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ABSTRACT 

1. Rates of Nuclear Reactions in Wbi te-Dwarf Stars 

In stellar matter as cool and dense as the interior of a white 

dwarf, the Coulomb energies between neighboring nuclei are large 

compared to the kinetic energies of the nuclei. Each nucleus is 

constrained to vibrate about an equilibrium position, and the 

motion of the nuclei in the interior of a white dwarf is similar to 

the motion of the atoms in a solid or liquid. A method is proposed 

for calculating the rate at which a nuclear reaction proceeds between 

two identical nuclei oscillating about adjacent lattice sites. An 

effective potential u(i::) derived by analyzing small lattice vibra

tions is used to represent the influence of the Coulomb fields of 

the lattice on the motion of the two reacting nuclei, 'l'he wave 

function describing the relative motion of the two reacting particles 

is obtained by solving a Schrodinger equation containing the effective 

poLential u(;i;:), From this wave function a,n expression for the reaction 

rate is derived • .Applied to the p + p reaction, this method predicts 

a reaction rate about 100 times the original estimate made by Wildhack; 

12 12 . a.P:plied to the C + C reactions, the present work implies a rate 

about ten orders of magnitude smaller than the rate calculated by the 

method previously suggested by Cameron. 
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ABSTRACT 

2. The Cooling of Neutron Stars 

The emission of neutrinos from neutron stars is studied, and 

those characteris-Lic.;s of' neuLron-sLc;j,r maLter Lhe,t aff'ect cooling are 

investigated. The validity of the _particle model ( which we adopt) is 

discussed. The effects of strong interactions on the composition of 

ncutron-Gtar matter arc dcocribcd. The qucotion of supcrfluidity in 

the neutron-proton gas is discussed, and the limit of stability of 

the nucleon-gas to formation of nnuclei 11 is estimated. Calculations 

of' the ratP.R of' thP. cooling rP.actiorn'{ n + n - n + p + e + V a.no 
e 

n + TT-- n + e + V are presented; the rates of the closely related 
e 

muon-producing reactions and the four inverse processes are also 

given. The calculated cooling rates indicate that a neutron star 

containing quasi-free _pions would cool within a few days to a tempera

ture so low that photon emission from the star's surface would be 

unobserva:ble. Uncertainty about the _properties of neutron-star matter 

prevents precise _predictions about cooling rates, but it is possible to 

establish a lower limit on the cooling rate of a neutron star. This 

lower limit on the cooling rate implies that the discrete X-ray sources 

located in the direction of the galactic center are probably not neutron 

stars. 
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1. NUCLEAR Rl:!.:ACTIONS IN WHITE-DWARF STARS* 

I. INTRODUCTION 

The motions of nuclei in the interiors of cool, dense stars 

resemble the motions of atoms in solids or liquids. The mean free 

path between collisions suffered by a given nucleus is much smaller 

than the average distance between nuclei ::,,nd may be coml)a:rablP. to 

the particle's quantum-mechanical wavelength. Each nucleus is, 

therefore, forced to oscillate about a fixed position in a lattice 

structure.(l),(2 ),( 3) 

Reactions between charged particles in stars are inhibited by 

the small probabi:l_ity of penetrating the Coulomb barrier between 

nuclei. However, the probability of penetrating the barrier 

increases rapidly with the energies of the colliding particles. In 

most stars, the effective energies are due primarily to Lhermal 

motions. In stars as cold as white dwarfs, the thermal energies 

alone are too small to allow charged particles to react at signifi

cant rates. However, the Coulomb potential of the lattice combined 

with the ground-state vibrational energy of the reacting nuclei can, 

at high densities, enable nuclei at adjacent lattice sites to react 

re:pidly even at zero telll'.Peratu.re. 

It is important that one be able to calculate the ratesof reac-

tions occurring at high densities and low temperatures, reactions to 

* A very similar report on this work was published in Phys. Rev., 
1.31, B1634 (1965). 
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(4) 11 It 
which Cameron has applied the name pycnonuclear . Cameron has 

suggested that such reactions might be the source of energy for 

nova explosions. A knowledge of the rates of pycnonuclear reactions 

would also be useful in mathematical studies of white dwarfs. From 

the rates of reactions at high densities, one can infer certain limi

tations on the possible compositions of the interiors and envelopes 

of white dwarf' stars( 5), canpositions which would otherwloe be cum-

pletely unknown. Any future attempts to evolve stellar models into 

the white-dwarf state from higher temperature configurations will also 

require detailed knowledge of the rates of pycnonuclear reactions. 

In the present work we attempt to calculate the ra,te at which 

nuclear reactions proceed between particles vibrating about adjacent 

lattice sites. We consider only reactions among nuclei in a lattice 

of identical particles. For reactions between _particles with Z > 2, 

the solid-state a_pproach applies to the temperatures and densities in 

Region I of Figure 1. Figure 1 also shows typical central temperatures 

and densities for various types of stars. 

The problem of reactions between identical particles in a lattice 

was first considered about twenty-five years ago by Wildhack(l), who 

made a rough estimate of the rate of the p + p reaction. Van Horn(
6) 

ha,o recently carried out ca,lculo,tiono on the rate of reactions between 

nuclei in a lattice of identical particles; his methods are similar to 

the ones used in the present work. 

A related problem has recently been considered by Kopyshev( 7\ 

he calculated the rate of the .P + p reaction for the case where a small 



number of protons act as interstitials in a lattice of nuclei 

having Z approximately equal to ten. He neglects the motion of 

the heavy nuclei of the lattice, and considers just the motion 

o:t' :pairs of protons in the flxecl Coulumu flelcl of l,he 11:,,l,Lice ions. 

In a lattice of identical nuclei, the motions of any pair of 

nuclei are strongly coupled to the motions of other nuclei nearby. 

In order to conrpute the mean lifetime for a reaction between two 

adjacent nuclei without solving the complete many-body problem 

exactly, we make the fundamental assumption that the effect of the 

rest of the lattice on the relat.ive mot.inn nf t,hp t,wn reacting parti-

cles can be adequately represented by a static potential U(£)· The 

reaction rate depends strongly on u(:;) through the barrier penetra

tion factor. In Sect:Lon II, we analyze the small vibrations of the 

lattice to find U(r). Then in Section III, we solve the Schrodinger ~ 
equation for the wave function characterizing the relative motion of 

the two reacting particles. Having found this wave function, we 

derive an expression for the reaction rate. Section IV contains a 

discussion of the limitations o:t· the solid-state treatment. In 

Section V, we present numerical results for the rates of the p+p and 

c12+ c12 reactions. Applied to the p+p reaction, the present method 

}?reclict::; rates about 100 times the rates originally calculated by 

(1) 12 12 . Wildhack • Applied to the C + C reaction, our method predicts 

rates about ten orders of magnitude slower than those obtained using 

the procedure of Cameron(4)_ Sal;peter(S) has developed a way of calcul

ating reaction rates at temperatures higher than those covered by the 

solid-state method; our results are consistent with those of Salpeter. 
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II. THE EFFECTIVE POTENTIAL 

A. Formulation of the Problem 

We consider a of stellar matter N nuclei, each 

of mass Mand charge z. The number density of nuclei is taken to be 

b-3, we assume that there is also a number density Zb-3 of electrons 

to assure overall neutrality. 

The electrons are highly degenerate at the temperatures and 

densities to which the solid-state model applies. The energy of 

the Coulomb interaction between an electron and a nucleus is comparable 

to the average electron kinetic energy only at distances small compared 

to the electron's wavelength. Consequently, the fields of individual 

cannot cantly affect the electron wave functions. The 

electrons can reaf't only to lattice vi'brations with very long wave-

lengths. By solving the Thomas-Fermi equation for the electron 

distri.bution, one can show that -the electron motion affects a negligible 

:part of the vibrational spectrum as long as 

b << a 
0 

where a
0 

is the Bohr radius. Since inequality (II.l) always holds 

under the conditions to which the solid-state model applies, we assume 

a uniform distribution of electrons. 

The .electrostatic potential energy felt by the nuclei is thus the 

sum of two terms, one representing the interaction 'between the nuclei 

and the uniform distribution of electrons, and the other re~resenting 

the Coulomb interactions among the nuclei themselves. 
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The lowest energy state of a collection of :positively charged 

identical particles in a negatively charged medium is a body-centered 

cubic lattice( 9), :providing the particle density is sufficiently low*. 

We shall assume that the nuclei perform small oscillations about equi

librium positions in such a lattice, and consider the rate at which a 

nuclear reaction proceeds between two nuclei (labelled 1 and 2) oscil

lating about adjacent lattice sites. We let the relative displacement 

;o.- ;!}3 of particles 1 and 2 be ;s, and assume that the equilibrium 

positions of the two nuclei are separated by a distance b along the nn 

z a.xio. 

We assume that the nearest-neighbor distance b is much larger nn 

than the nuclear radii. The rate at which a nuclear reaction proceeds 

between particles 1 and 2, is the product of' p(£ ~ 0), the :_probability 

density for particles 1 and 2 being very close. together, and a factor 

that depends primarily on the properties of the nuclear reaction itself. 

Pecause of the strong coupling of the motions of the many nuclei 

in the lattice, the motions of all the nuclei have to be considered in 

the calculation of P(,;!Z)• The density matrix for a group of N nuclei 

at a temperature (ki3f1 can be written in terms of Feynman's path 

integrals as follows: 

P (xJ.' . ·£;;JV. .. '£N) =il.fT ~ ' . ',~N 

s r (• c,., exp1 - j uu ~. 
l. 0 l 

M ~ 2 l 
2h2 (du ) + V(f.J. ' ''~N) J J 

(rr.2) 

The integral includes all paths such that x.(O) and x.(~) are equal 
'"-'l. ~ 

respectively to ,½: and 4. To obtain P(£) from p(J:,; .. ·£;;,t;i. .. -£,N), 

* The density limitation for the solid-state treatment is discussed 
in Section IV. 
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we set r: equal tor., integrate over all the r. except r, and r 2 , and 
~l ~l "--'L rC,y- ~ 

then integrate over the center of mass }2(.iCL---!-;Da) for :particles 1 and 2. 

Although exact calculation of the density matrix would clearly be 

difficult, Eq. (II.2) is relatively transparent in two simple cases, 

I I 

for ,;o. -;;;;:;. and ;o.-;c;, a:,P:,Proximately equal to zero, and for small dis-

placements from equilibrium. 

In the first case, all important paths would involve only ?Si-~ 

approximately equal to zero. Thus, 2.S.J. -~,a could be set equal to zero 

( ) 2 2; in all terms in V h .. •?Sn_ , except for the term Z e 1~1 -~21, which 

represents the direct interaction between particles 1 and 2, In:te

grating over all the coordinates except ~1-;2Sa to obtain P(s), we then 

find that, for small r, 

where A is a constant that is difficult to calculate, andµ is equal 

to~- We now assume that there exists some effective potential 

for all£· In the next subsection, we calculate u(x1-x2 ) in the small-
~~ 

displacement region, where z:,1 -,~ is near ( O, O, b ) • nn 

B. Small Vibrations 

For small displacements of the nuclei from their equilibrium 

:positions, the potential energy can be written to good accuracy in the 

form 

V = Vo + V;a 



-,-
where Vo is independent of the nuclear displacements; and V2 is a 

homogeneous :po;tynomial of second order in the displacements. Using 

the usual normal mode procedure*, we can find linear combinations 

Q of the displacements of the nuclei such that the total Hamiltonian 
s 

of the system of nuclei can be written in the form 

(II.6a) 

where, classically, 

p = M Q, 
s s s 

(II.6b) 

and M and w 2 are constants independent of the nuclear displacements. 
s s 

For Lhe \.;aoe of c;mall (11::;plac:emeuLo, Lhe densl Ly maLrlx c.:au Llms 

be written as the product ,of the density matrices for all the normal 

modes. i:Ihe diagonal elements of the density matrix for a single har-

monic oscillator can be written 

where 

and~ is an irrelevant normalization constant. Since the normal coor

dinates Q are linear combinations of the displacements of the various 
s 

particles from their equilibrium positions, the diagonal elements of 

the density matrix can be written in the form 

* For a discussion of the normal-mode approach as applied to solid 
lattices, see, for example, J.M. Ziman, Electrons and Phonons, 
(Ox:ford University Press, London, 1960) Chapter 1. 
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P ( r1 ... r ; r1 , , . r ) = C exp [ ~ \1 \ \ C ( r - a, ) ( r - a ) J-~ ~N ~ ~N L L L L ijkm k K i m m j ' 

(II.8) 

where ~ is the equilibrium :position of nucleus k. 

Successive integrations of p(r1 , .. r ;r1.,,r) over the displace-~ ~n ,-._, ~n 

ments do not alter the general functional form. Each integration 

yields a pure exponential with a homogeneous polynomial of second 

order as the exponent. Assuming the lattice invariant under the 

obtain an expression of the form 

(II.9a) 

where 

r = (x,y,z) (II.9b) 

Comparing Eqs. (II.7) and (II,9) we find that the probability 

density for the relative motion of particles 1 and 2 is, for small 

displacements from equilibrium, the same as the probability density 

for a three-dimensional harmonic oscillator. 'Ihus, if we are to 

represent the effects of the lattice on the relative motion of 1 and 2 

by a potenLl1:tl U(~r), we must require that, for r ;::.;;; ( O, O, b ) , ~ nn 

2 2 2 2 

~ + U(r) R;/ zbe + U( O, O, b ) + ~ µ Cl 2 (x2 + y 2 ) 
r ~ nn x nn 

(II.lOa) 

where 

(II.lOb) 



and 

((z-b )2
) = ½(n/ µ 0) coth (½Sh O) 

nn z z 
(II.lOc) 

We shall consider the calculation of (:?) and ((z-b )2
) in Sec. IID. nn 

c. Choice of the Effective Potential 

We have shown that an effective :potential accurately describes 

the effects of the lattice Coulomb fields in two cases: r near zero 

and ~near (O,O,bnn). We assume that an effective potential can 

adequately represent the effects of the lattice Coulomb fields on p(;t::..) 

for all~- In accordance with . (II,3) and (II.4), we choose the 

ze-ro of energy sur,h that 

u(o,o,o) = o. (II. 11) 

Since nuclei 1 and 2 are assumed identical, the ·potential U(r) satisfies ~ 
the relation 

which implies that 

(II. 12) 

Considering Eqg. (II,10), (II.11) and (II,12 ), we assume that 

U(r) = + + k1 
(x2 + ) (II.13a) 

~ 
where 

k2 == 2 i3e2 b 
-3 _}2 µ 0 2 (II.l3b) 

nn z 

ks = -Z2 e2 b -4+ 1/3 fJ 0 2 b -1 
(II.13c) 

nn z 11.11. J 

and 
k' = 1: 1-,1 0 2 (II.lJd) 2 

X 
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The reaction rate depends on U(x:) primarily through a WKB barrier 

penetration integral. This integral depends strongly on the behavior 

of u(;i;:) near the equilibrium position (O,O,bnn), but it does not depend 

strongly on the behavior of u(;;) for smaller £: Since the value of 

U(r) for r near ( O, O, b ) is determined directly by Eq. (II. 10), the ~ ~ nn 

value of the barrier penetration integral is relatively insensitive to 

the arbitrariness in Lhe c:llulc:e uf c1, fw·m fur U(r). Severttl u Lher ~ 
smooth forms chosen for U(x:), forms still consistent with Eqs. (II.10) 

to (II. 12), have been found to give values of the barrier penetration 

integral tho.t arc within a f'cw percent of' the valuco obtained uoing Eq. 

D. Calculation of the Oscillator Frequencies 

ff.he e:f:fr-,ctiw, potr-,ntial u(;i::) can now be determined if we can cal

culate the quantities (x2
) and ((z-b )2

). The oscillator frequencies nn 

0 and n could then be determined using Eqs. (II.lOb) and (II.lOc), 
X Z . 

and the parameters k2 , k3, and k' could be calculated from Eqs. (II .13b) 

- (II.l3d). 

The phonon approach of solid-state physics provides an easy way of 

calculating (x2
) and ((z-b )2

). For the case of a periodic lattice, 
nn 

the normal mode vibrations can be described as lattice waves with given 

wave numbers and. polarizations. The characteristic frequencies and 

polarization vectors for a body-centered cubic lattice were calculated 

numerically for several thousand wave numbers in the first Brillouin 

zone*, and the expectation values (x2
) and ((z-b )2

) were computed 
nn 

* The normal-mode eigenvalues and eigenvectors for the lattice of like 
charges have been calculated by other authors f'or the purpose of cal
culating the ground-state energy of the lattice. See, for example, 
re.ference 9. 
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using a suitable average over the first Brillouin zone. For zero 

temperature, we obtain, using Eqs. (II.lOb) and (II.lOc). 

Q = 1.28 w (II.14a) 
X 0 

and 

Q = 1.88 w (II.14b) z 0 
, 

where 

w = Ze (Mb3
)-~ (II.14c) 

0 

These numerical values are expected to be accurate to within 1% for 

the physical model adopted here. 

The oscillators frequencies O and O are nearly independent of 
X Z 

temperature: Their values at all temperatures are within about 20% 

of the zero-temperature values. Since we shall find that the solid 

state a:pproach applies oJ:iJ.ly to temperatures small compared to hW /k, 
0 

it is sufficient to use just the zero-temperature values. 

E. Comparison with the Static Model 

We have determined the lattice potential U(t) by examining small 

vibrations of the lattice. The strong coupling between the relative 

motion of two reacting :particles and the motion of neighboring nuclei 

is thus taken into account approximately. 

The frequencies Ox and 0~ can be obtained more easily if one 

neglects the lattice motion and calculates u(r) using a purely elec

trostatic model, This procedure has the advantage of allowing direct 

numerical calculation of U(r) for any r, thereby eliminating the need ~ ~ 
for relying on an extrapolation formula like Eq. (II,l3a). Van Horn 
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has shown that, in this static ap})roxima ti on, 

0 - 1.85 w (II.l5a) 
X 0 

and 

0 ::: 2.39 w (II.l5b) 
z 0 

for the bee lattice structure. 

Com:parison of Eqs. (II.75) with ECJ.R• (II.74) inoica.tP.s that 

coupling to the lattice motion decreases the oscillator frequencies 

somewhat. The second derivatives o2 V/oz3 (o,O,b ) and nn 

o2 V/oxa (O,O,b ) are reduced by 38% and 52%, res})ectively, by the 
nn 

motion of the lattice. The lattice effectively polarizes under the 

influence of the motion of the two reacting })articles. This polari

zation acts to reduce the Coulomb fields that oppose dis})lacements 

of the reacting nuclei from their equilibrium })osi tions. lattice 

polarization increases the reaction rate noticeably. Figure 3 eomyares 

reaction rates com})uted using the static and dynamic values of O and O. 
X Z 
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III. CALCULATION OF THE REACTION RATE 

In this section, we derive an expression for the reaction rate. 

