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ABSTRACT

This dissertation consists of two relatively independent chapters that study the
effects of political institutions on economic policies.

Chapter 1 studies the privatization policies of maximizing politicians in a tightly
managed transition economy under different political institutions. The majority of
literature pertaining to privatization policies ignores the political constraints and the
motivation of the politicians. In this dissertation, we consider two types of politi-
cians, a Niskanen-style Bureaucrat who maximizes a surplus budget subject to the
constraint of staying in office, and a Populist who maximizes consumer welfare sub-
ject to the constraint of a balanced budget. Other things being eqﬁal, the Bureaucrat
will privatize the sector (firms) with the least market power and the largest subsidy
first. The Populist will adopt the same policy, if the marginal costs of products in
the private sectors are not too high with respect to the marginal utilities. We also
show that controlled privatization is easier and faster in less democratic societies.

Chapter 2 examines the effects that political processes, i.e., electoral systems and
legislative processes, have on income taxation and public good allocation. We charac-
terize the equilibrium income tax schedules under two types of political institutions.
It is shown that, when there is a single district, for the two party plurality system the
equilibrium income tax schedule is equivalent to an optimal tax schedule that puts
equal weight over the whole population; when there are multiple districts, however,

the simplest subgame perfect stationary equilibrium tax schedule of the stochastic leg-
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islative game is equivalent to an optimal tax schedule that puts more welfare weight
on the subsets of the population whose legislators are in the winning coalition of
the legislature. Thus, the social welfare functions in the optimal taxation literature
can be endogenously determined by explicitly modelling the political processes that

determines them.
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CHAPTER 1. THE OPTIMAL CHOICE OF PRIVATIZATION 1

Chapter 1

The Optimal Choice of

Privatization

1.1 Introduction

Because of the universally recognized deficiencies of state-owned enterprises compared
to private enterprises, there is almost no controversy over the necessity to transform
central-planned economies into market economies. The controversy lies in how to
perform the transition and the extent of the transition. This chapter builds on a
model of transition economy in which a Public Servant, i.e., a politician, with different
objectives and under different political institutions, must decide which enterprises to

privatize first.

The sequence suggested by some economists and practiced in some of the Eastern
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European countries roughly follows the size of different sectors (Li 1989; Blommesteine
and Marrese [ed.] 1991): rapid privatization of small businesses first; establishment
of a social safety net; demonopolization; privatization of medium state-owned enter-
prises; and last, privatization of large state-owned enterprises.

In discussing these policies, the political constraint is often ignored. In particular,
there is no formal model in the privatization literature that incorporates the influence
of politics on privatization policies. We need to remember that politicians choose
the privatization policies. Therefore, it is important to see what kind of policies a
maximizing politician would choose under different political inst;it;vions.

In this chapter, we set up a model to test the rationale of the sequences suggested
above by economists of central planned economies and to study what kind of choice
a Public Servant with different objectives would choose. Some features of the model,
including the compensation scheme, are abstracted from the Chinese experience. We
want to see what kind of choice is optimal for a Public Servant in the context of a
controlled privatization process. Section 2 introduces a two period model of a highly
simplified transition economy. Section 3 presents the analysis of the problem of the
consumer, the firm, and the Public Servant respectively. Two types of Public Servants
are considered: one who maximizes the surplus budget subject to the constraint of
staying in office — the Bureaucrat, and one who maximizes consumer welfare subject
to the constraint of a balanced budget — the Populist. Section 4 contains the main

results of the model: other things being equal, the Bureaucrat will privatize the sector
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(firms) with the least market power! and the largest subsidy first. The Populist will
adopt the same policy, if the marginal costs of products in the private sectors are not
too high. Therefore, the result is quite robust to the specification of the politician’s
objectives. Also, we show that it can be relatively easier and faster to privatize in a
less democratic society. Finally, in Section 5, we discuss the limitations and possible

extensions of the model and conclude the chapter.

1.2 Setup and Basic Assumptions

This section presents a simplified two period model of a transition economy that
consists of I consumers, N+1 sectors of firms, and a Public Servant.

Consumers have different utility functions and incomes, which are exogenously
given. At time ¢, consumer ¢ is rationed to a fixed amount of products from the public
sectors at fixed prices. Because of the low prices and minimum amounts supplied,
we assume that he buys all the quantities that are rationed to him. This assumption
closely approximates the actual situations in many central planned economies. He
uses the rest of his income to choose consumption bundles from the products of the

private sectors to maximize his utility.

Assumption 1 Each consumer has a quasilinear utility function, u;(qo, q1, ..., qn) =

i(q, -y qN) + Giv, Where q1, ... qn are the amounts of products 1, ..., N he consumes,

1This concept is introduced later. It basically captures the competitiveness of the sector and the
elasticity of the product. The higher the market power of a sector, the more it can raise the price
above marginal cost.
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and qo is a numeraire good (py =1) s.t.

(i) u: RY*Y — R is monotonically increasing;

(ii) u is twice continuously differentiable, and strictly concave;
(iii) u satisfies the following Inada conditions:

lim%lﬂé‘&;ui(qov o qN) = 400, limqﬂooa_qjui(%a o qn) =0,

The numeraire commodity is assumed to be already produced by the private sector
by time ¢t — 1. It can be thought of as some nonperishable foodstuff.

Firms produce N distinct products and are hence divided into N sectors. Each
sector j consists of L; identical firms, where L; € [1,400). When L; = 1, sector j is
a monopoly; when L; is large enough (approaching infinity), sector j is competitive;
when L; is between 1 and infinity, it can have different degrees of competitiveness
(Tirole 1988). This also implies that all firms within a sector have the same cost
function. At time ¢ - 1, k sectors are public (denoted by sector 1, ... k), and N-k+1
sectors are private (denoted by sectors k + I, k + 2, ..., N, 0). In each period the
Public Servant can choose to privatize one or more sectors. At time {, the Public
Servant decides whether to continue privatizing, and which sector(s) to privatize.
Without loss of generality, we assume sector k is picked. We can then study the
characteristics of k& and the influence of its privatization on the changes in consumer
welfare.

Assume that a firm [j in public sector j fulfills quota Ql]- imposed by the Public
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Servant, and sells its output at a fixed price P;, which is below the market-clearing
price. This assumption reflects a basic feature of centrally planned economies, where .
prices are fixed for historical reasons and reflect neither cost nor market demand?.
Therefore, the total output of sector j is Qj = Qlej. For simplicity, assume the
population in the economy is fixed. Therefore, we can assume that @; and Qj; are
fixed as long as sector j remains public, since the quota is decided by rationing over

the total population.

Assumption 2 All firms in the same sector have the same cost function:

C;: RL — RL is differentiable, monotonic, and convez, for j =0,1,---,N.

This assumption simplifies the definition of the market power index defined and
used in Section 1.3. After sector j is privatized, firm lf’s objective becomes profit
maximization. Let m; be the firm’s profit function. It chooses the optimal output
Qi; and sells it at the market-clearing price P;.

Let P;(Q1,...,@n) be sector j's inverse demand function. To ensure the existence

of a Cournot equilibrium (Novshek 1985), we need the following assumption.

Assumption 3 ﬂ(@) is twice continuously differentiable, monotonic, and sastisfies

(3 2p (G : . .
leq—gf@ “+ Qj?—gé)—(g-) < 0, which requires the inverse demand function to be concave.
g 3

2There are cases when there is no demand for the output of certain goods at the state-set prices,
mostly in the production sector. In these cases, privatization may actually decrease the prices or
change the products to something demanded by the market. Since there is little ambiguity in the
privatization of these sectors and consumers do not need to be compensated for their privatization,
we assume that they are privatized already and hence do not focus our attention on these cases.
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Note that the cost function of firm /j does not change before or after privatization.
Here we implicitly assume that technology does not change. What is changed is the
production quantity and price, which is adjusted for the purpose of profit maximiza-
tion. This implies that the objective functions of the firms change after privatization,
but any efficiency gain occurs after the transition period?.

In order to simplify the structure of the model, we assume that none of the prod-
ucts of the N sectors are substitutes for each other. They can be either independent
or complements. Another way to think about this assumption is to group all the

substitutes in the economy in the same sector and treat them as one product.
Assumption 4 g—%" <0,Vi#j.

This is equivalent to saying that the cross elasticity of any two products &;; =
—g%% > 0,Yi # j, 1,5 = 1,2,...,n, which implies that the consumers’ utility func-
tions need to satisfy the following condition: %2;‘73%) <0,Vi=1,...,N.

We consider two types of Public Servant. Either type knows the distribution of
consumers’ utility functions® and of share ownership, and the matrices of supply and
demand elasticities of every product. The reason for this assumption is to see what
would be his best policy if he has enough information. At any given time ¢, he makes

three decisions — whether to continue privatizing, which sector to privatize, and how

to compensate the consumers. In order to concentrate on the characteristics of the

SHere we do not want to make ad hoc assumptions about the effects of privatization on cost,

efficiency, or quality. .
4But he does not know the exact utility function of each consumer.
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transition period, we neglect some other important functions of the government, such
as public good provision, and assume that the Public Servant’s only functions are
privatization and compensation. We use a parameter d to characterize the political
institutions, where d is the percentage of consumers he needs to satisfy in order to

stay in office.

1.3 Analysis of the Model

1.3.1 The Firm’s Problem

Public firm Jj in sector j is given the quota Q;;. Assume each firm is given the same
quota, i.e., Qlj = Qy;, for all k, 1. Suppose it can fulfill the quota and sell its output
at the fixed price P;. Then it will provide revenue (or require subsidy) in the amount

Blja where

After the firm is privatized, it becomes a profit maximizer. It chooses its optimal
output ; to maximize its profit. The price of product jis determined by the total
output of the sector, which depends on the decisions of the other identical firms in
the same sector and the total output of other sectors. Note that by Assumption
1, consumers all have quasilinear utility functions, so the inverse demand functions

exist. We use Cournot equilibrium analysis for the private firms’ decisions.
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Firm lj chooses the optimal output @), in order to

mazq,; P;(Q1, .., Qn) Qi — Cj(Quy)-

From Assumption 2 and Assumption 3, the second order condition for the above
maximization problem is satisfied, so we only need to look at the first order condition,
which is,

P +Qlj aP +ZQ&(—@%J —MC]'=0,

8@] h#j th 3@3

where MCj is the marginal cost of firms in sector j. Rearranging terms we get

(@) -MC, 1|1 1 1M1
BO-MG_LILis Ll lelo,
P (@) i |3 hzj Eih § h=1EJ

where ¢£;; is the own elasticity of demand at Q;, and ¢;;, is the cross elasticity of
demand between product j and product h. Since all firms of the same sector are
identical, namely, they all have the same cost functions, the market share of firm Ij
equals the inverse of the number of firms in sector 7, i.e., %—JJ- = —Ll; Call a; firm [j’s
market power index, which also characterizes sector j's market power. Alternatively,

I]%%, which will be used later.

the above equation can be expressed as P; =
Note that the market power index is quite general with regard to the degree of
competitiveness in a sector. When L; = 1, the above formula becomes the monopoly

pricing formula. On the other hand, if L; — oo, the equilibrium converges to the

Cournot competitive equilibrium (Tirole 1988). Therefore, the market power index
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shows how much in equilibrium a sector can raise the price of its product above its
marginal cost. This is inversely related to the number of firms in the sector and the

elasticities of demand of the product.

