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ABSTRACT

We calculate the electromagnetic mass differences within the
N*(1238) isomultiplet, using the S-matrix theory of perturbations de-
veloped by Dashen and Frautschi. An ambiguity in the choice of
methods for calculating the effect of one photon exchange, and lack
of sufficient data on the rho meson lead to rather large uncertainties
in the predicted mass differences, Our results are consistent with
experimental determinations of the differences, which also have

rather large uncertainties.



wlyre

TABLE CF CCUIENTS

J

I Basle Zouvntions for the Calewlaticn L.

T Fhobton Zxchenoe 0

A Ty en Py < il e 7
¥ .L’.:.‘uub ke 033 L7
s -

y Qo ol Rl
hedidelenia W s B

TE Pho Exchansze 23
e o

JiZ il Covpling Shlllts 28

VIZI )

et 1.7 T e i ¥ oy e 5% g wh PR r - =41
= the wenersy Shetes il Sumrary 2k



-1-
I. INTRODUCTION

In this paper we attempt to calculate the electromagnetic mass
B
differences within the N (1238) isomultiplet, using the S-matrix

1,2

method of Dashen and Frautschi. This method has recently been

applied to other problems involving mass and coupling differences. 3-1
In this calculation the N* is considered to be a resonance in the pion-
nucleon scattering amplitude, with nucleon exchange providing the
major force. We include all low-energy forces such as nucleon
exchange and p exchange, as well as ''"driving term'' forces involving
a photon. |

The first experimental values of the Ng"< mass differences have

8,9

recently been measured, >~ When the uncertainties of such meas-
urements become smaller, a comparison with our calculation will
provide a test of the Dashen-Frautschi method. In particular, this
comparison will fest the '"'driving terms'', which we include, but
which have not been needed in most previous applications of this
method.

There already exist predictions for the N* mass differences
given by octet dominance ‘cheories.lo“12 However, these predictions
(both the equal spacing rule and the magnitude of the spacings) are
not reliable since the N and N* violate SU(3) badly. In-particular,
the N* is largely decoupled from strange particle channels which
would be equal in strength to the non-strange channels if SU(3) sym-

metry were exact. > In the present calculation, strange particle

channels are neglected, and thus the strong SU(3) breaking is roughly



taken into account. 13

This calculation gives no reliable quantitative results because
of two major difficulties. Of these, the more serious is the infrared
divergence of one photon exchange, which provides one of the larger
contributions to the N* mass differences. In an exact calculation,
the infrared divergence of the photon. exchange is presumably can-
celled by infrared divergent parts of more distant singularities of
the S-matrix, so that the mass differences are finite. This prop-
erty, however, is not automatically ensured in approximations to
the S-matrix theory. 'L'o make practical estimates of electromagnetic
effects in the S-matrix approach, one must attempt, therefore, to
' subtract infrared divergences in such a way that the remainder in
the more distant singularities has a reasonable size. Dashen and
Frautschi suggest two methods to do this. L Unfortunately, at least
one of these methods does not leave small remainders in the distant
singularitics, siﬁcc the remainder of photon exchange has different
signs for the two methods, 14

The second major difficulty is the lack of sufficient data on
the p meson couplings and mass differences, leading to a large un-
certainty in that combination of Nﬂ< mass differences which trans-
forms like isospin 2.

The organization of this paper can be summarized as follows.
The basic equations for the calculation are described in Section II.
In Section III we discuss the effect of photon exchange and the hand-
ling of the infrared divergence. Sections IV and V contain calcula-

tions of the effect of nucleon and pion mass shifts respectively. In
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Section VI, we calculate the effects of p exchange in terms of p coup-
lings and p mass shifts and coupling shifts. In Scction VII we study
the effect of 7NN coupling shifts. In Section VIIIl we calculate the
effect of the YN intermediate states in the s and u channels. Section
IX contains a discussion of other possible low-enargy effects and a

summary of our numerical results.
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II. BASIC EQUATIONS FOR THE CALCULATION

We assume that if there were no electromagnetic interactions,
charge independence would hold exactly. Both nucleons would have a
mases M, all pions a mass |1, and all N*‘s a mass M*. In this unper-
turbed model we define the amplitude for scattering of pions by

nucleons in the channel (J = 3/2+, T = 3/2) containing the N*:
A(W) = p(W) e sin M . (1)

We choose

2
W 1 1
p(W) = =5 22 qw) (2)

where W is the total energy in C. M., and ¢(W) = q is the C. M. mo-
mentum given by

2 2 pA 2
qZ - [(W"M) - P ] [(W+M) - M ] . (3)

4w

This choice of p(W) is made for ease of comparison with Dashen's
results for the neutron-proton mass difference.3 Note that the

choice for p(W) for which the amplitude has no kinematical singu-

larities should bel 5

2

o> (WM 2]

p (W) =

The ratio of this amplitude to ours is

P (W) 16 M3
PV [wem)? ]2




-5-
Equation (2) leads to incorrect D-wave threshold properties (at
W = -M =u). However, we are not interested in D waves. The be-
havior of A(W) at W = 0 1516 W—Za(0)+l, ‘where a(s) is the leading
Regge trajectory with the quantum numbers of the N*. We neglect
this singularity because it is more distant than many other singu-
larities which we are neglecting.

