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2. 

Abstract of Thesis 

This paper deals with the stress distribution under plain strain 

in a corner of any angular magnitude, i.e., a plane with an angular 

incision or notch. 

The Introduction contains a brief statement of the method employed 

by Dr. Theodor von KarmAn in his exact treatment of a beam in bending 

(Aachen Abhandlungen, Heft ?, 1927). 

In Part I a generalization of this method is outlined which is 

applicable to the corner for any force distribution over the straight 

boundaries. Solutions are found in the 3/4-plane for: 

1. Concentrated load at any point of the straight boundaries. 

2. Uniform distribution between the vertex and a point of the 

boundary. 

3. Linear distribution in the sa~e region. 

4. Superposition of 2 and 3. 

Certain stresses are determined and plotted and shown to be infinite 

at the vertex for partial loadings of the boundaries. 

In Part II an alternate method is given to obtain a solution for 

case 1. 

The discussion points out the very interesting paradox that stresses 

may be finite for certain continuous loadings, but become infinite if a 

portion of the load is removed. 
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Introduction 

The knowledge of two-dimensional stress distributions is useful 

for the solution of many problems in mechanical and civil engineering, 

when the usual methods of strength of materials are not applicable or 

not sufficiently accurate. The stress distribution in the half-plane 

under the influence of a concentrated force acting on the straight 

boundary is of fundamental importance, and the solution of this problem 

is due to Bousinesq. Several extensions of his results have been made 
1) 

by Mitchell , especially by means of the so-called method of inversion, 

the only conformal transformation of bi-harmonic solutions which leaves 

the boundary stresses undisturbed. 
"1.-

By superposition of Bousiesq's 
~ 

solutions the stress distribution in the half-plane is easily obtained 

for an arbitrary load distribution along the straight boundary. 

The stress distribution in a plane strip has been discussed by 

several authors and special reference is made to a paper by Dr. Th. 
2) 

van Karman containing a general method for the determination of the 

stresses due to an arbitrary load along the boundaries. The paper is 

not yet available in the English language, therefore a brief descrip

tion shall be given of von K~rman's formulation of the problem. 

3) 
A two-dimensional elastic system is in equilibrium if the stresses 

<Jx, G"y and "("" are the second partial derivatives of an arbitrary 

function F(xy}: 

6 = x 
dx dy 

(1) 

1) A. E. H. Love, Elasticity, p. 216. 2} Aachen Abhandlungen 192?, Heft ?. 
3) See Appendix I. 
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In order to be compatible with the stress-strain relations in 

accordance with Hooke's law, F must be a solution of the equation 

d4F 
- -t 

2·d4F d4F 
;- - = 0 

dx4 dx2 dy2 dy4 

or in Gibb's notation 

v4F = 0 (2) 

F, known as Airy's function, and its first partial derivatives 

can be interpreted in terms of the quantities usually employed and 

defined in "strength of materials", namely, shear and moment of the 

external forces. By integrating (1) along the boundary between 

and points A and B it is seen that the differences [dF] - r dFJ 
dx B [dx A 

[dF] - rdF] represent respectively the resultant Y- and X- components 
dy B tay A 
of the load on the boundary between A and B and, integrating once 

more, it is seen that the difference F B - F A represents the 

increase in the bending moment, in going from A to B. 

Hence, if all loads are assumed applied at the upper surface of 

the strip x-axis, see Fig. l, the usual moment curve becomes identi-

cal with F(x,o) for the strip in question and the problem of stress 

distribution becomes simply the determination of F(x,y) for given 

boundary values. 

If the loads are perpendicular to the upper surface and if the 

depth of the strip is h, the boundary conditions are 



dF 
-= 
dy 
dF = 
dy 

o, 
o, 

5. 

F = M(x) at the upper boundar,w-, y = 0 

}14 = O at t11e lov;er boundary, y = -h 

It is now easy to determi:cie a solution Ii'(x,y), which is periodical in 

x and satisfies the conditions: 

dF = o, ]!' = a(m) cos(mx) + b(m) cos(my}; when y = 0 
dy 
dF = o, J_;' = 0 when y = -h 
dy 

Such solution is 

F(xy) = a{m).cos(mx} f(y) + b{m) .sin{rnx) • g{y) 

where f(o) = g(o) = , and f(-h) = g(-h) = o. .L 

f' { 0) = g' ( 0) = 0 and f' (-h) = g'(-h) = o. 
.+ -1-

f(y) and g(y) are composed of terms of the form e-my and ye-my with 

certain given munerical coefficients that will make .i!' satisfy v4:1!"' = O. 

It is obvious that 
~ 

F = l a(m) • cos(m.x}. f(y) d.m 

00 

-+ J b(m) • sin(m:x:) • g(y) dm, 
0 

is the desired stress functi:Jll if the moment curve is 

M(x) == j[a(m) • cos(mx) + b(m) • sin{J11J~· dm 
0 

( 3) 

In other words, if it is possible to 1·epresent the rnoment distribution 

M(x) as a }i'ourier's integral the solution of the stress problem is 

immediately obtained. 

von K~rman and F. Seewald have applied this method to several 

important cases and obtained interesting results, among others the 

"corrected" relation between the bending mo::nent and shear at a point 

of a beam and the curvature of the central line 



K = M 
EI 

6. 

+ 9µ.J p 
lOE A 

( 4) 

where K denotes the curvature, E and G Young's modulus and the corres-

ponding modulus in shear, ,,u Poisson's ratio, A area of cross section, 

I moment of inertia, Mand P the bending moment and shear am the point 

in question. The second term corresponds to the influence of shear on 

the deflection. 

A new and interesting conclusion of this theory is that the 

deflection of the central line of a long beam is wave-shaped outside 

the loaded region. 

Part I. 

Generalization: The method described above can be applied generally, 

not only to the half-plane, but to any angular portion ( {f1) of the 

plane with any distribution of both norm.al and tangential forces over 

the straight boundaries. 

Introducing polar coordinates and stress function must satisfy 

the equation 

[
2 ~2 = _a._ + ! _a_ + a. . F. 

dr2 r dr r2a.e2 
= 0 (5) 

with corresponding stresses, see Fig. 2: 

e7'r = d
2

F 1 dF (o) +-
r2de2 r dr 

O-e = d2F (7) 
dr2 

l' = d ( ; dF) (8) 
Ur at1 

The general solution of (5) is t.i1e real and/or imaginary parts of the 
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complex function: qJ(z} = Af(z) + Bxg(z) -r Cyh(z) 

where z = x + iy = r( cos e + i sin e) = reie 

( g) 

A, B, and Ca.re arbitrary complex constants. F(z), g(z) and h(z) are 

arbitrary holomorphic functions. 

For the present purpose we will employ the functions obtained by 

taking real or i~ginary parts of 

(zim + -im z (10) 

where m is real and An are arbitrary constants to be determined by the 

boundary conditions. 

Let S = log r 

and let f{z)r denote "Real Part 11 of f(z) or Rf(z) 

and let f(z)i denote "Imaginary Part 11 of f(z) or If(z), 

then we obtain as particular solutions of V4J!' = o: 

A,c/1 1 . x(zim -1- -im) = + A1 x cos m ~ Cash me =· -rrA1 z r . 
A2 ¢2 = 1 A . x(zim - z-im) = -A2x cos m :S, Sinh me 

2 2 r 

A~+3 1 . x(zim -im) = -A3x sin ms Sinh me :::: 

2 A3 
+ z _i 

A4- </J4 = 1 . x(zim - 2 -im) . =+Ax sin ms Gosh me 
2 A4 l 4 

A5¢5 = ]:_ A5. y(zim + z-im) =+A5Y cos ms Cosh me (11) r 

4, "6 

2 

= 1 y(zim z-irn)r = -A6Y cos ms Sinh me-2 A5. 

A 7 <}7 = 1 ~ . y(zim + z-im) i = -A7y sin m ~ Sinh me -a 

A8 'f>s 
2 7 

= .!. As. y(zim z-im) =-+ A8y sin m $ Cosh me 
2 i 
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It is convenient once for all to compute the first and second 

partial derivatives of the particular solutions (11): 

4 df1 = -t cose Cosh me( cosm ~ - msinm_5 ).41 , -a:r-
def2 

A .... dr 
= -cose Sinh me( cosm s - rnSinm ~)A,_ 

A d9'3 = -cose Sinh m&(mcosm~ + Sinm'5 ) A3 
; dr 

A'f 
d g/4 = + cose Cosh me{mcosm_5 + Sinm 3 ) A"f 
dr 

A ap5 q> dr 
= +sine Cosh me( cosm 5 mSin.ms) A.)-

df5 
A(, -a:r- = -sine Sinh me( cosm~ - mSinms) A{, 

A d <?7 = -sine Sinh me(mcosm!; + Sin.m _5 ) A1 1-a:r-

11 d lJ?s == +sine Cosh me(mcosms _,_ Sinm.5 ) A~ 
I'~ dr 

d<f2 
A = -A

2
{mcose Gosh.me - sine SinhmO) cosm ~ ,__ rd 5 e 

A d 'f3 = -A3 (mcose Coshme - sine SintllllO)sinm'§ 
3 rde 

d qJ4 Alf rd.e = + A4 (mcose Sinhme - sine Coshme )simn~ 

(12) 

d<f5 (13) A = + A5(msine Sinhme + cose Cosbme)cosm'§ :,- rd
8 

dc,96 fl" rd = -A6 {msine Coshme -+ cose Sinhme) cosm ~-
e 

d<f77 A7 rde = -A7(msine Coshme + cose Sinh.me)sinm~ 

A 
d<jlg 

'6 rde = + As(msine Sinhme + cose Coshme) sinm S 
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A, d2 ~1 = -A cose Cosbm(} (m2cosm~ + msinmg 
dr2 1 r 

