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ABSTRACT

S w itch e d  m o d e  p o w e r c o n v e r te rs  a re  b e in g  u se d  e x te n s iv e ly  

f o r  th e  p u rp o s e  o f e f f ic ie n t  p o w e r c o n v e rs io n . S u ch  c o n v e r te rs  a re  

n o n lin e a r ,  t im e  v a r ia n t  s ys te m s . In  th e  p a s t s u c h  c o n v e r te rs  w e re  

b e in g  m o d e lle d  u s in g  th e  s ta te  space  a v e ra g in g  m e th o d . The th e o ry  

o f v a r ia b le  s t r u c tu r e  sys te m s  (VSS), a n d  s lid in g  m ode  c o n t r o l  fo r m  a 

m u tu a lly  c o m p le m e n ta ry  a n a ly s is  a n d  d e s ig n  to o ls  f o r  th e  c o n t r o l  o f 

s w itc h e d  m ode  p o w e r c o n v e r te rs .  The  a p p lic a t io n  o f s lid in g  m ode  

c o n t r o l  is  p re s e n te d  fo r  d c - to -d c  c o n v e r te rs  a n d  e le c t r ic a l  m o to r  

d r iv e s  in  th is  th e s is . The c o n c e p t o f s lid in g  m ode  c o n t r o l  is b ro u g h t  

o u t  th ro u g h  e x h a u s tiv e  e xa m p le s  o f se co n d  o rd e r  sys te m s . The 

e q u iv a le n t c o n tro l,  a n  a n a ly s is  m e th o d  o f VSS, is a p p lie d  to  o b ta in  

t r a n s fe r  fu n c t io n  d e s c r ip t io n  o f d c - to -d c  p o w e r c o n v e r te rs .  The 

s lid in g  m ode  c o n t r o l  is a p p lie d  to  th e  c o n t r o l  p ro b le m  o f d c - to -d c  

p o w e r c o n v e r te rs  a n d  speed  c o n t r o l le d  e le c t r ic a l  d r iv e s  to  d e ve lo p  

p r a c t ic a l  d e s ig n  te c h n iq u e s . The p r a c t ic a l  d e s ig n  m e th o d s  a re  

c o n f irm e d  th ro u g h  e x p e r im e n ta l re s u lts .
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CHAPTER 1 

W TRODUCTIOM

T h is  th e s is  d e a ls  w ith  th e  p r in c ip le s  o f  s lid in g  m o de  c o n t r o l  

a n d  t h e i r  a p p lic a t io n  to  p o w e r c o n v e r te rs .  The  p o w e r c o n v e r te rs  th a t  

a re  ta k e n  up  f o r  th e  a p p l ic a t io n  a re  d c - to -d c  e le c t r ic a l  p o w e r 

c o n v e r te r s ,  and  e le c t ro m e c h a n ic a l p o w e r c o n v e r te rs .

In  p o w e r c o n v e r te rs  a h ig h  p re m iu m  is p la c e d  o n  th e  

e f f ic ie n c y  o f p o w e r c o n v e rs io n , b e s id e s  th e  s te a d y  s ta te  a n d  d y n a m ic  

p e r fo rm a n c e  re q u ire m e n ts .  As a r e s u lt  th e  to p o lo g ie s  u s e d  in  p o w e r 

c o n v e rs io n  a p p lic a t io n s  r e ly  o n  h ig h  sp e ed  s w itc h e s  fo r  e f f ic ie n t 

o p e ra t io n .  C h a p te r  2 c o n tra s ts  th e  p o w e r c o n v e rs io n  to p o lo g ie s  w ith  

s ig n a l p ro c e s s in g  s y s te m s , an d  b r in g s  o u t  th e  m o s t im p o r ta n t  fe a tu re  

o f  p o w e r  c o n v e r te rs ,  n a m e ly  d y n a m ic  s t r u c t u r a l  c h a n g e s  b ro u g h t  

a b o u t  b e c a u s e  o f t h e i r  s w itc h in g  n a tu re .  S u c h  s y s te m s  a re  n o n lin e a r  

a n d  t im e  v a r ia n t .  The  s w itc h in g  p r o p e r ty  m a k e s  th e  p o w e r c o n v e r te rs  

p r im e  c a n d id a te s  fo r  th e  a p p l ic a t io n  o f  th e  th e o r y  o f V a r ia b le  

S t r u c tu r e  S ys tem s (VSS).

VSS th e o ry  re s u lts  in  a t im e  d o m a in  d e s c r ip t io n  o f s w itc h in g  

c o n v e r te r s .  S lid in g  m ode  c o n t r o l  c o m p le m e n ts  VSS as a n  e ffe c t iv e  

a n a ly s is  a n d  d e s ig n  to o l.  The c o n c e p t o f s lid in g  m o d e  c o n t r o l  re lie s  

o n  a f i r m  u n d e rs ta n d in g  o f th e  s y s te m  in  te rm s  o f s y s te m  s ta te s  and  

th e  s ta te  space  o r  th e  p h a se  sp a ce . In  o r d e r  to  a p p re c ia te
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th o r o u g h ly  th e  b a s ic  p r in c ip le s  in v o lv e d , C h a p te r 3 t r e a ts  s im p le  

s e c o n d  o r d e r  s y s te m s  e x h a u s t iv e ly ,  a n d  b r in g s  o u t  th e  re le v a n t  

fe a tu re s  o f s lid in g  m o d e  c o n t r o l.  These  c o n c e p ts  a re  th e n  e x te n d e d  

to  g e n e ra l h ig h e r  o r d e r  s y s te m s .

In  th e  p a s t  th e  s w itc h in g  c o n v e r te rs  h a d  b e e n  a n a ly z e d  

u s in g  th e  te c h n iq u e  o f s ta te  spa ce  a v e ra g in g . S ta te  space  a v e ra g in g  

m e th o d  e s s e n t ia l ly  d e v e lo p e d  l in e a r ,  s m a ll s ig n a l, f re q u e n c y  d o m a in  

m o d e ls  o f th e  n o n l in e a r  p o w e r c o n v e r te rs .  C h a p te r  4 b r ie f ly  re v ie w s  

th e  s ta te  spa ce  a v e ra g in g  m e th o d . T he  p o w e r c o n v e r te rs  a re  th e n  

a n a ly z e d  u s in g  th e  th e o r y  o f YSS. The  s lid in g  m ode  c o n t r o l  p r in c ip le s  

a re  th e n  a p p lie d  to  d e v e lo p  p r a c t ic a l  d e s ig n  c r i te r ia  fo r  th e  c o n t r o l  

o f d c - to -d c  c o n v e r te rs .  E x p e r im e n ta l re s u lts  a re  th e n  p re s e n te d .

A n o th e r  m a jo r  a re a  o f p o w e r p ro c e s s in g  a p p lic a t io n  is  th e  

e le c t ro m e c h a n ic a l p o w e r c o n v e rs io n . S u ch  sys te m s  c o n s is t  o f 

s w itc h in g  p o w e r c o n v e r te r  a n d  e le c t ro m e c h a n ic a l a c tu a to r s  (d c  o r  ac 

m o to r ) .  In  th e  p a s t  s u c h  s y s te m s  h a ve  b e e n  a n a ly z e d  s e p a ra te ly  — a 

m o d e l fo r  th e  p o w e r c o n v e r te r  a n d  a m o d e l fo r  th e  m o to r .  S lid in g  

m o d e  c o n t r o l  c a n  be  u s e d  as a n  in te g ra te d  c o n t r o l  a p p ro a c h  fo r  

s u c h  c o m p o s ite  s y s te m s . C h a p te r  5 re v ie w s  th e  g e n e ra l th e o r y  o f 

e le c t r ic a l  m a c h in e s . I t  is  seen  t h a t  a l l  e le c t r ic a l  m a c h in e s  c a n  be 

d e s c r ib e d  as q u a l i ta t iv e ly  id e n t ic a l  s y s te m s . C h a p te r  6 goes o n  to  

a p p ly  th e  s lid in g  m o d e  c o n t r o l  to  tw o  re p re s e n ta t iv e  m a c h in e s , 

n a m e ly  th e  dc  m o to r  a n d  th e  p e rm a n e n t  m a g n e t s y n c h ro n o u s  m o to r .  

P r a c t ic a l  d e s ig n  c r i t e r ia  f o r  th e  spe ed  c o n t r o l  o f th e s e  m a c h in e s  a re  

d e v e lo p e d . E x p e r im e n ta l re s u lts  v e r ify in g  th e  d e s ig n  s t r a te g y  a re  

p re s e n te d .
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C h a p te r  7 d is c u s s e s  th e  e x te n s io n  o f th e  s lid in g  m o d e  

c o n t r o l  to  s y n c h ro n o u s  m o to r s .  T h e  p o s s ib i l i t y  o f lo ss  o p t im iz a t io n  

u n d e r  d i f fe r e n t  o p e r a t in g  c o n d it io n s  is  th e n  p re s e n te d .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5

CHAPTER 2  

VAR IABLE STPUCTURE SYSTEMS

In  th is  c h a p te r  som e  o f th e  c h a r a c te r is t ic s  d e f in in in g

v a r ia b le  s t r u c tu r e  s y s te m s  (VSS) a re  e x p la in e d . T h is  is  done  b y  

c o n tra s t in g  th e  n a tu re s  o f p o w e r p ro c e s s in g  s ys te m s  a n d  s ig n a l

p ro c e s s in g  s y s te m s . E x a m p le s  o f a fe w  o f th e  VSS o fte n  e n c o u n te re d  

in  p o w e r p ro c e s s in g  re q u ire m e n ts  a re  h ig h l ig h te d .

2.1 P o w e r P ro c e s s in g  Vs S ig n a l P ro c e s s in g

T he  e s s e n t ia l fe a tu re s  o f s ig n a l p ro c e s s in g  s y s te m s  a n d  

p o w e r p ro c e s s in g  s y s te m s  a re  s h o w n  in  F ig .2.1 [1 ],

F ig u re  2 .1 (a ) show s a s ig n a l p ro c e s s in g  s y s te m . T he  in p u t  is 

a n a lo g  o r  d ig i ta l  in fo r m a t io n  a n d  so is  th e  o u tp u t .  T he  s y s te m  

c a r r ie s  o u t  on e  o r  m o re  o f th e  s ig n a l p ro c e s s in g  fu n c t io n s .  The 

v a r io u s  p ro c e s s in g  fu n c t io n s  in c lu d e  a m p li f ic a t io n ,  c o d in g , d e c o d in g ,

a n a lo g  to  d ig i ta l ,  a n d  d ig ita l  to  a n a lo g  c o n v e rs io n . The  m o s t

im p o r ta n t  c o n c e rn  d u r in g  th e  p ro c e s s in g  is  to  p re s e rv e  th e  in te g r i t y  

o f th e  in fo r m a t io n  c o n te n t .  C la s s ic a l c o n c e p ts  o f  l in e a r  c o n t r o l  

th e o ry ,  s a m p le d  d a ta  c o n t ro l,  e tc . ,  p ro v id e  th e  n e c e s s a ry  to o ls  fo r  

th e  d e s ig n  o f s ig n a l p ro c e s s in g  s y s te m s . T he  p o w e r r e q u ir e d  to  

p ro c e s s  th e  s ig n a ls  is  in c id e n ta l  (T h is  s ta te m e n t,  th o u g h  s tro n g ,  is 

ju s t i f ie d  b e ca u se  one  c a n  th in k  o f  a t  le a s t  a c o u p le  o f s ig n a l 

p ro c e s s in g  fu n c t io n s  t h a t  do n o t  r e q u ir e  e x te r n a l p o w e r.)  a n d
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Fig. 2 .1  A s ig n a l p rocessing  s y s te m  (a), c o n tra s ted  w i th  a  p o w e r  
processing  sy ste m  (b).

Fig. 2 .2  Contents o f  a  ty p ic a l  p o w e r  p ro c es s in g  system . The 
com ponents are  L im ited to s w itc h e s , a n d  lossless re ac tive  
e lem en ts  i n  o rd e r  to p rocess  p o w e r  e ff ic ien tly .
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c o n s id e ra t io n s  o f e f f ic ie n c y  r a r e ly  b e c o m e  c r i t i c a l .  S ize , c o s t  a n d  th e  

c o n s e q u e n t d e m a n d  to  in te g r a te  la rg e  s ig n a l p ro c e s s in g  fu n c t io n s  in to  

e v e r s m a lle r  p a c k a g e s  le a d  th e  c h o ic e  o f s y s te m  c o m p o n e n ts  l im i te d  to  

re s is to rs ,  a c t iv e  d e v ic e s , a n d  o c c a s io n a lly  c a p a c ito r s .  M a g n e tic  

e le m e n ts  a re , as a ru le ,  a v o id e d .

F ig u re  2 .1 (b ) show s a p o w e r p ro c e s s in g  s y s te m . In  c o m p a r is o n  

to  th e  s ig n a l p ro c e s s in g  s y s te m , th e  "p o w e r "  a n d  " in fo r m a t io n "  in p u ts  

a re  in te rc h a n g e d . The  o b je c t iv e  is to  p ro c e s s  p o w e r  u n d e r  r e a d i ly  

a v a ila b le  c o n d it io n s  a t  th e  in p u t ,  a n d  d e liv e r  i t  a t  th e  o u tp u t  u n d e r  

c o n d it io n s  s u ita b le  fo r  c o n v e n ie n t  u t i l iz a t io n .  T y p ic a l  e le c t r ic a l  p o w e r  

p ro c e s s in g  fu n c t io n s  a re  c o n t r o l le d  r e c t i f i c a t io n  ( c o n v e rs io n  o f  ac  

p o w e r to  dc  p o w e r), in v e rs io n  (c o n v e rs io n  o f  d c  p o w e r  to  a c  p o w e r) ,  

c y c lo c o n v e rs io n  (c o n v e rs io n  o f a c  p o w e r  a t  o n e  f r e q u e n c y  to  ac  p o w e r  

a t  a d i f fe r e n t  f re q u e n c y ) ,  a n d  so on . F r e q u e n t ly  p o w e r  p ro c e s s in g  

sys te m s  a lso  in c lu d e  a p p ro p r ia te  a c tu a to r s  to  c o n v e r t  e le c t r ic a l  p o w e r  

in to  o th e r  fo rm s  o f p o w e r, n a m e ly  m e c h a n ic a l,  t h e r m a l,  a n d  h y d r a u l ic .  

The m a jo r  c o n c e rn  d u r in g  p o w e r p ro c e s s in g  is  to  c o n s e rv e  th e  t o t a l  

p o w e r f r o m  in p u t  to  o u tp u t .  T h is  p r e o c c u p a t io n  w ith  e f f ic ie n c y  l im i t s  

th e  c h o ic e  o f th e  s y s te m  c o m p o n e n ts  to  s w itc h e s  a n d  lo s s le s s  re a c t iv e  

e le m e n ts . T h e re  is  one  m o re  m a jo r  d if fe re n c e  b e tw e e n  th e  tw o  s y s te m s : 

w h e re a s  th e  p o w e r r e q u ir e d  fo r  a s ig n a l p ro c e s s in g  s y s te m  is  o n ly  

in c id e n ta l,  th e  in fo r m a t io n  r e q u ir e d  — o r  th e  c o n t r o l  s t r a te g y  to  be 

a d o p te d  — is  c r u c ia l  f o r  th e  p e r fo rm a n c e  o f  th e  p o w e r p ro c e s s in g  

sys te m .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



8

F ig u re  2 .2  sho w s th e  c o n te n ts  o f  a t y p ic a l  e le c t r ic a l  p o w e r 

p ro c e s s in g  s y s te m . I t  c o n s is ts  o f in d u c to r s ,  c a p a c ito r s  a n d  s w itc h e s . 

W ith  th e  e le m e n ts  o f  th e  s y s te m  so l im ite d ,  i t  is  n o t  h a rd  to  see 

t h a t  th e  o n ly  w a y  o f  a c h ie v in g  th e  p o w e r  p ro c e s s in g  o b je c t iv e s  is to  

d y n a m ic a lly  v a r y  th e  s t r u c tu r e  o f th e  s y s te m  in  a n  in te l l ig e n t  w ay . In  

o rd e r  to  d e v e lo p  p r o p e r  c o n t r o l  s t r a te g ie s  f o r  th e  p o w e r p ro c e s s in g  

s y s te m s , i t  is  n e c c e s a ry  to  u n d e rs ta n d ,  a n a ly z e , a n d  d e v e lo p  m o d e ls  

fo r  th e  p u rp o s e . S u c h  d y n a m ic a lly  v a r y in g  s t r u c tu r e s  r e s u l t  in  

n o n lin e a r  a n d  t im e v a r ia n t  d e s c r ip t io n .  T h e  th e o r y  o f VSS [2 ] 

p ro v id e s  a m a th e m a t ic a l  f r a m e w o r k  to  d e f in e  s u c h  s y s te m s  a n d  a re  

w e ll s u ite d  to  d e fin e , a n a ly z e  a n d  to  d e v e lo p  c o n t r o l  s t ra te g ie s  fo r  

p o w e r p ro c e s s in g  s y s te m s . I t  m a y  be m e n t io n e d  h e re  th a t  th e re  a re  

a lso  o th e r  to o ls  a v a ila b le  f o r  th is  p u rp o s e  s u c h  as s ta te  space  

a v e ra g in g  [3 ] ,  a n d  d e s c r ib in g  e q u a t io n s  [4 ] .

2 .2  V a r ia b le  S t r u c tu r e  s y s te m s  (VSS)

VSS a re  s y s te m s  w h o s e  p h y s ic a l s t r u c tu r e  o r  n e tw o rk  

to p o lo g y  is  c h a n g e d  in te n t io n a l ly  d u r in g  th e  t r a n s ie n t  in  a c c o rd a n c e  

w ith  a p re s e t  s t r u c tu r e  c o n t r o l  la w  [5 ] .  T h e  in s ta n ts  o f t im e , a t  w h ic h  

th e  c o n t r o l  a c t io n  o f  c h a n g in g  th e  s t r u c t u r e  o c c u rs , a re  n o t  

d e te rm in e d  b y  a f ix e d  p ro g ra m , b u t  in  a c c o rd a n c e  w ith  th e  c u r r e n t  

s ta te  o f th e  s y s te m . T h is  p r o p e r t y  d is t in g u is h e s  VSS f r o m  

p ro g ra m m e d  c o n t r o l le r s .  H o w e v e r, as w i l l  be  se e n  in  so m e  la te r  

s e c tio n s , p ro g ra m m e d  c o n t r o l le r s  m a y  be c o n s id e re d  as a s u b s e t o f 

VSS, b y  s u ita b le  m a th e m a t ic a l  m a n ip u la t io n s .
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In  g e n e ra l we m a y  s ta te  t h a t  YSS c o n s is t  o f a n u m b e r  o f 

w e ll d e fin e d  e le m e n ts , l in e a r  o r  n o n l in e a r .  U n d e r  c o n t r o l  a c t io n  th e  

e le m e n ts  m a y  be c o n f ig u re d  in to  a n u m b e r  o f  p o s s ib le  w e ll d e fin e d  

s u b s tru c tu re s .  O u t o f th e  to ta l  n u m b e r  o f a l l  s u c h  w e ll d e fin e d  

s u b s tru c tu re s ,  th e re  w il l  be a m in im u m  s e t o f in d e p e n d e n t 

s u b s tru c tu re s .  T h is  m in im u m  n u m b e r  o f in d e p e n d e n t s u b s tru c tu re s  

a v a ila b le  in  th e  s y s te m  is  c o n s id e re d  as th e  n u m b e r  o f c o n t r o l  in p u ts  

to  th e  s y s te m . The th e o r y  o f VSS p ro v id e s  a s y s te m a t ic  m e th o d  o f 

d e fin in g  s u c h  s y s te m s  u s in g  d is c o n t in u o u s  v a r ia b le s  — k n o w n  as 

s w itc h in g  v a r ia b le s  — a n d  s e le c t in g  a r a t io n a l  c o n t r o l  la w  to  p ic k  o u t  

th e  s u b s t ru c tu re  u se d  a t  a n y  in s ta n t  in  o r d e r  to  a c h ie v e  th e  c o n t r o l  

o b je c t iv e . B e fo re  we go  on  to  see th e s e  a s p e c ts  o f VSS in  th e  

fo llo w in g  c h a p te r ,  tw o  e x a m p le s  — a s in g le  in p u t  VSS a n d  a m u lt ip le  

in p u t  VSS — o f VSS e n c o u n te re d  in  p o w e r c o n v e rs io n  a p p l ic a t io n  a re  

p re s e n te d  now .

2 .3  Som e E x a m p le s  o f  VSS

F ig u re  2 .3 (a ) show s a f ly b a c k  d c - to -d c  c o n v e r te r  c o n s is t in g  

o f a s in g le  p o le  d o u b le  th ro w  s w itc h  S, a n  in d u c to r  L , a n d  a 

c a p a c ito r  C. The tw o  s u b s tru c tu re s  o f  th e  s y s te m  a re  s h o w n  in  F ig . 

2 .3 (b ) a n d  2 .3 (c ) . W hen th e  s y s te m  is  c o n n e c te d  as in  F ig . 2 .3 (b ), 

e n e rg y  is  a b s o rb e d  in to  th e  in d u c to r  f r o m  th e  in p u t  b a t te r y .  W hen 

th e  s y s te m  is  c o n n e c te d  as in  F ig . 2 .3 (c ) , p a r t  o f  th e  e n e rg y  f r o m  th e  

in d u c to r  is  t r a n s fe r r e d  to  th e  lo a d  R. A lth o u g h  th e r e  a re  tw o  

s u b s tru c tu re s  a v a ila b le , th e  p re s e n c e  o f th e  in d u c to r  o n  th e  p o le  o f 

th e  s w itc h  fo rc e s  th e  th ro w s  o f th e  s w itc h  to  be  m u tu a l ly  d e p e n d e n t.
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Fig. 2 .3  An exam ple  o f  a  s ingle  c o n tro l in p u t  v a r ia b le  s t ru c tu re  
system .

Vg
L3

L2

f ig .  2 .4  A n exam ple  o f  a  m u lt ip le  c o n tro l in p u t  v a r ia b le  s t ru c tu re  
system .
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T h is  is  a n  e x a m p le  o f a s in g le  in p u t  VSS.

F ig u re  2 .4  show s an  in d u c t io n  m o to r  d r iv e  — a n  a p p l ic a t io n  

o f e le c t r ic a l  to  m e c h a n ic a l p o w e r c o n v e rs io n . E le c t r ic a l  p o w e r f r o m  

th e  b a t te r y  is s w itc h e d  s e q u e n t ia lly  in to  th e  th re e  ph ase  w in d in g s  o f 

th e  in d u c t io n  m o to r  in  o rd e r  to  p ro d u c e  m e c h a n ic a l to rq u e  a t  th e  

s h a f t  o f th e  m o to r .  T h is  is  a n  e x a m p le  o f a th re e  in p u t  VSS as is 

e v id e n t f r o m  th e  th re e  s in g le  p o le  d o u b le  th ro w  s w itc h e s  p r e s e n t  in  

th e  s y s te m .
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CHAPTER 3

SLID IN G  MODE CONTROL

T he  th e o r y  o f V a r ia b le  S t r u c tu r e  S y s te m s  (VSS) is  th e  

a n a ly s is  a n d  s y n th e s is  o f s y s te m s , w h o se  s t r u c tu r e s  a re  ch a n g e d  

in te n t io n a l ly  d u r in g  th e  t r a n s ie n t ,  a c c o rd in g  to  a p re s e t  s t r u c tu r e -  

c o n t r o l  law , to  a c h ie v e  th e  c o n t r o l  o b je c t iv e s . The u t i l iz a t io n  o f 

c o n t r o l  h a rd w a re  is  m o s t  e ffe c t iv e  in  s u c h  s y s te m s . F u r th e rm o re ,  i t  

is  p o s s ib le  in  VSS to  o b ta in  o v e r a l l  s y s te m  p r o p e r t ie s  t h a t  a re  

q u a l i ta t iv e ly  d i f fe r e n t  f r o m  th e  c o n s t i tu e n t  s u b s tru c tu re s .  These  

a s p e c ts  o f VSS a re  b e s t  seen  th r o u g h  th e  p h a s e  p la n e  d e s c r ip t io n  o f 

th e  c o n s t i tu e n t  s u b s t r u c tu re s .  S e c t io n  3.1 e x p la in s  th e  phase  p la n e  

d e s c r ip t io n  o f s y s te m s  a n d  d e s c r ib e s  th e  d if fe r e n t  ty p e s  o f p h a se  

t r a je c to r ie s  e n c o u n te re d  in  s e c o n d  o r d e r  s y s te m s .

On th e  fo u n d a t io n  o f  th e  p h a s e  t r a je c to r ie s  d e s c r ib e d  fo r  

s im p le  s e c o n d  o r d e r  s y s te m s  in  S e c t io n  3 .1 , th e  im p o r ta n t  fe a tu re s  

o f s lid in g  m o d e  c o n t r o l  a re  b u i l t  u p  in  S e c t io n  3 .2 . The  c o n c e p t o f 

s lid in g  re g im e s  is  fo r m a l ly  d e fin e d .

G ra p h ic a l v is u a l iz a t io n  o f p h a s e  t r a je c to r ie s  is  te d io u s , i f  

n o t  im p o s s ib le , f o r  h ig h e r  o r d e r  s y s te m s . In  s u c h  in s ta n c e s  i t  is  

n e c e s s a ry  to  r e s o r t  to  fo r m a l m a th e m a t ic a l  m e th o d s . The 

m a th e m a t ic a l d e s c r ip t io n  o f a g e n e ra l d y n a m ic  VSS o f o rd e r  n  is  

g iv e n  in  S e c t io n  3 .3  a lo n g  w ith  th e  sco p e  o f th e  th e o r y  o f VSS.
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The a n a ly s is  p ro b le m  o f YSS c o n s is ts  o f te s ts  fo r  th e  

e x is te n c e  o f s lid in g  re g im e s , s y s te m  d e s c r ip t io n  u n d e r  s lid in g  m ode  

c o n t r o l,  a n d  th e  p e r fo rm a n c e  o f th e  o v e ra l l  s y s te m . These  a sp e c ts  

a re  d e a lt  w ith  in  d e ta i l  in  S e c tio n s  3 .4  th ro u g h  3.6. The se co n d

a s p e c t o f th e  th e o r y  o f VSS, n a m e ly  th e  d e s ig n  m e th o d s , a re

d e s c r ib e d  in  S e c tio n  3 .7 . A t th e  e n d  in  S e c tio n s  3 .8  a n d  3 .9 , o th e r  

a p p lic a t io n s  o f s lid in g  m o d e  c o n t r o l  s u c h  as s ta te  e s t im a t io n  and  

s ta t ic  o p t im iz a t io n  a re  in d ic a te d .

3 .1  P h a se  P la n e  D e s c r ip t io n  off S y s te m s

The c o n t r o l  a c t io n  in  VSS is  th e  ch a n g e  o f th e  s y s te m  

s t r u c tu r e  fo llo w in g  a p re s e t  s t r u c tu r e - c o n t r o l  law . As a r e s u lt ,  VSS 

a re  t im e  v a ry in g  s y s te m s . In  o r d e r  to  s tu d y  s u c h  s ys te m s , i t  is

a d v a n ta g e o u s  to  s e le c t  a s y s te m  d e s c r ip t io n  w h e re  tim e  in fo rm a t io n  

is s u p p re s s e d  o r  im p l ic i t  [6 ] .  The  p h a se  p la n e  d e s c r ip t io n  s a tis fie s  

th is  c o n d it io n  a n d  p ro v id e s  v a lu a b le  in s ig h t  in to  th e  v a r io u s  a sp e c ts  

p e r ta in in g  to  VSS. T h e  p h a s e  p la n e  d e s c r ip t io n  is  v e ry  h a n d y  fo r  

s e c o n d  o r d e r  s y s te m s  a n d  b r in g s  o u t  th e  fe a tu re s  o f s lid in g  m ode  

c o n t r o l  r e m a rk a b ly  w e ll. F o r  s y s te m s  o f o rd e r  h ig h e r  th a n  tw o , th e  

p h a se  p la n e  d e s c r ip t io n  is c lu m s y  i f  n o t  im p o s s ib le . In  th o s e  

in s ta n c e s , th e  g r a p h ic a l  id e a s  o b ta in e d  fo r  se co n d  o rd e r  sys te m s  a re  

e x te n d e d  m a th e m a t ic a l ly .

The p h a se  p la n e  d e s c r ip t io n  is u se d  w id e ly  to  c h a ra c te r iz e  

se co n d  o rd e r  s y s te m s . The  a xe s  o f th e  p h a se  p la n e  a re  th e  s y s te m  

s ta te s . The in s ta n ta n e o u s  s ta te  o f th e  s y s te m  is re p re s e n te d  on  th e  

p h a se  p la n e  b y  a R e p re s e n ta t iv e  P o in t  (RP) w hose c o o rd in a te s  on  th e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



15

p h a se  p la n e  a re  th e  p re s e n t  s ta te s  o f th e  s y s te m . The s tu d y  o f th e  

s y s te m  in v o lv e s  th e  m o t io n  o f th e  RP o n  th e  phase  p la n e  u n d e r  

d i f fe r e n t  in p u t  a n d  in i t ia l  c o n d it io n s . The e v o lu t io n  o f th e  s y s te m  

s ta te s  w ith  re s p e c t  to  t im e  on  th e  p h a se  p la n e , r e fe r r e d  to  as th e  

p h a se  t r a je c to r ie s  o r  th e  s ta te  t r a je c to r ie s ,  r e p re s e n t th e  d y n a m ic  

p r o p e r t ie s  o f th e  s y s te m . F o r a g iv e n  s y s te m , th e  p h ase  t r a je c to r ie s  

a re  a fa m ily  o f c u rv e s  s a t is fy in g  th e  d y n a m ic  p ro p e r t ie s  o f th e  

s y s te m . T he  axes o f th e  p h ase  p la n e  a re  th e  s y s te m  s ta te s  a n d  

h e n c e , th e  t im e  in fo r m a t io n  is im p l ic i t  in  th e  s ta te  t ra je c to r ie s .

In  th e  case  o f VSS, th e  p h a se  p la n e  d e s c r ip t io n  c o n s is ts  o f a 

s e t o f  a fa m ily  o f ph a se  t r a je c to r ie s ,  one  fo r  e a ch  o f th e  

s u b s t r u c tu re s  u sed . The  a n a ly s is  p ro b le m  o f VSS is  to  s tu d y  th e  

o v e ra l l  s y s te m  b e h a v io r  u n d e r  a g iv e n  s t r u c tu r e - c o n t r o l  law . The 

d e s ig n  p ro b le m  in  VSS is  to  d e v e lo p  a r a t io n a le  to  s y n th e s iz e  a 

s t r u c tu r e - c o n t r o l  la w  in  o rd e r  to  a c h iv e  th e  p e r fo rm a n c e  o b je c tiv e s  

o f th e  o v e ra l l  s ys te m .

3 .1 .1  P ro p e r t ie s  o f  P h ase  T ra je c to r ie s

The s tu d y  o f VSS, a n d  th e  te c h n iq u e s  o f s lid in g  m ode  

c o n t r o l  f o r  d y n a m ic  s y s te m s , a re  in t im a te ly  re la te d  w ith  th e  phase  

p la n e  d e s c r ip t io n  o f th e  s y s te m . T h e  c o n c e p t o f s lid in g  re g im e s  

in t r o d u c e d  s u b s e q u e n tly  re lie s  o n  th e  p h a se  p la n e  d e s c r ip t io n  to  g e t 

a g o o d  in tu i t iv e  g ra s p . T h e re fo re  i t  is  w o r th w h ile  to  s tu d y  th e  phase  

t r a je c to r ie s  fo r  s im p le  se co n d  o r d e r  s y s te m s  a n d  b e com e  fu l ly  

fa m i l ia r  w ith  th e s e  ide a s .
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C o n s id e r a s e c o n d  o rd e r  s y s te m  d e s c r ib e d  b y  th e  fo llo w in g  

h o m o g e n e o u s  d i f fe r e n t ia l  e q u a t io n .

d2x  _ dx „
~df+U ° z  = 0 (3 .1 )

T he  a b o ve  e q u a t io n  m a y  be  n o rm a liz e d  to  o b ta in  

d 2x _ . dx
^ T + 2 t d 7 + x  ~ 0 (3 .2 )

B y  d e f in in g  x x = x a n d  x 2 = d x / d r ,  th e  a b o ve  e q u a t io n  m a y  be w r i t te n  

as a s e t o f f i r s t  o r d e r  d if fe r e n t ia l  e q u a t io n s . 

dx.
d r

d r

x 2

= - 2 { x 2- x l (3 .3 )

L e t  g j  a n d  g2 be  th e  c h a r a c te r is t ic  r o o ts  o f th e  Eq. (3 .2 ). T h e n

g i+ ? 2  =
9 i 92 = l

x 1 a n d  x 2 a re  th e  d y n a m ic  s ta te s  o f  th e  s y s te m  a n d  a re  th e  axe s  o f 

th e  p h a s e  p la n e . T h e  d i f fe r e n t ia l  e q u a t io n  b e tw e e n  z j  a n d  x 2 d ic ta t in g  

th e  p ro p e r t ie s  o f th e  p h a s e  t r a je c to r ie s  is  o b ta in e d  f r o m  Eq. (3 .3 ). 

dx g x j  + 2 ^ 2
~  771 =  —d x x x 2 (3 .4 )

m  is  th e  s lo p e  o f  th e  p h a s e  t r a je c t o r y  p a s s in g  th r o u g h  th e  p o in t  

( x j . x 2). z ,  a n d  x 2 a re  r e la te d  to  th e  s lo p e  b y

2:2 = ~ m  + 2 f Z l (3 .5 )

T he  p h a se  t r a je c to r ie s  a re  c o n s t r u c te d  s a t is fy in g  Eq. (3 .4 ) in  th e  

p h a se  p la n e . T he  fo llo w in g  p r o p e r t ie s  o f  th e  p h a se  t r a je c to r ie s  a re
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u s e d  to  c o n s t r u c t  th e m .

i)  The s t r a ig h t  l in e s  x z = j  a n d  x z = qzx x , w h e n  th e y  e x is t ,  a re  

p h a s e  t r a je c to r ie s .  T h is  p r o p e r ty  is  se e n  b y  s u b s t i tu t in g  m. -  q Y a n d  

in. -  qz in  E q. (3 .5 ).

1 1 2 o  = -- - - - - - - - - — 2 ,  =   X , =  q  , 2 ,
2 f f i+ 2 f  1 g 2 1 y i  1

3:2 = = i ? * 1 = g2Xl

T he  s t r a ig h t  l in e s  x z = g 1a:1 a n d  x z = e x is t  o n ly  w h e n  g x a n d  g2

a re  re a l.

i i )  The p h a s e  t r a je c to r ie s  in te r s e c t  th e  x z a x is  w ith  a s lo p e  o f — 2£.

dxr
dx.

i i i )  The p h a se  t r a je c to r ie s  in te r s e c t  th e  x t a x is  a t  r i g h t  a n g le s .

d x x
oo

z z  = 0

iv )  The z e ro  s lo p e  o f th e  p h a s e  t r a je c to r ie s  o c c u rs  a lo n g  th e  

s t r a ig h t  l in e  x z -  - ( 1 /2 0 ^ 1 -  T h is  p r o p e r ty  is  fo u n d  b y  s o lv in g  fo r  

m  = 0 in  Eq. (3 .5 ).

v )  The  t r a je c to r ie s  c o n v e rg e  f o r  s ta b le  s y s te m s  (e ig e n v a lu e s  w ith  

n e g a t iv e  r e a l  p a r ts ) ,  a n d  d iv e rg e  f o r  u n s ta b le  s y s te m s  (e ig e n v a lu e s  

w ith  p o s it iv e  r e a l  p a r ts ) .  F o r  m a r g in a l ly  s ta b le  s y s te m s  (p u re ly  

im a g in a ry  e ig e n  v a lu e s ) , th e  t r a je c to r ie s  a re  c lo s e d  c u rv e s .

v i)  In d iv id u a l p h ase  t r a je c to r ie s  do  n o t  c ro s s  e a c h  o th e r .  T h is  

p r o p e r ty  is  ow ing  to  th e  fa c t  th a t ,  th e  p r e s e n t  s ta te  u n iq u e ly  

d e te rm in e s  th e  p a s t  h is to r y  o f th e  s y s te m .
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A ll f re e  s e c o n d  o rd e r  s y s te m s  e x h ib i t  th e  above  p ro p e r t ie s

in  th e ir  p h a s e  t r a je c to r ie s .  D e p e n d in g  o n  th e  n a tu re  o f th e

e ig e n v a lu e s  g t a n d  g 2, th e  p h a se  t r a je c to r ie s  h ave  q u a l i ta t iv e ly  

d i f fe re n t  sh a pe s .

3 .1 .2  S ta b le  S y s te m s  m t h  W eg a tive  E e a l E ig e n v a lu e s

The e ig e n v a lu e s  a n d  g 2 b e in g  re a l,  th e  s t r a ig h t  lin e s  w ith  

s lo p e s  g i a n d  g 2 a re  p h ase  t r a je c to r ie s .  O th e r  re p re s e n ta t iv e  

t r a je c to r ie s  a re  c o n s t ru c te d  w ith  th e  p ro p e r t ie s  g ive n  in  th e  la s t

S e c tio n . T he  p h a se  t r a je c to r ie s  in  th e  p a r a m e t r ic  fo r m  a re  g iv e n  b y

Z i = —-1-  [(gg^io-^ao)e?lT-(g ig io -^ 2 o )e ggT]52 -9 1

* 2  = — — - [ {x 10- q 1x SQ)e qiT- { x l0- q zx 20)e qzT]
92 9 i

a:10 a n d  x zo a re  th e  c o o rd in a te s  o f a n y  p o in t  o n  a g iv e n  t r a je c to r y .  q 1 

a n d  g2 a re  n e g a t iv e . As t  te n d s  to  +°°, x 1 a n d  x z te n d  to  z e ro . 

T h e re fo re  th e  e q u i l ib r iu m  p o in t  f o r  a ll  th e  t r a je c to r ie s  is  th e  o r ig in .  

F ig u re  3.1 show s th e  p h a se  t r a je c to r ie s  fo r  th is  c la ss  o f s y s te m s  w ith  

d is t in c t ,  n e g a t iv e , a n d  r e a l  e ig e n v a lu e s . In  th e  case  o f n e g a tiv e , re a l,  

re p e a te d  e ig e n v a lu e s  th e  p h a se  t r a je c to r ie s  in  th e  p a ra m e tr ic  fo r m  

a re  g iv e n  b y

x i  =  ® i o e 9'r + ( : c 2 o + 2: i o b ‘ e ? T

x z -  x Z0e^T- ( x Z0+ x 10)re^T

Xio an d  x zo a re  th e  c o o rd in a te s  o f a n y  p o in t  o n  a g iv e n  t r a je c to r y ,  g 

is  e q u a l to  —1. As r  te n d s  to  +°°, x x a n d  x z te n d  to  ze ro . T h e re fo re
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Fig. 3 .1 The ph ase tra je c to r ie s  o f  a  n o rm a lize d \
(gr i = —0.5 ,qz = — = 1.25) second o rd e r s ys tem  w ith  
d is tin c t, n e g a tive  r e a l  e ig e n v a lu es . The s y s te m  is  s tab le  
a n d  a l l  the tra je c to rie s  converge to the o rig in .

F ig . 3 .2  The phase tra je c to rie s  o f  a  n o rm a liz e d  
(g 3 = g 2 = q = —I f  = l )  second o rd e r system  w ith  
rep eated , n e g a tiv e  r e a l  e ig en va lu es . The system  is  s tab le  
a n d  a l l  the tra je c to rie s  converge to the o rig in .
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th e  e q u i l ib r iu m  p o in t  f o r  a l l  th e  t r a je c to r ie s  is  th e  o r ig in .  F ig u re  3.2 

show s th e  p h a se  t r a je c to r ie s  w h e n  th e  e ig e n v a lu e s  a re  r e a l,  n e g a tiv e , 

a n d  re p e a te d .

3.1.3 Stable Systems with Complex Eigenvalues

The e ig e n v a lu e s  q x a n d  qs a re  c o m p le x  c o n ju g a te s .  T h e re  

a re  n o  s t r a ig h t  l in e  t r a je c to r ie s .  A ll th e  o th e r  p r o p e r t ie s  o f  th e  

t r a je c to r ie s  h o ld . T he  s y s te m  m a y  be  s o lv e d  to  o b ta in  th e  p h a se  

t r a je c to r ie s  in  th e  fo llo w in g  p a r a m e t r ic  fo rm .

*-_ r  € x 1 0 + x 2 0  . ^  -|x x -  e - vr|a:1 0 c o s n T +  ^  s inU T j

z 2 = e~^T[2 2 0 c o s Q r— ^ S- ^ — — sinQ T]

0  = y / i - f

x 10 a n d  z 2o a re  th e  c o o rd in a te s  o f  a n y  p o in t  o n  a g iv e n  t r a je c to r y .  

As r  te n d s  to  +<», x x a n d  2 2 te n d  to  z e ro . T h e  t r a je c to r ie s  a ll  

th e re fo re  c o n v e rg e  to w a rd s  th e  o r ig in ,  w h ic h  is  th e  e q u i l ib r iu m  p o in t .  

F ig u re  3.3 show s t y p ic a l  t r a je c to r ie s  f o r  th is  c la s s  o f s y s te m s . T h e y  

h a v e  th e  sh a p e  o f c o n v e rg in g  lo g a r i th m ic  s p ira ls .

3.1.4 Marginally Stable Systems

M a rg in a lly  s ta b le  s y s te m s  do  n o t  h a v e  a n y  d a m p in g  (£ = 0 ). 

T he  e ig e n v a lu e s  a re  p u r e ly  im a g in a ry .  T h e  s y s te m  is  c o n s e rv a t iv e  

a n d  th e  p h a se  t r a je c to r ie s  a re  c lo s e d  c ir c le s  o f r a d iu s  r .  

r  -  V 2 102 +  2 202

2 jo a n d  2 20 a re  th e  c o o rd in a te s  o f  a n y  p o in t  o n  a g iv e n  t r a je c to r y .  

The  s y s te m  is  a s y m p to t ic a l ly  s ta b le  a n d  h a s  n o  e q u i l ib r iu m  p o in t .
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* X2= -X a/2 £
Fig . 3 .3  The p h a s e  tra je c to r ie s  o f  a  n o rm a liz e d  

(9 i9s  = 1.91 + 92 = - 2 ^  = -0 .4 )  secoTid o rd e r s ys tem  w ith  
stab le , co m p le x  c o n ju g a te  e ig en va lu es . The s ys tem  is
s tab le  a n d  the tra je c to r ie s  a re  co n verg in g  lo g a r ith m ic  
s p ira ls .

A

X2=Xa/2ct

Fig. 3 .4  The p h as e  tra je c to r ie s  o f  a  n o rm a liz e d
(9 i92  = 1.9 i + 92 = — = 0.4) second o rd e r s y s te m  w ith
u n s ta b le , co m p le x  co n ju g a te  e ig en va lu es . The s ys tem  is  
u n s ta b le  a n d  the tra je c to r ie s  a re  d iv e rg in g  lo g a rith m ic  
s p ira ls .
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3 .1 .5  U n s ta b le  S y s te m s  w ith  C o m p le x  E ig e n v a lu e s

T he  e ig e n v a lu e s  a re  c o m p le x  c o n ju g a te s  w ith  p o s it iv e  r e a l

p a r ts .  T h e  phase  t r a je c to r y  is  g iv e n  b y  th e  fo llo w in g  p a ra m e tr ic

e q u a t io n s .

* ^2 0 — 10 tx x = eRT[3: 1 0 cosO T+  ^ -------s in O r]

CLjC o n  Z  i n
x z = eOT[2 :3 0 cosO T+ ^ ------ s in O r]

Q = ; a =

a: i 0  a n d  x zo a re  th e  c o o rd in a te s  o f a n y  p o in t  o n  a g iv e n  t r a je c to r y .  

As r  is  t r a c e d  b a c k  in  t im e  to  x 1 a n d  x z a re  z e ro . T h e re fo re  a l l  

th e  t r a je c to r ie s  e m e rg e  f r o m  th e  o r ig in  a n d  d iv e rg e  to w a rd s  °° as 

t im e  e v o lv e s . The p h a se  t r a je c to r ie s  f o r  th is  c la ss  o f s y s te m s  a re  

sh o w n  in  F ig . 3 .4 . T h e y  a re  d iv e rg in g  lo g a r i th m ic  s p ira ls .

3 .1 .6  U n s ta b le  S y s te m s  w ith  P o s it iv e  R e a l E ig e n v a lu e s

T h e  e ig e n v a lu e s  a re  re a l.  The  s t r a ig h t  l in e s  w ith  s lop e s  q x

a n d  qz a re  a lso  p h a se  t r a je c to r ie s .  T h e  p h a se  t r a je c to r ie s  in

p a r a m e t r ic  f o r m  a re  g iv e n  b y

x i = „  [{<lzXl0- x Z0)e q'r - ( q lx 1Xi- x Z0)e qzT]
92 ? 1

* 3  = zr-̂ -z—[(* io -g i*3o )e9lT-(* io -g 3 *3 o )e 92T]9 z~  9 i

2 j 0 a n d  x zo a re  th e  c o o rd in a te s  o f a n y  p o in t  o n  a g iv e n  t r a je c to r y .  g x 

a n d  qz a re  p o s it iv e . As r  is  t r a c e d  b a c k  in  t im e  to  —«>, arj a n d  x z te n d  

to  z e ro . T h e re fo re  a l l  th e  t r a je c to r ie s  e m e rg e  f r o m  th e  o r ig in  a n d  

g ro w  w ith  t im e . F ig u re  3 .5  show s re p re s e n ta t iv e  ph ase  t r a je c to r ie s .
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Fig. 3 .5  The phase tra je c to r ie s  o f  a  n o rm a lized .
(g ! = 0 .5,gg = 2,£ = —1.25) second o rd e r s y s te m  w ith  
d is tin c t, p o s itiv e  r e a l  e ig e n v a lu es . The s ys tem  is  un stab le  
a n d  a l l  the tra je c to r ie s  d iverg e  to <».

Pig. 3 .6  The phase tra je c to r ie s  o f  a  n o rm a liz e d  
(g i = l , g 2 = —l , f  = 0 ) second o rd e r system s w ith  d is tin c t  
e ig en va lu es  o f u n lik e  p o la r ity .  The tra je c to r ie s  e v e n tu a lly  
d iverge  to co.
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T hey  d iv e rg e  in d ic a t in g  u n s ta b le  e ig e n v a lu e s  a n d  a re  th e  m i r r o r  

im age  o f th e  t r a je c to r ie s  o b ta in e d  f o r  s y s te m s  w ith  n e g a t iv e , r e a l  

e ig e n va lu e s .

3 .1 .7  U n stab le  S y stem s vdth. E ig en v a lu es R eal an d  Unlike 

Sign

T he  e ig e n v a lu e s  a re  re a l.  T he  s t r a ig h t  lin e s  o f s lo p e s  q x a n d  

q2 a re  a lso  p h ase  t r a je c to r ie s .  T he  p h a s e  t r a je c to r ie s  in  p a r a m e t r ic  

fo r m  a re  g iv e n  b y

* 1  = r - ^ ^ [ ( g 2* i o - * 2 o)egiT- ( g i * i o - * 2 o)e92T]?2—9 1

* 2  = -r -^ — [(x 10- q 1x Z0)e qiT- ( x 10- q 2x Z0)e qzT]
92_ 9 i

x 10 a n d  x 20 a re  th e  c o o rd in a te s  o f a n y  p o in t  o n  a g iv e n  t r a je c to r y .  q 1 

a n d  q2 a re  o f u n lik e  p o la r i t y .  T h e re fo re  th e  p h a s e  t r a je c to r ie s  a re  

n o t  u n ifo r m ly  d iv e rg e n t.  T h e y  e m e rg e  f r o m  »  a n d  e v o lv e  to w a rd s  

F ig u re  3.6 show s t y p ic a l  t r a je c to r ie s .  T h e  o v e r a l l  b e h a v io r  is  

d iv e rg e n t.

T he  n a tu re  o f  th e  p h a se  t r a je c to r ie s  f o r  f re e  s e c o n d  o r d e r  

s y s te m s  g iv e n  b y  Eq. (3 .1 )  is  c o n s o lid a te d  in  F ig . 3 .7 . I t  is  p lo t te d  

b e tw e e n  d a m p in g  fa c to r  £ a n d  n a tu r a l  f r e q u e n c y  u02. T h e  d if fe r e n t  

re g io n s  a re  n u m b e re d  a n d  ty p ic a l  t r a je c to r ie s  h in te d .  S om e o f th e s e  

t r a je c to r ie s  a re  u s e d  in  th e  fo l lo w in g  s e c t io n  to  h ig h l ig h t  th e  

p ro p e r t ie s  o f VSS a n d  th e  c o n c e p t o f s l id in g  re g im e s .
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I  STABLE REAL ROOTS

STABLE COMPLEX 
ROOTS

V

III UNSTABLE COMPLEX 
ROOTS

IV. V UNSTABLE REAL 
ROOTS

m * > X i

Fig. 3 .7  The q u a lita t iv e  d iffe re n c e  i n  the p h as e  tra je c to r ie s  o f a  
second o rd e r s ys tem  as a  fu n c t io n  o f the n a tu r a l  
f re q u e n c y  cj0 a n d  d a m p in g  S ystem s lo ca ted  in  re g io n  I  
a n d  I I  i n  the cj0, £ p la n e  a re  s ta b le  s y s tem s , System s  
lo ca te d  i n  reg io n s  I I I ,  TV, a n d  V  a re  u n s ta b le  system s. 
System s lo c a te d  on the p o s itiv e  a>0 ax is  do n o t have  
d am p in g  a n d  a re  c o n s e rv a tiv e  system s.
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3 .2  Sliding R egim es in  'VSS

I t  w as a s s e r te d  th a t ,  in  th e  ca se  o f VSS, p h a se  t r a je c to r ie s  

t h a t  a re  q u a l i ta t iv e ly  d i f fe r e n t  f r o m  th o s e  o f th e  s u b s tru c tu re s  c a n  

be o b ta in e d . T h is  p o in t  a n d  o th e r  fe a tu re s  o f  VSS a re  now  

i l lu s t r a te d .  C o n s id e r th e  fo llo w in g  tw o  s u b s t ru c tu re s  ( f r o m  S e c tio n

3 .1 .5  a n d  3 .1 .7  re s p e c t iv e ly ) .

S u b s tru c tu re  I is  g iv e n  b y  

x x = x z
- 1  < K < 0x z -  - 2 ^ 2 -X y

The  e ig e n v a lu e s  o f s u b s t r u c tu r e  I  a re  c o m p le x  w ith  p o s it iv e  re a l  

p a r ts .  The  p h ase  t r a je c to r ie s  o f th is  s u b s t r u c tu r e  a re  s h o w n  in  F ig . 

3 .8 a  a n d  is th e  sam e as sh o w n  in  F ig . 3 .4 . The t r a je c to r ie s  a re  

d iv e rg in g  lo g a r i th m ic  s p ira ls  a n d  th e  s u b s t r u c tu r e  I is  u n s ta b le . 

S u b s tru c tu re  I I  is  g iv e n  b y

Z  = 9- = : 93 =

The  e ig e n v a lu e s  o f s u b s t r u c tu r e  I I  a re  r e a l  a n d  o f u n lik e  p o la r i ty .  

The  p h a se  t r a je c to r ie s  o f  s u b s t r u c tu r e  I I  a re  g iv e n  in  F ig . 3 .8 b . T h e y  

d iv e rg e  to  °° in d ic a t in g  in s ta b i l i t y  a n d  a re  th e  sam e  as s h o w n  e a r l ie r  

in  F ig . 3 .6 .

