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. ABSTRACT

The momentum spectrum and angular distribution of
negative pions produced in the reaction y + p - T+ n+ +p
have been measured at eight incident photon energies from 0.9
to 1.3 GeV. The reaction was produéed in a liquid hydrogen
target illuminated by a bremsstrahlung beam from the Caltech
syhchrotron. Negative pions were detected and momentum
analyzed with a magnetic spectrometer employing a combination
of scintillation counters and Cherenkov counters, The incident
photon energy was fixed by using the technique of bremsstrahlung
subtraction, The cross séction for the pseudo-iwo-body reaction
y+p- o o+ N*(1238)++ was obtained by fitting the m~ momentum
spectrum at each angle and energy with a linear combination of a
resonance term and a three-body phase space 'term. The angular
distribution of the w in N* production is in good qualitative and
fair quantitative agreement with predictions of the Drell (OPE)
model. Gauge invariant models are in poorer agreement with the
data. The total cross section for pion pair production decreases
smoothly from 78.9 + 2,9ub at .93 GeVto 59,1+ 5.2 pb at 1,29
GeV, whereas the N* part of the cross section decreases from
45,0 + 2,4 ub to 18,2 + 3.5 ub over the same range. A slight
shoulder in each of these cross sections suggests [ormalion of

*
the N (1688) as an intermediate state.
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I, INTRODUCTION
The photoproduction of two charged pions from hydrogen,
- +
Y+*p-rm +mw +P,

)

energetic enough to produce the reaction were available, Although

was first observed in 1954, (1 almost as soon as photon beams

numerous experimental investigations of this process have since

(2-20) only in the past two or three years havé sufficiently

been made,
detailed data been obtained to permit serious attempts at interpre-
fation in terms of specific dynamical models. This paper describes
an experiment in which angular and momentum distributions of
negative pions produced by the above reaction were measured over
an energy range from 0.9 to 1, 3 GeV for the incident photon. These
measurements can be used o test the predictions of some models
which have been proposed for the reaction, and provide a basis for
further theoretical investigations.

In urder to put the motivation for this work in perspective,
we shall review briefly the results of some previous studies,
Discussion of the most recent results from other laboratories,
however, will be postponed until our data have been presented. One
of the distinctive features of pion pair production which was noticed
in the early work was the important role played by final state inter-
actions. Friedman and Crowe(4) observed that at 60° in the
laboratory the yield of 76 MeV positive pions from pair production
was about three times larger than that of negative pions of the same
energy. The spectrum of negative pions was peaked at low kinetic



energy, and the excitation function at fixed pion momentum and
angle had a slow initial rise from threshold. These features
were in agreement with calculations made by Cutkosky and

(21)

presence of a strong P wave interaction between the positive pion

Zachariasen using a cutofi static theory, and suggested the
and the nucleon, Bloch and Sa,nds(7) measured the m spectrum
for ¢, m. angles greater than 90° at photon energies of , 67, , 83,
and 1,01 GeV. Their results showed reasonable agreement with
the Cutkosky-Zachariasen calculations at . 67 GeV., Lacking a
theory applicable to the higher energies, and noting that three-
body phase space did not adequately desecribe their results, they
calculated the w spectrum on the assumption that the reaction
proceeded through one of the following quasi-two-body processes:

*
y+p- N (1238 + o

*
v+p-N (1238)°%+ nt |

The neutral isobar model was in betler agreement wilh their data
than the doubly charged isobar model, but they were not able to
draw any strong conclusions in favor of the isobar model, Sellen
et al, ©,10) studied pion pair production in a diffusion cloud
chamber, where for the first time all particles in the final state
were observed. Examination of the mass distributions of the
various pairs of particles in the final state showed that the reaction
occurred predominantly through production of the N* (1238)*" for
photon energies from 0.5 to 0.7 GeV; the same isobar was present

to a lesser degree from 0.7 to 0,9 GeV, There was virtually no



*
evidence for production of the N in its neutral charge state,

Evidence for strong pion-pion interactions in the final state was

(12)

cbserved an enhancement in the reaction probability when the m-p

first reported by McLeod, Richert, and Silverman, who

mass was about 720 MeV/ c2, near the po meson mass. DelFabbro
et al (13,14)

MeV/c2 in terms of a ¢° meson.

interpreted an enhancement at a dipion mass of 380

A second striking characteristic of pion pair production
was the dependence of the total cross section on photon energy.,
Sellen et al. found that the cross section increased quite slowly
from threshold (321 MeV) up to about 450 MeV, but then rose
quite sharply to a peak of 80 ub between 500 and 600 MeV, At
higher energies {up to 1000 MeV) the cross section decreased
slowly and smoothly. This group described the reaction as a
multistep process

Yy+p~-C—> N+n+n1m

or
*
vy+p-+ C-= N +q

L N+

where C denoted an intermediate system which might include several
states of different isotopic spin and angular momentum, They
considered Wilson's suggestion that C might be predominantly the

N* (1512) sl;‘a.te. (22) The observed predominance of the N*(1238)++
over the N (1238)0 would be explained by this model, since a
branching ratio of 9:1 is expected for these two modes if an isotopic



spin 1/2 state were dominant. However, one would expect the total
cross section to peak around a photon energy of 750 MeV, and the
cross section seemed quite flat in this region. They concluded that
more than one intermediate state must be making a strong contribution.
A specific model for the reaction mechanism was proposed
by Drell in an investigation of the production of beams of high energy
particles. 23) The Drell model, or one pion exchange (OPE) model,
is based upon the amplitude given by the Feynman diagram shown in
Figure 1. This model predicts that the angular distribution of the
n will be peaked strongly forward, but that the cross section must
be zero at OO. To the extent that the exchanged pion is not {oo far off
the mass shell, the lower vertex in Figure 1 is approximately
described by the n+-p scattering amplitude for real pions, which is
dominated by the N*(1238) state at low excitation energies. The
interesting features predicted by this model prompted Kilner, Diebold,
and Walker to study m production from hydrogen at small angles at

(11) They found that the cross

an incident photon energy of 1,23 GeV,
section exhibited the qualitative features of the Drell model, but the
measured cross sections were a factor of 2-3 larger than the
prediction.

The above summary shows that pion pair photoproduction is
a complex process, rich in information concerning the basic pion-
nucleon and pion-pion interactions, yet hopefully not so complex that
this information cannot be extracted. The cross section calculated by
Drell from the one pion exchange diagram was expected to give
reasonable results only in the limit of high photon energy and for
" negative pions produced at small angles to the photon beam, The
striking qualifative agreement between Drell's predictions and the
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Figure 1, Diagram for the one pion exchange model



data of Kilner et al, suggested that it would be very interesting to
extend the measurements over a greater energy and angular range.
In particular, one would expect the Drell model to be more
successful in describing events of thetype y + p- 1+ N (1238)**
than in describing all charged pion pair photoproduction. The
investigation reported here was planned to study primarily this
quasi-two-body process in order to make possible a detailed
comparison with the Drell model and its refinements. A similar
investigation was being completed by Allaby, Lynch, and Ritson(18)
at Stanford at the time this work was beginning; because they covered
the photon energy range from 575 to 950 MeV, our attention was
confined to the range from 900 to 1300 MeV. In this energy range

we could also look for evidence of the effect of excitation of the third
pion-nucleon resonance, N*(1688) , on pion pair production.

Because both the method and the apparatus used in this work
have been used in previous studies, most experimental details are
given in the Appendices., Section II summarizes the experimental
method and procedures. The reduction of data is discussed in Section
IIT, where the data are also presented. The results of this and other
recent experiments are discussed in Section IV, and Section V contains

conclusions.



i, EXPERIMENTAL METHOD

A. Reaction Identification

The photoproduction of a negative pion from a proton has the
general form

Y+p—»1'r_+X. (1)

The system represented by X must have charge +2 and hypercharge
+1, Since there is no single particle with these quantum numbers
which is stable with respect to sfrong interactions, there is no final
state for the above reaction consisting of only two particles of sharply'
défined mass. There are only two reactions of the above form having
three particles in the final state. These reactiohs, together with
those having four-and five-body final states which can be produced

by photons with energy less than 1. 35 GeV, are tabulated below:

k M

. t min
Reaction | (GeV) (GeV/cz.)
Yy+p-n +u rp 32 1.08 (2a)
e s K ept 1.31 .68  (2b)
AU - .51 1,21 (2¢)
-~ n +m +Tm +n .52 1,22 (2d)‘
- o+ w+'|;110+ n°+p .71 1,385 | (2e)
et 4+ w4 .72 1.35 (21)

I I e -rr+-+p .13 1.36 (2g)



kt is the laboratory photon energy at threshold, and Mmin is the
minimum possible invariant mass of the final state particles
comprising the X. In the present investigation, the photon
laboratory energy varied from 0, 93 to 1. 29 GeV, and the
momentum was chosen to cover the "missing mass" (invariant
mass of the X) range from 1, 08 to about 1. 30 GeV/cz. This
missing mass constraint excluded reactions {2b) and (2e) - (2g) as
possible sources of the pions detected, Reactions (2¢) and (2d) were
expected to make only a small contribution because the photon energies
involved never exceeded their threshold by very much. This
expectation was supported by bubble chamber measurements of the
total cross sections [or these reactions, as discussed in Section.
IIi. D. Thus, the negative pions observed in this experiment were
essentially all produced in the process of interest, reaction (2a).

| For reactions of the above type, measurement of only the
photon energy (k), the # momentum (p), and the n~ direction with
respect to the photon beam (8,9) leaves unspecified at least two of
the kinematic variables needed to describe the final state completely.
However, the following properties of the system are determined:
(a) the total energy (W) in the center of mass (c. m.) system;
(b) the momentum (p') and angle (8') of the n  in the c. m. system;
and (¢) the invariant mass (M) of the X. Thus, measurement of these
variables does not completely determine the state of the constituents
of the X, but it does permit study of the angular distribution of the
the mass distribution of the X, and the total cross section as functions
of the total center of mass energy. Such an approach is particularly
well suited to investigation of the contribution of the quasi-two-body
channel
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- * 4
y+p- 1w +N (1238) (3)
to pion pailr photoproduction,

B. Procedure

The method used to measure 1 yields in the present
experiment was the same as that used by Kilner, Diebold, and
Walker, (11) Negative pions photoproduced in a liquid hydrogen
target by a bremsstrahlung beam from the synchrotron were
identified and their momentum and direction were measured with
a magnetic spectrometer. Because this information alone does
not suffice to determine the photon energy, data were taken in such
a way that a bremsstrahlung subtraction could be performed,
Subtraction of the rr~ yields obtained at a fixed angle and momentum
but slightly different synchroiron energies gave a net yield of pions
produced by photons whose energy was known to lie in a relatively
narrow band. The increment in synchrotron energy used in this
experiment, chosen as a compromise between the desire to minimize
random errors and the desire to obtain the best possible resolution
in total c¢. m. energy and missing mass, was 50 MeV. The rms width
of the net bremsstrahlung spectrum was of the order of 30 MeV, |
implying about 1-1/2% resalution in total c. m. energy, and 2-1/2%
resolution in missing mass, The uncertainty in photon energy was
the dominant source of uncertainty in the missing mass. |

The basic laboratory cross section measured as outlined
above is differential in both pion momentum and angle. At fixed
photon energy and pion angle, this cross section is essentially a
spectrum of the missing mass, This can be visualized by considering
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the kinematics for the reaction as shown in Figure 2, where contours
of constant missing mass are plotted in the k-p plane for a fixed 5
angle. For each angle at which the cross section was measured, a
set of standard momentum values, separated by slightly more than
the acceptance of the spectrometer, was selected. The yield of
negative pions was measured at synchrotron energies ranging from
922 to 1330 MeV in steps of 50 MeV, and at a subset of these standard
momentum values such that after the bremsstrahlung subtraction the
missing mass varied from threshold to about 1. 30 GeV/ cz. The
bremsstrahlung subtraction was performed on the yields at each pair
of adjacent synchrotron energies, giving m momentum spectra at
eight values of average photon energy from 934 to 1289 MeV. The
regions blocked out in Figure 2 show the points selected in a typical
case. The cross section was measured in this manner at laboratory
angles of 4%, 12°, 20°, 44°, 56°, and 84°, Additional measurements
were made at 30° for average photon energies of 934 and 985 MeV,
and at 120° for energies of 1086 to 1289 MeV in steps of 50 MeV., A
complete list of the kinematic conditions for which data were obtained
is included in Table I (see Section III, A),

The apparatus used in the experiment was the same as that
(24) and Ecklund(zs) to study photo-
production of single positive pions from hydrogen. Figure 3 shows

employed recently by Thiessen

a laboratory floor plan. After initial collimation and sweeping, the |
south bremsstrahlung beam from the synchrotron traversed nearly
seventeen feet of air and the hydrogen target for another experiment
before reaching our hydrogen target. Scraping walls were inserted

at several places along the beam line to remove charged particles
diverging from the beam. The sweeping magnet just upstream of our
hydrogen target and the helium bag in the beam line from this magnet
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Figure 2
Typical Kinematics Curves

The curves show the relationship between photon
energy, w lab momentum, and missing mass (M) fora o
lab angle of 20°, The blocked out regions indicate the
range covered in a single bremsstrahlung subtraction and
setting of the spectrometer central momentum, All

kinematic settings used at 20° are shown,
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to the hydrogen target were not present during the 1965 phase of the
experiment: they were added in 1966, primarily to reduce the
electron flux at small angles, The helium bag from the hydrogen
target to the 1200 MeV/c spectrometer was used only while taking
data at 4° and 12° during 1566,

Two magnetic spectrometers viewed the hydrogen target;
they were used independently to measure the n~ yields at two angles
simultaneously. The 1200 MeV/c spectrometer was used to measure
yields from 4% to 44° in the laboratory, covering a momentum range
of 450 to 1200 MeV/c. The counter system on this magnet included
a freon threshold Cherenkov counter which provided virtually 100%
discrimination against the large electron flux encountered at small
angles, The 600 MeV/c spectrometer was used to measure the yield
‘from 30° to 120° in the laboratory, covering a momentum range of
250 to 600 MeV/c. A counter sensitive only to electrons was not
included in this specirometer. The error produced in the cross
sections measured with this spectrometer by e contamination was
estimated to be less than 5% in the worst cases (see Section VI, D, 1),
The counter systems and fast electronics used with each spectrometer :
were described fully by Ecklund and Thiessen; a summary of the
properties of each system needed to analyze the data is given in
Section VL B, 3. X should be noted that the resolution functions of
the spectrometers were known accurately, enabling us to make an
absolute cross section measurement,

The total energy of the bremsstrahlung beam in each run was "
mdnitored simultaneously by as many as four independent secondary
monitors. These monitors included: (1) a "thin" (, 005 in. Al)

ionization chamber located just downstream from the primary
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collimator; (2) a counter telescope consisting of two scintillation
counters mounted beneath the hydrogen target looking at particles
produced at 90° to the beam ; (3) a probe in the synchrotron
moniforing the number of electrons accelerated in each machine
cycle; and (4) a copper plate jonization chamber located in the 7
beam catcher, The absolute calibration of these beam monitors
as a function of synchrotron energy and time was determined by
comparison with a Wilson quantameter(ze) before and after every
run,

Because the entire detection system used in this experiment
congisted of counters, analysis of the data was relatively simple and
rapid. In fact, the number of pions accumulated during a run was
displayed on a scaler so the experimenter could see immediately the
nature of the results. However, conversion of these numbers into
cross sections, with all corrections included, required a considerable
amount of data manipulation. For this reason, the raw data were
punched onto cards, and all data handling was done with the aid of an
IBM 7094 computer.

A more detailed description of the b,pparatus and procedures

discussed above is given in Sections VL. B and C.
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M, DATA REDUCTION AND RESULTS

A, Yield

The first steps in the evaluation of cross sections ‘from the

yields measured in this experiment followed closely the procedure

used by Bloch and Sands.

(7

The negative pion counting rate is

related to the laboratory cross section by

C(Eo’ Py

where C(EO, Py eo)

3 6'0) =

It

B
0

kn (4)

number of 7 counted per unil energy of

the photon beam,

energy of the synchrotron,

" central momentum of the momentum

resolution function,
central angle of the spectrometer,

efficiency factor which includes electronic
effects (such as dead time, accidental
coincidences, and accidental vetoes) and
absorption of pions by matter in the

system,

number of profons per unit volume of the

target,
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D = diameter of the target (note: a correction
for the cylindrical geometry of the hydrogen
farget was included in the calculation of the
effective bremsstrahlung spectrum, as

discussed in Section VI, B, 1),

AQ total angular aperture of the spectrometer,

Ap = total momentum acceptance of the

spectrometer,
km = minimum photon energy required to produce
a w of momentum P, atangle 8,
N{k, Eo)dk = number of photons with energy in the interval
k to k + dk per unit energy of the beam,
9 ,
sp(fn(k,p ) = laboratory cross section for n~ production

per unit momentum and unit solid angle by

a photon of energy k.

In writing equation (4), we have already performed integrations over
the momentum and angular resolution functions, so that dzc/dpdﬂ is
actually the cross section averaged over these functions. We define
the yield per equivalent quantum as follows:

E_
x _
o (E,p,,8)=E, F dk N(,E_)

k
m

B, 0). )

This quantity, which has the dimensions of a cross section per unit
momentum and unit solid angle, was determined directly from the
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counting rates and instrumental parameters:

ECE,v,.8,)

o (B, p,,0,) = : - (6)
o’Yo’ o anDAnAp

A number of corrections were included in the factors
appearing in equation (6): (1) The spectrometer acceptance was
corrected for pion decay and the indistinguishability of pions and
muons. These effects, evaluated by Monte Carlo calculations,
“typically altered the acceptance by about 10%. (2) Nuclear scattering
of pions in matter along their flight path caused a loss of events,

The correction for this loss, based upon transmission measurements
and known pion scattering cross sections, varied from 5% to 10% for
the 600 MeV/c spectrometer and from 10% to 13% for the 1200 MeV/c
spectrometer, (3) Accidental coincidences, dead time losses, and
other electronic inefficiencies were quite negligible.

The yields thus obtained were corrected for pions produced
in sources other than the liquid hydrogen by subtracting yields
measured with liquid hydrogen removed from the target. The empty
target yield varied from 100% of the full target yield for points near
threshold to as low as about 10% at most angles. For the 4° measure-
ments, the empty target yield was never less than 30% of the full
target yield because the spectrometer could detect pions produced in -
the windows of the hydrogen target vacuum jacket. A detailed
discussion of all corrections is given in Section VI, D,

The yields per equivalent quantum measured in this experi-
ment, averaged over all momentum channels at a given central
momentum sctting, are shown in Table I, The errors given include

the statistical counting errors and additional random errors of 1. 4%
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arising from the beam monitoring and fluctuations in synchrotron
energy (see Section VI.E, 1). Several determinations of 0* were
made at almost all kinematic points, and these different "batches'
of data were treated separately until after the bremsstrahlung
subtraction was performed to minimize the effects of systematic
shifts. A key to the data batch assignments is provided in Tablc II,
where the time when each batch was obtained and the spectrometer
which was used are specified. A typical pair of yield curves
obtained at a fixed angle in one batch is. plotted in Figure 4.
These curves are for a point where the cross section was large
and the bremssirahlung subtraction was easily made. Note that
as the 7 momentum decreased (missing mass increased), the
bremsstrahlung subtraction became more difficult., This behavior
set a practical limit to the largest missing mass which could be

cbhserved.

