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Abstract

This thesis has two main contributions: the designs of differential /non-differential
unitary space-time codes for multiple-antenna systems and the analysis of the diver-
sity gain when using space-time coding among nodes in wireless networks.

Capacity has long been a bottleneck in wireless communications. Recently, multiple-
antenna techniques have been used in wireless communications to combat the fading
effect, which improves both the channel capacity and performance greatly. A re-
cently proposed method for communicating with multiple antennas over block-fading
channels is unitary space-time modulation, which can achieve the channel capacity
at high SNR. However, it is not clear how to generate well performing unitary space-
time codes that lend themselves to efficient encoding and decoding. In this thesis, the
design of unitary space-time codes using Cayley transform is proposed. The codes
are designed based on an information-theoretic criterion and have a polynomial-time
near-maximum-likelihood decoding algorithm. Simulations suggest that the resulting
codes allow for effective high-rate data transmissions in multiple-antenna commu-
nication systems without knowing the channel. Another well-known transmission
scheme for multiple-antenna systems with unknown channel information at both the
transmitter and the receiver is differential unitary space-time modulation. It can
be regarded as a generalization of DPSK and is suitable for continuous fading. In
differential unitary space-time modulation, fully diverse constellations, i.e., sets of
unitary matrices whose pairwise differences are non-singular, are wanted for their
good pairwise error properties. In this thesis, Lie groups and their representations
are used in solving the design problem. Fully diverse differential unitary space-time

codes for systems with four and three transmit antennas are constructed based on the
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Lie groups Sp(2) and SU(3). The designed codes have high diversity products, lend
themselves to a fast maximume-likelihood decoding algorithm, and simulation results
show that they outperform other existing codes, especially at high SNR.

Then the idea of space-time coding devised for multiple-antenna systems is applied
to communications over wireless networks. In wireless relay networks, the relay nodes
encode the signals they receive from the transmit node into a distributed space-time
code and transmit the encoded signals to the receive node. It is shown in this thesis
that at very high SNR, the diversity gain achieved by this scheme is almost the same
as that of a multiple-antenna system whose number of transmit antennas is the same
as the number of relay nodes in the network, which means that the relay nodes work
as if they can cooperate fully and have full knowledge of the message. However, at
moderate SNR, the diversity gain of the wireless network is inferior to that of the
multiple-antenna system. It is further shown that for a fixed total power consumed
in the network, the optimal power allocation is that the transmitter uses half the
power and the relays share the other half fairly. This result addresses the question of
what performance a relay network can achieve. Both it and its extensions have many

applications to wireless ad hoc and sensory network communications.
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Chapter 1 Introduction to
Multiple-Antenna Communication

Systems

1.1 Introduction

Wireless communications first appeared in 1897, when Guglielmo Marconi demon-
strated radio’s ability to provide contact with ships sailing the English channel.
During the following one hundred years, wireless communications has experienced
remarkable evolution, for example, the appearance of AM and FM communication
systems for radios [Hay01] and the development of the cellular phone system from its
first generation in the 1970s to the third generation, which we are about to use soon
[Cal03, Stu00, Rap02]. The use of wireless communications met its greatest increase
in the last ten years, during which new methods were introduced and new devices
invented. Nowadays, we are surrounded by wireless devices and networks in our ev-
eryday lives: cellular phone, handheld PDA, wireless INTERNET, walkie-talkie, etc.
The ultimate goal of wireless communications is to communicate with anybody from
anywhere at anytime for anything.

In reaching this ultimate goal, the bottleneck lies in the capacity of wireless com-
munication systems, that is, how much information can go through the system. With
the increasing use of diverse wireless facilities, the demand for bandwidth or capacity
becomes more and more urgent, especially for power and complexity limited systems.
This means that we can not increase capacity by simply increasing the transmit

power. Communication systems in use today are predominantly single-antenna sys-
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tems. Because of the multiple-path propagation in wireless channels, the capacity of
a single wireless channel can be very low. Research efforts have focused on ways to
make more efficient use of this limited capacity and have accomplished remarkable
progresses. On the one hand, efficient techniques, such as frequency reuse [Rap02]
and OFDM [BS99], have been invented to increase the bandwidth efficiency; on the
other hand, advances in coding such as turbo codes [BGT93] and low density parity
check codes [Gal62, MN96, McE02] make it feasible to almost reach Shannon capacity
[CT91, McE02], the theoretical upper bound for the capacity of the system. However,
a conclusion that the capacity bottleneck has been broken is still far-fetched.

Other than low Shannon capacity, single-antenna systems suffer another great dis-
advantage: its high error rate. In an additive white Gaussian noise (AWGN) channel,
which models a typical wired channel, the pairwise error probability (PEP), the prob-
ability of mistaking the transmitted signal with another one, decreases exponentially
with the signal-to-noise ratio (SNR), while due to the fading effect, the average PEP
for wireless single-antenna systems only decreases linearly with SNR. Therefore, to
achieve the same performance, a much longer code or much higher transmit power is
needed for single-antenna wireless communication systems.

Given the above disadvantages, single-antenna systems are unpromising candi-
dates to meet the needs of future wireless communications. Therefore, new commu-
nication systems superior in capacity and error rate must be introduced and conse-
quently, new communication theories for these systems are of great importance at the
present time.

Recently, one such new systems, digital communication systems using multiple-
input-multiple-output (MIMO) wireless links, that is, using multiple antennas at
the transmitter and the receiver, has emerged. This is one of the most significant
technical breakthroughs in modern communications. The key feature of a multiple-

antenna system is its ability to turn multiple-path propagation, which is traditionally
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regarded as a disadvantage to wireless communications, into a benefit to the users.

In 1996 and 1999, Foschini and Telatar proved in [Fos96] and [Tel99] that com-
munication systems with multiple antennas have a much higher capacity than single-
antenna systems. They showed that the capacity improvement is almost linear in
the number of transmit antennas or the number of receive antennas, whichever is
smaller. This result indicated the superiority of multiple-antenna systems and ig-
nited great interest in this area. In few years, much work has been done generalizing
and improving their results. On the one hand, for example, instead of assuming that
the channels have rich scattering so that the propagation coefficients between trans-
mit and receive antennas are independent, it was assumed that correlation can exist
between the channels; on the other hand, unrealistic assumptions, such as perfect
channel knowledge at both the transmitter and the receiver are replaced by more re-
alistic assumptions of partial or no channel information at the receiver. Information
theoretic capacity results have been obtained under these and other new assumptions,
for example, [ZT02, SFGKO00, CTK02, CFGO02].

These results indicate that multiple-antenna systems have much higher Shannon
capacity than single-antenna ones. However, since Shannon capacity can only be
achieved by codes with unbounded complexity and delay, the above results do not
reflect the performance of real transmission systems. For example, in a system with
two transmit antennas, if identical signals are transmitted from both antennas at a
time, a PEP that is inversely proportional to SNR is obtained, which is the same
as that of single-antenna systems although the coding gain is improved. However,
if Alamouti’s scheme [Ala98] is used, a PEP that behaves as SNR™2 is obtained.
Therefore, it is important to develop algorithms that take advantage of the spatial
diversity provided by multiple antennas. Many algorithms with reasonable complex-
ity and performance have been proposed, for example, the diversity techniques and

diversity combining methods (see [Win83, Wit93, Stu00, Rap02, Pro00]). Among
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them, the most successful one is space-time coding.

In space-time coding, the signal processing at the transmitter is done not only in
the time dimension, as what is normally done in many single-antenna communication
systems, but also in the spatial dimension. Redundancy is added coherently to both
dimensions. By doing this, both the data rate and the performance are improved
by many orders of magnitude with no extra cost of spectrum. This is also the main
reason that space-time coding attracts much attention from academic researchers and
industrial engineers alike.

The idea of space-time coding was first proposed by Tarokh, Seshadri and Calder-
bank in [TSC98]. They proved that space-time coding achieves a PEP that is inversely

RMY where M is the number of transmit antennas and N is the

proportional to SN
number of receive antennas. The number M N is called the diversity of the space-
time code. Comparing with the PEP of single-antenna systems, which is inversely
proportional to the SNR, the error rate is reduced dramatically. It is also shown in
[TSCI8] that by using space-time coding, some coding gain can be obtained. The
first practical space-time code is proposed by Alamouti in [Ala98], which works for
systems with two transmit antennas. It is also one of the most successful space-time
codes because of its great performance and simple decoding.

The result in [TSC98] is based on the assumption that the receiver has full knowl-
edge of the channel, which is not a realistic assumption for systems with fast-changing
channels. Hochwald and Marzetta studied the much more practical case where no
channel knowledge is available at either the transmitter or the receiver. They first
found a capacity-achieving space-time coding structure in [MH99] and based on this
result, they proposed unitary space-time modulation [HMO00]. In [HMO0], they also
proved that unitary space-time coding achieves the same diversity, M N, as general
space-time coding.

Based on unitary space-time modulation, a transmission scheme that is better
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tailored for systems with no channel information at both the transmitter and the
receiver is proposed by Hochwald and Sweldens in [HS00] and Hughes in [Hug00al,
which is called differential unitary space-time modulation. Differential unitary space-
time modulation can be regarded as an extension of differential phase-shift keying
(DPSK), a very successful transmission scheme for single-antenna systems.

During the last few years, the technology of multiple antennas and space-time
coding has been improved greatly. There are many papers on the design of differential
and non-differential unitary space-time codes, for example, [TJC99, HH02b, MHHO02,
HHO02a, JHO03e, JHO3b, JHO4e, GD03, DTBO02|. There is also much effort in trying to
improve the coding gain by combining space-time codes with other error-correcting
codes or modulations, for example, [SD01, SGO01, LFT01, Ari00, BBH0O, FVYO01,
GL02, BDO01, LB02, JS03]. Today, this area is still under intensive theoretical study.

In this thesis, the design of space-time codes is investigated in order to exploit
the transmit diversity provided by the transmit antennas at the transmitter along
with the applications of space-time coding in wireless networks in order to exploit
the distributed spatial diversity provided by antennas of the distributed nodes in a
network. The thesis has five parts. The first part includes Chapters 1 and 2, in
which a brief but broad introduction of multiple-antenna systems and space-time
coding is provided. Chapter 3 is Part II, which describes the design of unitary space-
time codes using Cayley transform. Part III includes Chapters 4, 5 and 6, where
the design of differential unitary space-time codes based on groups is discussed. In
Chapter 4, concepts and background materials of groups and Lie groups are listed,
along with motivations to the use of groups in differential unitary space-time code
design. Chapters 5 and 6 are on the design of differential unitary space-time codes
for systems with four transmit antennas and three transmit antennas based on the
Lie groups Sp(2) and SU(3), respectively. Part IV is Chapter 7, in which the idea

of space-time coding is used in wireless networks to exploit the distributed diversity
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among the relay nodes. The last part, Chapter 8, is the summary and discussion.

1.2 Multiple-Antenna Communication System Model

Consider a wireless communication system with two users. One is the transmitter
and the other is the receiver. The transmitter has M transmit antennas and the
receiver has NN receive antennas as illustrated in Figure 1.1. There exists a wireless
channel between each pair of transmit and receive antennas. The channel between
the m-th transmit antenna and the n-th receive antenna can be represented by the

random propagation coefficient h,,,, whose statistics will be discussed later.
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Figure 1.1: Multiple-antenna communication system

To send information to the receiver, at every transmission time, the transmitter
feeds signals sq,-- -, sy to its M antennas respectively. The antennas then send the
signals simultaneously to the receiver. Every receive antenna at the receiver obtains
a signal that is a superposition of the signals from every transmit antenna through
the fading coefficient. The received signal is also corrupted by noise. If we denote

the noise at the n-th receive antenna by w,, the received signal at the n-th receive



antenna is
M
Ty = Z P Sm + Wi,
m=1
This is true for n = 1,2,---, N. If we define the vector of the trasmitted signal as
s = [s1,892, - ,Sum|, the vector of the received signal as x = [z, 29, ,xp], the
vector of noise as w = [wy, wo, - -+ ,wyy] and the channel matrix as

hfll h12 e th
H— h21 h22 e h2N ’
L thl th2 e hMN ]

the system equation can be written as
x =sH +w. (1.1)

The total transmit power is P = ss* = trs*s.

1.3 Rayleigh Flat-Fading Channel

The wireless characteristic of the channel places fundamental limitations on the per-
formance of wireless communication systems. Unlike wired channels that are sta-
tionary and predictable, wireless channels are extremely random and are not easily
analyzed due to the diverse environment, the motion of the transmitter, the receiver,
and the surrounding objects. In this section, characteristics of wireless channels are
discussed and the Rayleigh flat-fading channel model is explained in detail.

In a mobile wireless environment, the surrounding objects, such as buildings, trees,
and houses act as reflectors of electromagnetic waves. Due to these reflections, elec-

tromagnetic waves travel along different paths of varying lengths and therefore have
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various amplitudes and phases. The interaction between these waves causes multiple
fading at the receiver location, and the strength of the waves decreases as the distance
between the transmitter and the receiver increases. Traditionally, propagation model-
ing focuses on two aspects. Propagation models that predict the mean signal strength
for an arbitrary transmitter-receiver separation distance are called large-scale propa-
gation models since they characterize signal strength over large transmitter-receiver
distances. Propagation models that characterize the rapid fluctuations of the received
signal strength over very short travel distances or short time durations are called small
scale or fading models. In this thesis, the focus is on fading models, which are more
suitable for indoor and urban areas.

Small-scale fading is affected by many factors, such as multiple-path propaga-
tion, speed of the transmitter and receiver, speed of surrounding objects, and the
transmission bandwidth of the signal. In this work, narrowband systems are consid-
ered, in which the bandwidth of the transmitted signal is smaller than the channel’s
coherence bandwidth, which is defined as the frequency range over which the chan-
nel fading process is correlated. This type of fading is referred to as flat fading or
frequency nonselective fading.

The Rayleigh distribution is commonly used to describe the statistical time-
varying nature of the received envelope of a flat-fading signal. It is also used to
model fading channels in this thesis. For a typical mobile wireless channel in indoor
or urban areas, we may assume that the direct line-of-sight wave is obstructed and
the receiver obtains only reflected waves from the surrounding objects. When the
number of reflected waves is large, according to central limit theory, two quadrature
components of the received signal are uncorrelated Gaussian random processes with
mean zero and variance o2. As a result, the envelope of the received signal at any

time instant has a Rayleigh distribution and its phase is uniform between —m and .
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The probability density function of the Rayleigh distribution is given by

;Te_ﬁ r>0
p(r) =
0 r <0

If the fading coefficients in the multiple-antenna system model given in (1.1) are

normalized by

Z|h'mn|_ ) for i:1,2,"',N, (12)

2

we have o° = Therefore, the fading coefficient h,,, has a complex Gaussian

1
5-
distribution with zero-mean and unit-variance, or equivalently, the real and imaginary

parts of h,,, are independent Gaussians with mean zero and variance 5 Note that

with (1.2),

M
Ethnsn ZE\hmn| [sal® = ZEW
m=1

which indicates that the normalization in (1.2) makes the received signal power at

every receive antenna equals the total transmit power.

Another widely used channel model is the Ricean model which is suitable for the
case when there is a dominant stationary signal component, such as a line-of-sight
propagation path. The small-scale fading envelope is Ricean, with probability density

function,

e 202 Lo () if r>0
p(r) = -
0 if r<0
The parameter A is always positive and denotes the peak amplitude of the dominant

signal, and Iy(+) is the zeroth-order modified Bessel function of the first kind [GRO0].

For more information on propagation models, see [Rap02].
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1.4 Capacity Results

As discussed in Section 1.1, communication systems with multiple antennas can
greatly increase capacity, which is one of the main reasons that multiple-antenna
systems are of great interest. This section is about the capacity of multiple-antenna
communication systems with Rayleigh fading channels. Three cases are discussed:
both the transmitter and the receiver know the channel, only the receiver knows the
channel, and neither the transmitter nor the receiver knows the channel. The results
are based on Telatar’s results in [Tel99].

It is obvious that the capacity depends on the transmit power. Therefore, assume

that the power constraint on the transmitted signal is
Etrs*s < P, or equivalently, Etrss* < P.

In the first case, assume that both the transmitter and receiver know the channel
matrix H. Note that H is deterministic in this case. Consider the singular value
decomposition of H : H = UDV™*, where U is an M x M unitary matrix, V is
an N X N unitary matrix, and D is an M x N diagonal matrix with non-negative
diagonal entries.! By defining X = Vx,s = sU, and v = Vv, the system equation
(1.1) is equivalent to

Xx=Ds+v.

Since v is circularly symmetric complex Gaussian? with mean zero and variance Iy,

'An M x N matrix, A, is diagonal if its off-diagonal entries, a;j,i # j,4 = 1,2,--- ,M,j =
1,2,--- N, are zero.
2A complex vector x € C™ is said to be Gaussian if the real random vector X = { XRe } € R
Im

is Gaussian. x is circularly symmetric if the variance of X has the structure

|: QRe _le :|
le QRe

for some Hermitian non-negative definite matrix Q € C"*™. For more on this subject, see [Tel99,
Ede89).
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v is also circularly symmetric complex Gaussian with mean zero and variance [y.
Since the rank of H is min{M, N}, at most min{M, N} of its singular values are
non-zero. Denote the non-zero singular values of H as v/)\;. The system equation can

be written component-wisely to get
i’i = \/ )\zgz + ’fl,i, for 1 S 1 S min{M, N}

Therefore, the channel is decoupled into min{M, N} uncorrelated channels, which
is equivalent to min{M, N} single-antenna systems. It is proved in [Tel99] that the
capacity achieving distribution of §; is circularly symmetric Gaussian and the ca-
pacity for the i-th independent channel is log(1 + A\;P;), where P, = E3§;5; is the
power consumed in the i-th independent channel. Therefore, to maximize the mu-
tual information, §; should be independent circularly symmetric Gaussian distributed
and the transmit power should be allocated to the equivalent independent channels
optimally. It is also proved in [Tel99] that the power allocation should follow “water-
filling” mechanism. The power for the i-th sub-channel should be E §¥5; = (u—\; )7,
where p is chosen such that ZET{M’N} (n— A1) = P.? The capacity of the system
is thus

min{M,N}

C= Z log(pAs),

i=1
which increases linearly in min{M, N}.

When only the receiver knows the channel, the transmitter cannot perfrom the
“water-filling” adaptive transmission. It is proved in [Tel99] that the channel capacity
is given by

C =logdet(Iy + (P/M)H"H),

which is achieved when s is circularly symmetric complex Gaussian with mean zero

3a™ denotes max{o,a}.
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and variance (P/M)Iy;. When the channel matrix is random according to Rayleigh

distribution, the expected capacity is just
C =E logdet(Iy + (P/M)H"H),

where the expectation is over all possible channels.
For a fixed N, by the law of large numbers, limy;_, ﬁH *H = I with probability

1. Thus the capacity behaves, with probability 1, as
Nlog(1+ P),

which grows linearly in N, the number of receive antennas. Similarly, for a fixed M,
limy_o vHH* = I with probability 1. Since det(Iy + (P/M)H*H) = det(Iy +

(P/M)HH*), the capacity behaves, with probability 1, as
PN
M1 14+ —
og ( + i ) )

which increases almost linearly in M, the number of transmit antennas. Therefore,

comparing with the single antenna capacity
log(1+ P),

the capacity of multiple-antenna systems increases almost linearly in min{M, N'}.
Multiple-antenna systems then give significant capacity improvement than single-
antenna systems.

The capacity for the case when neither the transmitter nor the receiver knows the
channel is still an open problem. Zheng and Tse [ZT02] have some results based on

the block-fading channel model, which will be discussed in the next chapter.
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1.5 Diversity

Another prominent advantage of multiple-antenna systems is that they provide better
reliability in transmissions by using diversity techniques without increasing transmit
power or sacrificing bandwidth. The basic idea of diversity is that, if two or more
independent samples of a signal are sent and then fade in an uncorrelated manner,
the probability that all the samples are simultaneously below a given level is much
lower than the probability of any one sample being below that level. Thus, properly
combining various samples greatly reduces the severity of fading and improves relia-
bility of transmission. We give a very simple analysis below. For more details, please
refer to [Rap02, Stu00, VY03].

The system equation for a single-antenna communication system is

x = /psh + v,

where h is the Rayleigh flat-fading channel coefficient. p is the transmit power. v is the
noise at the receiver, which is Gaussian with zero-mean and unit-variance. s satisfies
the power constraint E|s|> = 1. Therefore, the SNR at the receiver is p|h|?. Since
h is Rayleigh distributed, |h|? is exponentially distributed with probability density
function

plx)=e€e" x>0.

Thus, the probability that the receive SNR is less than a level e is,

P(plh*<e)=P (W < 5) = / e Pdr=1—¢5.
p 0

When the transmit power is high (p > 1),

P (p|h|* <€) =

Y

|l
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which is inversely proportional to the transmit power. For a multiple-antenna system,

with the same transmit power, the system equation is

X =/psH + v,

where Ess* = 1. Further assume that the elements of s are iid, in which case

E|s;|* = 1/M. Since h;; are independent, the expected SNR at the receiver is

M M N M N N
pEsHH's" = pY 3N Esshuhye = p Y Elsi® > [hal? = % SO hal®
i=1 j=1 k=1 =1 k=1 i=1 k=1

The probability that the SNR at the receiver is less than the level € is then

i=1 k=1 i=1 k=1 p
cM eM
< P <|h11‘2 < 7,' ,‘hMN|2 < —)
M,N
’ M
i (W < 6—)
i=1,k=1

which is inversely proportional to pM¥. Therefore, multiple-antenna systems have

much lower error probability than single-antenna systems at high transmit power.
There are a lot of diversity techniques. According to the domain where diver-

sity is introduced, they can be classified into time diversity, frequency diversity and

antenna diversity (space diversity). Time diversity can be achieved by transmitting
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identical messages in different time slots, which results in uncorrelated fading signals
at the receiver. Frequency diversity can be achieved by using different frequencies to
transmit the same message. The issue we are interested in is space diversity, which is
typically implemented using multiple antennas at the transmitter or the receiver or
both. The multiple antennas should be separated physically by a proper distance to
obtain independent fading. Typically a separation of a few wavelengths is enough.

Depending on whether multiple antennas are used for transmission or reception,
space diversity can be classified into two categories: receive diversity and transmit
diversity. To achieve receive diversity, multiple antennas are used at the receiver
to obtain independent copies of the transmitted signals. The replicas are properly
combined to increase the overall receive SNR and mitigate fading. There are many
combining methods, for example, selection combining, switching combining, maxi-
mum ratio combining, and equal gain combining. Transmit diversity is more difficult
to implement than receive diversity due to the need for more signal processing at
both the transmitter and the receiver. In addition, it is generally not easy for the
transmitter to obtain information about the channel, which results in more difficulties
in the system design.

Transmit diversity in multiple-antenna systems can be exploited by a coding
scheme called space-time coding, which is a joint design of error-control coding, mod-
ulation, and transmit diversity. The idea of space-time coding is discussed in the next

chapter.
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Chapter 2 Space-Time Block Codes

2.1 Block-Fading Model

Consider the wireless communication system given in Figure 1.1 in Section 1.2. We
use block-fading model by assuming that the fading coefficients stay unchanged for
T consecutive transmissions, then jump to independent values for another T trans-
missions and so on. This piecewise constant fading process mimics the approximate
coherence interval of a continuously fading process. It is an accurate representation
of many TDMA, frequency-hopping, and block-interleaved systems.

The system equation for a block of T transmissions can be written as

pT
X =4/=—8SH+ W, 2.1
A oHTW (2.1)
where
S11 0 S1M ZTi1 o 1M
S = , X = ,
St1 o STM 1 - TTM
hiw -+ hiy Wy -+ WIN
H — s W —
hari -+ hun wr1 -+ XTN

S is the T'x M transmitted signal matrix with s;,, the signal sent by the m-th transmit
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antenna at time ¢. The t-th row of .S indicates the row vector of the transmitted values
from all the transmitters at time ¢ and the m-th column indicates the transmitted
values of the m-th transmit antenna across the coherence interval. Therefore, the
horizontal axis of S indicates the spatial domain and the vertical axis of S indicates
the temporal domain. This is why S is called a space-time code. In the design of S,
redundancy is added in both the spatial and the temporal domains. H is the M x N
complex-valued matrix of propagation coefficients which remains constant during the
coherent period 1" and h,,, is the propagation coefficient between the m-th transmit
antenna and the n-th receive antenna. h,,, have a zero-mean unit-variance circularly-
symmetric complex Gaussian distribution CA/(0, 1) and are independent of each other.
V is the T' x N noise matrix with v, the noise at the n-th receive antenna at time
t. The vy,s are iid with CN(0, 1) distribution. X is the 7' X N matrix of the received
signal with x;, the received value by the n-th receive antenna at time ¢. The t-th row
of X indicates the row vector of the received values at all the receivers at time ¢ and
the n-th column indicates the received values of the n-th transmit antenna across the
coherence interval.

If the transmitted signal is further normalized as

1 U 1
MZEbth:?, for t=1,2,....T, (2.2)
m=1

which means that the average expected power over the M transmit antennas is kept
constant for each channel use, the expected received signal power at the n-th receive
antenna and the t-th transmission is as follows.

2

M
E Stm h’mn

m=1

ol
E
M

T M T M
_ 2 2 _ 2
=7 mE:1E|stm| E|hma|” = 7 E E|sim|” = p.

m=1
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The expected noise power at the n-th receive antenna and the ¢-th transmission is

E |w,|? = 1.

Therefore p represents the expected SNR at every receive antenna.

! I
! I N
b, | Rayleigh flat-fading channel , b,
Codebook| S (TxM) ! 1 X (TxN) n
b Do) ) %
[ ] 1 [ )
B o (@ peoter > 3
o size2 ) /F ! /F /F X s
bRT 2 : : /BRT
CpPIMP L HMXN) W (TxN) !

Figure 2.1: Space-time block coding scheme

The space-time coding scheme for multiple-antenna systems can be described by
the diagram in Figure 2.1. For each block of transmissions, the transmitter selects a
T x M matrix in the codebook according to the bit string [by, by, - - - , byrr]| and feeds
columns of the matrix to its transmit antennas. The receiver decodes the R bits based
on its received signals which are attenuated by fading and corrupted by noise. The
space-time block code design problem is to design the set, C = {S1, Ss, -, Sorr}, of

28T transmission matrices in order to obtain low error rate.

2.2 Capacity for Block-Fading Model

In this section, the capacity of multiple-antenna systems using block-fading channel
model is discussed. Note that the results in Section 1.4 are actually included in the
results here since the system model used in Section 1.4 is a special case of the block-
fading model used here with T = 1. As before, three cases are discussed: both the
transmitter and the received know the channel, only the receiver knows the channel,

and neither the transmitter nor the receiver knows the channel. The results are based
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on [Tel99, MH99] and [ZT02].
When both the transmitter and the receiver know the channel, the capacity is the
same using block-fading model or not since in this case, H is deterministic. When
only the receiver has perfect knowledge of the channel, it is proved in [MH99] that

the average capacity per block of T' transmissions is

C =T -F log det (IN n ﬁH*H) ,
M
where the expectation is over all possible channel realizations. Therefore, the average

capacity per channel use is just

C = E log det (IN n %H*H) ,

which is the same as the result in Section 1.4. Thus, the capacity increases almost
linearly in min{M, N}.

Now, we discuss the case that neither the transmitter nor the receiver knows the
channel. It is proved in [MH99] that for any coherence interval 7" and any number
of receive antennas, the capacity with M > T transmit antennas is the same as the
capacity obtained with M = T transmit antennas. That is, according to capacity,
there is no point in having more transmit antennas than the length of the coherence
interval. Therefore, in the following text, we always assume that 7' > M.

The structure of the signal that achieves capacity is also given in [MH99], which
will be stated in Section 2.5. Although the structure of capacity-achieving signal is
given in [MH99], the formula for the capacity is still an open problem. In [ZT02],
the asymptotic capacity of Rayleigh block-fading channels at high SNR is computed.
The capacity formula is given up to the constant term according to SNR. Here is the

main result.

Define G(T, M) as the set of all M dimensional subspaces of CT. Let K =
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min{ M, N}. If T > K + N, then at high SNR, the asymptotic optimal scheme is to
use K of the transmit antennas to send signal vectors with constant equal norm. The

resulting capacity in bits per channel use is

K
C=K <1 - ?) log p+ cin + 0(1), (2.3)
where
1 M T M al
Chn = 7 10g |G(T, M)| + M (1 T) log — + (1 T) | > Elogx;
i=N—M+1
and

T .
G(T, M) = |S(T, M) _ [lir—ra ﬁ
A= (s T, 2=

is the volume of the Grassmann manifold G(T', M). x3; is a chi-square random vari-
able (see [EHP93]) of dimension 2i. Formula (2.3) indicates that the capacity is
linear in min{M, N ,% at high SNR. This capacity expression also has a geometric
interpretation as sphere packing in Grassmann manifold.

In [HMO2], the probability density of the received signal when transmitting isotrop-
ically distributed unitary matrices is obtained in closed form, from which capacity
of multiple-antenna systems can be computed. Also, simulated results in [HMO02]
show that at high SNR, the mutual information is maximized when M = min{N, % ,
whereas at low SNR, the mutual information is maximized by allocating all transmit

power to a single antenna.
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2.3 Performance Analysis of Systems with Known

Channels

When the receiver knows the channel H, it is proved in [TSC98] and [HMO00] that the

maximum-likelihood (ML) decoding is

arg  max P(X|S imln HX WSHH

Since the exact symbol error probability and bit error probability are very difficult
to calculate, research efforts focus on the pairwise error probability (PEP) instead in
order to get an idea of the error performance. The PEP of mistaking S; by S; is the
probability that S; is decoded at the receiver while S; is transmitted. In [TSC98] and
[HMOO], it is proved that the PEP of mistaking S; and S}, averaged over the channel

distribution, has the following upper bound:
P<det_N IM+ (S S)(SZ—Sj)}
If S; — S, is full rank, at high SNR (p > 1),

P, < det V(S — S,)"(Si = ;) (‘j‘;) | (2.4)
We can see that the average PEP is inversely proportional to SNRM¥ . Therefore,
diversity M N is obtained. The coding gain is det V' (S; — S;)*(S; — S;). If S; — 5 is
not full rank, the diversity is rank (S; — S;)N

Researchers also have worked on the exact PEP and other upper bounds of PEP,
from which estimations of the bit error probability are made. For more, see [HMOO,

7.AS00, UG00, TB02).
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2.4 Training-Based Schemes

In wireless communication systems, for the receiver to learn the channel, training are
needed. Then, data information can be sent, and the ML decoding and performance
analysis follow the discussions in the previous section. This scheme is called training-
based scheme.

Training-based schemes are widely used in multiple-antenna wireless communica-
tions. The idea of training-based schemes is that when the channel changes slowly,
the receiver can learn the channel information by having the transmitter send pilot
signals known to the receiver. Training-based schemes dedicate part of the trans-
mission matrix S to be a known training signal from which H can be learned. In
particular, training-based schemes are composed of two phases: the training phase
and the data-transmission phase. The following discussion is based on [HH03].

The system equation for the training phase is

_&:M%&H+%

where S; is the T; x M complex matrix of training symbols sent over T} time samples
and known to the receiver, p; is the SNR during the training phase, X; is the T; x N
complex received matrix, and V; is the noise matrix. S; is normalized as trS;S; =
MT;.

Similarly, the system equation for the data-transmission phase is

;Q:M%&H+w

where Sy is the T; x M complex matrix of data symbols sent over Ty =T — T, time
samples, py is the SNR during the data-transmission phase, Xy is the T; x N complex

received matrix, and V; is the noise matrix. Sy is normalized as Etr S;S; = MT,.
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The normalization formula has an expectation because S, is random and unknown.
Note that pT = p Ty + piT;.
There are two general methods to estimate the channel: the ML (maximum-
likelihood) and the LMMSE (linear minimum-mean-square-error) estimation whose

channel estimations are given by

H= \/E(S:St)_IS:Xt and H = M <%TM +St*5t) _1St*Xtv
Pt Pt \ Pt
respectively.

In [HHO3], an optimal training scheme that maximizes the lower bound of the
capacity for MMSE estimation is given. There are three parameters to be optimized.
The first one is the training data S;. It is proved that the optimal solution is to
choose the training signal as a multiple of a matrix with orthonormal columns. The
second one is the length of the training interval. Setting 7T; = M is optimal for any
p and T'. Finally, the third parameter is the optimal power allocation, which should

satisfy the following,

pa<p<p T >2M
pa=p=p T =2M .

pa>p>p T <2M

Combining the training-phase equation and the data-transmission-phase equation,

the system equation can be written as

X, Ins v,
=/p H+ . (2.5)
X S Va
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Therefore, the transmitted signal is

1 Iy
V2 | g,

If we further assume that the (7' — M) x M data matrix Sy is unitary, the unitary
complement of S can be easily seen to be

5 (2.6)

IT—M

If Sy is not unitary, the matrix given in (2.6) is only the orthogonal complement of
S.! Note that the unitary complement of S may not exist in this case.

There are other training schemes according to other design criterions. For exam-
ple, in [Mar99], it is shown that, under certain conditions, by choosing the number of
transmit antennas to maximize the throughput in a wireless channel, one generally

spends half the coherence interval training.

2.5 Unitary Space-Time Modulation

As discussed in the previous section, training-based scheme allocates part of the trans-
mission interval and power to training, which causes both extra time delay and power
consumption. For systems with multiple transmit and receive antennas, since there
are M N channels in total, to have a reliable estimation of the channels, consider-
ably long training interval is needed. Also, when the channels change fast because of
the movings of the transmitter, the receiver, or surrounding objects, training is not

possible. In this section, a transmission scheme called unitary space-time modulation

AT x (T — M) matrix A is the orthogonal complement of a T x M matrix A if and only if
A*A =0.
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(USTM) is discussed, which is suitable for trainsmissions in multiple-antenna sys-
tems when the channel is unknown to both the transmitter and the receiver without

training. This scheme was proposed in [HMO00].

2.5.1 Transmission Scheme

When the receiver does not know the channel, it is not clear how to design the signal
set and decode. In [MH99], the capacity-achieving signal is given, and the main result

is as follows in Theorem 2.1.

Theorem 2.1 (Structure of capacity-achieving signal). [MH99] A capacity-
achieving random signal matriz for (2.1) may be constructed as a product S = VD,
where V' is a T X T isotropically distributed unitary matriz, and D s an independent
T x M real, nonnegative, diagonal matriz. Furthermore, for either T' > M, or high
SNR with T'> M, dy; = doy = -+ = dpyar = 1 achieves capacity where d;; is the i-th

diagonal entry of D.

An isotropically distributed 7" x T unitary matrix has a probability density that
is unchanged when the matrix is left or right multiplied by any deterministic unitary
matrix. It is the uniform distribution on the space of unitary matrices. In a natural
way, an isotropically distributed unitary matrix is the T'x T" counterpart of a complex
scalar having unit magnitude and uniformly distributed phase. For more on the
isotropic distribution, refer to [MH99] and [Ede89].

Motivated by this theorem, in [HMO00], it is proposed to design the transmitted
signal matrix S as S = ® [I), OT_M7M]t with ® a T x T unitary matrix. That is, S
is designed as the first M columns of a 7" x T" unitary matrix. This is called unitary
space-time modulation, and such an S is called a T' x M unitary matrix since its
M columns are orthonormal. In USTM, the transmitted signals are chosen from a

constellation V = {Sy,..., S} of L = 28T (where R is the transmission rate in bits



26

per channel use) 7' X M unitary matrices.

2.5.2 ML Decoding and Performance Analysis

It is proved in [HMOO] that the ML decoding of USTM is

é:arg max, | X*S||% = arg 1 mln | X*S7||%. (2.7)

..........

With this ML decoding, the PEP of mistaking S; by S;, averaged over the channel

distribution, has the following Chernoff upper bound

N
(pT/M = d?)] )
1+ 4(1+pT/M)

| M
=311

where 1 > dy > ... > dj; > 0 are the singular values of the M x M matrix S;Si.
The formula shows that the PEP behaves as | det(S¥S;)| 7. Therefore, many design
schemes have focused on finding a constellation that maximizes min;; | det(S7S;)|,
for example, [HMR*00, ARUO1, TKO02]. Since L can be quite large, this calls into
question the feasibility of computing and using this performance criterion. The large
number of possible signals also rules out the possibility of decoding via an exhaustive
search. To design constellations that are huge, effective, and yet still simple, so that
they can be decoded in real time, some structure needs to be introduced to the signal

set. In Chapter 3, it is shown how Cayley transform can be used for this purpose.

2.6 Differential Unitary Space-Time Modulation

2.6.1 Transmission Scheme

Another way to communicate with unknown channel information is differential uni-

tary space-time modulation, which can be seen as a natural higher-dimensional exten-
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sion of the standard differential phase-shift keying (DPSK) commonly used in signal-
antenna unknown-channel systems (see [HS00, Hug00a]). In differential USTM, the
channel is used in blocks of M transmissions, which implies that the transmitted

signal, S, is an M x M unitary matrix. The system equation at the 7-th block is

X’T = \/ESTHT _'_ ‘/;'7 (28>

where S; is M x M, H., X,, and V, are M x N. Similar to DPSK, the transmitted
signal S, at the 7-th block equals the product of a unitary data matrix, U, _, z, €
0,...,L — 1, taken from our signal set C and the previously transmitted matrix, S,_;.

In other words,

S, =U..8_, (2.9)

with Sy = Ij;. To assure that the transmitted signal will not vanish or blow up to
infinity, U, must be unitary. Since the channel is used M times, the corresponding
transmission rate is R = ﬁ log, L, where L is the cardinality of C. If the propagation
environment keeps approximately constant for 2M consecutive channel uses, that is,

H. ~ H._4, then from the system equation in (2.8),

X‘r = \/EUZTST—lHT—l + ‘/7' = Uvz-r (XT - VT—l) + ‘/7' = UZ-,-XT + VT - UZTVT—l‘

Therefore, the following fundamental differential receiver equation is obtained [HH02a,

X, =U, Xo1 + W/, (2.10)

where

W! =V, —U.. Vi, (2.11)
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The channel matrix H does not appear in (2.10). This implies that, as long as
the channel is approximately constant for 2M channel uses, differential transmission

permits decoding at the receiver without knowing the channel information.

2.6.2 ML Decoding and Performance Analysis

Since U,, is unitary, the additive noise term in (2.11) is statistically independent of U,
and has independent complex Gaussian entries. Therefore, the maximum-likelihood
decoding of z; can be written as

2, = arg max | X: — UXr—i||p- (2.12)

It is shown in [HS00, Hug00a] that, at high SNR, the average PEP of transmitting

U; and erroneously decoding U; has the upper bound

MN
Pe S 1 § ! )
2\p | det(U; — Uy)[*N

which is inversely proportional to | det(U; — U;)|?". Therefore the quality of the code
is measured by its diversity product defined as

min | det(U; — U;)| . (2.13)

1
2 0<i<j<L

e =

From the definition, the diversity product is always non-negative. A code is said to
be fully diverse or have full diversity if its diversity product is not zero. Fully diverse
physically means that the receiver will always decode correctly if there is no noise.
The power 7 and the coefficient 3 in formula (2.13) are used for normalization.
With this normalization, the diversity product of any set of unitary matrices is be-
tween 0 and 1. From the definition of diversity product, it is easy to see that the set

with the largest diversity product is {I;, —Ips} since it has the minimum number of
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elements with the maximum determinant difference. Since

| det(Ins — (—=Ip))| = det 20, = 2M,

to normalize the diversity product of the set to 1, (2.13) is obtained. The differential
unitary space-time code design problem is thus the following: Let M be the number
of transmitter antennas, and R be the transmission rate. Construct a set C of L =
2ME )M x M unitary matrices such that its diversity product, as defined in (2.13), is
as large as possible.