3.2.1 Simple VSS

I t  m a y  be  o b s e rv e d  t h a t  th e  t r a je c to r ie s  o f  s u b s t r u c tu re  I 

a re  b o u n d e d  in  e v e ry  q u a d ra n t .  T h e  t r a je c to r ie s  o f  s u b s t r u c tu re  II 

a re  b o u n d e d  in  q u a d ra n ts  2 a n d  4. A  VSS m a y  be s y n th e s iz e d
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X2

-o

fa] SUBSTRUCTURE I

XS

(h) SUBSTRUCTURE I I

Fig. 3 .8  The phase tra je c to rie s  o f tw o second o rd er subsystem s  
em ployed  to i l lu s tra te  V aria b le  S tru c tu re  System s (VSS). 
Subsystem  I  is  a n  u n s ta b le  system  w ith  com plex  
e ig envalu es  (a). Subsystem  I I  is  also a n  u n s ta b le  system  
w ith  re a l e igenvalu es  o f u n lik e  p o la r i ty  (b).
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A Xg

SUBSTRUCTURE I

SUBSTRUCTURE I

(a)

(b)

M g. 3 .9  A s im p le  VSS m ade u p  o f the two s u b s tru c tu res  g iv e n  
e a r l ie r  in  F ig . 3.8. The s u b s tru c tu re s  ac tive  in  the  
d iffe re n t reg io n s  o f  the ph ase p la n e  are  show n. The 
re s u lta n t  o v e ra ll tra je c to ry  o f  the o v e ra ll VSS is  show n  
in  (a). T yp ica l tra je c to r ie s  s ta r t in g  f r o m  a r b it r a r y  in i t ia l  
conditions A(x 11,x21) a n d  B (x 12.x22) are  show n in  (b). The 
VSS m ade up  o f  u n s ta b le  s u b s tru c tu res  is  seen  to be 
stable .
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c o m p o s in g  o f th e s e  d e s ira b le  p o r t io n s  o f th e  t r a je c to r ie s  o f th e  

s u b s t r u c tu r e s  I a n d  II. T he  s t r u c t u r e - c o n t r o l  la w  m a y  be s ta te d  as 

S u b s t r u c tu r e  I h o ld s  fo r  s 1 (z 2 - g 1a;1) > 0  

S u b s t r u c tu r e  I I  h o ld s  fo r  x ^ x z  — g ^ i )  < 0  

A c c o rd in g  to  th e  s t r u c t u r e - c o n t r o l  la w  th e  p h a s e  p la n e  is  d iv id e d  in to  

s e v e ra l re g io n s , as s h o w n  in  F ig . 3 .9 a . T h e  s u b s t r u c tu r e s  a c t iv e  in  

e a c h  o f th e s e  re g io n s  a re  la b e le d . T he  o v e r a l l  p h a s e  t r a je c t o r y  is 

c o m p o s e d  o f  th e  t r a je c to r ie s  o f e a c h  o f th e  s u b s t r u c tu r e s  in  th e  

a p p r o p r ia te  re g io n s . T h e  p h a se  t r a je c to r ie s  f o r  th e  c o m p o s ite  VSS 

a re  s h o w n  in  F ig . 3 .9 a . The  t r a je c to r ie s  o f  th e  s y s te m  s ta r t in g  f r o m  

a r b i t r a r y  in i t i a l  c o n d it io n s  A (a: n  .2:2 1 ) a n d B{x Xz<x zz) a re  s h o w n  in  F ig . 

3 .9 b . S ta r t in g  f r o m  a n y  in i t i a l  c o n d it io n  th e  s ta te s  o f th e  VSS 

c o n v e rg e  to  z e ro  a n d  so  th e  o v e r a l l  s y s te m  is  s ta b le .

In  th e  a b o ve  e x a m p le  i t  w as a s s u m e d  t h a t  th e  s t r u c tu r e -  

c o n t r o l  la w  w as re a liz e d  p e r fe c t ly .  In  o th e r  w o rd s  th e  c h a n g e  o f 

s t r u c t u r e  f r o m  on e  s u b s t r u c tu r e  to  th e  o th e r  a c te d  w h e n e v e r  th e  

s y s te m  RP c ro s s e d  th e  b o u n d a r ie s  s e t u p  b y  th e  s t r u c tu r e - c o n t r o l  

la w . In  p r a c t ic e  s u c h  p e r fe c t  s e n s in g  o f th e  lo c a t io n  o f th e  RP w ith  

r e s p e c t  to  th e  v a r io u s  b o u n d a r ie s  is  im p o s s ib le . T h e re  w i l l  a lw a ys  be 

n o n id e a l i t ie s  s u c h  as d e la y , h y s te re s is  e tc , in h e r e n t  in  p h y s ic a l 

h a rd w a re  u s e d  f o r  c h a n g in g  th e  s t r u c tu r e .  We n o w  see th e  e f fe c t  o f 

s u c h  n o n id e a l r e a l iz a t io n  o f th e  s t r u c t u r e - c o n t r o l  law . L e t  th e  r e a l  

s t r u c t u r e - c o n t r o l  la w  be

S u b s t r u c tu r e  I h o ld s  fo r  x x{xz —g ^ i )  > A 

S u b s t r u c tu r e  I I  h o ld s  fo r  2 i ( z 2 - g xx x) < A 

A is  a s m a ll p o s it iv e  q u a n t i t y  in t r o d u c e d  to  r e f le c t  th e  n o n id e a li t ie s
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SUBSTRUCTURE I

SUBSTRUCTURE I

(a)

H> X ,

lb )

Fig. 3 .1 0  S w itc h in g  b o u n d a rie s  in  a  r e a l  VSS (a). The b o undaries  
e x ten d  o ver a  s m a ll  A neig h b o u rh o o d  o f the sw itc h in g  
lin e s . The e ffe c t o f  the n o n id e a l s w itch in g  b o u n d ary  on  
the o v e ra ll t ra je c to ry  (b ) is  seen  to be sensitive  to the 
h y s te re s is  in  the s w itc h in g  b o u n d a ry .
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o i th e  VSS h a rd w a re  a n d  goes to  z e ro  as th e s e  n o n id e a lit ie s  v a n is h . 

F ig u re  3 .1 0 a  show s th e  p a r t i t io n in g  o f th e  p h a se  p la n e  in to  v a r io u s  

re g io n s  a n d  th e  s u b s tru c tu re s  t h a t  a re  a c t iv e  in  e a ch  o f th e s e  

re g io n s  a c c o rd in g  to  th e  s t r u c tu r e - c o n t r o l  law . The s w itc h in g  

b o u n d a r ie s  a re  sh o w n  e x te n d e d  to  in c lu d e  th e  h y s te re s is  zone . 

S y s te m  t r a je c to r ie s  s ta r t in g  f r o m  a n  a r b i t r a r y  in i t ia l  c o n d it io n  

A ( x x itx 2 i) a re  sh o w n  in  F ig . 3 .1 0 b . The  e f fe c t  o f th e  s w itc h in g  

n o n id e a li t ie s  re s u lts  in  t r a je c to r ie s  t h a t  a re  d if fe r e n t  f r o m  th e  id e a l 

case . H o w e ve r th e  o v e ra l l  s y s te m  c o n t in u e s  to  be s ta b le . I t  m a y  a lso  

be o b s e rv e d  th a t  as A a p p ro a c h e s  z e ro , th e  re a l  t r a je c to r y  

a p p ro a c h e s  th e  id e a l t r a je c to r y .

3.2.2 Sliding Modes in VSS

In  th e  ab ove  e x a m p le s , d e s ira b le  s e c t io n s  o f th e  p h ase  t ra je c to r ie s  

o f u n s a t is fa c to r y  s y s te m s  a re  p ie c e d  to g e th e r  to  o b ta in  a VSS w ith  a 

d e s ira b le  p r o p e r ty  ( s ta b i l i t y  in  th e s e  e x a m p le s ). A m o re  fu n d a m e n ta l 

a s p e c t o f VSS is  th e  p o s s ib i l i ty  to  o b ta in  r e s u lt a n t  p h ase  t r a je c to r ie s  

t h a t  a re  n o t  in h e r e n t  in  a n y  o f th e  s u b s tru c tu re s  u sed . Th is  a s p e c t 

is  b r o u g h t  o u t  in  th e  e x te n s io n  o f th e  sam e e x a m p le .

C o n s id e r th e  VSS th a t  c o n s is ts  o f th e  sam e  s u b s tru c tu re s  I 

a n d  I I  as b e fo re . The  s t r u c tu r e - c o n t r o l  la w  is n o w  m o d if ie d . 

S u b s tru c tu re  I h o ld s  fo r  i . ( s 2 f c z j )  > A 

S u b s tru c tu re  I I  h o ld s  fo r  z , ( z 2 + c z ] )  < A 

c > 0  ; | c | < | g ! |

The  id e a liz e d  s w itc h in g  b o u n d a r ie s , th e  s u b s tru c tu re s  a c tiv e  in  th e  

v a r io u s  re g io n s  o f th e  ph ase  p la n e , a n d  th e  t r a je c to r ie s  in  e a ch  o f
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SUBSTRUCTURE I

SUBSTRUCTURE

o  X,

Xg-cflaXft

(a)

(b ) (c)
Fig. 3 .11  S lid in g  re g im e  in  VSS (c l). The sw itc h in g  lin e  x z + cxx = 0 

is  such th a t the tra je c to r ie s  o f  the su b s tru c tu res  on  
e ith e r  side o f  the s w itc h in g  lin e  a re  d ire c te d  tow ards  
the s w itch in g  lin e . The re s u lta n t  o v e ra ll tra je c to ry  (b)  is  
seen to be con fined  w ith in  the hysteres is  bounds o f the 
sw itc h in g  lin e . The id e a l o v e ra ll tra je c to ry  (c ) is  seen to 
be d iffe re n t f r o m , a n d  in d e p e n d e n t o f  the su b s tru c tu res  
used.
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th e  re g io n s  o f th e  p h a s e  p la n e s  a re  a l l  s h o w n  in  F ig . 3 .1 1 a . The 

s w itc h in g  b o u n d a r ie s  a re  th e  z z a x is  a n d  th e  s t r a ig h t  l in e  z 2-hcz1 = o. 

T he  l in e  x 2 + c z 1 = 0  is  th e  s w itc h in g  l in e . T he  s t r u c tu r e  c h a n g e s  

w h e n e v e r  th e  R e p re s e n ta t iv e  P o in t  (R P) e n te rs  a re g io n  d e fin e d  b y  

th e  s w itc h in g  b o u n d a r ie s .  T h e  im p o r ta n t  p r o p e r t y  o f th e  p h a se  

t r a je c to r ie s  o f th e  s u b s t r u c tu r e s  is  th a t ,  in  th e  v ic in i t y  o f th e  

s w itc h in g  l in e ,  th e  p h a s e  t r a je c to r ie s  c o n v e rg e  to  th e  s w itc h in g  lin e . 

The im m e d ia te  c o n s e q u e n c e  o f  th is  p r o p e r t y  is  t h a t ,  o n ce  th e  RP h its  

th e  s w itc h in g  l in e  th e  s t r u c t u r e - c o n t r o l  la w  e n s u re s  t h a t  th e  RP does 

n o t  m o v e  a w a y  f r o m  th e  s w itc h in g  l in e .  F ig u re  3 .1 1 b  show s a ty p ic a l  

t r a je c t o r y  s ta r t in g  f r o m  a n  a r b i t r a r y  i n i t i a l  c o n d it io n  i4(arllPa:21). The 

r e s u l t a n t  t r a je c t o r y  is  s e e n  to  b e  c o n f in e d  a lo n g  th e  s w itc h in g  

b o u n d a ry  zz + czj  ̂ = A. F ig u re  3 .1 1 c  sh o w s  th e  sa m e  t r a je c to r y  as in  

F ig . 3 .1 1 b , w h e n  th e  n o n id e a l i t ie s  o f  th e  s w itc h in g  b o u n d a r ie s  

a p p ro a c h  z e ro  (A = 0 ). In  th e  c a s e  o f id e a l s w itc h in g  i t  m a y  be  se e n  

t h a t  o n c e  th e  RP m o v e s  o n to  th e  s w itc h in g  l in e  z z + cx1 = 0 , th e  

s y s te m  m o t io n  is  th e n  a lo n g  th e  s w itc h in g  l in e .  T h e  s w itc h in g  l in e  

x z + c z1 = 0  is  d e fin e d  b y  th e  s t r u c t u r e - c o n t r o l  la w  a n d  is  n o t  p a r t  o f 

th e  t r a je c to r ie s  o f a n y  o f  th e  s u b s t r u c tu r e s  o f  th e  VSS. This m o tio n  

o f the s y s te m  R P  a lo n g  a  t r a je c to r y , on  w h ic h  the s tru c tu re  o f  the  

system  changes, a n d  th a t  is  n o t p a r t  o f  a n y  o f  the s u b s tru c tu re  

tra je c to r ie s , is  c a lle d  the s lid in g  m ode. T h is  p r o p e r t y  is  one  o f th e  

s t r o n g e s t  fe a tu re s  o f  VSS. W he n  s lid in g  m o d e s  e x is t ,  a n d  a re  

e x p lo ite d , th e  r e s u l t a n t  s y s te m  p e r fo r m a n c e  is  in d e p e n d e n t o f  th e  

p ro p e r t ie s  o f th e  s u b s t r u c tu r e s  e m p lo y e d  a n d  d e p e n d s  o n ly  o n  th e  

p re s e t  s t r u c t u r e - c o n t r o l  la w  ( in  th is  e x a m p le  th e  b o u n d a ry
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zg + c z j  = 0  o n  w h ic h  th e  o v e ra l l  s y s te m  t r a je c to r ie s  a re  c o n fin e d .)

3 .2 .3  S ta b i l i t y  o f  S lid io g  M odes

A n o th e r  e x a m p le  o f VSS is  n o w  s y n th e s iz e d  to  i l lu s t r a te  th e  

a s p e c t o f s ta b i l i t y  o f th e  s y s te m  o p e ra t in g  in  a s lid in g  m ode . The 

VSS c o n s id e re d  h e re  a lso  is  c o m p o s e d  o f th e  sa m e  s u b s tru c tu re s  I 

a n d  I I  as in  th e  p re v io u s  e x a m p le s . T he  s t r u c tu r e - c o n t r o l  la w  is now  

g iv e n  as

S u b s tru c tu re  I h o ld s  fo r  z , ( z s + c :c j)  > A 

S u b s tru c tu re  I I  h o ld s  fo r  z ^ z j  + c z j )  < A 

c < 0  ; | c | < | q2 \

T he  id e a liz e d  s w itc h in g  b o u n d a r ie s ,  th e  s u b s t ru c tu re s  a c t iv e  in  th e  

v a r io u s  re g io n s  o f  th e  p h a se  p la n e , a n d  th e  t r a je c to r ie s  in  e a c h  o f 

th e  re g io n s  o f th e  p h a s e  p la n e s  a re  a l l  s h o w n  in  F ig . 3 .1 2 a . The 

s w itc h in g  b o u n d a r ie s  a re  th e  x z a x is  a n d  th e  s t r a ig h t  l in e  x z + c x t -  0 . 

T he  s t r u c tu r e  c h a n g e s  w h e n e v e r  th e  R e p re s e n ta t iv e  P o in t  (RP) e n te rs  

a re g io n  d e fin e d  b y  th e  s w itc h in g  b o u n d a r ie s .  As in  th e  p re v io u s  

e x a m p le  th e  p h a se  t r a je c to r ie s  o f th e  s u b s t r u c tu r e s  in  th e  v ic in i t y  o f 

th e  b o u n d a ry  i 2 + c z 1 = 0 , c o n v e rg e  to  th e  b o u n d a ry  z 2 + c z ,  = 0 . 

F ig u re  3 .1 2 b  show s a ty p ic a l  t r a je c t o r y  s ta r t in g  f r o m  a n  a r b i t r a r y  

in i t ia l  c o n d it io n  A { x ll tx zi ). The r e s u l t a n t  t r a je c to r y  is  seen  c o n fin e d  

a lo n g  th e  s w itc h in g  b o u n d a ry  x z + cx1 = A. F ig u re  3 .1 2 c  show s th e  

sam e  t r a je c to r y  as in  F ig . 3 .1 2 b , w h e n  th e  n o n id e a li t ie s  o f th e  

s w itc h in g  b o u n d a r ie s  a p p ro a c h  z e ro  (A = 0 ). In  th e  id e a l case th e  

s y s te m  m o tio n , as in  th e  p re v io u s  e x a m p le , is  a lo n g  th e  s w itc h in g  

lin e  x z + cx j = 0 . H o w e v e r u n lik e  th e  p re v io u s  e x a m p le , th e  s y s te m
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SUBSTRUCTURE

I I

SUBSTRUCTURE

(a)

(b) (c)
Fig. 3. IS  An unstable slid ing regim e in  VSS (a). The switching  

line  xg + cx j = 0 "is a  s lid ing  regim e. Resultant overall 
tra jecto ry  (b) and id ea l tra jecto ry  (c) are confined to 
the sw itching line , but unstable.
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m o tio n  is fo re v e r  aw ay fro m  th e  o r ig in  a n d  is u n s ta b le . The  

im p o r ta n t  p o in t m ade th ro u g h  th is  e x a m p le  is th a t ,  w h e n  slid ing  

m odes e x is t, analysis of th e  s ta b ility  o f th e  o v e ra ll s y s te m  is done  

s im p ly  by exam in in g  if th e  tra je c to r ie s  on th e  sw itch ing  b o u n d a rie s  

lea d  to  a s tab le  o p e ra tin g  p o in t o r n o t.

3.2.4 A  Practical Example

The examples cons ide red  in  th e  p re v io u s  se c tions  w ere  a ll 

fre e  second o rd e r system s . They b ro u g h t o u t the  v a r io u s  fe a tu re s  o f 

the  s lid ing  modes in  VSS. To re in fo rc e  th e  co ncep ts  i l lu s tra te d  by the  

p rev io u s  exam ples, a p ra c tic a l exam ple  o f a d c -to -d c  e le c tr ic a l pow er 

c o n v e rte r  is p resented, be fo re  we go on to  g e n e ra lize  these  concep ts  

fo r  g e n e ra l dynam ic systems.

C onsider th e  d c -to -d c  c o n v e r te r  c ir c u it  show n in  F ig . 3 .1 3 a .  

D epend ing  on th e  p o s itio n  of th e  s ing le  p o le  d o ub le  th ro w  (SPDT) 

sw itch , th e  system  consists of tw o s u b s tru c tu re s . T h e  sw itch ing  

v a r ia b le  u  is re la te d  to  th e  SPDT p o s itio n , u  =  1 w h en  th e  in d u c to r  is 

c o n n e c te d  to  Vg. u  =  0 w hen th e  in d u c to r  is c o n n e c te d  to  g ro u n d . 

The s u b s tru c tu re s  0 and  1 a re  th e  r e s u lta n t  c irc u its  fo r  u  -  0 an d  

u  = 1 re s p e c tiv e ly , and  a re  shown in  F ig . 3 .1 3 b , a n d  F ig . 3 .1 3 c . The  

d y n am ic  equations of th e  s ys tem  a re ,

du0 v 0
C d t R

di.
L dF = V9u ~v°

The sam e equations re p re s e n t b o th  s u b s tru c tu re s  0 a n d  1 dep en d in g  

on th e  v a lu e  ta k e n  by th e  sw itch ing  v a r ia b le  it .  T h e  s y s te m  e q u a tio n s
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1 = 1 -s> 2

(a)

F ig . 3 .1 3  The e x a m p le  o f  a  b u c k  c o n v e r te r  (c l) a s  a  VSS. The 
s u b s tru c tu re s  (b)  and. (c )  a r e  th e  e f fe c t iv e  c i r c u i t s
d u r in g  th e  a c t iv e  a n d  n o n a c i iv e  p e r io d s  o f  th e  o p e ra t io n ,  
o f  the c o n v e r te r .  B o th  ( a )  a n d  (b )  a r e  s e c o n d  o r d e r
s y s te m s .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

m a y  be p u t in  th e  fo llow ing  fo rm .

d zv 0 _  i  _  i  d v Q V g  

d tz ~ TCrV° EC dt + I c “

W ith  th e  d e fin it io n  o f v 0 = x 1: d v c/ d t  =  x 2 ; 1 / L C  = co02 ; 2<fo>0 = 1 / E C ,  

th e  fo llow ing  re p re s e n ta t io n  is o b ta in e d .

x i ~ x 2

x 2 ~  —u0zx 1—2 ^ a 0x z + u 0z Vgu

In  n o rm a l c o n v e r te rs  th e  d am ping  fa c to r  ^ is less th a n  1, re s u lt in g  in  

c o m p le x  c o n ju g a te  e ig en va lu es  w ith  n e g a tiv e  r e a l  p a r ts .

F o r  s u b s tru c tu re  0, u  = 0 a n d  th e  s y s te m  e q u a tio n s  a re  

id e n t ic a l  to  th o s e  g iv en  in  S ec tio n  3 .1 .3 . The e q u ilib r iu m  p o in t is 

g iv en  b y  v 0 = d v 0/ d t  =  0. The p h ase  t r a je c to r ie s  fo r  th e  s u b s tru c tu re  

0 a re  shown in  F ig . 3 .1 4 . F o r s u b s tru c tu re  1, u  =  1 a n d  th e  s ys tem  

e q u a tio n s  h a v e  a n  e x t r a  fo rc in g  t e r m  u 02 Vg. T h e  e q u ilib r iu m  p o in t is 

th e n  u a = Vg. T h e  e ig en va lu es  being  c o m p le x  w ith  n e g a tiv e  r e a l  p a rts ,  

th e  p hase  tra je c to r ie s  a re  s im ila r  to  th o s e  g iv en  in  S e c tio n  3 .1 .3 , and  

a re  also show n in  Fig. 3 .1 4 .

We now  s y n th e s ize  a c o n tro l la w  g iv en  by

d v 0
S u b stru c tu re  0 holds  fo r (vc— F0 ) +  -  > 0

d v 0
S u b stru c tu re  1 holds  for (^0 —F0*) + t  ^  < 0

T h e  sw itch in g  b o u n d a ry  e s tab lis h ed  b y  th e  ab o ve  c o n tr o l law , and  

p a r t  o f th e  t ra je c to r ie s  v a lid  in  th e  tw o re g io n s  d e fin e d  by  th e  

s w itch in g  b o u n d a rie s  a re  show n in  F ig . 3 .1 5 . T h e  c o n se q u e n c es  of 

th e  above s t r u c tu r e -c o n tr o l  law  a re  as fo llow s.

i)  The p h ase  t r a je c to r ie s  e v e ry w h e re  in  th e  p h ase  p la n e  a re
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U=

U= 1

=  1
■Vo

u —

F ig . 3 .1 4  The t r a je c to r ie s  o f  th e  s u b s t r u c tu r e s  in v o lv e d  i n  the  
b u c k  c o n v e r te r .  The t r a je c t o r ie s  m a r k e d  u  = 0, a n d
u  — 1 c o rre s p o n d  to th e  a c t iv e  a n d  n o n a c t iv e  
s u b s tr u c tu r e s  o f  th e  b u c k  c o n v e r te r  r e p e c t iv e ly .

d t
=0

(Vo-Vo) J-rdVo/dt^O

=0

0
=0Vo

u = l

u=

Fig . 3 .1 5  The d e s ire d  re s p o n s e  o f  th e  b u c k  c o n v e r te r  
( dvo

v c ) + T ~jj±~ ^  s e e n  to be a  s l id in g  r e g im e . The
t r a je c to r ie s  o n  e i th e r  s id e  o f  th e  s l id in g  l in e  a re  
d ir e c te d  tozuards  th e  s l id in g  l in e .
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d ire c te d  tow ards the  sw itch ing  b oun d a ry .

i i)  When the sw itch ing  b o u n d a ry  is cons ide red  as a tra je c to ry , 

th e re  ex is ts  a stab le  o p e ra tin g  p o in t  g iven  by v 0 = F0°.

The s teady sta te  o p e ra tin g  p o in t de fined  by th e  sw itch ing  b o u n d a ry  is 

d if fe re n t fro m  those o i e ith e r  o f the  s u b s tru c tu re s . S ta rtin g  fro m  

ze ro  in i t ia l  co nd itions , th e  sys tem  m o tio n  is shown in  Fig. 3.16. The 

o v e ra ll sys tem  m o tio n  consis ts  o f two p a rts . The f i r s t  p a r t  is the  

m o tio n  fro m  any a rb it ra r y  in i t ia l  co n d itio n  on the  phase p lane t i l l  

th e  RP reaches the  sw itch ing  b o u n d a ry  o r th e  s lid ing  lin e . The tim e  

ta k e n  fo r  th is  p a r t  o f th e  m o tio n  depends on the  sys tem  p a ra m e te rs  

and w ill be a sm a ll f ra c t io n  of the  to ta l response tim e  in  a w e ll 

designed system . The second p a r t  o f the  m o tio n  is fro m  w here the  

RP h its  the  slid ing lin e , to  the  s teady s ta te  op e ra tin g  p o in t on  tne  

s lid ing  line . In  th is  exam ple th is  m o tio n  is w ith  a. tim e  c o n s ta n t o f r , 

and is independen t o f the  sys tem  p a ra m e te rs .

3.2.5 E qua tions  o f M o tio n  o n  th e  S w itch ing  B o u nd a ry

The same exam ple  shown in  the  p rev ious  se c tio n  is now 

s tud ied  fo r  the  equa tions  o f m o tio n  of the  system  RP a long the  

sw itch ing  bounda ry . I t  was seen th a t  the  re s u lta n t m o tio n  o f the  RP, 

in  th e  case o f id e a l sw itch ing , is d ire c te d  along the  sw itch ing  

b o un da ry . One m ay th e n  ta ke  the  e q ua tio n  o f the  s lid ing  b o u n d a ry  to  

re p re s e n t the  system  m o tio n . A lte rn a tiv e ly , th e  a c tu a l sys tem  m o tio n  

ta k in g  in to  a cco u n t the  n o n id e a litie s  in  sw itch ing  m ay be com puted  

and the  re s u lta n t m o tio n  a rr iv e d  a t by the  process o f ta k in g  the  

n o n id e a litie s  to  the  l im it  o f ze ro . This m ethod  of a rr iv in g  a t the
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(Vo-Wo) +TdVo/dt=<

0

F ig . 3 .1 6  T y p ic a l s ta r t in g  t r a n s ie n t  o f  th e  b u c k  c o n v e r te r  s e e n  o n  
the p h a s e  p la n e .  The s te a d y  s ta te  o p e r a t in g  p o in t  is  
v 0 = V0*.

t = A t

- A tc=0

(Vo-Vo) + T d V o /d t= i

F ig . 3 .1 7  The e q u iv a le n t  t r a je c t o r y  a lo n g  th e  s l id in g  l in e  co n s is ts  
o f  a  s e r ie s  o f  t r a je c t o r ie s  c o r re s p o n d in g  to the  
in d iv id u a l  s u b s tr u c tu r e  t r a je c to r ie s .  The a v e ra g e  
t r a je c to r y  a lo n g  th e  s l id in g  l in e  is  th e  a v e ra g e  o f  the  
in d iv id u a l  t r a je c t o r ie s .
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e q u iv a le n t sys te m  d e s c r ip tio n  is c a lle d  th e  F ilip p o v ’s m e thod , and  is 

i l lu s tra te d  fo r  th is  exam ple  he re . The s lid ing  lin e , th e  A v ic in ity  as a 

re s u lt  o f re a l sw itch in g , and th e  a c tu a l m o tio n  o f th e  RP s ta r t in g  on 

th e  s lid ing  lin e  a t  tim e  t = 0  a re  show n in  Fig. 3.17. i : (1̂  and x ^  a re

th e  s ta te  v e lo c ity  v e c to rs  fo r  u = 1 and  u  = 0  re s p e c tiv e ly  in  the  

n a r ro w  A v ic in ity  o f the  s lid in g  lin e . The tim e  ta k e n  fo r  the  sys te m  

RP to  re a c h  th e  edge o f th e  s w itc h in g  b o u n d a ry  and b a ck  to  the  

s lid in g  line  a re  f in ite  and equa l to  A tx and  At z re s p e c tiv e ly . Suppose 

th a t  the  h y s te re s is  re g io n  is sm a ll. Then  th e  s ta te  v e lo c ity  v e c to rs  

and  a re  c o n s ta n ts  in  th e  re g io n  co ns ide red . Then as A - > 0  

i ^ A i ! + i^°^(A i2 —At x)
x  = Atr

x  — —/ i)  ; fji -  1At ̂

In  w ords th e n , th e  re s u lta n t  m o tio n  o f th e  sys te m  on the  s lid ing  

b o u n d a ry  is the  w e igh ted  a ve rage  o f the  m o tio n s  o f th e  

s u b s tru c tu re s  on e ith e r  side o f th e  s lid in g  b o u n d a ry . In  th is  exam ple  

i t  is seen th a t  th e  w e igh ts  a re  th e  re la t iv e  d u ra t io n  o f each 

s u b s tru c tu re  in  a cyc le  to  th e  to ta l  d u ra t io n  o f the  cyc le . The 

h ig h e r the  fre q u e n c y  o f sw itch in g , th e  b e tte r  is th is  a p p ro x im a tio n . 

In  a re a l s lid in g  m ode sys te m  th e  f in ite  sw itch in g  fre q u e n c y  o f th e  

sys te m  is caused  by th e  v a r io u s  n o n id e a lit ie s  and  is n o t co n s ta n t. In  

such  in s ta nce s , th e  m e th o d  fo llow ed  to  g e t e q u iv a le n t d e s c r ip tio n  o f 

th e  o v e ra ll sys te m  is g iven  in  S e c tio n  3.5.
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The exam ples g iven  in  th is  se c tio n , thoug h  sim ple, 

il lu s tra te d  se ve ra l im p o r ta n t aspects  o f s lid ing  modes in  VSS. B efore  

these concep ts  a re  g e ne ra lize d , se ve ra l fe a tu re s  of the  g e ne ra l 

p ro b le m  a re  h ig h lig h te d . F o r a g e n e ra l sys te m  o f o rd e r h ig h e r th a n  

tw o, th e  phase space is o f d im e n s io n  h ig h e r th a n  two. The ex is tence  

o f s lid ing  modes is d if f ic u lt  to  v isu a lize  fo r  such  systems. I t  is th e n  

re q u ire d  to  p rove  th e  e x is te nce  o f s lid ing  modes th ro u g h  m ore  

a b s tra c t m a th e m a tic a l m eans. The phase p lane  fo r  the  second o rd e r 

sys tem  was se t up in  te rm s  o f the  o u tp u t v a r ia b le  and its  d e riva tive . 

F o r h ig h e r o rd e r system s, n o t o n ly  th a t  h ig h e r o rd e r d e riva tive s  a re  

d if f ic u lt  to  m easure , b u t co u ld  p ro ve  to  be d iscon tin uou s  as well. 

T h e re fo re  s lid ing  reg im es in  a phase space m ade up o f s ta tes w h ich  

a re  m easurab le , p h ys ica l, and  c o n tin u o u s  v a ria b le s  would be desired . 

F u r th e r , th e  sys te m  m ay have m o re  th a n  two s u b s tru c tu re s  

in d ic a tin g  m u ltip le  c o n tro l in p u ts . These aspects  are  d e a lt w ith  in  

d e ta il in  th e  fo llow ing  sec tions .

Having seen th e  above exam ples, c e r ta in  aspects o f YSS are  

now re c a p itu la te d  [2 ]. The c o n tro l laws deve loped in  the  th e o ry  of 

YSS u su a lly  p ro v id e  fo r  changes in  th e  s tru c tu re  o f the  system , 

w henever th e  RP crosses c e r ta in  su rfa ce s  in  th e  phase space o f the  

system . These su rfa ce s  across  w h ich  th e  sys te m  s tru c tu re  changes 

are  ca lled  the  s lid ing  su rfa ce s . Once th e  RP o f the  system  moves 

on to  these  s lid ing  su rfa ce s , th e  c o n tro l a c tio n  is such th a t the  RP 

stays on these su rfa ce s . The fo rm  o f th e  s lid in g  su rfaces depends 

on the  type  o f th e  sys te m  and th e  d e s ire d  p e rfo rm a n ce  o f the  o v e ra ll 

system . E sse n tia lly  the  th e o ry  o f VSS is th e  s tu d y  o f the  p ro p e rtie s
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o f such reg im es o f o p e ra tio n  in  VSS, se le c tin g  ra t io n a l s lid ing su rfaces 

a p p ro p ria te  fo r  the  typ e  o f response  des ired , and se lecting  the  

a p p ro p ria te  s u b s tru c tu re s  o f the  VSS to  ensure  the  des ired  

p e rfo rm a n ce .

3.3 General Dynamic System

A g e ne ra l dynam ic  sys te m  in  th e  s ta te  space is described  

m a th e m a tic a lly  as fo llow s.

x — f{x,t, iL)  ; z e F ;  /  £ p ;  u e  Rm.

x is a co lu m n  v e c to r  w h ich  re p re s e n ts  the  s ta te  o f the system . /  is 

a v e c to r fu n c tio n , a  is  a c o n tro l in p u t v e c to r.

x  = I>1 X2 XJl]T
f  = [ f  1 f 2  f n ¥
1L = [ l l l US VL^Y

The case of x, / ,  and  u, a ll be ing  c o n tin u o u s  fu n c tio n s  leads to  the  

class of co n tinu o u s  dynam ic  system s.

In  the  case o f VSS, th e  c o n tro l a t any in s ta n t is dependent 

on the  lo c a tio n  o f th e  RP in  th e  s ta te  space a t th a t  in s ta n t. These 

are  m a th e m a tic a lly  described  as

Ui =
ui+(x ,t) fo r  Si(x) > 0

ui~{x,t) fo r ££(a:) < 0  ^ 'm

The e q ua tion  S^x) ~ 0  re p re se n ts  a b o u n d a ry  in  the  s ta te  space, 

across w h ich  the  i tfl c o n tro l unde rgoes d is c o n tin u ity  (xq+ ^  u*- ). Away 

fro m  th is  b o u n d a ry  Si(x) -  0 , I th c o n tro l in p u t is e ith e r u-Y o r 

b o th  of w h ich  are co n tin u o u s  fu n c tio n s .
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In  the  g e ne ra l class of VSS, iLi+(z,t) and ui~{x,t') a re  b o th  

con tinu o u s  fu n c tio n s  o f the  s ta te . The p ro p e rtie s  o f th is  class o f 

system s have been the  focus o f ex tens ive  s tu d y  in  the  l ite ra tu re  [ 2 ] 

[5 ], and a whole range  o f re su lts  on the  ex is tence, re a c h a b ility , and 

s ta b ility  o f such system s e x is t. The subclass of VSS w here  i£i +(x ,r) and 

u^~(x,t) take  on on ly  fixe d  values ■ui + and v. i s  c lass ified  as re la y  

c o n tro l VSS. This class of system s a rises  in  the  s tu d y  o f o n -o ff 

system s. M ost o f the  VSS e ncou n te red  in  pow er c o n tro l a p p lica tio n s  

be long to  th is  ca te g o ry . The scope o f the  p re se n t w o rk  is lim ite d  to  

th is  subclass o f VSS, nam e ly  re la y  c o n tro l VSS.

The g e ne ra l p ro b le m  of VSS, ju s t  like  any o th e r  c o n tro l 

p rob lem , has two aspects nam ely ana lys is  and syn thesis . In  th e  case 

of the  ana lys is  p rob lem , the  s u b s tru c tu re s  and the s tru c tu re -c o n tro l 

law  a re  g iven. I t  is re q u ire d  to  fin d  o u t the  co n d itio n s  fo r  the  

ex is tence  o f s lid ing  m ode, co n d itio n s  th a t  the  sys te m  RP w ill 

e ve n tu a lly  re a ch  the  s lid ing  reg im e, the  s ta b ili ty  o f the  sys tem  u n d e r 

s lid ing  c o n tro l, e tc . The synthesis o r  the  design p ro b le m  is the  

reve rse  o f th is . F ro m  th e  desired  p e rfo rm a n ce  spe c ifica tions , su itab le  

b ounda ries  (.^(x) = 0 ) de fin ing  the  s lid ing  reg im e a re  to  be 

estab lished. Then the  d isco n tinuous  c o n tro l inp u ts  and iq -  a re  to  

be d e te rm in e d  such  th a t  ex is tence  of s lid ing  mode is g u a ra n te e d  a t 

eve ry  p o in t on  the  b o un d a ry  Si(x) = 0 . F in a lly  the c o n tro l m u s t be 

able to  s te e r the  sys tem  tow ards and o n to  the  in te rs e c t io n  o f the  

s lid ing  boundaries  Si(x) = 0.
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In  the  case o f th e  second  o rd e r  s y s te m  co n s ide re d  in  

S e c tio n  3.2, i t  was seen th a t  s lid in g  m ode e x is ts  i f  th e  phase

tra je c to r ie s  in  th e  v ic in ity  o f th e  s lid in g  lin e  x z + cx1 -  0 , a re  d ire c te d

to w a rd s  th e  s lid in g  lin e . In  th e  fo llo w in g  s e c tio n  th is  idea is

g e n e ra liz e d  to  o b ta in  c o n d itio n s  fo r  th e  e x is te n ce  o f s lid in g  reg im e in  

g e n e ra l.

S.4 CoMditions for Existence o f Sliding Regime

C onsider the  g e n e ra l d yn a m ic  VSS g ive n  b y  

x = f (x , t ,u )  ; x e i?71 ; /  e / 71 ; (3-6)

(3 .7)

The c o n tro l in p u ts  ,m.) a re  d e fine d  by  th e  lo c a t io n  o f th e

RP in  th e  s ta te  space w ith  re fe re n c e  to  th e  s tru c tu re -c o n t ro l 

b o u n d a rie s  5 j(x) = 0 . When s lid in g  re g im e  e x is ts  th e  sys te m  RP 

e v e n tu a lly  m oves o n to  th e  in te rs e c t io n  o f a ll 54(x) = 0  ( i  = l , 2 , m ).

The h y p e rs u rfa c e  de fined  by th e  in te rs e c t io n  o f th e  m  sw itch ing  

b o u n d a rie s  Sj(x) = 0 is ca lle d  th e  s lid in g  s u rfa c e  a(x)  = 0. The s lid ing  

s u rfa c e  er(x) = 0 , be ing  th e  in te rs e c t io n  o f m  s w itch in g  boun d a rie s  

5 i(x ) = 0 , is an (71—m ) d im e n s io n a l h y p e rs u rfa c e  in  th e  s ta te  space. 

The s tru c tu re -c o n t ro l law  is a c tive  on  th e  sw itch in g  b o u n d a rie s , and 

so th e  r ig h t  h a n d  side o f Eq. (3 .6 ) is d is c o n tin u o u s  on the  

h y p e rs u rfa c e  a = 0  in  th e  s ta te  space R™. A t a ll o th e r  p o in ts  in  the  

s ta te  space, away f ro m  th e  sw itch in g  b o u n d a rie s , th e  s ta te  v e lo c ity  

fu n c t io n  g iven  b y  Eq. (3.6) is c o n tin u o u s . T h e re fo re  th e  lim its  of the
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fu n c tio n s  f { z , t , u ) e x is t as th e  RP approaches the  s lid ing  

h y p e rs u rfa c e  fro m  e ith e r  side. L e t these  lim its  be re p re s e n te d  by

lim  f  ( x , t , u *+) = j * ( z , i )  
o =  0 *

lim  f  (x , t  ,u a~) = f ~ ( x , t )
o = 0+

u.’>+ and  u"~ a re  th e  in p u t v e c to rs  fo r  a = 0 + and a = 0 ~ re sp e c tive ly . 

In  g e n e ra l f +(x , t )  ^  f ~ ( x , t ) .  We now  in s p e c t th e  t ra je c to ry  o f the  RP 

on e ith e r  side o f th e  b o u n d a ry  de fined  by  a = 0 .

lim  3 7 - = /  grad a
C7 =  0 _

lim  3 7 - = f *  grad a c=0+ dt

A t e ve ry  p o in t in  th e  n e ig h b o u rh o o d  o f a = 0 the  signs o f these lim its  

s a tis fy  any one of the  fo llo w ing  n ine  re la t io n s .

(3 .8)

(3-9)

(3 .10)

(3.11)
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(d) (e )

Pig . 3 .1 8  P h a s e  t r a je c to r ie s  o f  VSS w h e re  no  s l id in g  r e g im e  
e x is ts . In  a l l  th e  e x a m p le s  ( a )  th ro u g h  (e ), the  
t r a je c to r ie s  o n  e i th e r  s id e  o f  th e  s w itc h in g  b o u n d a ry  
m o v e  a w a y  f r o m  th e  s w itc h in g  b o u n d a ry .
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(a)

o=l
o < 0

o=0

(d)

F ig . 3 . 1 9  P h a s e  t r a j e c t o r i e s  o f  V S S  w h e r e  s l i d i n g  r e g i m e  e x i s t s .  In  
a l t  th e  e x a m p l e s  ( a )  t h r o u g h  (d ) ,  t h e  t r a j e c t o r i e s  o n  
e i t h e r  s i d e  o f  t h e  s w i t c h i n g  b o u n d a r y  a r e  t o w a r d s  th e  
s w i t c h i n g  b o u n d a r y .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



50

(3.12)

(3 .1 3 )

(3 .1 4 )

lim  >  0 =
Or s  0 ” (3 .1 5 )

(3 .1 6 )

These re la t io n s  a re  i l lu s t r a te d  in  F ig . 3 .1 8  a n d  3 .1 9 . The Eqs. (3 .8 )  

an d  (3 .9 )  c o rre s p o n d  to  th e  RP m o v in g  f r e e ly  a c ro s s  th e  sw itch in g  

h y p e rs u r fa c e . E q u a tio n s  (3 .1 0 ) ,  (3 .1 1 )  a n d  (3 .1 2 )  show  th e  RP

d iverg in g  aw ay  fr o m  th e  s w itc h in g  h y p e r s u r fa c e  o n  one o r  b o th  sides  

o f th e  s u r fa c e . E q u a tio n  (3 .1 6 )  is th e  c as e  o f th e  id e a l s lid ing  

re g im e  on  th e  h y p e rs u r fa c e  a  =  0. T h e  RP is fo rc e d  to  re m a in  w ith in  

a n  in fin it is m a l n e ig h b o u rh o o d  o f th e  h y p e rs u r fa c e  a n d  o s c illa tin g  

a b o u t a  = 0 a t  in f in ite  f re q u e n c y . T h is  p ro v id e s  th e  n e c e s s a ry  

c o n d itio n  fo r  th e  e x is te n c e  o f s lid in g  re g im e . E q u a tio n s  (3 .1 3 ), (3 .1 4 )  

a n d  (3 .1 5 ) a re  a lso  e s s e n tia lly  s im ila r  to  E<q. (3 .1 6 ) .  In  th o se  

in s tan ce s  to o , i f  th e  RP is on  th e  h y p e rs u r fa c e  a  = 0, th e n  i t  c a n n o t  

leave  a n  in f in ite s im a l n e ig h b o rh o o d  o f th e  h y p e rs u r fa c e . T h e  RP  

a g a in  o s c illa te s  a b o u t  a = 0. In e q u a l i ty  (3 .1 6 )  w as f i r s t  su g g ested  as 

th e  n e c e s s a ry  a n d  s u ffic ie n t c o n d it io n  fo r  th e  e x is te n c e  of slid ing  

r e g im e f l ] .  M o re  r e c e n t ly  [5 ]  cases  o f Eqs. (3 .1 3 ) ,  (3 .1 4 ) ,  (3 .1 5 ) an d

(3 .1 6 ) a re  a ll  c o m b in e d  to g e th e r  a n d  s ta te d  as a n y  one of th e
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fo llow ing  e q u iv a le n t c o n d itio n s .

(3.17a)

(3 .1 7 b )

(3 .1 7 c )

A ny  one o f th e  above c o n d itio n s  m a y  be u sed  as th e  n e c e s s a ry  and  

s u ffic ie n t c o n d itio n  fo r  th e  e x is te n c e  o f s lid in g  re g im e .

W hen th e  in e q u a lity  g iven  b y  Eq. (3 .1 6 ) holds in  th e  e n t ire  

h a lf  space,

d a d a
d t < 0 <

CT>0 dt

i t  p ro v id e s  a s u ffic ie n t c o n d itio n  t h a t  th e  s ys te m  w ill re a c h  th e  

s lid ing  h y p e rs u rfa c e .

r e la y  c o n tro l VSS, lead s  to  th e  fo llo w in g  s im ple  te s t  fo r  re a c h in g  

c o n d itio n s  fo r  s lid ing  m o d e .

T h e o re m ;

L e t

x  — f ( x , t , u ) ; l e i ? 1 ; /  ei™  ; u  e E m.

be a g e n e ra l VSS m a d e  up o f s ta b le  s u b s tru c tu re s . L e t  th e  se t

A d ire c t  co n se q u e n c e  o f th e  ab o ve  re s u lt ,  w h en  a p p lie d  to

z i i *  fo r SiOc) >  0 

fo r <Sj(a;) <  0
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a n d  th e  s e t be th e  s e t of s te a d y  s ta te  RPs c o rre s p o n d in g  to  th e

in p u ts  u i+  a n d  u i ~, w h ere

u i+ -  \u j  . . . um]T

u*~ = [U j . . Ui~ . um]T

T h e n  a s u ffic ie n t c o n d itio n  fo r  re a c h in g  o f th e  s lid ing  re g im e  is g iven  

by

a:** £ St (x ) < 0 
* w n  f ° r  i  ~ 1 .2 . ,m

The n u m b e r of c o n tro l in p u ts  is m . T h e re fo re  th e  sets  

a n d  e a c h  consists  of Zm~x e le m e n ts , e a c h  of w h ich  re p re s e n ts  a

s te a d y  s ta te  o p e ra tin g  p o in t in  th e  -n. d im e n s io n a l s ta te  space. 

C o n s id e r an  e le m e n t of th e  s e t 

x i+  £  5 j(z )  < 0

T h e re fo re

Ui = u r  ; S i(x i+) = - K

i f  is a p o s itive  r e a l  n u m b e r. U n d e r th is  c o n tro l in p u t th e  s te a d y  s ta te  

o p e ra tin g  p o in t is x i_ . 

lim  S t(x )  = S ^ - )  = M

M  is a p o s itive  r e a l  n u m b e r, an d  T  is th e  s e ttlin g  tim e .

[ dSt (x )
d t ^ > 0

a ve ra g e
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[ dSi(x)
dt > 0  

5i(s)<0

In  a s im ila r  w ay s ta r tin g  fro m  a n y  p o in t  2:i ~, w e g e t  

ldSt(xy

I dt

The above th e o re m  m a y  be s ta te d  in  w o rd s  as fo llow s. I f  th e  s te ad y  

s ta te  o p e ra tin g  p o in t o f a s u b s tru c tu re  e ffe c tiv e  in  a n y  re g io n  o f th e  

s ta te  space in  a YSS does n o t belong  to  th e  sam e re g io n  in  th e  s ta te  

space , th e n  th e  s y s te m  RP e v e n tu a lly  re a c h e s  th e  sw itch ing  

b o u n d a ry . The e x is te n ce  o f s lid ing m o d e  m a y  th e n  be e x a m in e d  by  

stu d y in g  th e  s ta te  v e lo c ity  v e c to rs  in  th e  n e ig h b o rh o o d  of th e  slid ing  

s u rfa c e .

H av ing  seen th e  e x is te n ce  a n d  re a c h in g  c o n d itio n s  of slid ing  

re g im e s  in  VSS, th e  n e x t  focus of in te r e s t  in  th e  an a lys is  o f VSS is, 

th e  b e h a v io r o f th e  s y s te m  o p e ra tin g  in  a s lid ing  re g im e . T h e  n e x t  

s ec tio n  deals w ith  th is  a s p e c t of VSS.

3.5 E q u iva le n t C o n tro l

E q u iv a le n t c o n tro l is a n  a n a ly t ic a l to o l o f VSS th e o ry  to  

s tu d y  th e  b e h a v io u r o f tbq. .system  u n d e r  s lid ing  m ode c o n tro l. The  

m e th o d  is due to  U tk in  [2 ] a n d  is d e s c rib e d  f ir s t  fo r  a g e n e ra l case  

a n d  th e n  ap p lied  fo r  a v a r ie ty  of p a r t ic u la r  c lasses o f VSS.
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C onsider th e  g e n e ra l d y n a m ic  YSS,

(3 .18a)

(3 .1 8 b )

T he c o n tro l in p u ts  iq - , f  a n d  th e  s y s te m  s ta te s  a re  a ll

co n tin u o u s  fu n c tio n s  of t im e . T h e  in d iv id u a l s w itc h in g  b o u n d a r ie s  

defin ing  th e  s t r u c tu r e -c o n tr o l law s a re  a ll  c o n tin u o u s  fu n c tio n s  o f 

th e  s ys tem  s ta te s . T h e  s lid ing  re g im e  is o n  th e  h y p e rs u r fa c e  a  = 0, 

w h ich  is th e  in te rs e c tio n  o f a ll  th e  in d iv id u a l sw itch in g  b o u n d a r ie s .

Away fro m  th e  slid ing  h y p e rs u r fa c e  a  = 0, th e  e q u a tio n s  o f m o tio n  o f 

th e  RP of th e  s y s te m  a re  w e ll d e fin e d  a n d  c o n tin u o u s . On th e  

sw itch ing  b o u n d a rie s  th e  c o n tro l in p u ts  iq  u n d e rg o  d is c o n t in u ity  a n d  

th e  e q u atio n s  of m o tio n  o f th e  R P g iv e n  b y  Eq. (3 .1 8 a )  a re  u n d e fin e d . 

W hen slid ing re g im e  e x is ts , th e  s y s te m  RP e v e n tu a lly  re a c h e s  th e  

sw itch ing  h y p e rs u rfa c e  a =  0 a n d  h e n c e  th e  e q u a t io n  o f m o tio n  o f 

th e  RP as g iven  by Eq. (3 .1 8 a )  is u n d e fin e d  a n d  c a n n o t  be o f a n y  

h e lp  in  s tu d y in g  th e  b e h a v io r  o f th e  s y s te m  u n d e r  s lid in g  m o d e  

c o n tro l. An a lte rn a t iv e  m e th o d  is th e n  r e q u ire d  to  d e fin e  th e  

eq u atio n s  o f m o tio n  of th e  s y s te m , in  te rm s  o f th e  e q u a tio n s  of 

m o tio n  aw ay  fro m  th e  d is c o n tin u ity  s u rfa c e s  a n d  th e  e q u a tio n s  o f 

th e  d is c o n tiu ity  s u rfa ce s  th e m s e lv e s . T h e  fo rm a l m e th o d  o f a c h ie v in g  

th is  o b je c tiv e  is th e  e q u iv a le n t c o n tr o l  m e th o d .

a =  0 =  [ S t S2 Sm Y (3 .1 9 )
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T h e a p p lic a tio n  o f e q u iv a le n t  c o n tro l m e th o d  is as fo llow s. 

T im e  d e r iv a tiv e s  o f th e  s w itch in g  fu n c tio n s  5i (z )  a re  d e te rm in e d  using  

Eq. (3 .1 8 ). U n d e r  id e a l s lid ing  m o d e  th e  s y s te m  RP s tays  on th e  

s lid ing  h y p e rs u r fa c e  a  = 0 a n d  h e n c e  th e  tim e  d e r iv a tiv e s  of -Sj(x) a re  

z e ro . Th is  fa c t  is u s ed  a long  w ith  Eq. (3 .1 8 ) to  solve fo r  th e  

c o m p o n e n ts  o f th e  c o n tr o l v e c to r . T h e  v e c to r  th u s  o b ta in e d  is c a lle d  

e q u iv a le n t c o n tro l u gq. Th is  e q u iv a le n t  c o n tro l v e c to r  u eq is th e n  

s u b s titu te d  in to  Eq. (3 .1 8 a )  to  o b ta in  th e  e q u a tio n s  of m o tio n  o f th e  

s y s te m  u n d e r  id e a l s lid in g  m o d e . In  th e  case of r e a l  s lid ing  m o d e , th e  

RP m akes  o s c illa to ry  m o tio n  a b o u t th e  sw itch ing  h y p e rs u r fa c e  in  a 

s m a ll b u t  f in ite  n e ig h b o rh o o d  o f th e  slid ing  h y p e rs u r fa c e . This  

d iffe re n c e  b e tw e e n  id e a l s lid ing  m o d e  a n d  r e a l  s lid ing  m ode a ris e s  

o u t o f n o n id e a lit ie s  in  th e  sw itch in g  h a rd w a re  su ch  as h y s te re s is , 

d e lay , e tc . T hese  n o n id e a lit ie s  a re  ig n o re d  fo r  th e  m o m e n t. T h ese  

n o n id e a lit ie s  a n d  th e ir  e ffe c t on  th e  id e a l s lid ing  m o tio n  a re  

d iscu ssed  in  S e c tio n  3 .5 .5 . In  th e  fo llo w in g  sec tio n s  th e  m e th o d  of 

e q u iv a le n t c o n tro l a re  a p p lie d  to  a fe w  p a r t ic u la r  c lasses of VSS.

3.5-1 Linear Systems with Scalar Control

We c o n s id e r h e re  a c lass  o f VSS th a t  a re  l in e a r  w ith  a s ingle  

c o n tro l in p u t.

±  = .4 (£ )*+ *>(*)'“• (3 .2 0 )

z e i? "  ; A i t f e F 71 by F 11 ; 6 (£ )e .F * ; u  e /?3
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_  I  fo r S { z ) > 0
U  I  i t -  fo r S (x )  < 0

Th e c o n tro l is s c a la r  a n d  th e  sw itch in g  b o u n d a ry  is g iv e n  by the  

fo llo w in g  fu n c tio n .

U n d e r  slid ing  m ode c o n tro l, th e  RP o f th e  s y s te m  e v e n tu a lly  m oves  

o n to  a n d  stays on th e  sw itch ing  s u rfa c e  S ( x )  = 0.

