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Abstract

_HQ)
We discuss asymptotics of the heat kernel e A (x,y) and its x-derivatives
when T, A — oo and %‘ — 0 where H()\) = — % + A2 V and where V is a double well.

When the groundstate is localized in both wells for A large we derive, by the Feynman-
Kac formula, W.K.B. expansions of the groundstate, the first excited state and their

gradients.

As a consequence we get a general asymptotic formula for the splitting of the

two lowest eigenvalues, Ej(}) and E{ ().

This formula allows us, in principle, always to go beyond the leading order

log(E, (M) —En(A
og(Ex( ?\ 0( ) — — C where C is the action of a classical instanton.

given by
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1. Introduction.

§1.1. The statement of the problem.

Let H(A) = _% + 32V on L2RY) d = 1, 2, 3, ... with A > 0 where
d 2
A=Y ;3—6—-2 is the Laplacian and V is a double well defined by:
i=1 ox.
i

(1.1) Ve C®®R3 | R), V>0, V(x) =0 & x e{a, b}
where a # b, the Hessian matrices V'/(a)

and V’'(b) are strictly positive and leli_I?OO V(x) >0

As X grows H()) looks more and more like that if V is replaced by the sum of
its quadratic approximations at a and b. More precisely (Simon [1]): Fix an integer n.
Then for A large enough H(X) has at least (n+1) eigenvalues 0 < Eg(}) < E;(A) < -

< Ep(X) below its continuous spectrum and

(1.2) E’-‘/\(—'\—) — ep where 0 < ej < e; < --- are the eigenvalues of h(a) & h(b)

with
(1.3) h(c):= —% + % (V"(c) x , x) on L2(Rd), forc € {a, b}.

For Ep()), as above, we let Qu(x,\) denote some corresponding eigenfunction
with

IQlly =1 + 0(A %)as A — oo.

The classical example of a double well is the symmetric double well in one
dimension: V(x) = %(x+%)2(x—%)2 (e.g., Landau-Lipschitz [1], Kac-Thompson (1],
Reed-Simon [1] and Harrell [1]). Here V is even, the eigenfunctions Q2n ’s are even and

Q2n+1 ’s are odd, for n = 0, 1, ... . Moreover, up to a sign,
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(14) Qp(x,A) = % Po(A

1
pp(A2(x=3)) + 1y(x 1 N)

IS ¥

@) (x,4) - 45 (A 2(x+}) +

-1
where ”ri(~ y Mllg = 0(x 2) as A — oo fori € {0, 1}. ¢ is a normalized

bt

groundstate of h(a) = h(b), defined by (1.3) with a = —3 and b =1 .

Hence if we define, for some small ¢ > 0 and c € {a, b},

. 1 if [x—c¢| < ¢
(18)  Je(x) == {0 olther'.\l/is—e
-1
we have [lja@lly iyl = 3 + 0(x %) as A — oo,

which says the groundstate is living in both wells as A — oo .

Similarly, in this L2-biology, (QO+Ql) lives near a = —% and QO - Q1 near b = % .

H(})

. . . —it
Applying the time evolution e ! to ( QO+QI) we get

““EO(’\)(Q N —it(El(,\)—EO(,\))Q

—itH(A
e ( ) (QO+91) = e 0 e 1),
so after time t = r/(El(z\) — Eg(})) a state living near a = ——-12— has evolved to a state
living near b = % - Hence the splitting E;(A) — E((}) tells how long it takes to tunnel

through the classically forbidden region between the wells.

Since “Every child knows that the amptitude for transmission obeys the

W.K.B. formula” (Coleman [1], p. 806-807) we expect E () — Ey()) to be of the



X3() Eq()
order eXP(—/\ij('/\) ‘j ( ) ) where a = ‘—,12 x1(2) < X5(A) < % b

EO(A)

are the classical turning points at energy ——=— . This suggests

j' 2V(x) dx as A — oo

log(E,(\)~Eg(3)) _
A

which follows from:

Theorem (Simon (2]). I YU {52l i, 2gll > O then

log(E,(A\)—En(A))
(1.7) lim ogl Ly A) ol )
A=—o00 A

= —p(a,b)

where, for x, y € Rd R

(1.8) p(x,y):=inf {_[(1) ,I 2V(1(s)) |¥(s)lds: ¥(0) = x and 7(1) = y}

is the Agmon distance between x and y.
b
Noteifd = 1 and a < b then p(a,b) = [ ,l 2V(x) dx .
a

This theorem was originally proven using Feynman-Kac formula ang X
pat

integrals and the proof allows a weaker hypothesis:

for some m > 0

(1.9) {lljaﬂollg li,Qplly > constant A™™ >0



Assuming (1.9) we want to go beyond the leading order in (1.7) using path
integrals. When there are finitely many Agmon geodesics between the wells, satisfying

a nondegeneracy condition we get (see (1.56) below)

3

3
E;{(A) = Eg(X) = ¢y A% e

as A— o0 .

In this case Helffer and Sjéstrand [1] have expansions to all orders in /l\ . One can
obtain this much more precise result by using our method, but now we are mainly

concerned with error terms.

also follows from the discussion before Theorem 6.6 in Helffer and Sjostrand {1]. What

_pHO)
is new here is the method. We make asymptotic expansions of the heatkernel e A

x,y) and its x-derivatives at T, A — oo, T4 < A and we use those to et the
s g

asymptotics for QO s Ql and their derivatives that we will use, as we describe now.

§1.2. Reduction to asymptotics of eigenfunctions and their gradients.

Following Harrell [2] we use

o9 o0
{ (Ql an - 9, —l) dS(x)

(1.10) E,(A) — Ep()) = ¥ On
' 1 0%/ = 2 [y dx
w

where w is basically (explained later) {x : p(x,b) < p(x,a)}
and here n is the outward normal. Now the problem reduces to find

asymptotics of QO , Ql and their gradients as A — oo .



§1.3. L2~a.symptotics, from Perturbation theory, suffice near the bottom of the wells.

To find asymptotics of“’[‘; QO(’.‘”\) 2(x,A) dx as A — oo for any w, that
contains a neighborhood of b and does not intersect some neighborhood of a, it suffices
to have L2-a.symptotic expansions of  and Ql from perturbation theory. From Simon
(1], when V is polynomially bounded and more generally from Helffer and Sjéstrand [1]

(see also Combes-Duclos and Seiler (1]) follows:
There are functions a , 3 : (0,00) — (0,1) with
(1.11) o2 + A2 =1
-1 -1
and a(}) = liaQglly (14002 2)), B() = [, Ql(1+0(A 2))
so under assumption (1.9) we have
(1.12) () B(A) = ¢; AT™ > 0 for ) large.

Moreover, for ¢ € {a,b} and any integer k > 1 there are polynomials P1 ¢

P2,c y eee s Pk,c , where Pl,c is odd, such that:

1) 2led) = a()(¥y () + 1 ()
+ BN p(xA) + 1y p(63))
and
@2 2060) = =B P o (5N) + 1, (x:))
+a(A) (b () + 1 (%)

where



d 1
(1.13) ¥y (%N = A pe(A2(x—c))

1 1
PacOe) f&s(f_("_‘_c)_)).

3 k
A2 2?2
Here ¢ is a normalized (Gaussian) groundstate of h(c) = —% + % (V"(c) x,x)

(k+1)

for ¢ € {a,b} and the errors satisfy [[r, (-, Al = O(A 2 ) as A — oo.
Those expansions imply the Rayleigh-Schrodinger series (Reed-Simon [1]) for

El(’\) and Ey(A) are the same and are asymptotic series (Simon [1]): There are

(n)
0

00
constants {e;. '} 0 such that for any? > 0
n=

Q) RGY

E
(1.14) E\(A) _ e(O) +9 4+ 4+ 0 _Lod)=
A 0 A - \
A

(0)

By (1.2) €

= ey = e, is the groundstate energy of h(a) and of h(b).

If (1.13) holds with k = 2 we get, since P; _ is odd,

(1.15) [ 9y Q dx = a()) ﬂ(A)(l + constant 0(,\ 2)) for any w as above.
w

From now on we will assume:



There are functions a , 3 : (0,00) — (0,1) satisfying (1.11) and
(1.12). With m as in (1.12) there are polynomials Pl,c s e s P2m+2,c
(*) for ¢ € {a,b}, where P _ is odd, so that (1.13) holds with

k = 2m + 2. Moreover (1.14) holds for £ = 2.

Now we can concentrate on finding asymptotics of “[ ” in (1.10).
ow

§1.4. General upperbounds for eigenfunction and their gradients.

Upper bounds for |{Qp(x,A)| uniformly on compacts (u.o.c.) give upper bounds
(Simon [6], Theorem C.2.5) for |[VQp(x,))| u.o.c., see also Remark (9.5). To get upper
bounds for |Qp(x,A)| u.o.c. (or at infinity) one can use (Simon [2], Proposition 3.1)

_TEDI\(A) ) _THE\/\)
(1.16) e [2n(x,2)|° < e (x,x) .

The Feynman-Kac formula (see §5.1) and large deviations (85.2), yield:
Theorem (Simon [2]).

_rHQ)

A
. log e X,
(1.17) ,\l—l-l»noo : A Coy) = -A(%y,T) u.o.c. in Rd X Rd x (0,00) where

T
(1.18)  A(xy,T) = inf{.fo (% "72 + V(7)) dt |¥(0) = x and +(T) =y}

is the classical action for — V.

(1.17) together with (1.2) and

(1.19)  A(xy,T) — min{p(x,a) + p(ay), p(x,b) + p(b,y)} u.o.c. in Rd x RY as

T —oo0 gives the first part of



Theorem (Simon [2]).

(1) Foreachn

(1.20) /\l-i-n—l IOLIQR—————(X’/\)‘ < —min{p(x,a), p(x,b)} and
—00

im log| Vé2n (x| < —min{p(x,a), p(x,b)} u.o.c.
A—oo A

(2) Thereis R > 0 s.t. for each n there are cy and cg > 0 with

(1.21)  |Qn(x,2)] < cg e—/\c2|x| if [x| > R and A > some Ay(n) .

§1.5. Fineranalysis near K, the set of midpoints of Agmon geodesics between and and b.
Thinking of 8w as {x: p(x,a) = p(x,b)} we see from (1.20) that the main

contribution in “[ ” in (1.10) is from a neighborhood of the set of midpoints of Agmon
ow

geodesics between a and b, given by
a,b
(1.22) K = {x: p(x,a) = p(x,b) = ’3%__)} .

By (1.15) going beyond the leading order in (1.10) reduces to go beyond the

leading order in (1.20) near K.

To make sense out of this we need (Carmona-Simon [1])
1.23 xy) = inf A(x,y,T). -
(1.23)  p(xy) = juf ACoy,T)

For (1.23) to attain minimum we may have to take T — oo . If x g {a,b} and

c € {a,b} then (Simon [2])
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(1'24) p(x,c) = mf{f;o (%72 + \/('Y))CIt : 7(0) = x,'y(oo) = C}

and

(125)  p(ab) = inf{]_ (337 + V(1)dt) : v(~co) = a,y(c0) = b}

. x,b C
We will denote by g the minimizing paths of (1.24). The minimizing
paths for (1.25) are called instantons (Coleman [1]). If g minimizes (1.25) then so do
all time translates of g. Forx € K = {x: p(x,c) = p(x,b) = -’L(%bz} we let gy be the
instanton with gx(0) = x. The gy’s are reparametrizations on [-c0,00] of the Agmon

geodesics between a and b minimizing (1.8), that are parametrized with respect to

arclength.
Moreover,

Lemma 1. K is compact and has a neighborhood U such that

(1.27) For x € U and c € {a,b} that is a unique gx,c minimizing (1.24), the
second variation (see (2.11)) of it is positive definite.
Moreover

(1.28) p(x,a) and p(x,b) are C® on U and the gradient (p'(x,a) — p'(x,b)) # 0 on U.

For x € K (p'(x,a)—p'(x,b)) = 2§x(0) = ‘2(1% gx(t)ft___o .

(Proof in Chapter 13.)

By (1.28)

Z := {x: p(x,a) = p(x,b)} N U defines a hypersurface containing K and

for x € K Z is transversal to gx , at x = gx(0).
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If w is a bounded open set with smooth boundary such that 8w N U ¢ Z and

ow\ U C {x: p(x,a) > p(a b) + €9 p(x,b) > p_(a2.,_b) + :-:0}, for some €g > 0, then
by (1.20)
o0 o0 69 o0
(1.30) ajw(szl 511—0 - Q )ds(x) =1, (Ql e 1) ds(x)
o200

To obtain refinements of (1.20) near K we use

E(A) ;[0
(1.31) Qi(x,A)=e Mofe A (xy) v dy

and
E.()
T ‘( ) TH('\)

132) Lot =e * [Le A (xy) ) dy
J

ifi € {0,1},j € {1,...,d} and make asymptotic expansions

Q) _rH®)
ofe A (x,y) and of 66 e ) (x,y)
J

(refinements of (1.17)):

§1.6. Heat kernel asymptotics.

A 2
Theorem A. Let V be a double well and assume |V'(x)| = 0(e IxI

) for statements

about derivatives. If x5 € K = {x: p(x,a) = p(x,b) = ;-iaé’—b)} then there exists

6 > 0 and,
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1. There is ¥ > 0 such that if § € (0,6] then

HO) _jHQ)

-7 -
l%a—?c}e Yoayhe X (xy) =

-—Teo(a) e-——Ap(x,a) , e—TeO(b) e—Ap(x,b)} e—-,\'rfz

(1.33) O(min{e )

uniformly for x € B(XO »6)y & B(a,§) U B(b,§) as T, A — oo and T/X — 0.

¢ v
Here eg(c) := ra.ce@z () for ¢ €{a,b}.

2. Assume
(1.34) v''(b) = Q2 where O = diag(wy ,..., wq) with 0 < wy £ ---< wy then

there are positive constants 61 < %l R 62 ) €4 and T0 and functions

a'g(x,y),arf(x,y), alr{i(x,y) on B(xg , &) x B(b,6) x [T , o) for i € {L,...,d}
with al(x,y), 2L (x,y), a.L.(x y) € C®°(B(x, , 6) x B(b,§)) for T > T
o\Hr ) 2 ”I,J’ 0,))( (,))Ol‘ 2 Oand

j € {1,...,d} such that

H(})

(1.35) e Y xyy=r

d 1
5 d 3 o
A ( 121 "‘Ji) a‘O (an) eXP(—/\A(X,y,T)) €

(V-9

—Teq(b)

T
a7 (%) 4 2
1 T T ¢
1+ =5—+ 0(/\2) + 0(5 exp(=A Fi))}
and i (C)) d d 1
19, A xy)=x 2 ,\2(ﬁ 2
(1.36) 3 ij ) = =1 w;)" exp(—X A(x,y,T))

dA(x,y,T) T apjoey) 2 c
{—E‘I_ 29 (x,y) + — — *t 0(;2‘) + 0(1;\— exp(~A ’—r-%))}



-13-

uniformly for x € B(x0,6), y € B(b,6) as T, A — oo and T4 <A

where

(1L37) 2T (o) = ag(0) (1 + 0 1T + [y—bI))

Dol—

with ag(x) = (det Xx’b(O)) > constant > 0 and
x,b . .
X as described in Theorem B below.

(138) A(anaT) = p(x,b) + p(byy) + O(e_WIT)

(139) plb) =} 3 wi(5i=b)% + 0y-bi%)
1=

8A(x,y,T dp(x,b -6,T
(1.40) (6x- ) _ éx. ) | 0e 1)
’ J J
and

(1.41) al(xy) = O(T) = a'lr’j(x,y) uniformly on B(x , 8) x B(b,6) x [Tg , oo}

The proof of this theorem, especially the uniformity for large T (see chapter 6), is the

issue here.

We use large deviations for T in a fixed time interval and then the semigroup
property to get large T’s. Since the total time the instantons spend outside given
neighborhoods of a and b is bounded from above, we can show it suffices to do finer

analysis near a and near b. There V is close to its quadratic approximations and we
can do the analysis.
We use (1.34), (1.20), and (1.21) to estimate the contribution in (1.31) and

(1.32) from Rd\(B(a. , ‘-25) U B(a, g)) for § as Theorem A. Then we use (1.35) (resp.

(1.36)) and the L2-asymptotic expansions in  (*) when integrating
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over B(a,g) U B(b ,552-) in (1.31) (resp (1.32)). There we use the method of
stationary phase (Hérmander [1], Theorem 7.7.5) which requires improvements of
(1.37)-(1.41) (see Chapter 4, lemmas 6 and 7). After using the asymptotics of E;(})
and Eg(}) in () we put T = constant log A for some positive constant (idea from

Breen (1]) and we get:

$§1.7. W.K.B. expansions near K.

A 2
Theorem B. If |V/(x)| = 0(e I

) as |x| — oo and (*) holds then there is a
,b .

neighborhood U of K = {x: p(x,a) = p(x,b) = ;_)(_;12__))} and functions fc (see (1.44))

f) . and f; 4 € C*®(U,R) for c € {a,b} and for j € {i,...,d} such that if, for ¢ € {a,b}

and j € {1,...,d},

f1

(142)  Fe(x)): = fo(x) + 25

dp(x, fi,c4
P o) = P e + B

then (compare with (1.13))

% -3 (xa)
Qy(x,0) = 2 a()(Falxd) + (4 ) e” 0
d 3
-5 -A b
+ 32 B(a)(F N +0(1 2y e TP
g -3 —ro(xa)
Q;(x,) = =A% B(A)(Fa(x.A) + 0(2 7)) e

La[=H

_3
£t aO)EL N0 2y e HPD)
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4 _3
(143) -3 2= Qp(x,0) = A a(A)(F, 5(xM) + 0(A %) o AP(x2)
J
4 _3
3T BON(F sxh) + 0 2 e MPOP)
and .

_i—l\ ‘%j Q]_(X,A) = —,\‘I ﬁ(A)(Fa,j(x’A) + O(A_i)) e—Ap(x,a)

d
a -5 -
+ 24 a(/\)(Fb’j(x,/\) + 0(A 2)) e p(x.b) uniformly for x € Uas A — oo

For x € and c € {a,b}.

-d 1 -1
(1.44) fo(x) == 4(det .|v”(c))2 (det Xx’c(O)) 2

X,C . . . . .
where X"’ is the unique nonsingular matrix solution on [0 , c0)

of the Jacobi equation:

(1.45)  X(t) = V"(g“°)(t) X(t) satisfying

_| My t
(146) X%(t) = (1 + 0(e %)) e Ve

as t — oo where 61 > 0.

(Proof in chapter 4 .)

Remarks. (1) Equations (1.43) hold near any point xj such that:

Ifc € (a'sb) and p(XO ’ c) = min{p(xo ’ a')a P(XO ’ b)}
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Xg 5 C
(1.47) then there is a unique Agmon geodesic g 0" and its second

variation is positive definite (holds for xp € K by (1.27).

If for x; with p(xO s b) < p(xq , a) say we put f,, fl,a. and fl,a,i all equal to zero.

So we only need to worry about the Agmon geodesics to the closest well(s)
(because the eigenfunctions are living in both wells). In particular (1.43) holds near

the set of Agmon geodesics éJK {gx(t) | t € o0, oo]}.
X

We have, for example, for some § > 0

% f b(x)

-3
—5— +0(A %)) e

—Ap(x,b)

—~~
[
a
Qo

N’
&
[=]

~~\

t]

-

S
~—
>

_d 1
uniformly for x € B(b,6). Moreover we have f (b) = = 4 (det lV"(b))2

1
and p(x,b) = H(V"(b))? (x=b), (x~b)) + 0(jx~b[3).
1
Hence (1.13) width ¥k = 2m + 2 looks like a Taylor-expansion in A2 (x—=b) of the

result in (1.48).

Without assumption (1.47) one can presumably often get expansion similar to

d d
those in (1.43). With new fc , f . and f) ;’s and the prefactor A* replaced by \*

(d-1)
Pc(A) where 1 < Pc(A) € A 2 , e.g., Pc(A) = A3(log ,\)k .

§1.8. The asymptotics of E;(A) = EOQ)-‘ as A — 00.

Theorem B and lemma 1 yield (see chapter 3)
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Theorem C. Let U be a neighborhood of K = {x: p(x,a) = p(x,b) = p(a2,b)} as in

2
Theorem B and lemma 1. Assume (*) and |V/(x) | = O(eAlx| ) as |[x|] — oo . Then

there are functions FO(x) > 0 (see (1.52) below) and Fl(x) € C°°(U,|R) such that

d+2
(1.50) E;(A) — Ey()) = 2 2

_3
2a(A)B(A)(1+2E +0(A 2))

3
(Fo0) + X 1 o(x ™ 2)e A (0(x)+2(6P)) g
Z={x,p(x,a)=p(x,b)}nU A

where O(A—i) is uniform on Z.
Ifx € K
(1.51)  my := nullity of the Hessian of (p(a,x) + p(x,b)) along Z, at x
= dim{f € L2RRY) : 1(t) = V"( gx(1)) £(t) and <gx(0) ,f(0)> = 0}

= dim{f € LZ(R,RY) : f(t) = V"(g(t)) f(t)} — 1.

(1.52) Fo(x) = lp'(x,a) — p'(x,b)| fa(x) f,(x) > 0 for x € U where f;(x)

and f} (x) are defined in (1.36).

Remarks. (1) Observe the simple dependence of a(A) and B(A). Recall a(A) = |lja

Qllg (1 +0()) and 50 = llip, glla(1 + 0())
A2 A2



-18-

(2) Forx € K

(1.53)  |p'(x,8)—p'(x,b)| = 2,| 2V(x) see lemma 2 below.

(3) Note p(x,a) + p(x,b) > p(a,b) with equality only on K which makes the nullity of
the Hessian of p(x,a) + p(x,b) along Z at x € K important. gy is L2-solution of the

Jacobi equations.

(1.54) f(t) = V'(egx(t),t € R
and (1.51) is saying we should only look at the subspace of

solutions of (1.54) orthogonal to gy .

Now we look at a few cases influenced from reading papers on short time
asymptotic of diffusion processes on a Riemannian manifold (see Molchanov [1] and C.

Bellaiche [1]).

Case 1. K = {xg} and myg = 0. Then there are coordinates x = (xq 5 .y Xq) near

Xq such that Xq = 0 defines Z and positive constants a5 e Oy such that

d
(1.55) p(ax) + p(x,b) = p(a,b) + 3 o xi2 + 0(|x|3) for x € Z.

1=

Hence (Erdelyi [1]) there are constants c; and ¢, such that

3

C 3 c -2 (e
(1.56) E;(A)—Ey(V)= ZW(/\)OT(A) A+ e 2 ) Ap(ab)

— 00 .
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Remark. (1.57) Taking straight line segments as trial paths for the Agmon distance,

we get:

There exist § > 0 and C > 0 such that p(y,xg) < Cly—xg| for all

y € B(xq , 6). Hence by (1.55) and (1.28) we have in case 1;

(1.58) There is a unique Agmon geodesic 8x, between a and b
and there is a hypersurface Z that intersects gxo at x
transversally and a neighborhood U of XQ and a constant € such

that p(a,x) + p(bx) > p(a,b) + L p(x,x), forallx € U N Z.

This nondegeneracy assumption was made by Heliffer and Sjostrand [1] in a

multiwell situation when they proved, as mentioned earlier,

2 —Ap(a,b c c —(n+1),
(1.59) E;(A) — Eq(A) =c¢p A" e p(2,b) A+5++ /\—‘,; + 0(A ( ))
for all n,as A — oo .
Case 2. K = {x3}, mx, = 1 (sod > 2) and in some coordinates near x

d-1

p(a,x) + p(x,b) = p(a,b) + xzp + > x% if x € Z, for some p > 2. Then there are
=2

constants ¢y - €3p—1 ° that (Erdelyi [1] or Olver [1])

E;(A) — Eg(}) =

C (2 L Cap- -5 - (a.b)
0 2p c ap-1 2 p(a,
_()_(_3,\ (1+_:ll_+...+__i_.+0(/\ ))e

A2P 2\z2p)

as A — 00 .
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Case 3. K = {x;} with mx, = 2 (so d > 3) and in some coordinates near x

d—1
p(a,x) + p(x,b) = p(a,b) + x‘; + x? xg + xgp + x% with p > 2. The Laplace
=3

integrals needed are in C. Bellaiche [1] and we have: If p =2 E;(A) — E4(}) =

C -A ’b ‘
W)Oﬂ(k) 32 ) (1 4 o(1))as A — oo and if p>2 Eq(A) — Eg()) =
0 2 —p(a,b) ‘

Ta(N A » legAe (1 +0(1))!asA —oo.

my =k + 1s0k <d—2) and in some coordinates in Z p(a,x) + p(x,b) = p(a,b) +
1 2P 1 o
Y x% (resp. p(a,x) + p(x,b) = p(a,b) + x + Y x%,for P > 2) then there
=yo ¢ k+l “pfyr1 ¢
3+k
tant b that Ey(A) — Eq(A) = 20 Wz
are  constants ¢3, ¢y -+ suc a 1( ) — 0( ) = m
< —3., —Ap(a,b) R - - — 0 _
1+ F+ o(x “))e , as A — oo (resp. E;(A) — Eg(}d) = T (VAN
(3i12(—i-'l - Ql') c Ap(a,b)
p c 3p-1 —Apla,
A (1 +Ti_ +...+(TE-1—)- +0(,\—g))e as A — oo.
A P A 2 2p

Estimating p(x,a) + p(x,b) > p(a,b) on Z gives a general upper bound

(d+2)

T2 —)p(ab)
Eq(A) — Eg(}) = 0(?3()\)_/3@ e )

as A — oo . (See Hellfer and Sjéstrand [1], Theorem 6.6).
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§1.9. The plan of the paper.