1.3.2 The Consumer’s Problem

In order to study the effects of the privatization of a certain sector, say k, on the
change of a consumer’s utility, we study his maximization problem in two arbitrarily
chosen contiguous time periods, -1 and t.
At time {-1, sectors 1, ..., kare in the public sector, fulfilling quotas; sectors 0, k+1 ,
., N are in the private sector, maximizing profits. Consumer 7's rationed quantities
of products I through k are @i, ..., gk, which are allocated equally to everybody in the
economy. In reality, the allocations vary from person to person according to age, sex
and other personal characteristics. Here, for simplicity of analysis, and also because
we can not distinguish among individual consumers, we assume an equal allocation.
At time ¢, if another sector, say, sector k, is privatized, consumer i is given com-
pensation T for the price increase in product k and the price changes in the other

private sectors. At the same time, he can buy shares in the newly privatized sector.

So he chooses ¢}y, ..., ¢y, ¢}, in order to
mCLQ?{ngj ]Nzo,k ui(cjl,...,qk_l,qfk,...,qu) +qf0 (11)
N
s.t. Z q” =y; + Z 6;;(1 7r — 0.5, — Z i+ T = y{l 2)

7=0,k
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where Sy is the total revenue from the sale of sector &, 7; is the tax rate of sector 7,
and 6;; is consumer #’s proportion of shares in sector 7. From the budget constraint,
consumer i’s income comes from two sources: his exogenously given income ;, which
can be interpreted as wage and other personal endowments, and his share of the after
tax profit from the private sector, Z;_v:k 05 (1 — 75)7t. His‘ effective income, yf, with
which he can choose his consumption bundle among products produced in the private
sector, is total income less the expenditure on rationed products.

Therefore, his indirect utility function is
(P yl) = $i(P) + 4,

where ¢i(]3t> = pi(q1, -~-,§k—1,ka(]3t), ---anN(ﬁt)) - ;'\.[:k P}ij(ﬁt), and where P is -
the shorthand for the vector of all prices at time ¢. Since consumer 7 has a quasi-linear
utility function, his indirect utility function can be written in two parts, with effective
income separate from Qbi(ﬁ t), and with the demand function independent of income.

Consumer ¢'s indirect utility function at time ¢-1 is obtained similarly. Since
consumer ¢ has one less degree of freedom and less purchasing power at time t-1

compared to time ¢, his effective income at time ¢-1 is

N
v T =yt Y 05(1-m)mt =Y Pgy. (1.3)

j=k+1 j=1
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His indirect utility function at time ¢-1 is

pt—1) - ~ t=1 (pt-1 t—1/ pt—1 N t—1_t—1/ pt—1
where ¢;(P'™*) = Mz‘(Qu'“’C]k»QikH(P ) din (P ))"Zj:O,IH—I Pj 45 (P1).
For each consumer ¢, we can calculate the minimal amount of compensation nec-
essary to keep him on the same indifference curve as he was before sector k was

privatized by equating his indirect utility function at time ¢ to that at ¢-1,
v(Phyl) = v(P7hyl™h), e,

$i(PY) + yf = ¢y (PY) + 471,

Plugging in the definition of 3! and y!~! from Equation 1.2 and Equation 1.3, and

rearranging terms, we get the indiwidual consumer’s minimal compensation,

N
T = (P71 = (P + 3 0y(1 = 1) (mf ™" = 78) + 0[Sk — (1 = 7)mh] — Pidi.

j=k+1

The first two terms, the price effect, are the change in his indirect utility due
to price changes; the next two terms, the profit effect, show the consumer’s in-
come changes due to the changes in his after tax profit shares, where Zf':,c +1 6;;(1 —
7;) (™" — mt) is the total change in ¢’s shares of after tax profits in the old private

sectors as a result of privatizing sector k, and 6;;[Si — (1 — 74)7L] is his total payment
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for his shares in the newly privatized sector less his share of the after-tax profit in
this sector. Note that the profit effect can be either positive or negative. So can be
the individual consumers’ minimal compensations. T.* is an important expression in
the later analysis of the Public Servant’s problem.

Figure 1.1 shows the consumer’s consumption before and after privatization in a
simple two-good economy. At time -1, sector 2 is private, while sector 1 is public.
Since ¢; is the rationed amount, the consumer’s consumption bundle (g1, ¢5™*) usually
is not the tangency point. At time ¢, sector 1 is privatized. The price of product 1
goes up to the market clearing price P, and the price of product 2 also changes. With
the new price ratio and effective income, the consumer maximizes his utility subject
to his budget constraint. For some consumers, the new consumption bundle can lie
on a higher indifference curve; for others, it can lie on a lower indifference curve. The
minimal corr_lpensation, T™, shows the amount of transfer needed to get the consumer

to the tangent point consumption bundle, (¢¢,¢), on the previous indifference curve.

Note that it could be positive, zero or negative.

1.3.3 The Public Servant’s Problem

The Public Servant is a highly simplified representation of the government. At any
given time ¢, he decides whether to continue privatizing, and, if yes, what sector(s) to
privatize and how to compensate the consumers. Assume at time ¢ his budget comes

from three sources:
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(1) Revenue and subsidies from the public sectors, Zf;ll B;j;

(2) Revenue from the sale of the public sector k, S; and

(3) Taxes from the private sectors, Z;-V:k T

It would be interesting to understand the details of the sale process. But since
those depend on the bargaining power of the seller and the buyers, the future prof-
itability of the firms and a number of other political considerations, we do not study
these in this chapter. Instead we assume that sales revenue has the following rela-
tionship with after tax profit, Sy = (1 + €;)(1 — 7x)7L, where ¢, € R' represents
the difference between the sale amount and the actual after tax profit due to the
bargaining power of the buyers and seller, political considerations or other factors.

One type of Public Servant, the Bureaucrat, has the objective of maximizing
the surplus budget, i.e., total budget less total consumer compensation, subject to the
constraint of staying in office. The surplus can be used to build up the Bureaucracy,
or on personal gratification, if he is a corrupt bureaucrat®. This objective function
can be justified under a range of circumstances (Niskanen 1971). In a society with
elections, suppose that consumers/voters use a retrospective voting rule, i.e., they
will vote for the Bureaucrat if they occupy the same or a higher utility curve in this
period as in the last period, and vote against him if they are on a lower utility curve
(Fiorina 1981). Denote the proportion of votes the Bureaucrat has to get to stay in

office as d. Note that different democratic systems can have different d’s. Even in

®Note that the use of the surplus budget does not affect the quantities of public sector goods
provided, or the price paid.
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a society without elections, the Bureaucrat needs to satisfy a certain percentage of
consumers to be able to stay in office, though this d could be much lower than the one
in a democratic society. For example, suppose that consumers in a society without
elections judge the Bureaucrat’s policy in a similar retrospective way as those in a
democratic society, and they can throw the Bureaucrat out of the office, by revolt or
other means, whenever the percentage of dissatisfied consumers exceeds 1 - d. Then,
the Bureaucrat’s constraint is to satisfy at least d percent of the consumers to stay

in office.

Assume that the Public Servant knows the distribution of tiie cc—)nsumers’ utility
functions, but does not know the utility functions of individual consumers. In each
period, therefore, he compensates everybody the same amount®. Depending on their
utility functions, some consumers will be better off and some will be worse off after
the privatization and the compensation than they were before.

To formalize the problem, let the Bureaucrat choose the sector and the level of

consumer compensation to

maz L5y By + Lilgy 7t 4+ [=Bi+ Sy + et — 1T (B1)

s.t. };z' T > T >d, (B2)

where I-T is the total transfers, and the constraint means that at least d of the voters

5This is a feasible and practical compensation scheme. It is used in China after each successive
“price liberalization” reform.
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are content with the level of compensation offered by the government.
For comparison with the behavior of the Bureaucrat, we model another kind of
Public Servant, the Populist, whose objective function is to maximize popularity or

consumer welfare, subject to a balanced budget,

maz Wt=73 4! (P1)

st. Sh B+ Y 7T+ [=Br + Sy + ) = 1- T (P2)

In the next section, we will analyse the decisions of both types of Public Servant and

compare their optimal behavior.

1.4 Main Results and Discussion

To get the final results about the Public Servant’s optimal privatization policy, the
first step is to analyse hoW an individual consumer’s minimal compensation changes
with the different characteristics of a sector. Since the Public Servant does not know
each individual’s utility function, but knows the distribution of their utility functions,
the second step is to get the minimal aggregate compensation from the distribution
of utility functions and the political constraint, d. The third step is to derive the
main results about the Public Servant’s optimal privatization policy. Then we show

some results on the effects of political institutions on the privatization process.
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1.4.1 Individual Consumer’s Minimal Compensation

In order to study the Public Servant’s decision, we need to know how an individual

consumer’s minimal compensation changes with the characteristics of sector &, ay.

Proposition 1 When a sector k is privatized, and consumer i’s share in sector k is
sufficiently small, then other things being constant, the minimal individual compen-
sation increases with an increase in Pl, and with an increase in the market power of

sector k, and vice versa, t.e.,

rt wt
orr o | 20 z‘fekg—,{r <0 and Oy < Ay, or ek%i% >0

8PI€7 Gak . art
<0 if ek—a—ﬁig < 0 and 0;, > A;; where

Q
S

|

9¢i(P ) 4
apP; + Z:] =k+1 ( Tj)a

i = ont
Ek(l - Tk)_&ap,g

3

Proof: Substituting S, = (1 + €)(1 — 7 )7 into T, we get

. N
T; = ¢(PY) = ¢(PY + > 0;(1— ) (! —ot) + Ouen(1 — 1)l — Prd.

j=k+1

Differentiate T} with respect to Pf,

Ty 9Pt X ot ot
op; ~ ~ op j:%le”” ") gp; T el = ) gpe

Since Q%—Ef—fﬁ < 0, the first term is positive.
k
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Differentiating m;; = Plej(ﬁ) - Cj(Qlj(ﬁ)) with respect to Py, we have

87le _ an](ﬁ)

— o (O, <
aPk apkf [PJ MC] (Ql])] — O?

by Assumption 4, so the second term is also positive.

Since the profit in sector k£ can increase or decrease with an increase in the price

t
of product k, the sign of g%l} is ambiguous.
k

(1) If ekg—:—,% > 0, then we have a_:;;{ > 0.

k

o3

t
2) If ek@% < 0, however, the exact change in the amount of compensation caused
5P

by the change in the price of product k£ depends on the proportion of shares he holds

in sector k.
When 0 < 8, < A;, we have g%; > 0. On the other hand, if §;, > A;, we have
k
aT;
apr <0

. MC; . P} aT; 8T 6P}
s _k  A— i Yk
Since P; = e it follows that 7o > 0. We know that dar = OP bay - Therefore,

: orTy . . oty '
the sign of 77 is the same as the sign of apr |

Intuitively, for a small shareholder or for somebody who does not hold any shares
in the newly privatized sector, the price effect dominates the profit effect — he mainly
suffers from the price increase as a consumer; for a large shareholder, however, the
profit effect dominates the price effect.