AZ-
d

2
':?2 

= +A2 
cose Si:nhme 

(m2cosm_$ -+ msi1un 5 ) 
dr2 r 

If a2cp3 = -A3 cose Sinh.me (mcosm_5 m2sillr!1~ ) 3 dr2 r 

A<j: a2<f4 = 
+A4 cose Coslk"118 (mcosm$ - m2sin.'11 ~) (14) 

' 2 a.r r 

d2'f5 sine Cosh,_'D.0 (m2 cosm.5 + msirun. _5 ) A = -A 
~- dr2 5 r 

flt. 
d2'f6 

=+A sine Sinhme {m2cosm _$ + msinm_S } 
dr2 6 r 

2 
A d 'f7 = -A sine Sin.'1.me 

(mcosm~ - m
2
sinm_5) 7 dr2 7 

r 

,A~ 
d2<fs 

=+A sine Coshme (mcosm~ - m2sinm~) 
dr2 8 r 

;t d2<f1 
+- A1 [(m2 - 1) cose Cosh me - 2msin0 Sinhmi} cosm~ 

r2 d e2 
:;:: 

A~ 
d2'f2 

= -A Qm2 - l)cos9 Sinh me - 2msin9 Coshi'Tl~ cosm~ 
r

2 
d e2 2 

A~ 
d2f3 = -A3 [(m2 - 1) cose Sinh-rn.e - 2msln9 Cosh m~ sinm.$ 
r 2 d e2 
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2 

A'f 
d cp 4 

r 2 d e2 = + .A.4 [{m2 - 1) cose Coshme - 2msin9 Sinh me] sinm $ 

A.) 
d

2 cp5 

r 2 d e2 = + A5 Gm2 - l)sine Gosh me+ 2mcose Sinh meJ cosm S (15) 

-A
6 

[ (m2 - 1 )sine Sinh me+ 2mcos9 Cosh meJ cosm S 

-A7 [(m2 - 1) sine Sinh ml9 + 2mcose Cosh mi} sinm _§' 

d2 cf 8 [ Ai r2 d e2 ::: +As (m
2 

- l)sin9 Cosh me -f 2mcos_e Sinh mi] sinm s 

-Ad ( do/ 
1 

\ = + A1 .!!! (mcose Sinh me - sine Co sh me) sinm 5 
dr rde J r 

-Ai.d ( d 'f 2 \. = -A El: (mcose Gosh me - sine Sinh me) sinm_5 
dr rde ) 2 r 

-A_ld ( dcf3~ __ S + A3 ~r (mcose Cosh me - sine Sinh me) cosm 
dr rde 

-Asd (d<f4) = -A4 mr (mcose Sinh me - sine Gosh me) cosm~ ·{16) 
dr rde 

= + A5 ~ (msin9 Sinh me-+- cose Gosh me) siD.,"nS 

-lffr2_( d cf 6\ = 
dr\ rde) -A6 ~ (msine Gosh me + cose Sinh me) sinm § 
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-AL(df7\ 
dr rde ; = + A7 ~ (msine Co sh me + cose Sinh me) cosm $ 

j 

-~fd<f's\ 
drtrd9} 

= -A8 ~ (msine Sinh me + Cose Co sh me) cosm ~ 

The coefficients An are now defined as functions of the parameter m. 

The stress function may then be expressed as 

~J~(m) lfn dm = JG~1 cp1 
n=I o 0 

from which the stresses are obtained by (6) etc.: 

<Or :*f An [ 
d

2 <f n l dcfn ] 
r 2de2 + &n 

r dr 
(18) 

be :~r ~ ·' 
d2c:f{ 

d.m 
n=I o dr2 

(19) 

n .,.5J po 

Z" = /2~ ~ A,, _£.(ldc9n ) dm 
dr r d9 

(20) 

Two typical cases of boundary loads must be considered: 

a) The load may be continuous (not necessarily uniform) over portions 

of the straight boundaries. 

Let it be assun1ed that the load is distributed over finite port ions of 

the boundaries or, if the load extends to infinity, that the load per 

unit length becomes zero at infinity. Let the boundaries be the lines 

& = 0 and 6 = r, and let the normal loads be respectively p
0 

and pr 
and the tangential loads be q

0 
and qi' • These Quantities are func-

(17) 
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tions of r, measured from the intersection of' the boundaries, or func-

tions of_5 = log r. Using Fourier's double integrals we can write 

Po ( S) in the following form ..5.._ 

Po( I;) • ,i:f [ cosm_5 _v:(o(.) coem o(. do(+ sinm_5 J p 0 ( o() sinmel d<1]drn 
I ~I --- (21)* 

where the loo.d p0 ( 5 } is assu'"!".:ed to exist only between the points S 1 

Similar expressions are obtained for pl' , q0 , and qr . 

'rhere.fore, tll.e boundary conditions are: 

( S e)e = 0 = Po ( '§ ) e:x:uressed as in (a) (22) 

('t)e = o = c:Lo (23) 

( 6 e)e =r = Pr (24) 

( 'C)e ='Q' ::: qr (25) 

where G' and 'Care given by (19) and (20). 

By now equating coefficients of cosm_5 and sin m$ in the above 

equations, eight other equations are obtained which determine the 

eight functions A(m) and consequently the stress fu..11ction 1', by subs ti-

tuting An(m) in (17). 

b) In the case of concentrated loeds the boundary conditions are ob-

tained in the following manner: 

It was already shown that the differences - r~~J La.l. :A 
and 

/dil - rd~ [dfi L~\ represent respectively the Y and X-components of all the 

the boundary forces between A and B. Therefore, in the case of concen-

*See Fourier Series by w. E. Byerly. 
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trated forces, these differences become discontinuous (similar to the 

shear polygon for concentrat3d forces) and t:1e ju.'Tlp in these values at 

a certaj_n point is equal to the respective components of the concen-

trated force at that point. Consider, for instance, unit normal force 

acting ~,.t r = a of the boundary e = O; 

Obviously 

l 

where B- is a small positive quantity. 

If there is no continuously distributed load on the boundary e = 0, 

then hy (22) 

= 0 

Hence dF 
Qr 

=constant on either side of r =a. These conditions 

can all be satisfied by writing 

dF' 
dr 

r 
sin(m lOi! a) 

m 

This integral has the value - 1 for s 2 
+ 1 for _5 

2 
The integral: 

~s n cosm5 -m simns 

m2 + n2 

dm 

"" log .!: < 0 or r < a 
a 

> 0 or r > a 

n~ 
e when~ L.. 0 

1 ff ~ = 0 
::: -

2 

0 

1) See Peirce, Short Tables of Integrals, #484. 
2) Rie;nann-Weber, Differentialgleichungen der Physik I, page 15'7. 
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with its ramifications 

is often very useful in expressing boundary functions on .Ii'ourier integral 

form. 

Application: 

1. As the first application of the foregoing, the stress function 

F corresponding to a unit normal traction at point r = a of boundary 

e = 0 will be found for a reentrant right corner, Le. 

see JJ'ig. 3. 

The boundary conditions are: 

0 when ~ :: log (r) < a 

= l when 5 ';> 0 . 
J 

e :::; 
dr 

(= 0 

F 
0 

is dett::rmined by the boundary conditions 

0 
1'' 

.e =r-

r = 

= 0 

dF = 
de 

3 11" 
2 

0 

/~\ 
~ /e = 0 

- ! for g <.. o 
2 ;:;: Hence, 

dr 
= l \<>0 sin..rnf dm, 

TI' ) m 
by (26) 

./ 

() 



15. 

= 0 

(Fo) e ="f = 0 

(~!oJe = 0 

=r 
In order to remove the concentrated :force introduced at the origin (due 

to the discontinuity in the first derivative) F1 is determined so that 

(dFl\ = 1 for -o0<5<-tCO ,ar} 9 = 2 
0 

(dF~ = 0 
lae-e= 0 

(F1)e =r = o 

~~e-r=o 
F1 is easily found by employing the s :i.mple solution to V 4F1 = O: 

A9rcose -+ Bersine + CrcosB- + Drsine 

Hence, by the boundary conditi8ns for F1: 

CF9 = c = 1 
dr B = 0 2 

c~ =Ar+ Dr = 0 
a.e e = 0 

(F1) = 3T e - 2 
- 3'1r 
~2~ Br - Dr = 0 

3 'if 
--2-- Ar - Br ~ Cr = o 

(28a) 
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Solving these and substituting in (28a) we obtain 

F 1 = 311 
cu-2 Brcos 6 

4-9 !I 

2 
~rsin ET + ( 28) 

Tlie first degree terms have been omitted as they contribute no stress. 