The main difficulty here is the uniformity for large T in Theorem A. Our
method is to use large derivations on an interval [T , 2T] where T is a fixed (large!)
number. Then we use the semigroup property of the heatkernel for T = (n + 1) Ty
where T, € [TO , 2T0). In both cases and in proving Theorem B using (1.31) and
(1.32) we need to analyze the minimal action, the Agmon distance, their paths, the
related Jacobi fields and to compare those. We state these results in chapters 2 and 4

but their proofs or sketches of proofs are in chapters 11 to 16.

We proof Theorem C (given Theorem B) in chapter 3, Theorem B (given
Theorem A) in chapter 4 and in chapters 5 to 10 we prove Theorem A, the central

part of the proof is in chapter 6.
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2. The Agmon Distance and the Minimal Action.

§2.1.
§2.2.

$2.3.

§2.4.

§2.5.

§2.6.

An Introduction - Proposition 1.
The positivity of the second variation and the solutions of the Jacobi equations.

Asymptotics of the Agmon geodesics, minimal action paths and the solutions of

releated Jacobi equations.

The positivity of the second variation of g),;\’y .
. x,y,T —d? 1"y X,y -1 .
The Greens matrix G (t,8) = (W-*- V7(gr”))  (t.s); some asymptotics.

. . T . .
Finer asymptotics of G (t,s) when y is exponentially close to b.
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§2.1. An Introduction - Proposition 1.

The Agmon distance defined in (1.8) by

p(x,y) = inf{ff)izvu(s)) (0] ds : 1(0) = x, 1(1) = v}

2

is the geodesic distance in the metric 2V(x)dx“ which (and for more general

V’s) is called the “Agmon metric” since the studies of Agmon [1] of exponential decay
of L2~solutions of (—A + v) u = 0, at o . For V > constant > 0, at oo , as we
consider, it was earlier used by Lithner [1] for the same purpose and (1.21) follows from

his work.

Carmona and Simon [1] proved Agmon’s upper bound was a lower bound for
the ground state, at co . They used Feynman-Kac formula (see Simon [5]) and (1.23)
that says p(x,y) = ri‘ngo A(x,y,T), where A(x,y,T) is the classical action given by

(1.18)

T
Alxy,T) = igf {] (352 + V(7)) dt: 7(0) = x, 7(T) = v}

In tunneling problems the Agmon distance was introduced by Simon [2] when

proving
(1.7) by reducing to the upper bound in (1.20) and (1.21) and

@1 jtim RN i), ab).

Helffer and Sjostrand [1], [2], and [3] (see also Sjéstrand [1]) use the Agmon

distance and perturbations of it extensively their studies of multiwells, and Dirichlet’s

problems that they reduce to.
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H()) H())

In the analysis of e A (x,y) and 3% e A (x,y) (see (1.17), (1.19 and
J

Theorem A) the Agmon distance enters mainly through
Proposition 1.
(2.2) Tlimoo A(x,y,T) = min{p(x,a) + p(a,y), p(x,b) + p(b,y)} + O(e—aT)
uniformly on compacts on Rd x R4 , for some a > 0 (depending on
the compact) as T — oo . (A Proof in Chapter 12.)
We will study p(x,c) and p(a,b) given by (1.24)
p(x,c) = inf{.[;o(% 72 + V(7))dt : v(0) = x, p(c0) = ¢}
if x ¢ (a,b) and ¢ € {a,b} and (1.25)
p(a,b) = inf{ ;‘foo(% 2 + V(1)dt : 7(~o0) = a, 7(c0) = b}

which implies that minimizing paths gy° for A(x,y,T), g for p(xc) in (1.24)

and gx for p(a,b) in (1.25), if x € K, all satisfy the same Euler-Lagrange equations.

(2.3)  #(t) = VI(v(¥))
That is convenient when we compare gx,b(t) to gxay (t)

T
on [0, l‘] and gy’b(t) to gé’y(’l‘ —t)on [0, %‘]

if all have those paths are unique and, say,
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(2.4) p(x,b) + p(by) < p(x,2) + p(ay).

to grow as T — oo the minimal action paths have to run into the wells and stay there

XY

most of the time. Conditions like (2.4) make the g s for large T, go near b and not

near a.

In the rest of this chapter we look at Xp satisfying (recall lemma 1)

(2.5) P(x()ab) < P(x() ya) + p(a,b)

Xn,b
(2.6) There is a unique Agmon geodesic g 0 minimizing p(xg , b) in (1.24)
and
xovb - .
(2.7) the second variation of g is positive definite (see (2.11) below).

It follows (see lemma 2 below) that these conditions are satisfied for x near x .
Moreover for x near X » Y near b and large T there is a unique gé’y and its second
variation is positive definite. Moreover (2.5) implies (2.4) for x near Xq and y near b
and so we know we should compare gg;:y with gx’b and gy’b .' To describe what (2.7)
means, let J = [0,00) or J = [0,T] and Q(t) a symmetric continuous (d x d)-matrix on

J then
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Definition (2.8). The system

(2.9) —f(t) + Q(t) f(t) = 0 on J is nonconjugate if no nonzero solution
vanishes twice on J. This is equivalent to (Hartman (1], Coppel [1]) .

For any subinterval [t; , ty] C J,

t
(210)  Umtytg) i= [ (G1sh) + (Quaf) de 2 0,
1

¥y € Dy(tyty) i= {n € AC([ty,tol, RY) i i € L2(t)t9), n(t)) =
=0 = n(ty)} and I(n,t;,t5) = O only if n = 0.
Definitions. The second variation of
(2.11) gx’b is positive iff (2.10) holds with J = [0,00) and Q(t) = V”(gx’b(t)).

The second variation of

(212) gy is positive definite iff (2.10) holds with J = [0,T]

and Q(t) = V(g7 (1))

. Xn,b
Hence (2.7) is telling us the Jacobi system (1.4) —f(t) + vi(g 0 (t)) f(t) =0
is nonconjugate on (0,00) meaning that (1.54) has no nonzero solution vanishing twice

on [0,00).

Remark (2.13). (See A. Bellaiche {1} and Kobayashi (1]). On a Riemannian manifold
m of class CT for r > 2 one defines the cutlocus of m, by ¢(m) := {(x,y) € m x m
there are at least 2 minimal geodesics between x and y, or x and y are conjugate along

a minimal geodesic (second variation is not positive definite)}. Moreover one defines
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the cutlocus of x € m by c(x) := {y : (x,y) € ¢(m)}. Then c¢(m) is a closed subset of
m x m, c(x) is a closed subset of measure zero in m and the energy E = % d2(x,y) is
c™ ! on m x m\c(m). Moreover if g is a minimal geodesic between x and y then x

and any point z on g before y are in c(m).

Note the metric tensor g..(x) = 2V(x) é.. , for the Agmon distance vanishes at
&ij ij

a and b. Therefore we cannot quote those results and therefore e behaves as

5 RS
described in Theorem A and not like the free one: (QT’r\-T) exp(— /\(_X2_T_Y)_) . We

b

mainly make statements about p(x,b), p(b,y), gx b and gy’b for x near x; and y near

b and not about p(x,y) and Agmon geodesics between x and y.

§2.3. Asyvmptotics of Agmon geodesics, minimal action paths and solutions of related
Jacobi equations.

We will assume (1.33) vll(b) = Q2 where Q = diag(wy , ..., wy) Wwith

0<w1 Sw2 S"'S wd.
If (2.5), (2.6) and (2.7) hold then
Lemma 2. There exists 60 s 61 and TO > 0 such that

1. If x e B(xo » 6p) then there is a unique Agmon geodesic gx’b . It’s second
variation is positive definite and it depends C*°-ly on x € B(xq , 6g). For each

aeNg

wlt

ler| -
(2.14) ?W’ @>(t) = b) = 0(e

uniformly on B(x , §g) X [0,00) .
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(2.15)  Fory € B(b§y) and i € {1,....d}
—w.t
@P(t)-b), = (y=b) e +

—min(w;,2w, )t

0(ly—bl%) e —u 1@ P (),

2
For x € B(x,8;) the Jacobi system —f—Q U (t) + V”(gx’b(t)) U(t) = 0 for
t -

t € [0,00) has matrix solutions Xx’b(t) and Yx’b(t) satisfying

2.16)  X°P(6) = (1 + o(e 1Y) e~ = _x%P(y) -1
vy = (1 + O(e_6lt)) et = yP(yy o1

uniform on B(xg , §y) x [0,00)

which are infinitely differentiable in B(xo ) 60) with

For each a € Ng la|] > 1

ler| —6.t ||
8 by 15 =0t _ 9L ¢Xb
(2.17) o X77(t) = 0(e )e = 5% X7(t)
|al _ ol
o X,b 61t Qt 6 v X,b
ox% (t) 0(e )e ox® (t)
uniformly on B(xO s 60) x [0,00)
and d
—t(.z wi)

(2.18) det(Xx’b(t)) > constante =1 >0
uniformly on B(xg , 63) x [0,00) .

Moreover
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219) A @& &P = (@) KPP e
J

ifi € {0,1} and j € {1,2,...,d} where

g

ej = (61.] i=1 and 6ij is the Kronecker delta

and
(2.20) ‘3’-’{5,)’;—@ = (&P forj = 1, .., d

J
2. If (x,y,T) € B(xg , 63) x B(b,5;) x [Ty , o0) there is a unique minimal action path
g),;’y and it has positive second variation (as defined in (1.12)), g?y(t) , g?y(t) ,
A(x,y,T) are infinitely differentiable with respect to (x,y) € B(x0 , 60) X B(bO s 60)

(see (2.26) below).
The Jacobi system
d2 1, Xy
(2.21) (-d—§ +V (gT )) U(t) = 0 for t € [0,T]
t

has solutions Xx,y,T and Yx,y,T satisfying
-84t .
222) XV Ty=@+0e 1+ y=bl) e = XXV T(t) oL

-6t .
YTy = @+oe L+ ly-bp) e = v T(r) o1
uniformly (x,y,T,t) € B(xg , §5) x B(b,6,) x [Tg » o) x [0,T)

and

d
—t( E Wi)
i=1

(2.23)  det XY T(t) > (const) e >0

uniformly (x,y,T,t) € B(xy , 84) x B(b,6,) x [T 5 00) x [0,T
0°°0 0 0
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The Xx,y,T , Xx,y,T , Yx,y,T and Yx,y,T ’s are infinitely differentiable and

satisfy

d
(2.24) Foreach a, 8 € Ny

|| +18] la|+181 .

0 3 XX3YaT(t) — 0(1) e—Qt = 0 7 XX7YaT(t)
9x%*dy 0x% oy

la]+18] laf+18I .-
i) 3 YansT(t) = 0(1) th — i) 3 Yx9y’T(t)
0x% oy ox*dy

uniformly for (x,y,T,t) € B(xj , §) x B(b,6g) x [Ty , 00) x [0,T].
With Xx’b and Yx’b as in (2.15) we have

225) (X T(t) - xOP(1)) 2 =

T
_w o - .
=0 12 4 |y=b]) = (X T(t) - XOP(1)) 2

and (YT () — Y¥¥ (1)) e~

T
_w Y . .
=0 12 4 |y—b)) = (Y T(t) - v™P(r)) e~

uniformly for (x,y,T,t) € B(xo , 60) X B(b,éo) X [TO , o0] x [0,T].

x,y,T

Moreover, with g = gé"y , X=X and Y = Yx,y,T we have
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(226) - ACoyT) = GD);
1

252D =~y

%;‘,}@ }@&T? + V)

@Y L g) = 2 (@) av)
1 1

= & (x()-v() (Y(T)~1X(T)) (X(0)=Y(0) (Y(T) ™ x(T)) ™!

~~

O ORI GO
= (&Y (YO -X®X(©0)1¥(0) (Y(T)-X(T) (X(0))~1¥(0)) !

for j € {0,1} and i € {1,...,d}

and finally
If « € N§ then
8' ol X,y
(2.27) oy% V(gt"” (t)) = 0(1) uniformly for

(xy,T,t) € B(xg , 8g) x B(b,83) x [Ty , 00) x [0,T] .

Remark. By the Euler-Lagrange equation (2.3) gTy(t) = VV(g (t)) if t € [0.T] we

have constant energy along gT (t) given by

(2.28)  Ep(xy) = 3@ (0)2 - v(gr” (0) = 377 (¢)? - Vier” (+)

for all t € [0,T).
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,b
Similar 0 energy along g’° by (2.3) and (2.14)

(2.29) %(gx’b(t))Q _ V(gx’b(t)) _ I:O(.g.x,b(s)Q _ VV(gx’b(s)) gx,b(s) ds = 0 |

Using (2.26) and (2.28) we get the Hamilton-Jacobiequation (Gelfand-Fomin [1))

‘ 5}

§(7x Abcr T)? + V() = T
o

L(%x AGrT)? + V() = gt

§2.4. The positivity of the second variation of gf;\’y

In the next lemma we describe in terms of inequalities what “the second
variation of gT’y is positive definite” means. That is useful when we go beyond the

leading order in

H())

A
log e 3 (x.¥) = —A(x,y,T)as A — oo.

Some information about the Agmon distance, the minimal action and the comparison

of different minimal action paths, that we need later will follow.
Lemma 3. With Xg » 60 R 61 , and TO as in lemma 2

1. There exists a constant k, > 0 such that if ||y — gx,y“ < 6, then
1 T L%(0,T) 0

T 2
(2.30) [ (@2 + (V'"(1)n.m) dt 2 kylin| for all n € Dy(0,T)
0 L°°[0,T]

b}

where
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(231)  Dy(0,T) := {n € AC((0,TLRY) : 7(0) = 0 = 9(T) and # €L?[0,T}}

with
1

( zn&O)

(2.32) Il =
L°[0,T) O<t<T i=1

Also
T 1..%Y . \2 X,y _ T 1 XY 9 X,y
(2.33) IO (581" + ) + V((gp” + n))dt IO (5(8, )" + V(er ))dt

_ 2
>k, mm(ag , ”"“L )for all n € Dy(0,T),

*[0,T]

uniformly for (x,y,T) € B(xq , 65) x B(b, 65) x [Ty , o0) .
2. Uniformly on compacts in

(2.34)  {(xy) € R x Rd: p(x,b) + p(byy) < p(x,2) + p(ay)}

t —w,(T—t
85 ()] > g7 () — bl = o(e 1 + min(ly—bl , fg)e 1l 5

b

—w, T
Ep(xy) = 3@ ()% ~ V@' 1) =0(e 1) (see (2.28)) .

(2.35)  A(y,T) = plx,b) + p(by) + 0(e~ “1T)

where

d
(2.36)  p(y,b) = % .lei(yi - bi)2 + 0(|y-—b|3) uniformly on B(b , &) .
i=

3. If (xn , yn » Tn) — (xy,T) € B(XO ’ 60) x B(b, 50) x [T(] y 00)

then
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X, T X,
(2.37) ”ng yn (- Tn) - gTy” —Q0asn — oo .

[ ]
. L[0,T]

4. There exists kg > 1 such that

X1,Y X0y X1y . X9y
(2.38)  lgp " 1t) — g2 20 lgp 1) — &2 2(8)] <

—wq (T—t
1( ))

—wyt
ko(|x; —xgle + ly;—ysle
for t € [0,T], (x1 » X9) € (B(xg » 5p))%, (¥7 » ¥o) € (B(b,5))?
and T E[TO ,00),

(2.39) ey (t) € B(bD) i t € [T—20 ,1';—‘1]

and

—wq(T—-t) —w,T
1(T=1) =y if t € [0,T) for all

x,b x,b
(240) gy (1) - Wl S Ky e
(x,y,T) € B(XO 3 60) X B(b,&o) X [TO ’ w).
Finally if Xg = b

) X1,Y Xo,Y »
(241)  lgp " 1) — g 2| < max(lx; —xy|, ly; —¥|)-

(A proof in chapter 16.)

Note (2.38) and (2.40) imply

@42) 1) - €01 < kolly—bl + ¢ 1Ty “1TTY,
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, -1
2
§2.5. The Green’smatrix Gx’y’T(t,s) = (—Edt—z + V”(g?y(t))) (t,s);someasymptotics.

When analyzing the heat kernel e we will change a measure on the
path space and instead of using the Brownian bridge measure whose covariance
. . a2 . iy
operator (see Simon [5], chapter 2) is (-5 on [0,T] with Dirichlet’s boundary

dt
conditions)_1 we use the measure associated with the mean zero Gaussian process
. . d2 1, X,y . .
whose covariance operator is ((——2 + V(g1 (t)) on [0,T] with Dirichlets boundary
dt

conditions) ™~ 1

We need to analyze its integral kernel which we call the Green’s matrix

Gx’y’T(s,t) . Observe if x = y = b then

2.43) QPP T(eny= [~ 8 _ (20T _ =1 (048 _ A—1)

_eQ(t-—s) + eQ(2T—s—t)}] (29)_1

where

Q = diag(wl,...,wd) = .l V'(b) and we have a d-dimensional oscillator process tied

down at 0 and T. For certain error terms we need small perturbation of Gx’y’T(t,s).

Lemma 4. With xj , 65, §; and T as in lemma 2 let W.rr(t) for t € [0,T] if (r,T) €

[0, 1] x [Ty , ), ry > 0, be continuous symmetric (d x d)-matrices with
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T .
(2.44) _[0 |W,rr(t)| dt = 0(r) as r | o uniformly for T € [T0 , 00).
1. Then there exists ry such that

(2.45) U= (V"(g%’y) + W,rr(t) U has solutions Xf’y’T(t) and Y)r(’y’T(t)

on [0,T] for (x,y,T,r) € B(xg , bg) x B(b,8y) x [TO , ) x [O’rO]

with
2.46) XV Ty - XY Ty =

t —6;(t—s)

0([0 e |Wh(s)lds + jtT|w’T(s)| ds) e~ St —

-X,,T 'X,,T
XV - K0T

and

1(t—3)

-6
@an) i - YT = o e Wik(s)] ds

+ I;r WE(s)lds) e = (VF¥'T (o) - v T

uniformly for those (x,y,T,r)’s

x! 9T xi ’T
YR = v ()2

248) xX*VT() = xXY ’T(t)|r=0 and Y

are those in (2.22).

2
2. K (—;id—2 + V"(g),;’y(t)) + WrT(t)) is the Dirichlet operator on [0,T] there are
t

constants k3 and k4 such that



(2.49)

(2.50)

(2.51)

and
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2 k
(—diit—Q + V(g + Wh(t)) > Tj% > 0 (recall (2.30)) on D(0,T) (defined

in (2.31)) uniformly for (x,y,T,r) € B(xq » 6g) x B(by » 50) x [TO , 00) X

[0,rg] and its Green’s matrix is given by width X = Xf’y’T and

Y = Yi-(’y’T , (see Heimes [1])

¥ T (es) =
[X(8) = (Y(£)=X(£)X ~1(0)Y(0))(Y(T)—X(T)X ~1(0)Y(0)) ~1X(T))1X ~L(s)
(Y(s)—X(s)X ~L0)Y(0))(¥(s) X ()X ~L(s)Y(s) 1 if 0<s<t<T

and

x,y,T
G!‘ (ta

[£]

Y\ =
(Y(£)—=X(t)X ™ 10)Y(0)) {I-(Y(T)-X(T)X ~1(0)¥(0))~ !
X(T)X ™ L(s)(Y(s) = X(s)X ~1(0)Y(0))}(¥Y(s)-X(s)X ~L(s)Y(s)) !

if0<t<s<T.

The Green’s matrix satisfies

G5V (1) <kge if0<t,s<T

—wq|ty —to]
(2.52) |G’r"y’T(t1,s) —G T <k e UL 20 <ty ty,5<T

3. For Gx’y’T(t,s) =G

uniformly for those (x,y,t,r) ’s .

i-(’y’T(t,s)|r___0 we have:

For each a € Ng
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lal la| —wqlt—s
2539 125G o), 125 GV (k)] = 0(e = o< s g
Yy

uniformly for (x,y,T) € B(xq , 6g) x B(b,63) x [Ty , ).
[A sketch of a proof in chapter 16.]

2
(2.52) shows the process with covariance operator (-—g—2 + V"(g?y(t))
dt
+ W',T(t))_1 will have continuous sample paths (see Simon [5], Theorem 5.1) and

(2.51) shows the paths won’t go far away for large T (by Donsker-Varadhan, see

Stroock [1], Cor. (3.50)).

§2.6. Finer asymptotics of Al (t,s) when y is exponentially close to b.

Finally we need a little bit finer analysis when y = ¥ satisfying

-wlT .
(254) 7 =73(xT) =b + 0(e ) uniformly for

(x,t) € B(xg , 8p) X [TO , 00) .

Lemma 5. With x; , 63, 6, and T as in lemma 2 and ¥ satisfying (2.54) we have
2
1. For each a € Ng there are diagonal matrices A(a, - ), B(a, - ) € Cﬁo([O,oo),Rd )

(i-e., each derivative is uniformly bounded on R), independent of x and T, such that

|| T —61(T—v) _(T-
(2.55) gy—a XV U T=x)ly =y = (A(ay) + O(e 1 ) e (T-v)
| T -
i _g 5 dg_txx’y’ (t)' —v Q 1

and



(2.56)

2. G*Y

(2.16))

(2.57)

-39-

—=6,(T-v) eQ(T—v)

lol xy.T
g;,_a Y y (T_v)|y=? = (B(a,v) + O(e ))

uniformly for (x,T) € B(xq , §y) x [Ty , 00).

b

T(t,s) = G)l(’b(t,s) + G%‘(t,s) + R,X’T(t,s) where (Xx’b and Y as

G (1) = XOP(1)(X¥P () ~L (Y™ ()X () (X2 (0)) =1 Y*P(0))

X

(VP @)= )X (s) 71 ¥ TP (e~

if 0<s<t<T

and

a1 P(ts) = (VP H)-xP ey x ()~ Y (o))
(FP ) - %P (s)(x P (s)) =1 YP(s)) 2

if0<t<s<T

and satisfies : Va € Ng

(2.58)

(2.59)

—Q|t—s| e—61min(s,t) e—-wllt—s|

o
O (G(t) — e 7 2y ™1y = of )

uniformly for (x,t,s) € B(xq , §5) x (0,00) x (0,00)

—Q(2T—-s—t)

Gg (t,8) = —e (20)~1

and RX’T(t,s) satisfies

in
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T T —6,T
2.60) [ [ IRST(ts) dtds = 0(e 1) = |RST(t,s)|if0 <s,t < T

0o "0

uniformly for (x,T) € B(xy , §g) x [T , 00).

Moreover with the same uniformity

oGV T e = (Ale.) — Ale . -1
(2.61) 3y, (T-v,T u)|y=y {A(e;,v) — A(e;,u) + B(e;,u)}(2Q)
i
e—Q(u—v)

—{B(e;,v) — B(e;;u) — B(e;,0) + A(e;,0) — A(e;,u)}(22) !

e—Q(u+v)

e—él(’l‘—-u) e—wl(u—v)

+ 0( Yif0<v<u<T

and

%y, T —1 —Q(v—u
QGT (T—V,T—u)lyzy = B(e;,v)(29) le ( )

1

—{B(e;,v) — B(e;,u) — B(e;,0) + A(e;,0) — A(e;,u)}

(20)~1 ™20 | o Th TV e (vme)

)if0<u<v<T.
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3. Proof of Theorem C

Recall (1.10)
89, 89,
| (@155 — Q0 35 ) 45(x)

OW
By = B =g 0, &
- W

where we take W to be an open bounded set containing a neighborhood of b and not

intersecting some neighborhood of a. Moreover with a smooth boundary 0W such that
,b 0

for an open neighborhood V of K = {x: p(x,a) = p(x,b) = -M—Z—)}, as described in

Proposition 1 and and Theorem B

OWNU = I{x:p(xa)=p(xb)}NU=:2
and
a,b
(3.1) AW\U C {x: p(x,a) > ”(2 ) 4 €g» P(x.b)
> Laé’-@ + €3} , for some £ > 0.

By Lemma 1.2 defines a smooth hypersurface and for x € K, Z intersects gy
transversally at x = gx (0), i.e. gx (0) is a normal of Z of x € K. By hypothesis ()

99 094
we have (1.15). By (1.20) we can bound g, |T|’|Qll and |T| by
n n

—A(min(p(x,a), p(x,b)) —¢ w
O(e (min(p(x,a), p(x,b)) 0)) uniformly on 8 W, since W is compact.