The choice of the unperturbed D function has an important
effect on the calculated mass differences. 17 We cannot simply use

the Omneés formula

0

D = exp [ L 5 ~——“(\7VV,')_d.VVVV‘] - (6)
Mt

for three reasons. First, we do not have good data for the phase
shift  at energies above ~1500 MeV. Second, above inelastic
threshold the phase shift has various possible definitions. Third,
even if we could calculate a D function with the Omnes formula, it
might not be the best to use, Any function with D(M*) = 0 and
D'(M*)$ 0 would give the same answer for the mass shift in an
exact calculation. In our approximate calculation we want to have
the total of uncalculated contributions to be as small as possible,

so that the calculated contributions give the best possible estimate
of the mass shifts. There are two types of uncalculated contribu-
tions. First are the uncalculated left-hand singularities and the
singularities on the right due to inelasticity. Second is the cut
on the right due to the deviation of the phase of D{W) from the phase
1 p?

(W), Making =

W-M
singularities are neglected makes the effect of these singularities

of A~ smaller in the regions on the left where



-6-
smaller but tends to make the phases of D(W) and A_l(W) differ more
on the right. Conversely, making the difference in the phases of

D{W) and A-l(W) smaller makes the effect of the corresponding cut
2

ES
W-M

it is necessary to compromise on the extent to which these two con-

smaller, but tends to make larger on the left. Therefore,

ditions are met. In the compromise, there is no point in making

the phase of D on the right good any farther irom M than the dis-

tance to the neglected singularities on the left.18

In practice, D must also be easy to use. We choose the

Baldzs form for D,

e
5>

W -M

D=-V\TO~-W“.(W-M) . (7)

This form will only be used on the left where, with the proper choice

of Wo’ it is supposed to approximate a D function satisfying the com-
¢ 2
promise. The smaller WO-M is, the smaller D 3 is on the left.
. W—M I,
B
However, if Wo is too small, the low-energy contributions to 6M

will be sensitive to changes in the value oi Wo' Therefore, if Wo is
too small, there must be important uncalculated higher energy
effects, since an exact calculation would give 61\/1* independent of Wo'
The value of Wo is fixed by choosing Wo as small as ioossible, sub-
ject to the condition thaf 6M* be relatively insensitive to changes of
WO. This leads to the c::hoice7 Wo = 7/3 M* which is used for numer-
ical results reported.

The Dashen-Frautschi method is based on the use of a dis-

persion relation for the quantity DZ 6A where 8A is the change in

amplitude due to electromagnetism in our case. Analyzing the
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singularity of 6A at W = M, they find that

] I Z - A . .
oM = g BAWIDHW!) qyr 4 L 5 Im [D* (W) 6AW)]
2mwiR W' -M

ES ?

W' -M

JL R
(8)
where R* is the residue of the N* pole. In the ensuing discussion we
will often use the following simplified evaluation of Eq. (8) based on
the Baldzs form for D. For any term ESA:.l in A = :_LEfjAi not having a
pole at W = M*' we can deform the contour in Eq. (8) to circle the

point W = Wo' Then we find

st
xR

sM. = ¢ _d
1

i 5% b
—I;;;;(WO'M)EW—O(WO'M)5A1(WO). (9)

This inversion can be used only when we want to keep the integration
over the entire cut of 6Ai. For some approximations to 6Ai’ the
integrals in Eq. (8) will diverge unless truncated and Eq. (9) cannot
be used.

The singularities we include result from photon exchange;
shifts in the masses of the scattering pion and nucleon; N exchange
mass and coupling shifts; p exchange mass and coupling shifts; and
Ny intermediate states in the s and u channels. Low-energy effects
not included are strange particles whose couplings to .the N channel
are small because of thé breaking of SU(3);5 N* exchange, which
has a crossing factor of 1/9; N*y intermediate states, which we
later show are expected to have smaller contributions than the nu-
merically small contributions of Ny states; and shifts of any non-
resonant strong scattering amplitude.

It is convenient to separate the mass splittings into parts
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which transform differently under isospin. The driving terms of
each type only contribute to mass spliltings of the same type, and

the bootstrap effects only connect mass and coupling splittings of

the same type. We resolve the four N>:< masses into an average mass

sle E
M and three N splittings SMl , 8M,, 8M, which transform as

2’ 3
isospin 1, 2, and 3 respectively. 6Ml, 6M2, and 6M3 are nor-

malized to give the following relations:

M= M+ 3/26M) - 1/2 8M, - 1/2 6M,
Mt = MU+ 1/2 M, +1/2 6M, +3/2 8M;
(10)
M° = M*-1/26M +1/26M, - 3/28M,
M™ = M -3/2 oM - 1/2 8M, + 1/2 8M5