In order to determine J:!' we employ eq_uation (17) and formulate the 

given boundary conditions by differentiating the functions given by 

(11) and obtain: 

(dB'o~ = J00

r 11.1 Cosht)'lm dosm5 
\. rdeJe =gi 

0 
L u 

+ il.4 Co sh rm sinms - mA5 Sinh0m 

- mA.8 Sinhrm sinm.5 J · dm = 0 

where 5 = log(.~) and r = 3Cjl 
2 

By elluating coefficients of cosm5 and sinm S 

-mA + A = 1 
1 4 

m'I( 

-1n..ii.2 +At; :::: 0 

-ml~3 + Ag = 0 

A5 coshrm - .a6 Sinhrm = o 

.a7 Sinhrm - As cosnrm = o 
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1-q cash rm A2 Si:o.h0m m..4..5 Sinhrm + mA6 Cosh0 m = 0 

-A3 Sinl1;rm -t- A4 Cosh~m + m..'17 cosh0m mAa Sinhjf1m = 0 

and solving for An: 

Al = - 1 1 

'ii l + m;: 

1\.2 = 1 Gosh ')"m Sinht,m .+ 
Tr (1 + m2) (m2 - sinh2rm) 

A3 = 1 Sinh'.f m CoshfPm -
Q m(l + m2) (m2 - Sinhr) 

A4 = + 1 1 

Tr' (1 + m2) tn 

A5 = 1 m Cosh~m Sinh/}1m + 
Ii' (1 + m2) (m2 - sinh2rm) 

A6 :::: 1 m Cosh2 rm + 

11 (l -1-- m2 ) (m2 - Sinh2
0 m) 

A? 
:::: - 1 Cosh2rm 

Tt {l -+- m2) (m2 - Sinh2gm) 

A = l Sinh<Jlm Coshlfm 
8 II ( 1 -r m2 ) (m2 .... h2Q ) - 01n m 

The stress f'unction is then fou::id si::nply by substituting the A's baclc into 

eouation (17) and the stresses are found from equations (18) (19) (20). 

The stress function in the 3/4-plane for unit tensile force concen-

trated at point {r,e) = (a,O) after some reduction becomes: 

00 F ;;; F0 + F1 

...... = _l l Gm""' • ..,2. ... c..;.o.;;.s.;;.;h..rn;.;;e.;;..__(!..;;xS=i;.;;.;n;;;.;h~m~+..:.....:'U'm~C:..;o;.;.;s..;;;h;;..K...;;;:;m~)-S~in;.;..h.;.;;m;.;... (t..U..,,..._.~1--~=:;.;;;.;;;;;;...i.._==..u.. J..' ~ ,pu dm 

1f 
0 

m(l + m2 ) (Sinh2rm -m
2

) 

= 

2 
ercose+ 

4 
_ w,2 Brsine {29) 
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where 9= ~'ii; 5 = log ~ x = r cosE7 y = r sine 

'.Fhe integral .B' may be evaluated by the method of contour integra-

tion in the complex pl&~e*, making use of CQllchy's theorem of residues 

as outlined below. 

Evaluation by Contour Integration 

C~uchy's theorem of residues 

jcp(m)·dm ~ 2'i/i ~ Residues 

enables us,to compute the definite integral in (29) 

m is complex = c1' + i(3 

The residues are found by integrating e.round each pole in the positive 

direction. 

F0 may be written as 
of 00 

-tjlfl ( 30) 

_ 1 j f (m). sirmt .5 elm 
]'o = 2 ~ J m.f(m). cosms dm 

21f .m{l + m2) (3inh21}"m - m2) 
-(Jiii 

where the meaning of f(m) is evident by comparing with eQuation (29). 

Consider the complex integrals: 

G + Hi == l ( eim~. f(m) dm 
2 11 ) m(l + m2 ) (Sinh2'{m - m2 ) @) . 

( 31) 

and 

K+iL = 1 m.eim~. f(m) a.m ( 32) 
2. 'jJ 

taken along the contours S consisting of the real axis and the infinite 

half circle above or below the real axis, see Fig. 7. 

* See f. expl. TviacHobert, Functions of a Complex Variable. 
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If ~ = log ..!: < O the half circle below tl1e real axis ::nust be 
a 

chosen because in this case the integral along this part of the path 

converges to zero as / m I--... oo • .For the same reason the upper infinite 

half circle is chosen when_5 > O, i.e. r > a. Consider for example 

the lower half-plane: 

m = o(.. - if3 where (3 is real and p'.)sitive 

therefore, if 0 > 5 = -c where c is real a::id positive 

= cos d.c - i sind c 
eCt'b 

which becomes zero in the limit, {-> - ~ 

The singularities of the integrand are all simple poles and are 

the roots of: 

Sinh20'm - m2 = 0 (33) 

or if m is pure imaginary i(0 

fj + sin (rfi) = (34) 

The complex roots rr.ay be found with very good approximation (except n '"" 2) by: 

m = ctn+ i~n = -t.1 log('ll (2n + 1) - E \ t.i 'if (2n + 1) - E.. 
- i - ) r \._ r / 2 

where 

1_u(2n + l )..'\ 
4 log\ T J = 

(2n + 1) 

and n = 2' 3' 4, 5 

0 = 

For large values of n: 

m = cl.. n ;- J.{3n 

31! 
2 

2 log 4n + 2 
3'if 3 

(35) 

(36) 

( 3'7) 
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The lower roots are: 
cl-'. (!:>: 
0 0 

0 ::.. i .539 

0 t. i.909 

0 
+ 

i -
i.231 + 

l.629, corresponds to 2 in (35) - n = 

cX n = 3 etc., use eq_uations ( 35) and ( 36). 

It will be seen that forjm/ ~ 1 the roots are loceted on the 

imaginary axis, i.e. pure imaginary. :l!'or \ml > I all the roots are 

located near ti1e imaginary axis. 

Now returning to (31) and 32), integrating in the positive direc-

tions and observing (30) we find for: ~ > O, i.e. r ;> a: 

:.12 = H ==J---2:_( e1m5 . f(m) elm 
2 11) m(l + m2) (Sinh2rm - m2) 

© 

= (38) 

= 

Due tom "' 0 being a siv'1ple pole of the ir.tegrand in (38) the con-

tour must be ir~dented and half the residue at the origin must be in-

In (39) m = 0 is not a pole so no indentntion is neces-

sary. 

It should be noted that R1 :nR2 which facilitates the computations 

greatly. 
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:ti'or S < 0, i.e. r < a, ant nov.- integr:'.ting in negative direction: 

'~ ( 2) = H = [- i 2 Residues J = [- _2 R(-2)] (40) -•-,, .... i r 

Vi:( , ) K [- iL, Residues J = [ -t-.Z: R ( -1 )] ( 41) ... ~ -.J.. r i 

The same remarks as above hold here and R(-1) ""nlR(-Z) where the 

subscript indicates integration in the negative half-nlane. 

'.l.'he convergence of the power series is rapid and even for values 

of r near a, only a few of the poles need be considered outside the 

unit circle / m \ = 1. Jfor very large }5 { only the poles inside the 

circle Jm/ = 1 contribute. 

The stress functions evaluated in this ::nanner valid for small and 

large values of ~ become: 

F = a [ .101 (~)1. 545 

[ (ar) .455 F = a -.340 

F ::"G' +ll' :: 
.i: 0 - ( 

g(e) 
( 

,l.909 
+ .125 ~') • 

g(9) fr) .091 -2. t:.29 ra . 
11(e)J 

h(e) 

lihen .E...c:.z 1 
a 

+-r 6'/T r 4 2J 9 Cose -t .-,,.z 6 sin9 - COS 9 a 4-9 err 2 a 4 - 9 lf 
when .E. >/' 1 

a 

where 

(42) 

(43) 

g(e) = sin.545 e cose .545cos.545 e .sine - .839sin.545 e sine3 (44) 

h(e) = sin.909 e cose .909cos.909 e .sine + .416sin. 909 e sino. (45) 
J 

It is interesting to notice that the terms in (42) including those of 

higher order are the Biharmonics (solutions of V4J!' = 0) which correspond 

to boundaries free of forces. 'l'his can also be seen by writing 

F =Arn cosne -t Brn cos(n-2)9 + crn sin ne + Drn sin{n-2)9 ( 46) 



where n may be complex and fi the values of n which give possible 

solut i·Jns in case :H' and di!' are both to be· zero along both boundaries. 
c18 

'rhe d-Cfrf'winant of the four boundnry eq_uations gives exactly the roots 

corresponding to the exponents in (42). It is, however, only possible 

to determine the ratios B etc., in this way. The absolute values of 
.A 

the constants naturally depend upon the location and ma;,-ni tude of the 

concentrated forces, and these can only be specified by the use of 

Fourier integrals as above. 

is 
The writer/informed that Dr. H. T'I. hestergaard, Prof'essor of 

Theoretical and applied ?Eechanics, University of Illinois, in a com-

munication to Dr. Th. von K~_I'r'li.n, has pointed out the existence of 

these solutions, presu.mably obtained in the manner just described. Dr. 

Vlestsrgaard applies these solutions to the ce.se of a triangle repre-

senting a masonry dam, in order to investigate the character of stress 

distributions near the base. 

Check on boundary conditions: 

By (42) and ~3) it is easily seen that 

F = 0 

~ 
when e = 0 

d:F' = 0 and e = 3f/ 
de 2 
are satisfied. 

In order to investigate if all boundary forces are in equilibrium 

we will determine the stresses on a circle of large radius r = R, see 

Fig. -4. By differentiating (43) and only taking such terrns that 



E_X 

contribute: 

= 
4 - 9'ir 2 

asin 2e 
R2 

Pro~ecti~g on x-axis and 
311 

= JG-; coserde =[4 
0 

~vioments about 

-

2 sin e 
R 

lett1ng R-+ ~ 

4 
4 - 9'f2 

2 cos e 
R 

3ll 

(e + l sin21_-,c = 3 'I{ cos2e 4 
97/ 2 

...,. 
- 9'/f 2 2 

4 
0 

(e - ~ sin29) - __ 2 __ 

4-911 2 

the origin: 
~ 

= J Z:r2ae • - [ aco~ 

0 

It will be seen that all eq_uilibrium conditions are satisfied, the only 

other force being unit tensile force at a. The stresses for large and , 

small radii are now obtained from (42) and {±3) by application of 

formulae (6), (7), and (8). It will be noticed that st•esses become 

infinite at the origin. 