Thus by (3.1) we have (1.31):

0N N oQ N —A(p(ab) + €p)
0 1 — 0 1 0

A= 0.



Now we use the formulas for Q. 2, and their gradients is Theorem B. Since
a?(A) + B2(\) = 1, Fa(x) Fy(x). Fyj(x) and Fy s(x) are 0(1) and p(x,2) = p(x b) on
Z, we get:

39 391
-0
15 0 6x

d +2
_ ,\( 2 ){(ap(()zjb) c’ipa(:Ja))f (%) ()

dp(x,b) Op(x,a)
( ox. afpfia — Bx; fafpfip thpjfa —TrayMh

J
+ )

+ O(,\_% )} o ~Mp(x:2) + p(x,b))

forx € Z.

W contains point with p(a,x) — p(b,x) > 0 near Z and the outward normal is

pxb) = p'(xi2)
Ip'(x,b) - p'(x,a)l

Therefore

(d+2) 3
99, o0 -3
(@ 52 -9 50 =2 % (Fox) + l()+0(A Z)) e

—AMp(x,2) + p(x,b))

uniformly on Z where F(x) = | p'(x,b) — p(x,a)| fa(x) f,(x) and F and F, are Cc®

on Z by Theorem B and lemma 1.



-43-

This proves (1.50) of Theorem C, (1.52) follows from above and (1.53) from

(2.20) and (2.29).

To prove (1.51) of Theorem C we note if

(3.1) {f(t) = V'(gx(t)) f(t) on R

oo
and [ ]2 dt < oo

then, since gx’b = gx| 0,00), fl[O, ) is a bounded solution of

(32)  5(t) = V" (@°P(t)) 7(t) on (0,00).

Recall from Theorem B that Xx’b(t) is a nonsingular matrix solution of (3.2)

—6qt —,|v” b) t
with Xx’b(t)=(l+0(e 1 ) e (b) as t—00. Any bounded solution of (3.2)

(see Coppel [1] Chapter 2, proposition 1) is of the form v(t) = Xx’b(t)(Xx’b(O))_l'y(O)

(other solutions grow exponentially at o) .

Therefore f as in (3.1) is given by

flo (1) = x¥P(e) (x*P(0))~1 1(0)

Ml _oo,0) (1) = X% (1) (X071 1(0)
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Hence if { satisfies (3.1) and h € C¥ (R, Rd) then

(34) (—F+ V' () D, By de = [ (@, B) + (V'(ex) £, b)) dt =

'r—oo

=)+ = O () 1+ KR 0) () 10, 10)
by (3.1) and (3.3)

= ((¢"(x:2) + p"(x,b)) 1(0), h(0))
by (2.20) and (2.19).

This shows the number of independent L2— solution of { = V"' (gx) T is equal

the nullity of the Hessian of p(x,a) + p(x,b).

If we restrict ourselves to solutions f of (3.1) with (gx(0), f(0)) = 0 so f(0) is
tangent to Z at x € K and h with (§x(0), h(0)) = 0 we get by (3.4) the first part of

(1.51). The second part follows from gx(t) = V'(gx(t)) and gy is in LZ(R) by (2.14).
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4. A proof of Theorem B.

§4.1. The setup.

§4.2. The contribution to (1.31) and (1.32) from the complement of neighborhoods of
a and b are small.

§4.3. The use of the Lz-asymptotics of the eigenfunctions.

§4.4. A stationary phase theorem from Hérmander [1] and lemmas 6 and 7.
§4.5. Asymptotics of terms not containing the polynomials.

§4.6. The terms with the polynomials.

§4.7. The Remainder.

§4.8. Cancellations and taking T = constant log A completes the proof.
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4. A proof of Theorem B.
§4.1. The setup.

As mentioned earlier, we use (1.33), (1.20) and (1.21) to estimate the
contribution in (1.31) and (1.32) from Rd\(B(a,g) U B(b,%)), for 6 as in Theorem A.
Then we use (1.35) (resp. (1.36)) and the L2-asymptotic expansions in (%), when

integrating over B(a,g) u B(b,%) in (1.31) (resp. (1.32)).

In these asymptotic expansions and estimates we have “the same kind”

r/ \ “/A\
72\ —T2\Y
of formulas for e A (x,y) and 5‘1— e A (x,y), and for Q4 and Q, . Therefore
J

ox,

we only do the calculations for one of QO » g Qq and g QO say, and we claim
i
the others are similar

§4.2. h

ontribution to (1.31) and (1.32) fr

e co m the complement of neighborhoods of
and b, are small.

If X € K and with § > 0 as in Theorem A we write

7B HQ)
(4.1) Qp(x,2) = e RN Je A (xy) Qp(y,A) dy

rEo(})
=e A I + | + [ )
(a8) B(bS) RI\(B(a.8) U B(b.S))
_rHQ)

e A (xy) Qv dy



By (1.33) in Theorem A, (1.14), and the assumption () in §1.3 we have

7o)

42) e A )
S«d\(a(a,g) u B(b..-*‘,n)

—Teg —A(min{p(x,a).p(x.b
0(e 0 P+ ) 2(y,A) dy
—X(min{p(x,a),p(x.b)} + 28 )
= O(e [ QM) dy
r\(B(a 5) U B(b.3))

uniformly for x € B(xq , 6) when T, A — oo and ’—}\ — 0.
By (1.20) and (1.21)

[ QM) dy =
RI\(B(a,8) U B(b.{))

(IB(O,R)\(B(a,g)UB(b,g)) + IRd\B(O R)) Qy(y,A) dy =

_ o~ Mmin(p(y,a),p(y,b)—¢}
= 0! B(0,R)\(B(a,3)UB(b.3)) )

—Ac
0( . 3Iy|dy)

RI\B(0,R)

for large R and for any ¢ > 0.

[
Hy¢g B(a,g) U B(b,g) then p(y,a), p(y,b) > some ¢y > 0 . After taking ¢ = 70
we get
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€
A0 —aegR
[ Qo(y,/\) dy = O(e +e ) = 0(1),
RA\(B(ad)UB(b.$))
which is all we need.
Now we have, by (4.2)
En(A
2o _rHQ)

\

N

(43) (] IRd\(B(a’%)UB(b,%)) € (X’Y) QO(Y’;\) dy

(e—A(min(p(x,a>,p<x,b>>+754—2>)

uniformly for x € B(xO ,6)as T, A — oo and % — 0.

If xqg € K then, by Theorem A, there is a § > 0 such that we can
_rHQ) .
expand e A (%y) as in (1.35) for x € B(xq , 6) and y € B(a,§) U B(b,é).
_rHQ)
Now we look at [ e A (x5y) Qo(y,/\) dy, say. After change of
B(b,)

variables we have (1.34) V'/(b) = Q2. By assumption (x), 2q(x,1) =

a()\)(¢2m+2,a(x,,\) + r2m+2,a(x,/\)) + ﬂ('\)(’/)2m+2,b(x”\) + r2m+2’b(xa)‘))
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with
; : :
d 1 P, (A%(x—c)) Pomnto.c(A(x—c))
Yam 42,060 = A7 pc(A(x=e))(1 + St m+,\(’;x+1) )
/\2
(m+3)

and ||l‘2m+2( M) ’\)”2 = 0(’\ )

Here ¢ is the Gaussian groundstate of

h(e) = —% + %(V”(c)x,x) on L2(Rd),

Pl,c s+ s Porn 4o . are polynomials,
Pl,c is odd, o? + p? =1 and a(A)B(A) > ¢ ATM S 0as A — o0,

Now we write this as

d 1
44)  9p(x2) = B{A e (A (x—b))

=1 1 1
(1 + Pl,b(’\ %(x=b))A% + Pg,b(/\2(x—b))f\_l + 1y b(x,/\))}

1 d _1
1 —4 —5(0
where ¢ (x) = (det 9)4 r e 2< Xx)

3

and [lFg (-, )l =000 % asd — o

L2(B(b,5))

d 1 1
where we used the L2(B(b,8))-norm of 3% (x) ¢ (13, Pip¥*x-b)
e — 18
i

—i _3 z
0(BMA %) = 0(B(NA 2) for i = 3, 9m 4+ 9 The L2(B(b,6))-norm of
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(m+3)

_ _3 1
B Tomya b)) s 0(A(X)A ) = (BM)A 2) and of ¢a(A%(x—b))

is exponentially small, so it is 0(8(A) A 2). Finally, the L2(B(b,6))-norm of

(m+3) (m+3)

o(X) Tompa(A) is 0(a(d) A ) = o(r ) = 0(B(MA 2), since

a()) <1 and A™™ < o(X) B(N) cl_1 < B(A) ci'l where ¢; > 0. By (*) we know

% _HQ)

trace(V'/(b)) 9 3
-—IES—E——)— and hence by (1.25) e A xy)=m

_d d 1
2 2%(det 9)2 2l (%)

eo-:

_ —Te
. AA(x,y,T) . 0

T
ay (%)
it B
T3

8! + 0({;) + O(l:\-?- exp(—A %‘Z)}

Therefore by (4.4) with Py | (y) = 1,

H(})
-
(45) [ e (x.y) Qy(y,2) dy =
B(b.3)

3d 3d 3
—3d  _ e 2d 2/ 9 (10.(x,T,A) I .(x,T,\)
r Ye 0 B0 A4(dem)4(z(°" — + 2

i=0 Aé ,\(1+%)

+ Ry(x,T,2) + Ro(x,T,))

where



- —b
46)  Ip;(xTA) =] e /\(A(x,y,T)+%<Q(y—b),(y )>) T (x)

6
B(b@)
1
Pi,b(/\Q(y—b)) dy fori € {0,1,2}

47 1T = | e_A(A(X’Y’T)+%<9(y-b),(y—b)>)

B(b,9)

1
. 1
ag (x.¥) a] (x,¥) P, y(A%(y=b)) dy for i € {0,1,2}

~7H)
(48)  RyxTA) =50) [ e A (xy) 5y, () Y
B(b.3) ’

and

:%i —Te 4
(49)  Ro(x,TA)=21% e ﬂ(,\){o(’f_Q)

2 c 2 Iy.(x,T,\
22
For a fixed (x,T) we integrate over y in B(b,%) with help from:

§4.4. A stationary phase theorem from Hérmander [1] and lemmas 6 and 7.

We will frequently quote the following;



'
oy
o

Theorem (Hérmander (1], Theorem 7.7.5). Let K C R” be a compact set, X an open
neighborhood of K and k a positive integer. If u € C%k(K)a fe C3k+l(X) and Imf >

0 in X, Imf(xg) = 0, f'(xy) = 0. det {(xg) # 0, f' # 0in K\{xy} then

O

wf(xg)

(4.10) |ju(x)eiwf(x) dx — e (drt(.uf”(xo)/%ri))— j§kw_j Lju|

Cu~k P sup|D%ul, w>0.
lal <2k

A

(4.11) Here C is bounded when f stays in a bounded set in C3k+1 (X)

and |x—x0|/|f'(x)| has a uniform bound.

With

Sxo(x) = f(x) — f(xg) — «H(XO)(X"XO)’ (x ~ xg))/2

which vanishes of third order at X we have

Lu= ¥ % i) 27V(1"(x) T 1D,DY (&, w)(xg)/K! V! -

<
I
=
Il
e
™
<
v
0
=

This is a differential operator of order 2j acting on u at Xq - The coefficients are

(25+2)

rational homogeneous functions of degree —j in f”(xo), ey (xg) with

denominator (det f"(xo))s‘]. In every term the total number of derivatives of u and of

f'! is at most 2j.

Remark. Herei = {—1 and the integration in (4.10) is over K.

We will need a continuation of Theorem A:
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Lemma 6. In part 2 of Theorem A we have: For each (x,T) € B(x,6) x [TO , 00) the

function
(4.12)  B(b,§) D y — A(x,y,T) + %(Q(y—b)(Y—b)) [y — A(x,y,T)] attains its

absolute minimum value at a unique point y = y(x,T)

[resp. ¥ = F(x,T)] satisfying

(4.13) ¥ —-b= O(e—wlT) [resp. ¥ — b = O(e_wlT)]
uniformly for (x,T) € B(x0 » 6) X [TO , 00).

(Proof in Chapter 16.)
For (x,T) € B(x , §) x [Tq , 0o) we write (herei = {=1)

(4.14)  A(xY,T) + 5(y—b), (y—b)) =:

A(x3,T) + H(Q(F —b), (-b)) — i f, ()
and
(4.15)  AGy,T) =: A(Y,T) —iT, 1()
which defines fx,T and ?x,T on B(b,).
Then

Im f, p(y) 2 0, Im f, 7(y) =0

only if y = ¥(x,T) and f;(T(?) = 0, i.e.,, y(x,T) is the only point in B(b,6)

where fx,T is real and stationary and similar y for ?X,T .

To use Hormander’s stationary phase theorem with uniformity (see (4.11)) for

(x,T) € B(xq , 6) x [Ty , 00) we state
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Lemma 7. In Theorem A.2 with same notation as there and ¥ = ¥(x,T) as in lemma
6 there exist positive constants 0,8 for B € Ng with |B] < 2, 4.4 for § € Ng for |B|
>3, ¢c5, 6, for j € {1,...,d}, c; and COO(B(x0 , 6)) - functions a,(x) and alj(x) for j
€ {1,...,d} such that uniformly for (x,y,T) € B(xg , 6) x B(b,63) x [T , 00) and for
(x,T) € B(xg , 6) x [T > o0) when y =¥, we have

1. For each a € Ng

lerf
(4.16) Z—ya ag (x,y) = 0(1)
and for each # € N§ with |8] < 2

(4.17) a_;,‘_@ ag (x,y,T)|yzv =<8 ag(x) + O(e )

where CO,O = 1.

2. For each o € Ng

|er|
(4.18) g;j A(x,y,T) = 0(1) and ALy (x,y,T) =

)
= Q 4 0(e 1T + |y—b]|) > constant > 0,

18] _
(419) &5 AGyDlyoy = g p + 06 ) if 18] > 3
Oy ’

and
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(4.20) A(x,y,T) = p(x,b) + 0(e ) = A(xy,T).

3. For each a € Ng

e
il T —
(4.21) Wa 8.1 (X,y) = O(T) and

—6,T
(422)  al(xy,T)ly—y = c5 T + ay(x) + 0(Te !

).

4. For each (ayj) € N§ x {1,...,d}

|ee|
(4.23) g—y‘a al (xy) = 0(T)

and

-6, T
(4.24) arlr,j(x,y) = Cg; T + a5(x) + 0(Te 17

5. With fx,T(y) and ?X’T(y) defined in (4.14) and (4.15) we have

ly=¥I ly=¥l
(4.25) ————— < ¢, < 00 and m——— < ¢, (recall (4.11)).
I~ 7 Fr o~ 7

(A proof in Chapter 11.)

Now we take X = B(b,§) and K = B(b,g) in Hémander’s stationary phase

theorem.
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§4.5. Asymptotics of terms not containing the polynomials.

Recall from (4.14) we defined for each (x,T) € B(xg , 6) x [Ty , )

Lo () = (AGY.T) + Hy—b), (y=b)) = (AXF,T) + T ~b),(7 = b)))) for

y € B(b,§), where ¥ = y¥(x,T) is the unique minimum point of y — A(x,y,T) +

%(Q(y»b), (y—b)) and is the only point where f T is real and stationary.

Now using the method of stationary phase we get

1y g(TY) = | e—,\(Ax,Y,T)+%(Q(y—b),(y—b)) ei,\fX,T(y)
’ ly=b|<

abr (x;y) dy
5
2

X,

S 1,60 _ —
_ AT+ KT )7 -b)) {(det[['\f ;’;fl(y )]])-%

L, ad (xy)(F T/ Ay
l:(LOag(x,Y))(?) 4 (3 f\x,y))(y) 4o (Lk—lA(‘:(o_(i‘),y))(y):l N

Y sup |0%al (xy)l
ll<2k (% y TYeB(x0,6)xB(b,8)x[T ,00)
+ 0 W 0’ ’2 0» }

Ak

for any integer k > 1 and we take

(=9

d+4 d+4 -
(426) ke @5, 952 + 1) By (425), ly=3/It, 70 < ¢7 < 0o



\
[<4]
~1

[a]

and (4.28) g—a A(x,y.T) = 0(1) uniformly for |a| < 3k + 1
Yy

and (x,y,T) € B(x0 . 8) x B(b.t) x [TO , 00) and thus the

0( - ) is uniform for (x,T) € B(xp , 6) x [Ty , 00)-
0 0

By (4.19)
D@L [yearee T2 4 _1d
(4t Zi—)) = (e ) =2 Peaw Fearoe )

uniformly for (x,T) € B(x, 6) x [T , cc).

By (4.17)

T SN —6,T
Lo(ag (x3))(F) = al (xF) = ag(x)(1+ 0(c 1)),
(Llag‘(x,y))(‘y‘) is a differential operator of order two acting on a.g‘(x, <) at ¥ with

coefficients that are rational homogeneous functions of degree —1 in f;('T(SI') = 2Q +

(4) (4)

oe 1), ) = AR Dy g and £03) = AlRhy ey Dly =g - By (4.17)

|e|

gTﬂ ag‘(x,y)lyzy = CO,ﬂ agp(x) where CO,ﬂ are constants and ag(x) is C® on B(x(,96)

18l —-6,T
by Theorem A and by (4.19) g_yﬁ A(x,y,T)Jy___y = C4,ﬁ + O(e 1 ) where 4.8 is
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—6,T
constant. Hence Ll(aOT(x, YY) = ao,l(x) + 0(e 1 ) uniformly for (x,T) € B(xq »
8) x [Ty , 00) where aj {(x) is in C*°(B(x , 6))-

Since we have uniform bound for any fixed number of derivatives of ag(x, )

and A(x, - ,T) in (4.16) and (4.18) and the form of each Lj ,J = 2, ..., k where k €

[d-54 , d;"l + 1) we have, by above

(427)  Ipo(xT\) =

[“[<9

(x)(1+0( 61T)
ag 1(x e
+ 0.1

1 —6,T
2. {ao(x)(l+0(e 1 ) X +:40( (11-1))}
A

d
{AQMaQ)

(A4

)
+000 2 )} exp(-MA(XT, T) + HQ(F —b)(¥ —b)) =

d -
= /\2(det Q)

[[=9

—2w1T
(o) +0(e 1))

Nl

—6,T
2 ag()(1 + 0 1))

A0 (%)
(1+J%——+mﬁ»

uniformly for (x,T) € B(xp , 8) x [TO , 00) where ag is as in Theorem A and '50’1 =
20,1 0o <
3y € C™(B(xq , 6)). Above we used ag(x) > const. > 0 by Theorem A, A(xy,T)

'2w1T ‘wlT
= p(x,b) + 0(e ) by (4.20) and ¥ = §(x,T) = b + 0O(e ) by (4.13). All

estimates being uniform in those x and T’s.
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| |
In a similar way using also (4.21): For each a € Ng ' (X,Y)| 0o(T)
uniformly f T) € B(x , §) x B(b,6) x [Ty , 00) and (4.22) a| (x¥7) = ¢c5 - T +
yor(xay’)e (XO,)X (s) anoa- . 1 ’ 5
_61T . .
a;(x) + 0(Te ) uniformly, we get by estimating
(LjaOT(x,y ) af (xy))(¥) = O(T) for j = 1, oy k = 1

and

su 8% (aY . xy))|) = 0(T)
( [a|§2k (x,T’:y) [0y (ag (x,y) 2 ( y))

uniformly for (x,T) € B(xq , 6) x [T , 00), with k as in (4.26) above.

~ MA(Y,T)+5(Q(y=b),(y—b)))

(4.28) Il,O(X’y’T) = 5 e
ly—b|<3
_d _1 d —§;T
ag‘(x,y) a}‘(x,y) dy = = ) 2(det Q) 2 p2 a.O(x)(l + O(e ))

—2w, T
(c5 - T + ag o(x) + 0(Te—61T))e“A(”(x’b)+°(e Da + %))

uniformly for (x,T) € B(xg , 8) x [T , o).

84.6. The terms with the polynomials.

I hyp(y) € C®(B(b,§)) for (x,T) € B(xg,8) x [Tg, 0]

and Poa(y—b) = (y—b)® where a = (@ s @y) € Ng is multi index with || =

): lo;| = n then if we take k € [n+d+6 , n+d+8) we have
i=1
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- AMA(xy,T '*'l Q(y—b),(y—b
f Pa(y—b) hx,T(y) e (A(xy,T)+5(2y=b).(y—b)) dy
ly—bl<§

(V1]

(4.29) A

n _d
= 222 4(det Q)

[S[= I

5 —4T
(1 + 0(e )(Lg(hy 7 Pa))(T)

Lk-l(hx,TPa)(V)

L0
3 (k=1)

u Bﬁh
( B2k oy Y x1))

0
Ak

—2w1T
1 exp(—=A(p(x,b) + O(e )

uniformly for (x,T) € B(x(,é) x [T, ) and for A > 0 (as in the proof of (4.27),
this uniformity follows from (4.18) and (4.25)).

Since Lj is a differential operator of order 2j and ¥ = ¥(x,T) = b + O(e_wlT)

uniformly for (x,T) € B(x;,6) x [T, c0) we have Lj(hx,T(Y) Po(Y)(T) =

—'wl(n‘—2j)T

ﬁ(e ) for integers j < % and Lj(hx () Pa(¥y))F7) = 3(1) for j > % where

~ is to remind us on the dependence of h, T(y) and its y-derivatives of order <2j.
b

If n is odd we write (4.29) as
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9 - ) ’T lQ —b, -b
(4.30) 22 [ Pa(y=b)h p(y)e (ACy.T)+500=0L=b))

Iy-blsg
n _d _1d —6,T
=A%\ 2(det Q) 2721 +06e 1))
N —wlnT —wl(n-—Q)T —U-’lT
{@(e )+ 0 ) o 0y
A 2

Ly41(hy 70Pa(3))F)
2

+ pESH +0(—=5z) + - + 0(-—(n )}
\T2 /7

A

~ 1 —2w1T
+ O(W)] exp(—A(p(x,b) + 0(e N) =
N 2

d
2

-d -1 _
=2 2(det Q) 272(1 + O(e 61T))

(Ln+1(hx,T(Y)Pa()’))(3’_)
2

o 1 —2wyT
/\2

(

eI

A

h—

—wlT

uniformly for (x,T,\) € B(xn,6) x [Ty, o) x (0,00) when e 22 < some
0 0

constant and

4.31 0(-)=0( sup Oy h .
( ) () (||<E (,,)Iy x,I(y))



Similar if |a] = n is even we have for Pa()'—b) = (y—b)®

5 -XMA
(432) a2 [ Paty-mih e o TR0
ly—bl<$

NI

=) 2(det Q)_% 2201+ 0(e 1T ))(Ly(h -
- % x,T(y)Pa(Y))(Y)

1 ,
+ H(%) + 'ﬁ(e““’lT 22)) uniformly for (x,T,)) € B(xg » 4)

-w;T %
x [Tq , 00) x (0,00) as long as e A% < some constant and

with 0( - ) as in (4.31).

Write each
u 0 (i)
P. = co (y—b a4 co’ (y—b o
b () kgl(lal%k SR P )
=2 (£ Pray-m+ T Paty-b)
k=1 [al:?k |O(|=2k+1

then with h_ 1.(y) = ag‘(x,y), and hence 0( - ) = 0( - ) by (4.16), we have by (4.30)

and (4.32)
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— X Q b —b
(433)  Ig;6TN) = [ e A(A(xY,T)+3{Qy—b),(y—b)))

_bl<t
ly—bl<35

1
ag (xy) Py ,(A2(y—b)) dy =

mi R _g __1. .(_l —6,T
=(k§1( T DT 2het ) 22201 4 0 1Y)

|| =2k

—w,T
(Li(ag (xy) Pa(y)@) + 0d) + 0 1 a2

_1d s
+ {c(‘),\ 2(dtQ) 2221 + 0(e 1))

|a|= 2k 1

aT y 1
(g ) Pa@D®) | 1, g~ A2))})>
22 ,\2

—2w, T
exp(—A(p(x,b) + O(e 1 ))) with uniformity as in (4.30).

Note the first contribution is from the even part and the second is from the odd part of

the polynomial.

If 2i = |a| then Li(al(x, ) Pq(-))F) = ~at
i = |a n L. (ag (x, a y) = constant ag(x) + O(e )

uniformly for those (x,T)’s, since L, is a differential operator of order 2i acting on

ag(x, +) Pqa(+) at y = ¥, with coefficients, being rational functions of y-derivatives
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. —-6,T
of A(x,y,T) or order 2,3, ..., 2i + 2 at y = ¥, of the form (constant + O(e 1 ).

—w4,T
1

Unless all derivatives act on P, we get 0(e = 0(|y —b}).

When all derivatives act on P, , we get

T —6,T —6,T
ag (x,¥ )(constant + 0(e )) = (ap(x) + O(e ))

—61T —61T
(constant + 0(e )) = constant (ag(x) + O(e ).