Figure 1.2 illustrates Proposition 1 with a simple computer simulation. The econ-

omy consists of 100 consumers and two goods. Consumer 7’s utility function takes
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the form of u; = a;y/q1 + (1 — a;),/q2, where the indices a; € [0,1] are generated
randomly by the computer. At time ¢-1, both sector I and 2 are public. We nor-
malize P, = P, = ¢, = 1. At time t, sector 2, is privatized, but sector 1 is still
public. Let the tax rate be 0.3, and €; be 0. Let sector 2 have a cubic cost function,
Cy = .04¢3 — 9¢% + 10g + 5. For a randomly picked consumer 4, we give him different
proportions of shares in sector k, and plot out how his minimal compensation, T},
changes with the change in P, when his proportion of shares, § = 0,0.1,0.3,0.5. We
can see that when 6 = 0,0.1, his minimal compensation increases with an increase in
P,. When 6 = 0.3, the cutpoint, the graph goes to the other direction from P, = 2.
When 6 = 0.5, this large shareholder’s minimal compensation decreases with an in-
crease in Fj. Note that this is only a 100-consumer economy. In a large economy, the

threshold should be much smaller.

1.4.2 Minimal Aggregate Compensation

Since the Public Servant does not know each individual’s utility functions and shares,
he can only make his decision from the aggregate behavior of the individual’s minimal
compensation. In what follows, we derive the minimal aggregate compensation to all
individuals.

Recall the form of the minimal individual compensation, 77,

N
Tr=¢i(P7h) = gi(P) + D0 05(1—7)(m;" — m5) + Oswen (1 — 7)7i — Prdi.
j=k+1
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Note that there are two kinds of distributions in the above expression, the indirect
utility function ¢(-) and the consumer’s proportion of shares in a private sector, 6.;.
So in order to know the distribution of T}, we need to know the distributions of
¢;(P1) — ¢;(Pt) and 6.,.

Different individuals usually have different utility functions. Let F be all possible
functional forms of ¢(-), and let ® be the admissible set of F,ie., ® C F: RV = R.
We can label the indirect utility functions in ® by w. Let the index set € be a subset,
of the real line, i.e., w € @ C R. We assume that ¢(-,w) depends continuously on
index w, and that a‘ﬁT(;f"-z > 0. w has cumulative distribution function M (w).

Let 0.5 ~ Fj,j = k,k+1, ..., N. Let the joint distribution of 0y, ..., 8y be F(§)"~*+1
where § € ©, and © is the admissible set of #.;. We employ the following notation:
E = (bk,bx+1, ..., bn), where the b;’s are the coefficients of the 6.;’s; ¢ = Pq;, which
is a constant because it is the expenditure on the rationed allotment of product k.
For simplicity of calculation, assume that w and 6, are independent of each other.

Suppose T ~ G(-, 3), then for any given level of compensation T, the cumulative

distribution function of T}, i.e., the percentage of consumers for which T < T, is

Gi4:/~J'/ AM(w)| dF(8)—F+1.
( ﬂ) ¢] [ {we:P(Pt—1 w)—¢( Pt,w)+F6—c<T} (W) ( )

It follows that the cumulative distribution of T can be expressed in terms of the

T

distribution of w and 6. This facilitates our method of solving the Public Servant’s

problem.
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-,

In the Bureaucrat’s problem, the constraint, (B2), is equivalent to G(T, 5) > d.
His constrained maximization problem, (B1) and (B2), can be converted into one of
unconstrained maximization by finding the minimal T, T},;,, to keep him in office.

Therefore, he chooses the public sector £ to

k N
maz Y Bj+ > 15+ =By + Sk + 1] = I - Trin,  (B3)
Jj=1 j=k+1

where T, is the solution to G(Tmin, B) = d. We call Tynin the minimal aggregate
compensation in a transition economy. -

Figure 1.3 illustrates the concept of the minimal aggregate compensation by using
the same economy as in Figure 1.2, by calculating the minimal individual compen-
sation for all 100 consumers and plotting out the cumulative distribution function.
Then for any given level of d, the proportion of consumers to be left not worse off by
the privatization of sector k, there is a corresponding 7., so that at least d percent
of the consumers are better off.

The following proposition characterizes the properties of T,,;, — how it changes

with the changes in the underlying parameters.

Proposition 2 In a large population, the minimal aggregate compensation, Ty,

increases with an increase in the market power of sector k, ay, i.e.,

Ouo k

>0,
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(1) z'fekg%%- >0, or
k

(2) if ekg-%% < 0 and Prob{6y < A} =1, which holds in a large population; where

Proof:  Since

Tmm,”:/.../ / dM(w)| dF(0)" "1 = 4,
G( /8) ° l: {wEQ:p(Pt=1 w)—p(Pt w)+B—c<Trmin} (w) ( )

Let T = ¢(P!, w) — ¢(Pt,w) + G0 — c. First, we want to show that 2 (-97,—{ >0, Vw,
g, if Prob{f, < A} = 1.

Differentiating T with respect to P}, we get

or d¢(Pt,w) N or ort
a_}jlg———“"“"‘————aplg j:g;HQ](l T])aPt +9k6k( )6Pt

From the proof of Proposition 1, we know that the first two terms are both positive,
while the sign of the third term is ambiguous.

(1) If ek—g-g% > 0, then we have 2 5;5 > 0.

(2) If ekg%; < 0, we need more conditions to decide the sign of ggt. Let A =
a¢<pt w)+Z] 1 05 (1= rj)a_;%

€p 1—Tk):9—p‘§-
k

index of utility functions, w, and the proportion of shares in the existing private

. Note that there are two kinds of distributions in A: the

sectors, 0;, j =k +1,...,N. Since (Z)(};t,w) is decreasing in P, and strictly increasing
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in w, we use w to denote the highest absolute value of %};ﬂl, and @ to denote its
k .

lowest absolute value. Then it follows that the lower bound of A is

8¢(Pt )
9P
A= ———F—0u.

Ek(l —_ Tk)E}zf

ol

Therefore, if Prob{f, < A} =1, we have (—9@% >0, Vw, g.
Next, we want to show that T,;, has a similar property. It follows from the first
part of the proof that for any P! > P}, if Prob{f, < A} =1, we have T > T, Vw,

f. We want to show that T, i > Trnin, where T, . satisfies

G (T )= [+ [ |[ - M (w)| dF ()" = d.
(T ) o) [ {(wEQH(P=1 w)=¢(P't\w)+8 -c<T. . } @) (©) d

4

Suppose not, then T, < Trpin. Let A= {weQ:T < Trin}, and B={w e Q:

T < Tpin}. Since T" > T, it follows that A C B. We know that

[ /@ { /B dM(w)] dF(6)" 1 = d.

It follows that
Ve n—k+1 <
/ /@ [ /A dM(w)] dF(8)"*+1 < d.

Let C ={weQ:T <T,..} Since Tpn > T..., we have C C A. Therefore,

//@ UC dM(w)} JF (O < d.
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but this contradicts the definition of 7). . So T.;. > Tynin. Then we have Q%;%ﬂ >0,
k
and equivalently, ?%Zim > 0.
Finally, we want to show that Prob{f; < A} =1 holds in a large population.

Ii:eik >_A_I

Prob{, < A} =1- Prob{fy > A} =1— 7

Since Y1, i = 1, |i : 6% > A| < min int[4], which is bounded and independent of

I. Therefore, as I — 400, Mj,—>é| — 0, we have

Ii:eik>A[__

1.
1

Prob{6, < A} =1-—

The intuition behind this result is quite clear. In a large population most people
will own a very small percentage of the total shares, a percentage that approximates
zero. It follows from Proposition 1 that for small shareholders, whose price effect dom-
inates their profit effect, the minimal individual compensation increases as the price
increases. Therefore, on the aggregate level, the minimal aggregate compensation,

T'min, increases with an increase in the market power of sector k, ay.

1.4.3 The Public Servant’s Optimal Behavior

This section contains two main propositions of the chapter — the optimal choice of

the Bureaucrat and the Populist.
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Define the Bureaucrat’s incremental budget between period ¢ and ¢-1 as

N
IB=SB(t)—SB(t—1)= 3. 7(r} = 7'™") + [=By + Sk + me7t] = I - Tyuin.

J
j=k+1

Therefore, he will privatize another sector £ if and only if there exists a sector such
that IB > 0.
When IB > 0 is satisfied, the Bureaucrat will choose the public sector that gives

him the highest surplus budget. Define the maximal budget at time ¢ as

k N
SB* =Y Bj+ Y. 7w+ [~Bi+ Sp+mmh] = I Tyniy.
j=1 j=k+1

It is obvious that maximizing SB* is equivalent to maximizing /B. We would like
to know the characteristics of sector k that give the Bureaucrat his maximal surplus

budget. That is, what kind of sector would he like to choose?

Proposition 3 (The Bureaucrat) For a Bureaucrat, in a large population, his
mazimal budget increases with a decrease in the market power of sector k; the incre-
mental budget increases with an increase in the amount of subsidy sector k receives

from the government, i.e.,

0SB* 0IB OIB
= e ] P 9 < A == 1 d o = —1.
B o = 0, if Prob{f, < A} ;an 3B, 1
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Proof: Differentiating SB* and IB with respect to Pf, we get

8SB* 9IB i T<%+T Omi 0T min
oP, ~ OPl 4z, 70P. " ‘oPf ~ oP}
1 X ot ont OT s
— I - ) 7 k _ man
[1 (.:zk;f] ap; +Tkap,§) P!

J

ont art
1 N T . .
When I — +o0, we have 7 (Zj:k+17j5"52 + Tk‘éﬁ%) — 0; also, from Proposition 2,

it follows that when I — +o00, Prob{6; < A} = 1, and thus Qgg;%ﬂs > 0. Therefore,

oSB* __ 0IB S O, and [')éS'aB* __ 90IB < 0.

oPL T 0Pl k  Oog
Differentiating I B with respect to By, we get %}% =—1. |

This proposition tells us that in a large population, the Bureaucrat will gain most
by first privatizing the public sector with the least market power and the largest -
subsidy, if all other characteristics of the public sectors are the same. By privatizing
the more competitive sector, the price increase as a result of the privatization will
be relatively lower. Therefore, the Bureaucrat does not need to compensate the
consumers as much, so he can skim off the cream via minimizing the transfers he
pays to maintain a certain percentage, d, of consumers not worse off by his policy.

In comparison with the Bureaucrat, we can study the optimal policy of the Pop-
ulist. His constrained maximization problem, (P1) and (P2), can be converted into
one of unconstrained maximization by noting that

Wt = Zvi(ﬁt7yf)

K3
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N
- Zﬂi(q_l,“')(jk—hqfk(‘l)t) 7q’L]\I Pt Z'Pt tj(Pt) +Zyl + Z(l _Tj)ﬂ-§

k-1
=Sk —=1-> pig+1-T
j=1
. N
= Zlf«z'(q"l,m,(?k—l»flfk(Pt) ?qu Pt Z
i j=k

where Z = ¥, y; + S41 B; — 521 p;Q; is a constant. Therefore, his unconstrained

maximization problem is

N
mfwzm((fl,---,@c—l,ka(Pt)a i ( Pt Z Q) —(P3).

