee-strsin relotion ig “hen € edarninsd from
the weve velocliby—shraln reistion. This method couléd not
be usaed in this investigotion because the rise time of the
racording system is of the sime onder o3 the time required
for the strains to propogata the (istence between the gases,

£
¥
i

However, i: & reeor ing systex of rach shorier rise
tize is emrloyed to determine the wave velocity as a funebien
of the s*reing thoe determinatlions awe Limite! for the
Zollowing reasons, The time for an elsstic wave to trawel

& distance equal to the gage length of & SR-4 wire reslstence

strain gege (1/8 in,) is 0.6 microsee. The time required



for a strain of 2 per cent magnitude to travel the same
distance is egual to 5.0 microsee, Thus, the accuracy

of strain-time ucusurments is iimited by the time required
for the strain 10 travel & distance equal to the gage
length,

& further limitetion is imposed by the distortion of
the wave front ty & dispersive process. The dispesrsion
effect in cylindrical bers wuas svudiecd experinentally by
hipperger (22), ilestic pulses renging in duration from §

Lo 17 nlcrosec were generated by low welocity impacts of
suall steel balls om the ends of cylindricel bérs. It 1s
found thai in order for these pulses to be transmitted along
the bar wishout seriocus distortion by the dispersive process,
the jadses should have a duration ¢i least eight times as
long as the time required for an elastic wave to travel a
distance equel to one bar diameter, Therefore, in order for
e wave front Yo be propageted through the specimen used in

the present investigatlon without distortion by the dispersive
process, the rigse itime should be greater than the tine
required for an elastic wave to travel a digtaence equal to
four bar dismeters, or 10 microsee. This rise time limitstion
mist be considered in the mousurcaent of wave velocity cs a
function of strain if the rise time of the stress at the

inpact end of the specimen is less than 10 microsec,
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SMEMRY AND CONCLUSIONS

The results of this investigation show that the
dynemic stress-strain relation of snneeled 25 aluminum under
impact conditions lies considerably above the static streass—
strain relation, The increase in stiress above the static
curve increases progres~ively from zero at the proportional
1imit strain to sbout 20 per cent of the static value at
45 per cent strain, The raised stress-strain relation
cbgerved under impact conditions cannot be induced by moderate
rates of loading, and therefore, this increase is direetly
attributable to very high rates of loading.

It is shown that a single dynamic stress~strain relation
cannot. properly describe the behavior of the material for
all impect velocities. A stresc—strain relatiom which
depends upon the final strain is postulated in order to
explain the difference between the stres--sirain curve
deduced from stress-velocity measurements and the curve
deternined from stresseplastic strzin measurements. A
different stress-strain relation exlsts for each specific
velocity of impact or final strain, The stress-strain
relations consist of & family of stress-strain curves vhose
terninal points lie on the stress~strain relation represented

by stress vs, maximmm plastic strain,



Taporizental evidence indleotes that less than 1 per cenl
of the final straip can ressonably be attrituted to relaxation
after the initial impact stress has been reached,

An experimental method is suggested which might ald
in d etermining the stressestrain relstion during impact
losding and its depenjence upon the impact velocity or final

strain.
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APPENDIX

The present thsory of the propagution of lomgitudinal
waves of plastic deformation in lomg thin bars was developed
by von Karman (15-16). The methods of integration and
grephicel solutions for problems of strain propegation were
devoloped by von Kerman, Eohnenblust, lyers,end Charyk; and
pregented in restricted reports (17-18). Since these renorts
are not readily avmilable, although they have been declassified,
o sumnary of the graphical solution used in this inves-
tigetion will be given,

let the stress-strain relation for the materisal
be given by a function of the form O = 0 (g£) where O is
the stress and ¢ is the atrain, This relation holds for ths
first deformation of the material beyond the elaatic limit.

If the load 1s decreased, the stress and strzin decreass
according to Hooke's law, |

Consider a long bar of the materisl im which one
end of the bar 1s suddenly put into motion by longitudinal
impact. The characteristic perameters which define the
state of strain and motion of an element in the bar ars the

following

c=%:— = atrailn



by

g = stress

v = g% = particle velocity

vhers x is the distance along the bar,
and u is"the longitudinal displacement ef a crosa-
section,

The equation of motion of a mmell mlement of the red,
neglecting the kinetic energy and shear stresses associffgted

with the radial motion of the bar, is given by
2 .07
(% "

vhere rv is the mass density of the material, Using the
relation for the velocity of propagation of a plastic strain
a8 shown by von Karman (15),

Q“\{%&a‘:(a’

the equation of motion becomes

2k
]
(o)
N

%;‘;' : (14)

On the other hand, from the relationsbv = %ﬂ‘ and £ = % it follews

that

R
R

vl ' {15)
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By using a transformation of varicbles, the strain, £, and the
particle veloeity; v, aro introluced a2 indenendent variablea.