0

+ - :
where M ', M', M, M are the masses of the various members

of the multiplet. Inverting this set of equations, we get

* Mt Mt MO Mo
M = ,
)
sap - s T oMy (v - MO
My = 10 ’
(11)
enp o (MmO (M Mo
2 2 ’
ShL st - MO - (T - M)
3 = 10

The electromagnetic current acts twice in the lowest order of the
fine structure constant, and is comprised of parts which transform

as isospin 0 and 1 only. Therefore, isospin 3 shifts cannot occur
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(61\/[3 = 0), and we have the additional relation

M. = (M - MO

1 ) = s : (12)
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III. PHOTON EXCHANGE

The amplitude for photon exchange is

. 1., iF, (t)
§T(s,t) = 417C2{F_n_(1:) (qlp""qu)] ;—f[lFl (t)VP“ M

k ]

o
pv v

(13)

where we give fhe photon a (fictitious) mass A; and where Fﬁ, Fl ,
FZ arc the form factors of the pion and m:l.cleon;19 kIJ- is the momen-
tum transfer; t = —kP«kH; and qlp.’ qu are the pion initial and final
momenta respectively. Since Eq. (13) for 8T includes the form
factors, it really includes contributions from t-channel processes
in addition to photon exchange, as for example the part of p exchange
which comes from « + TPy Y +N + N and = + Y g - N + N.

The pion must couple to an isovector photon. Therefore,
only isoscalar nucleon form factors appear in the Al = 1 amplitude
and only isovector nucleon form factors appear in the Al = 2 amp-
litude. In addition, there are factors of 1/3 and -2/3 in projecting
out the Al =1 and AL = 2 isospin amplitudes respectively (using the
normalization given by Eqs. (10) and (11)).

Projecting out the J = 3/2+ amplitude (Eq. (1)) and the Al

amplitudes, we f.ind.‘2 0
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. lforAI=l\ 1 F (t)
A = > ' ] dx —= > s
12M -2 for Al = 2/ -1 t-A
‘ (W+M)% 2 3x%-1
\F(t) | et (W-M) x + 25— (WHM) |+ (14)
(W-M)"-p
F._(t) 2 )
2 3x%-2%-1 2 241
i [ > ] [((W+M)“-p ]} s

where x = 1 + 'tz is the cosine of the C,M. scattering angle. The
aq
appropriate nucleon form factors are to be used as explained above.

We use the approximations?'l

=y
F_n_(t) = > {1A)
m -t
p
and
th
F.(t)= F,(0) — ; i=1, 2 (16)
: m_~t
s
with
2 2
= 30 ,
mp V)
(17)
mz = 20 ]JLZ
S

Then



(18)
In this equation, we put the photon mass A equal to zero everywhere
except in the infrared divergent logarithm. The factor 1 and the s
(isoscalar) superscript on the nucleon form factors refer to the case

Al =1, Similarly, the factor -2 and the v (isovector) superscript
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refer to the case Al = 2,

The term proportional to FZ is not infrared d.ivergen’c.aZ

In addition, FZ

fore neglected. 'Lhe term proportional to ¥

is very small, and the term involving it is there-

v

2
using Eq. (9) and leads o a value 8M, = -0.9 MeV. We neglect

can be evaluated

the second term involving ¥. which is also not infrared divergent,

1

and is numerically very small. The remaining term is

2
sh. _ aw (W Mm% -u?) o Lt 49507
il PV TU S VAL I B R
mi’ 1+ 4(:12'/':112T
mlom? o 1+ 4q2/m2J . 1)
p s p

This expression has branch points at qz = A2/4, qz = mz/‘l, and
qz = mi/ﬁ& Because we put A = 0 whenever possible, it also has
poles at W = M +p. The singularities of GAinfra in the W plane
are shown in Fig. 1.

Now we work out and compare the two methods which Dashen
and Frautschi gave for removing the infrared divergence. The
first method for evaluating the mass shift is to give the photon

mass the value

1,
sk

no= 2alM) (20)
e

inside the logarithm. L3 We then use Eq. (9) to evaluate M . We

find 6M, = -0.46 MeV {Al= 1) and 6M, = 0.92 MeV (Al = 2).

1 2

The second method for evaluating the mass shift is to define

the amplitudel
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-~

6A = 84 - p(W) ™M gny : (21)

where 6nB is the change in phase shift from the Born approximation
terms alone. For the Born terms, GAB = p(W) SnB. Therefore,

defining (SABE 8A , - p(W) eZin SnB {s0 that for non-Born terms,

B

-~

GA = §A), we find

~

6A . A(W)

= _o: SiM . -
B= -2ie”  sin7 6AB = -2i ) 6AB . (22)

In particular,

A _ 5. AW)
infra = "2 SWY infra (23)
We use a two pole approximation for A(W):
%R R;;:
A(W) = - + (24)

W-M  W-M
_ 2,2, 2 . . .
where R = -3f“/u“ & -0.24/u" is the residue of the nucleon pole in
the J = 1/2-';, T = 1/2 amplitude. The factor -(4/9)R comes from
crossing. We have left out the crossed N* pole, which has a cross-

ing factor of 1/9. The reciprocal bootstrap gives (4/9)R =~ R* in
' 2

~

WM 8% nfra

are shown in Fig. 2. The poles at W = M =y in Fig. 1 and the 4nA

agreement with experiment. The singularities of

contribution of the cut in 6Ain;£ra are removed by the factor 1/p(W).
There are no poles and no right cut introduced by A(W)/p(W). The
nucleon exchange pole is removed by the zero in SAinfra at