B, Laboratory Cross Section

Subtraction of the expressions for the yields at two synchrotron

energies E2 > }?‘..1 gives the following integral equation for the cross

section:
E2
* * dz
(Eg) P08 = o By, 00 = [ dk R, By, o) 72-(c,p,,6) (1)
S TR 1%’ "o TP T2 dpdn v Yo’ o
k
m

where R(k,El,Ez) = E2N(k,E2) - ElN(k,El) .
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TADLE IT
Data Batch Information

Angle Batch = Time Spectrometer Aperture
4° 1  Sept. 1965 1200 MeV/c* 3 in. x 6 in.
2  June-July 1966 1200 MeV/c* 23/4in, x 6 in.
3 Aug. 1966 1200 MeV/c "
12° 1 Aug. -Sept. 1965 " 3in. x 9 in.
2 July 1966 " 2 3/4 in. x 9 in.
20° 1  Sept,-Oct, 1965 . 3 in., x 9 in.
2  May-June 1966 1 23/41in. x 12 in,
3 Aug, 1966 " "
30° 1 July-Aug. 1966 600 MeV/c  23/4 in. x 9 1/2 in.
2 2 1200 MeV/c 2 3/4 in. x 12 in.
44° 1  Sept. 1965 600 MeV/c 2 3/4 in. x 9 1/2 in.
2 " 1200 McV/c 3in, x 9 in. '
3 May-June 1966 600 MeV/c 23/41in. x 9 1/2 in,
4  June 1966 1200 MeV/c 2 3/4 in. x 12 in.
9 Aug, 1966 " "
56° 1 May 1965 600 MeV/c  23/4in. x 9 1/2 in.
2  Aug.-Scpt. 1965 " "
3  June-July 1966 ' " "
4  Aug 1966 " "
84" 1 May 1965 " "
2  Sept.-Oct. 1965 " "
3 . July 1966 " M
4  Aug. 1966 & "
120° 1 June 1966 " "

* The FAN counters were turned off during all or part of this time.
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INTEGRAL YIELD

12056 E2= 973 El = 922
. 040
8 « 030 1 -
~
-
=
i
< 020 I
: Il
]
.010 i II
] g
IR LA
. x| |
.00 sz Tre |
300,00 '500.0  B00.0  700.0  800.0

- 400.0

LAB MOMENTUM CMEV/C3

' Figure 4, Typical w yield curves. ‘All data were obtained -

at 129 in batch 1.

The lower set of points (o) are for
synchrotron energy E1, the upper set (x) for E2; -
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The function N{k, E 0) was written in the conventional form:

Bk,E )
N E) =g ——2 . ®)
0

B(x, EO) is essentially a constant for k < Eo’ drops rapidly to zero
as k increases to E o’ and is to a very good approximation a function
only of k/EO. The shape of Bk, EO) for our radiator and collimator,
including correction for the nonuniform thickness of our hydrogen
target (see Section VL B, 1), was obtain?2d7§rom a theory of thick

5(5.). The kernel of integral equation (7) which results when E o and

radiator bremsstrahlung by Wolverton, and is shown in Figure
E, differ by 50 MeV is shown in Figure 5(b). It is worth noting that
the lower limit on the integral, km, was typically a few hundred MeV
or less below E o under the conditions of this experiment, so that the
long, low energy tail of Rk, E,, EZ) did not makc an appreciable
contribution to the integral.

Assuming that the cross section varies slowly with k over
the region where R(k, El’ E 2) is large, we obtain the approximate
solution of equation (7): '

* %
dzc' (K 8 )r;_: o (EZ’ pO’ 90) -0 (E]_’ po’ e0)
dde Q I(Ez, El’ pO’ eo)

(9)

0, po,

E
2
where I(Ep,Ey,p ,8) = _|' dk R(k, E,, E,)

k(0,8
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Ey
f dk k R(,E,, E,)
k_(p,0)
_m¥o’o
k (Ey,Eq,0,,8,) = I(E,, {,0,,5,) .

Note that equation (9) is the result of expanding the cross section

in a power series about some central energy, ko, and that with the
choice of k  made here, equation (9) is an exact solution if the

cross section varies linearly with k in the region where R{k, El’ Ez)
is large. For reasons which will be discussed below, no attempt
was made to evaluate the error incurred as a result of using equation
(9) to evaluate the laboratory cross section differential in angle and
momentum.

The cross sections obtained using E2 -E 1= 50 MeV are
plotted in Figure 6. The cross sections were first computed
separately with the or* data from each batch., Weighted averages
over batches were then formed at each kinematic point to give the
results shown in Figure 6. The smooth curves in these plots are
discussed in the next section, A complete list of the cross sections
is also given in Table IIL. The data at 120° are obviously of poorer
quality than the rest; a limited set of measurements was made at
this angle simply to be sure the cross section did not become large
again at the most backward angle we could readily observe.
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C. Center of Mass Cross Section

For purposes of interpretation it is generally convenient to
express the cross section in the center of mass system. The
laboratory cross section at each point could be multiplied by an
appropriate kinematic factor to give the c. m. cross section at
corresponding values of the c. m. kinematic variables. We chose
a different approach which involved an alternative, and physically
more illuminating, solution to the unfolding problem presented by
equation (7) than that provided by equation (9).

Equation (7) may be rewritten in terms of the c, m. cross
section. Defining the experimentally determined quantity

‘& )- o (B
_(E E 5 )=0 ( 2,90,90 - g ( 1,90,60) |
0] 9113 po’ o 1 (EZ’E]_’ po’ 90) L]

we have the following equation:

_ L 2
5(Ey Ep,D,,8,) = &, E,,0,5) J dk R(,E,,E,) J(k,0_,8,) o o
m - (10)
where 8' = m ec.m. angle,
"M = invariant mass of the undetected final state
. particles,
_d_:zg_'__ (k,M2 ,6') = c.m. cross section for w production per
dM~dq!’

unit solid angle and per unit interval of MZ,
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J&, p o’ eo) = Jacobian which transforms this c¢. m. cross

2
. s do .
sectmn into a0 (k, Py eo) in the laboratory

system (see Section VI, A).

Instead of proceeding to solve equation (10) by expanding ________dzc' in
dM - dqn'
a power series in k as we did o obtain equation (9), we shall use an
expansion in functions which have particular physical significance,
We anticipate that the cross section will have a resonant shape as a
function of M?'. Since M2 is a linear function of k, this implies that
the cross seclion will have a resonant behavior as a function of k
near some value of k for each p and 6. We assume that this
resonant behavior is the most rapidly varying part of the k dependence
of the cross section, and choose an expansion in functions of Mz and
k which have the known resonant behavior or the behavior of a phase

space background. That is, we take

aZe 2 2
s = ) Alke)gMiK) (11)
dM“dn’ =y |

where the g; are functions which are discussed below. K we assume
that the unknown coefficients A,(k,6') vary slowly with k over the
region where Rk, El’ E2) is large, equation (10) reduces to an

algebraic equation:

‘ n
E(EZ’ El’ po, eo) = 'Z Ai(-l_{,-é-’) Fi(E2, El,po, 30) . (12)
i=1
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The functions Fi’ defined by

Ey

2
eo)j dk R(k,E ,E,) J(k,p,,6 ) g;(M"k) ,
Km | (13)

1
l’po’

Fi(EZ’El’po’eo) = I(EZ,E

were evaluated numerically, A set of values for the Ai at a single
point (k, 8') was then obtained by fitting the right hand side of
equation (12) at fixed 6 , E;, and E, to the measured values of o
by the method of least squares. The values k and §' reprecscnt
average values of the photon energy and = c¢.m. angle; for given
6,0 E1» and E,y, we took k and §' to be the values obtained by
averaging k  and 8'(e o Ko po) over the momenta p_ at which
o(Ey,Ey,p,, 6,) was measured, ,

We must now specify the functions gi(M ,k). The simplest
model is that the most prominent dynamical features of the reaction

are shown in the pseudo-two-body channels

y+p-n + N (1238 (14a)
~ ot + N*(1238)° (14b)

0 .
- p +D, (140)

and that the M?“ dependence of any remaining contribution to the
cross section can be adequately described by three-body invariant
phase space for the reaction

Y+P =T + T +P. | (14d)
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Rather than attempting to use a detailed model of the production
mechanism to specify the M2 dependence of reactions (14a) - (14c),
we chose the phenomenological approach of using modified phase (
28)

space calculations. This method has been summarized by Jackson.

For reaction (14a) this gives:

: M
_ (P l' r (M)
g, 2, k) = N2 = (15)
where Mr = mass of the resonance = 1238 MeV,
W = total c. m. energy,
N = normalization constant,
I'(M) = width of the resonance,

p'(Mz,k) = 7 3-momentum in the overall c. m. system,

The width function used was that obtained by Jackson from lowest-
order perturbation theory:

roo = 7, () e
| (M + M )2 - m2
with  p(M) = D

M- ’
Mp = proton mass,

m = pion mass,
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q = 3-momentum of the rr+ in the n+—p c.m.

system,
Q. = value of q at M=Mr,
T 0 = width parameter = 123 MeV,

The normalization constant, N, was chosen arbitrarily since it could
bc considered part of the unknown cocfficicent A1 (k,0'), For reaction
(14d) we used the mass distribution calculated from three body

invariant phase space:

U
M

B, am)

2
gz(M :k) = 1'}1'

Reactions (14b) and (14c) require a modification of the calculation
used to obtain By: 2 weighting factor giving the mass distribution
of the N*© or 0@ is included in the integrand of the invariant phase
space integral, The result in both cases may be expresséd in the .

form
‘ M;'rzlax
2 2 2
g™k = T | am' £ (M) (18)
16W .M,2
min

where f(M'z) = mass distribution for the N*° or 0,

M’ maximum (minimum) possible invariant mass

max 0 0
min of the N*© or p for given M and k.,
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In the case of N*° production, the limits on the mass are given by

"2 = 2 2 t AL
Mmax“Mp+m + 2(w Epipq) | (19)
min
where q, Ii‘.p = proton 3-momentum and total energy respectively

in the (n"p) c.m. system,

p",w'= 7 3-momentum and total energy respectively in

the (' p) c.m. system;

for po production the limits are given by

r2 2
M .= 2m° + 2(1.0"ETT + p''g) (20)

min
where ETT = n" total energy in the (r'p) c.m. system.

Figure 7 shows the four mass distributions given above for two
different photon energies, where a Breit-Wigner form has been
used for f (Mz), and the energy dependence of the width of this
function has been ignored so that the integral in equation (18)

could be evaluated in terms of elementary functions, Because

the curve representing the "reflection of the pO" is so similar

to the nonresonant phase space curve, the p0 term was not included
in the fitting function. This is also reasonable from a dynamical
viewpoint, because bubble chamber studies have shown that po
production is not the dominant part of the total cross section for -

k less than 1,3 GeV, (17, 19) The N*° term has a much more
striking mass spectrum than the po term; however, this term was
also not included in the fitting function finally used, There were
three reasons for this decision. In the first place, the bubble chamber
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Figure 7

Missing mass disfributions for the phenomenological
model. P(Mz) is the distribution function (normalized to unit
area) for the square of the missing massin vy +p- m + X.
The curves are for the specific models (@) v +p —» 7 |
+ N*(1238)++; b) y+p-n + - p (nonresonant);
€ y+p-~ 1 + N*(1238)0; @ y+p- o°+p. Curve (d) is
not shown at k = 900 MeV because this is below threshold for

p° production.
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studies of the n -p mass distribution in this reaction showed no
significant enhancement in the N*(1238)0 region, In the second
place, the N*© term produces a peak in the r;+-p mass distribution
close 0 the maximum kinematically allowed n-p mass, whereas
our measurements were made within 250 MeV/ c2 of the minimum
possible mass. This means that for k > 1 GeV, the N*? term
peaks well above the maximum mass for which the cross section
was measured, and is fairly uninferesting over the measured range.
Finally, the data at k0 = , 934 GeV, where this term seems most
likely to contribute, were fifted with an expansion including the N*©
term; its coefficient was consistent with zero at each angle measured.

Thus, the final fits were made using only two terms in
equation (12): the N term givern in equation (15) and the non-~
resonant phase space term given in equation (17), The upper smooth
curve shown in each plot of Figure 6 is the sum of these two terms
as determined by the fit, The lower smooth curve in each plot is the
nonresonant phase space termalone, In the few cases where only one
curve appears, the coefficient of one of the terms vanished.

' In order to present the results of the fits in a meaningful way,

we define c. m, angular distributions as follows:

MZ
max 2
' —
o Get)= [ amd( ') - (D
2 dM dq
NR M< .
min : ‘ NR

where ‘term in equatmn (11) from Nt ™ production ,
szdQ' R



(N

. _

( dza : )  =term in equation (11) from three body
dM da' NR '
phase space.
M =(W-m)and M_. = (M_+ m) are respectively the maximum
max min p

and minimum possible values of M. These angular distributions are
easily evaluated, once the fifting parameters Ai(k, ') have been
determined, from the relation

0,,67 = Ay(k,87) p,(0) (22)

The functions p.(k), defined by
Pi(k) = J‘ sz gl(Mz’ k) » (23)

M2 .
min

were evaluated numerically and tabulated once for use in analysis of
all of the data. Since we know a priori that each of the o,(k,6')
should be positive, this constraint was placed upon the {it which
determined the Ai. The method used to impaose this constraint is
described in Section VI, F, Actually, the unconstrained fits gave
positive coelficients at all but a few points.

The angular distributions obtained in this way are plotted in
Figure 8 and listed in Table IV. The angular distribution denoted by
Io is the sum of the other two terms:

cc(k,e')=0R(k,e')+ UNR(k,e') ] . (24)
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Because the values of oR and oNg Were correlated, the complete
error matrix obtained in the least squares fit for the parameters
Ai(k,e') had to be used to evaluate the error in O The upper set

of points in each plot of Figure 8 is 90> and the lpwer set o_f points
gives the resonant term o R’ corresponding to N*(1238)++ production
only.

D. Total Cross Section

The total cross section for 7w production can be evaluated

in the standard manner:
ok) = j dq' olk,6') . (25)

We obtain both the contribution of the N*++

cross section by using cR(k,e ') and Gc(k,e ') respectively in the
integrand., In order to carry out the integral, smooth curves can be
fitted to the angular distributions and then integrated. Since the OPE

diagram (Figure 1) is expected to give an important contribution to
(29)

and the complete total

the cross section, we follow Moravcsik's suggestion and perform

a fit in the following manner:

n
1-8 cos.e')2 olk,8') = }: Bi(cos et . (26)
i=0

The m velocity, B, can be taken equal to the 7 ¢, m. velocity for
which the missing mass is equal to 1238 MeV/cz. This expansion
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has two nice features: the data are fitted well with a low value of n,
and the total cross section can be evaluated analytically in terms
of the coefficients B, and elementary functions of B.

Figure 9 shows the total cross sections obtained in this
manner, In order to constrain the fitted curves to be well-behaved
at backward angles, fake data points were inserted at c. m. angles
of 1500 and 1800. The value of the cross section é,t these points
was taken equal to the measured value at 120° and the error bars
were made large enough to overlap zero. This approach seemed
justified since the bubble chamber studies showed the differential
cross section to be quite flat for backward n~ angles from . 85 to
1.5 GeV. (17) With this procedure, both the resonant and complete
total cross sections were generally independent of the order of the
fit for n > 3. The smooth curves in Figure 8 are the fitted curves
~ used to obtain the total cross sections. These cross sections and
the parameters Bi are also listed in Table V.,

A number of comments should be made regarding these total
cross sections, They are to some extent model dependent, since the
quantities O‘R(k,e') and cNR(k,e') are model dependent., More
precisely, cR(k,e') and cNR(k,e') were obtained by integration
over some missing mass values where no measurements were made
(see equation (21)), Only the shape of our phenomenological phase
~ space model determined the cross section for such values of missing
mass. The fraction of the complete total cross section which came
from the missing mass range covered by the measurements varied
smoothly from about 3/4 at the lowest energy to about 1/2 at the
highest energy (see Section VL. D, 6). The fractions for the N* term

alone were 7/8 and 3/4 at the same energies.
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Figure 9

- * e
Total cross sections for y + p- 1m + N (1238)
and y+p- m + rr+ + p. The symbols indicate the source
of the data:

X - this experiment
S - Stanford data(ls)
- CEA data(17)

D - DESY data(lg’ 34) .