We begin by finding a formula for the reaction rate in terms of the 

wave function corresponding to the nonnuclear potential 

(
,~ j 2 2 -1 2 3 I ( 8 2) V v = Z e r + k2r + ksr + k x + y (III.l) 

In Subsections III-Band III-C, we derive the wave function, and in 

Subsection III-D we obtain the reaction rate itself. 

A. General Expression for the Reaction Rate 

The total potential affecting the relative motion of two reacting 

particles is the sum of the nonnuciear potential V(i;:) of Eq. (III.l) 

and a nuclear :Potential. The nuclear potential is effectively zero 

except within a radius R, where 

R << b nn (III.2) 

since we limit ourselves to densities well below nuclear densities. 

We decompose the regular solution to the Schrodinger equation 

in terms of spherical harmonics as follows: 

1¥(:i;:) = L aIM fL(E; r) YIM(O) 

IM 

(III.3) 

(III.J+) 

Let the regular solution to the Coulomb-wave Schrodinger equation 

{ 
8 -8 [ 2 8 -1 } C ( ) 'iJ + 2f.l...'ti E - Z e r ] 1¥ ;s = 0. (III.5) 
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IJ:lc(i:) = L a\M fLc(E;r) YIM(D) 

IM 

(III.6) 

(III.7) 

for r << bnn' the radial functions fL(E;r) and fLc(E;r) must differ 

only by a constant factor when Pis near the nuclear radius R) which 

is sma,11 to b nn Thus it is to compa,re the reac-

tion rate I'(E) for an external _potential V(r) with the rate ~ (E) of 

the same reaction at the same energy but with an external potential 

We limit ourselves to reactions in which one incident orbital 

momentum value i, dominates the reaction rate, We also choose 

a 1J.lc(;) which approaches a _plane wave of unit intensity as r ...... ro, 

except for the usual slowly varying _phase factor characteristic of 

Coulomb waves. We normalize fLc(E;r) such that 

(III. 8) 

as r - 00
• Then one can show that the reaction rates for external paten-

tials V(r) 2 2; related follows: and Z e r a.re as ~ 

~ jaIMl2 . fL(E;r) 2 

lim 
(III.9) = 

I' C l1n(2L+l) r-o c(E;r) 
L 

In the following subsections, we find expressions for a and 
IM 

fL(E;r) for substitution in Eq. (III.9). 



B. The Radial Equation 

The remaining problem is to solve Eq. (III.3) for 1(;:)• We con

cluded in Sec. II that the harmonic oscillator approximation is valid 

near the r,oint (O,O,b ). Thus near (o,O,b ) we can write nn nn 

L aIM fL(r) YIM(Q) = U (n ;x) U (n ;y) U (n ; z) . 
X X y y Z Z 

IM 

(III.lOa) 

The right side of F.q. (III. l Oa) re};):rAsentR a normalizr::,d three-dimensional 

harmonic oscillator wave function with frequencies Q, 0, and O and 
X X Z 

occupation numbers n, n, and n. 
X y Z 

The harmonic oscillator wave functions describe the total wave 

function accurately except in regions far from the classically allowed 

domain. Since the wave function is extreme.Ly small in the remote 

regions where the harmonic oscillator approximation breaks down, the 

harmonic oscillator approximation provides an excellent approximation 

to the energy eigenvalues. Taking account o:f the fact that the poten

tial is not zero at the equilibrium position, we find that 

E R::i v(o, O,b ) + (n + ii) nO + (n + n + 1) nO 
nn Z Z X y X 

(III.lOb) 

The harmonic oscillator wave functions are large only near x = O, 

y = o, z = b , or, in other wo:rds, r = b , 8 = 0. Thus the :product 
nn nn 

U (n ;x) U (n ;y) essentially expresses the ane;ul;::i,r de:pendence o-f the 
X X y y 

wave function while U (n ;z) describes the radial dependence. Hence z z 

we can write 
fL(n ;r) R::1U (n ;r)b -i 

z z z nn 
(III.11) 
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00 

aIM(n n ) 
X y 

,:.:;;b 
nn J dy U (n ;x) U (n ;y) YIM* [O(x)y)] 

X X y y 
_oo _co 

(III.12a) 

In thio nJ:):praximation the coefficiento °'IM depend on nx and ny, but not 

on n. We have shown that the radial wave function is independent of n 
Z X 

and ny for r near bnn' and we shall show later that fL is approximately 

inde:rendent of nx and ny f'or smi:i,ller r. 

We should note that the integration in Eq. (III-12a) can be per

formed readily for the important s:_pecial case where n == n = L = M = o, 
X y 

and the result is 

(III .12b) 

According to Eq. (III.11), fL(nz;r) must satisfy the same differ-

ential equation as U (n ;r) for r near b z · z nn Thus we find that 

for r near b nn 

gl (r) 

(III.l3a) 

The quantity gi(r) is defined by 

(III.13b) 

We want to compare Eqs. (III.13) with the equation fL satisfies 

for small r. At smal1, r, we can neglect the anisotro:_py of the :_poten

tia~ and separate the solution into radial and angular components in 

the usual way. Then, for r << b , fL satisfies the equation nn 
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r_ d
2 

+ L(L!l) + g
2 

(r )] 
L dr2 r 

(n + n + 1) 
X y 

(III.14a) 

(III.14b) 

It would, of course, be convenient if f 1(n
2
;r) satisfied the same 

differential equation for all r, 0 < r < b • We now show that the nn 

radial wave function apriroximately satisfies the differential equation 

(III,15) 

botli for r R:; b and f'or r << b by noticing that Eqs. (III. 13a) and nn nn 

(III.15) are approximately the same for r near b and that Eqs. nn 

(III.14a) and (III.15) are essentially equivalent for small r, Comparing 

Eqs. (III.13a) and (III.15) we note the followins facts: (1) the term 

L(L+l)r-2 in Eq. (III.15) is negligibly small for r near b providing nn 

the expectation value <(z-b )2) is small compared to b 2
; and (2) the · nn nn 

q.uanti ty rfL(n ; r) can be accurately a:pYiroximated by b fL(n ; r) for r · z J::' nn z 

near b • It follows that Eqs. (III.13a) and (III.15) are essentially 
nn 

the same for r near bnn Comparing Eqs. (III.14a) and (III,15) for 

r << b , we notice that the quantity e defined by 
nn xy 

8 = 2 µ 0 h-1 (n + n + 1) 
xy X X y 

(III.16) 

is small comriared to 2 µ Z2 e2 h-2 r-1
• Thus Eqs. (III.14a) and (III.15) 

differ little for r << b • We have now established. that Eq. (III. 15) n 

holds accurately in the limits of large and small r. We assume that 

it holds approximately for intermediate r. 
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By making various approximations we have shown that the radial 

wave function satisfies Eq. (III.15) for all r. In Subsection III-C 

we use a modified WKB approximation to solve Eq.(III.15) for f 1(n
2
;r). 

The effects of the approximations made in deriving Eq. (III.l'.;i) can be 

estimated by examining the WKB barrier-penetration integral. One finds 

that the most sedous a,pproximation involved i.n Eq. (III.15), the neg-

lect of € for small and intermedia,te r, should cause a,n error of less xy 

than 2% in the barrier penetration integral. 

C. 'l'he Ha.dial Wave l<unction 

Our method of solving Eq. (III.15) approximately for f 1 (n7.;r) is 

algebraically complicated but straightforward. It introduces errors 

t>mall comJJared to thot>e due to tlle a.JJJJ1·u.x.lrna Llurrn lnvQl ved in Eq. 

(III.15) itself. Thus we only outline the procedure briefly. 

We use the modified WKB approximation(lO) in which the centrifugal 

( ) 2 -2 ( ) - c:, potential is represented by L+.J.2 r instead of L L+l r ~. We deter-

mine the normalization by matching the WKB approximation to the harmonic 

oscillator wave function for r near b nn The WKB integral cannot be 

evaluated analytically, but it can be expressed to a good approximation 

as the sum of two integrals which can be calculated exactly. The first 

integral is the one that appears in the WKB approximation to a Coulomb 

wave function. Thus the radial wave function fL(nz;r) can be written 

as the p:t;'oduct of a Coulomb wave function and a, correction factor. 

The Coulomb wave function appearing in f 1 (nz;r) is f 1c(E';r), where 
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(III -l'T) 

The relation 

(III.18) 

defines the parameter S, which is usually much larger than one. Thus 

E' is approximately the energy of a pure Coulomb wave with classical 

turning point r. The classical turning point radius can be expressed 
C 

in the approximate form 

(III.19) 

the vibrations are small. 

To find the reaction rate using Eq. (III.9), we must calculate 

l,lle nt l,l o Q given by 

lim 
Q = 

r-0 

where Eis defined in Eq. (III.lOb). 

the Coulomb wave :t'unctions :t·or 

correction factor. 

(III.20) 

The quotient Q is the ratio of 

I 
s E and E multiplied by a 

We must define four parameters occurring in the two Coulomb wave 

l'uucti01u;. The expressions 

K = ft -i 
1 

(2µE)"z (III.21) 

and 
(2µE '/2 K'= h-1 (III.22) 

express the wave numbers in terms of the energies, while the equations 
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(III.23) 

and 
I 

11 = (III ) 

give the Coulomb field parameters in terms of the wave numbers. 

We must also defi 11e some I1R,rameters occurrine; in the correction 

factor that --r----- the ratio of the Coulomb wave functions. let 

and 

Then define A, B, C, and D by the relations 

;o = (1/192) ( 

Finally, let 

I = (L + ~) [(cos -1 a.) (CA+ aB) + CC+ an] , 

where 

Then one can show that 

where 

F"' 

(III ) 

(III.26) 

(III.27) 

(III.20) 

(III.29) 

(III.30) 

(III. 31a) 

(III.3lb) 

(III.32a) 

(III. ) 



-21-

The quantity Q gives the ratio of the wave function fL(nz;r) to 

the Coulomb wave function for the energy E. We now use Eqs. (III.32) 

in . (III.9) to find the reaction rate. 

D, The Reaction Rate 

We first consider the reaction rate from an initial 

(n ,n ,n ). Substituting Eqs, (III.32) in Eq. (III.9) yields 
X y Z 

where 

I'L(n ,n ,n) = GI'Lr.(~) 
X y Z 

(III, 33a) 

(III.33b) 

and rLc(E) is the reaction rate for a pure Coulomb wave with energy E. 

To find the average lifetime of a nucleus in a stellar interior, 

we must perform a thermal average over oscillator states. We shall 

find in Section IV that the theory applies on~y to temperatureslow 

enough that 

(III, 34) 

Thus we assume n and n are both zero. The sum over 
X y must be 

I 
carried out, due to the of' 'r] on 

Consistent with our previous assumption of a bee lattice, we assume 

each nucleus has eight nearest neighbors and obtain the expression 
0:, 

rL-l = 8 L rL(0,0,nz) exp [- nzn oz(kT)-~ 

n = 0 J 
(III.35) 

z 
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for the inverse lifetime. 

In the important s:pecial case of an s-wave interaction, the 

reaction rate corresponding to a Coulomb wave with unit nu.mber den-

. (11) 
sl Ly ct L lufinl Ly l B uften wri L Leu 

(III. 36) 

where the cross-section f'actor S(E) can uoually be determined f'rom 

the results of laboratory ex:periments; it contains all of the purely 

nuclear aspects of the reaction rate. The quantity v in Eq. (III.36) 

is t.he ve 7 oci ty COYTP.S1)onding to P.nP.rgy F. anrl wave numher K. Usine; 

Eqs. (II.14), (III.12b), (III.32b), (III.33), and (III.36) in Eq. 

(III.35), one finds that the inverse lifetime for ans-wave reaction 

is given by 

T -i = J ~ S(E) exp [- 2TTT) '+ I - n nO (kT)-1
] (III. 37a) 

0 z Z Z 

where 

(III.37b) 

The quantities n' and I were defined in Eqs. (III.24) and (III.31), 

respectively. The energy E can be written in the convenient form 

Equations (III.35) and (III.37) give the inverse lifetime of a 

nucleus in a solid lattice of density p. In Section IV we describe 

the range of temperatures and densities to which these formulae 

apply. 
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IV. IJ:MITATIONS 

A. Assumption of One L-Value 

We have assumed that one initial value of orbital angular momen-

tum dominates the reaction rate. Reactions between lie;ht nuclei are 

predominantly s-wave, but several different orbital angular momenta 

may be important in reactions between heavier nuclei. Incorrectly 

assuming that one L-value dominates the rate, one may overlook the 

effects of interference and may make errors in the geometrical fac

tors a.IM' but such errors are unlikely to amount to a,s much as a 

factor of ten. The barrier _penetration factors for reactions between 

heavy particles range from about e-so to e-150 for the conditions to 

which the solid-state model applies, Due to our incomplete knowledge 

of U(r) a,nd our approximate method of solving the Schrodinger equa,tion, ~ 
we are likely to make errors of several percent in the barrier penetra-

tion exponents. These errors are likely to be larger than any caused 

by incorrect assumptions about the dominant L-values. 

B. Resonant Reactions 

The treatment outlined above does not apply directly to reactions 

with strong resonances at energies smaller than about two or three times 

Z2 e2 b -i, which ranges from less than 1 keV for protons at 106 gm/ cc to 

several hundred keV for carbon nuclei at 0 gm/ cc. The widths of the 

harmonic oscillator states are likely to be large compared to the widths 

of the nuclear resonances. To apply the solid-state treatment to a 

reaction like 
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which involves low-lying resonances, one would have to estimate the 

widths of the oscillator states and re:place the sum in Eq. (III. 37a) 

by an integral. 

C. High-Density Limit 

At high densities) the amplitudes of the ground-state vibrations 

im,i.y liec.:ume c.:unlJ),:U'ctble Lo b • W11en lhis happens, the nuclei no longer nn 

form a bee lattice, as assumed in Sections II and III. Several inves-

tigators have estimated the nmelting density11 of a lattice consisting 

of clcctrono immcrocd in a uniform distribution of' positive charge. 

These estimates can easily be converted to ap:ply to the case of a 

lattice of nuclei in a uniform negative charge density. The most 

(12) rPCt=mt P.stimates arP thosP. by nP WPtte . His work locates t.he 

melting density in the range 

(Iv.1) 

where p is in gm/cc. 
m 

Earlier work(l3 ),(l4) indicated a melting 

density of about 106 Z
6

A
4 

g;n/cc. 

Just above the melting point, the nuclei form a fluid rather 

than a :periodic lattice, but the motion is still largely vibrational. 

In this liquid range, where the mean f'rPe path between r.ol lisions is 

small compared to b but the vibrations are still too large to allow nn 

a strictly periodic lattice, it still seems reasonable to treat the 

relative motion of two particles using the potential of Eq. (II,13a) 

That potential de:pends on the assunrption of a bee lattice through the 

parameters bnn' Ux a,nd ~\. The nearest-neighbor distance varies only 
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a few .Percent from one lattice structure to another. 'Ihe frequencies 

0 and O have been calculated for the fee lattice and for a 11 smeared 
X Z 

out" lattice intended to resemble a liquid, a,nd the results are within 

almul, 10% uf Lhe value8 obtalued .fur Lhe 1:Jc.:c.: lattice. Thus we conclude 

that the parameters b J O, and O are nearly independent of the geo-nn x z 

metrical arrangement of the lattice, although they depend strongly on 

the density and on the ch0,rge and mass of the nuclei. It is, therefore, 

reasonable to expect that the values of b , 0, and O for the bee lat-nn x z 

tice also suffice for the range of densities where the nuclei execute 

small vibrations in a nonperiodic lattice. The range of applicability 

of the formula could then be extended to a density given by the 

approximate relation 

6 6 4 / pc~ 10 Z A gm cc 

The above considerations are important mainly for reactions 

between protons. At densities greater than about 106 gm/cc, a zero

temperature proton star could be described more accurately as a degen

erate gas than as a solid. Thus the solid-state approach fails to apply 

to protons at densities well below those expected in neutron stars. 

We have also assumed that the nearest-neighbor distance is large 

compared to the nuclear radius. Thus the solid-state model applies 

only if 
p << 1014 gm/cc 
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D. High-Temperature Li.mi t 

The temperature enters the expression for the reaction rate 

through the sums over n in Eqs • ( III. 35) and ( III. 37). Tu low a 
7, 

critical temperature Tc' given approximately by the relation 

(Iv.4) 

where T is in °Kand pis in gm/cc, essentially all reactions take 
C 

place from the ground state, ~bus for T << T, the rate is indepen
c 

dent of T. Near the temperature T, the first few excited states 
C 

become important, and the rate begins to increase with temperature. 

At a temperature just slightly above T, most reactions take place 
C 

from unbound states, and the solid-state approach fails, Just above 

the critical temperature_, most of the nuclei in the lattice are still 

in their ground states because 

nn (kT r 1 
Pd 2 ,4 

X C 

and 

(Iv.6) 

However, the exceptionally energetic nuclei that are most likely to 

react have enough energy to break through the lattice. The mean free 

path between collisions of these unusually energetic nuclei is large 

compared to b , and they can be treated approximately as gas parti-nn 
(18) 

cles. Salpeter has developed a method for calculating reaction 

rates for T >> T. 
C 
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V • NUMERICAL RESULTS 

A. Proton-Proton Reactions 

Equations (III.37) have been used to calculate the mean lifetime 

of the protons in hydrogen stars at various temperatures and densities. 

The protons were assumed to undergo the reactions 

(v.1) 

and 

(v.2) 

For densities greater than about 10° gm/cc, the extreme degeneracy 

of the electrons causes the capture reaction (v.2) to dominate the 

process of ~ydrogen burning. 

Figure 2 shows the tem;perature de:pendence oi' the mean lifetime 

at a density of 106 F!JU/cc. Below a critical teID:Perature of about 

2 X 106 °K, the reaction rate is independent of temperature, Above 

6 0 (8) about 10 K, the formula of' Sal])eter should be accurate. 

B. Car'bon-Carbon Reactions 

The mean lifetime of C12 nuclei in stars of I)Ure carbon have 

also been computed. Two carbon nuclei may react to form the follow

ing products: Mg24+ Y; Na23+ H1
, Mg83+ n, Ne20+ He 4, and 016+ 2He 4 • 

Equations (III. 37) were used to calculate the mean lifetime of the 

carbon nuclei, even though there is no reason to expect that the 

(le) 
reactions are predominantly s-wave. Reeves ~ has expressed the 

rate of the carbon-carbon reactions in terms of the cross section 

parameter S(E). The small errors caused by estimating the 
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g O=etri· cal factors a in. correctly and by neglecting interference e ,,u . IM 

effects should not be serious because of the strong density-dependence 

of the reaction rate. 

Figure 3 shows the mean lifetime o:f a carbon nucleus at 107 °K. 

At low temperatures the reaction rate is significant for densities 

lo / greater than about 10 gm cc. The rate of the C12+ C12 reactions 

depends much more strongly cm density than the rate n:f the i,roton-

proton reactions because the barrier penetration exponent is much 

larger for Z = 6 than for Z = 1. 

