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Abstract

A detailed theoretical analysis of aerosol nucleation and growth in
Taminar flow, including the important aspects of mass and energy transfer
and aerosol size distribution dynamics, is presented. Simulations of
dibutyl phthalate aerosol formation and growth in a laminar flow cooled
tube, in the presence and absence of seed particles, are carried out using
the classical and Lothe-Pound theories of homogeneous nucleation. The com-
petition between new particle formation and vapor growth onto seed particles
is explored in detail. The mathematical model is compared to experimental
measurements of aerosol volume distr%bution and dibutyl phthalate mass bal-
ance for a laminar flow cooled tube without seed particles. The model with
Lothe-Pound theory shows fair agreement with the mass balance data, but over-

predicts the total aerosol number concentration by four orders of magnitude.
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Chapter 1
INTRODUCTION

Aerosol formation and growth in laminar flow is studied theoretically
and experimentally in a setting closely resembling the classic Graetz
problem. The specific problem treated here is related in Chapter 2 to the
general problem of aerosol formation and growth in flowing systems. This
work studies cooling-induced aerosol formation and growth in a well charac-
terized parabolic pipe flow withspecified wall temperature. In Chapter 3,
the ‘theory of the laminar tube flow aerosol generator is developed and the
numerical model is used to examine the detailed operational characteristics
of one such device. In this device, described in Chapter 4, dilute dibutyl
phthalate in air is cooled to supersaturation, without seed particles,
creating aerosol by homogeneous nucleation and growth. Although not applic-
able to the experiment, the model can incorporate the presence of foreign
seed particles, monomer source by chemical reaction, and effects of latent
heating from condensational particle growth. The model is also easily
adapted to other geometries and flow velocity profiles. The experimental
results are compared to the model predictions in Chapter 5. Chapter 6

discusses the results in detail and offers suggestions for future work.
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Chapter 2

RELEVANCE

Understanding the fundamental mechanisms of aerosol nucleation and growth
has long been 2 central problem in aerosol science. Such understanding has
important implications in characterizing and controlling fine particle emissions
from combustion systems and in elucidating the dynamic processes governing the
formation and growth of atmospheric aerosols. In simulating atmospheric aerosol
dynamics, for example, it is desired to predict the rate of new particle forma-
tion as a function of the rate of generation of condensable vapor by gas phase
chemical reactions. Predicting rates of new particle formation in the atmo-
spheré requires consideration of the effect of both preexisting particles and
newly formed growing particles on the vapor and cluster concentrations in the
system (1-4).

Simultaneous homogeneous nucleation and heterogeneous condensation can be
conveniently studied in a laminar tube flow in which an inert carrier gas con-
taining a condensable vapor with or without seed particles is rapidly cooled.
Numerous studies of aerosol formation in steady tube flow have been carried out
(Table 1). Most of the investigations have been directed towards producing an
aerosol of minimal polydispersity. The designs of the devices, generally incor-
porate a feed of foreign nuclei, with conditions chosen to minimize the occurrence
of homogeneous nucleation. Although not shown in Table 1, the continuous flow
condensation nuclei counter has many characteristics similar to the laminar flow
aerosol generators.

The object of this work is to brovide a detailed theoretical analysis of
aerosol nucleation and growth in Taminar flow, including the important aspects of
mass and energy transfer and aerosol size distribution dynamics. The analysis
will enable the prediction of the aerosol size distributions obtained in such
devices as a function of wall cooling rates, inlet conditions, and the presence

or absence of a seed aerosol.
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Chapter 3
THEORY OF THE LAMINAR FLOW AEROSOL GENERATOR
A schematic diagram of the laminar flow aerosol generator is shown in
Figure 1. The mathematical model describing the system is based on the
appropriate steady state mass, energy, and momentum conservation laws. It
is assumed that the formation and growth of aerosol does not disturb the
laminar velocity profile of the gas.

3.1 Governing Equaitions

The velocity profile is obtained from solving the Navier-Stokes equa-

tion, the applicable form of which is
oo b () o) ooy

where the viscosity u is, in general, a function of radial position r' due to
its temperature dependence. For cooled gas flow downward, the viscosity
reduction near the wall and buoyancy forces produce an effect of flattening
the velocity profile as compared to the standard parabolic profile with
constant temperature. A sample velocity profile is calculated in Appendix A.
This deviation from the parabolic velocity profile is not expected to cause
significant changes in the aerosol production because the aerosol formation
and growth time constants are very much smaller than those associated with the
flow relaxation. Consequently, we assume the gas velocity profile is parabolic.

The relationship between axial position and effective residence time along a

streamline is simply

t' = 2 [2]
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Figure 1. Schematic diagram of cooling section. Gas temperature

and vapor mole fraction are uniform at z = 0.
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The energy and vapor conservation equations are

' ‘ AH
) - g [ 2 ) () st 8
e Be - Brghe (v )= - sytrn) (4]

where physical properties have been assumed constant at their values at ambient
temperature and pressure and where the rate of loss of vapor to aerosol forma-
tion and growth is represented as a homogeneous sink in Eq. [4] of magnitude

Sv(r',z‘). Axial conduction and diffusion have been neglected, an assumpotion

which is valid when Péclet numbers for both transport processes are much greater

than unity.
Boundary conditions for Egs. [3] and [4] are

(0 = T L]
x(r',0) = X [6]
T'(R,2') = T(2") 7]
x(R,z") = min {xg,xsat(T;(z'))} [8]
a0 v (5]
X =0 =0 [10]

where Té is the gas temperature at the entrance to the cooled section, Xo is the

mole fraction of vapor in the entering gas, T&(z') is the wall temperature,

and xSat

is the saturation vapor mole fraction.

The aerosol phase is described by a general dynamic equation for size dis-
tribution along each laminar streamline assuming no Brownian diffusion of par-
ticles. Aerosol coagulation has been nealected; this assumption is not always
valid but the effect of coagulation may be estimated later (Appendix B). The

aerosol phase is represented by the size distribution function n'(vir',z'),
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defined such that n'dv’'is the number of particles in the particle volume range
[v',v'+dv] at position (r',z'). The aerosol volume fraction ¢' is related to
the size distribution function by

¢' = _/. v'n' dv' [11]
y'¥

where v'* is the volume of the critical nucleus.

Considering nucleation and growth processes only, and representing resi-

dence time along a streamline by Eq. [2], the population balance on a stream-
line Teads to

an' 3 ' = i 'y
5t 57,(n I) = J'§(v'-v'*) [12]

where J' is the rate of homogeneous nucleation, and I(v,t') = dv'/dt',is the

rate of change of the volume of a particle of volume v' by vapor condensation,
the so-called growth law. The initial condition for Eq. [12] is

n'(v',0) = N;G(v'-vé*) [13]

where N; is the number density of seed aerosol of volume vé*. For conditions

of pure gas feed, N; = 0. The boundary value of the size distribution function

at v'=v'* is derived fromEq. [12], assuming that no particles exist smaller

than y'*,  Integrating Eq. [12] from v' = 0 to v' = v'*+dv', and assuming
n'(v') = 0 for v' < y'*,
v'*+dy'
g%,./~ n' dv' + nt(v'*edyv' ) I(vi*+dv!,t' ) = 3 (") [14]

o

The first term of Eq. [14] is the time rate of change of the differential num-

ber of particles in the size range [v'*,V'*+dv']. This term is well behaved and
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goes to zero as we take the limitdv'= 0, giving the boundary condition for n|
. Py JI tl) ‘
n'(vtet')= ‘ﬂvs*—,—{r’ [15]

Assuming that the Kelvin effect is negligible (Appendix C), the steady
state growth law I(v,t') along a streamline is expressible as a separable

function,

= et )v(v) [16]

where the function 6(t') describes the diffusional driving forces, and w(v)

relates growth rate to size.

Specification of the right-hand side of Eq. [16] requires a general
expression for the mass flux of vapor molecules to a particle of volume v'
over the range of particle sizes from the free molecule to continuum regimes.
The mass flux expressions considered in this work are discussed in Appendix
B. The specific form of Eq. [16] employed is

[= 8
2

= 200 & (x-x52%)kn"TF (Kkn) [17]
d

where the Knudsen number Kn = 2A/dp is related to particle volume by v'= (471/3))\3
kn™3 and F(Kn) is defined in Appendix D.

[« K

.tl

3.2 Dimensionless Form

To place the foregoing equations in dimensionless form we define

TI_TI TI'TI
We WoWe
T = T =
Tr-T' w1 -1T'
0w 0w
f f
X=X xsat--xw
X = f xsat _ f
XgoX, X _=X
f 0 Wg
—Q_t.... = ! =-g. -.z_. -1
t = R2 r=r'/R Le 5 z =3 (Pe)
2
- R” 1
&= D X_-X Sv
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X =X
B = .A_'i\i © : wf
ToTw
P f
v = 10—4-% cm um_l
5
YR™ 5
J = D J
n = yA3R3n'
N = yRIN! N, = yR3N;
¢ = IR%
v = v'x'3 Ve = vgk'3
- ] ‘3 = 1 "3
v* = y'*) vg vs A

2, aT 13 4Ty _

(-r) Z-lexgp(rip) = o - [1e]
2,3 1 3 XY _

()G -ror(rie)=-2 [19]

with boundary conditions,

T(r,0) =1 (20]
X(r,0) =1 [21]
T(1,2) = T (2) [22]
X(1,2) = min{1,X%35(T, (2))) [23]
q:0 r=o0 [24]
aX _ ]

—a'F =0 r=20 [25]

. The aerosol growth law, Eq. [17], becomes

d Kn

£ = A(X-X2E)kn® F(kn) [26]

-2

where A = (c/cd)(xo-xw )Y ©, the ratio of the characteristic time for radial

f‘
diffusion of vapor to the characteristic time for particle growth. The growth
Taw [26] can be integrated along a streamline to calculate the Knudsen number

of a particle at axial position z whose formation originated at z,
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Z
ey [[X(v‘-,&) - %% r,0)ldr =
l-r 2 )
Kn(r,z,2,Kn*)

f -dKn [27]
Kn* Kn3F(Kn)

Eq. [27] applies to the growth of seed aerosol as well as to the growth of
homogeneously formed nuclei.
Egs. [12],[13] and [15] are solved by the method of characteristics using

Eq. [17] for the growth law. The result, in dimensionless form, is

J(r,f‘(z,v )

)
n(r,z,v) = = —
4upalX(r,z (z,v))-xsat(r,z

(z,v))JKn™ (V)F(Kn(v))
+ NSG(v-vs(r,z)) [28]

where z is defined by Eq. [27], and Ve is determined from Eq. [27] with
2 = 0 and Kn* = Kn;.
The aerosol vapor sink function Svis calculated by substituting Eqs. [28]

and [11] into the relation connecting the vapor sink and the rate of change

of the aerosol volume fractiaﬁ,
c
= _d do'
Sv ¢ dt’ [29]

The dimensionless result is

& = an[X(r,2)-x**%(r,2)] {fzJ(.c)Kn'l(z,z)F(Kn(z,c)) E‘E—g
0

l-r

s Nsxn"(z,o)F(Kn(z,on} + f‘%ﬁ%’ o 30
AKn .

The first two terms on the right hand side of Eq. [30] represent vapor sinks

by the growth of homogeneously nucleated aerosol and seed particles. The
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third term accounts for the vapor loss due to the formation of critical nuclei
by homogeneous nucleation. This last term is generally negligible when com-

pared to the first two.

3.3 Solution of the Energy and Mass Conservation Equations
The solutions of the energy and mass conservation equations can be ex-

pressed in terms of a Green's function G(r,z;p,z) as

1 « z
T(r,z) = [ [G(r,Le 230,0) - f T () a_az’ G(r.Le z;p,Le c)di;]o(1~oz)do
0 0

z 1 ,
+Le'g J S oe(e.0)6(r.Le z50,Le £)dodz [31]
0 O

1 z
x(riz) = [ [ar,zi 0, 0) = 7 %, () 2 6(r.zsp,2)dz Jo(1-0%)do
0 0 .

z 1
- [ J o0(p.2)6(r,z;0,7) dpdz [32]

0O O

where

Sr.zi.c) =z wJ(r)wJ(o) . AJ(z z)

‘ 5 [33]
N
and wj are the eigenfunctions of the Sturm-Liouville problem,
Sr )+ A%r-rfyy = 0 [34]
LU r=0 [35]
p= 0 r=1 [36]
with the norm defined by
1 _
lwy 12 = S r(=r?)db(r) ar [37]

0
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For many practical conditions, such as that to be considered shortly in-
volving dibutyl phthalate, B << 1. Therefore, the latent heat released upon
vapor condensation is negligble when compared with convection and conduction,
and the last terms on the right hand side of Eqs. [18] and [31] may be neglec-
ted. The solution of the energy equation, Eq. [31], is then uncoupled from
that for the vapor conservation equation and can be evaluated directly from
Eq. [31]. The dimensionless vapor sink & is a function of both X and T and
thus Eq. [32] must be used iteratively to determine X. Once X and T have been
calculated over the volume of the tube, the nucleation rate can be determined
everywﬁere and used in Eqs. [27] and [28] to obtain the aerosol size distribu-
tion as a function of location.

The Green's function G(r,z;p,z) must be calculated over a suitably chosen
grid. Physically, G is the steady state solution to the diffusion equation in
the laminar flow tube with homogeneous boundary conditions for 2n units of
mass per unit time injected uniformly over the circle of radius p at axial posi-
tion z. This solution is not well behaved as p ~ 0. However, the expressions
in Eqs. [31] and [32] reéuire only the group pG. This well-behaved function
physically represents the 561ution to the same problem, but with an injection
of a unit mass per unit time per unit length of the circle at (p,z). It is

thus straightforward to compute the discrete form of pG numerically on a finite
grid by integrating Eqs. [18] and [19] with the point source initial condition
just described and homogeneous boundary conditions. Thus, the eigenfunctions
Wj need not be calculated.

An efficient method of evaluating Eqs. [31] and [32] is to integrate the

Green's function over the initial conditions at z = 0, stepping forward to
z =2. The solutions at z = z, are then used as the initial cpndition from
which the solutions are obtained at z = Z,. This process is continued down the

length of the tube, storing the temperature and mole fraction at all r and z.
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From this, the aerosol size distribution is obtained directly from Eq. [28]

The marching solutions are given by

Nr )
T(rneZmey) = Tulzgey) + D [Troz) = T (20 10,6 (rury)
371
Az
+e8(r .z ) =5 [38]
l-r
n
N
r 2
X(roazpg) = X, (20,) + :E [X(resz,) - Xw(zm+1)](1-rj)62(rn,rj)
3=
+a(r 2 ,0) 1”—2 | [39]
-7
n

where G1 and GZ are the finite-difference Green's function oG evaluated at
(rn,Le Az;rj,o) and (rn,Az;rj,O), respectively. Eqs. [38] and [39] require
iteration with Eq. [30] because & is an implicit function of X. As noted
earlier, when latent heating can be neglected, i.e. B << 1, no iteration is .

required to evaluate Eq. [38].
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3.4 Homogéneods‘NuéTeation Theories

The theory of the condenser requires an expression for the rate of forma-
tion of new particles by homogeneous nucleation, J'. Springer (18) has presented
a review of current theories of homogeneous nucleation. While there are many
modifications to the classical nucleation theory, only the Lothe-Pound theory
shows a significant numerical difference. Therefore, two theories will be em-
ployed here, the classical theory of homogeneous nucleation and the Lothe-Pound
theory. Both theories predict the formation rate of particles of critical nu-
cleus size from a steady state pre-embryo cluster distribution derived from free
energy considerations. Both theories include contributions from volume and sur-
face F}ee energies. The Lothe-Pound theory, in addition, includes transiational,
rotational and feplacement free energy contributions.

Both the classical and Lothe-Pound nucleation theories can be expressed as

J' = c*rN* [40]

 where c* is the rate of arrival and sticking of monomer, x is the Zeldovich
nonequilibrium factor, and N* is the concentration of critical nuclei. Table 2
shows a comparison of the expressions involved in the two theories. Although
the forms of the expressions for the nucleation rate are comparable, numerical
values of the rate for dibutyl phthalate differ by 20 orders of magnitude. The
difference in predicted nucleation rates for most monomer species between the
two theories is similarly dramatic. Although Springer (18) notes that some spe-
cies are better described by the classical theory, while others are better modeled
by the Lothe-Pound theory, no systematic basis is observed by which the more rele-
vant theory may be predicted a priori.