Similarly, if 2i — 1 = |a|

T - —5T
(L;(ag (x,y) Pal(y)) (¥) = constant ag(x) + O(e )s

PAL —6;T
since by (4.17) 5 0 (x,y)ly___Y = <8 aO(x) + 0(e ) uniformly (8| < 2
Jdy ’

and we get O(é_wlT) unless one derivative acts on a; and differentiation of order 2i —
o T —6,T
1 on Py . In that case we get By, 20 (x,y)lyzy (constant + O(e )) = constant
i

-6,T
(ag(x) + O(e ).

Recall P, | is odd and we get by above from (4.33)
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(4.34) 101=kr§;11 ||22k1 ROB 2(detQ)
=1, |a|=2k-

1 d
22201 4 0 1Ty
—61T
((c) ag(x)+0(e ))
1

22

o L
+0(,\’%) + 0(e 1T A2))}

—2¢T —2 -3 % 6T
exp(=A(p(xb)+0(e 1)) =2 2(det @) 2x2(1 +0(e 1))
(ao l(X) + O(e )) 1 nl\—%\ ' n/,—wlT \i\\
,\2

—2w1T
exp(—A(p(x,b)+0(e )

1
uniformly for (x,T) € B(xg , 6) x [Ty » 00) when A2 e < some constant where

ao,l(x) = constant ag(x) € COO(B(XO , 6)). Similarly

_d 1 d
(435)  Ijo(xT.) = A 2(det Q) 2 #2

61T
(1 + 0(e )
6T 2 —w, T %
{ao’z(x) + 0(e ) + 0(A “) + 0(e A%)} exp (—A(p(x,b)

+ o 21Ty
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with same uniformity as in (4.34) where a o(x) = const. aO(x) € C°°(B(x0 ,» 8).

Adding (4.27), (4.34) and (4.35) gives

[S[=%

IO,i (X,T,A)

_d _1 _
(4.36) % =X 2(det Q) 222(1 + O(e 51T))

1=

i
AZ

—2w1T
exp(—A(p(x,b)+0(e )

ag4(x)
()1 + —5— + 0(5) + &
AZ
—6,T
a 0 1 -3 _ 1
(Coar0e DT )
A2

_ -5 -1 —w.T 1
+ d(ag o (%) + 0(e 1) 4007 D 4o 17 a2y =

~o
X 3

010 | o372,

(=B
NI

-1
=) 2(detQ) 2n

-6,T
(1 + 0(e )) aO(x)(l +

2w, T
exp(—A(p(x,b) + 0(e 1 ))) uniformly for (x,T,)) € B(x , 6)

—wT
x [Ty , 00) x (0,00) when e <A

[l

< a constant and where

T1,0(x) € CX(B(xg » 6))-



Now take hx,T(y) = ag‘(x,y) a’lr(x._v).

By (4.21) 3-?-/&—,, al(x.y) = O(T) uniformly and so 0( - ) in (4.31) is O(T).

From (4.3) and (4.31) we get

—MA(xy,T)+3<Q(y—b),(y—b)>)

(437) 1T = [ e ag (x,y)
ly-b] <$
1
a) (xy) Py ,(A%(y=b)) dy
m; . -d 1 d 5.T
:(2( T (A 2(det Q) 2 221 +0(e”))
k=1 a:|a|=2k
1

—w,T
(Li(ag (x, Y)ai (xy)Pa(N)F) + 0(F) + 0(Te 17 2%))

DNOI—
NI

i 72 = -4 T
+ Y (ca A “(det Q) (1 + O0(e )
|a|=2k-1

(Ly (ag (xy Jal (x.y )Pa(¥)(T)
32

o A 2w, T
+0(Z) + 0(Te T 22)) exp(-A(p(x.b) + 0(e 17 )))

/\2

1
for (x,T,A) € B(xy,6) x [Ty, 00) x (0,00) with uniformity when A2 e—wlT < a

constant.
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When i = 1 we have the contribution from the even part in (4.37) vanishing since Pl,b

is odd and hence

_d — —w, T
(438) I (T = X 2(1 + 0O(e 51T))(0(I,)+0(Te 1722y

,\2

—2w1T
exp(—A(p(x,b) + 0(e ))) with uniformity as in (4.36).

Generally we have

I (6T = 2 20+ ot 1Ty 0eT) + o(Te “1T 22y

—2w,T
exp(—A(p(x,b) + 0(e 1)) with the usual uniformity, which we use with i = 2

together with (4.37) and (4.38) and get

d

i d —6,T
72 ag(x)(1 + 0(e 1))

141 _d —
(4.39) % I i(x,T,A)/,\( ) _ 2(det Q)
i=0 7’

DI—

' —6,T
Bes - T +ag g(x) + 0(Te 1 )(L + 0(3))

1
wiT 5
1 /\2))

]

+ L&) + o(Te

3
/\2

ol

A
. —u;T 3 —2w, T
+ 32(0(T) + 0O(Te 22))lexp(=A(p(x,b) + 0(e ~ 17)Y)

d

=2 2(det Q) 22 ag(x) (1 + o 1Y)

Noh—
[\
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-6,T
[c5T+al’0(x)+0(Te ))

; +o(Ty) + o%e T

22

-—2w1T
exp(—A(p(x,b) + O(e ))) uniformly for
(x,T,)) € B(xq , 6) € B(xp , 6) x [Tg » 00) x (0,00)

—uiT 3
with e A < constant where a; € COO(B(XO , 6)).
Now we finally worry about

§4.7. The Remainder.

By (4.36)

-d
2

Dol=+

2 ——2w1T
5 1T/ = 00 exp(=X(p(xib) + Ofe »)
1=

with the usual uniformity and by (4.9)

3d
(440) Ro(x,T)) =21%e

—Te 4 2 2
0 8()(0(E5) + (L exp(—a c; £3))
A T
5 i
(2 To T/
1=

d —Te 4 2 2
=00 s U(0C7) + (F exp(=2 e 5)))

—leT
exp(—A(p(x,b) + O(e ).
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By (4.8)
H(})
s .
Rl(xaTaA) = B(A) .[6 € (%,y) r2’b(YaA) dy
H(}) d
-T— 5 —Te, -
and by (1.35) e A (xy) = 0(/\2 e 0 AA(x,y,T)) uniformly for (x,y,T) €

B(xq , 6)
x B(b,6) x [T , 00) when T* < A and T, A — co.

We use the Cauchy-Schwartz inequality

_EQ)

(441) RTINS BMlle A (x )l IFg (- Mg

with || - |lg = the L2(B(b,%))-norm.

_3
By (4.4) IrF2,b( <50y = 0(A 2). Now write as in (4.15) A(x,y,T) = A(x,y,T) —

ifx’T(y)'
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H(}) d 1
T S —Te _ 2
”e A (X, . )”2 — O(AQ e 0 J- e 2AA(x,Y5T)dy)2)
B(b.3)

0(/\ g e e—,\A(x,'?_,T)(J eZiﬁ'x,T(Y) dy)%)

d = d
=2 __Te _ = —_=

uniformly for (x,T) € B(xy,6y) x [Ty, ), by (4.25), (4.18), (4.19) and

Hérmander’s stationary phase theorem.

Now (4.20) of lemma 7 and (4.41) imply

3 2w, T
2 exp(—A(p(x,b) + 0(e 1))

—TeO %
(4.42) R;(x,T,A) = 0O(e AT A
uniformly for (x,T,) € B(xg , 6) x [T , ) x (0,00) when T4 < A

§4.8. Cancellations and taking T = constant log A completes the proof.

From (4.5), (4.36), (4.39), (4.40), and (4.42) we have

_TM d
A 4
(4.42) [ e (%) Qp(y,A) dy = A7 B(A) fy(x) e
ly—bl<$

—Ap(x,b)

1+ 00e~ 29Ty 4 01Ty e 00



-
o
f

—él'l’
N (c5T+f; p(x)+0(Te )

1 .

4 ——
T 2
+ 0(/\2) + 0(x %)
T2 C4 .
+ O(—/\— exp(—A —’I-z))] uniformly for x € B(x( , 6) as T, A — oo and
w,T -d 1
T <a<e !, wherefy(x) = = 4(det(,lv"(b) ))4 ag(x) and a

as in Theorem A.

Here f; \ (x) = a) o(x) + %0’1(x) € C®(B(xq , 6)) with aj o(x) from (4.38) and Tg)

"
traceJ V7(b) trace _ Q wi(b) =

from (4.36), e = ——H—— = S W = =

w
Jsmallest eigenvalue of V//(b) and 0 < 6, < 71 » €5 = cg(b), ¢; = cy(b) > 0 are
constants and with #()) as in assumption ().

We get similar contribution from {y:|y—a| < %} and a small one from

RU\(B(a.8) U B(b,9)) by (4.3), which adds up to

Q)
T(eg+ J—+ 0(%)) T

(443)  Qp(x2) = e e 008 o) fa() e

2w (a) 6,(a)T

- T -
(1 + 0(Xe ))(1 + O(e ))

(c5(a.)T-i-fl’a(x)+O(Te_61(&)T

)
3 +

1+




+ 0(L) + o(
A3

d
+ 2 B 1 (x) e

4 2
T T _
?) + 0( 3 exp(—A
—Ap(x,b)

(c5(b)T+f1’b(x)+0(Te_6‘T))
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()
T4

(14 0(de

[1+

+ G(ﬁ exp(—A
A T

with T4 < A < min(e

Take

(1)
T(e0+f°— o(L))
2
and write e A A

c4(b)

A

4

60T —2w,(c
If A< e 0% then (14 0(Xe 1)

-

Te
e 0(1 + e(l)

oI

0

)]

2010y 1 o0

‘% T4
+0x %)+ 0(/\—2)

1Y 1S 1 ooe - N o\ )
uniiormiy 10r X € b(Xp , 0) wnen
0

wi(a)T ewl(b)T)

60 = min{&l(a)3 51(3‘)a61(b)3w1(a)’w1(b)} >0

—-6,(b)T

m
1

9

\
A

)

—

(o ]

2
%+0(T2))asT,/\—>oo,'§—>0.

22

) and we write (4.43) as

T —60T 8
)) = (1 + O(e ) and if T® < A then

T
22
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d

(4.44) Qo(x’,\) = AZ{G(/\) fa(x) e—z\p(x,b)

(1 + 0(e

[ (er(a) + e§OIT + £, L (x) + ocre 07y _3]
1+ X )

d —
+ 3% 80y 00 ¢ PP (14o(e %t}

—6aT
(c1(b) + eg )T + £, L (x) + O(Te 0 ) —%—|
1+ Lb +0(x %]

60T
uniformly for x € B(x , §) when T, A — oo and 8 <A<e L

1
To show ¢,(a) + eg ) = 0 take X € B(x , 6) with p(X,a) < p(X,b). Put T =

(—58- log A in the R.H.S. of (4.44) and then T = 31 log A in the R.H.S. and subtract.
0 0
That gives

d -
0 = Q)(X,)) = Q(%.A) = 3 a(A) fa(X) e~ F3) (14 oxdy)

(cy(a) + e(()l)) (6§ log A — 34— log A) + 0O(log -,\%i) _3
( 0% + 000 2)>
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the prefactors are not zero and we get

(1) logA

)2 = 0(h Z)asA - o

(ci1(a) + e

1 x ~ ~
which implies ¢, (a) + eg ) = 0. By taking X € B(xg , §) with p(X,b) < p(X,a) we get

cy(b) + egl) = 0. Now we go back to (4.44) with T = 61 log A and use ¢,(a) + egl)
0

=0 =cq(b) + e(()l) and we get
d Ap(x,a)
(4.45)  Qg(x2) = Ma() fa(x) e PV 4 000™)

—4
[1 N (fi,a(x) + Oiz\ log 1)) o0 2{]

—Ap(x,b)

+ B(N) fi(x) e (1 + 0(A~ %))

x 0,\—410 A -3
L A, g)+§ g ) MAQJ

d

3
=33 {a() fa(x) e M) (4 4

1a( )+0(/\ 2))

—Ap(x,b)

b0 | o
+ B0 fy(x) e (1 + 25 00 D))

uniformly for x € B(x( , §) as A — oo.
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5. The Feynman-Kac Formula and Large Deviations.

§5.1. A use of the Cameron-Martin formula

§5.2. Large deviations, Varadhan’s theorem and Schilder’s theorem.



5. The Feynman-Kac formula and large deviations.

§5.1 A use of the Cameron-Martin formula.
References for this section are Simon [2] and [5], poor Barry!

Given x,y eRY and t > 0, let Cx y([0,t]) be the Banach space of continuous

functions Z:[o,t] = Rd with Z(0) = x and Z(t) = y and with the supremum norm

d 1
(5:1) N2l or, 4 = pLexs (= Z3))°

Let Px,y:t be the Gaussian measure on Cyy([o,t]) with mean m(s) =

Ex,y;t(z(s))= (1 —s)x +syif0 <s <t and covariance.

(5.2) Ex,y;t((zi(s) — m;(s) (Zj(u) - mj(u)) = 6ij s(1 — u/t)

if0 <s<u<tandforije {1, ,d}.

When x= 0 =y, {Z,(s)}j<s<y is called the Brownian bridge or tied down
Brownian motion. We will denote Eyg (- ) by E;( + ). The conditional Wiener
measure is given by

-d
2 Ix—yl?

oyt ) = (2m) exP(— 2t )Px,y;t( ")

If V> 0 and continuous and H = —% A + V the Feynman-Kac formula

says

-_— t - .
(5.3) e tH(x,y) = _[exp(—f0 V(w(s)) ds) d“O,x,y;t (w) which can be written

as
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-d 2
X -
2 exp(—! 2tyl )

(5.4) e—tH(x,y) = (2nt)
Bl(exp(=[ V((=§) x + iy + {1 2(}) o).

In the double well case, we are staring at, we take t = T /X and

H = H()) and we have

_pHO)

(5.5) e A (xy) = J'exp(—-/\QJ V(w(s)) ds) d”O,x,y;T/)\ (w)

S >3

-

—v|2 by
= (g27)? exp( - ""‘2TY| )E} (exp(~ V(A=5)x + Ry + [T/X 2(R)) ds)) -

7

)|

Writing formally [ d“Oxy:t (w) = “[" d®w exp(—% J':) ‘2;2(5) ds)
B(w(0)—x) 8(6(t)—y) gives e Vxy) = <[ 4% wi(w(0)—x) 8(u(t)—y)
exp(—% j':) cb2(s) ds =22 _]':) V(w(s)) ds).

With t = % and ¥(s) = w(s/\) we have

7EO)
- “w(» T
e A (xy) = “[” d% y8(v(0)—x) 6((T)—y) eXP(—AJO 442 + V(7)) ds)
TH(A)
DY
. . . log e (x,y
which reminds on (1.17) ,\hinoo X ) = =A(xy,T) wuo.c. in

RY x R4 x 0,00), where A(x,y,T) = inf {j:(% 72 + V(v))dt : 7(0) = x, ¥(T) = y}.

(1.17) was proven using large deviations that we say a few words about below. Now

we prepare for going beyond the leading order in (1.17), when there is a unique
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minimal action path g),(Iiy and the second variation is positive definite. We want to
estimate as a small error term the contribution in (5.5) from the paths in the
complement of some neighborhood of g),(IZy ( -+ A). Then we make Taylor expansions of
the integrand around g),(I’\y in this neighborhood (see Schilder [1]) to get finer

asymptotics of the contribution from this neighborhood.

Our first step is to use Cameron-Martin formula (Cameron-Martin [1], Freidlin
t .
[1]) that implies: If f € Cyg([0,t]) and [ §2(s) ds < oo then pg g g, (f + 2) is
0 bt gt |
absolutely continuous with respect to $0.0.0:t (Z) and the Radon-Nikodym derivative

is given by
1 t . 2 t .
(56)  exp(=4 [ ()% ds) exp(=] () d2(s)
t . .
where [ f(s) dZ(s) is It0 stochastic integral, to obtain
0

Sublemma 1.

If g;y is a miminal action path and E%‘ denotes expectation w.r.t. Brownian

bridge on [0,T] then (See also Davies and Truman [1])

H(}) ' T
- 2 )
(5.7) e (x,y) = [ exp(— A IO (w(s)) d#O,x:y,}‘ (w) =
d - _1
= (527)? exp(—2A(xy,T)) EE(exp(—JO (Vg () + A 22(1) —

_1
— V(g (t)) =X 2 VV(gy)) - Z(t)) dt)) and if r > 0 then



(5.8)

.RO-

T

F(x,y,T,\A1) := J'exp(—,\?[z V' (w(s)) ds)

x(w € Cxy((0.5]) : Il = &5 (- V) lloo < 1)

T
exp(=MA(xy,T) EZ (exp(=[ (V(gT (V) +

-1 -1
+2 22(t) - V(EP(1) = 2 2 9V(eD) - Z(t)dt))

1

X(Z € Cgp(10,T]) (I1Zllco < rA2)) .

Proof. We prove (5.8) then (5.7) follows by taking r — oco. If {w(s)}gcg<y is the

conditional Wiener process on [0.t] starting at x and ending at y and {a(s)}jcs<q 18

the Brownian bridge on [0,1] then (see Simon [5], chapter 2) w(s) = (1 — §) x + vy +

\t a(%) and a(%) =t 2 a(s) where = means the distribution on both sides are the

same.

(5.9)

Therefore F(x,y,T,\,r) = [ exp (—'\2 J

V(w(s)) ds)

S >3

x(w € Cx,y([0.3) : lw(s) — g7 (s - M| < 1)

d

T —
E};[exp(—xjo V((1—4) x+ Ay + A

#0,

T (‘-"):(

XYy

A

27T

d 2
5 Alx—t
)? exp(— 'QT' )

Nl

a(t)) dt)
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NOI=

x(z € Coo([0,TH : I(1—4) x + Ly + 2 2a(t) — (W) <

for t € {0,T])] .

1
Now a — a + f =:Z where {(t) = ,\Q(g (t) — (1__.) x + %y)

wlo-t
DNOI=—

(0 (1-L) x + Ay + & 2a(t) = g2(t) + A 2 Z(t)) is a bijection Cog([0,T]) —

T .
COO([O,T]), j' |f|2 dt < oo and so from (5.6) we have the Radon-Nikodym derivative

d#'r(a) T ; 1
is given by +—7=< = exp(—| (f(t), dZ(t)) — 5

1
2 T
0
VV(g Y(t)) - Z(t) > dt) exp(——-f (& )2 dt) exp(z\( )) where we integrate by
parts the It0-integral since { is absolutely continuous (Nelson [1]) and used g),(IZy(t) =
d
VV(gx.Ily) and where dup(2) = (21rT)2 dl‘o,O,O;T(Z) is the Brownian bridge measure.

By (5.9)

e

exp(——_f (g (t) dt)

1 _1
ET (exp(- Af (VEeT+r 22) — A *V(er)z) dv)

F(xy,TAr) = (527)

X(Z € Coo((0.T)) < nd) = (20)"% exp (= 2 AGyT))

wl»—a
I\DIH

Z(t)) — V(g ) -1
1

VI (@) - 2()) d) x (2 : 12l ooy g < ¥ A7)

ET(exp (- AI VEY®) + A

which finishes the proof.
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To use this (see lemmas 8, 9 and 10 below) we need:

§5.2 Large deviations - Varadhan’s Theorem and Schilder’s Theorem.

References for this section are Varadhan [1], [2]. Stroock [1] and Jain [1]. Let

X be a separable complete metric space, B = the Borel c— field over X and P, be a

family of probability measures.
1

We have in mind X = C(3([0,T]) and with ¢ = %\ s Pe(A) = pp (AEA) where

[\[=¥

5.10)  pp( - ) = (27T)° pgy g o.p( - ) is the Brownian bridge measure,
so formally P-(A) = “] ” ex (~—1—- _[T Z2(s) ds) d* z
Y Fe - A P 2¢ 0

and we want results like Laplace method (Erdelyi [1]), when

(6.11)  Definition (Varadhan [1]).

We say {P.} obeys the large deviation principle with rate function I( ) if there
exists a function I( - ) from X into [R] such that
i) 0<I(x)<ooforallx €X
(ii) I( - ) is lower-semicontinuous
(ili) For each € < oo the set {x : I (x) < £} is compact subset in X

(iv) For each closed set C C X lim_ ¢ log P.(C) < — inf _ I(x)
e—0 xeC

(V) For each open set G C X elinﬂ € log P.(G) > —;nefG I(x).
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Then we have

Varadhan’s Theorem (Varadhan [2]. [3]). Let P satisfy the large deviation principle

with a rate function I( - ). Then for any F : X — R bounded and continuous we have

(5.12) (i) For any closed set C in X
lim_ ¢ log [ exp(—E(gx—)) dP¢(x) < — inf_ (F(x) + I(x))
e—~0 C - xeC

(ii) For every open set G in X

(518) g e tog | exp(=T¢) dP () 2 — inf  (F(x) + 10x)

In particular if G = X = C then

(5.14) ;iEO ¢ log JX exp _Lx)) dP.(x) = —)i(nefX (F(x) + I(x)).

Moreover
(56.15) IfF:X — R U {oo} is lower semicontinuous and bounded from below
then (5.12) holds.
Now we let X = C([0,00), Rd) with the uniform convergence at compacts, and M the
Borel field over X. The d-dimensional Brownian-motion {bj(s)}SZO,ISde that are

mean zero Gaussian random variables with covariance E(bj(t) b, (s)) = 6jk min (t,s)

give a probability measure P on (X,M). Let P.(A): = P(¢ 2A).

Xp: = Co(lo,TIRY) = {f € C([0,T), RY) : f(0) = 0}

and Y P
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Then:
Theorem (Schilder). The P5|XT’s satisfy the large deviation principle with rate

function IT‘
) . . . 17 52
Schilder [1] showed if F : C([0,T]) — R is continuous and F(Z) + 5 IO |Z]°(t)
dt has a unique minimum at some Zg with some additonal hypotheses among which

[—(1-€)D2F(Zg+n)2?]
was: There are ¢ > 0 and 6 > 0 such that E(exp 5 ) < constant

< oo if ||n|| < 6. (the second variation positive definite) then

L%°{0,T)

1 1 n (n+1)
E(exp(—e_lF(e2Z)) = (Tg + 1‘152 + Ige +--+ Iy €2 + 0(e 2 )

=

exp(—¢~! 1 T 22
p(—eTHR@g) + 31 1217 (1) av))

For further results see for instance: Azencott [1], Chevet [1], Donsker-
Varadhan [1] Ellis-Rosen [1], [2] and [3], Freidlin-Wentzell [1] Pincus [1], Simon [5] and

Stroock [1].
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6. The Proof of Theorem A.

§6.1.

§6.2

$6.3.
$6.4.
$6.5.
§6.6.

——— e eSSl S

Some lemmas and the idea of the proof.

Going from (IRd)n to (B(b,cSO))n in (6.10).

The main contribution in (6.10) is from i-il-(O B(g’.}’y(iTl), %)
The conclusion of the proof of (1.35).

A Proof of (1.36).

A Proof of Theorem A.l.
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We make the same assumptions as in lemmas 2-7 on x and b:
(1.33) V') = 02 where Q = diag(wq . wd) with 0 < w; S wy < S wy -

(25)  p(xq . b) < p(xq »2) + p(ab).

Xp,b
(2.6) There is a unique Agmon geodesic g 0 minimizing

plxg » b) = inf{] (G 4% + V(1)dtl(0) = xg , 2(e) = b)
and
xO,b

(2.7) The second variation of g is positive definite.

Lemma 8. With 60 s TO\ as in lemma 2, Ty in lemma 4, ag(x,y) and a’lr(x,y) as

described in Theorem A, we have

1. For some k5 >0

S >4

(6'1) F(xaysTs’\a'r%) = fexp(—/\Q J. V(w(s))ds)

x({w € Cxy(0.3) : llw — g’ (- M < gD p(w)

O’XQ"’X
d T
2 aj (x,

= exp(=AA(xY,T))($)? b (xy){1 + L5 & 2

2

—Akgr
)} uniformly for

4 2
+ 0(5g) + 0C% exn(
(x.y,T,r,A) € (B(xg , 63) U B(b,8()) x B(b,8g) x

x [T , 00) x (0,ry] x (0,00)
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where

d 1

5 d 5 —Te
(6.2) bg(x,y) = 22(i£1wi)2 ag(x,y) e 0 and e =

trace J Vv!(b)
) .

2. Ifx = wg € B(xg, 6p) UB(bSy)z=w, € B(b,6y) and T € [T, , o0) then

m
inf { > A(WjaWi L1 9o T{)} = A(x,z,(m+1)T,)

W15eesWin eRd i=0

and is attained if and only if

X,z . .
w, = g(m+1)T1(lT1) fori € {1,...,m}.

Moreover

d
B (292 by lw, ,w
(6'3)(B(b’£0))m (igo (27l’) bO (Wl ’ 1+1)

exp(—AA(wi s Wigl o T1)) dw ..., dwp

d (m+

5 nT
= (2%,.)2 bO ) 1 (x,2) exp(—AA(x,2,(m + 1)T1) (1 + 0(:1\))m

where 0(%\) is uniform for (x,2,T{,A,m) € (B(xq,6¢) U B(b,5,))

x B(b,§y) x [T , 00) x (0,00) x N.