88

-

600

T I ] I I 11 I T
g H Fod p—
| m = B . ——
M (— ; )
o = o p gt
g TIL — .
*N bt . +W A
+ =4 - . + . P
|- v B | ) )
k F 1—11_ k TWH* —
” - n_u, ——
—  Q —— _
- : —
+- TP ot B w./ =TI
~ v M
T.lT.l. 4 L oy
——
b : »
ot : .
B T._ = — - bt oy
- it
ke tdq
| -
= I R
——a - ey
e =
— Fodod B o Cy
[ | }od =
bl S
I SR NS WO NN S N N B L1 g
@) (@) O O o o
8 8 8 % R S g 3

1200

1000
k (MeV)

800

Figure 9. Total cross sections,



89

TABLE V
Moravesik Coefficients and Total Cross Sections for
- % -
y+p-n +N (op)and y+p- n + " +p (o)

Moravcsik Coefficients Total Cross Sections
k(MeV)v Coeff, GR(ub/ sr) cc(ub/sr) cR(ub) cc(p.b)

934 BO 2.58 +..23 5,83+ .21 45,0+2.4 78.9+2.9
B1 -2,25+ .55 -5,94+ .80
B2 -0.30+.34 -2,87+1.40
B3 3.06+ .76

985 B0 2.80 + .24 5.36+ .25 45.9+ 2.5 76.9+ 3.3
‘ B1 -3.32+ .56 -6.24+ .89
32 0.55+ .34 -0.70+ 1.50
B3 1.62+ .80

1034 BO ‘2.74_-t.36 5,00+ .42 42,9+ 3.8 175.3+5.7
| B, =-3.56+.82 -4.56x 1.57
B2 0,82+ .48 -3.17+ 2.54
B3 2,69+ 1,31

1086 ‘BO 2.29_-!;.29 4,67+ .36 39.1+3.2 "71,5+£5.0
B1 -2.65+ .67 -4,81+ 1,47
B2 0.37+.40 -1,86+ 2.69
B, 2,06+ 1,44

1136 BO 1.59 +,26 4,33+ .42 29,2+ 3.0 Tl.4+ 4.5
B1 -1.,63+ .59 -6.23+ ,96
B2 0.04+ .35 1,95+ .55
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TABLE V (cont. )

Moravcesik Coefficients Total Cross Sections
k(MeV) Coeff, o R(pb/ sr) oG (ub/sr) oR(pb) oG (o)

1187 ‘BO 1.7+.32  3.65+ .39 30.8+3.5 60.6+4.2

B -2,35+.71 -5,30+ .88
B2 0.60 + .41 1.69+ .50

1236 BO 0.66 + .32 3.69+ .45 19,9+3.5 61.1+4.8
B1 0.20+.71 -5.26+ 1,02
B2 -0.86 + .41 1,59+ .58

1289 BO 0.65 + .33 3.49+ .50 18.2+3.5 59.1+5.2
B1 -0,14+ .74 -5.24+ 1.15
B -0.50 + .43 1,78 + .67
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In addition, all negative pions detected have been included
in these éross sections, It was shown in Section II, A, that several
reactions which produce three pions, in particular (2¢) and (2d),
could produce negative pions which would be included in our results.
The total cross section for these reactions has been measured by the
bubble chamber groups. (17,19) The contribution of these reactions to
our total cross section was estimated, assuming that the ¢~ is
produced isotropically in the ¢, m. system and that the missing mass
distribution is described adequately by phase space at our energies
(see Section VI.D.6). The result of these considerations was that
reactions (2c) and (2d) combined contributed about 1 ub to our total
cross section at all energies, Because this is so small compared to
other uncertainties in our total cross section, no correction was made
for contamination from three pion production,

E. Error Summary

In this section we simply summarize the factors affecting the
precision and accuracy of the measurements. These factors are
discussed in detail in the Appendices. The dominant source of random
error in our results was counting statistics: although the yield per
equivalent quantum was generally measured with 5-10% error per
channel of the spectrometer, the bremsstrahlung subtraction amplified
this by a sizeable factor. Other sources of random error, such as
beam monitoring é.nd the energy stability of the synchrotron, contributed
about a 1, 4% error in the yield, which was included in quadrature with
the counting error in all results shown,
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The remaining sources of error, which have been classified
as systematic since they presumably do not vary from point to point,
are tabulated below along with an estimate of their magnitude:

Decay correction 1%

- Nuclear scattering

correction 3-4%

Absolute quantameter
calibration 3%

Counter and electronic
efficiency 2%

Net hydrogen density 1%

Shape of bremsstrahlung
spectrum 2%

Electron contamination
(600 MeV/c spectrometer
‘ o) o]
only) 2% (307, 44°)
5% (56°, 84°, 1209

Internal inconsistency of data
(1200 MeV/c spectrometer
only) 4%

Contamination from three
pion production - 2%
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If these errors are added in quadrature, we obtain an estimated

normalization accuracy for our measurements of 7%.
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IV, DISCUSSION OF RESULTS

A, Comparison with Other Experiments

The data presented in the previous sections show clearly the

strong influence exerted by the pseudo-two-body channel
y+D - m o+ NF(1238)"F

on photoproduction of charged pion pairs from 0.9 to 1.3 GeV., This
is perhaps most evident in the 1 momentum spectra of Figure 6.
The difference between the smooth curves shown in this figure is the
contribution of the N*: in general, it is most prominent at small
angles, and decreases in relative magnitude at a fixed angle as the
energy increases,

The phenomenological model used to fit these spectra is seen
to represent the data well at all angles and energies. It should be
kept in mind that the position and width of the resonance were not
adjustable parameters in the fit. Although the peak in the resonance
curve occurs at 1222 MeV, a lower mass than the 1238 MeV used for
the ""energy of the N’.k” because of the energy dependence of the width
(equation (16)), the location of the peak in the data generally coincides
closely with that of the fitting function. Such differences between the
location of a resonant peak in a production reaction and the theoretical
parameters of the resonance are a common occurrence, (28)

In order to compare our results with previous work, the total
cross sections obtained in other recent experiments have also been
plotted in Figure 9. Both the complete total cross section for pion pair
production and the total cross section for N* (1238) production
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determined in this experiment are in good agreement with the CEA
and DESY bubble chamber data, This agreement suggests that the
model we used to extrapolate our measurements over the unobserved,
but kinematically allowed, missing mass range did not introduce
serious errors. ‘

There seems to be substantial agreement between our results
and the Stanford results for the resonant part of the total cross
section, but there is significant disagreement on the complete total
cross section. Although their experimental method was essentially
- identical to ours,. they analyzed their data in a different manner.

Their approach, in which they fit the yield at fixed momentum as a
function of synchrotron energy, required that they make an arbitrary
choice for the normalization of the nonresonant part of the cross
section, The nonresonant fraction of the cross section increases

as k increasés; one would therefore expect a normalization error

to affect their cross section most at the highest k they observed,
which is just where our experiments overlap. Since the DESY and
CEA results are closer to ours in this region, we are inclined to
believe that the Stanford group underestimated the nonresonant part

of the cross section. This interpretation is consistent with the fact
that our experiments get the same result for‘the N>|< total cross section,
since there was no arbitrariness in their normalization of the Nai< term,

When we look only at our total cross section values, we see a
smooth decrease as k increases, with no evidence of structure around
1,05 GeV, where the N*(1688) shows up in single pion photoproduction,
However, in a more speculative vein, if we take our data and the
Stanford data for the'N* total cross section at face value, there is a

definite bump, or at least a shoulder, at a slightly lower energy.
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Going a step further, if we assume that the Stanford determination

of the complete total cross section is systematically low from about
0.8 to 0. 95 GeV, ‘there may be a corresponding bump in the complete
cross section for two pion production. Believing that it is risky to
engage in phrenology on the results of a single experiment, and fool~
hardy to try it on the contact point of two experiments, we have not
attempted a detailed analysis of these possible bumps. It is clear
that a single, good resolution experiment including the range from
0.8 to 1,1 GeV is needed to settle the question of whether or not there
is structure in the total cross section attributable to the presence of
the N (1688).

B. Comparison with Theoretical Models

We turn now to comparison of our results with predictions of
the Drell, or one pion exchange, model. I we evaluate the contribution
of the lower vertex in Figure 1 in the limit where the exchanged pion
is on the mass shell, we obtain the following invariant cross section:

do _ ,2¢ Mq 1 1 r o 2] '
=(F) =3 2% (. z)z["z“‘fil.e_ﬁljvﬁp(M) (27

fine structure constant,

where ¢ =
| .2
t =(.E-_k_) R
A

[4]
]

polarization 4-vector of the photon,

4-momenta of the = and photon respectively,

s
ra
]
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an(M) = total cross section for m-p scattering ata n-p c.m.

energy of M,

If we choose the Coulomb gauge, and use one of the relations

2ot ( Wz-Mpz) 2 5a)
e i p' 28a,
dw'dQ’ u dM2dt
2. ( Wz-Mpz) 2o o
= P 28b
Jwdn - g

we can evaluate the cross section either in the ¢.m. (denoted by

primes) or laboratory systems. In particular, in the c.m, system

we obtain
dzo" = { o UJ'(k"‘(D') ( sing' )2 (M)} 8'3 M
de'dd’ ~ 15 27 3 I-gcose’’ “mp* Y W‘(k“—gj'-w'
| (29)
where B' = m c.m. velocity,

k'

photon energy in the ¢. m. system,

The factor in braces is exactly the result given by Drell, and the

factor in square brackets is a kinematic factor of order unity which

he ignored for the purposes of his argument, Thiebaux(?’o) added a
correction factor to equation_ (29) based upon an approximate expression
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~ for the off-shell pion-nucleon scattering amplitude obtained by
Ferrari and Selleri. (31) Because this factor included the additional
uncertainty of a pionic form factor, and because including it would
not appreciably alter our conclusions regarding the Drell model,
we have chosen to use equation (29) as it stands.
We are interested in equation (29) for M values near
threshold, where cﬂp(M) is dominated by scattering in the I= 3/2,
J = 3/2 state. Since ¢ + 4 /o _ _ = 9 for scattering in a
™ P-m P T P-TP ,

pure I= 3/2 state, this model predicts a 9:1 ratio for N*(1238)++
production relative to production of the N*(1238)o followed by decay
into the (r p) charge state, This is consistent with our finding that
the "reflection of the N O term was not needed to fit the missing
mass spectra. Stronger evidence for the absence of N production
was obtained in the bubble chamber studies, (17) where the (r p)
mass distribution was directly observed. It should be noted that this
prediction is not unique to the OPE model; the same conclusion is
reached if one supposes the reaction to occur in an I=1/2 state.
From this point on, we shall consider only the OPE diagram in which
the n~ is produced at the electromagnetic vertex.

- The n momentum spectrum given by equations (27) and
(28b) is compared with one of our experimental spectra at a point
where the Nﬁ< is dominant in Figure 10, The bremsstrahlung spectrum
has been folded into the theoretical cross section, As Kilner, Diebold
and Walker observed, (11) the qualitative shape of the Drell cross
section resembles the data very closely, but quantitatively it is toe
small, . ‘

One of the most characteristic features of the OPE model is

the angular distribution of the n . If equation (29) is integrated over
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m  energy, the angular distribution obtained is dominated by the
function sinze'/ (1- 8 cos e')z, where B can be taken as the m~
velocity for production of an N* of mass 1238 MeV/ cz. This
function is a maximﬁm for 6'~ m/ E, where p is the m momentum
corresponding to 8. The angle for the maximum is about 25° at
k=.9GeVand 170 at k= 1.3 GeV. The cross section vanishes at

0° and drops rapidly toward zero for ¢'> m/p.

The ¢. m. angular distributions calculated from equation (29)
are shown with the data in Figure 8. We see that the shape of the
Drell curve is virtually the same as the behavior of the data,
particularly the N>i< part., The N>I< data show the decrease in cross
section predicted for 8' < m/p, as well as the rapid decrease at
l/arger angles. That the Drell curve has the same shape as the Nﬂ<
data at small angles can also be seen from the Moravcsik coefficients
of Table V. These coefficients, determined largely by the small
angle behavior, show that cR(k, 6') has essentially. the shape

o - 1-x
— 2
R -3
2
'5% (1__X)2 for x= 1
(1- Bx)

where x = cos §'. Thus, at small angles the Moravesik fit to the I\I>i<
data has nearly the shape of the Drell cross section,

Quantitatively, the Drell cross section is smaller than the N*
data at all energies, but it approaches the observed cross section as k
increases toward 1.3 GeV, However, this quantitative agreement must
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be regarded as accidental: the rapidly decreasing experimental cross
section happens to become equal to the slowly changing OPE cross
section for these values of k, The bubble chamber data at higher k
show that the OPE model gives too large a result for k> 1.8 GeV.(17)
Another way of stating this is that the OPE model does not give the ~
observed shape of the total N>l< cross section,

The simple OPE model has some additional deficiencies.
Both major bubble chamber groups studying this reaction have found
that the OPE model does not correctly describe the distributions of
the N* decay angles, angles which were not observed in this experi-
ment. From a theoretical point of view, the OPE model alone is not
acceptable because it is not gauge invariant., Mathews attempted to
overcome the latter objection by calculating the amplitude for N*
production from the four Feynman diagrams shown in Figure 11. (32)
In thls calculatmn the N was treated as a stable partmle The
n-NN coupling constant i, is related to the width of the N , 'y, by

2

LA 3M ¥ 18.9 GeV™
417

q(E +M)

-2

’ ; *
where q pion momentum in the N rest frame,

* .
EN = nucleon energy in the N rest frame,
%
M = N mass,
MN = nucleon mass,

and a coupling of the form fqu has been assumed. Even when the
coupling of the photon to the anomalous magnetic moments of the
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(a) - (b)

Figure 11. Diagrams used in the calculation of the gauge
invariant Born approximation,
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nucleon and the N* is neglected, the calculated cross section is in
.serious disagreement with the observed 1~ angular distributions in
N>l< production, being generally too large and increasing to very large
values in the backward direction, Stichel and Schol_z performed a

(33) but kept what they asserted are the minimum

similar calculation,
| contributions from diagrams 11(b) and 11(d) needed to achieve gauge
invariance. Angular distributions calculated from the Stichel-Scholz
amplitude, using the coupling constant given above, are also shown
in Figure 8. While these curves have the proper shape in the forward
direction, they have the wrong behavior at wide angles and are
generally too large.

Finally, it is interesting to note that the DESY bubble
chamber group recently reported that the Stichel-Scholz model with
absorption corrections agreed fairly well with their N>|< production
data at small momentum transfers (|t| < .3 GeVZ) ; the comparison
was made with fhe total cross section, production angular distribution,
and N>i< decay distributions, (34) In contrast, the CEA collaboration,
with data quite similar to that from DESY, felt that modified OPE
models were not adequate, and that resonances in the s channel must
be included to describe their results, (17)
published the results of detailed calculations along these lines.

However, they have not yet
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V. CONCLUSIONS

We have found that the "missing mass spectrometer"
method used here is a particularly simple and successful technique
for measuring the contribution of N* (1238)4"'~ photoproduction to
pion pair photoproduction from 0,9 to 1. 3 GeV, The success of the -
technique is largely a result of the virtual absence of competing
reactions which could produce undesired background. It is doubtful
that this technique would be useful at higher energies, both because
the N* Ccross section becomes small and because po production,
which becomes dominant, could not readily be studied in this way.

The 7 momentum spectra, obtained at seven angles at

.each of eight photon energies from 0. 93 to 1. 29 GeV, clearly show
the presence of the N>k (1238)++ in the final state. This is particularly
true at small 7~ angles and the lower part of the energy range
covered, A phenomenological model, using an incoherent sum of
a Breit-Wigner shape for N>l< production and a phase space shape for
nonresonant production, fits these spectra well at all angles and
energies, and permits separation of the Nﬂ< (1238)++ contribution. No
need was found for inclusion of an N (1238)° term in this model.

The total cross section for pion pair production decreases
over the energy range investigated, although not as rapidly as the
contribution of N>|< production to the cross section. When our data
are combined with those obtained at lower energies in other experi-
ments, there is a suggestion that the third resonance, N* (1688), may
be contributing, particularly to N" (1238)"" production, However,
the magnitude of such an effect would be difficult to estimate because
the relative normalization of independent experiments is of crucial

importance.
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The one pion exchange model, evaluated in the pole
approximation limit, predicts many of the qualitative features
of the reaction quite well, particularly for the N*(1238) part of
the cross section. These features include the relative absence
of 'N*(1238)0 production, the shape of the 7 momentum spectrum,
and the angular distribution of the n~ produced in association with
the N*(1238)++. Even the magnitude of the differential cross section
for N*(1238)++ production is in fair agreement with this model for
k> 1.1 GeV, It is perhaps most surprising that this model gives
the correct behavior for the angular distribution at large m angles,
for here the exchanged pion is certainly far off the mass shell and
the pole approximation would not seem justified. The model does
begin to have difficulties at large momentum transfers when
additional terms are added to make the complete theory gauge
invariant,

We thus conclude that much theoretical analysis remains
to be done if we are to have a quantitative understanding of pion
pair production in this energy range within the framework of a
- gauge invariant theory., It appears that the present data, including
information on the N* decay distributions obtained in the bubble
chamber studies, would be sufficient to justify such analyéis in the

near future,
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VI APPENDIX
A, Kinematics

In this section we list many of the kinematic relations
,W_hich were found useful in analyzing this experiment, Although -
we concern ourselves explicitly with the reaction vy + p - T+ 1-r+
+ p, many of the equations below apply to a more general class of
processes. The symbols used in these equations have the same
meanings as those used in the text of this paper, but for convenience .

are summarized here:

m = pion mass,
Mp = proton mass,
8,p,w,8 = 1w velocity (in units of ¢ = 1), momentum, total

“energy, and angle relative to the incident photon
respectively, all as measured in the laboratory
system. Primes are used to denote the corre-

sponding variables in the ¢, m. system.
y = Lorentz factor of the m = w/m,

k = photon lab energy.

The total energy in the c.m. system, W, is given by the usual

relation for photoproduction reactions:

W = (Mp2 + szp)l/ 2 (1)
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- The invariant mass, M, of all particles in the final state except
the m~ can be expressed either in terms of ©~ lab variables

2

M = W +m2-2w[Mp+k(1-Bcose)] 2)

or in terms of 7 c.m. variables

M2 = W2+ m? - 20 W. (3)

The velocity of the c.m. system in the laboratory, ch, is given

by

_ k
Bem = T % Mp ) (4)

and the Lorentz factor for the ¢. m. system is given by

k + Mp
Y = W . _ (5)

cm

The c.m. angle of the 1 can be expressed in terms of these
variables and the lab angle and velocity of the w  as follows:

tang' = Sin 6 5 . (6)
ch(cos 6 - —%H—l

The m energy in the ¢.m. system can be obtained in terms of lab
variables immediately from equations (2) and (3)
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w?

. ‘
W[Mp+k(1— Bcosg)] . (7
1t is also useful to express the n ¢, m. momentum in terms of

W and M:

/2

| 1
.p'=§%v{[(W-m)2-Mz][(W+m)2-M2]}v : (8)

The magnitude of the 3-momentum of the 1T+ in the n+—p c.m,
system, ¢, is a quantity which keeps appearing in phase space

calculations:

1/2
-_L{[Mz- (o m)?yr M - (Mp-m)zl} . (9)

ER
- The minimum photon energy required to produce a ©~ at lab angle

8, kth<e)’ is given by

2m(l + g o
k. (6) = P : » (10)
B 1o (2 sme)?]
S o

The minimum photon energy, k_(6,Dp,n), required to produce a m~
at lab angle ¢ with momentum p in the reaction vy + p - w_ + anm

+ N is given by
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M
5 m[—r—r—lli(v+n)+%(n2-1)]
k_(8,0,0) = —r v (n>1) (11)
[ -—'m— - Y(l - B cos 6)]

where M‘N is the nucleon mass. The laboratory cross section
differential in 7~ momentum and angle is related to the c.m.
cross section differential in M2 and angle in the following way:

2 2 .
do 28pW d'o! 2
——(k = k, M .

The factor ( g—%‘?—w—) is denoted by J(k, p,6) in Section III C.