Table 3 compares numerical predictions of homogeneous nucleation rates by
the classical theory and the Lothe-Pound theory, for dibutyl phthalate over a range
of conditions typical in an aerosol generator. The Lothe-Pound theory consistently
predicts nucleation rates of 18 to 20 orders of magnitude higher than the

corresponding classical theory predictions.
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Table 3. Numerical Comparison of Nucleation Rates Predicted for
Dibutyl Phthalate by the Classical and Lothe-Pound Theories

x = 107> x = 1074
T, °C J', cm 3sec”! T,°C 3, en 3sec”!
Classical Lothe-Pound Classical Lothe-Pound

40 3x107] 75 1x107°
35 1x10° 70 ax10%
30 1x10710 4x10'0 65 2x10710 5x10' 0
25 6x1077 8x10'3 60 1x1075 1x10'°
20 5x10” 3x10'6 55 4x1072 1x10'8
50 2x10! 2x1020
45 3x10° 9x10%]

40 1x10° 2x10%3
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3.5 Calculation of Average Nucleation Rate

In the development we haQe followed, the local nucleation rate, J'(r',z'),
is determined from the local temperature and vapor mole fraction. The local
vapor mole fraction results from the solution of the vapor species conservation
equation and includes the effect of vapor depletion by homogeneous nucleation
(generally negligible) and by heterogeneous condensation of vapor on growing
particles. Thus, as vapor is depleted by condensation on growing particles,
the Tocal nucleation rate can be expected to decrease, neglecting, of course, the
effect of local temperature changes due to cooling.

There is, in fact, another effect that serves to decrease the local nuclea-
tion rate, one that has been elucidated by Pesthy et al. (19). There exist vapor
concentration and temperature profiles in the immediate vicinity of a growing par-
ticle that extend from the background values far from the particle's surface to
the values at the particle surface. Because of the vapor sink at the particle
surface and the heat released by condensation, the vapor concentration and tempera-
ture profiles around the particle are such that the nucleation rate in the imme-
diate vicinity of a particle is depressed below that existing at background condi-
tions (see Figure 2).

We note from Figure 2 that the mole fraction profile around a growing par-
ticle extends from the local background value Xp to the value at the particle
surface Xp - The local background value Xp is obtained from the solution of the
vapar species conservation equation. The sink term in that equation automati-
cally accounts for the mole fraction profile sketched in Figure 2. The nuclea-
tion rate predicted by the model in the present study is based on Xp rather than
on the detailed mole fraction profile around each particle. Thus, it is necessary
to assess the error inherent in approximating the actual spatially averaged nuclea-

tion rate by that evaluated at X - We now carry out such an assessment.
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Figure 2. Nucleation rate function and vapor mole fraction profiles
in the vicinity of a growing aerosol particle, exaggerated for

illustration.



20

The spatially averaged nucleation rate occurring in a spherical region
around a particle of radius gp out to a radius Eb when &b >> ip can be expressed

as (primes are dropped for convenience; all quantities are dimensional)

f axe? J(g) de [41]
4w€b

where J(&) is the homogeneous nucleation rate at radial position £ from the

particle center, where the vapor mole fraction and temperature are x(&) and T(E),

respectively. Eq. [41] can be rearranged as (19)

$=1-3% f R [42]

where J_ = J(gb) js the homogeneous nucleation rate at the background conditions.
For dilute systems the contribution of latent heat release at the particle

surface to AJ is small, and the dominant contribution to the integral of Eq. [42]

arises from the region where 52 is large but AJ is small. Thus, it is advanta-

geous to treat mole fraction x as the integration variable and express Eq. [41] as

- ex(gy
j = f J(x [:g3 dx ] dx [43]

X
p

The Jacobian of the transformation may be interpreted as a distribution function
of averaging volume in x-space. This distribution has a unit area if x = 0 within

the volume of the aerosol particle, yielding

£
i=f b)d(x)f(x)dx [44]

where
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-1
f(x) = [ag %] 0 < x < x(g) [45]

After particle growth affects the background mole fraction in an aerosol

system, the approximate mole fraction profile around a particle is (19)

]-Ep/i
X = xp + (xb-xp) T:2~7E£ gp <£< & [46]

p

This profile can be substituted into Eq. [45] and algebraically inverted to give

£, \3 £\
3 (—t (1- B -4
e |\ E £, | x-x ,
f(x) = xb ) b) [ - (1 p)_____pp:‘ U(x-xp)

b~ *p Ep | XpX

£ \3
+ 2 (EE) §(x) 0 <x < Xy _ [47]

where U is_the unit step fugction. A convenient averaging radius we will use is
w/Ep = 6'/3. (19)

The background concentration depends on the aerosol volume and macroscopic
parameters affecting diffusional loss of monomer. For example, if monomer is
depleted only by diffusion to growing particles, the background mole fraction
is approximately given by {19)

A A1/3
xp = xp + (x(0)-x)) (1 - ) [1-¢ 61/3] [48]
¢ L1-3/2¢
A
where xb(o) is the initial background mole fraction, ¢ is the aerosol volume
fraction, and ¢¢ is the ultimate aerosol volume fraction when all monomer has

been condensed. Eq. [48] is valid only after ¢ > (:;;1:/2)3/2

, SO0 that the initial
transients are not important and Xp < xb(O). If the monomer vapor is influenced
by other sources or sinks, then Eq. [48] does not apply, and Xp must be determined

by a species conservation equation as in the present case.
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The Tocal nucleation rate may be expanded in a Taylor series about a refer-

ence point given by the average mole fraction,
X = xf(x) dx [49]
0

to give

p3

Ix) = 3R + (3] (x-%) + %(é_‘zl) (x-%)2 + + .+ - [50]
. X -

Using Eqs. [44] and [50], we obtain

I(x) - I(R) = %(—-‘21) CgB) e [51]

Because the distribution f(x) is fairly sharp, the higher order terms of
Eq. [51] are negligible.

Defining

X
—2 = rbvzﬁlv\ v res21
= J A VA dn L~ |
"0

>

we obtain the difference (xz-iz) to lowest orders of ; as

— - A 2X
x% - %2 5-}; ct>2/3(xb—xp)2 [1 + 2¢1/3 (1 + ;—_5—)] [53]
b "p

ol

The variance, x _;2’ is always positive, and, for dilute systems, propor-

Fal
tional to ¢2/3.

Since all realistic models of homogeneous nucleation give
azd/ax2 > 0, Eq. [51] predicts that the true average nucleation rate always

exceeds the value of the nucleation rate evaluated at the average mole fraction.
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Substituting Eq. [53] into Eq. [51] gives

iR

2 R 2
J0xT & J(X) +-§-(3 J) (x,-X )2¢2/3 [1 + 2613 (1 WS’%_)} [54]
p
X

X

From Eqs.[46] and [49], we obtain

=X ~ X A
b ™ « _%_ ¢1/ [1+¢1/3] +—B 4 [55]
Eq. [50] may now be evaluated at Xy neglecting higher-order terms,

Jxg) ¥ IR) + (g—i)i(xb-xp)alﬁ [1+¢1/3J

2 2
+%(__%) (1gox.) 252/3 [1+¢1/3] (561
X
The average nucleation rate is now
TT 2 30x,) - 7 (F5). (xpxglet”? [1+¢”3]
: l(ﬁ) (x,-x ) 4{—"— ¢1/3] [57]
8 ax2 b p Xp

X

An order of magnitude analysis of the difference between J{x) and J(xb)
from Eq. [57] shows

=1-Lomoee!?) + (1)0<3>)0(;§-~$1/3) [581

CafCa
Pl Bad
o

¥

A
Since ¢ << 1 for dilute systems, the negative correction to J(xb) is at most a
few percent. Therefore, the foregoing analysis confirms the validity of approxi-

mating the average homogeneous nucleation rate as‘J(xb).
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3.6 Numerical Solution of the Governing Equations

Numerical calculations with the theoretical model are performed over a
regular grid of points in (r,z) space. The iteration scheme and grid spacings
in both coordinate directions are chosen to yield a reasonable solution accuracy.
The model incorporates greatly differing time scales, presenting a stiff set
of equations. The integral result of Eq. [27] allows the removal of some stiff-
ness. The model of Eqs. [38] and [39] may be discretized on a scale of Ar and Az
characteristic of vapor diffusion and heat conduction if Eqs. [28] and [30] are
properly discretized. The discrete solution to Eq. [12] using the characteristic
of Eq. [27] is the discrete aerosol distribution,

Az
e NS 1
- r‘n

J(rn,zi)

[59]

n(r ,z_,v(r ,z ,z.)) =
nm n"m 1
' [V(rn9zmszi)'V(rnszm9zi_1)]

i=1,2,....m

n=1,2,..., N

r
m=1,2,...5 NZ
1 i=1
§. . =
1.1 0 if#fl

and the discrete vapor sink, the finite-difference analog of Eq. [29], is

2
¢(T 4 )‘¢(r s Z ) (1-T )
- n’“m n’“m=1 n
§(rn’zm) N J\ Az

[60]

Eq. [59] is the sum of two distributions. The first term of the numerator repre-
sents the number of new particles per unit volume formed at interval z; on stream-
Tine o and the second term represents the monodisperse seed particle concentra-

tion, present since z;- Thus the total number concentration is
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m
- > Az
N(rnszm) = ZJ(rnszi) 2 + NS [61]
i=1 l-r
n
and the total volume fraction is
m
_ Az
o(rp»z,) = 2-: v(rn,zm,zi)J(Y‘ngZi) >
i=1 l-r
n
* N (r .z ) [62]

Note that the seed volume is only a special case of the general volume character=

ist‘ic, *

vs(rn,zm) = v(rn,zm,zl)

dg , =3 *
=5 Kn (rnszmszlsKnS) [63]

where Kn is solved from Eq. [27] after the left hand side of Eq. [27] is
numerically integrated. Egs. [27], [62] and [63] are combined with Eq. [60]

to calculate the vapor sink term in the discretized model.

Once the discrete model incorporating ¢ is calculated with Egs. [38] and
[39] and a modified regula falsi iteration scheme, the aerosol distribution,
number concentration and volume fraction are calculated with the discrete Egs.
[59], [61] and [62]. The discrete number distribution is partitioned by the
aerosol volume characteristic, v(rn,zm,zi), and is therefore resolved to an
accuracy dependent on the streamline location and the z-interval of the numeri-
cal grid.

Meaningfully accurate solutions to Eqs. [38] and [39] are achieved when the
difference in each dependent variable at consecutive z coordinates is small com-

pared to the magnitude of that variable. Sufficiently fine resolution of the
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aerosol distribution may require a still finer grid spacing in z. The region of
low velocity and regions of high vapor sink rate exhibit the lowest accuracy.

The appropriate choice of the z-step size may therefore depend on the boundary
conditions, the nucleation rate and the inlet seed concentration. The stream-
line Tocated one r-interval away from the wall has the lowest velocity and highest
cooling rate, and is therefore the most convenient determinant of the z-interval.
As such, the choice of the r-interval directly influences the choice of the z-
interval. This relationship is fundamentally illustrated by the nature of Egs.
[31] and [32]. With these equations, numerical integration requires a grid in
(r,2) %ine enough to accurately represent the integrands. The plume-like nature
of the diffusionalGreen's functionis in part responsible for the interrelationship
of the maximum r and z grid spacings.

The choice of the r-interval may be made first, determining the spatial reso-
lution of the model. Intuitively, a lower limit to the r-interval may be speci-
fied by the mean distance between the particles of concentration N, or Ar = N—1/3e
Since the total aerosol concentration cannot be known a priori, several simu1$tioﬁ5
with different Ar may be compared. It has been found from numerical solutions to
pipe flow in a 17.3 mm I.D. tube that Ar of 0.05 of the tube radius (0.43 mm) is
adequate for particle concentrations less than 109 cm'3. Values of Az used
ranged from 1.25 x 1()'4 to 5 x 10'4, This 1imit of particle concentration

includes all cases of negligible coagulation (Appendix B).
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3.7 Simulation of Dibutyl Phthalate Aerosol Formation and Growth

We now examine the pred%ctions of the theory developed above over a range
of conditions chosen to reflect those of a laminar flow aerosol generator con-
structed in our laboratory, and generally typical of such devices (5,6,8,10,11).
The variable having the greatest effect by far on the predicted behavior of the
system is the choice of homogeneous nucleation theory. We choose to study the
classical and Lothe-Pound nucleation theories because they predict greatly
differing nucleation rates. All simulations are based on dibutyl phthalate as
the condensable vapor. Table 4 shows the ranges of operating parameters used
in the simulations.

To perform the simulation for dibutyl phthalate the following properties

sat 11,497)
T

were selectd: saturation mole fraction function x = exp(21.497 -
(20,21), surface tension, Sppp = 33 - 0.8(T'-25°C) g sec:'2 (12), the ratio of
gaseous to liquid molar concentrations, c/cd = 0.011 (at 25°C), molecular
diffusivity, Dpgp = 0.0282 cmzsec‘(ZO,Zl), and the critical Knudsen number,
Kn*. The value of the Lewis number for this choice of Dpgp is Le = 7.74.
We also note that the axial Péclet numbers for mass and heat transfer, Pez,
based on tube diameter and a 3 2/min flow rate have values of 700 and 170,
respectively, validating the early assumption neglecting axial diffusion and
heat conduction relative to convection.

Figure 3 shows dimensionless radial temperature profiles at four dimension-
less axial distances. In all cases the wall temperature profile is taken as a
linear transition from Tw =1 to Tw = 0 over a distance of z = 0.008. The solu-
tion of the heat and mass transfer problems in the absence of aerosol formation
is shown in Figure 4. This solution is realistic only to the position z where
the first aerosol would form and begin to consume vapor by growth. At all points

downstream from that position, distortion of the plotted streamlines would be
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Table 4. Simulated Operating Conditions for the Cooled Laminar Flow Tube

Parameter Ranges and Conditions Comments
101°C < Té s 200°C Dewpoint = 101°C
Xo = 1x 10™% held constant
2x107° s x s 2x 107" T! = 150°C held constant
0 < Ne < 108 em3 Xy = 1x 1074 held tant
eld constan
T! = 150°C - °

Note: The simulations assume a cooling zone fabricated from a standard
3/4 in. tube of 0.035 in. wall thickness (R = 0.864 cm), a linear
wall temperature transition of 10 cm length, and a gas flow rate
of 3 &/min at 25°C. 1In all cases considered, TQf = 25°C.
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Figure 3. -Dimensionless temperature profile. Wall temperature

profile is a linear transition as depicted in the inset.
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3.8x 10°8..

Figure 4. Streamline trajectories in vapor composition-temperature
profile without nucleation. Isopleths of critical nucleation rate

indicated for the Lothe-Pound and classical nucleation theories.
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caused by the aerosol. Streém1ines at ten radial positions are plotted to
show temperature and vapor mole fraction as a function of z. The saturation
curve is shown in the x,T plane. Streamlines near the wall reach saturation
ratios greater than unity at the earliest axial positions. The highest sat-
uration ratios are achieved late along the center streamline. Consequently,
the isopieth of critical nucleation rate for the Lothe-Pound theory, lying
~ nearer to the saturation curve than that for the classical theory, predicts
aerosol formation to initijate near the wall. The classical theory predicts
aerosol formation much later, initially nearer the centerline and never near
the wall. By this late position, much of the monomer vapor is lost to wall
condensation. Low wall Tosses are predicted for the Lothe-Pound theory owing
to the insulating effect of particles forming early near the wall, whereas high
wall losses are predicted by the classical theory.

These predictions of a model solution without aerosol are not realistic
beyond the first appearance of aerosol, therefore the full simulations are now

described.

Classical Nucleation Theory

The temperature profile is unaffected by latent heating for B8 << 1, or
X =X
AHv 0. "W

C T -1
0 W.f:

<< 1. For dibutyl phthalate, and Té = 150°C, the above constraint
p

becomes x, < 0.05. The simulations lie well within this 1imit, and therefore
Figure 3 is the correct temperature profile.

Figure 5 shows the vapor mole fraction profile without seed particles at
nominal conditions used in Figure 4. The radial profile of aerosol volume
fraction shown in Figure 6 reveals that by z = 0.18, Tittle aerosol forms, and

that only in the central region. By that point, the aerosol represents only



32

z=0.04

Figure 5. Theoretical vapor mole fraction profiles for cooling

section with classical nucleation theory, no seed aerosol.
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Figure 6. Aerosol volume fraction predicted by classical nucleation

theory, without seed aerosol.
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11 percent of the initial dibutyl phthalate, while 75 percent of the initial
mass is lost to the wall by condensation. Figure 7 shows the cup-mixed average

volume distribution of aerosol at z = 0.18. The number average particle size

at z = 0.18 is 0.67 um. The number density at the centerline is 4 x 106 cm"3,

and the average number density across the tube is 7 x 105 cm'3. Very far
downstream the particles will grow Tlarger, but 80 percent of the vapor will
ultimately be lost to the wall.