Many design schemes [HS00, Hug00a, SHHS01, Hug00b, GD03, DTB02| have
focused on finding a constellation C = {Uy,...,Ur} of L = 2M% unitary M x M
matrices that maximizes ¢ defined in (2.13). Similar to USTM, in general, the
number of unitary M x M matrices in C can be quite large. This huge number
of signals calls into question the feasibility of computing £ and also rules out the
possibility of decoding via an exhaustive search. To design constellations that are
huge, effective, and yet still simple so that they can be decoded in real time, some
structure should be imposed upon the signal set. In Chapter 4 of this thesis, the idea
of design differential unitary space-time code with group structure is introduced. In
Chapters 5 and 6, our work on the designs of 4 x 4 and 3 x 3 differential unitary
space-time codes based on Lie groups Sp(2) and SU(3) are explained in detail. The
codes proposed not only have great performance at high data rates but also lend

themselves to a fast decoding algorithm using sphere decoding.
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2.7 Alamouti’s 2 x 2 Orthogonal Design and Its

Generalizations

The Alamouti’s scheme [Ala98] is historically the first and the most well-known space-
time code which provides full transmit diversity for systems with two transmit an-

tenna. It is also well-known for its simple structure and fast ML decoding.

hll _ -
X —_—>-_'_— -7
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Figure 2.2: Transmission of Alamouti’s scheme

The transmission scheme is shown in Figure 2.2. The channel is used in blocks of
two transmissions. During the first transmission period, two signals are transmitted
simultaneously from the two antennas. The first antenna transmits signal  and the
second antenna transmits signal —y*. During the second transmission period, the first
antenna transmits signal y and the second antenna transmits signal x*. Therefore,

the transmitted signal matrix S is

It is easy to see that the two columns/rows of S are orthogonal. This design scheme
is also called the 2 x 2 orthogonal design. Further more, with the power constraint

|z|> + |y|*> = 1, S is actually a unitary matrix with determinant 1. In general, the
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Alamouti’s code can be written as

1 T )
C={ —— reSL,yesds p,

\/W —y*
where §; and Sy are two sets in C. If §; = S = C, the code is exactly the Lie group
SU(2). To obtain finite codes, S; and S, should be chosen as finite sets, and therefore
the codes obtained are finite samplings of the infinite Lie group.
The Alamouti’s scheme not only has the properties of simple structure and full
rate (it’s rate is 1 symbol per channel use), it also has an ML decoding method with
very low complexity. With simple algebra, the ML, decoding of Alamouti’s scheme is

equivalent to

)

N
1
i=1

1 N
y— \/;Z(xuhzi — x3;hi;)
=1

arg min
xT

and arg min
y

which actually shows that the decodings of the two signals x and y can be decou-
pled. Therefore, the complexity of this decoding is very small. This is one of the
most important features of Alamouti’s scheme. For the unknown channel case, this
transmission scheme can also be used in differential USTM, whose decoding is very
similar to the one shown above and thus can be done very fast.

We now turn our attention to the performance of this space-time code. For any

two non-identical signal matrices in the codes,

OO o2 Y2
Sl = and SQ = 5

* * *

*
—Y X —Ys Lo
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we have

1 — U Ty — U1
det(S; — Sg) = det = |z — $2|2 + |y — y2‘27

—(@2 —y2)" (21 —w)"
which is always positive since either x; # x5 or y; # yo. Therefore, the rank of S;— 5
is 2, which is the number of transmit antennas. Full transmit diversity is obtained.
The diversity product of the code is min ,, y,) 2y 40) |21 — 22>+ [y1 —y2|?. If 2; and y;
are chosen from the P-PSK signal set {1,e2™7 .- "7 } it is shown in [SHHS01]
that the diversity product of the code is %.

Because of its great features, much attention has been dedicated to finding meth-
ods to generalize Alamouti’s scheme for higher dimensions. A real orthogonal de-
sign of size n is an n X n orthogonal matrix whose entries are the indeterminants
+xq,---,+x,. The existence problem for real orthogonal designs is known as the
Hurwitz-Radon problem [GS79] and has been solved by Radon. In fact, real orthog-
onal designs exist only for n = 2,4, 8.

A complex orthogonal design of size n is an n X n unitary matrix whose entries
are the indeterminants +xy,---, £z, and +zj,---, £z, In [TJC99], Tarokh, Ja-
farkhani and Calderbank proved that complex orthogonal design only exists for the
two-dimensional case, that is, the Alamouti’s scheme is unique. They then general-
ized the complex orthogonal design problem to non-square case also. They proved

1

the existence of complex orthogonal designs with rate no more than 5 and gave a

4 x 3 complex orthogonal design with rate 3. In [WXO03], Wang and Xia proved

that the rate of complex orthogonal designs is upper-bounded by % for systems with
more than two transmit antennas and the rate of generalized orthogonal designs (non-
square case) is upper-bounded by %. The restricted (generalized) complex orthogonal

design is also discussed in [WX03].
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2.8 Sphere Decoding and Complex Sphere Decod-

ing

To accomplish transmissions in real time, fast decoding algorithm at the receiver is
required. A natural way to decode is exhaustive search, which finds the optimal
decoding signal by searching over all possible signals. However, this algorithm has
a complexity that is exponential in both the transmission rate and the dimension.
Therefore, it may take long time and cannot fulfill the real time requirement especially
when the rate and dimension is high. There are other decoding algorithms, such as
nulling-and-canceling [Fos96], whose complexity is polynomial in rate and dimension,
however, they only provide approximate solutions. In this section, an algorithm
called sphere decoding is introduced which not only provides the exact ML solutions
for many communication systems but also has a polynomial complexity for almost all
rates.

Sphere decoding algorithm was first proposed to find vectors of shortest length in a
given lattice [Poh81], and has been tailored to solve the so-called integer least-square
problem:

min

2
sEZL™ x- HSHF’

where x € R™ ! H € R™"™ and Z" denotes the m-dimensional integer lattice, i.e.,
s is an n-dimensional vector with integer entries. The geometric interpretation of
the integer least-square problem is this: as the entries of s run over Z, s spans the
“rectangular” n-dimensional lattice. For any H, which we call the lattice-generating
matriz, Hs spans a “skewed” lattice. Therefore, given the skewed lattice and a vector
x, the integer least-square problem is to find the “closest” lattice point (in Euclidean

sense) to x. We can generalize this problem by making s € §™ where S is any discrete
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set.
Many communication decoding problems can be formulated into this problem
with little modification since many digital communication problems have a lattice

formulation [VB93, HH02b, DCBO00]. The system equation is often

X = Hs+v,

where s € R"*! is the transmit signal, x € R™*! is the received signal, H € R™*" is
the channel matrix and v € R™*! is the channel noise. Note that here all the matrix
and vectors are real. The decoding problem is often

in ||x — Hs||3. 2.14
min [|x — Hs||7 (2.14)

To obtain the exact solution to this problem, as mentioned before, an obvious method
is exhaustive search, which searches over all s € 8™ and finds the one with the
minimum ||x — Hs||%. However, this method is not feasible when the number of
possible signals is infinite. Even when the cardinality of the lattice is finite, the
complexity of exhaustive search is usually very high especially when the cardinality
of the lattice is huge. It often increases exponentially with the number of antennas
and transmission rate. Sphere decoding gives the exact solution to the problem with
a much lower complexity. In [HVa], it is shown that sphere decoding has an average
complexity that is cubic in the transmission rate and number of antennas for almost
all practical SNRs and rates. It is a convenient fast ML decoding algorithm.

The idea of sphere decoding is to search over only lattice points that lie in a certain
sphere of radius d around the given vector x. Clearly, the closest lattice point inside
the sphere is the closest point in the whole lattice. The main problem is how to find

the vectors in the sphere.
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A lattice point Hs is in a sphere of radius d around x if and only if

Ix — Hs||% < d. (2.15)

R
Consider the Cholesky or QR factorization of H: H = @ , where R is

Om—n,n

an n X n upper triangular matrix with positive diagonal entries and () is an m X m
orthogonal matrix.? If we decompose @ as [Q; @], where @ is the first n columns

of @, (2.15) is equivalent to
|Qix — Rs||7 + [|Qsx|% < d*.

Define d2 = d* — ||Q5x||% and y = Qjx. The sphere becomes

Y1 ™1 T2 - Tim S1
Yo 0 71 - rog S9 )
- <&, (2.16)
_yn_ | 0 0 rn,n_ _Sn_ F

where y; indicates the ¢-th entry of y. Note that the n-th row of the vector in the
left hand side depends only on s, the (n — 1)-th row depends only on s, and s,_1,
and so on. Looking at only the n-th row of (2.16), a necessary condition for (2.16) to

hold is (z,, — 7n8,)? < d2 which is equivalent to

[Mw <s, < Vﬂ + an , (2.17)

Tnn Tnon

Therefore, the interval for s, is obtained. For each s,, in the interval, define d? ;| =

d?2 — (2, — rnnsn)®. A stronger necessary condition can be found by looking at the

2Here we only discuss the n < m case. The n > m case can be seen in [HVb].
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(n—1)-th row of (2.16): |Zp_1 —Tn_1n-150-1— Tn_1.n5n|> < d2_,. Therefore, for each

Sp in (2.17), we get an interval for s,_1:

’V_dn—l + Tn—1— Tn—l,nsn—‘ S Sn1 S \\dn—l + Tp—1 — Tn—l,nSnJ . (218)
n—1n-1 n—1,n-1
Continue with this procedure till the interval of s; for every possible values of s,,, - - - , s9

is obtained. Thus, all possible points in the sphere (2.15) are found. A flow chart of
sphere decoding can be found in [DAMLO00] and pseudo code can be found in [HVa].

The selection of the search radius in sphere decoding is crucial to the complexity.
If the radius is too large, there are too many points in the sphere, and the complexity
is high. If the selected radius is too small, it is very probable that there exists no
point in the sphere. In [VB93], it is proposed to use the covering radius of the
lattice. The covering radius is defined as the radius of the spheres centered at the
lattice points that cover the whole space in the most economical way. However,
the calculation of the covering radius is normally difficult. In [HVa], the authors
proposed to choose the initial radius such that the probability of having the correct
point in the sphere is 0.9, then increase the radius gradually if there is no point in
the sphere. In our simulations, we use this method. Other radius-choosing methods
can be found in [DCB00, DAMLO00]. There are also publications on methods that
can further reduce the complexity of sphere decoding, interested readers can refer to
[GHO03, AVZ02, Art04b, Art04a] .

The sphere decoding algorithm described above applies to real systems when s
is chosen from a real lattice. Therefore, the algorithm can be applied to complex
systems when the system equation can be rewritten as linear equations of unknowns
with twice the dimension by separating the real and imaginary parts of x, H and s.
Fortunately, this is true for many space-time coding systems ([HH02b, HH02a]). In

particular, real sphere decoding is used in the decoding of our Cayley unitary space-
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time codes in Chapter 3, the Sp(2) differential unitary space-time codes in Chapter
5, and also the distributed space-time codes in Chapter 7.

Based on real sphere decoding, Hochwald generalized it to the complex case which
is more convenient to be applied in wireless communication systems using PSK signals
[HtB03]. The main idea is as follows.

The procedure follows all the steps of real sphere decoding. First, use the Cholesky
factorization H = QR where () is an m X m unitary matrix and R is an upper triangle
matrix with positive diagonal entries. Note that generally the off-diagonal entries of
R are complex, and x, H, s are all complex. The search sphere is the same as in (2.16).
As mentioned before, by looking at the last entry of the vector in the left hand side

of (2.16), a necessary condition is |y, — rp.n5,|? < 72 or equivalently,
|Sn - yn/rn7n|2 S T2/rr2L,n‘

This inequality limits the search to points of the constellation contained in a complex
disk of radius r/r,, centered at y,/r,,. These points are easily found when the
constellation forms a complex circle (as in PSK).

Let s, = r.e¥™%  where 7. is a positive constant and 6, € {0,27/P,--- ,27(P —
1)/P}. That is, s, is a P-PSK signal. Denote y,/rn, as 7.c*™ and define d2 =
7?/r2 . Then the condition becomes

2+ 72 — 2, cos(0, — 0,) < r?/r? (2.19)

n,n’

which yields

~

1
en - Hn > 2 A2 2.2 )
C0s(0, — B,) 2 5 (2 + 72 =12 /r2,)

If the right-hand side of the above is greater than 1, the search disk does not contain

any point of the PSK constellation. If the value is less than —1, then the search disk
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includes the entire constellation. Otherwise, the range of the possible angle for s,, is

~ P r2 4+ 72 —r2/r2 - P
0, — — cos™* ( - / ’ ) <46, < |6, +—cos™?
2T 27,7 2

2 4 52 g2 /p2
(Tc Te r /Tn,n>}220)

277

Im

Figure 2.3: Interval searching in complex sphere decoding

This can be easily seen in Figure 2.3. The sphere given in (2.19) is the area
bounded by the dashed circle. The values that s, can take spread on the solid circle

uniformally. Note that

1
2—A(r§+f§—r2/rin) >l |re—7]>dsr.>r.+dor 7.>r.+d.

TCTC ’
If r. > 7.+ d, then the dashed circle is inside the solid circle. If 7. > r. + d, the two
circles are disjoint. Therefore, if either happens, there is no possible s, in the sphere
given in (2.19). If (2 + 72 —r?/r2 ) < —1, then the solid circle is contained in
the dashed circle, which means that all the PSK signals are in the sphere. Otherwise,

the solid circle has an arc that is contained in the sphere, and possible angles are

given by (2.20).
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Therefore, an interval for s,’s angle, or equivalently, the set of values that s, can
take on is obtained. For any chosen s, in the set, the set of possible values of s,,_;
can be found by similar analysis. By continuing with this procedure till the set of

possible values of s; is found, all points in the complex disk are obtained.

2.9 Discussion

The results in Sections 2.2-2.6 are based on the assumption that the fading coeffi-
cients between pairs of transmit and receiver antennas are frequency non-selective
and independent of each other. In this section, situations in which these assumptions
are not valid are discussed.

In practice, channels may be correlated especially when the antennas are not suffi-
ciently separated. The correlated fading models are proposed in [ECST98, SFGKO0].
The effects of fading correlation and channel degeneration (known as the keyhole
effect) on the MIMO channel capacity have been addressed in [SFGK00, CTKO02,
CFGO02], in which it is shown that channel correlation and degeneration actually de-
grade the capacity of multiple-antenna systems. Channel correlation can be mitigated
using precoding, equalization and other schemes. For more on these issues, refer to
[ZG03, KS04, SS03, HS02a, PL03].

In wideband systems,? transmitted signals experience frequency-selective fadings,
which causes inter-symbol interference (ISI). It is proved in [GLO0] that the cod-
ing gain of the system is reduced, and it is reported that at high SNR, there ex-
ists an irreducible error rate floor. A conventional way to mitigate ISI is to use
an equalizer at the receiver ([CC99, ADO01]). Equalizers mitigate ISI and convert
frequency-selective channels to flat-fading channels. Then, space-time codes designed

for flat-fading channels can be applied ([LGZMO1]). However, this approach results

3If the transmitted signal bandwidth is greater than the channel coherence bandwidth, the com-
munication system is called a wideband system.



40
in high complexity at the receiver. An alternative approach is to use orthogonal
frequency division multiplexing (OFDM) modulation. The idea of OFDM can be
found in [BS99]. In OFDM, the entire channel is divided into many narrow parallel
sub-channels with orthogonal frequencies. In every sub-channel, the fading can be
regarded as frequency non-selective. There are many papers on space-time coded
OFDM, for example [ATNS98, LW00, LSA98, BGP00].

Space-time coding is also combined with error-correcting schemes to improve cod-
ing gain. Space-time trellis codes were first proposed by Tarokh in [TSC98|, and
after that, they have been widely exploited ([TC01, CYVO01, JS03]). The combi-
nation of space-time coding with trellis-coded modulation has also been widely an-
alyzed ([BBH00, FVY01, BD01, GL02, TC01, JS03]). Other research investigated
the combinations of space-time coding with convolutional codes and turbo codes
([Ari00, SGO1, SD01, LFT01, LLC02]). The combinations of these schemes increases
the performance of the system, however, the decoding complexity is very high and

the performance analysis is very difficult.

2.10 Contributions of This Thesis

Contributions of this thesis are mainly on the design of space-time codes for multiple-
antenna systems and their implementation in wireless networks. It can be divided
into three parts.

In part one, unitary space-time codes are designed for systems with no channel
information at both the transmitter and the receiver using Cayley transform. Cay-
ley transform provides an one-to-one mapping from the space of (skew) Hermitian
matrices to the space of unitary matrices. Based on the linearity of the space of
Hermitian matrices, the transmitted data is first broken into sub-streams o, - - - , v,

then linearly encoded into the T" x T" Hermitian-matrix space. Then a set of T" x T
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unitary matrices is obtained by applying Cayley transform to the encoded Hermi-
tian matrices. We show that by appropriate constraints on the Hermitian matrices
and ignoring the data dependence of the additive noises, ay,-- - , g appears linearly
at the receiver. Therefore, linear decoding algorithms such as sphere decoding and
nulling-and-canceling can be used with polynomial complexity. Our Cayley codes
have a similar structure as training-based schemes under transformations.

Cayley codes do not require channel knowledge at either the transmitter or the
receiver, are simple to encode and decode, and can be applied to any combination of
transmit and receive antennas. They are designed with a probabilistic criterion: they
maximize the expected log-determinant of differences between matrix pairs.

The recipe for designing Cayley unitary space-time codes for any combination of
transmit and receive antennas and coherence intervals is given, and also simulation ex-
amples are presented, which compare our Cayley codes with optimized training-based
space-time codes and uncoded training-based schemes for different system settings.
Our simulation results are preliminary. They indicate that Cayley codes generated
with this recipe only slightly underperform optimized training-based schemes using
orthogonal designs and/or linear dispersion codes. However, they are clearly superior
to uncoded training-based space-time schemes. Further optimization on basis ma-
trices of Cayley codes is necessary for a complete comparison of Cayley codes with
training-based schemes.

The second part of our contributions is the design of unitary space-time codes
based on Lie groups for the differential transmission scheme. The work can be re-
garded as extensions of [HK00]. In Chapter 5, we work on the symplectic group
Sp(n) which has dimension n(2n + 1) and rank n. We first give a parameterization
of Sp(n) and then design differential unitary space-time codes which are subsets of
Sp(2) by sampling the parameters appropriately. Necessary and sufficient conditions

for full diversity of the codes are given. The designed constellations are suitable for
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systems with four transmit antennas and any number of receive antennas. The spe-
cial symplectic structure of the codes lends themselves to linear-algebraic decoding,
such as sphere decoding. Simulation results show that they have better performance
than the 2 x 2 and 4 x 4 complex orthogonal designs, group-based diagonal codes,
and differential Cayley codes at high SNR. Although they slightly underperform the
k11,—1 finite-group code and the carefully designed non-group code, they do not need
exhaustive search (of exponentially growing size) required by such code and therefore
are far superior in term of decoding complexity.

In Chapter 6, we keep working on the idea of differential unitary space-time code
design based on Lie groups with rank 2 and analyze the special unitary Lie group
SU(3), which has dimension 8 and rank 2. The group is not fixed-point-free, but
we describe a method to design fully-diverse codes which are subsets of the group.
Furthermore, motivated by the structure of the SU(3) codes, we propose a simpler
code called the AB code. Both codes are suitable for systems with three transmit
antennas. Necessary conditions for full diversity of both codes are given and our
conjecture is that they are also sufficient conditions. The codes have simple formulas
from which their diversity products can be calculated in a fast way. A fast maximum-
likelihood decoding algorithm for AB codes based on complex sphere decoding is
given, by which decoding can be done with a complexity that is polynomial in the
rate and dimension. Simulation results show that SU(3) codes and AB codes perform
as well as finite group-based codes at low rates. At high rates, performance of SU(3)
and AB codes is much better than that of finite group-based codes and about the same
as that of the carefully designed non-group codes. The AB codes are, in addition,
far superior in terms of decoding complexity as exhaustive search (of exponentially
growing size) is required in decoding finite group-based and non-group codes. Our
work on Sp(2) and SU(3) show the promise of studying constellations inspired by

group-theoretical considerations.
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The last contribution is on the application of space-time codes in wireless net-
works, or what we call the distributed space-time coding. We propose the use of linear
dispersion space-time codes in wireless relay networks with a two-step strategy. We
assume that the transmitter and relay nodes do not know the channel realizations
but only their statistical distribution. ML decoding and average PEP at the receiver
are analyzed. The main result is that diversity, min{7T, R} <1 — %), is obtained,
where R is the number of relay nodes and P is the average total power consumed in
the network. This result indicates that when T > R and the average total transmit
power is high, relay networks achieve almost the same diversity as multiple-antenna

systems with R transmit antennas. This result is also supported by simulations. We

further show that with R = T, the leading order term in the PEP of wireless re-

lay networks behaves as %\det(sj—sjn? (81‘;§P)R, which compared to %m (%)R,
the PEP of multiple-antenna systems, shows the loss of performance due to the facts
that space-time codes relay networks are implemented distributively and the relay
nodes have no knowledge of the transmitted symbols. We also observe that the high
SNR coding gain, |det(S; — S;)|72, of relay networks is the same as what arises in

multiple-antenna systems. The same is true at low SNR where a trace condition

comes up.
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Chapter 3 Cayley Unitary Space-Time
Codes

3.1 Introduction

As discussed in Chapters 1 and 2, multiple transmit and/or receive antennas promise
high data rates on wireless channels with multi-path fading [Fos96, Tel99]. Many
proposed schemes that achieve these high rates require the propagation environment
or channel to be known to the receiver (see, e.g., [Fos96, Alad8, TSC98, HHO02b]
and the references therein). In practice, knowledge of the channel is often obtained
via training: known signals are periodically transmitted for the receiver to learn the
channel, and the channel parameters are tracked in between the transmission of the
training signals. However, it is not always feasible or advantageous to use training-
based schemes, especially when many antennas are used or either end of the link is
moving so fast that the channel is changing very rapidly [Mar99, HH03].

Hence, there is much interest in space-time transmission schemes that do not re-
quire either the transmitter or receiver to know the channel. Information-theoretic
calculations with a multi-antenna channel that changes in a block-fading manner first
appeared in [MH99]. Based on these calculations, USTM was proposed in [HMO00], in
which the transmitted signals form a unitary matrix. Further information-theoretic
calculations in [ZT02] and [HMO02] show that, at high SNR, USTM schemes are ca-
pable of achieving full channel capacity. Furthermore, in [HMHO1], it is shown that
all these can be done over a single coherence interval, provided the coherence interval

and number of transmit antennas are sufficiently large—a phenomenon referred to as
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autocoding.

While all these are well recognized, it is not clear how to design a constellation of
non-square USTM matrices, that deliver on the above information-theoretic results
and lend themselves to efficient encoding and decoding. The first technique to design
USTM constellations was proposed in [HMR00], which, while allowing for efficient
decoding, was later shown in [MHHO02| to have poor performance, especially at high
rates. The constellation proposed in [MHHO02], on the other hand, while, theoretically
having good performance, has to date no tractable decoding algorithm. Recently, a
USTM design method based on the exponential map has been proposed in [GKB02].

In USTM, the first M columns of the 7" x T" unitary matrices are chosen to be the
transmitted signal. Therefore, let us first look at the space of T' x T unitary matrices
which is referred as the Stiefel manifold. It is well-known that this manifold is highly
non-linear and non-convex. Note that an arbitrary complex 7' x T matrix has 27"
real parameters, but for a unitary one, there are T' constraints to force each column

T(T-1)

to have unit norm and another 2 x —=— constraints to make the 7" columns pairwise

T(T-1)
s = T2.
M(M-1)

Similarly, the space of T'x M unitary matrices has dimension 2T'M —M —2x ——5— =

orthogonal. Therefore, the Stiefel manifold has dimension 272 — T — 2 x

2T M — M?2.

To design codes of unitary matrices, we need first a parameterization of the space
of unitary matrices. There are some parameterization methods in existence but all
of them suffer from disadvantages for use in unitary space-time code design. We now
briefly discuss these. The discussion is based on [HHO02a).

The first parameterization method is by Givens rotations. A unitary matrix ®

can be written as the product

¢ = GGy Grir-1)2DGrri1))2 - Grr-1,
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where D is a diagonal unitary matrix and G;s are Givens (or planar) rotations, one
for each of the @ two-dimensional hyperplanes [HJ91]. It is conceivable that one
can encode the data onto the angles of rotations and also the diagonal phases of D.
But it is not a practical method since neither is the parameterization one-to-one (for
example, one can re-order Givens rotations) nor does systematic decoding appears to
be possible.

Another method is to parameterize with Householder reflections. A unitary matrix
® can be written as the product ® = DHH,--- Hy, where D is a diagonal matrix
and

R )%

- _9l> (@) — i i
H; =1y 2||h(i)’|%’ R9=1¢9 ... 0 1 hZ(le h(M)

are Householder matrices [GL96]. This method is also not encouraging to us because
we do not know how to encode and decode data onto Householder matrices in any
efficient manner.

And also, unitary matrices can be parameterized with the matrix exponential
® = ¢4, When A is T x T Hermitian, ® is unitary. The exponential map also has
the difficulty of not being one-to-one. This can be overcome by imposing constraints
0 < A < 271, but the constraints are not linear although convex. We do not know
how to sample the space of A to obtain a constellation of ®. Moreover, the map
cannot easily be inverted at the receiver for 7' > 1. Nonetheless, a method based on
the exponential map has been proposed in [GKB02].

In this chapter, design of USTM constellations using Cayley transform is proposed.
This can be regarded as an extension, to the non-square case, of the earlier work on
Cayley codes for differential USTM [HHO02a]. As will be shown later, this extension is
far from trivial. Nonetheless, the codes designed here inherit many of the properties

of Cayley differential codes. In particular, they:

1. are very simple to encode: the data is broken into substreams used to parame-
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terize the unitary matrices,
2. can be used for systems with any number of transmit and receive antennas,

3. can be decoded in a variety of ways including simple polynomial-time linear-
algebraic techniques such as successive nulling-and-cancelling (V-BLAST [GFVW99,
Has99]) or sphere decoding [FP85, DCBO00],

4. satisfy a probabilistic criterion: they maximize an expected distance between

matrix pairs,

The work in this chapter has been published in IEFE Transactions on Signal
Processing Special Issue on MIMO Communications [JHO3e|, the Proceeding of 2002
IEEFE International Conference on Acoustics, Speech, and Signal Processing (ICASSP’02)
[HJO02a], and the Proceeding of 2002 IEEE International Symposium on Information
Theory (ISIT’02) [HJO2b].

3.2 Cayley Transform

Cayley transform was proposed in [HH02a] to design codes for differential unitary
space-time modulation whereby both good performance and simple encoding and
decoding are obtained.

The Cayley transform of a complex 7" x T' matrix Y is defined to be
d=(I+Y)'(I-Y),

where Y is assumed to have no eigenvalue at —1 so that the inverse exists. Let A be
a T x T Hermitian matrix and consider the Cayley transform of the skew-Hermitian

matrix Y = iA:

® = (I+iA)"HI—iA). (3.1)
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First note that since ¢ A is skew-Hermitian, it has no eigenvalue at —1 because all its
eigenvalues are strictly imaginary. That means that (I 4+ 1A4)~! always exists. From

definition, Cayley transform is the generalization of the scalar transform

1—2a

which maps the real line to the unit circle. Notice that no finite point on the real line
can be mapped to the point,—1, on the unit circle.

The most prominent advantage of Cayley transform is that it maps the compli-
cated space of unitary matrices to the space of Hermitian matrices, which is linear.

It can be easily proved that

PO = (I +iA) NI —iA)[(I +iA) (I —iA)]
= ([ +iA)"(I —iA)I +iA)( —iA)~

= I

The second equation is true because I — iA, I + iA, (I —iA)™" and (I +iA)~" all
commute. Similarly, ®*® = I can also be proved. Therefore, similar to the matrix
exponential, Cayley transform maps the complicated Stiefel manifold of unitary ma-
trices to the space of Hermitian matrices. Hermitian matrices are easy to characterize
since they form a linear vector space over the reals. Therefore, easy encoding and
decoding can be obtained.

From (3.1) it can be proved easily that

iA=(I+®) (I - )

provided that (I + ®)~! exists. This shows that Cayley transform and its inverse

transform coincide. Thus, Cayley transform is one-to-one. It is not an onto map
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because those unitary matrices with eigenvalues at —1 have no inverse images. Recall
that the space of Hermitian or skew-Hermitian matrices has dimension 7'? which
matches that of Stiefel manifold.

We have shown that a matrix with no eigenvalues at —1 is unitary if and only
if its Cayley transform is skew-Hermitian. Compared with other parameterizations
of unitary matrices, the parameterization with Cayley transform is one-to-one and
easily invertible.

And also, it is proved in [HHO02a] that a set of unitary matrices is fully diverse if
and only if the set of their Hermitian inverse Cayley transforms is fully diverse. This
suggests that a set of unitary matrices with promising performance can be obtained
from a well-designed set of Hermitian matrices by Cayley transform.

In [HHO02a], Cayley transform has been used in the design of M x M unitary space-
time codes for differential modulation. The idea is to design a good set of Hermitian
matrices and use their Cayley transform as the signal matrices. In this chapter we
generalize this idea to the non-square case. It can be seen in the following sections
that the generalization is far from trivial since the non-squareness of the matrices

causes a lot of problems in the code design.

3.3 The Idea of Cayley Unitary Space-Time Codes

Because Cayley transform maps the nonlinear Stiefel manifold to the linear space
(over the reals) of Hermitian matrices (and vice-versa), it is convenient and most
straightforward to encode data linearly onto Hermitian matrices and then apply Cay-
ley transform to get unitary matrices.

We call a set of T x M unitary matrices a Cayley unitary space-time code if any
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element in the set can be written as

1 In
S = Iy +iA)" (Ip —iA) (3.2)
0
with the Hermitian matrix A given by
Q
A= a4, (3.3)
q=1

where ay, o, ..., ag are real scalars (chosen from a set A with r possible values) and
Ay, Ay, ..., Ag are fixed T' x T' complex Hermitian matrices.

The code is completely determined by the set of matrices {41, Ao, ..., Ag}, which
can be thought of as Hermitian basis matrices. Each individual codeword, on the
other hand, is determined by our choice of the scalars ay, ag, ..., g whose values are
in the set A4, (the subscript 'r’ represents the cardinality of the set). Since each of
the @ real coefficients may take on r possible values and the code occupies T channel
uses, the transmission rate is R = (Q/T") log, 7. We defer the discussions on how to
design A,’s, @, and the set A, to the later part of this chapter and concentrate on

how to decode oy, ay, ..., g at the receiver first.

3.4 A Fast Decoding Algorithm

Similar to differential Cayley codes, our Cayley unitary space-time codes also have
the good property of linear decoding, which means that the receiver can be made to
form a system of linear equations in the real scalars as, o, ..., ag. First, it is useful

to see what our codes and their ML decoding look like.
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Partition the 7" x T matrix A as

All A12
A21 A22

where Ay is an M x M matrix and Ay is a (T'— M) x (T'— M) matrix. For A being
Hermitian, A;; and Age must both be Hermitian and also Ay = AJ,.

Observe that

)
= (I+iA)"YI —iA)

= (I +iA)'[2I — (I +iA))
= 20l +iA)" =1

1
Iy +iAp 1A19
= 2 -1
P4, Tpoas +ids
2[[ — (] + iAll)_lAlgAz_lA)b](I + iAll)_l -1 —22([ + iAll)_lAlgAgl

—2iA; AL (T +iAp)7! 201 — T

where Ay = I + iAgy + A}y(I + iAy1) "1 Ajo is the Schur complement of I + iAy; in
I+ A
Therefore, from (3.2),

g | 2 A AT A A T | (3.4)
—2iA; AL (I +iAy)
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which is composed by the first M columns of @, and
gl _ —2i(I + A1) TARAS!
PVANE |
is the unitary complement of S. In fact, it can be algebraically verified that both S
and St are unitary.

By partitioning the received signal matrix X into an M x N block X; and a

X
(T'— M) x N block X3 as X = ' , the second form of the ML decoder in (2.7)
X
reduces to
arg 1{211; (=20 X7 (1 +idy) A+ X5(2 — Ag)]Angi,. (3.5)

The reason for choosing the second form of the ML decoding, as opposed to the first
one, is that we prefer to minimize, rather than maximize the Frobenius norm. In
fact, we shall presently see in the following that a simple approximation leads us
to a quadratic minimization problem, which can be solved conveniently via sphere
decoding.

It is easy to see that the decoding formula given in (3.5) is not quadratic in entries
of A, which indicates that it is not quadratic in «s since A is linear in a,s. Therefore,
the system equation at the receiver is not linear. The formula looks intractable
because it has matrix inverses as well as the Schur complement A,. Adopting the
approach of [HH02a] by ignoring the covariance of the additive noise term A", we
obtain

(3.6)

2
jak

arg 13111? H2X§ — X;AQ — 22Xik(] + iAll)_lAlg‘

which, however, is still not quadratic in entries of A. Therefore, to simplify the
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formula, more constraints should be imposed on the Hermitian matrix A. That is,
our A matrix should have a more handy structure. Fortunately, observe that the
number of degrees of freedom in a T' x T Hermitian matrix is 7%, but the number of
degrees of freedom in a 7' x M unitary matrix S is only 2T'M — M? = T? — (T — M)
There are (T'— M)? more degrees of freedom in A than needed. So let us exploit this.

Indeed, if we let
(I +iAy) AL =B (3.7)

for some fired M x (T'— M) matrix B, by which 2M (T — M) degrees of freedom are

lost *. Then,
Ay =(I+iAn)B (3.8)
and
Ay =1+ B*B —1B*A;1 B 4 iAg. (3.9)
Some algebra shows that the above decoding formula (3.6) reduces to
fuin = arg 1{35} |X; — X;B*B — 2iX{B+iX;B*A; B —iX;An|%,  (3.10)

which is now quadratic in entries of A. Fast decoding methods such as sphere decod-
ing and nulling-and-canceling can be used which have polynomial complexity as in

BLAST [Fos96].

We call (3.10) the “linearized” decoding because it is equivalent to the decoding

1With this condition, the number of degrees of freedom in A is T2 — 2T M +2M?, which is greater
than 2T'M — M?, the number of degrees of freedom in an arbitrary 7' x M unitary matrix, when
T>3M.
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of a system whose system equation is linear in the unknowns a,s. For a wide range
of rates and SNR, (3.10) can be solved exactly in roughly O(Q?) computations us-
ing sphere decoding [FP85, DCB00]. Furthermore, simulation results show that the
penalty for using (3.10) instead of the exact ML decoding is small, especially when
weighed against the complexity of the exact ML decoding. To facilitate the presenta-
tion of the sphere decoding algorithm, the equivalent channel model in matrices are

shown in the following subsection.

3.4.1 Equivalent Model

From (3.8), Ao = A3, is fully determined by A;;. Therefore, the degrees of freedoms
in A are all in matrices Aj; and Asy. The encoding formula (3.3) of A can thus be

modified to the following encoding formulas of A;; and Ags:

Q Q
An = Zanqu and Aoy = Z an227q’ (3_11)

q=1 q=1

where () is the number of possible A;; ;s and Ags ¢S, a1, ag, ... are real scalars chosen
from the set AT, and All,la A11,2, couy All,Q and A2271’ A22,2, ey A227Q are fixed M x M
and (T — M) x (T — M) complex Hermitian matrices.? The matrix A is therefore

constructed as

All ([ + ZAll)B
B*(I — iAll) A22

S A (I +i30 aghing)B
B*(I —i 22221 agAin,) ZqQ:1 g Ao g

2 Actually, in our design , A1; and Aso can have different numbers of degrees of freedom, Q1 and
@2, and the coefficients of the two basis sets can have non-identical sample spaces. That is, we can
have A1 = Z;Q:ll apAi p, Aog = Zquzl BqAg2,q where a; € Ay, and 0; € A,,. However, to simplify
the design problem, here we just set Q1 = Q2 and r; = rs.
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9 Alq iAn,4B 0 B
= Zaq +
q=1

—Z.B*Aqu A227q B* 0

Therefore, the linearized ML decoding (3.10) can be written as

2

arg min
& {aq}

Q Q
X; = X;B*B=2iX{B+i» a,X;B"A1,B i)Y a,X;An,

q=1 q=1

L(3.12)

F

Define
C=X;—-X;B"B—-2iX{B, and J, = —iX;B"A;,B+iX;As, (3.13)

forg=1,2,...,Q. By decomposing the complex matrices C' and J, into their real and

imaginary parts, the decoding formula (3.12) can be further rewritten as

2
o Ip_n

arg min —
{oa} Cr Jir oo Jour

aglr_yr .

where Cg, C; are the real and imaginary parts of C' and J; g, J;; are the real and
imaginary parts of J;. Also, denoting by Cg;,Crj, Ji rj, Ji1; the j-th columns of
Cr, Cr, Jig, Jig for j =1,2,....(T — M), and writing matrices in the above formula

column by column, the formula can be further simplified to

axgin R — ol (314
where R is the 2N (T'— M )-dimensional column vector [C’}z’1 1 Chr_m Croo M]t

and H is the 2N (T — M) x @) matrix
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| J1,r1 Jor1 - JQ,r1 ]
Ji11 Jo11 e Jo,11
(3.15)
Jirr-m JorT-Mm c JQRT-M
| Juir-m Dorr-m o Jour-m |

t

a = [aq,---,ag]" is the vector of unknowns. Therefore, we obtain the equivalent

channel model

R =Ha+W, (3.16)

where W is the equivalent noise matrix. « appears to pass through an equivalent
channel ‘H and is corrupted by additive noise.> The equivalent channel, H given in
(3.15), is known to the receiver because it is a function of Ay11, Ao, - -, A11.0,
A22,1, A22,2, Ty A22,Q> X1, and Xo.

Therefore, the decoding is equivalent to decoding of a simple linear system, which
can be done using known techniques such as successive nulling-and-canceling, effi-
cient square-root implementation, and sphere decoding. FEfficient implementations
of nulling-and-canceling generally require O(Q?) computations. Sphere decoding can
be regarded as a generalization of nulling-and-canceling where at each step, rather
than making a hard decision on the corresponding s, one considers all a,s that lie
within a sphere of a certain radius. Sphere decoding has the important advantage
over nulling-and-canceling that it computes the ezact solution. Its worst case behavior
is exponential in @), but its average behavior is comparable to nulling-and-canceling.

When the number of transmit antennas and the rate are small, exact ML decoding

3In general, the covariance of the noise is dependent on the transmitted signal. However, in
ignoring Ay Lin (3.6), we have ignored this signal dependence.
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using exhaustive search is possible. However, a search over all possible o, ..., ag may
be impractical for large T and R. Fortunately, the performance penalty for the lin-
earized Ml decoding given in (3.10) is small, especially weighed against the complexity

of exact ML decoding using exhaustive search.

3.4.2 Number of Independent Equations

Nulling-and-canceling explicitly requires that the number of equations be at least as
large as the number of unknowns. Sphere decoding does not have this hard constraint,
but it benefits from more equations because the computational complexity grows
exponentially in the difference between the number of unknowns and the number
of independent equations. To keep the complexity of sphere decoding algorithm
polynomial, it is important that the number of linear equations resulting from (3.10)
be at least as large as the number of unknowns. (3.16) suggests that there are

2N(T — M) real equations and @) real unknowns. Hence we may impose the constraint

Q < 2N(T — M).

This argument assumes that the matrix H has full column rank. There is, at first
glance, no reason to assume otherwise but it turns out to be false. Due to the
Hermitian constraint on A, not all the 2M (T — M) equations are independent. A

careful analysis yields the following result.

Theorem 3.1 (Rank of H). The matriz given in (3.15) generally has rank

min (2N(T — M) — N2,Q) if T — M > N
rank(H) = : (3.17)
min ((T'— M)%, Q) if T —M < N

Proof: First assume that T'— M > N. The rank of H is the dimension of the
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range space of ¢ in the equation ¢ = Ha as a varies. Equivalently, the rank of H
is the dimension of the range space of the N x (T — M) complex matrix C' in the
equation C' = iX;(Ay — B*A11B) when Aj; and Ay vary. Because Aj; and Ay
are not arbitrary matrices, the range space of C' cannot have all the 2(T" — M)N
dimensions as it appears. Now let’s study the number of constraints added on the

range space of C' as Aj; and Ags can only be Hermitian matrices. Since

(CX)]" = —iX} (A — B*AnB)(—i) X,
= ZX;(AQQ — B*AHB)(ZXQ)

= C(iXy),

the N x N matrix C'(:X5) is Hermitian. This enforces N? linear constraints on entries
of C. Therefore, only at most 2(7T—M)N — N? entries of all the 2(T'— M) N entries are
free. Since H is 2(T'— M)N x @, the rank of H is at most min (2(T" — M)N — N2 Q).

Now assume that 7" — M < N. We know that the N x N matrix C(iX5) is
Hermitian but has rank 7" — M < N now instead of full rank. Therefore, entries of
the lower right [N — (T'— M)] x [N — (T — M )| Hermitian sub-matrix of C'(iX,) are
uniquely determined by its other entries. Therefore, the number of constraints yielded
by equation C(iX;y) = (C(iXy))* is N2— (N —(T'—M))* =2N(T — M) — (T — M)~
Thus, there are at most 2N(T' — M) — (2N(T — M) — (T — M)?) = (T — M)? degrees
of freedom in C. The rank of H is at most min((7 — M)?, Q).