C. Comparison with Earlier Work 

(4) 
Cameron has suggested calculating the rates of pycnonuclear 

reactions by treating the system of nuclei as a gas with Coulomb inter

actions between the !)articles. The curve marked "GAS(CAMERON)" in 

.J:l'igure 3 was coml)uted by a method similar to that prol)osed by Cameron) 

using the same value of the cross-section parameter S(E/15 ) as in the 

solid-state calculation. 

Figure 3 indicates that :for the C12+ C12 reaction, the solid

state method predicts rates ten to fifteen orders of magnitude smaller 

than those computed by the gas model. The large discrepancy in the 

predictions o:f the two models is due to the different estimates o:f the 

classical turning point radius, r, which is an important factor in 
C 

the barrier penetration exponent. According to the solid-state 

a:pproach, re is slightly less than the nearest-neighbor distance. 

According to Cameron's model of electrostatic screening at low temp

eratures, r is slightly less than the charge-cloud radius, given by 
C 
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(3Z1 )1h(4TTn r 113, where Z1 :?: Ze. For Z1 = Ze, this charge-cloud 
e 

radius is only 0.57 of our nearest-neighbor distance. Due to the 

strong d.e:pendence of the barrier penetration factor on the classical 

turning point, this factor of Q.57 causes a large difference in the 

predicted rates. Cameron 1 s method should be reasonably accurate, 

however, if Zi >> Ze , 

Slio.cLly c:1,:fLer Llle lnr_portanceaf Lhe J;J+p reaction in main-sequence 

stars was first pointed out, Wildhack(l) made an estimate of the rate 

of the p+p reaction in white-dwarf stars. As in the present work, he 

eotimated the rate at which the reaction proceeds between protons 

oscillating about adjacent lattice sites. Wildhack was primarily 

interested in answering the simple question of whether the interior 

of a whi tf, clwa.rf' crnil c'l 'bP mt=1c'l.e 1.rp :pri.marily of' protons; he was not 

interested in obtaining an accurate number for the reaction rate. 

Consequently, he made only a rough analysis of the lattice Coulomb 

fields and he neglected motions of neighboring protons. He also used 

the unmodified WKB approximation in a way that is known not to be 

valid, Consequently, his estimates of the rate of the p+p reaction 

are about two orders of magnitude smaller than the results obtained 

here, for densities less than 105 gm/cc. At higher densities, 

Wildhack's rate diverges further from ours because he neglected reac

tion (v.2). 



* 2. THE COOLING OF :NEUTRON STARS 

I. INTRODUCTION 

The existence of neutron stars was long ago predicted theoreti-

( l ) Ba d Z . 1 ( 2 ) t 1\T cally by Landau , ade an .w1.c ry , and o hers. ~veutral matter 

at densities of 1014 or 101
b gm/ cm:.:i should, except at extremely high 

temperatures, consist primarily of neutrons. Stellar model/ 3)-( 6 ) 

indicate that stable stars with masses less than about one solar mass 

could exist with central densities of 1014 to 101 s gm/cm3
• Such 

dense configurations might be seen in nature as remnants of supernova 

ex_plosions. It has recently been suggested that neutron stars might 

be detected indirectly through the ef'f'ects 01· their osc1llations~ 7 )_, (S) 

but the most obvious and convincing way to establish the existence of a 

neutron star would be to detect _photons radiated from the star's surface. 

The thermal photons should be in the X ·ray region because of the high 

temperatures expected on the surfaces of neutron stars. 

Measurements made on recent rocket flights above the earth's atmos-

phere have demonstrated the existence of several cJj_screte srnirces of 

1 t . X (9 )-(i2 ) d · a,uthors(i3)-(i5 ) have suggested ga ac~ic -rays , an various 

that these observed sources might be the long awaited neutron stars. 

Other authors have _proposed that the observed X-rays may be synchrotron 

radiation from energetic electrons in magnetic fields(l6)or bremsstrah

lung radiation from hot clouds of electrons and nuclei,(l6),(i7) 

* A preli.minary account of this work is given in the following communi-
cation: J. N. Bahcall and R. A. Wolf, Phys. Rev. J£tters 14, 343 
(1965). The details of the treatment are described in two papers 
that are to be published in the Physical Review, and observational 
consequences are discussed in a brief' note to be published in the 
Astrophysical Journal. 
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The neutron star hypothesis is the most specific of the suggested 

X-ray producing mechanisms) and it is thus the easiest hypothesis to 

disprove by observations. The most obvious property of a neutron star, 

(18) 
its small size, has led to observational proof that the principal 

X-ray source in the Crab nebula is not a neutron star; the results of 

the recent occul ta,tion experiment indicate that the source in the Crab 

has a diameter of Lhe or<ler o.r one light year, .Another impo1·ta,nt proper-

ty of a neutron star is that it should radiate approximately as a black 

body. Recent detailed measurement/ 19 )) (2o) performed on the X-ray 

source in Scorpiuo have ohown that the opectrum of the 80urce doe8 not 

resemble that of a black body and that the flux of high-energy photons 

is much greater than one would expect from a neutron star with a reason-

Fi,bl e s1ir-PacP. temperature. These observations have not,. of course,, shown 

that neutron stars do not contribute any of the X-rays from the Crab or 

Scorpius, but they do show that most of the X-rays from the Crab come 

from a diffuse source, and that most of the short-wavelength radiation 

from Scorpius comes from something other than a neutron star. 

In the present work, we attempt to estimate the rate of neu

trino emission from neutron-star matter. Our original goal in perform:ing 

detailed cooling calculations was to derive a unique, reasonably accur

ate expression for the rate at whil:h a neutron s Lar musL eool. Thlti go/j,l 

has not been attained fartwo reasons, First, we have found that the rate 

of neutrino emission depends strongly on the density of the neutron-

star matter; the cooling ro.teo of ota.ro with different mo.ooeo mo.y, 

therefore) differ by several orders of magnitude. Second, more 

careful consideration of the processes involved in neutrino emission 
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from neutron-star matter has increased, rather than decreased, the 

apparent theoretical uncertainty about the cooling rate of a given 

star. In particular, the cooling rate depends strongly on the 

assumptions made about the following dif'ficult theoretical points: 

the existence of quasi-free pions in neutron-star matter, the exis

tence of a superfluid-gap in the excitation spectra of the neutron 

and proton gases, and the stability of neutron-star matter to the 

formation of large-scale irregularities that resemble nuclei, 

Although one cannot give a unique, reliable formula for the 

cooline; rate of a neutron star, one can with reasonable confidence 

place a lower limit on the cooling rate, taking into account the 

obvious theoretical uncertainties as well as the variation of the 

cooling rates with stellar mass. This lower limit on the rate is 

still sufficiently high that it can be of some use in interpreting 

the X-ray observations. For example, the limiting cooling rate im

plies that the X-ray sources observed in the direction of the 

galactic center are very unlikely to be neutron stars. 

We attempt to calculate the rates of the reactions 

e-+ - (I,l) n + n-n + p + \) 
e 

n + n-n + p + µ.-+ \) (I.2) µ. 

n-+ n-n + e-+ \) (I. 3) e 

and TT-+ n ___,,_ n + µ-+ \) (I.4) µ. 

as well as the inverse processes 
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n + .P + e --+-n +n + \) 

' 
(I,5) 

e 

n + .P + µ -n + n + \) 

' 
(I.6) 

µ 

n + e -n + TT + \) 

' 
(r.7) 

e 

and n + µ -n + TT + \) (I.8) µ 

Reactions (I.l) and (I.5) were first discussed by Chiu and Sal_peter(i5 ) 

and the corresponding neutrino luminosities have previously been cal

culated(2l), (22 ) under the implicit assumption that the neutrons and 

_protons in a neutron star form a normal Fermi fluid, Our result for 

the rate of reactions (I.l) and (I.5) is, with the assumption of a 

normal Fermi fluid, about five times larger than any of the earlier 

results. 

Reactions (I.3), (I.4), (I.7), and (I.8) would proceed extremely 

rapidly in any neutron star containing a significant number of quasi-

free pions; the pionic reactions are so fast that a neutron star con-

taining quasi-free pions would cool within a few days to a tem.perature 

so low that the star 1 s surface radiation would be unobservable. The 

question of whether quasi-free pions can exist in neutron stars depends 

on the binding energies of protons, TT mesons, and I:- _particles in 

neutron-star matter. It is still unclear whether quasi-free pions can 

exist in neutron-star matter, because all of the relevant binding 

energies are difficult to calculate. 

Reactions (I.1) to (I.8) are likely to contribute importantly to 

neutrino production in neutron-star matter between nuclear density and 

five or ten times nuclear density, for tem_peratures greater than about 

2 x lOR °K. The A_p_pendix contains brie:f discussions o:f other relevant 



reactions and their rateo• 

In this work; a neutron star is pictured as a collection of inter

acting 2articlesJ just as a nucleus is usually pictured as a collection 

of interacting neutrons and protons. We begin in Section II by 

discussing the limitations of this type of description. Then, adopting 

the particle-model once and for all) we discuss in Section III the 

calculation of the number densities of various species of _particles in 

a neutron star, The Fermi-fluid model of neutron-star matter is 

discussed in Section IV. The formation of Cooper :pairs is considered 

along with the question of the stability of large-scale irregularities 

in the nuc.leon gas. Section V is devoted to estimating the effective 

masses of neutrons and protons in neutron-star matter. 

Section VI contains a discussion of the opacity of neutron-star 

matter to low-energy neutrinos. The calculated value of the mean free 

.fJaLl1 u.r a neuLrluu ln neuLrun-star matter is many orders 01· magnitude 

larger than the radius of a neutron star. Thus nearly all the neu

trinos emitted from the interior of a neutron star escape from the 

star. 

The last four sections are devoted primarily to the calculation 

of the contributions of reactions (I.1)-(I.8) to the cooling rate of a 

nrcmtron star. Section VII incl1irlps, f'i -rst, a e;eneral discussion of the 

calculation of the neutrino luminosity of a star, and, second, some 

simple heuristic arguments that indicate the proper orders of magnitude 

for the rates of neutrino production by the nucleon-nucleon and pion

nucleon reactions. Sections VIII and IX contain the details of the 

calculation of the rates of reactions (I.1)-(I.8). The connection 



between the neutrino luminosity and the rate at which the star 1 s surface 

cools is considered in Section x. The cooling rates are worked out in 

detail for several simple cases, and a lower limit is established for 

the cooling rate of a neutron star. The relation between cooling times 

and observability is discussed 



II. THE PARTICLE MODEL 

The baryon number and charge of a neutron star in gravitational 

equilibrium uniquely determine the star's ground-state and excitation 

spectrum, just as the atomic number A and charge Z determine the ground 

state and excitation spectrum of a nucleus. But to deduce the detailed 

properties of a neutron star theoretically from knowledge of the baryon 

number and charge, one must use a detailed model. Most theories of 

nuclear structure involve picturing a nucleus as a collection 01· inter-

acting neutrons and protons; such particle-models have been reasonably 

successful in explaining the observed properties of nuclei. In the 

same spirit, we ohall picture neutron otnro a3 collections of inter-

acting particles. All calculations performed so far on neutron stars 

have leaned heavily on the idea that these nucleus-like stars are 

collections of individual particles, 

'11he particle-model is clearly the most reasonable one at low 

densities. Collisions between particles are then rare, and they can be 

treated adequately using phenomenological potentials. As the density 

increases, collisions become more frequent. Since collisions between 

nucleons involve virtual transitions to other baryon states, an increase 

in density brings a corresponding increase in the "amount of time 11 each 

II II • nucleon spends in a virtual state involving strange particles. The 

particle-model aloo predicto that otro.ngc po.rticleo ohould appear in 

non-virtual, quasi-free states at high densities, because the neutron 

and proton Fermi energies become so high that formation of non-nucleoni.c 

hadrons becomes energetically favorable. Thus) if we pursue the particJe 
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model to densities large compared to nuclear density, we find that the 

ground-state of neutron-star matter contains an abundance of stra,nge 

l)a,rticles in both virtual and non-virtual states. 

The ·particle-model consequently loses its usefulness at high 

densities. The short-range part of the nucleon potential, the part 

that is due to the exchange of strange particles, is not a,t a,11 well

known; the interactions among the strange particles themselves are not 

well understood; and the :problem of treating a complex collection of 

relativistic strongly-interacting particles would be mathematically 

intractable even if' the individual interactions were understood, 

It is easy to :Place a high-density limit on the usefulness of the 

particle-model. The short-range part of the nucleon-nucleon potential, 

the :part that is often represented by a hard core, has a range approxi

mately equal to the Compton wa.velength of tre K-meson, which is about 

0.4 F. The mean distance between nucleons is equal to 0.4 Fat about 

2 1016 / 3 x gm cm • Strange particles should be ]?roduced in prof'usion in 

a neutron star when the neutron Fermi energy is of the order of 400 Mev; 

which, according to the free-·particle a1Yproximation, corres·ponds to a, 

density of' a.bout 5 x 1a1 5 gm/ cm
3

• It is clear that the indi vidua,1-

particle model is corrrpletely unworkable above about ten or twenty times 

nuc lea.r density. ( Nuclear density is about 3. 1 x 1014 gm/ cm3 
) • 

The 11Jt;imatA answer tn thP. :problem crf desr.rihing matter at extreme-

ly high densities may lie in constructing a, theory based on entities 

that, unlike })articles, are conserved in strong interactions. :But such 

a theory has not yet been constructed_, and for the present work we shall 

use the particle model, hoping that its success in the treatment of 



nuclei indicates its approximate validity for densities not too far 

from nuclear density. We restrict oursP.lves in the :present work to 

densities less than about times nuclear 
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III. CONCENTRATIONS OF PARTICLES 

A. General Discussion 

Having adopted the particle model, we now attempt to estimate the 

relative abundances of the different types of particles present in a 

(23) neutron star, We follow the treatment of .Ambartsumyan and Saakyan , 

but we generalize their work by formally including the effects of inter

actions between particles. 

We begin by making some definitions. The conditions of chemical 

equilibrium among various s:pecies of particles a.re expressed most easily 

in terms of chemical potentials, and it is convenient to write the chemi

cal potential µ. for Fermion opecieo i in the form m. c
2 + EF. + B., 

l l l l 

where mi is the rest mass for species i, EFi is the Fermi energy for 

that species, and B. is what we shall call the binding energy for species 
l 

i. The qnantity B1 represents the change that the interparticle inter-

actions ca.use in the chemical potential of species i. The chemical 

:potential for a boson of species j is written in the form m.cd + B., 
J J 

because, at zero temperature and in the absence of interactions between 

particles, all bosons settle into a single-particle state with zero 

kinetic energy. 

Neutrino-opacity calculations summarized in Section VI show that 

neutrinos and antineutrinos escape readily from a neutron star. Thus 

Lhe <lerrnl Ly ol' neutrinos and a,ntineutrinos is essentially zero, and 

these ·particles make a negligible contribution to the free energy of a 

neutron star. 

Minimizing the free energy F subject to the conditions of conserva-

tion of charge and baryon number ·produces the required equilibrium 
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relations among the various chemical potentials. It is thus convenient 

to make the definition 

iJ? = F -11. I: A. 
i l 

u E Z 
i i 

(III,l) 

where A. a,nd Z. a,re the baryon number and charge of a particle of 
l l 

species i, and A and 0 are Ia,grange multipliers. Minimizing iii with 

no external constraints is equivalent to minimizing F with charge and 

baryon number held constant. 

B. Neutrons, Protons, and Electrons 

For a sysLem ~onLalning neutrons, protons, and electrons, minimiz

ing iii with respect to nn' np' and ne produces the relation 

µ+µ.-µ ;,;.:Q 
J;) e n (III.2) 

Writing Eq. (III.2) in terms of the binding energies B. and neglecting 
l 

the small quantity (m, + m - m )c0 + B, one then obtains the condition 
p e n e 

E + ~ E + B - B = 0 
Fp Fe Fn p n 

(III. 3) 

The number densities of protons and electrons must be equal if the 

neutron-star ma,tter is electrically neutral and contains no other 

species of particles. llie neutrality condition and Eq. (III. 3) are 

sufficient to determine the electron-proton number density as a 

function of the number density of neutrons. The composition of neutron

star matter has been determined in previous work( 6),(23 ) on the basis of 

the free-particle approximation, the approximation in which the binding 

energies B. are all set equal to zero. The free-particle approximation 
l 
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produces the following numerical expressions: 

n p;j n r"':! 2 X l 03 6 
( p / p )2 cm - 3 

e 1l nucl 

EF R::iEF R::ii X lcf(p/p 
1

Y,/3 MeV; n e nuc 

I ·)4h 
EF ~ 3 ( p P l Me V; p nuc 

PF R::i 4 X 10
2

(p/p 
1

)1
/

3 MeV/c; 
n nuc 

(III.4a) 

(III.4b) 

(III.4c) 

(III.4d) 

(III.4e) 

(III.4f) 

Here n., EF., aml PF. are, resyectively, the number density, Fermi 
l l l 

kinetic energy, and Fermi momentum for pa,rticles of type i, and p 
nucl 

is the density of nuclear matter (3.7 X 1014 gm/cc). Equations (III.4) 

were derived in the low-tempero,turc limit, At the neutron-star 

temperatures to be considered here, kT is less than about 0 ,2 Me V and 

is thus small ca:npared to any of the relevant Fermi energies, We there

fore consider only the low-temperature limit in estimating the number 

densities of particles. 

C. Muons 

As a second example, consider a system containingµ mesons and 

electrons. Minimizing P with respect to the number densities of muons 

and electrons, one finds that 

µ. -- µ µ. e 

The electrons and muons do not interact strongly with the neutron-star 

matter, Consequently B and B are negligible, and 
f.l. e 
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2 2 

m c + E"lil 1 "' m c + EF µ ~~ e e 
(III.6) 

The threshold density for the production of muons is the density at 

which the electron Fermi energy reaches (m, - m )c2
, or approximately , .• , e 

105 Mev. The free-particle approximation, Eq. (III.4c) implies that 

the threshold density for muon production is about i.8 p 1 . nuc 

D. I:- Particles 

We next consider production of the I:- particle, which has a rest 

energy of 1198 Mev. 

yields the equation 

Minimizing cl> with respect to n , n , and n" -
n. e L, 

The threshold density for the production of I:- particles is the density 

at which 

(III.8) 

In the free-particle ap:r;.iroximation, I:- :particles will be :produced 

above about 2.5 p 1 nuc . 