B. Experimental Parameters

1, Photon Beam

The arrangement of apparatus in the laboratory is shown
in Figure 3. The bremsstrahlung beam was produced in a tantalum
radiator . 193 radiation lengths thick and was collimated by a lead
- collimator having a rectangular cross section, The collimated beam
had half-angles of 1. 84 x 10™3 radians (in the plane of the electron
orbit) by 2, 21 x 10"3 radians, producing a beam spot at the liquid
hydi'ogen target approximately 1 1/2 in, by 1 3/4 in. The central
beam was not further collimated, but a number of lead scraping walls
were placed along the beam line to remove photons and charged
particles diverging from the beam line. During the 1965 phase of
the‘experiment, a single sweeping magnet, located slightly down-
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~ stream from the primary collimator, was used to remove charged
particles from the beam line, Before the 1966 running began, a
second sweeping magnet was installed closer to the hydrogen target.
This second sweeping magnet had a beam path 30 in. long between
its pole tips and was run at a central field of 13.5 kilogauss., Lead
sci'aping walls placed at the entrance and exit of this magnet were
designed so that the most energetic electrons entering the magnet
would be swept away from the aperture in the exit wall, A helium
bag was installed from the exit wall to the entrance window of the
hydrogen target vacuum jacket; when taking data at 4° and 120, a
second helium bag was added from the hydrogen target to the 1200
MeV/c spectrometer.

The position of the photon beam at the hydrogen target was
éhecked frequently by placing a 1/32 in, Cu radiator in the beam and
taking a Polaroid picture of the ionizing particles produced. It was
necessary to adjust the position of the tahtalum radiator in the
~ synchrotron slightly to keep the beam centered on the hydrogen
target in the horizontal plane at all energies. The beam spot was
kept centered to about 1/8 in.

There were two properties of the beam which had to be known
accurately in order to minimize random errors in this experiment:
the total energy in the bremsstrahlung beam‘during each run, and the
change in the syhchrotron energy from one run to the next. The
bremsstrahlung subtraction amplified small errors in either of these
quantities, causing large‘errors in the cross section. For example,
ina typicali case t_he n  yield per unit béam energy increased by 20%
when the synchrotron energy was raised 50 MeV. A random error of
2% in monitoring the total beam energy at one end point would produce
a 10% error after the bremsstrahlung subtraction, A 10 MeV error in
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- the synchrotron energy change would produce a 20% error in the
normalization of the cross section (see Section I B), In addition,
errors in our knowledge of the shape of the bremsstrahlung spectrum
and the absolute calibration of the synchrotron energy would cause
systematic errors in the cross section. The methods used to
det—ermine each of these properties of the beam are discussed below.-

The synchrotron energy was measured with a beam energy
meter which measured the field of the synchrotron magnet and was
calibrated to read the electron energy. The electronic part of this
meter was calibrated by H, A. Thiessen during this experiment, (35)
with the result

E, /E, =1,021+.003
TRUE METER

where Eo denotes the synchrotron energy. Excitation curves for the
reaction y +p- 7 T+ n made by Thiessen and Ecklund with the

magnetic spectrometers used in this experiment gave results in

reasonable agreement with this value(24’ 25) :

, 1,025 + . 005 (600 MeV/c spectrometer)
/E - | |

E .= ,
°METER 1,025 + , 005 (1200 MeV/c spectrometer) ,

°TRUE
The absolute energy calibratidn was therefore taken to be

' Eo " /E0 =1,025+.005 .
TRUE METER ’
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As indicated above, control of the increment in synchrotron
energy from one run to the next was more important for this experi-
ment than knowing the absolute energy calibration. There were two
sources of error in this increment: errors in selecting the
sjznchrotron energy, and fluctuations of the energy about the selected
value. The first kind of error was caused by nonlinearity of the
beam energy meter. Thiessen found that the beam energy meter had
a maximum error of 2 MeV for a change of 50 MeV, (35) The second
kind of error was caused by shifts in the maximum synchrotron field
from one machine cycle to the next, and by changes in the field during
the part of the cycle when the bremsstrahlung beam was produced (the
"dump'). The normal operating procedure for this experiment was to
set the synchrotron magnetic field to give the desired energy at the
middle of the beam dump as indicated by the ‘beam energy meter, and
to adjust the field for zero slope during the dump, Normally, this
could be accomplished so that the beam energy meter indicated the
same field at both ends. of the dump; in the worst cases, the beam .
energy meter indicated a 2 MeV change from one end of the dump to
the other. The synchrotron energy at the center of the dump seemed
to wander by about 2 MeV over a period of a few cycles, and drifts
from the desired value as large as about 4 MeV sometimes occurred
before the synchrofron operator noticed them and made an appropriate
adjustment. It should be noted that another potential source of energy
variation, namely, the degradation of electron energy arising from
multiple traversals of the radiator, was accounted for in t}\]e calcu-
lation of the shape of the bremsstrahlung spectrum. Finally, in order
to be as insensitive as possible to long term instability of the beam

energy meter, data which were to be subtracted were taken as close
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~ in time as possible, i.e., our running procedure was to take energy
scans at fixed p and 8.

The methods used to monitor the total beam energy were
summarized in Section IL B, and have been described in detail by

(24) The thin ion chamber, TC-1, and the electron probe

Thiessen.
in the synchrotron, 40 Mc probe, were usually calibrated with the
quantameter before and after every run, or at least before and after
every change of synchrotron energy. The average of the number of
quantameter BIPS (beam integrator pulses) computed for each run
from each of these monitors was used as the number of quantameter
BIPS for that run. Whenever a discrepancy > 2% between the
results from these monitors occurred, an attempt was made to
resolve it using the monitor telescope and/or beam catcher ion
chamber reédings. However, the latter monitors were generally
less useful in this experiment than TC-1 and the 40 Mc probe for
three rcasons: (1) the beam catcher ion chamber was in the shadow
of the 1200 MeV/c spectrometer for the majority of the running time;
(2) neither of these monitors was in the beam when the quantameter
was in place and so could not be calibrated directly; and (3) the good
short term reproducibility of the monitor telescope at a given
synchrotron energy was of diminished value because the synchrotron
energy was changed so frequently. " The random error in the yield
arising from this beam monitoring procedure was estimated to be 1%
on the basis of analysis of the ‘Plexiglas target calibration runs (see
Section VL D. 1), |
The absolute calibration of the quantameter was obtained

from the relation:

_13.10 x 10'8 MeV/coulomb

(B/T) x Q/BIP

U
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where U = total energy in the bremsstrahlung beam per
quantameter BIP,

P = pressure of the quantameter gas in mm of Hg,

T absolute temperature of the quantameter gas

.0
in 'K,

Q/BIP charge (in coulombs) required to produce 1 BIP

i

from the electronic integrator attached to the
quantameter (No. 0628).

The numerical constant in the above relation was determined by
Thiessen and Pine. (36) The value of P/T changed gradually over
the period of this experiment; the value of Q/BIP was stable within
a few tenths of one percent, except for a 1% change which occurred
when the tubes in the integrator were changed. The values of P/T

and Q/BIP used in reducing the data are given in the following table:

Run Number P/T Q/BIP

0-314 | 2. 455 2,225 x 1077
0-5064 (integrator scale 3)
315-1209 2, 439 2,235 x 1070
5065-5300 ‘ (integrator scale 4)
1210-1459 2.405 = 2,235 x 1070
5301-5538 | ‘ (integrator scale 4)
1460-1488 2. 394 2,235 x 107°
5539-5584 (integrator scale 4)
1489-1688 2. 394 2,213 x 107°

5565=5T46 (integrator scale 4)
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The major uncertainty in the absolute quantameter calibration was
a 3% uncertainty in the calibration constant giving the energy per
coulomb of charge.

It was important to know the shape of the bremsstrahlung
spectrum in order to make an accurate analysis of the results of this
experiment. F. Wolverton recently completed a study of this problem,
and developed a theory of thick target bremsstrahlung which gives good
agreement with spectral measurements presently available. 27) The

beam spectrum is conventionally written in the form

B(k, EO)

1 7o
N(k, Eo)dk- E_ TR dk

i

where  N(k, Eo)dk number of photons with energy k to

k + dk per unit energy in the beam,

E

o synchrotron energy.

il

The function B(k, E o)’ conventionally normalized so that

E
(0]

¢ dk =

J EJ B-(k’Eo) 1’.

(0]

can be calculated for the beam after collimation by a rectangular
collimator using the computer program, BPAK I, prepared by
Wolverton. It was ‘convenient to incorporate a correction for the
nonuniform thickness of the hydrogen target into the evaluation of
B(k, EO). This modified spectral function, designated by B(k, Eo)’

was defined by
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Bk, By) = | axay bls,E,x,y) 1Y

where X,y = rectangular coordinates in a plane normal
| to the photon beam with origin at the

center of the hydrogen target,

thickness of the hydrogen target (in the

T(x,y) =
direction of travel of the beam) at the
point (x, y),
D = diameter of the hydrogen target,
bk, E %, y) = differential beam spectral function.

bk, E %, y) and B(X, Eo) are related by
] axdy bls, Eg,x,y) = B, E)

with B(k, Eo) normalized in the conventional way. A detailed
discussion of the evaluation of E(k, EO) has been given elsewhere(37) ;
it was computed and tabulated using BPAK I, and in the data reduction
was obtained by interpolation in the tables thus constructed; (38)
Table VI gives the values of B(k, EO) used in the analysis of all data
in this experiment; Figure 5(a) is a graph of this function for

Eo.= 1 GeV,

- 2, Hydrogen Target

The liquid hydrogen target used in this experiment was

used in many previous experiments in this laboratory, and was
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" described most recently by Thiessen. (24) The parameters of the
target used in the analysis of our data are shown in the following
table: |

Run Number Target Diameter(cm)  Hydrogen Density(g/ cm3)
0-807 7.597 + .040 . 0696

5000-5237

808-1688 7.539 + . 040 . 0696

5238-5746

The target diameter shown in the table was the diameter at liquid
hydrogen temperature. The change in target size occurred because
the original cup was broken on 24 September 1865 and was replaced
with one of slightly different size. The hydrogen density shown was
the net hydrogen density, i.e., the density of the liquid hydrogen
minus the density of the hydrogen gas present in the target when
"empty target' data were obtained. ‘

A well-known eccentricity of this target was that it
gradually accumulated a layer of opaque material on the walls of
the cup containing the liquid hydrogen. To avoid difficulty from this
potential source of background, the target was warmed up and cleaned
at regular intervals, and empty target runs were usually made shortly

before or shortly after the full target runs at the same points,

3. Spectrometers

We summarize here the parameters of both spéctrometers
used in this investigation. The magnet configurations, the counters
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" and their locations, and the electronics in each of these systems
were identical to those described in detail by Ecklund(zs) (for the
1200 MeV/c spectrometer) and Thiessen(24’ 41) (for the 600 MeV/c
spectrometer), with the few minor exceptions noted below,

‘ Ecklund and Thiessen used the spectrometers to detect
positive pions. The only change needed to detect negative pions |
was to reverse the magnet polarity. Because protons were thus
eliminated, we were able to relax the time-of-flight and scintillator
pulse-height requirements they set. The Plexiglas threshold
Cherenkov counters they used to discriminate against protons were
kept in the systems, but were not essential for this experiment.

The only significant change made in either spectrometer
was a modification of the electronics connected with the FAN counters
of the 1200 MeV/c spectrometer. The FAN counters were scintillators
mounted against each pole tip of the magnet, used to veto events in
which a charged particle scattered from a pole tip, During the first
part of this experiment, the large electron flux at 4° produced a much
higher rate in the FANS than the phototubes could handle, so these
counters were turned off and the FAN correction at 4° was estimated
from data at larger angles. In an effort to overcome this ditficulty, a
second sweeping magnet énd several helium bags were added to produce
a cleaner photon beam (see Section VL B. 1).‘ These measures reduced
the electron counting rate in the spectrometer by roughly a factor of
4 at 4°, Even with the accompanying reduction in FAN singles rates,
the gain of the FAN phototubes sagged considerably. Therefore, the
voltages on the last five dynodes of the FAN photomultiplier tubes were
stabilized by putting an emitter follower on each dynode. The ""base-
boost" circuits used for this were previously designed and used by
Marshall, (39) The FAN gain was then stable, but an appreciable
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number of accidental FAN vetoes were observed at 4°. The method
used to correct for these accidental vetoes is discussed in Section
D. 1 of the Appendix. |
The basic properties of the spectrometers required to
analyze the data are their momentum calibrations and their resolution
fuﬁctions, The methods used to determine these properties have

been previously discussed, (25, 40, 41)

so we shall give here only
the results, beginning with the properties of the 1200 MeV/c spec-
trometer. The central field of each magnet was measured with a
proton resonance magnetometer. Denoting the resonant frequency

in megacycles/sec by F, the central momentum, P,y was given by

A F < 30 Mc
P |
T F - 30 F- 30,2
where A = 18,794 MeV/c - Mc ™
= -9 x 1073 MeV/c - Mc ™t

-4, 937 MeV/c - Mc L,

@)
n

At a given central momentum setting, the acceptance was divided
into four channels by a counter hodoscope at the momentum focus.
‘Since no attempt was made to unfold the effects of the finite widths
of the spectrometer resolution functions, the only property of these
functions we required was their area, ApaQ. Table VII gives the
mean momentum, P;» and total acceptance for each channel of the

1200 MeV/c spectrometer. This table was prepared for a
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TABLE VII

Properties of the 1200 MeV/c Spectrometer

(o o2 L (AR A0y 105 "
Channel Py Py
T ' 4,03 3. 54
TC 1.23 3.34
BC -1. 41 3.17
B ~3.89 2. 99
Total ‘ 0.0 13,04

a) P, is the central momentum of the spectrometer, and Py is

the mean momentum of the channcl.

b) The‘a}cceptance is given for a central field of 10 kilogauss and

a 3in, x 9 in, aperture counter (Al).
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| 3in. x 9 in. aperture-defining counter (Al1). During the experi-
ment, several aperture counters were used, and the acceptance

for each was the value shown in Table VI multiplied by the ratio
of the area of the counter to that of the 3 in. x 9 in. counter,

These aperture counters and the correction factors used are listed

below:
Al Solid Angle
Counter Dimensions Correction Factor
1 3in. x 9 in. | 1. 000
2 3in, x 6 in, . 667
3 2 3/41in, x 12 in, 1,222
4 23/4in. x 6in. .611

5 | 2 8/4 in. x 9 in. . 917

The momentum acceptance given in Table VII was for a central field
of 10 kilogauss. According to Ecklund, these values changed by less
than 0, 4% at the peak field of about 15 kilogauss, so no field-
dependent correction was made to the above values.

We now consider the properties of the 600 MeV/c spec-
trometer. The central momentum was related to the magnetometer

frequency as follows:

p
-,5,9=p“=31r+0‘:.?2
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where A = 8.358 MeV/c - Mc™?
B = 4,470 x 10”° MeV/c - Mc™2
C = -7.407 x 107° MeV/c - Mc™S .

The momentum acceptance of this spectrometer was divided into
seven channels. The mean momentum and acceptance for each
channel are given in Table VIII, These values were obtained for

a 23/4in., x 9 1/2 in, aperture counter, which was used throughout
this experiment, and for a central field of 10 kilogauss. Thiessen
found that a small correction had to be made to the acceptance at
fields above 10 kilogauss. Ie expressed this correction in the form

(RA8) - @88y 1. 0,0144 B
Po Po 10kg ‘

where B is the central magnetic field in kilogauss. It was convenient

to express this correction in the form

p. - 368
AP AQy _ (AP AQ . i
To, )78, gyt O e )

for Py > 368 MeV/e, In adopting this form, we first made the
approximation that the central momentum was a linear function of
the central field, and then replaced the central momentum by the
‘mean momentum, P;> of the channel of interest. Because the entire
correction was 1. 5% in the worst case, these approximations

introduced negligible error,
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TABLE VIII
Properties of the 600 MeV/c Spectrometer

;- P a) b)
Channel Po Py
A -4,29 4,314
B -2.96 4,324
C -1.58 4,612
D -0,13 | 4,800
E 1.38 4,976
F 2.92 5. 000
G 4,52 5. 359
Total 0.19 ' 33.65
P, is the central momentum of the speétrometer, and P;

is the mean momentum of the channel.

The acceptance is given for a central field of 10 kilogauss and
a23/4in. x 9 1/2 in. aperture counter., |
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It should be noted that the spectrometer properties listed
iri Tables VI and VIII do not include corrections for nuclear
scattcring of pions or pion decay. These corrections are discussed
in Sections VL D. 3 and VI, D, 4 respectively. The effect of multiple
coulomb scattering was investigated for the 600 MeV/c spectrometer
by Thiessen, (24) and for the 1200 MeV/c spectrometer by Kilner, (42)
Thiessen calculated the pion loss analytically and found it to be less
than 0, 5% for momenta greater than 200 MeV/c; Kilner used a
Monte Carlo calculation and obtained a result consistent with no loss,
Therefore, no multiple scattering correction was made to the total
acceptances shown in Tables VI and VIII. However, the pions did
suffer a small energy loss in traversing the matter of the hydrogen
target and its walls. A constant momentum loss of 2.7 MeV/c was
added to the momentum at the spectrometer to obtain the pion

momentum in the hydrogen target.

C. Data Handling

1. General Plan

In this experiment, m yields were measured at some
257 different kinematic points as defined by the synchrotron energy,
n  angle, and spectrometer central momentum. Normally two, and
in some cases as many as Iive, data runs were made at each of these
points with the hydrogen target full, and at most of them there were |
one or more runs with the target empty. A total of nearly 10° T
were detected.’ E\}en with the aid of a large computer, the tasks
involved in manipulating the raw data to obtain cross sections occupied
a major fraction of the experimenter's time, In this section we shall

describe the methods used to organize and analyze the data. |
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The basic plan was to put the data into a form suitable for
cbrnputer input with as few hand operations as possible, and to let
the computer do all the rest of the work. A boundary condition for
this plan was that data from both spectrometers should be presented |
to the computer in the same format, so that a single set of analysis
programs could be used to handle all data.

When setting up a large scale data handling scheme, two
of the major problems encountered are to decide whether to save
some of the intermediate results, and to decide in what form the
input data and any intermediate results are to be stored (cards,
tapes, ete.). With regard to the first of these problems, it seems
to be axiomatic that as long as the work remains unpublished the
investigator will decide he wants to try something different at some
point in the analysis. It is therefore economical to save some inter-
mediate results, particularly those obtained from time-consuming
operations, in a form which can easily be put back into the computer
as a starting point for the subsequent manipulations.

The medium of communication with the computer in this
investigation was punched cards, and the results of every major step
in the analysis were punched onto cards. In retrospect, it is felt that
this was a very satisfactory solution to the above problems for our
purposes. Although some time had to be spent shuffling cards, the
flexibility of the system and the ease with which the data could be
rearranged and reanalyzed starting at any Step as the analysis evolved

were more than compensating advantages.
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2. Preliminary Data Handling

In order to carry out this genefal plan, a certain amount
of preliminary manipulation had to be performed on the raw data.
The objective of this preliminary work was to put all of the .kinematic,‘
coﬁnting, and beam monitoring information needed to analyze each
run into a form suitable for computer input and independent of which
spectrometer was used to obtain the data.