The general characteristics of high wall loss of vapor and late nucleation
near the centerline are found for most operating conditions simulated with
classical nucleation theory. Significant nucleation occurs only when the
final wall temperature T&f is well below 25°C or initial mole fraction X5 is a

few percent. Neither of these extremes is typical for aerosol generators.



8 xlO5
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Figure 7. Cup-mixed average aerosol volume distribution

predicted by classical nucleation theory, without seed aerosol.

Area under the curves is total aerosol volume.
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3.7.2 Lothe-Pound Nucleation Theory

1. Effect of seed aerosol

The mole fraction profiles for nominal conditions with and without seed
aerosol are shown in Figure 8. The simulations with seed aerosol for Ng < 107

cm'3

produce mole fraction profiles and new aerosol similar to the case without
seed, with seed aerosol growth to approximately 0.28 um diameter. Homogeneous
nucleation without seed aerosol occurs as shown in Figure 9a. Nucleatjon rates

9 3 1

in excess of 10° cm “sec” ' occur initially near the wall. The zone of nuclea-

tion progresses toward the centerline while increasing in magnitude. Beyond

z= 0.03; the nucleation pulse rapidly decays. For seed aerosol of N;lg 107 cm'3,

homogeneous nucleation remains as significant as without seed. For N; = 108 cm"39
Figure 9b shows that the initial pulse near the wall is two orders of magnitude
smaller than without seed. The qualitative behavior of the nucleation zone down-
stream is similar but peaks at the centerline only late, z = 0.045, but with
magnitude comparable to the case without seed.

The differences between the nucleation rates in Figures 9a and 9b are
due to the presence of the seed aerosol. Before conditions of homogeneous
nucleation can exist, the saturation ratio of a region must rise well above
unity. Seed particles grow from the moment that the saturation ratio exceeds
unity. This growth causes a subtle difference in the vapor concentration,
producing a large negative effect on the homogeneous nucleation rate whose
arri&a] follows the onset of seed growth. Figure 8 shows the vapor mole fraction

profiles for N; = 0 and 108 cm3

, revealing the subtle difference discussed
above. Differences in the two simulations become more apparent for z = 0.03.

The simulation with seed aerosol results in Tower vapor concentrations due to
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Figure 8. Vapor mole fraction profiles predicted with Lothe-Pound

theory, with initial seed aerosol concentrations of 0 and 108 cm'3.
[ ] 1 — [} - “4
T0 = 150°C, Tw = 25°C, Xy = 10 7.

f
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Figure 9. Radial profiles of homogeneous nucleation rate predicted
by Lothe-Pound theory, with initial seed aerosol concentrations of

0 and 108 m™3. Same conditions as in Figure 8.
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vapor consumed by growing segd aerosol. For z > 0.03, a reversal occurs in
this trend. The reversal is seen first nearer the wall, then throughout. The
case without seed aerosol produced more particles due to the absence of the
seed aerosol and its accompanying quenching effect on homogeneous nucleation
by vapor consumption. Vapor is more quickly consumed by the high number of
homogeneously nucleated particles without seed present than by the combination of
the Tower homogeneously formed aerosol and seed aerosol. The peak in nucleation
rate along the center streamline occurs later with seed than without seed but
both peaks produce nucleation rates in excess of 1()10cm'3 sec'1. Without seed,
the pedk occurs just after z = 0.03, while the gentefline vapor concentration
is still within a few percent of its original value and the temperature has
dropped to about 34 percent of its original value. With seed, a similar nuclea-
tion rate occurs at a peak near z =(Q,045with only 26 percent of the original
vapor concentration, but with T = 0.15.

The radial distribution of volume fraction for the simulation with N; =0
is shown in Figure 10. The volume fraction corresponding to a parcel of inlet

6 3 3

vapor condensed to aerosol without diffusional losses is 1.1x10°um” ecm ~. For

r < 0.85 the aerosol volume fraction is well below 10° umJ cm-d, indicating
losses of vapor by outward diffusion from the core. The initial burst of nuclea-

tion at r 2 0.9 shows a volume fraction in excess of 106 um3 c;m'3

s because this
region of aerosol scavenged the vapor from the core region. The overall mass
balance reveals a net wall loss of monomer vapor of 16 percent of the initial
monomer mass flow at the tube inlet.

-

For the same simulation with seed aerosol of Né = 108 c:m'3

, the radial
distribution of volume fraction is shown in Figure 11. The contribution by
homogeneously nucleated aerosol is less but still dominant near the wall. By

z = (.06, some homogeneous aerosol is found in the core region, but the seed



40

15 ¢
10}
¢'x10°®
(e m®ecm®)
os L
0.02
00l
0 ‘ )
! r 0

Figure 10. Radial profiles of volume fraction for homogeneous
aerosol predicted by Lothe-Pound theory with no seed aerosol.

Same conditions as in Figure 8.
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Figure 11. Radial profiles of volume fraction for homogeneous
and seeded aerosol predicted by Lothe-Pound theory. Same

conditions as in Figure 8.
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aerosol dominates the core region. Due to the lesser influence of the aerosol
near the wall in shielding vapor from diffusing to the wall from the core region,
the net wall Toss is 20 percent of the initial monomer mass flow at the tube
inlet, slightly greater loss than in the case without seed aerosol.

Figure 12 shows the cup-mixed average volume distributions of aerosol at
z = 0.09, after the aerosol has ceased to evolve. The volume distribution is

3 3

shown for Né =108 em” . 107 em™ , and 0. The peaks near 0.1 um diameter are

the contributions by homogeneously nucleated aerosol, and the sharp peaks near
0.3 uym diameter are the seed aerosols. The seed concentration of 108 cm'3
appear§ to be a critical crossover point, a concentration beyond which new par- -
ticle formation yie]ds'to seed growth. The bimodal distribution of homogeneously
nucleated particles in the case of N; = 108 cm"3 arises from the mixing of aero-
sol near the wall with diameter near 0.1 um with aerosol formed later in the

core with diameter near 0.04 ym. The peaks due to seed aerosol are very narrow,
fairly monodisperse. The size dispersity of the seed aerosol is due only to~

the radial diffusion of vapor.

Another function of'interest is the vapor sink function which indicates the
magnitude of the aerosol grdwth process. Figures 13-15 show the sink function
for the same simulations described above. Figure 13 showé the case of no seed
aerosol. The sink function possesses a peak which propagates away from the
wall, proceeding down the length of the tube, until no further growth can occur.

7 3

For N; = 10" e¢m™~, Figure 14 shows similar peaks describing vapor depletion to

growing homogeneously nucleated aerosol, but with smaller peaks preceding the

3, the seed aerosol

large ones, due to seed aerosol growth. For N; = 108 cm
contribution clearly dominates the homogeneous aerosol contribution. At z =
0.04, the region near r = 0.50 shows the effect of a surge of new particles

nucleating as seen in Figure 9b. At z = (.045, the wave of new particles has
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Figure 12.

Cup-mixed average aerosol volume distributions predicted
by Lothe-Pound theory for initial seed aerosol concentrations of 0,
107 and 108 cm'3. Seed aerosol is illustrated by the truncated

peaks near dp = 0.3 um. Same conditions as in Figure 8.
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Figure 13. Vapor sink function predicted by Lothe-Pound theory with

no seed aerosol. Same conditions as in Figure 8.
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Figure 15. Vapor sink function predicted by Lothe-Pound theory with

initial seed aerosol concentration of 108 cm'3. Same conditions as

in Figure 8.
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reached the center, also seen in Figure 9b, and the sink function at the center-
line in Figure 15 actually exceeds the value from z = 0.04. By z > 0.045 all
activity is gradually slowing as vapor is consumed and new particles are no

longer forming.

2. Effect of Initial Temperature

A series of simulations without seed aerosol were performed with an initial
monomer vapor concentration of 10'4 and with Té varied from the dewpoint at
101°C to 200°C. In dimensionless coordinates, the temperature profile is that
given in Figure 3, valid for no latent heating.

Figure 16 shows the Lothe-Pound nucleation rate for three cases of differing
initial temperature. For higher initial temperatures, nucleation along core
streamlines occurs later, and at higher rates, than for Tow initial temperatures.
Two competing factors are responsible for the nucleation pulse that occurs along
a streamline. While conductive cooling gives rise to an increasing rate of
nucleation, depletion of monomer by diffusion to the wall and by the growth of
particles that formed earlier along the streamline leads to a decreasing rate
of nucleation. ({(For streamfines away from the immediate vicinity of the wall
the loss of monomer to growing particles is by far the predominant sink of vapor.)
The time required for the earliest particles to grow and deplete vapor suf-
ficiently to quench nucleation depends on the initial vapor concentration and
the initial nucleation rate. During this time, the maximum value of the nuclea-
tion.rate achieved depends on the rate of cooling along the streamline. In
Figure 16, the onset of nucleation occurs at comparable temperatures, but at
different cooling rates. The highest cooling rate, for Té = 200°C, produces
the highest nucleation rate before the growth of previously formed particles

sufficiently reduces the vapor concentraition to quench nucleation.
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Figure 16. Homogeneous nucleation function predicted by Lothe-

Pound theory for several values of inlet temperature. Xo = 10'4

and dewpoint is 101°C.
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The average aerosol volume fraction and wall loss in shown in Figure 17.
For higher Té, less aerosol forms near the wall, and tends to form later,
providing Tess insulation against vapor diffusion to the wall, resulting in
more wall loss. Figures 18 and 19 show the average number concentration and
number-average diameter of aerosol. For Té less than approximately 170°C, the
dashed lines indicate the average number and diameter not counting the thin
1ayer of fine particles formed by the first pulse of nucleation near the wall.
The smooth trend of N an%‘E; given with the dashed lines shows the effects of
the cooling rate on the aerosol formed on the main core streamlines. For
Té % 150°C, coagulation may be significant and tend to decrease the number and

increase the average diameter.

3. Effect of Initial Mole Fraction

Figure 20 shows the monomer mole fraction profiles for three simulations
of varying X with Té = 150°C, and N; = 0. Figure 20a precedes aerosol
formation because of the.low vapor concentration. This contrasts to Figures
20b and c with higher vapor. concentrations and marked depression of the con-
centration profiles due to aerosol growth.

Figure 21 shows the Lothe-Pound nucleation function in these simulations.
The dilute cases nucleate aerosol late in the axial coordinate, and primarily
near the centerline. In the more concentrated vapor situations the high
nucleation rate region shifts to the vicinity of the wall. In the dilute
case, the region of nucleation is 1imited by diffusion of vapor to the wall.
However, high nucleation rates are achieved in the tube core through the
competing effects of much cooling and vapor loss. The cooling rate is small,

with an associated slow rise in nucleation rate, but particle growth in the
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Figure 17. Overall mass balance on condensing species and aerosol
volume fraction predicted with Lothe-Pound theory as a function of

inlet temperature with no seed aerosol. Same conditions as in

Figure 16.
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Figure 18. Cup-mixed average total number concentration of
homogeneous aerosol predicted with Lothe-Pound theory with
no seed aerosol. Dashed 1ine shows average neglecting wall

layer of aerosol, r > 0.9. Same conditions as in Figure 16.
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Figure 19. Cup-mixed number average homogeneous aerosol diameter
predicted with Lothe-Pound theory with no seed aerosol. Dashed
Tine shows average neglecting wall layer of aerosol, r > 0.9.

Same conditions as in Figure 16.
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Figure 20. Vapor mole fraction profiles without seed aerosol
predicted with Lothe-Pound nucleation theory for several initial

values of mole frection. Té = 150°C.
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Figure 21. Profiles of homogeneous nucleation rate predicted by
Lothe-Pound theory without seed aerosol, for several values of

initial mole fraction. Same conditions as in Figure 20.
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dilute vapor is slow enough to yield a relatively small vapor loss until much
farther downstream. Therefore initially dilute vapor yields a longer nuclea-
tion pulse than initially higher vapor concentrations.

The resulting average number concentration of these simulations is shown
in Figure 22. The general decreasing trend in N' as X increases is due to
the greater vapor sink and consequential nucleation gquenching for increasing Xo*
The low deviation on the left side of Figure 22 is due to the absence of
particle generation near the wall.

Figure 23 shows the average volume distributions of these simulations.
While the total number was highest for the most dilute case, the volume fraction
and average particle size are much less for that case. A systematic increase
in both volume and average diameter is seen with increasing X In the more
concentrated vapor simulations, the aerosol in the wall region begins to show
volume in a region of smaller particles, skewing the volume distribution for
those cases. The critical nucleus sjze is indicated on the figure.

The aerosol in the wall region is responsible for shielding the flow
stream from vapor Toss to the wall. Therefore the simulations for Xo % 10"'4
yield Tow wall 1os§es, as shown in Figure 24. Below the transition point, the

wall losses appear to depend linearly on the initial vapor concentration.
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Figure 22. Cup-mixed average homogeneous aerosol number concen-
tration without seed aerosol, predicted by Lothe-Pound theory.

Same conditions as in Figure 20.
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Figure 23. Cup-mixed average homogeneous aerosol volume distri-
butions for several values of initial mole fraction, with no seed
aerosol. Diameter of critical nucleus is indicated. Same

conditions as in Figure 20.
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Figure 24. Overall mass balance on condensing species for
Lothe-Pound theory, with no seed aerosol. Same conditions

as in Figure 20.
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Chapter 4
EXPERIMENTAL APPARATUS AND TECHNIQUE
The experimental system was designed to generate aerosol continuously
in a well-characterized flow. In the basic configuration, a fully developed
Taminar pipe flow of a well mixed, isothermal, undersaturated condensable
vapor is cooled by a sudden drop in wall temperature. Dibutyl phthalate
was chosen as the condensing species because of its high boiling point, Tow
diffusivity, and its common use in aerosol generators.

4.1 ‘Laminar Flow Aerosol Generator

The laminar flow aerosol generator is illustrated in Figure 25. The
laminar flow section is a 118 cm long stainless steel (type 316) tube with
an inside diameter of 1.73 cm (3/4" 0.D. x 0.035" wall). The aerosol gen-
erator is vertical wifh the heated inlet at the top in order to minimize
buoyancy induced secondary flows. An aluminum honeycomb flow straightener
is inserted about 10 cm from the entrance to the pipe. The hydrodynamic
entry length is Tess than a few centimeters at the Reynolds numbers of inter;~
est (Re < 250), corresponding to flow rates of under 3 standard liters per
minute. The upper end of the flow tube is wrapped with a heating tape and
fiberglass pipe insulation (8.9 cm 0.D.). Variable spacing of the heating
tape, illustrated in Figure 26, was used to achieve a uniform wall tempera-
ture. Electrically insulated Chromel-Alumel thermocouples were cemented
(Sauereisen No. 33 high-temperature cement) onto the outer surface of the
tube at positions illustrated in Figure 26 to facilitate wall temperature
profile measurement. At the maximum design flow rate of 3 2/min the dimen-

sionless length of the hot zone, z defined by Eq. [18], is
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. 65cm _0.0282 en’ sec”!
0.864 cm 2(0.864 cm)(21 cm sec"l)

= (.059

This length is adequate to reduce any thermal nonuniformities to less than
10 percent of their initial value. Thermal damping is greater at lower
flow rates. As illustrated in Figure 27, flow tube cooling is achieved

by a water jacket extending from z' = 10 cm to z' = 40 cm. This proVides

a uniform wall temperature of 25°C and removes most of the heat load of the
gas stream.

'Figure 25 also shows the auxiliary equipment which is necessary for
the operation of the aerosol Qenerator. This 1nc1udés the vapor source,
wall condensation separator, and sample dilutor,

The wall condensation separator is a 0.3 cm gap in the wall 5 cm below
the end of the water jacket. As shown in Figure 27, the gap has edges at
45°C and is blocked to prevent gas flow. The sample dilutor is a porous
stainless steel tube (1.9 cm I.D. x 15 cm, 10 um pore size) with an exter-
nal jacket to deliver metered air flow. For flow rates and dilution ratios
of interest, the flow is laminar throughout the dilutor. A 15 cm length of
Tygon tube (1.9 cm I.D.) connects the dilutor to the cascade impactor. A
0.64 cm hole in the side of the tube permits venting of sample flow for
sampling a constant aerosol source at various flow rates.