R e p lac in g  th e  d isco n tin u o u s  c o n tro l in p u t il  b y  th e  e q u iv a le n t  

c o n tin u o u s  c o n tro l in p u t u Bq in  Eq. (3 .2 0 ) ,  u n d e r  th e  a s s u m p tio n  th a t  

[p&]_1 e x is ts , we g e t

T h e  e q u a tio n  of m o tio n  of th e  RP d e s c rib e d  b y  Eq. (3 .2 3 )  is 

c o n tin u o u s  and  is th e  e q u a tio n  of m o tio n  o f th e  s y s te m  u n d e r  id e a l 

s lid in g  m ode c o n tro l. The r a n k  of [ / —6(p& )-1g ] is less th a n  fu ll. The  

e q u iv a le n t sys tem  is th e re fo re  of re d u c e d  o rd e r . Th is  sam e fa c t  m ay  

be seen  in  th e  fo llow ing  w ay. U n d e r s lid in g  m o d e  c o n tro l th e  sys tem  

t r a je c to r ie s  s tay  on th e  sw itch ing  b o u n d a ry  S’ = 0 in  th e  s ta te  space. 

S  -  g x  -  0 re p re s e n ts  a s u rfa c e  of d im e n s io n  ( n —1) in  th e  s ta te  

sp ace . The sys tem  s ta te s  m a y  be re a s s ig n e d  to  g ive th e  fo llow ing  

e q u iv a le n t d e s c rip tio n  of th e  system .

S ( x )  = g .x  = [ g 1 g 2 flr„].[> i x n Y

(3 .2 1 )

C o m b in in g  Eq. (3 .2 0 ) a n d  Eq. (3 .2 1 ), we g e t

g A + g b u aq = 0 

v-eq =  ~ [g b ]~ lgAx (3 .2 2 )

x  = [ A - b { g b )  *gA]x = [ I - b { g b ) ~ 1g']Ax (3 .2 3 )
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(3 .2 4 )

E q u atio n s  (3 .2 3 ) a n d  (3 .2 4 ) d escrib e  th e  sam e s y s te m  in two d iffe re n t  

w ays a n d  th e  o rd e r  o f th e  sys te m  is seen  to  be {n —1) fro m  Eq. (3 .2 4 ).

3.5.2 Linear system  with Vector Control

; 4 ( f ) e P  by F 71 ; B ( t ) b y  F™ ; i te i? 71

for S i(x ) >  0
u  =  _ « „ ,  . ,  _ i  =  1,2, ,771Ui for ^(a:) < 0

(3 .2 5 b )

The e le m e n ts  of 4 ( f ) ,6 ( f )  a re  a ll  c o n tin u o u s  fu n c tio n s , iq *  and  

a re  c o n s tan ts  aw ay fro m  th e  sw itch ing  b o u n d a rie s  St {x ) = 0. The  

sw itch ing  b o u n d a ries  a re  also co n tin u o u s  fu n c tio n s  of th e  s ys tem  

s ta te s . In  th e  v e c to r  case th e  slid ing h y p e rs u rfa c e  is th e  in te rs e c tio n  

of th e  in d iv id u a l sw itching b o u n d a ries . The s y s te m  RP e v e n tu a lly

m oves o n to  and  s tays  on th e  slid ing h y p e rs u r fa c e  u n d e r sliding

c o n tro l. The in te rs e c tio n  of th e  in d iv id u a l sw itch in g  b o u n d a ries  is 

given  by,

U n d e r s lid ing m ode c o n tro l, th e  s y s te m  t r a je c to r ie s  s ta y  on th e  

sliding s u rfa c e  and  so d a /d t  = 0.

C ons ider th e  lin e a r  d yn am ic  s ys te m  d e s c rib e d  by  

x  =  A ( t ) x + B ( t ) u (3 .2 5 a )

a =  0 = [St sz smy (3 .2 6 )
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dt dx.: dt

(3 .2 7 )

G is a n  m  by n  m a tr ix  whose row s a re  th e  g ra d ie n t  v e c to rs  o f S ^ x ). 

U n d e r th e  assu m p tio n  th a t  [G £ ]_1 exis ts  Eqs. (3 .2 5 a ) and (3 .2 7 ) m ay­

be co m b in ed  to o b ta in  th e  e q u iv a le n t c o n tro l in p u t u eq.

GAx + GBu-aq — 0

E q u a tio n  (3 .2 9 ) describes  th e  s ys tem  m o tio n  u n d e r  sliding c o n tro l. 

The m a tr ix  ( / —B [G B ]~ xG) is less th a n  fu ll ra n k . The sys tem  m o tio n  is 

c o n s tra in e d  to  be on th e  in te rs e c tio n  o f th e  m  sw itch ing  b o u n d a ries  

g iven  by St (x ) =  0. E ach  of these  sw itch ing  b o u n d a ries  is a n  n —1 

d im en s io n a l s u rfa c e  in  th e  s ta te  space. T h e re fo re  th e  slid ing s u rfa c e  

is d escrib ed  by a n  n - m  d im en s io n a l s u rfa c e  in  th e  s ta te  space. 

T h e re fo re  th e  e q u iv a le n t sys tem  d e s c rip tio n  is o f o rd e r  n —m .

3.5.3 Systems Linear in Control

m a y  be n o n lin e a r  b u t a re  lin e a r  w ith  re s p e c t to  c o n tro l. C o n s id er  

th e  d yn am ic  VSS d escrib ed  by  

x  — f  (x ,t )  + B (x  ,t )u

u.gq = — [Gl?] 1 GAx (3 .2 8 )

S u b s titu tio n  of u gq in to  Eq. (3 .2 5 a ) leads to  

x  = ( I - B [ G B Y l G)Ax (3 .2 9 )

E qu iva len t c o n tro l m e thod  is also app licab le  to  system s th a t
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z e j? "  ; / e f 7’7’1 by F 12- ; B ^ F *1 by F™- ; i ie i? m 

it i+ fo r 5*(:c) > 0
11 =

/  a n d  B  a re  c o n tin u o u s  fu n c tio n s . The in d iv id u a l sw itch in g  

b o u n d a r ie s  a re  c o n tin u o u s  fu n c tio n s  o f th e  s ta te  a n d  a re  d e s c rib e d  

b y  S ^ x )  = 0. The s lid in g  h y p e rs u r fa c e  is re p re s e n te d  b y  a  = 0. 

ff = 0 = [ 5 ,  S2 smy

U n d e r  s lid ing  c o n tro l,  

dtcx-g j- = Gx = 0

G is a n  in  by 71 m a t r ix  w hose ro w s  a re  th e  g ra d ie n t  v e c to rs  o f 

W hen [ GB\~l e x is ts , u eq m a y  be c o m p u te d .

G f + GBlLgq — 0 

3iog = - [ G B y o f

T h e  c o n tin u o u s  e q u iv a le n t  s y s te m  u n d e r  s lid ing  c o n tro l is g iv en  b y  

*  = { I —B [ GB\~X G ) f

As b e fo re , th e  o v e ra ll  s y s te m  d y n a m ic s  a re  d e te rm in e d  b y  th e  n a tu r e  

o f th e  s lid ing  h y p e rs u r fa c e  a n d  is in d e p e n d e n t o f th e  p a ra m e te rs  of 

th e  s u b s tru c tu re s . T h e  e q u iv a le n t  c o n tro l in p u t  u 3q is a lso  

in d e p e n d e n t o f th e  in d iv id u a l c o n tr o l  in p u ts  a n d  u ~  fo r  th e  class  

o f sys tem s t h a t  a re  l in e a r  in  c o n tro l.
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3.5.4 M omlMear System s

C o n sid er th e  g e n e ra l s y s te m

(3.30a)

fo r  ^ ( z )  > 0 

Ui~ fo r  5 i(x )  < 0
(3 .3 0 b )

E q u a tio n  (3 .3 0 a ) m a y  be p u t  in  th e  fo llo w in g  fo rm .  

x = /  ++ w ’ ( / - - / + )

0 fo r or (a:) >  0
u  ~  1 fo r o (x )  < 0

u *  is a new  c o n tro l fu n c t io n  a lso  h a v in g  d is c o n tin u it ie s  on  th e  sliding  

h y p e rs u rfa c e . / + a n d  f ~  a re  th e  s ta te  v e lo c ity  v e c to rs  on e ith e r  side 

of th e  s lid ing  h y p e rs u r fa c e . F in d in g  su ch  a d e co m p o s itio n  is alw ays

possible w h en  u i + a n d  u i ~ a re  c o n s ta n ts  [2 ]. In  o th e r  w ords fo r  re la y

c o n tro l system s th e  s ta te  e q u a tio n s  c a n  alw ays be m a n ip u la te d  an d  

exp ressed  l in e a r  in  c o n tro l. W ith  re s p e c t  to  e q u iv a le n t c o n tro l  

m e th o d  c an  be c o n v e n ie n tly  a p p lie d .

3.5.5 Physical Meaning of Equivalent Control

I t  was assu m ed  t h a t  in  id e a l s lid ing  m ode c o n tro l, th e  

c o n tro l it* is c ap a b le  o f c h an g in g  a t  an  in fin ite  ra te  and  t h a t  th e  

s y s te m  RP s tays  a lw ays on  th e  s lid in g  h y p e rs u r fa c e . In  th e  id e a l case  

th e  s ys tem  tra je c to r ie s  a re  a lw ays  d ire c te d  a long th e  sliding s u rfa c e . 

In  r e a l i ty  th e  h a rd w a re  u sed  to  re a liz e  s lid ing  c o n tro l (f in ite  

sw itch ing  tim e  of th e  sw itch es  used , h y s te re s is  invo lved  in  sensing
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th e  c ro sso ve r o f sw itch ing  boun d a rie s ), in tro d u ce s  n o n id e a litie s  such 

as hys te re s is  and d e la y  in  the  re a l s lid in g  m o tion . As a re s u lt  in  a 

re a l s lid ing  c o n tro l, th e  c o n tro l in p u ts  change a t a fin ite  ra te  

a lte rn a te ly  ta k in g  on th e  va lues xii + and and th e  system  RP stays 

in  a f in ite  A v ic in ity  o f th e  s lid ing  su rface .

||o il ^  A

C onsider th e  g e n e ra l sys te m  lin e a r  w ith  re s p e c t to  c o n tro l.

x  — f  (x , t )  + B (x  ,t)%£

w here  f t  is the  d isco n tin u o u s  c o n tro l in p u t w h ich  keeps the  system

m o tio n  w ith in  a A v ic in ity  o f the  id e a l s lid ing  su rface .

a = Gf + Gm
f t  = - [GBY'Gf + [GB]~1o

As be fo re  G is an m. by n  m a tr ix  whose row s are th e  g ra d ie n t vec to rs  

o f Si(x) and [G£? ]_1 e x is ts , 

f t  = + [G 0 ]-1cr

W hat is know n a b o u t f t  is th a t  i t  keeps the  system  RP in  a f in ite  A 

v ic in ity  o f the  idea l s lid ing  su rfa ce , and th a t  as the  n o n id e a litie s  tend 

to  ze ro , A vanishes. The sys tem  m o tio n  is fo re v e r bounded w ith in  the 

A v ic in ity  o f a = 0 . T h e re fo re  th e  average  va lue  o f a = 0. Taking 

averages

®owa [^eg]aue

Thus p h ys ica lly  the  e q u iva le n t c o n tro l in p u t is th e  average va lue of 

th e  in p u t c o n tro l s igna l, co n tin u o u s  o r  d isco n tinuous , th a t  w ill 

m a in ta in  the  system  on  th e  s lid ing  su rfa ce . A lte rn a tiv e ly  i t  m ay be
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view ed as a f ic t it io u s  con tinuou s  in p u t w h ich  w ill keep the  system , 

w ith  in i t ia l  cond itio ns  on the  s lid ing  su rfa ce , to  re m a in  on the  slid ing 

su rfa ce .

3.6 Stability of Motion in the Sliding Kegime

The fin a l step invo lved  in  th e  ana lys is  o f YSS is the  s ta b ility  

o f th e  sys tem  in  s lid ing  mode. This s tep  is m uch  s im p le r th a n  one 

w ou ld  im ag ine. The ex is tence  o f s lid in g  reg im e  and the  co n d itio n  fo r  

re a c h in g  the  s lid ing  reg im e g u a ra n te e  th a t  the  sys te m  m o tio n  is 

co n fin e d  to  re m a in  on the  s lid ing  su rfa ce . As a re s u lt  th e  answer to  

th e  s ta b il i ty  ques tion  re s ts  so le ly  on  th e  n a tu re  o f the  tra je c to r ie s  

on  th e  s lid ing  su rface . I f  the  phase tra je c to r ie s  on the  s lid ing

su rfa ce  a ll converge to  a un ique s te ady  s ta te  o p e ra tin g  p o in t, th en

th e  sys te m  is stab le . The s lid ing  su rfa ce  is n o rm a lly  expressed as a 

lin e a r  co m b in a tio n  of the  s ta tes  be ing  equa l to  ze ro . The obvious 

advan tage  th e n  is the  a b ility  to  app ly  th e  th e o ry  o f lin e a r d if fe re n tia l 

equ a tio n s  to  s tudy  the  s ta b ility  o f th e  tra je c to r ie s  on the  slid ing

su rfa ce .

3 .7  D esign Methods

The design process in  VSS con s is ts  o f tw o steps. The f i r s t  

s tep  is to  se lec t a p p ro p ria te  sw itch ing  boun d a rie s  in  the  s ta te  space. 

The sys te m  m o tion  un de r s lid ing c o n tro l is a t a ll tim es on  th e  slid ing 

su rfa ce , and consequen tly  the  o v e ra ll sys tem  dynam ics is d ic ta te d  by 

th e  n a tu re  of the  sw itch ing  b o un d a rie s  em ployed in  th e  s tru c tu re -  

c o n tro l law. The c r i te r ia  in  se lec ting  th e  sw itch ing  bounda ries  are
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th a t  th e  tra je c to r ie s  o n  th e  s lid ing  h y p e rs u rfa c e  m u s t con ve rg e  to  

th e  d e s ire d  o p e ra tin g  p o in t, and th a t  tra n s ie n ts  in  th e  co u rse  o f 

re a c h in g  th e  o p e ra tin g  p o in t  m u s t s a tis fy  th e  re q u ire m e n ts  o f 

o v e rs h o o t and  s e tt lin g  tim e  in  th e  v a r io u s  s ta tes . The second  s tep  in  

design  is to  s e le c t a p p ro p r ia te  s u b s tru c tu re s  a c tive  in  th e  v a r io u s  

re g io n s  o f th e  s ta te  space de fined  b y  th e  sw itch in g  b o u n d a rie s . Th is 

se le c tio n  is done in  o rd e r  to  s a tis fy  th e  co n d itio n s  fo r  th e  e x is te n ce  

and re a c h in g  o f th e  s lid in g  m ode.

The s w itc h in g  b o un d a rie s  a re  u s u a lly  se le c ted  as one g iven  

by Si = 0 , w he re  Si is a l in e a r  c o m b in a tio n  o f th e  s ta te s  o f th e  

system . The re a s o n  fo r  th is  cho ice  is tw o -fo ld . I t  enab les a n a ly t ic  

s o lu t io n  to  th e  o v e ra ll sys te m  b e h a v io r th ro u g h  th e  a p p lic a t io n  o f 

e q u iv a le n t c o n tro l  m e th o d . Besides, s ince  s ta b il i ty  invo lves  e s s e n tia lly  

th e  s tu d y  o f th e  s ta b i l i ty  o f th e  t ra je c to r ie s  on  th e  s lid in g  su rfa ce , i t  

enab les th e  a p p lic a t io n  o f lin e a r  s y s te m  th e o ry  fo r  th e  s tu d y  o f 

s ta b ility .  The s ta te  a ss ig n m e n t to  a sys te m  is n o t u n iq u e . I t  is seen 

in  su b se q u e n t s e c tio n s  th a t  th e  d e s ira b le  s ta te  a ss ig n m e n t is th e  

o u tp u t e r r o r  an d  its  d e r iv a tiv e s . These s ta te s  a re  ca lle d  th e  

c o n tro lla b le  s ta te s  o r  phase v a r ia b le  s ta te s . Then th e  d e s ire d  

o p e ra tin g  p o in t  is th e  o r ig in  in  th e  s ta te  space and  th e  s ta b il i ty  

s tu d y  re d u ce s  to  o u tp u t ze ro e in g  p ro b le m . The second  a sp e c t o f 

design , n a m e ly  th e  se le c tio n  o f c o n tro l  in p u ts  to  s a tis fy  th e  

e x is te n ce , an d  re a c h in g  c o n d itio n s  o f s lid in g  m ode, is a ch ie ve d  

th ro u g h  th e  a p p lic a t io n  o f th e  in e q u a lit ie s  s ta te d  in  S e c tio n  3.2.
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3.7.1 Transformations in State Space

I t  was m e n tio n e d  th a t  th e  d es ira b le  way o f ass ign ing  s ta tes

in  VSS is o u tp u t e r r o r  and its  successive d e riva tive s . Th is de s ira b le

a ss ig n m e n t is n o t a lways feas ib le , th e  re a son  be ing  d is c o n tin u o u s  

c o n tro l as in  the  case o f VSS in v a r ia b ly  leads to  d is c o n tin u it ie s  in  

th e  h ig h e r o rd e r  d e riv a tiv e s  o f the  o u tp u t. Besides, a ll h ig h e r o rd e r

d e riv a tiv e s  o f o u tp u t m a y  n o t be p h y s ic a lly  access ib le  fo r

m e a s u re m e n t in  the  system . In  such  ins tance s , i t  is  n e ce ssa ry  to  

de fine  th e  sys te m  th ro u g h  a lte rn a tiv e  s ta tes  w h ich  a re  c o n tin u o u s  

a n d  access ib le . The sw itch in g  b o un d a rie s  a lso th e n  n e c e s s a r ily  have 

to  be a lin e a r  c o m b in a tio n  o f these  p h y s ic a l s ta tes . I t  was seen in  

S e c tio n  3.5, th a t  the  m e th o d  o f e q u iva le n t c o n tro l p ro v id e s  an 

e q u iv a le n t co n tin u o u s  sys te m  d e s c rip tio n . This p ro p e r ty  is used to  

t ra n s fo rm  the  a c tu a l s lid in g  eq ua tio n s  in  p h ys ica l c o o rd in a te s  in to  a 

f ic t i t io u s  co n tin u o u s  sys te m  s ta te s  o f o u tp u t e r r o r  and its  successive  

d e riv a tiv e s . Such a tra n s fo rm a tio n  enables s im ple  s ta b il i ty  an a lys is  

even th o u g h  the  a c tu a l s lid ing  su rfaces  a re  d e fined  th ro u g h  th e  

p h y s ic a l s ta te s  of the  system .

C onsider the  sys te m  

y  = f ( y , t )  + B (y ,t)u .

Ui* fo r Si(y) > 0

Ui~ fo r Si(y) < 0  * -  1,2‘ ,m
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r  = 0 = [S , S2 Sm]T = Gy

G is an m by n  m a tr ix  whose row s a re  the  g ra d ie n t vec to rs  o f St(y). 

U nder s lid ing  mode c o n tro l a p p ly in g  e q u iv a le n t c o n tro l, we ge t

y = (I -B [GB]~ l G)f  (3.31)

E qua tion  (3.31) re p re se n ts  an e q u iv a le n t c o n tin u o u s  system  and m ay 

he used to  o b ta in  the  re la t io n s h ip  be tw een the  ph ys ica l s ta tes  and 

th e  phase va ria b le  s ta tes . 

y = n (z ,i)z

The s lid ing  e q u a tio n  m ay now  be tra n s fo rm e d  to  phase va riab le  fo rm . 

a = Gy = [GQ]* = G'x (3.32)

The system  m o tio n  is now  g iven  by G*x = 0. The slid ing  e q u a tio n  is 

now  in  te rm s  o f o u tp u t e r r o r  and  its  successive  de riva tives , and 

hence the  s tu d y  o f s ta b ility  is s im p le r th a n  o the rw ise . However, Eq. 

(3.32) is in  g e n e ra l n o n lin e a r and  d ependen t on the  sys tem  

p a ra m e te rs  im p lic it ly  th ro u g h  the  tra n s fo rm a tio n  m a tr ix  Q(ar,£). In  the  

fo llow ing  sections th e  design m e thods  fo r  a few  p a r t ic u la r  classes of 

YSS are in d ica te d .

3.7.2 L in e a r System s w ith  S c a la r C o n tro l

We con s ide r now a lim ite d  c lass o f YSS, w h ich  is lin e a r, w ith  

single in p u t, and w h ich  m ay be exp ressed  in  the  phase va ria b le  

ca n on ica l fo rm .

x = A{t)x +bu ; x =
dx0 dn zx 0 £fn -12 :0
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(3.33a)

u
u + fo rS(x) > 0

■u.- forS'(x) < 0 (3.33b)

The system  sta tes a re  de fined  as th e  o u tp u t e r r o r  and its  successive 

de riva tives . I t  is also know n th a t  th e  sys te m  o rd e r being n  and 

num be r of co n tro ls  be ing  1 , i t  is  poss ib le  to  o b ta in  an o ve ra ll system  

response of o rd e r n — 1 u n d e r s lid ing  c o n tro l. The s teady sta te  and 

dynam ic re q u ire m e n ts  m ay be exp ressed  as a homogeneous 

d if fe re n tia l equa tion  o f o rd e r n —l,  whose e igenva lues are  the desired 

eigenvalues of the  o v e ra ll system . L e t

The steady s ta te  s o lu tio n  o f Eq. (3 .34) is z 0 = 0 , lead ing  to  o u tp u t 

e r ro r  being zero u n d e r s teady s ta te . The t ra n s ie n t response du ring  

e r ro r  re co ve ry  depends on th e  e igenva lues o f Eq. (3 .34). In th is  class 

o f VSS the  system  dynam ics  a re  e n t ire ly  d e te rm in e d  by the 

eigenvalues o f th e  sw itch ing  b o u n d a ry  a = 0  and are to ta lly  

independen t of the  sys tem  p a ra m e te rs .

The c o n d itio n  fo r  the  ex is te nce  o f s lid in g  reg im e  is 

lim  a < 0  < lim  a
t r = 0 + < 7 = 0 -

lim  gAx+gbu+ < 0 < lim  gAz+gbu~
<T =  0 + £ 7 = 0 “

The co nd itio n  fo r  re a ch in g  the  s lid in g  reg im e  is g iven  by 

lim  a < 0  < lim  a
<7>C a < 0

dx o
(3.34)
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gAx +gbu* < 0 < gAx +gbu~

3.7.3 Systems Linear in Scalar Control

The class o f sys tem  d e s c rib e d  h e re  is l in e a r  in  c o n tro l.  The

sys tem  s ta tes  a re  o u tp u t e r r o r  and  o th e r  c o n tin u o u s , p h ys ica lly

accessib le  va ria b les  in  the  system .

y  = f ( y , t )  + bu : y = [y0 y x yn- 2 yn- i F  (3.35a)

1L —
u + forS(y)  > 0
u~ iorS(y) < 0 (3 .35b )

As be fo re , th e  des ired  sys te m  re sp on se  m a y  be e xp resse d  as a 

d if fe re n t ia l e q ua tio n  of o rd e r n —l.  L e t

°{y)  = sfn-iV 7l - i+  • + • +9 iy i+yo = gy = o (3.36)

U nde r s lid ing  mode c o n tro l, a p p ly in g  e q u iv a le n t c o n t r o l  m e th o d

y = [ I -b (g h ) - 'g ] f  (3.37)

F ro m  Eq. (3.37) the  re la t io n s h ip  be tw een  th e  p h y s ic a l s ta te s  and the  

o u tp u t and its  de riva tives  are co m p u te d .

dy0 d " - %n
v  = (1* ; > = [ Bo s r  -£ Z T -  (3,38)

w here x re p re se n ts  the  v e c to r  whose e le m e n ts  a re  o u tp u t  e r ro r  and 

its  d e riva tive s . The s lid ing  e q u a tio n  in  th e  phase v a r ia b le  fo rm  is now 

g iven  by,
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u (x )  = g Q z  = 0 (3.39)

E q u a tio n  (3.39) d e te rm in e s  th e  s ta b il i ty  o f th e  tra je c to r ie s  on the  

s lid ing  su rfa ce . The c o n d it io n  fo r  re a ch in g  th e  s lid in g  reg im e  is, 

g f + g b u + < 0 < g f - i - g b u ~

3.7.4 Systems linear in Vector Control

In  th e  case o f v e c to r  c o n tro l o f a sys tem  o f o rd e r n  w ith  m  

c o n tro l in p u ts , i t  was seen th a t  u n d e r s lid in g  c o n tro l th e  o v e ra ll 

sys tem  o rd e r  m ay be re d u ce d  to  one o f o rd e r  n —m.  As a re s u lt  the  

dynam ic  re q u ire m e n ts  o f th e  o v e ra ll s ys te m  m ay be re p re s e n te d  by a 

d if fe re n t ia l e q u a tio n  o f o rd e r  n —m.. Th is re q u ire m e n t of a(x) = 0  (o f 

o rd e r tl—ttl) m ay be w r it te n  down as th e  in te rs e c t io n  o f m  s lid ing  

su rfaces  ^ ( z )  = 0  each of o rd e r n — 1. T h e re fo re , to  beg in  w ith  we see 

th a t th e re  is fre e d o m  ava ilab le  in  se le c tin g  th e  m  in d iv id u a l sw itch ing  

b o un d a rie s  in  o rd e r  to  ach ieve  the  sam e o v e ra ll response . L e t the  

s lid ing  h y p e rs u rfa c e  be

a (z )  =  0 = [S1 Ss Sm]T = Gx

G is th e  m  by n m a tr ix  whose rows a re  th e  g ra d ie n t v e c to rs  o f the  

in d iv id u a l sw itch in g  fu n c tio n s . The o n ly  c o n d it io n  in  syn th e s iz in g  G is 

th a t  th e  in te rs e c t io n  o f th e  v a r io u s  sw itch in g  b o un d a rie s  is the  

s lid ing  h y p e rs u rfa c e  a = 0  o f d im ens ion  n - m .  In  th e  v e c to r  case 

th e re  is no g e n e ra l m e th o d  th a t  can  be used to  solve th e  second 

aspect o f th e  design p rocess , nam e ly  se le c tin g  and  iq -  to  s a tis fy  

the  re q u ire m e n t o f re a ch in g  th e  s lid ing  re g im e . Of a few m ethods 

th a t  e x is t, th e  s im p le s t and m o s t u se fu l m e th o d  is th e  d ia g o n a liza tio n
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m e th o d . I t  c o n s is ts  o f t r a n s fo r m in g  th e  o r ig in a l  s e t  o f in p u ts  u  in to  

a  n e w  s e t  o f in p u ts  u *  s u c h  t h a t  th e  in d iv id u a l c o m p o n e n ts  d e c o u p le  

th e  m o t io n  o f  th e  s y s te m  w ith  r e s p e c t  to  one  o f  th e  s w itc h in g  

b o u n d a r ie s .

C o n s id e r

x  = f ( x , t )

L e t  th e  o r ig in a l  s e t  o i  in p u ts  u  be t r a n s fo rm e d  to  u ' .  

u *  -  Q~l [GB]u

w h e re  Q is  a n  a r b i t r a r y  d ia g o n a l m  by m  m a t r ix  a n d  [ GB] ~ 1 e x is ts .

x  = / ( x t f  + B l G B j - 'Q u *  
a = Gf + Qu*

Q b e in g  a d ia g o n a l m a t r ix ,  th e  m o t io n  w ith  r e s p e c t  to  e a c h  o f th e  

s u r fa c e s , is c o u p le d  o n ly  to  th e  re s p e c t iv e  in p u ts .  T he  c o n t r o l  la w  

th e n  is  c h o s e n  as

Ui

In  th e  case  o f r e la y  c o n t r o l  s y s te m s , w h e re  a n d  u~  a re

c o n s t ra in e d  to  be c o n s ta n ts ,  th e  d ia g o n a liz a t io n  m e th o d  is a p p lic a b le  

w h e n  B  is  a c o n s ta n t  m a t r ix  [ 1 ].

T he  c o n d it io n  f o r  th e  re a c h in g  o f th e  s lid in g  re g im e  tu r n s  

o u t  to  be m  d e c o u p le d  c o n d it io n s  as a r e s u lt  o f th e  d ia g o n a liz a t io n .  

^au i+ < ~  grad S i (x ) f (x , t )  <

w h e re  qu is  th e  i th d ia g o n a l e le m e n t o f Q.
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3.8 Siate Estimation

A n o th e r a rea  of a p p lica tio n  o f the  s lid ing  mode c o n tro l is 

s ta te  e s tim a tio n  in  system s. I t  was seen in  the  design of s lid ing  m ode 

c o n tro l th a t, the  robustness o f the  response  ag a in s t p a ra m e te r 

u n c e rta in tie s  is ava ilab le  on ly  when th e  s ta tes  a re  assigned to  be the  

o u tp u t e r ro r  and its  successive d e riv a tiv e s  (the  co n tro lla b le  s ta te s ), 

and the  s lid ing  su rfaces are designed to  be a lin e a r co m b in a tio n  of 

these s ta tes . This im p o r ta n t advan tage  o f s lid ing  modes is lo s t 

w henever the  s ta te  ass ignm ent is o th e r  th a n  th e  o u tp u t e r ro r  and its  

d e riva tive s . In  those  ins tances a need  a rises to  e s tim a te  the  

c o n tro lla b le  s ta tes  of the  sys te m  w hen th e y  are n o t d ire c t ly  

accessib le  in  the  p la n t. Besides, in  m any  p h y s ic a l system s o n ly  a few  

o f the  s ta tes a re  ava ilab le  fo r  co n v e n ie n t m easurem en t. In  lin e a r  

c o n tro l th e o ry  th e re  exists a m e th o d  o f design ing observe rs  to  

re c o n s tru c t a ll the  s ta tes o f the  sys te m  fro m  the  ava ilab le  s ta te s  

and in p u ts  [7 ], S im ila r to  these obse rve rs  in  lin e a r c o n tro l,  s lid in g  

m ode p rin c ip le s  m ay be used to  re c o n s tru c t the  sys tem  s ta tes  f ro m  

th e  in p u ts , and o th e r ava ilab le  s ta te s . U n like  lin e a r obse rve rs , 

s lid ing  m ode observers m ay be ap p lied  to  n o n lin e a r system s as w ell, 

th e  o n ly  c o n s tra in t being the  p la n t observed  is its e lf  stab le.

I t  was m en tioned  in  S ection  3.2 th a t  un d e r s lid ing  m ode 

c o n tro l, the  o ve ra ll response o f an n m o rd e r  sys tem  w ith  m c o n tro l 

in p u ts  w ill be o f o rd e r n —m.. A p a r t ic u la r  case o f in te re s t in  case o f 

s ta te  e s tim a tio n  is a f i r s t  o rd e r sys te m  w ith  one c o n tro l. The o v e ra ll 

response ob ta inab le  in  th is  case is o f o rd e r  ze ro . The slid ing  su rfa ce  

in  th is  case is o f d im ension D. The s tru c tu re -c o n tro l law  re duces
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e ffe c t iv e ly  to  b a n g -b a n g  c o n t r o l.  C o n s id e r th e  s im p le  f i r s t  o rd e r  

s y s te m  w ith  one c o n t r o l  in p u t ,  w h e re  i t  is  re q u ire d  to  g e t an 

e s tim a te  o f ±.  

y  = u

1L —

—K  fo r  z ~ y  < 0
+ K  fo r  z - y  > 0

The b lo c k  d ia g ra m  o f th e  sch e m e  is  g iv e n  in  F ig . 3 .20 . The  s lid in g

p o in t  is  re p re s e n te d  b y  th e  e q u a t io n  a = z —y  = 0 . U n d e r  s lid in g

c o n t ro l,  a = a = 0 .

a = z —y  = 0  

z  = y

The e q u iv a le n t c o n t in u o u s  s ig n a l u gq r e p re s e n ts  th e  a ve ra g e  v a lu e  o f 

y  a n d  e q u a ls  z .  u eq m a y  be d e r iv e d  b y  p a s s in g  u  th ro u g h  a lo w  pass 

f i l t e r .  The c o n d it io n  f o r  th e  e x is te n c e  o f s l id in g  m o d e  is g iv e n  b y

a — z  —y  = x  —u

& > \ z  |

< 0  fo r  a > 0

> 0  fo r  a < 0

The n o n id e a li ty  o f h y s te re s is  in  th e  c o m p a ra to r  m a ke s , in  th e  re a l 

s lid in g  c o n tro l,  th e  s w itc h in g  f re q u e n c y  to  be f in ite .  The  lo w  pass 

f i l t e r  c o rn e r  fre q u e n c y  is  d e c id e d  b y  th e  s w itc h in g  fre q u e n c y . 

T h e re fo re , th e  u s e fu l ra n g e  o f fre q u e n c ie s  u p  to  th o se  f o r  w h ic h  

s a t is fa c to ry  e s t im a t io n  o f ±  m a y  be d o n e , d e pen ds  on  th e  f i l t e r  

c o rn e r  a n d  in  t u r n  o n  th e  n o n id e a li t ie s  in  th e  c o m p a ra to r .  W ith  h ig h  

s lew  ra te  in te g r a to r s  a n d  fa s t  s w itc h in g  c o m p a ra to rs ,  s u c h  s ta te  

e s t im a t io n  c ir c u i ts  m a y  be c a s c a d e d  to  o b ta in  e s tim a te s  o f h ig h e r
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X

LOW
P A S S

-K

F ig . 3 .2 0  A  p h a s e  v a r ia b le  s ta te  e s t im a t o r  e m p lo y in g  s l id in g  m o d e  
c o n tro l.  The o u tp u t  f r o m  th e  lo w -p a s s  f i l t e r  is  a n  
e s t im a te  o f  th e  d e r iv a t iv e  o f  th e  in p u t  x .

r  1 _  . J  LOW
\ PASS

L
F ig . 3 .2 1  A  c a s c a d e d  p h a s e  v a r ia b le  s ta te  e s t im a to r  to o b ta in  the  

f i r s t  a n d  s e c o n d  d e r iv a t iv e  o f  th e  in p u t  f u n c t io n  x .
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d e riva tive s  of x as well. I t  m u s t be m e n tio n e d  th a t  the  f in ite  

sw itch in g  fre q u e n cy  o f p ra c t ic a l c irc u its  causes cons ide rab le  

d e te r io ra t io n  in  the  u se fu l ba nd w id th  o f such  e s tim a to rs . F igure  3.21 

shows two such c irc u its  cascaded to  o b ta in  es tim a te s  o f x and  x.

3.9 Static Optimisation

I t  was m e n tion e d  in  C ha p te r 2 th a t  in  a ll p ow e r co n ve rte rs

one o f th e  m a jo r concerns  is to  p rocess  pow er w ith  m in im u m  losses

w ith in  th e  c o n v e rte r. Th is is n o rm a lly  done by avo id ing  d iss ipa tive

e lem en ts  in  the  c o n v e rte r, and by us ing  n e a r id e a l re a c tiv e  e lem ents,

and  sw itches. In  p ra c t ic a l pow er c o n v e rte rs , pow er d iss ip a tio n  due 

to  th e  n o n id e a l n a tu re  o f th e  re a c tiv e  e lem en ts  is in e v ita b le . One o f 

th e  questions th a t  a rise  in  th is  c o n te x t is , w h e th e r one is able to  

s e le c t th e  o p e ra tin g  p o in t o f the  c o n v e r te r  to  m in im ize  the  losses 

w ith in  th e  c o n v e rte r. This is e sse n tia lly  a s ta tic  o p t im iz a tio n  p rob lem . 

I t  was also seen th a t, in  s lid ing  m ode c o n tro l,  th e  dyn am ic  response 

o b ta in a b le  depends upon  the  o rd e r o f th e  s u b s tru c tu re s  used and 

th e  n u m b e r o f c o n tro l in p u ts  a va ila b le . C le a rly  one can  foresee 

a p p lic a tio n s  w here  m ore  c o n tro ls  a re  a va ilab le  th a n  a re  re q u ire d  to  

ach ieve  the  dynam ic  re q u ire m e n ts  o f th e  system . In  these  instances, 

th e  e x tra  c o n tro ls  ava ilab le  m ay be used to  ach ieve  o p tim iz a tio n  of 

th e  o p e ra tin g  p o in t of the  system . Or s ta t ic  o p tim iz a tio n  cou ld  also 

be a s tand -a lo ne  a p p lic a tio n  of s lid ing  c o n tro l.

We illu s tra te  he re  the  s im p le  exam ple  o f a one d im ens iona l 

o p tim iz a tio n  p rob lem . C onsider th e  p la n t in p u t x and the  

p e rfo rm a n c e  fu n c tio n  f ( x )  w h ich  is to  be m in im ized . The p la n t is
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P ig .  3 . 2 2  The r e l a t i o n s h i p  b e t w e e n  t h e  p l a n t  i n p u t  and. th e  
p e r f o r m a n c e  i n d e x  f  (x )  o f  a  p l a n t .  S l i d i n g  m o d e  c o n t r o l  
c a n  b e  u s e d  to  m i n i m i z e  ( o r  m a x i m i z e )  th e  p e r f o r m a n c e  
i n d e x  i n  s u c h  p l a n t s .

PASS

P ig .  3 . 2 3  S l i d i n g  m o d e  c o n t r o l l e r  to  m i n i m i z e  t h e  p e r f o r m a n c e  
i n d e x  f { x )  o f  th e  p l a n t  s h o w n  i n  F ig .  3 . 2 2 .
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shown in  Fig. 3.22. The c o n tro l ob jec tive  is to  d rive  the  p a ra m e te r 

z,  th a t  is in p u t to  the  p la n t, such th a t  f ( x )  is m in im ized. 

y  = / ( * )  : [/(*)]min = /(a )

Suppose th a t  th e re  are no lo c a l m in im um s and th a t f ( x )  on e ith e r 

side o f i  is a m o n o to n ic a lly  in c re a s ing  fu n c tio n . The p r in c ip le  

invo lved  is an e x tens ion  o f the  e s tim a tio n  o f the  de riva tive  o f f ( x) .  

The s lid ing  mode c o n tro lle r  to  ach ieve th is  ob jec tive  is shown in  Fig. 

3.23. The in p u t x is supp lied  w ith  a tim e  va ry in g  fu n c tio n . f ( x )  is 

es tim a ted . The p o la r ity  o f f ( x )  is th e  sw itch ing  b o unda ry  w h ich  

decides the  ra te  of change o f the  in p u t va ria b le  x.
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CHAPTER 4 

BC-TQ-BC CONVERTERS

A m a jo r a rea  o f a p p lic a tio n  o f e le c t r ic a l pow er p rocess ing  is 

th e  co nve rs io n  of pow er fro m  one vo lta g e  le v e l to  a n o th e r. In  the  

case o f ac pow er, co n ve rs io n  f ro m  one vo lta g e  le v e l to  a n o th e r is 

done e ffic ie n tly  w ith  tra n s fo rm e rs . The t ra n s fo rm e r  cons is ts  o f two 

w ind ings -  a p r im a ry  and a se co n d a ry  -  e le c tr ic a lly  is o la te d  fro m  

each  o th e r, and m a g n e tic a lly  co u p le d  to  each  o th e r  th ro u g h  a 

com m on m agne tic  c irc u it .  The p r im a ry , e x c ite d  b y  th e  ac sou rce , 

se ts up an ac flu x  in  th e  m a g n e tic  c ir c u it .  The se co n d a ry  w ind ing  

lin k e d  to  th e  com m on m a g ne tic  c i r c u i t  e xp e rie n ces  an induced  

e le c tro m o tiv e  fo rce  (em f) across i t ,  w h ich  is used to  pow er the  load 

connec ted  to  th e  secondary . The p r im a ry  em f and  th e  se co nd a ry  emf 

a re  re la te d  to  each o th e r by  the  r a t io  o f th e  re s p e c tiv e  n u m b e r of 

tu rn s . C onvers ion  fro m  one vo ltage  le v e l to  a n o th e r  is ach ieved  by 

su ita b le  tu rn s  ra t io  betw een the  p r im a ry  and th e  se co n d a ry  w ind ings. 

Id e a lly  th e  tra n s fo rm e r is loss less. E le c tro m a g n e tic  vo ltage  

co n ve rs io n  depends on the  ra te  o f change  o f in te rm e d ia te  m agne tic  

f lu x , and is n o t app licab le  fo r  dc vo lta g e  co n ve rs io n .

E ffic ie n t d c -to -d c  pow er c o n v e rs io n  is  done by sw itched 

m ode power c o n ve rte rs . As has been  e xp la ine d  in  C hap te r 2, such 

sw itched  mode pow er c o n v e rte rs  c o n s is t o f re a c tiv e  e lem ents  and
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sw itches. The p r in c ip le  em ployed is to  a lte rn a te ly  d raw  en ergy  fro m  

the  sou rce  to  cha rge  up re a c tiv e  (en e rgy  s to ra g e ) e lem ents, such  as 

c a p a c ito rs  and in d u c to rs , and th e n  to  d e live r th e  s to re d  energy  to  

the  load. When th e  fre q u e n cy  o f such e n e rg y  packe ts  d e live red  to  the  

load  is la rg e , th e  load  experiences  p ra c t ic a lly  u n in te r ru p te d  dc 

pow er. S a tis fa c to ry  o p e ra tio n  of such  c o n v e rte rs  depends on su itab le  

c o n fig u ra tio n  o f re a c tiv e  e lem ents, and a p p ro p ria te  m e thod  o f 

c o n tro ll in g  th e  sw itches to  o b ta in  e ff ic ie n t pow er convers ion .

Sw itched m ode d c -to d c  c o n v e rte rs  a re  n o n lin e a r and tim e  

v a r ia n t system s, and do n o t lend  them se lves to  the  a p p lic a tio n  o f 

lin e a r  c o n tro l th e o ry . In  th e  pa s t, th e  m e th o d  o f s ta te  space 

ave rag ing  had  been success fu lly  app lied  to  c h a ra c te r iz e  d c -to -d c  

c o n v e rte rs  [3 ], The basic c o n v e rte r  top o lo g ies  and the  m e th od  of 

s ta te  space averag ing , lead ing  to  sm a ll s ig n a l tra n s fe r  fu n c tio n  

d e s c r ip tio n  o f d c -to -d c  co n v e rte rs , a re  rev iew ed in  S ection  4.1. The 

va ria b le  s tru c tu re  sys tem  (VSS) d e s c r ip tio n  of the  d c -to -d c  

c o n v e rte rs , exp la ined  in  S ection  4.2, is an  a lte rn a tiv e  m e thod  of 

c h a ra c te r iz in g  the  d c -to -d c  c o n v e rte rs  in  the  tim e  dom ain . The 

c o n tro l p ro b le m  assoc ia ted  w ith  th e  d c -to -d c  co n ve rte rs  is also 

p re se n te d  in  the  same Section.

E q u iva le n t c o n tro l m e thod  o f ana lys is  o f VSS p rov ides  a 

s im ple  e q u iv a le n t d e s c r ip tio n  o f sw itched  m ode co n ve rte rs  u n d e r 

s lid ing  m ode c o n tro l. In  S ection  4.3 d u ty  ra t io  c o n tro lle d  d c -to -d c  

c o n v e rte rs  a re  described  in  th e  s lid in g  m ode c o n tro l fo rm a t. The 

e q u iv a le n t c o n tro l m e thod  is th e n  app lied  to  o b ta in  sm a ll s igna l 

m odels. I t  is shown th a t  the  e q u iva le n t c o n tro l m e thod  and the  s ta te
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space a v e ra g in g  m e th o d  of an a lys is  b o th , th o u g h  th e y  fo llo w  d iffe re n t  

m a th e m a tic a l fo rm a lis m , a r r iv e  a t  ess e n tia lly  th e  sam e low  fre q u e n c y  

c h a ra c te r iz a t io n  of th e  c o n v e rte rs . One of th e  design m eth o d s , 

n a m e ly  t r a n s fe r  fu n c tio n  d e s c rip tio n  an d  c la s s ic a l c o n tro l co ncepts  

su ch  as lo o p -s h a p in g , opens up  to  solve th e  c o n tro l p ro b le m  th e n  

onw ards.

In  c h a p te r  3 , i t  was m e n tio n e d  th a t  th e  m o s t im p o r ta n t  

fe a tu re  of VSS is th e  a b ility  to  a ch ieve  responses th a t  a re  

in d e p e n d e n t of th e  s y s te m  p a ra m e te rs  th ro u g h  th e  a p p lic a tio n  of 

slid ing  re g im e s . I t  is th e re fo re  m o re  f r u it fu l  to  app ly  th e  c o n c e p t of 

slid ing reg im es  to  th e  c o n tro l p ro b le m  of d c -to -d c  c o n v e rte rs , in  

c o n tra s t  to  th e  t ra n s fe r  fu n c tio n  c h a ra c te r iz a t io n  and  fre q u e n c y  

d o m a in  design  te c h n iq u e s . T h e  b u c k  d c -to -d c  c o n v e rte r  is id e a lly  

s u ite d  fo r  th is  a p p lic a tio n , s in ce  its  c o n tro lla b le  s ta tes  (o u tp u t and  

its  d e r iv a tiv e ) a re  a ll  co n tin u o u s  an d  accessib le  fo r  m e a s u re m e n t. 

The a p p lic a tio n  of slid ing  m o d e  c o n tro l is e x p la in e d  in  S ec tio n  4 .4 . 

The c o n d itio n s  fo r  th e  e x is te n c e  and  re a c h in g  of sliding re g im e  a re  

d e riv e d . S u ita b le  p ro te c t io n  fe a tu re s  n eed ed  fo r  p ra c t ic a l c o n v e rte rs  

a re  in d ic a te d  a lo n g w ith  th e  design  c r ite r io n . The design m e th o d  used  

fo r  th e  b u c k  d c -to -d c  c o n v e r te rs  is n o t a p p licab le  to  b o o s t and  

b u c k -b o o s t c o n v e rte rs . S e c tio n  4 .4  also in d ica te s  th e  fe a tu re s  

a ss o c ia te d  w ith  b o o st a n d  b u c k -b o o s t c o n v e rte rs  lead in g  to  th e  

d ifficu lties .

An a lte rn a t iv e  m e th o d  of c o n tro l o f a ll  th re e  d c -to -d c  

c o n v e rte rs  is th e  c o n tro l o f th e  in d u c to r  c u rre n t . S ec tio n  4 .5  

d escrib es  th e  c u r r e n t  c o n tro lle d  d c -to -d c  c o n v e rte rs . A p p lica tio n  of
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e q u iv a le n t c o n tro l lea d s  to  th e  s m a ll s ig n a l d e s c r ip tio n , as w e ll as 

t im e  d o m a in  re la t io n s h ip  b e tw e e n  th e  in d u c to r  c u r r e n t  a n d  th e  

c o n tro lla b le  s ta te s  o f th e  c o n v e r te rs  (o u tp u t v o lta g e  a n d  its  t im e  

d e r iv a tiv e ). E q u ip p ed  w ith  th e  re la t io n s h ip  b e tw e e n  th e  in d u c to r  

c u r r e n t  a n d  th e  o u tp u t  v o lta g e , i t  b e co m e s  p o ss ib le  to  set up  th e  

slid ing  m o d e  c o n tro l to  a l l  th e  c o n v e r te rs  in  te rm s  o f p h y s ic a l, 

c o n tin u o u s  s ta te s  o f th e  s y s te m , n a m e ly  th e  in d u c to r  c u r r e n t  a n d  

th e  o u tp u t  v o lta g e . S e c tio n  4 .6  i l lu s tra te s  th is  m e th o d  e x h a u s tiv e ly  

fo r  th e  e x a m p le  o f a b o o s t c o n v e r te r .  C o n d itio n s  fo r  th e  e x is te n c e  

a n d  re a c h in g  of s lid in g  m o d e , s m a ll s ig n a l a n d  la rg e  s ig n a l s ta b il ity  

a re  e s ta b lis h e d . P r a c t ic a l  c o n s id e ra t io n s  a n d  d e s ig n  c r ite r io n  a re  

h ig h lig h te d  a n d  te s t  re s u lts  fo r  th e  b o o s t d c -to -d c  c o n v e r te r  a re  

p re s e n te d . S im ila r  d es ig n  c r i t e r ia  fo r  th e  b u c k  a n d  th e  b u c k -b o o s t  

c o n v e rte rs  a re  p re s e n te d .

4.1 D c -to -D c  C o n v e rte r  to p o lo g ie s

In  th is  s e c tio n , th e  d if fe re n t  pow er c o n v e r te r  to p o lo g ies  and 

th e ir  o p e ra tio n  a re  b r ie f ly  re v ie w e d . F o r s im p lic ity  th e  o p e ra tio n  is 

shown w ith  c o n s ta n t s w itc h in g  fre q u e n c y . F ig u re  4.1 shows the  bas ic  

pow er c o n v e rte rs  and  th e ir  in d u c to r  c u r r e n t  w ave fo rm s . Each o f th e  

above c o n v e rte rs  co n s is ts  o f one in d u c to r  (h), one c a p a c ito r  (C), and 

a sing le  po le  doub le  th ro w  (SPDT) sw itch . The p u rpo se  o f th e  

c o n v e r te r  is to  ta k e  in  p o w e r th a t  is a va ilab le  a t  th e  sou rce  w ith  a 

vo lta g e  vg, and  to  d e liv e r p o w e r to  th e  lo a d  (i?) a t  a vo lta ge  v 0. The 

SPDT sw itch  is o p e ra te d  a t  a c o n s ta n t sw itch in g  fre q u e n c y  ( 1 /  TB). 

D u ring  a fra c t io n  d (d u ty  r a t io )  o f the  sw itch in g  p e r io d , the  SPDT
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BUCK CONVERTER:

BOOST CONVERTER:

■*> t

■c> t

BUCK-BOOST CONVERTER: 
d d ' Vo

< D _

T d ’ TdT,

F ig .  4 .1  The t h r e e  b a s i c  d c - t o - d c  c o n v e r t e r s .  D a r i n g  t h e  a c t i v e  
• p e r i o d  dTs , e n e r g y  is  d r a w n  f r o m  t h e  s o u r c e  ( s e e n  f r o m  
t h e  i n c r e a s i n g  i n d u c t o r  c u r r e n t ) .  D u r i n g  th e  n o n a c t i v e  
p e r i o d  d ’Ts , e x c e s s  e n e r g y  f r o m  t h e  r e a c t i v e  e l e m e n t s  i s  
s u p p l i e d  to  t h e  l o a d .
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sw itch  is th ro w n  to  th e  a c tiv e  p o s itio n . D u rin g  th is  p e rio d  e n erg y  is 

d raw n  fro m  th e  s o u rce  vg to  c h a rg e  u p  th e  in d u c to r  (seen  by th e  

ris in g  in d u c to r  c u r r e n t ) .  D u rin g  th e  f ra c t io n  d' o f th e  sw itching  

p e rio d , th e  sw itch  is th ro w n  to  th e  n o n a c tiv e  p o s itio n . D uring  th is  

p e rio d  p a r t  of th e  e n e rg y  f ro m  th e  in d u c to r  is tra n s fe r re d  to  th e  

c a p a c ito r  a n d  th e  load . The a c tiv e  a n d  n o n a c tiv e  p e r io d  of the sw itch  

a re  c o m p le m e n ta ry  to  e a c h  o th e r  {d = 1 — d '). The a v e ra g e  vo ltag e  a t  

w hich  pow er is d e liv e re d  to  th e  lo a d  is a fu n c tio n  of th e  d u ty  ra t io  

(d ). The v o ltag e  c o n v e rs io n  is e ffic ie n t, s in ce  no re s is tiv e  e lem en ts  

a re  used in  th e  c o n v e r te r .

4.1.1 Voltage Conversion Ratios

The above c o n v e rte rs  a re  n a m e d  on  th e  basis of th e

o b ta in a b le  v o ltag e  c o n v e rs io n  ra t io s  f r o m  e a c h  o f th e m . The a ve ra g e  

vo ltag e  co n ve rs io n  ra t io s  fo r  e a c h  o f th e  c o n v e rte rs  m a y  be 

co m p u ted  f r o m  th e  fa c t  th a t ,  u n d e r  s te a d y  s ta te , th e  flu x  (th e  v o lt-  

second in te g ra l)  in  th e  in d u c to r  is c o n s e rv e d  fro m  cyc le  to cyc le . 

The follow ing a re  th e  a v e ra g e  v o lta g e  c o n v e rs io n  ra tio s  of th e  

c o n v e rte rs .

B uck C o n v e rte r: V0/  Vg =  D

B oost C o n v e rte r: V0/  Vg = 1 / ( 1 — D )

B u ck-B o o st C o n v e rte r: V0/  Vg = D / ( l — D )

w h ere  V0 is th e  a v e ra g e  lo a d  v o lta g e , Vg is th e  a v e ra g e  so u rce

vo ltag e  an d  D  is th e  a v e ra g e  d u ty  r a t io .  T h e  b u c k  c o n v e r te r  is

capab le  of p ro v id in g  v o lta g e  c o n v e rs io n  ra t io s  of 0 to  1. The boost 

c o n v e rte r  p ro v id es  v o lta g e  c o n v e rs io n  ra t io s  of 1 an d  above. The
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b u c k -b o o s t c o n v e rte r  c an  give v o lta g e  c o n v e rs io n  ra tio s  of 0 th ro u g h  

1 an d  above.