We have essentially proved an upper bound on the rank. Our argument so far
has not relied on any specific sets for A;; and Ay. When A;; = 0, we are reduced
to studying iX5 Ao, which is the same setting as that of differential USTM [HHO02a].
In Theorem 1 of [HHO02a], it is argued that for a generic choice of the basis matrices
Agoq, -+, Asa g, the rank of H attains the upper bound. Therefore the same holds

here, and ‘H attains the upper bound. O
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Theorem 3.1 shows that even though there are 2N (7" — M) equations in (3.16),
not all of them are independent. To have at least as many equations as unknowns,

The following constraint

ON(T —M)—N? ifT—M >N
Q<
(T — M)? ifT—M<N

is needed, or equivalently,

Q <min(T — M, N)max(2(T — M) — N,T — M). (3.18)

3.5 A Geometric Property

With the choice (3.7) or equivalently (3.8), the first block of the transmitted matrix

S in (3.4) can be simplified as

211 — (I +iApn) TARATTALN(T +iAn) "t — 1
= [2I —2BA;'B*(I —iAy) — (I +iAn)|(I +iAn)~"
= [(I —iAy) —2BA' B (I —iA)](I+iAn) ™

= [ —2BA'BY(I —iAn)( +iAn) "

The second block of S equals —2iA;* B*(I —iAy)(I +iAy;;)~ . Since (I —iAy;) and
(I +iApn)~" commute,
I —2BA;'B*

S - (I‘l‘ZAll)_l(I - iAll)-
—2iA; ' B*
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Our Cayley unitary space-time code and its unitary complement can be written as

I —iB I —2iBA;?
S = M U, and St= 2|, (319
0 I —2iA;! B* 20 — Iy
where
Q Q
Ny=I+B'B-iY a,B"AnB+i) a,An, (3.20)
q=1 q=1

and Uy = (I +1Ay) (I —iAy1) is an M x M unitary matrix since it is the Cayley
transform of the Hermitian matrix Aq;.

The code in (3.19) is completely determined by matrices Ajq 1, A112, ..., A1, and
Ago1,Asg, ..., Az, which can be thought of as Hermitian basis matrices. Each
individual codeword, on the other hand, is determined by our choice of the scalars
aq, Qg ..., ag chosen from the set A,. Since there are () basis matrices for A;; and

Ay, and the code occupies T' channel uses, the transmission rate is

Q
R= ?log2 T. (3.21)

Since the channel matrix H is unknown and if it is left multiplied by an M x M

unitary matrix, its distribution remains unchanged, we can combine U; with the chan-
-1

Iy, —iB
nel matrix H to get H' = U1 H. If we left multiply X, S and V' by M =
0 Ir-m
Iy, 1B
to get X', S" and V', the system equation (2.1) can be rewritten as
0 Ir—m

X = T fu H +V'
—2iA;! B*
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We can see that this is very similar to the equation of training-based schemes (2.5).
The only difference is in the noises. In (2.5), entries of the noise are independent white
Gaussian noise with zero-mean and unit-variance. Here, entries of V'’ are no longer
independent with unit-variance, although they still have zero-mean. The dependence
of the noises is beneficial to the performance since more information can be obtained.
The following theorem about the structure of S+ is needed later in the optimization

of the basis matrices.

Theorem 3.2 (Difference of unitary complements of the transmitted sig-
nal). The difference of the unitary complements S+ and St of the transmitted signals

S and S can be written as

St — Gt =2 AT A, — A)ASY, (3.22)

where A, and A, are the corresponding Schur complements.

Proof: From (3.19),

gl _ —2iBA;* | B »
201 — T 21 — A,
and
SJ- B —QZAl_lAlQ(I + Z’A22)—1 B Al_l 0 —221412([ + Z‘A22)—1
20 — 1 0 A;! 21 — A,

From algebra, it is easy to get A7 Ay(f + jAp)™t = (I + jA;) "ALAy . From
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(37), Al_lAlg(I +jA22)_1 = BA;I, and thllS, AlB = Alg(] +jA22)_1A2. Therefore,

S+ — 5+
AP0 —2i A1 (I +iAge)~! A A; 0 ~2iB .
e 2 — ) 2
0 Al 21 — Ay 0 Ay 21 — Ay
Al_l 0 —QiAlg(I + iAQQ)_lAQ + 2¢A1B A_l
- . . . 2
0 A;! 209 — AgAg — 2A9 + ArAy
Al_l 0 2iA19(1 + iAQQ)_lAQ — 2iA12(I + iAgQ)_lAg A
= X 2
0 A 2(Az — Ay)
_ —2’iA1_1A12(I + iAQQ)_l 0 Ag — Ay A2_1
0 2A2_1 AQ — Ay
—2iBASY | .
- (Ag — Ar)A,
2A;!
—iB —1(A A1
= 2 A (A — Ag)A,
1
O
Another way to look at Theorem 3.2 is to note that
N 0 —iB .
S+ = +2 AV (3.23)
—1I 1

Without the unitary constraint, this is an affine space since all the data is encoded
in A;'. So, in general, the space of S* is the intersection of the linear affine space in
(3.23) and the Stiefel manifold S+*S+ = I. We can see from (3.22) or (3.23) that the
dimension of the range space of S+ — St (equivalently the dimension of the affine

space) is T'— M. It is interesting to compare this with that of training-based schemes,
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which from (2.6), gives
1| (85— 53)

St 5t=— . (3.24)
0

=

Note now that the dimension of the affine space is min(M,T — M) which is smaller
than T — M when T > 2M. So, the affine space of St of Cayley codes has a higher

dimension than that of training-based schemes when 7" > 2M.

3.6 Design of Cayley Unitary Space-Time Codes

Although the idea of Cayley unitary space-time codes has been introduced in (3.19),
we have not yet specified (), nor have we explained how to choose the discrete
set A, from which a,s are drawn, or the design of the Hermitian basis matrices

{A111,A112, ..., A0} and {Ag 1, Ao, ..., Az g}. We now discuss these issues.

3.6.1 Design of @)

To make the constellation as rich as possible, we should make the number of degrees
of freedom () as large as possible. Therefore, as a general practice, we find it useful

to take ) as its upper bound in (3.18). That is,
Q = min(T — M, N)max(2(T'— M) — N, T — M). (3.25)

We are left with how to design the discrete set A, and how to choose {A111, A11.2,

o Ang) and {Ago g, Asso, -, Asngl-
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3.6.2 Design of A,

As mentioned in Section 2.5, at high SNR, to achieve capacity in the sense of maxi-
mizing mutual information between X and S, ® = (I +4iA)~ (I —iA) should assemble
samples from an isotropic random distribution. Since our data modulates the A ma-
trix (or equivalently Ay and Ags), we need to find the distribution on A that yields
an isotropically distributed .

As proved in [HH02a], the unitary matrix ® is isotropically distributed if and only
if the Hermitian matrix A has the matrix Cauchy distribution

A T =T(T — 1) 1! 1
p(A) = 7T(T+1)/2 det(I 4+ A2)T’

which is the matrix generalization of the familiar scalar Cauchy distribution

1
p(a) = m-

For the one-dimensional case, an isotropic-distributed scalar v can be written as

v = ¥ where 6 is uniform over [0,27). So, a = —il=e? — _tan(6/2) is Cauchy.

17
When there is only one transmit antenna (M = 1) and the coherence interval is just
one (T" = 1), the transmitted signals are scalars. There is no need to partition the
matrix A. Therefore (3.3) is used instead of (3.11). We want our code constellation
A= Zqul a,A, to resemble samples from a Cauchy random matrix distribution.
Since there is only one degree of freedom in a scalar, it is obvious that ) = 1.
Without loss of generality, setting A; = 1, we get

1—104 11—
v = —, and a; = —1 )
14104 14w

To have a code with rate R = (Q/T)logyr at T = M = 1, A should have r = 2%

points. Standard DPSK puts these points uniformly around the unit circle at angular
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intervals of 27 /r with the first point at 7/r. For a point of angle 6 on the unit circle,

the corresponding value for o is

11—

For example, for r = 2, we have the set of points on unit circle V = {e"™/2 e=""/2},
From (3.26), the set of values for oy is Ay = {—1,1}. For the case of r = 4, we can
get by simple calculation that Ay = {—2.4142, —0.4142,0.4142,2.4142}. It can be
seen that the points rapidly spread themselves out as r increases, which reflects the
heavy tail of the Cauchy distribution.

We denote A, to be the image of (3.26) applied to the set {n/r, 37 /r,5n/r, ..., (2r—
1)w/r}. When r — oo, the fraction of points in the set less than some value z is given
by the cumulative Cauchy distribution. Therefore, the set A, can be regarded as an
r-point discretization of a scalar Cauchy random variable.

For the systems with multiple transmit antennas and higher coherence intervals,
no direct method is shown about how to choose A. In that case, we also choose our
set A to be the set given above. Thus, a,s are chosen as discretized scalar Cauchy

random variables for any 7" and M. But to get rate R, from (3.21), we need

r@ = 2fT, (3.27)

3.6.3 Design of A11,17 A11’2, ---All,Qa A22’1, A22’2, ...A227Q

To complete the code construction, it is crucial that the two sets of bases {A111, 4112,
<oy Aot and {Ag, Aga, -+, Asn g} are chosen appropriately, and we present a
criterion in this subsection.

If the rates being considered are reasonably small, the diversity product criterion

rlr;glp | det(P; — Py )* (P, — Py )| is tractable. At high rates, however, it is not practical to
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pursue the full diversity criterion. There are two reasons for this: first, the criterion
becomes intractable because of the number of matrices involved and second, the
performance of the constellation may not be governed so much by its worst-case
pairwise | det(®; — @y )*(P; — Py )|, but rather by how well the matrices are distributed
throughout the space of unitary matrices.

Similar to the differential Cayley code design in [HHO02a], for given A, and the
sets of basis matrices {A111, A112,...A110} and {Ag 1, Aso,...A2n g}, we define a

distance criterion for the resulting constellation of matrices V to be

£V) = Elogdet(S* — §™)*(S* — s, (3.28)

T—-M

where S is given by (3.19) and (3.20) and S’ is given by the same formulas except
that the a,s in (3.20) are replace by a,s. The expectation is over all possible ;s and
ags chosen uniformly from A, such that (i, ...,aq) # (o, ...,aq). Remember that
S+ denotes the T' x (T — M) unitary complement matrix of the 7' x M matrix S.
Let us first look at the difference between this criterion with that in [HH02a]. Here,
we use S+ and S’* instead of S and S’ themselves because the unitary complement
instead of the transmitted signal itself is used in the linearized ML decoding. This
criterion cannot be directly related to the diversity product as in the case of [HH02a],
but still, from the structure, it is a measure of the expected “distance” between
matrices St and S’t. Thus, maximizing £(V) should be connected with lowering
average pairwise error probability. Hopefully, optimizing the expected “distance”
between the unitary complements S+ and S’* instead of that between the unitary
signals S and S’ themselves will obtain a better performance. And also, since the
constraints (3.7) is imposed to simplify Ay, which turns out to simplify S+ as well,
the calculation of our criterion is much easier than the calculation of the one used in

[HHO02a], which maximizes the expected “distance” between the unitary matrices &
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and ®’. Therefore, the optimization problem is proposed to be

EW). (3.29)

arg  max
{A11,4,A22,4},B

By (3.22), we can rewrite the optimization as a function of Ajj, Ay and get the

simplified formula,

E log det[B*(Ar — A})B — (Asy — Aby)]?
{A11,q11}1:l{a£§27q2}y3 08 e[ ( 11 11) ( 22 22)]

—E logdet A2 — E logdet AZ,  (3.30)

where
AQ - I —|— B*B - ZB*AHB + iAQQ,
A, = I+ B*B—iB*A} B +iA),
and
Q Q
Ap = Z%All,q> Agp = Zan22,q>
q=1 q=1

Q Q
A=) ajAn,,  Ayp =) ajAn,
q=1 q=1
When 7 is large, the discrete sets from which ays, a;s are chosen from (A,) can
be replaced with independent scalar Cauchy distributions. And by noticing that the

sum of two independent Cauchy random variables is scaled-Cauchy, our criterion can

be simplified to

max  E logdet(B*A;1 B — Ay)* — 2E logdet AJ. 3.31
{Au,q,A;z(,q},B g det( 11 22) g 2 (3.31)
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3.6.4 Frobenius Norm of the Basis Matrices

Entries of Ay; 48 and Ay s in (3.30) are unconstrained other than that they must be
Hermitian matrices. However, we found that it is beneficial to constrain the Frobenius
norm of all the matrices in {A4;;,} to be the same, which we denote by ;. This is
similarly the case for the matrices {Ass,}, whose Frobenius norm we denote by 7».
In fact, in our experience it is very important, for both the criterion function (3.30)
and the ultimate constellation performance, that the correct Frobenius norms of the
basis matrices be chosen. The gradients of the Frobenius norms 7; and =, are given in
Section 3.9.2 and the gradient-ascent method is used for the optimization. The matrix
B is choosen as v3[I,0 MX(T_QM)] with 3 close to 1 for the following two reasons.
Firstly, the optimization of B is too complicated to be done by the gradient-ascent
method. Secondly, as long as B is full rank, simulation shows that the Frobenius
norm of B and B itself do not have significant effects on the performance. This has

been shown to perform well.

3.6.5 Design Summary

We now summarize the design method for Cayley unitary space-time codes with M

transmit antennas and N receive antennas, and target rate R.

1. Choose @ < min(T—M, N)max(2(T'—M)—N,T—M). Although this inequality
is a soft limit for sphere decoding, we choose our () that obeys the inequality

to keep the decoding complexity polynomial.

2. Choose r that satisfies r¢ = 287, We always choose r to be a power of 2 to
simplify the bit allocation and use a standard Gray-code assignment of bits to

the symbols in the set A,.

3. Let A, be the r-point discretization of the scalar Cauchy distribution obtained



69

as the image of the function o = —tan(#/2) applied to the set {m/r, 37/r,
Sr/ry -+, (2r — 1)m/r}.

4. Choose {Ai1,} and {As,} that solves the optimization problem (3.30). A
gradient-ascent method can be used. The computation of the gradients of the
criterion in (3.30) is presented in Section 3.9.1. At the end of each iteration,
gradient-ascent is used to optimize the Frobenius norms of the basis matrices
A, Ao, -, A and Agg g, Aggo, -+, Aga . The computation of the gra-
dients is given in Section 3.9.2. Note first that the solution to (3.30) is highly
non-unique. Another solution can be obtained by simply reordering Ay ;s and
Ags 8. And also, since the criterion function is neither linear nor convex in
the design variables A;; , and Ay 4, there is no guarantee of obtaining a global
maximum. However, since the code design is performed off-line and only once,
we can use more sophisticated optimization techniques to get a better solution.
Simulation results show that the codes obtained by this method have good per-
formance. The number of receive antennas N does not appear explicitly in
the criterion (3.30), but it depends on N through the choice of (). Hence, the

optimal codes, for a given M, are different for different V.

3.7 Simulation Results

In this section, we give examples of Cayley unitary space-time codes and the simulated
performance of the codes for various number of antennas and rates. The fading
coefficient between every transmit-and-receive antenna pair is modeled independently
as a complex Gaussian variable with zero-mean and unit-variance and is kept constant
for T' channel uses. At each time, a zero-mean, unit-variance complex Gaussian
noise is added to the received signal at every receive antenna. Two error events

are demonstrated including block errors, which correspond to errors in decoding the
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T x M matrices S, ...,Sr, and bit errors, which correspond to errors in decoding
aq,...,q. The bits are allocated to each o, by a Gray code and therefore, a block
error may correspond to only a few bit errors. We first give an example to compare
the performance of the linearized ML, which is given by (3.10) with that of the true
ML, then performance comparisons of our codes with training-based methods are

given.

3.7.1 Linearized ML vs. ML

In communications and code designs, the decoding complexity is an important issue.
In our problem, when the transmission rate is high, for example, R = 3 and T =
6, M = 3, for one coherence interval, the true ML decoding involves a search over
2RT — 918 — 962,144 6 x 3 matrices, which is not practical. This is why we linearize
the ML decoding to use the sphere decoding algorithm.

But we need to know what is the penalty of using (3.10) instead of the true ML.
Here an example is given for the case of a two transmit, one receive antenna system
with coherence interval of four channel uses operating at rate R = 1.5 with ) = 3
and r = 2. The number of signal matrices is 27 = 64, for which the true ML is
feasible. The resulting bit error rate and block error rate curves for the linearized ML
are the line with circles and line with stars in Figure 3.1. The resulting bit error rate
and block error rate curves for the the true ML are the solid line and the dashed line
in the figure. We can see from Figure 3.1 that the performance loss for the linearized
ML decoding is almost neglectable but the computational complexity is saved greatly

by using the linearized ML decoding which is implemented by sphere decoding.
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T=4 M=2 N=1 R=1.5

BER/BLER

- BER using ML decoding
10°E .. -~ BLERusing ML decoding
-0 BER using linearized-ML

—+ BLER using linearized ML

1 0-4 I I I I I I I I I

Figure 3.1: T'=4,M =2, N =1, R = 1.5: BER and BLER of the linearized ML
given by (3.10) compared with the true ML
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3.7.2 Cayley Unitary Space-Time Codes vs. Training-Based

Codes

In this subsection a few examples of Cayley codes for various multiple-antenna com-
munication systems are given and their performance are compared with that of
training-based codes.

As discussed in Chapter 2, a commonly used scheme for unknown channel multiple-
antenna communication systems is to obtain the channel information via training. It
is important and meaningful to compare our code with that of training-based codes.
Training-based schemes and the optimal way to do training are discussed in Section
2.4 . In our simulations of training-based schemes, the LMMSE estimation is used.
We set the training period 7, as M and the training signal matrix S, as p, Iy,
which are optimal. For simplicity, we use equal-training-and-data-power by setting
pa = pr = VM, which is optimal if T = 2M. In most of the following simulations,
different space-time codes are used in the data transmission phase for different system
settings. Sphere decoding is used in decoding all the Cayley codes and the decoding
of the training-based codes is always ML, but the algorithm varies according to the

codes used.

Example of =4, M =2, N =2

The first example is for the case of two transmit and two receive antennas with
coherence interval T' = 4. For training-based schemes, half of the coherence interval
is used for training. For the data transmission phase, we consider two different space-
time codes. The first one is the well-known orthogonal design in which the transmitted

data matrix has the following structure:

Saq =
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By choosing a and b from the signal set of 16-QAM equally likely, the rate of the
training-based code is 2 bits per channel use. The same as Cayley codes, bits are

allocated to each entry by Gray code. The second one is the LD code proposed in

[HHO2b]:
! 1 1
Sq = (a Ay +1ipB )7 with oy, 3, € {_—a —}7
qzzl q--q q-=q q q \/é \/é
where
4 B 1 10 A B . 0 1
1= b1 =—F ) 9 =Dy = —& )
V2 01 v2 10
A B 1 1 0 4 B ) 0 1
3= D3 = —F= , Ay = Dy = —
V2 0 -1 v -1 0

Clearly, the rate of the training-based LD code is also 2. For the Cayley code, from
(3.25), we choose @ = 4. To attain rate 2, r = 4 from (3.27). The Cayley code was
obtained by finding a local maximum to (3.31).

The performance curves are shown in Figure 3.2. The dashed line and dashed line
with plus signs indicate the BER and BLER of the Cayley code at rate 2, respectively.
The solid line and solid line with plus signs indicate the BER and BLER of the
training-based orthogonal design at rate 2 respectively and the dash-dotted line and
dash-dotted line with plus sighs show the BER and BLER of the training-based
LD code at rate 2 respectively. We can see from the figure that the Cayley code
underperforms the optimal training-based codes by 3 —4dB. However, our results are
preliminary and it is conceivable that better performance may be obtained by further

optimization of (3.30) or (3.31).
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T=4 M=2 N=2 R=2
10" 4 " o T T

P =
-

-
-
-
-

BER/BLER

— BER of training—based orthogonal design
—+ BLER of training—based.orthogonal design
) ~— BER of Cayley code
10E ~-% BLER of Cayley code

-. BER of training-based LD code
—.+ BLER of training—based LD code

0 2 4 6 8 10 12 14 16 18 20

Figure 3.2: T'= 4, M = 2,N = 2, R = 2: BER and BLER of the Cayley code
compared with the training-based orthogonal design and the training-based LD code
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Example of T =5 M =2, N =1

For the training-based scheme of this setting, 2 channel uses of each coherence interval
are allocated to training. Therefore, in the data transmission phase, bits are encoded
into a 3 x 2 data matrix Sy. Since we are not aware of any 3 X 2 space-time code,
we employ an uncoded transmission scheme, where each element of S; is chosen
independently from a BPSK constellation, resulting in rate 6/5. This allows us to
compare the Cayley codes with the the uncoded training-based scheme. Two Cayley
codes are analyzed here: the Cayley code at rate 1 with ) = 5,7 = 2 and the Cayley

code at rate 2 with Q = 5,r = 4.

T=5 M=2 N=1

BER/BLER

1
'
3

i)

—— BER of training with R=6/5
==+ BLER of training with R=6/5
107*L...— BER.of Gayley codes with R=1

—+ BLER of Cayley: codes with ‘R=1
—. BER of Cayley codes with R=2
—.+ BLER of Cayley codes with R=2

I I
10 15 20 25 30 35

SNR

Figure 3.3: T'=5,M = 2, N = 1: BER and BLER of the Cayley codes compared
with the uncoded training-based scheme

The performance curves are shown in Figure 3.3. The solid line and solid line with
plus signs indicate the BER and BLER of the Cayley code at rate 1, respectively,
the dash-dotted line and dash-dotted line with plus signs show the BER and BLER
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of the Cayley code at rate 2, respectively, and the dashed line and dashed line with
plus signs shows the BER and BLER of the training-based scheme, which has a rate
of 6/5. Exhaustive search is used in decoding the training-based scheme and sphere
decoding is applied to decode the Cayley codes.

We can see that our Cayley code at rate 1 has lower BER and BLER than the
training-based scheme at rate 6/5 at any SNR. And, even at a rate which is 4/5
higher, 2 compared with 6/5, the performance of the Cayley code is comparable to

that of the training-based scheme when the SNR is as high as 35dB.

Example of T =7 M =3, N =1

For this system setting, three channel uses of each coherence interval are allocated
to training. In the data transmission phase of the training-based scheme, we use the

optimized LD code given in [HHO2b]:

_a1+a3+z[2}ﬁ3+ﬁ} o — [f+ﬁ2 53} 0 ]
0 %\/;4—1-2[\% 62263} al—a3+z[52jiﬁ3—ﬁ4]
empifhesa] v eme[n s

By setting «ay, 3; as BPSK, we obtain a LD code at rate 8/7. For the Cayley code, we
choose () = 7 and r = 2 and the rate of the code is 1.

The performance curves are shown in Figure 3.4. The solid line and solid line
with plus signs indicate the BER and BLER of the Cayley code at rate 1 respectively
and the dashed line and dashed line with plus signs show the BER and BLER of
the training-based LD code, which has a rate of 8/7. Sphere decoding is applied in
the decoding of both codes. From the figure we can see that the performance of the
Cayley code is close to the performance of the training-based LD code. Therefore,

at a rate 1/7 lower, the Cayley code is comparable with the training-based LD code.
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T=7 M=3 N=1
10 T T T T T T T T

10°

BER/BLER

10

—— BER of training with 1.D code at R=8/7
——+ BLER-of training with LD code at R=8/7 S
~0 BER of Cayley code at R=1

—+ BLER of Cayley code at R=1

-3 I I I I I I

0 2 4 6 8 10 12 14 16 18 20

10

Figure 3.4: T'=7,M = 3, N = 1: BER and BLER of the Cayley code compared
with the training-based LD code



78
Again, our results are preliminary and further optimization of (3.30) or (3.31) may

yield improved performance.

3.8 Conclusion

Cayley unitary space-time codes are proposed in this chapter. The codes do not
require channel knowledge at either the transmitter or the receiver, are simple to
encode and decode, and apply to systems with any combination of transmit and
receive antennas. They are designed with a probabilistic criterion: they maximize the
expected log-determinant of the difference between matrix pairs. Cayley transform is
used to construct the codes because it maps the nonlinear Stiefel manifold of unitary
matrices to the linear space of Hermitian matrices. The transmitted data is broken
into sub-streams aj, ..., o, then linearly encoded in the Cayley transform domain.
We showed that by constraining Ajp = (I +iA11)B and ignoring the data dependence
of the additive noise, a, ..., appear linearly at the receiver. Therefore, linear
decoding algorithms such as sphere decoding and nulling-and-canceling can be used
whose complexity is polynomial in the rate and dimension. Our code has a similar
structure to training-based schemes after transformations.

The recipe for designing Cayley unitary space-time codes for any combination of
transmit /receive antennas and coherence intervals is given and also, simulation exam-
ples are shown to compare our Cayley codes with optimized training-based space-time
codes and uncoded training-based schemes for different system settings. Our simula-
tion results are preliminary, but indicate that the Cayley codes generated with this
recipe only slightly underperform optimized training-based schemes using orthogonal
designs and LD codes. However, they are clearly superior to uncoded training-based
space-time schemes. Further optimization of the Cayley code basis matrices (in (3.30)

or (3.31)) is necessary for a complete comparison of the performance with training-
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based schemes.

3.9 Appendices

3.9.1 Gradient of Criterion (3.30)

In the simulations, the maximization of the design criterion function (3.30) is per-
formed using a simple gradient-ascent method. In this section, we compute the gra-
dient of (3.30) that is required in this method.

We are interested in the gradient with respect to the matrices Ajq1, ..., 411, and

Ay, ..., Agg g of the design function (3.30), which is equivalent to

max  E logdet[B*(A;; — A})B — (A — A),)]2 — 2E logdet A3, (3.32)
{A11,g,422,4},8

To compute the gradient of a real function f(A,) with respect to the entries of the

Hermitian matrix A,, we use the formulas

Of(A)]

g;fmfz) = min <[f(A, 4 Dlesel +each)) — (AN G £ K (333)
L a ljk
SN

TR = min gl st — )~ fA)LG Ak (330
[Of(A 1

g (A J] {gg%[fmqweje;)— F(A)], (3.35)
L 94 5,

where e, is the unit column vector of the same dimension of columns of A, which has
a one in the j-th entry and zeros elsewhere. That is, while calculating the gradient
with respect to Ay 4, €; should have dimension M and for the gradient with respect
to Ags 4, the dimension should be 7' — M instead.

First, note that A;; — A}, = 231 Aq1,4aq Where a, = ay — oy and similarly, Ay —
q:
Q

Al = > Agoga,. Therefore, to apply (3.33) to the first term of (3.32) with respect
q=1
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to Ay g, let H = B*(Ay — A})B — (A — Aj,). Therefore,

IOg det[B*(Au — A/H)B — (A22 - A/QQ) + B*(ejez + €k€§-)B(S(1,q]2

= logdet{H? + [HB"(eje}, + exe’) B + B*(eje}, + exel) BH]0ag + o(6°)1}

= logdet H? + logdet{I + H*[HB*(e;e} + exes) B + B*(eje, + exe}) BH)0ag + o(6*)I}

= logdet H? + tr { H ?[HB*(e;e} + exe’)B + B*(eje, + ere}) BH]0a,} + 0(6?)
= logdet H? + tr {H ' B*(ejel, + ere’)B + H™2B*(ejel, + exe;)BHdoa,} + 0(6?)
= logdet H? + tr {BH ' B*(eje}, + exe’) + BH ' B*(eje}, + exel)dag} + 0(67)
= logdet H*> + (2{BH 'B*},; + 2{BH 'B*},)a, + o(6?)

= logdet H® + 4R{BH ' B*};za, + 0(5?),

where {A}; ; indicates the (i, j)-th entry of matrix A and R{A},; indicates the real
part of the (7, j)-th entry of matrix A. We use tr AB = tr BA and the last equality

follows because BH ' B* is Hermitian. We may now apply (3.33) to obtain

[8log det[B*(Ay; — Al;)B — (Agp — Aby))?

=AER{BH 'B*}, | # k.
agRAqu :|]k §R{ }]Jfaq? J ;é

The gradient with respect to the imaginary components of Ay; , can be obtained

in a similar way as the following

|i810g det[B*(Au — A,H)B — (A22 — A,22)]2

=AES{BH 'B*}. za,, j #k,
a%Aqu :|]k { }]7k q ] 7&

where 3{A}; ; indicates the imaginary part of the (4, j)-th entry of matrix A. And

the gradient with respect to the diagonal elements is

= 2E{BH'B*}, ;a,.
j»J

lalog det[B*(Au — A/11>B — (A22 — A/22>]2:|
aA’411,q j
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Similarly, we get the gradient with respect to Ags ,

_8log det[B*(All — A/ll)B — (A22 — A/22)]2_ 1 .
= —4ERH: k
I ORAg Lk FHjictar 57K
[Ologdet[B*(A1; — A)B — (Agy — A)]?] _ ‘
- 832;2(1 = = . = —4E %Hj,klaqa J#k,
L ) -2
[Dlog det[B*(Ayy — A1) B — (Agy — A ] _
D, = —“2EHja,
) = 7J

For the second term, by using the same method, the following results are obtained

[Olog det A2] :
— = 2ER(D + D"+ E+ E%);ray, k,
I a%All,q i ( )]Jf q J #
[Olog det A3] .
—_— = 2EQ(D+D"+E+ FEY); k
I 831411711 | j’k \9( + + _l_ )]Ji‘a(p ] 7£ Y
[Olog det A3 ]
—_— = 2E(D+FE);,
I 81411,(1 1 ( + )JJOQI’
[0log det A2 ] :
—— = 2ER(F+ F'+G+G"); k
I 8%14227,1 Lk ( + + + )],kaqa J 7& )
[Olog det A3] ,
— = 2E(F 4 F* ) k
0%Am, |, S(F+F*+G+GY)jpay, j#Kk,
[0log det A3 ]
—_— = 2E(F+G)j,a,,
where

D = iBA*(I +iAy)B",

E = iBA;*B*(I —iA,)BB*,

F = A?Ap,

G = iB*(I +iA;)BAY?,

and all the expectations are over all possible ay, ..., ag.
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3.9.2 Gradient of Frobenius Norms of the Basis Sets

Let v; be a multiplicative factor that we use to multiple every Ay, and 7, a multi-
plicative factor that we use to multiple every Ass,. Thus, 74 and ~, are the Frobenius
norms of matrices in {Ay; .} and {Ags ,}. We solve for the optimal 7,2 > 0 by max-

imizing the criterion function in (3.30), which is

5(71,72) =FE IOg det[’le*(An — Alll)B — ’}/2(1422 — A,QQ)]2 —2E lOg det Ag,

where
Q Q1
Ny =1+B'B—imB" > aAn B+i7 Y  aghn,.
q=1 q=1

As in the optimization of Ay, 4, A2 4, gradient-ascent method is used. To compute

the gradient of a real function f(x1,xs) with respect to z; and x5, we use the formulas

%;m = (lsl_r)% %[f(xl + 9, 22) — f(x1,22)],
% = ?L%%Www)—f(ml,xzn.

And the results are

9¢(71,72)
oM
= 2Etr {f_1[2’le*AllBB*AllB + ’LB*(BB*AH - AHBB*)B

—’}/Q(AQQB*AHB + AllBAQQB*>]} + Etr [9_1(2’}/13*(1411 - A/H)BB*(AH — A/ll)B

—72((Agy — Aly)B* (A1 — A})B + (A1 — A})B(Ag — Ajy)BY))]
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and

9€(71,72)
o
= 2Etr {f_l(Q’}/lAé — Z(B*BAQQ + AQQBB*) - ’yl(AggB*AHB + AllBAQQB*))]

Etr[g7" (27243, — (A — Aby)B* (A — A1) B + (A — Aly)B(Ax — Ayy)BY))).

Simulation shows that good performance is obtained when 7; and 7, are not too

far away from unity.
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Chapter 4 Groups and Representation

Theory

4.1 Advantages of Group Structure

Another interesting space-time codes design scheme is the group codes proposed orig-
inally in [SHHS01, Hug00b, HK00], in which the set of matrices, which are space-time
codes, forms a group. The motivation of group-based codes is as the following.

As discussed in Section 2.6, the space-time code design problem for differential
unitary space-time modulation, which is well-tailored for the unknown-channel case,
is: given the number of transmitter antennas M and the transmission rate R, find a
set C of L = 2M® M x M unitary matrices, such that the diversity product

1 . 1
3 o i 1 det(Si = S )

e =

is as large as possible. This design problem is very difficult to solve because of the
following reasons. First, it is easy to see that the objective function of the code
design problem, given in (4.1), is not convex. Second, the constraint space, which
is the space of unitary matrices, is also non-convex. Furthermore, when our desired

= 2ME can be huge,

rate of transmission R is not very low, the constellation size L
which make the problem even more difficult according to computation complexity. For
example, if there are four transmit antennas and we want to transmit at a rate of four
bits per channel use, we need to find a set of L = 2% = 65, 536 unitary matrices whose

minimum value of the determinants of the pairwise difference matrices is maximized.

Therefore, it appears that there is no efficient algorithm with tractable computational
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complexity to find the exact solution to this problem. To simplify the design problem,
it is necessary to introduce some structure to the constellation set C. Group structure

turns our to be a very good one.

Definition 4.1 (Group). [DF99] A group is an ordered pair (G,*), where G is a

set and x is a binary operation on G satisfying the following azioms.
1. (axb)xc=ax*(b*c), for all a,b,c € G, i.e., x is associative.

2. There exists an element e in GG, called the identity of G, such that for all a € G,

akxe=exa=a.

3. For each a € G, there exists an element a=t of G, called an inverse of a, such

thataxa ' =a '%xa=e.

Normally, the binary operation is called multiplication. In brief, a group is a set
of elements that is closed under both multiplication and inversion.

The order of a finite set is simply the number of elements in it. A subset H C G
is a subgroup if it is closed under the group multiplication and h=' € H for all h € H.

Example 1. The set of integers Z, rational numbers @, real numbers R, and
complex numbers C are all groups under the operation + with e = 0 and ™! = —a.

Example 2. GL,(C), the set of all invertible n x n matrices with entries in C, is
a group under the operation of matrix multiplication with e = I,, and a~! the inverse
matrix of a. Note that the matrix multiplication operation is not commutative, that
is, ab = ba is not true in general.

Example 3. U(n), the set of all unitary n x n matrices, is a group under the
operation of matrix multiplication with e = I,, and @' the inverse matrix of a. It is
a subgroup of the group GL,(C).

Now we are going to discuss the advantages of group structure in the space-time

code design problem. In general, for two arbitrary elements A and B in a set, C, with



86
cardinality L, |det(A — B)| takes on L(L — 1)/2 distinct values if A # B. Therefore,
when L is large, diversity product of the set may be quite small. If C forms a group,
for any two matrices A and B in the set, there exists a matrix C' € C such that

C = A7'B. Therefore,

|det(A — B)| = | det A||det(Iy, — A'B)| = |det(Iny — A" B)| = | det(I — O)),

which takes on at most L — 1 distinct values as I, # C' if A # B. Therefore, the
chance of having a large diversity product is greatly increased. Another advantage is
that the calculations of both the diversity product and the transmission matrix are
greatly simplified. From the above formula, it can be easily seen that the complexity
of calculating the diversity product is reduced dramatically. In general, to calculate
the diversity product of a set with L elements, L(L — 1)/2 calculations of matrix
determinants are needed, which is quadratic in L. However, if the set forms a group, it
has been shown that only L —1 calculations of matrix determinants are needed, which
is linear in L. For the calculation of the transmission signal matrix, generally, the
multiplication of two M x M matrices is needed. If the set C is a group, the product
is also in the group, which means that every transmission matrix is an element of
C. Therefore, explicit matrix multiplication can be replaced by simpler group table-
lookup. Finally, note that det(/ — C') = 0 if and only if C has a unit eigenvalue.
Another important advantage of group structure is that if the set forms a group,
its full diversity has a practical meaning: its non-identity elements have no unit
eigenvalue, which gives a possible method to design fully diverse codes.

There are a lot of well-known group-based codes. Two examples are given in the

following.
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Example 1. Cyclic group-based codes. [Hug00b] [SHHSO01]

S = {IM757 527"' 7SL_1}7

where
1 0 0
0 2t 0
S —
0 0 2 M
with Iy, -+, ly—1 € [0, L —1]. The code is called cyclic code since any element in the

set is a power of S and S* = I);. It is easy to check that S forms a group.

Example 2. Alamouti’s orthogonal design. [Ala9§]

1 xr oy
S = ——— z,y e C
V |£L’ | + |y| —y* x*
It is easy to check that S forms a group. Actually it is the Lie group SU(2): the set of
2 X 2 unitary matrix with unit determinant. This group has infinitly many elements.

To get a finite constellation, x and y can be chosen from some finite sets &1 and Ss,

for example PSK or QAM signals!.

4.2 Introduction to Groups and Representations

Before getting into more details about the design of space-time group codes, some
group theory and representation theory are reviewed in this section that are needed

later.

!By these choices, the resulted sets might not form a group anymore.
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Definition 4.2. A subgroup H of G is a normal subgroup if
ghg e H forallge G,h e H.
Definition 4.3. If G is a group, the center of G is the set of elements in G that

commutes with all other elements of G.

Since group is an abstract concept, normally representation theory is used to map

abstract groups to subsets of matrices.
Definition 4.4. Let (G,x) and (H,©) be groups. A map ¢ : G — H is a group

homomorphism if

zxy) = d(x)oply) foralzyed.

Definition 4.5. Let G be a group. F be a field and V a vector space over F.>

1. A linear representation of G is any homomorphism from G to GL(V'). The

degree of the representation is the dimension of V.
2. A matrix representation of G is any homomorphism from G into GL,(C).
3. A linear or matrix representation is faithful if it is injective.

Definition 4.6. Two matrix representations ¢ and Y of G are equivalent if there

is a fized invertible matriz P such that

Po(g)P~t =1p(g)  forallg € G.

Definition 4.7. The direct sum ¢ ® ) of two representations ¢, of G with degrees

2For definitions of field and vector space, repfer to [DF99].
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dy and dy respectively is the degree di + do representation of G such that

0
Gowg = | Y for all g € G.

0 (g)

Definition 4.8. A matriz representation is called reducible if it is equivalent to a

direct sum of two (or more) representations. Otherwise, it is called irreducible.
As discussed in the previous section, if our signal set has a group structure under
matrix multiplication, its diversity product can be simplified to

1 . L
& = 5 i, | det(I — V)|,

If we insist on a fully diverse constellation, which means that £ # 0, then from the
above equalities, the eigenvalues of all non-identity elements in the constellation must

be different from one. This leads to the following definition.

Definition 4.9 (Fix-point-free group). [HK00] A group G is called fixed-point-
free (fpf) if and only if it has a faithful representation as unitary matrices with
the property that the representation of each non-unit element of the group has mno

eigenvalue at unity.

Note that the above definition does not require that in every representation of the
group, non-unit elements have no eigenvalue at unity, but rather that there exists one
representation with this propriety. This is because any non-faithful representation
of a group cannot be fpf. The reason that fpf groups have been defined as those for
which the representation of each non-unit element in the group, rather than each non-
identity matrix in the representation, has no eigenvalue at unity is that had we not
done so, all groups would have been fpf if all elements in the groups are represented

as the identity matrix. For more information on groups, see [DF99] and [HunT74].
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4.3 Constellations Based on Finite Fixed-Point-

Free Groups

To get space-time codes with good performance, fpf groups have been widely investi-
gated. Shokrollahi, Hassibi, Hochwald and Sweldens classified all finite fpf groups in
their magnificent paper [SHHS01] based on Zassenhaus’s work [Zas36] in 1936. There
are only six types of finite fpf groups as given in the following. Before giving the big

theorem, we first introduce a definition.

Definition 4.10. Given a pair of integers (m,r), define n as the smallest positive
integer such that r™ = 1 mod m. Definet = m/ged(r — 1,m). The pair (m,r) is
called admissible if ged(n,t) = 1.

Theorem 4.1 (Classification of finite fixed-point-free groups). [SHHS01] A
finite group is fized-point-free if and only if it is isomorphic to one of the following

six types of abstract groups.

Gy = (o, 7l0" =1,7"=0" 0" =0"),

where (m,r) is admissible. The order of G, , is mn.

Dmml = <U7 7.7,}/‘0-777' = 177-n = Ut7UT = O-T7O-PY = 0-177—7 = 7-1772 = 7-7”"0/2>’

where nro is even, (m,r) is admissible, > = 1 mod m, | = 1 mod n, and
[l = —1 mod s with s the highest power of 2 divising mn. The order of Dy, .,

18 2mn.
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om/t

_ m o __ n __ _t T __ T .
Em,r - <O',T,,LL,’}/‘O' _177— _070 _O-v/J’ _/’LJ

om/t

VT =yt = 1,u2272,u”=u‘1,uT=%7T=W>,

where (m,r) is admissible, mn is odd, and nrg is divisible by 3. The order of

E,.» 15 8mn.