Then equations (14) and (15) take the form

de v

8.2 (16)

the equations become more symmetrical by introduction of the

function # = j £ cde. The equations becoms
o

%‘; =c . (17}
The process of propagetion can be represented in &
Lagrangsan plane with x and ¢t as coordinates, and a velocity
plane with v and f as coordinates. The equatioms (17)teve
fixed cheracteristics in the vff plane. They ars given by the
family of straight lines v - § = constant and v + §# = constant,
The Lagrange diegranm serves as a means of representing the
values of strea-, n:riticle veloclty, and strain é.t any time

and position along ths . soimen, The details in the comstruction



of the Lagrenge diagram shown in Pige 10 are given below,

The relatlons ¢ v8e ¢ P vos € # va, o, and g va, @
are plotted from the engineering strease=strain curve of the
materisl., Compression stresses will be tuken to be positive
and particle vel ocity will be taken o be positive when the
material moves toward the right of the Lagrange diagram
shown in Fig. 10, It is assumed thal the behavier of +he
material is characterized by the given stress~strain relation
for increasing or constant values of strain and that Hooke's
lew holds for decreasing strain.

The Lagrange diagram consists of two reglons; the
plastic region, and the hysteresis region, In the plastic
region, the quantity v + § is constant along the characteristic
of slope 1/c, while the quantity v - § is constant along the
charaoteristic of slope =1/c. The plastic region is alseo

described by the differential equations %5; 2 - (’%% and

%:S: = - (-'cg %! o Similarly, in the hysteresis region,

X

the quantity v *+ “%:" is constant olong the characteristic of
o

slope 1/c_ while the quantity v - (:g: is constant along the
. Q .

charagteristic -1/c 0® The hystercsis region is alse described

by the differentisl equations %f-: ==p -’3—% and %é’-’- =-f o %§ .

The construction of the Lagrangs diagren consists in deternining

the characteristics in the plsstic end hysteresis rsgions.



The determination of the bouni:ry betwson the plastic and
hysteresis regzions allows the churacteristics in both reglons
to be constructe’,

The construction of the Lagrunge diasgran is sinplified
if 1% is as umed that the specimen ia initizlly at rest and
a moving anvil bar sirikes the end of the specimen, At
time, & = Oy The anvil ber moving with a velocity, Vo,
strikes the specimen snd a series of plastic strains are
propagatec toward the free end of the specimen, The particle
velocity at the end of the epecimen is equel to the value of
# corresponling to the stress at the impact end, The values
of 0 end v are determined from the relation given by
equation (4) and the f vs, 0~ curve. The propagation velocity
of the plastic strains vary from <, for the "elagtic front!
to e, for the "plastic front" where ¢, is deternined from
tke g ve. ¢ curve,

At time, ¢ = l/co, where 1 is egqual to the specimem
length, the elastic wave resches the frez end of the specimen
and reflects zs an unloading "shock weve®, This "shock wave®

is stopred at = point, 2, which iz determined from the squation

2T1 _ 62
Pee 27 Foa e

vhere O 3 is the proportional limit of the material,



0"2 ig the gtress al the polnt 2,
end v, is the particle veloclty =t the polnt 2
Since 0 ani v are xnown along each characterisiic, the point
2 can be readily Jotermined.

The Lagronge diagram now conaists of two regions,
the plastic region below the unloading wave and the hysteresis
ragion above the unloading wave. The stress end particle
velocity are discontimucus across the boundary since the
wiloading "shock wave! is of finite magnitude. The reasining
portion of the toundery between ths nlastie and hysteresis
regions in considerably more compliceted than the boundary
obtained from the unloading "shock wave', The stress and
particle velocity are continuous across the remaining portion
of the boundary between the plastic and hysteresis regioms,
btut in general their partial derivatives are not eontinmous,
Using the differential equation of motion end expressing
the fact that O and v are continuous across the boundary,

the following equation is obbtained

(2 (@2 - (&% + A1 &, - 3D,

= (2 - 1@, + @] 19)



«69=

where (%)h denotes the value of the partial derivative om
the hyesteresis aile,
(%)p denotes the value of the partial derivaitive on
the ~lastic side,
and % is the slops of the boundary,
The methold of solution of tha boundary 1s dicltated b, this
equation.

In the solution of the boundary on the right side
of the Lagrenge diagram shown in Pig, 10, the plastic regiom
is to the left of the boundary and the hysteresis region teo
the right, The boundary is assumed to be constructed up %o
& cros—gection, t = constani, pussing through a point F of
the boundary (see Fig, 25). A characteristic, a, is chossn
orbitrarily in the hysteresis reglon end the problem is to
determine the end point, P, of a where a intersects the
plastic region, The boundary is given b the linc FP, The
plestic and hysteresis regions are then constructed up to
the new cross-section passing through P, The unkmown point,
Py lies in one of five regions, A different method, determined

byeguation {19). applies in ench rerion, but in all cases the
0‘

(%

The five regioms in which P may lie are determined by the

value of v - = k., is lmown slong the characteristic g,

following conditions,
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Fig. 25 Steps Illustrating Construction of Lagrange Diagram
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Bogion A (Fig, 25a)%<%§<iﬁ

Choose a characteristic ¢ along which v = <.