(A Proof in Chapter 7.)
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Observe that (6.1) gives the lower bound in (1.35) of Theorem A and part 2

says the leading order of the approximation in part 1 satisfies the semigroup property.

c
v}

a 9. There are positive constants k6 and ’\0 such that

2

% —Akgr
) exp(—=AA(x,y,T))

(64)  exp(~To)(xy) = Fxy,TAx) + 002

2
—Akgr
= F(x,y,T,A,r)(1 + 0(e )) uniformly for

x [Ty , 2Tg) x [0,rg] x [Ag 5 00).

(A Proof in Chapter 8.)

Note that (6.1) and (6.4) yield (see (6.19) below)

(65)  exp(~ToM)(xy) =

d
2 bTya + L0 + 0 Jexp(~MA G T)

uniformly for (x,y,T) € B(xq » 65) x B(b,5) x [Ty , 2T

as A — oo (see also Davies and Truman [1])

2
Lemma 10. With |[V/(x)] = O(eAlx'

) for statement about derivatives, there exist

B € (0,1), ks , kg , and Aj positive such that
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i) If Xq € K = {x: p(x,a) = p(x,b) = P(a.2,b)}

x € B(XO ’ 60)’ w g B(aaéo) u B(ba60), T € [TO ’ 00),

T, € [Ty, 2Tgl, A € [Ag» ) andi€ {1, .., d} then

(6.6)
2Q) i )}+kg})
exp(—T,—=2)(x,w) k- exp(—A(min { sup {p(x,c)+p(c:y 8
1A 7 c&{a,b}yeB(c,86,)
<
H() -
1 A —Tl Y . s v / Nrag N LN . v oas. )
13 a5 © o (xw)i k; exp(—A{A(x,y,T)+kg)) VYEB(b,5()
! UB(asﬂéo)

(i) Ifx € B(b,6y), y € B(b,B63), w & B(b,5;)

T € [TO , 00), T1 € [TO , 2T0], )l € [,\0 ,00)andi e {1,...,d} then

H())
(6.7) exp(—T;—~(x,w) < k, exp(—Agegtz&ﬂéo){p(x,b)-w(b,y)}+k8))
g, H)
e A (x,w) k; exp(—A(A(x.y,T)+kg))
and similar when (x,y) € B(a,8) x B(a,ﬂ&o)

(iii) With everything as in lemma 8.1 and
A 2
V!(x)] = o(e IxI ) for some A < oo then uniformly for

(x,y,T) € B(xq , 6) x B(b,6) x [Ty . 2Tg) and i € {1,...,d}
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—T@ d
68) ~Yge N =)
1
dA(x,y,T), T 8bg (%)
0A(x,y,T) . T (—6;(;_ bg (x:¥) a"{(st)-—_%I_) 1
{"_a{— by (x,¥) + i X L—+ O(P)}’ as A — oo

A Proof in Chapter 10.

Now we want to get the upper bound in (1.35) by showing the main contributionin

_HO)
(6.9) e A (xy) = j‘exp(-/\2 I

SRR

V(w(s))ds) dp (w)
0.%.y,5

is from {w : |w(s) — gTy(sA)| < 0} and use lemma 8.1. If T € [2TO , 00) we write
= (n + 1) T; with T; € [Ty, 2Tj) and for (x,y) € B(xy,8) x B(b,§) where

6 € (0,86) we write wj := x, Wp41 =Y and

_7HQ) _r. HQ)
B n ey
(6.10) e (xy) = _[ I e (Wi s Wiy q) dwy s ey dwp

=0
®d)n’
First we show the main contribution in (6.10) is from (B(b,éo))rl . In the final formula
for the splitting this step puts the contributions from paths going between a and b
more than once, among them multi-instantons (see Coleman [1] and Zinn-Justin [1]),
into error terms. The second step is to show that w; € B(gTy(lT ), -c-wt—a—ng) is what

really matters. In step 3 we bound

n i S
ll e A (wi R wi+1) dwl y oeey dWp

o

w. GB(gTy(lT )constant) 1
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from above by T
by
Jexp(=3? " Viwtu)ds) x({w € Cxy(10 D)
HW—g?y( - Al T, :IQ}) du T (w) (1 + “something small”)
LOO[O‘X] B OvX’YaX

which we know by lemma (8.1) and finishes the proof of the upper bound in (1.35).

To get (1.36) we differentiate (6.10) under the integral sign

H()) H(}) H())
-T -T, =~ —nT, 2
(xy) =] 6—(?(— e 1A (x,wy) e B A (wy,y) dwy

H(A
; & o T1 b ,
and we only need the analysis of 3¢ © (x,wq) in lemma 10, (9.3) of
i

Proposition 2 that says

5 _pHQ)
loglg e (x,¥)|
(6.12) Tm i < —A(xy,T)
A—00 A

v.o.c. in R9 x RY x (0,00)
H(})

and T € [T , oo)-analysis of e (wy,¥)

that we have then finished.



Now with kg as in lemma 10 we pick § € (0,86(] such that

R
lp(x,2)—p(x.b)| < &

(6.13) sup
XGB(XO,6)
sup  {p(y,b)} < sup {r(ya)}
y€B(b,é y€B(a.5é()
and we do the first step of section 6.2.
(RY)" to (B(b,8p)" in (6.10)
satisfies (6.13) and

§6.2. Going from

In this section we will prove that if & € (0,86(]

T, € [Ty,2Ty) then uniformly for x = w, € B(xg,6), y = Wnt+1 € B(b,é),

T =(n+1) T; € [2T, oc) and A € [} , o0) we have

—T,
1
A (Wi 5 wi+1) dWl .on de

619)  ep(-To )= [
(Bbisg)" 1=

k
+ 0(exp(=A(p(x,b) + sup  {p(by)} + )1 + 0(3))) and
y€B(b,6

g —T
I e (wi ’wi+1) dw; .

0

(B(b,6g)" |

d
= ()2 b (xy) exp(—MA(xy,T)) (1 + 0(L)).
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Proof. For x € B(xy ,6), y € B(b,6,), T = (n + 1) T, with T, € [T, 2T,) we
= 0 0 1 1 0 0

write

_rpHQ) I :(C))
(6.15) e * (xy) = J I e LA (w, s W) dwy . dwy
=( I+ o+ !
B(a,dg)  B(b:bg) RY\(B(a,8)UB(b,6y))
H()) H())
T —nT, 2
e A (x,wq) e Ty (w; ,y) dwy

=:1y + Ill} + V; which defines I, , I, , and V; (in the same order).

Forj = 2, ..., n put

H())
n _Tl p
(6.16) I. = I 11 (w. , Wi-+—1) dwy ... dwp
B(a,6,) i=0 !
Wk €5(2:99) for k=1,...,]
and
H())
n -T1—~—
(6.17) II. = i I e (w; y w;, 1) dwy ... dwp
) B(a.§ i=0 1 1+1
wi€B(a:8g)  for k=1,.. 51
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For ¢ € {1, ...,n — 1}

H())
n —T;——~
I, = I e (w; wi+1) dwy ... dwp
w, €B(b,8g), k=1,...,¢ 1=0
A
(6
= e (w; wi+1) dwy ... dwp
w) €B(b,8g), k=1,..,e+1 1=0
H(A
N i B —Tl_(x_) :
! To(wy Wy ) dwy . dwy
wkeB(a’60) for 1('2(1),...,2 l "
we+1¢B(a,60) ‘

=lgpy + Mgy

. and so

n
(6.18) I; =1y + 1y = (I3 +1I3) + 1y =Ip + j}__j2 I .

Before continuing we note by (6.4) of lemma 9

d 2
D) —AA(X,y,Tl) e—AkG PO)

r
exp(—Ty HE\/\)) (u,v) = F(U’V’Tl”\"I_‘Ol') + 0(A“ e

uniformly for (u,v,Tl,/\) € (B(xo . 60) U B(b,60)) x B(b,8) x [TO , 2TO] X [)\O , 00) .

Hence by lemma 8.1
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d
5 T
(6.19) exp(-TI%"-)) (u,v) = (5\7)2 bo ! (u,v) exp(=AA(u,v,T;))

T

T T2 Ak,
{1 + a—{-\-— + 0(;51) + 0(—/\l exp(— #5110))}
4 _kgrd

(1+002e 60y -

d 7

T,
5 a; (u,v
= ((%)2 by 1(u,v) exp(—AA(u,v,T4)) (1 + —l—g\—) + O(én

= ((QA)% bgl(u,v) exp(—=)A(u,v,T1)) (1 + 0(1))
T A
uniformly for (u, v, T; A) € (B(x , §3) U B(b,63)) x B(b,8()
x [Tg 2T0]-x [Ag 5 )
and similarly we have for

(u, v, Ty,2) € (B(xg,85) U B(a,8)) x B(a,b;) x [Ty , 2T(] x [Ag , o).

For j > 2 we write
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H(})
n —Tj——
(6.20) I = | [ e (wi,wi+1)dw1,dwn)
B(a.,éo) W2,.-.Wj_1€B(a,60)l:0
wj¢B(a,60)
EY
= [ e (x,wq) IIJ.(w1 »y) dwy .

—B(a.,60)

H(}) d
—t—= d
By the semigroup property and e A (xy) < (~2—’7\r—t)2 exp(—
t > 0 we have
. H(A

Wosee W _ 1€B(a,65)
wng(a,éo)

wj+1,...wn€Rd

i=1 _Tl’}}%)
= H1 e (w: wi+1)
Wo,sWs _1E€B(a)8y) T
wng(a.,60)
~(n—j)T; TN
(wj yY) dwg .y dwj

2
X—y .
—-——l T I ) if
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H(})

i=1 -T{—~
< ( sup 'El e A (wi,wi+1)dw2 ,...,dw._l))
wng(a,éo) wl,...,wj_leB(a,éo) 1=

o H(A
—(D—J)Tl‘(T) d
e (wj,y) w;
< ( f 1’ _TIHE‘A)( ) d dw:_,)
< sup Bl wHw;q) dwg ey dws g
wj¢B(a’60) wl,...,wj_leB(a.,éo) i=1 J
_p, BO)
where if j=2 we mean sup (e (wy,wg)) which by (6.7) is less than kg

wo €B(a,8,)

exp(—A(A(w; , 2z, S) + kg)) for any z € B(a,f63) and S € [TO , 00) so we have
(6.21) ﬁ'2(w1 »¥) < kg exp(=A(A(wy ,z,8) + kg)) for any such z and S.

If j > 3 then by (6.19), (6.3) and (6.7)

622) 1w;,9)< sip ([ -
wng(a,éo) W2,..., wj_leB(a,(SO)

d

j—2 47 —MA(w; Wi, 1,T1)
A2 71 %1071
{(I,(G% b twiwiyp) e

1+ 0(3))
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—/\A(wl,wj _1,(j_2)T1)

d /.
5 (-2)T
2 b, 1 (wy s wj-—l) e

IN

[ )
Vj—1€B(a,b;)

ky exp(—MA(w;_; .2, S) + kg)) dw; (1 + 0(%))0'—2)

for any z € B(a,B6p) and s € [T , 00).
If x € B(xq,6) U B(a,6;),y € B(a,83) (and similar for b) and T,S€[T,o0)
then

min {A(x,w,T) + A(w,y,S)} = A(x,y,T+S) and is attained at the unique point
WGB(&,&O)

- X,y 89
w = w(x,y,T,S) = gT+S(T) € B(a, 7), by lemma 2.

Now we will use Hormander’s stationary phase theorem.

To get uniformity, as in (4.11), we want

lw—w| < constant <oo for all

(6.23) 7 7 <
'AW(wi’T)+AW(way’S)|

(x,y,T,s) € (B(xq,63) U B(a,6) x B(a,6j) x [Ty s 00) x [Ty , 00).

That follows from
A(N(x,w,T) + A{V(w,y,S) =
= (A(N(X’W’T) + A(N(W,y,S)) - (A(N(X’W’T) + A(N(W,y,S))Iwz'W

1
= jO(A%w(x,w + t(w=w),T) + Ahw(¥ + t(w=w),y,S))}(w — W) dt
0

=J (29 + O(e_61T +e + W + t(w—W) — a|))(w — W) dt .
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In the last step we used (4.18).

With k = integer part of (% +2) =: [% + 2] we get from (4.10)

(6.24) J' (A)% bT(u’w) e'—/\A(X,W,T) e—/\A(W,y,S) dw
B(a,6,) 2r 0

—Tep(a) e—AA(x,y,T+S)

= 0(e (1 +0(3))

uniformly for (x,y,T,S,2) U (B(xq , 6)) x [T , 00) x [T, 00) x (0,00).
Since, by a statement similar to (6.2) near a, instead of near b, we have

—Ten(a)
10 bl (xy) = 0

where e(a) = trace ,l v(a) .

0(10% ag (x.y)I)

The uniformity in (6.24) follows from (6.23) together with (4.18) and (4.16)
a d B .T d
that say |0y A(x,y,T)| for |a| < 3[5 + 2] + 1 and |8y ag(x,y)| for [B] < 2[2 + 2] are

uniformly bounded on

(B(xq » 6g) U B(a,8p)) x B(a,8) x [T , 0).
So (6.21), (6.22), and (6.24) gives

If j > 2 then
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—(j—2)T1e0(a.)

(6.25) 'fij(wl ,y) = 0(e exp(—A[A(w; ,2 , (3—2)T;+ S) + kg]))

1+ 0(-}‘))(J_1) uniformly for any z € B(a,36;) and S € [T, 00).

Put (6.19) and (6.24) into (6.20) and use (6.23) and you get:

~UDTieg®) ~MAGG-DT+ S)+kg) |

If j € {2, ..., n} then IIj = 0(
1]
ocdy) .

Taking S — oo (use Proposition 1) and then inf over z € B(a,f6) gives

—jT en(a )
e 301 0( )exp(—A{p(x,a) + sup (p(y,a.))+k8}))(1 + O(jl\))J

(6.26) 1I. = 0(
! y€B(a,88;

Using j < n = 0(T) in (6.26) we get
(6.27) an II, = O(exp(—A{p(x,a) +  sup (p(y:2)) + kgh)(1 + 0(%“)))

j=2 yEB(a,ﬂ60)

uniformly for (x,y,T,A) € B(xg,6q) x B(b,883) x [T , 00) x [Ag , 00).

In

Ip = I ‘ ] ﬁ e A (wi s wi+1) dwy , ..., dwp
w) €B(a,éy), k=1,...,n 1=
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_1,5Q)
we use (6.19) for e 1-X (wi CWwi_ ) fori = 0,1, ..,n — 1and (1.17) fori = n,
which implies
H())
-
e (Wn »¥) £ C¢ exp(=A[A(wn ,y, Tq) — €])

uniformly on B(a,6;) x B(b,865) x [T.2T0], and we have, since

a+odym =1+ oT)
\AI- \AI

d
n—1 5 T —AA(w;,wy L 1,T)
In < I ._1]0((2%,)2 by l(wi ' Wig1)© ot )
(B(a,$g))" '~
_’\[A(W 9va )_6]
ce n.y,Tp dwy , .., dwp (1 + 0(3)) .
By (6.3) and (6.2) we get
d
—nT,eq(a) 5
In=0Cege 1 0(®) 2
B(a,éo)
—AA(x , wy , nTy) + A(wn , ¥y, T1)—¢]
e no " 7 dwy 1+ 05)?)
since A(wp ,y, T{) 2 p(wp , y) and
—wy(a)nTy
A(x, wp, nTl) = p(x,2) + p(a,wp) + O(e )

uniformly for (x,wp) € B(x( , 6) x B(a,6;) we get



1(@)T

[ )¢l

—w
- inf (x,a)+p(a,w)+p(w,y)}+0(e
_Tel(a)A%e weB(a.éo){p plaw)+p(wy)}+0(

)

In = O(C c€

Since y is in B(b,ﬂ&o), I, is smaller than the R.H.S. of (6.27) and so by (6.18)

(6.28) 1y = 0(exp(—Alp(x.2) + sup  [p(v:2)] + kg) (1 + 0())
y€eB(a,86))

uniformly for (x,y,T,A) € B(xq . 8g) x B(b,ﬂ&o) X [2T0 , 00) X [)\0 , 00) .

Next write

n
I =1y + IVy = - = Il +j§2 IV

where Ilj is defined by replacing a by b, the definition of Ij , and in the same way we
get IVj from IIj .

We can replace a by b in the estimates for IIj and copy estimates for IVj . We

get from (6.27)

H())
n T~
(6.29) 1 = | (1 e (Wi » Wi 1)) dwp ... dwp
(B(b,6y)" =0

=Ap(x,b)+ sup  (p(b,y))+kg]
yeb(baﬂ‘so)

+ 0(e 1+ 0(¥))

where by (6.19) and (6.3)
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H(})
-T,—~
A (w; W, 1)) dwy , ..., dwp =

I (1l e

(6.30)
(B(b,5)" =0

d
= (%‘_)2 bOT(x,y) exp(—2A(xy,T))(1 + 0(%)) uniformly for

(x,y,T,)) € B(xq , 83) x B(b,88;) x [2T , 00) x [Ag » o).

Finally by (6.6) of lemma 10.1

_ 1Ht\/\) —nTl (
(6.31) V; = | e (x,wq) e (wq ,y)dw
RI\(B(2,60)UB(b,5;))
H(Y) HO)
A (wqy) dwl)

<( sup
w1 #B(a,85)UB(b,5,)

< kq exp(—X( crgi{r; b) [yelsalzlz’ﬂéo){p(x,c) + p(cy)}] + kg))

and so

H()
T
e A (xy) =1, +1II]; + V; =
(p(2:y))+kg]
(1 + 0(¥)))

—A[p(x,a)+ sup
y€B(a,B6
— 0 (a,88p)
H())
S d dwy +
+ (_=0 e (wi,wi+1)) Wi 5 -y dwy

(B(b,gg)"
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=Alp(x,b)+  sup  (p(by))+kg]

+ 0Ce yEB(-55) (@ + o))
+ 0(exp(—A( c’g{a b yEBu(c,ﬂ O){P(Xac) + p(cy)}] + kg))
1, B
= i ( fi e (W; > Wi 1)) dwy 5 oy dwp

(B(b,5p)" =0

+ 0(exp(=Mp(xb) + sup  {p(y,b)} + 2N)(1 + 0(L))
y€B(b,$)

b

uniformly for (x,y,T,\) € B(xn , §) x B(b,6) x [2T, , oo] x [Ag , 00).
0 0 0

Here we used (6.15) in the first step, (6.28), (6.29) and (6.31) in the second and

(6.13) in the third. (6.14) follows now by (6.30).

n X,y .. T
. XO B(gT (iTy, T)

1=

§6.3 The main contribution in (6.10) is from

We want to go beyond the 0(%‘)-term in the leading term of (6.14) given by

(@)
(6.32) (B(blféo))n (igo e (w;, wi+1))dw1 ...dwp =

(5)? b3 o) exp(=AAGey,T) (1 + 0(T))
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As a step towards reducing the problem to (6.1) in Lemma 8.1 we have:

With k; as (2.33) we have
A)

—Tlﬂ(T
(Wi, wi+1))dwl N der

(6.33) e
(B(by )" =0
. —TH(T'\)’
) B( X£’(T ), L) i=0 ° (Wi, Wiy 1))dwy ... dwn
w; € B(gp (iTy), 1
i T
k,T2

—Tey(b) N fAfe o \
exp(—z\(A(x,y,‘L) + —,er)))

+0((1 + 0(%)) Tad e
uniformly for (x,y,T,A,r) € B(x(,6) x B(b,6) x [2Tg, 00) x [Ag, o0) x (O, rol-

n
2 Awy, Wi41 » T1) in the exponent
1=0

Remarks 1. If we put (6.19) into (6.32) we get

with Wy = X and Whpl =Y By the uniqueness of g)r;\y,

min

n
Wl"'wn {IZ:O A(Wl ’ wi+1 ’ T]_)} = A(stsT)

is attained if and only if w, = gy’ (iT;) fori € {1, ..., n}

2. Using the uniformity in (6.33) and taking r | 0 we get

A
_p, HO)
(wy s wi+1) dwy ...

n
T e

(B(b,6)" =0
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= 0((1 + 0(%)) rade” T0(P) exp(—A A(x,y,T))

d
which T - A2 times the behaviour in (6.32).

Proof of (6.33):
Put
H(})
n 11 A
(6.34) VI = I T e (w; , wioq) dwy ... dwy
(B(bys))" =0

forr € (0, ro] and for j € {1, ..., n}

H(})
\ n -T X
(6.35) VI = s e (w: ,w: , ,)dw dwp
J xy r i=0 1 i+1 1
wy €(gr (kT1):3)  k=1,..,
wj+1,...,wn€B(b,60)
and
H()
n ~T (A)
J. .go € (Wi, Wi+1) dwl de.

(6.36) VI, =
. 1
w €B(gT (kT ).E) k=1,...j—1
Xy, .
w;€B(b,60)\B(eT (1), 1)

w, €B(bSy)  k=j+1,..n

We see VIj = VIj_*_1 + VIIj_*_1 forj =0,n— 1 and so

VIIj.

n
(6.37)  Vly = VI +.21
J:

By (6.30) and (6.3) we get from (6.36):
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6.38)  VIL < J 7
(6:38) J w, €B(b,ég) for ke{l S\ {i} i=0

w; €B(b, 50)\B(ST (Ty)s T)

d —AA(x,w:,jT;)

= ! ()2 b b 1 (xwpe T 40y

wjeB(b,so)\B(g’}y GT1) %)

d - w. n ] 3
[(n)§ b ) L yyge MG EDTD g2t J)] dw; .

Now we use (2.33) that says:

T /1.9 ) Xy 2
I3 (33% + V(0)dt 2 AGy,T) + ky min(@f, lly = &1 I oorg qy

for all v such that vy — gé‘y € D(0,T), uniformly for (x,y,T) € B(xq,60) x B(b,8;) x

[Ty> o). Hence

inf - {A(w.Ty) + A(wy, (n + 1)T)))
wi€B(b.co\B(gy (T)A)  ° :

> X inf T(1 .2 F V())dtY > A(xy.T) + k ﬁ
By (6.2)
J W —(n+1)Ten(b

y,wjeB(b,60)
XGB(xo,éo)
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2(n+1)

and since (1 + 0(%)) =1+ 0(%)

kyro
- ’\(A(anaT)+_T_2)

—-TeO e

vIL, = o(xd e a + o))

uniformly for

(%,y,T,A,1,j) € B(xg,6) x B(b,8) x [Ty, 00) x [Ag> o) x (0, rg] x {1, ...

Now (6.33) follows from (6.37) and definitions (6.34) and (6.35).

§6.4 The conclusion of the proof of (1.35)

We start by; If

T
0
6.39 r =
(6.39) +ky)
then . H())
—7, 2
(6.40) [ e A (wpawy 4 1))dwy o dwy

Xy ,. r .
wjeB(gT (JTI),T) for j=1,2,...,n

d aT Ak r?
= (2)? sf eyt + L2 (L) + 0T exp(~—5-))

2 Akqr2
+ 0 (47 exp(==21))} exp(=AA(x,T)

uniformly for (x,y,T,A) € B(x(,6) x B(b,6) x [2T,00) x [Ag> ©0)-
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Proof. Put v; gT (JTl) for j € {0,1,...,n,n+1} then vop=x=wgandv, 4 =y
Vi+1 . .
= wp .y and ng (t) = g Y(t +iTy )[ 0.T.] by the uniqueness in lemma 2.2. If
1
Xy . . Wi%;

w; € B(gTy(JTl),%) for j = 1, .., n then gT‘ll i+l is again unique and by (2.38)
y Yi+1 Vivi+1 —wyt —wq|T,—t|
e (t)- ng | < k2(|wj -vjle + le+1 - vj+1|e 1171 ) <

2k2% , uniformly. Hence if
1
|a (s) — ‘] ‘]+ (sd)] < % for s € [0, —T—]
then
Xy,.
loj(s) — &1 Ty + s0)| = loy(s) — gT 21
< laJ-(s)—ng o) + lgg J it - J T o)
2k,r
2 r
<t+=0+2%)E= TO’ by (6.39).
So we have a string of (n + 1)-sausages inside a long and fat one:
6.41 A:= _Y T 11 j
(6.41) 1= {QGCX,y([O,X]):a(JT)zwj for j = {0,1,...,n+1}
% B (T) )
i=1,..,n

T W.W.
1 i+ T .
and |a(j5 +s)—gT1 (sM)| <& on [0,+] :[O’CFTm] for j€ {0, ..., n}}

C {a € Cxy([0, !]) :a(s) — gxy(s/\)l < 0y _ : B for r given in (6.39).
A T T )
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By definition

S >3

F(x,y,T,A¢) = [ exp(=22 [ V(a(s)) ds) x ({a € Cx,y([0, T)):

lla — gF ¢-NI <eldu  pla)

LOO[O’I] Oaans‘X

Since pg , | . is the restriction of the Wiener-measure to Cy v([0,t]) we get:
ItV

n
(6.42) <y | i Ao FO¥ Wi 1 Ty A 1) dwy, oy dwy
T
T
= J (B Uexp(=3% " V(a(s))ds) x({e & Corw,  (10,2])
wy €EB(gp (le),%)
=1,...,n
W.W. 1
(s =g, (D] < £ T, (@)W, dw
O,W-,W- "y
i1 )
T
9 A
= [ exp(=A* [ V(a(s)ds)dp (e)
A 0 O,X’y:x

S »

<] exp(—=A2 [ V(a(s)ds)du  p(a) = F(ay,T,), )

,x’y A

that we know how to expand, by (6.1).