. m n _ t T r o.m/t . o.m/t o
Fm,r,l - <0-7T7/~L777V|0- _177— _070 _0-7/“1’ —,LL,’}/ _fy

Y

pr= =yt =1t = = = et = o

=T =T =),

where (m,r) is admissible, mn is odd, r is divisible by 3, n is not divisible by
3, =1 modm, !l =1 modn, and | = —1 mod 3. The order of Frri i

16mn.

Jmﬂn = SLQ(F5) X Gmﬂn

where (m,r) is admissible, ged(mn,120) = 1. SLy(F5) is the group of 2 x 2
matrices with elements in the finite Galois field [GS79] ¥5 and determinant 1.

It can also be defined as the following abstract group,

SLy(F5) = (u,v|p* =7 = (uy)°, 1 =1).

The order of Jy,, is 120mn.
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Km,n,l == <Jm,7‘7 V)

with relations

v = 1 = () (v)*y(yw)* Y =y, 0" = ol 7 =7,

where p,~y are as in Jy,,, * =1 mod m, and { = 1 mod n. The order of

Ky g is 240mn.

Some unitary representations of these abstract groups are also given in [SHHSO01].
Constellations based on representations of these finite fpf groups give space-time codes
with amazingly good performances at low to moderate rates, for example, SLy(F5)
, which works for systems with two transmit antennas at rate 3.45. In that paper,
the authors also give non-group constellations which are generalizations of some finite

groups and products of group representations.

4.4 Introduction to Lie Groups and Lie Algebras

As shown in [SHHSO01], these finite fpf groups are few and far between. There are
only six types of them and unitary representations of them have dimension and rate
constraints. Although very good constellations are obtained for low to moderate
rates, no good constellations are obtained for very high rates from these finite groups.
This motivates the search for infinite fpf groups, in particular, their most interesting

case, Lie groups.

Definition 4.11 (Lie group). [BtD95] A Lie group is a differential manifold which

s also a group such that the group multiplication and inversion maps are differential.
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The above definition gives us the main reason for studying Lie groups. Since
Lie groups have an underlying manifold strcuture, finite constellations, which are
subsets of infinite Lie groups, can be obtained by sampling the underlying continuous

manifold appropriately.

Definition 4.12 (Lie algebra). [SW806] A Lie algebra g is a vector space over a
field F' on which a product [,], called the Lie bracket, is defined, which satisfies

1. XY €g implies [X,Y] € g,

2. [X,aY +8Z) =alX,Y|+p[X,Z] fora,f€F and X,Y,Z € g,

3. [X,Y]=-[Y, X],

4. (X, V2] + [V, [Z2, X]| + [Z,[X, Y]] = 0.

It turns out that there is a close connection between Lie groups and Lie algebras.

Theorem 4.2 (Connection between Lie group and Lie algebra). [SWS86] Let
G be a Lie group of matrices. Then g, the set of tangent vectors to all curves in
G at the identity, is a Lie algebra. Let g be a linear algebra generated by the basis

g1, 5 Gn, then g(0) = %1917+09n s g local Lie group for small enough 0.

Therefore, to obtain many, if not most, of its properties, one can study the Lie
algebra, rather than the Lie group itself. Lie algebras are easier to be analyzed
because they are vector spaces with good properties.

Example 1. GL(n,C) is the Lie group of non-singular n X n complex matrices.
Its Lie algebra is the space of n X n complex matrices.

Example 2. SL(n,C) is the Lie group of unit-determinant non-singular n x n
complex matrices. Its Lie algebra is the space of n x n traceless matrices.

Example 3. U(n) is the Lie group of n x n complex unitary matrices. Its Lie

algebra is the space of n x n skew-Hermitian matrices.
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Example 4. SU(n) is the Lie group of unit-determinant n X n unitary matrices.

Its Lie algebra is the space of n x n traceless, skew-Hermitian matrices.

Definition 4.13. A Lie sub-algebra b C g is an ideal if it satisfies the condition

(X,Y]ebh forall X €hY €g.

Definition 4.14. A Lie algebra g is simple if dim g > 1 and it contains no nontrivial
tdeals. Or equivalently, the Lie group G of the Lie algebra has no nontrivial normal

Lie subgroups.

Definition 4.15. Define the series {D*g} inductively by

D'g =g, 9]

and

D'g = [D*"'g, D" 'g].
g is solvable if Dkg = 0 for some k.
Definition 4.16. A Lie algebra g is semi-simple if g has no nonzero solvable ideals.

The rank of a Lie algebra g equals the maximum number of commuting basis ele-
ments it has or the dimension of a maximum Abelian subgroup?® of the correspondence
Lie group G.

It is proved in [SHHSO1] that any representation of a finite group is equivalent to
a representation using only unitary matrices. However, this is not true for infinite

groups and Lie groups.

Theorem 4.3 (Lie groups with unitary representations). [HK00] A Lie group

has a representation as unitary matrices if and only of its Lie algebra is a compact

3If for any two elements f and g in a group G, fxg = g* f, G is an Abelian group.
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semi-simple Lie algebra or the direct sum of u(1l) and a compact semi-simple Lie

algebra.

For more on the definition of semi-simple and simple Lie algebras, see [HKOO,

BtD95, Ser92].

4.5 Rank 2 Compact Simple Lie Groups

To design differential unitary space-time codes with good performance, two conditions
must be satisfied: the unitarity and the full diversity. For unitarity, from Theorem
4.3, to get unitary constellations, we should look at compact, semi-simple Lie groups.
Since any semi-simple Lie group can be decomposed as a direct sum of simple Lie
groups, for simplicity, we look at compact, simple Lie groups.

For full diversity, we want to design constellations with positive diversity product,
or in other words, constellations whose non-identity elements have no unit eigenvalues.
It is proved in [HKO00] that the only fpf infinite Lie groups are U(1), the group
of unit-modulus scalars, and SU(2), the group of unit-determinant 2 x 2 unitary
matrices. As discussed at the end of [HK00], due to their dimensions, constellations
based on these two Lie groups are constrained to systems with one and two transmit
antennas. (Codes constructed based on higher-dimensional representations of SU(2)
can be found in [Sho00].) To obtain constellations that work for systems with more
than two transmit antennas, we relax the fpf condition, which is equivalent to non-
identity elements have no unit eigenvalues, and consider Lie groups whose non-identity
elements have no more than k& > 0 unit eigenvalues (k = 0 corresponds to fpf groups).
Since constellations of finite size are obtained by sampling the Lie group’s underlying
manifold. When k is small, there is a good chance that, by sampling appropriately,
fully diverse subsets can be obtained.

It follows from the exponential map relating Lie groups with Lie algebras that
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a matrix element of a Lie group has unit-eigenvalues if and only if the correspond-
ing matrix element (the logarithm of the element) in the corresponding Lie algebra
(tangent space at identity) has zero-eigenvalues and vice versa. Thus classifying Lie
groups whose non-identity elements have no more than £ eigenvalues at 1 is the same
as classifying Lie algebras whose non-zero elements have no more than k eigenvalues
at zero. Unfortunately, there does not appear to be a straightforward way of analyz-
ing the number of zero-eigenvalues of a matrix element of a Lie algebra. However, it
turns out that the number of zero-eigenvalues of a matrix element of a Lie algebra

can be related to the rank of its Lie algebra.

Lemma 4.1. If a Lie algebra g of M x M matrices has rank r, it has at least one

non-zero element with r — 1 eigenvalues at zero.

Proof: Assume that by,--- b, are the commuting basis elements of the Lie al-
gebra g. Since they commute, there exists a matrix 7' such that bq,---,b,. can be
diagonalized simultaneously. That is, there exists an M x M invertible matrix T,
such that b; = TD,/T~* where D; = diag (bi,---,by,). Therefore, it is possible to
design scalars aq, - - - , a,. such that 22:1 a; D; is a diagonal matrix with the first » —1
diagonal elements being zero. The matrix b = >, a;b; = T, a;D;)T ', which
is also an element in the Lie algebra, therefore, has r — 1 eigenvalues at zero. O

Therefore, instead of exploring Lie groups whose non-identity elements have no
more than k unit eigenvalues, we work on the compact simple Lie groups whose rank
is no more than k+ 1, and obtain a finite subset of it as our constellation by sampling
its underlying manifold. As discussed before, for full diversity, we should begin with
Lie groups with rank 2.

Combining the two conditions, unitarity and full diversity, a beginning point is to
look at simple, compact Lie groups of rank 2. The following table is a complete list of
simple, simply connected, compact Lie groups [Sim94]. In the table, Z(G) indicates

the center of the group GG. There are three groups with rank 2: the Lie group of unit-



Group Dimension Z(G) Cartan Name | Rank
SU(n);n > 2 n? —1 Z, A,y n—1
Sp(n);n > 2 n(2n+1) Z, Ch, n

Spin(2n+1);n >3 | n(2n+1) Z, B, n
Spin(2n);n > 4 n(2n —1) Z, (n odd) D, n

Zs X Zs (n even)

Eg 78 Zs Ly 6

E, 133 Z, B, 7

Ly 248 0 Ey 8

Fy 52 0 Fy 4

Gy 14 0 Go 2

Table 4.1: The simple, simply-connected, compact Lie groups

determinant 3 x 3 unitary matrices, SU(3), the Lie group of 4 x 4 unitary, symplectic
matrices, Sp(2), and one of the five celebrated exceptional Lie groups of E. Cartan,
Go. Sp(2) is analyzed in the next chapter and SU(3) is analyzed in the chapter after.
(G5 has dimension 14, and its simplest matrix representation is 7-dimensional, which

is very difficult to be parameterized.
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Chapter 5 Differential Unitary

Space-Time Codes Based on Sp(2)

5.1 Abstract

As discussed in Section 4.5, Sp(n) is a Lie group with rank n. In this chapter, the
focus is on Sp(2), which, as will be seen later, can be regarded as a generalization
of SU(2), which results in Alamouti’s scheme. Differential unitary space-time codes
suitable for systems with four transmit antennas are designed based on this Lie group.
The codes are fully diverse and their structure lends themselves to polynomial-time
ML decoding via sphere decoding. Simulation results show that they have better
performance than 2 x 2 and 4 x 4 orthogonal designs, Cayley differential codes, and
some finite-group-based codes at high SNR. It is also shown that they are comparable
to the carefully designed product-of-groups code.

This chapter is organized as follows. In Section 5.2, the Lie group Sp(n) is dis-
cussed and a parameterization method of it is given. Based on the parameterization,
in Section 5.3, differential unitary space-time codes that are subsets of Sp(2) are de-
signed. The full diversity of the codes is proved in Section 5.4. In Section 5.5, Sp(2)
codes with higher rates are proposed. It is shown in Section 5.6 that the codes have
a fast ML decoding algorithm using sphere decoding. Finally, in Section 5.7 the per-
formance of the Sp(2) code is compared with that of other existing codes including
Alamouti’s orthogonal design, the 4 x 4 complex orthogonal design, Cayley differen-
tial unitary space-time codes, and finite-group-based codes. Section 5.8 provides the

conclusion. Section 5.9 includes some of the technical proofs.
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The work in this chapter has been published in the Proceeding of the Thirty-Sizth
Asilomar Conference on Signals, Systems, and Computers (Asilomar’02) [JHO2], the
Proceeding of 2008 IEEE International Conference on Acoustics, Speech, and Signal
Processing (ICASSP’03) [JHO03a], and the Proceeding of 2003 IEEE International
Symposium on Information Theory (ISIT’03) [JHO03c|. The journal paper [JHO3b] is

accepted in IFEE Transactions on Information Theory.

5.2 The Symplectic Group and Its Parameteriza-
tion

Definition 5.1 (Symplectic group). [Sim94] Sp(n), the n-th order symptectic

group, is the set of complex 2n X 2n matrices S obeying
1. unitary condition: S*S = SS* = I,

2. symplectic condition: StJop,S = Jo,

where Jo, =

—I, O

Sp(n) has dimension n(2n + 1) and rank n. As mentioned before, we are most
interested in the lowest rank case, which is also the simplest case of n = 2. Also
note that Sp(1) = SU(2), and SU(2) constitutes the orthogonal design of Alamouti
[Ala98]. The symplectic group Sp(2) can be regarded as a generalization of the
orthogonal design. Even though Lemma 4.1 claims that there exists an element of
Sp(2) with at least one unit eigenvalue, it can be shown that a non-identity element

of Sp(2) can have up to 2 unit eigenvalues.

Lemma 5.1. The multiplicity of the unit eigenvalue of any matriz in Sp(2) is even.
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Proof: Assume S is a matrix in Sp(2) and x is an eigenvector of S with eigenvalue
1. Then we have Sz = z. From the symplectic condition S*JS = J, S*JS = J. Since
S is unitary, JS = SJ. Therefore, SJz = JSZ = JSx = JZ, which means that Jz
is also an eigenvector of S with eigenvalue 1. We now argue that x # Jz. Assume

x = Jz. Partition z as [x1, xs]", where 1 and x5 are 2-dimensional vectors. We have

) __[2 0 X9 To = —XT1 To =— 0

from which we get « = 0. This contradicts the assumption that x is an eigenvec-
tor. Therefore,  # JZ, which means that the number of eigenvectors for any unit
eigenvalue is even. Thus, the multiplicity of the unit eigenvalue is even. O
From Lemma 5.1, if a matrix in Sp(2) has a unit eigenvalue then its multiplicity
must be 2 or 4. 4 unit eigenvalues means that the matrix is I;. Therefore, a non-
identity element of Sp(2) can have 0 or 2 unit eigenvalues.
From Condition 1 of Definition 5.1, (S*)~! = S, where S is the conjugate of S, so

condition 2 becomes

JS = SJ. (5.1)

If the matrix S is further partitioned into a 2 x 2 block matrix of n x n sub-matrices

A B _ _
, from (5.1), C' = B and D = A. Therefore, any matrices in Sp(n) have

¢ D

the form

A B
: (5.2)

-B A

which is similar to Alamouti’s two-dimensional orthogonal design [Ala98], but here
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instead of complex scalars, A and B are n by n complex matrices.! The group, Sp(n),
can thus be identified as the subgroup of unitary matrices with generalized orthogonal
design form. To get a more detailed structure of the Lie group, let us look at the
conditions imposed on A and B for S to be unitary. From SS5* = I,, or S*S = Iy,,
AA*+ BB* =1, A*A+B'B=1,

. 5.3
BA' = AB! . A*B = B'A )

Lemma 5.2. For any n X n complex matrices A and B that satisfy (5.3), there exist
unitary matrices U and V such that A = UX 4V and B = UXgV, where ¥4 and Xp

are diagonal matrices whose diagonal elements are singular values of A and B.
To proof this lemma, two intermediate lemmas are needed.

Lemma 5.3. Let Dy and Dy be n xXn diagonal matrices with non-increasing diagonal
entries. If UD\U* = Dy for some unitary matriz U, then D = Dy = D and U is a
block diagonal matriz whose block sizes equal the number of times that the diagonal

elements of D are repeated.

Proof: Denote the i-th diagonal element of Dy and D, as dﬁj ) and d'?

.7, respec-
tively. Since UD,U* is a similarity transformation, which preserves the eigenvalues,
the set of eigenvalues of D; is the same as the set of eigenvalues of Dy, or in other
words, dﬁj ) = dﬁ-) for some j. Notice that dS )s and df )s are ordered non-increasingly.
Therefore, dz(.il) = dg?) for : = 1,2,...,n, that is, Dy = Dy = D. Now write D as
diag{diIp,,--- ,dyIp,}, where P; is the number of times the element d; appears in D

fori=1,---,q. It is obvious that U can be written as diag{Uy,--- ,U,} where the

size of U; is Py fori=1,--- ,q. O

INote that the structure in (5.2) is akin to the quasi-orthogonal space-time block codes in [TBH00,
Jaf01]. The crucial difference, however, is that in our paper, we shall insist that (5.2) be a unitary
matrix. This leads to further conditions on A and B, which are described below, and do not appear
in quasi-orthogonal space-time block codes.
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Lemma 5.4. If UD? = D?U for any n x n positive semi-definite diagonal matriz D

and any n X n matriz U, then UD = DU.

)

Proof: By looking at the (i,j)-th entries of UD? and DU, u;;d3; = djjug;. If

dy; # d3;, ui; = 0 is obtained, and therefore u;;d;; = dyuy. If df; = d7;, since

33’
D is a positive semi-definite matrix, d;; is non-negative, therefore, d;; = d;; and so
u;;d;j; = diu;; is obtained. Therefore, UD = DU. O
Now Lemma 5.2 is ready to be proved.
Proof of Lemma 5.2: Suppose A = Us¥ 4V} and B = UgXgV/}; are the singular
value decompositions of A and B with the non-negative diagonal elements of > 4 non-
decreasingly ordered and the non-negative diagonal elements of ¥ non-increasingly

ordered. From the equation AA*+ BB* = I, in (5.3), the following series of equations

can be obtained.

UaXaViVaXaUs + UpSpViVeXipUs = I,
= UsS3UL +UpSiUs =1,
= ¥4+ (UiUs)Z5(ULUB)" = I,

= (UiUp)S%(ULUR)* =1, — ¥3.

Since U,y and Up are unitary, U3Up is also unitary. Now since the diagonal entries

of ¥% and I,, — 3% are non-increasingly ordered, from Lemma 5.3,

Y2 =1,-Y3. (5.4)

Define Up = U;Up. Therefore Ugp = UoUp and

Up(I, —¥2%) = (I, — ¥%)Up & Up¥? = ¥4Up.
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Since Y4 is a positive semi-definite matrix, from Lemma 5.4, Up>Xy4 = Y4Up and

therefore Uj,)X 4 = X 4U},. Further define Uy = Up = U,Up. Then,

A=UaXAV) =UaUpURYAV) = UaUpXa(VaUp)* = U1 XAV,

where V} is defined as V) = V4Up. Since Uy = U, B = U1 X5V}, Thus A and B
have the same left singular vectors.
We now focus on the right singular vectors. From the equation A*A 4+ BB = I,

in (5.3), the following series of equations can be obtained.

ViSAUTULSAVY + VESpUIUISEVE = I,
= ViSAVE + VEShVE =1,
= D4+ (ViVe)S5(VAVe) =1,

= (ViVe)SL(ViVe) =1, — 2.

Therefore, I, — ¥4 = Y% and (V5 Vp)X% = X4(V;Vp) by using Lemma 5.3. Define
Vp = V4 Vp, which is obviously a unitary matrix. Therefore Vg = ViVp, VpXy =
Y2Vp, and Vp¥? = ¥4 Vp, from which VpYp = YXgVp and Vp¥Xa = ¥4Vp can be
obtained by using Lemma 5.4. Now according to Lemma 5.3, Vp can be written
as diag{V1,---,V,} with each V; being a unitary matrix. Since V; is unitary, there
exists a Hermitian matrix G; such that V; = /. Because G, is Hermitian, so is
G;/2. Therefore, the matrix e/%/2, which is the square root of V;, is also a unitary
matrix and e/¢/2¥, = ¥,e79/2,e19/25 5 = Y5e’%/? can be obtained, where G/2 =

diag{G,/2,- -+ ,G,/2}. Therefore e7%/2 is the square root of V. Thus, A and B can



104

be written as

A = U SAVpVY = Uy SOV = U128 47972V = (U128 4 (Ve IC/2)",

B = ULV = (U, Sp(Vie 79%),

where V; is defined as V; = Vg = ViVp. Therefore, A = UX,V* and Y = UXgV*
for some unitary matrices U = U;e7%/? and V = V1e779/2 or equivalently, A = UX 4V
and Y = UX3V if U and V are defined as U = U;e/%/2and V = (Ve 7¢/2)*, O

Lemma 5.2 indicates that A and B can be diagonalized by the same pair of unitary

matrices. This leads to the following parameterization theorem of Sp(n).

Theorem 5.1 (Parameterization of Sp(n)). A matriz S belongs to Sp(n) if and

only if it can be written as

Ux,V ULV
= B ], (5.5)
—UX gV UXAV
where ¥4 = diag(cos by, -+ -cosb,),Xp = diag(sinby,--- ,sind,) for some by, - .0, €

[0,7/2] and U and V' are n x n unitary matrices.

Proof: Lemma 5.2 and formula (5.2) imply that any matrix in Sp(2) can be
written as the form in (5.5). Conversely, for any matrix S with the form of (5.5), it
is easy to verify the unitary and symplectic conditions in Definition 5.1. U

Now let us look at the dimension of S. It is known that an n x n unitary matrix

. . -1
has dimension 2n? — n — 2 x % = n2

Therefore, there are all together 2n?
degrees of freedom in the unitary matrices U and V. Together with the n real angles
0;, the dimension of S is therefore n(2n + 1), which is exactly the same as that of
Sp(n). But from the discussion above, an extra condition is imposed on the matrix

S: the diagonal elements of ¥4 and ¥p are non-negative and non-increasingly /non-

decreasingly ordered. This might cause the dimension of S to be less than matrices
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in Sp(2) at first glance. However, the order and signs of the diagonal elements of ¥ 4
and X g can be changed by right multiplying U and left multiplying V' with two types
of matrices: permutation matrices and diagonal matrices with diagonal elements 1
and —1.2 Therefore, the constraint does not result in dimension reduction. Based on
Theorem 5.1, matrices in Sp(n) can be parameterized by elements of U,V and the
real angles 6;s. Therefore, we can obtain finite subsets (samplings) of the infinite Lie

group Sp(n) by sampling these parameters.

5.3 Design of Sp(2) Codes

Let us now focus on the case of n = 2. The goal is to find fully diverse subsets
of Sp(2). For simplicity, first let ¥4 = X = %[2, by which 2 degrees of freedom
are neglected. To get a finite subset of unitary matrices from the infinite Lie group,
further choose U and V' as orthogonal designs with entries of U chosen from the set of

27 (P—1)

P-PSK signals: {1, ej%ﬁ, -+ ,e7 P} and entries of V' chosen from the set of Q-PSK

signals shifted by an angle 0: {e?’ ej(%w), e ,ej(%(%fl)*g)} [Hug00b, Ala98]. The

following code is obtained.

4
eI’ eI
U=->L1 ,
| e i
1 UV UV 2mm - 21Tn
-Uv UV V = 7 , ,
_eICGH0)  —i (G +0)
\ 0<kIlI<P0<mmn<@

where P and @) are positive integers. 6 € [0,27) is an angle to be chosen later. There

are P? possible U matrices and Q? possible V matrices. Since the channel is used in

2Definition of permutation matrices can be found in [Art99]. It is easy to see that both types of
matrices are unitary, therefore, the unitarity of U and V keeps unchanged.
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blocks of four transmissions, the rate of the code is therefore

%(log2 P +log, Q). (5.7)

It is easy to see that any transmission matrix in the code can be identified by the
4-tuple (k,I,m,n). The angle 0, an extra degree of freedom added to increase the
diversity product, is used in the proof of the full diversity of the code. However,
simulation results indicate that the code is always fully-diverse no matter what value
0 takes.

A similar code as follows can also be considered.

ej211;k 6j25l
U=-"% ,
V2 —6_]% e_ngk
1 v UV )
C}?,Q,e ={ — B o oI (PB2+6) JCEG ) >
V2 v o | |v=2 3y ,
_eICEGHO) —i(PER+0)

0<km<P0<Iln<Q@

The rate of the code is the same as that of Cpg ¢ and its full diversity can be proved

similarly. Here, however, the focus is on the code given in (5.6).

5.4 Full Diversity of Sp(2) Codes

In differential unitary space-time code design for multiple-antenna systems, the most
widely used criterion is the full diversity of the code since as discussed in Section
2.6, the diversity product is directly related to the pairwise error probability of the
systems. This issue is discussed in this section.

To calculate the diversity product of the code Cpg g given in (5.6), first choose
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any 2 transmission matrices S; and Sy in Cpg o where

R EATAY: A AY:
S1=— i ' 71 71 and Sy = — f ’ 72 72 (5.8)
V2| 0w o (E RATRIATS
and
j2""ki jﬁ j(27rmi +6) j(27rni +6)
Ly er o7 qvi- L] " “ - (5.9)
U = — and Vi = — | S
V2 | LB %k V2 | _ i) —i(Egito)

ki, l; € [0, P) and m;,n; € [0,Q) are integers for i = 1,2. Before calculating the
determinant of the difference of the two matrices, some well-known facts about 2 x 2

orthogonal design [Ala98] are first stated as follows.

Lemma 5.5. For any non-zero 2 X 2 matriz

a b
M = - ;

-b a
1. det M = |a|? + |b]?,
2. M*M = MM* = (det M),
3. det M = 0 if and only if M = 0q9,
4o M7= M and M- = M
Proof: Straightforward algebra. O

This lemma shows that the determinant of any non-zero matrix with an orthogonal
design structure is real and positive.

Define

01 = Ul‘/l — Ug‘/g and 02 = U1‘71 — U2‘72 (510)
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Therefore,

det (51 Sg)
1 UV — UV, U1‘71—U2‘72
= —det B - o o
V2O - OyVe) 00V — DoV
1 01 O,
= ——det
V2o —o, 0

= L det Oy det(Ol + 0201_102)

NG (5.11)

if Oy is invertible. Since U;, U,, V; and V5 are all orthogonal designs and it is
easy to prove that the addition, multiplication, and conjugate operations preserve
this property, O; and O, are also have the orthogonal design structure. By taking
advantage of this, when det O; # 0 and det Oy # 0, the determinant of the difference

can be calculated to be

det (Sl

O, +

:_zma@t %O%)

det O,

L det O; det

V2

det O,

| 0:000,
det 01

0,03

020*

o
(010 502
(

det O

1 det <\/det01 detOg

det 02

det 01
0,05 +

det (a@lOS + %(OlO;)t)

) det 02

vV det Ol det 02
det Ol

t

0,05 )
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1, 1\* 1 37
_ e T 5.12
Lol (a2} + a2 (5.12)
where a = j%g; is a positive number and (o, 3) is the first row of O,03.

Lemma 5.6. For any Sy and Sy given in (5.8) and (5.9) where S1 # Sa, det (51 — Ss) =

0 if and only if Oy = £JO,, or equivalently

e2j9w+ — .CL’+ e2j9w— =
, or : (5.13)

20yt = o+ ey~ = 2~

where
( 2 .kl my 2 .k2 mo 2 'll m1 2 .l2 mo
wT =e i (F+35) _ e (B +5) Te mi(F+5) _ e i (E+)
omj(M -2y | omi(l2-n2y | omih-T)  omj(lz-22)
2T = T TR L NP TR L TNPTR) — TP TR
.14
4o emi(By  omi(BR42) | 2mi(B+) _ 2mi(R+2) (5.14)
yt=e PTQ) ¢ PTQ) 4e FPTQ/) _¢ PTQ
ki _my ko _mg i _mg g _mg
Z+ 627‘7( Q ) 627‘7( Q ) 627r](p Q ) + 627U(P Q )
\
and
( 2 k1 | mq 2 . kg | mo 2 Lol my 2 . lg | Mg
w-=e i (p+5) _ e T (F+5) _ e (5 +5") Te i (+5)
(k1 _m (k2 _ng il _ny i(l2 _ng
x—:ezﬂj(p Q)_ezﬂj(p Q)_'_ezﬂj(p Q)_€27r](P Q)
1
2mj(51 47 2mj(2 4 12) 2mj (b +") 2mj(‘3+72) (5.15)
Yy  =e PlQ/—e" PRI —¢ PR +e e
(k1 mg (k2 mg il _mg (2 _mag
2T = _627r.7(p Q)+627U(P Q) _627T](p Q)+€27r](p Q)
\
Proof: See Section 5.9.1. O

Here is the main theorem.

Theorem 5.2 (Condition for full diversity). There ezists a 8 such that the code

in (5.6) is fully diverse if and only if P and Q) are relatively prime.
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This theorem provides both the sufficient and the necessary condition for the code
set to be fully diverse. Before proving this theorem, a few lemmas are given first which

are needed in the proof of the theorem.

Lemma 5.7. For any four points on the unit circle that add up (as complex numbers)
to zero, it is always true that two of them add up to zero. (Clearly, the other two

must also have a summation of zero.)
Proof: See Section 5.9.2. O

Lemma 5.8. If P and Q) are relatively prime, then for any non-identical pairs,
(k1, i, my,ny) and (ka,la, ma, ng), where ky,ly, ko, lo € [0, P) and my,ny,mo,ny €
[0,Q) are integers, wt, x*, y*, z* as defined in (5.14), cannot be zero simulta-

neously. Also w™, x=, y~, 27, as defined in (5.15), cannot be zero simultaneously.

Proof: See Section 5.9.3. O

Now it is ready to prove Theorem 5.2.

Proof of Theorem 5.2: The proof has two steps. First, we prove the suffi-
ciency of the condition, that is, assuming P and () are relatively prime, we show
that there exists a 6 such that the code is fully-diverse. If P and () are relatively
prime, by Lemma 5.8, for any non-identical pair of signal matrices (ki, [, my,n,) and

(ka, Iy, ma,mg), wh, T, y*, 2% cannot be zero simultaneously. (For definitions of w™,

xt, yt, 27, see (5.14)). Define

tArg (%) mod 27 if wt #0
. B —%Arg(i—j) mod 27 if wt=0,2T#0

k1,l1,m1,n1,k2,l2,m2,n2 ’

sArg (Z—I) mod 27 if wt=at=0,y" #0

—%Arg(g—i) mod 27 if wt=at =yt =0,2T#0

\
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which is the same as

%Arg(:}—i) mod 27 if wt #0

ot 0 if wt=0,27#0

k1,l1,m1,n1,k2,l2,ma,ma

(5.16)
%Arg(f}—i) mod 27 if wt=at=0,y" #0

0 if wr=at=9y"=0,27#0

\

Arg cindicates the argument of the complex number ¢. Also, by Lemma 5.8, w™, 7, y~, 2~

cannot be zero simultaneously. (For definitions of w™,z~,y~, 27, see (5.15)). Define

TArg () mod 27 if w” #0

o —3Arg (%) mod 27 if w™ =027 #0

k1,l1,m1,n1,k2,l2,m2,n2 )

TArg (%)  mod2r if wm=2" =0,y #0

—3Arg () mod 27w if wm=a" =y =0,z #0

which is the same as

TArg(£-) mod 27 if w™ #0

0 if w™=0,27#0
916—17117m17n1,k27127m2m2 - _ (517)

%Arg(z—,) mod 27 if wm =27 =0,y" #0

0 if w=2"=y" =0,27#0

By choosing

4 ¢ {9/—6’_1,117m17n1,k27127m27n2 ’
(5.18)
|'UJ+| = |I’+|, |y+| = |Z+|70 S k17l17k2>l2 < P,O S mi, Ny, Mo, Ny < Q}
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and

0 ¢ {916_1,117m1,n17k2,l27m2,n2 ’ (519)
||'UJ_| = |$_|7 |y_| = |Z_|70 S k17l17k2>l2 < P,O S mi, Ny, Mo, Ny < Q}7

(5.13) cannot be true at the same time. Therefore, by Lemma 5.6, det(S; — S3) # 0,
which means that the code is fully diverse. An angle in [0,27) that satisfies (5.18)
can always be found since the two sets at the right-hand side of (5.18) and (5.19) are
finite. This proves the sufficiency of the condition (P and () are relatively prime) in
Theorem 5.2.

In the second step, we prove the necessity of the condition, that is, assuming that
P and @) are not relatively prime, we show that there exist two signals in the code
such that the determinant of the difference of the two is zero for any #. Assume
that the greatest common divisor of P and () is G > 1, then there exist positive
integers P’ and Q' such that P = P'G and (Q = (Q’G. Consider the following two
signal matrices S; and Sy as given in (5.8) and (5.9) with ko = k1 — P/, ls =1, — P/,
me =my + Q', ne =ny +Q, ky =1y, and ky = lo. Assume that ky,l; € [P, P), and
mi,n € [0,Q — Q). Since P > P'and Q > @', we can always choose kq,ly,mq,n4
that satisfy the conditions. It is easy to verify that w™ = 2t = y™ = 2% = 0, which
means that the first set of equations in (5.13) is true for any angle 6. Therefore,
O, = JO,, and from Lemma 5.6, we have det(S; — S5) = 0, that is, the signal set in
(5.6) is not fully-diverse. O

Remark: Note that we have actually proved that the codes in (5.6) are fully
diverse for almost any 6 except for a measure zero set. However, this is a sufficient
condition and may be not necessary. The diversity products of many codes for 6 from
0 to 27 with step size 0.001 are calculated by simulation. Two of these are shown in
the following. Simulation results show that the codes are fully diverse for all 6.

The following two plots show the diversity products of two Sp(2) codes at different
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diversity product vs 6 (P=7,Q=3)
0.2 T T T T

0.19 nl

1/4

0.18 M ! . .

1/2 min|det(Sw—S

o
3
i

E=

0.15 1 1 1 1 1 1 1 1 1 1

6 (radian)

Figure 5.1: Diversity product of the P =7,Q = 3 Sp(2) code

diversity product vs 6 (P=11,Q=7)
0.095 : :

0.09 (

0.085 -

0.08

o

N

3
T

0.07

1/2 min|det(s, S )|"*

E=

0.065 -

0.06 -

0.055

0.05 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

6 (radian)

Figure 5.2: Diversity product of the P = 11,0 = 7 Sp(2) code
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6. Figure 5.1 shows the diversity product of the Sp(2) code with P =7 and @) = 3
and Figure 5.2 shows the diversity product of the Sp(2) code with P =11 and Q) = 7.
Since the angles of the elements in the V matrix of (5.6) are chosen from @Q-PSK
signals shifted by an angle 0, it is enough to set the changing region of 0 as [0, 27/Q)
instead of [0, 27). It can be seen from the two plots that the Sp(2) code with P =7
and Q = 3 gets its highest diversity product, 0.1870, at § = 0.0419 and the Sp(2)
code with P = 7 and ) = 3 gets its highest diversity product, 0.0937, at 6§ = 0.

Although the codes are fully diverse at any 6.

5.5 Sp(2) Codes of Higher Rates

In section 5.4, Sp(2) codes are designed with the 2 degrees of freedom in 34 and ¥p
unused. For higher rate code design, one of the two degrees of freedom can be added

in by letting

Yoqp =cosvyly and Ypg = siny;ls,
where 7; € I' for some real set I'. The code can be constructed as follows.

) eI 2 ol 2B
U=—
2 _ oml ok ’
—e J1°p e 1P

[ GCFH) ICE+) ] . (5.20)

Crq.or =

cosy UV sinyUV
—siny UV cosv,UV

2mm
eI (=g +0)

0<kI<PO<mn<Q@Q,verl

where P and @) are positive integers and 6 € [0, 27) is a constant to be chosen later.
It can be easily seen that any signal matrix in the code can be identified by the 5-tuple
(k,1,m,n,7;). The code proposed in (5.6) is a special case of this code, which can be

obtained by setting I' = {F}. Since the set has altogether P?Q?|I'| matrices and the
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channel is used in blocks of four transmissions, the rate of the code is

1

1
§(log2 P +log, Q) + 1

log, [T, (5.21)
where |I'| indicates the cardinality of the set I. A conclusion similar to Theorem 5.2
about the full diversity of the code can be stated as follows.

Theorem 5.3 (Condition for full diversity). If P and Q) are relatively prime with

P odd and the set I' satisfies the following conditions,
1. T'C(0,%),

2. For any vy €T,

sinm(L + 2
tany # +— (’; ﬁ), (5.22)
sin7 (5 + §)
where k,l € (=P, P), m € (—Q, Q) are integers and (k,m) # (0,0),
3. For any two different v;,v; € T,
in 2+, o
sin 27y; , cos 7TIID’ (5.23)

sin2y; © cos2mp

where s,1 € [0, P) are integers,
then there exists 0 such that the signal set in (5.20) is fully-diverse.

Proof: First we need to show that the right-hand side formula of (5.22) is well

defined, that is, sinﬂ(% + %) # 0 for any integers k € (=P, P), m € (—Q,Q), and

(k,m) # (0,0). This can be proved by contradiction. Assume that sin7(% + 5) =0.

Therefore, W(% + %) = |7, which is equivalent to %+ % = [, for some integer [. Since

P and @ are relatively prime, P|k and Q|m. Since k € (—P, P) and m € (—Q, Q),

k =0 and m = 0. This contradicts the condition that (k,m) # (0,0). We now prove
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that the right-hand side formula of (5.23) is well defined, that is, cos 27+ # 0 for any
[ € [0,P). Again, this can be proved by contradiction. Assume that cos QW% = 0.
Therefore, 2#% = rm + 5, that is, % = 2%1 for some integer r. Since 2r 4+ 1 is odd,
4|P and this contradicts the condition that P is odd.

Now we prove this theorem. Assume that P and @) are relatively prime, P is odd
and the set I' C (0, 7) satisfies conditions (5.22) and (5.23). We want to show that
there exists a 6 such that the code is fully diverse. It is equivalent to show that for
any non-identical pair of signals S; and S; of the code, det(S; — S;) # 0. Without
loss of generality, assume

cosv;U; Vi sin~, UV cosy;U;V;  sin fyl-UjVj

S; = B o and S; = B ], (5.24)
—siny;U;V; cosy,;U; V; —sinvy;U;V;  cosvy;U;V;

where U;,V; are 2 X 2 unitary matrices given by (5.9) and U;, V; are the two 2 x 2
matrices in (5.9) by replacing ¢ by j. The two signals being different indicates that
the two 5-tuples, (k;,l;, m;, ni,7;) and (kj,1;,mj, n;,~;), are not identical. From the

proof of Lemma 5.6, det(S; — S;) is zero if and only if O] = +£JO), where O} and O}

are defined as
O} = cosy;U;V; — cosv;U;V; and O} = sin~;U;V; — sin,;U; V. (5.25)

By using (5.25) and (5.9), similar to the argument in the proof of Lemma 5.6, O] =

+.JO) can be equivalently written as

.oky  omy ks o omg ol oms L omy
. 2 L3 i 2 J J . 2 ‘e A . 2 _J J
ezﬂg(cos%e m(p+qQ) _ cos yje m(p+g) =+ siny;e ™ (p+q) T sinyje m(F+5 ))
.ok n; Lk ng ol n; L nj
. 2 Zi Mg . 2 -2 _ 2 2 D 2 2 _J
= Fsiny,e?™ (P73 £ sin;e?™(F 72 4 cos 7™ F D) — cosn ™ F )
j j
or (5.26)
ks g Lk nj ol n; Ll ng
. 2 Fq i 2 J J . 2 A i . 2 -J J
e21%(cos e m(F+q) cosyje mi(p+q) + siny;e ™ (3+q) F sinyje 7r](134'62))
. k;  my ki oms L ms s omg
. 2 AL . 2 1 __J 2 M 2 2 __J
= +sinye (3 Q):Fsmfyje "HF =T cos et (P Q)—I—cosvje m(F=5)
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Define
( ks oms ks oms ol ms l;  ms
~ 2 Zig M 2 2 . 2 iy M . 2 2
Wt = cos ;e P TR) — cos e P TR 4 sin ;e (P TR) — gin e (Pt R)
ks n; ks n. L n; Ll n.
~ . 2 A . 2 7T 2 Y 2 2 _J
it = —sinye?™ (P Q)+sm7je "I(F ) 4 cos ™ P Q)—cosvje mi(F-q)
\ ~ 2mj (R4 1y omj(M 42y | omj(t4my . omj( 1) (5:27)
g =cosye ' PTR) — cosy;e TR fsinye”™ PTR) —siny e PR
ks ks omg L me Ll omy
~ . 2 o Ta . 2 BV R 2 N 2 J__J
it = 4 sinye?™ P T @) —sinqy; ¥ P T @) — cos ™ PTR) 4 cosy et P R)
L j j
and
( .o ky o my i, m ol omy m
~ 2 24—t 2 Jy_J Yy Mg . g
W~ = cos e 7TJ(1°+Q)—c:08'yje ™ F+T) _ ginye J(PJrQ)jLsm'yje i(F+g)
.ok n; ks ng ol n; Y ng
~_ . 2 Ay . 2 7T 2 A 2 J_ I
i = +sin e (F Q)—sm'yje ™2 = Q) 4 cos e (P Q)—cos%-e ™) (5.28)
5.28
ok oy k; mn; L ns ol ong .
~_ 2 i LY 2 24 J 2 L4t . 2 L4 2
= = cosye m(F+g) _ cos ;e m(F+g) sin y;e m(F+g) + sin e m(F+3)
oky omy kg omy ol omy by omy
~_ . 2 i 2 J__J 2 a4 2 2 __J
| 27 = —sinye (P Q)+sm'y]e m(F =) — cogyer™ P Q)+Cosvje ™73
(5.26) is thus equivalent to,
290+ = 5t 20— = 5~
or . (5.29)
e2j€g+ — Z-l— eZ]Hg— = 5

Now we need the following lemma.