(’c

Along @ vt =i, (20)
Along Y vej@= Iy (21)

The value of v and § at P can be computed from
equations (20) and {21). The walue of O corresponding to
# i obtainod from the O - f curve., These valuec of v and O

mugh bs compatible vith q

In this cawe, @-ﬁ' g_z = 0 along the boundary from

enuation (19). This implies thut "'(;'g" ¥ ;3"' (&_3) is constant
°

along the bouniary and thersfors equal to ite value at F,

Choose a cheracteristle o along vhich v - ()O; = k1.
©
Aleng the hounlery (@;) =k (22)
e o, ¢, 'dt 3
Heng @ v+p=, (23)

The constant value of v + @ = k, along the
characteristic of slops 1/c which abuts at P must be competible

with o and equation (22),
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A

Beglop C (Fige 25 ) <> 7

el -

Choose 2 chersetoristic a slong vhich v -

Along F v*¢=k2 (24)

.
e+
o

9
q

[{]
5
R
=%
[}]

g, . determined from the

nrevious toundary. The point P iz dotermined from

..g‘_m_. + ﬁ = k. = Y.,
f c nex P
o
Recion D (Fig. 25 d) ?/co < -%E < %
In this case % = %}' = { along the boundsry from
T
equation (19), This implies that ?’T + .c.:.i, (%f) is comstant
e o

along the boundary and therefore equal to its value at F,

T
Choosa a characteristic o olong vhich v - X = k1
]

; ‘ 0,3 (4
Gl * = ]
Along the boundnry TN (dt) kg (25)

Ay P T =0__ .

nax
The walue of O“M

. =t P mst be compatible with o and equation
(25).

Recion B (Figz. 25 e)

Choose a characteristic o zlong which v =

g . k1.

Q
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a
Konz v+ = (26)
eo
At P =0 .
mex

“he following relation mast hold

20

(:c 2 1
s
Pinzlly, hwving found point, P, the Lagrange

diagran is extended un to the line, %t = constant, passing
throarh P, AL 7y 07, vy and J have been eternined, The

€%

starting from P with the slopsa * 1/c and # 1/’co respectively,

values of v 2 frnd v ¥ ~— are known along the charscteristics

The characterlatics are then plotted in the plastic and
hvsteresis regions.

The boundary on ths left side of the Lagrange
diagran shoun in Fig. 19 is constricted in a similar manner,

Iﬁ this ecase, the rlastic region i3 to the right of the
boundary and the hysteresis roglion to the left of the boundary,
A condition equivrlent to Bepion & for the right bound

is used to determ’me the left boundary,

The hysteresis rezion on the loft side of the Lagrangs
disgran is extended to the intarfece, x = O and an additiomal
conputetion must be mode to deteraine the characteristics im
the anvil bar znd spezzimen, The characteristics shown in Flge 257

satisfy the following conditions:
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Along o Ve—— =k (27)
¢ %o
ad

Aleng v+ = I {28)

ﬂ (J s 2

o’

Along § V - 2 ky ()
€ %

whers 6 . is the scoustic impedance of the savil bar,
2

and (oc o is ths acoustic lmpsiunce of the specimen,

In &ll capos, the walve of v = = k;‘. is known along

a-
%
the characteristic a, Since ths anvil bar remsins elastic,
kB' ia given by

Ky = 2v =V, (30)

where Vo is the wvelocity of impeet, The welue of k2 is

determined from equations (27), (28), (29), and (30) giving

v ¥
kza-s,-g-;'r-k (%‘;‘%) (31)

vhere ¥ is equal to ’%‘f"- o the stress and particle

velocity at the interface are given by
(k) = k)
g = k"" C (32)
k‘l + E@
v = ' (33)

2



The values of 0, v, and § are tahulated for each
characteristic intersection and dotermined boundary point,
The values betwean these interseetions and points are detere
nined by linear interpolatiom, Thus, the values of 0 , v,
and # for any time or position along the specimen can be
deternined directly from the Legrenge diagram,

The plagtic strain distribution in the specimen
after impret is obtained from the Lagrangs diagram. The
highest wvalue of # reached &t warious poaitiona along the
bar are determined at the plastic~hysteresis boundary, and
translated into € values from the @ « £ curve, The strains
are then corrected for elastic recovery upon removal of
load,

The gtrainetime relation at any position along
the specimen is similarly obtained from the Lagrange diagram,
The values of € along a line, x = constant, are determined by
reading fron the § = £ curve, the values of ¢ corresponding
to the values of f#,

The stress~time r2lstion at the interface between
the anvil bar and specimen is determined from the Lagrange
diagram along the line, x = 0,
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