4-1.2 Dynamic Model — State Space Averaging

One of th e  w id e ly  u sed  m e th o d s  of c o n tro llin g  th e  o u tp u t  

v o lta g e  of d c -to -d c  c o n v e rte rs  is by  m e an s  of c losed loop c o n tro l of 

th e  d u ty  ra t io  (d). In  o rd e r  to  d es ign  su ch  c lo sed  loop c o n tro lle rs , i t  

is n e c e s s a ry  to o b ta in  a d y n a m ic  m o d e l of th e  d u ty  ra t io  c o n tro lle d  

c o n v e rte rs . S ta te  space a v e ra g in g  is a n  a n a ly t ic a l m e th o d  to  o b ta in  

th e  d yn am ic  m o d el o f th e  d c -to -d c  c o n v e rte rs , an d  is done as 

fo llow s. The dynam ic  m o d e l (s ta te  sp ace  d e s c r ip tio n ) of th e  c o n v e rte r  

in  e ac h  o f the  d iffe re n t p e rio d s  m a k in g  up th e  c o m p le te  sw itch ing  

cyc le  is w r it te n  down. The o v e ra ll  d y n a m ic  m o d e l is th e n  th e  

w eig h ted  averag e  o f th e  c o n s t itu e n t d yn am ic  m odels o v e r one  

co m p le te  sw itching c yc le . The w e ig h ta g e  fa c to r  fo r  e ach  c o n s titu e n t  

d yn am ic  m o d e l is th e  d u ra t io n  fo r  w h ic h  th e  re s p e c tiv e  c irc u its  a re  

a c tiv e  in  each  cyc le . The m e th o d  is i l lu s tra te d  h e re  fo r  a two  

sw itch ed  n e tw o rk  b o o st c o n v e r te r .

F ig u re  4 .2 a  shows th e  b o o s t c o n v e r te r . The two d iffe re n t  

c irc u its  re su ltin g  fro m  th e  tw o d if fe re n t  p o s itio n s  o f th e  SPDT sw itch  

a re  shown in Fig. 4 .2 b  a n d  4 .2 c . T h e  d y n am ic  m o d e l o f th e  

c o n v e r te r  w hen th e  sw itch  is in  a c tiv e  p o s itio n  (kTs < t < (k + d )T s) is 

g iven  by

x  = A xx  + b yVg ; y  = c xTx
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2 d

K T g< £<  (K+d)  Tg 

— s> i
r - ^ T i f

C

(K+d) 7g<t< (K+l J Ts

r m r v -

fc)

4 . 2  77ie &oosi c o n v e r t e r  (a ) ,  a n d  t h e  l i n e a r  e q u i v a l e n t  c i r c u i t s  
o f  t h e  c o n v e r t e r  d u r i n g  t h e  a c t i v e  p e r i o d  (b )  a n d  
n o n a c t i v e  p e r i o d  (c ) .
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f i ' 1 /  L 0 0

" = k
: *>i = 0 ; A \ — 0 - 1  /  RC

y  = v0 : c i = [o i ] ?

The dynam ic  m ode l o f the  c o n v e r te r  w hen  th e  SPDT sw itch  is in  the  

n o n a c tive  p o s it io n  { ( k + d ) T s <  t  < (*  + l ) r s) is g iven  by 

x  = -3-52?;ff ; y  =  c ^ x

i 1 / L 0 - 1 / L
v 0 ; b s - 0 ; A z - 1 /  c - 1  /  RC

y  = v0 ; c2 = [ 0  1 17"

T h e  o v e ra ll d y n a m ic  m o d e l is g iven  b y

x  = [d A 1 +  (1 — d)j42]x + \_dbl +  ( l  — = A x + b v g (4 .1 )

y  = \d c  j + ( l —d)cg]7’a: = c ^  (4 .2 )

E q u a tio n s  (4 .1 )  an d  (4 .2 ) d e s c rib e  a c o n tin u o u s  m o d e l of th e  

c o n v e r te r  w h ich  is e q u iv a le n t to  th e  d u ty  r a t io  c o n tro lle d  sw itch in g  

c o n v e r te r .

4.1.3 Transfer Function Description of the System

T h e  a v e ra g e d  d y n am ic  m o d e l d e s c rib e d  by Eq. (4 .1 )  a n d

(4 .2 )  can  be ap p lied  to  a n y  tw o  s w itch e d  n e tw o rk  c o n v e r te rs . The

c o n tro l in  a ll  such c o n v e rte rs  is by m e an s  of d u ty  r a t io  m o d u la tio n . 

T h e  above d y n am ic  m o d e l c a n  be u s ed  to  fin d  th e  t r a n s fe r  fu n c tio n  

d e s c r ip tio n  o f th e  c o n v e r te r  b e tw e e n  o u tp u t v o lta g e  a n d  th e  d u ty  

r a t io  m o d u la tio n  [3 ], Suppose th a t  th e  d u ty  r a t io  is c£(£) = D + d ,
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w h e re  D  is th e  s te a d y  s ta te  d u ty  ra t io  a n d  d  is th e  s u p e rim p o s e d  

p e r tu rb a t io n . W ith  th e  c o rres p o n d in g  p e r tu rb a t io n s  z  -  X + z ,  

y  = Y + y ,  a n d  vg = Vg i-Dg,

X  =  A X + b V g  ( S t e a d y  s t a t e  s o lu t io n )

z  =  A x  +  bvg -b [ (A 1- A z) X + ( h 1- b z)Vg] d  +  [ ( A 1- A z ) z  +  ( b 1- b 2 ) v g ] d  

l i n e a r  t e r m s  + n o n l i n e a r  t e r m s

Y  — c TX  S te a d y  s t a t e  s o lu t io n

y  =  c Tx  + (c 17’—c ^ X d  + ( c 17’—C z ^ x d
l i n e a r  t e r m s  +  n o n l in e a r  t e r m s

U n d e r  th e  a ss u m p tio n  th a t  th e  p e r tu rb a t io n s  a re  s m a ll

1/g ^  y
), th e  n o n lin e a r  te rm s  m a y  be d ro p p e d  to

o b ta in ,

S te a d y  s ta te  m odel:

X  =  - A - ' b V g  ; r  =

D y n a m ic  m odel:

2  = ^  + 6 uff + [(J41 - / l 2) ^ + (6 1 -63 )yg3d (4.3)

y = c 7x + (c 17’- c 2 0 ^  (4.4)

E q u a tio n s  (4.3) a n d  (4.4) re p re s e n t th e  s m a ll s ig n a l d y n am ic  m o d e l o f 

th e  c o n v e rte rs , an d  m ay  be used to  o b ta in  th e  fo llow ing  t r a n s fe r  

fu n c tio n s :

^ ( s ) = ( s l —A j - ' b
V s) (4-5)
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(4.6)

(4 .7 )

=  [ c 1T- c sn X ^ c T ( s I - A ) - ^ ( A 1- A 2) X ^ ( b 1- b 2)Vg] (4 .8 )

E q u atio n s  (4 .5 ) th ro u g h  (4 .8 )  d escrib e  th e  sm all s ig nal low  fre q u e n c y  

m o d e l o f th e  d u ty  ra t io  c o n tro lle d  two sw itched  n e tw o rk  d c -to -d c  

c o n v e rte rs , in  th e  fre q u e n c y  d o m a in . The v a rio u s  tra n s fe r  fu n c tio n s  

fo r  th e  d iffe re n t c o n v e rte rs  a re  g iven  in  Tab le  4 .1 .

4.2 Dc-to-dc Converters as VSS

of th e  s ys tem  a re  a r r iv e d  a t  by  a v e ra g in g  th e  d yn am ic  e q u a tio n s  of 

th e  c o n s titu e n t c irc u its  o v e r a co m p le te  cyc le . The re s u ltin g  o v e ra ll  

sys tem  is a c o n tin u o u s  e q u iv a le n t m o d e l of th e  a c tu a l c o n v e rte rs . In  

th e  VSS d e s c rip tio n  of th e  sys tem , th e  d yn am ic  eq u atio n s  a re  w r it te n  

as a single s e t consisting  of som e d isco n tin u o u s  sw itching fu n c tio n s  

as w ell. D iffe re n t va lu es  v a lid  fo r  th e  d iscontinuo us sw itch ing  

v a ria b le s  le a d  to  th e  d if fe re n t  s u b s tru c tu re s  invo lved  in  th e  VSS. In  

th is  s ec tio n , VSS d e s c rip tio n  of th e  th re e  basic d c -to -d c  c o n v e rte rs  

a re  g iven . The analysis  a n d  design  p ro b le m  asso c ia ted  w ith  th e  dc- 

to -d c  c o n v e rte rs  is th e n  in d ic a te d .

In  th e  s ta te  space a v e ra g in g  m eth o d , th e  d ynam ic  e q u atio n s
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BUCK CONVERTER: 

1=1

9  u = 0

BOOST CONVERTER:

 »  2 u=0 Vo

Vg

BUCK-BOOST CONVERTER: 
u = l u=0 Vo

R

*> t

=3 -

t

F ig . 4 . 3  The t h r e e  b a s i c  d c - t o - d c  c o n v e r t e r s  d e f i n e d  t h r o u g h  th e  
s w i t c h i n g  v a r i a b l e  a . D u r i n g  t h e  a c t i v e  a n d  n o n a c t i v e  
p e r i o d s ,  th e  s w i t c h i n g  v a r i a b l e  u  i s  a s s i g n e d  v a l u e s  1 
a n d  0 r e s p e c t i v e l y .
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4.2.1 System Description

F ig u re  4.3 shows th e  th re e  bas ic  sw itch ing  c o n v e rte r  

topo log ies  and  th e ir  in d u c to r  c u r re n t  w ave fo rm s. The sw itch  p o s it io n  

defines the  sw itch in g  v a r ia b le  (c o n tro l in p u t)  u  as shown in  Fig. 4.3. 

The de fin ing  e q ua tio n s  o f th e  sys te m  m a y  th e n  be w r it te n  as 

B uck  c o n v e rte r : r d i
L ^t  = V9U ~ VC 

d v „ V n
d t  R

B oost c o n v e r te r :

T d i  _
L d t  =  v * ~ v  °U

d v 0 _ _  v 0

B u ck -B o o s t c o n v e rte r :

r d i  —
L —  = v gu + v 0u

d vo  . _  v 0
c ~ d T = F

w here u  = l - u .  The sys tem s a re  t im e  v a r ia n t  and d iscon tin uous . B u t 

in  the  above d e s c r ip tio n  a ll th e  tim e  v a r ia n c e  and the  d isco n tin u it ie s  

have been is o la te d  in to  th e  s ing le  d is c o n tin u o u s  c o n tro l va r ia b le  u.
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4.2.2 Formulation off Control Problem

The d e s c rip tio n  o f a ll th e  above c o n v e rte rs  m ay be 

exp ressed  in  the  fo llow ing  co m p a c t fo rm .

x  = Ax + b u  + c (4.9)

w here , fo r

B u ck  co n v e rte r:

r z 0 - 1 / L ] V g /  L o'
x  ~  h o

: A = 1 / C  - 1 / i f c j  : 6 ~ 0 ; c = 0

B oost co n v e rte r:

x  =
i 0 - 1 / L v 0/ L

0̂ ; A = 1 / C - 1 / RC : 6 = —i /  C : c =
v g/  L]

B u ck-B o os t co n v e rte r:

i 0 1 / L fo
x  —

"0
; A = - 1 / C - 1  / R C ; b = i /  C ; » = [o

The sys te m  s ta te  v e c to r  x  and th e  m a tr ic e s  A ,b ,  and c a re  a ll 

c o n tin u o u s .

In  the ana lys is  o f d c -to -d c  c o n v e rte rs , th e  s tru c tu re  of the 

c o n v e rte r , and the  sw itch ing  v a r ia b le  as a fu n c t io n  o f tim e  are 

know n. I t  is re q u ire d  to  fin d  the  p e rfo rm a n c e  o f the  c o n v e rte r. In  the 

p ro b le m  o f design o f d c -to -d c  c o n v e rte rs , i t  is re q u ire d  to  se lec t a 

c o n v e r te r  topo logy, and syn thes ize  th e  c o n tro l in p u t u  to  achieve the 

d e s ired  p e rfo rm a n ce . The ana lys is  and  design  m e thods of VSS had 

a lre a d y  been d iscussed in  g re a t d e ta il in  C hap te r 3. In  the  fo llow ing 

sec tions , the  th e o ry  o f VSS is app lied  to  ana lyze  the  d u ty  ra t io
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c o n tro lle d  dc -to -d c  co n ve rte rs . The design m ethods fo r  the  

a p p lic a tio n  o f s lid ing  mode c o n tro l fo r  the  d if fe re n t types of 

c o n v e rte rs  are  th e n  ou tlin e d .

4.3 Analysis off Duty Ratio Controlled Converters

One o f the  m o s t w ide ly  used m ethods o f c o n tro l o f th e  dc- 

to -d c  c o n ve rte rs  is by m eans o f th e  d u ty  ra t io  d. The e q u iva le n t 

c o n tro l m e thod  described  in  C hap te r 3 can  be used to  fin d  an 

e q u iva le n t low  fre q u en cy  m ode l fo r  such co n v e rte rs . There  a re  two 

m odes o f o p e ra tio n  possib le  u n d e r d u ty  ra t io  c o n tro l, nam ely  

C on tinuous in d u c to r  C u rre n t Mode (CCM), and D iscon tinuous in d u c to r  

C u rre n t Mode (DCM).

4.3.1 C oa tinuous In d u c to r  C u rre n t Mode (CCM)

The c o n s ta n t fre q u e n c y  d u ty  ra t io  c o n tro lle d  d c -to -d c  

c o n v e rte rs  in  CCM w ere a lre a d y  in tro d u c e d  in  S ection  4.1 and  shown 

in  Fig. 4.1. They were a lso desc rib e d  as a VSS in  S ection  4.2.1, 

th ro u g h  th e  sw itch ing  va ria b le  u. The SPDT sw itch  in  each of the  

c o n v e rte rs  opera te  a t c o n s ta n t fre q u e n cy . The SPDT sw itch  is in  the  

ac tive  p o s it io n  (u = 1 ) fo r  a f ra c t io n  d o f the  sw itch ing  pe riod . F o r the  

re s t of the  sw itch ing  p e rio d  (d'Ts) the  SPDT sw itch  is in  the  no na c tive  

(it = 0 ) p o s itio n . The system  d e s c r ip tio n  of the  va rio u s  c o n ve rte rs , in  

te rm s  o f th e  sw itch ing  va ria b le  u,  a re  g iven  by Eq. (4.9) in  S ec tion  

4.2.2. The schem atic  re p re s e n ta tio n  of the  d u ty  ra t io  c o n tro lle d  

c o n v e rte rs  is shown in  Fig. 4.4a. The c o n tro l vo ltage  (vc) is 

com pared  to  a co n s ta n t fre q u e n cy  t r ia n g u la r  w a ve fo rm  to  g e ne ra te
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=  1So— c*9 I
____ I

—o

F ig .  4 . 4 a  D u t y  r a t i o  c o n t r o l  o f  s w i t c h i n g  c o n v e r t e r s .  The c o n t r o l  
v o l t a g e  v c i s  c o m p a r e d  to  a  c o n s t a n t  f r e q u e n c y  
t r i a n g u l a r  w a v e  to  g e n e r a t e  t h e  d u t y  r a t i o  d .

c —1
=  1—

u=0

(v, JA = f

(b )

F ig .  4 .4 b  D u t y  r a t i o  c o n t r o l l e d  c o n v e r t e r s  a s  a  v a r i a b l e  s t r u c t u r e  
s y s t e m  (VSS). The c o n s t a n t  f r e q u e n c y  t r i a n g u l a r  w a v e  
i s  r e p l a c e d  b y  a n  i n t e g r a t o r ,  a n d  c o m p a r a t o r  w i t h  
a p p r o p r i a t e  f e e d b a c k .  The h y s t e r e s i s  i n  th e  c o m p a r a t o r  
i s  a d j u s t e d  to  o b t a i n  c o n s t a n t  s w i t c h i n g  f r e q u e n c y .
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th e  d u ty  ra t io  d. The same c o n tro l m e th o d  is show n b y  an e q u iva le n t 

schem e in  Fig. 4 .4b . This e q u iv a le n t schem e is a m a th e m a tic a l 

a r t i f ic e  used, in  o rd e r  to  be able to  a p p ly  th e  p r in c ip le s  o f s lid ing  

m ode c o n tro l fo r  th e  ana lys is  o f d u ty  ra t io  c o n tro lle d  c o n v e rte rs . 

The e q u iv a le n t schem e in c o rp o ra te s  an  in te g ra to r  and a c o m p a ra to r  

w ith  h ys te re s is . The c o n tro l in p u t is n u m e r ic a lly  e q u a l to  th e  d u ty  

ra t io  (O ^d =vcs£ 1 ). Suppose th a t  th e  h y s te re s is  A in  th e  c o m p a ra to r  is 

a fu n c t io n  of vc, such  th a t  the  sw itch in g  fre q u e n c y  is m a in ta in e d  

c o n s ta n t a t a ll d u ty  ra t io s . I t  is to  be s tre sse d  aga in  th a t  the  

e q u iv a le n t schem e in  Fig. 4.4b is an a r t i f ic ia l  re p re s e n ta tio n  o f th e  

c o n s ta n t fre q u e n c y  d u ty  ra t io  c o n tro lle d  c o n v e rte rs , in  o rd e r to  

a p p ly  th e  s lid ing  c o n tro l p r in c ip le s . The d yn a m ic  e q u a tio n s  o f th e  

c o n tro lle r  and th e  c o n v e r te r  m ay now  be w r it te n  as

y = d - u  (4 .10)

x  = Ax + bu + c (4.11)

E q u a tio n  (4.10) is a s c a la r e q u a tio n . E q u a tio n  (4 .11) describes  the  

c o n v e r te r  and is o f o rd e r  two. E q u a tio n s  (4 .10) and (4 .11) m ay be 

co m b in e d  in to  a s ing le  se t o f a th ir d  o rd e r  sys te m  as fo llow s.

(4.12)
V 0 0 y - 1 d
X 0 A X

+
b

u  +
c

The s tru c tu re -c o n t ro l law  is

u  =
1 fo r c -  y > h 
0 fo r a = y < A (4.13)

U n d e r id e a l s lid in g  m ode c o n tro l, a = a = 0  and u gg = d. The o v e ra ll
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sys tem  is o f o rd e r 3 and th e  n u m b e r o f c o n tro l in p u t is 1. As 

e xp la ined  in  C hap te r 3, th e  e q u iv a le n t d e s c r ip tio n  th e n  is o f o rd e r 2. 

By s u b s titu tin g  d  = u 3q in  Eq. (4 .12 ) we g e t an e q u iv a le n t system  

d e s c r ip tio n  o f o rd e r 2 .

z  = A x + b d + c  (4.14)

The above d e s c r ip tio n  is e x a c t w hen  the  sys te m  m o tio n  is a long the  

id e a l s lid ing  su rface  (A = 0). F in ite  c o n s ta n t sw itch ing  fre q u e n cy  

im p lies  th a t  A^O. As a re s u lt  th e  a c tu a l sys tem  m o tio n  cons is ts  o f 

n o n id e a litie s  owing to  f in ite  A (sw itch in g  r ip p le ) , superim posed  on the  

id e a l m o tio n  g iven  by Eq. (4 .14). When th e  sw itch in g  r ip p le  is sm all, 

th e  a c tu a l sys te m  m ay be re p re s e n te d  by th e  id e a l sys te m  w ith in  a 

f in ite  e r ro r .  This same c o n d it io n  m a y  a lso be s ta te d  as fo llow s: the  

sw itch ing  fre q u e n c y  m u s t be s u ff ic ie n t ly  la rg e  co m p a re d  to  th e  

n a tu ra l fre q u e n c y  of th e  c o n v e rte r .

E q u a tio n  (4.14) is in  g e n e ra l n o n lin e a r. The o n ly  c o n d itio n  

im posed so fa r  is th a t  th e  sw itch in g  fre q u e n c y  be s u ffic ie n tly  la rg e . 

Hence Eq. (4.14) m ay be used to  s tu d y  b o th  th e  sm a ll s ig n a l as w e ll 

as la rge  s igna l b e h a v io u r o f the  c o n v e rte rs . A lte rn a tiv e ly  Eq. (4.14) 

m ay be lin e a r iz e d  a ro u n d  th e  o p e ra tin g  p o in t to  o b ta in  th e  tra n s fe r  

fu n c t io n  d e s c r ip tio n  o f th e  c o n v e rte rs . In  o rd e r  to  re la te  th e  re s u lts  

eas ily  to  those  o b ta in e d  by th e  s ta te  space ave rag ing  m e thod , Eq. 

(4.11) m ay be re w r it te n  as fo llow s.

X  -  [ A x X + b l V g ] u  +  [ A z x + b z V g \ { l —u )  (4.15)

w here  A 1 , A z . b l , b z are as de fined  in  S e c tio n  4.1.2. U nde r s lid ing  mode 

c o n tro l u eq -  d  and so Eq. (4 .15) reduce s  to
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f n BUCK CONVERTER BOOST CONVERTER BUCK-BOOST CONVERTER

V0 DVg Vg/  (3 -D ) - V gD /  (3-OJ

I Vq/ R Vq/ R  (3 -D ) - ' / 0/ R  (3-DJ

3 D i+SCR 3 1+SCR D i+SCR
Vg R G(S) R ( l - D ) *  G(S) R ( l - D ) k G (S)

v0
D 1

1 3 D 3

Vg G(S) (3 -D ) G(S) (3 -D ) G (SJ

2 V0 i+SCR 2 V0 i + S C R / 2 V0 (1+0)  l + S C R / l l + D )
d RD G(S) R (3 -D )2 G (S ) RD (3 -D )2 G (S)

Vo Vq i Vo 1 - S L / R  (3 -D )2 Vo 3 -S L D /R  (3 -D )2
d 0  G (S) (3 -D ) G (S) D (3 -D ) G (SJ

G (S ) i + S ~ + S sLC
R

1 + S _ _ . L  +„a LC
1 WR ( i - D ) 2 ^ ( 3 -D )2 R (1 - D ) 2 w (3 -D )2

TA B LE 4 .1  The. s te a d y  s ta te , a n d  t r a n s f e r  fu n c t io n s  o f  c o n s ta n t  
f r e q u e n c y  d u ty  r a t io  c o n t r o l le d  d c -to -d c  c o n v e r te rs .
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z  = [dA1 + ( 1  — d)A2]x + [db x + ( 1  — d)b2]vg = Az + bVg (4.16)

Eq. (4.16) is id e n tic a l to  Eq. (4.1) o b ta in e d  fo llow ing  s ta te  space 

ave rag ing  m ethod. E qu a tion  (4.16) m a y  be lin e a riz e d  to  ob ta in  the 

sm a ll s ig n a l tra n s fe r  fu n c tio n s  id e n tic a l to  those ob ta ined  (Eq. (4.5) 

and (4 .8)) fo llow ing  th e  s ta te  space ave rag ing  m e thod  and g iven in  

Table 4.1.

4 .3 .2  D iscon tinuous  In d u c to r  C u r re n t Mode (BCM)

D c-to -dc  c o n v e r te rs  m ay a lso  be o p e ra te d  in  the  DCM range 

o f o p e ra tio n . In  DCM o p e ra tio n , th e  in d u c to r  c u r re n t s ta rts  fro m  

ze ro  in  eve ry  cyc le , goes to  zero  b e fo re  the  end o f the  sw itch ing 

p e rio d , and re s ta r ts  fro m  zero  a t the  beg inn ing  o f the  n e x t cycle. 

Such a mode o f o p e ra tio n  a rises o u t o f th e  fa c t  th a t  the  m ost 

inexpens ive  re a liz a tio n  of sw itches in  d c -to -d c  co n ve rte rs  is by 

m eans o f u n id ire c t io n a l sw itches, w h ich  a re  capable o f ca rry in g  

c u r re n t  in  on ly  one d ire c tio n . As a re s u lt  w hen the  in d u c to r c u r re n t 

reaches ze ro  du rin g  a p a r t  of the  sw itch in g  cyc le , th e  u n id ire c tio n a l 

sw itch  in h ib its  re v e rs a l o f c u r re n t and  b locks. F igu re  4.5 shows the 

basic  co n v e rte rs  in  the  DCM range  and  the  co rrespond ing  in d u c to r 

c u rre n ts . The u n id ire c t io n a l n a tu re  of th e  sw itch  is shown by a diode 

on th e  th ro w  a rm  o f th e  SPDT sw itches. The d c -to -d c  c o n v e rte is  in  

DCM th e n  have th re e  c h a ra c te r is t ic  p e rio d s  d u rin g  a cycle  -  active  

(at -  1 ), n o na c tive  (uz ~ 1 ), and b lo ck in g  (u' = l )  —. Suppose we define 

the  sw itch ing  va ria b le s  as
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BUCK CONVERTER:
(Ul=l  -------&» 2 V O

■v

BOOST CONVERTER:
Vo

BUCK-BOOST CONVERTER:
u'^i Vo

i

■*> t
i

t

P ig . 4 .5  The Sasic d c - to -d c  c o n v e r te r s  i n  th e  D is c o n t in u o u s
C o n d u c t io n  M ode (D C M ). The s c h e m a t ic  d io d e  i n  th e  
th r o w  o f  th e  S P D T  s w itc h  in d ic a te s  th e  u n id i r e c t io n a l  
n a t u r e  o f  th e  s w itc h .  The c u r r e n t  i n  th e  in d u c to r  f a l l s  to  
z e ro  b e fo re  th e  e n d  o f  e v e r y  c y c le .
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u =

=

u '

1 for kTs ^ t  ^  (k-bd')Ts
0 for (A + ii)Ts s  t  == (7c + l)T s

0 fo r kTs < £ <  (7c+d)2^
1 fo r ( k + d ) T s «= t  <  ( j fc + d + d 2)7 ;
0  fo r ( & + d + d 2)7 .̂ ^  (Jc + l ) T s

0 fo r kTs  <  f  ( /c + d  +  d 2) r s
1 fo r { k + d + d ^ T s  <  £ <  (& +  l)!Ts

i i  + i i2 + ti' = 1 fo r a l l  t

The dynam ic  e qua tions  o f the  sys te m  m ay be w r it te n  as

x  -  Axz -kby'dg fo r u  = 1
x = Azx + bz'ug fo r i i 2 = 1

x = 4 sz + &3i/ff fo r iz' = 1

The o v e ra ll sys tem  e q u a tio n s  a re  th e n  g iven  by 

x  =  [A iX + b iV g  A zx + b zv g A 3x + & 3-uff];u ( 4 .1 7 )

w here u = [u u z i i ' ] r . The o v e ra ll s ys te m  g iven  by Eq. (4.17) is 

lin e a r w ith  re s p e c t to  c o n tro l.  The e q u iv a le n t d e s c r ip tio n  is fo u n d  by 

re p la c in g  the  d isco n tin u o u s  sw itch in g  v a r ia b le s  by th e ir  average 

va lues ove r a cycle .

x  — [y l iZ + b ii /g  A 22 + fe 27jg ,A3z  + &3ug] [ d  d z d ' ] T (4.18)

The o v e ra ll dynam ic  sys te m  d e sc rib e d  by Eq. (4 .18) is id e n tic a l to  the  

system  d e s c r ip tio n  o b ta in e d  by th e  s ta te  space averag ing  m e thod  [ 8 ]. 

A lthough  the  dynam ic  e q u a tio n s  show up  th re e  sw itch ing  va ria b les  

d , d z ,d', th e re  is on ly  one in d e p e n d e n t c o n tro l in p u t  d .  The o th e r two 

in p u t va ria b le s  d z  and d '  a re  fu n c tio n s  o f d ,  th e  c ir c u it  e lem ents o f
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th e  c o n v e rte r  and the  sw itch ing  p e r io d  Ts. The m e th o d  o f ob ta in in g  

th e  tra n s fe r  fu n c tio n s  is g iven  in  d e ta il in  re fe re n c e  [ 8 ].

4.3.3 CCM Operation under Variable Switching Frequency

I t  was seen in  S ection  4.3.1 th a t  in  th e  case o f d u ty  ra t io  

c o n tro l,  the  o ve ra ll system  depends on th e  c o n v e r te r  e lem ents and 

th e  d u ty  ra tio , and inde penden t o f th e  sw itch ing  fre q u e n cy ; th e  o n ly  

r e s t r ic t io n  on the  sw itch ing  fre q u e n c y  is th a t  i t  be s u ffic ie n tly  la rge  

co m p a re d  to  the  n a tu ra l fre q u e n c y  o f the  c o n v e rte r . When the  

s w itch in g  fre q u e n cy  is c o n s ta n t, s ta te  space ave rag ing  o r  the  

e q u iv a le n t c o n tro l m e thod  m ay be used to  o b ta in  th e  tra n s fe r  

fu n c t io n  d e sc rip tio n  of the  system . Th is p ro p e r ty  has been used in  

th e  p a s t to  independen tly  c o n tro l tw o d if fe re n t o u tp u ts  o f a m u ltip le  

o u tp u t d c -to -d c  c o n v e rte r  [9 ]. When th e  sw itch ing  fre q u e n cy  is n o t 

c o n s ta n t, du ty  ra t io  is n o t de fined  and i t  is n o t possib le  to  tim e  

ave rage  the  system . However the  e q u iv a le n t c o n tro l m e thod  can  v e ry  

c o n v e n ie n tly  be used to  a rr iv e  a t th e  tra n s fe r  fu n c tio n  d e sc rip tio n s . 

W ith  re fe re n ce  to  Fig. 4.4, 

y  = ve—il

x = Ax + bu + c

y fo o' y - 1 K
X
I I

“  [o A X
+ b u  + c

The s tru c tu re -c o n tro l law  is the  sam e as be fo re .

_ 1 fo r ct = y  > A (4.20)
u ~ 0  fo r a -  y < A
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fn BUCK CONVERTER BOOST CONVERTER BUCK-BOOS T  CONVERTER

Vo Vc Vg V9/ f l - V cJ - V gVc/  l l - V c)

I V g/R V0/ R ( l - V c ) - V 0/ R  f l - V cJ

1 Vo 1+SCR Vo 1+SCR (Vg-VgJ V0 1+SCR

v9 RVg G IS) RVg2 G fSJ RVg G (SJ

Vo Vo 1 Vo 1 V0 1
Vg Vg G (S) Vg G (SJ Vg GfSJ

i Vg 1+SCR 2V 03 l + S C R / 2 (Vg-VoJ 3 1 + S C R -V 0/  (Vg-VoJ

Vc R G (S) R V | G IS ) RVg2 G (SJ

v0 1\f Vo2 1 (Vg-VoJ S1+S LV 0 (Vg-VgJ/RVg2

3 GfSJ Vg G fSJ Vg G (SJ

GfSJ 1+S   ̂ + s 2l c  
R

LV02 V i
4 sO 1 r»c. p

L f  Vg- V 0J2 L C fV g -V o J 2
4 I r* fi 1 o _ “ L L* _ 

RVg2 Vg2
1 I J

RVg2 Vg2

TA B LE  4 .2  The s te a d y  s ta te , and. t r a n s f e r  f u n c t io n s  o f  v a r ia b le  
f r e q u e n c y  d u ty  r a t io  c o n tro lle d  d c -to -d c  c o n v e r te rs . Vc 
is  the n o rm a liz e d , n o n d im e n s io n a l c o n tro l in p u t .
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Jus t as be fo re , u n d e r s lid ing  m ode c o n tro l,  a -  b = 0  and  u 3q = vc. 

The e q u iva le n t sys te m  re p re s e n ta tio n  is

z  = Ax +  bvc + c (4 .21)

F o r conven ience , Eq. (4.21) m ay be re s tru c tu re d  as fo llow s w here  

A i tAg,bi , ^ 2  a re  a ll as de fined  in  S ec tio n  4.1 .2 .

x  = [vcA 1 +  { l - v c)A z \x  +  [vcb 1 +  { l - ' i j c)b z\v g (4.22)

E q ua tion  (4.22) is in  g e n e ra l n o n lin e a r. x ,v c,vg m a y  be p e r tu rb e d  to  

g e t th e  s teady  s ta te  so lu tio n s  and th e  v a r io u s  t ra n s fe r  fu n c tio n s . The 

va rio u s  tra n s fe r  fu n c tio n s  a re  g iven  in  Tab le  4.2. These a re  s im ila r  

to  those ob ta in e d  fo r  c o n s ta n t s w itch in g  fre q u e n c y  c o n v e rte rs  and 

g iven in  Table 4.1. The o n ly  d iffe re n ce  is th a t  th e  t ra n s fe r  fu n c tio n s  

a re  exp ressed  in  te rm s  o f the  o p e ra tin g  vo lta ge s  and  c u r re n ts  

in s te a d  o f the  d u ty  ra t io .  The c o n d it io n  th a t  the  sw itch in g  fre q u e n c y  

be s u ffic ie n tly  la rg e  s t i l l  ho lds.

4 .4  S lid ing  Mode C o n tro l o f B u c k  C o n v e rte r

In  S ection  4.3, we d ig ressed  to  a p p ly  th e  e q u iv a le n t c o n tro l 

m e thod  to  o b ta in  s m a ll s igna l t ra n s fe r  fu n c tio n s  o f th e  d u ty  ra t io  

c o n tro lle d  d c -to -d c  c o n v e rte rs . The p u rp o se  o f t h a t  e xe rc ise  was to  

show th e  use fu lness o f e q u iva le n t c o n tro l  m e th o d  as an  ana lys is  

m e thod  fo r  p ro g ra m m e d  sw itch ing  s tru c tu re s . A m o re  fu n d a m e n ta l 

aspect o f VSS is to  be able to  syn th e s ize  the  d yn a m ic  s tru c tu re -  

c o n tro l law  (as a g a in s t the  p ro g ra m m e d  s t ru c tu re -c o n t ro l law  o f d u ty  

ra t io  c o n tro l)  to  ach ieve  th e  d e s ire d  s tead y  s ta te  and  d ynam ic
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p e rfo rm a n c e  of th e  c o n v e rte r . The steps invo lved  in  such  a design 

p rocess  a re  as fo llow s.

i)  to  re la te  the  s tead y  s ta te  and dynam ic re q u ire m e n ts  in to  an 

a p p ro p r ia te  s lid ing  b o u n d a ry .

i i)  to  es ta b lish  a s t ru c tu re -c o n t ro l law  w ith  re fe re n c e  to  th e  

se le c ted  s lid ing  b o u n d a ry , such  th a t  the  co n d itio n s  o f re a ch in g  and 

e x is te n ce  o f s lid ing  reg im e  a re  sa tis fie d .

I t  was m e n tio n e d  in  C hap te r 3 th a t  the  above des ign  p rocess is 

s im p le  w hen  the  c o n tro lla b le  s ta te s  o f th e  sys tem  (o u tp u t and its  

d e r iv a tiv e s ) are co n tin u o u s  and access ib le . D c -to -d c  b u c k  c o n v e r te r  

sa tis fie s  these  re q u ire m e n ts  and is th e  s im p le s t o f a ll th re e  d c -to -d c  

c o n v e rte rs  fo r  th e  a p p lic a tio n  o f s lid in g  m ode c o n tro l.  Th is  exam ple  

was show n b r ie f ly  in  C hap te r 3. In  th e  fo llow ing  se c tio n , th e  d c -to -d c  

b u c k  c o n v e r te r  is f i r s t  ta k e n  up  fo r  the  a p p lic a tio n  o f s lid ing  mode 

vo lta g e  c o n tro l.

4 .4 .1  B u ck  C o n v e rte r in  Phase V a ria b le  C a n o n ica l F o rm

F igu re  4.6 shows th e  b u c k  c o n v e rte r , its  in d u c to r  c u r re n t ,  

and th e  o u tp u t vo lta g e  u n d e r s te a d y  s ta te . The VSS d e s c r ip tio n  o f 

th e  b u c k  c o n v e rte r  is

x = Ax + bu (4 .23)

x  = A =
[ 0 - 1 / L
l l / C  - 1 / RC o =

Vg/ L

The in d u c to r  c u r re n t  % and  th e  o u tp u t vo lta ge  v 0 a re  b o th  

c o n tin u o u s  fu n c tio n s . The d e r iv a tiv e  o f the  o u tp u t vo lta ge  (dv0/ d t ) is
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T

F ig . 4

t

U=1
o  t

000
880a

=u

.6  The b u ck  d c -to -d c  c o n v e r te r  a n d  th e  v a r io u s  s te a d y  s ta te  
w a v e fo r m s . The p o la r i t y  o f  th e  s w itc h in g  f u n c t io n  o 
d e te rm in e s  th e  s ta te  o f  th e  s w itc h .
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p ro p o rtio n a l to  th e  c a p a c ito r  c u r re n t ,  w h ich  is also a co n tin u o u s  

fu n c tio n . L e t th e  d e s ire d  o u tp u t v o lta g e  be V0*. T h e n  th e  o u tp u t  

e r r o r  is defined  as v 0 — V0*. F o r  d c -to -d c  b u c k  c o n v e rte rs  V0* is 

c o n s tan t, an d  V0* < vg. E q u a tio n  4 .2 3  m a y  th e n  be tra n s fo rm e d  as 

y  = A"y  + b *it + c * (4 .2 4 )

0 1 0
1 1 ; b * =

vs
LC RC.

I

y =

v 0- V
rf(^ 0 - V )

dt

0
; c* = -V

LC

The d c -to -d c  b u c k  c o n v e r te r  is a seco n d  o rd e r  sys tem  w ith  one  

c o n tro l in p u t. T h e re fo re  th e  d y n am ic  resp o n se  o b ta in ab le  u n d e r  

sliding m ode c o n tro l is of o rd e r  1. The d e s ire d  s tead y  s ta te  a n d  

d ynam ic  response  m a y  th e n  be e x p re s s e d  as a  one d im en sio n a l 

slid ing s u rfa ce  (s lid ing  lin e ) in  th e  p h ase  p la n e . C o n s id er

d(̂ o -V)a = (v 0- V 0* ) + r - dt =  0 =  [1  r ] Ty  =  g y (4 .2 5 )

E q u a tio n  (4 .2 5 ) d escrib es  a s tab le  t r a je c to r y  in  th e  phase p lan e  w ith  

s tead y  s ta te  o p e ra tin g  p o in t u 0 = Vi,*, a n d  f ir s t  o rd e r  tra n s ie n t  

re c o v e ry  w ith  a tim e  c o n s ta n t r .

The n e x t  s tep  is to  s e le c t th e  s t r u c tu re -c o n tro l law  such  

th a t  th e  lin e  a = 0 is a s lid ing  b o u n d a ry . The c o n d itio n  fo r  th e  

ex is ten ce  of slid ing re g im e  is

l im  a <  0 ;  l im  a >  0
a  -  o +  <7 =  0 ~
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Let

fo r  a  >  0 
i l ~ fo r  o  < 0

The co n d itio n  fo r  the  e x is tence  o f s lid in g  reg im e  is 

gA°y +gb °u*+gc * < 0 < gA*y +gb *u~-t-gc *

Expanding and app ly ing  th e  c o n d it io n  th a t  dv0/ d t  = 0 , we ge t

^d v ^/ d t \ = u *  + Y q (v9u + - v o) < 0

0  < tdvo/ d t ~\u=u-  +-£c(vgv-~-v0) (4.26)

F ro m  Eq. (4.26) u + and  u~ a re  se lec ted  as 0 and  1 re sp e c tive ly . The 

co n d itio n  fo r  the  e x is te nce  o f s lid ing  m ode is th e n  r  > RC. The same 

c o n d itio n  m ay also be a rr iv e d  a t f ro m  th e  s teady s ta te  w ave form s 

shown in  Fig. 4.6.

s ta rtin g  fro m  anyw here in  th e  phase p lane , the  sys tem  RP w ill re a c h  

the  slid ing line  a = 0 . R eca lling  th e  th e o re m  in  S ection  3.4 on th e  

su ffic ie n t reach ing  c o n d itio n , i t  m ay be v e r if ie d  fro m  Fig. 4.7 th a t  th e  

s lid ing line  p a r t it io n s  th e  phase p lane  in to  tw o reg ions and th a t  th e  

s teady sta te  o p e ra tin g  p o in t  fo r  the  c o n tro l in p u t in  each  o f these 

reg ions lies in  the  oppos ite  reg ion . The sw itch ing  b o u n d a ry  a -  0  

th e n  qua lifies as a s lid in g  line .

i) a = 0 is a stab le  t r a je c to ry  s a tis fy in g  the  s teady s ta te  ( ^ 0 = V0")

(4 .27)

The n e x t s tep  in  th e  des ign  p ro cess  is to  ensure  th a t
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CJ

F ig . 4 . 7  The s w itc h in g  f u n c t io n  a  = 0 is  s e e n  i n  th e  p h a s e  p la n e .
a = 0 p a r t i t io n s  th e  p h a s e  p la n e  i n  to tw o  re g io n s  (a  < 0. 
a n d  a > 0). The c o n tr o l  i n p u t  is  r e s p e c t iv e ly  u ~  a n d  u + 
i n  th ese  tw o  re g io n s .

Vo

F ig . 4 .8  The s t a r t in g  t r a n s ie n t  i n  th e  in d u c t o r  c u r r e n t  i  a n d  th e  
o u tp u t  v o lta g e  v 0 u n d e r  s l id in g  m o d e  c o n tr o l.  The  
d u r a t io n  f r o m  t =  0 to t =  t l is  th e  i n i t i a l  t r a n s ie n t  i n  
r e a c h in g  th e  s l id in g  Line a = 0. The s e c o n d  p a r t  o f  th e  
t r a n s ie n t  f r o m  t  = to t = t 2 is  th e  s y s te m  m o t io n  
a lo n g  th e  s l id in g  l in e  to r e a c h  th e  s te a d y  s ta te  o p e r a t in g  
p o in t  (v 0 = Y0*).
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and  dynam ic (e xp o n e n tia l e r ro r  re c o v e ry  w ith  a tim e  c o n s ta n t r )  

re q u ire m e n ts .

i i)  The b o un d a ry  a = 0  is a s lid ing  re g im e  when u  = 1 fo r  a < A and

u  = 0  fo r  a > A. F u rth e r , co n d itio n s  fo r  the  ex is te nce  o f the  s lid ing

m ode are r  > EC  and vg > V0*.

i i i )  S ta rtin g  fro m  any a rb it ra r y  in i t ia l  c o n d it io n  on the  phase

p la ne , the  sys tem  e ve n tu a lly  reaches th e  s lid ing  line .

4 .4 .2  O ve rcu rrem t P ro te c tio n

In  Fig 4.8 a ty p ic a l s ta r t in g  t ra n s ie n t  is shown. I t  con s is ts  o f 

tw o  p a rts . F ro m  tim e  t  = 0 to  t  -  ty is  th e  tim e  ta k e n  fo r  th e  sys tem  

RP to  re a ch  the  s lid ing  line . F ro m  tim e  t  -  t x to  t  -  t z is th e  tim e  

ta k e n  to  re a c h  the  s teady s ta te  o p e ra tin g  p o in t (u0 = F0’ ) a long the  

s lid in g  line . The in i t ia l  t ra n s ie n t t im e  t x depends on th e  sys tem  

p a ra m e te rs  vg,L,R, and C. The s lid ing  m ode tra n s ie n t to  t z is 

e x p o n e n tia l w ith  tim e  c o n s ta n t r  and  is ind e p e n d e n t o f th e  sys tem  

p a ra m e te rs . D uring  the  tra n s ie n t, th e  in d u c to r  c u r re n t  i  is seen to  

re a c h  leve ls m uch  h ig h e r th a n  th e  s te ady  s ta te  leve l. Th is la rg e  

tra n s ie n t  in ru s h  c u r re n t  is o b je c tio n a b le  fo r  two reasons. F irs t ly  i t  

w o u ld  s a tu ra te  the  in d u c to r  m a g n e tic  c i r c u i t  lead ing  to  s t i l l  la rg e r  

in ru s h  c u rre n ts . Second ly th e  e le c tro n ic  SPDT sw itch  in  the  

c o n v e r te r  m ay n o t be capab le  o f w ith s ta n d in g  th is  la rg e  in ru s h  

c u r re n t .  I t  is th e re fo re  a h e a lth y  p ra c tic e  to  l im it  th is  in ru s h  

c u r re n t .  This fe a tu re  is eas ily  in c o rp o ra te d  u n d e r s lid ing  c o n tro l by 

th e  fo llow ing  sim ple m o d if ic a tio n  o f th e  s lid in g  line .
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Fig. 4.9 The modified sliding line incorporating overcurrent 
protection. The sliding line is now lim ited  to I *.

Fig. 4.10 A p ic to ria l representation of the control law  fo r  the 
buck dc-to-dc converter shown on the phase plane.
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F igu re  4.9 ind ica tes  the  m od ified  s lid ing  line  in c o rp o ra t in g  

the  o v e rc u r re n t p ro te c tio n . The m od ified  s lid ing  lin e  a" = 0  shown in  

Fig. 4.9 cons is ts  o f th re e  p ieces of s tra ig h t lines.

a =

dt
fo r

= 0  for

d f o o - V )
dt

dt
d (u 0 - V )

di

for <*fro-Fo*)
dt < (4 .2 8 )

The m od ified  s lid ing  line  also sa tis fies the  re a ch in g  co n d itio n . This 

m ay be seen fro m  the  s teady s ta te  o p e ra tin g  po in ts  fo r  th e  two 

c o n tro l in p u ts  u = 1 and u  = 0 . I t  was a lre a d y  seen th a t  the  

existence co n d itio n s  of s lid ing  reg im e is sa tis fie d  in  the  m idd le  

p o r tio n  of th e  s lid ing  line  a* = 0 . In  th e  c u r re n t  lim ite d  re g io n  the  

slid ing line  m ay be w r it te n  as 

** ~ [0 l ]? /— Imas 3 1J Arms

o *  — g " y

EC LC
Vn -fmas Vg

' EC + T c 1
Vg
LC (4.29)

When \Imax\ is  su ffic ie n tly  low, n + = 0  and u~ = 1 sa tis fy  Eq. (4 .29). I t  

m ay also be seen fro m  the  o r ie n ta tio n  o f a9 = 0  th a t the  o v e ra ll 

t ra je c to ry  a long cr* = 0  is stab le  lead ing to  the  s teady sta te  o p e ra tin g  

p o in t v 0 = V0\
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Fig. 4.11 An overa ll glance o f the design c r ite r ia  used fo r  the 
slid ing  mode control o f buck dc-to-dc converter.
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I max=CURRENT L IM IT  

Vo=VQLTAGE REFEREMCE
Vo-Vo -8-

Fig. 4 .1 2  The control schematic o f the s lid ing mode contro ller fo r  
the buck dc-to-dc converter.
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P  X

X AXIS:
Vo-Vo
0 .1  VOLT/DIV

Y AXIS: 

i c

0 .0 8  AMP / D I V

a = 0

REFERENCE STEP: 
0 .2 5  VOLT

Fig. 4 .13  The response o f a buck dc-to-dc converter under slid ing  
mode control, fo r  a step change in  the reference input, 
seen on the phase p lane.
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4.4.3 Design Criterion

The s lid ing  line  and the  s u b s tru c tu re s  used in  the  buck 

c o n v e r te r  are shown in  Fig. 4.10. The y  axis has been reass igned  as 

dv0/d t .  F igure  4.11 in d ica te s  the  com p le te  design p rocess of the 

b u c k  c o n v e rte r in  the  phase p lane. F igu re  4.12 shows th e  schem atic  

d ia g ra m  of a s lid ing  m ode vo ltage  c o n tro lle r  fo r  the  b u ck  d c -to -d c  

c o n v e rte r . A ty p ic a l response to  s tep  change in  re fe re n ce  is shown 

in  F ig. 4.13.

4.4.4 Other Dc-to-dc Converters

The a p p lic a tio n  o f s lid ing  m ode vo ltage  c o n tro l, w hile  being 

s tra ig h tfo rw a rd  fo r  the  b u ck  d c -to -d c  c o n v e rte r, is n o t  so sim ple 

w hen  app lied  to  th e  b o o s t and b u c k -b o o s t c o n v e rte r fo r  the  fo llow ing  

re a son s . F igure  4.14a shows th e  ty p ic a l w aveform s o f a b o o s t d c -to - 

dc c o n v e rte r. I t  m ay be n o tice d  th a t  the  d e riva tive  o f the  o u tp u t 

vo lta g e  (c a p a c ito r c u r re n t  to  some scale) is d isco n tin u o u s  a t the  

in s ta n t  o f sw itch ing . In  the  p resence  of p a ra s it ic  series re s is ta nce  in  

th e  o u tp u t c a p a c ito r , even th e  o u tp u t vo ltage  (Fig. 4 .14b) is n o t 

co n tin u o u s . As a re s u lt  the  sys te m  m o tio n  is n o t co n tinu o u s  when 

view ed on a phase p lane  de fined as the  o u tp u t vo lta ge  and its  

d e r iv a tiv e  as the  axes. T h e re fo re  th e  same s tra te g y  o f c o n tro l used 

fo r  th e  b u ck  c o n v e r te r  is n o t ap p licab le  to  boost, and  b u ck -b o o s t 

c o n v e rte rs . S lid ing mode vo ltage  c o n tro l is possib le  fo r  the  boost and 

th e  b u ck -b o o s t c o n v e rte rs , by se ttin g  up the  s lid ing  line  in  te rm s of 

th e  o u tp u t vo ltage  and th e  in d u c to r  c u rre n t. B e fore  we go on to 

de scribe  th is  m e thod  and develop th e  design s tra te g ie s , i t  is h e lp fu l
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F ig .  4 . 1 4 a  The i d e a l  b o o s t  d c - t o - d c  c o n v e r t e r  a n d  i t s  s t e a d y  s t a t e  
w a v e f o r m s .  The c a p a c i t o r  c u r r e n t  i c i s  s e e n  to  b e  
d i s  c o n t i n u o u s .

-inr
= 1  ̂ic

*> t

F ig .  4 .1 4 b  The b o o s t  d c - t o - d c  c o n v e r t e r  w i t h  th e  E q u i v a l e n t  S e r i e s  
R e s i s t a n c e  (E S R )  o f  t h e  c a p a c i t o r .  I t  i s  s e e n  t h a t  th e  
o u t p u t  v o l t a g e  as  w e l l  a s  t h e  i n d u c t o r  c u r r e n t  a r e  
d i s  c o n t i n u o u s .
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to  co n s id e r th e  s lid in g  m ode c o n tro l o f th e  in d u c to r  c u r re n t  in  dc- 

to -d c  c o n v e rte rs . Some o i th e  re s u lts  o b ta in e d  fro m  such a c o n tro l 

m e th o d  a re  used  la te r  on  to  deve lop  a s im p le  vo ltage  c o n tro l 

s tra te g y  th a t  is a p p lic a b le  to  a ll th re e  d c - to -d c  co n ve rte rs .

4.5 Cunrreiiit Programmed Dc-to-dc Converters

A n o th e r m e th o d  o f c o n tro l o f d c - to -d c  co n v e rte rs  is to  

c o n tro l the  in d u c to r  c u r re n t .  In  th is  case, o n ly  th e  c o n tro l o f th e  

in d u c to r  c u r r e n t  is o f in te re s t ,  and  hence  a ll th re e  c o n v e rte rs  a re  

f i r s t  o rd e r  sys tem s and  l in e a r  w ith  re s p e c t to  c o n tro l in p u t. The 

dynam ic  e q u a tio n s  o f th e  d if fe re n t  c o n v e r te rs  a re  

B uck  C o n ve rte r: 

r dz
L d f  = v^ ~ v°

B o o s t C o n ve rte r:

- d z  _
L d t  =

B u c k -b o o s t C o n v e rte r: 

d i.  _
d t  ~  v gu 'h v ou

A ll th e  above sys te m s a re  f i r s t  o rd e r  sys tem s (71 = 1 ) w ith  one 

c o n tro l (m  = 1 ). T h e re fo re  th e  s lid in g  s u rfa c e  ca n  be o f d im ens ion  0 

(n —m ). L e t

• r*O = Z—J
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■U.+ fo r a > 0
u  =  ■

u  lo r a  < 0

A pp ly ing  th e  co n d itio n s  fo r  th e  e x is te n ce  o f s lid in g  mode, we ge t 

B u ck  c o n v e rte r:

Dg1L^—-V o <  0 <  VgU ~—V Q

= 0 : u ~  = 1 ; v 0 < ug

B oost C on ve rte r:

Vg+V0U + <  0 <  Vg +V 0U~ 

u+ = 0  ; u~ = 1 ; > vg

B u ck -b o o s t C on ve rte r:

VgU + + V0U *  < 0 < vgu ~  + v 0u ~  

u *  = 0 ; u~ = 1

The s tru c tu re -c o n tro l law  is id e n tic a l fo r  a ll th re e  co n ve rte rs . 

a  =  - i - r

_ 0 fo r ct > 0
u  ~ 1 fo r a < 0

Phase space d e s c r ip tio n  fo r  these  f i r s t  o rd e r  system s can be 

g ra p h ic a lly  shown in  one d im e n s ion  (phase lin e  d e sc rip tio n ). The 

s lid ing  su rfa ce  is o f d im e ns ion  ze ro  and  is re fe r re d  to  as th e  s lid ing  

p o in t. The s tru c tu re -c o n t ro l law  re q u ire s  o n ly  th e  o u tp u t e r ro r .  The 

c o n tro l is e ffe c tiv e ly  a bang-bang  c o n tro l.