E. Pions 

Finally, the production of the TT meson is governed by the relation 

or 
EF = (m - m )c2 + BTT e TT e 

(III.10) 

The free-particle approximation implies that the threshold for fornm

tion of :Pions is higher than the threshold for the :Production of I:-

particles. Above the threshold, I- particles tend to be formed 
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instead of electrons, and the electron Fermi energy then does not 

increase significantly with increasing density. Consequently, the 

approximation implies that pions should not be formed 

at densities less than 100 fl (
6 L( ) 

f"'nucl 

F. Effects of the Strong Interactions 

Strong interactions have a number of effects on the composition 

of neutron-star matter. One of their important effects is to increase 

the number densities of protons and electrons. The quantity B - B 
P n 

in Ey_. (III.3) is apparently large and negative. (The effective neut-

ran-proton force is attractive and is than the neutron-neutron 

force. Since the number density of protons in a neutron star is much 

smaller than the number density of neutrons, protons are bound much 

more strongly in neutron-star matter than neutrons are.) Preliminary 

estimates B and 
p 

indicate that the strong proton binding may 

increase the number densities of protons and electrons by as much as 

a factor of five at nuclear density. At higher densities, the enhance

ment in the numbers of charged particles may be sufficient to allow 

ordinary neutron decay, which normally proceeds extremely slowly 

in neutron-star matter, to occur very rapidly. (The rate of ordinary 

neutron decay in neutron-star matter is considered briefly in the 

Appendix.) 

Strong interactions also enter importantly into the question 

01· the existence of quasi-i'ree pions in neutron-star matter. Pions 

are likely to occur at reasonable densities only if the threshold 
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for the TT- is lower than the threshold for the z:-. It will be shown 

in Section IX tha.t the existence of qua.si-free pions would tremendously 

increase the cooling rate of a neutron star. Thus it would be interest

ing to find out whether the strong interactions could shift the TT -

threshold below the z:- -threshold. Equations (III. 3)_, (III.8), and 

(III. 10) imply that the TT - threshold will be lower than the z:- -

threshold if BTT _< lz[ (m,;:,- - m - 2m )c8 
- E + B,;,- - B,.., J 

,:, p TT Fp ,:, .t.✓ 
(III.11) 

or 
B < -10 Mev + \[B"- - B - E ] 

Ti ,:, p Fp (III, 12) 

The binding energies BTT ... and BI:-are difficult to estimate, and it 

is still not known whether inequality (III. 12) is satisfied at reason

able densities. The question of the production of pions is further 

clouded by the questionable validity of the particle-model: We have 

not been able to justify our implicit assumption that z:- -like and TT-

like excitations can continue to exist at densities from one to five 

times nuclear density. 
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IV o THE STRUCTURE OF NEUTRON- STAR MATTER 

To calculate the cooling rate of a neutron star, one must have 

some knowledge of the structure of the low-lying excited states of 

neutron-star matter, In this section we discuss several 'possible 

forms that neutruu-otc1,r mattt;r might take, For the purposes of the 

:present discussion, we shall neglect the effects of •pions and strange 

particles and consider low-density neutron-star matter in which the 

only strongly interacting particles are neutrons and ]?rotons. 

A. Normal Fermi Fluid 

ThA mnst obvious way to treat neutron-star matter is to employ 

the methods developed for the treatment of nuclear matter. (Nuclear 

matter by definition contains equal numbers of neutrons and protons. 

Neutron-star matter contains many more neutrons than ·protons, as was 

indicated in Section III-B.) In nuclear-matter calculations, the basic 

one-particle states are characterized by definite momentum. Collisions 

between particles cause local distortions in the wave function, but the 

exclusion principle prevents true scattering( 24 ). If the neutrons and 

protons form a normal Fermi fluld, the exeltation speetrum is conl:.lnu

ous: There is no gap between the ground-state and the first excited 

state, The effect of the interparticle interactions on the spectrum of 

low-lying excited statco can be reprecentcd ca.oily through the uce of 

effective masses for the neutron and proton. 

The present calculations of cooling rates are based primarily on 

the i rlea nf' a normal FP.rmi :fluid. SP.ction V contains P.stimatP.s of thP. 

effective masses of the neutron and proton. 
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B. Formation of "Nuclei" 

Ruderman( 25 ) has suggested that a uniform Fermi fluid of neutrons 

and protons in a, neutron star may be unstable to the f'ormation of' a 

lattice of "nuclei". Each "nucleus" would contain a. higher density of 

both neutrons and protons than the surrounding medium, and a.11 the pro

tons might, in fa.ct, be bound in the 
11
nuclei

11
• The prop2rties of' the 

"nuclei" (their charge, maximum density, etc.) have not yet been 

esta,blished. 

The lowest state of neutral matter at densities less than a.bout 

108 gm/cm3 involves only Fe56 nuclei a.nd degenerate electrons. As the 

density increases above about 108 gm/cm3
, the ratio! of the stable 

nuclear species 

gas of neutrons 

increases; then above about 1011
'

5 gm/c,,n3, a. degenerate 

begins to form( 26 ). The neutron gas becomes dominant at 

higher densities, but remnants o:t· the original nuclei apparent.Ly persist 

up to densities of' the order of nuclear density, where they finally 

become unstable (as we now show). 

The properties of these "nuclei" at densities near nuclear density 

are difficult to determine, but it is still possible to formulate a 

simple criterion for the stability of a. uniform neutron-proton gas to 

formation of' sur.h 7 are;e-sr.ale irree;ula.ri ties. Tet JJ.n' µp, nn' and np 

represent the chemical _potentia.ls and number densities of the neutrons 
oµ oµ 

and protons in neutron-star matter. Using the fa.ct that __£ and ___:_f!, 
on on 

n .P 
a.re positive one can show that the criterion for stability of the 

uniform neutron-proton gas is 
oµ oµ 
__£~ 
on on 

n p 
(IV. 1) 
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Rough calculations of. the quantities involved in Eq. (IV.l) 

indicate that the stability criterion is satisfied for densities 

greater than approximately nuclear 
o~ aµ aµ aµ. 

oµ oµ 
density. Both an n ~ and 

n p 
-~-~are positive, but~ n ~' un un · on un which is large at low densities, 

p n p n 
decreases much more rapidly with increasing 

c. Superfluidity 

aµ. aµ. 
_£ _:_Q 

density than an on does. 
n .P 

Ginzburg and Kirzhnits( 27 ) have suggested that neutron-star 

matter may form a superfluid. The Bardeen-Cooper-Schrieffer (BCS) 

d t . ·t (2S) · 1· th t tt t· t t· 1 theory o:f supercon uc i vi y imp ics 8, an 8, rac i ve po en ia 

acting between particles in a Fermi gas causes an energy gap 2£
0 

between the ground-state and first excited state of the system. 

'llie BC8 theory i R n:ft,en ::i,_ppl i ed to t,he t,reatment o:f heavy rnicJ Ai 

(29)-(31) (32) In particular, Brueckner, Soda, Anderson, and Morel 

and Emery and Se ssle/ 33 ) attempted to use the BCS theory to calculate 

the energy gap in nuclear matter, hoping thereby to explain the gap 

observed between the ground and first excited-states of heavy even

even nuclei, For the present work, we have converted the results of 

Em3ry and Sessle) 33 ) to the case of neutron-star matter, despite the 

fact that Emery and Sessler were not successful in explaining the 

energy gap observed in heavy even-even nuclei. Their failure to obtain 

the observed gap may be attributable to surface effects, which are im

portant in nuclei, but which were not included in the nuclear-matter 

calculations. 

Our application of the results of Emery and Sessler indicates that, 

for a neutron effective mass of 1.0 m, the energy E: for a neutron in a · n o 
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zero-temperature neutron star is between 1 Mev and 2,3 Mev for densities 

between 0. 01 p . 1 and 0. 3 P . 1 and is zero for densities greater than nuc nuc 

0.5 p 1 . For a proton effective mass of 0.6 m ,the energy E: far a pro-
nnc n o 

ton is between 0. 1 Mev and 0. 35 Mev for densities between 0. 1 p 1 and 
nuc 

1.8 p 1 and is zero beyond abrut 2.8 p • It should be noted, nuc nucl 

however, that the energy gap is roughly proportional to the fourth power 

of the ef'f'ecti ve mass, We shall :find in Section V that the uncertainty 

in the effective masses is about 15 to 20%, which im;plies a fairly lar~ 

uncertainty in the energy gaps for neutrons and protons. 

Aside i'rom sensitivity to the effective masses, there are several 

other reasons for doubting the validity of our straightforward calcula

tion. of the proton and neutron energy gaps. First, the BCS theory has 

never been successful in predicting the observed value,s of the enere;y 

gaps in superconducting metals or in nuclei. The BCS theory itself is 

not necessarily responsible for this lack of success, however, because 

the electron-electron interaction in metals is not known with any 

accuracy at all, and com;plete energy-ga;p calculations for finite nuclei 

have, as far as I know, never been carried out. Nevertheless, the 

ability of the BCS theory to predict energy gaps has never been demon

strated. 

We have ba,sed our estimates of the energy gaps on the work of 

Emery and Sessler, who applied only the most straightforward form of 

the BCS theory to nuclear matter. In particular, they neglected the 

complex prul>lem of three-body collisions, Polarization of the neutron 

medium by the protons might make a significant contribution to the 

effective proton-proton force in neutron-star matter, 
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The question of a,ngle-dependent :pair-correlations will not be 

oiscussed here. Treatments based on such non-isotro:pic correlations 

have been unsuccessful in ex:plaining the properties 
3-lf 

of liquid He • Angle-dependent correlations change the density of 

states above the Fermi level, but do not produce a true gap in the 

ConsequentlyJ their effects on the rates of neutron 

stars are much smaller than the effects of ordinary su:perfluidity 

caused by attractive S-wave :potentials. 

* For exa;m,:ple, K. A. Brueckner, T. Soda; P. W. Anderson; and P. Morel; 
Phys. Rev. 118, 11+42 (1960), and v. J. Emery and A. M. Sessler8 Phys. 
Rev. 119, 4 TT 1960), predicted a :phase transition in liquid He at 
about 0.1°K. No transition has observed above 0.01°K; but there 
may !Je a jJhase change at a lower tempen;,tu.re • See V. P. Pe ::;llkov, 
Soviet Physics JETP 12, 1023 (1964), and w. R. Abel, A. C. Anderson, 
w. C. Black; and J. C. Wheatley, Phys. Rev. letters 129 (1965). 



V. THE EFFECTIVE MASSES 

A. Definitions 

According to the indivillual-partlcle model, the for 

the density of states available to a single nucleon is 

(v.1) 

where p(E) is the number of states per unit energy interval per unit 

volume, and p and E are the momentum a.no P.l1ergy of the nucleon. For 

a non-relativistic nucleon, the free-particle model implies that 

(v.2) 

where mis the mass of the nucleon, The of inter-

actions on the energy spectrum of a star can be reprcocntcd a,pproxi-

mately by writing the energy of each individual nucleon in the form 

where U(p) is the change in the single-particle energy :produced by 

interact:i.ons with neighboring nucleons. We define the effective mass 

* m (p) by the relation 

1 

* m (p) 

= __ ..;;;;;.l __ + l dU('p) 

( 2 2 -2)~ :P dp m+:pc 
(V,4) 

.which leads to the expression 

·* pm (:p) 

for the density of single-particle states. Note that Eq. (V.4) reduces 

to the usua1( 24 ) non-relativistic definition of an effective mass if p/c 
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is neglected relative tom in the first term on the right-hand side of 

Eq. (V.4). The additional relativistic correction(-~ :lm-2 c-2
) is 

(~ 5%) for nuclear matter. We are interested ly in the 

density of states near the Fermi momentum PF, because this is the 

quantity that enters into neutrino cooling rates. Thus we need calcul-

* * ate only mn(PFn) and mp (Plrp), which we can now write more compactly as 

·X- * 
mn and ~p, respectively. 

B. Calculation of the Effective Masses 

We need the ef'f'ective masses of' both the neutron and the proton 

for our calculations of cooling rates. are, however, two 

tant cations that result from the fact that the number density 

of protons is much smaller than the number density of' neutrons; one can) 

with sufficient accuracy, neglect the effect of neutron-proton inter

actions on the neutron energy a,s well as the effect of proton-proton 

interactions on the proton energy. 

The nucleons are only slightly relativistic for the densities at 

which an individual-particle treatment is valid, and the term p-1 dU/d:p 

in Eq. (V .4) is not large compared to m -i. We thus trea,t both the 

relativistic correction ( 1/3m-2 c-2
) and the interaction-correction as 

small perturbations and do not consider reltivistic corrections to the 

interaction term in Eq. (V.4). Following the non-relativistic treat-

ment of Gomes 
(24) 

we make several simplifying assumptions: 

(1) The potential acting in an odd-parity nucleon-nucleon state is 

negligibly omall; 
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(2) The potential acting in even-parity states is spin-independent 

core( ) and consists of a short-range hard-core potential, V r, and a 

long-range a,ttractive potential, v3-tt(r ); 

(3) The re_pu.h,ive core makes a negligible conLrlbuLlun Lu dU/d_p; 

(4) The Born a_pproximation provides an accurate estimate of the 

expectation value of the attractive potential (because of the effect 

of the exclusion principle on the nucleon wave functions). 

Gomes et al. ( 24 ) have shown that the above approximations result in 

small errors at densities near nuclear density. 

The four assumptions listed above imply a sim__[)le co1Te::;pornleuce 

between nuclear matter and a, neutron star with the same number density 

of neutrons. In computing U(p) for a neutron in a, neutron sta,r, we 

include interactions with only ha.l:f the neutrons in the star, because 

assumption (1) and the exclusion principle imply that there is no 

interactj_on between neutrons with para,llel spin. The corresponding 

U(p) for nuclear matter (which contains equal numbers of neutrons and 

protons) includes contributions from half the neutrons and all the 

protons present. Thus we conclude that 

(v.6) 

where superscripts "n.s.n and "n.m." denote, respectively, "neutron 

star" and "nuclear matter11
, and the subscript 

One can use a similar e,rgument to show that 

II II II II n represents neutron. 

The assumptions (1)-(4) can be used to show that the neutron and 
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proton energies have the form: 

(v. 8a) 

where (v. Sc) 

and PFn is the neutron Fermi momentum. 

The effective masses of the neutron and proton have been calculated 

using Eqs. (V.l~) and (v.8). The computations have been carried out for 

the following potentials: (1) an attractive square well with a repul

sive core ( the potential used by Gomes et a,l. ) ; and (2) several 

combinations of attractive Yukawa potentials and repulsive cores (the 

) ( -~~-) 
potentials sugges l.;ed uy Pres L,un · • Tt1e:ce ls a slgulfh:au L, varlal.,luu 

in the values of the effective masses calculated using these pote9tia.ls, 

in spite of the fact that all the potentials were chosen to fit the low-

energy nucleon-nucleon scattering data. In the next two paragraphs, we 

describe the general behavior of the effective masses as functions of 

density, indicating the extent to which the numerical results depend on 

the particular potential chosen. 

1. Neutron Effective Mass 

The neutron effective mass takes on its minimum value at a density_ 

of the order of p • For 0.5 < p/p 
1 

< 5, the neutron effective nucl nuc 
*n-s. 

mass m is in the range 
n 

0.90 m 
n 

< *n.s. 
m < 1.15 m 

n n 
(v.9) 



For p << p , the effective mass can be expressed in the form 
nucl 

1 - a(p/p 1) + 0.08 (p/p )2/3 
nuc nucl 

where a= 2.5 ± 0.5. 

2. Proton Effective JYL9,ss 

* The proton effective mass reaches its minimum value m . at a min 

and 

p . , where 
min 

* 0.5 m < m < 0.75 m n min n 

0 9 p < p < 2 p 
· nucl min nucl 

For p << p 1, the effective mass can be nuc 

where 

y = 5.0 ± 1,0. 

(v.11) 

(v.12) 

in the form 

(v.14) 

These values of the effective masses will be used'in Sec.:tions VIII a,nd 

IX in the calculation of the cooling rates. 
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VI. :NEUTRINO OPACITY 

Neutrinos produced by the reactions (I.1)-(I.8) have typical 

energies of' the order of kT, with kT less than or of the order of 100 

keV, For neutrinos of such energies, the largest contribution to the 
·X

neutrino-opacity comes from neutrino-electron scattering for V and 
e 

neutrino-muon scattering for V • This result can easily be established µ 

by examining the possible reactions. We consider first electron neu-

trinos, v. 
e 

The following reactions are forbidden for typical neutron-star 

conditions by conservation of energy and momentum: 

- + - + \) + p -- n + e , and v + p + n- n + n + e . The reaction e e 
-v + n + n -- p + e + n and related reactions involving strange parti

e 
AO I - I cles, e.g. n s or I: s, occur rarely because the cross section is of 

the order of' 10-42 cm2 times severo,l factors of (kT/EF), Neutrino 

absorption by heavier elements on the surface of the star is negligible 

because the cross sections are small and the heavier elements are rare. 

Thus neutri no-e 7 ectron scattering is the most im_portant interaction 

for v. 
e 

A similar analysis has been carried out for muon neutrinos; it 

shows that the only interactions allowed by the selection rules and by 

energy conservation are v - µ µ 

* 

scattering. 

The general problem of the scattering of neutrinos in stellar matter 
is considered by J. N. Pa.hcall, Phys. Rev. Jg_, B1164 (1964). 



The mean free _path of an electron neutrino _passing through a 

degenerate electron gas can be computed directly using the conserved

vector-current theory( 35 )_ The general result cannot be written 

exactly in simple f'orm, but, f'or an electron gas at a temperature T, 

the mean free path of a neutrino with an energy of the order of kT is 

given roughly by the relation 

(VI.l) 

where T9 is the temperature in uni ts of 109 °K. 

The mean free path of an electron neutrino in a neutron star is, 

therefore, of the order of 106 times the radius of a neutron star; the 

mean free path of an electron a.ntineutrino is of the same order of mag

nitude. Muon neutrinos and a.ntineutrinos have somewhat longer mean 

free _paths because muons are less numerous than electrons. We there

fore conclude that the opacity of a neutron sta,r to low-energy 

neutrinos and a,ntineutrinos is completely negligible. 
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VII. COOLING: GENERAL DISCUSSION AND HEURISTIC CALCULATIONS 

In order to compute cooling times, one must consider the excited 

states of a neutron star. A neutron star is almost completely isotherm

al, except for an extremely thin atmosphere. For the purposes of 

calculating the raLe uf neuL1·ino emii:H:don, one can neglect the atmos-

phere and imagine that the eXcited states of the star are populated 

(according to the usual Boltzmann factor) by placing the star in contact 

with a thermal bath at a finite temperature T, The star then hao a 

definite baryon number and total electric charge but does not have 

definite energy. The rate of energy loss (cooling) by neutrino emission 

io given by a,n expression of the form: 

Lv = (2rr/n) ~ 
13 
~ al(sf3;v I Hw I sn_)l 2 

Ev o(En- E~t E) exp (- EjkT) , 

(VII.l) 

where S
0
,' s

13 
are states of the entire sta.r, Hw is the weak interaction 

Hamiltonian, Ev is the energy of the emitted neutrino v, and the sU.Ill.Il1a

tion over /3 is limited to states for which E/3 < Ea. 

In practice, cooling rates must be computed with the hel_p of a 

model; we employ the particle model. We also approximate the thermal 

average (Eq. VII.l) over the states of the star by assigning a Fermi

Dirac or Bose-Einstein distribution to each kind of particle in the 

star. As we discussed earlier, it is not possible to decide at present 

whether or not neutron stars contain a significant number of quasi-free 

pions; hence our calculations have been carried out for both assumptions, 

pions present and pions not present. 