Evaluation of Stresses 

If it is only desired to know the stresses at certain points or 

the distribution on a line, it is often more simple to specialize F in 

(29) before evaluating the integral. 

B'or exmnple, to obtain the distribution of nor:nal stress on the 

Y-axis, place e ='if in ( 29) : 
"2 



24. 

- - - (47) 

~fotice 

CoshTm Sinh 9r m (m cosm~ 

tX] 

= d2F = _1_ ( mCosh1'm Sinh'/Tm 

dr2 11 r )
0 

Sinh2rm - m2 

that F1 contributes nothir~g to o 9 == '.It 
2 

dm (48} 

By (42) and (43) we obtain the correct stresses for small and large 

radii which usually e.re the r:iost interesting, so that only a few additional 
.. 

terms of higher powers in r would be needed to give the stresses in the 

region r == a. These can be obtained by the method of residues a-pplied to 

(48) as explained above. However, if only a plot of the stresses is desired, 

it is si111pler to evaluate ( 48) for values of r in the neighborhood of a, by 

more primitive 111ethods. Tb.e simplest of these would perhaps be to plot 

the integrand for various values of m and rand apply Simpson's rule. 

T~lis method need only be tfone for m ~ 1 because for larger m, ( 48) can 

be further simplified by placing Cosh7m 

ignoring m2 in the denominator. 

= .Sinh mr= 3C/fm e-2- and 

l J"° -'ffm 'l'he integral then becomes__ me~ 
1fr o 

The normal stresses on the line e = Ti for 
2 

found b;/ ( 42) and ( 43) : 

d2F _ [_ y.455 
Se = l -.084t~ + 

= K. dr2 - a 
2 

G'e 
d2F _ 1 L Gf455 = '.!l: 

;:: 

~--a -.084 - + 
2 a 

cosm5 dm. 

large and small .!:, are easily 
a 

.062 t:r•Og~ ; rL<:. a (49) 

.002 ti'J+ .09J Lf)~ ?)- " (50) 
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The stresses G"e = *'" obtained by evaluating ( 48), ( 49) and ( 50} 

are :)lotted in .Wig. 5. The corresponding stresses for the half-plane, 

r = 'if ' are also shown. It is interesting to notice the effect of 

the additional quarter plane by comparing the two stress distributions, 

I and II. Bousinesq_'s solution for a unit traction at x =a on the 

x-axis gives 

= 

along the Y-axis, which is plotted as the curve II of Fig. 5. 

If the several concentrated forces are applied on the boundary 

e = O, the stress functions and stresses are obtained by superposing 

the functions computed for the various values of a. l!'or a concentrated 

force acting on the boundary e = 3'U , the stresses are obtained from 
2 

the present formulae by substituting 311 - e for e' maintaining the 
-2-

'" same coordinate system. 

It is of interest to note that t':1e fun.ction g(e) given in (44) is 

ttnfi . 
symmetric and h(e) given in (45) is lf,symmetric about the bisector of 

the angle. 'rhis holds also for the corresponding functions for higher 

powers in ~ • This would aea.YJ. that c.::incentrated forces of equal magni

tude located on each boundary at equal distance from the vertex would 

have stress functions (v2lid near the vertex): 

F = .202 a (~)1.545 . g( e) (42a) 

if the unit forces are both tension 

and. 11' = .250 a ( ~)l.909 . h(e) ( 43a) 



26. 

with traction on the boundary e = 0 and uressure on e = 3'lf This 
" 2 

shows that the stress at the vertex is always infinite for partial 

loading of the boundaries. It is now also clear why there should be 

two terms producing infinite stresses, because if there were only one 

term it would have to be symmetric so that equation (43a) would have 

to be indentically zero. 

A discussion of the stresses will be given later. 

2. In the second application of the general method the stress function 

will be determined for a uniform traction p on the region r = O ~ a of 

the boundary 9 = 0 of the 3/4-plane, in Fig. 8. 

V,'e will determine a stress function F0 w.nich satisfies the boundary con-

ditions: 

= p when - oo ~ $ ""- 0 

( 
dl!_···oo \ 
rd97 e 

= 0 

0 

l F0) e = U = 0 

(~!~je ·r - a 

·.:here ~ = log {_ ~) and r = 3 'll"' as before -2-

It will be seen that discontinuities in ii' and its first derivative exist 

at the origin so that concentrated forces will have been introduced. 
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These must be removed by superposing a function ii'1 which will be deter-

mined later. 

We now express F
0 

as in (17) by use of the particular solutions 

given in (11) and from the boundary equations by means of (12) to ( 15): 
q:, 

( d
2

Fo) = ~ j [-A1 (m2 cos ms + m sin m5 + A4 (m cos m~ - m2s in m~ j clrn 
~ e = 0 

a 

= p when ~ < 0 
- - - - - ( d..) 

= 0 when 'g > 0 

We now express pr = ap ( .E.) = apt}'- on .E'ourier integr~,l form by Dirich-
a . 

integral given in (27), taking n = 1 in this application. 

Hence we obtain 
00 

~J cos mJ 
1T' 1 

0 

- m sin m5 a 
+ mZ n_ = 

Equation (.a) then becomes 

a p e~ when ~ < 0 

0 when ~ ,.. 0 

-Al (m2 cosm!::: m sin m5) + A4 (m cos ms - m2 sin mg) = 

~ cos mf - m sin m!" 
1T' l + m2 

(27a) 

and by equatLng coefficients of cos mg and sin :'!ls , respectively, we 

obtain 

2 + m .A4 = + 1 
~ m A1 2 

l + m 1T' 

m A1 - m2 A4 = m ~ 
1 + m2 1T' 

Solving these we find 

Al = 0 

A = + 1 a P 4 
mz) ,.,, (1 + 1T' 
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1'he remaining boundary conditions give: 

/dF0) • l rde • - m A2Cos m~ - m A3 Sin I!'.l._5 + A5 Cosm_5 + A8 Sin m5 = O 

e = o 

(]'o) e = r - A5 cos ms Coshrm + .A.0 cos m5 · 3inhrm + A7 sin m~ Sinh0m 

- Ag sin m_5 Coshcgm = 0 

+ .Af sin m~ Cosh7m ..... m A0 cosm.$ Sinh<Qm + m A6 cosm§ Cosh~m 

;. m A7 sin m.5 Co.sh '(m - 111Ag ..Si¥ims Sr'nhrm ;:::; 0 

l<"rom these we obtain, by equating to zero coefficients of cos m~ and 

sin m5 

A5 Cosh4)"m - A? Sinhrm o 

A7 Sinhrm - .As Cosh~m = o 

A1 Coshrm - A2 Sinhrm - m A5 SinhT m + m A0 C'.)sh-rm = o 

-A3 Sinh0m + A4 Coshpn + m A7 Coshrm - m Ag Sinhrm = 0 

By substitution of Ai and A4 we find: 

A1 = Az = A5 = Ao = 0 

A
3 

= + SinhTm Cosh7'm ~ 

m(l + m2) (Sinh2rm --ni2T 'fr 

= + 
2 

Cosh Tm 

Ag = + Sinh1'm Cosh-;rm ~ 

(1 + m2) (Sinh2rn - m2) 'fr 

Finally: 



= 

29. 

Sinh'fm Coshfm sin m5 Sinh (!n e) cos 9 
m(l + m2)(Sinh2gm - m2) 

+ Cosh{.TU tV sin m~ cose 
m(l + m2) 

Cosh
2 ,P m Sinh (m e) sinm '.$ sin e 

(1 + m2 )(Sinh2 m - m2) 

+ Sinh'Om Cosh/{'m Cosh (m e) sin m-5 sin ~ 
2 2 dm 

(1 + m2)(Sinh om - m) 

Fo ~ a,,PJ~ x mz. Cosh(m e) + (x Sinh:Cm +my Coshpm) Sinh m (T- e) sin m_5 dm 

m(l + m2) (Sinh2-:rm - m2) u --- - - - - ( 51 ) 0 

where x = ycos e, y = r sin e' 5 = log (.~) and r = 3 21f • 

This integral can be evaluated as a power series in £ as indicated a 

above, the poles being the same as for (29). 

For _5 4~ 0 i.e. r <-<. a, we find 

[ )
1. 545 )1. 909 

·F0 = a2p .221 [~ • g{e) + 1.376 {: • 
2 2 

h ( e) + ~ ( ~) - cos e 

+ 1 
9 1f2 - 4 

r e (3 1f cos e + 
a 2 sin ~ 

and for ~ > > 0 or r > > a 

[ 

.455 .091 
F0 = - a2p .221 [;) g(e) + l.376 f :) h (e) + 

+ 1 r . e (3JT cos e + 
g 1f2 - 4 a 

2 sin~ 

where g(S) and n(e) are given by (44) and (45). 