Lemma 5.9. For any non-identical pairs (k;, l;, m;, n;, ;) and (k;,1;, mj,nj,;), where
ki, li,kj, lj € [0, P), my,n;,m;,n; €[0,Q) are integers and 7v;,v; € L', if P and Q are
relatively prime with P odd and if the set I' C (0, %) satisfies conditions (5.22) and
(5.23), then w™, &, g%, Z* (as defined in (5.27)) cannot be zero simultaneously.

Alsow=, T, §~, 2= (as defined in (5.28)) cannot be zero simultaneously.

Proof: See Section 5.9.4. O

The proof is very similar to the proof of Theorem 5.2. By Lemma 5.9, w™, 27,



gt, Zt cannot be zero simultaneously.

§+

which is the same as

9~+

k1,l1,m1,n1,k2,l2,m2,n2

Also from Lemma 5.9, w™, 27, ¢, 2

k1,l1,m1,n1,k2,l2,ma,m2

which is the same as

k1,l1,m1,n1,k2,l2,ma,n2 T

k1,l1,m1,m1,k2,l2,ma,m2

= 9

\
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+£0

Define
1Arg (1) mod 27 if @ #0
—3Arg (Z5) mod 27 if @t =0, #0
1Arg (%) mod 27 if @t =it =0,5" #£0
—LArg (L) mod 21 if wt =it =5t =0,2
1Arg (:}—i) mod 27 if @t #0
0 if wt=0,i"#0
%Arg(g—i) mod 27 if @t =it =0,5" #£0
0 if ot =zt=¢"=0,2"#0

TArg(Z-)  mod 27
—1Arg (Z) mod 27
sArg (Z—:) mod 27
—sArg (Z—:) mod 27
—3Arg (Z=) mod 27
0

—5Arg (Z—:) mod 27
0

if W #£0

if & =0, #£0

if - =i =0, £0
if 0= =3 =§ =0,3
if @ #£0

if & =0,i"#£0

if & =F =0, #£0
if 9= =i =g =0,3

cannot be zeros simultaneously. Define
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By choosing

N+
0 ¢ { elﬁ J1,ma,ma,ka,le,me,ng

|QD+| = |j+|7 |g+| = |2+|a0 S k1>l1>k2>l2 < P,O S mi, Ny, Mo, Ny < Q

}(5.30)

and

4 ¢ { le J1,ma,ma,ka,l2,ma,ng

"II)_| = ‘5:_‘7 ‘g_| = ‘2_|70 S klull7k2ul2 < P70 S my, 1, Mo, Ny < Q

}(5-31)

(5.29) cannot be true. Therefore det(S; — S;) # 0, which means that the code is
fully-diverse. An angle in [0, 27) that satisfies both (5.30) and (5.31) can always be

found since the two sets at the right-hand side of (5.30) and (5.31) are finite. O

5.6 Decoding of Sp(2) Codes

One of the most prominent properties of our Sp(2) codes is that it is a generalization
of the orthogonal design. In this section, it is shown how this property can be used
to get linear-algebraic decoding, which means that the receiver can be made to form

a system of linear equations in the unknowns.

5.6.1 Formulation

The ML decoding for differential USTM is given in (2.12), which, in our system, can

be written as

F



2

ugr 0 1 Vi 'V
= argmax Xr——= O X
e ] Vv
F
By writing the matrices in the norm column by column, we get
- - - - - 2112
u:r 0 V. V;
Xl('r) J 73 Xl('r—l)
0 U -V V,
L i 1 L i
arg max : i ,
g 1 ] P VAR )
ur 0 Vi V
XJ(VT) j _J X](Vf—l)
0 U Y
L L i i L L i dllp

where X ) denotes the i-th column of X, and X Y denotes the i-th column of
X,_1. It is obvious that X ) and X ) are 4 x 1 column vectors. We further denote
the (i,7)-th entry of X, as x ) and denote the (1,7)-th entry of X, as x( Y for
1=1,2,3,4and 7 =1,2,--- , N. The ML decoding is equivalent to

I < O I A Pl AR A )

| 0[] | [ 0 e

argn%gx ] ] _% - . _
v o), 2] wh&”w$”]+-h&”w$”r

[l ] 0 [ ]

r t
U [0

From the design of the code, we know that the matrices U;, V; and their conjugates

a b
and transposes are all orthogonal designs. For any orthogonal design M = -
—-b a
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and any two-dimensional vector X = [z1, 25", M X can be written equivalently as

Ra Ra

Rr; Sz —Ray Sas Sa | Sz Ry —SQzy —Nay Sa
+1 ,

§RJ}2 —%SL’Q §RJ}1 %J}l Kb %SL’Q §RSL’2 %Z(Zl —§RI1 Kb

Sb Sb

where R indicates the real part of x and Sz indicates the imaginary part of x. It can
be seen that the roles of M and X are interchanged. Therefore, by careful calculation,

the ML decoding of Sp(2) codes can be shown to be equivalent to

cos%
_ - i 27k
T T—1 SIII?
AX) —axyY)
(") (r—1) cos %
Bi(Xy") —Di(X;" ) o
sin <5
arg max . P (5.32)
0<k,l<P,0<m,n<Q COS(%—m‘I—Q)
T T—1 Q@
An(XY) —Cn(X§Y) o
) (r—1) SIH(T + ‘9)
BN(XN ) _DN(XN ) 2
L - | cos(55t +6)
i sin(%jtﬁ) 1,
where
Rell Salf! —Rel Sal)

R
, (5.33)

1
I

R Saf) Ref) -9af) |



-%xff) —§Rx2(1) —%ng) —%xf;) |
B(X[) = ¢1§ %x%j m%z %Ei) _%fi) , (5.34)
Szy° Reyy —Swy,  Roy,
ool —Ral]) %) Ral
[ REEY ) SV 4+l
cxry =y | R e S -
R(—aii U +257Y) SV 42
| R(—alV +aTY) S(al Y -2 5.35)
REGV 420 (-G V-7 |
R(—zli V=i ™) S(=all V +2iY)
R(—zG Y +a) SV —aliY)
Rzl V-2 SV i)
[ SRVl REEY -G
pyxey o1 | e e R )
S(—aii V42l Y) R(—ali Y —2iY)
| S(—ay VY REETY Y (5.36)
SV +aGY) RG]
S(—aii V=2 ) R@Y -257Y)
S(—aly U +al; V) R(—al Y =2
Sl V=2 R(=all Y =2 Y)
and |cos 2 sin 2ZE cos 22, sin %’fl,cos(%vm + 0),sin(2”7m + 0),003(2%" + 0),sin(2%" + 9)]t

is the vector of unknowns. Notice that Bi(Xi(T)) can also be constructed as A;(—j X, i(T)).

It can be seen that formula (5.32) is quadratic in sines and cosines of the unknowns.
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Thus, it is possible to use fast decoding algorithms such as sphere decoding to achieve
the exact ML solution in polynomial time.

In this paragraph, the sphere decoding for codes given in (5.20) is discussed. For
each of the angle v;, a sphere decoding is applied and one signal is gained. In doing
the sphere decoding for each ~;, matrices A;, B; for i = 1,2,--- | N are the same as

those in (5.33) and (5.34), but the C; and D; matrices should be modified to

5)?((:087Z T D 4 sin vy 53 1)) (= cos vz 21 )—i-sinfyi:cg_l))
c R(cosyirly V +sinya[V)  Scosyia "V —sinyal] V)
R(— cosyx zl )—l—sinfyi:cg_l)) %(COS% i D 4 sinvy 2(3 1))
R(—cosniay ™ sl ™) A(cossaly ™ —sinna{)
%(COS% Lig )—I—sm% 2(4 1)) S(— cos vy 1(2_ : — siny;x 54_1))
R(— cos v,z 7Y — sinvzT V) (= cos v,z TV + sin vz
( gt 1 Vilig Vilin Vi3
R(—cosyizs Y +sinyz T V) S(cosyizly Y — sinyzl] )
R(cosy;x zl D _ in %:)32(.;_1)) I(cos %xﬁf‘ )+ sin’yizcg_l))
and
S(cosyir!] Y +sinyzs ) R(cos a7V — sinyzll )
- Scosyiy Y +sinyal V) R(—cosyualy Y+ sinyial V)
w<m%ﬂ>+mw£“>wﬂm%ﬂ”—m%%”>
S(—cosyiayy V) +sinyal V) R(cosya Y + sinyia V) (5.38)
S(cos vz 7,2 4 gin 2(4 DY R(cos 22 —sin%xg_l))

( (
3(- m%ﬂ”—m%%”>wm%ﬂ>—mm%“>
(- (-
3 (

cosyialy " +sinyir V) R(=cosyaly Y —sinyal; )

R(— cosyirl] Y —sinyz ")

S(cos iz 7,1 - _ sin%xg_l))

For each transmission, |I'| sphere decoding is used and therefore |I'| signal matrices

are obtained in total. ML decoding given in (5.32) is then used to get the optimal
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one. The complexity of this decoding algorithm is |T'| times the original one, but it

is still cubic polynomial in the transmission rate and dimension.

5.6.2 Remarks on Sphere Decoding

Below are some remarks on the implementation of sphere decoding in our systems.

1. The main idea of sphere decoding is disucssed in Section 2.8. The choice of the
searching radius is very crucial to the speed of the algorithm. Here, the radius
is initialized as a small value and then increase it gradually based on the noise
level [HV02]. The searching radius v/C' is initialized in such a way that the

probability that the correct signal is in the sphere is 0.9, that is,
P (||v]|r < VC) = 0.9, (5.39)

If no point is found in this sphere, the searching radius is then raised such
that the probability is increased to 0.99 and so on. Using this algorithm, the
probability that a point can be found during the first search is high. The noise
of the system is given in (2.11). Since W,, W,_; and the transmitted unitary
matrix V, are independent, it is easy to prove that the noise has mean zero
and variance 2N1;. Each component of the 4 x N-dimensional noise vector
has mean zero and variance 2. Therefore the random variable v = ||W/]|% has
Gamma distribution with mean 4N. The value of C' that satisfies (5.39) can be

easily calculated.

2. From (5.32), it can be seen that the unknowns are in forms of sines and
cosines. Notice that for any a # [ € [0,27), sina = sinf if and only
if f = (2k + 1)m — « for some integer k. When P, @Q are odd, it can be
seen that 7 cannot be in the set Op = {%Uﬁ =0,1,2,..., P — 1}, which is

the set of all possible angles of U;’s entries, and 7m + 6 cannot be in the set
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O = {% + 0|k =0,1,2,..., P — 1}, which is the set of all possible angles of
Vi’s entries. Therefore, the map fp : ©p — {sinz|z € Op} by fp(d) = siné
and the map fo : ©g — {sinz|x € O} by fg(f) = sinf are one-to-one and
onto. The independent unknowns k, [, m,n can thus be replaced equivalently

by their sines: sin 2% sin 22t 81n(27rm +6), sin(zm +6).

. Notice that there are only four independent unknowns but eight components in
the unknown vector in (5.32). We combine the 2i-th component (with the form
of cos z) and the (2i+ 1)-th component (with the form of sinz) for i = 1,2, 3, 4.
From previous discussions we know that for any value in the set {sinz|z € ©p}
or {sinx|z € ©¢}, there is only one possible value in © p or O whose sine equals
the value. Therefore, there is only one possible value of the cosine. In other
words, for any possible value of the 2:-th component, there is one unique value
for the (2¢+ 1)-th component. Therefore, it is natural to combine the 2i-th and
the (2¢+1)-th components. To simplify the programming, while considering the
searching range of each unknown variable, we skip the 2i-th component and only
consider the (2¢ 4+ 1)-th one. For example, instead of analyzing all the possible

27rn (

values of sin Z£* (the 8th component) satisfying gss sin 2“—" +qr (cos Imn 4 Ge)?2 <

2mn

C, all the possible values of sin <£* 5

satisfying ggg sin 2%” < (' are considered
[DAMLO00]. It may seem that more points than needed is searched, but actually
the extra points will be eliminated in the next step of the sphere decoding

algorithm.

. Complex sphere decoding can also be used here to obtain ML results, which ac-
tually is simplier than the real sphere decoding. However, in all the simulations,

real sphere decoding is used.
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5.7 Simulation Results

In this section, examples of Sp(2) codes and also the simulated performance of the
codes at different rates are given. The fading coefficient between every transmit-and-
receive-antenna pair is modeled independently as a complex Gaussian variable with
zero-mean and unit-variance and keeps constant for 2M channel uses. At each channel
use, zero-mean, unit-variance complex Gaussian noise is added to each received signal.
The block error rate (BLER), which corresponds to errors in decoding the 4 x 4
transmitted matrices, is demonstrated as the error event of interest. The performance
of the Sp(2) codes is also compared with that of some group-based codes [SHHS01],
the differential Cayley codes [HH02a], the 2x 2 Alamouti’s complex orthogonal designs
[Ala98] of the form

21 22

C(z1,20) = , (5.40)
—2z5 2
and the 4 x 4 complex orthogonal design
[ 21 Z9 23 0 ]
Clormm) = | 24 0 7% (5.41)

0 25 —2 2=

proposed in [TH02].
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Sp(2) code VS Cayley code and orthogonal design

T T 1
=+ R=2 2-d orthogonal design
=-©- R=1.75 Cayley code 1
— P=5,Q=3, R=1.95 Sp(2) code |]
= = R=1.94 4-d orthogonal design

BLER

SNR

Figure 5.3: Comparison of the rate 1.95 Sp(2) code with the rate 1.75 differential
Cayley code, the rate 2, 2 x 2 complex orthogonal design, and the rate 1.94, 4 x 4
complex orthogonal design with N = 1 receive antennas
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5.7.1 Sp(2) Code vs. Cayley Code and Complex Orthogonal

Designs

The first example is the Sp(2) code with P =5,Q = 3,0 = 0, that is, entries of the
U matrix of the code are chosen from the 5-PSK signal set {1,e5, el % ¢/ ¢i5},
and entries of the V matrix are chosen from the 3-PSK signal set {1,e’ T el 4%}
Therefore by (5.7), the rate of the code is 1.95. It is compared with 3 code: the
rate 2, 2 X 2 complex orthogonal design given by (5.40), where z;,z; are chosen
from the 4-PSK signal set {1,/ ,elT,ei% }; a rate 1.75 differential Cayley code
with parameters @ = 7,7 = 2 [HHO02al; and also the rate 1.94, 4 x 4 complex or-
thogonal design given by (5.41), where z1, 25, 23 are chosen from the 6-PSK signal set
{1,e7% el 1% e ei6" }. The number of receive antennas is 1. The performance
curves are shown in Figure 5.3. The solid line indicates the BLER of the Sp(2) code.
The lines with circles indicates the BLER of the differential Cayley code. The line
with plus signs and the dashed line show the BLER of the 2 x 2 and 4 x 4 complex
orthogonal designs, respectively. From the plot, it can be seen that the Sp(2) code
has the lowest BLER at high SNR. For example, at a BLER of 1073, the Sp(2) code
is 2dB better than the differential Cayley code, even though the Cayley code has a
lower rate, 1dB better than the 4 x 4 complex orthogonal design, and 4dB better than

the 2 x 2 complex orthogonal design.

5.7.2 Sp(2) Code vs. Finite-Group Constellations

In this subsection, the same Sp(2) code is compared with a group-based diagonal
code and the K, 1 code both at rate 1.98 [SHHS01]. The K, 1 code is in one of
the 6 types of the finite fixed-point-free groups given in [SHHS01]. The number of
receive antennas is 1. In Figure 5.4, the solid line indicates the BLER of the Sp(2)

code and the line with circles and plus signs show the BLER of the K;; _; code and
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Sp(2) code vs. group based codes

10 . — T T T
107
107k
10°
o
L
@
107
107k
10°°
== R=1.98 diagonal group code
-o- R=1.98K _  code
= P=5, Q=3, R=1.95 Sp(2) code
10*7 I I I I I
0 5 10 15 20 25 30

SNR

Figure 5.4: Comparison of the rate 1.95 Sp(2) code with the rate 1.98 group-based
K11 code and a rate 1.98 group-based diagonal code with N = 1 receive antennas
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the diagonal code, respectively. The plot indicates that the Sp(2) code is better than
the diagonal code but worse than K ;1 code according to the BLER. For example,
at a BLER of 1073, the Sp(2) code is 2dB better than the diagonal code, but 1.5dB
worse than K ;1 group code. However, decoding K ; _; code requires an exhaustive

search over the entire constellation.

5.7.3 Sp(2) Codes vs. Complex Orthogonal Designs

Sp(2) code VS Orthogonal design

-
-~
-
-
-

BLER

- P=11, Q=7, R=3.13 Sp(2) code
=0~ R=3 2-d orthogonal design
= = R=3 4-d orthogonal design

I

10°°
15 20 25

SNR

Figure 5.5: Comparison of the rate 3.13 Sp(2) code with the rate 3, 2 x 2 and 4 x 4
complex orthogonal designs with N = 1 receive antenna

The comparison of the Sp(2) codes with complex orthogonal designs at rate ap-
proximately 3 and 4 is shown in Figures 5.5 and 5.6. In Figure 5.5, the solid line
indicates the BLER of the Sp(2) code of P =11,Q = 7,0 = 0. The line with circles
shows the BLER of the 2 x 2 complex orthogonal design (5.40) with z;, z; chosen from
8-PSK. The dashed line indicates the BLER of the rate 3, 4 x 4 complex orthogonal
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Sp(2) code vs. orthogonal design

BLER

— P=23, Q=11, R=3.99 Sp(2) code
=0~ R=4 2-d orthogonal design
= = R=3.99 4-d orthogonal design

I

107°
20 25 30 35

SNR

Figure 5.6: Comparison of the rate 3.99 Sp(2) code with the rate 4, 2 x 2 and rate
3.99, 4 x 4 complex orthogonal designs with N = 1 receive antenna

design (5.41) with z1, 29, z3 chosen from 16-PSK. Therefore, the rate of the Sp(2) code
is 3.13 and the rate of the 2 x 2 and 4 x 4 orthogonal designs is 3. Similarly, in Figure
5.6, the solid line indicates the BLER of the Sp(2) code of P = 23,Q = 11,0 = 0.
The line with circles shows the BLER of the 2 x 2 complex orthogonal design (5.40)
with 21, 29 chosen from 16-PSK and the dashed line indicates the BLER of the 4 x 4
complex orthogonal design (5.41) with 21, 25, 23 chosen from 40-PSK. Therefore, the
rate of the Sp(2) code is 3.99 and the rates of the 2 x 2 and 4 x 4 complex orthogonal
designs are 4 and 3.99. The number of receive antennas is 1. It can be seen from the
two figures that the Sp(2) codes are better than the 4 x 4 complex orthogonal designs
for all the SNRs and are better than the 2 x 2 complex orthogonal designs at high
SNR.
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5.7.4 Performance of Sp(2) Codes at Higher Rates

In this subsection, simulated performances of the Sp(2) codes at higher rates, as given
in (5.20), are shown for different I" and are compared with the corresponding original
codes given in (5.6), whose I" is {7 }.

The first example is the Sp(2) code with P =11,Q =7,0 =0, = {%Z,5,%} +
0.012and ' = {5, %, %, %, 22} +0.02. A small value is added to the set that is uniform
on (0, %) to make the resulting I' set satisfy conditions (5.22) and (5.23), that is, to
guarantee the full diversity of the code. According to (5.21), the rates of the codes
are 3.5296 and 3.7139. In Figure 5.7, the dashed line and the line with plus signs
indicate the BLER of the Sp(2) codes that are just mentioned, which we call the new
codes, and the solid line shows the BLER of the P = 11,Q = 7,0 = 0 Sp(2) code
with I' = {7} and rate 3.1334, which we call the original code. The figure shows that
the new codes are about only 1dB and 2dB worse than the original one with rates
0.3962 and 0.5805 higher. The BLER of the rate 4 non-group code given in [SHHS01],
which has the structure of product-of-groups, is also shown in the figure by the line
with circles. It can be seen that performance of the new code is very close to that of
the non-group code with rate 0.4704 lower. The result is actually encouraging since
the design of the non-group is very difficult and its decoding needs exhaustive search
over 26 = 65, 536 possible signal matrices.

The second example is the P = 9,Q = 5,0 = 0.0377,I' = {{5, 5, 1. 5 51—72r} +0.016
Sp(2) code. The rate of the code is therefore 3.3264 by formula (5.21). In Figure 5.8,
the dashed line indicates the BLER of the rate 3.3264 Sp(2) code we just mention,
which we call the new code, and the solid line shows the BLER of the P = 9,Q =
5,0 = 0.0377 Sp(2) with I' = {7} and rate 2.7459, which we call the original code.
The figure shows that the new code is only about 2dB worse than the original one with

rate 0.5805 higher. Also, the BLER of the rate 4 non-group code given in [HH02a|

is shown in the figure by the line with circles. It can be seen that the new code is
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Sp(2) code with different T’
10 T T T T

T T T T
— P=11, Q=7, |T|=1, R=3.13 Sp(2) code |]
= P=11,Q=7, [T|=5, R=3.71 Sp(2) code |]
= = P=11, Q=7, |I'|=8, R=3.53 Sp(2) code |
=©~ R=4 non-group code 1

BLER

|
20 21 22 23 24 25 26 27 28 29 30
SNR

Figure 5.7: Comparison of P = 11,Q = 7,0 = 0 Sp(2) codes of I' = {7}, R = 3.1334,
T ={Z,2,351 10,012, R = 3.5296, and T = {& T T T 57} 1002, R = 3.7139 with

4 67473 12
the non-group code

1dB better than the non-group code with rate 0.6736 lower. As mentioned before,
the result is actually encouraging since the design of the non-group is very difficult

and its decoding needs exhaustive search over 21 = 65,536 possible signal matrices.

5.8 Conclusion

In this chapter, the symplectic group Sp(n), which has dimension n(2n + 1) and
rank n, are analyzed and differential USTM codes based on Sp(2) are designed. The
group, Sp(2), is not fpf, but a method to design fully-diverse codes which are subsets
of the group are proposed. The constellations designed are suitable for systems with
four transmit antennas and any number of receive antennas. The special symplectic

structure of the codes lend themselves to decoding by linear-algebraic techniques,
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Sp(2) code VS non-group code

T T 1 I
— P=9, Q=5, |I'=1, R=2.75 Sp(2) code |]
= = P=9, Q=5, |I'|=5, R=3.33 Sp(2) code |{
=©- R=4 non-group code 1

BLER

|
20 21 22 23 24 25 26 27 28 29 30
SNR

Figure 5.8: Comparison of P = 9,Q = 5,0 = 0.0377 Sp(2) code of I' = {7}, R =

27459 and I' = {35, 5, T 5 ‘?—g} +0.016, R = 3.3264 with the non-group code

such as sphere decoding. Simulation results show that they have better performance
than the 2 x 2 and 4 x 4 complex orthogonal designs, a group-based diagonal code as
well as differential Cayley codes at high SNR. Although they slightly underperform
the ky 1 _; finite-group code and the carefully designed non-group code, they do not
need the exhaustive search (of exponentially growing size) required for such codes
and therefore are far superior in term of decoding complexity. Our work shows the

promise of studying constellations inspired by group-theoretic considerations.
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5.9 Appendices

5.9.1 Proof of Lemma 5.6

Proof: First assume that the determinant is zero and prove that O = £JO,. As-

sume det (57 — S2) = 0. If det O; = 0, from Lemma 5.5, O; = 095. Therefore

0 O
1 et 2| = det20, = 0.

det (Sl - 52) ==
2 —0y

Thus, O = 095 by Lemma 5.5. This indicates that S; = S,, which contradicts
S1 # S3. And the same is true for the case of det Oy = 095. Therefore, det O; # 0
and det Oy # 0. From (5.12), det (S; — S3) is always non-negative and equals 0 if and
only if |a|*(a+1)? = 0 and |af — 5\2 = 0. Since (a+%)? > 2, the determinant equals
zero if and only if & = 0 and af = g, which can be written as a?3 = 3. By looking

at the norm of each side of the equation, we get a? = 1. Since a is positive, a = 1 and

_ _ 0 g
thus 8 = 3, which means that (3 is real. Therefore, 010} = with real 3,
—3 0
which indicates that
- B
Ol N det 02 J027
or equivalently,
_ B 5
Ol N det 02 J02
since Oy 1= de?g% by Lemma 5.5. Since a = 1 we have det O; = det Oy. Therefore,

the following equations can be obtained.

54 8\ — 5y
det 02 = det Ol = det(det 02J02) = (det 02) det 02 = (det 02) det 02.
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Therefore,

6 pum
det 02

+1.

Thus, Oy = £JO0,.

Now assume that O; = £J0O, and prove that det(S7 —53) = 0. First, assume that
O, is invertible. If O; = £JO,, we have O;! = (£J0,)~' = £0,'J ' = FO,'J.
From (5.11),

det (Sl — SQ)

1 o
= 5 det Oy det(+J05 T 0,071J0,)
— %detOldet(iJ—OziFJOz)

= 0.

Secondly, assume that O; is not invertible, that is det O; = 0. From Lemma 5.5,
O; = 045. Therefore, from O; = £JO0y, Oy = 049. Thus, S; — Sy = 04 and
det(S; — S3) = 0.

Now what left to be proved is that O; = £.J0, is equivalent to (5.13). By (5.10),

it is equivalent to
Ui Vi = UsVa = £J (U1 V) — Us V),
and thus,

(U, F JU)V, = (Uz F JUs)Vs.



137

Using (5.9), the following series of equations can be obtained.

.k .1 -k 1 ny
e27rj71 e27rj7} 0 1 e—27r]?1 e—27r] 7 +6 j(27r—+€)
T
1y & 1y . _ ™ _ 1
_e 2 o2mip -1 0 _e2mi B e27r] - ﬁ 27T +9 ](27T o] +9)
1o -k . ng
P

It is easy to see that the equation is equivalent to (5.13). O

5.9.2 Proof of Lemma 5.7

Proof: Assume e/% 4 /%2 4 ¢i% 4 /% = (), then the following series of equations are
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true.

L0140 L0104 L 61—6 05404 L 05—04 _ 83-8
el (ej > 4elTe )—l—ej 2 (ej > el >:O

= 2cos (91 ;92> ej@ = —2c¢os <93 ; 94) ejw

bty — 0520 4 Oy bt — $8-04 4 (2% + 1)
= or )

91-592 _ 93;94 + 20+ 1) % = % + 27

for some integers k and [. Without loss of generality, only the first case is considered

here. By adding the two equations,

01 =03+ (2k + 21+ 1) i1 4+ eifs — ()

Oy =0, + (—2k + 2 + 1)m ell2 4 eifs = ()

when plus sign is applied, or

0 =0, + (2k + 20+ )7 el 4 eif = ()

Oy = 03+ (—2k + 2 + 1) %2 1 eifs — ()

when minus sign is applied.

Figure 5.9: Figure for Lemma 5.7

This lemma can also be proved easily in a geometric way. As in Figure 5.9,
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Py, Py, P, P, are the four points on the unit circle that add up to zero, and O is the
center of the unit circle, which is the origin. Without loss of generality, assume P, is
the point that is closest to P;. Since the four points add up to zero, O—1>D5, which is the
summation of OP; and OPs, and O Pg, which is the summation of OP3 and OP,, are

on the same line with inverse directions and have the same length. Since OP; = OPs,

P1P5 = OP2 = OP4 = P3P6, AOP1P5 = AOP3P6 Therefore, ZP10P5 = ZPgOPG
Thus, 0—151 and 0—153 are on the same line with inverse directions and have the same

— —
length, which means that OP; + OP3 = 0. ]

5.9.3 Proof of Lemma 5.8

Proof: Here, we only prove that w™, ™ y 2% as defined in (5.14) cannot be zero
simultaneously. The proof of the other part (w™,x~,y~, 2~ as defined in (5.15) cannot
be zero simultaneously) is very similar to it. It can be proved by contradiction.
Assume that P and @ are relatively prime and there exist integers ki,l, ko,ls in
[0, P — 1] and my,ny, mg,ny in [0,Q — 1] such that w™ = 2% = y* = 2z = 0. Since

T =0, by Lemma 5.7,

Lk 1 Lk K
ezﬂj(%—%) — 6270(%—?1) ezﬂj(%—%) 6270(?2—%)
omj(k2 _m2) omj(l2 —12) ’ 2mj(tL—m1) 2mj(l2 —12) ’
or
omj(EL 11 omj(i2 —72)
e i (F—9) — e (-5
27Tv(k2_n2) 27Tv(l71_n1)
NPT = _e™MFTQ

Without loss of generality and to simplify the proof, only the first case is discussed
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here. From the first set of equations, there exist integers i; and 75 such that

om(& — 5) = or(l — )+ 2mi
om(f — %) = 2m(%2 — %) + 27,
and therefore
ki—l __
Bh—
P (5.42)
kg;lg — Z'2

Since k’l,ll,ll,lg € [O,P), ki — ll,k’g — 1y € (—P, P) Therefore, 11 = 19 = 0, from

omi("+ ) _

which k; = [; and ky = 5 are obtained. Using this result and w™ = 0, 2¢
.k m
2¢>(F G can be obtained, from which k—Pl +5 = % + 7@ +1 is true for some integer

1—ko

1. The equation is equivalent to kT = —

. Since P and (@) are relatively
prime, P|(k1 — k2) and @Q|(m1 — myg). Since ki,ky € [0, P) and mq,mq € [0,Q),
ki —ky € (=P, P) and my; —my € (—Q, Q). Therefore, k; — ks = 0 and m; —my =0
which, combined with (5.42), means that k; = ky = [ = [y and m; = my. From
+ _ omj kL omj o opjn2 . . ..
yT =0and e™P #£ 0, 277 @ = 2”7 @ can be achieved, which, similarly, leads to
‘g = 5 + ¢ and therefore ny — ny = 4@, for some integer i. Since ny,ny € 0,Q),
ny —ng € (—Q, Q). Therefore, i = 0, that is ny = ny. Therefore, (ky,l;, my,n1) =

(ko, 1o, ma, ms), which contradicts the condition of the lemma. O

5.9.4 Proof of Lemma 5.9

Proof: This lemma is porved by contradiction. We only prove that w™,z", 5%, 2"
cannot be zeros simultaneously here since proving that W=, 27,y ™, 2~ cannot be zeros

simultaneously is very similar.
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Assume wt =T = gt = 2T = 0. From the definition of w™, 2%, g%, 2" in (5.27),

2mi'g <cos vie"""P 4 sin %ezm'%) = ezm% <cos fyje%i% + sin fyjez’”%> (5.43)

e 2G <sm’y 2T _ cos %627”'%') = 6_27”% (sm'y ezmk — €05 ; e2ml > (5.44)
27”% 27rz omild _ 2mid omi 27rili

<0057 e“™P 4 sinvy; P) = e <COS’)/ 2P 4 sin-y;e P> (5.45)

e 2 <sm’y 2T - — cos ;e 27”%) = e_%i% <sin'yje2”kj cosy;e*" ih ) (5.46)

The square of the norm of the left hand side of (5.43) equals

27rz

l;
‘cos 7;e2™P '+ sin v;e* P

ki . Li oo ki . li
= (cos~; cos 27?5 + sin 4, cos 27Tﬁ)2 + (cos~y; sin QWﬁ + sin 4, sin 27rﬁ)2

k; ) l; ki . l;
= cos’; cos? 27rF + sin® v; cos® 27Tﬁ + 2 cos y; cos 27Tﬁ sin y; cos 2m— +

P
ki . : l; : i : Li
cos® ~y; sin® 27Tﬁ + sin? 7; sin? 27Tﬁ + 2 cos y; sin 27Tﬁ sin 7y; sin 27?5
= cos? 27r@ + sin? 271'@ + 2 cos 7y, sin y;(cos 27r@ cos 27r£ + sin 271'@ sin 27 )
- P P T P P PP

ki —1;
= 1+ sin2y;cos?2 .
=+ sin 27; cos 27 2

Similarly, the square of the norm of the right hand side of (5.43) is equal to

L
1 + sin 2; cos 2r—2—2.

Comparing the norms of both side of (5.43),

ki —1; ) ki —1;
1 + sin 2; cos 2w 5 = 1+ sin 2v; cos 27 ]P .

which is equivalent to

ki —1; ) ki —1;
sin 27; cos 27 Iz = sin 2; cos 27 —L—2.

(5.47)



142
Define r = |k;—{;| and s = |k; —[;|. Since k;,l;,k;,1; € [0, P), k:l-—li,k-—l- € (=P, P).

Therefore, 7, s € [0, P), cos 2m 5 = cos o kizli 5 L and cos 25 = cos 2m 52 J . Thus,
in 27, cos 2m— = sin 27, cos 27—
sin 2; cos 2m— = sin 2y; cos 27 —.
in 2, T = sin2y 5

Since I' C (0, 7), siny # 0 and cos~y # 0 for any v € I'. Therefore, when ; # ~;,
this contradicts (5.22). Therefore, when 7; # 7; and (5.22) is satisfied, w*, z,g", 2"
cannot be zero simultaneously.

Now look at the case of v; = ;. From (5.43),

ki — k i — . - ,L+k mi+mj
2jcos%sin27r( 2pj+m2Qmj) 2]( L)

ll_l i — . l+lj m;+m;
= —QSin%sinQW( 2P3+m2me)e2 i (St + 5 )

Therefore,

ki — k; i — M, . : li =1 i —my
cos%sin27r( 2P]+m2Qm])::|:sm%sm27r< 2P]+m2QmJ). (5.48)

From (5.23),
. k’i—k‘j m; — m; . . lz’_lj mi; — my;
cosmsm%r( 5P + 50 )#ﬂ:smv,sm%r( 5P + 20 )
where k’z — k’j,li — lj € (—P,P),mi ( Q Q) and ( - kj>mi - mj) 7&

(0,0). Therefore, for (5.48) to be true, k; — k; = 0 and m; — m; = 0. Thus,

1

2P

sin 2 (5t

) = 0. Since sin~; # 0, sin 27?(”2_})1" mg_Qmj) = si li;j = 0.
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Therefore, {; — [; = 0. So we get

ki:k'j
lZ:lj
m; = m;

Similarly, from (5.44), we have

sin y; (62@(%_%) — e%j(%_%)) = COSY; (62”(%_%) — 62”(%_%))

and
ki — ks S\ g (Rt it
2isin%sin27r( 2P] —HQQR’)@? )
ll_l i — M i Litly nitn
— 2jcos%sin27r( 2P;_n2Qng)€2 (" )
Therefore,
ki — k; i — 1 : li —1; i — 1
sinfyisin27r( 2P] _n2Qn]) ::I:cos%-sm27r< 2P] _n2Qn]). (5.49)

By a similar argument,

]{ZZ:]{Z]‘
n; =n;

Therefore, (k;,l;, m;,n;,v:) = (kj,1;, m;,n;,7;), and this contradicts the condition

that they are different. O
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Chapter 6 Differential Unitary

Space-Time Codes Based on SU(3)

6.1 Abstract

In this chapter, the special unitary Lie group SU(3) is discussed. Based on the
structure of matrices in SU(3), two methods to design constellations of 3 x 3 unitary
matrices are proposed. One of the methods gives codes that are subsets of SU(3).
The other codes are derived from the SU(3) code by a simple modification, which
are called AB codes. Simple formulas are derived by which diversity products of
the codes can be calculated in a fast way. Necessary conditions for full-diversity of
the codes are also proved. Our conjecture is that they are also sufficient conditions.
Simulation results given in Section 6.6 show that the codes have better performances
than the group-based codes [SHHSO01] especially at high rates and are as good as
the elaborately-designed non-group codes [SHHS01]. Another exceptional feature of
AB codes is that they have a fast maximum-likelihood decoding algorithm based on
complex sphere decoding.

The work in this chapter has been published in the Proceeding of the Thirty-
Seventh Asilomar Conference on Signals, Systems, and Computers (Asilomar’03)
[JHO3d] and the Proceeding of 2004 IEEE International Conference on Acoustics,
Speech, and Signal Processing (ICASSP’04) [JH04d]. The journal paper is submitted

to IEEE Transactions on Signal Processing [JHO04e].
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6.2 The Special Unitary Lie Group and Its Param-

eterization

Definition 6.1 (Special unitary group). [Sim94/ SU(n) is the group of complex

n X n matrices obeying U*U = UU* = I,, and detU = 1.

From the definition, SU(n) is the group of complex n x n unitary matrices with
determinant 1. It is called the special unitary group. It is also known that SU(n) is
a compact, simple, simply-connected Lie group of dimension n? — 1 and rank n — 1.
Since we are most interested in the case of rank 2, here the focus is on SU(3), which

has dimension 8. The following theorem on the parameterization of SU(3) is proved.

Theorem 6.1 (Parameterization of SU(3)). Any matriz U belongs to SU(3) if

and only if it can be written as

1—1al? 0 a
where &,V € SU(2) and a is a complex number with |a| < 1.

Proof: See Section 6.8.1. O
From the proof of the theorem, a actually equals the determinant of the sub-
. U2  U23 . .. ..
matrix of U. This theorem indicates that any matrix in SU(3) can
Uz2  U33

be written as a product of three 3 x 3 unitary matrices which are basically SU(2)
since they are actually reducible 3 x 3 unitary representations of SU(2) by adding
an identity block. Now let’s look at the number of degrees of freedom in U. Since
O, U € SU(2), there are 6 degrees of freedom in them. Together with the 2 degrees of

freedom in the complex scalar «, the dimension of U is 8, which is exactly the same
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as that of SU(3). Based on (6.1), matrices in SU(3) can be parameterized by entries
of &, ¥ and «, that is, any matrix in SU(3) can be identified with a 3-tuple (®, ¥V, «).
From (6.1), it can also be seen that all the three matrices are block-diagonal with a
unit block. The first and third matrices have the unit element at the (1, 1) entry and
the second matrix has the unit element at the (2,2) entry. To get a more symmetric

parameterization method, the following corollary is proved.

Corollary 6.1. Any matriz U belongs to SU(3) if and only if it can be written as

ael? 0 /1— |«af2ef?

U= 0 1 0 , (6.2)

—/1—al2e™ 0 eI
where @,V € SU(2), a € [0,1]. w and (§ are arbitrary angles.

Proof: First, it is easy to prove that any matrix with the structure in (6.2) is in
SU(3) by checking the unitary and determinant conditions. What is left is to prove

that any matrix in SU(3) can be written as the formula in (6.2).
0 0 —1
For any matrix U € SU(3), define U' = U | 0 1 0 |. It is easy to check

10 0
that U’ is also a matrix in SU(3). Therefore, from Theorem 6.1, there exist matrices

¢’ U € SU(2) and a complex scalar a, such that

- a 0 —+/1—lal? -
12 12

U = 0 1 0
0y 9 0y W”

v1—1la]? 0 a
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Vi Y
Let U7 = | | where [¢;]2 + [i5]2 = 1. Note that
iy ¥
12 Yu
0 01 0 0 —1
1 012 v’ 021
= 0 1 0 01 0 |,
091 p’ 012 1
-1 0 0 1 0 0
U~V
where we have defined ¥/ = (it is easy to see that W' € SU(2)).
(PR
Therefore,
U/
- - a 0 —y/1—]al? 0 0 1 0 0 -1
= 0 1 0 0 1 0 01 O
021 o’ 012 1
- - T—[aZ 0 i ~10 0 10 0
- - 1—1al2 0O a 0 0 -1
1 012 \I// 021
= 0 1 0 01 0
021 @’ 12
- - —a 0 JI-|a]? 10 0
and
1—1al?> 0 a
I 012 U 0
U= 0 1 0
—a 0 /1—|al?
It is easy to check that
1 0 0 1—[a2 0 a v 00
0 e¥ 0 0 1 0 0 e7“ 0
0 0 e a0 JI-[aP 0 o0 1
V1—lal2e* 0 a
= 0 1 0
—a 0 /1-—la|2e ¥
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for any angle w. Define

It is easy to see that ®, ¥ € SU(2). (6.2) is obtained by letting o = /1 — |a|? and
6= Za, O

The parameter w does not add any degrees of freedom as can be seen in the
proof of the corollary. However, as will be seen later that it is important to our code
design. From formula (6.2), any matrix in SU(3) can be written as a product of three
basically SU(2) matrices. The first matrix is a three-dimensional representation of
SU(2) with an identity block at the (1,1) entry. The second matrix is a a three-
dimensional representation of SU(2) with an identity block at the (2,2) entry and
the third matrix is a a three-dimensional representation of SU(2) with an identity

block at the (3,3) entry.

6.3 SU(3) Code Design

To get finite constellations of unitary matrices from the infinite Lie group SU(3), the
parameters, ®, U «, 3, w, need to be sampled appropriately. We first sample ® and

W. As discussed in Chapter 2, Alamouti’s orthogonal design

1 T

Y
VPP | —z 3

x,yeC

is a faithful representation of the group SU(2). To get a discrete set, x and y must

belong to discrete sets. As is well known, the PSK signal is a very good and simple
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modulation. Therefore, ® and ¥ are chosen as follows.!