F igu re  4.15 shows th e  phase lin e  d e s c r ip tio n  o f th e  th re e  

d c -to -d c  c o n v e rte rs . The s lid in g  p o in t  is a = i —F  = 0 . The 

s u b s tru c tu re s  ac tive  on each h a lf  o f th e  phase lin e  are also shown in
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U = i

f—I "

=  i

X
y =

2 “
--- o

- I *V g / R - r u=0

r \ ^ i o=l
_ X  ( X T

0 <O o>0

 ©_

u=i
(c)

- o  2 -

F ig . 4 .1 5  The in d u c to r  c u r r e n t  c o n t r o l  o f  d c -to -d c  c o n v e r te r  i n  the  
p h a s e  s p a c e . U n d e r  in d u c t o r  c u r r e n t  c o n tr o l a l l  th e  
above c o n v e r te rs  a r e  f i r s t  o r d e r  s y s te m s . The p h a s e  
sp ace  is  th e r e fo r e  o f  d im e n s io n  1. The s l id in g  s u r fa c e  
th e n  re d u c e s  to a  p o in t  (i —I ’) = 0. The p h a s e  
t r a je c to r ie s  a re  s t r a ig h t  l in e .  The c o n tro l la w  a n d  th e  
e ffe c t iv e  c i r c u i t  a r e  a lso  s h o w n .
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Fig. 4.15. The steady s ta te  o p e ra tin g  p o in t fo r  each  s u b s tru c tu re  is 

seen to  be in  the o th e r h a lf th u s  sa tis fy in g  the  re a ch in g  con d itions .

4.5.1 System  D e sc rip tio n  um der E q u iv a le n t C o n tro l

The m ethod  o f e q u iv a le n t c o n tro l m ay be used to  ge t an 

o v e ra ll d e sc rip tio n  of th e  c u r re n t  c o n tro lle d  d c -to -d c  co n ve rte rs . The 

m e th o d  is illu s tra te d  h e re  fo r  th e  b o o s t c o n v e rte r  and th e  re su lts  

a re  p resen ted  fo r the  o th e r  c o n v e rte rs . 

r d i  _
L d t  ~ v 9 ~ v ou  (4.30)

d v 0 _  v Q
C~ d T ~ ' LU~ ~ R  (4.31)

F ro m  Eq. (4.30)

U eg =  V9 ~ L d f

S u b s titu tio n  in to  Eq. (4.31) y ie lds

v 02 d ( C v 02/  2 )  d ( L i 2/  2 )
~ R  + dt  +  dt

In  o th e r words

IN P U T  _  O U TPU T R A TE  O F C H ANG E O F
POW ER ~ POWER  + STORED E N E R G Y  (4.32)

E q u a tio n  (4.32) is in  g e n e ra l n o n lin e a r betw een in d u c to r  c u r re n t  and

o u tp u t vo ltage, and is g iven  be low  fo r  d if fe re n t c o n v e rte rs .

B uck  C onverte r:

v Qz d ( C v 0z/ 2 )  d ( L i z/ 2 )
ĝ ecr r? .

9 R dt dt (4.33)
u e g  -  ( v D + L d i /  d t ) /  Vg
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B oost C onve rte r:

v 02 dCu0s/  2 d L i z/ 2  
Va% ~ R  + d t  + dt  ( 4 .3 4 )

B u ck-b o o s t C onve rte r:

•u02 d { C v 02/  2 ) d ( L i z/ 2 )
v 9zu°q E  +  d t *  d t
'U'aq =  ( - ^ 0  + L t2 i /  c££)/ (v g -i>0) (4 .35)

The above equa tions  m ay be lin e a r iz e d  a ro u n d  th e  o p e ra tin g  p o in t  to

ob ta in  the  fo llow ing  tra n s fe r  fu n c tio n s  be tw een  th e  in d u c to r  c u r re n t

and the  o u tp u t vo ltage .

B uck C onve rte r:

ffp(s) R
l ( s )  1 + s C R  ( 4 .3 6 )

B oost C onve rte r:

S0(s ) R v g 1 - s L { V ^ ) z/ R u z

i { s )  ~  2 V 0" 1 + s C R / 2  ( 4 .3 7 )

B u ck -b o o s t C onve rte r: 

g 0(s ) _ Rv3 1 s L V 0*(vg ~  V0V  Rvaz
i ( s )  v g - 2 V 0‘  l + s C R { v g - V Q* ) / { v g - 2 V 0 *) (4 .3 8 )

These re s u lts  are id e n tic a l to  th e  re s u lts  o b ta in e d  in  R e fe rence  [1 0 ] 

fo llow ing  th e  s ta te  space ave rag ing  m e thod .
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4.5.2 Inductor Carrenit to Output Voltage Transformation

I t  was m e n tio n e d  in  S e c tio n  3.6 th a t  th e  d e s ira b le  w ay o f 

s e tt in g  up  the  s lid ing  su rfa ce  fo r  s lid in g  m ode c o n tro l is by m eans of 

o u tp u t e r r o r  and its  d e riva tive s . The re a son  fo r  th is  cho ice  is th a t  

th e  an a lys is  of s ta b i l i ty  is s im ple  fo r  such a s lid ing  su rfa ce . I t  was 

a lso seen in  S ection  4 .4  th a t  such  a s ta te  ass ig n m e n t is n o t possib le  

in  case o f b u c k  and  b u c k -b o o s t c o n v e rte rs . I t  becom es th e n  

n e ce ssa ry  to  se t up th e  s lid in g  su rfa ce  in  te rm s  o f su ita b le  

c o n tin u o u s  p h ys ica l v a r ia b le s . The in d u c to r  c u r re n t  i  and  the  o u tp u t 

vo lta g e  are  c o n tin u o u s  va r ia b le s  and  q u a lify  fo r  su ita b le  s ta tes  in  

te rm s  o f w h ich  th e  s lid in g  s u rfa ce  m a y  be se t up. In  o rd e r  to  s tu d y  

th e  s ta b il i ty  of the  tra je c to r ie s  on su ch  a s lid in g  su rfa c e , one has to  

t r a n s fo rm  the  s lid in g  s u rfa ce  in to  o u tp u t e r r o r  and  its  d e riva tive . 

The e q u iv a le n t sys te m  d e s c r ip tio n  g iven  by Eqs. (4.33) to  (4.35) m ay 

be used to  o b ta in  th is  t ra n s fo rm a tio n  be tw een in d u c to r  c u r re n t  and 

o u tp u t vo ltage . The m e th o d  is i l lu s tra te d  fo r  b o o s t c o n v e r te r  and the  

re s u lts  a re  p re sen te d  fo r  th e  o th e r  c o n v e rte rs .

F o r b o o s t c o n v e r te r , Eq. (4 .34) m ay be m a n ip u la te d  and 

re w r it te n  as

v 02+JRCv0dv0/  dt = R i(vg—L d i/  dt) (4.39)

In  p ra c t ic a l c o n v e rte rs  in  o rd e r to  o b ta in  good sm a ll s ig n a l as w e ll 

as po w e r bandw id th , i t  is necessa ry  to  choose L such th a t  

vg »  L d i/d t. Then.Eq. (4 .39) reduces to

C l/o  d l l n  I/o 2£ = ---- ------ —-J----- —
vg dt Rvg
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The above e q ua tio n  g ives th e  re la t io n s h ip  betw een the in d u c to r  

c u r re n t  and  o u tp u t vo ltage  fo r  b o o s t c o n v e rte r . This re la tio n s h ip  is 

in  g e n e ra l n o n lin e a r and is g iven  h e re  fo r  th e  o th e r co n ve rte rs  as 

well.

B u ck  C on ve rte r: 

c£vq v 0
* = C~dT+ ~R (4.40)

B oost C on ve rte r:

C v o d v 0 v 02
•i = ---------- -7T—+ —----- [i;„ »  L d i / d t ]  , .  ... *v g d t  E v g 13 1 (4.41)

B u ck -b o o s t C onve rte r:

(v a — v 0) d v n v a —v n 
4 =  »  L d i/d t  ̂ (4 .42)

In  th e  n e x t se c tio n  s lid ing  m ode vo lta ge  c o n tro l o f d c -to -d c  

c o n v e rte rs  is described  w here  th e  s lid in g  su rfa ce  is se t up in  te rm s  

o f in d u c to r  c u r re n t  and o u tp u t vo lta ge . The re la tio n s h ip  betw een 

in d u c to r  c u r re n t  and o u tp u t vo lta ge  g iven  by Eqs. (4.40) to  (4.42) 

a re  th e n  used to  analyze th e  s ta b il i ty  o f s lid ing  reg im e.

4.6  V o ltage  C o n tro l o f D c -to -d c  C o n ve rte rs

In  S ection  4.4 th e  p ro b le m s  assoc ia ted  w ith  the  vo ltage  

c o n tro l o f b o o s t and b u c k -b o o s t c o n v e rte rs  were h igh ligh ted . One of 

the  ways o f ove rcom ing  these  p ro b le m s  is to  e s ta b lish  an in n e r loop 

o f s lid ing  m ode c u r re n t c o n tro lle r ,  and th e n  to  design an o u te r
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su p e rv iso ry  loop o i vo ltage  c o n tro lle r  based on  the  sm a ll s igna l 

m odel o f the  c u r re n t c o n tro lle d  c o n v e rte rs . The tra n s fe r  fu nc tion s  

g iven by Eqs. (4.37) and (4.38) are  u se fu l fo r  th is  approach .

An a lte rn a tiv e  a p p ro a ch  is to  im p le m e n t a d ire c t s lid ing 

mode vo ltage  c o n tro lle r . The c o n tro l s tra te g y  developed fo r  the buck 

c o n v e rte r is n o t app licab le  in  g e n e ra l s ince  th e  d e riva tive  of the  

o u tp u t vo ltage  exh ib its  d is c o n tin u ity  d u r in g  sw itch ing . The a lte rn a te  

approach  consis ts  o f se ttin g  up the  s lid in g  su rfa ce  in  te rm s  of some 

con tinuous sta tes o i the  system , and  th e n  to  re la te  th e  re s u lta n t 

dynam ics to  the  des ired  response. Th is m e th o d  is app licab le  fo r  a ll 

th re e  d c -to -d c  co n ve rte rs  and is i l lu s tra te d  he re  fo r  th e  boost 

co n ve rte r. The re su lts  a re  th e n  p re se n te d  fo r  the  o th e r  co n ve rte rs .

B oost C onverte r: Exam ple

F o r the  case o f boost c o n v e rte r , th e  s lid ing  lin e  m ay be se t 

up as usua l in  te rm s  o f some co n tin u o u s  s ta tes  o f th e  system . The 

sta tes chosen fo r  th is  purpose are  th e  e r ro rs  in  the  in d u c to r  c u r re n t 

and the  o u tp u t vo ltage. Le t 

a = gx = KylRji +£'0] = 0

£ and €0 a re  the  e r ro rs  in  th e  in d u c to r  c u r re n t  and th e  o u tp u t 

vo ltage  re sp e c tive ly , a is the  w e igh ted  sum  of the  s ta tes  of the  

system  and a = 0 re p re se n ts  a s tra ig h t lin e  in  the  phase plane. The 

in d u c to r  c u r re n t e r ro r  z and th e  o u tp u t vo ltage  e r ro r  v 0 are the 

axes o f the  phase p lane. The g a in  p a ra m e te rs  used in  se ttin g  up the  

slid ing line  a re  and K^R .̂ The ga in  p a ra m e te r Rs in  p ra c tic e  is the  

c u r re n t sensing res is tance . The c u r re n t  sensing re s is ta n ce  Rs is
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u su a lly  o rd e rs  of m agn itude  sm a lle r th a n  the  load re s is ta n ce  R. The 

co n d itio n s  fo r  the  ex is tence  o f s lid ing  mode a re  d e rive d  in  a 

subsequen t section. Suppose th a t  s lid ing  mode ex is ts  and th e  system  

RP is con fined  to  move a long th e  s lid ing  line a = 0 . Kv does n o t 

in flu e n ce  the  response. I t  is s ig n if ic a n t o n ly  as a scale fa c to r  o f the  

phase p lane. In idea l s lid ing  m ode c o n tro l,  sw itch ing  takes  p lace  in  

an in f in ite s im a l v ic in ity  a ro un d  th e  s lid ing  line  a = 0 and Kv has no 

s ign ificance  w hatsoever. In  re a l s lid ing  m ode c o n tro l, sw itch ing  takes 

p lace  in  a fin ite  A v ic in ity  a ro u n d  th e  s lid ing  line  and, Ky de te rm ines  

th e  n o m in a l sw itching fre q u e n cy  fo r  a g iven  rip p le  and v ice  ve rsa .

4.6.1 S ta b ility  o f T ra je c to r ie s  o n  th e  S lid ing  L ine

“We now go on to  exam ine w h e th e r the  tra je c to r ie s  a long the  

s lid ing  line  lead to  a un ique  s teady s ta te  o pe ra ting  p o in t. Define the 

c u r re n t  and vo ltage e r ro rs  by the  fo llo w ing  re la tio n sh ip .

i  = r + i
v 0 = V0°+V0

In  the  b o o s t co n ve rte r, the  re la t io n s h ip  between in d u c to r  c u r re n t  i  

and o u tp u t vo ltage v D was de rived  in  S ection 4.5, Eq. (4.41). This 

re la t io n s h ip  may be w r it te n  in  te rm s  of the  vo ltage  and c u r re n t 

e r ro rs  as follows.

„  . c- C(V0* + v 0)  d( V + ^ o )  . ( V + f? o )2I  +z  -----------------------—------ + ----- ---------
vg dt Rvg

S e para ting  the  dc and ac com ponents, we ge t
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CVD° d v0 2 V 0
n +

C Vr
-  +vg dt E v 3 " u ' 2vg dt ‘ R u g

U sing E q.(4 .44), we m ay t ra n s fo rm  th e  s lid in g  lin e  in to  

a = CFo f?3 e«70 Rs ^
+  — — y n +c££ ' 0

CRS d v 0z
2 V g dt

E q u a tio n  (4 .45) m ay be re a rra n g e d  and w r it te n  as 

a  =  K j[a { t } v  a + d v  Q/  dt~\

w he re ,

a(£)

b ( t )

i + y ° -  [a+-g0/Rug 
CRSV0*

(4.44)

(4 .45)

(4.46)

E q u a tio n  (4.46) is a f i r s t  o rd e r  d if fe re n t ia l e q u a tio n . The c o n d it io n  

fo r  g u a ra n te e d  s ta b il i ty  o f response  a long  th e  s lid in g  lin e  is th a t  

b o th  a ( t)  and  &(£) a re  p o s itive . Or, in  o th e r  w ords  th e  re la t iv e  e r ro r  

Vo* is less th a n  1 . A lte rn a tiv e ly , Eq. (4 .46 ) m ay be in te rp re te d  

d if fe re n t ly  as fo llow s. F o r la rg e  e r ro rs ,  th e  v 02 te rm s  d o m in a te  and 

th e  s lid in g  line  is d e te rm in e d  m a in ly  b y  v 02 te rm s ; fo r  s m a ll e r ro rs , 

te rm s  dom ina te . The response  m ay be th o u g h t o f as h a v in g  two 

p a rts .

La rge  s ig n a l response : 

_ „ R C  <*®p2
° « * T ~ d T  = a

S m a ll s ig n a l response:

(4.47)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



124

STEADY STATE GAIN

2 —

r

Vo<Vg

I I
S I LIN E

Vg

R

F ig . 4 .1 6  The p h a s e  p la n e  o f  th e  b o o st c o n v e r te r  w i t h  the  
in d u c to r  c u r r e n t  a n d  th e  o u tp u t  v o lta g e  as  th e  s ta te s  o f  
th e  c o n v e r te r .  L in e  I  s h o w s  th e  s te a d y  s ta te  g a in  
b e tw e e n  in d u c t o r  c u r r e n t  i  a n d  the  o u tp u t  v o lta g e  i /0. 
L in e  I I  is  th e  p ro p o s e d  s l id in g  l in e .  U n d e r  s l id in g  m ode  
c o n tro l b o th  th e  s te a d y  s ta te  a n d  th e  s l id in g  c o n d it io n  
a r e  s a t is f ie d , g iv in g  r is e  to th e  o p e ra t in g  p o in t
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2V0°RS CV0°Rs dvt 
•j?n + — =r---- Vo +  :----------- (4.48)

The la rg e  s igna l response  is a c o n s ta n t c u r re n t response th a t  is 

s tab le , and w ith  a tim e  c o n s ta n t d e te rm in e d  b y  th e  o u tp u t c irc u it  

e lem ents R and C. The sm a ll s igna l response is decided by the  

feedback ga in  (c u r re n t  sensing re s is ta nce  Rs) and the  opera ting  

p o in t. The im p o r ta n t co n c lu s io n  is th a t  th e  sys tem  is stab le fo r  bo th  

la rge  and sm a ll s igna ls and the  s teady s ta te  o p e ra tin g  p o in t is given

prov ides  g re a t in s ig h t in to  th e  sys tem  p e rfo rm a n ce . The phase p lane 

re p re s e n ta tio n  o f th e  b o o s t c o n v e rte r  is shown in  Fig. 4.16. The axes 

a re  the  in d u c to r  c u r re n t  and the  o u tp u t vo ltage . The o pe ra tin g  p o in t 

u n d e r s lid ing  m ode c o n tro l has to  sa tis fy  two co nd itio n s , nam ely 

a = 0 and the  s teady s ta te  ga in  J* = Va*z/  Rvg. Curve I in  th e  phase 

p lane re p re se n ts  the  dc ga in  (£ = v0z/R v g). L ine II  is the  s lid ing  line 

a = 0. The s lid ing  lin e  is c e n te re d  on the  o p e ra tin g  p o in t w ith  a slope 

o f —Rb. The sys te m  RP, i f  co n fined  to  move on the  s lid ing  line, 

e ve n tu a lly  reaches th e  s teady  s ta te  o p e ra tin g  p o in t (VD°,I*). Before 

we go on to  e s tab lish  the  co n d itio n s  fo r  the  ex is tence  and reach ing  

o f the  s lid ing  m ode, o v e rc u r re n t p ro te c tio n  m ay be in tro d u ce d  

s im ila r  to  the  b u c k  c o n v e r te r  c o n tro l. F igure  4.17 shows th e  m od ified  

s lid ing  lin e  in  the  phase p lane in c o rp o ra t in g  c u r re n t  l im it.  Again the  

tra je c to r ie s  on th e  s lid ing  lin e  converge to  th e  s teady sta te  

o p e ra tin g  p o in t {VQ° ,r ) .  Sm all s igna l response is u n a lte re d . Large 

s igna l response is now a t r u ly  c o n s ta n t c u r re n t  response. Having

by (v0 = V,,*).

F o r second o rd e r  system s, the  phase p lane re p re se n ta tio n
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STEADY STATE SAIN

2 =

■max

I

Vo<Vg

I I
SLIDING LINEQ0

S a = 0Vg

R
■o

F ig . 4 .1 7  The m o d if ie d  s l id in g  l in e  o n  th e  p h a s e  p la n e .  The 
s lid in g  l in e  is  c la m p e d  to  7 ^ *  p r o v id in g  o v e rc iL rre n t  
p r o te c t io n  to th e  c o n v e r te r .
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e s ta b lish e d  th e  s ta b il i ty  o f re sp onse  a long  th e  s lid ing  lin e , the  n e x t 

s tep  in  th e  design  p ro cess  is to  e n su re  th a t  s lid ing  m ode on th e  

chosen  s lid in g  lin e  does e x is t.

4.6.2 Condition for iJhe Existence of Sliding Mode

The s t ru c tu re - c o n t ro l  law  is th e  same as in  the  case o f th e  

c u r re n t  c o n tro lle d  d c - to -d c  c o n v e r te rs .

|  1 fo r a < 0

u  ~ |  0 fo r a > 0 (4 .49)

a = KuIvq + rJ^

F ig u re  4.18 shows th e  phase  p la n e , th e  s lid in g  line , th e  s t ru c tu re -

c o n tro l law , s u b s tru c tu re s  a c tive  in  e a ch  re g io n  o f the  phase p lane ,

and th e  s te a d y  s ta te  o p e ra tin g  p o in ts  fo r  each s u b s tru c tu re . The 

s tea dy  s ta te  o p e ra tin g  p o in t  fo r  u  = 0  is  {vg,vg/  R). The s tead y  s ta te  

o p e ra tin g  p o in t  fo r  i t  = 1 is {-ug/ R lt0), w he re  Rt is the  re s is ta n c e  o f 

th e  in d u c to r  L. Th is has been  ta k e n  in to  a c c o u n t as o th e rw ise  th e  

in d u c to r  c u r re n t  fo r  u  = 1 te n d s  to  => an d  is n o t  re a lis t ic .

The s lid ing  lin e  p a r t i t io n s  th e  phase p lane in to  tw o re g io n s . 

The lo c a t io n  o f th e  s ys te m  RP in  th e  phase p lane de fines th e  

s u b s tru c tu re  a t  a n y  in s ta n t .  The s te a d y  s ta te  o p e ra tin g  p o in t  fo r  

each  o f th e  s u b s tru c tu re s  lie s  in  th e  o p po s ite  re g io n  o f th e  phase 

p lane . Th is  p ro p e r ty  e n su re s  th e  re a c h in g  c o n d itio n . To fin d  o u t the  

e x is te nce  o f s lid in g  m ode, we c o n s id e r  the  s lid in g  line  in  tw o sec tions  

deno ted  in  Fig. 4 .18 as a. and  b. A long s e c tio n  a the  o p e ra tio n  is 

u n d e r c u r re n t  c o n tro l. The s lid in g  m ode e x is ts  u n d e r c u r re n t  c o n tro l
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r ±

Fig. 4 .18  A p ic to ria l representation, o f the control la w  fo r  the 
slid ing mode control o f the boost dc-to-dc converter. In  
the hatched region, v 0 is less than zig and is not a 
feasib le  operating reg ion  fo r  the boost converter.
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w hen v 0 > v g. This c o n d it io n  was d e rive d  in  S ection  4.5 fo r  the  

c u r re n t  c o n tro lle d  d c -to -d c  c o n v e rte rs . We observe  th e n  th a t s lid ing  

m ode ex is ts  along cl everyw here  e x c e p t th e  re g io n  shown h a tched  in  

Fig. 4.18. This re g io n  co rre sp o n d s  to  v 0 < v g and is n o t feasib le  

re g io n  o f o p e ra tio n  fo r  b o o s t c o n v e rte r. I t  re m a in s  th e n  to fin d  o u t 

th e  co n d itio n s  fo r  the  e x is tence  o f s lid in g  m ode a long sec tion  b of 

th e  s lid ing  line . This is done a n a ly tic a lly .

i 0 —*il/L i. V g /  L

V0 u /  C 1 /  RC +
0

a  =  KvlRs 1] [ i  S o F

The co n d itio n s  fo r  th e  ex is tence  o f s lid in g  m ode a re  g iven  by

O L  > o < 0  

O k  < o > 0

The above equa tions  m ay be expanded  to  give the  fo llow ing  

in e q u a litie s .

RsC(vo-vg)
/mas (4.50)

L < * 0  (4.51)

The va lue  of the  c i r c u i t  in d u c ta n ce  m u s t th e re fo re  be chosen to  

s a tis fy  Eqs. (4.50) and (4.51) in  o rd e r  to  ensu re  th a t  s lid ing  mode 

ex is ts . E qua tion  (4 .51) is u su a lly  m o re  s tr in g e n t.
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4 .6 .3  P r a c t ic a l  ^Design Ĉ G.uSiSj.e.1 st-ijjiis

F ro m  Eq. (4.46) i t  was e s tab lished  th a t  th e  system  s ta b ility  

is always guara n teed , the  design m ay be based on the  sm all s igna l 

m odel. F o r sm a ll s ignals th e  re la t io n s h ip  be tw een the  in d u c to r 

c u r re n t e r ro r  and the  o u tp u t vo lta g e  e r ro r  is lin e a r. Hence the 

s lid ing  line  m ay be expressed in  the  fre q u e n c y  dom ain  as well. F rom  

Eq. (4.44), fo r  sm a ll s ignals

CV0 ~ >
*<s) = — s - 'o M  ( 4 5 2 )

i  is defined as th e  c u r re n t e r ro r .  To m easure  i ,  th e  average va lue I*  

m u s t be s u b tra c te d  o u t. This is accom p lished  by use o f a h igh-pass 

f i l te r  in  the  in d u c to r  c u r re n t  m easu rem e n t. The s im p le s t fo rm  of 

f i l te r  fu n c tio n  is a sing le  in v e r te d  po le  a t « j. The slid ing line  in  

fre q u en cy  dom ain  is shown h e re  m o d ifie d  to  in c lu d e  the  h igh-pass 

f i l te r  fo r  c u r re n t  m easurem ent.

a(s) = Kj
(4.53)

E quations (4.52) and (4.53) m ay be com b ined  to  o b ta in

2 RsV*v CRS Vq
1 -i —-------+ -----------1--------------------SRua s va 

a { s ) = Kv----------------------   7?0(s)
1 + —  s

« S
1 -J H------

“  ^ V q (s )

1 + _T  (4.54)

in  w hich the  (good) a p p ro x im a tio n  always o b ta ins  because the
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c u r re n t  sensing re s is ta n c e  Ks is  m u c h  s m a lle r th a n  th e  loa d  

re s is ta n ce  E, and w here

1 V9
CES Vo (4 .55)

In  the  ide a l case in  w h ich  th e  c u r r e n t  e r ro r  T co u ld  be 

m easured  w ith o u t a f i l te r ,  co1 = 0 and  Eq. (4 .54 ) reduces to

cr(s) = 1 +  - ffo(s )
(4 .56)

o r, in  th e  tim e -d o m a in  as 

1 ^ 0 1a{t) = ^ Wn +° Ujj dt I (4 .57)

T h e re fo re , is the  m a x im u m  b a n d w id th  t h a t  can  be o b ta in e d  o r, in  

the  tim e -d o m a in , th e  fa s te s t t ra n s ie n t  re sp o n se  o f th e  o u tp u t e r r o r  

is c h a ra c te r iz e d  by a tim e  c o n s ta n t 1 /  t h a t  depends on th e  sys te m  

p a ra m e te rs  ( C ,v0,vg) and  th e  c u r re n t  se n s in g  re s is ta n ce  (Z?s).

In  the  re a lis t ic  case o f a n o n z e ro  f i l t e r  c o rn e r fre q u e n c y  c^. 

Eq. (4.54) m ay be fa c to re d  so th a t

i  -i------

'^o (s)o(s) W Kv

1 +  -

1 + ■

= Kv 1 +  - # 0  (s)
(4 .58)

w h ich  is the  same id e a l r e s u lt  as Eq. (4 .56 ). T h e re fo re , the  c o n d it io n
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l mx: CURRENT 
L IM IT  

Vo: VOLTAGE
REFERENCE

i —r
i Rs

Kv
i+uj/S — 0

Vo-Vo

Fig. 4 .19 The control schematic o f the slid ing mode control of 
boost dc-to-dc converter. A highpass f i l te r  is used in  the 
m easurem ent of the in d u cto r c u rre n t in  order to subtract 
out the steady state c u rre n t I* . The design c rite rio n  to 
obtain m ax im u m  bandw idth o f the contro ller is that, the 
highpass corner is m uch lo w er than the m axim u m  
o b tainab le b undw idth .
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Vg=25 VOLTS 
Vo=30  VOLTS 

R =30 OHMS 

TRACE 1: Vo 
0 . 5  VO LT/O IV 

TRACE 3: I  
0 . 5  AMP/DIV

REFERENCE STEP:
0 .5  VOLT

Fig. 4.SO The response o f a  boost converter to a  reference step 
'under s lid ing mode converter. The response is  
essentially f ir s t  order.

Vg=25 VOLTS 
¥0=30 VOLTS

TRACE 1: Vo
0 . 5  VOLT/DIV

TRACE 2: I
0 .5  AMP/DIV

LOAD STEP:
100% TO 50%

Fig. 4.21 The response o f a boost converter to a load step under 
sliding mode control. The response is  essentially f irs t  
order.
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th a t  the  fa c to r iz a tio n  be va lid , w h ich  is o j «  aM, becom es a design 

c r ite r io n : to  re ta in  th e  m a x im u m  b and w id th  response , i t  is

neccessa ry  on ly  th a t  the  f i l te r  c o rn e r be chosen m u ch  low er th a n  

th e  m ax im um  ba ndw id th  itse lf.

F igure 4.19 shows th e  schem atic  d ia g ra m  o f a s lid ing  mode 

c o n tro lle r  fo r  a b o o s t c o n ve rte r. F igures 4.20 and 4.21 show the  

response of the  c o n v e rte r  to  a step change in  re fe re n c e  and a step 

change in  load, re sp ec tive ly .

4 .6 .4  E ffec t o f ESR o f O u tp u t C a p a c ito r

In  a p ra c t ic a l c o n ve rte r, th e  o u tp u t c a p a c ito r  is n o t ide a l 

and w ill have a p a ra s it ic  E qu iva le n t Series R esis tance (ESR). The 

o u tp u t vo ltage th e re fo re  w ill be d isco n tin u o u s  a t  th e  sw itch ing  

in s ta n ts . F igure 4.22 shows the  in d u c to r  c u r re n t ,  o u tp u t vo ltage , and 

th e  sw itching fu n c tio n  <7 (0 . The sw itch ing  fu n c t io n  a is seen to  have 

d isco n tin u itie s . H ow ever th is  does n o t a ffe c t the  p e rfo rm a n c e  o f th e  

s lid ing  mode c o n tro lle r  o th e r th a n  de creas ing  th e  sw itch ing  

fre q u en cy . I t  w ill be h e lp fu l to  use a low -pass f i l te r  fo r  m ea su rin g  the  

r ip p le  w ith  a c o rn e r beyond th e  sw itch ing  fre q u e n cy .

4.6.5 Buck D c -to -d c  C on ve rte r

The m e thod  o f se tting  up th e  s lid ing  lin e  in  te rm s  o f the  

in d u c to r  c u r re n t and  th e  o u tp u t vo ltage  as i l lu s tra te d  fo r  th e  b o o s t 

c o n v e rte r  is app licab le  to  o th e r d c -to -d c  c o n v e rte rs  as well.
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<3-

1

Vo

VO t> t

-o

F ig . 4 .2 2  The boost c o n v e r te r  w i t h  th e  E S R  o f  th e  o u tp u t  c a p a c ito r  
a n d  th e  v a r io u s  s te a d y  s ta te  w a v e fo r m s .  The s w itc h in g  
f u n c t io n  a a lso  e x h ib its  d is c o n t in u it ie s .  T h is , h o w e v e r , 
does n o t  a f fe c t  the lo w  f r e q u e n c y  p e r f o r m a n c e  o f  th e  
c o n v e r te r . The s w itc h in g  f r e q u e n c y  is  s e e n  to  re d u c e  
o w in g  to th e  ESR.
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F ig u re  4.23 shows th e  phase p lane  o i the  b uck  c o n v e rte r . 

Also show n a re  the  s lid in g  lin e , s t ru c tu re  c o n tro l law, s u b s tru c tu re s  

a c tive  in  each re g io n  o f th e  phase  p lane  and the  s teady s ta te  

o p e ra tin g  p o in ts  fo r  e ach  o f th e  s u b s tru c tu re s . The s teady s ta te  

o p e ra tin g  p o in t  (T/o",/<>) is th e  in te rs e c t io n  o f th e  s lid ing  line  and th e  

dc g a in . The s lid ing  line  is g iven  by 

a(s) = 'y0 + i^ i?si (  s ) = 0

The s lid in g  lin e  tra n s fo rm e d  to  ( v Q, d v a/ d t )  is  g iven by

a ( t )  = Vo + KuRsCdvo/dt =  0

The c o n d it io n s  fo r  th e  e x is te n ce  o f s lid in g  m ode are 

KvRs < R

V  <

The m a x im u m  o b ta in a b le  b a n d w id th  is

U j j  =  1 / K u R g C

The p ra c t ic a l s lid ing  lin e  is w ith  a h igh -pass  f i l te r  fo r  m e a su rin g  

c u r re n t  and  is as fo llow s.

<7*(s) = (x>d - F 0, ) +  x = 0

The des ign  c r ite r io n  is th a t  th e  c u r re n t  f i l te r  c o rn e r is m u ch  less 

th a n  th e  m a x im u m  b a n d w id th  cĵ .
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DC GAIN: i= V o /R

u =

Vo

Pig. 4 .23  The buck dc-to-dc converter in  the phase plane. The
slid ing line  in  term s o f the inductor current and the
output voltage is shown by curve U. Line I  is the dc
g a in  between the inductor cu rren t and the output
voltage. The control la w  is  also shown.
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4 .6 .6  B u c k -b o o s t B c -to -d c  C o n v e rte r

F igu re  4.24 shows th e  phase p lane o f the  buck -bo o s t 

c o n v e rte r. Also shown a re  the  s lid in g  lin e , s tru c tu re -c o n tro l law, 

s u b s tru c tu re s  a c tive  in  each re g io n  o f the  phase p lane and the  

s teady s ta te  o p e ra tin g  p o in ts  fo r  each o f the  su b s tru c tu re s  used. The 

s teady s ta te  ga in  is g iven  by 

i  = - v 0/ R  + v 0z/R u g

The s lid ing  line  is g iven  by 

o-(s) = -V q + KuRJl = 0

The steady s ta te  o p e ra tin g  p o in t is th e  in te rs e c t io n  of the  s lid ing  line  

and the  dc ga in . The s lid ing  line  tra n s fo rm e d  to  (v 0,dv0/  d t)  axes is 

o (t)  = a ( t ) v 0 + b ( t )d v 0/  d t

where

a { t )
,  . KvRs KvRsVS 
1 +  — ^-----------— -------(2 + v 0/  V0 )

R R v a

6 («) = -
KvRsCV0‘

■vn
i

Vn* Vn*

The c o n d itio n  fo r  s ta b il i ty  o f response  is v 0/  V0* < 1 . The m ax im um  

ob ta inab le  band w id th  is

FS
K vR sC V^/Vg  fo r VD* >  vg 

KVCRS fo r V  < v 8

The co n d itio n  fo r  the  ex is tence  o f s lid ing  m ode is
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Pig. 4 .2 4  The bu ck-bo ost d c -to -d c  c o n v e r te r  in  the p h ase p la n e .
The s lid in g  lin e  in  te rm s  o f  the in d u c to r  c u r r e n t  a n d  
the o u tp u t vo ltag e  is  s h o w n  b y  c u rv e  I I .  L ine  I  is  the dc 
g a in  b e tw e e n  the in d u c to r  c u r r e n t  a n d  the o u tp u t  
vo ltag e . The c o n tro l la w  is  a lso  sh o w n .
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The p ra c t ic a l s lid in g  lin e  in c o rp o ra t in g  th e  h igh-pass f i l te r  fo r  

m e a su rin g  the  c u r re n t  is

ct^s) = - g 0(s )+  - ~i(s) = 0
1  i  \ J J \ f  o

The des ign  c r i te r io n  fo r  a ch ie v in g  th e  m a x im u m  possib le  b a n d w id th  is 

th a t  th e  c u r re n t  f i l t e r  c o rn e r  is m u ch  less th a n  th e  m a x im u m  

b a n d w id th  (c^ «  uM).

In  th is  se c tio n , th e  m e th o d  o f s ta te  space ave rag ing  was 

re v iew ed  as a m ode lling  m e th o d  o f d c - to -d c  c o n v e rte rs . The th e o ry  o f 

VSS and  s lid ing  m odes w e re  a p p lie d  to  d c - to -d c  c o n v e rte rs , f i r s t  as 

an  an a lys is  m e th od  and  th e n  as a des ig n  m e th o d  fo r  c o n tro ll in g  the  

o u tp u t vo lta g e  o f d c - to -d c  c o n v e r te rs . W ith  s lid in g  mode c o n tro l i t  

was show n th a t  th e  o v e ra ll s ta b i l i ty  is  g u a ra n te e d  fo r  b o th  sm a ll and 

la rg e  s igna ls . W ith b o o s t c o n v e r te r  and  b u c k -b o o s t c o n v e rte r, w here  

th e  c o n tro lla b le  s ta te s  o f th e  s y s te m  a re  d isco n tin u o u s , a lte rn a te  

m e th o d  o f 's e t t in g  up th e  s lid in g  s u rfa c e s  in  o rd e r  to  ach ieve  vo ltage  

c o n tro l was i llu s tra te d . The re sp on se  was re la te d  to  th e  des ire d  

p e rfo rm a n c e , and p ra c t ic a l des ign  c r i te r ia  were de rived . 

E x p e r im e n ta l re s u lts  on  a b o o s t c o n v e r te r  c o n tro l  w ere p re se n te d  to 

c o n f irm  th e  design p ro cess .
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CHAPTER 5 

GENERAL, THEORY OE ELECTRICAL MACHINES

In  th is  c h a p te r th e  g e n e ra l th e o ry  o f ro ta t in g  e le c tr ic a l 

m ach ines is review ed. F ro m  th e  g e n e ra l th e o ry  [11 ], th e  gove rn ing  

equa tio ns  o f d if fe re n t types o f e le c t r ic a l m ach ines  a re  d e rive d  in  

such  a fo rm a t as to  a p p re c ia te  th e ir  s im ila r ity  to  dc to  dc 

c o n v e rte rs , and to  app ly  th e  s lid in g  m ode c o n tro l p r in c ip le s  in  o rd e r 

to  c o n tro l d if fe re n t types o f e le c t r ic a l m ach ines .

H is to r ic a lly , each typ e  o f e le c t r ic a l m ach in e  was ana lyzed  as 

a spec ia l case w ith  a p p ro p r ia te  s im p lify in g  assum ptions. This was 

necessa ry  because the  th e o ry  o f tra n s fo rm a tio n s  w h ich  exposes the  

u n ity  o f a ll e le c tr ic a l m ach ines  was n o t  deve loped a t th a t  tim e . An 

exam ple  o f th e  type  o f a p p ro a ch  a d op ted  was th e  s ta t io n a r j1, pe r 

phase e q u iva le n t c ir c u it  m o d e l o f th re e  phase in d u c tio n  m o to rs  

u n d e r th e  assum ptions o f i)  b a la n ce d  th re e  phase supp ly , and ii) 

s ym m e tr ica l, ba lanced  and s in u z o id a lly  d is t r ib u te d  w ind ings. Such 

m odels w ere sim ple and adequa te  fo r  th e  pu rpose  o f s te ady  s ta te  

p e rfo rm a n ce  eva lu a tio n . A tte n t io n  was co n fine d  to  s tead y  s ta te  

p e rfo rm a n ce . U nba lanced o p e ra tio n  was tre a te d  using s y m m e tr ic a l 

com ponen ts  and th e  p r in c ip le  o f su p e rp o s itio n . A p p ro p ria te  

s im p lify in g  assum ptions were m ade a t  th e  beg inn ing  of th e  ana lys is; 

as a re s u lt  the  u n ify in g  fe a tu re s  o f a ll m ach ines  w ere  m issed.
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In  c o n tra s t to  the  above, th e  g e ne ra l th e o ry  regards each

and every m achine as an assem blage o f co ils . The pe rfo rm ance  of

any m ach ine  is governed  by a sing le  vo lta ge  equa tio n  and a single 

to rq u e  equation . The ge ne ra l th e o ry  is conce rned  exc lus ive ly  w ith  

c ir c u it  th e o ry  of m ach ines. The m ach ines a re  tre a te d  as b lack boxes 

c h a ra c te r iz e d  com p le te ly  by a se t o f m easurem ents  made a t the 

te rm in a ls  and the sha ft. Such a tre a tm e n t is b e tte r  apprec ia ted  by 

the  c o n tro l engineer, who is in te re s te d  in  the  p e rfo rm an ce  o f a 

system , where the  m ach ine  is ju s t  a n o th e r com ponen t o f the to ta l 

system .

S ection 5.1 o f th is  c h a p te r describes the  s im p les t o f the

ro ta tin g  m achines w ith  two co ils  and re la tiv e  m o tio n  between the

two. F a rad ay ’s law and co n se rva tio n  o f energy are  used to  derive the 

vo ltage  and to rq u e  equa tions.

Section  5.2 describes th e  fu n d a m e n ta l two phase machine. 

This m ach ine  is conce ived  o f as th e  p r im it iv e  s lip -r in g  m achine, to  

w h ich  a ll the  p ra c t ic a l s lip -r in g  m ach ines m ay be reduced . Section 

5.3 describes the  a c tio n  of c o m m u ta to rs  found  in  dc m achines and 

p resen ts  the  basic c o m m u ta to r m ach ine , fro m  w hich  a ll th e  p ra c tic a l 

c o m m u ta to r m achines m ay be derived .

B u lk  o f the  m ach ines used in  p ra c tic e  a re  polyphase 

m ach ines. Section 5.4 exp la ins the  d iffic u lt ie s  invo lved  in  the  analysis 

o f such m achines and in tro d u ce s  the  m a th e m a tic a l tra n s fo rm a tio n s  

used to  s im p lify  th e  analys is. The p ro p e rtie s  of these 

tra n s fo rm a tio n s  are  also p resen ted  a longw ith  th e  tra n s fo rm a tio n s . At 

th is  stage the tra n s fo rm a tio n s  are g iven  p u re ly  as a m a them atica l

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



143

a rtif ic e . More sa tis fy in g  p h ys ica l in te rp re ta tio n s  to  these 

tra n s fo rm a tio n s  appear la te r  in  C hap te r 6 .

The a p p lic a tio n  o f the  va rio u s  tra n s fo rm a tio n s  to  the 

g e n e ra l m ach ines, to  a rr iv e  a t the  g e n e ra l pe rfo rm ance  equations 

a re  exp la ined  in  g re a te r  d e ta il in  Append ix I .  Sections 5.5, 5.6, and 

5.7 use the  re su lts  o b ta in e d  in  Appendix 1 fo r  the  gene ra l m ach ines 

to  g e t th e  p e rfo rm a n ce  equa tions  o f a sep a ra te ly  exc ited  dc m o to r, a 

th re e  phase synch ronous m o to r, and a th re e  phase in d u c tio n  m o to r. 

S im ple e le c tr ic a l e q u iva le n t c irc u its  a re  a lso given. These e q u iva len t 

c irc u its  w ill be used in  subsequen t ch a p te rs  to  apply s lid ing  mode

c o n tro l to  some of these  m ach ines.

5.1 Basic Two Winding Machine

In  th is  se c tio n  the  basic tw o w ind ing  m achine is analyzed 

fro m  f i r s t  p r in c ip le s , us ing  Ohm’s law, F a ra d a y ’s law, and the  law  of 

co n se rva tio n  o f energy, to  a rr iv e  a t  th e  p e rfo rm ance  equations. 

Fo llow ing  the  g ene ra l th e o ry  o f m ach ines i t  is possible to  analyze the 

p e rfo rm a n ce  of d if fe re n t types o f ro ta t in g  m achines in  te rm s  of the 

vo lta ge  and to rq u e  equa tions  o f th is  bas ic  m ach ine .

The two w ind ings of th e  basic m ach ine  are  shown in  Fig. 5.1. 

iS is the  angle between th e  axes o f the  m oving c o il on the  r o to r  and 

th e  s ta t io n a ry  c o il on th e  s ta to r . W ith the  ro to r  m oving w ith  an

a n g u la r v e lo c ity  o f ur , is c le a r ly  a fu n c tio n  o f tim e.

f£i5/ d t  = u r  (5 .1 )
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Fig. 5.1 Schematic o f the basic two w in d in g  m achine. The stator 
carries w inding  1 . The ro to r c a rries  w ind in g  2. The
ro tor is ro ta ting  a t an  a n g u la r ■velocity o f  a.

Apply ing  K irc h o ff ’s law, th e  v o lta g e  e q u a tio n s  fo r  th e  two 

co ils  m a y  he w r it te n  as fo llow s.

7J1 = R 1i 1+pL1i 1+pM12i z (5.2)

■uz=R zi z +pLzi z +pMzli i  (5.3)

Ri.Rz a re  re s is ta nce s  of th e  tw o co ils . L 1.LZ a re  th e  se lf in d u c ta n ce s  

o f th e  co ils . a re  th e  m u tu a l in d u c ta n c e  be tw een  th e  tw o co ils .

p is  th e  d if fe re n t ia l o p e ra to r  d /d t .  The c o n v e n tio n  fo llo w e d  fo r  the  

m u tu a l ind u c ta n ce s  is to  a sso c ia te  th e  f i r s t  s u b s c r ip t w ith  the  

vo lta g e  and  the  second s u b s c r ip t w ith  th e  c u r re n t .  The m u tu a l

in d u c ta n c e s  M1Z and MZI a re  e q u a l and  so th e  s u b s c r ip ts  m ay be

d ro pp e d . E qua tions (5.2) and (5 .3 ), th e n  re d u c e  to
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%> 1= R 1i 1-bpLl i 1-b p M iz (5-4)

v z = R zi z -i-pLzi z + p M i 1 (5.5)

In  g e n e ra l th e  va rio u s  in d u c ta n ce s  a re  fu n c tio n s  o f r o to r  p o s itio n  

and hence fu n c tio n s  of tim e . E qua tions  (5.4) and (5.5) m ay th e n  be 

expanded as

- V i = R 1i 1+ L 1p i 1+ i i p L 1+ M p i z -i-izp M  (5.6)

v z = f t zi z 4-Lsp i 2  + i g p  Lz + M p i x  + i tp M  (5.7)

T o ta l in s ta n ta n e o u s  in p u t pow er is th e  sum  o f th e  in p u t powers in to  

each o f the  co ils  and is o b ta in e d  fro m  Eqs. (5.6) and (5.7). 

v  1i l + v si z = R 1i% + R z'L(s + L1i ip i ,1+i.%pL1 + Lzi zp i z +

•i%pLz + M i lp i z + 2'il i zp M  + M i zp i i  (5.8)

E q ua tion  (5.8) m ay be p u t  in  the  fo llow ing  fo rm , th e  re a son  fo r  w h ich  

w ill becom e c le a r in  a w hile .

v  3i  j + v 2i z = R i i  l + +P  ( jpL  i*  i + + M i i i 2) +

^ i f p L 1 + ~ i i p L z + z1i zpM

The q u a n tity  ins ide  th e  b ra c k e t in  Eq. (5 .9) is id e n tif ie d  as the  

en ergy  s to re d  in  the  m a g n e tic  fie ld .

The law  o f c o n s e rv a tio n  o f e n e rg y  m ay be app lied  to  g e t the  

fo llow ing  re la tio n s h ip .

INPUT RATE OF CHANGE OF
POWER ~ L0SSES+ STORED ENERGY + OUTPUT POWER (5.10)
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Now Eqs. (5.9) and (5.10) m ay be com pare d  to  o b ta in

OUTPUT i  i
POWER ~ 2^’1 D̂'^1 + 2'T'zPLz+iiizpM (5.11)

The pow er o u tp u t fro m  the  m ach ine  is m e ch a n ica l and is the  p ro d u c t 

o f th e  o u tp u t to rq u e  and the  a n g u la r v e lo c ity  o f the  ro to r .

OUTPUT POWER = T p (5.12)

The second p e rfo rm a n ce  e q u a tio n  o f th e  m ach ine , nam ely  th e  to rq u e , 

is o b ta in e d  fro m  Eqs. (5.11) and (5.12).

(5.13)

E qua tions (5.4), (5.5), and (5 .13) a re  th e  fu n d a m e n ta l

p e rfo rm a n c e  equa tions  o f the  basic tw o w ind ing  m ach ine . They m ay 

be p u t  in  th e  fo llow ing  com p ac t m a tr ix  fo rm .

V = Z I (5.14)

T =
2  d-6 (5.15)

w here ,

R1+pLl pM
V =

"a ; Z  = pM Rz+pLz

Li M
I  = i-z ; L = M Lz

The "p "  o p e ra to r  p re s e n t ins ide  the  Z  m a tr ix  w a rra n ts  c a u tio n . I t  is 

p ru d e n t to  co ns id e r Eqs. (5.14) and (5.15) as a com pac t 

re p re s e n ta tio n s  of the  fu n d a m e n ta l p e rfo rm a n c e  equa tions  and n o t 

as a m a tr ix  equa tion . W ith the  th e o ry  o f tra n s fo rm a tio n s  to  be
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describ ed  la te r , i t  w ill be seen th a t  th e  p e rfo rm a n ce  equa tions  o f a ll 

types o f ro ta t in g  e le c tr ic a l m ach ines m ay be p u t in  the  above fo rm .

5.2 HTumdamenltal Slip-n-mg SaeM ne

In  th is  se c tio n  th e  s lip -r in g  m ach ine  is described. I t  d iffe rs  

f ro m  the  bas ic  two w ind ing  m ach ine  described  in  S ection  5.1, in  the  

nu m be r o f w ind ings on the  s ta to r  and ro to r .  The s ta to r  ca rr ie s  two 

w ind ings, o rth o g o n a l to  each o th e r. So does th e  ro to r .  The reason  

fo r  the  se le c tio n  o f the  above s tru c tu re  fo r  the  fu n d a m e n ta l m ach ine  

is exp la ine d  below.

The m o s t e sse n tia l fe a tu re s  o f a ll ro ta t in g  m achines are the  

s ta to r  and  th e  ro to r .  The s ta to r  and the  ro to r  c a r ry  independen t 

w ind ings. The c u r re n t  in  the  s ta to r  w ind ings p roduce  th e  s ta to r  

m a g ne to -m o tive  fo rce  (MMF). The c u r re n t  in  the  r o to r  w ind ings 

p roduce  th e  r o to r  MMF. The s ta to r  MMF and th e  ro to r  MMF in te ra c t 

to  p ro du ce  u se fu l to rq u e . The flu x  d is tr ib u t io n  in  a ll ro ta t in g  

m ach ines is in v a r ia n t a long th e  le n g th  o f the  m ach ine . As a re s u lt, 

th e  m a g ne tic  c ir c u i t  co n s is tin g  o f the  s ta to r , r o to r  and the  w ind ings 

has lin e a r  sym m e try  and  reduces to  esse n tia lly  a tw o -d im e ns ion a l 

one. T h e re fo re  in  any g e n e ra l m ach ine , in  o rd e r to  p roduce  s ta to r  

and r o to r  MMF’s in  any a rb it ra r y  d ire c tio n , i t  is necessary th a t such 

a fu n d a m e n ta l m ach ine  has a t le a s t two n o n -c o llin e a r w indings on 

b o th  th e  s ta to r  and th e  ro to r .  I f  these n o n -c o llin e a r w indings are 

se lec ted  to  be o rth o g o n a l to  each o th e r, fu r th e r  s im p lifica tio n s  re s u lt  

owing to  the  fa c t  th a t  the  m u tu a l ind u c ta n ce s  betw een o rth o g o n a l 

w ind ings a re  ze ro . These are  the  reasons lead ing  to  the  s tru c tu re  of
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th e  fu n d a m e n ta l m ach in e  as s ta te d  e a r lie r .

F ig u re  5.2 shows th e  s c h e m a tic  o f the  fu n d a m e n ta l s lip -r in g  

m ach ine . The s ta to r  c a r r ie s  tw o  w in d ing s  A and B, o r th o g o n a l to  

each o th e r. The w ind ings  A a n d  B  a re  show n as lum ped  w ind ings 

o r ie r ite d  in  the  d ire c t io n  o f th e i r  re s p e c tiv e  MMFs. The r o to r  c a rr ie s  

tw o lum ped w ind ings a and  £?, o r th o g o n a l to  each o th e r. Aga in  a and  

@ a re  shown o r ie n te d  a long  th e ir  re s p e c tiv e  MMFs. The vo lta g e  

e q ua tio n  fo r  the  fu n d a m e n ta l m a c h in e  m ay he w r it te n  as

VA Ra +p La 0 pMAa pMAa V
VB 0 Rb +pLs pMBa pMBa i-B
va PMaA P^aB Ra +pLa 0 i a
VP, , P^pA pMfjS 0 Rp+pL p H. (5 .16)

App ly ing  the  c o n d itio n  th a t  th e  m u tu a l co u p ling  be tw een th e  s ta to r  

and  ro to r  w ind ings a re  t r ig o n o m e tr ic  fu n c tio n s  o f th e  r o to r  ang le  i9, 

Eq. (5.16) reduces to

vA Ra +p L A 0 M P  COS T? Jfcfp sin i? V
0 Rb + p Lb —M p  sin i? M p  cos t-b

Va M p  cos 1? —M p  sin Ra "F pRa 0 i'a
VP. M p  sin M p  cos 0 R p+pLp H.