J=k

Define the incremental welfare between period ¢ and ¢-1 as
IW = Y [wi(Pt ) — wi( P, 5],

Therefore, he will privatize another sector k£ if and only if there exists a sector such

that IW > 0.

Proposition 4 (The Populist) For a Populist, the mazimal social welfare increases
with a decrease in the market power of sector k, if the sum of weighted marginal
utilities for products in the private sectors is greater than or equal to their marginal

costs, and vice versa; while the incremental social welfare increases with an increase
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in subsidy sector k receives when it belongs to the public sector.

OW' /ooy, <0, if %, k( g(;;t)(l‘zj MCj) 20

OW'*/0ay, > 0, otherwise;
o
0B, '

where p;; is consumer ¢’s marginal utility with respect to product j.

Proof:

aWt . 8/1'1 aqU N BQ]
oPf 2 2 50 dq;; OP 2 MCiapr OP}

] =k 1 =k
8%]
= - MC;
I R
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The above proposition shows that holding constant the other characteristics of

the firms in the public sector, if the marginal costs of products in the private sectors

are not too high relative to marginal utilities, a Populist will privatize the public

sector with the least market power and the largest subsidy first. Intuitively, when

the marginal costs of products in the private sectors are not too high, the dominating

effect in the social welfare function is the sum of individuals’ indirect utility functions

(see (P3)), whose magnitude increases with a decrease of the market power of the

newly privatized sector due to the price effect. In this case, privatizing the more com-
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petitive sector is the socially most efficient way of privatization. When the marginal
costs of products in the private sectors are too high with respect to marginal utilities,
the dominating effect in the social welfare function is the sum of costs in the private
sectors. In this case the Populist will privatize the most monopolistic sector first,
since the increase in its prices causes a decrease in the demand of other products’,
which causes a decrease in the total cost of production, and hence an increase in the
total social welfare. This seemingly perverse result makes sense because the cost of
production affects the profit of private firms, all of which goes to the consumers either
as profit shares or as compensations from the profit tax to the state. Therefore, total
social welfare improves.

From the above two propositions, the optimal privatization policy is quite robust
to the specification of the politician’s objectives. Under ordinary situations, exploiting
the more nearly competitive pricing is a faster route to efficiency gains for either type:
the one who wants to allocate the efficiency gains to enough citizens at lowest possible
rent transfer, and the one who wants to maximize social welfare when the marginal
costs in the existing private sectors are not too high. An interesting but probably
unusual case arises when the marginal costs in the private sectors are too high relative
to the marginal utilities, when the Populist gains more by privatizing the monopolistic

sectors first.

"They are not substitutes, by Assumption 4.
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1.4.4 Political Institutions and the Optimal Policy

The above analysis of the Bureaucrat holds the political institution, the percentage of
support needed to retain power, constant. It is interesting to know how the privatiza-
tion processes differ under different political institutions. The following proposition
will help us understand how the characteristics of political institutions might affect

the Bureaucrat’s behavior.

Proposition 5 The mazimal surplus budget increases with a decrease in the threshold

: : . 9SB*
of the satisfaction level, d, i.e., 52— < 0.
Proof: Differentiate SB* with respect to d, and apply 0T,,:,/dd > 0. |

This proposition shows that in an economy with a smaller d, i.e., a less democratic
society, the Bureaucrat actually benefits more from the privatization process. If the
surplus budget becomes his personal property, he becomes richer consequently. If it
is used to ease the operation of the Bureaucracy or privatization process, it could be

relatively easier and faster to privatize in a less democratic society.

1.5 Conclusions

From the analysis of the strategies of Public Servants with different objective func-
tions, we can see that the comparative statics results are very similar under ordinary
situations. Among the public sectors with all other characteristics the same, each will

choose to privatize the sector with the least market power and the largest subsidy
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from the state. Intuitively speaking, this is the “cheapest” way to privatize from
either Public Servant’s point of view.

This is a two-period static model. We assumed that the number of firms remained
the same. Our results suggest that from the Public Servant’s point of viéw, he should
encourage measures that can drive down the market power of a sector. An important
issue about transition is whether or not large enterprises should be broken up before
privatization. Since demonopolization will drive down the market power of that
sector, the answer is positive. Another important issue is entry. If we allow entry
into the model, it also drives down the market power of any sector, a; = le- Sh g]l;

Going back to the sequencing policy discussed in the introduction, we can see that
the size of a sector is not the only factor that should be taken into consideration in
the Public Servant’s optimal policy. Other important factors, such as the subsidy
a sector get§, the elasticity of demand of the product, and the competitiveness of a
sector (the latter two are included in the concept of the market power index) should
all be taken into consideration.

Another assumption is that all goods are non-substitutes to each other. Substi-
tutes are grouped in the same sector. A more realistic approach would do away with
this assumption. Such a model would be more complicated, and we are not sure how
the result would change. In our model, the wage income of the consumers and the
cost functions of firms are taken as exogenously given. Future work should be done

to make these factors endogenous within the economy. Some preliminary thinking
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suggests that the privatization of a sector in the economy would lead to a total change
in the supply and demand of labor, and hence to a change in wage income. Therefore,
for consumers in a transition economy, both the compensation from the government
and the change in their wage income will be the decisive factor in coping with price
increases.

Though not exactly a model of the Chinese reform, it sheds some light on the
sequence of reform policies in price liberalization and partial privatization in China
over the past decade (Wang and Chern 1992). The first sectors that were partially
privatized or removed of state-controlled prices were those producing more elastic
goods and more competitive, such as the TV industry. The basic consumption goods,
such as rice or meat, were the last ones that were removed of state controls. Ear-
lier attempts to remove the state subsidies and price controls of basic consumption
goods in some cities resulted in such massive dissatisfaction and complaints that the
government had to resume state control. From the analysis of this model, we can see
that careful choice of the sector(s) to be privatized can influence political stability and
consumer welfare in general. Though the political and economic situations in Eastern
Europe and ex-Soviet republics are different from China®, some of the schemes and
sequencing considerations from the Chinese experience can still provide some practi-
cal lessons on the likely success and failure of transition toward a market economy,

such as the influence of a more gradual and controlled set of economic transition poli-

8Most notably, the democratization process that accompanied economic reforms in Eastern Eu-
rope and ex-Soviet Union did not occur in China, where strong government control have been
maintained in enforcing reform policies.
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cies on political stability and the influence of a strong and relatively less democratic
government control on the resulting economics policies. The latter point can be seen
from comparing the different outcomes of the Shatalin’s 500 Day Plan with those of

the Chinese reform policies in the 80s.
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Figure 1.1: Consumption Before and After Privatization of Sector 1
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Figure 1.2: Minimal Individual Compensation
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Figure 1.3: Minimal Aggregate Compensation
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Chapter 2

Political Institutions and Income

Taxation

2.1 Introduction

The goal of this chapter is to understand the effect of political institutions on income
tax structures and the level of public goods provided and, in doing so, to merge the
economics of the optimal income taxation approach with political science models of
voting and legislative choice.

The optimal income taxation literature, starting from Mirrlees (1971), studies the
features of income tax schedules, which arise when a social planner maximizes an ex-
ogenously given social welfare function, subject to incgntive compatibility constraints

and an exogenously given revenue requirement. These models have some good fea-
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tures: (1) they recognize that individuals have different productivity, or wage rates;
(2) individual labor supply depends on the tax schedule, so incentive effects are taken
into consideration; (3) most of them start with unrestricted tax schedules, without a
priort limitations. The main shortcomings to these models are the neglect of institu-
tional constraints and the exogeneity of the social welfare function. In practice, most
public policies concerning income taxation and public goods provision are determined
through political institutions, such as direct democracy or legislative processes. We
will see that by incorporating these institutional features, social welfare functions can
be endogenously determined.

There exists a relatively small literature (Roberts 1977, Kramer and Snyder 1988,
Cukierman and Meltzer 1991, Berliant and Gouveia 1991, etc.) that models income
tax schedules as the outcome of political processes. But all of these researchers only
model simple majority rule. And nearly all results focus on the median voter. Due to
the nonexistence of majority rule equilibrium when the dimension of the issue space
exceeds one!, these models either start with a restricted set of tax schedules, such as
a linear tax, or put restrictions on the environment. And most of them abstract from
the economics and incentive problems inherent in the income tax problem.

This chapter tries to combine the more realistic features of both literatures. In-
dividuals in the economy have different productivity/wage rates; their labor supply

depends on the tax schedule, and therefore incentive effects are incorporated. We do

1See McKelvey 1979.
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not restrict the class of tax schedules so that the tax schedule is the result of the
forces caused by political institutions. We compare two types of political institutions:
a two-party plurality system under single district, i.e., simple majority rule, and a
two-party plurality system under multiple districts with a legislature deciding the
final policy outcome.

By explicitly modelling the political institutions, we can characterize the equi-
librium tax schedules and conditions under which they are optimal, and thereby
endogenously determine the social welfare function. Under plurality rule, the equi-
librium tax schedule of two candidate competition (the single district scenario) is
compared with the equilibrium outcome from a legislative process when there are
multiple districts. We establish that each equilibrium is equivalent to an optimal
tax schedule for some welfare weights. Furthermore, we show the equilibrium which
arises in a two-candidate, single-district competition puts equal welfare weight over
the whole population, while the equilibrium tax schedule of the legislative process
puts more weight on those subsets of the population whose legislators are in the
majority coalition.

In Section 2.2 we construct a general equilibrium model where the amount of
public good level is endogenously determined. Section 2.3 includes a survey of voting
models, with special emphasis on fhe probabilistic voting model and an extension of
the equilibrium result to a general functional space. Section 2.4 presents a charac-

terization of the equilibrium income tax schedules under two party plurality system
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for a single district, and that of a stochastic legislative game when there are multiple
districts. Optimality conditions for these equilibria are also determined, thus estab-
lishing the relationship between these positive models and traditional optimal income
taxation models. In Section 2.5 we present a numerical example of the equilibrium

income tax under the two political systems. Section 2.6 concludes the chapter.

2.2 The Model

A general equilibrium model is constructed in which the amount of public good level
is endogenously determined. The general problem analysed in this section uses a
framework similar to that of Mirrlees (1971), but includes a public good, financed by
the tax revenue instead of having an exogenous revenue requirement?. This model -
serves as a building block for the latter part when we introduce the political insti-
tutions. It turns out that the two political institutions we consider will be special
cases of the optimal tax model, in the sense that the equilibrium tax schedules from
political processes are as if some social welfare functions are maximized.