(52) 

l cos 2e 
2 

(53) 

It must be remembered that in order to eliminate the concentrated 

forces contained in F
0 

we must superpose F1 and by (52) it is seen that 

F1 = P a . r e [ 3 1f cos e + 
4 - g 'i/2 

I 
2 sin 8 : 

__J 

(54) 
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'.1.1he stress function for the 3/4-plane ( r= + ) with a uniform 

traction p on the boundary e = O between r = 0 and r = a t.:1.en becomes 

.B, = Fo + F1 

oO 

1!' "" a P j -x m2 Cosh(m e) + 

1T' 0 

(x Sin.'riTm +my Cosh;rm) Sinh m (7 - e)s~· j:dm 
lILn'l~ . 

m(l + m t(Sinh2'!m - m2 ) 

+ , P a r 9 [ 3 1r cos 9 + 2 Sin 9 J 
-¥ - g 1f2 

·1 r For very s:mal a : 
1.909 

- . -· ( 55) 

r r 1.545 
F = a2p L.:221 C-a) g ( 9) h (e) 

2 -::! 
+ l l :£.) cos 2 ~ 

2 a 

For very large r 
a 

F = -a2p [.221 (~) •
455 

g (9) + 1.376(~) .0
9

l h(9) 

+ 2 · r (3 1T' cos e + 2 Sin e) 
a 

Check on Boundary Forces 

- . - --{ 56) 

+ l cos2 9 
2 

(57) 

It is easily seen that the boundary conditions are satisfied on ·the 

straight boundaries. 'l'he next thing to make certain is that the forces 

on the boundaries, including the infinite boundary, are in eq_uilibrilL'tl. 

As before, we determine the stresses on a circle of large radius 

from (57), only taking powers which contribute when r becor:ies infinite, 

see :B1ig. 4. 
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2 a P [ 6 1T sin e - Ll-" cos el 
R ( 9 '!r2 - 4 ) 'J 

(= sin 2 e 

Projection on :X-axis: 

J
3rr 
~ 

= Sr cos e . 
0 

r d e = a p [3 1T cos 2 e + 4( e + .fr Sin 
4 - g 1f~ 

Projection on Y-axis: 
3rr 

.:>'. Y = j~ G"r sin 9 r d 9 = 

'.v1oment about origin: 
3Ir 

a P [Oh 

:Zl'lo J:i-· r2 d 9 eJ 2 
= - a:p [cos 2 = 

0 

'lT (e - l Sin 2 e) + 2 cos 
2 

+ a2p 
2 

This shows that efluilibrium exists with tne given load on the X-axis. 

Evaluation of Stresses 

= 0 

3rr 
Jr 

2 j = 
() 

+ ap 

'I'he stresses are now obtained from ( 55) by use of ( 6), ( 7), and ( 8). 

If we are only interested in the stresfJes near the vertex these can 

be obtained by {56), for instance: 

= p [186 ( :) -·
455 

g(e) + 2.380 c:f ·091 
h (e) + cos2 iL (58) 

rtence, for small values of r: 

(09) = 0 . 
e = 3rr 

2 

For all other values E>9 becomes infinite when 
r 
-a-o . 
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Hor large values of r 
a 

the stresses are obtained by (57) for instance 

r -1.545 -1.909 1 <J9 = pL.:055 (~) g(e) + .114 (~) h (e)_J (59) 

If we desire the stresses for all values of.!: , it is necessary to 
a 

compute a few more terms of higher powers into (56), (57), or else 

proceed as explained on pages 22> and 24. :ii'or example if we are interested 

in the distribution along a certain line e = e1 it would be more simple 

to specialize F and then attempt to eveluate tLe integral by more elemen-

tary means than contour integration. 

In the case e = 1T -z 

a p j"° Cosh~m Sinh 1T m 
,,,,. ...,(-.L"---.2...,);-(,..c<--h...,2....----.... .,,.,...) Sin m 5 dm 
" + m uin om - ill"' 

6 

(60) 

and 
PO 

~ ( m Cosh~m Sinh m 1T 
1T i) ·(1 + m2lsinh7m - '112) 

. () 

= 
(Cos r::§' - m Sin m _$ ) drr. (61) 

which could be evaluated in the manner outlined for (48). 

The character of g(e) and h(e) have already been discussed and the 

stress function for uniform load on tl:e boundary alone or on both 

boundaries are obtained in the same manner as described for concentrated 

force. 

Later the stress function (55) will be superposed on tbe function 

for linear distribution so as to produce a function for hydrostatic 

(triangular) loading and the stresses will be computed and plotted for 

9 =ii , see Fig. 6. 
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3. In the third application of the m8thqd..._ the stress function for the 

3/4-plane will be determined for a linear normal~load 

r = O and r = a on the boundary 9 = 0, See .li'ig. 9. 

p (£.) 13etween 
a 

We must now determine a stress function F
0 

satisfying the following 

boundary conditions; 

( 
d

2Ii'o) = D I.!:) when - oo ~ .. g ~ 0 
dr2 - la e = o 

'dF0 ~ 
( 

= 0 
;dee=o 

(dF) 
rde e = r = 0 

where ~ = log (!.) and r = 
a 

again we notice the disco::.1tinui ties in the first derivative of the 

origin so that a second function :3'1 will have to be superposed in order 
{ 

to remove the extraneous concentrated forces. 1l 1his function can best 

be determined upon evaluation of 1"0 near the vertex. 

As before we express F 0 as in ( 1?) by use of ( 11) and form the 

boundary equations by means of (12) to (13): 

J:Ience: 
Do 

== ;f [- A1 (m
2 cosm5 + rn sin m_§) + A4 (cos:m5- m

2sin ll!5j}din 
= 0 0 

= (52) 
0 when _5 > 0 
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By Dirichlet's integral (27) we express ap(~) ~ = a p e2
5 an 

Ji'ourier integral form, taking n = 2 in this application: 

cosm.5 - m sin m.5" dm = 
m2 + 22 

Equation (62) then beco~es: 

2.5 
ape when 5 ..( 0 

O when S > 0 

-A1 (m2cosrn5 + m sin m ~ ) + A4(m cos m~ - m2 sin m5 ) = 

a:p 2 cos m~ - m sin m~ 
ri m2 + 4 

(27b) 

and by equating coefficients of cosmS:- and sin m~ respectively we 

obtain: 

2 
~ 

m2+ 4 ri 

m 2-l?. 
m2 + 4 11 

and solving these: 

1 au ---
( m2 + 1 ) ( m2 + 4) ri 

A4 = + m2 + 2 ~ 
m(m2 + l)(m2 + 4) ri 

The remaining boundary cond:jf;ions yield the equations: 

(dFo) - m .A.2 cosrn_5- m A5 sin m§' + A5 cos m~ + A8 sin m§ = 0 
rde e = 0 

(F~ e = O : - A5 Cosh 'f'm cos m_S + A0 Si~hrm cos m~ + A7 Sinhrm Sin m_5 



+ Coshrm sin ~ - m A5 Sinhrm cos m_s + m A6Cosh7m cos m.5 

+ m .A.7 Ooshrm sin m_5 - m A8 Sinr1r m sin m_5 = o 

By equating to zero the coefficients of cosm_S' and sinm$ resvectively 

vm obtal.n: 

- m A2 + A5 = 0 

m A3 + Ag = 0 

A5 coshrm - A5 sinhrm = 0 

A7 s1nhrm - As coshrm = 0 

Al Coshrm - A2 Sinhrm - m .A.5 Sinhrm + m A6 Coshrm = 0 

-A3 Sinhrm + A4 Cos7m + m A7 Cos17m. - m A8 Sinhrm = o 

Solving these and substituting the values already determined for A1 and 

A4 we find: 

Cosh')"'m Sinll')"m 

A3 = + (m2 + 2), Coshrm Sinhrm ~ 
m(m2 + l)(m2 + 4){Sinh 2;rn- m2) 'TT 

A5 = m Cosh'O'm Sinh'.rm an 
(m2 + 1) (m2 + 4) (Sinh2? - m2) 'ii 

A6 
2 m Gosh Xm an -(m2 + 1) (m2 + 4)(Sinh2dm - m2) 'TT 

A7 = + (m2 + 2} 2 
Cosh ?"m ~ 

(m2 + 1) (m2 + 4) (Sinh2rm -m2 ) 'ii 
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A8 = + (m2 + 2) CoshQ'm SinhTm 

I!'inally, 

(m2 + l)(m2 + 4)(Sinh2rm -m2 ) 

sin m.$ 

+ (m2 + 2) •· Cosh(m 9) 

m(m2 + l)(m2 + 4) 
sin m~ 

m Cosh Tm Sinh f m Cosh Cm e) 

(m2 + i) (m 2 + 4) (Sinh2rm - :m.2 ) 
cos m_$ 

+ m Cosh'):m Sinh m 9 

+ 

(m2 + 1) (m2 + 4) (Sinl12rm - m2 ) 

(m2 + 1) (m2 + 4) (Sinl1}m - m2) 

(m2 + 2) CoshJrm Sinh'fm Gosh m 9 

(m2 + l) (m2 + 4) (SinJ12 m - m2) 

cos ms 

sin m$ 

x Gosh me - (x Sinh'fm +Hm Coshrm.) Si11h m <r- e) ·[ 

m(l + m2 ) ( 4 + m2 ) {Sinh~m - m2 ) 

m cos~ -(m2 + 2) sin m5, J dm (63) 

The integral can be evaluated as explained in the case of concen-

trated force. 'l'he sir.gulari ties 'in the contour integral are the same 

as before in addition to simple ~oles at m = + 
2 i. 
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For 5 << 0 i.e. r << a is found: 

+ 1 
9 1r'.::, - 4 

r 
a e (~ 1T cos e + Sin ~ 

For_$>? 0 Le. r >> a: 

[ 

1.455 
F0 = - a p .1344 (~) g(e) 

.091 
+ .905 ~) h(e) 

+ 1 r (5rr ~J g 7,2 - e 2" cos e + Sin - 4 a 

where g(8) and h(e) are given by (44) and ( 45). 