The vapor source is a heated reservoir with constant surface area as
illustrated in Figure 25. The laboratory air supply is regulated by a pres-
sure reqgulator (Matheson 3473) and filtered (Gelman i2501—1, 0.45 um pore
size). The flow is metered and delivered to the evaporator oven with stand-

ard 1/4" copper tubing. Pure air, preheated in a 200 cm coiled tube, is
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delivered to a 250 ml Erlenmeyer flask containing approximately 75 ml dibutyl
phthalate. The flask is sealed with an aluminum head clamped with a greased
Neoprene o-ring. In addition to inlet and outlet ports, a 0.48 cm sealed
glass-tube thermocoupled well is mounted in the head, to facilitate tempera-
ture measurement at the liquid-gas interface. The evaporation rate was
determined gravimetrically. AThe mass loss from the evaporation flask was
determined after an extended period of operation, typically 10 hours. The
measured vaporization rates of dibutyl phthalate are summarized in Table 5.
If tﬁe mass transfer coefficient is a function of only the flow rate of the
carrier gas, the evaporation rate may be assumed to be proportional to the
saturation pressure at the interfacial temperature. For temperatures Tess
than 120°C, the outlet vapor concentration was 45t5 percent of the satura-
tion concentration.

Parameters which influence the operation of the aerosol generator
include: air flow rate, vapor concentration and wall temperature profile.
Typical wall temperatuﬁe profiles at steady state, achieved after about three
hours of operation, are 111ustrated in Figure 28. The hot zone temperature
is very uniform for relatively low operating temperatures. The variation in
temperature increases as the wall temperature is increased. The character-
istic hot-zone temperature was defined as that measured at z' = - 20 cm.

4.2 Aerosol Measurements

The primary instrument used to analyze aerosol generated in the laminar
flow aerosol generator was the Sierra Instruments Model 268-K1 single jet
cascade impactor. The characteristics of this instrument have been exten-

sively studied, e.g., by Rao and Whitby.(22) This impactor has eight stages
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Table 5, Evaporator Outlet Concentrations

T interface X /xSat
(°C) °
200 0.65
180 0.65
118 0.45

100 0.51
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and a final filter. The collection efficiency curves are sufficiently sharp
to allow nearly compiete separation of particles which differ by 0.1 log
units in diameter. The stages of the impactor are selected to give 50 per-
cent cut-off diameters (dSO) separated by approximately 0.3 log units, as
illustrated in Figure 29. Collection times were chosen to obtain impactor
samples sufficiently large (approximately 1 mg) for weighing, yet small
enough to avoid overloading the collection surfaces. Impactor plates were
weighed on a Mettler Micro Balance (accuracy of approx. + 0.005 mg, tare wt.
approx. 130 mg).

Because the size cuts are sharp, size resolution better than 0.3 Tog
units may be achieved by collecting several samples from a constant aerosol
source with the impactor operating at several different flow rates and then
suitably differencing the resulting sample masses. The dilution air flow
rate was varied in order to alter the impactor size cuts. Errors of a few
percent in the sampling times caused proportional deviations in the total
collected mass of each run. The fractional distributions of mass on the col-
lection plates, however, are independent of sampling time. The average total
mass is used to renormalize the data, and thereby remove the errors of sampling
time on the shape of the measured size distribution function. The next step
is to form a cumulative mass distribution function, based on fraction of
total mass, from each of the impactor runs. A sample of such a cumulative
distribution function from actual data is shown in Figure 30a. The data
should Tie on a monotonically increasing curve. Occasionally, a small incon-
sistency may arise in the data, such as the point at 1.0 um on Figure 30a.

A11 impactor data for a given constant aerosol source describe, in principle,
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(b)Particle volume distribution from cumulative distribution of (a).
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the same cumulative distribution, as in Figure 30a. Consecutive points on
this distribution are differenced and a histogram of volume distribution is
constructed, as shown in Figure 30b.

In addition to the cascade impactor, a Condensation Nuclei Counter
(Environment One Corporation, Model E-1033a-0016) was used to measure total

number concentration of aerosol and check consistency of the impactor data.
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Chapter 5
EXPERIMENTAL RESULTS

The Sierra impactor was used to measure particle volume distributions
for a number of operating conditions, i.e., hot zone temperature, injtial
mole fraction and volumetric flow rate. Due to the large particles genera-
ted by this apparatus (d > 1 pm), sizing by optical particle counter or
electrical mobility analyzer was not possible.

Figure 31 shows volume distributions measured at constant initial vapor
mole -fraction, Xg = 1x 10'4, a constant flow rate of 2.9 &/min, for various
hot zone temperatures. For Té Tess than approximately 210°C, the mean par-
ticle size is about 2 um diameter. Within that range of Té, a slight varia-
tion is detected in the shape of the distribution. The volume distributions
are reproducible to within 20 percent deviation for all size ranges. The
distribution at Té = 162°C is reproducibly though not greatly shifted to
the left of the distributions at either Té = 128°C or 193°C. For hot zone
temperatures above 210°C, the mean particle diameter shifts significantly
toward smaller diameter. One anomalous channel appears in Figure 31 just
above 1 ym diameter. This cﬁannel shows a consistent spike, an artifact
of having chosen too small an interval (0.05 log units) for adequate particle
separation. The volume indicated in this interval probably belongs to one
or both of its neighboring intervals. Data collected with cutoff diameters
selected as in Figure 30, with intervals not less than 0.1 log units wide,
do not indicate any spurious channels. The data in Figure 31 were collec-
ted entirely on impactor stages numbered 4, 5, 6 and 7, with no aerosol of
smaller diameter appearing on the afterfilter (Millipore FALP04700, 47 mm

diameter, 1 um nominal pore size). The number average particle diameter
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is shown in Figure 32 for the same data is shown in Figure 31 plus a dupli-
cate run at 209°C. At hot zone temperatures between the dewpoint (101°C)
and 200°C, the mean particle diameter was 2.0 um. The average diameter
steadily decreases with increasing temperature above 200°C. The predicted
average diameter is an order of magnitude less than observed.

The dependence of aerosol volume fraction on the hot zone temperature
at constant initial vapor mole fraction is plotted in Figure 33. The vol-

4

ume fraction of aerosol for the initial condition of x0 =1 x 107" which

would result if no vapor were lost by diffusion to the walls is 1.1 x 106
um3 cm'3, illustrated by the broken line. The total aerosol volume concen-
tration varies from 60 to 90 percent of that value. The theoretical predic-
tion (indicated by the solid curve) is approximately fhe same magnitude as
observed. In contrast to the data, the predicted volume concentration de-
creases with increasing temperature. The higher-temperature data may reflect
some influences of incomplete cooling and growth occurring for higher initial
temperatures, possibly resulting in some collection of vapor directly by the
impactor. The theory, however, predicts that approximately ten percent of the
initial vapor remains uncondensed at the entrance to the dilutor. Figure 34
shows the theoretically predicted profiles of uncondensed vapor mole fraction
for several values of the hot zone temperature.

The theory predicts an average particle concentration of about 109
cm'3 at submicron mean diameter, with most of the initial vapor converted
to aerosol. The data show a similar fraction vapor converted to aerosol,
but an average diameter ten times greater, and an average number concentra-
tion of only 105 cm"3. Theory also predicts that if the concentration of

8 3

particles were much less than the simulated 10° cm™ in the wall
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region of the flow, less than ten percent of the initial vapor would be

found as aerosol. Wall losses of Vapor would then account for the greater
portion of the initial vapor. It appears, therefore, that the observed
aerosol characteristics must be due to some significant coagulation effects

in either the flow tube system or the Sierra impactor, or both, although
Brownian coagulation has been shown to be insignificant (Appendix B). Coagu-
Tation could not be important very early in the cooled section of the tube

or the lack of a dense layer of particles of 108 c:m"3 concentration along

the wall would result in increased wall condensation. The vapor-consuming
effect of this cloud must prevail for most of the length of the cool zone,
while vapor in the tube core condenses onto particles. The effects of thermo-
phoretic diffusion have been calculated by the method of Hirschfelder, et al.,
(29), and have been shown to be negligible (Appendix E).

Figures 35a and b show experimentally measured aerosol volume distribu-
tions at different initial mole fractions. Figure 35b is plotted on 102
smaller vertical scale than Figure 35a, showing a 100-fold decrease in aero-
sol volume for a ten-fold decrease in initial mole fraction. In Figure 36,
total aerosol volume fraction is normalized by initial mole fraction equiva-
lent to show the fraction of inlet mass converted to aerosol, at constant
hot zone temperature. The data fall generally above the theoretical predic-
tion, but have the same general trend with initial mole fraction.

Figure 37 shows aerosol volume distributions collected at nominal flow
rate of 2.9 &/min, and 1.5 &/min. The distributions are similar in form,
but the aerosol volume fraction from the 1.5 2/min experiment is smaller.

The average diameter is only slightly less for the aerosol from the case of
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Tower flow rate. This is consistent with the model prediction of greater
vapor lossesdue to fewer particles created by the lower cooling rate at
the Tower flow rate.

As a consistency check of the cascade impactor data, the Condensation
Nuclei Counter (CNC) was used to measure total aerosol number concentration
at several nominal operating conditions. The CNC measured number concentra-
tions of the same order of magnitude as those of the impactor, with a typical
negative deviation of about a factor of two or three. This deviation is

1ikely to be due to the losses of aerosol in the sampling tube of the CNC.
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Chapter 6
DISCUSSION AND CONCLUSIONS

Partial agreement is shown between experimental data and theory incor-
porating the Lothe-Pound nucleation model. The overall mass balance on the
dibutyl phthalate shows fair agreement between experiment and theory, but
the outflowing aerosol mean particle diameter is underpredicted by theory
by an order of magnitude, with a corresponding overprediction of number con-
centration by four orders of magnitude. The discrepancy cannot be explained
by Brownian coagulation effects (Appendix B) or by thermophoretic diffusional
effects (Appendix E).

The model prediction of aerosol size and number concentration at the
cooling site within the tube is well supported by the experimental data on
the overall mass balance of dibuty! phthalate. The only mechanism which can
be responsible for the low wall losses observed is the large sink of vapor
near the wall. This sink is adequate to account for the mass balance data
only if the particle concentration in the vicinity of the wall exceeds 108
cm'3. Therefore, simulations with a different nucleation theory, giving
lower nucleation rates and agreement with the observed output average aero-
sol number concentration, will predict very high wall losses of vapor. Also,
because vapor losses to the wall and particle growth are diffusional proc-
esses competing for available vapor, uncertainty in the mass diffusivity
could not account for observed particle volumes which are four orders of
magnitude greater than the predicted particle volumes. A reduction in the
mass diffusivity of 20 percent, for example, has the following effects on

the model predictions: (i) diffusional vapor loss decreases relative to
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conductive cooling, increaging the nucleation rate and producing an order
of magnitude increase in the aerosol number concentration near the wall;
(ii) the loss of vapor to the wall is reduced from 16 percent to 9 percent
due to the greater sink of vapor near the wall; (iii) the average particle
diameter is reduced from 0.06 um to 0.04 um. In comparison, increasing the
mass diffusivity parameter results in a smaller number of larger particles.
At the same time the aerosol volume fraction decreases due to increased
wall Tosses of vapor. An adjustment in the mean free path parameter affects
only ‘the particle diameter at which the slower, kinetic-1imiting growth
rate undergoes transition to the faster, diffusion-controlled growth law
where most dibutyl phthalate particle growth occurs. A ten percent correc-
tion to the mean free path in the model causes the ultimate aerosol mean
diameter to change about ten percent.

The discrepancies described above have not been resolved with the ex-
periments on dibutyl phthalate. While the accuracy of the Lothe-Pound
nucleation theory is well supported by the mass balance data, some unknown
process may be occurring downstream of the initial nucleation zone. The
dibutyl phthalate could be partially oxydizing or polymerizing in the hot
zone, although such observations have not been reported in the literature.
Nitrogen or other inert carrier gases may be used to prevent oxidation.
Other esters have been used for studies in condensation aerosol generators
(dioctyl phthalate (16), diethylhexylsebacate (23)), and organic acids
(octenoic acid (6), linolenic acid (9)). These substances may be studied
in the laminar flow aerosol generator. Other high boiling point organic

solvents (24) are potentially suitable for this study: terpineol, B.P. =
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220°C, melting point 40°C, tetrahydronaphthalene, B.P. = 208°C, buty]
carbitol, B.P. = 231°C.

In understanding the unexplained discrepancies between theory and experi-
mental observations of dibutyl phthalate aerosol, it would be advantageous
to observe and characterize aerosol as it forms within the laminar flow
aerosol generator. Viewing windows may be added to the tube walls to facili-
tate optical particle measurements on freshly nucleated aerosol, particles
still small enough in diameter for optical characterization. Upgrading the
vapor source to provide a more uniform eVaporation rate would 1mproVe the
constancy of the particle generator. A heated oil bath around the evaporator
flask and air preheater coils, set within the electric furnace, would increase
the heat capacity of the flask assembly and permit thermostatic control of

the furnace.
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APPENDIX A. BUOYANCY EFFECTS ON THE VELOCITY PROFILE

In the worst-case evaluation of the velocity profile, buoyancy is more
important than the inconstant viscosity. Therefore we will assume a
constant viscosity and transform Equation [1] to dimensionless variables
using the transformed variables and coordinates introduced in section 3.2,

and others given below. The dimensionless equation for velocity v(r) is

<. L 3p_ 13 [ av(r) _Gr =
0= -55c5 " 777 {} 51 :} ~7xe (T-T) [A.1]

with boundary conditions

vir) =0 r=1
av(r) _ _
T—O r=20

and dimensionless quantities defined by

p=(p'- pg)/péVz
v(r) = vz/'g
Re = 2Rp§V/u
= D
Sc u/pg
Gr =

3 2 § ] § 2
(2R)7pq g(TO-wa)/Tou
By neglecting inertial terms we will assume that the pressure gradient

depends only on z and the velocity depends only on r. Also, the pressure

gradient is chosen such that

1
2 Svir)rdr = 1 [A.2]
0
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Equation [A.1] may be integrated to give

1 1 P
vir) =2(1 - r®)| 1 - 7%[\"[% fT(r"')r"'dr'"dr"dr'
0 r 0
1 r'
+ —I%f _3"..' fT(r" )Y‘"dr‘"dr" [A°3]
r 0

For a worst-case calculation with buoyancy, we choose to represent T(r)

as the lowest-order polynomial satisfying

T =0 r = 1
T = 1
= 0
3T _ r
=0
We choose
T =1- rz [A.4]
and calculate v(r) from Equation [A.3],
vir) = 2(1 - rz)[l - 3_(83-&@ (1 - 3r2)] [A.5]

For sample operating parameters of Té = 150°C with flowrate of 3 2/min,

4

we find Re = 230, Gr = 5.6 x 10" and the velocity profile is

v(r) = 2(1 - r9) {1 - 0.63(1 - 3r2)] [A.6]

Figure A.1 shows the velocity profile of Eq. [A.6] and compares it to the
standard parabolic velocity profile. The conditions chosen for this calcu-
lation correspond to an early stage of cooling, where diffusional and
aerosol processes have reached only half the distance from the wall to the
centerline of the tube. The prarbolic velocity profile is sufficiently

accurate for the purpose of modeling the aerosol production of the system.
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Figure A.1 Velocity profile in cooled tube. Profiles are

shown for: — — — No buoyancy forces, and Buoyancy

2

induced by temperature profile of T = 1-r® with Té = 150°C,

T& = 25°C, flow rate = 3 &/min and Gr/Re = 243.
f
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APPENDIX B. THE EFFECT OF COAGULATION

The maximum effect of coagulation on the number concentration of aerosol
can be estimated by assuming that all the aerosol that will form along a stream-
line forms suddenly at one point. This assumption permits a maximum coagula-
tion rate to apply for the maximum time for a streamline parcel of gas.