Suppose individuals are identified by a single parameter, w € 2y = [wy, @] C R4,
which can be interpreted as the wage rate or ability level of an individual. Assume
that w ~ F(-), and that w has a density function f(w), and f(w) > 0 a.s. on €. Call

an individual whose ability-parameter is w a w-person. The individual parameter, w,

2Brito and Oakland (1977) also model a public good in their optimal income taxation model, but
it is not explicitly financed by the tax revenue.
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is private information, but its distribution is common knowledge. There are three
commodities: a consumption good, r € R, labor, [ € [0,1), and a public good,
y € Ry. Let I(w) = wl be the income of the w-person. The utility function, u(z,1,y)

satisfies the following assumptions.

Assumption 5 u(z,l,y) = z + v(l,y), where v(-,-) is concave, C?, uy = v; < 0,

uz = vy > 0, and satisfies the Inada conditions:

— v

Assumption 6 The marginal utility for private good consumption decreases with an -

increase of labor; the marginal utility of leisure is convexz.

uz11 <05 wugp <0.

Assumption 6 is introduced to avoid bunching of individuals when using the first
order approach to solve the optimal taxation problem.

Let I(w) = wl be the income of the w-person. Then I : Q@ — T is defined as the
income function, where 7 C R is the set of all possible incomes. Let 7 C R be the

set of all possible taxes. Define T': 7 — 7T as the income taz function.
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Assumption 7 The income taz function, T(I), is lower semicontinuous.

We use the revelation principle to analyse the general equilibrium optimal taxation

problems3.

Define a revenue requirement function, 7 : Q@ — T. The problem of taxation of
income (the indirect mechanism) is transformed to the direct mechanism: an agent
reports his type, w, based on which he is required to have income, I(w), and pay
taxes, 7(w). We want to find a tax function T that implements 7 in the sense that

T(I(w;T)) = 7(w). The revenue requirement function satisfies the following assump-

tion:

Assumption 8 The revenue requirement function, 7 : Q — T, is lower semicontin-

uous, and bounded below, i.e.,

T(w) > -/deF(w).

In order to implement the revenue requirement function, 7(w), by means of an income

tax, T(I), we need a monotonicity condition.

Lemma 1 (Monotonicity) Assumption 5 is sufficient to ensure I(w) an increasing

function, and therefore to implement 7(w) by means of an income tax.

31 thank Miguel Gouveia for pointing out this approach to me. See Berliant and Gouveia (1992).
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Proof: From Assumption 5, u(z,y,1) is C3, and
U(ﬂ?,y,l) = I/(l’y) +wl—7= V(w,l,y) - T

Therefore the Spence-Mirrlees Condition is satisfied, i.e.,

o*V

0
8w8l(w’l) =—(w+y)=1>0.

ow

From Proposition 1 of Rochet ’87, [(-) is rationalizable, i.e., (I(-),7(-)) is truthfully
implementable in dominant strategies, if and only if I(-) is nondecreasing.

Since I(w) = wl(w), and l(w) € [0,1), I(w) is increasing except possibly in the
interval [wp, w], where I(w) = 0. In this model, we treat the flat interval as one point,
i.e., 7(w) is the same for all w € [wp,w]. Therefore we can concentrate on the interval
[w,@] = Q, where I(w) is increasing. Then we can invert the income function, I'(w),

and get w = n(I), and therefore, T(I) = 7(n(I)), so we can implement a revenue

requirement function by an income tax function. | |

Lemma 1 shows that, in equilibrium, after all behavioral adjustments, income must
be an increasing function of ability.
Given a revenue requirement function, 7(w), and an income function, I(w), a

w-person chooses to report his type, w', to maximize his utility,
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Solving this problem gives us an individual’s optimal reported type, w, and thus, his
optimal amount of income, I(w), his optimal supply of labor, I(w), and the individual’s
private good consumption, z(w) = I(w) — 7(w). The total supply of labor adjusted
for quality is L* = [wl(w)dF(w), the aggregate demand for the private good is
X4 = [oz(w)dF(w), and the total tax revenue is [, 7(w)dF(w).

On the production side, assume that firms are price-takers. The input for the
production of the private good is labor which, adjusted for quality, equals L =
Jowl(w)dF (w). The public good is produced from the private good.

Assume that all firms are identical and that they maximize profit by choosing the
optimal amount of labor input in the production of the private good and the public
good. The production functions of the private good and the public good are assumed
to be linear. The total amount of private good produced is X7 = aL, and the total
amount of public good produced from the private good is y = 5(X? — X). Normalize
the price of the private good to 1, and let the price of the public good be p. The

firm’s problem can be expressed as the following,

max X°®+py— L¢
s.t. XT =alL?

y=b(XT - X°).

In equilibrium, the firm’s profit is zero, and demand equals supply in all markets.
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So we have

and hence

The government uses the tax revenue to purchase the public good. Therefore, we

have a balanced budget constraint, py = [, 7(w))dF (w).

2.3 Properties of Voting Equilibria

We want to study the equilibria of two types of political institutions. This section lay
a foundation for studying these political equilibria. We start with a survey of voting -
models for those who may be unfamiliar with that literature. Then we extend a result
from the probabilistic voting models to cover the case in which the policy belongs to

a functional space, which is used later in characterizing the equilibrium tax policies.

2.3.1 Voting Models

In our problem of voting over the income tax schedules, we do not want to restrict the
tax schedule a prior: to one dimension. Existing voting models have different results
when the issue space exceeds one dimension.

There are mainly three types of voting models, based on different behavioral as-

sumptions. The first kind, used in most of the voting literature, is the deterministic
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voting model, which assumes no uncertainty. A voter votes for an alternative, T},
if u(T;) > u(T;), for any T; # T;. When the policy space is more than one dimension, -
a majority cycle usually prevails*. Equilibrium does not usually exist.

When we introduce uncertainty into voters’ decision processes, which maybe a
descriptively more accurate representation of the real decision processes, we can es-
tablish the existence of a voting equilibrium.

One approach in Ledyard (1984) uses the Bayesian voting model, where Bayesian
equilibrium analysis is used, and voters can abstain. In the resulting equilibrium, both
candidates adopt the same platform that maximizes a social welfare function. The
analysis is based on an individual being pivotal in an election, which is not applicable
when we have a continuum of voters/consumers.

An alternative way of modeling voting is the probabalistic voting model®. We
will briefly go over the underlying rationale for this approach. This approach can be
understood as reflecting candidates’ uncertainty about whom the individual voters
will vote for. Assume that an individual’s choice probabilities are “proportional to
his strength of preferences” (Coughlin and Nitzan 1981).

Consider an electorate where everyone votes. In the two candidate case, this means
that the probability with which an individual w chooses candidate i, P*(T}, T, w),

satisfies

Pl(Tl,Tg,(,U) —+ P2<T1,T2,u}) = 1

4See, e.g., McKelvey 1979.
SFor a comprehensive treatment of this subject, see Coughlin 1992.
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The individual-w’s utility from candidate 7’s platform is

Ty w) = u(Ti, w) exp(e;),i = 1,2.

Assuming that the error term, ¢, is distributed logistically, we get the individual

choice probabilities on any pair of platforms as®

u(Ti, w)
w(Ty,w) + u(Ty,w)

P(Ty,Ty,w) =

Therefore, a candidate’s expected vote equals

Euo(TT.,) = / w(Ti, w)

o u(Th,w) + u(TQ,w)dF(w)'

Assume that each party’s objective function is to maximize expected plurality,
which is equivalent to maximizing the probability of winning in a large electorate”.

Define the expected plurality for party 1 as

EPll — E'Ul . E'U2 :/ u(Tl,CU) - U(TQ,W)

o u(Ty,w)+ u(Ts,w) dF(w),

and the expected plurality for party 2 as EPl, = —EPl,.

Notice that this game is two-person, symmetric and zero-sum. It satisfies the

6See, e.g., Amemiya (1985), Chapter 9.
"See Ledyard (1984).
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equivalence and interchangeability conditions, i.e., if T # T3 in equilibrium, then
both (T7,TY) and (Ty,T5) are pure strategy equilibria as well.
Coughlin and Nitzan (1981) characterized an equilibrium when the policy set lies

in Euclidean space.

Theorem 1 (Coughlin, 1992, Theorem 6.3) If the policy space X C R™ is com-
pact, if voters vote probabilistically, and if w(T) is concave in T, an alternative,
I* € X C R™, is an outcome of the electoral competition, if and only if T* €

argmazx [oInu(T,w)dF(w).

We call W = [, Inu(T,w)dF(w) the Nash social welfare function. In two party
competition under plurality rule, the equilibrium policy outcome is the maximand of

the Nash social welfare function.

2.3.2 Extension of Probabilistic Voting Results

Since we want to study the equilibrium tax structure, we need to extend the result
to cover the case in which the policy belongs to a functional space. In this section we

extend Theorem 1 to a functional space.

Lemma 2 After taz consumption, z(w,w,), is nondecreasing in w, where w; is his

true type, and w s his reported type.
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Proof: An individual’s after tax consumption is z(w, w;) = wl(w) —7(w). He reports

an optimal w such that

z(w,wy) + v(l(w),y) > (W' w) + v((W),y), V' € Q.

Truthful revelation requires the above inequality holds for w = wy, i.e.,

z(wy, wy) + v(l(wy),y) = (W' w) + v({W),y), V' € Q.

That is,

z(w, wy) — z(W we) > v(l(W'),y) — v(l(wy), y)-

If w; > o', by Lemma 1, we have l(w;) > I(w'), and therefore, v(I(w'), y) —v(l(w;), y) >
0. So

2wy, wy) — (W', wy) > 0.

Lemma 2 is used to put more structure on the revenue requirement function, as is

shown in the following lemma.

Lemma 3 7(w) is of bounded variation.

Proof: 7(w) = I(w) — z(w,w;). From Lemma 1 and 2, we know that both I(w) and

z(w,w;) are nondecreasing in w. So 7(w) is of bounded variation. ]
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Let BV]a,b] denote the space of functions of bounded variation on [a,b]. Define
X, = {7 : lower semicontinuous and of BV}, and X; = {I : nondecreasing}. The
policy space is therefore X = {(I € X;,7 € X;) : [ —7 > 0;1.C.}, where I.C. stands
for the incentive compatibility constraint. To prove the existence of the electoral

equilibrium, we need to show that X is compact.

Lemma 4 The policy space X is compact.

Proof: Since | € [0,1), we have I € [0,0). We know that I is nondecreasing.
Therefore, I is of bounded variation, and variation norm bounded.
From Lemma 3, 7 is of bounded variation. The feasibility constraint gives us

7 < I. From Assumption 8§,
T(w) > —/deF(w).

Therefore, 7 is also variation norm bounded.

Let Mla,b] be the set of all countably additive signed Borel measures on [a, b].
From Theorem 4.1 (Border 1991), the o(BV, M) topology and the topology of point-
wise convergence coincide on the set {(I € X;,7€ X;):I -7 > 0}.

Next, we show that adding the incentive compatibility constraint does not change

pointwise convergence. The incentive compatibility constraint says

() = T(w) + (I (W) /w,y) > (W) = (W) + v (W) /w,y), V' € Q.
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As I,(w) = I(w), and 7, (w) = 7(w), we have
I(w) —7(w) + vl (W) /w,y) > (W) = 7() + v(I(W) /w,y), V" € Q.