1 o2mik e2ﬂj% e2mi % o2 %
d=— . and V¥ =
V2 _e g 2mip

Sl

—6_27T‘j% e—27rj%

where P,(Q, R, S are positive integers.

Since the group is not fpf, we cannot use all the eight degrees of freedom in
it to get fully-diverse codes. To simplify the structure, let o = 1, by which the
middle matrix in (6.2) is a diagonal matrix. Also, fully-diverse subsets are desired.
Therefore the angle w should depend on ® and V¥, or equivalently, it is a function
of p,q,r,s. To see this, assume that w is independent of ®. Then, the determinant
of Up(®1, ¥, 1,w) — Uy (Py, ¥, 1,w) is zero since ® has a unit block at its (1, 1) entry.
The same is true for U. Therefore, let w = 27 (% — % + 5+ %) The reason for this

will be illuminated later. Define

p q T S
0. —or (L L) and :27r<——|——). 6.3
D,q P Q gr,s R S ( )
(6.2) becomes
1 0 0 %e%ﬂ% \/Lﬁe?ﬂ%
0 ek LWE | diag {ere, 1 e diag et et} | Lot Lem2nig
0 —Lemid L2k 0 0
Define
X 0 0
AV — | 1 g2mis L2 = (6.4)
(p,9) 26 V2 ’ '
_ 1 ,2mig L 2w b iy,
0 /3¢ Q 75 pPe JVpa

'PSK symbols have been analyzed in [SWWX04], where it is shown that having a full parame-
terization of SU(2), that is, parameterizing x and y fully (both the norms and the arguments) gives
about 1-2 dB improvement but with a much more complicated decoding. Here, to make our main
idea clear, x and y are chosen as simple PSK signals.
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which is the product of the first two matrices in the above formula, and

1 2mig J&r,s 1 2mjg J&r,s
e Te e se 0
1 _ 1 —2mj2 1 —27mj%
B(T’,S) - —756 Js %6 IR 0 ) (65)
0 0 e~

which is the product of the last two matrices. The following codes are obtained.

cW

Pans = {An Bl P €0,P),q€[0.Q)r €[0,R),s€0,5)}  (66)

The set is a subset of SU(3). We call it the SU(3) code. There are all together PQRS
elements in the code (6.6). Since the channel is used in blocks of three transmissions,

the rate of the code is
1
R= 3 log, (PQRS). (6.7)

Theorem 6.2 (Calculation of the diversity product). Define

27U(p1 P2 _ 91492

2Q )COS27T <P1 —Db2 _l_q1 qz)

Tr =€

. r1—Try _ S$1—S3 Q (68)
w = 627”(_ 2R 27 cos 2T (—”2;{2 — —512_352)
For Uy(p1, 1,71, 51), Ua(p2, g2, 72, $2) € CV,
det(U; — Uy) = 25S[(1 — Oz)(1 — Ow)), (6.9)

_gm(m P2 Q1QQ2+T1ET'2+51;52)

where © = e Se] indicates the imaginary part of the

complex scalar c.

Proof: See Section 6.8.2. O
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The diversity product of the code is therefore

Con(P,Q, R, ) = & rmin 23((1 — 62)(1 — Ow)|[Y5.  (6.10)
2 PPy e(-Q.Q).
5, € (=R, R), 85 € (-5, 9)
(8p,8q,0r,8s) # (0,0,0,0)

In general, to obtain the diversity product, determinants of 1L(L — 1) = 1(L* — L)

3
difference matrices, which is quadratic in L, need to be calculated. However, from
Theorem 6.2, z, w, ©, ©;, and O, only depend on the differences 9, = p; — po,
dg =1 — @2, 0, =11 — 12, and d; = 51 — 59 instead of p1, P2, @1, g2, 71, 72, S1, S2. That
is, det(U; — Usy) can be written as A(dy, d,, 0r, 05), a function of d,,dy, ., ds. Since
0p, 0g, Or, 05 can take on 2P — 1,2Q) — 1,2R — 1,25 — 1 possible values, respectively,
to get the diversity products, calculation of determinants of (2P —1)(2Q — 1)(2R —
1)(25—-1)—1 < 16 PQRS = 16L difference matrices is required, which is linear in L.

Actually, instead of 16L, less than 8L calculations is enough because of the symmetry

in (6.10). Note that

‘A(amét]?(shés”
= [23[(1 — O2)(1 — Bw)]|"?
= [23[(1 - ©2)(1 - Bw))|"*

= |A(=6p, =04, =0y, —05)].

Therefore, only half of the determinants are needed to be calculated. The computa-

tional complexity is greatly reduced especially for codes of high rates, that is, when
PQRS is large.

From the symmetries of 6, d,, 0,, ds in (6.10), it is easy to prove that

CC(U(Pv Q, R, S) = Cc(l)(Q;P; R, S) = CC(U(P7Q=S= R) = Cc(l)(R; S, P, Q>7
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(P,Q,R,S) | Rate | Diversity Product
(.7,3,1) | 2.2381 0.2133
(5,7,9,1) | 2.7664 0.1714
(7,9,11,1) | 3.1456 0.0061
(3,7,5,11) | 3.3912 0.0803
(5,9,7,11) | 3.9195 0.0510
(7,11,9,13) | 4.3791 0.0316

Table 6.1: Diversity products of SU(3) codes

Group Rate | Diversity Product
cyclic group with u = (1,17, 26) 1.99 0.3301
cyclic group with u = (1,11, 27) 2 0.2765
G 1.99 0.3851
G171764 3 0.1353
Glsos.16 1 0.0361
Gros1s.6 5 0.0131
non-group code with L4 = 65,u = (1,30,114) | 4.01 0.0933

Table 6.2: Diversity products of some group-based codes and a non-group code

which indicates that switching the positions of P and @), R and S, or (P, Q) and (R, S)
does not affect the diversity product. But generally, (.o (P, @, R, S) # () (P, R, Q,5).
Diversity products of some of the SU(3) codes are given in Table 6.1. Diversity
products of some of the group-based codes and non-group codes in [SHHS01] are
also given in Table 6.2 for comparison. It can be seen from the tables that diversity
products of SU(3) codes are about the same as those of the group-based codes at
low rates, but when the rates are high, diversity products of SU(3) codes are much
greater than those of the group-based codes at about the same rates. However,
diversity products of the SU(3) code at rate 3.9195, which is 0.0510, is smaller than
that of the non-group code at rate 4.01, which is 0.0933. But simulated performance
shows that the code performs as well as the non-group code, which will be seen in

Section 6.6.

Theorem 6.3 (Necessary conditions for full diversity). Necessary conditions
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for code CV to be fully diverse are that any two of the integers (P,Q, R, S) are rela-

tively prime and none of them are even.

Proof: First, we prove that ged(P, ) = 1 is a necessary condition for the set

{Agi?q)} to be fully diverse and thus a necessary condition for full diversity of the

code. Let
elt 0 0
o) = 0 %627” 5o %e TG e—i0h
—2mjLL 1 _opjBL g
O _Le Q —e J Pe Jo1
V2 2
and
ei02 0 0
(1) _ P2 2mjd2
A(pzqu) B 0 %6%3 " %e QeI ’
—2mj 2 1 _—2mjP2 g
O _Le Q —e )P e J02
V2 V2

where 0 = 2m (5 — &) and 0, = 2 (-5 — &). Therefore,

(1) (1) _ (.50 6
det (A(pl’ql) — A(p%qz)) = (ej L —¢’ 2) X
for some X. If ged(P,Q) = G > 1,1let 0 < p; = po+ P/G < Pand 0 < ¢ =
@2+ Q/G < Q. Then

el0 _ pif2 — e2ﬂj(%_%) _ ezﬂj(%_%) =0.

Therefore, ged(P, Q) = 1 is a necessary condition for the set {AE;?L])} to be fully
diverse. By a similar argument, gcd(R, S) = 1 is also a necessary condition.
Now assume ged(P,R) = G > 1. Let ¢1 = @2,81 = S2, 0 < p; = po + P/G, and

0 <7 =ry+ R/G. From (6.8), + = e/TcosZ, w = e & cos &, and O = &I€.
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Therefore, for the two matrices Uy (py, q1,71,51) and Us(pa, g2, 72, 52) in CV),

det (Uy(p1, 1,71, 51) — Us(pas, g2, 72, 52))
= 2j(Zm(wz) — ImOx — ImOw)

1 5 1 5
= 2j (— Cos 27T@ sin QW% — CoS QW% sin 27 (—@))

= 0.

So, CM is not fully-diverse, which means gcd(P, R) = 1 is a necessary condition.
From the symmetries of P and @, R and S, ged(P, S) = ged(Q, R) = ged(Q, S) =1
are also necessary. Therefore, any two of the four integers P,Q, R, S are relatively
prime is necessary for the code C™") to be fully-diverse.

Now assume that P is even. Let’s look at the two matrices U; and U; with
(q1,71,51) = (q2,72,82) and p; — po = P/2. (Since P is even, this is achievable.)

Therefore,

det (U1 (p1, q1, 71, 51) — Us(pa, g2, 72, 52))

. - -P1—P2 - -P1—P2 - P1 P2 (_P1—P2
= 257 <COS2W%62M P —cos27rwe2” P2 2R p2mi(= M ))

2P

_ 9 T .7 T . 37 in(—7)
= 2 (3052s1n2 008251n2 sin(—7

= 0,

which means that CV is not fully-diverse. By similar argument, if ), R, or S is even,
C™ is not fully diverse. O
We are not able to give sufficient conditions for full diversity of the SU(3) codes.

Here is our conjecture.

Conjecture 6.1 (Sufficient conditions for full diversity). The conditions, that

any two of the integers (P,Q, R, S) are relatively prime and none of them are even,
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are sufficient for code C((le),Q,R,S) to be fully diverse.

6.4 AB Code Design

Note from (6.4) and (6.5) that the e~ in the last column of A} and the e/ in
the first row of B,(Ll(; are used to make the matrices have determinant 1. However, in
differential unitary space-time code design, the signal matrices are only needed to be
unitary. Therefore, the structure of the code can be further simplified by abandoning

the restriction that both matrices have unit determinant. Define

0, 1 27 1 2mjs
e%p.a 0 0 7€ IR 7€ Js 0
(2) = 1 2752 1 2w j L (2) _ 1 —oris 1 —orir
A = 0 2° P okt 79 By = — 3¢ s 7€ IR 0 |(6.11)
and?
P q r S
o0 —or(+L 4+ 4 / :27r<i—i~—>. 6.12
p,q ( P Q) gr,s R S ( )

The following codes with a simpler structure are obtained.
Chons) = {Ag?q)Bgf}s) lp€[0,P),q€0,Q),r€[0,R),s€0,5) } . (6.13)

They are not subsets of the Lie group SU(3) any more since the determinant of

=€) which is not 1 in general. However, the matrices in the

the matrices is now e
codes are still unitary. Since any matrix in the code is a product of two unitary
matrices (they are not representations of SU(2) anymore because their determinants

are no longer 1), we call it AB code. Simulations show that they have the same

and sometimes slightly better diversity products than the codes in (6.6), which is

2There are actually 16 possibilities in (6.12). Different codes are obtained by different choices of
signs. Two of them are used in this chapter.
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not surprising since we now get rid of the constraint of unit determinant. In the
next section, it will be seen that the handy structure of AB codes results in a fast
maximum-likelihood decoding algorithm. The code has the same rate as the code in
(6.6). It is easy to see that any matrix U in the two codes can be identified by the

4-tuple (p, q,r,s).

Theorem 6.4 (Calculation of the diversity product). For any two matrices

Ur(p1, q1,71,81) and Ux(pa, g2, 79, $2) in the code C?),

det(Ul - Ug) = 26j016_j£é(:)1@2%[(@1 — élw)(ég — @21’)], (614)

91—92
2

2717 P1—PpP2 . T1—T92 | §1—59
where © :em(i Pt ) and @2:(32”3(i 2R T 2s )

Proof: See Section 6.8.3. O

Therefore, diversity product of the AB code is

1 , o
(e (P,Q, R, S) = = min 123[(01 — ©,w) (0, — O,2)]|V3. (6.15)
dp € (=P, P),éq € (—Q,Q),
o € (R, R), 05 € (=S, 59)
(8p,dq,6r,0s) # (0,0,0,0)

Similar to the argument in the previous section, less than 8L calculations of
the determinants of difference matrices are enough to obtain the diversity prod-

uct. AB codes also have the symmetry that (o2 (P,Q, R,S) = (e (Q,P,R,S) =
(e (P, Q, S, R) = (e (R, S, P, Q). But generally, (co) (P, Q, R, S) # (e (P, R, Q, S).

As mentioned before, for AB codes, the choices for the angles 6§ and £ are not
unique. Based on (6.12), there are actually 16 possible choices. Two of them are used

here,

and
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(P,Q,R,S) Rate | Type | Diversity Product
(1,3,4,5) | 1.9690 | I 0.2977
(4,5,3,7) | 2.9045 | 1 0.1413
(3,7,5,11) 3.3912 11 0.0899
(4,7,5,11) | 3.5296 0.0731
(5,9,7,11) 3.9195 0.0510
(5,8,9,11) | 3.9838 | 1 0.0611

(9,10,11,13) | 4.5506 | 1I 0.0336

(11,13,14,15) | 4.0580 | I 0.0276

Table 6.3: Diversity products of AB codes

which we call type I AB code and type II AB code, respectively.

Diversity products of some of the two types of AB codes are given in Table 6.3.
By comparing with Table 6.2, it can be seen that AB codes have about the same
diversity products as those of group-based codes at low rates, but when the rates
are high, diversity products of AB codes are much greater than those of group-based
codes at about the same rates. However, diversity product of the AB code at rate
3.9838, which is 0.0661, is smaller than that of the non-group code at rate 4.01,

which is 0.0933. However, simulated performances in Section 6.6 show that the code

performs as well as the non-group code.

Theorem 6.5. The set {A( ,p€10,P),q €0, Q)} is fully diverse if and only if

ged(P,Q) = The set {B((T,S rel0,R),s e [O,S)} is fully diverse if and only if
ged(R, S) = 1.

Proof: We first prove that the set {AEP 0P € [0,P),q € [0, Q)} is fully diverse if
and only if P and @) are relatively prime. For any two different matrices Ag)l ) and
Aglm) in the set, denote

el 0 0 %2 0 0
5123)1 ,q1) 0 %627” ? %e%j% 81 ,q2) 0 %627” # %ezﬂj g
0 —\%6_2”% %6_2Mﬁ’1 0 —\%6_27” Q %6_27UI;’2
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where 0 = 2m(+5 £ &) and 6, = 27(£5 + 5 ). Therefore,

det (42 = A2 )

(p1,q1) (p2,92)

1 _2omjBL 1 _omjk2 1 2mjf 1 2mj%2
—e P —e P e Q — —e Q
— (€J91 6J92) det V2 " . V2 V2
1 —2mjdd 1 —2mj2 1 _—orjBL 1 —2njP2
—— Q —— QL  — P — — P
5€ + 7€ 7€ 73€

= L oy (‘ew% _ 2|
2
The second factor equals zero if and only if e?™ B = 2% and €7@ = G . Since
p1,p2 € [0, P) and ¢qq, g2 € [0, Q), this is equivalent to (p1,¢1) = (p2, ¢2), which cannot
be true since the two matrices are different. Therefore, the determinant equals zero
if and only if e/ = /%2,
Now assume that ged(P, Q) = G > 1, that is, P and @ are not relatively prime.

When p; —ps = g and ¢ —qo = —% (since G divides both P and @), this is achievable,)

o Pr—P2 41— G2\ i _i _
6, 92—27r(i Iz + 0 )—27r<iGi—( G))—O,

which means that e/t = /%2, Therefore, the set {Ag?q),p €[0,P),q €0, Q)} is not

fully diverse.

Now assume that ged(P, Q) = 1. If e/ = €% 6, — 0, = 2k for some integer

k, which means that £B5F2 + 452 = k. Therefore, 252 = iingql_‘”). Since

ged(P, Q) = 1, P|(p1 — p2). However, because p; — ps € (—P + 1, P — 1), the only

possibility is that p; — ps = 0. Therefore, qléqz = +k. From ¢ — ¢ € (—Q +

1, —1), 4 —q = 0and k& = 0. So, (p1,q1) = (p2,q2) is obtained, and this

is a contradiction since the two matrices are different. Therefore, e/t # /%2, So

det (A(2) —AY ) # 0. Therefore, ged(P, Q) = 1 is a sufficient condition for the

(p1,91) (p2,92)

set to be fully diverse.

By similar argument, we can prove that the set {B((f’)s),r €[0,R),s €0, S)} is
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fully-diverse if and only if R and S are relatively prime. O
Theorem 6.6 (Necessary conditions for fully diversity).

1. Necessary conditions for full diversity of the type I AB code are that any two of
P .Q,R,S are relatively prime and at most one of the four integers P,Q, R, S

18 even.

2. Necessary conditions for the full diversity of the type 11 AB code are ged(P, Q) =

ged(R, S) =1 and at most one of the four integers P,Q, R, S is even.

Proof: Since for code C? to be fully diverse, {Ag))q)} and {B((Tz,)s)

fully-diverse. Therefore, from Theorem 6.5, ged(P, Q) = ged(R, S) = 1 are necessary

} must be

conditions for C®? to be fully diverse.

Assume that both P and R are even. For any two matrices Uy (p1, ¢1,71, 51) and

Us(p2, @2, 72, 52) in 0(2)> choose q1 = @2, 51 = S2, p1 —p2 = §, and 1y — 1y = I-;-

Since both P and R are even, this is achievable and the two matrices are different.

Therefore, from the proof of Theorem 6.2,

| det(Uy(p1, g1, 71, 51) — Ua(p2, g2, 79, 82)| = 2|S(0102 — ©,052 — ©,0,w + 0,0,wz)],

where
. (p1—pP2_ 91—42 — — . T
v = ¥ (F gt cogon (BLZP2 TR _ 5 o T = 0,
2P 20 2
(_T1—r2 _ S1—82 T —7T S1— S : ™
w = (TR TE) g o (L2 5L T %2 i cos — =0,
2R 25 2
3 pP1—P2 q1—42 . . T1—T9 $1—89 .
@1 = 627U(:t 5P T aq ) = e:m%, and @2 = e27r](:t s T o2s ) = e:t]%_
Therefore,

| det(Us(p1, q1, 71, 51) — Uz(pa, g2, 72, $2)| = 2|F(0:10,)| = 0,
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which indicates that the code is not fully diverse. By a similar argument, it can
be proved that when any two of the integers P,Q, R, S are even, code C? is not
fully diverse. Therefore, necessary conditions for code C® to be fully-diverse are
ged(P, Q) = ged(R,S) = 1 and among the four integers P, @, R, S, at most one is
even.

What is left is to prove that for type I AB code to be fully diverse, ged(P, R) =
ged(P, R) = ged(Q, R) = ged(Q, S) = 1 are necessary. This is proved by contradic-
tion. Assume that gcd(P, Q) = G > 1. Let p1 = po+ G, ¢t = q+ 2,11 =19+ G,
and s; = s. Therefore, © = Oy = ¢ 78 and z = w = €& cos Z. It is easy to check
by formula (6.15) that det(U; — Us) = 0. Therefore, ged(P, Q)) = 1 is necessary. The
proofs are similar for other pairs. O

Note that, for type II AB code, any two of (P,Q, R,S) being relatively prime
is not a necessary condition. By computer simulation, (s (3,5,3,5) = 0.1706 > 0
and (-2 (7,9,7,9) = 0.0219 > 0, which indicates that ged(P, R) = 1, ged(P, S) =1,
ged(@, R) = 1, or ged(Q, S) = 1 are not necessary for the code to be fully-diverse.
We are not able to give sufficient conditions for the full diversity of the AB codes.

Our conjectures are that the necessary conditions are also sufficient.

Conjecture 6.2 (Sufficient conditions for full diversity). The necessary con-
ditions given in Theorem 6.6 are also sufficient conditions for the two types of AB

codes to be fully diverse.

6.5 A Fast Decoding Algorithm for AB Codes

From (6.13), it can be seen that any matrix in code C((sz)@ Rs) IS a product of two
basically U(2) matrices Ag)q) and B((f)s).?’ It is easy to see from formula (6.11) that

the two matrices have orthogonal design structure. This handy property can be used

3 Although, Ag)q) and B((f)s) are not in U(2), they are 3-dimensional representations of two U(2)

matrices by a reducible homomorphism.
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to get linear-algebraic decoding, which means that the receiver can be made to form
a system of linear equations in the unknowns.
The ML decoder for differential USTM given in (2.12) is equivalent to

2
(2)= (2
A(pv‘Z)X‘r o B(Tvs)XT_l F

arg min
p7q7r7s

2
(2) (2) — i
Xr — A(WZ)B(T’vS)XT_lHF - argprg}gls

Therefore, the decoding formula for code C((QQ R,s5) Can be written as

e~ 0 0 Tril c XTrIN
1, —21j2 1,275
arg;nqati 0 Ee Jp —ﬁe Q Tr21 't TraN
1 =27 1 272
0 5 Y e 3 Tr31 cc Tr3N
2
1 2755 1 2752
Ee TR Ee s 0 Tr—1,11 - Tr—1,1N
_ 1 2752 1 —27j5
¢ 75 ok IR 0 T—121 - Tr—12N
0 0 e Jers Tr-131  Tro13N |||,
- - 2
Tr—1,11 Tr—1,21
T 0 0 0 — =L — » - -
i V2 V2 C_j%,q
0 Tr 21 _ Tr31 0 _Tr-121 Tr—111
V2 V2 V2 V2 o273 %
0 1,31 Tr 21 —r O 0
V2 V2 T7—1,31 6_27”,%
= arg max : : :
p7q7r7s e—]é‘;"s
Tr—1,1N Tr—1,2N
T 0 0 0 -7 — :
T,1N V2 V2 627‘7%
0 Zr2N T 3N 0 _ Zr_12N Tr_1,1N
V2 V2 V2 V2 o275
ZTr 3N Tr 2N _ —- -
i 0 V2 V2 Tr—1,3N 0 0 i P

where z;;; indicates the (4, j)-th entry of the M x N matrix X, for ¢t = 7,7 —1. The
equality is obtained since the matrices Ag?q) and B((i)s) have orthogonal structure. It
is easy to see that the formula inside the norm is linear in the PSK unknown signals.
Therefore, sphere decoding for complex channels proposed in [HtB03| can be used with
slight modification. The only difference here is that the unknowns e %4 and e ¢

are not independent unknown PSK signals but are determined by €275, e 2™ ¢ and
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e?™ % e?™5 . Therefore, in the sphere decoding, instead of searching over the intervals
for the unknowns e 7%.¢ and e /¢, their values are calculated by values of p, ¢ and
r, s respectively based on formulas in (6.12) depending on the choices of the angles
0, and & used in the code. Since sphere decoding has an average complexity that
is cubic in rate and dimension of the system, and at the same time achieves the exact
ML results, a fast decoding algorithm for AB codes is found.

In digital communication, choice of the searching radius is crucial to the speed of
the algorithm. If the initial radius is chosen to be very large, then actually most of
the points are being searched, by which not too much improvement on computational
complexity can be gained over exhaustive search. On the other hand, if the radius
is chosen to be too small, then there may be no point in the sphere being searched.
It is better to start with a small value then increase it gradually. In [DAMLOO], the
authors proposed to choose the packing radius or the estimated packing radius to be
the initial searching radius. Here, another initialization for the searching radius based
on the noise level as in [HV02] and [JHO3b] is used. The noise of the system is given
in (2.11). Since W,, W,_; and the transmitted unitary matrix, V,_, are independent,
it is easy to prove that the noise matrix has mean zero and variance 2N[3. Each
component of the 3 x N-dimensional noise vector has mean zero and variance 2.
Therefore the random variable v = ||W/||% has Gamma distribution with mean 3N.
The searching radius v/C' is initialized in such a way that the probability that the
correct signal is in the sphere is 0.9, that is, P (||Jv||r < v/C) = 0.9. If no point is
found in the sphere, then the searching radius is raised such that the probability is
increased to 0.99 and so on. Using this algorithm, the probability that a point can be
found during the first search is high. For more details of sphere decoding and sphere
decoding for complex channels, please refer to [DAMLO00] and [HtB03].

Although SU(3) codes also have the structure of products of two unitary matrices

A(l)

() and B((Tl,)s), since the two unitary matrices do not have the orthogonal design
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structure, we cannot find a way to simplify the decoding. Therefore, for SU(3) codes,

exhaustive search is used to obtain the ML results.

6.6 Simulation Results

In this section, examples of both SU(3) codes and the two types of AB codes are shown
and also the simulated performance of the codes at different rates. The number of
transmit antennas is three. The fading coefficient from each transmit antenna to
each receive antenna is modeled independently as a complex Gaussian variable with
zero-mean and unit-variance and keeps constant for 2M = 6 channel uses. At each
channel use, zero-mean, unit-variance complex Gaussian noise is added to each receive
antenna. The block error rate (BLER), which corresponds to errors in decoding the
3 x 3 transmitted matrices, is demonstrated as the error event of interest. The
comparison of the proposed codes with some of the group-based codes and the non-

group code in [SHHSO01] is also shown.

6.6.1 AB Code vs. Group-Based Codes at R ~ 2

The first exampleisthe P =1,Q =3, R =4,5 = 5 AB code with 6, , = 27 (—% + %)
and &, = 27 (=% — £). In brief, we call it the (1,3,4,5) type I AB code. From (6.7),
the rate of the code is 1.9690. From Table 6.3, diversity product of the code is 0.2977.
Its BLER is compared with the G5 4 group code at rate R = 1.99 with diversity prod-
uct 0.3851 and also the best cyclic group code at rate 1.99, whose diversity product is
0.3301, with w = (1,17, 26). The number of receive antennas is one. The performance
curves are shown in Figure 6.1. The solid line indicates the BLER of the type I AB
code. The solid line with circles indicates the BLER of the G; 4 code and the dashed
line indicates the BLER of the cyclic group code. It can be seen from the plot that

the performance of the three codes is close to each other. The AB code is a little
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T T I
-~ G, ,code R=1.99

— (1.3.4,5) AB code R=1.97 ]
O~ . — - cyclic group code R=1.99 |]

BLER

10*6 I I I I I I I I I
10 12 14 16 18 20 22 24 26 28 30

SNR (dB)

Figure 6.1: Comparison of the rate 1.9690, (1,3,4,5) type I AB code with the rate
1.99 G214 code and the best rate 1.99 cyclic group code
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(0.5dB-1dB) worse than the G 4 code and better (0.5dB-1dB) than the cyclic group
code. Notice that the decoding of both group-based codes needs exhaustive search
but the AB code has a fast decoding method. Therefore, at rate approximately 2, the

AB code is as good as the group-based codes with far superior decoding complexity.

6.6.2 SU(3) Codes and AB Codes vs. Group-Based Codes at

R~3

|
171,64 code R=3

,5,3,7) AB code R=2.90
,9,11,1) SU(3) code R=3.15
,7,5,11) AB code R=3.39
,7,5,11) AB code R=3.53
,7,5,11) SU(3) code R=3.39

DL

bler

710 12 14 16 18 20 22 24 26 28
SNR (dB)

Figure 6.2: Comparison of the 1) rate 2.9045,(4,5,3,7) type I AB code, 2) rate
3.15,(7,9,11,1), SU(3) code, 3) rate 3.3912,(3,7,5,11) type II AB code, 4) rate
3.5296, (4,7,5,11) type I AB code, and 5) rate 3.3912, (3,7,5,11), SU(3) code with
6) the rate 3, G714 code

In this subsection, two sets of codes are compared. The first set includes the
(4,5,3,7) type I AB code with rate R = 2.9045, the G171 64 group-based code at rate
3, and the SU(3) with (P,Q, R,S) = (7,9,11,1) and rate 3.1456. The number of

receive antennas is one. The simulated BLERs are shown in Figure 6.2. The line
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with squares indicates the bler of the type I AB code at rate 2.9045. The line with

plus signs indicates the BLER of the G764 code and the line with stars shows the
BLER of the SU(3) code at rate 3.1456. It can be seen from the plot that the rate
2.9045 AB code is about 1dB better than the G171 64 code whose rate is 3. The SU(3)
code has about the same performance as the group-based code with a rate 0.1456
higher.

The second set of codes includes the (3,7,5,11) type II AB code at rate R =
3.3912, the (4,7,5,11) type I AB code with rate R = 3.5296, and the (3,7,5,11)
SU(3) code with rate R = 3.3912. The number of receive antennas is one. The
simulated BLERs are also shown in Figure 6.2. The solid and dashed lines show the
BLER of the rate 3.3912 and rate 3.5296 AB code, respectively. BLER of the SU(3)
code is shown by the dash-dotted line. The three codes have very close performance.
Compared with the performance of the Gi7164 code, which is shown by the line
with circles, the three codes, the two AB codes and the SU(3) codes with rates
0.3912,0.5296, and 0.3912 higher, perform about 1.5dB worse than that of the group-
based code. Note that the AB codes can be decoded much faster than the G714

code and the SU(3) codes.

6.6.3 SU(3) Codes and AB Codes vs. Group-Based Codes

and the Non-Group Code at R~ 4

The comparison of the (5,8,9,11) type IT AB code at rate 3.9838 and the (9, 10, 11, 13)
type II AB code at rate 4.5506, the (5,9,7,11) SU(3) code at rate 3.9195, and the
(7,11,9,13) SU(3) code at rate 4.3791, with the rate 4 group-based Gis6516 code is
given in Figure 6.3. As can be seen in Figure 6.3, the line with circles indicates the
BLER of the G365,16 code. The line with plus signs and the solid line show the BLER
of the rate 3.9838 and 4.5506 AB code, respectively. The dashed and the dash-dotted
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G1365’16 code R=4

(5,8,9,11) AB code R=3.98 i
(9,10,11,13) AB code R=4.55 ||
- - (5,9,7,11) SU(3) code R=3.92 ||
-—+ (7,11,9,13) SU(3) code R=4.38
-8~ non-group code R=4

BLER

=

20 25 30 35
SNR (dB)

Figure 6.3: Comparison of the 1) rate 3.9838, (5,8,9,11) type II AB code, 2) rate
4.5506, (9,10, 11, 13) type IT AB code, 3) rate 3.9195, (5,9,7,11), SU(3) code, and 4)
rate 4.3791, (7,11,9,13), SU(3) code with the 5) rate 4 G365.16 code and 6) rate 4
non-group code
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line show the BLER of the rate 3.9195 and 4.3791 SU(3) code, respectively. The
number of receive antennas is one. It can been seen from the plot that at about the
same rate, the (5,8,9,11) type II AB code and the (5,9,7,11) SU(3) code perform
a lot better than the G3g5,16 code. For example, at the BLER of 1073, the AB code
has an advantage of about 4dB and the SU(3) code has an advantage of about 3.5dB.
Also, at rate 0.3791 higher, the (7,11,9,13), SU(3) code is more than 1dB better than
the Gl365,16 code does at high SNRs. The BLER of the (9,10, 11, 13) type IT AB code
is slightly lower than that of the Gi36516 code even with a rate 0.5506 higher. The
performance of the non-group code is also shown, which is indicated by the line with
squares. It can be seen from the plot that the (5,8,9,11) type II AB code and the
SU(3) code at rates 3.9838 and 3.9195 are as good as the non-group code given in
[SHHSO01] at rate 4 according to BLER, although diversity product of the non-group
code is much higher than those of the AB and SU(3) codes from Tables 6.1-6.3.
The reason might be that although in the AB and SU(3) codes, the minimum of
the determinants of the differences of two matrices is much smaller than that of the
non-group code, the overall distribution of elements in the AB and SU(3) codes are
as good as the overall distribution of the non-group code. Or in other words, in the
AB and SU(3) codes, pairs of matrices that have very small difference determinant
is scarce. The expected difference determinant, E 1<;;<; det |U; —Uj|, of the AB and
SU(3) codes may be as large as that of the non-group code. When the rate is high,
the probability that matrices that are close to others are transmitted is small. It
is the expected “distance” instead of the worse-case “distance” that dominants the
BLER.

This plot shows that both the AB codes and the SU(3) codes have much better
performance than the group-based code. They even have the same good performance

as the elaborately designed non-group codes. Another advantage is that the AB

4Here, the distance of two matrices, A and B, is | det(A — B)|. It is quoted since it is not a metric
by definition. For definition of metric, see [Yos78].
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codes have a fast decoding algorithm while the decoding of both the group-based and

non-group codes needs exhaustive search.

6.6.4 AB Code vs. Group-Based Code at Higher Rates

T T I 4
— (11,13,14,15) AB code R=4.96 |
o G10815,46 code R=5 ]

BLER

20 22 24 26 28 30 32 34 36 38 40
SNR (dB)

Figure 6.4: Comparison of the rate 4.9580, (11,13, 14,15) type II AB code with the
rate b G10815,46 code

In this subsection, the (11,13,14,15) type II AB code is compared with the
G1os15,.46 group-based code. The rate of the AB code is 4.9580 and the rate of the
group-based code is 5. The performance is shown in Figure 6.4. The line with circles
indicates BLER of the G1og1546 code and the solid line shows BLER of the AB code.
The plot shows that the AB code has a much better performance. For example, at the
BLER of 1073, the AB code is 6dB better and the performance gap is even higher for
lower BLERs or higher SNRs. As mentioned before, the AB code has a fast decoding

algorithm while decoding the group-based codes needs exhaustive search. Therefore,
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at high rates, AB codes have great advantages over group-based codes in both the

performance and decoding complexity.

6.7 Conclusion

In this chapter, the research on the idea of differential unitary space-time code designs
based on Lie groups with rank 2, which is first discussed in Chapter 4, is continued.
The special unitary Lie group SU(3) is analyzed, which has dimension 8 and rank 2.
The group is not fixed-point-free, but a method to design fully-diverse codes, which
are subsets of the group, is described. Furthermore, motivated by the structure of the
SU(3) codes proposed, a simpler code, called the AB code, is proposed. Both codes
are suitable for systems with three transmit antennas. Necessary conditions for the
full diversity of both codes are given and our conjecture is that they are also sufficient
conditions. The codes have simple formulas from which their diversity products can
be calculated in a fast way. A fast maximum-likelihood decoding algorithm for AB
codes based on complex sphere decoding is given by which the codes can be decoded
in a complexity that is polynomial in the rate and dimension. Simulation results
show that both SU(3) codes and AB codes perform as well as the finite group-based
codes at low rates. But they do not need the exhaustive search (of exponentially
growing size) required of group-based codes and therefore are far superior in terms
of decoding complexity. Both SU(3) and AB codes have great advantages over the
finite group-based codes at high rates and perform as well as the carefully designed

non-group code at rate 4.
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6.8 Appendices
6.8.1 Proof of Theorem 6.1

Proof: It is easy to check that any matrix U that satisfies (6.1) is in SU(3) by

checking that UU* = I3 and det U = 1. Now what is left to prove is that any matrix

a U
U € SU(3) can be written as (6.1). Partition U into | where a is a

U21 U22

complex number, Ujp is 1 x 2, Usy is 2 X 1, and Uy is 2 x 2. Since UU* = I3,

a U12 a U§1 1 012
U21 U22 Ufz Uékz 021 I2

Comparing the (1, 1) entries, UjoUs, = 1 — |a|* can be obtained. Therefore |a|? < 1.

Comparing the (1,2) entries,
aUs; + UpaUsy = 015 = Uy, = —a” ' UpUs,.
Comparing the (2,2) entries and using the above equality, we have
UnUs + UpUsy = Iy = —a” 'UnUUsy + UpUsy = I = a” Uy Uy = U — Uy,
Now let’s look at the unit determinant-constraint, which gives us
1 =detU = a-det(Usy — Uyia 'Usp) = a - det Uy," = a(det Up) ™"

Therefore, det Uy, = a. From Uy Uj, + UxpUs, = Io, it is obvious that [y — Uy Us,
has rank 1. So, 1 is an eigenvalue of UxpUsj,. The other eigenvalue must be |a|?

since det UypUs;, = |a|?>. Thus, the Hermitian and positive matrix UxUs, can be
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10
decomposed as UspUj, = & ®*, for some unitary matrix ¢ with deter-
0 |af?
minant 1. Therefore, there exists a unitary matrix ¥ with determinant 1 such that
10
Uy =@ .
0 «

Again, from Uy Us, + UxpUs, = I,

Ua1 Uy,
= I, — UyUs,
0 0
= ¢ P*
0 1—|al?