A "run'' consisted of data obtained with a single spec-
trometer within a period of an hour or two with fixed operating
conditions of the synchrotron and spectrometer. In general, runs
were taken with both spectrometers simultaneously. Runs were
numbered sequentially for identification purposes: those from the
600 MeV/c spectrometer were numbered beginning with 1, whereas
those from the 1200 MeV/c spectrometer were numbered starting
with 5001,

Kinematic information was treated in the same way for
both spectrometers: the information was recorded on coding sheets
in a form suitable for punching by the professional key-punchers in
the Computing Center. A single card was sufficient to contain all
such information for each run,

The counting information; i.e., the number of pibns in
each momentum channel, was available in quite different forms from
the two spectromefers. The 1200 MeV/c spectrometer data were
reéorded in data notebooks directly from the scalers in this system,
and were then trahsferred to coding sheets for punching onto cards.
The output from the 600 MeV/c spectrometer was a paper tax()2e4)

Because paper tapes could not be read directly into the IBM 7094

containing all the information from the data storage system.
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computer, they were first copied onto magnetic tape, a peripheral
service provided by the Computing Center, The 7094 was then
used to read the magnetic tape, determine the number of pions
observed in each momentum channel, and punch all this information
onto one BCD card for each run.,

Some of the programs used in the preliminary analysis
of data from the 600 MeV/c spectrometer should be of use to future
workers and will be mentioned briefly here. The progi'am which
actually read the magnetic tape and put the information into a form
suitable for analysis with FORTRAN programs was subroutine
UNPACK, which was written in the MAP language by a member of
the Computing Center staff according to our specifications. A
description of this program is contained in the Synchrotron Program
Library, along with the specifications used to write the program. (43)
These specifications include a description of the paper tape format.

7 Subroutine SPCTRA was written to analyze pulse height spectra
contained in the output from the data storage system, and a large
package of subroutines was written to simplify the analysis of scaling
information., These were all FORTRAN progra?i;zslj and are also

The beam monitoring mformatlon was handled in a some-

contained in the Synchrotron Program Library.

what cumbersome way, largely for h1storlca1 reasons. The method
used to find the number of quantameter BIPS for each run was
discussed in Section VI B. 1, and this was the number actually
required in the analysis of data, IHowever, the output of one of the
secondary monitors, usually the 40 Mc probe, was recorded in
channel 0 of the memory of the Nuclear Data Pulse Height Analyzer,
and was included on the punched card (COUNTS card) confatining the
counting information from the 600 MeV/c spectrometer. In order to
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- convert this number to quantameter BIPS, a calibration constant
was put onto the card containing kinematic information: this
constant was computed for each run so that when multiplied by the
secondary monitor output recorded on the COUNTS card, the
product would be the correct number of quantameter BIPS, To
preserve the equivalence in handling of data from the two spec-
trometers, the same procedure was used for runs taken with the
1200 MeV/c spectrometer,

Thus, the first and most time-consuming step in the
analysis of the data produced two punched cards for each run
containing all of the essential information in a format which did

not depend on which spectrometer was used for that run.

3. Cross Section Calculations

The objective of the data analysis was to evaluate the
cross sections discussed in Section III, A large package of FORTRAN
programs, written specilically for this experiment, was developed
to accomplish this objective, In addition, ‘Wolverton wrote a group
of data reading programs which permitted convenient control over
the sequence of all operations through the use of appropmate cards
in the data deck itself. (45) Although this was the first experiment in
which Wolverton's programs were used, they are completely general,
and are recommended for use in other experiments,

| The main steps in the analysis of the data arc indicated
schematically in Figure 12, along with the cards which were punched
to store the results at each step. The 'KIN' cards were the set of
two cards giving kinematic and counting information for each run
described in the previous section. After reading the data from a
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| smgle run, the yield per equivalent quantum, o (EO, p,6), was
computed the kinematic parameters of the run and the value of
o for each channel, along with its statistical error, were then
punched onto three 'SGSR' cards. If the run was made with the
liquid hydrogen target empty, its initial set of cards were labelled
'BKN', and its normalized yield cards were called 'BSGSR'., After
all data at a given engle and two successive synchrotron energies
were read, with runs at the same momentum and energy being
averaged together, empty target yields were subtracted from full
target yields and the laboratory cross sections, dzc /dpdQ, were
evaluated, These results, together with the momentum of each
channel and other kinematic information, were punched onto four
'DDSIG' cards. The functions Fi(Ez’ E 12 P 6) needed to perform
the fit which separrated the resonant and nonresonant parts of the
cross section (Section III, C) were then tabulated, and the least
squares fit to the cross section was performed. The differential
cross sections obtained from the fit, og(k,8%), oyg(k,67), and
9o (k,8 ')‘, were punched onto a 'SIG' card. All of the above operations
could be performed in a single computer job, or we could start with
any intermediate set of cards and perform as many of the above steps
as desired. The final step, in which all the 'SIG' cards at a given k
were read, the total cross section evaluated, and the result punched
onto a 'TXSC' card, was performed in a separate job.

The procedure used in the final analysis of all data was to
evaluate d o/dpdQ separately for each batch of data at given k and
6 (see Section III, A). This approach, designed to minimize errors
which could result from systematic shifts if data obtained at different
times were subtracted, was easily carried out with our daia reduction

system. In'ene job, all data were analyzed by batches to the point



132

 where 'DDSIG' cards were punched. The 'DDSIG' cards for the
same k and 8 from different batches were then read in a second
job, the cross sections were averaged together weighted by the
reciprocals of their variances, and the remainder of the analysis
was performed as described above.

D, Corrections

1. Pion Detection Efficiency

In this section we discuss corrections for effects which
might all be desc:ribed as inefficiencies in pion detection or identifi-
cation. Pions produced in the hydrogen target by the reaction of
interest were not all counted because some failed to traverse the
complete counter system, either as a result of nuclear interactions
or decay. Pions produced in the walls of the hydrogen target, pions
produced by competing reactions in liquid hydrogén, and other
particles indistinguishable from pions with our apparatus gave
unwanted counts, Finally, the particle detectors and associated
electronics had inefficiencies. Correction for competing sources
of pions is discussed in paragraph 6 of this section. Particle identifi-
cation ambiguities and detector inefficiencies are treated in this
paragraph, and the other problems are discussed in the remainder
of this appendix. |

The efficiency of a counter is a property both of the nature
of the counter response and of the requirements placed upon the
response in otdef for it to be recorded as an event., There were
a sufficient number of counters in each spectrometer {o -enable us
to define a particle beam ignoring one counter; the gain of this counter

and biases on its output were then adjusted, and its efficiency was
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 measured by observing the fraction of events in which its response
was recorded, When this was done for the scintillation counters in
the system, the observed efficiency was typically 99% or better.
The "inefficient'" events were investigated by looking at the counter
output on an oscilloscope; it was generally found that no pulse
occurred at all in these events. This suggested that such events
were not caused by a single charged particle traversing all the
counters. The efficiency of each scintillation counter, with the
exception of the FANS, was therefore taken to be (100 + 1)%.

The FANS were tested in a similar way, but required a
somewhat more elaborate set-up to define a beam of particles
through them. A small, well-collimated electron beam was produced
by placing a pinhole collimator into the bremsstrahlung beam near
the hydrogen target (with the hydrogen target raised out of the beam
line). The spectrometer was placed slightly to one side of 0° so the
resulting electron beam would pass through the FAN counter on one
of the pole faces. A test counter narrower than the FAN counter was
placed in the shadow of the last few inches of one finger of the FAN
counter, and a particle beam was defined by requiring the test counter
as well as the remaining counters in the spectrometer; The FAN
counter efficiency for particles passing through the extreme end of
one finger measured in this way was 90-95%. Because the FAN
counters typically vetoed no more than 10-15% of the pion events, no
correction was made for any ihefficiency ofi the FAN counters.

The Plexiglas threshold Cherenkov counters had an
inherent momentum-dependent efficiency. The bias on the output
of this counter in the 1200 MeV/c spectrometer was sufficiently low
that the measured efficiency was greater than 99% for pions of the
lowest momentum detected; the counter was required in the logic
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~ and assumed to have (100 + 1)% efficiency. The Cherenkov counter
in the 600 MeV/c spectrometer had an appreciable inefficiency at
the lowest pion momentum detectéd, and was completely ignored
when adding up the number of pions in all runs,

_ In the 1200 MeV/c spectrometer, the freon threshold
Cherenkov counter (FC) was used to eliminate electrons. This
counter was tested by placing the spectrometer at 0° and setting up
an electron beam in the mamner described above. The observed
Inefficiency of FC for events triggering all the other counters in the
system (except the FANS) was 0, 05%. About half of the events not
triggering FC produced large pulses in the last scintillator of the
system (83), which was preceeded by 1/2 in. of lead. This suggested
that a majority of the inefficient events were electrons, i.e., the
above inefficiency appeared to be real, The largest yield of electrons
relative to pions occurred with the spectrometer at 40, a central
momentum of 540 MeV/c, and a synchrotron energy of 900 MeV,
Before the second sweeping magnet and helium bags were in the beam
line, the ratio of electron to pion yield under these conditions was
about 80 with the target empty and 45 with the target full, With FC
rejecting all but . 05% of the electrons, this implied a 4% contamination
of the empty target pion yield and a 2 1/2% contamination of the full
target yield. Howe‘ier, the absolute electron yield (in counts/BIP)
with the target empty was 85% of the electron yield with the target
full, whereas the empty target pion yield was only 45% of the full
target value, Therefore, in the particle flux after empty target
correction, the number of electrons was only about 11 times the
number of pions; the measured net pion yield thus had an electron
contamination of only 0,5%. Since the electron flux changed more

slowly with synchrotron energy than the pion flux, the electron
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- contamination after the bremsstrahlung subtraction was even less
than 0. 5%. After the second sweeping magnet and helium bags were
added, the ratio of electron to pion yield at the same kinematic point
was only 25 with the target empty and 14 with the target full. The
conclusion from all this was that there was no electron contamination
of the yields measured with the 1200 MeV/c spectrometer, ie. , the
freon Cherenkov counter effectively provided 100% rejection of
electrons.

There was no counter on the 600 MeV/c spéctrometer
which distinguished between electrons and pions. The basic -
assumptions made in omitting a counter for this purpose were that
there were few electrons present at lab angles of 30° or greater
where the 600 MeV/c spectrometer was used, and that at such angles
and fixed momentum the electron yield would not be a sensitive
function of the synchrotron energy. These assumptions were tested
by measuring the e and 1 yields with the 1200 MeV/c spectrometer
at a few of the points where the 600 MeV/c spectrometer was used to
measure cross sections. The results of these measurements, together
with the e  yields at some additional points, are summarized in
Table IX. Several distinctive features of the wide angle electron
yield can be seen from this table. In contrast to the situation at
small angles, almost all of the electrons were associated with
proceSSes originating in hydrogen; the empty target electron yield
was generally only 10% of the full target value. At a given angle and
momentum, there was no appreciable variation of the electron yiéld
with synchrotron energy; in fact, the observed yields were statisti-
cally consistent with the hypothesis that the ratio e /QBIP was
independent of E o Finally, except for points very close to the two
pion threshold, the electron yield was less than 5% of the m  yield at

these angles wherever the 600 _MeV/c spectrometer was used.
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TABLE IX
" Electron Yield at Some Large Angle, Low Momentum Points

20

11

1t

11

1

30

1A

T
1A}

11

510

1"

AR

570

1"

T

535

1"

1"

600

1

1

670

1A

465

13

520

T

"

575

1

1

1

923
974
1025

923
974
1025

923
974
1025

923
974
1025

974
1025

974
1025

923
974
1025

923
974

1025
1076

1128
1178

- E
e  /QBIP
Full Target Empty Target
.142 £ .012 . 033+ .009
.124+ .015 ,011+.008
.155+ .015 .030 + .009
.122 +.012 ,022 +.007
.110 £ .014 .011 +.008
.126 +.013 .014 + .005
.060 + .011 .008 + . 007
.078 + .009 .005 + .005
.062+.011 .005+ .005
.049 + ,006 .010 +.007
.042 + .006 .000 + .005
.049 %+ .007 .010 + .007
.042 + . 006 .000 = . 005
.044 = .006 .005 +.005
.073 £ .022 .000 + . 007
.058 + .018  .007 + . 007
1,052+ .012  .000 £ .007
.048 + . 011 - .007 + . 007
029 + .009 . 007 + . 007
043 £ .011 007 + .. 007
.040 + .010 .014 + ,010-
,056 + ,012 , 000 + ., 007
040 + .009  .004 + .004
.052 + ,011 . 004 + .004
L,057+,011 ,003+.003

- Kk
-

Net QBIP
.109 - . 015
J113 +,017
L1251 . 017
. 100 + . 014
.099 + .016
.112 + . 015
.052 + .013 1,27
.073 +.010 2.43
L0567+ .012 3,37
.039+.009
.042 1+ .008
.039 £ .010
.042 + . 008
.039 +.008
.073 + .023 1.67
L0561+ .019 1,96
.052+.014 .22
.041 + .,013 .62
.022 &£ .011 1.08
.036 +.013 .02
.026 +.014 .09
056 +,014 .26 -
.036+,011 .59
.048 + . 012 1,07
.054+,011 1.22
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TABLE IX (cont.)

: - *
- k%
- pO Eo e /QBIP -
(deg) (MeV/e) (MeV) Full Target Empty Target Net . QBIP
44 655 1076 .034 + .009 . 009 + ,005 .025 + ,010

" " 1128 .036+ ,009 ,009+,005 ,027 + ,010
" " 1178 .048 + .010 ,003+.003 ,045+ .010
v " 1230 .033+.000 .003+,003 ,030+.010
" "o 1281 .036+.006 ,009+,005 ,027+,008
" " 1332 .041+.010 .007+,005 .034+.011

" 735 1178 ,026 +.,009 .013+,006 ,013+,011
" " 1230 .018 + ,005 ,000+,003 ,.018 + .006
" " 1281 .035+£,009 ,000+.003 ,035+.010
" " 1332 .07+ .012 ,006+.004 ,051+.013

X The electron counts are summed over momentum channels of the
1200 MeV/c spectrometer at lab angle 4, central momentum )

and synchrotron energy E o

13

1 QBIP MeV.

1.2 x 10

AQ4p 1,59 x 10-4 for the 1200 MeV/c spectrometer
Py : since the 2 3/4 in. x 12 in, aperture
counter was used.

** This is the number of 1~ per QBIP after empty target subtraction,
shown only for those points where data were also obtained with the
600 MeV/c spectrometer, |
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It would be very desirable to have a model which could
account for the electrons at the points in Table IX, so that the
electron yield at more backward angles and lower momentum could
be estimated with some confidence. A possible source of electrons
at wide angles is ﬂo photoproduction, where one of the decay photons
creates an electron by pair production. An estimate of the contri- -
bution from this source at g = 440, P, = 465 MéV/c, and E | = 074,
using the fact that there were . 03 radiation lengths of material
between the center of the hydrogen target and the entrance to the
spectrometer, gave an upper limit an order of magnitude smaller
than the observed electron yield. Decay of the n° in the mode
n® - vy +e +e, which occurs only 1% of the time, would make a
smaller contribution. Furthermore, if no production were the
electron source, the electron yield would be expected to increase
noticeably with synchrotron energy: as Eo increased, more of the

photons in the beam would have sufficient energy to produce a rro
| capable of giving an electron with the momentum accepted by the
spectrometer., Another possible source of high momentum electrons
at wide angles is pair production by the bremsstrahlung beam in
liquid hydrogen. The contribution from this source was also
estimated for ¢ = 449, P, = 465, and E = 974 MeV, and was found
to be two orders of magnitude smaller than the observed electron
yield. (46)

Lacking a satisfactory quantltatwe model for the source
of the wide angle electrons, we were forced to adopt an empirical
approach. Inaddition to the measurements shown in Table IX, there
were some measurements of the electron yield at wide angles made
by Thiessen with the 600 MeV/c spectrometer while this experiment
was in progress. (24) His method was to count negatively charged
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- particles satisfying pion logic with the synchrotron energy set below
threshold for 1~ production from vy +p - ¢ + 1 + p. His -
results suffered from the lack of positive identification of the
negative particles, and were statistically poor because of a large
empty target background, but they were the only available data for
angles greater than 44°, If the measurements in Table IX at 200,
300, and 44° and momentum about 530 MeV/c are averaged over
EO and scaled by aqap/ P, for the two spectrometers, they fall
quite close to the smooth curve given by Thiessen in Figure 9 of
his thesis. This gave us some confidence that his '""negative field
background'" was primarily electrons, and that we could use his
results at backward angles. Note that Thiessen also investigated
one further possible source of the electrons: conversion of photons
in the aperture counter, Ie found that such conversion could
account for only a small fraction of the observed electron yield.
Consideration of all of the above data on the electiron
yield at wide angles leads us to the following conclusions with regard
to its dependence on Eo’ P, and §. The measurements at ¢ = 440,
P, = 575 MeV/c, and Py = 655 MeV/c each covered a 250 MeV range
of EO with no strong evidence for any variation with E o A
reasonable upper limit for any such variation at fixed momentum

is

L 2l fABIR) | 05 (50 Mev)
e” /QBIP A%, ~

Because the Eo dependence is so slight, the momentum dependence
can be investigated by averaging the results over EQ at fixed p o
The result is consistent with the relation
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; 1 ale /QBIP) 4 o (100 Mev/c) L |
e /QBIP 4%

at both 30° and 44° over the momentum range in Table IX, Finally,
we adopt the approximate angular dependence found by Thiessen:

- 0,2
¢ /QBIP ¥ ¢ |1+ 1,7 @——“—1339—)—} :
90

where c is a scale factor with the value 0, 03 for the 600 MeV/c
spectrometer. This gives roughly a factor of 2 decrease in the e
vield in going from 44° to 84°,

The results in Table IX show that the i yield per
equivalent quantum, o*, measured with the 600 MeV/c spectrometer
at 309 and 44° must have had an e~ contamination of the order of 5%
except near threshold, Since the ¢ yield at fixed momentum changes
by at least 20% for a 50 MeV increment in EO, and since this is much
greater than the change in e /QBIP for the same increment, the
cross section had < 1% contamination arising from electrons, Close
to threshold, the e . yield became the major part of the total yield
measured with the 600 MeV/c spectrometer. However, the n yield
incregses much more rapidly with Eo than the ¢ yield, so again the
cross section was not in error by more than a few percent. _

The properties of the e yield determined above allow us

) 0
, and 120" measurements

to extend these conclusions to the 560, 84
with the 600 MeV/c spectrometer. The decrease in the e yield
with increasing 6 is matched by a corresponding decrease in the T

cross section, so the relative magnitude of the contamination was



141

independent of angle., The "x ' yields contained a contribution
from electrons, varying from close to 100% near threshold to a
few percent at large missing mass. The yields per equivalent
quantum, shown in Table I, tended to approach small, non- zero
values at the maximum Py for given Eo because they were not
corrected for this contamination. It is unfortunate that yield
measurements with the 600 MeV/c were not carried below threshold
in some cases, for this would have constituted a direct measurement
of the electron yield. However, at 8§ = 840, P, = 375 MeV/c, and
EO = 922 MeV, we were just above the threshold of 882 MeV for this
momentum and angle. The observed yield at this point, scaled to
the aperture of the 1200 MeV/c spectrometer, gives an upper limit
for the e yield of (.03 + .01) counts/QBIP. This is quite consistent
with the e  yield measured with the 1200 MeV/c spectrometer at
6 = 44° and p, = 465 MeV/c (see Table IX) if we use the angular
dependence given by Thiessen.,
In summary, the slow variation of the e yield with E,
prevented the occurrence of large errors in the cross section as a
result of the inability to discriminate against electrons with the 600
MeV/c spectrometer. It did not seem reasonable to make a correction
to the data on the basis of the available information, but it is felt that
the cross sections measured with this spectrometer were systemati- -
cally too large by no more than 2% at 30° and 440, and by no more
than 5% at 56°, 84°
We next consider accidental and dead time corrections.