So X is variation norm bounded and pointwise closed subset of BV, and therefore,

from Theorem 4.1 (Border 1991), is o(BV, M)-compact. |

Corollary 1 In the policy space X, if voters vote probabilistically, and if u(-) is
concave in (I,T), then an equilibrium of the two party electoral competition exists;

furthermore, (I*,7*) is an equilibrium to the electoral competition if and only if

I e argmaa:/ﬂlnu(]— 7,1 jw,y)dF(w).

Proof: Since u(l — 7,1/w,y) is concave in (I, 7), it follows that

u(Iz — Tis Ii/w7 y) - U(I~l — T4, I——i/wa y)
EPli:/
Qu(l; — 7, Lijjw,y) +ul_; — 74, I_i/w,y)

is concave in (I;, 7;), convex in (I_;, 7_;), and continuous in both (I;, ;) and (I_;, 7—;).
From Lemma 4, X is compact. Therefore, an electoral equilibrium exists.

Next, we show that (I,7) € X is an electoral equilibrium to the electoral game, if
and only if it is a global maximum of EPl;((I;, ), (I, 7)), given that (I_;,7_;) = (I, 7).

This follows from the interchangeability condition for two-person, zero-sum games.
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Let W(I,7) = [oInu(I—7,1/w,y)dF(w). We then show that I*, 7* € argmazW (I, 1)
is equivalent to I*,7* € argmazEPL((1;,7;),(I,7)), for i = 1,2. Since Inu(l — -
7,1 /w,y) is a strictly monotone increasing concave function of (I — 7,I/w,y), then
W (I,7) is concave in (I,7). Therefore, every local maximum of W (I, 1) is also a
global maximum. Similarly, since EPL;((;, 7;), (I, 7)) is concave in (I;, 7;), it follows
that any of its local maxima are also a global maximum. So the first order conditions
for the maximization problems are both necessary and sufficient. It suffices to show
that the first order conditions of the two functions are equivalent. We prove this by

using calculus of variation.

W(r + eh) = /an u(l — 7 — eh, I /w, /Q(T + eh)dF)dF (w).

Then,
d
6W(T, h) = EW(T+€h)’6:O
- [ =4 [ Barhdr(w)
o u QU
= 0, for all h.
Therefore,
Ly [ Bap_y,

U Qu
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Similarly,
d
5EPll(Tl;h)'n=7;11=I = a’ﬁ'EPll(T + Eh)le:O;nzr;Il:I
B / 2u[—h + uz [ hdF)
o (2u)?
- / / U FhdF (w)
Q
= 0, for all A.
Therefore,

Y P Ty
(7 QU

It follows that

SW(r;h) =2-0EPlL(11; h)|ry=r.ry=1,

o4

so that 6W (r; h) < 0if and only if SEPly (11; h)|ry=r:,=1 < 0. Similarly, we can prove

that W (I; k) < 0 if and only if SEPL (I1; h) |y =riryes < 0.

Remark (Concavity): Notice that one of the critical assumptions for the charac-

terization of the equilibrium in probabilistic voting is the concavity of the indirect

utility function in the policy proposal which, in this case, is the tax function, 7. Let

V(7) denote the indirect utility function, then V(7) is concave in 7, if and only if

Vian + (1 —a)n) > aV(n) + (1 - a)V(n),
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for « € [0,1]. An example of a utility function whose indirect utility function is
concave in 7 is a quasilinear utility function, u(z,l,y) =1 —7(1) + Bln(1 — I /w) +
(1 - B)Iny where 3 € [0,1]. For a general utility function where the indirect utility
function cannot be solved explicitly, the sufficiency proof of Proposition 6 checks
the concavity of the indirect utility function in 7, i.e., Assumption 6 guarantees the
concavity of the indirect utility function in 7.

Corollary 1 establishes that the equilibrium tax schedule under a two party plu-
rality system with a single district can be obtained as if we are solving an optimal
tax problem, with the exogenously given social welfare function taking the form of
the Nash social welfare function.

So far, we have not assumed differentiability of the revenue requirement function or
the income function. The next corollary establishes that we can restrict our attention

to the subset of differentiable functions.

Corollary 2 If one party’s equilibrium policy proposals are differentiable functions,
(15, 1;), then it is an equilibrium for the other party to propose the same differentiable

functions.

Proof: It follows from the interchangeability conditions of the symmetric, two-person,

Zero-sum game. |

From here on, we can restrict ourselves to differentiable revenue requirement func-

tions, 7, income functions, I, and income tax functions, T'(I).
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2.4 Characterization of Equilibrium Tax Func-

tions and the Optimality Conditions

The results of Section 2.3 suggests that in equilibrium the outcome of political pro-
cesses is as if some particular social welfare function is maximized. In the case of two
party plurality system under a single district, the equilibrium tax policy maximizes a
Nash social welfare function. In this section, we start with a general optimal taxation
model, and then characterize the equilibria of the two political institutions and the
optimality conditions of these equilibria, which suggest that their ;é special cases of
the optimal taxation model. The first type is a two party plurality system under a sin-
gle district, which can be viewed as a simplified version of implementing the platform
from a presidential election or the outcome of a simple majority rule/referendum. For

comparison, we study the equilibrium policy outcome of a legislative game under a

two party plurality system with multiple districts.

2.4.1 The General Case: Optimal Taxation with Public
Good

We use the revelation principle to analyse the general equilibrium optimal taxation
problem. The following analysis uses the first order approach to solve the optimization

problem.

Given a revenue requirement function, 7(w), and an income function, I(w), a
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w-person chooses to report his type, w’, to maximize his utility,

max u(l(w) = 7(w'),

The first order condition for this problem is

du _ dI(W) dr(e)  wdl(W) _

do' —  du dw’ w o do 0.
Truthful revelation requires % lo=w =0, ie.,
du _dl(w) dr(w) N up dl(w) 0
do' U7 dw dw | w dw

57

Using the shorthand, I'(w), to stand for ﬂ“’—), and similarly for other variables,

dw

the incentive compatibility constraint becomes

I'w) — '(w) + %I'(w) = 0.

The optimal income tax problem is thus defined as

max Jo Au({(w) —7(w), 2,0 fo 7(w)dF (w))dF(w) (10p)
5.t. I'w) =7 (w)+ %' w)=0 (1C)

I{w) = 7(w) =20 (F)
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where A(u(w)) is some exogenously given, strictly increasing, concave and differ-

entiable welfare function. Equation (IC) is the incentive compatibility constraint.

Equation (F) is the feasibility constraint.

Proposition 6 The optimal tazx schedule, T(I), satisfies Equation ( 2.1), (IC) and

(F).

Proof: This is a calculus of variations problem. Define the function J as

Then,

So,

J(T + €h)

8J(r, h)

= [t =), T2 [ P )

+H(W)[I'(w) = 7'(w) + %I'(WH +0(w)(I(w) = 7(w)) }dw.

= [ {Au((w) - r(w) - en, 12 b/ )+ ehldF (w))]f ()

Q

+E (W' (w) — 7' (w) — b’ + —21"(w)]

+0(w)(I(w) — 7(w) — €h) }dw

d
= d—E'J(T -+ Eh)lfz()

- /Q{A’[—hﬂgb/ghf(w)dw]f(w)+g(w)(—h') — (w)h}dw
_ /Q{[_A’ +/QbA'u3f(w)dw]f(w)+§' — O} hdw
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= 0, for all h,
it follows that
A + /Q bA us f(w)dw]f (W) + € — 0(w) = 0, or

bf/QA'u3dF(w) (A f— €)= 0(w) =0,

Define the function G as

G = A[u([(w)—T(w),ﬂgl,b [ r@)dF@)f @)

+H(W)[I'(w) = 7'(w) + %I'(W)] +OW)(I () = 7(w)).

The Euler equation for I is

G _ d(7)
ol dw

1+ 2) (A =€) + S5 (L + w2) +0(0) =0

Combining the two necessary conditions, we have

e usé(w)

w?

bf/QA'ung(w) + %(A'f —&)+ =0,

’

where e* = 1 +lugy/us. From the inverse function theorem, we have 7" = 7=

1+

99

u2
o
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Then we have
(1=T)Af—€)=bf /Q AusdF(w) + £°€(w) Jw?. (2.1)

Notice that T is also on the righthand side of Equation ( 2.1). Equation ( 2.1), (IC)
and (F) are the necessary conditions for a solution of the optimal income tax problem.
To prove sufficiency, we need to check the concavity of G. Since G is linear in I’ and
f’ " the Legendre and Weierstrass conditions are trivially satisfied. We only need to
check the concavity of G in I and 7, which requires the matrix of the second partial
derivatives with respect to I and 7 to be negative semi-definite. Since both A() and
u are concave in I and 7, we can decompose the matrix as a sum of two matrices
where one of them is negative definite. Then the sufficient conditions are verified if
the other matrix, derived from the incentive compatibility and feasibility constraint,
is concave in I and 7. Using Assumption 1 that u() is C3, we require the matrix

U222
I | Yo+ 725 —uap

D=—
w
—U211 U211
to be negative semi-definite.
We get I' > 0 from Lemma 1. Thus the sufficiency condition is reduced to
requiring us;; < 0 and w9y, < 0, which are satisfied from Assumption 6. Thus, the
first order approach used in obtaining the necessary conditions for the optimal income

tax is valid. ' |
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Interpretations for the optimal tax schedule using a general social welfare function
can be found in Atkinson and Stiglitz (1980). Our result is different from Mirrlees due
to the endogeneity of the public good and the additional feasibility constraint. The
integral on the right-hand side of Equation ( 2.1) can be interpreted this way: suppose
we reduce the utility of everyone by a marginal unit, then the gain in increased social
welfare is A'us. Therefore, the integral summarizes the net gain of the marginal
reduction of utility. The net gain depends on the form of the social welfare function,
A(), which, as we demonstrate in the later sections, is determined by the political
institutions.

Having characterized the optimal income tax schedule, we proceed to analyse
how the social welfare functions are endogenously determined by political processes
and show that political institutions endogenously determine the weight of the social

welfare function.

2.4.2 Two Party Plurality System Under a Single District

From Corollary 1, the equilibrium tax schedule for two party plurality system under

a singel district is the solution to the following optimization problem,

max Jolnu(I(w) = 7(w), @, b[oT(w)dF(w)dF(w)
s.t. I'w) = m"(w) + 2" (w) =0 (1C)

I{w) = 7(w) 2 0. (F)
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Solving the above problem, we get the following proposition.

Proposition 7 (a) The equilibrium tax schedule under the single district, two party

plurality system satisfies (IC), (F) and the following equation:
(L= T)(ffu=€) =bf [ us/udP(w) + " (w) /"

(b) It is optimal if the welfare function is [o A(u)dF (w) = [qlnudF (w).
Proof:  Substituting Inu for A(u) in Equation 2.1, we get the above result. 1

The above result can be interpreted either as the equilibrium outcome of a single
district two party competition, or as the outcome of a national election, where the
winning party/candidate implements his platform. A more complicated political in-
stitution involves a legislature where each legislator is elected by plurality rule, and

the final policy is the result of a legislative bargaining game.