Recall Lemma 9 that says

2
H(}) kpr



uniformly. Using (n + 1) = 0(T), (6.41) and (6.1) with r as in (6.39), we conclude

(6.43)
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- H(A)

n
T e

X i=0
wy €B(gT (KT;).%) for k=1

l_

X
W) EB(gTy(le),-,%) for k=1

_ 2
(1 + O(T exp ))) < F(x,y,T, A
d T
5 aj (xy)
= exp (=AA(x,y,T)) (-2%,)2 0 (x:y) (1 +12= 4+ 0 ( )
2 2
2 —Aker —Akgr
+ O(T:\ exp ( 5 )) + O(T exp( 26 )))
uniformly which proves (6.40).
Now we get:
H(})

(6.14) o
= I ( Ao
(B(b,ép )"

sup

0(exp(—A(p(x,b) +
y€B(b,6

Th1TA
(wl,wl+1))dw1, .

( x F(wl,wl+1,T1, A, —T))

) (1 + O(T exp(—

(wiwipp)) +

6’2
2 )

k
{p(b.y)} + 2)) (1 + 0(%))

., dwp

Wl g .de

_Tl
(Wl,Wl+1))dW1, d Wn



i’l e A (wi,wi+1))dw1, veey de

(6.33)
= J
X (B (iT,) '))(
i=0 T 1T

—Tl,y(b kyr
+ 01+ o) TadeT 0 exp(-a(AGrT) + 7

k
+ 0(exp[—A(p(x,0) + sup  {p(by)} + D)) (1 + 0(%))
y€B(b,6)

d T
VAR G- 1 (X.V) 4
PRVENA a; ix.y) T
()2 B3 0o 1+ 22 4 o)

o kgr?
0L exp(—x O(T exp(—x b
+ (/\ exp( ) )) + 0( exp( 2 ))
d K. 12
+ 0(TA2 exp(——/\#))} exp(a—AA(x,y,T))

k
+ 0(exp[—A(p(x,b) + sup  {p(by)} + )]
y€B(b,6)

2

T
a; (x,y) 4 2 ker
“5 + 0(g) + 0C exp(=A 2 ))

d
= (&)? bg (x) {1 +
exp(—AA(x,y,T))

Uniformly (x,y) € B(x,,6) x B(b,6)as T,A — oo and T4 < X. Where we used
0

Proposition 1 in the last step.
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§6.5. Proof of (1.36)

Similar to (6.15) we write

190 _TH(A/\)
=35 € (xy) =
1
H(}) H(})
—T e -7
0 X 1
.[ —-}‘ 6?(1 [ (X,Wl)(ii’le A wi’wi+1)) dwl,..., dwn

when T = Ty + nT; € [2T0, o0). The reason for this “Ty” is to make the large T
dependence in formula (6.48) below simpler (T is fixed but T; depends on T).
When we obtained (6.14) from (6.15) we only used the estimates in (6.6),

(6.7) and the wupperbound in (1.17). We have (6.6) and (6.7) again

for %\ 5Qx— e A (x,y).| and we replace the upperbound in (1.17) by (9.3) below that
i
says
H(A
o T
logla e (x,y)
lim ! < —A(xy,T
Jm 5\ < —A(xy,T)
uniformly on compacts in RY x RY x (0, 00).
So similar to (6.14) we have
e : (6)) _7 HQ)
645) 10 e " X xyy= | 18 0Ny
A Ox; n A Ox, 1
(B(b,p)) !
e
(%e_l’\(ww))dw dwp +
i i’ it1 1-»9%n
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k
+ 0(exp{=A(p(xb) + sup (p(by)) + )} (1 + 0(}))
y€B(b,6)

uniformly for x € B(x(, §), y = Wnt1 € B(b, 6), T = Ty + nT,

where T € [T, 2T(;) and n € N, when § satisfies (6.13).

For w; € B(b,&o) and y = Wi+l € B(b,§) C B(b,ﬂ&o) we obtain an expansion

H())
—T, 2]
of (. %1 e 17\ (Wi,wi+1))dw2, ..., dwp as in (6.43) which along with (6.8) yield
1=
—ToH('\) 1H(A)
(6.46) [ -1 X (xywy) (i-;ril . '\—(Wuwl+1))dwl, dw
(B(b,60))" i =
4 (0A(x,w,,Ty) T
= 1 G 0,
B(bs60) i
(g—%(x’“’l’TO) b 0(x,wl) a; O(x,wl) - 82. (x’wl))
l ) . + 0(L5)

T-T

d
exp(—MA(xw ), Tg)) (352 by (W)

a0V y)
(1 + 1 . 1 +e(T,/\)) exP(_’\A(Wl’Y,T—TO))

dw, uniformly where

2
e(T,\) = 0(}‘—;) + O(I/\2 exp (—/\k5 ))

T4
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By the uniqueness of géy in Lemma 2, w: =g2;\y(T0) is the only point where the inf in

inf {A(x,w1,Tq) 4+ A(w1,y,T=T;)} = A(x,y,T)and g2 =g . Hence by (2.26
wl{ ( 1 ()) ( 1 1)} ( ) gTO gT [O,TO] ( )
OA(x,w,Tp) _ X,¥ dA(x,y,T)
B = —(Exy 0 = (@5 0 = 22T,
d , 5 T
2 3

By sublemma 2 b (xy) = 2 (det ,lV"(b))— e i=1 ag‘(x,y). The

bounds on the derivatives of ag (x,y) aj (x,y) and A(x,y,T), A (x,y,T) > constant

> 0, (4.25) in Lemma 7 and Hérmander’s stationary phase theorem imply:

d w
©47) (22 {M by O(x) +

T
= T T b O(x,
( ?( A(x,w,Tg)bg O(Xaw)al O(x,w) — _T(XW_))
l 1
A

exp(—AA(x,w,T))

d T-T
S T- ) O(w,y))

T(] a
0wy (1 + L) exp(=AA(w,y, T=T)))

d T
dw = (2,,)2 (@—(;(—m by (x,y) + (A ) O(A%)) exp(—MA(x,y,T))

uniformly for (x,y,T,)) € B(yg,6y) x B(b,8) x [2T,00) x (0, o),

where
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T
T 1) 1 0) + p 0(@)

OA(x,y,T
6.48) ¢l (xy) = _%_)

-1
+ (det((A(,',w(x,w,TO) + A’v(/w (W’y,T—To)) ) 2
w

-—W

0A(x,w,Tq) T T-T T T-
Ll('—'axi—o by 0(x,w)b0 O(w.y)) — 5ax_ib0 O(xw)bg O(wy)]

W=W.

we

1
a'rir’i (an)'

o
e

d 1 -
=:22(det V(b)) 2e 1

Now (1.36) follows from (6.45), (6.46), and (6.47). The estimates in (1.37),

(1.38), (1.39), and (1.41) are included in Lemma 7, in (7.8) below and Lemma 3.2.

(1.40) follows from

PACHD _ UlD) - g 0)-¢ o)

b 3 ]
=—@r @ — & @+ &7 (5)-&"P(s))ds = 0(e " ?)
T o1
+ (VIEFE) - VETE) ds =0 1)

by (2.26), (2.20), (2.14), (2.31), and (2.42). .
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e e, e o

H(}) H(})

P ik S 2

We only do (1.34) for e A (x,y). The proof for :1\ 0—‘?{— e A (x,y)| then
i

_p HQY
follows since the estimates (6.6), (6.7) and upperbound in (1.17) of e 172 (x,w1),
H(})
o ~Timx
that we use below, are also valid for 35 € (x,wq)|- (See (6.6), (6.7) and
i

~
=]
=
N
N
N

Let § € (0, §). For x € B(xg, 6) y € B(a, §) UB(b,6)and T = (n + )T,

with

T, € [Ty, 2T ] we write (6.15):

TON )
e (xy) = | (1;0 e A (w-l,w-l+1)) dwy,....dwp
H(}) H())
. —-T,—= —nT,——~
:( [ + f + f )e 12 (x,wq)e A (wy,y)dwy=

B(a.fg)  B(b:dg)  RI\(B(a,by))UB(a.B6)

n
I; + 11} + V; which defines I; 1I; and V. As before in (6.18) we write I, =1y +j§211j

where

I = .r T e A (Wi, w: 1)) dwq,...dw
3 — ’ 1 1, n
! WkGB(a,éo) for k=1,...,j—1 (1—0 i+ )

wng(a,(SO)
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d
an H()
n ~T1—
In = J. i;o € (Wi, Wi+1)) dwl,...dwn.
wkeB(a,éo)k=l,...,n
u .
Also Iy = Illy + Y IV; with
=2
g (C))
I, = ) ( B e 1A (w;, wi+1)) dwy,...dwp
wy, €B(b,é,) for k=1,...,n i=0
k 0
and
_T H())
IVj = ) (;lr e LA (wi,w+1)) dwy,...dwp
w) €B(b,8y) for k=1, ..,j =0
wj¢B(b,60)

We estimate IIj, IVj and V1 as before and we get:

(6.49) i IIj = 0(exp(—A[p(x,a) + sup {r(z2)} + kg))) (1 + 0(%‘)))
i=2 z€B(a,B6()

(650) 35 IV, = O(exp(—Mp(xb) +  sup  {p(zb)} + kgD) (1 + o))
j=2 z€B(b,ﬁ60)

and

V; < kg exp(=X( P {p(xc) + p(c;2)} + kgl))

min [ su
ce{a;b} z€B(c,B6)

Ify ¢ B(a, 60) then using (6.19) lemma 8.2 and (6.6) gives

In < ks [ (n;l((_é\?)% b;)rl(wi, W) e—/\A(wi,wi+1’T1)(l+0(%\)))

WkeB(a,éo) i=0

-—/\(A(wn,z,s)+k8)d

e Wl,...,dwn
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) 1+0(%) )
—AA(x,wn,nTl) —,\(A(wn,z,s)+k8 dWIl(
e

)3 2T
=k b (x wp)e
7wnelér(a. 60)( ) 0 !

—Teo(a)e—/\A(x,z,nTl-i-s)

= 0(e )1+ 0(F))

for any z € B(a, 86j) and s > T). Take s — oo and inf over z and you get:
(6.51) In = 0(the R.H.S. of (6.49)),if y ¢ B(a, 60).

Ify € B(a,6;)\B(a,86;) we expand:

- HQ)
. Tl (Wn.y) = ();r)

[\“i[=%

'\A(wn ay’Tl )

b L(wny) e (1 +0(3))

uniformly for (wp,y,T;) € B(a,6;) x B(b,60) X [TO’ 2T,) and then

~Thep(a) _
In = 0(e 0 0( )e ’\A(x,y,T)

1+ o)
Since (see (1.38) and (1.39))

AGY.T) = p(x) + p(ay) + o “1™T)

d
1 2
and p(a,y) = 5 3 w(a)(y; — b)” + 0(|y—b|3) in coordinates such V'/(a) is given

i=1

by a diagonal matrix:
vli(a) = 02 where

Q= diag(wl(a),--wwd(a)) with 0 < wi(a) £ --< wy(a)
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we have

—TeO(a)e—A(p(x,a)+732)

In = O(e 1+ 0%

uniformly for x € B(x(,6) y € B(b,60)\B(b,3) as T,A — oo.

Now we get by (6.49)

~Teg(a) —A(p(x,2)+782)

In = 0(e )

uniformly for x € B(xn,6) y € B(a,6) as T,A — oo and T .o
0 A

Similarly, we get

~Teg(b) —(p(x,b)+752)

I, = 0(e )

uniformly for x € B(x0,6) y € B(b,6) as T, A — oo and % — o0o. Collecting terms we

get:

H()) _
-T—== —Teqy(a) e_Ap(x’a), e—TeO(b) e_Ap(x,b)} e—/\762

e * (xy) =0 (minfe )

uniformly for x € B(x(,6) y € B(a, 6) UB(b,8)as T, A — oo and % -0
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7. A Proof of Lemma 8.

§7.1. Asymptotics for a Gaussian path integral.

Our goal is to prove the asymptotics of F(x,y,T,A,r) in (6.1).

By sublemma 1 in Chapter 5

[[=9

(7.1) F(x,y,T,z\,%) = (ﬁ) exp (—-AA(x,y,T))

1 1
EJ [exp(—) JOTW(g’;y(t) +2 Z221) = Vg (1) =2 2 V(gD (1) Z(t)dt)

(1

IZll < L)) for r € [0, 8y).

Now Taylor’s formula implies the exponent at the integrand is given by

_1
(7.2) &1 (Ve (0) + 8x 2z(t) Z(t), 2(t)) ds

1
0

NI

= L(vER ) + 2 2nn) 2() - 2(v))

DOl

where |n(t)| < |Z(t)| for all t € [0,T). When A I1Z]| < % each matrix

L*|0,T)
n) — V”(g)r;\y) is 0(%) uniformly. Hence the expression in

NI—

element at V”(g?y + A

(7.2) can be estimated from below by 2% ((V”(g%y) + WT) Z - Z) where

(7.3) W,rr is a symmetric continuous matrix function on [0 - T

S A .
with [ [Wmp(t)|dt = 0(r) uniformly.
0



-122-

By Lemma 4 there is a rg € (0, 60] such that the Dirichlet’s operator

(7.4) (—d—fg V"(g (t)) + WT(t)) > 0 on D(0,T)
for all (x,y,T,r) € B(xg , 6) x B(b,6q) x (T » 00) X [O,ro].

We will now evaluate the Gaussian integrals

E;f(exp(—-f (V"(gF) + W) Z,Z) dt)).

Recall we assume (1.34) V//(b) = 02,

e
1

Q Y P . ar =» -
Sublemma 2. {(x,5,T,t) €

ot

holds, then

MIQ-

(7.5) T 2EgT (exp(—- j (v”( )+WT)ZZ) dt)) = by (x,y) where

X,y,T -

1
(7.6)  bE(xy) = det(Cr¥ 1 (0)) Zand C(t) = ¢V (r)

is the matrix solution of

- { C(t) = (V"(gT (1)) + Wh(t)) C(t)
7.7
with C(T) = 0 and C(T) = -1
Moreover
d 1 —I trace Q
(7.8)  bT(xy) = 2% (det Q)2 e al(x, y) and af(xy) =

o -1 —6.T
= (et X°%0)) 2(1 40 L 4|y —b|+1) =

= ag‘(x,y)(l + 0(r)) uniformly.
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Here X*P and 6, are as in Lemma 2 so det (Xx’b(O)) > constant > 0 on B(x0 s 60).

2. Ifz = gy (tg) for ty € [0,T] then

t T—t
(19) by (x,y) = by (x2)(det(Ay(xzty) + Ala@y,T—tg)]| )by ()
zZ=32

Remark. We obtain (7.5) by reducing to a similar problem for the Brownian motion,
which is solved in Truman [1]. See also Montroll [1] who proves (7.5) in one

dimension.

(7.9) necessarily holds if our expansions of the heat kernel satisfies the
semigroup property. Similar enters for short time asymptotics of diffusion processes on
a Riemannian manifold, see Molchanov [1] proposition 10.4 and A. Bellaiche [1]

proposition on 8.12.

Proof of Sublemma 2.1. Let E( - ) denote the expectation with respect to Brownian

motion then (Truman [1), section 3):

If
(7.10)  A(t) = (V'(g) + WL) A(t) on [0,T] with A(T) = I and A(T) = 0
has a nonsingular matrix solution and for b € CO[O, T)

(7.11)  m(b) = exp(—1 fOT(V"(g;y) + W) b,b)dt)

then

(7.12)  E(m(b)) = (det A(0))

BOl—
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xyT

With X = X;” " and Y = Y:-{yT as in (2.45) of Lemma 4, Chapter 4.

(7.13)  A(t): = (Y(t) = X(t)(X(t)) T1Y(T)) (Y(T) — X(T)(X(T))~1¥(T))~!

is the unique solution of (7.10) and one can see from (2.22) and (2.46) that it is
nonsingular.

Write

(7.14)  E(m(b)) = [ E(m(b)|b(T) = c) dc
rd

and let B(t) be the unique (recall (7.4))) solution of

(7.15)  B(t) = (V"(g]) + W) B(t) on [0,T] with B(0) = 0 and B(T) = L

For ¢ € RY let fo(t) = B(t)c then ¢(0) = 0,fc(T) = ¢, f¢ € L2 andb —~ b + fc gives
a bijection C,  [0,T] — C . [0,T]. The Radon-Nikodym is given by (see (5.6))
1T 2
() 1= exp(=} [ ()i av

T .
exp(IO fc(t) db(t))

[\[[=¥

Using E( - [B(T) =¢) = (27rT)— E;r( ), (7.12), (7.14) and (7.15) gives

Nl

(det A(0)) 2 = E(m(b)) = jd E(m(b)|b(T) = ¢) dc

R
= [ E(J(b) M(fc + b) | b(T) = 0) dc

= (21rT)—§ J exp(—%(B(T) c,c))

Ef (exp(—4 [ (V' (EF) + WE) na)) de
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N

=T 2 (det B(T))

EZT exp(—1 T
(exp(=g [ ((V"(gT') + W) 2.2) dt)

(7.16
) The L.H.S. of (7.5) = (det [A(0)(B(T))~1)) %

From (7.13) and (7.15) one can show
det [A(0)(B(T)) 1] = det C(0)

where

C(t) = Cx’y,T —_

1) = —(v)-x@x DY) F(D-XMx~HD)Y(T) !

which sati /

ich satisfies (7.7). To show (7.8) one uses (2-22), (2.23), (2.46), (2.47) and (2.18)
but we leave out the details.

Sublemma 2.2.

Proof of Sublemma 2.2

P X,y X,Z X,y Z,y
Ifz = 8T (tO) then gtO (t) = &T (t)l[O,tO] and gT_’tO (t) = gé’y(t + t())-
Y0, 7) = -5 &= vy
By part 1, by (x,Z) = (det C;(0)) where €1 = V'(@r¥)C;  Cy(tg) = 0 and
. s ’T _ X3Y9T
- )= _1. So with X = XX¥" and Y = Y C,(0) = —(Y(0) - X(O)x—l
1V°0
. -1 -
(tO) - X(to) (X(to))—l Y(to)) . Similarly

Dol

(tp) Y -
T—t, det Co(0))

by 0(z) =



-126-

wher® Co(0) = —(¥(1g) — X(tg) X™H(T) Y(T))

(Y(T) - X(T) X~ }T) Y(T)~?

in Lemma 2 we see

From (226) . | —-IY 0 .
AL (eorto)lz=2 (Y (tg) =X (tg)(X(0) ~1¥(0)) (¥(tg)—X(tg) (X(0) ™ "Y(0))
zZ
o To)lp=z = ~(Klig)=¥ (1g)(Y(T) TX(T)) (X(tg) = Y(tg)(Y(TN ™I X(T) ™1
r-To)lz=
VA
_1
S. of (7.9) = (det N) 2 where
R
The

N = (YO —X(O)X ™ L(19)¥(1g))(¥ (tg) =X (tg)(X(tg)) " 1¥ (tg) ™
(¥ (1) =X (£)(X(0) ~ 1Y (0)) (Y(tg)~X(t)(X(@)) ~L¥(0)) ™
._1]

_(K(tg) =Y (tg)(Y(T) ~IX(T)) (X(tg) = ¥(tg)(¥(T)) ~1X(T))

(Y(tg)—X(tg)(X(T)) ~1¥(T)) (Y (T)=X(T)X(T) " ty(T) "}
and we need to show
det N = det|~(Y(0)~X(@O)X ™ (D)Y(T)(¥(T)-X (D)X ~1(T) Y(1) )

Actually N = —(Y(0)—X(0)X~L(T)¥(T)) (Y(T)=X(T)X~1(T)y(T))~! which can

be proved by straightforward calculations.
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T

§7.2 More convenient path space measures
X
——t—i + V"(gTy) + WT) > 0 on D((0,T) for all (x,y,T,r) €

By (1.4) (-4
B(xq , 65) x B(b,5;) x [Ty » ) x [0,rg] and recall we studied it’s Green’s matrix

G ¥, T in Lemma 5 in Chapter 2

Now we have
Sublemma 3. If (x,y,T,r) € B(xg , 63) x B(b,6g) x [T , 00) x [0,r] then

(V'(gF) + W) z,2) du)) =

(717)  EZ (7(s) 3(t) exp(—3 I
7 (exp(—3 IO (V'(gF) + WE) 2,2) du))

- (G;(’y’T(s,t))iJ E]

hence by sublemma 2
[z (s) 25(t) (exp(—5 I (v"er) + WIp) 2,2) du)]

-d
(718) T 2E
= b (xy) (Gr™’ (s,t))i’j for s, t € [0,T] and i, j € {1,...,d}.
(7.19) Remark. To evaluate integrals with more general polynomials in z than in
(7.8), eg.,ford =1
E7 2 1 n 2
=2 ((I v @ (1) (1)ar)? exp(~ I V(gr) + Wh) 22(a) du))
T2
Let Xl’ e X2k be jointly Gaussian

one can use Lemma 20.4 in Simon [5] that says

random variables. Then
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Xy Xgd= T (X X ) (X L X
pairings 1 1 k

where Y denotes the sum over all (2k)!/2k k! ways of breaking (1, ..., 2k) into

pairings

k pairs. So we get with G = G; Xy, T (see also Mizrahi [1])
t=of e 10 Ve o) v o)

—wqlt—
(9G(t,t) G(t,5) G(sys) + 6G3(t,s)) dt ds. Since G(t,s) = 0(e “1! SI) uniformly the

—Wwq lt_

s
integrand is O(e % ') and hence I = O(b;r(x,}') T)

Generally if o, ..., an € Ng and |ay| + - + |an| = 2k we get
-d T T
a
(7.20) T 2ET [Io Io z(tll) z(t':]) dt, exp(- j (v"(g ) + W 2,2) du:|

= 5 of (x,y)f --I: G() -+ G()dt, - dty = O(bT (x,y)T™)

finite

unformly for (x,y,T,r) € B(xy , é3) x B(b,63) x [T , 00) x [0,rp]-

We base a proof of sublemma 3 on the following
Proposition (Ellis and Rosen [1], Lemma 4.4).

Suppose that Al is a symmetric strictly positive trace class operator on a real
separable Hilbert space H1 and A is a symmetric operator in B(HI) such that Al—l +
A > 0 on D(Ai—l). Then A := det(I + A; A) = det(l + IAI A IAI) is well-

defined and Al > 0.



Also By := (AT} + A)~! exists and is given by B, = [A, 1+ [A] A
Al)_l ,Al . Bl is the covariance operator of a mean zero Gaussian measure PBl

on Hl and

(7.21) dPp (v) = [3) exp(=3 (Av.y) dPy (v)

’

Remark. Here B(H;) is the space of bounded linear operators and <-, -> is the inner

product on Hl'

A Proof of Sublemma 3 (see also Davies and Truman [1]).

Let py be the Brownian bridge measure on Cy([0,T], Rd) as in (5.10). Then

(7.22)  [z(s) z;(t) dpup(z) = b5 s(1 — ,Ii‘) =: (P(S,t))i,j
ifo0<s<t<Tandi,je{l,.,d}
Define A : L2([0,T],R%,dt) — L2([0,T),RY,dt) by A, f(s) = jg‘ p(s,t) f(t) dt.
Then A} = (_dgt% on [0,T] with Dirichlet’s boundary conditions)_1 is symmetric,

strictly positive and trace class. Now we use an idea from Stroock [1] and Chevet [1],

for instance, to embed COO into L2 and work with the induced measure on L2.

So let @ : Cyy — L2 be the natural embedding, which is continuous. Then Aq

is the covariance operator for the induced measure PA1 i= pp o <I>_1, by (7.22)."
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Define A : L2 — L2 as the multiplication operator f — (V''(g y) + WF T)f for

each (x,y,T,r). Then A is bounded and symmetric.

. Tt 2
With H; = L2([0 T]) we get, using (7.4), By = B} Xy 1= ((—jit_?q.

-1
V"( ) + WrT) on [0,T] with Dirichlet’s boundary conditions) is the covariance

operator of a mean zero Gaussian measure PB1 on L2 such that

dPBl(a) = JA_I exp -% I;)r V”(g ) + W) a,a) du) dp Py (a).
1

Since
1=Pg (L%) = [A; [ exp(-)dP, (a)=
1 L2 1
= ( )dpp(2)
B g oy =0 0t
=[] El(exp ()
we have

(7.23) JT\}=(E;1‘(exp(—-f (V"(gT) + W) 2.2) du))) ™1

With ¢ = &(z)
E7 (3(s) 7(t) exp(——f (V"(er)) + W) 2,2) du))
= [ (95 exp(—3 [ (V"(e7 )+wT)aa> du)) dP, ()
L

= (m)—ng %(s) 5(t) dP (@)
= ([&) 7 (6 e



-131-

which along with (7.23) gives (7.17).