E q u a tio n  (5 .17) is th e  d e fin in in g  e q u a tio n  fo r  the  

fu n d a m e n ta l s lip -r in g  m a ch in e . I t  is  seen th a t  th e  Z  m a tr ix  o f even 

th is  s im p lified  m ach ine  is a fu n c t io n  o f the  r o to r  ang le . F u r th e rm o re  

th e  "p " o p e ra to r  o p e ra te s  on  th e  p ro d u c t  o f th e  va rio u s  c u r re n ts  

and  the tr ig o n o m e tr ic  fu n c tio n s . The e lim in a t io n  o f th e  ro to r  angle 

f ro m  the  im pedance m a tr ix  Z  is  th e  c e n tra l fe a tu re  o f th e  u n if ie d
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Fig. 5 .2 The fu n d a m e n ta l s lip rin g  m achine. The stator carries  
w indings A and B, w hich are orthogonal to each other. 
The ro tor carries  two orthogonal w ind ings a and The 
ro tor is ro ta tin g  w ith  a n g u la r ve locity  cj.

m ach ine  th e o ry . These d e ta ils  a re  e xp la in e d  su b se q u e n tly  in  Section 

5.4.

5 .3  Basic C om m u ta to r fia c M n e

In  the  basic s lip -r in g  m a ch in e  desc rib e d  in  S ection  5.2, the 

r o to r  MMF is a fu n c tio n  o f th e  r o to r  p o s it io n  w hen th e  r o to r  cu rre n ts  

a re  dc. This ph ys ica l fa c t  is seen m a th e m a tic a lly , in  th e  im pedance 

m a tr ix  Z being a fu n c tio n  o f th e  r o to r  angle i?. In  c o n tra s t  to  th is , in  

th e  basic c o m m u ta to r m ach ine , th e  r o to r  MMF is ind e p e nd e n t of the 

r o to r  angle tf. In  th is  se c tio n  the  a c tio n  o f th e  c o m m u ta to r, leading 

to  the  above re s u lt is f i r s t  exp la ine d . Then th e  bas ic  co m m u ta to r 

m ach ine  is described.
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Fig. 5.3 The construction o f a com m utator rotor. The brushes lead  
curren t into the arm atu re  through the com m utator 
segments. The com m utator segments and the connection  
to the rotor conductor is such that, the rotor MMF is  in  
line w ith  the brushes an d  independent o f the rotor 
position.

F igure  5.3 shows th e  c o n s tru c t io n  o f a c o m m u ta to r ro to r .  

The ro to r  w ind ings, th e ir  c o n n e c tio n  to  th e  c o m m u ta to r segm ents 

and the  brushes lead ing  c u r re n t  in to  th e  r o to r  co ils  th ro u g h  the 

c o m m u ta to r segm ents a re  a ll shown. The d ire c t io n  of c u rre n ts  in  the  

in d iv id u a l ro to r  co ils  a re  a lso shown. I t  m ay be seen th a t  the  MMFs 

p roduced  by the  in d iv id u a l w ind ings o f th e  r o to r  add up to  give a 

n e t t  ro to r  MMF along th e  d ire c t io n  o f th e  b ru sh e s . The d ire c t io n  of 

r o to r  MMF in  a c o m m u ta to r  fed  r o to r  is th e re fo re , ind ependen t o f 

the  ro to r  angle and s tays a lways a long  th e  d ire c t io n  of b rushes.

F igure  5.4 shows the  sch e m a tic  re p re s e n ta tio n  o f the  

c o m m u ta to r ro to r .  The r o to r  w ind ing  is show n lum ped  and fixe d  in  

d ire c t io n  along the  b ru shes , in d ic a tin g  the  fa c t  th a t  the  d ire c t io n  of
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Fig. 5.4 The schematic representation o f the com m utator rotor.
The rotor w inding is shown lum ped and in  line w ith  the 
brushes to indicate the d irection  o f the ro tor MMF.

F ig . 5.5 The basic com m utator m achine. The stator and the rotor 
each carry  two orthogonal w indings. The ro tor is supplied  
through commutators and hence the ro tor f ie ld  is 
independent o f the rotor position.
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r o to r  MMF o f a c o m m u ta to r r o to r  is fixe d  in  space a long  th e  

d ire c t io n  o f the  b rushes.

As had been exp la ine d  in  S e c tio n  5.2, the  g e n e ra liz e d  r o to r  

has to  c a r ry  a m in im u m  of tw o w ind ings  in  o rd e r to  be able to  

a r b it r a r i ly  se le c t the  d ire c t io n  o f r o to r  MMF in  th e  a c tiv e  p lane  o f 

the  m ach ine . The basic c o m m u ta to r m ach in e , th e re fo re , is co n ce ive d  

w ith  two o rth o g o n a l s ta to r  w ind ings ( ju s t lik e  the s ta to r  w ind ings  o f 

the  fu n d a m e n ta l s lip -r in g  m ach in e ), and  two o r th o g o n a l r o to r  

w ind ings supp lied  th ro u g h  a se t o f b rushes and c o m m u ta to r  

segm ents. F igu re  5.5 shows th e  s tru c tu re  o f such  a bas ic  

co m m u ta to r m ach ine . A and B c o n s titu te  the o r th o g o n a l s ta to r  

w ind ings. The w ind ings d and  g on  th e  r o to r  a re  fed  th ro u g h  a s e t o f 

b rushes and co m m u ta to r segm ents, and  a re  o r th o g o n a l to  each  

o th e r. The va rio u s  w ind ings a re  show n lum ped  and o r ie n te d  a long th e  

d ire c t io n  o f th e ir  resp ec tive  MMFs.

The u n ifie d  m ach ine  th e o ry  con s is ts  o f a p p ly ing  a se ries  o f 

m a th e m a tic a l tra n s fo rm a tio n s , to  re p la ce  any  ro ta t in g  m a ch in e  by  its  

e q u iva le n t c o m m u ta to r typ e  o f m ach in e , the  m o tiv a tio n  be ing  th e  

im pedance m a tr ix  o f th e  e q u iv a le n t c o m m u ta to r m a ch in e  is 

independen t o f the  r o to r  angle, and hence m uch  s im p le r to  ana lyze . 

The va rio u s  tra n s fo rm a tio n s  th a t  fa c il i ta te  th is  p rocess a re  d iscussed  

in  the  n e x t section .
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5.4  Passive T ra n s fo rm a tio n s

This se c tio n  describes the  passive tra n s fo rm a tio n s  th a t  a re  

used to  u n ify  the  d if fe re n t k inds  o f ro ta t in g  e le c tr ic a l m ach ines . 

These tra n s fo rm a tio n s  a re  in tro d u c e d  w ith  th e  o b je c tive  o f 

s im p lify in g  th e  an a lys is  o f d if fe re n t k inds  o f ro ta t in g  m ach ines . In  

o rd e r  to  a p p re c ia te  th e  d iff ic u lt ie s  in vo lve d  in  so lv ing  th e  g e n e ra l 

p e rfo rm a n c e  eq ua tions , a th re e  phase m ach in e  is f i r s t  p re sen te d .

F ig u re  5.6 shows schem a tic  o f a th re e  phase s lip -r in g  

m a ch in e . The s ta to r  c a rr ie s  th re e  phase w ind ings R, Y and  B. The 

r o to r  c a r r ie s  th re e  phase w ind ings r ,y  and 6 . E q u a tio n  (5 .18) is the  

vo lta g e  e q u a tio n  fo r  th is  th re e  phase s lip -r in g  m ach ine , w r it te n  down 

f ro m  f i r s t  p r in c ip le s .

V = Z I (5 .18)

y

F ig . 5 .6  A p rac tic a l three phase slip  r in g  m achine. The stator and  
ro tor c a rry  balanced three phase w indings.
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[ VR V]f  V B  V t V y  V b Y

[ iy iy "h>

R r  + p L r P M r y P M r r P M r t P ^ R y p M R h

P M y r Ry+pLy pMyg pMyr pMyy pMy,
P ^ R R pMsy Rb +PLB pMffr PMsy pMjsb
PMtR pMj-y pMrB Rr ^~pLr P-^ry pMTb
pMyR pMyy P M y R pMyr Ry+pLy pMry
P^bR pMby pMbB pMbr PMby Rb + p h

The vo ltage  e q u a tio n  cons is ts  o f s ix  com pone n t e q ua tions , one fo r  

each of th e  th re e  phase s ta to r  and r o to r  w ind ings. The presence of 

th e  d if fe re n t ia l o p e ra to r  "p "  m akes th is  in to  a system  of 

s im u ltaneo us  d if fe re n t ia l equa tions . The d if fe re n t ia l o p e ra to r 

opera tes  on the  p ro d u c ts  o f v a r io u s  m u tu a l in d u c ta n ce s  and 

c u rre n ts , b o th  o f w h ich  are  fu n c tio n s  of tim e . This is so because the  

m u tu a l in d u c ta n ce s  betw een th e  s ta to r  and r o to r  w ind ings are  

dependen t on the  r o to r  angle and hence on tim e . The m a in  ob jective  

o f the  passive tra n s fo rm a tio n s  d e scrib ed  n e x t, is to  s im p lify  and 

e lim ina te  th e  dependence of the  above m a tr ix  upon  th e  r o to r  angle 

-i?. F o r the  pu rpose  o f s im p lic ity  th is  is done in  two steps, a lth o u g h  i t  

can  be accom p lished  in  a sing le  step.

The f i r s t  s tep  is to  app ly  th e  phase tra n s fo rm a tio n  Cj to  

b o th  the  r o to r  and  s ta to r  w ind ings. The phase tra n s fo rm a tio n  C1 

co rrespon ds  m a th e m a tic a lly  to  a change o f va ria b le s . The a c tu a l 

m ach ine  vo ltages and  c u rre n ts  a re  re p la ce d  b y  s u ita b ly  sca led, m ore  

conven ien t, f ic t it io u s  vo ltages and c u rre n ts . The re s u lt  o f th is  

t ra n s fo rm a tio n  is to  re p la ce  th e  a c tu a l th re e  phase m ach ine  by its
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e q u iva le n t fu n d a m e n ta l s lip -r in g  m ach ine  described  in  S ection 5.2. 

The phase tra n s fo rm a tio n  Cl co n s id e ra b ly  s im plifies the  sys te m  

equa tions. However, i t  does n o t e lim in a te  the  dependence o f th e  

im pedance m a tr ix  upon  the  r o to r  angle  The e lim in a tio n  o f th e  

ro to r  angle i? fro m  the  im pedance m a tr ix  is the  essence o f th e  

g ene ra lized  m ach ine  th e o ry , and is accom plished  by the a p p lic a tio n  

to  the  r o to r  w ind ings o f a n o th e r passive tra n s fo rm a tio n . This second 

tra n s fo rm a tio n  C2, ca lled  the  c o m m u ta to r  tra n s fo rm a tio n , is a r o to r  

angle dependen t tra n s fo rm a tio n . I t  accom plishes the  e lim in a tio n  o f 

the  r o to r  angle fro m  the  im pedance m a tr ix  by rep lac ing  the  m ach ine  

va ria b les  in to  y e t a n o th e r se t o f new va ria b les . In ph ys ica l te rm s , th e  

o r ig in a l m ach ine  is rep la ce d  by its  e q u iva le n t co m m u ta to r m ach ine  

described  in  S ection  5.3.

A lth oug h  the  vo ltages as w e ll the  c u rre n ts  of the  m ach ine  

a re  tra n s fo rm e d  in to  new va ria b les , these  in d iv id u a l tra n s fo rm a tio n s  

a re  n o t indepe nd en t o f each o th e r, since the  power in  th e  

tra n s fo rm e d  d e s c rip tio n  has to  be th e  same as the  pow er in  th e  

o r ig in a l d e sc rip tio n . I t  is seen below  th a t,  when the  tra n s fo rm a tio n  is 

u n ita ry , th e  pow er in va ria n ce  c o n d it io n  leads to  id e n tic a l 

tra n s fo rm a tio n  fo r  b o th  vo ltages and  c u rre n ts . The p rim e d  and 

u n p rim e d  sys tem  o f equa tions below  re p re s e n t the  tra n s fo rm e d  and  

o r ig in a l sys tem  o f equa tions re sp e c tive ly .

V = Z I (5.19)
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V -  Z 'F  (b.Su)

Le t

V  = Cv V (5 .21 )

/  = Q /  (5 .22 )

The conven ien t fo rm  of re p re se n tin g  pow er in  m a tr ix  fo rm  is g iven 

by

P  =  V'>TI  (5.23)

w here  the  su pe rsc rip ts  * and T re p re s e n t th e  tra n sp o se  and com plex 

con juga te  respective ly .

P' = V ‘ Tr  (5.24)

E qua ting  P  and P', we ge t

V*TI  -  V’ T c ^ T C i l  (5.25)

This leads to

Cjj*TCi = In ( I d e n t i t y  m a t r i x  o f  o r d e r  n )  (5.26)

CV* T = C r 1 (5.27)

When th e  tra n s fo rm a tio n s  are  re a l, i f  Cv and  Q  a re  b o th  id e n tic a lly  

equa l to  C, th en

CT = C~l (5.28)

The phase tra n s fo rm a tio n  Cl and th e  c o m m u ta to r tra n s fo rm a tio n  C2 

b o th  being power in v a r ia n t tra n s fo rm a tio n s , possess the  above 

p ro p e rty .
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The phase tra n s fo rm a t io n  Cx and th e  c o m m u ta to r  

tra n s fo rm a t io n  Cs a re  g iven  in  Eqs. (5 .4 .12) and (5 .4 .13).

Cx = V27T3
1 /V 2  1 /V 2  1 /V 2

1 - 1 / 2  - 1 / 2  
0 V 3 /  2 - V 3 /  2

h  0  O '
C2 = 10 sin i? cos 'i?

[Q cos  '& —s in  iS

(5.29)

(5 .30)

The tra n s fo rm e d  im peda nce  m a tr ix  is g iven  by

Z  = (5 .31)

A ppend ix  1 g ives in  g re a te r  d e ta il how  these  

tra n s fo rm a tio n s  w hen  a p p lied  to  th e  va r io u s  m ach ines  lead  to  the  

d e s ire d  s im p lif ic a tio n s . F ro m  th e  g e n e ra l equa tions  b ro u g h t o u t in  

A p pend ix  1, th e  p e r fo rm a n c e  e q u a tio n s  and e q u iva le n t c ir c u its  o f a 

few  typ e s  o f ro ta t in g  e le c t r ic a l m a ch ines  a re  d e rive d  in  th e  fo llow ing  

se c tio n s .

5 .5  DC M ach ine

In  th is  se c tio n , th e  p e rfo rm a n c e  e q ua tions  d e rive d  fo r  the  

g e n e ra l c o m m u ta to r  m a ch in e  in  th e  A ppendix 1 a re  used as a 

s ta r t in g  p o in t  to  a r r iv e  a t  th e  e le c tr ic a l e q u iva le n t c i r c u i t  o f a 

s e p a ra te ly  e x c ite d  dc m o to r  d rive .

F o r th e  g e n e ra l tw o  phase c o m m u ta to r  m ach in e  th e  vo ltage  

e q u a tio n s  ( ta k e n  f ro m  Eq. (A.7) o f A ppend ix  1) are  g ive n  by
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VA Ra + L aP 0 Ma p 0 u )
V B 0 Rb  +  LqP 0 M gp .

ZB
Vd Map —Mq V>t Rd +£dP ~LqUr u

. MAUr Mgp Rq + Lqp

The lead ing  d ia g o n a l te rm s  a re  th e  vo lta ge  d rops  due to  res is tances  

and se lf in d u c ta n ce s . The te rm s co n ta in in g  Mp te rm s  a re  the  induced  

vo lta ge s  due to  th e  m u tu a l cou p lin g  and d z/d t. These te rm s are  

ca lle d  th e  tra n s fo rm e r  vo ltages. The te rm s  co n ta in in g  uT appear on ly  

on  r o to r  vo ltages  and  a re  due to  ra te  o f change o f f lu x  linkage  due 

to  ro ta t io n . These vo ltages are  te rm e d  as ro ta r y  vo ltages o r 

g e n e ra to r  vo ltages .

The v a r io u s  ind u c ta n ce  te rm s  m ay be m easured  in  a 

p h y s ic a l m ach ine  by e x c it in g  one w ind ing  a t  a tim e , and m easuring  

th e  vo lta g e s  a ppe a ring  in  th e  o th e r  w ind ings as a re s u lt of 

tra n s fo rm e r  a c tio n  and ro ta t io n  re sp e c tive ly .

The above re s u lt  fo r  the  g e n e ra l m ach ine  m ay now be 

app lied  fo r  the  p a r t ic u la r  case o f th e  s e p a ra te ly  e xc ite d  dc m o to r  

shown in  Fig. 5.7. The o p e ra tio n  o f th e  dc m o to r  is as fo llow s. The 

fie ld  c u r re n t  iA in  the  fie ld  w ind ing  sets up a fie ld  MMF in  line  w ith  

th e  fie ld  w ind ing . The fie ld  MMF is s ta t io n a ry  in  space. The a rm a tu re  

c u r re n t  zq sets up an  a rm a tu re  MMF s ta t io n a ry  in  space and in  line  

w ith  th e  b rushes. The fie ld  MMF and th e  a rm a tu re  MMF are 

o r th o g a n a l to  each  o th e r. The m e c h a n ic a l to rq u e  p roduced  is 

p ro p o r t io n a l to  th e  p ro d u c t o f th e  fie ld  and th e  a rm a tu re  MMF’s. 

C om paring  Fig. 5.7 w ith  th e  g e ne ra l m a ch in e  g iven  in  Fig. 5.5, we find  

th a t  th e  fie ld  w ind ing  co rrespo nds  to  th e  s ta to r  w ind ing  A. The 

a rm a tu re  w ind ing  co rresp o n d s  to  th e  q u a d ra tu re  ax is  w ind ing q. No
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o th e r w ind ings a re  p re sen t. The s im p lifie d  vo ltage  equa tions  a re
vA Ra + 0 'i-A

V g .
MAar Rq -r Lqp (5.33)

The n e x t p e rfo rm a n ce  e q u a tio n  is th a t  o f to rq u e . The 

to rq u e  is ob ta ined  by app ly ing  the  co n se rva tio n  o f energy. The 

vo ltage  equa tion  m ay be separa te d  in to  re s is tive  d rops, induced  

tra n s fo rm e r  vo ltages and ro ta r y  vo ltages.

V = R I+L p I+G vTI  (5.34)

Ra 0 La 0 ro Ma
R =

0 Rq \L =
0 Lq

oIIC5

0

The in p u t power is g iven  by 

I TV = I rR I+ IrL p I+ I tGut I (5.35)

The RHS o f Eq.(5.35) g ives the  pow er flow  th ro u g h  the  m ach ine . The 

f i r s t  te rm  gives the  coppe r losses. The second te rm  is the  ra te  o f 

change o f s to red  m a gne tic  energy. The la s t te rm  re p re se n ts  the

pow er th a t  is co n ve rte d  in to  m e ch a n ica l o u tp u t, w h ich  is th e  p ro d u c t

o f to rq u e  and a n gu la r v e lo c ity  o f the  sh a ft. The a n gu la r v e lo c ity  ur

being a sca la r, the  to rq u e  is g iven  by

T = f?GI = MAiAi q (5.36)

The to rq u e  g e ne ra te d  by th e  m ach ine  d rives the  m e chan ica l

sys tem  coupled  to  the  m o to r. The dynam ics o f the  m echan ica l

sys tem  is g iven  by

MAiAiq -  JdaT/d t+ B u r +T i (5.37)

w here , J = m om ent o f in e r t ia ; B = f r ic t io n ;
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Fig. 5 .7  A p rac tica l separately excited dc machine. The stator 
carries the fied  w inding A. The rotor is supppied through 
com m utator. The stator and the rotor M M F’s are  
orthogonal to each other.

Fig. 5 .8  The electrical equivaent c ircu it o f the separately excited  
dc machine. The m echanical subsystem of the machine 
is represented by its analog electrical equivalent.
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Tl = loa d  to rq u e .

The com p le te  s e t o f e le c t r ic a l and  m e ch a n ica l equa tions  

m ay be p u t c o n v e n ie n tly  in to  th e  e le c t r ic a l e q u iv a le n t c ir c u i t  shown 

in  Fig. 5.8.

5.6 SymchroiaoTms M ach ine

In  th is  sec tio n , th e  p e r fo rm a n c e  e q u a tio n s  d e rived  fo r  the  

g e n e ra l s lip -r in g  m ach ine  (Fig. A . l )  in  th e  A ppend ix  1 a re  used as a 

s ta r t in g  p o in t  to  a rr iv e  a t  th e  p e r fo rm a n c e  e q u a tio n s  and  e le c tr ic a l 

e q u iva le n t c ir c u i t  fo r  th e  s y n c h ro n o u s  m a ch in e .

The g e n e ra l c o m m u ta to r  e q u iv a le n t o f th e  th re e  phase 

s a lie n t po le  m ach ine  c o n s id e re d  in  th e  A p p en d ix  1 is governed  by the  

(ta ke n  f ro m  Eq. (A.7) o f A p p e n d ix  1) fo llo w in g  e q u a tio n .

V* Ra+Lj& 0 Map o
V

0 Rb + L&p 0 Mgp i-B
Map -Mb ur Ra +Ldp -Lqur

Vi. Maut MbP Ldcjr Rq +- Lqp
■V

The v a r io u s  se lf and m u tu a l in d u c ta n c e  te rm s  a re  f ic t it io u s  and are 

re la te d  to  th e  o r ig in a l m a ch in e  p a ra m e te rs  by  th e  re la t io n s h ip s  g iven 

in  A ppend ix  1. A lte rn a t iv e ly  th e y  can  a lso  be d ire c t ly  m easured  i f  the  

tra n s fo rm e d  q u a n tit ie s  a re  d ire c t ly  c o n tro lla b le  and

m easurab le  by  a p p ro p r ia te  c ir c u its  f r o m  th e  p h y s ic a l va ria b les  

(vT,vy ,vb,'i7. , iy , ib)  o f th e  m ach ine .

Now the  above re s u lts  m a y  be a p p lie d  to  th e  p a r t ic u la r  case 

o f a th re e  phase s y n ch ro n o u s  m o to r  d r iv e  show n in  Fig. 5.9. The 

ro to r  c a rr ie s  b a lan ced  th re e  phase w in d in g s  (r , y , b ) and e xc ite d  by
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THREE
PHASE

Fig. 5 .9  A p rac tica l synchronous m otor. The a rm a tu re  is supplied  
three phase pow er through sliprings. The f ie ld  is on the 
stator and is supplied w ith  dc pow er.

b a la n ce d  th re e  phase pow er. The s ta to r  c a r r ie s  th e  fie ld  w ind ing  A 

e x c ite d  by dc. The s ta to r  c u r re n t  iA sets up  a s ta t io n a ry  MMF in  line  

w ith  th e  s ta to r  w ind ing. The ro to r  su p p lied  w ith  th re e  phase pow er a t 

syn ch ro n o u s  fre q u e n cy  sets up a ro ta t in g  MMF, re la t iv e  to  th e  ro to r .  

S ince the  r o to r  is ro ta t in g  a t syn ch ro n o u s  speed, the  r o to r  MMF is 

s ta tio n a ry . The developed to rq u e  is p ro p o r t io n a l to  the  cross 

p ro d u c t  o f the  r o to r  and th e  s ta to r  MMF’s. The fie ld  w ind ing  B of 

th e  g e n e ra l m ach ine  is absent. T h e re fo re  th e  row s and co lum ns 

co rre sp o n d in g  to  w ind ing  B m ay be d ro p p e d  fro m  Eq. (5.38). The 

s im p lifie d  sys tem  o f equa tions is g iven  by

VA
-

Ra + L aP  MAp  0
M a p  R a  + L d P  - L q  u T

Ma Ld Rq + hqP

iA
id

S.
(5.39)
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The vo ltage  e q ua tio n  m ay be se pa ra ted  as be fo re  in to  

re s is t iv e  d rops, ind uced  vo ltages  due to  tra n s fo rm e r a c tio n  and 

in d u ce d  vo ltages  due to  ro ta tio n .

V = R I+ L p I+ G u rl (5.40)

0  0 La 0 0 0  0  0

Rd 0 \L = Qo :G = 0 -L q 0
0  Rq 0 0 Lq Ma 0 Li

The in p u t pow er is g iven  by 

I 7 V  =  I tRT+ I TL p I + I r G a TI (5.41)

The f i r s t  two te rm s  o f Eq. (5.41) give th e  coppe r losses and th e  ra te  

o f change o f s to re d  m agne tic  en e rg y  re sp ec tive ly . The la s t te rm  

gives th e  m e ch a n ica l o u tp u t pow er. The o u tp u t to rq u e  is g iven  by

T = P'CI = MAiAiq + {Ld-L q)idiq (5.42)

The to rq u e  is m ade up o f two p a rts . The f ir s t  p a r t  (MAiAig) is the  

to rq u e  due to  s ta to r  e x c ita tio n . The second p a r t  is

ind e p e n d e n t o f the  s ta to r  e x c ita t io n  and is due to  the  sa liency  of the  

po le  s tru c tu re . This p a r t  o f th e  to rq u e  is ca lle d  th e  re lu c ta n ce  

to rq u e . R e luctance  to rq u e  is ab sen t in  n o n -s a lie n t pole {Ld = Lq) 

m ach ines.

The m e ch an ica l sys te m  e q u a tio n  is id e n tic a l to  those g iven 

fo r  dc m ach ine  in  S ection  5.5.

T = Jdur/d t+ B o r +TL (5.43)
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dt TP

Fig. 5 .10  The e lectrical equivalent c ircu it o f a synchronous 
m achine. The m echanical subsystem of the machine is 
representated by its  e lec trica l analog.

E q u a tio n  (5 .39) th o u g h  co m p ac t and adequate  

m a th e m a tic a lly , does n o t g ive an e leg an t e q u iva le n t c irc u it.  F o r th is  

pu rpose  th e  va rio u s  s e lf ' in d u c ta n ce s  in  Eq. (5.39) may be w r it te n  as 

the  sum  o f resp e c tive  leakage ind u c ta n ce s  and m u tu a l induc tances 

as g iven  below.

VA
va —

Ra + {M  + Lia )p  Mp  0
Mp Ra + (M  + Lid)p  —(M  + Liq)u r

M o r (M  + L if)u r  Eq + {M  +  Liq)p

i-A
U
S

(5.44)

F ro m  Eq. (5 .44), the  e q u iv a le n t c ir c u i t  re a d ily  fo llows and is g iven in  

Fig. 5.10. The flu x  linkages  in  the  d and q axes are nam ed and Xq 

re sp ec tive ly .
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Ad =  Ldi,d + Mi

\q  — Lqiq

(5 .4 5 )

(5 .46)

5.“? Induction. Motor

F ro m  th e  vo lta g e  e q u a tio n s  o b ta in e d  fro m  th e  A ppend ix  1 

fo r  th e  in d u c tio n  m a ch in e , we go on  in  th is  s e c tio n  to  a r r iv e  a t an 

e le c t r ic a l e q u iva le n t c i r c u i t  fo r  th e  in d u c t io n  m o to r . The vo ltage  

e q u a tio n s  fo r  the  in d u c t io n  m o to r  re fe r re d  to  a ro ta t in g  o r th o g o n a l 

re fe re n c e  fra m e  ( ro ta t in g  a t  dip /d t) is g ive n  by ( ta k e n  fro m  Eq. 

(A. 10) )

Ri+Lpp —Lipip Mp
Vql Lypip R\ +A jp Mp  jv
vdS Mp —Mp (cp—T?r ) Rz +Lgp
vq2. Mp(ip-&r) Mp Lgp (<p-&T)

—Mpip
Mp  

~LzP (<p-VT) 
Rz + Lgp

igl

(5.47)

The c o n v e n ie n t re fe re n c e  fra m e  to  choose is dip/ dt = aB, th e  

e le c t r ic a l fre q u e n c y  o f th e  th re e  phase  sup p ly . U n d e r th is  case a ll 

th e  tra n s fo rm e d  q u a n tit ie s  a re  dc q u a n tit ie s . F u r th e r ,  th e  v a rio u s  

se lf in d u c ta n ce  te rm s  m ay  be decom posed  in to  leakage  and m u tu a l 

in d u c ta n ce s  to  a r r iv e  a t  an e le g a n t e q u iv a le n t c ir c u it .

L  i — M  +  L i i
Ag =  M  + Li 2

The pow er re la t io n s h ip  is g ive n  b y  

F V  = ITR I+ ITL p I+ ITGurI (5.48)
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—V v % — ( -  <n—

dt dt

Fig. 5.11 The e lec trica l equivalen t c irc u it o f an  induetio'a motor.
The m echanical subsystem o f the m achine is  
representated by its  e lec trica l analog.
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T = M(iqlidS- i qSidl) (5 .4 9 )

The m e ch a n ica l sys te m  of e q u a tio n  is as b e fo re  g iven  by

T = Jdcjr/d £  + Bor +T i (5.50)

F rom  Eqs. (5.47) and (5.50), th e  o v e ra ll e le c tr ic a l e q u iva le n t c ir c u it  

fo r  the  in d u c tio n  m o to r  d r iv e  is g ive n  by  Fig. 5.11.
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CHAPTER 6 

COMTROL OF ELECTRICAL DRIVES

E le c tr ic a l d rive  system s p ro v id e  a c o n v e n ie n t m eans of 

o p e ra tio n  o f in d u s tr ia l m a ch in e ry . The h ig h  r e l ia b i l i t y  a n d  g re a t 

v e rs a t i l i ty  o f e le c tr ic a l d rives  have re s u lte d  in  th e ir  w id e sp re a d  

a p p lic a tio n . A fre q u e n t re q u ire m e n t o f in d u s t r ia l  d r iv e s  is the  

c a p a c ity  fo r  e ffic ie n t c o n tro l o f m e c h a n ic a l q u a n t it ie s  o f to rq u e , 

speed e tc . The fu n c tio n  o f pow er c o n v e rs io n  and  p o w e r c o n d it io n in g  

( to rq u e  c o n tro l, speed c o n tro l)  can  be c o m b in e d  to g e th e r . The 

m e c h a n ic a l c o u n te rp a rts  o f pow er c o n d it io n e rs  (s u c h  as g e a r  tra in s , 

c lu tch e s , e tc .) do n o t e n jo y  th is  advan tage .

In  C hapter 5, the  g e n e ra l th e o ry  o f e le c t r ic a l m a c h in e s  was 

rev iew ed. The o p e ra tio n  o f d if fe re n t types  o f m a c h in e s  was o u tlin e d  

and  th e  p e rfo rm a n ce  equa tions  de rived .

DC m o to rs  had occup ied  a w ide s p e c tru m  o f a p p lic a t io n s  fo r  

v a r ia b le  speed drives, because o f th e ir  s im p lic ity  an d  v e r s a t i l i ty  of 

c o n tro l.  The s im p lic ity  is ob ta in e d  ow ing  to  th e  ty p ic a l m e c h a n ic a l 

c o n s tru c t io n  of the  DC m ach ine . The m e c h a n ic a l c o m m u ta to r  in  the  

DC m ach in e  and the  b ru s h  o r ie n ta t io n  le a d in g  c u r r e n t  in to  the  

a rm a tu re  enables o rth o g o n a lity  be tw een  th e  m a g n e to m o tiv e  fo rc e  

(MMF) p roduced  by the  a rm a tu re  c u r re n t  and  th e  m a in  e x c ita t io n  

MMF. As a re su lt, fo r  any g iven  e x c ita t io n  to  th e  DC m a c h in e , the
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a rm a tu re  vo lta g e  d e te rm in e s  o p e ra tin g  speed and the  a rm a tu re  MMF 

de te rm in e s  th e  deve loped to rq u e . U n d e r c o n s ta n t e x c ita tio n , th e  DC 

m o to r  is e s s e n tia lly  a lin e a r  sys te m  re s u lt in g  in  the  s im p lic ity  o f 

c o n tro l.

On the  o th e r  h and  the  p resence  o f c o m m u ta to r and b rushes  

c o n tr ib u te  to  th e  w ea r and te a r , and th e  consequen t m a in te n a n ce  

ove rheads o f th e  d rive . These d isadvan tages have led  to  the  

a p p lic a tio n  o f AC m ach ines , w h ich  a re  ro b u s t in  c o n s tru c tio n , fo r  

v a r ia b le  speed a p p lic a tio n s  [ 1 2 ].

P o lyphase  syn ch ro n o u s  and  a syn ch ro n o us  m o to rs , w hen 

supp lied  f ro m  a c o n s ta n t fre q u e n cy , po lyphase  bus, o p e ra te  a t  f ix e d  

speed (syn ch ro n o u s  m o to rs )  o r  n e a r ly  fix e d  speed (a syn ch ro n o us

m o to rs ). T hey m ay  be o p e ra te d  a t  v a r ia b le  speed w hen su pp lied

fro m  a v a r ia b le  fre q u e n c y  sou rce . C onve rs ion  o f power to  po lyphase  

va ria b le  fre q u e n c y  sys te m  becam e v ia b le  w ith  h igh  speed s o lid -s ta te  

sw itches, open ing  up th e  a p p lic a tio n  o f AC m o to rs  fo r  v a r ia b le  speed 

a p p lic a tio n s . D iffe re n t c o n v e r te r  to p o lo g ie s  such  as vo lta g e  fed  

in v e r te r ,  c u r re n t  fed  in v e r te r ,  e tc ., a re  be ing  used fo r  th e  pu rpose .

D iffe re n t m o d u la tio n  te ch n iq u e s  such  as pu lse  w id th  m o d u la tio n

(PWM), pu lse  a m p litu d e  m o d u la tio n  (PAM), e tc ., a re  used to  c o n tro l 

the  a m p litu d e  o f the  o u tp u t vo ltage  and to  m in im ize  th e  h o rm o n ic  

c o n te n t o f th e  o u tp u t po lyphase  pow er.

F ro m  th e  p o in t o f view  o f th e  m o to r  be ing  c o n tro lle d  

d if fe re n t m a th e m a tic a l d e s c r ip tio n s  (vo lta ge  fed  m ach ine , c u r re n t  fed  

m ach ine , s ta t io n a ry  re fe rn c e  fra m e , ro ta t in g  re fe re nce  fra m e , e tc .) 

e x is t g iv in g  r ise  to  d if fe re n t c o n tro l o p tio n s  such as c u r re n t  fed
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o p e ra tio n , co n s ta n t v o lts /h e r tz  o p e ra tio n , e tc . M ore re c e n tly , the  

ro ta t in g  re fe re nce  fram e  d e s c r ip tio n  o f the  m a ch ine  and the  v e c to r  

c o n tro l o r  the  fie ld  o r ie n te d  c o n tro l is be ing v e ry  success fu lly  

a pp lied  fo r  su p e rio r dynam ic  p e rfo rm a n c e  o f th e  a.c. d rive  [13 ].

One com m on fe a tu re  am ong a ll th e  above c o n tro l m ethods 

is th a t  th e re  is a c o n v e rte r (sw itch in g  pow er p ro ce sso r) w ith  its  

c h a ra c te r is t ic  c o n tro l loop  (phase c o n tro l,  quas i-sq u a re  wave c o n tro l, 

PWM, e tc .) and dynam ics; and th e re  is a m o to r  (synch ron ous  o r 

asynch rono us) w ith  its  s ta tic  and dyn am ic  c h a ra c te r is t ic s . The two 

a re  th e n  com bined to g e th e r to  develop an  o v e ra ll m odel. S u itab le  

fe e d b ack  techn iques are  th e n  em p loyed  to  ach ieve  the  c o n tro l 

o b je c tive  such as speed c o n tro l, p o s it io n  c o n tro l, e tc .

In  c o n tra s t to  th e  above, th e  th e o ry  o f va r ia b le  s tru c tu re  

system s and th e  co n ce p t o f s lid ing  m ode c o n tro l m ay be used on the  

pow er p rocesso r and the  m o to r  to g e th e r to  deve lop  a c o n tro l 

s tra te g y  th a t is in te g ra te d  to  th e  f in a l c o n tro l o b je c tive  nam ely  

speed c o n tro l, p o s itio n  c o n tro l,  e tc .

In  th is  ch a p te r, the  p r in c ip le  o f s lid in g  m ode c o n tro l is 

app lied  fo r  the speed c o n tro l o f dc m o to rs  and b rush le ss  dc (BLDC) 

m o to rs . U sefu l c r i te r ia  a re  deve loped  fo r  the  design o f speed 

c o n tro lle rs  fo r  these m achines. The design  m e thods are  th e n  ve rif ie d  

f ro m  e xp e rim e n ta l re su lts .

The dc m o to r  d rive  c o n tro lle d  by a sw itch ing  co n v e rte rs  is 

d e scrib ed  in  S ection  6 . 1 . The m e th o d  o f c o n tro l is described  th ro u g h  

th e  phase p lane d e s c rip tio n  of the  dc m o to r. I t  w il l be n o tice d  th a t  

th e  speed c o n tro l o f the  dc m o to r  is m a th e m a tic a lly  analogous to  the
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vo ltage  c o n tro l of the  buck d c -to -d c  c o n v e r te r  described  in  C hap te r 4. 

The design inequa lities  are  de rived  fo r  the  ex is tence  o f s lid in g  mode 

c o n tro l.  P ra c tic a l cons ide ra tion s  a re  h ig h lig h te d  and th e  p ra c t ic a l 

design  c r ite r ia  along w ith  the  e x p e rim e n ta l re su lts  a re  p resen te d .

M easurem ent o f speed in  d rive  a p p lica tio n s  is u s u a lly  done 

w ith  a ta ch o g e n e ra to r, w hich is one o f th e  expensive com ponen ts  in  the 

c o n tro l loop. For low cos t drives, an  in te re s t in g  a p p lic a tio n  o f slid ing 

m ode c o n tro l is the e s tim a tion  o f speed fro m  th e  e le c tr ic a l q u a n tit ie s  of 

the  d rive . Section 6.2 describes such a speed e s tim a to r  fo r  a dc m o to r 

a long  w ith  e xp e rim e n ta l resu lts .

The p e rfo rm ance  equa tions and the  o p e ra tio n  o f the 

synch ron o u s  m o to r were g iven in  C hap te r 5. The BLDC m o to r  is a specia l 

case o f the  synchronous m o to r. S ec tion  6.3 describes the  BLDC m o to r 

and the  s im p lified  eq u iva len t c ir c u it  o f the  BLDC m o to r . C u rre n t 

c o n tro lle d  o p e ra tio n  and speed c o n tro lle d  o p e ra tio n  a re  b o th  d iscussed 

a long  w ith  the  respective  c o n tro l s tra te g ie s .

The fie ld  o rie n te d  c o n tro l developed in  S ection  6.3 re q u ire s  the 

p h y s ic a l va riab les  (phase c u rre n ts ) o f th e  m o to r  to  be tra n s fo rm e d  to  

ro ta t in g  re fe rence  fram e ( d -g  axes) va ria b les . S ection  6.4 describes 

th e  p ra c t ic a l aspects of ha rdw are  assoc ia ted  w ith  th e  tra n s fo rm a tio n s . 

P ra c t ic a l design c r ite r ia  are developed to  re la te  to  th e  dynam ic 

p e rfo rm a n ce  o f the  d rive . Results on  c u r re n t-c o n tro lle d  o p e ra tio n  and 

sp e e d -co n tro lle d  o p e ra tio n  are  th e n  p re sen ted .
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The p ra c tic a l design o i fie ld  o r ie n te d  c o n tro l exp la ined  in  

S ection  6.4, th ough  m a th e m a tic a lly  e x o tic , is  qu ite  inexpensive  to  

rea lize  using d ig ita l c ir c u it  b locks. H ow ever fu r th e r  s im p lifica tio n s  

lead ing to  m ore econom y is feas ib le  fo r  c e r ta in  a p p lica tio n s . S ection  

6.5 exp la ins s im p lified  a p p ro x im a te  re a liz a tio n s  of the  

tra n s fo rm a tio n s . E xp e rim e n ta l re s u lts  a re  p re se n te d  showing th a t  the  

d iffe rence  in  p e rfo rm a n ce  a fte r  th e  s im p lif ic a tio n s  is im p e rce p tib le .

6.1 Be Motor Drive

Figure 6.1 shows the  c h o p p e r-d r iv e n  dc m o to r. The 

e le c tr ic a l e q u iva le n t c i r c u it  o f the  d r iv e  u n d e r co n s ta n t e x c ita tio n  

to g e th e r w ith  the  pow er c o n v e rte r  is shown in  Fig. 6.2. The 

e le c tr ic a l e q u iva len t c ir c u i t  re p re se n ts  a co m p le te ly  e le c tr ic a l analog 

o f the  e le c tro m e ch a n ica l sys tem  co n s is tin g  o f the  m o to r  and its  

m echan ica l load. The tra n s fo rm e r shown in  Fig. 6.2 re p re se n ts  the  

e le c trom e ch a n ica l to rq u e  conve rs io n  ta k in g  p lace  in  the  m o to r. The 

secondary  side c u r re n t  in  the  e le c tr ic a l e q u iva le n t c ir c u it  is 

analogous to  the  to rq u e  g ene ra ted  in  th e  m o to r. The m o m e n t o f 

in e r t ia  and the  f r ic t io n  o f th e  load  a p pe a r as analogous capac itance  

and conductance  in  p a ra lle l in  the  e q u iv a le n t c irc u it .  The c o n s ta n t 

c u r re n t load and the  o u tp u t vo ltage  a re  analogs o f the  load  to rq u e  

and th e  sh a ft speed re sp e c tive ly . I t  w ill be n o tic e d  th a t  the  speed 

c o n tro l o f the  c o n s ta n t e x c ita tio n  dc m o to r  and the  vo ltage  c o n tro l 

o f th e  b uck  dc-to -de  c o n v e rte r  a re  ana logous p rob lem s. The 

pe rfo rm ance  equa tions o f the  d rive  g iven  by Eqs. (5.33) and (5.3?) in  

C hapter 5 fo r  ge ne ra l dc m o to rs  a re  g iven  h e re  fo r  the  case o f the
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u = -H

y=-

L d i / d t  + R i + Kgw = vgi 

J d u /d t  + 0 u  + Tj_ = Kyi

&= A IR  SAP FLUX
L=  ARMATURE 

INDUCTANCE
R« ARMATURE 

RESISTANCE
J=  INERTIA
B= FRICTION
Tt = LOAD TORQUE
u= SHAFT SPEED

F ig . 6 .1  C h o p p e r -d r iv e n  dc m o to r  — d e f in i t io n  o f  te rm s  a n d  
d e f in in g  e q u a t io n s  u n d e r  c o n s ta n t  e x c ita t io n .

I

-F&7. £.<? The e le c t r ic a l  e q u iv a le n t  c i r c u i t  o f  th e  c h o p p e r -d r iv e n  dc 
m o to r .  The s y s te m  s t r u c t u r e  is  a n a lo g o u s  to th e  b u c k  
d c -to -d c  c o n v e r te r  w i t h  th e  s p e e d  o f  th e  m o to r  b e in g  
a n a lo g o u s  to th e  o u tp u t  v o lta g e  o f  th e  b u c k  d c -to -d c  
c o n v e r te r .
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c o n s ta n t e xc ite d  dc m o to r.

L — JrRL->rKEa = vgu (6-1)

J + B  u  + Ti — K f i (6 .2 )

w here ,

L  = A rm a tu re  ind u c ta n ce ; i f  =  A rm a tu re  re s is ta n ce ;

Ke  -  B ack  em i co n s ta n t; =  A n g u la r v e lo c ity  o f ro to r ;  

Kt = M o to r to rq u e  co n s ta n t; 

vg = S ource  vo lta ge ;

Tl — Load to rq u e ;

■i = A rm a tu re  c u r re n t ;

./ = M om ent o f in e r t ia  o f load ;

B  — F r ic t io n  c o e ffic ie n t o f load;

■u = D isco n tinuou s  c o n tro l, ± 1 .

The to rq u e  c o n s ta n t KT and th e  b a ck  em f c o n s ta n t KE are  

n u m e r ic a lly  equa l in  MKSA sys tem  o f u n its . The above d e s c rip tio n  is 

v a lid  a t a ll tim es. The c o n tro l in p u t u  is the  o n ly  d isco n tin u ou s  

va r ia b le  and  takes on  the  va lue  o f e ith e r  + 1  o r  - 1  depend ing  on the  

sw itch  p o s itio n . The im pressed  vo ltage  to  th e  a rm a tu re  is 

co rre s p o n d in g ly  p o s itive  o r nega tive  lead ing  to  th e  p o s s ib ility  o f 

b id ire c t io n a l speed c o n tro l. A fte r  some m a n ip u la tio n , the  sys tem  

Eqs. (6 . 1 ) and  (6.2) m ay be p u t in  th e  fo llo w ing  fo rm :

± = A*x + b*u  + c°  (6.3)

w here ,
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A* =

I
0

k tk e ~
JL 1 + B R

KfKE

0

B
: b *  = K fu g

J JL

r
z  =

o — CJ 
d{ to—o*)

d t

R  
L '

-R { T l + B g> *) -  K TK g o 0
/A

and a* is th e  de s ired  speed. Again i t  m ay be n o ticed  th a t  the  

sys tem  re p re s e n ta tio n  in  Eq. (6.3) is id e n tic a l in  fo rm  to  the  b uck  

d c -to -d c  c o n v e r te r  g iven  in  C hap te r 4, Eq. (4.24). The system  sta tes 

have been assigned as the  o u tp u t speed e r ro r  and its  de riva tive , so 

th a t  th e  d e s ire d  o p e ra tin g  p o in t is g iven  by the  s ta te  v e c to r x = 0 . 

The c o n tro l p ro b le m  now reduces to  e s ta b lish in g  a sw itch ing  s tra te g y  

to  se le c t an a p p ro p r ia te  i l  a t any in s ta n t o f tim e to  m ee t the  

dynam ic  re q u ire m e n ts  o f the  system .

We re c a ll th a t  the  sys tem  o rd e r  be ing  2 (n = 2 ), and the  

n u m be r o f c o n tro l in p u ts  be ing 1 (m. = 1 ), i t  is possible to  achieve 

u n d e r s lid ing  c o n tro l an o v e ra ll response  o f o rd e r 1 (n —m  = i) .

Suppose th a t  i t  is d e s ire d  to  achieve a response  o f zero s te ady-s ta te  

e r ro r  and a s tab le  f ir s t-o rd e r  t ra n s ie n t response w ith  a tim e  

c o n s ta n t o f r. These re q u ire m e n ts  a re  tra n s la te d  in to  a s lid ing  

b o u n d a ry  in  th e  s ta te  space g iven  by the  fo llow ing d if fe re n tia l 

equa tion :

. d{u— cO(6> - m  ) + t - -n ■: — * -  = 0u,t (6.4)

In  m a tr ix  fo rm  Eq. (6.4) m ay be expressed  as
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cr = g x  =  0; S' = [1 r j (6.5)

a is a w e igh ted  sum  o f the  s ta tes  o f the  system  and a = 0  m ay be 

v isu a lized  as a line  in  the  tw o -d im e ns iona l s ta te  space. Having 

re la te d  the  steady s ta te  and the  dynam ic re q u ire m en ts  in to  a 

su ita b le  sw itch ing  b o u n d a ry , th e  n e x t s tep is to  e s tab lish  the  

co n d itio n s  fo r  the  ex is tence  o f s lid in g  mode along the  chosen 

sw itch ing  boundary . The g e n e ra l ex is tence  con d itio n s  are

lim  a  < 0 , and lim  a  > 0  f a  ^
!7 > 0  CT<0 \ O . O J

Le t the  c o n tro l inpu ts  be,

u —
W'
w

for  a  >  0 
for  a  <  0 (6.7)

E q ua tio n  (6 .6 ) now y ie lds

a =
G A * X + G B * u  + + G T * fo r a >  0
G A * X + G B au - +  G T *  fo r  a < 0

G B u *  < - G A X - G T  <  G B u (6 .8)

The c o n tro l in p u t is now  chosen as 

u + = —l  and u~ = + l (6.9)

F o r the  se lected  c o n tro l inp u ts , Eq. (6 .8 ) reduces to

t Kt V„ t Kt

J L J L
KeCJ + J?(Bo + Tz)]

. R . B  1 .  r K T Vg  

d t  L  J  r  J L (6 .10)

E qua tion  (6 . 1 0 ) m ay be in te rp re te d  as fo llow s. The dc q u a n tit ie s  in
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Eq. (6 .10) g ive  the  c o n d it io n  on  th e  d ire c t io n  o f average  m o tio n  o f 

th e  sys te m  w h ich  is

vs VR K&>' (6.11)

w here

w" = s te a d y -s ta te  d e s ire d  speed.

I a = s te a d y -s ta te  a rm a tu re  c u r r e n t  a t  des ired  speed and load.

The tim e  v a ry in g  q u a n tit ie s  in  Eq. (6.10) ( te rm s  c o n ta in in g  

d{u—u ")/ dt.) g ive th e  c o n d it io n  o n  th e  m o tio n  o f th e  sys te m  in  

be tw een  sw itch ings , w h ic h  is 

1 R ± BV - T + T  (6 .12)

E q u a tio n  (6 .12) g ives th e  c o n d it io n  on  th e  b e s t t ra n s ie n t  re sp on se  

o b ta in a b le . F o r m a ch ines  w hose e le c t r ic a l and  m e c h a n ic a l t im e  

c o n s ta n ts  a re  w ell s e p a ra te d  (B / J « R /  L) one m ay say th a t  th e  b e s t 

t ra n s ie n t  response  tim e  c o n s ta n t ach ie va b le  is th e  same as th e  

e le c t r ic a l t im e  c o n s ta n t o f th e  m o to r .  Such a design  w ou ld  re s u lt  in  

la rg e  in ru s h  o f a rm a tu re  c u r r e n t  d u r in g  tra n s ie n ts . In  p ra c tic e  th e  

ra te d  a rm a tu re  c u r r e n t  o f th e  m o to r  m u s t n o t  be exceeded. 

T h e re fo re  th e  ra te d  a rm a tu re  c u r r e n t  lim its  th e  ra te  o f speed 

c o r re c t io n  (a c c e le ra tio n  o r  d e c e le ra tio n )  d u rin g  tra n s ie n ts  re s u lt in g  

in  a response  tim e  w h ic h  is u s u a lly  h ig h e r th a n  th a t  g iven  b y  Eq. 

(6 .12 ).
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©.1.1 De M o to r D rive  in  One P hase P lane

The re le v a n t steps in  des ign ing  a s lid in g  m ode speed 

c o n tro lle r  fo r  the  dc m o to r  d rive  was seen in  th e  p re v io u s  section . I t  

is w o rth w h ile  to  b r ie f ly  see th e  same aspects  re la te d  in  a g ra p h ic a l 

w ay th ro u g h  the  phase p lane d e s c r ip tio n  o f th e  dc m o to r  d rive .

F igu re  6.3. shows the  phase p lane  d e s c r ip tio n  o f th e  s lid ing 

m ode speed c o n tro lle r  fo r  the  dc m o to r . The axes o f th e  phase 

p lane  a re  assigned as speed e r ro r  and  its  d e r iv a tiv e . The s lid in g  line 

a -  0  shown in  Fig. 6.3 cons is ts  o f th re e  se c tio ns . The c e n tra l p o r t io n  

o f th e  s lid in g  line  is the  same as e xp la in e d  in  th e  la s t  sec tion . For 

la rg e  e r ro rs  the  s lid ing  lin e  is shaped such  th a t  th e  m a x im u m  

a c c e le ra tio n  and d e ce le ra tio n  a re  lim ite d  th e re b y  in c o rp o ra t in g  

o v e rc u r re n t p ro te c tio n  to  the  d rive . The c o n tro l in p u ts , n am e ly  the  

sw itch  p o s it io n  and th e  app licab le  e q u iv a le n t c ir c u its ,  a re  a lso shown 

in  Fig. 6.3 co rre sp o n d in g  to  the  two re g io n s  in  the  phase p lane . The 

s tea dy  s ta te  o p e ra tin g  p o in ts  fo r  each  c o n tro l in p u ts  a re  a lso shown. 

I t  m ay be n o tice d  th a t  the  dc m o to r  d r iv e  and th e  b u c k  d c -to -d c  

c o n v e rte r , being ana logous system s, b o th  lead  to  id e n tic a l phase 

p lane  d e sc rip tio n s .