We desire to estimate a maximum particle number density that can proceed
along a streamline for an axial distance of z = 0.05, at some radial position r,
and not decrease in number by more than half. The coagulation coefficient may
be taken as constant and independent of particle size, because the local particle
distribution along a given streamline is predicted by the simulations to be
fairly monodisperse. For pértic1es of order 0.1 um diameter, the coagulation
coefficient is approximately K = 1.5x10"10 em® sec”! (25). The time needed to

reach half of the initial number density is given by (25),

2
i KNO

t, = = [B.1]

Time along a flowing streamline in laminar tube flow is given by

o ROz
t'= 3 : [B.2]
Combining Eqs. [B.1] and [B.2] at z = 0.05 gives
Né - 40D (],rz) [ .3]

Table B.1 shows the number density on various streamlines at which coagulation
becomes important for 0.1 um diameter particles after z = 0.05 beyond particle
formation. Even for the streamline nearest the wall in the numerical simulations,
a particle number density of 109 cm'3 may be taken approximately constant and

unaffected by coagulation.
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Table B.1 Limiting Number Density at Several Radial Positions

3 “'3
r No’ cm
0 1x10%0
9
0.50 7x10
0.80 3x10°
0.90 2x10°
9

0.95 1x10
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APPENDIX C. THE ROLE OF THE KELVIN EFFECT
The driving force for the growth law of Eq. [17] including the Kelvin
effect is

(d */dp - 1)]

= p
X = Xy = X E] -5 [c.1]

The Kelvin effect is negligible when the term in the square brackets of Eq. [C.1]
is of order unity. If the size distribution of an aerosol Ties well above the
particle diameter at which the Kelvin effect is important, then the entire growth
process of most particles can be adequately modeled without the Kelvin effect.

The condition at which the Kelvin effect is unimportant is given by the relation

(d;*/d; - 1)

S << 1 [c.2]

If we choose a cutoff condition of 0.2 for the numerical value of Eq. [C.2] at
which we define, d;, a transition diameter above which the Kelvin effect is
negligible, we can calculate the dependence of d; on the saturation ratio.

Table C.1 shows this dependence for A =5.O4x10“6 cm and Kn* = 10. Through

the entire radial cross section, the saturation ratio in the region of homogeneous
nucleation (Lothe-Pound theory) is greater than 15, for Xo = Tx10'4° The distri-
bution resu]tiﬁg from the simulation, shown in Figure 12, indicates that virtually
all of the aerosol is much larger in diameter than the transition diameters

given in Table C.1. This shows that the Kelvin effect is negligible for that
case. Figure 19 shows average diameters sufficiently above the transition
diameter for other initial temperatures, and Figure 23 shows the same relation-

ship for all values of initial vapor mole fraction.
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Table C.1. Transition Diameter for the Kelvin Effect

t, 1. t
S dp/dp dp’ um
45 1.73 0.0059
30 1.90 0.0065

15 2.46 0.0084
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APPENDIX D. PARTICLE MASS FLUX EXPRESSION

The growth law expression of Eq. [17] arises from considering the mass
balance on a growing particle of volume v' with mass flux Jms
dv'

) ) -
M. i g ° dme | [D.1]

where M_i and cq are the molecular weight and molecular density of the condensing .

species. We rewrite Eq. [D.1]as

: - 2
dv' c (2N (BN 7 %m [0.2]
a - "B AP\ ) )
d 3 ,
where Ei is the evaporation coefficient, ¢ is the molar density of the gas phase,
C. is the mean molecular speed of the condensing species, and Jk is the mass flux

j
obtained from kinetic theory, given by

.1 - |
Jk = 4E1‘Mi CxE, , [D.3]

Next, we obtain an expression for the ratio Jm/Jk.
Davis and co-workers (26,27 ) have shown that a modified form of the Sitarski-
Nowakowski mass flux equation is accurate for Targe molecular weight ratio Z =

Mi/M; (20),

38, (1+Z)2
KHI+WKH
T LI
B, e (1 20) o1 + 712 :}
{:§ET%*1‘27' [ eI ] n + 532y

where j refers to the carrier gas, and the Knudsen number is defined Kn = Zki/dp.

[D.4]

.lﬁ
Je

The mean free path of species i is (28)
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1 . ~ 2 a 2 H
7, = TR+ Ao+ 2) ] [D.5]

and Be is related to the evaporation coefficient Ei by Be = Ei/(Z - Ei)‘

*
Q§§’1) is the tabulated collision integral for molecular diffusion (29). The
number concentrations of the gaseous species are given by ﬁi and ﬁj. At 125°C
2

for dibutyl phthalate, Eq. [D.5] gives Apgp = 1.18 x 107° um.

The flux relation Eq. [D.4] fails to converge to the kinetic limit for
Kn > 0.5. For numerical computations, the Fuchs-Sutugin formulation of the
flux expression (20)

Im _ 1.333 Kn(1 + Kn)
Je 1+ 1.71 Kn + 1.333 Kn2

[D.6]

yields proper limits for Kn >> 1 and Kn << 1 and approximates Eq. [D.4]
provided that we choose Ai =13D/Ei. For an evaporation coefficient of unity,
Figure D.1 compares the flux expressions at 125°C for dibutyl phthalate in air.
We see that X = 5.04 x 10"=2 um in Eq. [D.6] provides a good expression for the
growth law over the whole range of Knudsen numbers.

Equation [D.6] is used.in Eq. [D.2] to calculate the growth rate, yielding
Eq. [17] with F defined by

F(kn) = 1+ Kn [D.7]

1+ 1.71 Kn + 1.333 Kn®

with. the Knudsen number defined with A = 5.04 x 1072 ym.
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Figure D.1 Particle growth mass flux for dibutyl phthalate

at 125°C normalized by flux obtained from kinetic theory.

Shown are: Modified Sitarski-Nowakowski expression with
A =1.18 x 1072 ym (Eq. [D.4]), and — — — Fuchs-Sutugin

interpolation formula with A = 5.04 x 10”2 un (Eq. [D.6])
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APPENDIX E. THE EFFECT OF THERMAL DIFFUSION
Following Hirschfelder (29), the thermal diffusion coefficient, first-
order approximation from kinetic theory, is

(1), _<(2)
XX SPHIXg=5V T x
[k, = 6[A1 R in 2 (61, - 5) [£.1]

1241

where the subscripted square brackets denote first-order approximations

and
() M Dhply s (Mz Ml) 1 (E.2]
My Dydy ML M
{(2) _ Moty [hg0]y 6 (MlaMZ) . (E.3]
M TR AT, | T

and the thermal conductivity in cal emd sec™! ekl for pure component is

(2,1 x 107 = 1989.1

oial 820 (1)

L]

R
15 g 7
7T'M1 [”i]1 x 10 [E.4]

with [=] A and

- kT
e - K [E.5]

For the binary mixture,
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- 25 V(m1+m22wkT§2m1m2 (% k)
1271 ~ 32 2.2)%
1°912 (T3)

I
7k [Zmlmz] [ni2]y LE.6]

i

with

kT
T*, = — [E.7]
12 €1

1[2M ST/ (M HM,)
7 Ma

12 5 (Tiz)

The functions A*B* and C* are of order unity and are functions of

T{Z through tabulated collision integrals,
o(2,2)%
* =
W TR e
(1,2)*_,,(1,3)*
_ 50 -40
o(1,2)*
* =
In Equation [E.1], the functions X, and Y, are
. A A
x% 2x1x2 xg E.12]
X, = + + .12
oDyl Dl Dol
2 2
X L 2X 4 X X
-1 (1) 172 (Y) 2_ ,(2)
R T 7 T 1 .
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with
(1) _ 4 1 (12 Mo (Ml"Mz)2
e k3 - e | * — el
U 15 A2 - 12 ( 5 By * 1) M, 2 W, [E.14]
(2) _ 4 1 (12 My (Mz“‘Ml)z
T e % - — ) 2= & + e & d
u 15 A2 12( 5 BIp * 1) otz mm, [E.15]
2 2
o) 24 g [(Mf’Mz) ] [2,]3 (2 )
15 Mo | am, — [TNT,I,T; " 1205 Pi2
(M, -M,)?
- 5 (.l.g B*,_ = 5) 1 2 {E 16]
e .
327, |5 Bl2 MM,

Table E.1 shows the thermal diffusion coefficient for dibutyl phthalate
in air at 300°K and 400°K. The expression for mass flux with thermatl

diffusion is
Mass Flux e - D[ Vx + kTVQnT'] [E.17]

From the numerical simulations, the gradients near the wall are approxi-

mately given by

gﬁg; ~ 0(1) [E.18]

Then Equation [E.17] is approximately,

T/TE -1
o’ w
Mass Flux e - DVX|1 + k; % ) [E.19]
oW
.F
o - DUX [1 " 3x10'5(0'—44):} [E.20]
107
e« - pUx [1 + 0(0.1)] [E.21]

Under simulation conditions, therefore, the thermal diffusion effect is

small.
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Table E.1 Thermal Diffusion Coefficient for Dibutyl

Phthalate in Air

Xq = 1074 dibutyl phthalate mole fraction

1) (2)

T 5 5 X Y [k.]
(°K) A A T-1
300 35.80 - 15.51 2.11x10%  8.66x10% 1.64x107>
400 35.73 - 15.57 1.71x10%  7.01x10% 4.32x107°
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APPENDIX F. FORTRAN SOURCE CODE AND SAMPLE QUTPUT
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DESCRIPTION OF SUBROUTIMES
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_ _APPERDIX: _ KCDIFIED REGULA FALSY ITERATION SCHENE
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F.2 Fortran Code
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F.4 Fortran Plotting Program

&
e
=
-
®
o
© <
<
@ W Pl
& b= ot ol o
Il o & < ot
o = <« w wed -
z o b= wd ©nin =]
8 F-] N (VIR xR [=12
~N z wdted [T o
* # ® 1] L < 4 ad e ©
° Lol » [ ] & & Ox @arr Lol 4
L4 (3] W [-] © sl LWwied &
& - &= = s n Lt K- 1) od s e
[~] a L n [+ & &8 = o X R & out
b b 1'% Lod =3 b4 =D = X e
@ @ B =2 @ [ £ o AL b=t o= § 8 ZX
-] b o & a5 Ld > W Lalalal [ ¥4
£a oa» o ® W L b L ol o K latalal - o
vam B & L -3 L] w L od Ll - 3B Gt St et QO <
™ o= b [ 4 e & L] x (S8 Kl ® 8 - . @ [ =] oE B
& L= 8 & = W o 2 g @ nNe=g Lalalal aon = & @ .
@ 0 @® & Q Xt © [<] ° wd KR~ o e [ 0154 [} Sl B
o 8¢ 1] wf &t & & > ot T <4 w4 god pod D> e e XK .
A o=l € o O ad <) =) @ o 3 [~ o & EOQ & !
L [~} 0o > 0. =0 Q R o o o e © EFE L4 < F L] '
awm @& =3 - & X [ 1o & va X @remil] b o et bt o omgn G om o £ | = '
[+] gy 0B L oG W ZP P @ PR Bbigd & e o g T AL LA D Wae @ed .
I oY O e & & M W oE S BO @ - e B wold £ W S e [alall K= HO Wi !
o QP LGN SEL a E f|pa N0t @ - N BemeaPpaly = OO0 W Q) R o B W e i
[~ va QD =t 9 O - DR RO O ® v e engn pLIVY b @ ol oot pud Pod 00O e P @ '
@ e PW Y= O W e wos e v WX S=FEFMNAX & Nee s I+ Salilsl E LPEZOWE i
r @ edom QO @ v o W ® @ ] [ . e e R W ededesied W X 3 B E e OOUX ¢
] 1 - " [ [ ] ® OBV e P J N e WEE D PP R N & on ol B o #
- FORIm P D Ft D O wiNgD B A-] ® WEP ot~-L TV WETX < o poe b e e=ild x W
a asee pue GRes o il B P o Qe D [~ S LR TR e Ll o1 LK) NTR- N C 0 T TIE
) ot o o @y e g e Pe © 9= ® N DL T R # R st B (OF00C OO
L2 (=10 N adulatalah Lo 20 ] Pl & W &N ek © et HEDPHJE © NOOO EP Qi @ N> iR EA o
L N DL N BASE - 0 | %o | et & (4] F o WRXANK T predeied PP P -4 e 0P~ WIWE=EL
e EPNe AR WO 6L G o v Sd Ll & ® W MawE oo {© w B hY AW M PEOQ2O D 0§ L> o
[ K ooius & el arilriad,d DWW 1 e wr Yix e & 2 et B B owbfe & oo EXOT o 0 Dod & Eodowigt N8
124 & P A WmOOW o )b | ot YOW © = b= 0P wwJuil) 9 o e Wt W gl P P Q slfprrmwR F OR
A o wge ey DOSR g J N Q) B O onas @ B ¢X3ed @ 0 DPINNG momen QMM [ O D-ZW sl eor b 0
N o & AHOP LJASK O HE A 8. W oniiar = > sapF F E B ool @ ¢ Gt DA A= 3 oW Herd O et 0 00O
& o0 i3 om f Aed § § XD e P OX Weme b= & @Y pdow G B EOFZD OFwww sTEomen]) QA ¢ DQON ol
® > o) O eiesoops £ Or0 & &0 e O Y-t E G0 ol f T U P L0 = | bt SN0 MO o AR
& ar e De O X Ok oldex W B i ge 2T 04 J Kol PSP @LeZ>O0R P )0 b N TW SR 0D @
o NVQe® B o= el WED b ZF podas ] MO B ZEZQI Do wwh PuaDUWODIZ>PO0LM &HETd o W o IO
(-] T O™l e NN & B b W B Ko ewd AWM E Fy «»>32Z XHXOOOZE @ -L>H-F sl >
& W eNw G T LE R 0 P b Dot iow g ¢ 8 6 sllwOWECwbhithD PWEAdARNGEd>PO00 Chw AXEI I
[ =3 L te PVt aINX MRODDNEL 4 | O o el Pt (IR LIl OO Z Dot B X P bl orpd X oo e b rd L B & 2 P 0D HAEQM o=t @ o) o
E R IL® Pl Sw D | R VRE KPR 8.0 YU R A 0w z -« e Vie oM b i EoLly
& JariUtl ¢ @ed | H HQ B BRC DS o O ® bk ol WE PJELT [} [ o) e LB E O §>een
|3 GaPpPETENELI0 o200 0F cZHRA PR TG Ed TVEIFwdid e e e ww D DO E el P
Lt F”N‘IZZ(TH.L-U‘ e @ ef DD H *HHE BB O EIRI L 4] i o L el & [ 2]
& wl RO R ESTSTRROI-L-G E v a  fh ad S OO B AL GIE VR o
& ELLLANDSFTCﬂFND( RROZLOwanN=F 0 VR ol Wolril TE = W Uyms peiter puatod D3~ -0 Uy
[+ bl A p- Wt O o) B B b Gt ] ot ] [l eade SN ST R ) =] ®
@ f ATITHTIE FRTTAN S oy Te - T - A ZeuVog 34D
@. EXHUODHS P BB DB D B wWea VLT VE Lo A+l
2 - @ @ o0 99 60 O] &
-9 o a o ot L} bl
ol o4 o [
LI [ ] L L [*] [ ] & (&

:XVL)°10.,;

0%H
AGY

YSCLN=1 0.+ (VYHAGKSL ]