0
= ¢ _ 0 /1—|a2e?¢ | "
/1 — |a|2eac

A general solution for Uy; is

0
U21:(I) 5

VT e

where ( is an arbitrary angle. By similar argument, a general solution for Uy, is,
Uiz=10 +/1—|af2em
where 7 is an arbitrary angle. Also,

CLU;l + U12U;2 = 012

10
= a| 0 4/1—|al2e7’¢ } o + [ 0 +/1— |af2em | W7 ¢* =0
0

= = _e7JC,
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Therefore, we have proved that matrices in SU(3) can be written as

a 0 —/1—|a|2e7¢ | ¥

1 012 1 012

021 P 021 v

Since

0 0 ¢&” V1 —lal2e’¢ 0 a 0 0 e
a 0 —/1—af2e7+A

= 0 1 0

V1 — |a]2e?¢+P) 0 a

for any real angle (3, the angle ( is a redundant degree of freedom. Therefore, we can

set ¢ = 0. Thus, (6.1) is obtained. O

6.8.2 Proof of Theorem 6.2

Proof: Define 0, = 27 (% — %) and & = 27 (% + %) for i = 1,2. Furthermore,

define v, = 222 + % and 7, = 5% — % For any Ui(p1,q1,71,51) and

Us(pa, G, T2, $2) in C(l), we can write U; = AE;)l’ql)B((ilﬁ

, and Up = AL pWm

(p2,92) " (r2,52)
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where A1) and BY) are as defined in (6.4) and (6.5). Therefore,

-1
(1) (1)
<A(p27qz)> A(p1 q1)

e 702 0 0 eI 0 0
— 1 —2nk2 1 2n%2 1 orPL 1 2nl g
= — P —— Q —_ — Qe JIV1
0 =€ 73¢ 0 73¢ /3¢ e
1,212 o 1 2782 g6 1 —2rll 1 _onPL g
— Q plb2 - P elV2 = Q — P Jv1
I 0 /3¢ e 7€ e 11 0 73¢ 7€ e |
eJ(01—02)
— 0 ! (ezmpl 2 4 —2m‘“Qq2> ! (ezwj(—‘%+%> _ 627rj(—%1+%)) o—i01
0 % (62@(%_%) 27r](———)> 6]62 % <€—27rjp1 P2 +€27er1312) e—j(91—92)
1 (01=02) 0 0
o 2 P1— pz _91—92 . 9 p1+p2 a1+32 .
= 0 2 (% 2Q )cosvl e % je mi (- 5 )smvl
. p1+p2 _qa1ta2 . . . p1 pz 91—492
0 6J62j62m( 2Q )sm% e (01-02) 2mi (= T )cos%
e~9% 0 0 1 0 0
o o2ri(—P2 4 92 ..
= 0 ™2t 0 0 cosvy, jsiny
; 2ri(P2 92 ..
0 0 eit2¢2mi (35~ 25) 0 jsinvy; cosv;
elt 0 0
0 27?](*—@) 0
a1
0 0 e=i01 ¢~ 3b T 34)
and
-1
(1) 1
B(r2,52) B(T’1781)
122 je 1 2n%2 & 1 -2 e 1 2rdd
7 e 73¢ e 0 7RC T EE /3¢ 0
— 1 —2r32 1 —2rl2 1 —2r —j& 1 onll
= — S — R — S — R
73¢ =€ 0 75¢ e 73¢ 0
0 0 e—Jé 0 0 eJé1
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1 <6—27r] 4 em2mis ) eiEi—&) 1 <e2ﬂj(%+%) e2mi(F+ )) el 0
- |1 ( omj(- 2 ) _ 2mi- ——s—2>> p— 1 (e%j”? + 62@“?2) 0
0 0 el(&1=¢2)
[ e—Ii1—-82)p 2mj (— g2 — g2 ) COS Y2 jej&ezm( L2+ 2 ) sin s 0
— je—j&e?’fj(—”z}”—Sl;ssz) sin v, 2™ (T 7552 cos v, 0
0 0 el(€1—62)
[ 622 (25 +5%) 0 0 1 cosyy jsinyy 0 -
= 0 e2mi(-3%-3%) jsinys  cosys
0 0 e It 0 0 1
i€ 2mi(~gh—3k) 0 0
0 e2mi(zht3k)
0 0 el

Thus,

det(Uy(p1, q1, 71, $1) — Ua(p2, g2, 72, S2)

-1 -1
_ 1) 1) @ 1) 1) 1)
= det A(sz) det B(Tl,sl) det ((A(m q2) ) A(p1,q1) o B(T2,82) (B(T1,81)) )

e—if2 0 0 1 0 0
= det 0 aptag) 0 0 cosyp jsiny
0 0 e1022m (3~ 35) 0 jsiny; cosy
it 0 0
0 Wera) 0

0 0 e—9012mI (—2b +ag)
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0 0 cosvye jsinys 0O
— 0 ei(-sh-3%) jsinys cosvy, O
0 0 A 0 0 1
=127 (k= 3%) 0 0
0 27i(sktst)
0 0 el
= I(0i=02+6i—62)
1 0 0 1 0 0
det 0 X(-zhtad) 0 0 cosvy; gsiny
0 0 o (02+62) 273 (53 = 33) 0 gsiny; cosm
1 0 0
0 eGh3y) 0
0 0 o—i(O1+6) 275 (—3h+35)
ej(92+£2)62“j(2%+%) 0 0 cosvyy jsinyy 0
0 emi(-sh=3%) jsinyy cosvye 0
0 0 1 0 0 1
e—i(01+61) 27 (~ 5k —3k) 0 0
0 e2i(sh+3k) g
0 0 1
—  i0i—bat&—62)
1 0 0
det 0 23 (P q12;2q2)c0871 je‘j(91+51)e27rj( p1+p2+qlgz2)sin%
0 jei(rte) 2mi (Pap = 15g2) iy~ @i(O1—0atea—2) 27 (— PR+ 02 (g 4,
[ o—3(01—02+61—2) 21 (— 52 812?2)00872 jei(2+82) 2“J(T1+T2+Slz+ss2)sjn72 0
_ e+ 2mi (=52 = 552) iy ("o +55%) cos 0
0

1
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Define
: + a1ta — —
y = e 0 sinon <p12pp2 + Q12QQQ) :
(ritry | sits rL—Ty 81—
z = j62”( Rt 1232)si1(127r< 12R 2 125 2) )
Therefore,
det(U1 — Ug)
1 0 0 e I(01=02+81-82) ), i(02+E2) , )
= Odet 0 T eI O1+6)y — _e—i01+61) 5 D 0
0 _61(92+§2)g e—J(01—02+&—62) 7 0 0 1
[ 1 — e J(O1=024861-82),,  _pi(024E2) 0
g é det 6_j(91+51)2 T — le e_j(91+§1)y
0 _ej(92+§2)g e~ d(O1—02+81-8) 5 _ 1

- 0O [(1 _ e_j(91_92+51_§2)w)(a: _ w) (6_j(01_92+51_§2)i’ _ 1)+

e_j(91_92+51_52)|Z‘2(6_j(01_92+§1_§2)i’ _ 1) + e—j(91—92+§1—52)|y|2(1 _ e—j(91—92+51—52)w>}

= Olwz — 7w — (Bx — OF) — (Ow — OW)]
= 2j(Zm(wz) — ImOx — ImOw)

= 2jZm[(1 — 6z)(1 — Ow)].
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6.8.3 Proof of Theorem 6.4

Proof: Define 6; = 27j (:i:% + %) and & = 27j (:i:% + S—S’) for i« = 1,2. For any
Ui(p1, 1,71, 81) and Usz(pa, g2, 79, 52) in C?, we write Uy = A® B? and Uy =

(pl,lh) (7’1781)

Agl,qQ)B((i)’SQ), where A and B® are as defined in (6.11). By a similar argument to

the proof of Theorem 6.2,

@ ',
(A(pwm)) A(pl,ql)

e 102 0 0 1 0 0
0 62ﬂj<_§%+%> 0 cos2m (pl —p2 | 91 42> jsin 2 (p12;)p2 + q12—Qq2)
gﬂj<p_2_q_2)
0 0 2™\ 2 0 jsin2nr (m ks S T 42> - (m PLop | o0 qz)
el 0 0
0 i(E) 0 :
0 0 o2 (=)
and

B((fz)&) (B((72‘1),81)> B

e2ﬂj(%+¥) 0 0 cos 27 (7‘12—R7‘2 _ 812582) ] sin 27 (r12—R7‘2 _ 312532) 0
= 0 62”(_;_12%_;_%) 0 jsin 27 (”2—_1{2 — —812_;2) cos 27 (”2_]{2 - —512_;2) 0
0 0 e e 0 0 1
e27rj (_2%_%) 0 0
0 ezﬂj(z%"'%) 0
0 0 ejsl
Therefore,

det(Ui(p1, q1, 71, 51) — U2(p2, g2, 72, 52)

-1 —1
_ @ @ (2 @ @ @
= detA?) . det B det((A(w)) A» B2 (B(nvsl)) )
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%778 Jet,
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1 O 0 e_j(61_62)w
O €T 6_'751'3/ — _e_.]alz
0 —eify e—i&1—&) 7% 0
e_j(01_€2)w _6‘]922 0
e 0z T — W eIy
0 _ejizg e—i1—-8)zr _ 1

el
W0 0
1

eI01 =32 [(6—5(61—62) _ e—j(91—92)) _ (x _ e_j(61_62+§1_§2):?) + (w _ e—j(91—92+§1—€2)w)

+(e—j(91—92)wx _ e—j(il—iz)ju—)ﬂ

I8 (O3 — 82) — (1 — O20%7) + (w — O20%w) + (Qlwz — Biw)]

€j916_j§2(:)1(:)2 [(@1@2 — @1(:)2) — (@1@21’ — @1@21’) — (élégw — élégw)

2j€j€1€_j52é1(:)21-m(@1(:)2 — @1@25(7 — (:)1(:)2’(1] + (:)192’(1]5(7)

2jei179%20,0,Tm[(0; — 6,w)(0; — Oy7)]

2j€j€1€_j52é1(:‘)21-m[@1é2(1 - é%?ﬂ)(l - @g.ﬁ(:)]

+(é1@2wl’ - (:)1@211}3})]
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Chapter 7 Using Space-Time Codes in

Wireless Networks

7.1 Abstract

In this chapter, the idea of space-time coding devised for multiple-antenna systems
is applied to communications over wireless relay networks. A two-stage protocol is
used in the network communications, where in one stage the transmitter transmits
information and in the other, the relay nodes encode their received signals into a

“distributed” linear dispersion space-time code, and then transmit the coded signals

min{T,R}
)

to the receive node. It is shown that at high SNR, the PEP behaves as (IO%DP

Y

with T the coherence interval, R the number of relay nodes, and P the total transmit-
ted power. Thus, apart from the log P factor and assuming 7" > R, the network has
the same diversity as a multiple-antenna system with R transmit antennas, which is
the same as assuming that the R relay nodes can fully cooperate and have full knowl-
edge of the transmitted signal. It is further shown that for a fixed total transmit
power across the entire network, the optimal power allocation is for the transmitter
to expend half the power and for the relays to collectively expend the other half. It
is also proved that at low and high SNR, the coding gain is the same as that of a
multiple-antenna system with R transmit antennas. However, at intermediate SNR,

it can be quite different.
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7.2 Introduction

The communication systems that have been discussed or worked with in previous
chapters are point-to-point communication systems, which only have two users: one
is the transmitter and the other is the receiver. Recently, communications in wireless
networks are of great interest because of their diverse applications. Wireless networks
consist of a number of nodes or users communicating over wireless channels. Roughly,
there are two types of wireless networks according to the structure. One type is
networks that have a master node or base station. All nodes communicate with
the base station directly and the base station is in control of all transmissions and
forwarding data to the intended users. A cellular phone system is the most popular
example of this kind of wireless networks. Another example is satellite communication
systems. The other kind of wireless networks is ad hoc or sensory networks, which is

the type of networks that are going to be dealt with in this chapter.

S

o]
o

.
S

Figure 7.1: Ad hoc network

®/®

An ad hoc wireless network is a collection of wireless mobile nodes that self-
configure to form a network without the aid of any established infrastructure [GW02].
Figure 7.1 is a simple diagram of wireless ad hoc networks. A wireless links exists

between each pair of nodes. In the figure, only some of the links are represented. In ad
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hoc wireless networks, there is no master node or base station. All communications
are peer to peer. As every node may not be in the direct communication range'
of every other node, nodes can cooperate in routing each other’s data. Therefore,
transmissions may be completed by one-hop routing or even multiple-hop routing.
In addition, nodes in an ad-hoc network may be mobile. The difference between an
ad-hoc network and sensory network is that in the former, nodes may be mobile and
there can be more than one pair of nodes communicating at the same time, while, for
sensory networks, the nodes are normally static and there is only one pair of nodes
communicating at a time.

According to the features mentioned above, ad-hoc and sensory networks can be
rapidly deployed and reconfigured, can be easily tailored to specific applications, and
are robust due to the distributed nature and redundancy of the nodes. Because
of these advantages of ad-hoc and sensory networks, they have many applications,
for example, the data network, the home network, the wireless network of mobile
laptops, PDAs and smart phones, the automated transportation systems, sensor dust,
Bluetooth [Har(00], etc.? However, because of exactly the same unique features, the
analysis on wireless ad hoc networks is very difficult in networking, signal processing,
and especially information theoretical aspects.

There are many preliminary results in ad hoc wireless networks. In 2000, the
capacity of wireless ad-hoc networks was first analyzed in the landmark paper [GKO00].
It is proved that the optimal bit-distance product can be transported by a network
placed in a disk of unit area scales as O(y/n) bit-meters per second, where n is the

number of nodes in the network. In [GT02], it is proved that the mobility of nodes can

IThere are many ways to define communication range of a wireless network according to the
transmit power, interference, distance, and other factors in the network. For example, in the protocol
model in [GKO00], it is defined that one node located at X; can transmit to another node located at
X successfully if | X, — X;| > (1 + A)|X; — Xj| for every other node located at X}, simultaneously
transmitting over the same sub-channel. A is a positive number that models situations where a
guard zone is specified by the protocol to prevent a neighboring node from transmitting on the same
sub-channel at the same time.

2For more applications and introduction, refer to [GW02] and [Per01].
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increase the per-session throughput greatly. Results on the network layer designing,
interference, and energy management can be found in [PGH00, BMJ*98, RkT99,
RM99, DBT03|. Although these work illuminate issues in ad hoc networks with
specific network models and under specific conditions, most of the questions about
ad hoc networks are still open. For example, what is the Shannon capacity region,
how to do scheduling and coding to achieve capacity, and how to allocate power
among the nodes? In this chapter, we use the space-time coding idea, which is widely
used in multiple-antenna systems, in wireless networks to improve the performance
of network communications.

As has been mentioned in Chapter 1, multiple antennas can greatly increase
the capacity and reliability of a wireless communication link in a fading environ-
ment using space-time codes [Tel99, MH99, Fos96, TSC98]. Recently, with the
increasing interests in ad hoc networks, researchers have been looking for meth-
ods to exploit spatial diversity using the antennas of different users in the network
[SEA03a, SEA03b, TV01, LW03, NBK04]. In [LW03], the authors exploit spatial di-
versity using the repetition and space-time algorithms. The mutual information and
outage probability of the network are analyzed. However, in their model, the relay
nodes need to decode their received signals, which causes extra consumption in both
time and energy and also may cause error propagation. In [NBK04], a network with
a single relay under different protocols is analyzed and second order spatial diversity
is achieved. In [HMCO3], the authors use space-time codes based on Hurwitz-Radon
matrices and conjecture a diversity factor around R/2 from their simulations. Also,
their simulations in [CHO3] show that the use of Khatri-Rao codes lowers the average
bit error rate. In this chapter, relay networks with fading are considered and linear
dispersion space-time codes [HH02b| are applied among the relays. The problem we
are interested in is: can we increase the reliability of a wireless network by using

space-time codes among the relay nodes?
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A key feature of this work is that no decoding is required at the relay nodes.
This has two main benefits: first, the computation at the relay nodes is considerably
simplified, and second, we can avoid imposing bottlenecks on the rate by requiring
some relay nodes to decode (See e.g., [DSGT03]).

The wireless relay network model used here is similar to those in [GV02, DH03]. In
[GV02], the authors show that the capacity of the wireless relay network with n nodes
behaves like logn. In [DHO03], a power efficiency that behaves like y/n is obtained.
Both results are based on the assumption that each relay knows its local channels
so that they can work coherently. Therefore, the system should be synchronized at
the carrier level. Here, it is assumed that the relay nodes do not know the channel
information. All we need is the much more reasonable assumption that the system is
synchronized at the symbol level.

The work in this chapter shows that the use of space-time codes among the relay

__ loglog P)

nodes, with linear dispersion structure, can achieve a diversity, min{7, R} (1 Tog I

When T > R, the transmit diversity is linear in the number of relays (size of the
network) and is a function of the total transmit power. When P is very large,
the diversity is approximately R. The coding gain for large R and very large P is
det ~1(S; —S;)*(S; — S;), where S, is the distributed space-time code. Therefore, with
very large transmit power and a big network, the same transmit diversity and cod-
ing gain are obtained as in the multiple-antenna case, which means that the systems
works as if the relays can fully cooperate and have full knowledge of the transmitted
signal.

This chapter is organized as follows. In the following section, the network model
and the two-step protocol is introduced. The distributed space-time coding scheme
is explained in Section 7.4 and the pairwise error probability (PEP) is calculated
in Section 7.5. In Section 7.6, the optimum power allocation based on the PEP is

derived. Sections 7.7 and 7.8 contain the main results. The transmit diversity and the
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coding gain are derived. To motivate the main results, simple approximate derivations
are given first in Section 7.7, and then in Section 7.8 the more involved rigorous
derivation is shown. In Section 7.9, the transmit diversity obtained in Sections 7.7
and 7.8 is improved slightly, and the optimality of the new diversity is proved. A
more general distributed linear dispersion space-time coding is discussed in Section
7.10, and in Section 7.11 the transmit diversity and coding gain for a special case
are obtained, which coincide with those in Sections 7.7 and 7.8. The performance of
relay networks with randomly chosen distributed linear dispersion space-time codes
is simulated and compared with the performance of the same space-time codes used
in multiple-antenna systems with R transmit antennas and one receive antenna. The
details of the simulations and the BER and BLER figures are given in Section 7.12.
Section 7.13 provides the conclusion and future work. Section 7.14 contains some of
the technical proofs.

The work in this chapter has been published in the Proceeding of the Third Sen-
sory Array and Multi-Channel Signal Processing Workshop (SAM’04) [JHO4f] and is
accepted in the Forty-Second Annual Allerton Conference on Communication, Con-
trol, and Computing (Allerton’04) [JHO4a]. The journal papers, [JH04b] and [JHO04c|,

are submitted to IEEE Transactions on Wireless Communications.

7.3 System Model

Consider a wireless network with R 4 2 nodes which are placed randomly and inde-
pendently according to some distribution. There is one transmit node and one receive
node. All the other R nodes work as relays. Every node has one antenna. Anten-
nas at the relay nodes can be used for both transmission and reception. Denote the
channel from the transmitter to the i-th relay as f;, and the channel from the i-th

relay to the receiver as g;. Assume that f; and g; are independent complex Gaussian
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with zero-mean and unit-variance. If the fading coefficients f; and g; are known to
relay 4, it is proved in [GV02] and [DHO3] that the capacity behaves like log R and a
power efficiency that behaves like v/R can be obtained. However, these results rely on
the assumption that the relay nodes know their local connections, which requires the
system to be synchronized at the carrier level. However, for ad hoc networks with a
lot of nodes which can also be mobile, this is not a realistic assumption. In our work,
a much more practical assumption, that the relay nodes are only coherent at the
symbol level, is made. In the relay network, it is assumed that the relay nodes, know
only the statistical distribution of the channels. However, we make the assumption
that the receiver knows all the fading coefficients f; and g;, which needs the network
to be synchronized at the symbol level. Its knowledge of the channels can be obtained
by sending training signals from the relays and the transmitter. The main question
is what gains can be obtained? There are two types of gains: improvement in the

outage capacity and improvement in the PEP. In this chapter, the focus is on the

latter.
relays
n, .t
_ e 8
transmitter f, -- n t> -~ .
< el SRR T receiver
s © . : : TRe x
S . Pt 4
\\\\\f‘\R ///////
\\\\\ /g/R//
R t
. B
S
Figure 7.2: Wireless relay network
Assume that the transmitter wants to send the signal s = [sy, -+, s7|" in the

codebook {sy,---,sp} to the receiver, where L is the cardinality of the codebook. s
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is normalized as

Es*s =1. (7.1)

The transmission is accomplished by the following two-step strategy, which is also
shown in Figure 7.2.2 From time 1 to 7', the transmitter sends signals v/P,Tsq, - - -,
V/P\Tst to each relay. Based on the normalization of s in (7.1), the average total
transmit power of the T" transmissions is P;T. The received signal at the i-th relay at
time 7 is denoted as 7; -, which is corrupted by the noise v; ,. From time 7'+ 1 to 2T,
the i-th relay node transmits ¢; 1, - - - , ;7 to the receiver based on its received signals.
Denote the received signal at the receiver at time 7 + T by x,, and the noise at the

receiver at time 7 + T by w,. Assume that the noises are complex Gaussian with

zero-mean and unit-variance, that is, the distribution of v; ; and w, are CN(0, 1).

The following notations are used:

Vi1 Ti1 ti1 w1 1
Vi,2 T2 tio wa )
Vi = s r; = 5 t; = s W = ) X =
| viT | | 7T | tiT | | wr | | TT |

Note that v;, r;, t;, w, and x are all T-dimensional vectors. Clearly

r, =/ PleiS + Vv, (72)

and

R
X = Zgiti +w. (7.3)
i=1

3 Although in the figure, all the relay nodes sit on a line in the middle of the transmitter and the
receiver, this does not means that they must be in the middle of the two communicating nodes to
relay the information. The positions of the relay nodes are arbitrary. For simplicity and clearness
of the figure, we draw it this way.
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7.4 Distributed Space-Time Coding

The key question is what the relay nodes should do. There are two widely used
cooperative strategies for the relay nodes. The first one is called amplify-and-forward,
in which the relays just amplify their received signals according to power constraints
and forward to the receiver. The other is called decode-and-forward, in which the
relay nodes do fully decoding and then send their decoded information to the receiver.
If the relay nodes know their local connections, beamforming can be done by amplify-
and-forward. However, it is obvious that if the relay nodes do not know the channels,
amplify-and-forward is not optimal. For decode-and-forward, if the relays can decode
the signal correctly, which happens when the transmit power is very high or the
transmission rate is very low, the system is equivalent to a multiple-antenna system
with R transmit antennas and one receive antenna, and the best diversity R can be
obtained. However if some relay nodes decode incorrectly, whether because of bad
channel, low transmit power, or high transmission rate, they will forward incorrect
signals to the receiver, which will harm the decoding at the receiver greatly. Therefore,
for ad hoc networks whose nodes have limited power, decode-and-forward puts a heavy
restriction on the transmission rate. Another disadvantage of decode-and-forward is
that because of the decoding complexity, it causes both extra power consumption and
time delay.

We will instead focus on the diversity achievable without requiring the relay nodes
to decode. The strategy we use is called distributed space-time coding, in which simple
signal processing is done at relay nodes. No decoding is need at relay nodes, which
saves both time and energy, and more importantly, there is no rate constraint on
transmissions. As will be seen later, this strategy leads to the optimal diversity, R,

with asymptotically high transmit power.*

4A combination of requiring some relay nodes to decode and others to not, may also considered.
However, in the interest of space, we shall not do so here.
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In our approach, we use the idea of the linear dispersion space-time codes [HH02b]
for multi-antenna systems by designing the transmitted signal at every relay as a linear

function of its received signal:®

T
B Py B Py
tir = P+ 1 ;—1 @ rtTi ¢ = 7})1 1 [ai,rb A 72, " >ai,TT]ria

or in other words,

where -~ .
;11 Qi12 AT
A; = aijm aijm ai’%T D fori=1,2-- R
| ;1 QT2 QyTT i

While within the framework of linear dispersion codes, the T x T matrices A;
can be quite arbitrary (apart from a Frobenius norm constraint). In the network,
since the relay nodes have no knowledge of the channels, there is no reason to put
more weight on anyone of the relay nodes or any time instant. To have a protocol
that is equitable among different users and among different time instants, we shall
henceforth assume that A; are unitary matrices. As we shall presently see, this also
simplifies the analysis considerably since it keeps the noises forwarded by the relay
nodes to the receiver white.

Now let’s discuss the transmit power at each relay node. Because trss* =1, f;, v;;

are CN(0,1), and f;, s;,v;; are independent,

Erir, =E(VPTfis+v:)" (VPTfis+v;) =E (PT|f;]’s*s + vjv;) = (P + 1)T.

°Note that the conjugate of r; does not appear in (7.4). The case with 7; is discussed in Section
7.10.
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Therefore the average transmit power at relay node i is

P ¥

which explains our normalization in (7.4). The expected transmit power for one
transmission at each relay is Ps.

Let us now focus on the received signal. Clearly from (7.2) and (7.3),

2 R

[ 12

X = g At + W
Pr 12’:19 r

R
[ Py
P, 1;:19 (VPTfis+vi)+w

191 R
P1P2T P2
— A PN A N ZAZ i .
P1+1[ 18, ’ RS] . + P1+1;g Vi +W
fRrIR
Define
J1i91
f292 = il
S [ 18, A28, 9 RS]7 , an w Pl“‘llz:;g Vi t+ W
i JRYR i

The received signal can therefore be written as

P RT
= H : .
X ”P1+1S + W (7.5)

Remark: From equation (7.5), it can be seen that the 7' x R matrix S works like

the space-time code in the multiple-antenna case. We call it the distributed space-time

code to emphasize that it has been generated in a distributed way by the relay nodes,
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without having access to s. H, which is R x 1, is the equivalent channel matrix and
W, which is T x 1, is the equivalent noise, W is clearly influenced by the choice of

the space-time code. Using the unitarity of the A;, it is easy to get the normalization

of S:
R R
rS°S =) s*AiAs=)» s's=R
=1 =1

7.5 Pairwise Error Probability

Since A;s are unitary and wj, v; ; are independent Gaussian, W is also Gaussian when

g;s are known. It is easy to see that EW = 07 and

Var (Wlg;) = EWW~

— (EZ%AVNLW) (Ezgﬂhﬁw)

= E igiAivivi AL+ T
P1+ Zglgg] T

P 2
AAL+ T
P+ i

- ( >l ) r

Thus, W is both spatially and temporally white. This implies that, when both f; and

g; are known, x|s; is also Gaussian with the following mean and variance.

P PT

B(xls) = \ 531

SiH
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and
Var (x|s;) = VarWW = [1+ & XR:| 2 I
i Pl +1 o gi T-
Thus,
(x— P};lpffsiH)*(xf Ij%lelTSiH)
P (x[s;) = ! Fe 1 S 102
R
[27r (1 + Pfil i=1 |gz|2>i|
The ML decoder of the system can be easily calculated to be
2
P PT
arg mSaXP (x[s;) = arg rr;ln X — Pi j . S,HH . (7.6)
F

Recall that S; = [A;s;, - -+, Ags;], with s; in the code book {s;,--- ,s.}. By splitting

the real and imaginary parts, the ML decoding in (7.6) is equivalent to

XRe w (Zf:l figiAi> 5 2

arg min —

> XIm P+l (Zil figiAi>I

- (Zf; figiAi)Im SRe
(Zf; figiAi> Sim

Re F

e

(7.7)

m

Since (7.7) is equivalent to the decoding of a real linear system, sphere decoding can
be used whose complexity is polynomial in the transmission rate and dimension at

almost any practical SNR [DAML00, HV02].

Theorem 7.1 (Chernoff bound on PEP). With the ML decoding in (7.6), the
PEP, averaged over the channel coefficients, of mistaking s; by s; has the following
Chernoff bound.

_ P PoT
Pe < E e *0+Pi+P2 L l9;0?)
T figi

H*(S;—=S85)* (Si—5;)H

By integrating over f;s in the above formula, we can get the following inequality on
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PEP.
P P,T -
Pe <Edet ™! |Ip+ — (Si = 8;)"(8; — Sj)diag {lg1[*,- - . 1gr|*} | (7.8)
gi 4 <1+P1 + P Zizl |9i|2>

Proof: The PEP of mistaking S; by S; has the following Chernoff upper bound
[SOSLS5].

Pe < E AP (x]S)~InP (x|S1))

Since S; is transmitted, x = ];;fjfipSiH + W. Therefore, from (7.6),

InP (x[5;) — InP (x]5;)

DT (S, — §;)*(Si — ;) H + PI;leTH*(S S;)W 4\ BELW* (S, - S))H |

P +1 i:l |g:]?

Thus,
Pe
A P " PLPT 1% P PyT
< E _1+—LPP+12R1\M2[PlilplTH (8i;)" (Si= Sy Hot\ TR H" (Si=8)" W/ T80 W (515 H
e T 0=
T fogiW

P P PyT P PyT
A{P%PJH*(srsj)*(sfsj)H+,/—PlLH*(s —8;)* W+ —J%W*(srsj)thw*

| 2

e 1+ P1+1 S le
- E / . W
i:9i R
[QW ( P T 2 |gz|2)]

PiPT o o * PiPT o o
(A,/W(sfs])fﬂw) NIRRT si-spH+w

P PyT
A(1-x) =12 Po R 12
i Z_RlJr\Pl\?H*(S —S))*(Si—S))H [ e P Xz il
= FE e 'exizile dW

fisgi R T
[27T < p T 2ic1 |gz|2>}

P PT

Pi+1
NPT

— e P41 &i=119i

firgi

A(1-2)

__ AA=NP PT *(G. _G.\*(G._G.
— Ee 1+P1+PQZ;R:1\9¢\2H (Si=55)"(Si=5;)H

firgi
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Choose A = £ which maximizes A(1 — ) = ; and therefore minimizes the right-hand

side of the above formula. Thus,

- PPy T H*(S;—5;)*(Si—S;)H
R .12 ? J ? J
Pe < f‘Eg.e 4+P1+Py 3255 1941%) . (79)
1ryd1

This is the first upper bound in Theorem 7.1. To get the second upper bound,

the expectation over f;s must be calculated. Notice that

fin g - 0 fi

JRrYR 0 - gr Ir
Denote diag {g1, - ,9r} as G, [f1,---, fr]" as f. (7.9) becomes,

P1PeT £4G(S;— ;)" (Si—S;)GE

Pe < E 6_4(1+P1+P22;R:1\9¢\2)
T fogi
Py PyT cEra e a
- %E / (21)R6_4(1+P1+P2§32R—19¢2)f C(Si=55)7(Ss SJ)Gfe—f*fdf
i m
* Py PoT = a. sl .
= E / (21)R€_f <1R+4(1+P1+P2§;£?:1‘gi‘z)G(Sl—Sj) (SZ—SJ)G)fdf
9i m
P BT _
| AP R )
P BT '
= Edet™ |Ip+ —— (S: — S;)*(S; — Sp)diag {|gal?, - -, lgrl*}
N R AR >y
as desired. 0

Let’s compare (7.8) with the Chernoff bound on the PEP of a multiple-antenna

system with R transmit antennas and 1 receive antenna (the receiver knows the
channel) [TSC98, HMOO]:
PT

Pe < det ! I+ E(SZ = S;)(Si = S;)| -
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The difference is that now the expectations over the g; must be calculated. Similar
to the multiple-antenna case, the “full diversity” condition can be obtained from
(7.8). It is easy to see that if S; — S; drops rank, the upper bound in (7.8) increases.
Therefore, the Chernoff bound is minimized when S; —S; is full-rank, or equivalently,

det(S; —S;)*(S; —S;) # 0 forany 1 <i#j < L.

7.6 Optimum Power Allocation

In this section, the optimum power allocation between the transmit node and relay
nodes, that minimize the PEP, is discussed. Because of the expectations over g;,
this is easier said than done. Therefore, a heuristic argument is used. Note that

g= Zfil |gi|* has the gamma distribution [EHP93],

gR—le—g

plg) = m>

whose mean and variance are both R. By the law of large numbers, almost surely
%g — 1 when R — oo. It is therefore reasonable to approximate g by its mean, i.e.,

Zf;l lgi|* = R, especially for large R. Therefore, (7.8) becomes

PPRT
4(14+ P+ PR)

Pe SEdet ™ | Ir + (Si = S;)*(Si — Sj)diag {|g1|%, -~ , lgr|*}| - (7.10)
i

P P,T
4(1+P1+P2R)

It can be seen that the upper bound in (7.10) is minimized when is
maximized, which can be easily done.

Assume that the total power consumed in the whole network is PT for transmis-
sions of T" symbols. Since the power used at the transmitter and each relay are P,

and P; respectively for each transmission, P = P; + RP,. Therefore,

P, P,T p AT _ P(P-P)T - P2T
4(1+ P+ PR) 4(1+P +P—P) R(1+P) ~ 16R(1+P)
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with equality when

P P
P1:§ and szﬁ (711)

Therefore, the optimum power allocation is such that the transmitter uses half the
total power and the relay nodes share the other half fairly. So, for large R, the relay
nodes spend only a very small amount of power to help the transmitter.

With this optimum power allocation, for high total transmit power (P > 1),

PPT

4 <1 + P+ P Zf; ‘giP)
thT

4 <1 + § + % Zf’il |9i|2>

P P
3Rl

4 (% + % Zil |9i|2)
PT
8(R + Zf:l 19i?)

Q

(7.8) becomes

PT

Ir +
8(R+ Y1 1gil?)

Pe < E det -1 (Si —8;)*(S; — Sj)diag{]91]2, cee ]gR\Z} . (7.12)
gi

7.7 Approximate Derivations of the Diversity

As mentioned earlier, to obtain the diversity, the expectation in (7.8) must be cal-
culated. This will be done rigorously in Section 7.8. However, since the calculations
are detailed and give little insight, a simple approximate derivation, which leads to

the same diversity result, is given here. As discussed in the previous section, when R
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is large, Zf;l |g;|*> ~# R with high probability. In this section, this approximation is
used to simplify the derivation.

Define

To highlight the transmit diversity result, we first upper bound the PEP using the

2

minimum nonzero singular values of M, which is denoted as o;,;,. Therefore, from

(7.12),
PTo? .
Pe < Edet™! {IT + %diag {Lanxc a1, O} diag {|g1|?, - - - , |gr|*}
i
rank M -1
PTo?
— E 1 min i2
0 11 ( ST )
rank M
_ /Oo 1 + PTO_?%MTL - —xd
= ; 16R T e T
_ PTO'gun —rank M _e_ Pleflm —e 16R rank M
]_6R PTUSun ’
where

X et
Ei(x):/ —df, X <0

—00

is the exponential integral function [GR00]. For y < 0,

Ei(x) = ¢+ log(—x) + Z %, (7.14)
k=1 '

where c is the Euler constant.® For log P > 1,

___16R 1
(& PTUmin = 1 —|— O (F) ~ 1

The Euler-Mascheroni constant is defined by ¢ = lim,, oo (3_,_; + —logn). ¢ has the numerical
value 0.57721566 - - -.
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and
_ 16R
Therefore,
rank M rank M rank M
pe < (1OF log P = pronkM (1= ) 7 115)
Tamin P To-min

When M is full rank, the transmit diversity is min{7’, R} (1 — %). Therefore,
similar to the multiple-antenna case, there is no point in having more relays than the
coherence interval according to the diversity. Thus, we will henceforth always assume
T > R. The transmit diversity is therefore R (1 — %). (7.15) also shows that
the PEP is smaller for bigger coherence interval T'. A tighter upper bound is given

in the following theorem.

Theorem 7.2. Design the transmit signal at the i-th relay node as in (7.4) and
use the power allocation in (7.11). For full diversity of the space-time code, assume

T>R. If P> 1, for any positive x, the PEP has the following upper bound

s (B0) X de i (1) ERCE, (110

k=0 1<iy<--<ip<R

where [M];, ... i, denotes the k x k matriz composed by choosing the iy, - - - ,ix-th rows

and columns of M.

Proof: From (7.10),

o0 o0 PT
Pe < / / det ' | I + ——=Mdiag {\,- -, Ag}| e - -eRd\, - - - dAg,

where \; is defined as \; = | gi\z. Therefore, )\; is a random variable with exponential
distribution p),(z) = e~®. We upper bound this by breaking each integral into two

parts: the integration from 0 to an arbitrary positive number z and from x to oo,
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and then upper bound every one of the resulting 27 terms. That is,

Pe
T o) T 00 PT —1
S / +/ / +/ det | Ir + —=Mdiag {\1, -, A\r}
0 T 0 z 16R
e‘Al---e_*RdAl---dAR
1B
= 52 Z E1,"'7ik>
k=0 1<i1 <--<ix<R
where
PT -
Ty iy = // det (IR+ ﬁMdiag{)\l,~-~ ,)\R}) e M e RGN - - dAg.

the i1, - ig-th integrals
are from z to oo,

all others are from 0 to x

Without loss of generality, 77 ... i, is calculated.

) o pT x PT -1
Tl,..,k:/ / / / det <1R+ﬁMdiag{A1,---,AR}) e e - A,
T T 0 0
% Rk

Note that since M > 0, for any A\, +1,--- ,Ag > 0,

PT .
det (IR + ﬁMdlag {>\17 te 7)\R})

PT .
> det (IR‘FﬁMdlag{)\la 7)\19’07"' 70})

= det | Ig+ EM det[M]y,.. gdiag {A1, -, A} Ok
16R § 0
R—k,R-k

PT .
= det (Ik + ﬁ[M]l,...ykdlag {)\1, st ,)\k})

PT .
> det (ﬁ[M]l,...ykdlag {1, ,)\k})

PT

k
= (ﬁ) det[M]l, ,k)\l e )\k7
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where [M];, ... ;, is defined in Theorem 7.2. Therefore,

ik

1 k? xT x
Th..p < (6—R) det—l[M]L.,,,k/ / e M e AN - d AR
0 0

PT
/f.../x‘” A ...j:’“dAl...dAk
— (%)kdewlwh,..,k (/0 e‘Ad)\) - </oo ?dA)k
- (%)k det ' [M]y,.. x (1 — e_x)R_k [Ei(—x)]" .
In general,
Tiyos < <%)kdet My g (1= e ) 7 [Bi(—2)]F
The upper bound in (7.16) is obtained. O

It is easy to see that for any 1 < iy < --- < i < R, [M];, ... ;, is a positive definite

Jik

matrix since M is positive definite. Therefore, all terms in (7.16) are positive.

Corollary 7.1. IflogP > 1,

1 o~ (16R\"
Pe < ﬁz<7> > det M, ... 5, log® P. (7.17)

k=0 1<iy<--<ip<R

Proof: Set x = 1.7 Therefore,

1
5

1o = (1) = (ro(5) = o (i)

7 Actually, this is not the optimum choice based on the transmit diversity. The transmit diversity
can be improved slightly by choosing a optimum z. However, the coding gain of that case is smaller
than the coding gain in (7.17). The details will be discussed in Section 7.9.
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From (7.14),

—Ei(—z) =log P + O(1).

Therefore, (7.17) is obtained from (7.16) by omitting the higher order terms of +

O

The same as the PEP Chernoff upper bound of multiple-antenna systems with R
transmit antennas and one receive antenna at high SNR, which is

1 _ 4R
Pegﬁdet NS — S5)*(Ss — S)<T> :

the factor ﬁ is also obtained in the network case. However, instead of a constant

that is independent of P, the coefficient of the factor in (7.17) is a polynomial in
log P, which actually changes the diversity result.

To get the diversity, we should look at the the term with the highest order of P

in (7.17), which is the k = R term: det ~1M (16R)R 101% By simple rewriting, it is

equivalent to

det ~1M (16TR) pRO="ET), (7.18)
Therefore, as in (7.15), transmit diversity of the distributed space-time code is, again,
R (1 — 1°lng°gPP), which is linear in the number of relays. When P is very large (P >
log P), loglog L < 1, and a transmit diversity about R is obtained which is the same
as the transmit diversity of a multiple-antenna system with R transmit antennas
and one receive antenna. That is, the system works as if the R relay nodes can fully
cooperate and have full knowledge of the transmitted signal as in the multiple-antenna

case. However, for any general average total transmit power, the transmit diversity

depends on the average total transmit power P.
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7.8 Rigorous Derivation of the Diversity

In the previous section, we use the approximation Zf; 19:]* & R. In this section,
a rigorous derivation of the Chernoff upper bound on the PEP is given. The same
transmit diversity is obtained but the coding gain becomes more complicated. Here

is the main result.

Theorem 7.3. Design the transmit signal at the i-th relay node as in (7.4) and
use the power allocation in (7.11). For full diversity of the space-time code, assume

T > R. Iflog P> 1, the PEP has the following Chernoff bound.

R k k
1 8 _
Pe 5 op > (f) > det MMliy.i, > Br(k —1,k)log' P(7.19)
k=0 1<ip<--<ip<R 1=0
where
k k k—ip k—iy—-—ij_q k k— il . ij—l
Br(j,k) = DD B
J ] ii=lig=1 ij=1 11 1

(iy — 1)V (i — DIRF =74 (7.20)

Proof: Before proving the theorem, we first give a lemma that is needed.

Lemma 7.1. If A is a constant,

00 00 k g Al ..Mk k )
/ / <A+ZAZ-> ﬁdmmm:ZBMw) [~Ei(—2)]"7 ,(7.21)
r r i=1

j=0
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where

B k) = k k k—i k—i1——tj_1
420 k) = . Dot Qi T D=1

and
[(i,z) = / et at

is the incomplete Gamma function [GROO0).

Proof: See Section 7.14.1. O

Now we prove Theorem 7.3. From (7.12), we need to upper bound

/ / det 7' [ Ip + - Mdiag {1, -+, Ag}| e e Rd\; - d)p.
o o $(R+Y0 )

We use the same method as in the previous section: breaking every integral into two

parts. Therefore,

R
1
Pe< iy Y T
k=0 1<i1 <--<ip, <R
while
Ti,lf-wik
PT
= // det 7' | Iz + Mdiag { A1, -, Ar}
8 (R + Zil )\z')
the i1, - - - ig-th integrals

are from x to oo,

all others are from 0 to x

M e AN - dAR.
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Without loss of generality, Tllk is calculated.

T,k
N A g G )
Lo Jo JoJo 8<R+Zz}il)\i>
k R—k
e M e RGN - dp.
For any 0 < Agy1 < z,--- ,0 < Ag < =,
PT
det [R—l— B Mdiag{/\l,---,)\R}
| s(R+ XN
PT
> det |Ip + - Mdiag {\i, -+, A\, 0,--+,0}
_ 8<R+(R—k:)x+2i:1)\i>
PT
> det [M] kdlag{)\la 7)\k}
8(R+(R K)o+ 3k IAZ

8(R+(R—k) x+2, WA)
Therefore,
k
T, < i det ~ 1 -k / / 6_)\]‘+1 )‘Rd)\k_,_l d)\R
1 k PT o o
&0 o0 k e_)‘l e €_>‘k

8 k B k . . »
Ti. k< (ﬁ) det (M1 (1= €)™ Britponyen (. k) [-Ei(—2)]" .

J=0
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Choose = = %. Similarly, for large P,

k
[R—F(R—k)l} ~ RF, —Ei <_F) ~ log P,

_1
l—e P

Therefore,
8 k 1 k -
T1,7...7]€ < (ﬁ) det _1[M]1,~~~,k DRF Z BR,x(j, k,) logk‘—j j2)
7=0
8 k 1 k
— (ﬁ) det _1[M]17"'7kaBR,x(k _ l,k> logl P
=0
In general,

k k
i < 7w (;) det “M[M]i,..i, Y Bra(k — k) log' P.
=0

Thus, (7.19) is obtained.

Corollary 7.2. If R> 1,

1 o~ (8R\"
-1 k
Pe < PR E <T) g det " [M];, ... s, log" P.

1<i1 << <R

(7.22)

Proof: When R > 1, Bg(0,k) >> Bg(l, k) for all | > 0 since Br(0,k) = RF is

the term with the highest order of R. Therefore, (7.22) is obtained from (7.19). O

Remarks:
1. The k =1 = R term,

et 11 <8RlogP)R

TP

(7.23)



206

in (7.19) has the highest order of P. By simple rewriting, it is equivalent to

R
det "' M (%) pRO-M5), (7.24)

which is the same as (7.18) except for a coefficient of 2%. Therefore, the same

transmit diversity, R <1 — lolg()g’]gjp >, is obtained.

. In a multiple-antenna system with R transmit antennas and one receive antenna,
at high transmit power (or SNR), the PEP has the following upper bound,
(which is given in (2.4) in Section 2.3,)
AR\ "
det 7'M | — ) .
1 (51)

Comparing this with the highest order term given in (7.23), we can see the relay

network has a performance that is
(3 + 10logyolog P)dB (7.25)

worse. This analysis is also verified by simulations in Section 7.12.