] Mz—pz ~ M, The pole at M* and the right cut are removed by
DZ/W—M*. There is, howéver, a new cut for W<M - u. We find

. . % 23
the contribution of 6Ainfra to 8M  to be



2 4 4
- ) '-R “‘"R sl
s’ = —i—‘ g daw ./ D > [—2/1-—-—-9 >;<>(W-M)+9—,E(M"‘-M)]
OL Hfu-(w-M)? TR .

2 2, 2

1 1+ 4q2/7L2 m 1+ 4q /;ms
7 | Tz 2 B T y (25)

1 + 4q /mS mp—ms 1+ 4q /mp

-~

The integral around the cut in 6Ainfra corresponding to the cut in
6Ainfra can be explicitly evaluated. 24 It involves the imaginary

part of the logarithms, which are finite and constant in the limit

A ™ 0. Numerically, its contribution to 6Ml is 0,29 MeV and to

SMZ is -0.58 MeV. The remaining cut. due to the cut in Vp.z—(W—l\/I)2
for W< M - u, involves the real part of the logarithms, and is there-
fore infrared divergent. The magnitude of the contribution from

this cut can b'e estimated using the first method by giving the photon
a mass %M—-)- . Of course, this does not necessarily give the cor-

rect sign, since the two methods disagree in sign. In this way we

find this contribution to be about +0,03 MeV (in 6M. ) and therefore

)
negligible, The values of the one photon exchange contribution to
6Ml and SMZ are shown in Table 1.

The proper choice between the two methods is not clear. Of
the two, the 52& method should be more converg'ent {i.e., the sum of
neglected distant singularities should be srnall).1 This method also
agrees with the non-relativistic argument that a system of two like
charges (the N*++) should have a higher energy, and a system of
unlike charges (part of the N*O) should have a lower energy, than

I

P L
a system involving a neutral particle (the N  and N ). The other,
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the photon mass method, gives a contribution whose sign stays the
same (opposite the non-relativistic sign) for any photon mass less
than ~3 p. This method was used by Dashen to get the result agree-
ing with experiment for the n-p mass difference. 3

Since the proper choice of methods for the N=:< is unclear, it
is useful to review the situation for the one photon exchange contri-
bution to the neutron-proton mass difference. This situation is
essentially the same as fo:; the N*. The F, term is not inirared
divergent, and is numerically small. The sign of the mass shift
is diff_erént for the two different methods. The 611~ method agrees
in sign with the non-relativistic argument, but requires larger con-
tributions of opposite sign from other singularities in order to
agrce with the experimental value. The sign of the photon mass
method agrees with the experimental sign for a large range of

values of the photon mass.
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IV, EFFECTS OF NUCLEON MASS SHIFTS

The n-p mass difference contributes to the AI = 1 mass shifts
of the N* in two independent ways. One is that the position of the N.
exchange pole gets shifted, while the other is that the kinematics is
changed by the external nucleon mass shift, These contributions
have already been calculated by Dashen and Frautschi.4’ 25 How -
ever, we wish to introduce a minor refinement. The calculation is

conveniently carried out by considering AL = 0 mass shifts first, and

then using group theory to find that Al = 1 shifts. For Al = 0, the

b T
exchanged nucleon mass shift gives a contribution AEI:BGXCh M to
6M" where

* 3% 2
exch_ 4 R M d D7(W)
AI=0 T 79 LF M W (26)
= R W-M' | woum
N*Nexch
Using the Baldzs form Eq. (7) for D, we find AAIzO = ~0.65,

The effect of the external N mass shift is found by mass scale invar-

iance. M must be a homogeneous function of degree | of all masses.

Therefore,
M = (Az:jemh+ Alzljé"t) M + gzlg M+ Ai‘;%u.%AfI;% mt .
(27)
We neglect N exchange because of the small crossing factor.\‘ We
ant%cipaté the results to be given in Sections V and VI that ANlT" af}d
AN; are small enough to be neglected. Therefore, Aljlzlge}ct: i\fl\z:-
NN eh

AI=0 = 1.98. The group theoretic factors to convert these
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results to Al = 1 are given in Ref. 4. The results are
/ N*N ) N*N ) \
1 ex L exch _
IR Y )<mp-mn}-o.88 (m - xn)
(28)
Using the experimental value mp-mn = -1.3 MeV, we find that

6Ml = -1.07 MeV,
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V. EXTERNAL PION MASS SHIFT

The external pion mass shift affects the N* mass shift in two
ways. First, it modifies the kinematics of crossing in that both the
positions and values of the left-hand singularities are shifted.
Second, a shift in p introduces a cut on the right since the kinematic
factor p(W) depends explicitly on .