+l 
3 

cos2 

(65) 

e 

It can :::ow be seen by ( 65) that in order to remove the extraneous 

concentrated forces at tte origin the function 

F l 
a p r e ( ~ cos e + sin e) (66) 

must be superposed in order to properly satisfy the boundary conditions. 

'rhe stress function for the 3/ 4-plane ( r = r ) with a linear 

r tre,ction p. a on the boundal"J e = 0 between r = 0 a11d r = a then 

finally becomes: 

F = F + 0 

co 

= a! \_m_2_x_C_o_s_h_m_e_-_(_x_S_i_n_h_,,1''--m_+_m_,~_c_o_s_h'""X.__m..;...)_S_i_n_hm. 
~· m(l = m2 ) (4 + m2 ) (Sinh20m - m2 

+ a P 
4--91r2 (

37! re-
2 cos e + sin e) 

( L7 - e) f Cosm ~ -

(67) 

') . 
(m .... +2 )Sin '~ 
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\Nb.ere ! = log j r= 3rr ~ x = r cos e ~ r sin e. _, 
2 

:H'or very small i : 

a 2p [.0695 
1.545 1.909 

+l ( ~)3 3 

~ F = (~) g(e) + .115 { ~) h(e) cos 6 

:l!"'or large 
r 

very a 

[.1344 c:) .455 

(-~) 
.091 

l 2 F = - a2p g(e) + .905 h(e) + cos e rz ..., 

+ 1 r ( 3rr cos e + 2 sin ej (69) 
g 'IT2 - 4 a 

Check on boundary forces: 

In order to see if the forces on the infinite boundary are such as to 

be in equilibrium with the forces on the straight boundary (X-axis), we 

compute the stresses S,. and '[ from ( 69) only including terms of such 

order which will contribute in the integration when r -o0 , See ]'ig. 4. 

a~ I. "l R(9 'IT - 4) l6 'IT sin 9 - 4 cos f!_j 

sin 2 e 

Projection on X-axis: 

J~ 2 X = G;. cos e . r d e 
0 

Projection on Y-axis: 
3rr 

:2 Y • f G;. sin e . r d 9 

0 

= a E 
4 - 9 1r2 

::::: 
a p 

4 g 'IT2 

31T 

[~ + 1 . j2 cos 2 e + 2(e - sin 2 
2 

0 

3rr 

[ 3rr (e - j sin 2 e) + cos 2 ~ 2 

0 

(68) 

= 0 

= + ap 



~~1oment about origin: 
3iT 

2: M, = S2 
'f. r2 d e 

0 

2 
~ 

6 
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3iT 

'"'] 2 [cos 2 !;;' = + 
0 

1 
3 

This shows that equilibrium exists, so that the function is now j_n order. 

Evaluation of Stresses 

The stresses are obtained by partial differentiation of (67) in 

accordance with (6), (7), and (8). 

Near the vertex we obtain by (69): 

s = 
9 

p [.o59 (~)-. 455 g(e) + .199 (i). 091 
h(e) 

Hence for small values of r: 

(oe) e = o 
+ p. r 

a 

0 

+ cos
3 ~ ( '70) 

For all other values 0 < e < 3rr 6" be cones infinite when .:£ - o. 
2 ' e a 

l!'or large values of.:£ the stresses are obtained by (68), for example: a 

[ 
-1.545 -1.909 1\7 

G'9 = p .033 (~) g(e) + .075 (~} h(ej 

If the stresses are also desired in the neighborhood r 
a 

( '71) 

= 1, it 

is either necessary to include a few more t0rrns of higher order in 

( 6.3) , ( 69), or else proceed as on pages 23 and z'f. 



In case we are only intE:re:=:d;ec_ in t'.10 stresses at a cert.~i11 poi t 

or a line it wolLlc, be simpler first to specialize ~~~ e_nd then 

evaluate by ot~l'ar methods than contour integration. If for exa"lmle, the 

no!'Tlial stref:s ii::; desired on the Y-axis, we place e = 1f in (6?) nnd 
"2' 

obt,!3.ir.: 

~2 + 2) c::· m€. ·rJ' ull1 ~- ru. cos 114:5 nrn. 

(72) 
8.!1C1 

- :r:J. sin (73) 

which can be evaluated in the vrianner outlined for ( 48). 

The rem[;rks made on pages 25 and 32. with reftarc1 to loads on the 

bounde.ry e = Zm-T also hold Lr: this case. 

4. .Stress FunctiDn for Hydrostatic Distril:ution 

The stresses in the ~-s/ 4-plane due to normal traction as shovm in 

6 cen be found simply as difference of the functions gj_ven in ( 55) 

and (67). 

F 

lie obtain for all values of r: 

= a :O s-~-m_,2_x_C_o_s_l_1 _::n_._e_+ _ _,_( _x_S_i_nb __ l...:'f,,,_m_· _+_rn_1 . .::::I;f_C_o_s_· J1_, . ....,7f'-:m_·~.:..) _u_-.::_i_n_h_i:1_. _,(_.ffi',__---'9;..:..) ( m cos 111 ~ 
'IT ~ 

m(l • ::!12)(4 + :n2)(Sinh2 m - m2) 
0 

+ 2 sin 1r~ ) dxn 

loo r . '%" = 
0 a' u 

( 37;- ) re 2 cos e + Sin e 

~ ; x = r cos e ; 

( '74) 

r SiE 9 



ffor very s::oo.11 values of r 
a 

~, • a2p ll5l {-i) 1.
545 

g(e) + l..261 (~ :t.
9
o

9 
h(9) + ~ (~;_J"cos2 e - ~~jcos3J 

F = 

~·or ver31 large value of r 
a 

+ 1 
g 112- 4 

.455 
g(e) !_;~ .091 

+ • 471 l 1 h(e) 

: e ( 3 11 cos e + 2 sin e _j} 

Evaluation of Stresses 

, 
+ .:!::. 

6 

( 7f5) 

cos2 9 

- - - {76) 

The hydrostatic loading is of special interest in connection with 

stress analysis in :nasonry dams. '.J.1'nerefore, the fcr::nulae for certain 

stresses will be given and plotted in l!'ig. 6 for further discussion later. 

For small valuerof r 
a 

S-9 • p [-12? l~) -·
455 

g ( e) + 2 .18l Ci.) -. 091 
h( e) + cos2 e - ~ oos3 3 ( 77) 

~or large values of r • .. a 

G;; = p [-022 [i.) -l.M
5 

g(9) + .0"9 {-j -l.
909 

h(e:J - ( 78) 

Of special interest are the stresses on the Y-axis and substituting 

in (44) and (45) we obtain: 

e ;:::: rrr 
"'Z 

g(~) = -.990 

h(~) = +.282 
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By ins'3rting these values in (77) and (78) we find: 

(~e p [-.126 (~) -.455 
"" + = 1f -z 

.615 {J.;.)-.oglJ when r <<.a tl.?) 

(~) e 
~ -1 .5a5 = p -.022 (~) - ~ 

= 'Tl 

Ir"\ -1.0091 
+ .011 L:a:J v j when r >> a (80) 

'"2 

"!'""'or values of ~ ~ 1, a few positive powers must be computed, but 

it is simpler in tllis case to specialize F. 

Placing 8 = ~ in ( '74) we obtain: 

o(;1 

~T = aprJ Cosh'fm Sinh 1f m 
"Z 1f 

0 

(1 + m2) (4 + m ~(Sinh~m 

otl 

2 
(m cosr.-:5 + 

- m ) 
2 sir. ~ ) dm ~ ( 81) 

{r?e') =~rm Coshrm Sinh 1f m 
)!~ :) (1 + m2) ( 4 + m2)(sinhrm 

{) 

_ m2 ) D_2 - m2 ) cos m5 - 3 m sin mef} dm 

- - --(82) 

'J'he stresses computed by (79), (80), and (82) are plotted in • 6, 

Curve I. The dotted cm~ve II represents the nor:rnal str:::sses due to 

some loading on the half plene, r = 1f. These are obtained by integrating 

the Eousinesq's solution for a concentrated force, as indicated in li~ig. 10. 

a. 
= 2) x2y p (:;rJ__~ 

'IT "2 
0 -

w:l:iere p (x) = p. x - a 
a 

a 
6' x == 2yp 1 x2 . ....,(_x_-__,,..a'-=) ~ dx 

1ra ( x2 + y2 ) 2 
CJ 

6':: = n r.. -1 a v 
x 1F ~an y + ~ log 

y2 
a2 + 

It will be noticed that at the origin 

0 x = 1 p , independent of a. 
2 



It will be noticed that ecuation (34) has no real roots, except 

m = O, when r is less than 1r· This means that in general a partial 

loPLding of the bom1daries of a earner will produce finite stresses at 

the origin (vertex) if '(1>1r, but infinite stresses H;f<1r, and the 

greater r is the s.harper the infinit,. 'I'he halt' plane,7f =1f, thus 

is the critical case and the stresses at the origin are zero if it is 

chosen outside the loaded region. 