One can estimate the order o:f magnitude o:f the energy loss due to 

processes (I.1)-(I.8) by a simple heuristic argwnent that is not entire

ly fraudulent. The main feature of this argument is that only Fermions 

on the edge of their degenerate seas ca,n undergo elastic scattering, 

Thus only a small fraction of the order of (kT/EF) of the Fermions of 

a given type can participate in the cooling reactions. Since neutrinos 

esca,p2 from a neutron star (see Section VI), this argument does not 

apply to them. However, the net amount of energy transferred to a neu

trino in any of the cooling reactions must be, by conservation of 

energy, of the order of kT. It is reasonable to replace the dimension-

2 less neutrino phase space, which is proportional to Ev, by 

(kT)2 /[EF EF ] for h:oactiorrn (I. 1) arnl (I.2) arnl ::,lmllar fa(; Lur::, fur 
n ".P 

reactions (I.3) and (I.4). 

The energy loss from reaction (I.l) can now be crudely estimated 

:from the :familiar arguments cf kinetic theory. One wri teo :for the energy 

loss from a volume Oby reaction (I.1): 

(VII.2) 

where n is the neutron number density, the weak-interaction cross 
n 

-43 / 2 a / section a~ 10 (ETu 1 MeV) cm, the relative velocity v ~ c 3, 

the neutrino energy EV ~ kT/ 3, a,nd the vo,rious Fermi energies ce.n be 

estimated from Eqs. (III.4). We have included in Eq. (VII.2) one 

factor of kT/EF for each degenerate Fermion that occurs in process (I.1); 

we have alRo ma.de use of' the f'a.ct that EFe is, according to Sec. III, 

approximately equal to ETu. We consider a mass M of neutron-star 
s 

matter at a uniform density panda uniform temperature T. Using 
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Eq. (III.4) in Eq. (VII-2), one finds that the neutrino luminosity due 

to reaction (I.1) is given by 

where M0 is the mass of the sun and T9 is the temperature in billions 

of 0. (VII.3) yields energy loooco that a.re not enor-

mously different from the energy losses computed from our more 

complicated analysis of Sec. VIII, Moreover, Eq. (VII.3) gives 

r.nrrectl y th A crucial' c'Jpppnc'J enr.e nf T,~1 
) on temperature, al though the 

density dependence cannot be obtained correctly without a more careful 

ana,lysis. 

A similar crude argument can be used to obtain an estimate of the 

energy losses from reaction (I. 3) .. Note that ,process (L 3) contains 

two fewer Fermions than ,processes (Ll) and (I.2); hence the rate of 

(r.3) is faster than (I,l) by a factor of the order of (EFn./kT)2
• Thus: 

Lv(
3

) ~ (4 X 1045 erg-sec-1 )(n In )(M /M_)(p 1/p)8 h T,,6 TT n s -,..0 nuc 

(VII.3a) 

The heuristic arguments show clearly what quantities must be cal

culated in a careful analysis, namely, the phase-space integrals (which 

we have approximated by factors of kT/EF) and the nuclear matrix 

elements (which we have 

cross section). 

by an averc:1,ge wec1,k.-lnLer1::tetion 



-60-

VIII. NUCLEON-NUCLEON COOLING 

A. General Expressions 

We now make explicit use of the particle model to calculate the 

rate of reaction (I. 1). We describe the state of the entire star in 

terms of the states,of its individual particles, introducing correctiorn 

to account for the interactions among the various particles. Following 

the work of Gomes et a,l., (24 ) we label each single-particle state by its 

momentum ,12,; the energy assigned to a state of particle species i with 

momentum ,12, is given by 

E (p ) - L 2 c4.+ ·p2 c2 i - ,Vl!Li 

The Fermi energy EFi is defined by 

- m. c
2 

l 

2 m. C 
l 

(VIII.l) 

(VIII.2) 

where PFi is the Fermi momentum for a particle of s_pecies i. The zero 

point of U. (p) is defined such that U. (PF.) is equal to the binding 
l 1 1 

energy B., which was defined in Sec. III-A. Thus, E.(p) is the energy 
l l 

required to take a pa,rticle of type i from infinity and pla,ce it in the 

neutron sta,r in a state with momentum ,12, (gravi ta,tiona,l interactions not 

considered). The quantities W. (p) and WF. are defined to be equal, 
1 1 

2 2 
C and EFl + mi C re spec ti vely, to Ei (.p) + mi 

The neutrino luminooity L~1
) arioing from reaction (r.1) 

(n + n ~n + p + e -+ \I. ) in a volume O is: 
e 

¼l) = TT YJ.-1 I: 
spins 

3 3 I 0 3 3 
d na d n1 d"'n d n d n- S 

P e V 

X E- 6 ( E. - Ef ) I ( n, p, e, V I H I 
V l e W 

n, n)I 2 
, (VIII. 3a) 
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where the subscripts 1, 2, 1', p, e, and V denote the two initial 

neutrons, the final neutron, the proton, the electron., and the anti-

-
neutrino, respectively, We have included a f'actor of one-half which 

arises from the identity of the two initial neutrons, The density of 

indi vidual-.particle states can be expressed in terms of the particle 

momenta as follows: 

= (2rr nr 3 
0 p. 

2 
dp. d0. 

l l l 
(VIII.3b) 

The quantity Sis a product of Fermi-Dirac distribution functions for 

each particle appearing in reaction (I.l), except the neutrino; S 

corrects the density-of-state factors for the effect of the exclusion 

princi.ple in the fina.l state and gives the appropriate occupation numbers 

in the initial state. More explicitly, 

5 
S = TT S. 

i =1 l 

where for the two initial neutrons, 

S = [1 + exp S(E - EFn- B )]-1 
n · n n 

and for the final neutron, proton, and electron, 

(VIII. 3c) 

(VIII. 3d) 

We have set (kTr1 equal to /3 in Eqs. (VIII.3d) and (VIII.3e). The weak 

Hamiltonian is: 

~ Y (1 + y
5

) ~ + h,c. e a v 

(VIII. 3f) 
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One can separate out the center-of-mass motion of the nucleons in 

the matrix element (n, p,' e, V IHI n, n) by introducing the following 
e w 

center-of-mass and relative coordinates: 

K= (0 + ls,) ~ 
k = 2-1 (0 - ?J3) .-~ 

E"' 
2-1 (;Q+ ~) 

and r = Cn- .:o:i) , ~ 

' 

' 

(VIII.4a) 

(VIII.4b) 

(VIII.4c) 

(VIII.4d) 

where 0, ~2 ) £_1, and £_2 are, respectively, the wave numbers and posi

tions of the two nucleons in the initial state. Primed variables wi 11 

be used for the analogous final-state quantities. The nucleonic wave 

functions in the initial and final states are of the form: 

and '±' 
np 

(VIII.5b) 

In Eqs. (VIII.5) the functions o/ describe the relative motion of the 

pairs o!' nucleons; the incoming part of the asymptotic form of 
I 

o/::P (J:s '; ;i:,) is the same as the incoming part of a plane wave with wave 

vector ls'· The function x(s', M
8

,) describes a two-particle spin-state 

I with total spin G and z-component M
8

,. 

The nucleon matrix element that appears in Eq. (VIII.3a) can now be 

s s' 
expressed as an integral over the relative wave functions o/ and o/ nn np 

Before writing down an explicit formula for the matrix element, we make 

two simplifications: (1) We assume that the nucleon-nucleon potential 

acts only in even-parity states; and (2) we neglect all terms involving 



the lepton momenta. The'first assumption has frequently been used in 

nuclear-matter calculations and does not appear to give rise to any 

errors. The second simplification can be shown to introduce 

errors of the order of 15% if the first is valid. 

:Making the simplifications described above, we square the matrix 

element and sum over all spins, obtaining 

I: 
spins 

l<n,p,e,v I H I n,n)l 2 

e w 

where \TT is the Compton wavelength of the pion; the dimensionless matrix 

e are defined by 

M = 1,. -3 J a3 11,*0(k I. ~r) ,Ir 0( ~r) 
V TT · r 'I' np ~ J 'I' nn 0 (VIII.6b) 

and 

(VIII.6c) 

Substituting Eq. (VIII.6) in Eq. (VIII.3) we find: 

where the dimensionless phase'"space factor P is given by the following 

equation: 

) . (VIII. 8) 

Since each factor d3 n. is proportional to the volume O, the -space 
l 

integral P is actually independent of n. Thus L~1 \s pr.·0.portiurml Lu 0. 
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Inserting the a_ppru_priaLe rrwneric:al values ln the ex_preBsion fur 

Ls1

), one finds: 

rf1 L~1 t (5.2 x 1048 erg-cm-3 -sec-1
) P (IMyl 2+ 4.3IMAj

2
) 

(VIII.9) 

As was apparent from our earlier heuristic discussion) two types of 

qua,nti ties must be calculated, the nuclear matrix elements MA and MV 

and the phase-space f'actor P . .l:!;quation (VIII.9) has been derived only 

for the case of reaction (I.l); we shall consider in Sec. VIII-D the 

modifications necessary to account for reactions (I.2), (I.5), and 

(r.6). 

B. The Phase-Space Factor 

1. GcncrQl Diocuooion 

Chemical equilibrium among the different types of particles present 

in a neutron star is ensured by various weak-interaction processes) 

particularly reactions (I.1) and (I.5 ). The concentrations of the 

various particles can be brought to their equilibrium values in typical 

-5 -3 
weak-interaction times of the order of 10 to 10 sec. However, the 

exclusion principle greatly inhibits all these reactions when the stellar 

matter is near chemical equilibrium at low temperature, For example, the 

lifetime of a neutron in a neutron star at equilibrium at 10" °K is, 

assuming a normal Fermi fluid, of the order of 1012 sec, which is 10+i 8 

to 10+20 times longer than the time required to establish chemical equi

librium, Superfluidity in the neutron or proton gas can increase the 

neutron lifetime at equilibrium still further. 



This enormous reduction in the reaction rates near equilibrium 

results from a decrease in the number of available initial and final 

states, Equation (III.2) states that, in a neutron star at equilibrium 

at 0°K, two neutrons at the Lu_p of Lhelr Fermi dl8Lribution liave ju.st 

enough energy to produce a neutron, a proton, and an electron at the 

top of their respective Fermi seas, plus a zero-energy neutrino. At 

temperntureo greater than zero but still small compared to the relevant 

Fermi energies, neutrons with energies near EFn have sufficient energy 

to produce a neutron, proton, and electron in unoccupied states near 

the tops of' their respectivP. FP.rmi SP.as, plus a. neutrino with an energy 

of the order of kT. Thus the neutrons destroyed in reaction (I,l) all 

come from a narrow band of states with energies within a few kT of EFn, 

and the neutrons, protons, and electrons produced in reaction (I. 1) must 

have energies within a few kT of their respective Fermi energies. The 

relatively slow rate of reactions (I.l) and (r.5) at equilibrium is due 

to the fact that only a small fra,ction of the total number of particle 

states can actually be involved in the reactions. The phase-space 

1·actor P of Eq. (VIII.8), which we evaluate in the following paragraphs, 

contains a quantitative description of the inhibition of the reaction 

rate due to the small number of available sta,tes. The phase-space fac

tors for the allowed re1:1.ctions (I,l) and (I,5) are the principal 

quantities that determine their absolute rates, just as the ordinary 

phase-space factor (usually denoted by f)primarily determines the labora-

tory decay rates of super:=tllnweo nur.le:=tr bet.A. decays. 
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2. Initial Approximations 

The integrations involved in the phase-space faetor P can all be 

performed analytically for the case of a normal Fermi fluid; the 

approximations required for carrying out the integrations give rise to 

errors o.r only a few percent. One can evo,luate the integrals rolati vcly 

accurately because of the simplifications that result from the fact that 

kT is, for the problems of interest, much less than the relevant Fermi 

energies. For example, the energy kT is 0.086 MeV at 109 °K, whereas 

EFn' EFe' and EFp are, respectively, of the order of 70 MeV, 70 MeV, and 

3 MeV at nuclear density. 

The intee;rand nf P is rn•gHgiblP PXCPpt in thP restricted "impor

tant11 region of _phase s_pace where all the particle energies are within 

a few kT of their Fermi energies. It is convenient to neglect 

contributions to the integral from certain regions that are far from the 

ti. t t" . 1mpor an region. In particular, we consider only those _parts of the 

region of integration that satisfy the inequalities 

.PS + /Pi - .P2l < .P1
1 

< Pl + P2 - .P s (VIII .10) 

and > (VIII.Ha) Pl .Po 

where 
.P =p +p s p e 

+ p-
\J 

(VIII.llb) 

The largest error made in restricting ourselves to the domain 

described by relations (VIII.10) and (VIII.11) is of the order of 
-E /kT Fp -3 e · ,which is less than 10 for the temperatures and densities of 

interest. 



3- The .Angular Integral 

We begin the evaluation of the _phase-s_pace factor r given in 

(VIII.8) by performing the integrations over the solid angles, 

ct the angular integral be defined by the relation 

(VIII.12) 

We can rewrite 63 (K'- K) as follows: ~ ~ 

(VIII.13) 

+ Th 1 t . i:2(,---.,'- r, ) where ~ = ,:e,1 ,,e2 - ½ - ~ - ~• c angu a.r delta func ion 1.1 ••i "',9, , 

which re 
I , 

that the directions of ;Q,1 and i be the same, allows one 

to the integration on O{ immediately. We note that 

6(p{ - q) [ ' ( 2 2 )~] 0 Pl - s + P2 + 2 s Pa µ , (VIII. ) 

where ..@_ = ;Q,1 - ~ - .f2e - )2,v and µ is the c of the between ;12,2 

and~· Inequality (VIII.IO) requires that the quantity p{ - q equal 

zero for some value ofµ between -1 and +1. Hence the integral over 0g 

can be carried out immediately, with the result that 

Hepeated use o:t· ineque,lity (VIII,11) allows one to per:form the 

integrations directly. One finds that 

(VIII. ) 

(VIII.16) 
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4. The Radial Integral (Normal Fermi Fluid) 

We now perl'onn the integra,tions on the lengths of' the momentum 

vectors in Eq. (VIII.8). Substituting Eq. (VIII.16) into Eq. (VIII.8) 

and using Eq. (VIII.3b), we obtain: 

6 
P = B f [I p. 2 dp. S Ev 6(Ef - 1<.:i) (pi Pa p{)-i 

i=l l l 
(VIII.17a) 

where 
-9 -13 ( )-15 B=2·· TT me TT (VIII.17b) 

The integration over the neutrino momentum Pv, which one can 

perform immediately using the energy delta function, contributes a 

factor (E1 + E2 - E1
1 

- W - E )3 c - 3
• We now explicitly assume that e p 

the neutrons and protons form a normal Fermi fluid with no gap in its 

excitation spectrum. Defining the effective masses as in Section V, 

we find that 

(VIII,10a) * (pp) .Pp dp = m dE p p .P 

and 
* (p ) dE Pn dp = m n n n n (VIII.18b) 

The electron energy W is nearly equal to p c, since the electrons are 
e e 

highly relativistic. 

It is convenient to express Pin terms of the following dimension

less variables: 

X1 = S {E1 - E - Bn) (VIII.19a) 
Fn ' 

X2 = - S {E; - E - Bn) (VIII.19b) 
Fn 

X3 =-s {we - w ) Fe ' 
(VIII -19c) 

X4 = S (Es - E -
Fn Bn) ' 

(VIII.19d) 



and X5 = - ~ (E ~ E - B - ID +ID} .P Fp .P .P n 
(VIII.19e) 

Substituting Eqs. (VIII.18) and (VIII.19) into the expreRsion for 

P, and using the equilibrium condition, Eq. (III.3), we obtain 

where 

Yn = S [ EF'rl + Bn - En (12, = 0)] ' 
(VIII.20b) 

ye = S [ WFe -m c
2

] e (VIII.20c) 

y =~[EF +B +m - m - E.P (£ = o)] .P .P .P .P n (VIII.20d) 

[ 5 lj l5 J 
5 

-1 

h + /1) J = ~ X. 
Q i:l xi II 

i=l l i=l 

( VIII.;iOe) 

The function 8(y) is defined to be equal to unity when y is positive and 

zero when y is negative. 
x. -1 -x 

The factor 8(I:. x.) IT. (1 + e i) is always less than e 5 Hence, 
l l l 

replacing the limit y by infinity increases the integral in Eq. 
p -y 

(VIII.20) by a term proportional to e P. The quantity yp is a,pproxi-

mately equal to f3 EFp, which is greater than ten for the temperatures 
-y 

of interest here. Hence, terms proportional toe .P can be neglected 

and the limit y can be replaced by infinity. 'Ihe limits y and y can 
. p n e 

also be replaced by infinity since they are at least ten times larger 

than y . 
p 
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The effective masses and momenta contained in J can be expanded in 

* a power series. For example, one can cxpreoo m (Ei) in the form 
n 

00 

* * m (F.i) = m (EFn + R ) + I: x 1n (kT/EFn)n a n n n n 
i=l 

-y 
Thus if we small terms of order e P, the P can be 

ex.pressed as a power series in kT. kT/EFp is less than one-tenth 

for neutron-star temperatures and densities of interest, we can obtain 

an adequate approximation for P by considering ,just the first term in 

the power series expansion of 

3 * * TI m (E.) m (E) p (E) p 2 (W) 
i=l n 1 p p . p p e e 

We then obtain 

where 

and 

P = B (kT) 8 -4 ( *):3 c m m 

co co 

x[ ~ x.] 3 

i=l 1 

= 111 513 rf 
120,960 

00 

5 
IT 

i=l 

* * m = m (EFn + B) n n n 

* * m = m (E + B) 
n p Fp p 

u p 

00 

* P p z I 
Fp Fe (VIII.2la) 

) 

(VIII.2lb) 

(VIII.2lc) 

(VIII.2ld) 

(VIII.2le) 

(VIII.2lf') 
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-1. 

Setting PFp and PFe equal to c WFe' one can write the phase-space 

factor in the convenient form 

(VIII.22) 

The phaoc-space :factor is; a.s f'rom the heuristir. argument 

given in Sec. VII, proportional to ; it is also proportional to the 

product of the effective masses of the four nucleons involved, because 

the number of single-nucleon states per unit energy is proportional to 

the nucleon effective mass. 

Although the integrations involved in Pare accurate to within a 

few the numerical value of P is difficult to estimate to much 

better than an order of magnitude because of the uncertainties in the 

effective masses and the electron Fermi energy. Using Eqs. (v.9) -

( V. ) , we estimate that the (m */m )3 (m */m) is equal to 
n n p p 

0.6 ± 0.3. The electron Fermi energy depends on - B the difference p' 

·between Lhe binding energies of' the neutron and proton. This dif'f'erence 

might easily be as large as 50 MeV at nuclear density, but unfortunately 

no reliable theoretical estimates of B - B are yet available. We shall 
n .P 

assume that B - B is much smaller than 70 Me V and use the f'ree -p.g;rt.i c.l e n p 

relation, Eq. (III.4c), for the electron energy. We then obtain 

a simple but highly approxima,te expression for P, 

8 (VIII. ) 
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5. The Radial Integral (Superfluid) 

We first consider the oituation where the protons are supercon-

ducting but the neutrons are not) a situation that probably obtains for 

densities between o. 5 p 
1 

and 2.8 p 
1

) according to the results nuc nuc 

of Sec. IV-C. 