As with the nucleon, we first consider the AL = 0 mass shift.
We make the transition to AI = 2 aiter we add the contributions from
the left and right. Since the pion mass difference transforms as
Al = 2, there is no effect on the AI = 1 mass shift of the N*.

We treat the left-hand singularities first. If W - M| >>y,
the value of p has little effect on the kinematics of crossing. There-
fore, only singularities near W = M have an effect. Again, because
of the small crossing factor, we neglect N* exchange, so that we
are left with only. N exchange. N exchange leads to a short cut which
we replace by a pole. However, in so doing we must keep the depen-
dence of the position and residue of this pole on the pion mass (in
lowest order)., The cut in the vicinity of W = M for the nucleon ex-
change amplitude is given byl

2

22
IM Ay = R - (WTM)Z “E (W-M) a + (WeM) 22 ’1], (29)
6q (W-M)7™ - p

for

2
M-EM—<W<"}JM2-+ 2u° . (30)

In Eq. (29),
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a = -1 . {31)

We replace this cut by a pole R'/W-M', Im A is sufficiently well

N
behaved so that placing the equivalent pole at the center of the cut

4
leads to an error of order */M3 in the position of the pecle. There-

fore, correct to order IJ.Z/M, the pole is at M'" = M., The residue R’

of the equivalent pole is given by

ﬂM2+2p,2
R' = -1 f Im A, dW . (32)
T Joo N
I
M i
We expand Im AN in a power series inp and € = W-M. We find
2 2 2 3 2 24
ImAl\q.=7TR“‘g/I [1+ M8 +%£Z"Z"M::+ 1“"2+6MéE + ... (33)
b o B b 4M B
so that
4 127 2
R'=-ZR[1+=28 0 0] . (34)
9 80 MZ

We now differentiate R'/W-M' with respect to p and find

iR
- 9 127 w o
68 = -y T2 . (35)
From Eq. (9), we find
SR fw MY x
9 o ) (M -Mp 127 _
6M T sk (W -M) ) 40 6]~L = ~0.11 S}J. (36)
R o M

where we have put (4/9) R = R'F, Wo = (7/3) M.
Next we consider the right cut introduced by the pion mass

shift, Since we have replaced the entire right cut of D by a single



-21-

pole, we cannot expect Eq. (8) to give a reliable result., For a kine-

matic shift, the integral over the right can be transformed int026
ot = L1 §° N*wW) 6 <p—§v—)) - -
R M“*‘H W - M
where
N(W) = A(W) D(W) . (38)

Although N{W) does not have a right cut, by using Eq. (7) for D and
Eq. (24) for A in Eq. (38), we obtain an approximation for it having
a singularity on the right. Therefore, we use the integral equation

for N,

1 " D(W') ImA(W") :
new)y = L DV Im AT (39)
L

with these approximations for A and D, finding

SR D(M)
N(W) = - -——W—T-K/I— . (40)

By differentiating Eq. (2), we find
8 (oury) & - 30 5”%2— : (a1)
Substituting Eqs. (40) and (41) into Eq. (37), and numerically
integrating, we find GM* = 0.12 &u.
- There is an almost complete cancellation between the right
cut and loft out, The sum is 5M° = 0.0l 8. Tho AI= 2 ratio
6M2/p+-po is just a group theoretic factor of order one times

6M*/6p = 0,01. Therefore,.the effect of pion mass shifts on N"
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mass shifts is negligible. The cancellation that occurs is probably
not fortuitous.  Another calculation of SM*/SH with a different ap-
proximation for D and A, gives the same cancellation. These ap-
proximations include the nucleon exchange pole and artificial short
range poles in A, and a subtraction in D. Elastic unitarity was
satisfied at low energies by solution of the N/D equations. The
residues of the poles and the subtraction constant were chosen to
give the N* its physical energy and width, and to give the correct
very low-energy behavior for the 3-3 phase shift. This approxima-
tion could not be used throughout the calculation since the resulting

D was very large at high energies.
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VI. RHO EXCHANGE

We use a narrow resonance approximation for the rho in the
t-channel. Then the amplitude for rho exchange in the N>1= channel of
7N scattering is given by Frautschi and WaleckalS in terms of two
coupling constants, j/l and ’)/2, which are related to eleétric—.lﬂce and
magnetic-like couplings. In ordex to obtain Al = 0 mass shifts, we
differentiate this amplitude and use Eq. (9) to evaluate the mass

shift. We find

sM = (0. 068 Yy - 0.0077,) & - 0.65 4 &) + 0.104 57, .
(42)
In order to obtain the contribution from 6mp to the Al = 2 N>:<
mass difference (the.re‘is no Al = 1 contribution since the p mass

difference is pure Al = 2, and also the group theoretic factor for

Al =1 is zero) we use the bubble diagram shown in Fig. 3.27 The

vertices A, A' have Clebsch-Gordan coeifficients C_é_ ’ l(% i, jk) and
C% ,l(% i, nm) respectively. The vertices B, .R' have Clebsch-
Gordan coefficients C% ’ _21_(1 £, j -n) and Cl, l(1 £, -k m) respectively.
In crossing to the t-channel, we cross the nucleon Nn and the pion