, and 120° as a result of electron contamination.

There were enough counters on the 1200 MeV/c spectrometer to
eliminate accidental coincidences arising from uncorrelated events

in the counters; this was the conclusion reached both by considering
the known rates in the counters and the resolving times of the circuits,
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and by measurements made with one or more counters delayed by
a multiple of the period of the electrons in the synchrotron. The
rates at the inputs of all coincidence circuits were sufficiently low
that dead time corrections were negligible also,

The FAN veto circuit had an appreciable accidental
rate when measurements were made at 4° with the FAN counters
on (see Section VI B, 3), in the worst cases as high as 10% of the
pion rate. To correct for these accidental vetoes, the accidental
veto rate was monitored continuously, A TC-4 fast coingidence
circuit (FAND - 81), identical to the one used in the narmal FAN
logic (FAN - S81), was added to the system. The FAN input to
FAND » S1 was delayed by 100 ns, so that all events vetoed by an
output from this circuit were known to be accidentally vetoed. The
number of pions in coincidence with the delayed FAN signal was
scaled for each run,' and this number was added to the net pion
counts (which were vetoed by the FAN + S1 output). The number
of FAND « 81 counts and FAN . S1 counts in a given run were
normally within 10% of each other, which gave us confidence that
the number of pions in coincidence with the FAND - S1 signal was
a reasonably accurate measure of the number of pions accidentally
vetoed by FAN +» S1, The average true FAN veto rate at 4°
determined in this way for each central momentum setting of the
spectrometer was used as the FAN correction in the final analysis
of all data obtained at 4° when the FAN counters were turned off,
This correction was determined independently for the full and empty
target runs. | |

There was a correction applied to the data from the 1200
MeV/c spectrometer for what appeared to be correlated events in the
counters of the momentum hodoscope, 52T, S2TC, S2BC, and S2B.
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In addition to scaling the number of pions in each of these channels,

. the logical sum, (S2T + S2TC + S2BC + S2B), was also scaled. The
sum of the number of pions in each individual channel always exceeded
the number in the logical sum channel by about 2%. This phenomenon
Was investigated by Ecklund, (25) who found that occasionally a count
would occur in two of the momentum channels from a single event.
These pairs of counts generally occurred in adjacent channels,
suggesting a charged secondary produced by scattering of the original
particle was responsible for the spurious count. A correction was

made for this effect by assigning the excess counts in each run

[ (S2T) + (S2TC) + (S2BC) + (82B)]
arithmetic
sum

- [S2T + S2TC + S2BC + S2B]
' logical
sum

to the channels in'the proportion
T:TC:BC:B =1:2:2:1 ,

and subtracting the numbers thus found from the counts in each
channel, This proportion was chosen because the central channels
(TC and BC) had twice as many adjacent channels as the highest and
lowest channels. |

The 600 MeV/c spectrometer was slightly susceptible
to accidental coincidences in which one particle triggered the
aperture counter and another tr1ggered the remaining counters. The

number of acmdenta.l coincidences of this type was monitored using
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~ the same delayed coincidence technique described above for the FAN
counters of the 1200 MeV/c spectrometer., The correction was made
by reducing the observed number of pions by the number of events
satisfying all the normal pion logic but in coincidence with a signal
from the aperture counter delayed by 100 ns from its normal timing,
The correction was rarely as much as 3%, and was normally less
than 1%.

The momentum hodoscope of this spectrometer was also |
subject to "accidentals' or some kind of correlated particle events.
However, the momentum channels of this spectrometer were defined
by overlapping pieces of scintillator, with the consequence that if two
particles passed through adjacent channels, the event would be
recorded in only one channel. This type of event, which was the
major source of "accidentals' in the hodoscope of the 1200 MeV/c
spectrometer, caused only a slight redistribution but no excess of
events in the 600 MeV/c spectrometer. The number of events in
which a combination of hodoscope counters was triggered which could
not be triggered by a single particle was very small; often there
were no such events in a run, and rarely as many as 0.5%. No
correction was included for such events.

- No dead time correction was required for the fast
electronics of the 600 MeV/c spectrometer, However, the data
storage system required about 25 us to record an event, which was
a potential source of trouble af high trigger rates. The number of
triggers of the data storage system which occurred while the systém
was busy with a previous event was scaled; this number was
compared with the total number of triggers to determine the dead
time correction. The correction was only about 1% for the Plexiglas
target calibration runs (see Section VL E, 1), and was completely

negligible for all hydrogen target runs.
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2. Empty Target Background

The walls of the liquid hydrogen target were a source of
negative pions, The contribution from this source was eliminated
by measuring the pion yield with liquid hydrogen removed from the

'target and subtracting the result from the yield with the target full, -
Because "ice'" tended to accumulate on the target walls (Section

VL B. 2), background runs were normally taken within a week or so
of the corresponding full target runs. The data were handled in
batches, so that background runs could be subtracted from full
target runs taken at the same time before results from different
tfimes were averaged.

Cross sections were measured at a large number of
different kinematic points, and it seemed inefficient to measure
the background at each point. Instead, the procedure adopted for
a large part of the data was to measure the background at each
angle and momentum but only in 100 MeV steps of Eo’ i.e., the
background was measured at only half of the points. At each of the
points where the background was measured, the amount of synchrotron
time spent with the target empty was about half of the time spent with
the target full. The values of o* obtained with the tai'get empty at
given § and Eo were averaged over all momentum channels and
plotted versus Py A smooth curve was drawn through the data, and
background at all points was taken from these smooth curves. For
energies between the values of E0 for which empty target data were
taken, the background was obtained by linear interpolation between
the results at adjacent values of E o The statistical error assigned
to the smoothed background values was taken to be the error in the
measured value of o* after averaging over all momentum channels.
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" In order to put these results back into the computer, they were
p‘unched onto 'BSGSR' cards in the usual format, with background
for the 600 MeV/c and the 1200 MeV/c spectrometers assigned
"fake" run numbers starting with 4001 and 9001 respectively (see
Section VL C, 3).

Some representative values of the ratio of the empty
target yield to the full target yield are shown in Figure 13. These
curves were drawn for a fixed Eo near the middle of the range
covered in this experiment, and were quite typical of the general
situation. Near threshold, the empty target yield approached the
full target yield. As p o decreased, the fractional empty target
rate dropped rapidly to a more or less constant value between 0, 1
and 0.2, The measurements at 4° presented a special problem
because the empty target rate never dropped below 30% of the full
target rate. The reason for this large background was investigated,
and it was found that the entrance and exit windows of the hydrogen
target vacuum jacket and some of the air path downstream from the
hydrogen target were additional sources of pions visible to the spec-
trometer at this small angle., The helium bag placed in the beam
line from the hydrogen target to the aperture of the 1200 MeV/c
spectrometer during the second half 6f the experiment eliminated
part of this additional source, reducing the pion background at 4° by
about 20%; the values shown in Figure 13 were obtained with this
helium bag in place. Because» the background at 4° was such a large
fraction of the full target rate, the empty target yield was measured
at every point for data batches 2 and 3 at 40, and equal amounts of
time were spent at each point with the target empty and full,
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3. Nuclear Absorption

Some of the pions produced in the target were not
counted because they suffered nuclear interactions in matter before
traversing all of the counters in the spectrometer. The matter
which the pions had to penetrate included liquid hydrogen, the walls
of the target and its vacuum shield, several meters of air, and the
counters in the spectrometer., Detailed tabulations of all material
in each spectrometer were given by Thiessen and Ecklund., Each of
these investigators discussed the absorption correction for the
spectrometer he used, and evaluated the correction for detection
of positive pions as a function of momentum. We consider the
correction for negative pions for each spectrometer separately.

Most of the pion absorption in the 600 MeV/c spec-
trometer occurred in the rear counters. In order to find the loss
in these counters, Thiessen (and the author) measured the fraction
of pions (") which counted in all counters except the last scintillator
(52) when additional absorbing material was inserted in the system
at various distances from S2. The results of these measurements
were tabulated by Thiessen. The pion loss for each of these
configurations was also calculated by Thiessen, using published
data for n+ scattering from hydrogen and carbon., For the "best
geométry" measurements (additional absorber farthest from S2),
the measured attenuation was in excellent agreement with the
calculated result for TI‘+ momentum from 300 to 570 MeV/c. In
the normal configuration, all of the rear counters were close enough
to S2 to constitute "bad geometry' scatterers. Thiessen deflined a
geometrical factor, n, for each counter as the ratio of the loss,
measured when the distance from the absorber to S2 was the same
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as the distance from that counter to S2, to the loss calculated for
""good geometry'. The known thickness and chemical composition
of each counter were used to calculate the thickness in g/ c:fn‘2 of
hydrogen and of complex nuclei, The heavy nucleus cor;t/ent was
A 3

dependence for the cross section per nucleus, The carbon and

reduced {o an equivalent thickness of carbon using an

hydrogen thicknesses of each counter were then multiplied by the
geometrical factor, n, and summed to give the total efiective mass
of carbon and of hydrogen for the whole system. The hydrogen
target, air, and aperture counter, for which the geometrical factors
were all consistent with unity, were included in the sum. Published
cross sections were then used to calculate the total n* loss due to
nuclear absorption.

| A similar praocedure was. adopted to evaluate the T
absorption; the details of this calculation are shown in Table X,

The results differed only slightly from those for n+ absorption
because the heavy nucleus total absorption cross section, which
contributed most of the absorption, is nearly the same for 7" and

n . The hydrogen cross sections are also quite similar except at
the lowest momenta observed with this spectrometer. The total
absorption calculated for a pure pion beam was reduced by the
fraction of events which were pions, since muons have much smaller
interaction cross sections. The absorption obtained by linear inter-
polation in the final column of Table X was uséd to correct all data
measured with the 600 MeV/c spectrometer. An additional correction
of 3% was applied to the 30° data; when the 600 MeV/c spectrometer
was at this angle, the pions passed through the aluminum wall of the
downstream snout of the hydrogen target at a small angle of incidence,
giving a long additional path in aluminum. Because of the statistical
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errors in the -n-'I~ absorption measurements, uncertainties in the
appropriate cross section to use for absorption by heavy nuclei,
and the lack of absorption measurements made directly with
negative pions, an error of 50% of the correction was estimated
for the absorption correction. This implies a 3-4% normalization
error in the cross sections measured with the 600 MeV/c spec-
trometer.

Nuclear absorption in the 1200 MeV/c spectrometer
- also occurred mostly in the rear counters and in the 1/2 in, of
lead placed ahead of the last scintillator (S3). Ecklund evaluated
the loss for 1-r+ detection on the basis of the S3 efficiency for
particles triggering all other counters, which was measured during
his normal data runs, and some transmission measurements made
by placing additional absorbers in the system. The loss produced
by the remaining material in the system was calculated assuming

the cross section for a nucleus of atomic weight A was given by

2/3
ceA ,
deduced from his transmission measurements.

and using a value for the cross section per nucleon, 0 s

Published data for the absorption of pions in carbon
show that the m absorption cross section is essentially constant
(230 mb) over the entire momentum range of the 1200 MeV/c spec-
trometer, (47) and that the ' and absorption cross sections

differ at most by a few percent from 800 to 1200 MeV/c, (4-8) Gith

the 1 cross section being the larger. Unfortunately, there did

not seem to be enough published data for pion scattering from carbon
in the "intermediate range' of 425 to 625 MeV/c to draw any firm
conclusion, so we could only interpolate the results at higher and
lower momenta and assume the cross sections are comparable for

rr+ and m in this range also. The n - p total cross section is
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much larger than the m - p cross section at low momentum, but
drops rapidly until they become equal at about 530 MeV/c. The
7 - p cross section then becomes the larger one, and remains
roughly a factor of two larger from 700 to 1100 MeV/c. 49)

Since hydrogen constituted only about 10% of the mass
of the absorbing material, it seemed reasonable to use the same
correction for ¢ absorption that Ecklund found for rr+ absorption,
The correction was expressed in the form

Cons = (.956) [1- (. 117-.056p)] C

TRUE

where C oBs ~ measured number of events,

CTRUE= number of events which would be measured

with no nuclear absorption loss,

p = particle momentum in GeV/c.

The first factor above was the correction for absorption in liquid
hydrogen, the target walls and shield, 'air, aperture counters Al
and A2, and the freon Cherenkov counter, Ecklund gave a slight
angular and momentum dependence for this factor, but the variation
was so small that we simply used the average value. The second
factor above was the correction for absorption in counters S1, 52,
and LC and the 1/2 in. of lead ahead of S3. The absorption
correction for this spectrometer is seen to be about twice as large
as that for the 600 MeV/c spectrometer, varying from 13, 3% at

500 MeV/c to 10. 5% at 1000 MeV/c.
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| As a check on the absorption correction for the 1200
MeV/c spectrometer, the '"S3 miss rate'" (fraction of pions
triggering all counters except S3) was measured at 600 MeV/c
using negative pions. The result, (8.6 + 0.3)%, was somewhat
higher than the value (7.3 + 0. 3)% measured by Ecklund with
positive pions, but consistent with our knowledge of the basic
cross sections at this momentum, Ecklund estimated the accuracy
of the absorption correction to be about 10% of the correction.
Allowing some additional uncertainty for the extension of his results
to negative pioris, the error was estimated to be no greater than
25% of the correction, which implies a 3-4% normalization error
in the m~ cross sections measured with the 1200 MeV/¢ spec-

trometer,

4, Pion Decay

The distance from the hydrogen target to the last counter
of either spectrometer was sufficiently great that an appreciable
fraction of the pions, typically 20%, decayed before reaching the
last counter. Correction for this effect would be no problem except
that essentially 100% of the decays proceed via m - u + v, and W~
were indistinguishable from 1~ in our apparatus, Therefore, it
was necessary to determine the resolution function for muons, a
complicated geometrical problem. This problem was studied
extensively in the past by investigators of the reaction vy + p- mo+ n;
a summary of their work was given by Thiessen. (24)

The decay correction has two effects on the spectrometer
resolution: it changes the area of the resolution function, and it

changes its shape. The most significant effect on the shape is to
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add a long tail at high momentum. There is a cutoif on this tail,
set by the kinematics of the pion production reaction and the
synchrotron energy. For single n photoproduction, the kine-
matic cutoff normally occurred for momenta only moderately
b= B,

Py
synchrotron energy was kept only slightly greater than the photon

greater than the central momentum, < .2, because the

energy of interest. However, in this experiment data were obtained
p-Pp
O could be as large as 0.8: this had

under conditions where
0]
to be done in order to measure the cross section at large missing

mass values (see Figure 2). There is a low momentum cutoff to
p-P '
the muon resolution function at D 2~ - 2; this limit is set by
0 .
the kinematics of pion decay and the spectrometer geometry, and

so does not depend on the production reaction.

In the analysis of this experiment, no attempt was made
to unfold the effects of the finite width of the momentum and angular
resolution because the width of the photon energy resolution function
determined the resolution in missing mass. Therefore, we were
interested only in the change in area of the spectrometer resolution
function resulting from pion decay. The method used to evaluate
the correction was ‘the same as that described by Tﬁiessen, except
that the kinematic conditions for two pion production were used to
fix the high momentum cutoff of the muon acceptance. A Monte Carlo
program for calculating the muon acceptance, written originally by

Kilner(42) and modified by Thiessen, was used to calculate the
p-P
0

acceptance for each spectrometer for larger values of
0
than had been done by Thiessen and Ecklund. The solid angle for
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accepting the decay muon from a pion with momentum p when the
P-P
for which

magnet is set at p o Over the entire range of
: o
it has been calculated with this program, is shown for both spec-

trometers in Figures 14 and 15. These results were for a 3 in.

x 9 1/2 in. aperture counter in the 600 MeV/c spectrometer, and

a 3in. x 9 in. aperture counter in the 1200 MeV/c spectrometer.
It was assumed that the solid angle for some other aperture counter
could be obtained by scaling according to the area of the counter.
Furthermore, these results were obtained for the "central channel"
of each spectrometer, i.e., for channel D of the 600 MeV/c spec-
trometer, and for a channel the size of BC centered on the central
ray for the 1200 MeV/c spectrometer. It was assumed that the
fraction of events which were muons in any other chamnel with mean
momentum p; was the same as that in the central channel would

have been if the central magnet momentum were p;:

s, py), 3 salap), o

2 =
(AQ Ap)w’ i TAQAB)W’ c

Pe =P
p- pi
where q =
Lt
an(q, pi)u ; = muon solid angle for the i channel (given for
b
. the central channel in Figures 14 and 15),
(AnAp)Tr i. = total pion acceptance of the it® channel (given
?

in Tables VI and VII),

and the subscript ¢ denotes the central channel.
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The muon solid anglel of the central channel was computed only for
a small number of central momentum values. In order to obtain
the solid angle for arbitrary central momentum, a quadratic function

of p o Was fitted to the calculated values at each value of q:

sala ), , = A+ B@) o, + C@ b .

o’u,c
The parameters A, B, and C obtained from the data in Figures 14
and 15 are listed in Tables XTI and XTL

Since we were only interested in the area of the resolution

functions, the above relations were integrated over the momentum,
p, to obtain finally:

Aacap (q.. .= (AQAp/po)mi [a+ bp.+cp.2]
p, maxiy,i (Am.\p/po)ﬁ’c it M
. 9max
where a‘(qmax) = I A(q) dg
_ Prax ™ Y5
Ynax Py
pmax(Eo’ 6) = maximum ¢ momentum which can be

produced at lab angle 6 when the
synchrotron energy is Eo ,
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and b(qmax) and c(qma}g are defined analogously to a(qm ax)'
The parameters a, b, and ¢ were tabulated using trapezoidal
integration of the values in Tables XI and XII, and linear inter- .
polation in the resulting tables gave the total muon acceptance
_for arbitrary values of Upax’ o
Thus, the total acceptance of the i channel of either
spectrometer, required in equation (6) of Section IIL, A, was

obtained as follows:
[ 7800p -mL [ aQAp
(aaap), =p 4 (Z2)  exp ———)+|_——(q :] |
o {(52) e (2E) - [B2 )] )

where

P o - spectrometer central momentum
p, = mean momentum of the ith channel
m = n mass

L = length of i {flight path

{421 cm for the 600 MeV/c spectrometer

660 cm for the 1200 MeV/c spectrometer

r = g lifetime (2,55 x 10-8 sec).