2.4.3 Multiple Districts — Legislative Process

An alternative mechanism for deciding the income tax schedule in two party plural-
ity systems is through the election of a legislative body. In each legislative district,
the voting game determines each legislator’s equilibrium platform and his/her objec-
tive function in the legislature. Suppose voters are sophisticated in the sense that
they know their legislator is not going to be a dictator in the legislature, that the

policy outcome is through a complicated process according to some legislative rule,
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¥(-) : {(Z;, 1) }jes — (I,7). Then the probability that a w-person vote for the Incum-
bent from his district, given the Incumbent’s platform, (I7, 77), and the Challenger’s

Jjr'J

platform, (I¢,77), is

p _ uly((I],7]), (I=j,7—;))]
P ) ) = St T e )+ a2 0), (]

Then, applying Corollary 1 to each legislative district, maximizing expected plu-
rality or the expected probability of winning is equivalent to maximizing the Nash
social welfare function for the district in equilibrium, taking the legislative rules, y(-),
into consideration. Therefore, we get the following corollary for the equilibrium in

each district.

Corollary 3 In the voting game in district i, the equilibrium platform satisfies

IF, 77 €argmaz o, Inuly((L;, 1), (I, 7—;))]dF;(w)

IR

s.t. L(w) = 7i(w) + 2 (w) =0

Although there are many different legislative processes, we consider a generalized
version of the Baron-Ferejohn random recognition rule and model the legislative pro-
cess as a stochastic game, T'* = (S*, 7', ¢'), where S is the set of pure strategy n

tuples, where 7t : S* — p(Z) is a transition function specifying for each st € St a
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probability distribution 7(s*) on Z, the set of states that can be achieved in a game,
and where ¢! : S — X is an outcome function that specifies for each st € S* an
outcome 9(s*) € X. Finally, we use S = [[;er S* to denote the collection of pure
strategy n tuples, where S* = [[;cy st. Formally, Z = RU P UV is the set of states.
We use z to denote the possible states the game movesr to. We use R to denote
the Recognition Game, P to denote the Proposal Game, and V to denote the Voting
Game.

At the beginning of period ¢, legislator j is recognized as a proposer with prob-
ability p% € [0,1], 3;e;p; = 1,Vt. Whoever is recognized proposes a tax schedule,
(I;,ﬁ), then every legislator votes yes or no simultaneously. If, under m-majority
rule, the number who say “yes” is greater than or equal to m, (I}, 7f) becomes the
new status quo and the game ends; otherwise, the game proceeds to period ¢t + 1. If
nothing gets passed forever, the payoff to the legislators is zero: U;(¢) = 0, for all
JjeJ.

In the legislative game, each legislator’s objective function is to maximize the
Nash social welfare function of his/her district, given the legislative rules, subject
to the incentive compatibility constraint and the feasibility constraint, as stated in
Corollary 3.

There are many equilibria to the stochastic game. The selection criteria we use

is “simplicity” — we want to characterize the simplest equilibria involving no stage
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dominated strategies®. The simplest equilibrium can be described by an automaton
of size 4, with one “rest” state (the Recognition Game), one “propose” state (the
Proposal Game), and the “vote yes” and “vote no” state (the Voting Game), which
gives us the simplest automaton. The resulting equilibria from the automaton are
stationary equilibria®. The stationary equilibrium is characterized by a set of values
{v:} € R™ for each stage of the game, and a strategy profile 0* € ¥, such that

a) Vt, o* is a Nash equilibrium with payoff function G* : £* — R" defined by

G'(o'v) = U@ (o)) + > n'(o')(2)v*

2€Z

= Ex[U@'(s) + 3_n'(s")(2)v7]

€7

= > o (SHUE()) + 3 (s (2)v7].

steSt z2€Z

b) Vt, vt = Ut(o%;v).
We use the average payoff for each legislator’s payoff for the entire stochastic game.

So a legislator’s payoff for the entire game is
N
U({It, Tt}t) = ]31_1”1100 ; Ut((ft; v).

Claim. There exists a vector of continuation values, U = (U1, Us,---,U;), where

U, = ;e p;Ui(I5,7;), representing the expected payoffs to player i at the beginning

8See Baron and Kalai (1993) for an analysis of the simplest equilibrium in the majority rule
divide-the-dollar game with a random recognition rule.
9For the existence and characterization of stationary equilibrium, see Sobel (1971).
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of each stage game.

In the following proposition, we prove that one equilibrium strategy for legislator
J is to vote yes with probability 1 if U;(I;,7;) > U;, and to vote no otherwise. The
simultaneous equilibrium strategy for any proposer is to maximize his own utility such
that the “least expensive” m — 1 members of the legislature would vote yes. Denote
the set of legislators whose payoffs from the proposed tax schedule are greater than
or equal to their continuation value as M = {k € J : Uy(I;,7;) > Ux}. Therefore,
in equilibrium, proposer ¢ proposes the tax schedule (I;, 7;) that maximizes the Nash
social welfare of his own district subject to the constraint that at least m — 1 other
players also vote yes, and his proposal will be accepted. Baron (1993) characterizes
similar equilibrium strategies with alternatives in the Euclidean space and presents a
closed-form characterization of the equilibrium when the utility function is quadratic.
Proposition _8 is a generalization of Baron’s results when the set of alternatives lies in
a functional space with generalized utility functions.

We introduce some more notations used in solving for the equilibrium tax schedule

for the legislative game. We will use the indicator function,

1 ifwe ),
Xi(w) =
0 ifweQ-Q,.

Proposition 8 The following is a simplest subgame perfect stationary Nash equilib-

rium to the legislative game with stage undominated strategies:
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For z € P and i = p (Proposer i):

Ii{w)

L, € argmaz Jo xi(w) Inu(l;(w) — 73(w), 222, y)dFy(w)
s.t. IL(w) — r’r(w) +f
Ii{w) — 1(w) >0

ke NG : UL ) > T} > m—1

For z € V and j € J\{i} (Voter j):

1 ifU;(4;, ) > U,
s;(I;, ) = ! !
0 otherwise.

Proof: We start by defining the strategy sets, transition functions and outcome func-

tions for the game elements:

Forze R: St ={0},Vi € J,
(Recognition Game) =t(s')(z) =1,iff z€ P

Pi(st) = ¢, Vst € St

The Recognition Game is indexed by z € R. The order of recognition is randomly

decided according to some exogenously given probabilities; therefore, the strategy set

of each player is {0}. The game proceeds to the Proposal Game with probability 1,
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and the null outcome prevails.

{I,;,Ti} le =P,

{oy ifieN-{p},

For z € P: St =

2

(Proposal Game) 7i(s')(z) =1,if z €V,
Pi(st) = ¢, Vst € St
In the Proposal Game, we use p to denote the Proposer. The strategy set for the
Proposer is the set of tax schedules {I;,7;}, while the strategy set for each voter is
still {0}. The game proceeds to the Voting Game with probability one, and the null

outcome prevails in this game.

ForzeV: St={0,1},Vi € J,
(Voting Game) n'(s')(z) =1,z € R,

Ittt if 35 S > m,

[ R

Pi(st) = Vst e St
10 otherwise.

In the Voting Game, each player can vote either no or yes (0 or 1) to the proposed
tax schedule. If the new proposal, (I;, 7;), is accepted by at least m of the legislators, it
becomes the new status quo; otherwise, the null outcome prevails for this period and
the game moves to a new round starting from the Recognition game with probability
1.

The main steps to prove Proposition 3 follow ther definition of stationary Nash

equilibrium. We first specify the values associated with the equilibrium strategies,
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and then show that these values are self-generating. The third step is to show that

the strategies specified in the proposition are subgame perfect Nash equilibria.

The values of the games are defined below. The interpretations of these values go

back to the definitions of each game element above.

For ze R:
(Recognition Game)
Forze P:

(Proposal Game)

For z ¢ V:

(Voting Game)

vt = VieR.
vi(l;, ;) = Ui(L;, 74), for i = p,

vi(I;, ;) = Uy, for j € J — {p},

where

L, 7 € argmaz [ xi(w) Inu(l;(w) — 73 (w), %“’—),yi)dﬂ(w)
st.l(w) — 7 (w) + 2L(w) =0

Li{w) — 1(w) >0

{k € J\{i} : Up(L;, ) > Ui} > m — 1.

v; = o(|MNU; (L, 73) + (1 = o(|M])U(L;, 72),

Vj € J, where

1 if |M|>m,
a|M]) =

0 otherwise.

The next step is to verify that these values are self-generating, i.e., that they cor-

respond to the payoffs under the equilibrium strategies. To do this, we plug the
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equilibrium strategies and other game elements into the definition of G, and show
that they equal the corresponding values.

For z € R: (Recognition Game)

Gi (o' o) = Ex[URYs))+ Y « V7]
z2€Z
= U(¢) +7'(s")(2) - o'

= o =t

For z € P: (Proposal Game)

For i = p (Proposer i):

Giahv)) = Ex[U@'(sh)) + Y w'(s*
2€Z
= Ui(¢) +1-U(l;, 1)
- Uz<II7Ti)

= (L, 7).

For j = J — {p} (Voter j):

Gi(ohv) = Eqx[U@W'(s") + > 7'(s)(2)v7]
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= U;(Ii, Ti).

For z € V: (Voting Game)

G'(o',0") = Eat[U(wt(St))+§Wt(8t)(2)vz}
= a(|MN)U;(I, ) + (1 = o(IM])(Us(¢) + U;(Li, 73))

= U.

Next, we verify that the strategies specified in Proposition 3 are subgame perfect
Nash equilibrium strategies. Since the strategies are history-independent, it suffices
to show that for each game element no player will benefit from a unilateral one-shot

deviation.

For z € P, we want to show that tax proposal (I;, ;) is the equilibrium strategy

for Proposer i, where

I, € argmaz [ xi(w) Inu(f;(w) — 73(w), %‘ﬂ, yi)dFy(w)
s.t. L(w) = 7 (w) + 2L (w) =0

]{k € J\{Z} : Uk([i,Ti) Z Uk}[ Z m — 1.
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The corresponding payoff for Proposer i is
Gzt'(Ut; v (I, 7)) = Us(L, ).
If the proposer defects to any other pure strategy (I?,70) # (I;, 7:), Vi € J, there are
two possible consequences:
(i) U(IR, 7)) < Ui(Li, 72):
in which case he is not better off by defection, so he will not defect in this case.

(11) UZ(IO 7'0) > Ul(IZ,Tz)

)

in this case, if [{k € J\{i} : U(I?,7%) > Ux}| > m — 1 still holds, Vj # i, then

L, ¢ argmaz Jo xi(w) Inu(fi(w) — 13(w), %2, y,)dF(w)

s.. Li(w) — 7 (w) + 2[(w) =

1{k € I\{i}: Up(Li,75) > T} > m — 1.

but this contradicts the definition of (I;, ;).

So the proposer has no positive incentive to defect unilaterally from his strategy
specified in Proposition 3, which means that it is a Nash equilibrium for the Proposer.
Since it is history independent, it is also a subgame perfect equilibrium.