Special cases of stress distribution in an infinite wedge have 

t b ' . t. f. a J u u• t ' 111 ) been reated by a nu"!l er of inves .1gators. .ie in_ • n •. Ml cne . 

who generalizes Bousinesq's solution for a concentrated force on the 

half-Dlane to a concentrated force at the vertex: of an infinite wedge 

, M:. Levy
2

) who finds a solution for a linear load djstribution 

over th(J boundaries, s. D. Carother2 ) who gives solutions for a courile 

at the vertex and uniform loetds on the boundaries. 

The stress function for continuouE uniform pressure on the bound-

aries is easily determined by eouation (46): 

F = - P r2 cos2 e 
2 

(83) 

corresnonds to uniform pressure on the boundary e = O. Jfrom this it 

will be seen that the stresses are finite at the vertex for any value 

of ?J. Vie have seen that a partial loading :produces infinite stress 

1) .A. E. H. Love, Elasticity, page 212. 
2) Proc. Royal Society, ~dinburgh, Vol. 53, 1913, page 292. 



at the vertex if p>1f, so that we have the curious result that in this 

case the removal of a portion of the load raises the stress to infinity. 

If uniform pressure acts on the boundary e = Z1IT (as in the cc:tse of 
2 

a dam with a full reservoir), the corresponding stress function is 

F = - J2. r 2 sin2 e 
2 

(84) 

'rhis gives the result, importe.nt in the design of d2I1lS, that the base 

will be under compression due to this load. In .l!'ig. 6 is plotted the 

normal stresses on the base, e = 1f due to reversed hydrostatic 
~' 

pressure distribution on the boundary, e = o. It is important to notice 

that near the vertex the be.se is under high tension, i.e. opposite to 

the stress due to the uniform pressure on tl2.e boundary, B 

Levy's solution for linear normal oressure on the boundary of an 

infinite wedf;e (or triangle) shows linear distribution of all stresses 

along any straight line through the wedge. In practice this result is 

conveniently auplied to masonry dams. iiowever, ti:1e application is 

dubious because the height of a da"'ll is of the same order of magnitude 

as the base width, so th.at great deviations from the linear stress dis-

trHution can be e),.-prected (at any rate near the base) due to the 

influence of the unyielding, or rather, infinite foundation. 

l!.:ngineers are well aware of this fact, and the present study grew 

out of an attempt to determine the stress distribution in triangular dmas 
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on infinite, rigid and elastic foundati:Jns by the Ritz' method. However, 

it was found that the stresses in the up- and downstream faces at the 

base did not converge when more parameters were incluc.ed in the solution. 

At -ooints only slightly distant from the up- and C.ovmstream corners 

Ritz' metl:.oa gave reasonable results. 

'11he present :'.llethod enables us to compute the stresses in dmns of 

triangular and other shapes for any load and far more accurate soluti::ms 

ce.n be reached in this way. 
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APPEI\1DIX I • 

With the usual notation 

= dU etc. 

oxy du + -9:..L = 1 
dy d:x G 

'l etc. 
x:y 

(85) 

(86) 

anC. the analogous, we will define a tVio-dimensional elastic system such 

that 

dV =-= 0 
d.Z. 

and 
dW
d x = d w

--- = 0 
d y 

}Pron: (87) it immediately follows that 

z: :xz = C.:z = o 

and it can easily be shown that 

2. d w ---,., 
d.Z,;, 

Hence 

= 0 

dw = 
dZ 

constant = 

and 6;, = l. ( () + ~) + constant 
.v m x y 

The constant is unimportant and :nay be placed eoua1 to zero. 

By (85) and (86) 

,, t s 1 { G' y+ 6;) =G _1[6'· l I()"+ 0 ~ J.:. = x x m x m y m \ x y 

E Ox :::: m2 16" - m + l 
GY 

m2 - 1 d 2F m + 1 d2:ff 

m2 x 2 m2 dy2 m2 dx2 m 

(87) 

(89) 

./ 
(90) 



Similsrly 

... , 
= me:.; l G" - m + l <O 

m2 Y m2 x 

By U~): 

47. 

= 1212 - 1 
m2 dx2 

~2'f '"" d2 v 2 tx = d'-'U + = d 

d dy d d 
2 

d x2
d d 

;;; 
x x y y y 

Substituting (90) and (~n) into (92)) (= 

- 1 a4 Ii' 
G dx;(; dy2 

and remembering the relation 

m2 - 1 [ d4F 
m2 a.x4 

Hence 

or ~4]. = O. 

+ d
4

F J 
dy4 

+ 2f_m_+_l 
[ m 

m + 1 
m2 

+ 

m + 1 
m2 

d2 t = 

(91) 

1 d2'r y ------
d x2 G d x d ~r 

" 
1 d 41!, 

G d x2d y 2 
- - - ( 92) 

= 0 

'rhe state of strain defined by ( 87) is exactly the ce.se vrn deal 

with in the infinite half :i;ilene or any po rt i8n of the plane for that 

matter acted upon by a "line-load" as any distribution of "line-loads" 

and iL this case C2 = 0. 

(89a) 



P2crt II. 

1. In this chapter an alternate method of procedure shall be used in 

obtaining the solution in the c2se of a concentrated force acting at 

r = a on the boundary e = O of the 3/ 4-plane , see l!'ig. 2. 

The analogous solution in the 1/2-plane, given by Bous is 

-1 
= 1 (u - a) tan _v __ 

11 u - a 

and ii' we define 

It will be 

= El+ iFl = ; ( u - a) [log ( w - a)]. , w = u + i v 
t, A, J 

seen that F
1 
is the imaginary part of '±' 

2/3 In the conforrral transformation w = z , the half-plane goes 

into the 3/4-plane so we are led to consider the function 

~ 2/3 2/3 j 'i! = E + iF = C(x - a) log(a - z ) = C(x - a)· (z) (1) 

where z = x + i y = r eie and C is a real con st ant. 'fhe i·eal and 

imaginary :parts are both biharmonics. Je w:i 11 ol1ly tmpJ.oy the imaginary 

part 

F = C(x - a) [log (a
2

/
3 

- z
2

/
3 )J i == C(x - a) [J( zJ i (2) 

In order to deterxnir..e the forces on the boundaries corresponding 

to F we must compute the first derivativss: 

[ 
9/3 

= G log (a"' - 2 
1
3 z ~/ ) - 2/3(x - a) (3) 



dF 
dy c[- 2/3 (x - a) 

On the boundary e = 0: 

dF = 
dx 

0 when x <. a 

when x > a 

49. 

= C(x - a) [ ~{1 (4) 

r 

He conclude that the only normal force on th is to tmdary is '/fC 

at x = a acting in the direction of the Y-axis. \1e wish this force to 

be unity traction, i.e. along the negative Y-axis 

c 

2 
3rr 

= -1 

= - 1 

which means that tangential forces exist on this boundary. 

( 4a) 

It is our aim to clear the boundaries 9 = 0 and e = d = i' of all 

forces except p = 1 at z = a. 'rl1erefore, we superpose a function H 

defined as the imaginary part of <jJ or 

<.} =G +iH ( 5) 

and determine ':f1 such that the following c~~ditions are satisfied when 

e = o. 

dH 
dy 

dF 
dy 

and H = 0 

d~, 

dy 

Vie have 

= C(x - a) r d}] 
Ld z r 

by (4) 



and dH 
dy 

= ldl/Jl 
Ldz] 

r 

hence / d '{! ] 
: d z 
L r 

or ~ = + 
d z 

~ - - ·j ,::, 

3'rr 

C(x -

l (z - a) 
1T 

z - a 

21/3(a 2/3_ 

50. 

by ( 5) 

a) [_gl_] 
d z r 

when e = 0 or z = x. 

tl_ 
d z 

z2/3) 
dz 

'l'his is easily integrated by the substitution z = t 3 , and we obtain: 

The stress function 

( 8) 

( 7) 

will correspond to unit normE1 traction at z = a in addition perhaps to 

forces on the boundary e = u . It is easily verified that H = 0 

when e = o, so that H has added no normal force on this boundary. We 

'11Uat also determine and remove the forces on boundary e = rand therefore 
. 3'rr 

compute the value of L when z = r e 1 · 1r"" = - i r: 

Therefore x = o, y = - r 

zl/3= i r 1/3 (choosing this branch) 

2/3 z = - r 
2/3 

By {2} and (7) we have, 

( g) 
and by substituting the above values we obtain vib.en 
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f 2/r; •/r:: 2/"' 1/3 1/3 1/31 
L9 =r= la log(a .:.i+ r 2 '-')- 2/3 i r + 2av "'i r - 2a log(e. + i r }[i 

1T 
and. taking the imaginary part: 

by differentiation of (9): 

2/3 -2/3 
+ 1 + a z - a 

Hence 

(
aL \ = 2 [ 3 log 
dx)9 =r 57i= [ 2 

and taking the imaginary part we find 

/aL) = 2 ( a (ax e =r 3rr _(_a_2/_,..3_+_r_2..,./3,__) _r_,,.l_,/_3 

-2/3 J 
l/~. 1/3 

a .,. z i 

It is now seen that if a function K is determined such that 

dK) = 0 
(cte e = o 

(~) = - /adLLr.~ given by (11) 
··e=r l~-:Je=r 

(a1~) 
l a.e;e =r o 
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and if K is superposed on L: 

A= L + K 

A will be the stress function corresponding to the unit normal traction 

r:t z = a being the only load. li'rom here on the problem follows the 

gGneral method explained in Part I. 

Tire place S == log ~ 

The variable ~art of (11): 
r 1/3 r-1/3 

J(s) = - 1 c-~) -("ft) 
3~ (r)l/3 r-1""["3 

- + (-' a aJ 

, therefore, 

1 
"3iT 

r 
a 

1 '112nh 
3 

Note: 'l.1he constant part of (11} corresponds to con cent rated force e_t the 

origin and will be considered later. 