. Corollary 7.2 also gives the coding gain for networks with large number of relay
nodes. When P is very large (log P > 1), the dominant term in (7.22) is (7.24).
The coding gain is therefore det™' M, which is the same as the multiple-antenna

case. When P is not very large, the second term in (7.22),

SR\ ! R . lOgR_lp
(?) ;det I[M]l,-..,i—l,i+1,...7RT’

cannot be ignored and even the k = 3,4, --- terms have non-neglectable contri-

butions. Therefore, we want not only det M to be large but also det[M];, ... ;

Lk
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to be large for all 0 < kK < R, 1 <4y < --- <14 < R. Note that

where [Si]iy...i, = [Aisi -+ Ais;] is the distributed space-time code when
only the iy, --- ,ig-th relay nodes are working. To have a good performance
for not very large transmit power, Corollary 7.2 indicates that the distributed
space-time code should have the property that it is “scale-free” in the sense
that it is still a good distributed space-time code when some of the relays are
not working. In general, for networks with any number of relay nodes, the same

conclusion can be obtained from (7.19).

. Now we look at the low average total transmit power case, that is the P < 1

case. With the same approximation Zfil |9i|> &~ R, using the power allocation

given in (7.11),

P.P,T £
t(1+P+nYlgP) 40

Q

Therefore, (7.8) becomes

Pe

N

- P2T
E det (IR + ﬁMdlag{lgll2 ,IgRIQ})

16R

—1

= EkE i z2 P2

gz( 161%Zm l9:]" + of )>

P27 )
- 1(1 mRmewz)wm
P27

= [1- P?)

( 16Rzm“>+0

- [ T <Mdiag{|g1|2,-~-,|gR|2})+0<P2>]_
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PT
= (1- M p?
( 16Rtr ) + o(P?),

where m;; is the (i, ) entry of M. Therefore, the same as in the multiple-antenna
case, the coding gain at low total transmit power is tr M. The design criterion

is to maximize tr M.

5. Corollary 7.2 also shows that the results obtained by the rigorous derivation in
this section is consistent with the approximate derivation in the previous section
except for a coefficient 2%, Actually the upper bound in (7.22) is tighter than
the one in (7.17). This is reasonable since in (7.22) all the terms except the one
with the highest order of R are omitted, however in the derivation of (7.17), we

|2

approximate Eil |g:|* by its expected value R.

7.9 Improvement in the Diversity

In Corollary 7.1 and Theorem 7.3, x = % is used, which actually is not the optimal
choice according to transmit diversity. The transmit diversity can be improved slightly

by choosing the positive number x optimally.

Theorem 7.4. The best transmit diversity can be obtained using the distributed space-

time codes is agR, where g is the solution of

log o log log P
a+ =1-——.
log P log P

(7.26)

For P> log P, the PEP has the following upper bound,

R k k
Pes) . (;) S det My Y Br(k — 1 k)PleoRtimen =] (7 97)

1<i1 << <R 1=0
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If R > 1,

i(?)k Yo det T [Mliy,, | PR (7.28)

k=0 1<iy<--<ip<R

Proof: According to the proof of Theorem 7.3,

Pe

L -1 8 \k o\R—k K ; l(7'29)
<X > det = [M];, .. 4, (W) (1—e") Zz:o BR—%—(R—k)x(k — 1, k)[-Ei(—z)]

k=01<i1<-<ix<R

Set z = ﬁ with a > 0. Therefore,

_ o\ R—k _ 1\ Bk 1 1 =k 1 1
(1—e™) —<1_€P> _<ﬁ+ <ﬁ>) Pali k) (Pa(R k))
and

From (7.14),
—Ei(—z) =log P*+ O(1) = alog P + O(1).

To omit high order terms of P, we need P* > 1 and log P* > 1. Combining the
two, log P > é is needed.

Assume log P > L. (7.29) becomes

lloglP
Pe ZBR PaR k)

k
ZBR — [, k)plkraB=Rl ol P,

A
3\“
—

ol

i > det M, .. (

k=0 1<i1 <-<ip,<R

:i > det M, .. (

k=0 1<iy <-<ip<R

M| oo
v
Iy
o
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log log P

log
Note that a! = Ples? and log! P = P es? . Therefore,

Pe

R k k
8 log o loglog P
-1 —|aR+(1—a)k—1 0 —li0
,S E E det [M]il,“',ik <—) _EO BR(k’ - l, ]{T)P [ log P log P

k=0 1<iy <-<ip<R

When a = ay, (7.27) is obtained. As in the proof of Corollary 7.2, for R > 1, we
only keep the terms with the highest order of R, that is, the [ = k terms. (7.28) is

then obtained from (7.27).

What left to prove is the optimality of the choice z = ﬁ. For any k, let’s look

at the term with the highest order of P, which is the [ = k term. Define

log a klog log P

ﬂ(a,k):ozR—i-(l—a)k—klogP— g P

which is the negative of the highest order of P. To obtain the best transmit diversity,

a should be chosen to maximize mingep g B(c, k). Note that

ap loga  loglog P
—=(1-a)- —
ok log P log P

From the definition of ag, we have

op
a_k‘azao - 0
Also note
2
op =—-1- ! <0
daldk alog P
Therefore,

B .
a5 > 0 if a < ag

o8 . '
%<Olf06>060

I,
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Thus,

0) =aR if
min B(a, k) = B(a,0) = a i a <o .

el Bl ) = R (1 - 125~ 0 i 0>

It is easy to see that for o < v, maxa<a, Mingep g B, k) = Maxa<q, R = R,

which is obtained when o = ag. Now let’s look at the case of o > «ag. Note that

dmingep, g Bla, k) Bla, R) R

= — < U.
da da alog P 0

Therefore,

) B B logay  loglog P\
max min, fla, k) = Blao, B) = R (1 T TogP  dogp )~ Coft

which is obtained when o = . Therefore, ag is the optimum and

log a log log P
— = 1— —1).
logP l logP aoR + ( Oé())(k‘ l)

OéoR-F (1 —Oé())k’ —1

Still we need to check the condition log P > aio Define y(a) = a + llggg. Then

dy(e) _ 1 .
=1+ alogP > 0. Since

loglog P
H=1>1—-——""—
7(1) log P

and

log log P
(1 log log P) ) loglog P 108 (1 — g P ) log log P
Y - = 1= -

log P log P * log P logP ’
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therefore,

_ loglog P

1
log P

<ap < 1. (7.30)

Therefore, aglog P > log P —loglog P. If log P > loglog P, log P > 1 is true and
thus log P — loglog P > 1. The condition is satisfied. O

There is no closed form for the solution of equation (7.26). The following theorem
gives a region of oy and also gives some ideas about how much improvement in

transmit diversity is obatined.

Theorem 7.5. For P > e,

1_loglogP “u <1_loglogP loglog P
log P 0 log P log P(log P — loglog P)

log log P

Proof: From the proof of Theorem 7.4, we know that 1 — g I

< ap. We only

need to prove the other part. Let

1 loglog P n loglog P
log P (log P —loglog P)log P

a1 =

Since as in the proof of Theorem 7.4, 7'(a)) > 0. We just need to prove that y(a;) —

__ loglog P
1 leleP 5

Let’s first prove

logay > —

log P log log P B loglog P
log P —loglog P \ log P (log P —loglog P)logP )
1

Define g(z) = log(1 —z) + cz. Since ¢'(z) = c— =, ¢'(z) > 0if 2 < 1— 1. Note that

9(0) = 0, therefore, g(z) > 0 or equivalently log(1—z) > —cz when 0 < 2 < 1—2. Let

__ loglog P log log P
~ logP log P(log P—loglog P

)andcozlm# 1—L = loslogP o o for P> e.

To log P—loglog P * co log P
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It is also easy to check that xg > 0 for P > e. Therefore, log oy = log(1—1zg) > —coxo

and
loglog P
S [t~ Tt = Rl
V() log P
loglog P
= 1
log P(log P — loglog P) + log P og
S loglog P 1 log P loglog P B log log P
log P(log P — loglog P)  log Plog P —loglog P \ log P log P(log P — loglog P)
B log log P
~ log P(log P — loglog P)2
> 0.

U
Theorem 7.5 indicates that the PEP Chernoff bound of the distributed space-time

codes decreases faster than

S5 e ()

k=0 1<iy<-<ip<R

and slower than

- (SR -1 (logP)l_m "
Z(T) ST det My, : |

k=0 1<ij<--<ip<R

When P is large (log P > 1), 1 — 1°lgolT°gPP is a very accurate approximation of cg. The
improvement in transmit diversity is small.
Now let’s comapre the new upper bound in (7.28) with the one in (7.22). As

discussed above, a slightly better transmit diversity is obtained. However, the coding

gain in (7.28) smaller. The coding gain of (7.28) is

-1

[i(¥)k S det M|

k=0 1<i) <-<ip<R

)
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and the coding gain of (7.22) for very high SNR log P > 1 is det M. To compare
the two, we assume that the singular values of M take their maximum value, /2,

-1

R
and R = T. Therefore the coding gain of (7.28) is ZkR:O 4k =578 The

coding gain of (7.22) is 4. The upper bound in (7.22) is 0.97dB better according
to coding gain.

Therefore, when P is extremely large, the new upper bound is tighter than the
previous one since it has a lager diversity. Otherwise, the previous bound is tighter

since it has a larger coding gain.

7.10 A More General Case

In this section, a more general type of distributed linear dispersion space-time codes

[HHO2b] is discussed. The transmitted signal at the i-th relay node is designed as

B
ti =/ =——(Air; + BF;) i=1,2,--- 31
) Pl‘l‘l( ity + zrz) ? ) “y 7R7 (73 )

where A; and B; are T' x T real matrices. Similar to before, we assume that A; + B;

and A; — B; are orthogonal, which is equivalent to

AAT + BiBT = I
ABl = —(ABI)T

By separating the real and imaginary parts, (7.31) can be written equivalently as

ti Re P A+ B, 0 ' Re
el = 2 el (7.32)

A+l 0 A, — B, riim

ti,lm
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The expected total transmit power at the i-th relay can therefore be calculated to be
BT.
Now let’s look at the received signal. Similar to the rewriting of (7.31), (7.2) can

be equivalently written as

I'; Re :\/ﬁ fi,ReIT _fi,ImIT SRe n Vi Re

Tiim fi,Im[T fi,Re[T Sim VilIm
Therefore,
t; Re B PP,T | Ai+ B; 0 fireIr  —fimIT SRe
tirm A+l 0 A, — B; firtmIr  firelr Sim
P2 Vi Re
VE 1
1t ViIm
. XRe
For the T' x 1 complex vector x, define the 27" x 1 real vector x = . Further
XIm

define the 2T x 2T real matrix

Gi,relr  —GirmIT A+ B, 0 figelr  —fitmr
H=), ’
i=1 | GitmdIT  GimelT 0 A, — B; firmIr  firelr
and the 27" x 1 real vector
W Re P, B\ Gigelr —Gitmlr A+ B, 0 Vi Re
W= VA1
Wim U GirmIT  GiRelT 0 A; — B; Vi Im

The following equivalent system equation is obtained.

P PT
P41

X =

Hs +W,
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where H is the equivalent channel matrix and W is the equivalent noise.

Theorem 7.6 (ML decoding and PEP). Design the transmit signal at the i-th
relay node as in (7.31). Then

P (x[s;) = 7€ 21 prdr DL lol?) , (733
R
[27r (1 + Py 2ics |g,~|2)}

and the ML decoding is

PPT

Hs;
J

X —

arg max P (x[s;) = arg min
S; S;

Using the optimum power allocation given in (7.11), the PEP of mistaking s; with s,

has the following Chernoff upper bound for large P.

R
< ~1/2 PT t .
Pe S E det |:_[2R + —8(R+ZkR:1 9k2)]§1gkgk:| ) (7 34)
where
G Gk,kelr  —GkomIT Ay + By, 0 (si —Sj)re —(8i —Sj)1m
k p—
Gk, imdT  GrRelT 0 A, — By, (8i =8j)rm (i — Sj)Re

Proof: To get the distribution of x|s;, let’s first discuss the noise part. Since
v; and w are independent circularly symmetric Gaussian with mean 0 and vari-

ance Iy, VW is Gaussian with mean zero and its variance can be calculated to be

(1 + pfil il |gi|2> Iyr. Therefore, when f; and g; are known, x|s; is Gaussian with

P PT

mean Pl

Hs; and variance the same as that of W. Thus, P (x[s;) = P (x[$§;) is as
given in (7.33). It is straightforward to get the ML decoding from the distribution.

Now let’s look at the PEP of mistaking s; by s;. By the same argument as in the
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proof of Theorem 7.1, the PEP has the following Chernoff upper bound.

_ Py PoT 5 s tH(s —s.
Pe< E e 8(1+P1+P22£11\gi\2)[H(sl s;)|*H(si—s;)
- f’L7g'L
Note that
fi,ReIT _fi,Im[T (Si - Sj)Re - (Si - Sj)Re _(Si - Sj)Im fi,Re
fi,ImIT fi,Re[T (Si - Sj)lm (Si - Sj)lm (Si - Sj)Re fi,lm
Therefore,
H(Si — Sj)
B i Gi,relT  —GimIT A+ B, 0 fireIr  —fimIT (Si —Sj)Re
i=1 gi,ImIT gi,ReIT 0 A, — B, fi,ImIT fi,ReIT (Si - Sj)lm
B XR: Gi.relr  —GimIT A+ B, 0 (i —Sj)re —(Si —Sj)im fi ke
i=1 gi,Im[T gz’,ReIT 0 A, — B; (Si - Sj)Im (Si - Sj)Re fi,Im
~ fi,Re
- H ,
fi,lm
where H = [G1,Gs, -+ ,Gr] is a 2T x 2R real matrix. Now we can calculate the

expectation over f; g and f; 1. Similar to the argument in the proof of Theorem

7.1, the following can be proved.

P PRT
Pe < E det ~1/? Ior + -2

~ HH
5 1(1+P+REL Lol
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The same as before, using the approximation Zf; 19:/* = R, the optimum power

allocation is as given in (7.11). Using this power allocation, (7.34) is obtained. [

7.11 Either A, =0or B, =0

We have not yet been able to explicitly evaluate the expectation in (7.34). Our
conjecture is that when 7" > R, the same transmit diversity R (1 — %) will be
obtained. Here we give an analysis of a much simpler, but far from trivial, case:
for any i, either A; = 0 or B; = 0. That is, each relay node sends a signal that
is either linear in its received signal or linear in the conjugate of its received signal.

It is clear to see that Alamouti’s scheme is included in this case with R = 2, A; =

01
I, Bi =0,45 =0, and By = . The conditions that A; + B; and A; — B, are
10

orthogonal become that A; is orthogonal if B; = 0 and B; is orthogonal if A; = 0.

Theorem 7.7. Design the transmitted signal at the i-th relay node as in (7.51).
Use the optimum power allocation given in (7.11). Further assume that for any
i =1,--- R, either A, = 0 or B; = 0. The PEP of mistaking s; with s; has the
following Chernoff upper bound.

PT A Ak B Ay
T (Si — 5;)*(S; — Sj)diag {|g1]*, -+ . lgrl*}| (7-35)
8<R+Zi=1 |9l )

Pe <E det ™! | I+
gi
where
Si = [A1s; + BiSi, -+, Aps; + Bgs]| (7.36)

15 a T x R matriz which s the distributed space-time code.

Proof: See Section 7.14.2. O

(7.35) is exactly the same as (7.12) except that now the distributed space-time
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code is S instead of S. Therefore, by the same argument, the following theorem can

be obtained.

Theorem 7.8. Design the transmit signal at the i-th relay as in (7.31). Use the
optimum power allocation as given in (7.11). For the full diversity of the space-time

code, assume T > R. Define
M = (S; — 5;)" (5 — 5)). (7.37)

Iflog P > 1, the PEP has the following Chernoff bound.

k

> Bk —1k)

=0

log' P

det _1[M]i1"”’ikw'

EEDCI >

1<iy <--<ip<R

The best transmit diversity that can be obtained is agR. When P > log P,

R k R
8 .
Pe £ Y (T) S S Btk k:)] det “1[T}s,._;, P-looRH-e0) 0]
k=0 1<ii<--<ip<R Li=0
Proof: The same as the proof of Theorem 7.3 and 7.4. O

Therefore, exactly the same transmit diversity is obtained as in Section 7.7 and
7.8. The coding gain for very large P (P > log P) is det M. When P is not very

large, we not only want det M to be large but also want det[M]i 4, to be large for

1
all 0 < k<R, 1<4 <--- <1, <R. That is, to have good performance for not very
large transmit power, the distributed space-time code should have the property that

it is “scale-free” in the sense that it is still a good distributed space-time code when

some of the relays are not working.
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7.12 Simulation Results

In this section, we give the simulated performance of the distributed space-time codes
for different values of the coherence interval T, number of relay nodes R, and total
transmit power P. The fading coefficients between the transmitter and the relays,
fi, and between the receiver and the relays, g;, are modeled as independent complex
Gaussian variables with zero-mean and unit-variance. The fading coefficients keep
constant for 7" channel uses. The noises at the relays and the receiver are also modeled
as independent zero-mean unit-variance Gaussian additive noise. The block error rate
(BLER), which corresponds to errors in decoding the vector of transmitted signals
s, and the bit error rate (BER), which corresponds to errors in decoding si, - - , s,
is demonstrated as the error events of interest. Note that one block error rate may
correspond to only a few bit errors.

The transmit signals at each relay are designed as in (7.4). We should remark
that our goal here is to compare the performance of linear dispersion (LD) codes
implemented distributively over wireless networks with the performance of the same
codes in multiple-antenna systems. Therefore the actual design of the LD codes and
their optimality is not an issue here: all that matters is that the codes used for
simulations in both systems be the same.® Therefore, the matrices, A4;, are generated
randomly based on the isotropic distribution on the space of T' x T unitary matrices.
It is certainly conceivable that the performance obtained in the following figures can
be improved by several dB if A;s are chosen optimally.

The transmitted signals si, - - - , s7 are designed as independent N2-QAM signals.

Both the real and imaginary parts of s; are equal probably chosen from the N-PAM

8The question of how to design optimal codes is an interesting one, but is beyond the scope of
this thesis.
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signal set:

6

m{—(N—l)/Q,--- ,—1/2,1/27... ,(N—l)/Q},

where N is a positive integer. The coefficient ﬁ is used for the normalization
of s given in (7.1). The number of possible transmitted signal is therefore L?T. Since

the channel is used in blocks of T" transmissions, the rate of the code is, therefore,
llogNzT =2log N
7 .

In the simulations of the multiple-antenna systems, the number of transmit an-
tennas is R and the number of receive antennas is 1. We also model the fading
coefficients between the transmit antennas and the receive antenna as independent
zero-mean unit-variance complex Gaussian. The noises at the receive antenna are also
modeled as independent zero-mean unit-variance complex Gaussian. As discussed in
the chapter, the space-time code used is the 7" x R matrix S = [Ays,- -, Ags].
The rate of the space-time code is again 2log N. In both systems, sphere decoding
[DAMLO00, HV02] is used to obtain the ML results.

7.12.1 Performance of Wireless Networks with Different T

and R

In Figure 7.3, the BER curves of relay networks with different coherence interval
T and number of relay nodes R are shown. The solid line indicates the BER of
a network with 7" = R = 5, the line with circles indicates the BER of a network
with T = 10 and R = 5, the dash-dotted line indicates the BER of a network
with 7" = R = 10, and the line with stars indicates the BER of a network with

T = R = 20. It can be seen from the plot that the bigger R, the faster the BER
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BER of networks with different T and R
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Figure 7.3: BER comparison of wireless networks with different 7" and R

curve decreases, which verifies our analysis that the diversity is linear in R when
T > R. However, the slopes of the BER curves of networks with 7" = R = 5 and
T = 10, R = 5 is the same. This verifies our result that the transmit diversity only
depends on min{7, R}, which is always R in our examples. Increasing the coherence
interval does not improve the diversity. According to the analysis in Section 6 and
7, increasing T' can improvement the coding gain. However, when having a larger
coherence interval, not much performance improvement can be seen from the plot by
comparing the solid line (the BER curve of network with 7" = R = 5) and the line
with circles (the BER curve of network with 7" = 10, R = 5). The reason may be that

our code is randomly chosen without any optimization.
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7.12.2 Perfromance Comparisions of Distributed Space-Time

Codes with Space-Time Codes

In this subsection, the performance of relay networks using distributed space-time
codes is compared with that of multiple-antenna systems using the same space-time
codes. The performance is compared in two ways. In one, we assume that the total
transmit power for both the systems is the same. This is done since the noise and
channel variances are everywhere normalized to unity. In other words, the total
transmit power in the networks (summed over the transmitter and R relay nodes) is
the same as the transmit power of the multiple-antenna systems. In the other, we
assume that the SNR at the receiver is the same for the two systems. Assuming that
the total transmit power is P, in the distributed scheme the SNR can be calculated

P2
to be 0

0P and in the multiple-antenna setting it is P. Thus, roughly a 6 dB

increase in power is needed to make the SNR of the relay networks identical to that
of the multiple-antenna systems. In the examples below, plots of both comparisons
are provided.

In the first example, T" = R = 5 and N = 2. Therefore, the rate of both the
distributed space-time code and the space-time code is 2 bits per transmission. The
BER and BLER curves are shown in Figure 7.4 and 7.5. Figure 7.4 shows the BER
and BLER of the two systems with respect to the total transmit power. Figure
7.5 shows the BER and BLER of the two systems with respect to the receive SNR.
In both figures, the solid and dashed curves indicate the BER and BLER of the
relay network. The curve with plus signs and curve with circles indicate the BER
and BLER of the multiple-antenna system. It can be seen from the figures that the
performance of the multiple-antenna system is always better than the relay network at
any total transmit power or SNR. This is what we expected because in the multiple-

antenna system, the transmit antennas of the transmitter can fully cooperate and
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T=5, R=5, rate=2
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Figure 7.4: BER/BLER comparison of relay network with multiple-antenna system
at T'= R = 5, rate = 2 and the same total transmit power
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T=5, R=5, rate=2
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Figure 7.5: BER/BLER comparison of relay network with multiple-antenna system
at T'= R = 5, rate = 2 and the same receive SNR
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have perfect information of the transmit signal. Also, Figure 7.4 shows that the BER
and BLER curves of the multiple-antenna system goes done faster than those of the
relay network. However, the differences of the slopes of the BER and BLER curves of
the two systems are diminishing as the total transmit power goes higher. This can be
seen more clearly in Figure 7.5. At low SNR (0-10dB), the BER and BLER curves of
the multiple-antenna system go down faster than those of the relay network. As SNR
goes higher, the differences of slopes of the BER curves and BLER curves vanishes,
which indicates that the two system have about the same diversity at high SNR. This
verifies our analysis of the transmit diversity.

Also, in Figure 7.4, at the BER of 1074, the total transmit power of the relay
network is about 37.5dB. Our analysis of (7.25) indicates that the performance of
the relay network should be 12.36dB worse. Reading from the plot, we get a 11.5dB
difference. This verifies the correctness and tightness of our upper bound.

In the next example, T' = R = 10 and N = 2. Therefore, the rate is again 2.
The simulated performances are as shown in Figure 7.6 and 7.7. Figure 7.6 shows
the BER and BLER of the two systems with respect to the total transmit power.
Figure 7.7 shows the BER and BLER of the two systems with respect to the receive
SNR. The indicators of the curves are the same as before. The BER and BLER of
both the relay network and the multiple-antenna system are lower than those in the
previous example. This is because there are more relay nodes or transmit antennas
present. From Figure 7.6, it can be seen that the multiple-antenna system has a
higher diversity at low transmit power. However, as the total transmit power or SNR
goes higher, the slope differences of the BER and BLER curves between the two
systems diminish. Figure 7.7 shows the same phenomenon. When the receive SNR is
low (0-10dB), the performance of the two systems are about the same. However, the
BER and BLER curves of the multiple-antenna system goes done faster than those
of the relay network. When SNR is high (above 20dB), the BER and BLER curves
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Figure 7.6: BER/BLER comparison of the relay network with the multiple-antenna
system at T"= R = 10, rate = 2 and the same total transmit power
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T=10, R=10, rate=2
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Figure 7.7: BER/BLER comparison of the relay network with the multiple-antenna
system at T'= R = 10, rate = 2 and the same receive SNR
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have about the same slope.

Also, in Figure 7.6, at the BER of 1073, the total transmit power of the relay
network is about 26dB. Our analysis of (7.25) indicates that the performance of the
relay network should be 10.77dB worse than that of the multiple-antenna system.
Reading from the plot, we get a 9dB difference. At a BER of 1074, the total transmit
power of the relay network is about 30dB. Our analysis of (7.25) indicates that the
performance of the relay network should be 11.39dB worse. Reading from the plot,

we get a 10dB difference.

T=20, R=20, rate=2

T T T T T T T

F= = — relay network BER

== — - relay network BLER
T —+— multi-antenna BER

=< -©- multi-antenna BLER

BER/BLER

Figure 7.8: BER/BLER comparison of the relay network with the multiple-antenna
system at T"= R = 20, rate = 2 and the same total transmit power

Figure 7.8 and Figure 7.9 show the performance of systems with 7= R = 20 and
N = 2. The rate is again 2. Figure 7.8 shows the BER and BLER of the two systems
with respect to the total transmit power. Figure 7.9 shows the BER and BLER of

the two systems with respect to the receive SNR. The indicators of the curves are
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Figure 7.9: BER/BLER comparison of the relay network with the multiple-antenna
system with T' = R = 20, rate = 2 and the same receive SNR
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the same as before. It can be seen from the figures that for total transmit power or
SNR higher than 20, the slopes of the BER and BLER curves of the two systems
are about the same. Also, from Figure 7.9 we can see that for SNR less than 14dB,
the performance of the two systems are about the same. However, the BER and
BLER curves of the multiple-antenna system goes down faster than those of the relay
network. When SNR is high (above 20dB), the performance difference converges.

Again, in Figure 7.8, at a BER of 10™%, the total transmit power of the relay
network is about 26dB. Our analysis of (7.25) indicates that the performance of
the relay network should be 10.77dB worse. Reading from the plot, we get a 9dB

difference.

T=10, R=5, rate=2

BER/BLER
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— - relay network BLER E
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—-©- multi-antenna BLER : 1
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I ! | |
10 15 20 25 30 35
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Figure 7.10: BER/BLER comparison of the relay network with the multiple-antenna
system at T'= 10, R = 5, rate = 2 and the same total transmit power

Finally, we give an example with 7" # R. In this example, 7" = 10, R = 5 and
N = 2. The rate of the system is again 2. The BER and BLER curves of both
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the relay network and the multiple antenna system with respect to the average total
transmit power are shown in Figure 7.10. The indicators of the curves are the same

as before. The same phenomenon can be observed.

7.13 Conclusion and Future Work

In this chapter, the use of linear dispersion space-time codes in wireless relay net-
works is proposed. We assume that the transmitter and relay nodes do not know
the channel realizations but only their statistical distribution. The ML decoding and
pairwise error probability at the receiver is analyzed. The main result is that the
diversity of the system behaves as min{7T’, R} <1 — blgolTong>, which shows that when
T > R and the average total transmit power is very high (P > log P), the relay
network has almost the same diversity as a multiple-antenna system with R transmit

antennas and one receive antenna. This result is also supported by simulations. It is

further shown that, assuming R = T, the leading order term in the PEP behaves as

|det(Si1—Sj)\2 (81(;§P)R, which compared to m (%)R, the PEP of a space-time
code, shows the loss of performance due to the fact that the code is implemented
distributively and the relay nodes have no knowledge of the transmitted symbols. We
also observe that the high SNR coding gain, |det(S; — S;)|72, is the same as that
arises in space-time coding. The same is true at low SNR where a trace condition
comes up.

We then improve the achieved diversity gain slightly (by the order no larger than
O (%) ). Furthermore, a more general type of distributed space-time linear codes
is discussed, in which the transmission signal from each relay node to the receive node
is designed as a linear combination of both its received signal and the conjugate of its

received signal. For a special case, which includes the Alamouti’s scheme, exactly the

same diversity gain can be obtained. Simulation results on some randomly generated
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distributed space-time codes are demonstrated, which verify our theoretical analysis
on both the diversity and coding gain.

There are several directions for future work that can be envisioned. One is to study
the outage capacity of our scheme. Another is to determine whether the diversity
order min{7', R} <1 — %) can be improved by other coding methods that are
more complicated and general than linear code used here. We conjecture that it
cannot. Another interesting question is to study the design and optimization of
distributed space-time codes. For this the PEP expression (7.19) in Theorem 7.3
should be useful. In fact, relay networks provide an opportunity for the design of
space-time codes with a large number of transmit antennas, since R can be quite
large. Also, in our network model, only single antenna is used at every node. What
if there are multiple antennas at the transmit node, the receive node, and/or the
relay nodes? For multiple-antenna systems, it has been shown in Chapter 2 that the
diversity increases linearly in the number of transmit and receive antennas. Here,
in relay networks, can we obtain the same linear increase in the number of antennas
nodes in the network?

As discussed in the introduction of this chapter, decode-and-forward can achieve
higher diversity however with a strict rate constraint. With the scheme of distributed
space-time coding, in which no decoding is need at any relay node, there is no rate
constraint. If, in the relay network, we allow some of the relay nodes to decode
and then all the relay nodes, those who decode and those who do not, generate
a distributed space-time code, it is conceivable that the diversity can be improved
with some sacrifice of rate (needed for the decoding relay nodes to decode correctly).
Therefore there is a diversity-and-rate trade-off to be analyzed.

Finally, in our network model, it is assumed that the receive node knows all the
channel information, which needs the system to be synchronized at the symbol level

and needs training symbols to be sent from both the transmit node and the relay
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nodes. It is interesting to see whether differential space-time coding techniques can
be generalized to the distributed setting that there is no channel information at the

receiver as well. The Cayley codes [HH02a] might be a suitable candidate for this.

7.14 Appendices

7.14.1 Proof of Lemma 7.1

Proof: We want to explicitly evaluate

[e¢) o] k K A1 ,—A —A
e 16 2"'6 k
I = i / <A+Z)\i) o d\; - - - d\y.

i=1

k
Consider the expansion of (A +> )\i> into monomial terms. We have
k ke ko k—iy  k—ii—e—ijg
E _ E E E E E ; ;) )61 )22 i Ak—i1—-—i;
A_I_ )\’l — A C(Zl,...,'&j) ll 12"')\le J 5
i=1 §=0 \ 1<l <-<l;<ki1=1 is=1 ij=1

where j denotes how many A’s are present, ly,...,[; are the subscripts of the j \’s

that appears, i,, > 1 indicates that ), is taken to the i,,-th power (the summation

m

should be

which is equivalent to

if we sum i, first, then iy, etc. ), and finally

i) (i) (k;h) (k:—il _i;.._ij—l)
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counts how many times the term )\“ )\ZQ . >\Z AkF===% appears in the expansion.

Thus we have

k k k—iy—-—ij_q
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Thus ends the proof.

7.14.2 Proof of Theorem 7.7

Proof: Note that

9k, RedT  — Gk, 1T A 0 B A 0 9k, RelT  — Gk, 1mIT
Gk, imIT Gk, RelT 0 A 0 A Gk, tmdIT Gk, RelT
9k, RedT  —Gk,imIT 0 By B 0 By 9k, RelT Gk imIT
9k, imIT 9k, RelT B, 0 B 0 — 9k, 1mIT gk, RelT
and
gk,ReIT :ng,ImIT (Si - Sj)Re _(Si - Sj)lm
L0k 1mdr  GrrelT (i —Sj)im  (Si—Sj)Re
B (si — Sj)Re —(si — Sj)lm 9k,Re Tk Im
(Si - Sj)Im (Si - Sj)Re igk,fm 9k,Re
Therefore,
9k,redlT  —Gi,rm T Ay + By, 0 (i —Sj)re —(8i —S;)im
Gk, imdT  GrgelT 0 A — By, (i —Sj)im  (Si—Sj)Re
B Ay + By, 0 (si —Sj)re —(8i —Sj)im Gk, kel
0 Ay, — By, (i —Sj)im  (Si—8j)Re SgN kG, 1mdT

—SgN kG, rm AT

Gk, kel
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where sgny = 1 if B, =0 and sgn, = —1 if A, = 0. Thus,

Ay + By, 0 (si —Sj)re —(8i —S;)im
GGl = ’ ’
0 Ay — By, (Si - Sj)Im (Si - Sj)Re
t
lgil* 0 (si —sj)re —(8i —8j)im
0 |gil? (si =Sj)rm (i —Sj)Re
Define
g Ay — DBy 0 Si,Re  —Si,Im
0 Al - Bl Si.Im Si,Re
Agr + Bp 0 Si Re

0 AR - BR Si,Im

(7.34) thus becomes,
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1 0
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Note that det SGN = 1. From the definition of S in (7.38),
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[Ak(si —85) + Br(si —8j)|z,  — [Ar(si — ;) + Bi(8: —5)],,,,
[Ak(s; —s;) + Br(5: —85);,,  [Ax(si —s;) + Bi(S; — §j)]Re

. | 1S = STre —[5 = Silim .
It is easy to see that the matrix R R R A can be obtained by
[Si = Sjlm [Si = Sjlre

switching the columns of (S} — S5)SGN. More precisely,

R
o = (5] — S})SGN [ [ Ex.
[Si = Sjlrm  [Si — SjlRe k=2

where Ey = [e1, -+, €x_1,€2%—1,€k, - ,€2%—2, €k, - ,€2r| With {ex} the standard
basis of . It is easy to see that E, ! = B! and det E}, = 1. Right multiplying by

Ey, we move the (2k — 1)-th column of a matrix to the k-th position and shift the

k-th to (2k — 2)-th columns one column right, that is,
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Chapter 8 Summary and Discussion

Reaching the end of this thesis, to conclude, a brief summary of contributions of this
thesis and discussions on possible future research directions are given in the following.
As this thesis can be roughly divided into two big parts: the MIMO /multiple-antenna
systems part and the wireless ad hoc network part, a separate summary and discussion

are provided for each.

8.1 Summary and Discussion on Multiple-Antenna
Systems

From Chapter 1 to Chapter 6, multiple-antenna systems are discussed. In the first
two chapters, an introduction of multiple-antenna systems is given including the fad-
ing model, the systems model, the Shannon capacity, the training-based scheme, the
differential and non-differential unitary space-time modulations, and the diversity and
coding gain according to the PEP of multiple-antenna systems. An example, which
is the well-known Alamouti’s scheme, is presented. A brief review of the real and
complex sphere decoding algorithms, which are widely used as fast ML decoding al-
gorithms in multiple-antenna communications, is also given. In Chapter 3, non-square
unitary space-time codes is designed via Cayley transform. The code can be used to
systems with any number of transmit and receive antennas with a fast nearly optimal
decoding algorithm. Preliminary simulations show that the code is far better than
the uncoded training-based space-time schemes and only slightly underperforms op-
timized training-based schemes using orthogonal designs and linear dispersion codes.

Chapters 4, 5, and 6 are on differential unitary space-time codes based on groups. In
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Chapter 4, the idea of group-based differential unitary space-time codes is introduced
and its advantages are explained. The research on rank 2 Lie groups is also motivated
in Chapter 4. Following this, differential unitary space-time codes based on rank 2
Lie groups, Sp(2) and SU(3), are described, which can be used in systems with four
and three transmit antennas and any number of receive antennas, respectively. The
codes are fully diverse with high diversity products. Simulations show that they are
superior to existing differential Cayley codes, orthogonal designs, finite-group-based
codes, and are comparable to the elaborately-designed non-group codes which have a
structure of products of groups.

There are still many open questions and unsolved problems in this area. The
most prominent one is the capacity. The capacity of multiple-antenna systems is still
unknown when neither the transmitter and the receiver has the channel information,
which is the most practical case. Although some results are obtained for very high
[IMH99, HMO00, ZT02, LM03] and very low SNR cases [LTV03, PV02, HS02b, RH04],
we just scratched the surface of the research on the capacity of multiple-antenna
systems. The capacity when partial channel information is available and the capacity
for systems with frequency-selective channels are also open. This area of research will
remain timely and important for many years.

As most research on multiple-antenna systems focused on exploiting the diversity
gain provided by multiple antennas, there is another gain, called the spatial multiplez-
ing or the degrees of freedom, corresponding to the increase in the data rate provided
by multiple antennas. In [ZT03], it is proved that these two types of gains can be
obtained simultaneously, however, there is a fundamental trade-off between how much
each of the two gains can be extracted. Then comes the question of finding practical
codes which can actually achieve the optimal trade-off between diversity and spatial
multiplexing with good performance. In [GCDO04], a coding scheme called LAST cod-

ing is proposed and is proved to achieve the optimal trade-off. Other related work
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can be found in [LK04, GT04, TV04].

Another open problem is the error rate of multiple-antenna systems. The analysis
on the exact block or bit error rate is very difficult. In all the analysis given in this
thesis, the Chernoff upper bound on the pairwise error probability is used. There are
also works on the exact pairwise error probability [TB02]. Any improvement in the
analysis of exact block/bit error rate or any results of non-trivial lower bound on the

PEP will be very interesting.

8.2 Summary and Discussion on Wireless Ad Hoc

Networks

Chapter 7 is about wireless ad hoc networks. In this chapter, the idea of space-time
coding proposed for multiple-antenna systems is applied to wireless relay networks,
by which diversity R is achieved when the transmit power is asymptotically high,
where R is the number of relay nodes in the network. This result indicates that
wireless networks with R relay nodes can achieve the same diversity as multiple-
antenna systems with R transmit antennas and one receive antenna at asymptotically
high transmit power although space-time codes are used distributively among the R
relay nodes.

As discussed in Chapter 7, the straightforward future research are the analysis
on the outage capacity with this coding scheme and coding scheme designs when no
channel information is known at the receiver. Another possibility is the optimization
of the distributed space-time codes. It is mentioned in Chapter 7 that the design
criterion is the same as space-time codes for multiple-antenna systems for very high
and low transmit power. However, it is different for intermediate transmit power.
Also, the design of space-time codes for large R is rare.

In research on wireless relay networks, as mentioned in the introduction of Chap-
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ter 7, there are two mainly used cooperative diversity algorithms for transmissions
between a pair of nodes through a bunch of relay nodes: amplify-and-forward [DH03]
and decoding-and-forward [LWO03, NBKO04]. Intuitively, when the receive SNR of a
relay node is low (for example, if the relay is far from the transmitter), it is not ben-
eficial for the relay to do decoding since with high probability, it will make an error.
As discussed in [DHO3], wireless networks are most power efficient in the low power
regime, in which case, the receive SNR at the relay nodes is low. In this situation,
decoding-and-forward is not advantageous. However, if some relay nodes are very
near the transmitter, it might be advantageous for them to decode since they have
high receive SNRs according to diversity gain, capacity, outage capacity, etc. In our
approach, simple signal processing, which is called the distributed space-time coding,
is used at the relay nodes. No decoding needs to be done at the relay nodes, which
both saves the computational complexity and improves the reliability when the SNR
is not very high. This algorithm is superior to amplify-and-forward since the latter is
actually a special case of the former. Other work based on this algorithm can be find
in [CHO3, HMCO03, LW03]. A mixed algorithm of decode-and-forward and distributed
space-time coding according to the instantaneous SNR and transmission rate at the
relay nodes will be interesting. A trade-off between diversity and rate is expected.

In our network model, all the relay nodes have the same power allocation. This
might not be applicable for real ad hoc or sensory networks. What is more important
is that this might be not optimal if some relay nodes have full or partial knowledge
of their local channels. Relay nodes can estimate their instantaneous receive SNR
from the transmit node at every time. Therefore, it might be advantageous for those
relay nodes who have high SNR to use higher transmit power to relay the signals.
Therefore, the optimal power allocation among the relay nodes is another interesting
problem.

In the network model in Chapter 7, there is only one transmit-and-receive pair,
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which is applicable to most sensory networks but not to general ad hoc wireless
networks. When there are multiple pairs of transmit and receive nodes, not only
does noise exist but also interference. One most straightforward method to solve this
is to use time division or frequency division by assigning a different time instant or
frequency interval to every pair. However, it will be interesting to see if there are
better and more efficient strategies.

As discussed before, because of their features and related issues (distributivity,
interference, routing, power constraint, mobility, etc.), analysis on wireless ad hoc
networks is very difficult. Most questions on wireless ad hoc networks are still open.
For example, what is the capacity, what is the optimal diversity gain, is multi-hop
routing better than single-hop routing, and what is the optimal power allocation? Re-
lated work can be found in [GK00, GK01, GT02, TG03|. To get some results in this
area, most of the work nowadays focus on one of the two special networks: networks
with a small amount of nodes so that theoretical analysis are possible (for example,
[TG03, CHO4]) and networks with very large number of nodes in which asymptotic
results may be obtained [GK00, GK01, GT02]. Understanding wireless ad hoc net-
work is the key to our ultimate goal of wireless communication: to communicate
with anybody anywhere at anytime for anything. For a considerable period of time,

research on wireless ad hoc networks will keep timely, interesting and significant.
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