ELSE



114

&
4
@
&
[
&
@
Py
L] - o -
> z o
@ ® w & o gl @ e [y
-2 [ & [ we o W s o=
© o (-] @ Pl @ LI o ™
fo= o a0 a L e @i e &
& & & e (S o [
< = -3 & in e £ Ve o @
[* £ & [+ o 9 XO Z e o
L] L s b L [ - e [ Sy, o0 P~
[ & 4 = a (-] & - @ -] Llad Aa'l [
> & o & u.o = 3 v s G ¥ o [
o @ ] a8 we o o wo @ o ool o
= g o - ® = - gl e = 0. O« e
& A -] [ > 5 £ o= &= € 0 £ Q<€ ol o= (17}
e & L7 oo ™~ PO wen [T ~N [
o o= © @ ° e & °® 0w eo & Ll 4204 e '
- ] @ am [« 2] &5 [ o= @ Opd e it § N e &= -3
[ ] (2] - k-] [T [ 4] oM z h-] oo [} w 0N i O = : [m
Q [+] ® ® & oo - P ( ® e e Ve iNia & w ' B
' - & ® Wen A o ol [ L h -] [ TR » | a
[ ¥ Z» & * 8. o Jed > @ e [l W el oo 2 X
& @ > wd S ~e @ N e w Do - &N o ENmNOw W ek A~
= L] (2 o= § o= ] e ) > [ 18 R ® & el R BN > @ e
i< 2 @ el 4l -] 4D L el = B - 2 e e Lo Lad & o ¥ ek - [ 2}
[ & ® > » =0 om E W [ Ep-ea om o e ePW e P N e
b4 o G 12 @ ; [ S ] o ol ¢ = N Ll O P od - - ® w QN ee N> Lol 4 e o4
w L A > ® oo Ve oD o= = o b4 el elalal =l o= > e o ¢Qremag Zz & e e
IP e S o Glad © EBR Lok wosy L > Oe s B o™ * @o E & oQ o000 @ o G ® @
=0 ¢ 08 LD ) wrew 3 e O> o @ o o= Q. IDOE L3 - o O el & 8 © w @
q P o wVin P of oM Qo Q W &= Qo [= (ol o] =] (= > oo @ el &) Dt o & § 3§ o
~E 9 e Z > z> W oIk o E Z O © [ Y- S = o) L ZE Z W | 8@ o Pue (LT @
8y @& & W P R ded o omen ALCW ¢ @ QA P W Led o= em E oo w N OO RAe P RN N e a
ngE T O T Nonon > e fed A NN DOZTRANP OO =« Gt @ AND O I=any» X 0 o0 LB «| K ® ™ L]
e = Do R E @ Red 0o @ @@ Qopsinpw VOV w R eo@ @ ool pritnbw [ NOFITQPON w §| @M =y oW
0 = =0 [ o8 8 Deom oo e ep W wZobk BPEOM ON 268 oo 0 ol wZab o wewwdIIPTO = = o o %
T Ly T Honen H RODAOLNPNENTIJAaP>=EL0) (=W HROOVBOELNNN IR PwRED E ol QAwDO Re o) @ e
erd & VENDWDt eX D> o ZE N o 20 o4 & pO MDD ¢ g = | | 200 o) ¢ eXDO>0 od = QUWOW = og) =D ™ o8
>e ¢ EPmPetP @ ol e S ool @ o 0 9 eNNwrmm P -LUIAID. LN euw o 9 BF ¢ SweaNG LN U OO UNG QU = L7
W O O-EIXEmeil [P U ATCDO-Ow@O~FLXOWE Wohwi W NZOO-D-o0X b=XOWHE W~ ITTILOOWH WwaE Z «=O0D
I e L I JERRED ZEF>D e DwesDeQwwied L l0 FodD=J0.F .d 2 ot v (Y 0 () o o A G (DB B K WD DD D MO T SIEOP b O O
> 8 B & DWW e weE WIWE 0OoWwnnwi-llielu @ 0.0 JFZLBWV o QLW WE PO VL 8.0 &LEZD NINMZaar LZOWKm O N ok
=P P DB NVWODL PP O e WOW OO U e Ly [« 2] P TR T w ! e L] EL TR VT O > [« TN P T
ol ol DEPFENEI ZIAT- W ANKE /) ol OE LTI 2ol JU P AN RKA ol ol VAR dadFOb-wl claloda® uJalfitdbraldad & Own
iy & == H @ o o Ll Sl T L] - A ] W-N 7] &) 9o ol E  odad E el'qapyanedl vV ouiel Bod odwllad wded Bt o O Wh- o
. VL REREPED c ®© DF VR ax® © «aAaw Ou b HTad) Da wdadad (4O Od @Ay pwoe
L P B e @) D gd Gl D LLE L= eolododedadadad el sd od B WO O CECCU L~ Poludadelolsdodedal Cal>LLE LW ILLLVDLWLWOE OO VL ID0. ois
¥ W el L 4] & ¥ ol wd sl d 5 o o d od o ol D £ 1 o ol oud el ol e od anod e £ od Lt ¥ o DelZ D e
o wd B O p B oow @ @ @ @ W R E @ W@ g R, L BeoaaaQqaasaqa gas @2 ol @ B e ['0
W W WD TRdeem 129 B ROV LWLWLELIWEL O Y] e RO WLWELILOLL JiIe Lo Y e G gl wd U
€ [ - ® [ &2 & T ol il &2
[ Lad Ot ol X
@ e 2 B 3 2 2 B LELLW
[N [ o ® o ® [
Lo (=] [ & o e o Q & O & [=]
17217 (3] N o e Ll Ll -1 [=] T 2 N o (=]
P
(S 1% &3 (& & & & (%)



115

F.5 Parameter Data File for Plotting Programs

1.06 SCe alln? parawmeter
20 HSTEP 2l length of wall temperature rawp
423.G0 10
298,00 ™
0.100E=03 ¥XAQO
Data fiie to supo ix garaneters for STREAH, STREAH3D AND STREARG.
Haintalin (TO=TH}/1423-298) = SC ¢o preserve sat®m curve focatlon
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F.6 Fortran Plotting Prdgrams
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g

T"Integration Routines
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Plotting ?ro?ram for Three—Diwensional Visualization
of Streawmiines on Temperature-Nofe Fraction Soace
Coolling and Diffusion Without derosel
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GREFNSS FUNCTION CALCULATION FNP STREAM PROGRAMS
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The Effect of a Growing Aerosol on the Rate of
Homogeneous Nucleation of a Vapor

ANDREW J. PESTHY, RICHARD C. FLAGAN,! anDp JOHN H. SEINFELD
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Growing particles in a supersaturated vapor act as sources of latent heat and sinks for vapor,
altering the vapor concentration and gas temperature near the particles, and, consequently, de-
creasing the homogeneous nucleation rate in the vicinity of the particles. Solutions for the vapor
concentration and temperature profiles around a growing particle are obtained, and the solutions
are used to predict the average nucleation rate per unit volume of fluid as a function of time.
The average nucleation rate is shown to be proportional to the initially undisturbed rate and
proportional to a term dependent largely on the total volume fraction of growing aerosol present.
Under a wide range of conditions, the nucleation rate for dibutyl phthalate is calculated to quench
gradually at the time when the fraction of available vapor condensed into aerosol approaches

5 to 9%.

i. INTRODUCTION

The classical approach to predicting the
rate of formation of new, stable particles by
homogeneous nucleation neglects the effect
of existing particles on the nucleation rate
(1). Even in the absence of foreign particles,
those formed via nucleation, and present
during the continuing nucleation process,
may be expected to influence the rate of
formation of fresh particles through the
scavenging of vapor molecules that might
otherwise be available for cluster growth
and nucleation. To describe the effect of
an existing aerosol on the rate of homogene-
ous nucleation, it is necessary to consider
the effect of growing particles on the vapor
(monomer) concentration and temperature
fields in the vicinity of a growing particle.

Since particle growth occurs by conden-
sation of monomer from the gas phase, a
spherically symmetric radial distribution of
monomer partial pressure develops in time
about a growing particle. The accompanying
release of latent heat of condensation at the

! Department of Environmental Engineering Science.

particle surface also leads to the develop-
ment of a nonuniform temperature profile
about the growing particle. The rate of for-
mation of new particles by homogeneous
nucleation is a strong function of tempera-
ture and saturation ratio. Consequently, the
local perturbations in the monomer and tem-
perature fields caused by growing particles
may have a significant effect on the nuclea-
tion rate, and the resulting actual average
nucleation rate per unit volume of air may
thus deviate substantially from the intrinsi-
cally predicted value.

An elementary analysis is developed for
the case in which stationary nucleation
theory is applicable to the region in the vi-
cinity of nucleated and growing particles,
a case simplified by the unidirectional cou-
pling between homogeneous nucleation rate
and monomer depletion due to particle
growth. The case of ‘‘catastrophic nuclea-
tion,”” in which monomer depletion by nu-
cleating particles causes a significant influ-
ence in the nucleation rate, represents a
mutual coupling of nucleation rate and
monomer depletion, and is not included in
the analysis.
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In this paper, conditions are developed
for assessing the importance of the effect
of growing particles on the rate of
homogeneous nucleation of a vapor in a
given situation. Section 2 is devoted to a
consideration of the effect of growing parti-
cles on the average nucleation rate. In Sec-
tion 3 solutions for the concentration and
temperature profiles around growing parti-
cles are obtained. In Section 4 these profiles
are used to calculate the average nucleation
rate in the presence of a growing aerosol.
Section 5 presents a sample calculation for
dibutyl phthalate in air.

2. AVERAGE NUCLEATION RATE AROUND
A GROWING PARTICLE

Consider a single growing particle, the
radius of which, at time 7, is ro. IfJ.. denotes
the “'intrinsic’’ nucleation rate based on
conditions (monomer concentration and
temperature) far from the particle, and if
J(r) is the nucleation rate at radial position
r from the particle center, then the deviation
from the intrinsic nucleation rate is AJ(r)
= J(r) — J.. If we select a radius r,, arbi-
trary at this point, but characteristic of the
distance from the particle at which back-
ground conditions are reached, the average
nucleation rate over the volume within r, is

fr' J(r)ridr
J= [

f ) *dr
0

Equation [1] may be rewritten as

i:l—ijl:ﬂﬂrzdr. [2]
Ju r3 o Je

It is useful to introduce the notion of a
‘‘clearance volume’’ around the particle,
defined by that radius, pr,, for which the
nucleation rate from 0 to pr, is zero, and
that beyond pr, is J., such that over the
entire volume of radius r, the average nu-
cleation rate is J. Thus,

Journal of Colloid and Interface Science, Vol. 82, No. 2, August 1981
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J
I
Comparison of Egs. [2] and [3] gives the

expression for the dimensionless clearance
volume p3,

TalTe
pa = 3j Aj(y’ t) yzdy.

¢ ®

-1- pa(ﬁ’.)a. 3]

Fa

(4]

In general, p® may be a function of particle
size and time. During the initial phase of
nucleation and condensational growth, the
region of influence on the nucleation rate
by the particles is localized within the
averaging volume such that we can effec-
tively let ro/ry — o, and

w=3j'Mm”y
o Je

After the regions of influence of adjacent
particles overlap, the averaging volume
must be chosen as some characteristic
volume associated with each particle.

The coefficient of p® in Eq. [3] is the vol-
ume fraction of the particle within the
sphere of radius r,. By averaging over all
particles in a distribution, the resulting
average nucleation rate is

dy. [5]

LA 1 - J pPon(v, 1)dv, [6]
. Je o

where n,(v, 1) is the aerosol volume distri-
bution, defined such that n,.dv is the number
of particles per unit volume of gas having
volumes in the range [v, v + dv].

The radius of the averaging volume may
depend on particle size, with the restriction
that the averaging over all particles is per-
formed over the whole volume of gas.

That is,
o ra 3
f (—) vn,dv = 1. [71
0o \lo

A reasonable choice is to assign averaging
volumes proportional to particle volumes,

2= g, 8]

Fo
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where ¢ = [§ n.vdv is the volume fraction
of the existing aerosol.

A convenient condition indicating a sig-
nificant decrease in the average nucleation
rate may be specified as the onset of over-
lap of clearance volumes defined by Eq. [5].
This occurrence corresponds to

j pPon (v, dv = 1, [9]
]
where p? is the clearance volume averaged
as in Eq. [5].

3. CONCENTRATION AND TEMPERATURE
PROFILES AROUND A GROWING PARTICLE

Expressions for the monomer concentra-
tion and temperature profiles around a grow-
ing particle can be obtained by solution of
the appropriate mass and energy conserva-
tion equations. Typical aerosol volume
distributions reveal that most of the aerosol
volume is associated with the large parti-
cles. An assumption that may be invoked,
and one that can later be tested, is that the
particle clearance volume is proportional to
the particle volume. Consequently, most of
the clearance volume is associated with the
larger particles, and the mass and energy
conservation equations can be based on
continuum theory (Kn < 1) with only small
errors expected for those small (Kn = 1)
particles for which continuum transport
theory is invalid.

Before writing the conservation equations
it is useful to compare the relative rates
of the significant processes occurring. Table
1 summarizes the characteristic time scales
for the processes of vapor diffusion, heat
transport in the gas phase, heat conduction
in the particle, and growth of the particle.
The time scales were calculated from con-
tinuum theory assuming particle growth rate
is negligible compared to the rate of the
other processes, an assumption that is later
shown to be correct. The time scales for the
diffusion processes in the gas phase are
much shorter than that for particle growth.

467

The time scales for heat conduction in aque-
ous or organic particles is less than or com-
parable to that for particle growth. For
metallic particles, the time scale for internal
heat conduction is much less than that for
particle growth, but still greater than that
for heat conduction in air.

In light of these differing time scales, a
physical picture of the nucleation and sub-
sequent growth processes emerges. The en-
tire process is initiated by the formation of
a new particle by homogeneous nucleation.
At critical nucleus size, the equilibrium par-
tial pressure at the particle surface equals
the partial pressure far from the particle.
Therefore we may assume that the nuclea-
tion process does not disturb the back- -
ground monomer vapor concentration field.
It is this assumption that limits the present
model to homogeneous nucleation proc-
esses that are slow enough to allow for def-
inition of an ‘‘intrinsic’” nucleation rate
based on stationary nucleation theory.

Due to the Kelvin effect, the equilibrium
vapor concentration at the particle surface
is dependent on particle size. As the particle
grows to a diameter of only a few times the
critical size, the Kelvin effect becomes un-
important and the equilibrium vapor pres-
sure at the particle surface approaches a
constant value equal to the saturation pres-
sure. The condition corresponding to parti-
cle radius r, for which the Kelvin effect is
unimportant in a vapor of saturation ratio
S is

S(l—-r*lro) > 1. [10]
Since the critical saturation ratio in most
processes is much greater than unity, the
Kelvin effect becomes unimportant for even
a modest increase in particle radius. In this
work, we will neglect the Kelvin effect and
assume that the equilibrium vapor pressure
at the particle surface is the saturation pres-
sure for all particles greater than the critical
size. The consequence of this assumption
is that the particle growth rate is not ac-
curately represented in the initial stage of
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TABLE1
Characteristic Times for Growing Particle Processes
Heat Heat
conduction conduction Vapor Particle
in air in particle diffusion growth
rie riag i Cart/ Dxa
T/ Teona i alay al@ = Le cq Lelex,
Typical values in air
Dibutyl phthalate (DBP) i 310 4.2 380/x,_ > 10°
Organics 1 200 2-4 (10-100)/x 5 > 102
Water 1 90 0.86 20/x,, > 102
Metals 1 ~5 1.5 5000/x,_ > 10

growth. It will be shown later, however,
that the monomer concentration and tem-
perature profiles around a growing particle
large enough for neglecting the Kelvin effect
are not dependent on the initial conditions,
but only on the instantaneous particle size.

As growth begins, vapor diffusion pro-
ceeds on a much faster time scale than
growth. Even before significant growth
occurs, vapor diffusion evolves through
hundreds of time constants. Consequently,
the vapor concentration profile within tens
of radii from the particle is at steady state,
whereas the more distant part of the profile
is still changing.

The growth rate is determined by the dif-
fusional flux of monomer vapor. Since the
vapor concentration profile near the particle
approaches steady state before appreciable
growth occurs, the steady state diffusional
flux may be used to calculate the particle
growth rate. As growth proceeds hundreds
of times slower than diffusion, the profile
near the particle remains close to its steady-
state value at all times, whereas the region
of transience propagates farther from the
particle.

An energy balance describes the effects
of latent heat release by condensation at
the particle surface. Heat conduction occurs
both in the particle interior and in the ex-
terior gas phase. The ratio of the character-
istic time for conduction in a particle to that
for outward conduction in the vapor is of
the order of 100 for most nonmetals in air,
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and the order of 10 for metals. The high
value of this ratio suggests that the latent
heat is primarily conducted outward. As
vapor condensation begins, the particle sur-
face temperature rises until the rate of out-
ward heat conduction balances the rate of
latent heat generation. The formation of the
external temperature and the monomer con-
centration profiles occurs simultaneously on
approximately the same time scales. Conse-
quently, the steady-state fluxes of heat and
vapor may be related by a steady-state
energy balance to determine the steady-
state surface temperature at all times during
the particle growth.

For most systems the surface temperature
is elevated by only a few degrees Kelvin,
and as a result, the total molar density of the
gas ¢ may be assumed constant. The satura-
tion pressure at the particle surface is ele-
vated to the thermodynamic value at the sur-
face temperature, providing the surface
boundary condition for the vapor diffusion
process.

An additional consequence of the diffu-
sion of monomer to the particle is Stefan
flow, a net flow of gas toward the particle.
The particle growth rate and the Stefan flow
velocity at the surface are related by a mass
balance. The Stefan flow is several orders
of magnitude faster than the particle growth
rate. Therefore, the convective velocity in-
duced by the outward motion of the growing
particle surface is negligible.