For z € V, we want to check if voters’ strategies specified in the proposition are

Nash equilbrium strategies. We consider three cases:
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(1) When |M| > m, no voter is pivotal, so they have no positive incentive to defect
from their equilibrium strategies.

(2) When |M| = m, any voter 1 € M is pivotal. Since G;(s; = 0,5*,) — Gi(s; =
1,s*,) = U; — U;(I;,7;) <0, 4 has no positive incentive to defect from his equilibrium
strategy.

(3) When |M| =m—1, any voter 1 € J\M is pivotal. Since G;(s; =1,s*,) — G;(s; =
0,s*;) = Ui(L;, ;) — U; <0, 1 has no positive incentive to defect either.

Therefore, the voter strategies specified in the proposition are Nash equilibrium

strategies. They are subgame perfect, since they are history independent. |

We use a three district example to solve the stationary equilibrium tax schedule
for the legislative game. It can be easily extended to the J district case. In the .
following legislative game, J = 3, m = 2, and p; = 1/3, for i = 1,2,3. The problem

in Proposition 8 reduces to

max fo i (w) () - (@), 52, y)dFi(w)

s.t. I (w) — 7 (w) + %ZI; (w)=0 (ICy)
Li(w) = 7i(w) > 0 (F3)
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where j is i’s coalition member. Equation (M A;) can be expanded as

[ @) nulfiw) = n(w), =2, ) w) >

L [ s@inute) -5, 22 ) s nuirw) - mw), 2 yoanw)

Apart from the usual incentive compatibility constraint and balanced budget con-
straint, the tax schedule has to pass a majority of the legislature. The last constraint,
(MA), requires the payoff to legislator j to be greater than or equal to his continuation

value.

Proposition 9 (a) The equilibrium taz schedule, (I;,7;), for the‘legislative game un-
der a random recognition rule in the three district case, satisfies (IC;) ,(F;) and the -

following equation:

(1 = TH[06@) filw) + Ax; (@) f5(w)) fu = €]

= b/ﬂﬂdM(M)ﬁM + Ax; (W) f(W)]/udF (w) + e"€(w) /u?,

where A > 0, ¢ 1s the proposer and j is the legislator in the majority coalition with i.

(b) It is optimal if the welfare function is

| AWdF@) = [ i) fi@) + A (@) ()] In ude.
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Proof: Define the function J as

[ b)) + s @) () In

HW)I'(w) = T'(w) + 2L )] + 0) (@) = 7(w)) .
Let gL oo Lo 7) = fo X () Inu(li(w) =ri(w), 22, y)dFy () =4 fo X, () in (T (w) -

7i(w), i‘”),yj) + Inu(Iy(w) — 7 (w), £ ,yk)]dF( ). The complementary slackness

condition requires

)‘(w)g(IiaTi,I—i;T—z’) =0, with A(w) >0,

Q(W)(IZ - ’Ti) = O, with 0(&)) > 0

The rest of the proof is similar to that of Proposition 6, with A(u) = [x;(w)f;(w) +

MG (@) f5(@)] In . '

Notice the equilibrium tax schedule of the legislative process is different from that
of the two candidate competition. The difference comes from the specific forms of
the social welfare functions. Therefore, the welfare weight of individuals in districts
whose legislators are not in the majority coalition is zero, while the welfare of in-
dividuals whose legislators are in the majority coalition is taken into account when
solving for the equilibrium income tax schedule. This confirms our conjecture that
the welfare weights of the optimal income tax schedule are endogenously determined

by the political processes.
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We have characterized the ez post equilibrium income tax schedule. One question
is if the ez ante result is the same as the single district case. To see that this is usually
not the case, consider the following situation. Suppose we have three districts, and
the distribution of types are such that if 1 is the proposer, he will form a coalition
with 2; if 2 or 3 is the proposer, they will form a coalition with each other. Let the
probability of ¢ being recognized be p;,. Then the ez ante equilibrium tax schedule

will be

I, 7 € argmazx /Q [p1(x1(w) f1(w) + Aaxe(w) fo(w)) + p2(x2(w) f2(w)

+A2sxs(w) f3(w)) + Pa(xs(w) f3(w) + Asaxz(w) fo(w))] In udF (w).

The ex ante result will be the same as the single district case if and only if

P10 (@) Ai(@) + Azxe(w) fo(w) + p2(X2(w) f2(w) + Aesxs(w) fs(w))

+p3(x3(w) f3(w) + Asoxe(w) fo(w)) = 1.

One special case is when all districts are identical, i.e., when A;; = 0 for all 7 # j,

then the single district case has the same outcome with the multiple district case.
When the districts are hetereogeneous, however, the outcome of the legislative

process in multiple districts will usually be different from that of single district. We

illustrate this with an example.
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2.5 An Example

We will use a simplified economy to show the difference in income tax structures
under different political institutions. Suppose wage rate, w, is uniformly distributed
in the interval [1, 4]. Individuals have quasilinear utility function of the form, I — 7+
In(l1 — I/w) + Iny + e, where y is the amount of public good produced, and e is the
initial endowment.

Under a two-party, plurality system in a single district, the equilibrium tax struc-
ture, 7(w), maximizes the Nash social welfare function of the whole district subject to
the incentive compatibility constraint and the feasibility constraint. This is a calculus

of variation problem, which is set up as follows.

max Ll — 7+ 1In(1 - I/w) + In(J 7/3dw) + €]dw (2.2)
s.t. -7 =21 (2.3)
I-7>0 (2.4)

Define

J = /f{m[z —r+In(l-I/w)+ 1n(/14 7/3dw) + €]

7

+(w)(I' = 7' - )+ 6(w)(I — 7)}dw.

w—1
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d
6J(r,h) = d_EJ(T+€h)[6:O

— /14_11; [—h(w) Jfé TEwi } E(w)h'(w) — 6(w)hdw

/4[ Ly f1f4 (IC;‘” +§'(w)—6’(w)} h(w)duw

= 0, for all h(w), which implies

1 f4 L

+ )i +&(w) — 6(w) = 0. (2.5)

Define

!

F=I[l-7+h(l-TI/w) +1n(/14 7/3dw) +e] + E(w)(I' — 7" — ;}L..f) +0(w)(I — 7).

Using Euler’s equation, we get

OF  d(25)
" dw
(w=D(w- 1—1)(—-§())-§(w)1’+9(w)(w—1)2=0- (2.6)

There is no analytical solution to the set of equations (Equation 2.3, 2.4, 2.5,
2.6), so we resort to numerical solutions. For simplicity of calculation, we normalize
7(1) =0, and let e = 5.0.

Figure 2.1 shows the equilibrium income function, I(w), and revenue requirement
function, 7(w). Both the income function and the revenue requirement function are

monotone increasing in w, but I”(w) > 0 while 7/(w) starts from zero, increases, then



CHAPTER 2. POLITICAL INSTITUTIONS AND INCOME TAXATION 79

decrease down to zero.

Figure 2.2 shows the income tax schedule. The marginal tax rate at both ends of
income is zero. Tax is an increasing function of income.

The level of public goods provided in this case is 0.2892.

It is interesting to compare the outcome of single district case with that of the
multiple district case. We consider the case when there are three districts, each with a
uniform distribution of wage rates over the intervals, [1,2), [2,3) and [3, 4]. Then there
are eight cases of legislative coalition formation. We use the symbol, —, to represent
“propose to and form coalition with”. The eight cases are (1 — 2,2 — 3,3 — 1),
1—-22-33-22),1—-22-13-1),1-522-51,3-2),(1 32—
3,3—1),1-3,2-33-2),1-32-13-1),(1-32->13—2). As
an example, the first case is set up as the following,

max  f{In[l; — 7 +1In(1 — I /w) + In(J{ 71 /3dw) + e]dw

71,11

s.t. Ii — 7'{ = w—f_lf;
Ll — 7 +In(l - I Jw) + In(J} 71 /3dw) + €]dw >
%{f;’ In[ls =7 +In(l = I/w) + hrl(fl4 T2 /3dw) + e]dw

+ fyIn[I; — 73+ In(1 — 3/w) + In(f; 75/3dw) + €]dw}
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max [y In[l; — 7 + In(1 — I/w) + In(J} 72/3dw) + e]dw

72,12

!

s.t. I -1, = Z)_I_zl_z
Ih—1,2>0
Syl — 7+ In(1 = I /w) + In(J}! 72/3dw) + €]dw >
N [l — 75 +In(1 — I/w) + In(f} 73/3dw) + €]dw

+ JyIn[l; — 7 +1In(1 = I /w) + In(f{ 7 /3dw) + e]dw}

max [ In[l3 — 73+ In(1 — I3/w) + In(f} 73/3dw) + e]dw

73,13

’

Y ’ I
=3
s.t. Iy — 13 = 2

13 — T3 Z 0
JEIn[l — 75+ In(1 — I3/w) + In(f; 73/3dw) + e]dw >
L — 7 +1In(1 = I Jw) + In(f{ 71 /3dw) + €]dw

+ ff In[l — 7+ In(l — I/w) + ln(fl4 T2 /3dw)]|dw}

80

The equilibrium proposals of all three legislators can be calculated using nuinerical

solutions. Figure 2.3 and 2.4 shows the numerical solutions to the three district

case. It is interesting to observe that the equilibrium proposal of Legislator 2, the

representative of the “middle productivity” district, coincides with the equilibrium

proposal of the single district case. The public goods levels as outcomes of the three

proposals are 0.3667, 0.2892, and 0.3272 respectively.
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Although analytical solutions and comparative statics results are hard to obtain,
we learned from the example that we can form some testable implications if the dis-
tribution of the wage rates are known and if we can parameterize the utility function

somehow.

2.6 Conclusions

In this chapter we address two shortcomings of the optimal income taxation literature,
i.e., exogenous social welfare functions and the neglect of institutional constraints. We
characterize the optimal income tax schedule using a general equilibrium model with
a public good entering consumers’ utility functions. We show that the social welfare
functions can be determined endogenously by political processes, i.e., electoral sys- -
tems and the legislative process. We characterize the equilibrium tax schedules under
the two party plurality system, including the single-district case and the multiple-
district case. It is shown that under the two party plurality system, the equilibrium
income tax is equivalent to an optimal tax schedule which puts equal weight over the
whole population when there is a single district; when there are multiple districts,
however, in the simplest subgame perfect stationary equilibrium to the legislative
game, the equilibrium is equivalent to an optimal tax schedule which puts more wel-
fare weight on the subsets of the population whose legislators are in the winning
coalition of the legislature. Thus we have shown that the political processes endoge-

nously determine the welfare weights of the optimal income taxation problem.
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The characterizations of the equilibrium tax schedules in this chapter provide
considerable insight into the factors influencing the equilibrium marginal tax rates
under different political processes, and the way they interact. More general results
are hard to obtain from these formulas. Given the distribution of the productivity
levels, however, we can form some testable implications by parameterizing the utility

functions to get the explicit equilibrium income tax schedules.
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Figure 2.1: Revenue Requirement Function and Income Function: Single District
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Figure 2.2: Income Tax Function: Single District
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Figure 2.3: Revenue Requirement Functions and Income Functions: Three Districts
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Figure 2.4: Income Tax Functions: Three Districts
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