In the Bardeen-Cooper-Schrieffer (BCS) theory( 2S)) the ground-state 

of a superconducting gas involves pairing of particles with opposite 

spins and momenta. The state vector for the whole system is expressed 

in the second-quantization formalism as the product of the state vec-

tors for the pairs. The four state vectors for the 

(~J' -~J) are given by 

/s1s(1)) 
l 

+ (1-~
15

f2] I o> = [ "2 t t 
~ 8it a-kt (VIII. 2Lia) 

l8i,/2)) {+lo> ~ 
(VIII. 24b) 

1~(3) > = a!k,lo) (VIII.24c) 

and 

,~(4)) [ ~ t t :-2] I > (J-h~)2 akt a-kf - ~ 0 ' 
~ ~ ~ 

(VIII. 24:1) 

where at+ , for example, is the creation operator for a with 

~ 
momentum~ and spin up, and lo) is the vacuum state. The coefficient 

~ is defined by 
~ 1z 

1~ \(1 - t:k/~) ' 
(VIII.24e) 

where ~ ~ 
€ = 
1 

(112/2m) (kz - k z ) 
F ' 

(VIII. 258,) 

and 

~k= ,j E:k z + € 2 (VIII.25b) 0 ~ 
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The qu.antlty e is approximately independent of' k. 
0 

State l~(l)) is the ground-state of the \Et -~n system. The 

energies of states 1~(2)) and l3i/3)) are greater than the energy 

of l~(l)) by un o,mount ~- The fourth otate has an energy of 2~

We now apply this formalism to the treatment of reaction (I.1). 

Consider the case where there is a gaps in the proton spectrum, and 
op 

let the wave number of the proton emitted in reaction (I. 1) be k . The 
"'.P 

matrix elements of the transitions in which the energy in the (k f ,-kt) 
"'.P "'.P 

1: 
system is raised by ~ are proportional to (1 - 1\: ) 2, and the matrix 

"'.P "'.P 
element,s nf' t,hp t,ransi tions in which the F>nergy in thF> (~ f _, -~ t ) system 

is decreased by Ek are proportional to 1\: lz The statistical factors 
"".P "'.[) 

for these two types of transitions are, respectively, [(l + exp(-f:3 ~ )J"'"l 

and [1 + exp (s ~ )T1 • 
"1) 

00 

~ 

00 

We thus find that 

00 00 00 

X 
_...__ _____ _.:;_ ______ + 

where 

1 + exp( f3 ~ ) 
'"-fl 

ThP. tP.rm proportional to ~ is defined to be zero when 
"'.P 

"'.P 

(VIII,26a) 

(VIII.26b) 

(VIII.26c) 

( 81 + 83 + ~ - €: / - 8 e ) i S 

""P 

negative, and the term proportional to (1-1\: ) 

is similarly defined to be zero when (s1+ s2 - ~ -

"'.P 

I 
€ -

""P 
e) is negative. 

e 



The expression for I that 

limit as Seop goes to zero, the 

we found that I was 

tion factor Y(Se ) such that op 
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is given 

same as 

903. 

in Eq. (VIII.26) is, in the 

Eq. (VIII.2lb). In that case, 

We therefore define a correc-

(VIII. ) 

(VIII.27b) 

The correction factor Y is plotted against S €: in Figure 1. op 

It should be noted that e: is a function of temperature( 2S) op 

is zero above the critical temperature T, where 
C 

kT ~ 0.57 e (o) 
C op 

and e (o) is the energy gap at zero temperature. But E: (T) goes 
op op 

and 

rapidly to€: (o) when Tis small compared to T. Figure 1 indicates op C 

that the superconductivity correction is in any case unimportant for 

S e ( T) less than or, in other words, T than about O. T • 
op C 

Thus the temperature-dependence of the energy gap is unimportant for the 

present purposes and one might just as well consider c: equal to c: ( 0 ). 
op O.P 

ii) Superconducting Neutrons 

The energy-gap speculations in Sec. IV-C indicate that the neutrons 

should form a at densities less than about 0.5 p 1 and that nuc 

the energy gap should be greater than 1 MeV over most of the superfluid' 

range. We therefore assume that the neutron energy gap is large 

compared to both the proton energy gap and kT. 

In the low-temperature limit, the phase-space integral can be 
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written, for the case of a neutron superfluid, in the form 

CI (VIII.28a) 

where 

(VIII,28b) 

and co co co co 'r] 

I R:;j [3; _l d81 _l d82 _[ ae'_l d8p_I d8e s'(ri - 8e)
3 (VIII.28c) 

The quantities n and Sare given by 

(VIII,28d) 

and 

(VIII.28e) 

The integral I can be evaluated easily in the low-temperature limit, 

with the following result: 

(VIII.29) 

where€ is the neutron enere;y gap. Using Eqs. (VIII.28a), (VIII.28b), on 

(VIII,29), and (III.4f), we find that 

P ( "8 ) 7 x 10-27 E: 7 -2f3E:on( / )2 T 
SC 1

'"' on R:;j on e p pnucl 9 ' (VIII.30) 

where E: is expressed in MeV. Comparison of Eqs. (VIII.23) and on 

(VIII,30) indicates that P
3
C(S8

0
n) is much smaller than P for tempera-

tures less than 109 °Kif E: is greater than 1 MeV. 
on . 



C. Estimates of the Matrix Elements 

1. Definitions 

The dimensionless matrix elements of Eq. (VIII .h) c:11,n he written 

as follows: 
+:-

Mv = X
11

-
3 J d3 ,t [cos ~' · r + 6~.P (_~) J [cos ~ • r + 6~n C,t) ]; 

(VIII. 31) 

r + tl (r) J 
nn •~ 

(VIII. 32) 

The initial-state wave function [cos k · r + 6° (r)] describes the 
~ ,......, nn rv 

rela,ti ve motion of two neutrons with total spin zero. The functions 

[cos ~' • £ + 6~_/.r.)] and [cos ~, · .~ + 6~_/,:i:_-)] correspond to neutron

proton pairs in states with spin zero and spin one, respectively. We 

consider only states that are even under exchange of positions of the 

two nucleons, because we have neglected nucleon-nucleon scattering in 

odd-parity states, 

Our lack of' detailed knowledge of' the effects of" strong interac

tions makes accurate calculation of MA and~ difficult, In the 

following subsection, we use a dimensional argument to guess the order 

of magnitude and density dependence of the matrix elements, We then 

use two specific models for the nucleon-nucleon collisions to obtain 

more detailed estimates of MA and MV, 

2. Dlmenslurml Estimate 

The integrals over£, in Eqs. (VIII.31) and (VIII.32) must yield 

a quantity _proportional to the cube of a length. Thus we can estimate 

My and MA hy c:onsiderine; the physical lengths involved in the problem, 
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There are two lengths associated with the nucleon-nucleon potential: 

the attractive potential has a range of about \
11 

and the core radius 

is about 0.4 X.. The relevant wave numbers K, k, and k' are all large 
TT 

-i -1 ( / )-ii 3 fractions of PFhh and n PFn Rc10.4 X11 P Pnucl · 

Since all the lengths involved are nearly equal at nuclear density, 

we expect jMAj 2 and jMvl 
2 

to be of the order of unity at nuclear density. 

Furthermore, the effective range of 6 is probably determined primarily 

I -1 
by k, k, or PFn~ . Thus we might expect MA and MV to be proportional 

-3 -1 
to PFn , i.e., to decrease asp . In any event, we expect MA and MV 

to decrease slowly wlLl1 incrt!asing density, for moderate densities. 

3· Scattering Model 

In thio model, we assume that the function~ in Eqs. (VIII.31) and 

(VIII.32) is an outgoing scattered wave; that is, we assume that 

i\ 
I: e sin 6r., P1(0) ikr /kr 
L 

(VIII. 33) 

for kr >> 1. Equation (VIII. 33) does not describe the wave function for 

the region kr < 1, a region which contributes a large part of the inte

grals Mv and MA. In order to estimate the wave function for small 

radii, we must assume a specific form for the interaction potential. We 

adopt the separable potential suggested by Yamaguchi( 36 ). The corres-

ponding s-wave scattering wave function is given by 

where 
i6 . 

e sin 

16 ( 1kr -13r)( )-1 cos k · r + e sin 6 e - e kr 
~~ ~ 

6 = {-i 

(VIII. 34), 



The _parameters A and S, which re_present 7 res_pectively7 the coupling 

strength and range of the separable potential, can be determined from 

the singlet and triplet scattering data. The effective Hamiltonians 

acting on the space _parts of the singlet and triplet wave functions are 

different. But the two singlet wave functions contained in MV are 

eigenfunctions of the same Hamiltonian; since the two eigenfunctions 

correspond to different nucleon energies, they are orthogonal. Thus 

the free-scattering model implies that MV equals zero. 

We have computed~ using values of Sand A that reproduce the 

experimental _phase shifts between 25 and 100 MeV. 'l'he resulting 

expression for MA is complicated; but, for p < p 1 it can be accur~ rn1c 

ately appro~imated as follows: 

(VIII.36) 

Note that the model described above neglects all correlations 

between the colliding nucleons and the other nucleons that are present. 

4. Nuclear Matter Calculation 

In using the scattering model discussed above 7 we have neglected 

the fact that the exclusion principle prohibits scattering into occu

pied states, Nearly all the states that are energetically accessible 

to two colHding nucleons are 7 in fact, occupied in a neutron star; 

hence there is almost no free sca,ttering. The wave function describing 

the relative motion of two nucleons in a neutron star or in nuclear 

matter is a synrrnetrized plane wave, except for some distortion for 

small internucleon separations. This distortion is described by the 
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functions 6 in Eqs. (VIII.31) and (VIII.32). One can describe the 

collision between two _particles most simply by using a two-particle 

Schrodinger equation, The effect of the interactions between the 

two colliding particles and Lhe oLher rmc:leons c:1::m Le represenLe<l 

approximately by re.placing the free-particle masses by the effective 

masses. However, the Schrodinger equation must also be modified to 

to,ke account of the fact that the states below the relevant Fermi 

levels are largely 0ccu_pied; the appropriate modified form of the 

Schrodinger equation is the Bethe-Goldstone equation, which is often 

user'! in nnclear-matter calculations (24 ). In the Bethe-Goldstone 

equation, the usual potential-energy term V(r) v(;E) is replaced by 

qV(:,J ~(r..), where q is a projection that eliminates those 

Fourier components of V(r) Hr) that correspond to occupied states. 

Since the operator qV(r.J is not hermitian, the solutions to the Bethe

Goldstone equation for dj_fferent energies are not necessarily orthogonal. 

Thus MV need not be zero as it was in the model of subsection 

3. 

We follow Gomes et a1.( 24 ) in assuming spin-independent forces, 

which implies that MA and~ are equal. However, 6 and 6 are not nn np 

equa,l, since the exclusion principle differentiates between neutrons 

and Using the fa.ct that j3::,j io different from I 2::: 'j to show 

that r 3 , 
J d r cos ~ . ?::., cos t • = 0 

we can rewrite Eqs. (VIII.31) and (VIII.32) in the form 

(VIII. 37) 

J,, d3 r· [cos h. '• r 6 (r) + cos k • r 6 (r) + 6 (r' 6 (r)] • ,...., ~ nn ~ ~ ~ np ~ np ;;.J nn ~ 
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The function 6 (r) has no Fourier components corresponding to the 
nn ~ 

scattering of either neutron into an occupied state, i.e., 6 (r) 
nn ~-

has no components with wave nwuber)?, for which /½ JS + ;el < P Fnfi-1
, 

Since ~k 
I ls c:LJJJJroxlmaLely one-half' K, 6 (r) has no Fourier component 

,-.J nn~ 
I 

with wave number ± ,ls , and 

J d3 r cos k 
1 

• ~r 6 (r) = 0 
nn ~ 

We follow Gomes et al, in assuming that the nucleon-nucleon 

_potential consists of an attractive square well and a hard core. The 

long-range attractive well has little effect on the wave function for 

densities comparable top 1; the distortion functions 6 are due nuc 

almost entirely to the hard core. We couslder Lhe e;ase where the core 

radius, a, is much less than h[PFn]-1
, The resulting low-density app

roximation should be reasonably accurate up to densities about equal to 

nuclear density. In the low-density limit, one can mo,kc the following 

simplifications: first, we need only considers-waves; second, we can 

neglect the last term in Eq. (VIII. 37) because the product 6 (r) 6 (r) np ~ nn~ 

is of second order in PFna/h; third, in computing 6 (r) we can neglect np ~ 
the leakage of the wave function inside the core as well as the changes 

in the wave function's normalization caused by the distortion terms 6. 

One can then use the Bethe-Goldstone equation to find the Fourier com

ponent of 6 (r) that corresponds to the momentwu k, In this way, one . np ·~ 
finds that 

(VIII. 38) 
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The values of k and k
1 

are determined by kinematics and the 

exclusion principle. We found in Sec. VIII-B that the particles 

involved in reactions (I,l) and (r.5) must be in a narrow band of 

states at the top of their respective Fermi seas. Thus the momentum 

of each particle involved in a reaction must be nearly equal to the 

Fermi momentum for that particle. The neutron Fermi momentum is 

large compared to the proton and electron Fermi momenta; the neutrino 

momentum, which is of the order of kT/c, is completely negligible. 

Hence the momentum )2).
1 

of the final neutron must be approximately equal 

to the momentum in the initial state, Pl+ pz. I.r we neglect U1e rnornen-
~ ~ 

ta of all particles except the neutrons, we find that the three neutron 

momenta form an equilateral triangle with sides of length PFrl. It 

~( )-1 1 
( )-1 ±'allows t,h,9,t, k is eri.ual t.o 3 2'h PFn a.nd k is equal to 2fi PFrl • 

Substituting these values of k and k' in Eq. (VIII.38) using Eq.(III.4eh 

-14 and choosing the core radius a to be 4 x 10· cm, we find that 

= 1.0 (p /p)4/a 
nucl 

5. Summary 

(VIII.J9) 

The scattering model and the model based on the usual picture of' 

nuclear matter both .Predict that IMAl 2 is of the order of unity near 

nuclear density and that IMA,~ decreases with increasing density. The 

relatively small difference between Eqs. (VIII.36) and (VIII.39), and 

the agreement of both equations with a dimensional analysis, indicates 

that the value of the total matrix element is not critically sensitive 
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to the uncertainty in our knowledge of the strong internucleon force. 

D. Related Reactions 

1, The Inverse Reaction 

We have calculated so far only the rate of neutrino energy loss 

via reaction (I.1). At the' temperatures and densities for which reac

tions (I.l) and (I.5) are the dominant means of' ensuring chemical 

equilibrium in the n-e-p system, the rates of reactions (I.l) and (I.5) 

must be equal in order to preserve the equilibrium. We shall now show 

that the rates of neutrino energy loss by the two reactions are in :t'act 

equal within the approximations we have used in calculating the rate of 

reaction (I..l). 

Fo1· reaction. (I.1), Eq. (VIII.6) provides an evaluation. of 

Z: • I (f I H I i) I 2; this equation is accurate if the lepton momenta spins 

are small compared to the neutron momenta. The expression for 

I: . l(f I H Ii) 12 for reaction (I.5) is identical to Eq. (VIII.6) if spins 

the lepton momenta are again neglected. The nucleon matrix elements 

MA and MV for reaction (I.5) are the complex conjugates of MA and MV 

for reaction (I.1). Furthermore, one can easily show that Eq. (VIII.20) 

for the phase-space factor P holds equally well for reactions (I.l) and 

(I.5). Thus, Eq. (VIII.7), which gives the neutrino luminosity in terms 

of MV' MA, and P, predicts the same rates of energy loss for the direct 

and inverse reactions. 



2. Muon Production 

Muons are present in a neutron star if the electron Fermi energy 

2 is greater than the muon rest energy mµc; muon neutrinos are then 

produced by ans (I.2) and (I.6). The rate of reactions (I.2) 

and (I.6) can be computed by the method used :for reactions (I.1) and 

(I.5). The only difference in the rates of production of muon and 

states at the top of l,he muon Fermi sec:1, differs from l,he density of 

electron states at the top of the electronFermi sea by a factor F, 

where, for WFe than m c2 

µ 

F = PFf./PFe 

Using the equilibrhun relations (Eq. (III. 5)), we obtain 

(VIII.40) 

(VIII.41) 

2 The ratio F is, of course, zero when W Fe is less than m~r . Using 

Eq. (III.40) to estimate WFe' we find that 

for 

and 

p > 1.8 p 1 nuc (VIII. ) 

F = 0 for p < 1.8 p 1 nuc 
(VIII.42b) 

E. Numerical 

We now combine the results of the last few subsections to obtain 

a numerical expression for energy loss by neutrino emission by reactions 

(I.1), (r.2), (I.5), and (r.6). We consider densities high enough to 

ensure that the neutrons do not form a superfluid and that the nucleon 
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gas is stable to the formation of '1nuclei 11
• 

We mJbstitute Eqs. (VIII.23) and (VIII.39) into Eq. (VIII.9), 

multiply by 2(1 + F) to take account of reactions (I.2), (I. 5), and 

(I.6), and multiply by Y to correct for proton superconductivity. We 

then obtain 

Lnvn;:::::: (1020 erg cm-3 sec-1 )(p/p 
1

)2
/

3 T9
8 Y(l + F),(VIII.43) 

nuc 

where Fis given in Eq. (VIII.42) and Y is plotted in Figµre 1, 

The luminosity of a mass M of neutron-star matter with a uniform 
8 

density pis given by the expression 

where ~ is the mass of the sun. 

F, Comparison with Previous Work 

Several authors have previously calculated the rates of nucleon

nucleon reactions using the model of a normal Fermi gas. Chiu and 

Salpeter(l5) first suggested that reactions (I.l) and (r.5) might 

contribute importantly to the cooling of neutron stars, They used 

a dimensional analysis to obtain the expression 

for the rate of energy loss by neutrinos produced in reactions (I.1) 

and (I.5). The result given by Chiu and Salpeter has the correct temp

erature dependence, but it is typically two or three orders of magnitude 

smaller than our best estimate (as given in Eq. (VIII.44), if proton 

superconductivity is neglected. 
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F .. (
2l) h f d d t ·1 d 1 1 t· f th t f inzi as per orme a e ai e ca cu a ion o era e o 

reaction (I,1) at a density of 1.6 p 
1

. His treatment of the matrix nuc 

element differs from ours in several ways. First, he neglected the 

effects of the exclusion principle on the relative motion of two collid

ing nucleons, Second, he treated the strong nucleon-nucleon interaction 

as a first-order perturbation; the nucleon scattering matrix element was 

assumed to be equal to a constant, which was determined by the require

ment that the same first-order perturbation treatment yield a value of 

3 X 10-26 cm2 for the scattering cross section for free nucleons. Third, 

he treated the nucleons and leptons as scalar particles (instead of· 

Fermions) in calculating the amplitude associated with the weak vertex. 