Both the pion and muon acceptances in the above equation were

- adjusted for the size of the aperture counter actually used. The |
error in the total resolution function resulting from this method
of calculating the decay correction was estimated to be 1%.
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TABLE XI
Parameters for Evaluation of the Solid Angle for Detection of Muons
in the Central Channel of the 600 MeV/c Spectrometer

P- D, |
o A B(MeV/c)™ ! C(MeV/c) 2
- .21 038 x 100¢ - 170 x 1077 .180 x 10710
- .18 - 037 - .165 175
- .15 J218 - 1829 "8
- .12 So71 - [932 808
- .090 333 - 922 716
- .060  .176 - 350 - .836
- 045 "128 -842 -1.36
- 030 526 - .496 1030
- .015 1910 -1.45 1.34
0.0 . 456 543 -1.02
S015 351 196 - late
- 030 499 _ .352 - L322
045 - .148 2. 20 -2. 86
7060 382 - U550 257
- 090 544 -1. 60 1.38
12 - 059 1 -1.61
.15 - 299 - . n44 557
.18 .133 _ 262 - l219
T21 209 - . 723 "800
L 27 1305 -1, 17 1.29
- 30 042 - 054 | - 085
40 " 192 - 678 1696
.50 -197 - .609 538
160 -148 - l4e2 432
-70 041 S 034 - .110

.80 . 046 : - , 205 - .218
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TABLE XII

- Parameters for Evaluation of the Solid Angle for Detection of Muons
in the Central Channel of the 1200 MeV/c Spectrometer '

pP- pO

oy A B(MeV/c) ™2 C(MeV/c) 2
- .186 0, 0. 0.
- .136 T201x 10°° - .334% 1078 .137x 10711
- . 086 643 -1, 28 -659
- 036 2. 52 357 1,42
- .011 608 1. 50 _ 964

J014 4.18 -6.83 . 3,33

-039 243 1. 92 ~1. 63

- 064 3. 51 -6, 40 3. 04

S114 1.05 -1, 81 - 958

- 164 .. 035 657 . L420
L214 - .110 - 975 - 639

264 165 .140 - .163

- 364 - . 015 - 666 - 494

. 464 .135 - 083 0.

. 564 558 - 634 0.
664 1334 _ .381 0.

764 0, 0. 0.

864 0, 0. 0.
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5. Photon Beam Contamination

During the 1965 phase of this experiment, two
characteristics of the photon beam line configuration were potential
sources of systematic beam monitoring errors. There was a long
air path and a liquid hydrogen target used by another experimental
group (from UCLA) between our sweeping magnet and our hydrogen
target; the sweeping magnet shown close to our hydrogen target
in Figure 3 was not used in 1965. An appreciable number of pair-
produced electrons could accumulate in the beam by the time it
reached our hydrogen target. Since electroproduction cross
sections are much smaller than photoproduction cross sections,
these electrons would not contribute noticeably to pion production,
yet their energy was included in the total beam energy measured by
the quantameter, In addition, at that time the quantameter was
inserted into the beam at the position of the large sweeping magnet
shown in Figure 3; because there was a scraping wall between this
position and our hydrogen target, it was possible that some of the
beam energy recorded by the quantametér did not reach the hydrogen
target.

The presence of such sources of error was suggested by
analysis of the Plexiglas target calibration runs (see Section VL E. 1)
and of systematic shifts between the cross sections measured in 1965 |
and 1966 (see Section VL E. 3). Both of these analyses suggested the
cross sections were lower in 1965 by about 4%. In order to confirm
that the electron content of the photon beam could have been of this
magnitude in 1965, a test was conducted after the completion of the
experiment, (The author is indebted to Mr. F., B, Wolverton for
volunteering the synchrotron time necessary to make this test and
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for assistance in performing it.) The UCLA hydrogen target, which
was the target used in the K' photoproduction experiment by Groom
and Marshall, (39, 50) introduced 6 in. (. 018 radiation lengths) of
liquid hydrogen and . 03 in. (. 002 radiation lengths) of Mylar into

the photon beam. The test consisted of measuring the fraction of

. the beam energy contributed by electrons at the position of the second
sweeping magnet shown in Figure 3. This was accomplished by
measuring the ratio of the quantameter responses with the sweeping

- magnet on and off, using the thin ionization chamber, TC-1, as a
monitor. The quantameter and TC-1 were located in the positions
shown in Figure 3, Because the UCLA hydrogen target could not be
filled at the time of the test, a 1/4 in. piece of Plexiglas (. 017
radiation lengths) was used to simulate the target. The results of

six runs of 10 TC-1 BIPS each made within a period of half an hour
under conditions of virtually constant synchrotron beam intensity

are shown below:

" Sweep
Run Magnet Q/TC-1
1  Off 2,198
2 | Off 2,198
'3 On 2. 165
4 On 2,175
5 off 2.201
6 On | 2. 169

The average difference between the runs with sweep magnet on and
off was '
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(Q/ TC- 1T0ff

=,013+.001 ,

The fraction of the beam which was expected to produce pairs in
the 1/4 in. of Plexiglas and 32 in. of air between the UCLA target
and the sweep magnet was 1. 6%, in good agreement with the above
measurement,

In 1965, the entire 14 ft. (, 015 radiation length) air
path between the UCLA target and our target was an electron source,
leading one to expect that about 2.7% of the beam at our target was
electrons. In 1966, the second sweeping magnet and the He bag
from the exit of this magnet to the hydrogen target guaranteed that
the beam was virtually free of electrons. Because it was not easily
possible to measure the additional error introduced by the scraping
wall between the quantameter and the hydrogen target in 1965, it
was decided that the observed 4. 3% increase between 1965 and 1966
of the Plexiglas target calibration run yield measured with the 3 in.
x 9 in. aperture counter in the 1200 MeV/c spectrometer constituted
the best determination of the correction which should be applied to
the data. Therefore, the 1965 data from both spectrometers were
multiplied by a factor of 1. 043, and an error of 2% was included in
the overall systematic error as an estimate of the uncertainty in
this procedure.

6. Contribution from Three Pion Production

We consider in this section the problem of evaluating

the contribution made to our results by the following reactions:



175
Y+po o +w koD @
Y+Pp-om +w 4+ m 41, (2)

At the photon energies used in this experiment, the total cross

sections are as follows(lg) :

k %1 Oy
(Gev) {ub) (ub)
.8 0 411
1.2 8+2 20 + 2
1.6 15 + 2 32+ 3

where o, and o, refer to the reactions in equations (1) and (2) above
. respectively.

We determined the pion pair total cross section from our
measurements in the following manner:

M2
max )
2 dzc' :
Iq ='J’dQ'J‘ aM” —5— (3)
| M2 dM%dq’
min

N
=

where Mmin 0

Mmax(k)=W—m .

+ m

M
max
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For the present purposes, it is convenient to rewrite equation (3)
in the form

M2

| 1 2
og= [da [1+£(@)] [ am®—S5% @
MZ dM dq’ )
min
where M, = maximum missing mass which the data included,
M2
max 9 g%
[, o —
MZ aM~da’
1
o) =—3 .
M 2
J" 1 sz d20'
M2 dMdQ’
min

4

It is understood that we are considering all variables at a fixed k.
Equation (4) has the advantage that it expresses the cross section

in terms of the quantity actually measured, dzo '/ szdQ' from
M_. to M;. The factor f(Q') is a property of the {itting functions
we chose, From equation (4) , we see that if the measurements
included a contribution from three pion production, the contamination

produced in our total cross section would be

M? 2
2 d o'
o = [ da'[1+£(a")] dM® (—=—) " (5)
cont I ‘sz dM2da’ 8

min



1m

2
do’ : .
where ( 2° ) = c.m. cross section summed over

dM~dQ' 3m

reactions (1) and (2).

Several approximations were made in evaluating
equation (5), The factor £(Q') was determined separately for the
N*** term and the three- body phase space term used in our fitting
function: because the fitting function was explicitly independent of
angle, f depended only on the photon energy. The two values of {
at each energy were then averaged together, weighted by an
appropriate factor which took account of the relative contributions
of the corresponding terms to the total cross section at that energy.

In order to estimate the differential cross section for
three pion production, we assumed that the n  is produced
isotropically in the c.m. system, and that the mass distribution
of the nucleon and the other two pions does not differ significantly
fr’om phase space. These seem like reasonable assumptions at the

low excitation energies involved here. We thus have

. .
d“" ~ 1 _3nm 2 .

( ) ¥ = ¢ P(M*) (6)

dM2dn' 37  4m TOT -

where oroT = sum of the total cross sections for reactions
| (1) and (2)3

P(Mz)" = invariant mass distribution of the undetected
(Nmmr) system in reactions (1) and (2).

P(Mz) is assumed to be normalized so that
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My
[ avM? P = 1. )
2
M +2
( p+ m)
'. et 2 . 69,
The phase space prediction for P(M") may be written as follows""™:_
2
P(M®) = C Ry (W;M, m) Ry (M;M_, m,m) (®)
where ' C = normalization constant

R n(Y;ml, My,.e.m n) invariant phase space for n
particles having total energy in
their ¢. m. system of Y and

individual masses of Myyee.M .
The two factors appearing in equation (8) are as follows:

(v-M ) -
Ry (M;M, m,m) = (J‘ 2 ax> Ry (MGX, M) R, (X;m, m) (9)
2m '

| 1/2
Ry (Tmy,mg) = T {1 Y- (m+mp) 210Y% (my-mp)?} L (10)

Note that R, (M;Mp, m, m) is independent of k; although it could be
expressed in terms of elliptic integrals, it was easier to evaluate
it numerically as a function of M,

The results of the calculations described above are
summarized in the following table:
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3m
k o1 ; _ °TOT “cont
(GeV) ‘R R NR = _f g () (ub)

0.9 .57 .14 .68 .32 .070 10 0.9
1,0 .55 .28 1,03 .53 .038 16 0.9
.1 .55 .31 1,33 .64 .023 22 0.8
1.2 .50 .37 1.76 .83 .015 28 0.8
.3 .32 .37 2.00 1,18 .011 33 0.8

In this table, YR is the fraction of the total cross section
contributed by the N term, as estimated from the total cross
section data, fR and fNR are the factors £(Q') defined in equation
(4) for the N**" term and the three-body phase space term
respectively. f is the average of these quantities weighted in a
manner appropriate to their relative contributions to the total
cross section. g is the fraction of the phase space for reactions
(1) and (2) included by our measurements, defined by

M2

1

g= | am® (M%) . (11)
_ (Mp+2m)'Z ‘

G'EI»%T was estimated gt each energy from the results quoted at the
beginning of this paragraph. All of these calculations were done
for M, = 1.30 Gev/c, |

The results in the above table show that three pion
production made a negligible contribution to our data, giving less

than 1 ub to the total cross section at all energies. In terms of the
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- calculation, this occurred because the factor g was so small, a
consequence of the fact that the (Nmm) mass distribution in the
four-body final state increases very slowly near its low mass

limit,
E. Errors

1. Equipment Monitoring

This experiment was performed during three intervals
of synchrotron time spaced out over a 15-month period., At the
beginning of each of these intervals, about a week was devoted to
testing the operation of both spectrometers; all necessary gain,
bias, and timing adjustments were made to give optimum system
performance. In order to be sure that the systems continued to
operate normally, two kinds of daily checks were performed: a
short calibration run was made at the beginning of the day, and the
pulse-height spectrum in each counter was observed during one of
the normal runs or the calibration run, Whenever the spectrum
revealed the gain of a counter had deviated appreciably from its
nominal value, appropriate adjustments were made to return to
the normal condition. On the few occasions when a gross malfunction
of a spectrometer occurred, it was revealed in the calibration run
and corrections were made before any time was wasted taking data.
An equally valuable result of the calibration runs was that they were
the best source of information on random errors and on the long term .
stability of everything associated with the experiment, notably the
spectrometers, the beam monitors, and the synchrotron energy

meter. The purpose of this section is to describe the calibration
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| runs and their irriplications concerning the precision and accuracy
of the measurements.

The parameters for the calibration run were chosen
' with the primary purpose of counting a large number of pions in a
short period of time under easily reproducible conditions, The
hydrogen target was raised out of the beam line and replaced with
a Plexiglas cylinder, which was machined to a 3 in, diameter to
simulate the geometry of the hydrogen target. The operating
conditions for each spectrometer are summarized below:

Central
Lab Angle Momentum  Pions per 100
Spectirometer (Degrees) (MeV/c) Quantameter BIPS

3

600 MeV/c 31.00 570 9 x 10
1200 MeV/c 26,13 600 3 x 108

(3 in. x 9 in. aperture)

The synchrotron beam energy meter was always set at 900 MeV for
these runs; the runs were roughly 100 quantameter BIPS long,
requiring about 20 minutes at a typical beam intensity. The above
table shows that the bounting errors for each run were about 1%
and 2% for the 600 MeV/c spectrometer and 1200 MeV/c spec-
trometer respectively. |

Since the calibration runs were performed under conditions
essentially identical to those of normal runs, they provided a detailed
test of all phases of spectrometer operation. The counting rates of
all coincidence circuits were monitored, as were the singles rates
in many counters. The FAN efficiency was monitored by watching
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‘the fraction of pions vetoed by FAN counts. The operation of the
momentum hodoscope was checked by computing the fraction of pions
in each channel. For the 1200 MeV/ ¢ spectrometer, the efficiency

of the freon Cherenkov counter was checked by computing the ratio

of electrons to pions; the Plexiglas Cherenkov counter efficiency
was monitored by recording the ratio of pion events having counts in
the counter to the total number of pions. Finally, the overall
efficiency of the spectrometers and the stability of the beam monitors
were checked by computing the total number of pions per quantameter
BIP,

At the end of the experiment, the calibration data were
reanalyzed. Those calibration runs which had revealed equipment
malfunctions were ignored. For all others, the number of pions per
quantameter BIP was computed including several corrections,
Because the size of a quantameter BIP changed at various times due
to changes in the P/T ratio and in the integrator (see Section VL B, 1),
the results were normalized to the size of the BIP during August 1965.
The number of BIPS in each run, before correction, was computed
using TC-1 and the 40 Mc probe as secondary monitors, since the
normal data runs were treated in this way (see Section VL B, 1).

The number of pions counted by the 600 MeV/ ¢ spectrometer was
corrected for accidental coincidences (typic.ally a 1-2% correction),
for the dead time of the data storage system (typicallya 0.5 - 1%
corr_ection), and for multiparticle events in the momentum hodoscope
(an almost constant 0. 4% correction). In addition, the number of
pions counted by each spectrometer was corrected for accidental
FAN vetoes. During the last part of the experiment, the accidental
FAN veto rate of the 1200 MeV/c spectrometer was monitored
continuously (see Section VL D, 1), so the correction was easily
made. For the rest of the 1200 MeV/c spectrometer data, and all



183

of the 600 MeV/c spectrometer data, the correction was made by
assuming the accidental veto rate was proportional to the beam
intensity, and normalizing the correction to the veto rate measured
once with the FAN signal delayed by 100 ns, As a measure of

average beam intensity, I, for each run we used

I = QBIPS
B~ GATES x T

D

where QBIPS = number of quantameter BIPS in the run,

GATES= number of beam pulses in the run,

T

D duration of the beam spill for each pulse.

The FAN accidental correction was typically 1-3% for the 600 MeV/c

spectrometer, and 0,5 - 1% for the 1200 MeV/c spectrometer. |

There was some uncertainty in making this correction to the 1965

measurements because no direct measure of accidental FAN vetoes

was made under the conditions of a calibration run in 1965. |
The results of the calibration run analysis are

summarized in Table XIII, In this table, N is the number of

calibration runs used in the analysis, and R is the mean value

of the ratio n~/QBIP (1 QBIP = 1,200 x 10°° MeV), The error

quoted for R is the standard deviation of the mean. AR is the

rms fluctuation of (w~ / QBIP) about B. (AR/ ﬁ)expecte g is the

rms fluctuation of (r~ /QBIP) calculated on the basis of counting

statistics alone. (AR/ ﬁ)excess is the random fluctuation in

(m~ /QBIP) which must be added in quadrature with (AR/R)

to give the observed value, (AR/ ﬁ)obs‘

expected
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A number of conclusions may be drawn from the
information in Table XIII, There was almost uniformly a 1. 4%
rms fluctuation in {n~ /QBIP) in addition to that expected on the
basis of counting statistics alone. One possible source of such
random errors was the beam monitoring. The rms beam
monitoring fluctuations could be independently evaluated because
the beam catcher ion chamber (BC) was used to monitor the beam
during all calibration runs as well as TC-1 and the 40 Mc probe.
BC is known to be a very stable monitor, showing only a slow drift
relative to the quantameter as a function of time., I P/T corrections
are made to the responses of BC and the quantameter, they remain
in good agreement over long periods of time. (40) We therefore
adopted the attitude that BC could be regarded as an "'absolute
standard for the beam monitoring, and that the ratio (QBIPS/BC),
where QBIPS was the number of quantameter BIPS determined by
comparison of TC-1 and the 40 Mc probe directly with the quantameter,
could be used to investigate the random errors in this normal beam
monitoring procedure. The same ion current integrator was always
used to record both the quantameter and BC outputs, so changes in
the integrator would not affect their ratio., The temperature and
pressure of the gas in BC were not recorded during the experiment.
In order to correct for the known slow drift of BC relative to the
quantameter,. the ratio (QBIPS/BC) was averaged over the first 14
calibration runs (centered around 3 September 1965) and over the
last 14 calibration runs (centered around 5 August 1966). The
difference in these averages showed that (QBIPS/BC) decreased by
(.31 + .04)%/month, The rms fluctuation of (QBIPS/BC), when its
average value was taken to decrease linearly with time with the
above slope, was found to be 1.0% for the 76 calibration runs in
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which BC was recorded. Thus, random errors in beam monitoring
apparently did not cause all of the excess fluctuation in (m™ /QBIP),