L
7, » which introduces a factor (—)n+2 (-)k. Therefore,

s —1—
SM. = = const (—)kﬂl_n+a Ci l(% i, jk)C1 1(22’- i, nm)
* jk,4,m,n <’ o
Ci 1(14£, j-n) Cl l(l,ﬂ, -k m) &m P (43)
292 > p

The evaluation of Eq. (43) gives



p
(44)
+ o [ sm* 1 2
SM = §M =(Ts?n_) [-§5m O'r‘-g(ﬁm .+ ém _)},
P/ar=0 P P P
so that
o 4 sM
8M, = (M - M )= -= (m , - &m :i:)<6m> . (45)
P P P/Al=0

The physical values mus‘; not be used for 6mp, 6’)/1, and 6‘/2
in Eqgs. (42) and (45), since part of their effect is included through
the use of form factors in photon exchange. This part consists of
the contributions to the po mass and coupling shifts coming from the
one photon intermediate state. In particular, the one photon state
may cause the dominant part of the coupling shifts.

In order to calculate the effect of p exchange, we need esti-

mates of "/l s "/2, Sm 6‘)/1 , and 6'}'2. We turn first to estimating

p,
4! and Yy These are the residues at the p pole of the 7+ 7> N+N
amplitudes I‘l ) MFZ defined by Frazer and Fulco. %8 These are
conveniently found in terms of the residues of the p poles in the

nucleon isovector form factors and the pion form factor. The

imaginary part of the nucleon form factors for small positive t are

given (in our normalization) by29
v o ' b
ImF," = -K(t) F_ T ,
(46)
Im F,Y = -K{t) F_ MT
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where
, 3/2
- 4 -
K(t) = (£ : (47)
4t2
Near the p pole,
f n'x2
Fl" = — I 7p ,
m -t-im T
P 5 P
F," = 2 ,
m -t-im T
£ m®
F_ = P , (48)
T .
m_ -t-im T
P P
Vl/vr
I11 - 2 !
m_ -t-im T
p e
Yo/
MT2=

mz-t—im r
p P

Picking out the coefficient of the p pole in Eq. (46), we find

fl m [ fl
y. = -1— —L- = .2.5~
T K(mp) T
(49)
f. m T f
_ 2 P~ _ 2
Yo = -w = = -2.5
2 f 2 f
T K(mp) T

If we assume that Flv, FZV, .F'/r are all proportional between the p

pole and t = 0, we find that :El :,f2 : fﬂ = Fl(O) : FZ(O) : FW(O) =
1:3.70:1, and that therefore Y = -2.5, Yo = -9.2, From Eqs.

(42) and (45), we find the p mass shift contribution to 6M2 to be

SM, = 0.14 (ém 0" dm (50)

P P

2 :1:)
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This result, however, is rather sensitive to the assumed extrapola-
tion, which is over a distance of 30 ]J.z in t.
There exist both theoretical and experimental estimates of
2
&m 0" ém _. Beder 9has estimated &m 0" bm =13 MeV from
P P P 0 0
an S-matrix calculation. Moreover, he found the p ™Y = p con-
tribution, which we must not include, to be small. Equation (50)
then gives SMZ = 1.8 MeV,
: . 30 0 + .
Several experiments™ have reporteda p - p mass differ-
ence. Although the measured values of the average p mass differ
among them, there is general agreement on the value of the mass
difierence. The averaged value for &m o - om _is -2 MeV31 (com-
p p

pared with Beder's +13). The existence of an isoscalar 77 resonance

with a mass slightly lower than the p (m ~ 720 MeV) could

scalar
easily lower the observed po mass significantly. If the discrepancy
between the theoretical and experimental values persists, the status
of the po -y po contribution becomes unclear. Conceivably, a
small mass difference could be due to a large cancellation between
po - v po and all other terms. Therefore, the experimental value
does not provide a reliable estimate of the contribution to the N*
mass shifts.

Although the p mass shifts might have an important effect on
N* mass shifts, the numerical value of SM*/Smp for AI=0 (0.10
for proportional form factors) gives a relatively small contribution
in the calculation done in Section IV of the effect of the external

nucleon mass shift.

The status of the p coupling shifts is somewhat better.
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Coupling shifts generally turn out to be less than about 1% of the
coupling. Ixcept [or the part of the coupling shift we include through
use of form factors in photon exchange, we expect this to be true
for the p. Then the p coupling shifts give a contribution to SM* of

less than about 1 MeV.
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VII. #NN COUPLING SHIFTS

R
W-M

a shift in the coupling introduces a change in the amplitude:

The nucleon exchange pole of A is -(4/9) Therefore,

Equation (8) then gives the Na< mass shift for ALl = 0

. Sk | £ 2
M = -%(M‘-M)B;:(——I—)-Q@—> 82 (52)

3

R \M"-M
With the same approximations as before, Eq. (52) becomes
SM* =1.57pn éRB . Since R is proportional to gZ/MZ, where g is
the pseudoscalar 7NN coupling constant, and since the shift in
M(~0.15%) can be neglected, it follows that 6M " = 430 MeV Eg& .