It is evident that all processes except par-
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ticle growth reach steady state in the vicinity
of the particle well before the onset of sig-
nificant growth. This physical picture sug-
gests that we seek steady-state solutions to
the conservation equations for a particle of
fixed radius, from which to calculate ex-
pressions for the velocity profile and the
particle growth rate. These expressions will
then be used in the full conservation equa-
tions applying o a growing particle, describ-
ing the monomer vapor concentration and

temperature profiles on a time scale relating -

to particle growth.

The steady-state conservation equations
for total molar density of the gas, monomer
concentration, and temperature are (2)

1 d
—r-za-;(chV:‘) = 0 [11
dc, 1 dx,

\4 =c@ —|r , Z
dr ¢ rz(r dar ) [12]
daT 1 d; ,dT

Voo = oo | P22} 13
dr * r? dr(r dr ) [13]

The mass balances are written in molar units
since the constant total molar density ¢ pro-
vides an immediate simplification in solving
for the molar average velocity, V¥.

The particle mass balance is?

cVEi@mre) + ¢4 i(i mg) = 0. [14]
. dr\3

The particle energy balance assuming out-
ward conduction only is )

(dwrg) = 0.

Te

dT
cVIAH (4mr§) — kr - [15]

The terms containing cV} represent the
molar flow rate of monomer contributing to
the total moles and latent heat energy of the
particle. The second term of Eq. [14] is the
rate of change of the number of moles of
monomer in the particle. The second term of

?In a binary system, the total molar flux is N,,
+ Ng, = ¢V, At all times at the surface, Ny, = 0.
Thus the surface molar flux of A is N ar, = CVE.

469

Eq. [15] is the rate of heat conduction away
from the particle.
We can solve Eq. [11] for V¥ and then

solve Eq. [12] with the boundary conditions
Xp = on’ r=re,

Xa = Xp, F—>®, [16]

The concentration profile becomes (2)
1= xa,\""

- ( I - XA,:)

and_the molar average velocity at any radial

position r is

e (o) L[ Lz
r) rg I — x4,
From the particle mass balance (Eq. [14])

and Eq. {18], the particle growth rate is ob-
tained as

X“XA

17
o [17]

(18]

- XA

°] . [19)

The initial condition for the particle radius
corresponds to the critical size nucleus, r*,

re=r* 1=0. {20]
Note that ro(dry/dt) is constant in time (3).

The steady state temperature profile must
be calculated from Eq. [13] and used in the
particle energy balance, Eq. [15], to evalu-
ate the surface temperature. That is, we

solve Eq. [13] subject to

T=T09
T =T,

r = rg,

r— o, [21)
In a binary system of dilute monomer A,
the mass average velocity is related to the
molar average velocity by

v, =vrMa

: 22
M. [22]

This relation may be used with Eq. [18] in
Eq. [13] and solved to get

Journal of Colloid and Interface Science, Vol. 82, No. 2, August 1981



137

470
T~-7x
To - Tn
(l - Xa Le~WMp/MgHrgir q
i- XA,,) -
= 1 — x, L& Marbig) . (23]
= -1
(1 - XA,)

where the Lewis number, Le = a/9. As
long as the factor Le (M /M) In [1 — x,,/
I - xa_] is much less than unity, the con-
vective term of Eq. [13] is negligible when
compared with the conductive term, and
Eq. [23] simplifies to the well-known result
for pure conduction,

I-1- _n [24]
To bt T;; r

The appropriate expression for 7, Eq. {23]
or [24], may be used with Eq. [18] in Eq.
[15] to solve for T,. Equation [24] applies
for dilute vapor, and we get

1 - XA

“} . (23]

- Xa,

kf{To—T:)=A8H.cDIn [

The boundary condition on mole fraction is
[26]

Xy = Xa, = X3Y(Ty), r=re

Therefore, Eq. {25] becomes implicit for T,
kT( To - T;)
1 - x2YT,)

=AH.cDIn [
l - XA‘

] . 271
For dilute monomer A, one can approximate
Eq. [27] by

klTy = T2)

= AH .cDx,, — x3UTy)). [28]

Equation [28] will be solved later for the
boundary condition T.

Now that expressions for the particle
growth rate, Stefan flow velocity, and
boundary conditions have been derived
from the steady-state conservation equa-
tions, the full conservation equations for the
time-dependent monomer concentration
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and temperature profiles can be solved for
all r on the time scale of particle growth.
In the vicinity of the growing particle the
solutions will be expected to match the
pseudo-steady-state solutions derived above
for any instant during the growth. The con-
servation equations are

Bcn yvpln c@él.—i(rzﬁﬁ), [29]
o or r? or ar
L L T A R
ot or r or or

subject to boundary conditions,

xa = x3(To),

r=rot), (31]
T = TOv
Xa = Xa,s —— [32]
T=T.,,

and initial conditions,

Xa = Xa_,

T=T,,

The boundary conditions at r, are constant
on the time scale of particle growth, but
the boundary itself moves in time. This
complication is readily simplified by trans-
formation to a rescaled radial coordinate de-
fined by y = r/ry(1). The conservation equa-
tions with the velocity distribution from
Egs. [18] and [22] and growth rate from
Egq. {19] become

t=0,r>r* [33]

a.t‘A _ [ZA)Y + _,B;] vy,
00 y*1 oy
- l_.a,;_()z a“'") [34]
y* oy oy
BM
S [aay+ e 1121
a6 My y*] 8y
' T
= Le_!_._‘?_( 2 _a___) [35]
y* oy dy

with boundary conditions
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xa = x5T),

36]
= I [
T=T, Y
S x = ®; [37]
T = Tzv
and initial conditions
Ta = X4, 6 = 0’ y > 1’ [38]
T - x9
where
1c 1 Xa
A=——»ln[ |, [39]
2cq4 I —xa,
B =1n [_’ ‘] [40]
I — Xa,
6=—"1n {1 +4A:°21] . @
4A rx2

The terms containing the factor A arise from
the coordinate transformation, and those
containing the factor B arise from the Stefan
fiow. It is apparent by comparison to Eg.
{19] that A is a dimensionless growth rate
parameter, and A > 0. (The case of 4 < 0
corresponds to an evaporating particle and
is not of interest here.) Typically, A is less
than 10~ and B < 1. Therefore the terms
in A play a significant role for large y, and
the terms in B contribute a small part only
fory = 1. .

Viewed in the (v, 8) coordinate system,
Eqgs. [34] and [35], with the boundary con-
ditions and initial conditions given by Egs.
[36]-[38], describe diffusional processes
about a fixed sphere in a fluid of infinite
extent with uniform initial concentration
and temperature. At time 6 = 0, a step
change in concentration and temperature
occurs at the surface of the sphere while the
fluid flows radially toward the sphere at a
velocity, constant in time, given by the
quantities in the square brackets in Egs. [34]
and [35]. Because the parameters A and B
are small, the induced convection in the (y,
#) system is not significant near the sphere
and the equations are approximated by

471
3.\-,\ - l—a——(yz 6—"1\) i [42]
086 y¢ 8y ay
T
T _ e _l_i()z.'?z_) (43]
86 y* By 8y

EEE N TR N

Xa, ™ Xa, y
Ioldgge|2ol)
To—-Tx ¥y (4 Le 9)'*

These solutions apply only until the concen-
tration and temperature begin to change
beyondy > 1/2A, where the velocity term be-
comes important. This interval of time cor-
responds to the time before significant par-
ticle growth occurs in the true physical
picture, and while the time coordinates ¢
and 9t/r** are about equal,

446 < 1. [46]

During this initial phase of time, the solu-
tions, Egs. [44] and [45], reduce to the
pseudo-steady-state expressions in the limit
of dilute monomer vapor, Egs. [17] and [24].

For longer times the diffusive processes
proceed outward from the particle against
a negative radial velocity, ultimately estab-
lishing a steady state in the (y, ) coordi-
nates. The approach to steady state requires
solution of Egs. [34] and [35] and is done
elsewhere (4). The proper boundary and ini-
tial conditions accounting for the transient
influence of the Kelvin effect in the first
stages of particle growth need not be im-
posed because such short transience in the
initial conditions does not aiter the ultimate
steady state. For practical limits of y, steady
state is approached relatively quickly on the
time scale of growth so we proceed to solve
and interpret the steady state.

The steady-state solution to Egs. [34] and
[35] is only apparent in the transformed co-
ordinate y = r/ry(t). The corresponding pic-
ture in the physical (r, f) coordinates is that
of a growing particle with the diffusion pro-
file transients evolving outward in a scale

(45}
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proportional to the growing particle radius.
That is, the transient profiles at any two
times are mappable into each other by a
simple scaling of the r coordinate.

For this part we seek solutions to

_s[sz + f;] %

y| oy
= 32) . W
y* dy Oy
faay + B 170
My }’2 dy
i 8 T
= Le — ——| y% v 48
eyz&y(y 637) 148]

subject to boundary conditions of Eqgs. [36]
and [37]. The solutions are

PESTHY, FLAGAN, AND SEINFELD

xa(y) — Xa,

=1-F(y;A,B), [49]
xAua -.on
- < A
ﬂ’.’_).__z__:p(y;_., BM . ) , 1501
To ot TQ Le LC MB
where
F(y; A, B)

j (1/z%) exp(—Az® + B/lz2)dz
= =L . [511
J (1/2%) exp(—Az? + Bfz)d:

1

Note that if the growth rate parameter A
were set equal to zero, we recover the
steady-state solutions of Egs. {17] and [23].
Most systems are sufficiently dilute that B
< | and the function F simplifies to

(1/y) exp(—Ay?) — (wA)'"™ erfc (AV2v)

F(y; A) =

(52

exp(—A) — (wA)'? erfc (AV?)

Asymptotic expansions for both cases Ay?
< land Ay®* > 1 may be combined to form a
computationally simpler expression for F,

(1/y) exp(—Ay?)
2AY? + (2A)2y + 1

This expression is within a few percent
equal to Eq. [52] for A = 10~*. The function
F is illustrated in Fig. 1. For the case of
no growth, A = 0, and F reduces to the clas-
sical steady-state diffusion profile without
convection. For A > 0, the F profiles drop
off sharply at some distance y from the par-
ticle characteristic of the growth rate A.

Now we need to apply the relations in
Eqgs. [26] and [28] to incorporate the bound-
ary conditions. For convenience, the energy
balance, Eq. [28], can be solved in terms
of a dimensionless thermal difference, AT
= (T3 — T.)/ T, and the Lewis number

AH,\ R
v = (&7 e
RT. \MsC,

X Le™ [xa, — x¥(Ty)). [54)
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F(y;A) = [53]

The saturation mole fraction may be re-
placed by the integrated Clausius—Clapeyron
expression which yields the implicit equa-
tion for Ay,

i AH., R
A= (22 Le™ {xy, — x$¥4T.
4 (RL)( Macp) l“‘ )

Ar

H
1+ A7 )]} Sl

X ex {A :
P RT:,:(

Under conditions typical for homogeneous
nucleation for many vapors, supersatura-
tion is high enough that x,_ > x$%7,) and
Eq. [54] becomes explicit for Ap,

Ar = (-A—H-)( R ) Le~'x,. [56]
RT. )\ MgC, -

The boundary condition in Eq. [31] is simi-

larly rewritten in terms of 7. and used to

express a dimensionless mole fraction dif-

ference, A, = (x,, = xa,)/ x4,
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at
s o - ST
Xa,
AH,. Ar
iy P——— | B £V
X exp{RT,(l + Ay )] 57]

For dilute vapor, the mole fraction and tem-
perature profiles can be expressed in these
parameters as

xa(¥)

Xa,

X(y) =

i
=1- A,F(y; 25 Axa, A:x,\x) . 58]
2 Ca

_T
Iy = T

=1+ ATF(y;iLe-l < Auxa,
2 Cq

Le“%ﬁA,xAx), [59]

B

From the concentration and temperature
profiles, the saturation ratio profile may be
calculated directly. From the definition of
the saturation ratio, we get

XA,

S(y) = X(y) ——ez |
) 82 TO)

(60]

Applying the integrated Clausius-Clapeyron
equation for the saturation concentration
gives

S(y) -AH, 1
i = , - , [61
5. X0 )exp[ RT. (1 r(y))] (61}

where S. = x,_/x$Y(T.) is the saturation
ratio far from the particle.

The above results describe the spatial
variations of mole fraction, temperature,
and saturation ratio with which to calculate
the clearance volume from Eq. [5]. For the
later profiles during the aerosol growth
process, applicable to calculating the clear-
ance volume from Eq. [4], we note that
Reiss (5, 6) has shown that for r, > r,, the

473

1.0

FiG. 1. Dimensionless diffusion profiles around a
growing particle. Parameter A is the particle growth
raie ro(dr,/dt) nondimensionalized by mass diffusivity
2 1o express F(y) = (Xa_ — xa(y)xa_ — xa,) OF by
thermal diffusivity a to express F(y) = (T(v) — T )
(Ty — Tx).

mass and energy balances are well approxi-
mated by the pseudo-steady-state approxi-
mation even though the background condi-
tions may change slowly in time. Neglecting
Stefan flow, the conservation equations are

_l__‘?.(,z axA) =0, 162]
r or or
-l-i(rzf-f.) = 0. (63]
r* or or

Note that x, and T are still functions of time.
The background conditions provide bound-
ary conditions which change only slowly
with time,

XA = Xags

r=ro; [64]
T=T,, ¢
Xa = Xaps
4 A r=r,(ra®ry. [65]
T = Tb,

The solutions to Egs. [62] and [63] with
these houndary conditions are
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ra ( 1
"a‘ro]( )’)
e Rk
Fg = Fo\Y ra
oenfz) )
Fg = Iy y

). e

Fg — Fg\Y ra

wherey = r/rqpand 1 =y = r,/r,. The back-
ground conditions change with time accord-
ing to restrictions based on overall mass and
energy conservation. With no loss of
generality, we can assume that the initial
volume fraction of aerosol is zero. For any
time later during the aerosol growth, we can
write the monomer component mass bal-
ance averaged over a volume containing a
representative sample of growing particles.
The initial mole fraction of monomer x,_
is set equal to the sum of the average vapor
mole fraction calculated over the whole
aerosol distribution and the effective mole
fraction of monomer in the condensed phase,

% raife
Xa, = f [3 j xA(y)y2dy]
[

0

xa(y) = XAh[

+ To[

X on@)do + ¢ 4. [68]
c

Similarly the latent heat generated per unit
volume of gas by vapor condensation is
equal to the average increase in the thermal
energy of the system. Neglecting the
thermal mass of the particles,

AH, <2
C
= MoC, J [3 j 1) - TxlyzdyJ
¢ 0
X vn(v)dv. [69]

If we define the final aerosol volume fraction
after the vapor condenses to form aerosol as
¢
¢ = — (-\"A, - XA.,) [70]
Cq
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then Eqgs. [68] and [69] become

xA=f:[3

X vn,.(v)dv + (XAE - on) ':‘:i‘ s

'
o TalTo
L
[1] 0
_ (AH, R (xa — )d’
( R )(MBC,,)““ B

Employing Eq. [8] for the averaging vol-
umes, we get

rgiTo
f xA(y)yzdy}

[

[71]

T. = T(y)y*dy ]vnt-(v)dv

[72]

Xy = on
_ I —oldy __1_
* x"")[l = (3/2>«;t>“3J(1 ;) o
I(y)
e [ (e
1 - (3/2)pp1? R MgC,

% Xa, = Xa, (i)](l - l) R [74]

I — (372)¢'3\ ¢ y
An additional restriction comes from the
particle energy balance, Eq. [15], determin-
ing the surface temperature of the particle,

T,. The form of the energy balance for dilute
vapor is

_er
By | y=1
‘AH,\ R
= (——-A )( )Le-l-_a"A [75]
R MBCp ! y=1

Evaluation of the surface gradients from
Egs. [73] and [74] yields

F

Ty — Tn = ( ) Le-!
R \'MsC,

X (X, — ,rAn)[l + (Le - 1)%} . [76]

f

Equation [74] for temperature now becomes
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Toy =T+ ('A'k}i)( Mpr)

x Le Y x,, — xAD){l +(e-1 Ld

&

- (rteyi-g)
I - (3/2)¢*? y

As the volume fraction ¢ approaches ¢, Eq.
[77] predicts a spatially uniform maximum

gas temperature attained from latent heat
release,

Tmax = T
: /A l)( ir ) . k]
. . 78
N \ R MgC, (Xal XA") (78]

We can now write expressions for the re-
scaled mole fraction and temperature
analogous to Eqgs. [58] and [59],

X(y)=1
SNTI ET TS P
} 1~ (3/2)¢'7? y
Iy)y=1+ AT{I + (Le — l)-g
g
1 - ¢/¢r / 1
{1 ~ (3/2)49'3](1 5)} 180
where ‘
A= .f:.i_:._x.fi ,
XA,
and
_ [AH, R o :
Ar= (E?I)( Mac,,> ke (= )

Throughout Fgs. [64]-[80] the quantities
x4, and T, refer to the initial background
conditions at the time the aerosol growth
begins, while x,, and T, are related at all
times by the energy balance, Eq. [76], and
by thermodynamics, Eq. [26]. Equation [61]
still expresses the saturation ratio, where S,
is understood to represent the initial back-
ground conditions. We see that the time de-
pendence of the diffusion profiles above
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enters through the aerosol volume fraction,
as well as the normalized radial coordinate,
¥y = rire(r). Note also that for this phase of
the aerosol growth process, the particle
growth rate expression, Eq. [19], is gen-
eralized to

, dro ¢ dx,
° dt Cq a)’ y=1
cD I — ¢l
= e - e | (8]
= (x4 xA.,)[ — ¢,,3] [81]

4. CALCULATION OF THE AVERAGE
NUCLEATION RATE

In order to combine the results of Sections
2 and 3, we need to employ the elementary
theory of homogeneous nucleation for an
expression for the nucleation rate (7),

ZPA ; PAV213 3 /(7V213 12
J = m n
(ZwmksT)”"'( kT )( koT )

16703V 2,

3(kgT)%(In S)?