Finzi's treatment of the phase-space factor P differs from ours in two 

ways; Flr::it, a minor error in his integrations results in an extra 

factor that is approximately equal to 2/ 3; second, he uses the free 

masses m and m n p 
* * instead of effective masses m and m to describe the 

n P 

density of single-particle states. Finzi gave the following expression 

for the luminosity of 0.6 M7 of neutron star matter at 1.6 p : -u nucl 

This result differs from the luminosity predicted by Eq. (VIII.44) for 

the same mass and density by about a factor of one-fifth (if we set F 

equal to zero and neglect superconductivity). The disagreement between 

the two answers is small compared to the obvious uncertainties in either 

approach. The closeness of the two I'esul l,s .fo1' U1e rate o.r ene:rgy loss 

arises partly from the fact that the matrix element is, as we mentioned 

in Sec. VIII-C, rela,tively insensitive to the details of the model used 
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to calculate it, 

Ellis (22 ) has recently reported a, si.mi lar calculation of the rate 

of energy loss by reactions (I. 1) and (r. 5). Following Finzi, he 

em.ployed second-order perturbation theory to estimate the transition 

amplitude, using the known nucleon-nucleon scattering data to determine 

the coupling at the strong vertex; he also neglected the effects of the 

surrounding neutrons on the relative motion of the colliding nucleons. 

Unlike Finzi, Ellis treated the nucleons and leptons as Fermions, and 

he performed the calculation for a range of densities. Although he did 

treat the nucleons relati vi sti<:ally, he did not c:onsider Lhe JJro Lorw to 

be degenerate, despite the fact that EFp/kT is of the order of 50 for 

most temperatures and densities expected in neutron stars. Ellis per

formed po.rt of the integration over phase space by a Monte Carlo 

technique;· he gave the following formula, which accurately represents 

his numerical results: 

The peculiar temperature dependence is due primarily to the fact that he 

assumed that the protons were non-degenerate. The above relation does 

not differ from that obtained by Finzi or by us by more than a factor of 

ten in the most interesting domains of t.em_perat.ure ann nensi ty. 
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IX. PION COOLING 

A. General Discussion 

In this section we calculate the rates of several neutrino-

producing reactions that will occur if quasi-free pions are present 

neutn:m.-star matter. Quasi-free _pionsJ if they are present at all in 

a neutron star, must be highly degenerate; that is, nearly all the 

_pions must be in the lowest-energy single-particle state. The momentum 

-err and energy wTT of this lowest single-particle state are not known. 

The reaction rate fortuno,tely doeo not depend ocnoi ti vcly on ;en' and 

we can assume p is zero without making a serious error. The energy 
~ 

w can be written 
TT 

where B -, the pion binding energy, was defined in 2ec. III. 
TT 

(rx:.1) 

Reactions (I.3), (I.4), (1.7), and (I.8) should be the most impor-

tant reactions involving quasi-free pions. We shall first derive an 

ex_pression for the rate of energy loss by reaction (I.3), and then 

modify the formula to take account of the other reactions. 

The rate of energy loss per pion by reaction (I. 3) 1s given by 

I: 
spins 

J d3 d3 ' d3n n1 n1 
t: 

The notation used in Eq. (rx:.2) is similar to that used in Eq. (VIII.3): 

3 3 I 3 3 
the differentials d n1 , d n1 , d ne' and d nv refer to the initial 

neutron, the final neutron, the electron, and the antineutri.no, 
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respectively. The statistical factor S is identical to that defined in 

Eq. (VIII. 3c), except that it only includes factors for the two neutrons 

and the electron (all pions are assumed to be in the lowest energy 

state). The initial state vector l(n,n-) +) is an eigenstate of the 

strong Hamiltonian; the incoming part of l(n,n-) +) corresponds to a 

neutron with momentum,.-e1 and a pion with momentum_.En· The final state 

vector (n,e-,v)) is a product of momentum eigenstates representing a 

neutron (with momentum p/), an electron (with momentum n ), and a ~ ~e 

neutrino (with momentum £,v). 

We again find it convenient to separate the neutrino luminosity 

into a, dimensionless phase-space factor, a dimensionless matrix element, 

and a constant factor. The matrix element is nearly constant over those 

regions of phase space where the statistical factor Sis non-negligible. 

Thus we can remove the matrix element from the integral and write the 

neutrino luminosity in the form 

(IX.3a) 

where 

(IX.3b) 

X ~ /((n,e-,v)/Hw/(n,rr-)+)( , (IX.Jc) 
spins 

and½ and 4 are the initial and final momenta, respectively. 



2 In the following sections, we estimate the values of P and M, 

employing arguments that are analagous to those we have previously 

used to calculate the nucleon-nucleon cooling rate. We shall see, 

however, that our knowledge of the relevant matrix elements is much 

less accurate for pionic cooling than it is for nucleon-nucleon 

cooling. 

B. The Phase-Space Factor 

As in the case of the nucleon-nucleon cooling, we dcccribe the 

density of available initial and final states by the phase-space fac-

tor which, for reaction (I.3), is defined in Eq. (IX.3b). It is 

unlikely that quasi-free pions could occur at densit.ieR JPRS than 

nuclear density and it seems likely that the neutrons in a neutron 

star do not have a gap in their for densities than 

nuclear density. Hence we do not consider neutron superfluidity in 

the calculation of the rate of cooling by pion reactions. We exclude 

the formation of "nuclei" for the same reason: We saw in Sec. IV-B 

that such "nucleirr should not be stable at densities greater than 

nuclear density. 

The integrand in .l:!:q. (iX.Jb) is concentrated in the small "impor

tant region" of phase space where the.energy of each particle is within 

a few kT of its Fermi energy. Just as in Sec. VIII-B, we neglect the 

c.:untribution to the P from certain far from the 

"important region°_; in particular, we consider only the parts of phase 

space satisfying the following inequalities: 
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(IX .4a) 

Pl > p- + p 
V TT 

(IX.4b) 

The phase-space factor for reaction (I. 3) can be evalua,ted by the 

methods used to calculate P f'or reaction (I. 1). We use inequa.li ties 

(rx:.4) to evaluate the angular integral A, where 

1?(p1+ p - Pl I - p - p;:-,). (rx:.5) 
r<,,J r-vTT ,....._, ,..._,e rvv 

The result is 
3 ( I )-1 A =- 32TT Pl P Pi 

e 
(Il.6) 

Substituting Eq. (rx:.6) into Eq. (IX.3b) and using the energy 

delta function to integrate over the neutrino momentum yields 

where 

0::, 

p = D I Pl d.P1 
0 

(Il.7a) 

(IX.7c) 

and p is defined such that E is equal to zero when p equals p • 
m o c m 

As in Sec. VIII-B, it is convenient to change variables: We define 

m *(.!!;), x1, X2, and X3 'by Eg,s. (VIII.18b) and (VlII.19a-c), respective
n n 

ly. We then use the conditions of chemical equilibrium. (Eqs. (III.10)) 

to obtain 
oo yn 

p = D (kT) 6 c -a J mn *(E1) rlx1 J mn*(E1 ') d.x.2 

-yn -co 

(Il.8) 
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sere y and y were defined in Eqs. (VIII.20b) and (VIII.20c). To n e 

lowest order in kT/EFri we can set the effective masses equal to 

their value at the neutron Fermi energy and neglect x3 kT re la.ti ve to 

w. Replacing the limits yn and y by infinity causes errors of the 
TT - i3E - SE e 

d f Fn d Fe t· 1 th b 1 t d or er o e an e , respec ive y; ese errors can e neg ec e 

since SEFn and SEFe are both much greater than 100. We then obtain the 

following e:x.presslun for Lhe _phase-s_pace factor: 

I' 

where 
00 CD 

= (457/5040) rf 

(DC.9a) 

(IX.9b) 

(IX-9c) 

The phase-space factor is proportional to T3, as expected from the 

heuristic argument in Sec. VII. The factor P for reaction (I.3) depends 

* on the density only through the effective mass m and the pion ground-
n 

state energy w
11

• Referring to the results of Sec. V-B, we assume that 

the neutron effective mass is 1. 0 m . We also assume that the pion 
n 

2 binding energy B
11

- is small compared to m
11

c . Then the pion phase-space 

factor ca,n be conveniently expressed in the form 

(rx:.10) 

C. Ma,trix Element 

It is much more difficult to estimate the matrix element for 

reaction (I. 3) than it was to determine the matrix element for reaction 

(I.l), because the pions must be treated relativistically and it is thus 
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difficult to describe the pion-nucleon scattering by means of a poten

tial. We use a dimensional argument to estimate the pion matrix 

elements, using specific crude models for the interaction to indicate 

which of the relevant lengths are in fact important in the matrix 

element. 

The most obvious physical lengths involved in the matrix element 

-1 ( )-1 ( )-1 -1 -1 Mare tbe £ollowing: h~WTT 7 n mec , ~ mhc , n(PFe) , ti~(F.0) ~ 

h( PFn) "".l, and the range of the pion-nucleon potential. The range of 

the pion-nucleon potential is of the order of the scale length "-n• 

2 The pion binding energy Brr- is probably not large compared to m
11
c; 

hcWTT-1 and h(PFe)-1 are thus also of the order of ~TT. If these physi

cal lengths were the only ones important in M, one would conclude that 

the dimensionless matrix element is of the order of unity. 

However, there remain four relevant lengths that are not approxi-

mately equal to ~TT: To 

obtain some idea of the importance of each of these lengths in the 

matrix element M2
, we calculated the matrix element using the models 

indicated by the Feynman diagrams of Figure 2. In the first diagram, 

the reaction is assumed to occur through decay of a pion, while the 

pion is colliding with a neutron. This assumption provides some insight 

because it enables one to sepa.rate the contributions from the strone; anrl 

weak vertices. In evaluating the contributions from diagrams (2b) and 

(2c) we used the simple pion-nucleon Hamiltonian( 37 ) 

(:rx.na) 

where 
(IX,llb) 
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Diagrams of higher ordering than (2b) and (2c) would, of' course, 

make significant contributions, because of the large value of g. We 

sti 11 use diagrams (2b) and (2c), however, to indicate what lengths 

are important 

We find that the energy EV enters the problem only through Ee± Ev. 

-1 
Since Ee is much larger than Ev, the length he E9 does not affect the 

reaction rate appreciably. 

The momentum and energy transferred to the leptons do not depend 

strongly on PFrl, and, at least for the simple models we considered, the 

am_pli tudes at the strong vertices do not depend strongly on P Fn either. 

Thus the matrix element is not critically dependent on h(PFn)-1
• 

The momentum and energy transferred to the leptons do not depend 

on m; the strong-vertex contribution and the energy denominators are 
e 

thus largely independent of n(m c f 1
• For diagrams that involve pion 

e 

decay, as (2a) and (2b) do, the amplitude at the weak vertex is prcpor-

tional to m . The same factor occurs in the rate of the electron-deca,y 
e 

of the free pion. The contributions to M 
2 from diagrams like those 

in Figs. (2a) and. (2b) are therefore reduced by the small factor 

6m. /m )2. The neutron-decay diagram (2c) is not inhibited by such a 
e TT 

factor, and the contribution from diagram (2c) is consequently much 

11:l,rger than the contributions :from the diagrams of' Figs, (2a) and (2b). 

The contributions from the dominant diagrams that do not involve pion 

decay are essentially independent of m, and the total reaction rate 
e 

thuo doco not vary significantly with (n/m c). 
e 

All of the lengths that are important in determining M 
2 

are thus 

of the order of~, except for one length, n/m c, which differs from 
TT n 
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~TT by a factor of mJmn. The effect of the nucleon mass on the matrix 

element is subtle; the masses of the hadrons and the coupling constants 

characterizing their interactions are connected in a complicated way. 

The ratio (X h ), or m /m , is typical o:t· the dimensionless quantities TT n n TT 

arising in strong-interaction calculations, Our dimensional reasoning 

can only suggest that M should be of the order of unity, within perhaps 

a couple of factors of m /m. n TT 

Explicit c.alculation of the dimensionless matrix element using the 

diagram of Fig. 2c implies that M 2 is of the order of ten, and we shall 

use that value in numerical expressions, realizing that our gucoc for 

M 2 could easily be wrong by at least an order of magnitude, 

D, Related Reactions 

Muons are expected to be present in neutron stars that contain 

pions if w Ls gre::1t.er t.h8n m c 2 (cf'. Eqs. (III.6), (III.10)_. and (Iv.1)). 
TT µ 

When muons are present, reaction ( I.li.) contributes to the rate of neutri-

no production. The phase space factor forreaction (I.4) is the same as 

for reaction (I.3) if, as expected, WTT - mµc 2 is much larger than kT. 

The matrix element Mis, on the other hand, not the same for decays pro

ducing muons and electrons. In Sec. IX-C we found that diagrams such as 

Fig, 2c that involve the decay of a neutron into a proton, electron, and 

antineutrino were much more important than diagrams such as Figs. 2a and 

2b that involve the decay o:t· a virtual TT into an e and a v . However, 
e 

the pion-decay processes that are inhibited by a factor of (m/mn)2 in 

-
the case of decay into a e and v are only inhibited by a factor of 

e 

(mJrn )2 in U1e C1:il::le of uecay lato a ti and v . Thus diagrams such as 
~ TT I"' µ 

Figs. 2a and 2b may contribute importantly to the rate of production 
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of muon neutrinos. The rates of production of electron and muon 

neutrinos may nevertheless be of the same order of magnitude, and, 

an accurate estimate of either rate, we shall assume that 

the rates of energy loss by muon and electron neutrinos are equal. 

As in the case of the nucleon-nucleon reactions, the rate of 

energy loss by the inverse processes (reactions (I.7) and (I.8) can 

be proved equal to the rate 01· energy loss by the 1·orward processes 

(reactions (I.3) and (I.4)). 

E. Nwnerical Expressions 

The rate of energy loss by neutrinos produced in on reactions 

can be obtained by substituting values of M2 and Pin Eq. (IX.Ja). 

In particular, we uoc Eq. (IX.10) for the phase space factor and set 

M2 equal to ten. Multi.plying by four to account for the muonic decay 

(reaction (I.4)) and the inverse processes on (I. 1 ) and (I.8), 

we find the expression 

17h -11 / 1v R:J 10 erg sec (IX.12) 

for the rate of energy loss per pion. The neutrino luminosity of a 

111<::tss M of 
s 

matter is then by 

where nr/nb i.s the ratio of the number density of quasi-free pions to 

the number density of baryons, Equations (IX.12) and (IX.13) are prob

ably accurate to within a factor of something like one-hundred. The 

result. e;iven in Eq. (IX.13) is about twice the rate indicated by the 
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heuristic discussion in Sec. VII. We note that the energy loss by the 

pionic processes is of the order of 107 'Is-2 times the energy loss by 

the nucleon-nucleon processes if a 

pions are present. 

number of -free 



-97-

x. COOLING TIMES AND OBSERVABILITY 

A. Specific Heat of a Neutron Star 

Conoider a system consisting of a mass M of neutron-star 
s 

matter with uniform density p and uniform temperature T. The 

contribution of the neutron gas to the specific heat of the sys

tem j_s given approximately by 

Cneut R;j ( 1048 erg/109 oK) T9 ( p / p nuclr2/3 

x (M/Mo) ~eut (X.la) 

where T
9 

is the temperature in units of 109 °K, and Q t repreneu 

sents the change that superfluidity causes in the specific heat. 

of the neutron gas. The factor Q tis equal to unity above neu 

the critical temperature for superfluidity. A large superfluid 

gap in the spectrum of the gas greatly reduces the specific heat, 

and Q t goes exponentially to zero as the temperature decreases neu 

below T , the critical temperature for superfluidity. Bardeen 
C 

et al. ( 2B) have shown that the modification in the specific heat 

caused by superconductivity is represented reasonably accurately 

for most T < T by 
C 

(X. lb) 

where 

kT = 0.57 € (T=O) 
c on 

(X.lc) 

If "nuclein are not present in the neutron-star mnttcr, 

the proton specific heat is given approximately by 
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where Q tis the correction caused by proton superconductivity. pro 

Assuming that m */m * is about o.6 and using Eqs. (III.4) to p n 

estimate (PF /PF )J we find that p Il 

C t RJ 0.1 C (Q /Q ) pro neut prot neut 

near nuclear density. 

(x.3) 

Sindlarly, the electron specific heat is given approximately 

by 

RJ 0.01 C t (1/Q t) neu "'neu 

near nuclear denslLy. The elec;Lrons ln a neutron star should 

not be superconducting; consequently the electron specific heat 

would be dominant if both the neutron and proton energy gaps 

were large compared to kT. 

The muon specific heat is always small compared to the 

electron specific heat; it is given by 

C muon 

Pions would not contribute significantly to the specific 

heat of a star even if a large number of TT-'s were present. 

Since the degeneracy temperature for a pion gas is given roughly 

by 

T RJ (4 x 1012 °K) (n /n )213 ( / )2/3 
deg TT n P P nucl ' (x. 7) 



pions are highly degenerate in a neutron star if they are present 

in significant numbers. If Lhere is no gap in the pion excitation 

spectrum, the pion specific heat is proportional to (T/T )3/ 2 
deg 

and is small compared to the electron specific heat for temperatures 

less than 109 °K. Any e;i:i.p :i.n the pion Rpectrum wmild reduce the 

pion specific heat still further. 

Thermal excitations such as sound waves) plasma waves, spin 

waves, and isospin waves contribute negligibly to the specific 

heat because the density of such thermal excitations goes rapidly 

to zero as the temperature goes to zero. 

B. Sample Cooling Rates 

We consider neutron-star matter cooling by the following 

processes: radiation of photons from the surface, the plasma

neutrino proccoo ( y - v + v ) , the nucleon-nucleon processes 

(reactions (I.1), (I.2), (I.5), and (I.6)), the neutrino-brems

strahlung process ( e - + Z - e - + Z + V + V ) , and the pion-nucleon 

reactions (reactions (r.3), (I.4), (r.7), and (I.8)). 

We assume that the star radiates photons from its surface like 

a black body; the detailed atmospheric calculations of Orszag( 3B) 

indicate that the black-body assumption is a reasonable overall 

approximation. The photon luminosity is then by 

(x.8) 

where Te
7 

is the effective surface temperature in units of 107 °K, 

and R
10 

is the radius of the star in units of 10 km. 

Emission of neutrinos by the plasma process takes place primarily 
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close to the surface of the star. Chiu and Salpeter(i5) have 

used the results of neutron-star model calculations to arrive 

at the following approximate expression for the neutrino lumi

nosity by the plasma process: 

We consider the nucleon-nucleon reaction at densities high 

enough that the neutrons do not form a superfluid. The rate is 

then 

L~n R,j (6 x 1038 erg sec-1 ) (M/MQ) 

x ( p 1/ p )1/3 T98 y ( 1 + F) ' 
nuc 

(VIII.44) 

where Y represents the correction for proton superconductivity 

and (1 + F) is the factor allowing for the presence of muons. 