The group theoretic factors are found firom the bubble diagram
in Fig. 4 wherein all vertices have the usual Clebsch-Gordan fac-

)m+k. In addition,

’cors.31 Crossing the pions introduces a factor (-
vertex B has a factor 6g/g. (Also, adding a perturbation of the
coupling at vertex B' does not change the ratios of the induced AI = 0,

Al=1, and AL= 2 mass shifts.) The result is

++ f “xTomn\ sM
M = ( g > 6g/8 ’

¥ L B0 B0 1 e et

=: = __W_BE _ T nn 2+ vig pn
M (3 g T3 T3 g 6g/g ’
68 o _ og o _ 6g . _ " (53)
6M0= L _7pp L mon 1 7 np | &M ,
3 g 3 g 3 g 5g/g
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By CP invariance, g . _and g _ _ are equa1.7 Therefore,
T np T pn

therc are no &I = 1 mass shifts introduced by the coupling shifts.

The AI = 2 shift is

d 6g - b
: oM
6M - w pn
2 g 6g/g
_ 1
=3 T T3 2 430 MeV . (54)

This defines Sgg. The relevant coupling shift has been estimated in
two ways. In the first place, from the NN scattering lengths Ria-
zuddin32 finds égi/gzz 1.5%, after correcting the scattering lengths
for all other known cffects. In the second place, Dashen, Dothan,
Frautschi, and Shar_p7 estimated the octet (AI = 1) coupling shifts
in the S-matrix theory. They predicted that the Al = 1 shiits are
substantially larger than the Al = 2 shifts because the former undergo
double enhancement. By this they mean that enhanced mass shifts
occur in a driving term for enhanced coupling shifts. In the case of
the AI = 2 shifts, neither the mass shifts which occur in the driving
terms for the coupling shifts, nor the coupling shifts themselves,
are enhanced. Except for the cases in which the unperturbed coup-
ling is very small (e.g., NN7n), no doubly enhanced coupling shift
is larger than 2%.

The estimate of the coupling shift from the scattering lengths
gives a mass shift GMzz 2 MeV. The estimate of Dashen, Dothan,

Frautschi, and Sharp gives a substantially smaller shift.
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VIII. Ny INTERMEDIATE STATES

In this section we work out the contribution of the Ny inter-
mediate states in the s and u channels in terms of photoproduction
amplitudes. We then evaluate these contributions using the photo-
production amplitudes given by Chew, Goldberger, Low, and
Nambu>> (CGLN).

We first find the contribution from the s-channel Ny state.
This state only occurs in the N*+ and N*0 channels, and therefore
leads to Al = 0 and Al = 2 shifts. The cut in 8A is given by
!2

Im 64 = 5 a(W) p(W) k(W) ([M, [P+ 3 (B, [*) . (55)

In this equation, (W) and p(W) are defined in &gs. (3) and (2), k(W)

is the C.M. momentum in the Ny state given by

2 42

k(W) = —w ; (56)

and M1+ and E1+ are photoproduction multipoles (for isospin 3/2)
defined, for example, in CGLN. The cut given by Eq. (55) goes
from W= Mto W= . We use the multipoles as given by CGLN.

These are

; (g_-g _)sinm
1
M., = emqkef [ p__o + = cos n F. s (57)
1+ 2.2 3 3 M
4f“M% q
Ey, = ¢Mkef [ - 5 cos 1 Fy] , (58)

where



2
1 - 3 1-V 1-V
Fo=—s{1--22 (1+ In 2] , (59)
Q WZ 4V2 2V 1+Vv
P o= "‘3‘—L1+1—V21 1-V 60
M T2 A EaY ’ (60)
q
2
w = Va2 + b2 , (61)
Vo= q/w . (62)
For the 3-3 phase shift, we use the approximation
3,2
tan n = 0.3 g /p . (63)

(M -W) (1+0.8 q%/p%)

These approximations lead to an integrand in Eq. (8) which has a
very small, but non-zero, limitas W— . Therefore, we truncate
the integral and do not use Eq. (9). The value of the integral is in-
sensitive to the truncation energy. The major contribution comes
from low energies, so the choice of D function is of no importance
for this term. We do the integration numerically and find
SM=~0.3 MeV,

We now find the contribution from the u-channel Ny state.
Since isotopic spin is not conserved, we cannot use the ordinary
crossing matrix. Instead, we use the bubble diagram in Fig. 5 to
find the ¢f£ect of crossing. Vértices A and A' have Clebsch-Gordan

mtk

coefficients and a factor (-) comes from crossing the pions.