X exp[— } . [82]

Early in the aerosol growth process, the
relative change of nucleation rate from some
point y near a particle to the region outside
its influence is given by

) (Ey:
Je I'(y)

167 oV )3
3(1“ Su)2( kBTc!:

[ InS. ]2_ }
x (F(y) {-————m o 1) . [83]

This quantity does not rely on the accuracy
of the nucleation rate expression, only on
the form of that expression. Applied to sta-
ble, growing particles, this relation is a func-
tion only of ¥, and not of time or particle
size. Therefore, when Eq. [83] is integrated
in Eq. [5], p® is independent of particle size.
The expression for average nucleation rate,
Egq. [6], then simplifies to

X expl—
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J = J(1 — p°d). [84)

The assumption made in Section 3 that the
particle clearance volume is proportional to
the particle volume is verified.

We find that p? is a function only of T.,
Xa,, X¥(Ts), clca, Le, oV AH.R,
R/MgC,, and M ,/My. The first two param-
eters are dependent on the conditions caus-
ing nucleation, and the remaining param-
eters are material properties. Since typically
Xa, ® x¥YT.), the dependence of p® on
2 is very weak. Also, the dependence
of p® on M /My is very weak when Stefan
flow is negligible.

Late in the growth process, the diffusion
profiles of Egs. [79] and [80] are functions

not only of y, but also of the aerosol volume"

fraction ¢. Therefore the integrand of Eq.
[4] and p? itself will be functions of the aero-
sol volume fraction, and of the final aerosol
volume fraction, ¢;. The average nucleation
rate is then calculated by Eq. [6].

In the next section, we calculate the clear-
ance volume for dibutyl phthalate only for
the initial phase of aerosol nucleation and
growth, while p® is a function only of T«
and x,_, and not a function of the aerosol
distribution. We will then use the initial
clearance volume to develop the criterion
presented in Eq. [9] for significant quench-
ing of the homogeneous nucleation process.

5. CLEARANCE VOLUME FOR
DIBUTYL PHTHALATE

Sample calculations for p® have been car-
ried out for dibutyl phthalate (bp 340°C) in
air for a range of values of T. and x,,_.
Dibutyl phthalate was chosen for sample
calculations due to its application in aerosol
studies (8). For most practical conditions,
p® was found to be weakly dependent on
T. because the long range effect of monomer
depletion dominated the difference function
of Eq. [83]. The parameters used in the cal-
culation are

clcq = 0.011, AH,/R = 8930°K,
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Le = 4.2, R/IMyC, = 0.274,
oV =218 x 10~ % ergs, M,/Mg= 9.61.

Figure 2 shows the dimensionless clearance
volume p® as a function of initial monomer
partial pressure for 7. = 25°C. The range
of dibutyl phthalate partial pressure shown
corresponds to saturation pressure in the
temperature range 120~ 160°C. Some values
of the intrinsic nucleation rate are indicated,
ranging from 10% to 10'° cm™3 sec™. We see
that the dimensionless clearance volume
varies over an order of magnitude. The ob-
served variation of the clearance volume is
mostly due to the variation of the dimen-
sionless particle growth rate, A, over the
range of monomer partial pressure. At high
partial pressure, the particle growth rate is
high, and the extent of the transient
monomer concentration profile remains
small, resulting in low clearance volume.
At low partial pressure, low growth rate re-
sults, and the influence of the particle on the
monomer depletion extends farther, exhibit-
ing a high clearance volume. The variation
of the clearance volume with partial pres-
sure is also dependent on the sensitivity of
the homogeneous nucleation rate, Eq. [82],
to the local changes of vapor concentration
near a particle.

To construct a meaningful picture of the
dependence of p® on monomer partial pres-
sure and its consequences, we can rearrange
the expression for the average nucleation
rate, Eq. [84], to get

(85]

)~

o)
=1 - (o) — ,
o &

where ¢, is the final aerosol volume frac-
tion if all available monomer vapor grows
to form aerosol and is related to the initial
mole fraction by Eq. [70]. Note that under
practical conditions of x,, < x,_ <1, the
final aerosol volume fraction is related to
the dimensionless growth rate parameter by

o = 2A. {86]
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The criterion for significant overlap of the
clearance volumes of neighboring particles,
Egq. [9], can be interpreted as a homogene-
ous nucleation quenching condition and ex-
pressed as

(b = 3 -1

Y (p*dy)
Physically, (p¢)~! is the fraction of
monomer vapor condensed into aerosol at
the time that the homogeneous nucleation
rate quenches. The function (p®¢¢)~! for di-
butyl phthalate is shown in Fig. 3 with iso-
pleths of homogeneous nucleation rate, and
we see its variation with partial pressure
and temperature is relatively minor. The re-
gion of Fig. 3 corresponding to conditions
causing an.intrinsic homogeneous nuclea-
tion rate of up to 10° cm~2 sec™! indicates
a fairly constant value of (p¢;)~! at about
5 to 9%. Conditions for (p3¢)~! in excess
of 10% can be reached only in systems
having a characteristic cooling time short
enough such that the system attains the
given temperature before the aerosol vol-
ume fraction grows to the limit for
homogeneous nucleation quenching.

(87]

6. DISCUSSION

Because the analysis is based on con-
tindum transport theory, the results are

r 1 ¥ T
Joo= 107 em ™ guc’
4 xi10%L -
PR
2 % 10%- -
o 1 1 i L
0 10 2x107®

R, (atm.)

F1G. 2. Dimensionless clearance volume for dibutyl
phthalate in air at 25°C. The intrinsic nucleation rate
J. is indicated for the range of monomer partial pres-
sure given.

T T 298K
'on
-8 -t
oJo} o G el 305
310
®
0o 320
o
(p*d,) 25
30
0.054 4
[o} A i
[ 1x107® 2x 10

R, (atm.)

FiG. 3. Fraction of dibutyl phthalate vapor con-
densed into aerosol at time of homogeneous nuclea-
tion quenching. The inirinsic nucleation rate J, is indi-
cated for the range of temperature and monomer par-

tial pressure given.

exact for systems in which the critical nu-
cleus size is large compared to the mean
free path of the gas, such as high-molecular-
weight organics. Even if the critical nucleus
size is outside of the continuum regime, the
present resulits are expected to be accurate
as long as the particle grows into the con-
tinuum size regime. For a system in which
particles never grow into the continuum size
regime, an extension of this work to the
free molecule or transition regime is re-
quired. A model for particle growth applica-
ble to an ensemble of particles smaller than
the mean free path of the surrounding gas
has been given by other authors (9-11).
From the continuum theory, we have
found that homogeneous nucleation occurs
initially at the intrinsic rate corrected by an
amount proportional to the aerosol volume
fraction at any instant. As the fraction of
condensed monomer vapor approaches a
critical level, the homogeneous nucleation
rate drops significantly below the intrinsic

rate. The subsequent phase of aerosol

growth and coagulation is not expected to
be influenced by a significant rate of forma-
tion of new particles relative to the initial
rate. The critical fraction of condensed
monomer is only weakly dependent on the
amount of vapor initially present or on the

Journal of Colloid and Interface Science, Vol. 82, No. 2, August 1981



145
478

temperature achieved at the time of aerosol
formation. This critical fraction is 5 to 9%
for dibuty] phthalate in air and is in general
a function of the monomer/carrier-gas
system.

Preliminary calculations for a self-nucle-
ated growing dibutyl phthalate aerosol in a
LaMer generator suggest that the conditions
at Eq. [87] are reached at about the same
time that coagulation becomes significant.
Thus a growing self-nucleated aerosol ap-
pears to evolve through three stages of de-
scription: An initial phase of homogeneous
nucleation and growth, a transition when
homogeneous nucleation slows significantly
and coagulation begins to occur, and the
final phase of growth with coagulation. Dob-
bins (12) presents an interpretation of such
**nucleation pulses’’ from which the nuclea-
tion rate may be calculated from detailed
temperature and pressure histories, and
total particle concentration produced by the
pulse. His semi-theoretical model is applied
to cloud chambers in which the dominant
nucleation cutoff mechanism is latent heat
release, and the background vapor concen-
tration is constant and known through the
duration of the nucleation pulse. The
present model allows calculation of nuclea-
tion rate when either or both nucleation cut-
off mechanisms, monomer depletion and
latent heating, are important.

For a vapor cooled to supersaturation in
the presence of foreign nuclei, the growth
process may reach the quenching condition
of Eq. [87] before sufficient supersaturation
occurs to produce a significant number of
new particles. Such conditions are ensured
by choosing condensable monomer, carrier
gas, initial concentration and cooling condi-
tions, in order to minimize (p%¢;)~' and
maintain nucleation at a minimum rate and
quenched as early as possible.

APPENDIX: NOTATION

A Dimensionless growth rate parameter
defined by Eq. [39]
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B
¢

Ca

© 0

B "

PESTHY, FLAGAN, AND SEINFELD

Parameter defined in Eq. [40]

Total molar concentration of gas,
mole cm™3

Molar concentration of monomer
vapor, cx,, mole cm™3

Molar concentration of particle, mole
cm™?

Specific heat of gas at constant pres-
sure, cal g™t °K™?

Diffusivity of monomer in gas, cm?
sec™!

Function defined by Eq. [51]

Latent heat of vaporization of mon-
omer, cal mole™!

Intrinsic nucleation rate far from par-
ticle, cm™3 sec™!

Average nucleation rate, cm™ sec™!

Boitzmann’'s constant, 1.38 x 10?6
erg °K™! :

Thermal conductivity of gas, cal
sec”! cm™! °K~!

Lewis number, o/ 9

Molecular weight, g mole™

Aerosol number distribution in parti-
cle volume, cm™$

Partial pressure of monomer far from
particle, atm

Radial coordinate measured from -
particle center, cm

Radius of particle of critical size, cm

Radius of averaging volume, cm

Radius of particle, cm

Gas law constant, 1.987 cal mol™?
OK—]

Saturation ratio

Time, sec

Temperature, °K

Particle volume variable, cm®

Volume of particle of critical size,
cm?

Molecular volume of monomer, cm?®

Radial velocity, cm sec™

Mole fraction of monomer in gas

Rescaled mole fraction of monomer
defined by Eq. [58]

Dimensionless radial coordinate, r/
ro(f)
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Thermal diffusivity of gas, k+/p;Cyp,
cm? sec™!

Dimensionless temperature defined
by Egq. [59]

Temperature difference, Ty ~ To/T.

Mole fraction difference, xo_ — x4,/
XA,

Dimensionless time defined by Eq.
(41}

Dimensionless radius of the clear-
ance volume

Gas density, g cm™3

Surface tension of condensed mon-
omer, erg cm™2

Aerosol volume fraction

Final aerosol volume fraction

Superscripts and Subscripts

Saturation

Molar average
Monomer
Carrier gas
Background
Particle surface
Far from particle
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SYMBOLS USED

Total molar concentration of gas, mole cm'3

Molar concentration of particle, mole em™3

Nucleation function defined by Eq. [40], sec™}

Mean molecular speed of species i, cm sec™t

Specific heat of gas at constant pressure, cal g"1 "K"1

Diffusivity of monomer in gas, cm2 sec'1

Particle diameter, um

Particle diameter at Kelvin effect transition, um
Evaporation coefficient |

Distribution function defined by Eq. [45]

Fuchs-Sutugin growth law function

Gravitational acceleration, 980 cm sec”2

Green's function

Finite~difference Green's functions

Planck's constant, 6.62 x 10'27 erg sec

Latent heat of vaporization of monomer, cal mcﬂe'1

Growth law function, dv'/dt', pm3 sec"1

3 1

Nucleation rate function, cm ° sec”

5
Dimensionless nucleation rate, RY J!

D
Nucleation rate deviation, Jw-J, cm'3 sec"1

Mass flux to particle, g en™? sec™!

Mass flux obtained from kinetic limit, Eq. [D.3], g enZsec™?

16

Boltzmann's constant, 1.38 x 107" erg okl

Particle coagulation rate constant, cm3 sec"1

Knudsen number, 2A/dp
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Lewis number, a/D

Molecular weight of species A, g mo]e'1

Aerosol number distribution in particle volume, um-3 cm

Dimensionless aerosol number distribution, yk3R3n'

Number density of gaseous species A, em™3

Total aerosol number concentration, c:m'3

3

Dimensionless total aerosol number concentration, yRN'

Nucleation function defined by Eq. [40], cm"3
Summation 1imit in radial discretization
Summation limit in axial discretization

Total gas pressure, g en~! sec™?

Dimensionless gas pressure, (p’-pé)/pgv2
Péclet number, 2 Rv/D

Radial coordinate in tube, cm

Dimensionless radial coordinate in tube, r'/R
Radial discfetization step size

Radius of tube, cm

Reynolds number, 2 Rpg;7u

Saturation ratio, x/xSat

Vapor sink function, sec"1

Time, sec

Dimensionless time, Dt'/R2

Temperature, °K

Dimensionless temperature, (T'—T&f)/(Té-TQf)
Unit step function

Particle volume variable, um3

-3
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Dimensionless particle volume, V'/k3
Volume of particle of critical size, pm3
Dimensionless volume of particle of critical size, v'*/x3
Average axial velocity, cm sec"1

Axial velocity, cm sec™!

Dimensionless axial velocity, v,/ v
Volume of monomer molecule in liquid, cm3
Mole fraction of monomer in gas

Rescaled moie fraction, (x—xwf)/(x0~xwf)
Axial coordinate, cm

Dimensionless axial coordinate, z'/(R Pe)

Axial position of particle nucleation, defined by Eq. [27]

Axial discretization step size

Molecular weight ratio, Mi/Mj

Thermal diffusivity of gas, em? sec”!

AH,, /Xo'xwf

Latent heating parameter, —| —4———
C\TT

p 0] W.f:

Function of evaporation coefficient, Appendix D.
Length scaling parameter, A/R

Dirac delta function

Kronecker delta function

Axial coordinate

Sticking coefficient

Growth Taw function defined by Eq. [16]

Nucleation function defined by Eq. [40]
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A Mean free path of monomer, defined in Appendix D, um
A Time scaling parameter, (c/cd)(xo-xw )Y'Z
.F
u Viscosity of gas, g em ! sec!
v Growth law function defined by Eq. [16]
E Radial coordinate around particle
p Radial coordinate in tube
o Mass density of gas, g en3
Py Mass density of liquid phase, g en3
o Surface tension, g sec™?
9 Lennard-Jones collision diameter, A
o' Aerosol volume fraction, um3 en”3
Dimensionless aerosol volume fraction, yA"3R3¢' 7
$ Dimensionless aerosol voiume fraction, 10“12¢’ cm3 um'3
R2 Sv
o) Dimensionless vapor sink function, 7 X x
0 “we

P Eigenfunction defined by Egs. [34]-[36]

(1,1)* . . N . .
Q Collision integral for molecular diffusion (29)

13
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Superscripts and Subscripts

b Background
f Final
FS Fuchs-Sutugin theory

i,j.msn Integer subscripts

LP Lothe-Pound theory
0 Initial

p Particle

; Seed

sat Saturation

W Wall

- Average

Far from the particle

* Value at nucleation or initial seed
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