By Fourier's '.Pheorem 

f ( s ) = l r dm JJ ( t) co&m 
1T 0 _,,., 

In this application j { S ) is 

(~ - t) dt 

odd and (13) reduces to 

(13) 

llQ 

(12) 

== 1 Tanh 5 = ~J:imns dm~+;in(r1 t) Tenh ~ dt 
i:5Tf rz / -

= ~(g(m) 
3rr~ 

sin:m~dm 
.., 3/P" 

0 -'b 0 

+""° 

where g(m) = J sin m t 'Tanh i dt. 

(14) 

(15) 

-ao 

'l'he latter integral is evaluated in Bierens de ~faan's ta1ile 265, pa.co 399: 

j"" 'it 
- 'j. t: e - .-e Sin m t dt 1r 1 = 

D e'Jt -+ 
- <t.t lj 1TJ11 ""'1Tl'l1 
e e 2<J e, 2q 

which applied to (15), with q = l/~, gives 

g(m) 1 where r = 
= 

3lrm -bJTm e z- -e~ 2 



finally, by ( 14) : 

_l_ Tahh 
3r,-

53. 

Sin (m ~ ) dm ( 16) 

~'Je now write K = IVI + N where H will be det·ninined so as to remove 

the concentrated forces, at the origin and M must setisfy the following 

conditions: 

When e = 0: 

M = O and dM = O 
rd e 

'ifhen e =tr 

dJlii -1.(f:'\I ___;:: = :J > 
dr 

(by 16) and dM = o. 
rde 

The boundary equations are now formed by using (12) and (13) of Pe,rt I: 

Oo 

0.11) 9 = 0 = r J ~1 cos m + A4 Sin :JJ. J d.m = 0 

0 

'l'herefore A1 = 0 and A4 "" 0 

= j[- m Az coam~ - m A5 Sir®5 + A5 cosm5 + As sin mi} <1'!1 = 0 

0 " 
00 

f-~'v1\ =j([- A5 (Cosms- m Sin m_5) Cosh mr + A6(cosms - m sin~) Sinh md 
\.ar 7 e =r o 

+ A7 (m cos ~ + sin m!) Sinh m7- A8 (m cosm_S + sin w5) Gosh mrj dm 

00 

- + l r sin m~ dm 

'1'.)
0 

Sinh m r 
Sinh ml cosm_5 - A3 Sinh mr sin mJ - m A5Sinh mr cosm_5 



comparison of the coefficients to cosmj and sin m_3 resp<Jcti vely 

we obtain: 

-m + Ag = 0 

:m A5 Oosh ;nr- m AeSinh mr + A?Sinh mr- AsCosh m'f = + 'ir Si~1-·mr 
-.b.5 Cosh m.Q + A0Sinh ill'(+ m A7Sinl1 mr- m As Gosh mr= 0 

-A2 Sin::1 mr- m ' Sinh .tl..5 .t..J-.~~ inr+ m A0Cosh mr= 0 

' Sinh m'f + m t ,.,osh mr- m A Sinh r:r= 0 -a3 -~7V H 8 

Solving these, we obtain the coefficient A
1 

etc.: 

=- m2 Cosh ma:' 

11 (1 + m2 ) (Sinh}m 

+ m Cosh mT 

= - m3 Co sh m'.l 
'IT (1 + ·o~2) ( 3.; n'12 ld. ..I.. L. mr- 2 )S · 1-m . in"" mr 

= - li1 

"iT (Sinh2 mr - m2) 

A7 ""' + 1 

1T (""i n11 2 
J~ ··- T:1r- m2) 

' = + 2 Co sh m'f}7 .Ll.8 ra 
ff!' 

" 
(1 + m2) (Sinh2 ;rr- m2)sinh mr 



'I'.he function Mis now found by sutstitutfon of A, etc. int::> (17) 

and after r0duction it becomes: 

""3 

~·!I = ,:J(x m Cosh mr + y Sinh m J'. )Sinh6:11 8) - ym2Cosh :r.1 (f- e) { 
?. ~ 2\ ill COSfilS - Sill..!n~) dm 

(1 + m~)(Sinh~ mr- m. ,Sin:'.1 mr ___ (lS) ,, 
0 

The constant part of (11) which produces concentrated forces at the 

origin must now be rer11oved by supe::r."pos 

the following boundary ccmdi tions: 

When e = 0 

N = 0 and dN = O 
rde 

When 9 = r 
dN 
dr 

= + 1 and 
3rr 

We employ the simple 

TT = ,., 
r cos e + c r ~~ vl 2 

and form the boundary 

( 1\") = C1 r = 0 ~~ e = 0 

i{dN) 
\.rde 8 = 0 

(dNJ = - Cz - 3rr 

a.re =r r 

(dN) = 3rr C2 -
rde e = '1' 2 

By solving, we find: 

dN 
rde 

= 0 

solution: 

sin e + C3 

equations: 

' 
therefore 

C4 :;: 1 
w 

04 = 0 

r e cos 

61 = 

the fu...ncti on H determi.ned by 

9 + C4 r e sin e 

0 



c = + 
3 

c = + 2 If _4 ___ 9_1_r_2_ 

Omitting the t:onns of first degree, wllich contribute no stress 

the function N beco•res: 

N = 2 r e (.§__ cos 8 + sin e) 
37r" 

(19) 

'l'he stress function corresponding to unit traction at z = a 

finally is 

A=L+M+N (20) 

where 

L == 1r(a - :x:) log (a
2

/ 3
+ z

2
/ 3 ) + 2a

2
/ 3 z1 / 3 - 2a log(al/

3 
+ z

1
/

3ll by (9) 
1rl.: 

E'irst degree tenns have been omitted, being unimportant. 

M and lJ are given by (18) and {19). 

Evaluation 

The integral in (18) is evaluated as outlined in article 1, Part I. 

~~1e poles are the sa~e as in that case in addition to the roots of 

Sinh 3 ir m 
2 

0 

which are m = ± i 2K where K = 0,1,2,3, ----
3 

The details of the residue computations being again- omitted, we 

obtain: 

For small values of 

r i. 545 i. 909 
M = a L 101:({) g ( e) + .125 L ~) h ( e) + 
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5/3 

(~) (2 
/ 

2 e r-. e - ~ .,. 2 e cos e) J cos -z ~in v ~in 3 ~ 

2 r e( _?..... cos e + sin e) 
4 - 9r12 3;J-

For large values of r 
a 

[ 
.455 ,.091 

M = - a .340 [~) g(e) + 2.629 (~J h(e) 

1/3 ,{ +; [~) (2 cos i e sin e - 3 sin ~ e cos ~ + a 

+ 2 

g(e) = sin .545 

h(e) sin .909 

identical with 

e 

e 

r e ( ~2- cos e + Sin e) 
37r 

cos e .545 cos .545 e sin 

cos e .909 cos .909 e sin 

(44:) and (45) of Part I. 

e .839 

e + .416 

-----(18a) 

. 2 e sin 

- ---(18b) 

sin .545 e sin 

sin .909 e sin 

In order to compute L for the same region we expand (9) in power 

series and obtain: 

For / : j < < / : 

[ { 
2=- ?. 5/3 l ~ L = a. 2:; •. ~\ 3 

- ..::. (~) ] ~ ~ sin~ e cos e - ! sin 2 e ( E.) 
1! a a) 5 a i 1! 3 5 3 a 

"" -~ ( £) 513 
( 2 cos ~ e sin e - 3 sin ~ e cos 9 ) 

~la o o 
----foa) 

\ ~J' 

J!'or / ~ f > > [ : 

]:& -2/3 2/3 1/3 2 {-z0 i L + ( ~) I + 2a z -;z x log 
r. a ..., 

= a G;/13 (2 2 sin e - 3 sirl!. e cos e ) 2 r e cos e cos - e -·rr 3 3 'Zfrr 

e _; ( 21) 

e. 
.) 

( 2;3) 

_, (9b) 
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By now superposing the functions, we obtain: 

For small !'. by adding (18a), (9a) and (19): 
a 

.A = 
1.545 1.909 :Q 

a [.101 (!'.) g(e} + .125 (..!:) h(e) 
a a 

I•'or .! , by adding (18b), {9b) and (19): 
a 

. - - - (23) 

A= -a [.340 l~). 455 g(e) + 2.629 [~)
0091 

h(e~ +a sin
2 e 

+ --2
-..,,.2- r e (3rr cos e + 2 sin e ) 

4 - 1i1'1T 
- - - - ( 24) 

If we compare these with the solutions ( 42) and ( ;;2,) in Part I, 

2 
it will be seen that they are identical except for the terms + a sin e 

and - a cos2 e, however, these terms contri tute exactly the sai:ne stresses. 

It is interesting to notice that (9b) contributes exactly the 

term which is needed to combir~e rd th (18b) .::111d (19) in order to make 

the last term in ( 24) identical with the Bousi:nesq term in ( 43) 

Pe.rt I., na'nely: 

- __?__ r e cos e + 2 • 2 r e (~ cos e + sin e 
3rr 4 - 9 r,2 Ji1 

= 2 r e ( 4 cos e - 4 cos e + g r,2 cos e + e 'iT sin e) 
( 4 - 9 1r2 ) 3ri 

= 2 r e 
4 - 9 1":2 

(31": cos e + 2 sine) 
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