Vertices B and B! have photoproduction amplitudes for v + Nfb”-mnl—Nj

and v + N£—> T_1 + Nn respectively. The complex conjugate of
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either one of these amplitudes is used (consistently). Finally the
ordinary angunlar momentum crossing matrix and kinematical fac-

tors appear. The results are as follows: For Al=1,

16 W& BM-W)(M-W) [ 0k 0% . -
Im 8A =18 Re| M, ) M -+3&2. 9% 8w 7=
T ME (Wom)? - 2 1+ 1+ 1+ g
0, * -
2(M, _) Ml_] ; (64)

and for Al= 2,

2 -
Im aA:%WZ (3M‘W>2§M“2V) Re[lefr{Zw]ElI]zm M, T2 v T
MT (W-M)"- ’
-2 -2 + % - + . % -
9 [El+[ -6 ]Ml_] (M) MLt 6 (B ) B
) + % : -
T4 (M) Ml_:l . (65)

We use static crossing, in which the multipoles are evaluated at an
energy of 2M - W. As bhefore, we do the integration of FEq. (8)

numerically and find 8M, very small and AMZ ~-0.2 MeV, There-

1
fore, the total effect of Ny states is small.

We now consider v7N intermediate states in the s and u chan-
nels., We expect these to be dominated by the N*V state. The
amplitude is large only when the energy is close to Mg< where we
expect it to be comparable to the NY amplitude at an energy near M.
In the s-channel, the zero of DZ/W—M* will make the integrand of
Eq. (8) small. The u-channel N*‘)’ contribution will be smaller than

the u-channel NY contribution (neglecting isospin factors) because

of the WZ'/M2 factor in p(W) (Eq. (2)). At the position of the crossed
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N pole, this factor is about 1/2. We expect, therefore, that each
term contributed by y#N states to be smaller than the corresponding

YN term, which is itself rather small.
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IX. OTHER LOW-ENERGY STATES AND SUMMARY

There remain other low-energy states whose effects we do
not calculate. The first of these is the 7y state in the t-channel. If
7w+ 7> 7+ Y is dominated by 7 + 7 =™ vccetor meson ~ 7 + ¥ and
N+N—7+ Y is dominated by N + N ~ vector meson = 71 + Y, then

mY exchange is similar to Y exchange, and the ratio of 6A7,-~/ to 6AY
4
is expected to be of order3 -12- o L

> so that the 7Y cut will have a

5

negligible effect.

Closely related is the vector meson-7y state. We do not cal -
culate its effect, since all hadron-~7Y states previously calculated
have had small effects, and this singularity is more distant than
the 77 singularity. Similarly, we neglect all multiparticle-v states.

The last remaining effect is that caused by coupling shifts
in w and ¢ exchange. We expect these. to be similar to p exchange.
Except for the part included in photon exchange through use of form
factors, their effect should be small.

In this calculation, we do not arrive at a single set of pre-
dictions. Therefore, in Table 2 we summarize our results by
giving the minimum and maximum estimates for each term. Two
of the entries in the table require explanation. For photon exchange,
the minimum §Ml corresponds to the maximum GMZ (photon mass

method), while the maximum &M, corresponds to the minimum SMZ

1
(6A method). The 6M, entries for the p mass shift were found by
taking the estimate 1.8 MeV given by one particular set of assump-

tions and arbitrarily assigning a 100% uncertainty to this estimate.
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Our two estimates for SMl are not extremely different,

From their theory of octet dominance, Dashen and Frautschi4 give

an upper bound of 8.4 MeV for the mass difference MM

T=-3 8M.
This is larger than, and has the same sign as our estimates of 4.8
MeV and 2.4 MeV for this difference. KEither of our estimates is
consistent with the experimental results of Gidal, Kernan, and Kim8
who found M~ - M'7 = 7.9 £ 6.8 MeV,

Our result for 61\/[2 is extremely uncertain. The only con-
clusion we can make is that there is no evidence that 6M2 is small,
as is predicted by octet dominance theories. As 6MZ is so uncer-
tain, our range of values includes the experimental value given by

Olsson, ? who found M'T - M% = 2 SM| - 6M, = -0.45 % 0.85 MeV.
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TABLE 1

One photon exchange contributions to M,

Fl part FZ part Total
photon 61\/1l -0,46 MeV ~0 -0.5 MeV
mass
method 61\/12 0.92 MeV -0.9 MeV 0 MeV

-~ i 9 < ~
SA SMl 0.29 McV 0 0.3 McV
method

5M2 ~0.58 MeV -0.9 MeV -1.5 MeV
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TABLE 2

Summary of numerical estimates of N mass shifts (in MeV). See

text for explanation of photon exchange and p mass shift entries.

Effect
minimum maximum minimum maximum

photon exchange -0.5 +0.3 -1.5 0
nucleon mass shift -1.1 -1.1 0 0
7NN coupling shift 0 0 small 2.0
7 mass shift 0 0 small small
p mass shift 0 0 0 3.6

p coupling shift small small small small
YN : s~-channel ¢] 0 0.3 0.3
YN : u-channel small small -0.2 ~-0.2
TOTAL -1.6 -0.8 -1.4 5.7
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FIGURE CAPTIONS

: The singularities of the infrared divergent part of 8A from

photon exchange. x's are poles, dots are branch points, -
and the broken lines connecting them are cuts. q2 is real

on the circle.
2 -

W-M* infra’

. Bubble diagram for p exchange mass shifts.
: Bubble diagram for 7NN coupling shifts.

: Bubble diagram for Ny state in u-channel.
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