§7.3 Keeping track of the large T dependence.

We will do the usual Taylor expansions (see Schilder [1] and Davies and

Truman [1]) paying attention to large T’s.

We write (7.1) with r replaced by -,i—‘ as

F(x.y,T:AR) = (ﬁr)g exp(— A%y, T) (F1(xy,TAKR) + Fo(x.y,TAK))
where
F;(x.y,T:AE) = EF (exp(— AJ (V(e] +2 %z>—V(g’;y) AQV(g )2)dt)x;(2))
where
x(z) = {z € Cogl0,Th: A ?|lzfl o < & and
_1 _1
(- 1)1 VEY +3 22) - VE) -2 2 VIEY) - (VIER) 220 dt 20)

Then we expand the integrand in F1 and F2, using

n xi
exp(x) = & % + Ra(x)
i=0
where 0
25 exp(x) if x > 0
Rn(x) < I 'Il

if x <0,

collect the terms and we get

=¥

(7.24) F(x,y,T,A,—,i—\) =22 exp(—AA(x,y,T)) (IO + 1+ 1y + 13+ + Js)
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where
_d
(7.25) L =& @T) 2ET
_1 i 1 1
(=2 JgVer +2 22)— Vier) — A 2V(gl) 2 - A (V(eY) 2.2)) de)k
1T jny Xy %
exp(—3 IO (Vg ) 22} dt) x(z: A “ lzll oy < 7))
-d
for k € {0,1,2,3}, J; = 0((27T) 2 Ej
T Xy "% -3 Xy 4
(=31 (Ver’ + 2 22) - Vigr) -2 P VIEF) 2 - A = (V& 2.a)) dtl

NoI—=
}-—‘

exp[—AI: VEY + 2 22) = VEY) — 2 2V - 2)dtl (=)

NI

T

a.nd J2 = 0((21I’T) VA

l\DIl—-‘
[

(I—AJ VET + 2 22) - V) -2 2 Vi@ - 5 — A (vl 2,2)) dt|*

exp(~1 I (V'(g7") 72) dt) xo(2)) -

For the error terms we use

MIH
|>—a

MV@EY + X 22) - V(gy) =2 2 V(g )z——(v”(g ) 2,2)) =

Nl
1 [V]o.

1 -
=o(,\ S =0(A

o 1 1(1 + zﬁ(t)))
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-1
uniformly for A 2 Wzl o % Therefore we have a crude estimate
_d
3, = 0((2xT) 2 E;f[(jo z; (1 + 25(t) av)*
]:

exp(—A f: ((V"(g)';wy) + wi) 2,2) dt] - A2 =
4
= 0(of () 75 I = o(bF () (1 + o) Iy ) =o(bg 0 I5)

4
where we used (7.20) and sublemma 2. Similar Jo = O(bg‘(x,y) %) uniformly.

Using (7.5), (7.18), (7.20) Hoélder’s inequality and (see Simon [2] or Stroock [1))

(126)  (27T) 2 EF(x(z : llall oo, > 8)) = 0fexp(— D))

one can show there exists € = 0 such that

d 2,
(727) I = (2m)° bg (xy) (1 + O(exp(- o 2?4_((1))) ,
-3 T (4)
Il = (QWT) 2 I AV (gT 32,2 Z,Z) dtexp(_...l' V”(g ) 2 Z) dt)]

2
T
+ by (x,y) [0(,\—’%) + 0(%‘ exp(— ——2—%07{—))]

T
=3 (2!)23!)2 B A V(3)(s’1(~y: 22,2) 4)° exp(=3 [T (V"(&]Y) 2,2) dt)]
2
bOT(x,y) (O(T&2 exp(— ir__e_(];(d__?) ( ))
2T

nd Iy = 0(bg (x) T7)
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Here V(k)(x;y, ay)= Y k—F— =

We will give the details for I; but first we note by (7.24) and the estimates for

I, I2 s 13 s T1 and T2 above we have

d T
ry_ (A)2,T ay (xy) T4
FoonTA4) = (35)” bg o) [ + Loy +°(T2>
2
2 Ar? e k(d)
T 0
=0 exp (—
(5 o4 )

where

(7.28)  bd (xy) al (xy) =

-d
=T 2 Eg‘([%—, (—})5 (jgv(:;)(g;\y; 2,2,2) dt)2 - -i—' J': V(4)(g),;y; 2,2,2,2) dt]

T
exp(—3 | (V"(eT ) 22) dt))

Here bg(x,y) is as in sublemma 2 and a’lr(x,y) = 0(T) follows from Remark (7.19) but

we refer to the proof of lemma 7 in Chapter 11.
So now the proof of the asymptotics of Iy in (7.27).

By Taylor’s theorem (Hérmander [1]) and (7.25)
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_g (3) -

1 1 1
(7.29) I, = (27T) E;F([,\ fg Y (52 22,2 22,0 29

4 1 5 1 1
+V()(g Y(t); A 2z,...,A 22+ ¥ ()(g Y@ayar 2z,..,1 23)

1 () -1 1 -1
+ I Yer 7 +53 Zzid 22,2 2a)(1 - 5)% ds)ay)

|
exP(_— f (V"(g ) 2,2) dt) x(z loo < "%)) =: 11,1 + 11’2 + 11’3 + 11,4
/\2
which defines I} ; --- I; 4 (in the same order).

By symmetry

(7.30) 11’1 =0= 11’3 .

-1
Since A 2 lzllo < -,i-\, derivatives of V are uniformly bounded on compacts and

129(t)] < % zG(t) if ja| = 6 we get
S = ge

1=

Q.

(7.31) 114=0(r221 T 28] (zﬁ(t)exp(—lf (V"(gF) 2.2) dt)

d T
= O(,\—2 ) ‘[0 bg‘(x,y) G?i(t,t) dt) = bg‘(x,y) O(A—g> uniformly.
i=1 ’

(7.27) now follows from
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-d
2

T ; T
a2 A7t 2EL (Ve raaa) dvexn(-
0

(V”(g)r;‘y) z,z) du) x(z : A

[

lzlloe > 7))

-d
2

d T T -5
=o(x~! X0 E7 [z} () exp(- I (V"(gx)) 22) du) x(z: A 2 Jizl] > L))
1=

T+
(=0

-d
2

= O(A“l'fi:l I;f [T 2 EF((z} (1))
i=

(75=)
exp(_%(igg)f;f (VG 22y duy) O

-

€0

T+
el > %)] 0

Ef(z: )

[ \][=8
NI—

(1)
=001 £ 1T 0T ) (1 + (GEY T emi) Ty,
i=1 0 ’
2 T Ar2k(d
—Ar +£ -

where we used

d
VO el =0 ( £ )
i=

) . . . T+eg, T+e .
Hélder’s inequality with P = T and q = G where without loss of much




-137-

generality

+€
70 < 2for T € [Ty , 0) so (z(t)) T

8
S 1 + zi (t)s

bl 2 with WeO(t) = 20 v Xy 7.20) and
sublemma 2 wi T (t) = T (&t (t)), (7.20) and (7.26).

(7.29)-(7.32) imply (7.27) which completes the proof.

§7.4 A sketch of a proof of Lemma 8.2.

Equation (6.3) of Lemma 8.2 follows from: If (x,y,T,S) € (B(xo y 69 U

B(b,65)) x B(b,6y) x [Tg, ) x [T, o00) then inf {A(x,2,T) + A(zy,S)} =
A(x,y,T+8S) is attained at the unique point z = g),;\y_*_S(T) € B(b, ég) (uniqueness by
Lemma 2 Chapter 2 and the estimate by (2.39)) and

3 d
I (2_'\7;)2 bOT(X,Z) exp(—AA(x,z,T)) (5’\;)2 b(s)(z,y) exp(—AA(x,z,S)) dz
B(b,6,)
d
= (Q%})Q bg‘-*-s(x,y) exp(—AA(x,y,T+S)) (1 + 0(./1\))

uniformly for
(x,y,T,S,A) € (B(xq , 63) U B(b, 65)) x B(b, 65) x [T , 00) x [T, 00) x (0, co)

A Proof uses Hormander’s stationary phase theorem in §4.3 with k = integer part of
(f—)i + 2). The argument of the important uniformity is the same as in (6.24), that we
refer to.

d
The prefactor being (%)2 follows from (4.10) and Sublemma 2.2.
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8. A Proof of Lemma 9.

It suffices, by lemma 8.1, to show

B0
(8.1) G(xy,T)A ) := e A (x,y) — F(x,y,T,Ar) =
d
= 0()«2 exp(—AA(x,y,T)) exp(—2Akg 1))

for some k6 > 0, uniformly.

By sublemma 1, chapter 5,

d
(82)  G(xy,TA\r) = (ﬁf exp (—AA(x,y,T))

!
ET (exp(~A JOT(ng}y 2 20 - vEd)
21 1
2 2Vig)zydt) xz:r < A 2all))

For small rg > 0 and large RO , yet to be chosen, we write

_1 —
x(z:r <X Zllzl]) < x(z:1 < 2

(1

Izl < rg)

+ x(z:1g <X 22l < Ry)

_1 .
+ x(z: Ry < X 2|jz|]) where x(z : A) = éiﬁi Z ﬁ'

Accordingly we write

(8.3)  G(xy,T,Ar) £ Gi(xy,T,Ar) + Go(x,y,T,A) + Gg(x,y,T,A).
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Estimating Go uniformly is the main problem now since we know how to

handle G, from chapter 7 and we estimate Gg using (7.26) that says

[([=8

2
BT (2 el opg gy > §) = O(exn(~ )

(8.4) (27T)

(recall T € [T , 2Tj].).

More precisely, we pick RO such that

Ry > 2 suplgr” (t) — (1 — &) x + & v)l

(X,y,T,t) € B(XO ’ 60) x B(b960) X [To ’ 2T0] x [O,T]

and
R3 k(d)
8T,

> sup_ (A(xy,T)) + 100 62
(x,y,T
and we get

(85)  Ga(xy,T,A) = O(exp(—A(sup(A(x,y,T)) + 100 63))

uniformly, but we leave out the details.

Now fix ry € (0,65] such that
T 9 1" kl 2
B6) [ G + (1 rg) (V(ymadt 2 3 Il ooy
. b
for all n € Dy(0,T), v with ||y — gTyHoo <rg

and (x,y,T) € B(x , §) x B(b,60) x [Tq » 2T().
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Then using the mean value theorem to estimate the exponent in this integrand,

Holder’s inequality with p = (1 + rj) and (8.4) (similar to (7.32)) one can show

d
2 Ak(d)r,

(8.7) Gl(x,y,T,z\,r) = 0(A° exp(—AA(x,y,T)) exp(-—-2

=——————)) uniformly f
T0(1+r0))) y for

(x,y,T,/\,r) e B(XO y 60 X B(b,éo) X [TO s 2T0] X [l,w) X (0,1‘0]

(after taking slightly smaller 6).

Finally we look at G2 .

Put
(88) L:={z¢€ CO,O([O’T]) i1y < llzlloo < Ry}
and set
2 ’T T x, ) Xy
89) fz)=1""(2)=] . V(&) + 2) — V(gpY) — V'(ey )2) dt
near L and extend it to all of C (([0,T]) so that it is bounded

and continuous into R.

Also set

[l

(810) H(X,y,T,/\) = E'Zr(exp(—/\f(A_ Z)) :z € L)
and A(7) 1= [§ (3 5% + V(7)) dtif ¥ € Cx,y((0,T])

and 7 € L2([0,T)).

NI

Then Gy(x,y,T,A) = (ﬁr) exp(—AA(x,y,T)) H(x,y,T,})

and we will show there exist €0 > 0 and /\0 such that
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1 =Aeg .
(8.11) H(x,y,T,A) < %5 e if A > 2

for all (x,y,T) € B(xq . 65) x B(b.6g) x [Ty , 2Ty).

That will complete the proof of (8&.1).

1

With ¢ = :1\ and P:‘(A) = ”T('\2 A) (p is the measure corresponding to

E;r( - )) we have according to Schilder and Varadhan (see §5.2)

lim

log H(x,y,T,\) _
A—oo A -

= Jim) ¢ log [ exp(~¢(1(2) dPF(2) < ~ inf ({(z) + 1(2))

where

T .
I(z) = 4 j’O 2|2 dt.
By the Euler-Lagrange equations
X X
f(z) + 1(z) = A(g}f + z) — A(g})

and therefore by (2.33)

. s 2 2y 2
ZlgfiJ(f(z) + 1(z)) 2 ky min(rg , 63) = kq rp

and we have:

For each (x,y,T) € B(xg, 83) x B(b,6g) x [T, 2T] there are constants C(x,y,T)

and Ay(x,y,T) such that

2
ki
(8.12) H(xy,T,\) < Cxy,T)e 2 if A > A(xy,T).
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To prove uniformity for (x,y,T)(x; »¥1>T1) €B(xg,64) x B(b,8,) x [T, ,2T0],

(so% < -T—T— < 2) we denote
1

= X,y l \ = xlyl ¢ = :
g(t) gT (t, Tl)’ gl(t) ng (t)’ ” “00 “ ”Loo([O,Tl])

and we write IH(x1 ¥ T1 » A) — H(xy,T,A)| =

1
= |Ez “(exp(—=2A .[0 (V(gy + A

DOI—
No—

2) — V(g)) — A 2 V/(g;)zdt)

x(z:irg <A "iziioo < Rg)dt —

NI

NoI—

— Ez “(exp(-2A T, JO V(g + (’\"Tl)

Noh—=

2) — V(g) — (A-TT;)_ V'(g) 2] dt)

1
Xz 119 < Of) Zall < Rg)) S HOep,yp, T+ sup
< -2
rg<A 2llzll_ <Ry
T 1 _1 1
2 2(t)) - V(gy(t) + A 2 2(1))]

1 —
fexp(=A ] ([%1 V(g(t) + A 2(T11>

_1 1
- I V) - Vigg (1)) (4 ) [((%1)2 VI(g(1)) — V/(g,(1))) 2(t)]) dt)]

1
z2) — V(gp ) — A 2V'(g})2) dt)

DI

T -—
+ EZ [exp(=) [o (V(ep + A

1 _1
o S 3 Zllall | <rg) + xRy <A Zlall_))]

DOI—

(x(z:2
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[y

where we used z(at) = a’ z(t) (see Simon [5], chapter 2) and

{z: To < ("\‘"II‘)—

Nl
N—

- -1
el < Rg) < {z:2 %rg< A 2Jall  <rp)

-1 -1
Ufzirg <) 2llell <RI} U{z:Rg <A Zllall ).

Xy Ty _ X1Y1 -
By (2.37) ||8T ( Tl) ng “L°°[0,T1] — 0 as (x,y,T) (Xl Y1 Tl)‘
Hence for (x,y,T) near (x1 » Y] Tl)

[H(xl ’ yl ’ Tl ’ ’\) - H(X,y,T,/\)I S H(xl ’ YI ’ Tl ’ ’\)(1 + O(eAe))

3
Mrgk(d ) + 0exp(—) 100 52))
0

+ 0(exp(— AT, (T+r

where we used also (8.7), (8.5) and the definition of Gz . Hence we can use the same
exponential bound in a neighborhood of (x; , y; , T;) and so (8.11) follows from (8.12)

by compactness.
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9. Differentiating the Heat Kernel.

+H(A) _pHQ)
T (x,y)| similar to e A (x,y) < (2—%,1-1)

[l[=5

We want an estimate of | 9 .
o

— 2 - *
exp(— '\IXQTyI ) when |x| and T are bounded and 2 replacement for the upperbound in

H(A)

A .
(see (1.17)) lim log e (x¥) _ _A(x,y,T) u0cas A — co.
A—o00 A

X .
Proposition 2. Let V be a double well with [V!(x)| = O(e Il )andi € {1, ...,d}.
T

1
nen

1. With k(d) as in (7.26)

_rH®) d sl
(01) -3 a% e * = (Q%F)Q exp(— ————~Ix2_Ty )
1
T (xi—yi) av ¢ —%
E; [{——T + .f ((1 - ) X+gpy+ A z(t)) (1 — _) dt}

NI—

exp(—A\ I'Or v((1 - %)x + Tt, v+ A z(t)) dt)]

whenever (x,y,T,\) € Rd x RY x (0,00) x [M 00) and obeys

k(d) °
H(})
—_r=\4)
02) I-fge * =
= 0(2 exp(— y ) { T2 exp(4A(|x|2 + |y| ))}) uniformly.
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—rHQ)
lo Ii A
Elax; © (xy)

(9.3) ,\E»Eoo < —A(x,y,T) v.o.c. in R x RY x (0,00).

Remark. Let |x| < % Iyl 2 Rand T < T, for some R and T{ . Then

(9.4) € (x,y) < O(exp(— Fy— M )

uniformly for A > some A , since in (9.2)

d

32 exp(— A% ' ) exp(4A(|x|2 + ly[2))
d

= 0()\2 exp[— |y| (1 32§T)D
g Myl 32AT,

= 0(2* exp[— at— (1 — ) )]

Remark (9.5). When |V/(x)| = O(eAx

) one can use Proposition 2 to prove the

second part of (1.20). Namely, for each n _Iim E&Y—%‘ﬂz—l <

—min{p(x),
A—00

p(x,b)} u.o.cin rd .
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7En() THO)
Write [VQp(x,A)] < e A [IVx e A )2 (y,A)| dy for x in a

compact which is inside B(Q, f_{) for some large R. When |jy| > R use (9.4) and

/\CQIYI

(1.21), that says |Qp(y,A)| = O(e_ ) for |y| and X large.

For |y| < R use (9.3) an, (1.19) that says

Tl-linoo A(xy,T) = min{p(x,a) + p(ay), p(x,b) + p(b,y)} u.o.c.

= log|Qn(x,2)]

and the first part of (1.20), ie., _lim < —min{p(x,a), p(x,b)} u.o.c.
A—o0 A
. En(}) . .
Finally we recall by (1.2) - = 0(1) as A — oo, so fixing a large T and taking

A — 00 gives the result.

Proof of Proposition 2.1.

Write the Feynman-Kac formula (5.5) as

H(})

(95) e (xy) = (z2p)

NI

2
exp(— ) BT (k(xi2))

[l

T —
with k(x;z) = k(x,y,T,\;z) = exp(=A[ V((1 - %) X + —,% y + A “z(t)) dt)
0

whenever z € CO,O(IO’TD'
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To differentiate we write

£
d .
k(xc + eegiz) = k(az) I @ KOxFeeji)de
(9.6) i - _

MIH

=-2] {JT"’V((I—T)(x+se)+Ty+A 2(t))

(1- —,%)dt) k(x + se;;z) ds

|

- ,\(J‘ gv (@@ =R x+ Ly + 4 22t)(1 — B)dt) k(xiz)
=: —AL(x;z) k(x;z) as € — 0

for each z € CO,O([O’T]) .

Alx|?

By hypothesis |V/(x)| = 0(e ) so

l\)h—ﬂ

07 1Y ((1—T>(x+se)+Ty+A a(t)] =

9 102y 2A[z)? ‘
O(e4A((IXI+s) +y1?) X L°°[0,T])

By (7.26) with || - ”oo = ) we have

” . ”LOO[O,T]

—d
2

2
@eT) 2 Ef(z: Jlll _ > 6) = 0(exp(— T5Cy)
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and we get

-d
2

98)  (@7T) 2 E (exp(3 II2I2)

[S-lf=H

< ¥ ( suwp lexp(22 211 )]))(27T)
n=0 n<|z||c<n+1 *

A
™18

Ef(z:n < |lzll <0+ 1)

2
= o(f exp(%\A(n + 1)2 exp(— n—%gd—)))
0

4AT(1+1)?
Kax )

) n2
= O(exp(%) + 21: exp(— k((,lI)‘ (1 -

o) n?
= O(exp(%) + 4? exp(— k((,il? )

1

= O(exp(QTA) + T2) when X € [%’)1—‘ , 00).

Now (9.6), (9.7) and the dominated convergence theorem give

(0g) PRt o) - E7 (k(x:2))

- =2 EZT(Zi(x;z)k(x;z)) as e — 0
whenever (x,y,T,)\) € R x RY x (0,00) x [I—GA—T , 00).

k(d)

(9.9) and (9.5) imply (9.1) and together with (9.7) and (9.8) they imply (9.2).
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Proof of Proposition 2.2.

Recall (9. 5}{(/\) %

e N () = (2p? exp(= M BT (i T omy)
and (9.1) can be written as
_HQ) 4 e
x—
910) -1 8 e " X (xy) = (gEp)? exp(— )
1
(B2 BT k(T A)) + BT (6,00 T 252) Ky, T ).

By (1.17) (see Simon [2])

e

)
(9.11)  lim [°8° (%Y) — _ A(x,y,T) weo.c.
A—00

A
and we only need to look at the second term.

Let L C Rd x RY x (0,00) be a compact set and

d 1
(3 TAR) = (52002 exp(— ) BT (6,0 k(o) x(a Il < RA%)

9

and

II = II(x,y,T,\,R) =

5 1
= (22 exn(= ) BT o) k(e Ca el o g 2 RO

Then the second term in (9.10) is O(I + II).
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By Cauchy-Schwartz (9.6), (9.7), (9.8), and (7.26)

d 1
— a2 2(eT 4A 1,12 2
(3, TAR) = 02 (E] (exp(B 121 ooy )
1 1 d 9
T, . 1,112 23,2 _ (22 _ AR%k(d)
(EF G : ol oopg 1y > RAD)? = 002 exp(~ Jro)))
uniformly for (x,y,T) € L and R > 0 where Ty ax = ma {T}.

X
(x,y,T)eL

Rnk(d
Now fix R, such that 0 (4) > sup {A(x,y,T)} + 1 and then II(x,y,T,\,R,) is
0 TTmax = °J! 0

out of the story.

So now we consider I(x,y,T,A,RO) since |x|, |y| and T are all bounded for

3 2, .12y 2aR2 . & 9
4A(x|*+ 2AR Alx—
(x,y,T) € L, i(x,y,T,ARgy) = O(T2 e (xI=+lyl )e 0 (ﬁﬁ exp(— IXQTY| )
1 _TE(_’\_)
BJ (k(2) X(2 : lellf corg gy S M Re) = 0e % ()

and (9.3) follows from (9.11).
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10. A Proof of lemma 10
§10.1.  Preliminaries (sublemma 4)
§10.2. Proof of (6.6) and (6.7) of lemma 10

§10.3. A sketch of a proof of lemma 10.3
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10. Proof of Lemma 10.

We will use some basic rough estimates on the minimal action the Agmon
distance and their paths that we state in sublemma 4 below. These estimates will also

be used to prove Proposition 1.

§10.1. Preliminaries (sublemma 4).

From the definition of a double well follows there are constants CO’ Cl’ C2 >0
such that

(101) 2 <v'x) < C2 if x € B(a,Cy) U B(b,Cy)

(10.2)  C2|x—c|? < V!(x) (x—c) < C2 |x ~ |2
if x € B(c, Cy) for ¢ € {a, b} and

c, c2
(103)  V(x) 2 =50 ifx ¢ B(a,Cy) U B(b,Cy)

We will assume B(a,C)) and B(b,C)) are far apart compared to the “diameter”

of B(a,Cy) and B(b,Cy)) in the Agmon metric, more precisely we picked Cjy such that

(10.4) inf-{p(x,y)} < max{2sup{p(x,a)},2sup{p(x,b)}}
(x,y) € B(a,Cq)xB(b,Cy) x € B(a,Cy) x € B(b,Cy)

We notice if y(t) € B(C,CO) for t € [0,T] and v satisfies the Euler-Largrage
equations ¥(t) = V V(y (t)) then a(t) := |y(t)—C|? satisfies a(t) = 2|7(t)|% +
2(7(),(7())=C)) 2 AVV(x(1)), (7(t)—C)) 2 2C2|x(t)—C|%. This makes easy to get
rough estimates for minimal action paths and Agmon gedesics using differential

inequalities (Protter-Weinberger [1]).
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Sublemma 4.