In  o rd e r to  be ab le to  d ire c t ly  e x te n d  th is  co n ce p t of 

c o n tro l la te r  on to  the  BLDC m o to r, i t  is w o rth w h ile  to  u n d e rs ta n d  

th e  sw itch ing  de c is ion  {u = -n  or u  = - 1 ) q u a lita t iv e ly . This is 

necessa ry  because th e  sw itch ing  c o n v e r te r  fo r  d r iv in g  th e  po lyphase 

m o to r  has th re e  p a irs  o f sw itches c o rre s p o n d in g  to  th e  th re e  

phases o f the  m o to r. A cco rd in g ly  a t any  in s ta n t  th re e  sw itch  

p o s itio n s  a re  to  be de te rm ined . To enable  th is  th e  sw itch  inpu ts
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Pig . 6 .3  C h o p p e r -d r iv e n  dc m o to r  i n  th e  p h a s e  p la n e .  The s lid in g  
l in e  p a r t i t io n s  th e  p h a s e  p la n e  i n  tw o  h a lv e s . The c o n tro l  
a n d  m o to r  e q u iv a le n t  c i r c u i t  i n  e a c h  h a l f  is  s h o w n . The 
s te a d y  s ta te  o p e r a t in g  p o in t  f o r  e a c h  o f  th e  c o n tro l  
in p u ts  t l  = u +  a n d  u  = u ~  a re  a lso  s h o w n .
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(u = + l or il = —1 ) m ay be q u a lita t iv e ly  s ta te d  as "a c c e le ra te ” 

(u = + i)  and "d e c e le ra te ”  (u — —1 )- L a te r on these q u a lita tiv e  sw itch  

in p u t com m ands "a c c e le ra te "  and "d e c e le ra te ”  w ill be re la te d  th ro u g h  

a lo o k -u p  tab le  to  th e  th re e  phase sw itch  inp u ts , w hen app lied  to  

BLDC m o to r  c o n tro l.

E.1.2 P ra c t ic a l D esign C ons ide ra tions

The s lid ing  mode speed c o n tro lle r  fo r  the  dc m o to r  d rive  

was exp la ined  in  its  s im p le s t fo rm  in  th e  fo rego ing  sec tions . The 

c o n tro l law  is e x tre m e ly  sim ple. To re a liz e  the  c o n tro l law  g iven by 

Eq. (6.9), i t  is n e cessa ry  to  fin d  o u t the  lo c a tio n  o f th e  sys tem  RP in  

th e  phase p lane w ith  re fe re n c e  to  th e  s lid ing  b o u n d a ry  a = 0. This 

invo lves th e  m e a su re m e n t o f th e  sw itch ing  fu n c tio n  a w h ich  is a 

w e igh ted  sum  o f th e  speed e r ro r  and a cce le ra tio n . Speed m ay be 

c o n ve n ie n tly  m easure  by means o f a ta ch o g e n e ra to r. We re c a ll th a t  

in  the  analogous p ro b le m  o f d c -to -d c  c o n v e rte r the  d e riva tive  of the  

o u tp u t vo lta ge  was ava ilab le  as th e  c u r re n t  th ro u g h  th e  o u tp u t 

c a p a c ito r  c u r re n t.  In  the  dc m o to r  d rive  the d e riv a tiv e  o f o u tp u t 

speed is n o t p h y s ic a lly  accessib le. T h e re fo re  the  a lte rn a tiv e  m e thod  

o f se ttin g  up the  s lid ing  line  in  te rm s  o f the  o u tp u t speed and 

a rm a tu re  c u r re n t  (ana logous to  o u tp u t vo ltage  and in d u c to r  c u r re n t 

in  th e  b u ck  d c -to -d c  c o n v e rte r)  is used. In  the  fo llow ing  sections 

s lid ing  mode c o n tro l and  lin e a r  c o n tro l th e o ry  a re  com b ined  in  o rd e r 

to  se t up a p ra c t ic a l s lid ing  line  and th e n  to  re la te  the  response to  

th e  des ired  response.
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The slid ing  lin e  is se t up in  te rm s  o f a rm a tu re  c u r re n t

e r ro r  and  th e  o u tp u t speed e r ro r .

a{t) = + (6.13)

■T is the  a rm a tu re  c u r re n t  e r ro r ,  a n d  is th e  d e s ire d  o p e ra tin g  

speed. Rs is the  design p a ra m e te r  a n d  is u s u a lly  th e  c u r re n t

m e a su rin g  re s is ta nce . When th e  f r ic t io n  is  low  a n d  th e  lo a d  to rq u e

is c o n s ta n t o r  slow ly v a ry in g , Eq. (6 .2) m a y  be a p p ro x im a te d  as 

„  c- _ Tdo>
K^  ~ J~df (6-14)

The s lid ing  line  e q ua tio n  being a lin e a r  d if fe re n t ia l  e q u a tio n , one m ay 

re p re s e n t th e  same in  fre q u e n cy  d o m a in  as w e ll.

cr(s) = (q —w*) + ffsi (s )  (6 .1 5 )

U nd e r s lid in g  mode c o n tro l a = 0 . S u b s t itu t io n  o f Eq. (6 .14) in to  Eq. 

(6.15) y ie ld s  an o v e ra ll response of

/  \  u '  /  

“  1+sJR ,/ Kt (6 .16)

We do g e t a re s u lta n t f i r s t  o rd e r  re sp o n se . H ow ever u n lik e  re a l 

s lid ing  m ode c o n tro l, now th e  re sponse  tim e  is a fu n c t io n  o f the  

design p a ra m e te r Rs and  the  m o to r  p a ra m e te rs  J and  KT as w e ll as 

( t  = JR3/ K t ,).

In  Eq. (6 .15) the  s lid in g  lin e  is  se t up  as a lin e a r  

c o m b in a tio n  o f the  speed e r r o r  and  th e  c u r r e n t  e r ro r .  To m easure  

th e  c u r re n t  e r ro r ,  the  s teady s ta te  c u r r e n t  ( / ’ ) w ill have to  be 

s u b tra c te d  o u t of th e  a rm a tu re  c u r re n t .  The s im p le s t w ay to  re a lize  

th is  is by means o f a h igh-pass f i l te r .  F u r th e r ,  speed m e a s u re m e n t
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fro m  ta c h o g e n e ra to r  a lso  re q u ire s  f i l te r in g  due to  the  c o m m u ta to r  

no ice  p re s e n t in  th e  ta c h o g e n e ra to r  o u tp u t. T h e re fo re  in  p ra c tic e , 

th e  s lid ing  lin e  is s e t up  in c o rp o ra t in g  su ita b le  p re filte rs . E q u a tio n  

(6 .17) g ives th e  p ra c t ic a l s lid in g  lin e  in  th e  fre q u e n c y  dom ain.

0/ v 1+&J2/S CJj/S  ̂ Rs 
°  l Jt-al/ s U 1 -i-Q j/s  + 1 + ^ (6.17)

The c u r re n t  m e a s u re m e n t c i r c u i t  has an  in v e r te d  pole. Speed signa ls 

a re  also m easu red  w ith  th e  sam e in v e r te d  po le. In v e rte d  zeroes have 

been added to  th e  speed s igna ls  in  o rd e r  n o t to  lose th e ir  s teady  

s ta te  va lues . E q u a tio n  (6 .17) m a y  be p u t in  th e  fo llow ing  fo rm  fo r  

conven ience .

x 1 + t zs i _ r , s R e ^
a (s) = —  u -  —  ti) + —  i ( s )  = 0' 1+TjS 1+TjS 1 + T jS '  ’ (6.18)

U nd e r s lid in g  m ode c o n tro l ct*(s) is m a in ta in e d  to  be ze ro , 

lead ing  to  th e  fo llow ing  c losed  lo o p  response .

«(«) = V O O .
1 + s /  (?cj0 + s2/  (6.19)

= K t /  JRs t 1 
Q  =  l / u 0r 2

The response  as seen b y  Eq. (6 .19) is  a second  o rd e r response ,and  

p rov ides  su ita b le  des ign  c r i te r io n .  t 1 is th e  c u r re n t  f i l te r in g  tim e  

c o n s ta n t and is chosen  h ig h e r th a n  th e  e le c tr ic a l tim e  c o n s ta n t o f

the  m o to r . The c u r re n t  g a in  Rs is se lec ted  to  o b ta in  th e  des ired

response tim e . The in v e r te d  ze ro  fre q u e n c y  ( 1 / t 2) o f speed

m e a su re m e n t is chosen to  o b ta in  the  d e s ire d  dam ping.
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Fig. 6.4 Sliding mode contro ller fo r  the chopper-driven dc motor.
The slid ing line is made up o f a lin e a r  com bination o f 
the speed e rro r and the arm atu re  curren t w ith
appropriate p re filte rs . Overriding overcurrent protection  is  
also incorporated.
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The c ir c u it  schem atic  o f th e  speed c o n tro lle r  is shown in  

Fig. 6.4. The c ir c u it  was tes te d  w ith  a dc m ach ine  w ith  the  fo llow ing  

p a ram e te rs .

Kt = 0.09 N w .m /am p; J = 6 .45E-4 Nw.m secs/ra d ;

B = 7.11E-4 Nw.m s e c /ra d ; R -  3.83 ohm s;

L = 3.94 mH.

The c u r re n t f ilte r in g  tim e  c o n s ta n t ( t j )  is chosen as 10 ms -  in  

between the  e le c tr ic a l tim e  c o n s ta n t( l m s) and m echan ica l tim e  

co ns ta n t(0 .9  s) o f the  m o to r. The c u r re n t  ga in  (Rs) and the  speed 

p re f i lte r  tim e  c o n s ta n t r 2 a re  chosen to  achieve the  des ired  

response tim e and adequate  dam ping re sp e c tive ly .

F igures (6.5) and (6 .6 ) show  the  s ta r t in g  tra n s ie n t o f the  dc 

m o to r  d rive  fo r  two d if fe re n t co m p e n sa to r designs.

0.2 E s tim a tio n  o f Speed Using S lid ing  Mode

In th is  sec tion , the  p r in c ip le  o f s lid in g  mode c o n tro l is 

app lied  to  estim ate  m o to r  speed. This is o f spec ia l in te re s t in  

p o s itio n  c o n tro l servos w here th e  speed feedback  is necessary  on ly  

fo r  ach ieving the dynam ic  p ro p e rtie s  o f th e  d r ive , and the  s teady 

s ta te  a ccu ra cy  is d e te rm in e d  by a p r im a ry  p o s it io n  sensor feedback.

C onven tiona lly  th e  speed e s tim a tio n  is done by an analog 

c o n tro lle r  as shown in  Fig. 6.7, w ith  m o to r  c u r re n t  and vo ltage  as 

feedback signals. F ro m  Fig. 6.7,

, s K  ,v ( s ) — R l ( s ) — s L H s )  
y ^  ~ (R + K) l+ s L /(R  + K) (6.20)

i. = A rm a tu re  c u rre n t; v = A rm a tu re  vo ltage ;
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TRACE i :
SPEED 
2 0 % /D IV

TRACE P:
CURRENT 

6 7 % /D IV

SLID IN G  LINE:
SECOND ORDER 
%=30.9 r a d /s e c  
Q = i . 0 4

Fig. 6 .5  Starting tran s ien t o f the chopper-driven dc m otor -with 
sliding mode controller. The in it ia l  constant acceleration  
region corresponds to c u rren t lim ite d  reg ion  o f operation.

TRACE i :
CURRENT 

67% /D IV

TRACE 2:
SPEED 
20 % /D IV

SLIDING LINE:
SECOND ORDER

mq=4 4 . 9  r a d /s e c  
Q = 0 . 7 2

Fig. 6.6 Starting tran s ien t o f the chopper-driven dc m otor w ith  
sliding mode controller. The in it ia l  constant acceleration  
region corresponds to cu rren t lim ite d  region of operation.

2V
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<s>

Fig. 6 .7  Continuous control speed estim ator. The dynam ic block is 
the model o f the m otor. The compensator g a in  K  
determ ines the accuracy o f the estim ated speed y.

R = A rm a tu re  re s is ta n ce ; L -  A rm a tu re  in d u c ta n c e ;

K  = C om pe nsa to r ga in ; y = O u tp u t speed s igna l.

U sua lly  th e  e le c tr ic a l fre q u e n c y  {R /L )  o f th e  m o to r  is m uch  h ig h e r 

th a n  th e  d e s ire d  band w id th  o f th e  e s tim a to r . F u r th e r  i f  th e  

co m p e n sa to r g a in  K  is chosen la rg e  (K » R ) Eq. (6 .20) reduces to

y(s) « v (s )—R i(s )—sLi{s) = (6.21)

The closeness o f th is  a p p ro x im a tio n  depends on  if ;  the  h ig h e r the  

co m p e n sa to r ga in , the  b e tte r  is th e  a c c u ra c y  o f th e  e s tim a te d  speed.

As an a lte rn a tiv e  to  th e  above, i t  is poss ib le  to  b u ild  such 

an e s tim a to r  based on s lid ing  c o n tro l.  C ons ider th e  e le c tr ic a l sub ­

sys tem  o f th e  m ach ine
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PASS

Fig. 6 .8  Sliding mode speed estim ator. The dynam ic block is the 
model o f the m otor. The com parator w ith  hysteresis
makes up the s lid ing contro ller. The low  pass f i l te r  
measures the averaged speed signal.

TRACE 1:
SPEED ESTIMATE 

20% /D IV

TRACE 2:
TACHO OUTPUT 

20% /D IV

Fig. 6 .9  The speed estim ate (trace 2 ) and the speed m easured  
through a tachogenerator (trace 1) are compared. Speed 
estimate is shown in verted  fo r  ease o f comparison.

2V

as
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f*?/)
Zr“7T-+ R i  +  K m  =  U ( Ketc -■

"We m ay c o n s tru c t a m odel o f the  m o to r  g iven by,

d£

If  the  c u r re n t  ( i^ )  in  the  m ode l is made equa l to  th e  c u r re n t ( i)  in  

th e  m o to r, th e n  co m parison  o f Eqs. (6.22) and (6.23) shows th a t  vgiL 

equa ls th e  m o to r b ack  emf, w h ich  m ay be used as a speed s ignal. 

E q u a tio n  (6.23) is the  m ode l o f th e  m o to r. The ob jec tive  is to  c o n tro l 

th e  c u r re n t  in  the  m ode l (im) equa l to  the  c u r re n t  in  the  m o to r, by 

m eans o f the  c o n tro l in p u t it .  This is a f i r s t  o rd e r sys tem  w ith  one 

c o n tro l. The s lid ing  m ode c o n tro l e ffe c tive ly  reduces to  a bang-bang 

c o n tro l:

O -  im~i  (6.24)

- I "
_ -1 fo r a > 0

u  ~ * -1 fo r a < 0  (6.25)

I t  m ay be v e r if ie d  th a t  the  s lid ing  c o n d itio n  g iven by Eq. (6 ) 

is sa tis fie d  when vg > v + RImK7C. The average va lue o f the 

d isco n tin u ou s  s igna l vgu equals the  back  em f and p ro p o r t io n a l to  

th e  speed. F igure  6 . 8  shows th e  s lid ing  m ode speed e s tim a to r. I t  

m ay be p o in te d  o u t h e re  th a t  th e  id e a l s lid ing  mode speed e s tim a to r 

and the  idea l analog speed e s tim a to r are the  same (zero  hys te re s is  

and in f in ite  com pensa to r ga in  re sp e c tive ly ). F igu re  6.9 com pares 

th e  speed e s tim a to r o u tp u t w ith  the  ta c h o g e n e ra to r o u tp u t.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



190

6.3 B m sM ess Be M o to r D rive

In  C hap te r 5, the  o p e ra tio n  and pe rfo rm an ce  equa tions  o f 

th e  synch ron o u s  m o to r  were o u tlin e d . The BLDC m o to r is a spec ia l 

case of a synch rono us  m o to r  d rive . In  th is  section, the BLDC m o to r  

e q u iva le n t c ir c u it  is de rived  fo llow ing  the  tra n s fo rm a tio n s  e xp la ined  

in  C hap te r 5, and Appendix 1. In  Appendix 1, the  tra n s fo rm a tio n s  

w ere tre a te d  s im p ly  as m a th e m a tic a l a rtific e s  em ployed to  s im p lify  

th e  m a th e m a tic a l d e s c r ip tio n  o f d if fe re n t m achines. In  th is  S ection  

th e  tra n s fo rm a tio n s  on the  p e rm a n e n t m agne t syn ch ronous m o to r  

(BLDC m o to r)  lead ing  to  the  ro ta t in g  re fe re nce  fram e e q u iva le n t DC 

m o to r  d e s c rip tio n  a re  in te rp re te d  p h ys ica lly  a t every s tep. The 

sys tem  equa tions  a re  w r it te n  down d ire c t ly  in  each re fe re n ce  fram e , 

and the  d e s c rip tio n  in  d if fe re n t re fe re n ce  fram es are  re la te d  to  each 

o th e r  us ing  some p h ys ica l c r ite r io n . The reason  to  fo llo w  th is  

m e thod  is th a t  the  m a th e m a tic a l tra n s fo rm a tio n s  exp la ined  in  

C hap te r 5, and Appendix 1 are  f irm ly  anchored  to  p h ys ica l 

in te rp re ta t io n s  and the  in te r - re la t io n s h ip  between the  p h ys ica l 

co n s ta n ts  o f the  m ach ine  in  d if fe re n t fram es of re fe re nce  is m ore  

re a d ily  a p pa re n t.

The p r in c ip le  o f s lid ing  mode c o n tro l is then  app lied  fo r  the  

speed c o n tro l o f BLDC m o to r. P ra c tic a l design c r ite r ia  a re  th e n  

developed and e x p e rim e n ta l re s u lts  p resen ted .
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6.3.1 Permanent Magnet Synchronous Motor

F igure  6.10 shows th e  c o n s tru c t io n  o f th e  p e rm a n e n t 

m a g n e t syn ch ro n o u s  m o to r . The r o to r  is w ith o u t sa lie n cy  and c a rr ie s  

s u rfa c e  m o u n te d  p e rm a n e n t m agne ts  p ro v id in g  th e  r o to r  MMF. The 

s ta to r  c a rr ie s  s y m m e tr ic a lly  d is t r ib u te d  th re e  phase w ind ings. The 

s ta to r  is e xc ite d  w ith  b a la n ce d  th re e  phase  pow er. The th re e  phase 

c u r re n ts  in  the  s ta to r  w in d ing s  p ro d u c e  s ta to r  MMF w h ich  is ro ta t in g  

in  th e  a irspace  o f th e  m a ch in e  a t  th e  sam e speed (syn ch ronou s  

speed) as the  e le c t r ic a l fre q u e n c y  o f th e  s ta to r  pow er supply. The 

in te ra c t io n  o f the  s ta to r  MMF and  th e  r o to r  MMF p ro d u ce  the  to rq u e . 

A verage  to rq u e  e x is ts  o n ly  w hen th e  r o to r  speed is th e  synch ron o u s  

speed. C om pared w ith  th e  g e n e ric  s y n c h ro n o u s  m o to r  exp la ine d  in  

C h a p te r 5, the  fo llo w in g  d iffe re n ce s  in  th e  case o f the  p e rm a n e n t 

m a g n e t syn ch ron o u s  m o to r  m ay be n o tic e d . The a rm a tu re  is on th e

Pig. 6 .10  Construction o f a p e rm a n e n t m agnet synchronous motor.
The stator carries  ba lanced three phase w indings. The 
excitation is p rovided by p e rm a n e n t m agnets fixed  on 
the periph ery  o f the ro tor.
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s ta to r .  The e x c ita t io n  fie ld  is on  th e  ro to r .  The e x c ita tio n  MMF is 

fixe d , and p ro v id e d  h y  p e rm a n e n t m a gne ts  m oun ted  on the  su rface  

o f th e  ro to r .

6.3.2 jSruisHess Be M o to r

I t  was m e n tio n e d  th a t  th e  syn ch ron o u s  m o to r  has n e t 

average to rq u e  o n ly  w hen th e  r o to r  speed is th e  same as the  

syn ch ron o u s  speed o f th e  th re e  phase power supp lied  to  the  

a rm a tu re . The b ru sh le ss  dc o p e ra tio n  o f a synch ron ous  m o to r  is 

o b ta in e d  in  the  fo llo w ing  m a n n e r. The power supp lied  to  the  

a rm a tu re  is re la te d  to  the  p h y s ic a l p o s it io n  of the  e x c ita t io n  fie ld  in  

the  a irspa ce  o f the  m ach in e  such  th a t  th e  syn ch ronous  speed o f the  

ac pow er fed  to  the  a rm a tu re  a t  a ll  tim e s  equals the  r o to r  speed. 

Due to  th is  c losed  lo o p  re la t io n s h ip  be tw een  th e  r o to r  speed and the  

a rm a tu re  pow er fre q u e n c y , th e  m o to r  ru n s  in  syn ch ro n ism  a t a ll 

speeds and n e t average to rq u e  e x is ts  a t  a ll speeds.

6.3 .3  P e rfo rm a n c e  E q u a tio n s  o f BLOC m o to r

In  th is  se c tio n , the  v a r io u s  tra n s fo rm a tio n s  lead ing  to  the  

tra n s fo rm a tio n  of the  p e rm a n e n t m a g n e t syn ch ronous  m o to r  in to  the  

e q u iv a le n t d—q axes m ach in e  a re  a p p lie d  to  o b ta in  th e  p e rfo rm a n ce  

eq ua tio n s  o f the  BLDC m o to r . F ig u re  6 . 1 1  shows th e  essen tia l 

c o n s tru c tio n  o f th e  p e rm a n e n t m a g n e t synch rono us  m o to r. The 

p h ys ica l s tru c tu re  o f the  r o to r  is re p re s e n te d  by th e  in n e rm o s t 

c irc le . The ro to r  c a rr ie s  the  p e rm a n e n t m agnets p ro v id in g  co n s ta n t 

fie ld  e x c ita tio n . The r o to r  MMF in  th e  absence o f s ta to r  c u rre n ts  sets
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up an a irg a p  flu x  o f <pd. The o u te rm o s t a n n u la r r in g  in  Fig. 6 . 1 1  

re p re se n ts  the  p h ys ica l s tru c tu re  o f th e  s ta to r . The s ta to r  phase 

w ind ings A,B  and C a re  shown s c h e m a tic a lly  to  co inc ide  w ith  the  

d ire c t io n  in  w h ich  the  re sp ec tive  MMF’s a re  o rie n te d . The 

in te rm e d ia te  a n n u la r r in g s  in  Fig. 6 . 1 1  re p re s e n t f ic t it io u s  s tru c tu re s  

w h ich  a re  h e lp fu l in  stepp ing  th ro u g h  th e  v a rio u s  tra n s fo rm a tio n s  

and a re  exp la ined  as we go a long.

The de fin ing  equa tions o f the  m ach ine  a re  in  th re e  p a rts . 

F irs t is th e  e le c tr ic a l subsystem  d e fin ito n  re la t in g  the  e le c tr ic a l 

q u a n tit ie s  o f the  m ach ine . The d e fin it io n  o f th e  e le c tr ic a l subsystem  

depends on the  chosen fram e  o f re fe re n c e . The second p a r t  is the  

e le c tro m a g n e tic  subsystem  o f the  m ach ine  in d ic a tin g  the  m echan ism  

o f to rq u e  g e ne ra tio n . The e le c tr ic a l q u a n tit ie s  in  the  to rq u e  

re la t io n s h ip  again depend on the  chosen  fra m e  o f re fe re n ce . The la s t 

p a r t  is the  m ech a n ica l subsystem  re la t in g  the  b re a k -u p  o f the  

g e n e ra te d  to rq u e  in to  load, f r ic t io n  and in e r t ia . The se lec tion  o f a 

fra m e  o f re fe re nce  is to  s im p lify  th e  d e fin it io n  o f th e  e le c tr ic a l 

subsys tem  and does n o t change th e  d e fin it io n  o f the  m e ch an ica l 

subsystem .

The d e fin it io n  o f the  m e ch a n ica l subsys tem  is inde penden t 

o f th e  fra m e  of re fe re n c e  and is g iven  by 

do
dt -+B o + Tl -  Tg ( g  2 6 )

w here  th e  q u a n tit ie s  J,B,TL and a  are  as de fined  e a r lie r  in  S ection  6.1 

and Tg is the  gene ra ted  to rq u e .
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Fig. 6.11 A,B,C to a, /? to d, q transform ations. The outermost 
annu lar ring  and the innerm ost circle represent the 
physical stator and the ph ysica l ro tor respectively. The 
second an n u la r r in g  fro m  outside represents a fictitious  
equivalent two phase ro to r w hich when excited by 
appropriate two phase curren ts  would resu lt in  the 
same machine p erfo rm an ce. The th ird  a n n u la r ring  
fro m  outside represents a  fic titio u s  two phase equivalent 
"rotor ", which when carryin:- dc currents (Id, and L) 
results in  the same per_ rmance as the orig inal 
machine.
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The e le c t r ic a l su b sys te m  e q u a tio n s  a re  d e p e n d e n t on the  

fra m e  o f re fe re n ce . In  th e  p h y s ic a l s ta t io n a ry  re fe re n c e  fra m e  

(s ta to r  re p re s e n te d  b y  th e  o u te rm o s t c irc le  and th e  r o to r  

re p re s e n te d  by  th e  in n e rm o s t c irc le  in  Fig. 6 . 1 1 ), th e  s ta to r  

e le c tr ic a l c ir c u i t  e q u a tio n s  m ay  be w r it te n  f ro m  f i r s t  p r in c ip le s  as 

below.

dIA d IB d lc dipAd
RaJa +  Laa— + L a b -^ f + L a c — + —^ -  -  VA (6 .2 7 )

dIA d IB d lc dif/a,
Lb a ^ + R BIB + L b b - £ - + L b c — + ^ -  =  F *  ( 6  2 8 )

d IA dIB d lc dil/rH
LcA~ d F +LcB~ d F + E c Ic + L c c ~ d F + ~ d r  =  Vc (6 .29)

w here

Lxx -  self  in d u c ta n c e  o f phase w ind ings ;

Rx -  re s is ta n ce  o f phase  w ind ings ;

Lxy = m u tu a l in d u c ta n c e  be tw een  phase  w ind ings X  and  Y; 

ipxd. -  f lu x  lin ka g e  to  w in d ing  X  due to  r o to r  f lu x  pd;

Vx = phase v o lta g e ; Ix = phase c u r re n t .

U nde r th e  a s s u m p tio n  o f s y m m e tr ic a l b a la n ce d  3 phase 

w ind ings, w ith o u t n e u t ra l c o n d u c to r  and s in u zo id a l f lu x  d is t r ib u t io n ,

Ra -R b -R c — R '• Aa4 — Lbb—La? — As ■

^>a b - L b a - L B c - L c b = L c a - L a c  =  — L j f  ;
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I a +  Jb + J c  -  0

N otice  th a t  L^y is de fined  w ith  a ne ga tive  c o e ffic ie n t due to  the  

s e le c tio n  o f th e  c u r re n t  d ire c tio n s  in  Fig. 6 .11. E qua tio ns  

(6 .2 7 ),(6 .2 8 ) and (6.29) m ay th e n  be s im p lifie d  as

„ d I A d i p A d  
» , + < is + « _ + _ =  Viy A

eib+(ls+lm) - ^ - + - ^ -  -  vB (6 30)

mc+ (ls+ = vc

The g e ne ra te d  to rq u e  is th e  sum  o f th e  to rq u e s  due to  th e  

in te ra c t io n  be tw een th e  r o to r  MMF and each  o f th e  s ta to r  phase 

c u r re n t  MMF's. The g e n e ra te d  to rq u e  due to  each  o f th e  s ta to r  

phase c u r re n ts  depends on th e  r o to r  p o s itio n . The to ta l to rq u e  is 

g iven  by

T g  —  K ( p d { /j4sin(33Oo + &>O + ./0sm(15Oo + cjiO + /csin(9Oa + (yOj ^

w here  K  is  a p ro p o r t io n a lity  c o n s ta n t w ith  p ro p e r  d im ens ions  and at 

is th e  in s ta n ta n e o u s  a n g u la r p o s it io n  o f th e  ro to r .  E q u a tio n  (6.31) 

m ay be fu r th e r  s im p lified  as

{—Ia/ Z —Ib/ 2  + I c ) c o s  a t  +  (V 3 4 /  2 ~ ^ 3 J B/  2)sin a t
(6.32)

In  Eq. (6 .30 ) the  r o to r  p o s it io n  is im p lic it  th ro u g h  th e  te rm s  In

Eq. (6 .32) th e  r o to r  p o s it io n  is e x p lic it. E q ua tions  (6 .30) and  (6.32) 

de fine  th e  e le c tr ic a l and the  e le c tro m a g n e tic  subsystem s in  th e  

p h y s ic a l s ta to r  re fe re n ce  fra m e . The e le c tr ic a l q u a n tit ie s  a p pea ring
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in  these equa tions a re  th e  same as w h a t can be m easured  in  the  

s ta to r  c irc u it .

p ro du ce  an MMF in  th e  a c tive  p lane  o f th e  m o to r, w h ich  in te ra c t in g  

w ith  the  ro to r  MMF in  th e  same p lane  p roduces  the  re q u ire d  to rq u e . 

This s ta to r  MMF m ay v e ry  w e ll be p ro d u c e d  by an e q u iva le n t s ta to r  

w ith  two phase o rth o g o n a l w ind ings c a r ry in g  two phase ac c u rre n ts . 

The f i r s t  step in  s im p lify in g  the  sys te m  equa tions  is to  t ra n s fo rm  the  

s ta t io n a ry  re fe re n ce  fra m e  th re e  phase s ta to r  equa tions (Eqs. (6.30) 

and (6.32)) to  an e q u iva le n t s ta t io n a ry  re fe re n c e  fra m e , tw o phase 

s ta to r  equa tions.

re p re se n ts  th is  f ic t it io u s  s ta to r  w ith  tw o phase w ind ings on i t  (a and 

/S) as shown. Again f ro m  f i r s t  p r in c ip le s  th e  c ir c u it  equa tions  and 

to rq u e  e q ua tio n  m ay be w r it te n  down as below.

The su b sc rip te d  q u a n tit ie s  re p re s e n t the  f ic t it io u s  two phase s ta to r  

e le c tr ic a l q u a n tit ie s . The m ach ine  co n s ta n ts  in  the  e q u iva le n t 

f ic t it io u s  two phase sys tem  are  shown w ith  as te risks . T he ir 

re la t io n s h ip  to  th e  o r ig in a l m ach in e  co n s ta n ts  is y e t to  be 

es tab lished.

The c u rre n ts  in  the  s ta to r  phase w ind ings o f the  m o to r

The second a n n u la r r in g  f ro m  ou ts ide  in  Fig. 6.11

R *Ia + L* [ dj'ad
dt dt

R"Ip + L*- (6.33)

Tg = Ktpd(Itjcos ut —/ asincjf) (6.34)
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The n e x t s tep  is to  fin d  th e  re la tio n s h ip  betw een the  A,B,C 

sys tem  and th e  a,£ system s. To do th is  we invoke  the  c o n d itio n  th a t  

the  to rq u e  developed in  b o th  th e  system s are equal. C om paring Eqs. 

(6.32) and (6.34), we g e t

I a = -V 3 IA/  2  + V 3 IB/  2

F ro m  Eqs. (6.35) and (6.30), we g e t 

R* = R ; L* = Ls +Lm 

Va =  - V 3 F ^ / 2  +  V 3 F b / 2  

Vp = -V a/ 2  -  Vb/ 2  +  Vc

f ad  =  - ^ 3 f A d / Z  + ^ 3 ^ / 2

= -fA d /3  -  f M / 2  + fed (6.36)

Now th e  system  e qua tio n s  in  th e  tw o phase s ta t io n a ry  re fe re n ce  

fram e  (a./? axes) m ay be w r it te n  as

N otice  th a t  the  sys tem  equ a tio n s  a re  s t i l l  fu n c tio n s  o f r o to r  p o s itio n . 

Jus t as be fo re  the  r o to r  p o s it io n  is im p l ic it  in  Eq. (6.37) and e x p lic it  

in  Eq. (6.38). The e le c tr ic a l q u a n tit ie s  appearing  in  Eqs. (6.37) and

(6.38) a re  f ic t it io u s  q u a n tit ie s  in  th e  sense th a t  th e y  a re  n o t 

accessib le  a t any p o in t in  the  a c tu a l m ach ine .

Ij3 — —IA/  2  — IB/  2 +  Ic (6.35)

(6.37)

Tg = Ktpd(IpCos at —I asin at) (6.38)
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Polyphase c u rre n ts  in  the  s ta to r  a t  s y n c h ro n o u s  fre q u e n c y

p ro du ce  an MMF ro ta t in g  in  the  m a c h in e  a irs p a c e  in  s y n c h ro n is m  

w ith  th e  ro to r  MMF. The in te ra c t io n  b e tw e e n  th e se  s ta to r  and ro to r  

MMF’s p roduce  th e  re q u ire d  to rq u e . The r o ta t in g  s ta to r  MMF m ay 

v e ry  w e ll be p rodu ce d  by an e q u iv a le n t s e t o f w in d in g s  ro ta t in g  in  

space a t synch ronous speed b u t c a r ry in g  dc c u r re n ts .  The n e x t step 

in  s im p lify in g  the sys tem  equa tions  is to  t r a n s fo r m  th e  sy s te m  Eqs. 

(6.37) and (6.38) in  th e  two phase s ta t io n a ry  re fe re n c e  fra m e  in to  a 

two phase fram e  of re fe re n ce  ro ta t in g  in  space  a t syn ch ro n o u s  

fre q u e n cy .

th is  f ic t it io u s  ro ta t in g  s tru c tu re  c a r ry in g  dc c u r re n ts  (/d and  Iq) in  

th e  tw o phase w indings (d and q w in d in g s ). The e le c t r ic a l c ir c u it  

equa tions  and the  to rq u e  e q ua tio n  m ay  be  d ir e c t ly  w r it te n  as

N otice  th a t  a p a rt fro m  re s is tive  an d  in d u c t iv e  d ro p s , th e  phase 

w ind ings also have speed vo ltage  te rm  b ecause  th e  d,q w in d ing s  are 

ro ta t in g  in  space. The m ach ine  p a ra m e te rs  a re  show n  w ith  a s te risks , 

because th e ir  re la tio n s h ip  to  the  o r ig in a l m a c h in e  p a ra m e te rs  are 

y e t to  be estab lished. We now invoke  th e  c o n d it io n  th a t  th e  MMF’s 

p ro du ce d  by the  d,q w ind ings a re  the  sam e as th o se  p ro d u c e d  by the 

a,/9 w ind ings and the  gene ra ted  to rq u e  in  b o th  th e  sys tem s a re  equal.

The th ird  a n n u la r r in g  fro m  o u ts id e  in  F ig . 6 . 1 1  re p re se n ts

R *Iq  +  Kqco = (6.39)

Tg — Ktp&Iq (6.40)
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C om paring  Eqs. (6.38) and (6.40), we g e t

Ig — Iasin a t —Ipcos at (6.41)

E q u a tin g  d ax is  MMF’s, we g e t

la — —I acos a t — sin a t  (6.42)

F ro m  Eqs. (6.41) and (6.42), th e  inve rse  re la t io n s h ip  is a lso  ob ta ined . 

I a = —lacos wZ-5-.^sin a t

Ip  = —/dsin a t —Iqcos a t  (6.43)

F u r th e r , a ssum ption  o f s in u so id a l f lu x  d is t r ib u t io n  leads to  

fa d  = - f a c o s  a t
ffid  =  -^dS in a t  (6.44)

w he re  f d is  the  m a x im u m  flu x  lin ka g e  due to  r o to r  f lu x  to  s ta to r  

(a,/3) w ind ings. S u b s titu t io n  o f Eqs. (6 .43) and  (6.44) in to  Eqs. (6.37) 

a nd  (6.38) leads to  

dL
RId +  (Ls + L M) - ^ — (Ls + L M) Iqa  = 

dl„
^Iq +  {^s+  LM) - ^ - + { L s +L jn )ld^+ f d u -  Vq (6.45)

Tg = -K<pdIq (6.46)

E qua tions  (6 .45) and (6 .46) d escribe  th e  sys te m  in  sy n c h ro n o u s ly  

ro ta t in g  fra m e  o f re fe re n c e . As exp ec te d  th e  e le c tr ic a l q u a n tit ie s  in  

Eqs. (6.45) and (6 .46) a re  a ll dc q u a n tit ie s . They a re  in d e p e n d e n t o f 

r o to r  p o s itio n . Aga in  th e  e le c tr ic a l q u a n tit ie s  as exp ressed  in  Eqs.

(6 .45) and (6 .46) a re  f ic t i t io u s  in  th e  sense th a t  th e y  a re  n o t d ire c t ly

access ib le  a t  any p o in t in  th e  a c tu a l m ach in e .
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Lg*J*Ltq

Id

Fig. 6 .12  The electrical equivalen t c irc u it o f the perm anent 
m agnet synchronous m achine in  the synchronously 
rotating (d,q) reference fra m e . The voltages ( Vd,Vq) and  
the currents  (Jd,Iq) are dc quantities.

In  th e  case o f p e rm a n e n t m a g n e t syn ch ron o u s  m o to r  th e  

e ffe c tive  a irg a p  betw een th e  r o to r  and  s ta to r  is la rg e , on  a c c o u n t o f 

th e  fa c t  th a t  th e  re la tiv e  p e rm e a b ility  (pf) o f the  p e rm a n e n t m agne t 

m a te r ia l is n e a r ly  u n ity . As a re s u lt  th e  cross cou p ling  te rm s  

( {Ls+Lj^ulg «  Vd,(Ls+LM)oId «<pdu ) in  Eq. (6.45) a re  neg lig ib le , 

lead ing  to  th e  fo llow ing  a p p ro x im a tio n s .

dld
Vd ~ RId + {Ls+Ljf) dt

dL
Vq «  E Iv +  (Ls + L j, ) - ^ - + K b u

Ta = KTI9

(6 .47)

(6 .48)

The co n s ta n ts  f d and — Kcpd have been re p la ce d  in  th e  Eqs. (6.47) and

(6.48) by the  m ore  fa m ilia r  b ack  em f c o n s ta n t KE and the  to rq u e
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co n s ta n t K?. The system  of Eqs. (6 .26), (6.47) and (6.48) m ay be 

m ore  co n ve n ie n tly  re p re se n te d  by th e  e q u iva le n t c irc u it  shown in  

Fig. 6.12.

(S.3.4 Control Strategy of MLBC Motor Drive

The BLDC m o to r d rive  cons is ts  o f a sw itch ing  co n ve rte r and 

a p e rm a n e n t m agne t synchronous m o to r. The co n ve rte r is c o n tro lle d  

in  such  a way as to  p rov ide  ac pow er to  the  a rm a tu re  a t 

synch ron ous  fre q u e n cy  a t a ll o p e ra tin g  speeds. Or, equ iva len tly , th e  

a rm a tu re  MMF a t a ll speeds is m a in ta in e d  a t a fixe d  phase angle w ith  

re s p e c t to  th e  e x c ita t io n  MMF. The BLDC m o to r  d rive  cons is ting  o f 

th e  synch ron ous  m o to r  and the  sw itch ing  c o n v e rte r is shown in  Fig. 

6.13. F irs t c u r re n t- fe d  o p e ra tio n  o f th e  BLDC m o to r is developed. 

Speed re g u la tio n  u n d e r s lid ing m ode c o n tro l is expla ined in  a 

subsequen t sec tion .

Fig. 6.13 Power c ircu it o f the BLDC m otor. The switches are 
synchronized to the rotor position and are the electronic 
counterpart of the m echanical com m utator in  the dc 
motor.
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In  the  d —g fram e  of re fe re n c e , th e  ro to r  MMF is co n s ta n t in  

m agnitude and o rie n te d  a long th e  d  axis fixe d  to  th e  ro to r .  The 

s ta to r  MMF along the  g axis  de te rm in e s  the  in s ta n ta n e o u s  to rq u e  

( T  = <Pd!q). The s ta to r  MMF a long th e  d  axis does n o t c o n tr ib u te  to  

the  developed to rq u e . The o p e ra tin g  p r in c ip le  o f the  BLDC m o to r in  

the  d —g fram e  of re fe re n ce  m ay be s ta te d  as fo llow s. The c u r re n t Ia, 

w hich does n o t c o n tr ib u te  to  u se fu l to rq u e  is m a in ta in e d  zero  a t a ll 

tim es. The c u r re n t Iq, w h ich  is respons ib le  fo r  the  developed to rq u e , 

is m a in ta in ed  a t such a m agn itude  and p o la r ity  as to  develop the  

des ired  to rque . The c o n tro l s tra te g y  o f th e  c u r re n t  fed  BLDC m o to r 

is th e n  to achieve Id = 0  and Iq = Iq*, w here  Iq* is the  des ired  g axis 

c u rre n t. The e q u iva le n t c ir c u i t  o f th e  c u r re n t  fed  BLDC m o to r is 

shown in  Fig. 6.14.

The essence o f th e  c o n tro l p ro b le m  of th e  c u r re n t  fed BLDC 

m o to r d rive  is to  re la te  th e  re q u ire m e n ts  o f the  d —g axes c u rre n ts  

(/* = 0  and Iq = Iqa) in to  a su ita b le  sw itch ing  s tra te g y  fo r  the  th re e  

sw itches in  the  c o n v e rte r. Th is is done b e s t in  th e  fo llow ing  

g ra p h ica l m anner. F igu re  6.15 shows the  ac tive  p lane  of the  

m ach ine. The ro to r  is shown fro z e n  a t an a n g u la r p o s it io n  o f 15°. The 

o r ie n ta tio n  o f the d  axis is fixe d  on th e  r o to r  and co inc ides  w ith  the  

ro to r  MMF d ire c tio n . The o r ie n ta t io n  o f the  g ax is  is a lso fixed  on 

the  ro to r  and n o rm a l to  the  d  axis . The d ire c te d  a rrow s  in  Fig. 6.15 

re p re se n t the  d ire c tio n  of th e  s tead y  s ta te  s ta to r  MMF’s fo r  the  

d iffe re n t sw itch  p os itions  shown a longside . F o r exam ple , sw itch  

in p u ts  (Ai,Bi,C0) p roduces a s te ady  s ta te  MMF v e r t ic a lly  upwards in  

the  ac tive  p lane o f the  m o to r. F o r th e  r o to r  p o s it io n  (1 5 ° )  shown in
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K j l ,,

Fig. 6.14 E qu iva len t c irc u it o f the c u rren t fe d  BLDC m otor (w ith  
Id — 0). The m echanical system  consisting o f the in e r t ia  
(J), f r ic t io n  (B), and the Load torque ( Tf) is represented  
by th e ir e lec trica l analog.

axis

a x isA©' 9

' 9

Fig. 6 .15  Steady state a rm atu re  MMF fo r  the various in v e rte r  
sw itch  positions. The d irected  arrow s show the steady 
state a rm atu re  MMF in  the active p lan e  o f the m otor 
fo r  the six possible sw itch  inputs. The orien tation  o f 
the d.q axes are shown fro z e n  in  space corresponding  
to the ro to r a t 15°.
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Fig. 6.15, th e  sw itch  in p u ts  (A1.B1C0) p ro d u ce  a s teady s ta te  s ta to r  

MMF co rre sp o n d in g  to  some p o s itive  Id a nd  some pos itive  Iq. In  a 

s im ila r  way th e  sw itch  in p u ts  {A0.Bd,C i ) p ro d u ce  a s ta to r  MMF 

co rre sp o n d in g  to  some nega tive  Id and  some nega tive  Iq; sw itch  

in p u ts  (Aq.Bl Co) p roduce  a s teady s ta te  s ta to r  MMF co rresp o n d in g  to 

some nega tive  Id and some p o s itive  Iq; sw itch  in p u ts  (^.Sq.Cx) 

p ro du ce  a s teady s ta te  s ta to r  MMF c o rre s p o n d in g  to  some p o s itive  Id 

and some nega tive  Iq. This above re s o lu t io n  o f s teady s ta te  MMF’s 

due to  d if fe re n t sw itch  in p u ts  in to  e q u iv a le n t d and q axes c u rre n ts  

is v a lid  in  the  range  of r o to r  p o s it io n  0  < at < 60°. Table 6 . 1  shows 

th e  in te rp re ta t io n  of s teady s ta te  MMF’s in  te rm s  o f Id and Iq and  the 

v a lid ity  o f th is  in te rp re ta t io n  in  te rm s  o f th e  r o to r  p o s it io n  at.

S w itch  P o s itio n
D ire c tio n  o f MMF

Range o f a t
d  axis q ax is

A \ , B \ ,  C q + k + jq 0 ° < a t  <60°

A 0 . B 1.C 0 ~ k + /, 0 ° < a t  <60°

A 0 , B , , C i ~ k ~ k —3 Q ° < a t  <+30°

A q , B q , C  j ~ k ~ k 0 ° < a t  <60°

A 1. B q , C 1 + k ~ k 0° < a t  <60°

A \ , B q , C i + k + k —30°<«£ <+30°

TABLE 6.1 Steady state stator MMF’s fo r  d ifferen t switching inputs  
and th e ir in te rp re ta tio n  in  the synchronously rotating  
(d,g) reference fra m e . As we are in terp re tin g  a 
s ta tio n ary  quantity  (steady state stator MMF) in  a 
ro ta ting  reference fra m e  the in terp re ta tio n  is va lid  
only in  a lim ited  range o f ro tor position. The last 
colum n indicates this lim ita tio n .
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Fig. 6.16 Sufficient control inputs fo r  each  60° wide sectors o f the 
ro tor position. The requ irem en t o f having to control 
independently only two quantities Id and lq w ith  three 
independent switches (A.B.C) results in  the ava ilab ility  
o f more than sufficient control options. Notice that only 
fo u r  switch inputs o f a ll the possible switch inputs are 
used in  each sector.
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We need to  re la te  the  re q u ire m e n ts  o f Id and  Ig to  the  th re e  

sw itch  pos itions  a t any in s ta n t. There a re  two va riab les  (Id and Iq) to  

be c o n tro lle d  w ith  th re e  sw itch  inp u ts  in d ica tin g  an e x tra  degree of 

freed om . This e x tra  cho ice ava ilab le  is also seen in  Table 6.1. 

H ow ever we m ay se le c t a se t o f c o n tro l in p u ts  capable o f ach ieving  

±Id and ±Iq and w ith  a co n s is te n t range  o f at in  w h ich  th e y  are  

app licab le . These a re  (A1.B1.C0).{A0.B1,C0),(A0.Bo,C1) and {A1,BG.C1) in  

the  range  o f r o to r  p o s it io n  0  < at < 60°. T h e re fo re  in  the  range  of 

0 ° < a t < 60°, the  above fo u r  c o n tro l in p u ts  co m b in a tio n  is su ffic ie n t 

to  o b ta in  the  re q u ire d  c o rre c t io n  (inc re a s ing  o r decreas ing ) in  b o th  

Id and  Iq. F igu re  6.16 shows the  c o n tro l in p u t co m b in a tio n s  used in  

each  o f the  60° wide sec to rs  in  the  ac tive  p lane in  w h ich  the  ro to r  

MMF is o rien te d .

The s tra te g y  o f c o n tro l is to  de te rm ine  th e  e r r o r  in  the  

ins ta n ta n e o u s  va lue o f the  c u rre n ts  Id and Iq and  to  se lec t the  

a p p ro p ria te  sw itch  in p u ts  (A,B,C) depending on th is  e r ro r .  In  each o f 

th e  s ix  secto rs  shown in  Fig. 6.16 the  in s tan tane ous  va lue  o f Id and 

Ig enables one to  se le c t an a p p ro p ria te  power c ir c u i t  sw itch  

p o s itio n s . F o r exam ple, in  the  se c to r 0°<cj£<60°, i f  the  va lue  of Id 

and  Iq are h ig h e r th a n  th e ir  des ired  values (Id* and rq*), th e  c o n v e rte r 

is sw itched to  {Ao.Bq.C^. I f  Id is less th a n  Id and Iq is h ig h e r th a n  

Iq", th e n  the  c o n v e rte r  is sw itched to (A1,B0,C1) and  so on. R o to r 

p o s it io n  {at) and the  phase c u rre n ts  UaJb-Ic) of the  m o to r  a re  sensed. 

By using the  tra n s fo rm a tio n s  g iven  in  Section  6.2.3, th e y  are  

co n ve rte d  in to  Id and Iq. Id is checked fo r  zero  va lue. Iq is checked 

fo r  th e  desired va lue  Iq. F ro m  these in p u ts  and th e  se c to r in  w hich
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S ec to r 4 > o ? I  >/•'?
Switc h  In p u ts

A B c

0 0 1 1 0

0°<«£<60° 0 1 1 0 1

1 0 0 1 0

1 1 0 0 1

0 0 0 1 0

60°<o£ < 1 2 0 ° 0 1 1 0 0

1 0 0 1 1

1 1 1 0 1

0 0 0 1 1

1 2 0 ° < o f <180° 0 1 1 1 0

1 0 0 0 1

1 1 1 0 0

0 0 0 0 1

180°<of <240° 0 1 0 1 0

1 0 1 0 1

1 1 1 1 0

0 0 1 0 1

240° < o f <300° 0 1 0 1 1

1 0 1 0 0

1 1 0 1 0

0 0 1 0 0

300° < o f <360° 0 1 0 0 1

1 0 1 1 0

1 1 0 1 1

TABLE 6 .2  Look-up table re la tin g  the in p u t quantities  — ro tor MMF 
sector, d axis c u rre n t (Id > 0  ? ) and the q axis 
c u rren t (/? > / •  ?) -  d ire c tly  in to  the necessary
control actxon in  term s o f the in v e rte r  sw itch positions 
(A.B.C).
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th e  r o to r  MMF lies  a t any  in s ta n t, th e  pow er c i r c u i t  sw itch  in p u ts  a re  

se lec ted . Table 6.2 is a lo o k -u p  ta b le  fo r  th is  pu rpose .

5.3.5 Q u ixem t M o to r D rive  and  T e s t R esu lts

The above c o n tro l s tra te g y  was im p le m e n ted  on a 1 /2  hp  

BLDC m o to r . F igu re  6.17 shows th e  b lo c k  d ia g ra m  of the  h a rd w a re  

to  com pu te  Id and Iq. The H a ll-e ffe c t c u r re n t  sensors g e ne ra te  analog 

s igna ls p ro p o r t io n a l to  the  phase c u r re n ts  (IaJb, and Ic) of th e  m o to r. 

An in c re m e n ta l en code r d rive s  the  u p /d o w n  c o u n te r to  p ro d u ce  

d ig ita l s h a ft p o s it io n  s ig n a l ( u t ) .  The A B C —a{3 t ra n s fo rm a tio n  b lo c k  

re a liz e s  th e  Eq. (6.35). I t  takes  in  ana log  phase c u r re n t  s igna ls (IA,IB. 

and  I c) to  p ro d u ce  th e  ana log  two phase c u r re n t  s ignals ( / „  and  Ip) .  

Two E prom s s to re  th e  tr ig o n o m e tr ic  fu n c tio n s  cos u t  and sin u t ,  and 

a re  addressed  by th e  d ig ita l s h a ft p o s it io n  s igna l. M u ltip ly in g  D /A  

c o n v e rte rs  re a liz e  Eqs. (6.41) and (6 .42) to  p ro du ce  the  analog d ire c t

Xa

HALL
SENSOR

MULTIPLYING
D/A

CONVERTER

SHAFT
P O S IT IO N

SENSOR

UP/DOWN
COUNTER

COS u t  
EPROM

S IN  
EPROM

'X*

•x.

SECTOR
SENSOR

Fig. 6 .17  H ardw are J o t  com puting the d irec t axis and the 
quadrature axis currents Ia and  Iq.
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and q u a d ra tu re  axes c u r re n t  s igna ls.

F ig u re  6.18 shows the  b lo c k  d ia g ra m  o f the  c u rre n t- fe d  

BLDC m o to r. The two c o m p a ra to rs  sense the  p o la r ity  of the  e r ro r  in  

the  d ire c t ax is  c u r re n t  Id and th e  q u a d ra tu re  axis c u r re n t Iq. The 

se c to r senso r is re a lize d  w ith  an E prom . I t  senses the  60° wide se c to r 

in  w h ich  the  r o to r  MMF is o r ie n te d  a t any in s ta n t. F ro m  these in p u ts  

the  lo o k -u p  ta b le  se lects  th e  sw itch  in p u t fo r  the  th re e  phase in p u t 

sw itches. The c o n te n t o f th e  lo o k -u p  tab le  is the  same as g iven  in  

Table 6.2.

F ig u re  6.19a shows th e  phase c u rre n ts  IA and Ig. F ig u re  

6.19b shows th e  tra n s fo rm e d  two phase c u rre n ts  I a and  Ip.