Another possible source of random fluctuation in
(n~/QBIP) was a variation of the synchrotron energy, E o The
Plexiglas (C5H802) target contained roughly equal numbers of
neutrons and protons, most of them bound in nuclei, The neutrons
were a source of negative pions via the reaction v +n—~ n + p;
the yield of n~ at given momentum and angle from this source is
not expected to be sensitive to small changes in E o However,
assuming the proton contribution comes from free protons, the
yield from y+p- w + 'rr+ + p is expected to change by roughly
10% for a 1% change in E o~ This may be seen by considering
equation (4), Section IIL. A, and noting that k _ was about 100 MeV
less than Eo for the conditions of the calibration run. As a test of
the sensitivity of the n yield to Eo during the calibration runs, Eo
was deliberately lowered by 10 MeV (x 1%) for one calibration run.
The w yield measured by each spectrometer was (5 + 1)% lower
than normal for this run. This is consistent with what we would
expect if the neutrons and protons in the Plexiglas contributed
roughly equally to the ¢~ yield. Furthermore, this implies that
an rms fluctuation in E_ of 0. 2% (2 MeV) could account for a 1%
fluctuation in (7 /QBIP). A fluctuation in E0 of this magnitude
seems quite consistent with the changes observed by watching the
beam energy meter. We conclude that we can account for all of
the random fluctuations observed in the calibration runs,

We next consider systematic changes; unfortunately, the
situation here was not as fully understood. The 600 MeV/c spec-
trometer showed remarkable reproducibility from 1965 to 1966:
Table XIII shows that R differed by only (0. 3 + 0, 4)% during these
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two running periods. There were two discrepancies, however, in
the 1200 MeV/c spectrometer data: R measured with Ithe 3 in,
x 9 in. aperture counter increased by (4. 3 + 1. 2)% between 1965
and 1966, and R measured with aperture counters 2-3/4 in. wide
was larger than expected on the basis of R measured with the
3 in. wide aperture counter at the same time,

The second diécrepancy is shown more clearly in the

" following table:
Observed Expected

Ratio Value Value
R(3 x 6) . 670 x . 007 . 667
R(3 x 9) | (1965 data)
‘R(2-3/4 x 12)  1.276+.009. 1. 222
R(3 x9) (1966 data)
R(2-3/4 x 6) = .499+.003 . 500
R(2-3/4 x 12) (1966 data)
R(2-3/4 x 9) .759 + . 005 . .m50

R(2-3/4 x 12 (1966 data)

In this table, R (a x b) denotes the average value of (m /QBIP)
measured with the aperture counter with the indicated dimensions.
The expected value of each ratio is simply the ratio of the areas of
the two aperture counters. We see that for aperture counters of the
same width (first dimension shown), the ratios behaved exactly as
expected, but that in going from the 3 in, x 9 in. aperture to the
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2-3/4 in. x 12 in, aperture there was a (4.3 £ .7)% deviation from
the expected ratio. _

Several possibilities were explored in seeking an
explanation for these systematic changes. The temporal change
- might have been caused by a change in the synchrotron energy..
However, a change in E0 of almost 1% would have been required
to produce the 4% shift observed, and such a large shift seems
extremely unlikely. Another possible cause might have been a
change in the momentum calibration of the 1200 MeV/c spec-
trometer, In fact, the rear counters of this spectrometer were
removed and remounted with a new supporting rack between the
1965 and 1966 running. I is believed that the position of the
momentum hodoscope (S2) was reproduced to within 0,1 in. "Since
the dispersion of this spectrometer was such that a change in
position of 1 in, at the focus corresponded to a 2% change in
momentum, the momentum calibration was reproduced to within
0.2%. The sensitivity of the pion yield to the spectrometer
momentum could be obtained from the calibration run data for the
individual momentum channels, Comparing the average yields
measured in the two most widely separated channels (S2T and S2B),
it was found that |

for the conditions of the calibration run, where oF is the normalized
yield defined in Section IIIL A, Thus, a 0.2% change in momentum
could not have produced the change in yield between 1965 and 1966.
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A possible source of difference between the 1965 and
1966 yields was electron contamination of the photon beam in 1965,
This source was not considered at first because it did not show up
in the 600 MeV/c spectrometer calibration data. However, initial
aﬁa,lysis of the hydrogen target data showed the 1966 cross section
measurements with this spectrometer were several percent higher |
than those in 1965 (see Section VL E, 3), and direct investigation of
the electron component of the photon beam showed that a contami-
nation of the order of 3% was likely during 1965 (see Section VI D, 5).
It was, therefore, concluded that electron contamination of the
photon beam in 1965 was the probable source of the 4'. 3% depression
of the 1200 MeV/c spectrometer calibration run yield, and that
some other factors must have conspired to mask this effect in the
600 MeV/c spectrometer calibration data.

No satisfactory explanation was found for the failure of
. the scaling law for aperture counters of different width in the 1200
MeV/c spectrometer. The data suggest that some counter other
than the aperture counter (Al) was determining the horizontal
aperture, so that the spectrometer was not 100% efficient for
particles passing through the wider apertures. The only other
counter which was close to limiting the horizontal aperture was the
final scintillator (S3). To test whether S3 was limiting the horizontal
aperture, the fraction of particles triggering all counters except S3
was measured with the 3 in, x 9 in. Al and immediately thereafter
with the 2-3/4 in. x 12 in, Al, The S3 "miss rates' observed were
(8.3 + .4)% and (8.9 + .4)% respectively. These measurements
showed that S3 was not limiting the horizontal aperture to any
appreciable extent.
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A calculation of the loss expected from S3 due to .
multiple scattering in all the matter of the spectrometer system,
assuming the photon beam was uniformly distributed in intensity
over a 1-1/2 in, wide spot, gave a value of 0, 5% at a momentum
of 600 MeV/c for a 3 in, wide aperture counter. This was an
upper limit since the photon beam intensity was actually more
concentrated near the center of the spot. Thus, according to this
calculation, multiple scattering losses could cause the 33 efficiency
to differ at most by 0.5% for 3 in. and 2-3/4 in. apertures, a result
consistent with the measured miss rates,

The inefficiency of the second scintillator (A2) was
measured with the 3 in. x 9 in. Al and found to be 0, 6%. Since
this many "inefficient' events could have been caused by accidental
coincidences between Al and the remaining counters, A2 was
essentially 100% efficient. The FAN veto rate with the 3 in, x 9 in.
Al was (9.3 + .2)%, and with the 2-3/4 in, x 12 in. Al it was
(7.2 +.2)%. However, one would expect a higher FAN veto rate
- with a wider Al just because more of the particles scattered from
the pole tips would pass through the aperture counter. It is therefore
likely that the higher FAN veto rate observed with the wider Al was
not a result of the FANS overlapping the aperture counter.

We were foréed to‘conclude that there was a (4.3 + 0. )%
discrepancy of unknown origin between the effective solid angles of
the 1200 MeV/c spectrometer when aperture counters of different
width were used. Further evidence for such an effect was seen in
the data from the hydrogen target; this additional evidence and the
normalization finally adopted for all of the data are discussed in
Section VL E, 3.
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2. Checks of the Data Analysis

Many numerical operations were necessary to reduce
the raw data from this experiment to cross sections. The many
computer programs used to perform these operations constituted
a potential source of errors as large as any of those of experimental
origin, In this section we shall describe briefly some of the tests
made to give us confidence in the accuracy of the results from the
computer.

The value of the yield per equivalent quantum, o*, for
each momentum channel was calculated by hand for one run with
each spectrometer. After correcting a number of small errors
and one major error in programs which had been considered
previously debugged, the computer results agreed with the hand
calculation to about 0, 1%, which was consistent with the number of
figures retained in each calculation, In general, one more figure
was retained in writing and punching computed results than the
number of figures which were physically significant in order to
guard against cumulative roundoff errors. The o values for a
number of full target and empty target runs at the same point were
averaged together and the empty target correction was made. This
time the results of the computer calculation and the hand calculation
agreed on the first try. Finally, the normalizing factor I(E 91 Eq,

Py 8, ), evaluated numerically with the computer, was used to
calculate the laboratory cross section d o/dpdQ by hand. Again,
the computer and hand calculations agreed.

The accuracy of the remaining steps in the data reduction
depended on the accuracy with which various integrals were evaluated.

The {itting functions Fi(EZ’ E.,p 0® 0) used to obtain the c. m. cross

1’
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sections had to be evaluated by numerical integration (see equation
(13), Section IL C), as did the moments of the bremsstrahlung
spectrum needed to find I(Ez, E{5Dg6 o) and k . All of the numerical
integrals were performed using the Gauss-Legendre quadrature
technique, The basic computer program for the quadrature inte-
gration simply contained a table of the coefficients and roots of

$2) Tpig
program was tested by evaluating several elementary integrals for

Legendre polynomials needed in the quadrature formula.

which the quadrature should give exact answers: it was found to do
so to the eight significant figures retained by the computer. The
calculation of the zeroth, first and second moments of the beam
spectrum was tested first by using a rectangular form for the
spectral function, B (k,E o)» for which the moments could be calcu-
lated analytically., In this case, the numerical evaluation agreed
with the exact answer to 1 part in 107. Using the real shape of
B(k, EO), the numerical evaluation was tested by increasing the
number of steps in the quadrature to two and three times as many
as normally used, All these moments of the beam spectrum varied
by less than 0. 1% in these tests, Similar tests were performed on |
the functions Fi(EZ’ E ;D0 O): the answers here also varied by

< 0, 1% when the number of steps in the quadrature was increased
beyond the number finally adopted.

One other potential source of error in data handling was
in the transfer of information from data books to punched cards. All
beam monitoring information on the punched cards was compared
with the data books at the end of the experiment; only a few errors
were discovered (out of nearly 1400 runs), and these runs were
reanalyzed. In addition, the ¢* values obtained in all runs at each
kinematic point were checked for gross differences which would be
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indicative of copying errors as well as equipment or experimenter
malfunction, |
We the;‘efore believe that our results are free from

appreciable errors introduced in the data handling processes.

3. Systematic Error Analysis

The calibration runs made to check the functioning of
-the apparatus on a daily basis revealed some systematic differences
between measurements made at different times and with slightly
different spectrometer configurations, as discussed in Section VL E. 1.
In an effort to identify the causes of these changes,' the data taken
with the hydrogen target were also a.naljrzed carefully for systematic
shifts. When this analysis was completed, it was decided that a
small renormalization of part of the 1200 MeV/c spectrometer data
was desirable to achieve internally consistent results. The purpose
of this section is to describe the énalysis for consistency and the
readjustment made. A
Most of the cross sections obtained in this experiment

were measured at least twice, at times separated by as much as a
- year., The following scheme was adopted to describe systematic
changes quantitatively with relatively few parameters., Consider
the yields measured at a given synchrotron energy and spectrometer
angle. At each momentum there is some "true" yield, u.(E_,6),
and in the absence of systematic changes the measured yield

o*(E 0’9’ pi) is assumed to be normally distributed about this mean.
However, suppose that at a given time, all the measurements at this
EO and 8 are shifted by the same factor, k(j), as aresult of a
systematic change in conditions. Then the yields measured at the
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jth time would be normally distributed about the mean values

e

for each set of measurements made, although we certainly hope

k(J) ui(E o’ 8). In principle, we must allow a different factor

the k(j) are all close to, or equal to, unity, The basic problem
in the data analysis is then to determine the "true' values,
ui(Eo,e) , _and, as a measure of the consistency of the data, the
factors k“/,

The standard approach to the solution of this problem
is the method of maximum likelihood. Assuming a normal distri-
bution for the errors, the likelihood function for the complete set
 of measurements at angle § and energy Eo may be written as

follows:
() (i)\2
w2 (. =-pu.k
L= Ir’Irl III1 (2m oi(]) )"1/2 exp{- e le,) }
=1 i=1 P, |
1

where Xi(a) = value of c*(E 095 pi) measured at the jth time,

o i'(j) = standard deviation of Xi(]) .

The subscript i runs over all momenta for which the cross section -
was measured at that E_ and 6. The solution to the problem is the
set of values ﬁi and £0) which maximize L. It is difficult to write
the ﬁi and %) a5 explicit functions of the Xi(j), but the following
sets of coupled equations converge quickly to a solution when iterated:
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ﬂ(J)= ié% ciﬁi 5 M1 i=leee, m
1=1(;GS)
) (o) (50)
Q, = i i=1 n
S VR e B
)
=1 Vi

The obvious starting point for an iterative solution is

20 -1 j=1,..., m .

When these values are used for the k(J), My is simply the commonly
used average of the X () where each measurement is weighted by
~ the reciprocal of its var1ance

The above formalism was used to study the results of a
preliminary analysis of the data. The comparison was made between
the ¢ values obtained in 1965 and those obtained in 1966, The
ratios [§(1966)/§(1965)] were averaged over energy and angle,
giving average increases of (8.3 + 0. 9)% and (1.4 £ 0.5)% for the
1200 MeV/c and 600 MeV/c spectrometers respectively from 1965
to 1966, This analysis was made on the data before correction for
electron contamination of the photon beam had been made (Section'
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VL D. 5). After correction for the electron contaminatibn, the 1200
MeV/c spectrometer data were still about 4% higher in 1966 than in
1965, consistent with the shift observed in the calibration runs when
we switched from a 3 in. to a 2 3/4 in. wide aperture counter; the
600 MeV/c spectrometer data were then a few percent higher in 1965
than in 1966. | i
The discrepancy in the 1200 MeV/c spectrometer data
was investigated further by computing the Xz probabilities for each
~ kinematic point. If the systematic shift were due to a change in the
pion momentum or synchrotron energy calibrations, one would expect
the points with low X2 probability to occur predominantly near the
reaction threshold, where the yield is most sensitive to pion
momentum and synchrotron energy. Such a trend was not evident
among the points with low probability, suggesting that the systematic
" change was due to an acceptance or efficiency change. However, no
satisfactory quantitative explanation for this shift was found, as
discussed in Section VI E, 1, Since not all cross sections were
measured both in 1965 and 1966, it was decided to renormalize all
data obtained with this spectrometer in one year so as to obtain an
internally consistent set of measurements. The question of which
year to choose as the standard was decided by comparison with 600
MeV/c spectrometer data. In 1966, the cross section was measured
at 8 = 300, P, = 535 MeV/c, and EO = 922, 973, and 1025 MeV
simultaneously with both spectrometers. These measurements
showed the 1200 MeV/c spectrometer ¢* values were (5.2 + 1. 5)%
higher than those from the 600 MeV/c spectrometer. Therefore, .
the 1965 normalization of the 1200 MeV/c spectrometer data was
chosen as the standard, and the 1966 values were lowered by 4. 3%,
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Figure 16, Integral X2 distribution for the m yields at all
kinematic points., The observed and expected number of
points having X2 probability greater than P are shown as

a function of P, '
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the discrepancy between the two sets of measurements determined
in the calibration runs.

The internal consistency of the data after the final
analysis was performed is illustrated in Figure 16. The probability
for obtaining a Xz value greater than or equal to the observed value

* at each kinematic

was determined for all measurements of ¢
point., The number of pions was summed over all momentum
channels at a given central momentum for this analysis. The
random error 6f each measurement included the counting error
and a 1. 4% error due to beam monitoring and synchrotron energy
fluctuations, The observed and expected Xz integral probability °
distributions are shown in Figure 16, Although there appears to
be an excess of points in the low probability range and a corre-
sponding depletion at high probability, this figure shows that no
serious internal inconsistencies remain in the data. A possible
systematic error of 4% was assigned to the results obtained with
the 1200 MeV/c spectrometer to allow for the uncertainty in the
way in which the data were renormalized.

F. Least Squares Fitting with Constraints

When fitting the phenomenological model to the laboratory
cross sections (Section IL C), we were faced with the problem of
fitting subject to the constraint that all coefficients be positive. A
method was devised to handle this problem, and it will be described
here, |

The general formalism for least squares fitting of data was
(53) and we shall

use their notation. We wish to add to the usual problem of minimizing

expressed in concise form by Mathews and Walker,

x2, constraints of tl}e form
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a; > b, {or a; < bi) i=1,...,m, (1)

where the 'ai are the n parameters to be determined (n > m), and
the bi are constants. We denote the least squares solution
obtained with no constraints by ﬁi:

X @)

where % is the n- component vector of the parameters, M is the
symmetric n x n matrix defined by Mathews and Walker depending
upon the standard deviations of the measurements and the values of
the fitting functions, and X is the n component "data” vector
depending upon the measurements, their standard deviations, and
the fitting functions. At this point, it is useful to note that y2, the
function which is minimized in the fit, can be expressed for a
general parameter vector, a, in the form

x2(a) = +@-D"M@-%) (3)

Xmin
where sznm is the value of X2 obtained in the unconstrained least

squares fit.
We now suppose the unconstrained solution violates k of

the constraints expressed by equation (1), i.e., suppose

8 < b i=1,,..,k. (4)
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" The minimum X2 solution satisfying the constraints will be denoted
by § This solution is achieved by taking

(22
i}
o

i=1,,..,k (5a)

and minimizing XZ with respect to the remaining e i=k+1,...,n
The result of requiring |

2

) e
57}1;= 0 i=k+1,...,n

can be expressed as follows:

R N 1 .
a; = ai+[(M) Tl i=k+1,...,n (5b)

where MF is a "reduced" M matrix

r = = ad
My =Mk vex WV Lhee.,mk

and T is an (n - k) component vector

M b - %) .
u+k,1(1 3)

3
‘v

]

1
~ =

j=1
M’ is a symmetric (n - k) x (n - k) matrix by virtue of the
properties of M. T expresses the amount by which the constraint-

violating pérameters had to be shifted to satisfy the constraints.
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That the solution expressed by equation (5) is one of
minimum xz subject to satisfying the constraints originally
violated is clear from equation (3): the surfaces of constant XZ
are concentric hyperellipsoids in the parameter space, centered
at . The constraints initially violated tell us that the desired
solution is where one of these hyperellipsoids is tangential to the
hyperplane defined by equations (5a), and this is just the condition
imposed by (5b). It is possible that equation (5b) violates some of
the original m constraints not violated by 2: in this case, the
corresponding parameters must be added to (5a) and calculation
of (5b) repeated. This process of "receding from the absolute
minimum" in order to satisfy the constraints must terminate in
no more than m steps.

 All of this formalism is simply stated and visualized in
~ the case of interest for this experiment, a two parameter fit, Our
constraints had the form | |

a.> 0 i=1,2 . (6)

The surfaces of constant xz were ellipses in the (al, az) plane. At
a few kinematic points, the center of this family of ellipses, i.e.,
the least squares solution (31,32), lay in a region where one of the
parameters was negative, If 31 was the negative parameter,
equation (5) specified the desired solution as

A
-1
(M ) -

9 = 39" 7
| (M%) 4
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I %‘2 was the offending parameter, the subscripts 1 and 2 were
interchanged in equation (7). The errors quoted for the parameters
were obtained from ML in the usual way, since this matrix still
s_pecified the structure of the constant -xz surfaces.
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