Ruderrnan( 25 ) has calculated the rate of the neutrino brerns-

strahlung reaction, 

e +z-e +z+v+v (X.10) 

where Z represents a "nucleus" of charge Z. Reaction (X.10) 

occurs only at densities low enough that the "nuclei" are stable. 

Ruderman 1 s expression for the rate of reaction (X.10) implies 

that a mass M of uniform neutron-star matter would have a neut-
s 

rino luminosity given by 

(X.11) 

where nz is the number density of nuclei and¾ is the number 
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density of baryons. 

Finally) the neutrino luminosity caused by the pion-nucleon 

reactions is written 

(X.12) 

The rate of change of the interior temperature can easily 

be computed (if the ratio of the interior to surface temperature 

is known) using the relation 

C dT 
neut dt 

Ly _ Lpl _ L nn _ L Ze _ L TT n 
V V V V (x.13) 

where we have assumed that the neutrons make the dominant con-

tribution to the specific heat. 

We now reproduce the of for a few s 

cases. Neglecting neutron superfluidity, the effects of "nuclei" 

and pions, and the plasma-neutrino process) we find that the time 

required for a star's interior to cool from T(i) to T(f) is given 

by 

(X.14a) 

where 

(X.14b) 

(X.14c) 

(X.14d) 

:=i.nd 
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(X.14e) 

We have assumed that the temperature parameter t).(T), defined by 

(X.15a) 

or 

a (T) = T /T 
9 e7 

(X.15b) 

is approximately constant for T between T(i) and T(f). 

Tt i 8 c:lP.a.r from EC]_. (X.14.) that the cooling rate depends 

strongly on the parameter a ( T) , which must be determined 

from theoretical models of neutrons stars. We wish to stress that 

a is, in fact; the only quantity derived from neutron-star models 

that enters sensitively into the theoretical predictions of the 

cooling rates. It is primarily through a that the models affect 

the question of the observability of the surface radiation from 

neutron stars, and future model calculations should therefore 

attempt to establish the uncertainty in ex, due, for example, 

to uncertainties in the equation of state. 

If the neutrino-bremsstrahlung process is dominant, the time 

required for the interior to cool from T
9

(i) to T
9

(f) is 

6 t( z) = ( 4 yr) z-2 (n/nz) ( p / p nuclr2/3 

x ~9 ( fr 4 - T9 ( i r 4 J 
A similar expression 

(X.16) 

6t ( pions ) = ( 8 X 10 - 7 yr) ( nb/ n ) ( p / p l r 2/ 3 
• TT nuc 

(x.17) 



gives the cooling rate when the pion-nucleon processes are dominant. 

Figure 3 shows the results of cooling-time calculations 

performed for a typical neutron star with average density p nucl 

and mass M
0

. The "nn + y II 
J "Ze", and II n n" curves are based 

on Eg_s. (X.14), (x.16), and (X.17), respectively. The values of 

0(, used are listed in Table I. We set Z equal to ten in Eg_. (X.16) 

and adopted the value 0.001 for nz/nb, in agreement with Eg_. (III.4). 

The cooling times with the plasma-neutrino and photon processes 

* operating together were taken from the results plotted by Tsuruta. 

C. Minimum Cooling Rate 

In this subsection we establish a lower limit on the cooling 

rate of a neutron star, a limit that is valid despite the ob

vious theoretical uncertainties and despite the variation of the 

cooling rate with stellar mass. With the present uncertainty 

about emission of neutrinos from the dense matter deep in the 

interior of a neutron star, one can best establish a minimum 

cooling rate by considering primarily processes that involve the 

relatively low-density material near the star's surface. Two 

such processes are the plasma-neutrino reaction ( y- v + v ) 
and surface emission of thermal photons. The rates of these two 

-x- , 
In her thesis, Miss Tsuruta (Ref. 6) used the general expressions 

for the rate of the plasma-neutrino process that are given by J. B. 
Adams, M.A. Ruderman, and CH. Woo, Phys. Rev. 129, 1383(1965). 
Minor errors in these gener~l expressions have recently been pointed 
out by M. H. Zaidi, Nuovo Cimento (to be published). The correspon
ding corrections have been made in the "plasma+ y" curve in Fig. 3. 
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processes have been considered in Tsuruta's detailed neutron-

star models, and the cooling rate she obtained for one model 

is plotted in Fig. 3. 

The 11 plasma + y11 curve in Fig. 3 is a reasonable lower limit 

for the cooling rate of a neutron star. The reasons for choosing 

the plotted "plasma+ y11 rate as a lower limit are summarized in 

the following three paragraphs: 

(1) Most neutrinos emitted by the plasma-neutrino process(lS) 

originate far out in a neutron star, where the density is of the 

10 11 / order of 10 or 10 gm cc. The photons originate from matter of 

even lower density. The rate of emission of photono and plasma-

produced neutrinos thus depends on the properties of very high

density matter only through their dependence on the mass-radius 

relation of the star. rrhe rate of energy loss by the plasma and 

photon processes is thus independent of the details of the excita

tion spectrum of matter at densities near p 
1 

and is not 
nuc 

strongly dependent on the equation of state assumed at high densi-

ties. 

(2) Superfluidity and the existence of "nuclei" in the interior 

of a neutron star tend to reduce the specific heat of the star. 

The cooling rates plotted in Fig. 3 were calculated under the 

assumption that the nucleons form ci, nonnal Ferrnl fluid. Hence 

the cooling rates due to the plasma and photon processes would 

be increased, ratrer than decreased, by gaps in the energy 

opcctrum of dense neutron-star matter. 



-105-

(3) The cooling rates do depend somewhat on the mass (or, alter

natively_; the central density) chosen for the stellar model; the 

cooling rates for the plasma and photon processes vary inversely 

with the central density. The model corresponding to the curve 

in . 3 had a central density of about 1.9 p 1 . Tht: nuc 

plasma and photon processes would proceed more rapidly in a star 

with lower central density. In a star with central density greater 

than 1.9 P 
1

, the pion-nucleon and/or nucleon-nucleon processes nuc 

should proceed rapidly because "nuclei" should not exist at such 

high densities, and the neutron energy spectrum should not have 

a gap in it. The nucleon-nucleon processes would be f::i.RtPr than 

the plasma-neutrino process if the proton gap is less than about 

1 Mev, and the energy-gap calculations described in Sec. IV-C 

indicate that the proton gap is_, in fact., considerably less than 

1 Mev. We thus conclude that the cooling rates of stars with 

central densities greater than 1.9 p 1 should be greater than nuc 

the rate indicated by the "plasma+ Y" curve in Fig. 3, despite 

fact that the rate of by the and photon 

processes alone would, for such dense stars, be slightly lower 

than the plotted rate. 

We conclude that the 11 plasma + Y" curve in 

limit for the cooling rate of a neutron star. 

. 3 is a lower 

D. Cooling Time::, ancl Ob::,er·vablll Ly 

The probability of ever observing a neutron star by detecting 

radiation from its surface depends strongly on the rates at which 
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such stars cool. A star that contains quasi-free pions) or one in which 

ordinary neutron-decay can take place (see Appendix), would emit detect

able ..,Tays for no more than a few days, and the probability of observi~ 

it would be small. A star that cools only by the nucleon-nucleon and 

photon processes would be detectable for a longer time. 

We now consider the flux of photons that would be produced at a 

distance r by a neutron star with effective temperature T. The flux 
e 

~ of photons with wavelengths less than A is given approximately by 
m 

lHlO J 2 

[] T J3 gj 1 

1~6 OK 
( 2 ) -x (x.13a) R:: ~x+x+l e , 

2. '.J 2 sec rkpc X cm 

where R;,0 is the stellar ra,dius in uni ts of 10 km, rkpc is the distance 

to the star in kiloparsecs (1 kpc Rj 3.08 X 1021 cm), and xis defined as 

follows: 

X = 4.8 (10 j/A) (3 X 106 °K/T) 
m e 

(x.13b) 

Approximately ten X-ray sources have been identified by Giacconi 

(9) (10), (11) (12) et al.) Bowyer et al., and Clark et al. . These sources 

are concentrated near the galactic plane, and about half of them are 

located in the direction of the galactic center. The weakest source 

detected by Bowyer et al. (ll) produced a measured 1·1ux 01· 0.7 cm-2 sec-1
, 

and, because of absorption in the earth's atmosphere and in the counter 

itself, the observed X-rays must have been concentrated in the wavelength 

range from 1. 5 j to 8 -2.; since· the sun is approximately 8 }dloparsecs 

from the center of the galaxy, we conclude from Eq. (X .13) that the 

effective temperature of an observed source located at the galactic 

center must be greater than 2 X 107 °K) if' the source is no larger than 
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a neutron star. Comparison with the "plasma + y" curve in Fig, 3 

indicates that a neutron star with a temperature of 2 X 107 °K 

would to be less than a week old. The X-ray sources in the 

direction of' the galactic center have been observed several times 

in the last few years, (9),(ll),(l9) and the flux from these sources 

has not changed, within the observational uncertainties (about a 

factor of' two or three). Hence we conclude that the sources in the 

direction of the galactic center are not neutron stars. 
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APPENDIX 

We consider here a number of obvious reactions and classes of 

reactionsJ indicating the densities at which some of them may be impor

tant, and showing that the rest of them are always slower than reactions 

(I.1)-(I.8) in neutron-star matter. 

1. Ordinary Neutron Der.ay 

At chemical equilibrium, momentum and energy conservation imply that 

-n-p+e +v (A.la) 

proceeds at an extremely slow rate unless 

(A.lb) 

Equations (III.4) make it clear that inequality (A.lb) cannot be satis-

fied at reasonable densities in the But 

strong interactions can raise PFp and PFe significantly above their free-

particle values, because the quantity B - B in Eq. (III.3) is positive n p 

and can be comparable to EFn. One cannot, with much confidence, calcu-

late binding energies at densities much greater than P 1, but rough 
nuc 

estimates of B and B indir.ate that inequality (A. lb) may be satisfierl 
n P 

for densities than about 3 p 1 . If inequality (A.lb) is satis-nuc 

fied, the neutrino luminosity due to reaction (A.la) and its inverse is 

(A.le) 

Thus neutron-star matter satisfying inequality (A.lb) would cool very 

rapidly--at about the rate indicated by the ''n"n 11 curve in Fig. 3. 
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2. Extra Particles 

Reactions that involve large numbers o:f Fermjons are slow hecause 

only a small fraction (of the order of kT/EFi) of the particles of a 

given species i are near enough to their Fermi level to scatter into 

unoccupied states. For example) the reaction 

-n+n+n-n+n+p+e +v (A.2) 

is slower than reaction (I.1) by a factor o:f the order of ( kT/ETu )2. 

3. Positron Reactions 

A reaction that, like 

involves an incident positron, produces few neutrinos because the con

centration of positrons is proportional to exp ( - EF/kT ) • Positron

producing reactions like 

(A. 3b) 

are slowed by the same factor of exp ( - Eli'e/kT ) , because the number of 

ne-J.tron-proton pairs with enough energy to produce two neutrons in unoc

cupied states is proportional to exp ( - EF /kT) . 
'e 

4. Reactiono Involving Sound. Wa,vco 

Several types of sound waves may exist in nuclear matter or low

temperature neutron-star matter: density waves, s_pin waves, and isospin 

(39),(40),(41) 
waves • The number density of charge-carrying isospin 

waves is extremely small because excitation of such a wave requires an 

energy of the order of ETu. The other types of sound mentioned above 



have dis_persion relations of the form 

(A.4a) 

for wave numbers k small compared to fl -i PF 
u The velocity v is usually 

comparable to the a neutron the Fermi level. 

Let S represent a sound wave with dispersion relation (A,4a). 

The reaction 

could not proceed because of conservation of momentum and energy, 

because v must be less than the speed of light. 

A reaction of the form 

n + s-n + V+ V (A.4c) 

is allowed by conservation of energy and but it would 

at a very slow rate because (1) the number density of thermal sound waVEB, 

which is proportional to (kT)s, is small at low temperatures, (2) the 

space lab le to the neutrinos is small ( o:: (kT )6
), ( 3) a small 

fraction (o:: kT) of the neutron-states are near enough to the top of the 

Fermi sea to be involved in the reaction, and (4) the coupling would be 

indirect and would necessarily involve a factor of a. because an electron

_positron pair would have to be formed. Reaction (A.4c) would be at least 

six or eight nrnP.rR of' magnjtrn'le slower than reaction (I. 1). 

A reaction of the form 
f;+n--+-p+e -+ V (A,4d) 

could only conserve momentum and energy if the sound wave had an energy 

comparable to the neutron Fermi energy; thus the rate would be propor-

. -CE /kT tional to an extremely small quantity e - Fn , wheres is of the order 

of unity. 
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We conclude that reactions involving thermal sound waves are not 

important. 

5. Plasma Vibrations 

Photons propagating through neutron-star matter interact with the 

charged _particles in the medium. Creation 01· one 01· these quasi-1'ree 

_photons (usually called 0 plasmonstt) requires an energy greater than hW 
0 

where w is the _plasma frequency in the medium( 4l). Consequently, the 
0 

rate of' a reaction such as 

-y-v+v 
-nW /k'l' 

h . h · 1 t 1 1 · t· 1 toe 0 w ic invo ves one ex erna p asmon, J.s propor iona • The 

plasma :frequency is of the order o:f 5 MeV at nuclear density, and the 

rate of reaction (A.5) is small in the interior of a neutron star. Very 

near the surface of the star, reaction (A.5) does contribute significant-

'I'he cooling rate of a star emitting neutrinos only by reaction 

(A.5) is shown in Fig. 3. 

6. Conversion of Muons to Electrons 

Reac Llorrn lnvolving more than one neutrino are generally slow because 

of the small amount of _phase space available to such processes. 1I1he 

amount of phase s_pace available to a neutrino with energy less than kT is 

proportional to (kT)3
• Consequently, the rate of the rea.cti on 

+ V + V e µ 
(A.6) 

is smaller than the rate of reaction (I.1) by a factor of the order of 

(kT/EFrlt. 
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7. Neutrino Bremsstrahlung 

The rate of the reaction 
-e +p--.e +p+v+v 

is, like the rate of reaction (I. 1), proportional to T9. The rate of 

reaction (A,7a) also contains a factor of cl, however, which causes it 

to be smaller than the rate of reaction (I.1) by about a factor of 104 • 

At densities low enough that a lattice of "nuclei 11 can form, the 

"nucleitt can transfer momentum to the electrons in the process 

e +z-+e +z+v+v 

Ruderman's expression for the rate of reaction (A,7b) is given in Eq. 

(X,11). The rate is proportional to (kT)6 because the "nucleus" ln 

reaction (A. 7b), bound in a lattice, does not contribute any 

factors of (kT) to the reaction rate. Consequently, the reaction (A,7b) 

is important w.hcn "nuclei II a.re otablc. 

8. Pionic Reactions 

Turning to reactions involving quasi-free pions, we can use some of 

the arguments presented in the last few paragraphs to show that the 

following types of pion reactions are slower than reactions (I.3), (r.4), 

(I,1), and (I.8): free of the pi on ( rt .......... µ - + V ) , reactions µ 

involving large numbers of Fermions, positron processes, and pionic 

reactions involving more than one neutrino. 

The 

- - -
TT +TT -n +µ. +v µ (A.Sa) 

however, mi ght bR faster than reacti ans ( I. 3) _, ( I. 4), ( I. 7) _, and ( I. 8) 
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if the lowest quasi-free _pion state has a momentum greater than about 

1 
3 PFµ; the momentum of the lowest pion-state is completely unknown. 

Similarly, the reactions 

- +z+ TT +z-µ, \) 
µ (A.Sb) 

and/or 
TT + z-e +z+ \) 

e 
(A.Be) 

would be :f'aEJt in the event that -f'ree pions and 

trnuclein were both present simultaneously in the same neutron-star 

matter. 

ThP. question of whether reactions (A.8) could proceed faster than 

reactions (r.3), (I.4), (r.7), and (I.8) is not particularly important, 

because reactions (I.3), (I.4), (I.T), and (I.8) alone would be suffi-

cient to cause a neutron star to cool fast enough to make the star 

nearly impossible to observe by surface radiation. 
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FIGURE CAPTIONS 

RATES OF l\lUCLEAR REACTIONS IN WHITE-DWARF STARS 

Fig. 1. Central temperatures and densities of various types of stars. 

The solid-state approach t.o nur.7 e1=1:r rAA.cti om, appJ i.es to Region 

I on the figure. In Region II, most nuclear motion is vibra

tional, but the nuclei most likely to react have enough energy 

to break through the lattice. In Regions III and IV, the nuclei 

move like atoms in a gas. In Region III, the electrons are deg

enerate, while in Region IV they are nondegenerate. 

Fig. 2. Predictions of proton lifetimes at 105 F!JU/ cc. The lif'etimes 

predicted by the method of Salpeter are compared to those com

puted by the solid-state method using oscillator frequencies 

obtained by analyzing t;l1e dynarnic:s uf' lhe lei l,L,lce. The Qottec1 

line indicates a reasonable interpolation between the two 

formulae. 

Fig. 3. Predictions of the lifetimes of protons and C12 nuclei. The 

lifetimes computed usine; oscillator freguenr.ieR hf=tseo on an 

analysis of lattice dynamics are compared with the lifetimes 

computed assuming a rigid lattice. Proton lifetimes calculated 

by Wildha,ck and carbon lifetimes calculated by the method of 

Cameron are also shown. 
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FIGURE CAPTIONS 

TEE COOLING OF NEUTRON STA.RS 

• 1. The proton-superconductivity correction factor for the rate of 

the nucleon-nucleon reactions. The logarithm of the c:or.rec: Lion 

factor is plotted against the ratio e /kT. op 

·-Fig. 2. Several Feynman diagrams for the reaction n + TT- - n' + e- + v. 
C 

Fig. 3. Cooling times calculated for a typical neutron star. The curves 

marked 1tnnrr and times for a neutron star 

emitting neutrinos by the pion-nucleon and neutrino-bremsstrahlung 

_processes, respectively. Tb.e uy11 -curve represents a star cooling 

just by surface photon emission, while the 0 nn + y" and uplasma 

+ ytt curves stars neutrinos by the nucleon-

nucleon processes and the plasma neutrino process, re8pectively, 

as well as surface photons. All curves refer to a star of about 

one solar mass with average density p 1 • nuc 
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TABLE I. 

o:,( The values of o:, were obtained by 

interpolation of a table given by Tsuruta.a 

Te7 C(, 

2.0 1.92 

1.0 1.65 

o.8 1.61 

0.6 1.59 

0.4 L 

0.3 1.48 

0.2 1.39 

0.1 1.10 

a)S. Tsuruta, Ph.D. thesis, Columbia University (1964) (unpublished), 

p. 
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