U nd e r c u r re n t  c o n tro l the  o v e ra ll system  (7g vs a) is a f i r s t  

o rd e r sys te m  whose tim e  c o n s ta n t is th e  same as the  m e ch an ica l 

tim e  c o n s ta n t (« //B) o f the  m o to r. F igu re  6.20 shows the  step change

A

LOOK B

C

ut SECTOR 
1  SENSOR

Fig. 6.18 Block diagram, o f the c u rren t-fe d  BLDC motor drive. The 
switch inputs uA.uB.andu.c are stored in  a  lookup table as 
a fu n c tio n  o f the errors in  the d irect and quadrature  
axes currents and the sector o f the ro tor MMF.
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in  Iq and the  co nsequ en t response  in  speed. This te s t is use fu l in  

de te rm in ing  the m o to r  p a ra m e te rs . The tim e  co n s ta n t o f the  speed 

response gives the  m e ch a n ica l tim e  c o n s ta n t {J/ B) o f the m o to r. The 

slope o f the  speed response  (d a /d t)  as the  speed passes th ro u g h  

zero  speed is a m easure  o f the  load  in e r t ia  (KTIq/J ) .  W ith a 

dynam om ete r load the  to rq u e  g e n e ra te d  pe r am pere of Ig (KT) m ay 

be m easured. F ro m  th is  te s t a ll th e  m echan ica l pa ra m e te rs  of the 

m o to r m ay be e x p e r im e n ta lly  de te rm in ed .

F igu re  6.21 shows the  b lo c k  d ia g ra m  of the  c u r re n t fed 

BLDC m o to r d rive . The q u a d ra tu re  axis c u r re n t (Iq) and the  speed 

(w) are b o th  con tinu o u s  s igna ls . The s h a ft speed («) is re la te d  to  the 

q u a d ra tu re  axis c u r re n t  (Iq) by  a f i r s t  o rd e r dynam ics. Simple lin e a r 

feedback com pensa to rs  m ay be used to  design an o ve ra ll speed 

c o n tro lle r . In  the  fo llo w ing  se c tio n  th e  a lte rn a tive  approach  of a

fa) lb)

TRACE 1: I A 
TRACE 2: I g 
SCALE: i  AMP/D IV

In!!

TRACE 3: I,
TRACE 2: I p 

SCALE: 3 AMP/DI V

Fig. 6 .19 Current w aveform s o f the curren t controlled. BLDC 
motor. The physica l stator currents  7̂ , and/# (a ) and the 
transform ed two phase currents I a and Ip (b).
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TRACE 1 

2

Fig. 6 .20  The response in  speed o f the c u rre n t fe d  BLDC m otor 
fo r  step change in  the torque p rod ucing  c u rre n t Iq. The 
e lec trica l tim e constant o f the m otor being low, the 
response in  c u rre n t  is  alm ost in s tan tan eo u s . The speed 
response is  exponential w ith  a  tim e constant equal to 
the m echan ical tim e constant o f  the d rive .

a
Iq -e> ik}

Fig. 6.21 Block d iag ram  m odel o f the c u rre n t fe d  BLDC m otor 
drive. The system  is Linear an d  f ir s t  o rd er between Iq* 
and u.
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s lid ing  mode speed c o n tro lle r  is g iven .

©.4 S lid ing  Mode Speed C o n tro lle r

The BLDC m o to r  d rive  m ay be re p re s e n te d  by the  f r o n t  end 

c o n v e r te r  and  the  ro ta t in g  re fe re n c e  fra m e  e q u iva le n t c ir c u it  o f the  

m o to r  as shown in  Fig. 6.22. The c o n tro l p ro b le m  is to  se le c t an 

a p p ro p r ia te  c o n tro l s tra te g y  fo r  th e  sw itches in  the  f r o n t  end 

c o n v e r te r  in  o rd e r to  ach ieve  th e  d yn a m ic  and  steady s ta te  speed 

response  re q u ire m e n ts  fo r  the  d r iv e . R eca lling  fro m  the  case o f DC 

m o to r  speed c o n tro l d iscussed  in  S e c tio n  6.1, the  response 

re q u ire m e n ts  m ay be p u t in  the  fo llo w in g  fo rm .

The e x tra  c o n d itio n  re q u ire d  to  be s a tis fie d  fo r  o r th o g o n a lity  

be tw een s ta to r  and r o to r  MMF’s is th a t

The va lue  o f aq a t any in s ta n t (a g a in  re c a llin g  fro m  S ection  6.1) 

he lps decide th e  need to  "a c c e le ra te '' o r  "d e c e le ra te "  the  m o to r. The 

need fo r  a c c e le ra tio n  o r d e c e le ra tio n  d e te rm in e s  the  p o la r ity  o f Iq 

des ired . F ro m  Eq. (6.46) i t  is seen th a t  in c re a s in g  fq de ce le ra tes  the  

m o to r  and decreas ing  Iq a c c e le ra te s  th e  m o to r . The va lue  o f ad a t 

any in s ta n t d e te rm in e s  th e  c o r re c t iv e  a c t io n  des ired  in  Id. G iven the  

va lue  o f od,uq and th e  s e c to r  o f th e  r o to r  MMF a t any in s ta n t a lo o k ­

up ta b le  m ay be c o n s tru c te d  to  re la te  these co n d itio n s  to  the  

d e s ire d  sw itch  in p u t. Table 6.3 is th e  lo o k -u p  tab le  fo r  th is  purpose . 

Table 6.3 is id e n tic a l in  its  c o n te n t to  Table 6.2 used fo r  c u r re n t

(6.49)

a d =  I d =  0 (6.50)
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S ecto r ffd> 0 ?
S w itch  In puts

ug<ag?
A B c

0 0 1 1 0

0 1 1 0 10° <at <60°
1 0 0 1 0

1 1 0 0 1

0 0 0 1 0

0 1 1 0 060°<ut < 1 2 0 °
1 0 0 1 1

1 1 1 0 1

0 0 0 1 1

0 1 1 1 0120° < at  < 180°
1 0 0 0 1

1 1 1 0 0

0 0 0 0 1

0 1 0 1 0180° <w£ < 240°
1 0 1 0 1

1 1 1 1 0

0 0 1 0 1

0 1 0 1 1240° <w£ <300°
1 0 1 0 0

1 1 0 1 0

0 0 1 0 0

0 1 0 0 1
300° <u£ <360°

1 0 1 1 0

1 1 0 1 1

TABLE 6.3 Look-up table re la tin g  the in p u t quantities — rotor MME 
sector, d axis slid ing line  {od > 0  ? ) and the q axis
sliding line  (cr? > 0  ?) — direc tly  in to the necessary
control action \n  term s o f the in ve rte r switch positions 
(.A.B.C).
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Fig. 6 .22  The complete schematic d iagram  o f the BLDC motor 
drive. The e lectrical and the electrom echanical 
subsystems o f the drive are g iven in  the synchronously  
rotating  (d,q) reference fra m e .

c o n tro lle d  BLDC m o to r. The d iffe re n ce  is in  the  g ax is  c o n tro l 

dec is ion. This d iffe rence  is due to  th e  fa c t  th a t  p o s itive  Iq p roduces 

nega tive  to rq u e  and negative  Iq p roduces  p o s itive  to rq u e .

6.4.1 P ra c tic a l Design C ons id e ra tio n s

The c o n tro l s tra te g y  in d ic a te d  above re q u ire s  th e  o u tp u t 

speed e r ro r  and its  de riva tive  to  be m e a su re d  in  o rd e r  to  eva lua te  oq 

a t  any in s ta n t. In  the  m o to r, th e  speed d e r iv a tiv e  is n o t d ire c tly  

accessib le  fo r  m easurem ent. T h e re fo re  th e  s lid ing  line  has to be 

m od ified  in  p ra c tice  w ith  c e rta in  a p p ro x im a tio n s  as was done fo r dc 

m o to r  d rives exp la ined  in  S ection 6.1.
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U nder th e  a ssu m p tio n  th a t  f r ic t io n  is low  and th a t  th e  loa d  

to rq u e  is c o n s ta n t o r s low ly  v a ry in g , th e  m e c h a n ic a l s y s te m  e q u a tio n  

g iven  by  Eq. (6.26) m ay be a p p ro x im a te d  as

v 7 -  Tdu
~Kt19 ~ J~dt (6 .51)

The sw itch ing  bo un d a ry  ag m ay be s e t up in  te rm s  o f th e  g ax is  

c u r re n t  e r ro r  Jq and the  speed e r ro r  (« —w*)-

crg(*) = {a - u ° ) - R J q (6 .52 )

Rs is a design p a ra m e te r and is u s u a lly  th e  c u r re n t  m e a s u rin g  

re s is ta n ce . The slid ing lin e  e q u a tio n  be ing  a lin e a r  d if fe re n t ia l 

e q u a tio n , one m ay re p re s e n t th e  same in  fre q u e n c y  do m a in  as w ell. 

aq(s) = (o -c j* ) -  RsIq (6 .53 )

U nde r s lid in g  mode c o n tro l,  s ince  crg*(s) is m a in ta in e d  to  be  z e ro , th e  

re s u lta n t  c losed loop tra n s fe r  fu n c t io n  o f th e  sy s te m  is g ive n  b y  

/ \  -  c.?*(s)
aKS} 1+s JRs/ K t (6 .54 )

N otice  th a t  u n like  re a l s lid in g  m ode c o n tro l,  now  th e  re sp on se  tim e  

is a fu n c tio n  o f the  design  p a ra m e te r  Rs as w e ll as th e  m o to r  

p a ra m e te rs  J and KT.

In  Eq. (6.53) the  s lid in g  line  is  show n as th e  w e ig h te d  su m  o f 

th e  speed e r ro r  and the  c u r re n t  e r r o r  Iq. To m ea su re  c u r r e n t  e r r o r  

Iq, th e  s teady s ta te  va lue  Iq* w ill have to  be s u b tra c te d  o u t  f r o m  th e  

c u r re n t  Iq. The s im p les t w ay to  re a liz e  th is  fu n c t io n  is by  m eans o f a 

h igh -pass  f i l te r .  F u rth e r, speed m e a su re m e n t f ro m  ta c h o g e n e ra to rs  

also re q u ire  f i lte r in g  due to  th e  c o m m u ta tio n  no ise  in  th e
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ta c h o g e n e ra to r  o u tp u t. T h e re fo re  in  p ra c tic e , the  s lid ing  lin e  is se t

up  in c o rp o ra t in g  su ita b le  p re f i lte rs . E q u a tio n  (6 .55) g ives the

p ra c t ic a l s lid ing  lin e  in  th e  fre q u e n c y  dom ain .

. l + « 2/ s  « j / s  i
a “  9 l  + 1 + u l/ s 1̂  = °  (6 .55)

The c u r re n t  m e a su re m e n t c ir c u i t  has an in v e rte d  po le. Speed s igna ls  

a re  a lso  m e a su re d  w ith  th e  same in v e r te d  po le . In  o rd e r n o t  to  

loose th e  s teady  s ta te  speed in fo rm a tio n  in v e r te d  zeroes a lso have 

been  added to  th e  speed m e a su re m e n t. E q u a tio n  (6 .55) m ay be p u t in  

th e  fo llow ing  fo rm  fo r  conven ience .

(6 .56)

U nd e r s lid in g  m ode c o n tro l ct'Xs ) is m a in ta in e d  to  be ze ro , 

lead ing  to  the  fo llo w in g  c losed loop  response .

U 1 + s /  gcj0+s2/  (6 .57)

a o = KTg l / J r l
Q — 1 / cjqTz

The response as seen by Eq. (6 .57) is a second o rd e r  response, and 

p ro v id e s  the  des ign  c r i te r io n .  iq is th e  c u r re n t  f i l te r in g  tim e  c o n s ta n t 

and  is chosen  h ig h e r th a n  the  e le c tr ic a l tim e  c o n s ta n t o f th e  m o to r. 

The speed ga in  grx is se lec ted  to  o b ta in  th e  d e s ire d  response tim e . 

The in v e r te d  ze ro  fre q u e n c y  ( l / r 2) o f speed m e a su re m e n t is chosen  

to  o b ta in  th e  d e s ired  dam ping .
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E qua tion  (6 .57) m ay be m o d ifie d  as fo llow s to  o b ta in  c e rta in  

p ra c t ic a l advantages.

1 . . 19 1 1+Tjs U g 1 1 + r ts a (6.58)

In  the  case o f c u r re n t  c o n tro lle d  d r ive , th e  response  in  the  c u r re n t 

is a lm ost in s ta n ta n e o u s  due to  th e  fa c t  th a t  th e  e le c tr ic a l tim e  

c o n s ta n t o f the  m o to r  is q u ite  low . And s ince we have chosen the  

va rio u s  f i l te r  tim e  co n s ta n ts  h ig h e r th a n  the  e le c tr ic a l tim e  c o n s ta n t 

o f the  m o to r, the  te rm  /g(s) on th e  RHS o f Eq. (6 .58) m ay be rep laced  

by Ig(s) g iv ing  rise  to  th e  fo llow ing  e q u a tio n .

~91 1 +T1s ^ * + 5 1  1+TjS 1+T jS7* ^  = (6.59)

E qua tion  (6.59) is in  such a fo rm  as to  be added on co n ven ie n tly  to  

a c u r re n t c o n tro lle d  BLDC m o to r. A n o th e r added advan tage  is th a t 

o v e rc u rre n t p ro te c tio n  can be s im p ly  added by in c o rp o ra t in g  lim its  

on th is  c u r re n t re fe re n ce  s ignal.

The p ra c t ic a l im p le m e n ta tio n  o f the  speed c o n tro lle r  is 

shown in  Fig. 6.23. The two c o m p a ra to rs  sense th e  p o la r ity  o f the  

e r ro r  ad and aq re sp e c tive ly . The sw itch  in p u ts  fo r  the  th re e  phase 

sw itches a re  o b ta ined  fro m  the  lo o k -u p  tab le . The co n te n ts  of the  

lo o k -u p  tab le  a re  g iven  in  Table 6.3.

F igures 6.24 and 6.25 show  th e  response  in  speed e r ro r  and 

Iq fo r  step speed re v e rs a l fo r  two d if fe re n t co m p e n sa to r designs.
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j* i

i-S-T
1
9  ' i

u t

A. o. C

+

1+TgS TgS

i  d-T$S ---- * 1+ T jS

0 q > 0 ?

-o
SIGNALS

Fig. 6.23 The sliding mode speed controller. Unlike the re a l  
sliding mode control using the speed e rro r and its  
derivative as the feedback variables, the m odified slid ing  
mode controller uses the speed erro r and the q ax is  
curren t as the feedback variables. Appropriate p re filte rs  
have been added to fa c ilita te  m easurem ent. The state o f 
the system  (adandag) at any in s tan t and the sector in  
which the rotor MMF lies at any in stan t are used to 
look up into a table to decide the necessary control 
action.
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TR ACE 1:

S P E E D  ERROR  

600  RPM /DIV

TR ACE 2 :

CURRENT  

5 A M P S /D IV

S L ID IN G  L IN E :

SECOND ORDER 

%=iO. 8 r a d / s e c  
0  =  1.2

Fig. 6.24 The response to step speed reversa l com m and o f a BLDC 
motor drive w ith  sliding mode controller. The control 
design in  this  case is  an under damp e d second order 
response.

TRACE i:
SPEED ERROR 

600 RPM/DIV

TRACE 2:
CURRENT I Q 

5 AMPS/DIV

S LID IN G  LIN E :
SECOND ORDER

ub=20.6 r a d / s e c  
0 = 0 . 6 1

Fig. 6.25 The response to step speed reversal command o f a BLDC 
m otor drive w ith  slid ing mode controller. The control 
design in  this case is an  overdamped second order 
response.
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6.5 SOME MORE PRACTICAL ASPECTS

F ro m  p e rfo rm a n c e  p o in t o f v iew  th e  BLDC m o to r  is seen to  

eq ua l the  dc m o to r  d rive . The e le c tro n ic  h a rd w a re  is m ore  com plex 

because re c o n s tru c t io n  of the  ro ta t in g  re fe re n c e  fra m e  c u rre n ts  Id 

and  Iq ca lls  fo r  p o s it io n  sen so r o f good  re s o lu tio n , m u lt ip lie rs , e tc. 

W ith d ig ita l m em ory  ch ips  and D /A  c o n v e r te rs , the  m u lt ip lie rs  can be 

re a liz e d  ine xp ens ive ly . The p o s it io n  sen so r is s t i l l  one o f the  h igh  

c o s t com ponen ts  o f th e  system .

In  th is  se c tio n  some s im p lif ic a t io n s  in  th e  ha rdw a re  fo r  

c e r ta in  a p p lica tio n s  a re  o u tlin e d . P oss ib le  s o lu t io n  to  overcom e the  

d isadvan ta ges  in c u r re d  due to  the  above s im p lif ic a tio n s  is id e n tifie d  

in  th e  design o f th e  m o to r.

F ro m  S ection  6.3, we m ay  w r ite  th e  re la t io n s h ip  betw een the  

d —q axes c u rre n ts  and  the  phase c u r re n ts  as below.

4 —cos a t  sin a t —V 3 /  2 V 3 /  2 0 'h

Jq
— —sin a t  —cos a t - 1 / 2  - 1 / 2  1 / b

Ib

When we desire  s in u so id a l c u r re n ts  in  th e  w ind ings, the  above 

tra n s fo rm a tio n s  have to  be re a liz e d  w ith  good a c c u ra c y  of the  

tr ig o n o m e tr ic  te rm s  in vo lve d  in  Eq. (6 .60 ). G ra n tin g  th a t  non- 

s in u s o id a l phase c u r re n ts  a re  to le ra b le , th e  tr ig o n o m e tr ic  te rm s  in  

th e  above tra n s fo rm a tio n s  m ay be re p la c e d  by th e  average va lues of 

th e ir  end values in  each o f th e  60° w ide se c to rs  o f the  ro to r  MMF 

p o s it io n . Fo r exam ple , co n s id e rin g  th e  0°<cj£<60° s e c to r, the  end 

va lues  o f the  c u rre n ts  Id and Iq a re  g ive n  by the  fo llow ing  equations.
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u t  = 0 °

- 1  0 ] f - V 3 / 2  V 3 / 2  f)
0  —i j  | —1 /  2  - 1 / 2  1

4
h
4 (6 .6 1 )

4 - 1 / 2  - V 3 / 2 - V 3 /  2 V 3 /‘ 2 0 4

h

11
0O(DII*43 V 3 / 2  - 1 / 2 - 1 / 2  - 1 / 2  1 I b

1b (6.62)

Taking th e  average of Eqs. (6.61) and (6 .62) we m ay w rite  fo r  the  

se c to r 0°< cj£<600

3 V 3  r

0 ° < o f  < 6 0 ° | -Vb - I c) (6.63)

F u r th e r  s im p lif ic a t io n  is possib le s ince  u n d e r s lid in g  c o n tro l Id is 

ze ro . Then i t  fo llow s th a t

3V3

0 ° < u t  < 8 0 °

4
3

(8.84)

U sing th e  above idea we m ay p iece  to g e th e r  the  c u rre n ts  Id 

and Iq f ro m  th e  a p p ro p ria te  phase c u r re n ts  in  each  o f th e  secto rs . 

The p iece-w ise re la t io n s h ip  betw een the  c u r re n ts  Id and Iq and the  

phase c u r re n ts  is g iven  in  Table 6.4.

F ig u re  6.26 shows th e  b lo c k  d ia g ra m  o f th e  hardw are  

needed to  com pu te  Id and Iq a p p ro x im a te ly  a cc o rd in g  to  Table 6.4. 

C om paring w ith  Fig. 6.22, we see th a t  re c o n s tru c t in g  the  c u rre n ts  Id 

and Iq us ing Table 6.4 re q u ire s  o n ly  a s e c to r  se nsor (m uch less 

expensive th a n  a h igh  re s o lu tio n  p o s it io n  sen sor) and analog
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S ecto r h Ia

0 °<w£ <60° +3V3 r
4 h \ Ib

60° <«£ < 1 2 0 ° -3 V 3  „ 
4 Ic ¥ b

1 2 0 ° <w£ < 180° +3V3 r 
4 lB

3_,
2  c

180° <wf <240° -3 V 3  r 
4 Ia

3_r
2

240° <o>f <300° +3V3 r 
4 /c CO 

I CO

300° <360° -3 V 3  r 
4 Ib 2  Ia

TABLE 6.4 Appoximate re la tionsh ip  between the d,q axes currents  
and the three phase m otor currents. From this 
relationship  Id and Jq m ay be appoximately pieced  
together fro m  the phase currents w ith  the use o f only 
sector sensors and analog switches instead of position  
sensors and m u ltip lie rs .

sw itches in s te ad  o f m u lt ip lie rs . C onsiderab le  s im p lif ic a tio n  is possib le 

by fo llo w ing  the  above m e thod  o f gene ra tin g  Id and Iq. F o r good m any 

a p p lica tio n s  th e  d iffe rence  in  p e rfo rm a n ce  because o f the  above 

changes is im pe rce p tib le . F ig u re  6.27a shows the  phase c u rre n ts  

u n d e r such a c o n tro l. F igu re  6.27b shows the  c u rre n ts  I a and 1$, 

F igu re  6.28 gives the  response  in  speed e r ro r  and Iq fo r  step 

re v e rs a l in  speed com m and u n d e r such a c o n tro l.

I t  m ay be seen th a t  the  phase c u r re n t  w aveform s are  

quas i-sq u a re  wave. As a re s u lt  the  gene ra ted  to rq u e  w ill be 

p u lsa tin g  causing d ifficu ltie s  a t  v e ry  low speeds. This p ro b le m  ex is ts  

on ly  i f  th e  m o to r  has a s in u so id a l d is tr ib u t io n  of flu x . However if  the  

m o to r  can  be b u ilt  w ith  tra p e z o id a l d is tr ib u t io n  o f f lu x  the  low speed
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sewsoR
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AWALOG

4

SWITCH
3
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2

i

SHAFT

COUNTER
ENCODER

SECTOR
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Fig. 6.26 H ardw are fo r  the approxim ate computation o f the d irect 
and quadrature axes currents according to Table 6.4.

fa) (b)
IV

I;d : 21

I V “ T 1 rL b J L
j I" ,,, 11,1

J m aA jr
2 a!

TRACE i :  I A 
TRACE 2: I B 
SCALE: 1 A M P /D IV

TRACE 1: I«
TRACE 2: I §
SCALE: i  AMP/DIV

Fig. 6.27 Three phase curren t waveform s (a) and the equivalent 
two phase cu rren t waveform s (b)  when the 
approxim ation given in  Table 6.4 is used to m easure Jd 
and Iq. This approxim ation leads to the w ell known  
quasi-square wave control o f the motor.
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p e rfo rm a n c e  can be c o n s id e ra b ly  im p ro ve d .

In  th is  C ha p te r the  a p p lic a t io n  o f s lid ing  m ode c o n tro l fo r  

th e  speed re g u la tio n  o f dc m o to r  and  BLDC m o to r  w ere exp la ined . 

L in e a r c o n tro l th e o ry  and  s lid in g  m ode  c o n tro l w ere co m b ine d  to  

o b ta in  su ita b le  des ign  c r i te r ia  fo r  speed re g u la to rs . E x p e r im e n ta l 

re s u lts  w ere  p re se n te d  to  v e r ify  th e  des ig n  p ro c e d u re .

The BLDC m o to r  d r iv e  p e r fo rm a n c e  equa ls the  dc m o to r  

d rive . In  v iew  o f th e  ro b u s tn e ss  o f th e  m o to r  th e  BLDC m o to r  

p ro v id e s  an  a ttra c t iv e  o p tio n  fo r  v a r ia b le  speed a p p lica tio n s . W ith 

h ig h  speed sw itches th e  m o to r  m ay be des igned  w ith  h ig h e r n u m b e r

TRACE 1:
SPEED ERROR 
60 0  RPM/DIV

TRACE 2:
CURRENT Iq

5  AMPS/DIV

SLID IN G  LINE:
SECOND ORDER 
vq= 2 0 . 8 rad/sec 
0  = 0 .6 1

Fig. 6 .28  The response to step speed reversa l com m and -when 
piece-w ise approxim ation  is  used to evaluate the Id and  
Iq. The response is  p ra c tic a lly  ind istinguishable fro m  the 
one g iven  in  Fig. 6 .25  w here the more accurate  
trigonom etric  tran sfo rm atio ns  are used to evaluate Id 
and Iq.

2V 5V

infill t
j&AtAe
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o f po les fo r  o p e ra tio n  a t. h ig h e r syn ch ro n o u s  fre q u en cy  re s u lt in g  in  

h ig h e r pow er d e n s ity  fo r  th e  m o to r . W ith tra p e z o id a l flu x  

d is t r ib u t io n  fu r th e r  s im p lif ic a t io n  in  the  e le c tro n ic  h a rd w a re  is 

poss ib le .
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CHAPTER 7 

EXTENSION TO SYNCHRONOUS MOTOR DRIVE

In C hap te r 5, i t  was in d ic a te d  th a t  the  va rious  m achines 

lea d  q u a lita tiv e ly  to  id e n tic a l d e s c r ip tio n . Such a d escrip tion , when 

expressed  in  an a p p ro p r ia te  re fe re n c e  fra m e , also tu rn s  o u t to  be 

tim e  in v a r ia n t th u s  s im p lify in g  the  ana lys is . In  C hapter 6 , the  

co n ce p t o f s lid ing  m ode c o n tro l was app lied  to  the  dc m o to r d rive  

and the  BLDC m o to r  d rive . The design c r ite r ia  were also found  to  be 

id e n tic a l in  b o th  cases. The same m e th o d  o f c o n tro l is app licab le  to  

syn ch ronous  m o to r  d rive s  as well. The fie ld  o rie n te d  c o n tro l o f 

in d u c tio n  m o to rs  fo llow ing  th e  p r in c ip le s  o f s lid ing  mode c o n tro l is 

s im ila r, b u t n o t in  the  scope o f th is  thes is .

In  th is  c h a p te r, we se t fo r th  a d iscuss ion  on the  s lid ing  

m ode speed c o n tro l o f synch ron o u s  m o to r  d rives and the  scope o f 

s teady  s ta te  e ffic ie ncy  o p tim iz a tio n  app lied  to  synch ronous m o to r 

d rives.

7.1 S ynch ronous M o to r D rives

F ro m  C hapte r 5, we have the  de fin ing  equa tions  of the  syn ch ronous
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Fig. 7.1 The e lectrical equivalent c irc u it o f the synchronous 
motor.

FIELD
d a k i s CONT­

ROLLER

Fig . 7.2 The complete control and pow er c ircu it schematic o f a 
synchronous m otor drive.
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m o to r.

Va Ra + (M  +  L A)p Mp 0 i-A
Vd Mp Ra + {M  + Lld)p  —(!/] JrL iq)u id
vs. Mcj {M  +  Z j j j ) ^  Rq +  (M  +  Lia )p

T MiAiq -f ( i j j  Lq)iei q (7 .2)

The e q u iva le n t c i r c u i t  o f th e  s y n c h ro n o u s  m o to r  fo llo w s  re a d ily  fro m  

Eqs (7.1) and (7.2) and  is show n in  F ig. 7.1. The g ax is  e q u iva le n t 

c ir c u i t  is id e n t ic a l to  th a t  o f th e  BLDC m o to r . The d axis c ir c u i t  

invo lves th e  e x c ita t io n  c i r c u i t  as w e ll as th e  a rm a tu re  c irc u it .  When 

we app ly  the  s lid in g  c o n tro l p r in c ip le s  o f speed c o n tro l o f 

syn ch ro n o u s  m o to rs , th e  a rm a tu re  c o n t ro l c i r c u i t  is id e n tic a l to  the  

c o n tro l c i r c u i t  o f th e  BLDC m o to r .  The e x tra  c o n tro l c i r c u i t  re q u ire d  

is the  e x c ita t io n  c o n tro lle r .  Th is  ca n  be v e ry  c o n v e n ie n tly  re a lize d  as 

a c o n s ta n t c u r re n t  c o n tro lle r .  The o v e ra ll c o n tro l schem e is shown 

in  Fig. 7.2. The a rm a tu re  c o n t ro l le r  is id e n tic a l to  th e  c o n tro lle r  

de scribed  in  C hap te r 6 , fo r  th e  BLDC m o to r . The fie ld  c o n tro lle r  is a 

c o n s ta n t c u r re n t  c o n tro lle r  w hose p u rp o se  is to  m a in ta in  the  

e x c ita t io n  in  the  m a ch in e  c o n s ta n t c o rre s p o n d in g  to  I*A. The m ach ine  

e x c ita t io n  m ay be s e t to  a f ix e d  n o m in a l va lue . Then the  

p e rfo rm a n c e  o f th e  o v e ra ll d r iv e  w ill be id e n tic a l to  th a t  o b ta in e d  fo r  

th e  BLDC m o to r. In  th e  fo llw in g  s e c tio n  we see how  th e  e x c ita t io n  

m ay be in d e p e n d e n tly  c o n tro lle d  to  a ch ieve  o p tim u m  e ffic ie ncy  u n d e r 

d if fe re n t o p e ra tin g  loads.
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7.2 Losses in the Motor

F o r the  syn ch ron o u s  m o to r , u n d e r s te a d y  s ta te  o p e ra tio n , w ith  

re fe re n c e  to  Fig. 7.2, we m ay id e n t ify  th e  losses in  the  m o to r. U nder 

s teady s ta te  o p e ra tio n , id = 0 , iq = Iq°, a n d  %A = IA . The fo llow ing  a re  

th e n  the  s teady s ta te  losses.

i)  There  are  no iro n  o r  co p p e r losses in  the  d axis a rm a tu re  

c ir c u it .  This is because th e  d ax is  c u r r e n t  and conseq uen tly  th e  d 

ax is  a rm a tu re  MMF are  ze ro .

i i)  There  is a co m p o n e n t o f c o p p e r loss in  the  d ax is  e x c ita t io n  

c ir c u i t  equa l to  V A RA■ The re  a re  no  h y s te r is is  o r  eddy c u r re n t  

losses in  th e  e x c ita t io n  c ir c u it ,  s ince  th e  e x c ita t io n  MMF is dc.

i i i )  The q ax is  a rm a tu re  c i r c u i t  e x p e rie n ce s  b o th  cop pe r losses 

and iro n  losses. The q ax is  a rm a tu re  co p p e r losses a re  I*qzRq, and 

th e  q ax is  iro n  losses a re  p ro p o r t io n a l to  th e  q ax is  MMF.

w here  / ( / * , )  is the  iro n  losses and  is a n o n lin e a a r m o n o ton ic  fu n c tio n  

o f I*q. F u r th e r  u n d e r s te ady  s ta te , th e  lo a d  to rq u e  is c o n s ta n t and 

hence I*q -  T */M I*q. T h e re fo re  th e  losses m ay be w r it te n  as

Ki and Kz a re  su itab le  co n s ta n ts . F ro m  Eq. (7.4), we see th a t  the  

losses a re  h ig h  a t  e ith e r  end o f e x c ita t io n  co n d itio n s . A m in im u m  

va lue  o f losses e x is t fo r  a sp e c ific  va lu e  o f I"A fo r  any spec ific  s teady 

s ta te  o p e ra tin g  co n d itio n .

U nd e r s teady s ta te  th e n  th e  losses a re  

LOSSES = I \ zRq + r AzRA+ f U \ ) (7.3)

LOSSES = fTI / / V + A 2 / V + / i ( ^ ) (7.4)
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.30.25.10 .25 .20.05
FIELD CURRENT (AMPS)

Fig. 7.3 The Input power vs excita tion  curves fo r  a dc motor 
under d ifferent output Load conditions. For every load 
condition, there is a c e rta in  excitation Level w hich results  
in  m in im u m  in p u t p o w er and m axim u m  overall 
efficiency. From the argum ent given in  the text, the 
Losses or a synchronous m otor are also s im ila r.
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•e-V- — — <&

ARMATURE
aoa

FIELD

SLIDING MODE 
ARMATURE 

CONTROLLER

SLIDING MODE TOTAL
FIELD Q-------------

CONTROLLER POWER

Fig. 7.4 The synchronous m otor drive under sliding mode control.
The arm ature  control is id en tic a l to the control of BLDC 
motor. In  a synchronous m otor, since the excitation  is  
also controllable, a  s lid ing mode fie ld  controller m ay be 
added as shown in  order to select the excitation level to 
obtain m axim um  operating efficiency.
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The loss b re a ku p  g iven  by Eq. (7 .4) fo r  th e  syn ch ro n o u s  

m o to r  ho lds  good e q ua lly  w e ll fo r  a s e p a ra te ly  e x c ite d  dc m o to r  as 

well. I t  is m ore  co n ve n ie n t to  v e r ify  th is  on  a dc m o to r .  A te s t  was 

p e rfo rm e d  on a dc m o to r to  e va lua te  the  in p u t  p o w e r fo r  c o n s ta n t 

o u tp u t pow er u n d e r d if fe re n t c o n d itio n s  o f e x c ita t io n . F ig u re  7.3 

shows the  re s u lt  o f th is  te s t, on a 1 /3  hp m o to r  fo r  loads o f 40W, 

120W, and 200W fo r  d if fe re n t e x c ita t io n , p lo tte d . I t  is  seen th a t  the  

m in im u m  loss c o n d itio n  is o b ta in e d  u n d e r d if fe re n t  e x c ita t io n  

co n d itio n s  fo r  d if fe re n t loads. This c r i te r io n  m ay be th e re fo re  used 

to  se le c t th e  e x c ita t io n  le ve l I ‘A o f th e  d r iv e . The s e le c tio n  o f the  

p ro p e r I*A fo r  any o p e ra tin g  c o n d it io n  is a s in g le  in p u t s c a la r 

o p tim iz a tio n  p ro b le m  and had  been d e sc rib e d  in  C h a p te r 3, S e c tio n  

3.9. F igu re  7.4 shows the  sch e m a tic  d ia g ra m  o f a c o m p le te  c o n tro lle r  

fo r  a synch ronou s  m o to r d rive . The speed c o n t r o l le r  is a s lid in g  

m ode fie ld  o r ie n te d  c o n tro lle r  and is id e n tic a l to  th e  one exp la ine d  in  

C hap te r 6 . The fie ld  c o n tro lle r  is a c u r r e n t  c o n tro lle r  and 

in c o rp o ra te s  loss o p tim iz a tio n  as e xp la in e d  in  S e c tio n  3.9.
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CEL&PTEK 0 

CONCLUSION

The th e o ry  of va r ia b le  s tru c tu re  system s and its  

c o u n te rp a r t  o f s lid ing  mode c o n tro l have been app lied  to  the  ana lys is  

and  design p rob lem s o f sw itched  m ode pow er c o n v e rte rs . The re s u lt  

is  an e le g a n t analysis m e thod  and an in te g ra te d  design a p p ro a ch  to  

th e  c o n tro l o f sw itched mode pow er c o n v e rte rs . In  c o n tra s t  to  th e  

co n ve n tio n a l, sm a ll s ignal, fre q u e n c y  dom ain  ap p ro a ch , the  s lid ing  

m ode c o n tro l is a tim e  dom ain  m e th o d  and re s u lts  in  s tab le  c o n tro l 

fo r  b o th  sm a ll and la rge  s igna ls. The c o n tro l is less sens itive  to  

sys te m  p a ra m e te rs  com pared  to  c o n v e n tio n a l fre q u e n c y  d om a in  

design te ch n iq u e s  such as loop  shap ing . The phase p lane  d e s c r ip tio n  

tu rn s  o u t to  be a p o w e rfu l g ra p h ic a l a id  to  th e  design  p rocess in  th e  

case o f second  o rd e r system s.

In  th e  case of m o to r d rive s , s lid ing  m ode c o n tro l in te g ra te s  

th e  design ob jectives o f the  d rive  to  the  c o n tro l s tra te g y  o f the  

pow er c o n v e rte r , w ith  re s u lta n t s im p lic ity  o f c o n tro lle r  h a rdw a re . The 

m e th o d  o f s lid ing  mode c o n tro l is a lso shown to  be ap p licab le  to  

s ta te  e s tim a tio n  prob lem s.

S lid ing  mode c o n tro l is a tim e  dom ain  design m e th od  and 

re s u lts  in  a g lob a lly  stab le  sys tem  u n d e r a ll o p e ra tin g  co n d itio n s . 

C on ven tiona l w isdom  of phase m a rg in  and ga in  m a rg in  a re  th e re fo re
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n o t app licab le  to  such  system s. The c o n ce p t o f loop ga in  w ou ld  s t i l l  

be app licab le . An a rea  th a t  re q u ire s  to  be addressed in  fu tu re  w ou ld  

be to  re la te  the  s lid ing  su rface  to  the  loop ga in  of the c lass ica l 

c o n tro l.

The advantage o f reduce d  s e n s it iv ity  to  system  p a ra m e te rs  

and e x te rn a l e x c ita tio n  in  s lid ing  m ode c o n tro l is derived fro m  the  

fa c t th a t  the  system  opera tes  fre e  ru n n in g . The sw itch ing fre q u e n c y  

is th e re fo re  n o t co n s ta n t. This is an  a rea  th a t  req u ire s  to  be 

addressed in  o rd e r to  increase  th e  a c c e p ta b ility  of s lid ing  mode 

c o n tro l.
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APPENDIX 1

TKiy^SFOEMATIOWS USED W  GENERAL MACHINE THEORY

In  th is  sec tion , the  p e rfo rm a n ce  equa tions of p ra c tic a l 

e le c tr ic a l m ach ines are derived  fro m  f i r s t  p r in c ip le s  using the  

tra n s fo rm a tio n s  o u tlin e d  in  S ection  5.4. A t f i r s t  a gene ra l sa lie n t pole 

m a ch ine  is cons idered. This w ill lead  to  the  p e rfo rm an ce  equations 

u l the  synch ronous  m ach ine  and th e  dc m ach ine  a t a p p ro p ria te  

stages. The th re e  phase in d u c tio n  m ach ine , w h ich  is a u n ifo rm  a irga p  

m a ch in e , is cons ide red  la te r .

Al.l Salient Pole Machine

The g e n e ra l sa lie n t pole m ach ine  shown in  Fig. A. 1 consis ts  

o f a s a lie n t pole s ta to r  c a rry in g  o rh o g o n a l w indings A and B. The 

ro u n d  r o to r  w ith o u t sa liency  c a rr ie s  the  th re e  phase ba lanced 

w ind ings  r ,y  and b. The system  of equa tions  fo r  th is  g e ne ra l m ach ine  

is d e rive d  f irs t .  A p p ro p ria te  equa tions  a re  p icked  up fro m  here  in  

C hap te r 6  to  a rr iv e  a t the  e le c tr ic a l e q u iva le n t c irc u its  o f p a r t ic u la r  

types  o f m ach ines.

The vo ltage  equations fo r  th e  w ind ings in  Fig. A. 1 are

Zn ZIS h
V2 Z21 Zzz

The equa tions  a re  p u t in to  com pound m a tr ix  fo rm  fo r  conven ience. 

The su b sc rip ts  1 and 2 re fe r  to  the  s ta to r  and the  ro to r  respec tive ly .
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A g en era l sa.li.e7it pole 7na.ctii.7Le uuiih a three phase

A

rotor.
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'V A 'i-A R a  + P L a 0
f 3 =

v 3
i

; h  = : = 0 RB+pLB

V z  = [ v T U y  V b  y  ; I z  = [ V  h i  i b  1 T  •

^12 -
T _ [P ^ r  pJHid, P^lo ' 

[2 213 -  j p j ^  pMgg pM^

zss -

i^.+  pLf. pMry pMrb
pMyj. Ry "i-plty P^y(,
pMbr pMby Rb +pLb

The m ach ine  being s a lie n t po le , a ll th e  in d u c ta n ce s  e xce p t LA and  LB 

a re  fu n c tio n s  o f th e  r o to r  angle  i9.

MAr = Ma c o s  i ? Mgr = ~Mg sin l9
MAy = Ma COS l92

MAb = Ma cos t93

Mgy = -M b sin i92 

Msb -  ~Mb sin $ 2

i?2 = i9 + 120° 
i92 = 19 + 240°

R o to r se lf in d u c ta n ce  is m a x im u m  w hen t9 = 0 , and m in im u m  when 

19 = 90°. Using the  tru n c a te d  F o u r ie r  se ries to  a p p ro x im a te  the  se lf 

and m u tu a l in d u c ta n ce s , we g e t

Lj- - La + Lb cos 2t9 Myb - M by = Ma + Mb cos 2i9

Ly -  La +  Lb cos 2i9g M br =  Mrb =  M a + Mb cos 2t92 

Lb = La + Lb cos 2i9! =  M a + Mb cos 2i9i

The f i r s t  s tep  in  s im p lify in g  th e  above system  is to  app ly  the  

phase tra n s fo rm a tio n  Cp d e sc rib e d  in  S ection  5.4 to  the  r o to r  p a r t  of 

th e  system .
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V 7 o'II r,
,

p 11

0 c \

fy
1/

c , =
j l / V 2 1 0

V 2 / 3  l / -̂  - 1 / 2  V 3 / 2
1 / V 2  - 1 / 2  - V 3 / 2

The tra n s fo rm e d  system  is g iven  by 

V  = .Z"/’ ; Z  = CpTZCp (A. 2)

Know ing the  o r ig in a l im pedance  m a tr ix  2" and th e  tra n s fo rm a tio n  Cp, 

th e  new im pedance m a tr ix  Z' is co m pu ted .

Z'lz I  0 Z\\ z 12 I  o '
Z'e z

II

0  C j Zz\. Zzz 0  Cj

^ 1 1 Z\z Z  n  Z 12C1
Vzi Z’zz C jZ 21 C jZ ^ C , (A.3 )

E xpand ing  the  RHS o f Eq. A. 1.03, we g e t

__ \Ra + LaP 0  

Z ' x x  -  Z x x  ~  0 R b + L b p

Z'\z —
0
0 — Afgsin'# MB c o st?

Ma = V 3 /2 Ma ; Mb = V 372Mb

Z’zi — C^Zzi — Z' i2T

Z'zs —
R2 + Lop pLDbcos2i^ -pZ ,06 sin 2t?

p/,0bcos2'i3 i?E+p(Aa + i,6 cos2'i9) p l,bsin2i9
-p L 0 6 sin2'!? pZ,bsin2i3 i?2 +p(La—Lbcos2T?)
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R 2  — Rf — Ry  — R b \ L q — L a -r 2 M a \ Lb — L b/ 2 ,  +  M b \

LDb = (Z b -M b) / V s ;  A* =  (L ..-A L )

Some m ore s im p lif ic a tio n s  on th e  sys te m  o rd e r a re  now possib le. W ith 

ba lanced  supp ly  and w ith o u t n e u tra l c o n d u c to r  in  the  th re e  phase 

system ,

v 0 = -^=-{vT + v y +  v b) =  0

= ^ - ( A + ’h,+ H) = 0

T he re fo re  the  rows and co lum ns co rre sp o n d in g  to  v Q and i 0 f ro m  Eq. 

(A.2) m ay be d ropped  and  the  tra n s fo rm e d  sys te m  of equa tions is 

g iven  by

V = Z 'f  (A. 4)

V  = [ v A v B v a Vp ] T-, r  = [ i A iB i a i p Y

Z' =

Ra + LaP  0 A ^costf A ^s in tf
0 Rg + Lg(p —.Mg sin 7? M g  COS COS'!?

A^costf -AfgsinW R z +  p  (X* +  A, cos 2tf) pA,sin2T9 
Ma sin M g  cos pLb sin 2iS R z + p  CA ~A, cos 2$)

P h ys ica lly  these equa tions  co rre sp o n d  to  the  two phase e q u iva le n t of 

th e  o r ig in a l m ach ine  shown in  Fig. A.2. The Eq. (A.4) d iffe rs  fro m  the  

Eq. (5.16) g iven  in  S ection  5.2 owing to  the  sa lieney  o f the  ro to r .  

E q u a tion  (A.4) is m ore  g e n e ra l and leads to  Eq. (5.16) when th e re  is 

no sa lieney (Lb = 0 ) in  th e  m ach ine .
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Fig. A.2 A sa lie n t pole m achine w ith  a two phase rotor. A ll three  
phase m achines are reducib le  to this fu n d a m e n ta l two  
phase configuration.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



247

The Eq. (A.4) m ay be p u t in  th e  co m p oun d  m a tr ix  fo rm , the  

su ffixes  1 and 2  re fe r r in g  to  th e  s ta to r  and r o to r  re s p e c tiv e ly .

F i Z 'n Z' 12 T  i

Vz ■^'21 Z'zz r z

The n e x t s im p lify in g  step  is to  app ly  th e  c o m m u ta to r  t ra n s fo rm a tio n  

Cc d e sc rib e d  in  S ection  6.4 to  th e  r o to r  va ria b le s .

V y°' \ 1  o l
f II <

0

p : Q = o
fcos'iS —Sin'S 

\^ 2 sini? cos$

The tra n s fo rm e d  sys te m  o f e q u a tio n s  is g iven  by 

V° = Z°l° ; Z° -  C jZ 'C c

The new  im pedance m a tr ix  Z° is now  co m pu ted .

Z° 12 Z' 11 £■2 TZ' 12
Z°21 Z°22 Z 'z iC z Czr Z 'zzCz

E xpand ing  the  RHS of Eq.A. 1.06, we g e t

Z °n  = Z  i i  =
Ra + Lj& 0  

0  Rg +Lgp

12 ~ Z 'iZCz —12̂ 2
Mjip 0

0 MBp

(A.5)

(A.6 )

C a u tio n  is re q u ire d  in  e va lu a tin g  Z°zi and Z°zz. The "p ” o p e ra to r  

o c c u rs  as in te rm e d ia te  te rm s  and m u s t be co n s id e re d  a long w ith  the  

fo llo w in g  c u r re n t  te rm s  to  avo id  e r ro rs .
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Pig. A. 3 A salient pole m achine w ith  a two phase com m utator fe d  
rotor. A ll types o f e lec trica l m achines are derivable  
fro m  this general configuration.
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c o s t ? sim? Map cos i? —Mbj> sim?'
—sim S  cos'!? Map sim? Mgp c o s t ?

Z a2lP  = CztZ'21T =

T he  " p "  o p e r a to r  a p p lie s  to  th e  p r o d u c t  o f th e  t r ig o n o m e tr ic  t e r m  

a n d  th e  fo l lo w in g  c u r r e n t  te rm .  E x p a n d in g  a n d  th e n  d ro p p in g  th e  

p o s t - m u lt ip ly in g  c u r r e n t  te rm s ,  we g e t

'M ap -M b ut Rz +  Ldp ~ L qOT '
Z°21 = M gp

70 —^  22 “ LgUr R2 +  Lqp

+£&  ; 1-4*ii

T he  c o m p le te  s e t o f e q u a t io n s  is  g iv e n  b y

v a R a  + R aP 0 M a p 0 V

v b 0 R s  +  L g p 0 M Bp T-B

m a p - M b u t Rz +  L*P -L q U r id

y * M a o t M Bp •£*d^T Rz + L qp S ( A T )

E q u a t io n  (A .7 ) c o r re s p o n d s  to  th e  e q u iv a le n t  tw o  p h a se  c o m m u ta to r  

m a c h in e  d e s c r ib e d  in  S e c t io n  5 .3  a n d  s h o w n  in  F ig . A .3 . T h is  

e q u a t io n  is  u s e d  in  S e c tio n s  5 .5  a n d  5 .6  to  a r r iv e  a t  th e  e q u iv a le n t  

c i r c u i t s  o f  d c  m o to r  a n d  s y n c h ro n o u s  m o to r  d r iv e s . The n e x t  

m a c h in e  s t r u c t u r e  c o n s id e re d  h e re  is  th e  u n ifo r m  a irg a p , th re e  

p h a s e  s l ip - r in g  m a c h in e  in  o r d e r  to  d e r iv e  th e  p e r fo rm a n c e  

e q u a t io n s  o f  a n  in d u c t io n  m o to r .
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All-2 Round Rotor Maclaine

Figure A.4a shows th e  ro u n d  r o to r  in d u c t io n  m o to r  w ith  

th re e  phase w indings on the  r o to r  and s ta to r .  The vo lta g e  equa tions 

fo r  the  va rious  w ind ings a re  g iven  in  Eq. (A.7). F o r conven ience , 

th e y  are  p u t in  the  fo llow ing  com pound  m a tr ix  fo rm , th e  su ffixes 1 

and 2  rep re se n tin g  the  s ta to r  and r o to r  v a ria b le s  re s p e c tiv e ly .

(A. 8 )
vx ZX1 Z12 / i

vz Zzi Zzz Iz
V = Z I =

Vx = [ u Y v B ] T ; / j  =  [ i B l Y i By

Vz =  [ v r v y v b Y  ; / 2 = [ ir  iy  i b Y

Z xl =

Zzz -

R,+ LiP —MiP —MiP
—Mxp  F 1+ L 1p  — Mxp

—M xp  —Mxp  R 1+ L 1p

Rz + LzP -Mgp ~MzP
—Msp R 2 + LzP —M sp

-MzP ~MsP Rz + Lsp

Ziz = [zzir =

i?! = 15 + 1 2 0 ° 

i52 = i5 + 240°

.Mj>cosi5 M p  cosi5, M p  cosi5g 
M p  cosi52 M p  cost? M p  cost5j 
M p  cosi?i M p  cosi52 M p  eosi5

The f i r s t  step in  s im p lif ic a tio n  is to  ap p ly  th e  phase tra n s fo rm a tio n  

Cp and co n ve rt the  above system  in to  its  tw o phase e q u iva le n t 

system .
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V 'v A O'
I = A r & n

0 A

Cx = V 2 / 3

1 / V 2  1 0
1 / V 2  - 1 / 2  V 3 / 2  
1 / V 2  - 1 / 2  - V 3 / 2

The tra n s fo rm e d  sys tem  is g iven  by 

V  = Z T  =
y , A n ^12 A
A p«4CM5si ^22 F2

^  1 — [ ^ 0 1  ^ a l  I 7" ; ^ 2  — [ ^ 0 2  ^ 0 2  ] 5

r  1 — [  ^ 01  A l  ^ 01  I 7" ; A  _  [  ^ 0 2  ^ a 2  ^/32 I 7*

f-A + A lP  0
^ 1 1  =

%SS —

0

0

Rg + IiQzP 
0  

0

f?! + L iP  
0

0

R2 + L2P 
0

0

0

i?x + £ iP

0

0

i ?2 + A P

0 Mp cost? —Mp sim? 
0 Jifpsim? Mp c o s t?

^ 1 2  — [Z ’si]7̂ -  

L01 = L l -2 M 1 ; M = (3/2)Jtf  ; L x -  L l +M 1 ; Lz = Z^ + jETg

(A.9)

U nd e r th e  a ssu m p tio n  o f b a la n ce d  th re e  w ire  supp ly , the  row s and 

co lum ns c o rre sp o n d in g  to  ^ 0 1 .^ 0 2 .^0 1 . and  i 0 2 m a y  be dropped  and th e
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a

Q

Fig. A.4 P rac tica l nonsalient pole three phase machine (a), and  
its  equivalent two phase configuration. The d and q axes 
shown in  (b) are the ro ta ting  reference fra m e . By 
suitable choice o f the an g u la r velocity of the ro ta ting  
re ference fra m e , substantia l s im plification o f the 
m ath em atica l representation  o f the machine is possible.
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sys tem  o rd e r reduces.

f ?3 + Lip 0 Mp COS'!? —Mp sin-i? i'al
Vfil 0 i f j  Hi-Ljp Mp sin-!? Mp COST?

—m Mp COST? Mp sini? 0 iaZ
VfiZ. -M p  sini? Mp cos'!? 0 I?2 + Lsp i-pz.

(A. 10)

The n e x t s tep  in  the  s im p lif ic a tio n  o f the  system  is to  

choose a re fe re nce  axis ro ta t in g  a t  an a rb it ra r y  speed ug = d<p/dt 

in d ica te d  by the  axes d,q in  Fig. A.4b, and tra n s fo rm  the  two phase 

vo ltages  and c u rre n ts  to  th is  new re fe re n ce  axes. This is the  

c o m m u ta to r tra n s fo rm a tio n  g iven  by Cc.

fy v° Czi 0
k

= c° 1° : cc = 0 Q2

cos tp —sin <p cos (tp —1?) —sin {tp —1?)
sin 9? costp ; Cgz - sin {tp —t?) cos (55—1?)

A fte r ca rry in g  o u t a ll the  tra n s fo rm a tio n s , the  new  se t o f vo ltage 

e q ua tio n  is g iven by,

R l+ L jp LyUg M p —M u & * * 1

Vql LiUg i?i +Ltf> Mug M p %i
Vd2 M p —M (u g - u r ) i?g + LzP ~ L z(u a — ur ) tg2

VqZ M{ u e - u r ) M p £ 2 (^ 0  — ar) j ?2 + LzP }qz.

In  the  tra n s fo rm e d  re fe re n ce  fra m e  the  va rio u s  inductances 

tu rn  o u t to  be con s ta n ts . Due to  th e  re la t iv e  m o tio n  between the 

re fe re n ce  axes and the  va rio u s  w ind ings, ro ta ry  vo ltages  now appear 

on b o th  the  ro to r  and the  s ta to r  w ind ings. E qu a tion  (A. 11) is used in
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S ection  5.7 to  a rr iv e  a t the  e q u iva le n t c ir c u it  o f the in d u c tio n  m o to r.
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