(1)

(2)

(3)

(4)

C —Cot
1f Ix—C| € —2— 1 then [x—Cle 2 < |g°C(t)—C]
(l +22
2%c]
- c;? 2 Cy? 2
< |x=Cle t and — |x Cl* < p(x,C) £ OToM |[x—C]|
1

X
IfOStl5t2ST,OSasland|gTy(t)—C|SaCO

fori € {1, 2} and [ (t;) —Cl < & C for t € [t} to]

then |g (t) C| lg (tl) C| sinh C; (to-t1)
1\"27"1

2~ 2
— < a“C
sin h Cl(tQ-tl) 0

Ig (tg)

cosh C2T

C
If [x —C| < Cg then A(x, C, T) < =2 |x — C| TR CaT

If0 < a< B <1then

. 2
inf C,C
|x—C|=aCO A(X, Yy, T) 2 _{4_0 (ﬂ2 - 02)

Iy-c|=ﬂco
T>0

The proof of this sublemma is in Chapter 12.
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Now we prove (6.6) and (6.7) of lemma 10 will only use rough estimates valid

_ (/\) =TH())
THY 19 X
for both e (x, y) and l—— 5— e (%, y)|. Namely
_THg/\)
Iim log e (x,y)
(10.5) A—o00 A H(/\) < —A(x,y,T)
lim
L’\"’oo log |—-- e (x,y)l

uniformly on compacts (see(1.17) and (9.3)) and: If|x| 5%,|y| >R and T€(T,2T)

the for i € {1,...,d}

ol TP (.
(10.6) p( A () ) =O(exp(—%(|iy—,1|,2))

18- 2 (xy)

uniformly for A > A (Ay maybe getting larger) (see (9.10)). Finally we notice one can
take 6, smaller and T, larger in lemmas 2-9 without a loss of generality.

§10.2. Proof of (6.6 and (6.7) of lemma 1

We will assume

1

C, —4

1 2\ 2

(107) 8y €(0,Co(3 + ) )
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Recall Proposition 1 says A(x,y,T) = min{p(x,a) + p(a,y), p(x,b) + p(b,y)} +
O(e—aT)) uniformly an compacts in Rd x R4 as T — oo, so we may assume (taking

T larger)

2

C,é
|A(%,y,T) — (p(x,C) + p(C,y))| < ;1;3
if (x,y) € (B(xq,6g) x B(C, §3)) U (B(C, Cy) x B(C,Cy))

(10.9)

_ ~ (v _ ]
for C € {a,b} and T

m
1

v

0

and .

(10.10)

sup sup{p(x.c)+p(c,y)} + 100 C; C
Ce{a,b}(x¥)€(B(xq,60)xB(C,C())U(B(C,Cq)xB(C,Cy))

2,2

sup sup{p(x,c)+p(c.y)} + 100 C; C§
Cefab}(x,y)€(B(C,Cy))?

By (10.1) and (10.2)

5252
(10.11)  V(x) 2 C;—52 if x ¢ B(a,85y U B(b,B4p)

and for T; € [T, 2Tl x € B(x(,6)

and w ¢ B(a,6) U B(b,§) we have:
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c,p%8% .
(10.12)  A(x,w,T;) > Ty ——5—— if no minimal action path g’,i,w enters

B(a,B63) UB(b,06;) and A(x,w,T;) > inf {A(x,z},5{) + A(z9,w,Sg)]

(21:29) € (B(2,854))2U(B(b,85,))>

§7,S
otherwise. 172

In the first case we only keep the potential term of the action and use (10.10) and

(10.11).

In the second case we only keep the contribution until the first time that a
path enters B(a,ﬂéO)UB(b,ﬂéo) and from the last time it leaves B(a,,@&o) UB(b,ﬁ&O).

If (z1,22) € B(b,ﬂ&o) UB(b,86y)then A(x,zl,Sl) + A(zz,w,SQj > p(x,2q) + p(z2,w) >

p(xb) — p(z1,b) + p(bw) — p(by,25) since p(x,y) = 1o A(x,y,T) (Carmona-Simon

[1]) and the triangle inequality p(x,y) < p(x,z) + p(2,y). By sublemma 4.1 p(z;, b) < %

C— C2 . .

C? |Zi“bl2 < % 6% ﬂ2 602 and since w ¢ B(a,6p) U B(b,6;) implies p(b,w) >
inf 0153 .

[z—b| =8, p(b,2z) 2 —4— Dby sublemma 4.4. We obtain by above

A(X,Zl,sl) + A(Z2,W,SQ) 2

v

p(x,21) + p(29,W)

2
c,65 C 9
p(x,b)+—11-9—cfﬂ2 5

v

> p(x,b) + 3L C; 602

by the choice of # in (10.8).
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Ify e B(b,ﬂ&o) then by sublemma 4.1

c2
p(by) < 5@21 ly—b|?

C2 20 1 2

< QTI- B 50 < 356 01'50

ie 0 > p(b,y) — six C62
1.e., 2 P( ,y) 256 190

and we get
A(x21,81) + A(29,w,85) > p(x,b) + p(by) + ks C,62

for all y € B(b,86).

n ~oe

By (106.9) and (10.10) we get

im0+ e(en)} + 23 C,65

A(x,y,T) + 2_536 015%

(10.13)  A(x,w,T;) >

for all x € B(xj , 6g), T € [T, 2T(], w € B(b,65) U B(a,éj),
y € B(b,ﬂ&o) and T > Ty -
Looking at (zl, z2) € B(a,ﬂ&o) X B(a,ﬂ&o) and y € B(a,ﬁéo) we get a similiar
statement where a and b are interchanged and hence:
i 53 2
cer?::b}{/’(x’c)"'l’(c’)’)} + 956 C1%0

A(x,w,T,) >
1 A%y, T) + 23 62

for all x € B(x,8,), T; € [TO,QTO], w ¢ B(a,8;) U B(b,5;), y € B (a,85;) and

T € [Ty, o).
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Now we consider large |w| 's. Pick large R so that B(xO, 60), B(a,CO) and

B(b,Cqy) C B(O,%). Bearing in mind (10.6) we make

R2 , [{r(x)+p(cy)} + 100 c,c3
16Ty = A(x.y.T) + 100 C,C2

V(x,y,T) € B(xg , ég) x B(C,Cy) x [T, o0) and C € {a,b}. So we have the wanted

estimates in (6.6) if (x,w,T},A) € B(xq . ) x (R4=B(0,R)) x [Ty , 2Tg) x [}y , o).

For this R, we use (10.5).

With € = i C 63 there exist k; = C, and Ay = Ag(e) (still larger X!

such that uniformly for (x,y,T) € B(xj ., 63) x B(0,R) x[T( , 2Tp] we have

) ((:;W) < Cg exp(—AM(A(x,w,T;)—¢))
1 9 Ty
|} K (] (x\w)l
1
Cy §y°
= k; exp(—A(A(x,w,T;) — 256 )

which, by above, gives (6.6) of Lemma 10, with k8 = %2—6 016%.

Proof of (6.7) is similiar.

We get uniform estimates of A(x,w,T;) for x € B(b,6;) w g B(b,é,) (not

2.2
C,8°65 .
just on compacts in w) and T; € [T0 » 2T() by writing A(x,w,T{) 2 (To 1 5 0 ) if




no minimal action path g,’I(,y enters B(a..‘ibo) U B(b,ﬂéo),
1

AGw.T)) 2 inf{p(sy29)}
z,€ B(b,éo)
20 € B(a,86()

if some g,);\’w enters B(a,6;) and
1

A(x,w,T;) 2 inf{A(x,21,5)) + A(zg,W,85))
2,29 €B(b,B6)
WgB(b,8,)
51.52>0

if some g,’l(,y enters B(b,ﬂ&o).
1

This first lower bound is large since we made it large in (10.10), the second is
large since the wells are far apart and 8 is small. Using how 3 was chosen we see the

third one is bigger than

p(x,b)+p(b.y) 2
[ A(x.y.T) ] + 355 C160

for all y € B (b,86p) and T € [T, o0), as in (10.13).

Now we can finish the proof as above using (10.6) first and then (10.5).

§10.3. Sketch of a proof of lemma 10.3.

Recall, sublemma 1 says:

B i S
(1014) e} (xy) = (527)? exp(—2A(x,y,T))

k\DIr—-
p—t

ET (exp(- AJ (VERY (1) + 4 Z2(t) — V¥ (1) - A 2 V(@) 2(1)) dv)),
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lemma 2 says g is unique for (x.y.T) € B(xy,69) x B(b,69) x B(b.69) x [Ty,2Ty)

and is differentiable with respect to x.
For (x,y,T,A) € B(xg: %0) X B(b.8g) x [Ty, 2Tg) x [1, oo] and z € Cyy([0,T))

set

1
T —_=
(10.15) f(x;z) = f(x,y,T,\z): = €xp(—A Io (Ve (t) + A 2 4(t)
~ V(1) - A 2V’<sT’y<t ) 2(t)) dt) .
Then
d
o) h 35 f(x+se; :2)
(10.16) f(x+hel,;) f(x.2) = IO d*—h—' ds
o Ih {J_T ‘f? @V (gx+sei,y ) + ,\_%z(t))
T Th Ve T
+se.,
-fier )
-1 d 2y X+se.,y 9 Xtseny
-2 P E A e T 0n) Grer O
T 4 av , xy ‘%
f(x+se;;z) ds — — IO(jgl(a—‘{j @ 0)+r Za(t))
-3 a(gyY (1)
d 52y g
O L s @ W) 50 — ) 4 1)

.]

=: —A h;(x;z) f(x;2) -

-1
2

A2 X,y 2A(lIghY IZ+2 7 N1 2)
Since |VV(X)| =0(e ) implies |'§7V(gT + ) “3z)= O(e )
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the integrand in

(10.17)

E’g (f(x+hei;z)h— EzT(f(x;z)) _ E'{((f(x +hei;1z) —f(x:z))

is uniformly bounded by an integrable functional of the form

2
2i'f\ﬂ°—° B |lzllo0
e

0(e ) for A large.

The dominated convergences theorem and (10.16) implies the expression in

(10.17) tends to —-,\E’g(hi(x;z) f(x;z)) as h — 0.
By (10.14) we have

\)

—THZ? &)
2 X —TH=
(10.18) — :1\ (,% e (x,y) = (W\(_a_;(y,T_)) e A xy) +
1 1

d 1
T d -
A \2 gT oV Xy , T2
+(z=71) EZ((IO RIS LS

u;
J

X,y
ovV(ET)
8uj

_ T3 a ovER) | aer

> z
k=1 6Ujauk k an

Nol—

dt) exp(—/\_fOT(V(gi(IZy(t) + A z(t)) —

-1 ‘
- VER®) -2 2V (1))(1) dt))

H())
OA(xy,T) ~TX

exp (—MA(X,Y,T)) =: Bx.
i

(xy) + I(x, y,T,A)

and we need to expand I(x,y,T,)). As before we divide the path space COO([O,T]) into

3 pieces for 0 < r < R:
_1
Coo((0:T) = {Z: % lzllos <1} U {z:r < A

1 _1
2llzfloo <R} U (z: A 2llzlloo > R}
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and accordingly

(10.19) I(x,y,T,A) = II;(x,y,T,)) + IIIr R(x,y,T,A) + IVR(x,y,T,A).

Since T € [TO, 2T0], which is bounded, we estimate

2A|1zI| 2

23 Bllzlloo i
IVR(x,y,T,A) =0 X 2

x(zllzll > RA?))

n2k(d)
3T,
)

2A(n+1)

A
(S

A%(n+1)B -
e

where [R] is the integer part of R.

Here we used (7.26)

e ET @il > 1) = 0 (exp (-r2 ) = o(exp (JZ‘}F(S))) ,

and for the characteristic function we have

x{z:|lzll > k) < E x(z:(lz|l > n)

n_

and a uniform estimate for the integrand.

For R large compared to B we get
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ARZk,d)

(10.20) IVR(x,y,T,A) = O(e 4To ) as A — oo and we fix Ry, such that

—A[ sup A{x,y,T}+1]

(x.y,T) ) as A — oo.

VR (3, T)) = O(e

2
Next, using (2.49) we fix rg such that — % + V''(y) > 0 on D(0,T) if
dt
r
||7—g§‘y]| < 70 for all (x,y,T) € B(xgp, §y) x B(b,6g) x [Ty, 2Ty). Then we make a
Taylor expansion of the integrand in II; (x,y,T,A) similiar as in the proof of lemma 8.1.
V)

Bounded T makes it easier and we get:

d
(1021) Iy (xy,T ) = (’2'\7)2 3,

X,y
T (3) og
T xy .
Ez(j'o Vi (g 52,2, 5 ) dt

T, i x
exp (-1 J, V") 2 2) du)) + 03]

exp(—AA(x,y,T)).

Finally by the bound on |V/(x)]|
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| (10.22) Illro,ro(x,y,T,A) =

2AR2 d T
=0 Ozp)? BT (exp( -] , (VET

1 ~1
22 - V(gd) - A 2 V') z)dt)

T2 -AMA 2y
X219 <3 Ao < Rg)) exp(=M(x,T) = 0 e ¥ DF ),

uniformly for (x,y,T,)) € B(x(, 65) x B(b,8;) x [Ty, 2T() x [Ags o)

according to (8.11) in the proof of lemma 9.

—XA(x,y,T
(1023)  I(xy,T,\) = I (xy,T,A) + 0 (e (A(xy )+eo)) _

[=%

T
= (527)? [%<-a%i> B3 (exp(—3 [ (V"(£] )2z di)

+ 0(;—2)] eXP("\A(anaT))
dbg (x,y)
d %,
(A2 (T 1 -
= (£)*( T * 0(3)) exp(—MA(xy,T))

where we used the definition of b’g(x,y) in sublemma 2.

Now (10.18), (10.23) and (6.5) give (6.8).
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11. A Proof of Lemma 7.

§11.1. Lemma 7.1
§11.2. Lemma 7.2
§11.3. Lemma 7.3

§11.4. A sketch of a proof of lemma 7.4 and 7.5
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11. A proof of lemma 7.

§11.1. Lemma 7.1.

—w,T
We first want to show (4.17): If ¥ = b + 0(e 1 ) uniformly on B(xq, 63)

x[T0 , 00), as in lemma 6, then for 8 € Ng with |8] < 2.

(11.1) MaT(xy)l o =C a(x)+0(e_61T)
) OyB "0\ ly=y — ~0,6 0

unformily on B(x, 65) x [T, 00).

o=

Here COﬁ are constants and ag(x) = (det Xx’b(O)) and XX’b as is in lemma 2. For

B = 0, (11.1) follow from (7.8) that says

—6,T
(11.2)  af(xy) =ag(x) (1 +0(e 1 + |y=b]))

uniformly on B(xp, 64) x B(b,64) x (T, o0).
0 "0 0 0

Now recall (see sublemma 2)

d 1 w:
1

(11.3) b'(I)‘(x,y) = 25 (II(.«.Ji)§ e

o=
M

=1 aT (k)

and so it suffices to show

o

bL( = (C o P17y T for |8] < 2
3yB 0 X’Y)yzy'_( 0'@+ (e ) O(XaY)lyz'y or |B| < 2.

(11.4)
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To do that we differentiate

(11.5) bT(x,y) =T 2 ET(exp(—l j V”(g Y)z,2) dt)) from sublemma 2

and use

wlﬁ-

(11.6) T 2 E[5(s) z(®) exp(—lf (V!"(gF)2.2) du)]

= b’(I)‘(X’y) (Gx’y’T(s,t))ij from sublemma 3.

We get

[=9

(g (1))

(11.7) % b (xy) = T 2T (-3 j b By B B zn(t) zm(t)
1

"y

(?f % d0) exp(=} 1 (V/(@F ) du)]

l

(gT

l

T 3V (gy () x,T g o 28D

Xk 4y T
dt) b, (x,
0 k n,m 6ukauH6Um n m ) ( y)

= (_11'
and

(gT( ))k dt)

l

’y’()

3
2 (t)
(11.8) 3y66 bT(st) = [ (-5 f Z i (gT
J

ukauHaUm

T _ 83V(gy Y
+ %I(IO by Buké;gxlrll‘(?(:)) ’y’ (t:t) (gTy( ))k dt)

1

3V(gr (5))

(f ZW nom (,)—(g—TE—)-)—kd)

l

1b (x,Y)
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and we need to show

T BVEF1)  xyT d(ey <))k
L = | “3ukaun3u (G (t,t))n,m‘_——ay y=y

T V(R (1) .7 d(er (1)) A&y (+))y d
=] Bueaukaunaum (G (48)n,m ay gyl y=y '
T Ve (1) oGt (tt) dEFY M)y, 4
I3 : =] 0 0uydupdupy dy; 6yl ,y=?
a3v<g ®) o PEFON

,y’

—6,T
are all of the form “aconstant + 0(e 1 )” uniformly for (x,T) € B(xg, 8g) x (T, 00).

Take t = T— v, by (2.34)

83V 4

(g Y(T- V)) a V(g Y(T-v)) —wy(T-v)
(11.10) aukc‘)unaum Y=Y, augaukaunauml =y = constant +0(e )

By lemma 5.2
—6.(T—v —6,T

(11.11) Gx’y’T(T—v,T—v)yzy=(I—e_29v)(29)—’1+0(e 1 ))+0(e 17y
and

Y5 (T—v,T—v -
(11.12) 3G3 T )|y=y = B(e;v) (20) 1_ (Ae},0) — A(e;,v)

J

— B(e;,0)) (20)~1 =20V | 0(6‘51(T"V))
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where A(ej,v) and B(ej.v) are diagonal matrices in

2
C2([0,00).RY%), for each j € {1.... d).

By (2.26), (2.22) and 0 < &, < Z.,-l we have

gy (T—v)) —6(T=v) = _ =6 T
(11.13) _—ITI('Y:Y = I:(l + O(e 1 V))) e— SV (I + 0(e 1 ))]k,i
—w- —6,(T+v
= 6k,i e “i + O(e l( * ))

Using also (2.56) we get

0%(gF (T-v)), —6,(T—v)
(11.14) 3yj6yi |y=Y = (B(ej,v) + 0O(e )
—6.T —6,(T—-v
eV (1 4+ 0 1)) - (1+0e 1( ))) e—QV(B(ej,O)

-6T —wv —6,(T+v)
+ O(e ))]k,i = (B(ej,v) - B(ej’o))k,i e + 0(e .

The estimates in (11.7)-(11.11) are all uniform for (x,T,v) € B(xg,6()

-6,T
(TO,oo) x [0,T] and imply I, Iy, I3 and I, are of the form constant + O(e 1

uniformly. For example:

X

)
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(11.16) 1, = j: 63;1%“5;[:)) G (Tev, T=v))am 2(g6ngyl )" yog &
- I:(constant 1o 1Y)y,
(1= e 20 by + o M) 4 0BTy
[(Blegv) = Ble0)y e + o 1T 4,
—2wpV Y

T
= _[0 (constant (1—e ) 6n,m(B(ej,v) - B(ejo))k,i e

+ f;)r O(e_él(TH)) dv

= a new constant + 0(e ).

w
In the last step we used (B(ej’v))k,i is bounded and §; < 71 < w;. To prove
|a

(4. 16) 0(x,y) = 0(1) uniformly for (x,y,T) € B(xp, é3) x B(b,é3) x [Ty,00) it

suffices (see (11.3)) to show:

lal
(11.17) For each a € nd @ bT(x,y) = 0(1) bT (x,y)

0 dya

uniformly on B(x8) x B(by §;) x (Tg> )
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For |a|] = 0 (4.16) follows from sublemma 2. For |a| > 1 we see from (11.7), (11.8)
|e|
il

and differentiating (11.8) that dya b’g(x,y) is brg(x,y) times sum of products of terms
that are bounded by
T 6|0‘1|) Xy 5 x.y.T 6|a3| N 2%0
I5:=0 VET M) |55 G (1) (EF )] |gg (7 ()] dt
5 ('[0 Oyoq T Oyaq dyag =T dyapn°>T
where n > 3 and |ag|, ..., |ap| are > 1. Using lemma 2 and lemma 4
alall V(Y (4} = 0(1) a|a2| ny,T,t £) = 0(1)
oy (gT()I—()»——ayQQ (t,t) = U(1)
y
lo | T-t
91Xy —wy(T-t)
and F— (g (1) = 0(e )
T —w,(T-t
s0 . =0(f e 1 )) dt) = 0(1).
0

Uniformly for (x,y,T) € B(xp, 64) x B(b,6,) x [T, 00) which implies (11.17).
0°°0 0 0

§11.2. Lemma 7.2.

If (x,y,T) € B(xg, 83) x B(b,63) x [T, o0) then by (2.26)

OA(x,y,T)
11.18 _— =
( ) dy.

(g),?'(T)i, where by (2.34)
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—w,t —w(T—t
(11.19) |g’,{I¥(t)| = 0(e L min(|y—bl|, §5) e 1 )) uniformly,

and

(11.20)  AJ4(xy,T) = (Y(T)=X(T) (X(0)~1¥(0)) (¥Y(T)-X(T) (X(0))~1¥(0))~ 1.

T

Here X = X1 and v = y*¥'T satisfy (see (2.22)).

-84t .
XTIy =@+ 0@ 1+ y-b)) e~ = —x*¥T(y) o1

and

—6,t ,
ar21) YTy = +0e 1+ y—b]) et = vV T () o1

uniformly for (x,y,T,t) € B(x, 6g) x B(b,6g) x [T, 00) x (0,T]

Now (11.21) into (11.20) implies
—6,T —6,T
(11.22) A4 (xy,T) = (n +0 1 4 |y—b|)) ST (1 +0e !
_ —6.T
+ly=b) )T =a + 0 17 + |y-b))
uniformly for (x,y,T)’s. fy =YV ory =7,
_wl,T .
that are b + 0(e ) uniformly for (x,T) € B(xg, §3),
" —6T
then Ayy(x,y,T) = Q + 0(e )

uniformly for (x, T) € B(xg, 6) x (T, o).
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Differentiating A;;,(x,y,’l‘) in (11.20) with respect to y, we get a sum of terms

of the form

x, T |y ] . .
I =1 [Z 32 (Y(T)—X(T)(X(O»—IY(O))J (Y(T)-x(T)x "1 (0)¥(0))~?
y . )

|02|
|iz ag (Y(T)‘X(T)X_l(O)Y(O))J (Y(T)_X(T)X—I(O)Y(O))_l
y

lan]
[g—an (Y(T)—X(T)x—l(o)Y(o)):l(Y(T)—X(T)x—l(O)Y(O))—1.
y

o ol
By (224) L (Y(D)-X(DIX(O) YO Jand L (VD) -X(DX T O)¥(0)
y ‘ Yy

are

-6,T
0(1)e2T and by (2.22) (Y(T)—X(T)X_I(O)Y(O))_l =e—9T(I+0(e 1 )+|y—b|))
Slal
and, by above, we get I, = 0(1) and hence 500 A(x,y,T) = 0(1) uniformly for (x,y,T)
Yy

€ B(xg, 8p) x B(b, §) x [T, o) for each o € Nd, with |a| > 3.



— - 'l‘
Wheny =¥ =b + 0 (e !

oyl

P LS . 1. B
5y, (YO-Xmx©)~ o) =

= (B(al,O) + O(e—blT)) AT g

Jog |
%(Y(T)—X(T)(xw))"\’<0))| _=
Yy

o
1

[ =§T] g
= LB(ai,O) + O(e )_J e

by (2.55) and (2.56) and

-6,T
(YD) -x(Mx~1O)¥(0)yoy = MTa+oe ).

Hence each

—6,T
Igly—y = % B(a},0) B(ag,0):B(an,0)+ 0(e 1)

and therefore

“— A(xy,T)|, —v = constant + 0(e
Byﬂ Y=y

)

uniformly for (x,T) € B(xo, 60) X [TO, o0), for each g € Ng with |8] > 3.
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To prove (4.20) we write, for y € {¥,7}, A(x,¥,T) = p(x,b) + A(x,b,T) —

p(x,b) + A(x,y,T) — A(x,b,T). By Proposition 1 (2.26 and (2.34) p(x,b)—A(x,b,T)=

= Jm (A(x,b,s)—A(x,b,T)

; S 9A(x,b, T'
Slivmoo (.[ (6T' ) dT,)
T

: S
— lim 1esxbry2 41!
S—oo (JT Q(gT’( )~ d )

[
_ Lim (S 5, 72T

[¢}]
N’
[« %

ne
UL
uniformly for (x,T) € B(xg, 65) x (T, 00).
By Taylor’s theorem, (11.18, (11.19) and (11.22) we get
A(%,5,T) = A(x,b,T) = (Ay(x,y,T), (y=bNy=y
1 1 " . . .
—wT i A
= 0((e + |[y=bDIy—bl) +

1 1 6T . .
*t3 IO((Q + 0(e ))(¥ =b),(¥ —b)) ds

—2uw;T
= 0(e ) uniformly for (x, T) € B(xy, 65) x (T, o0).
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This completes the proof of (4.20) and of lemma 7.2.

§11.3. Lemma 7.3.

By (7.50), (7,20) and Simon (5] lemma 20.4 a’f(x,y) is a finite sum of constants

times terms of the following types:

Typel: I = Ix,y,T

= j'T 0*V(g(t)) G; . (t,t) G; . (t,t) dt where o € nd le] = 4
0 Ju2n 7 I3l ’
x,y,T T T [+ ﬂ
Type 2: II=11 = O%V(g(t) 0" V(g(s)) G; . (t,s) G: . (t,s) G, . (t,s) dtds
yp I, 1, °VED) P V(EE) Gy 5 (18) Gy (1) Gy j ()
where |a| = 3 = || and

T T T B '
Type3: I =11 = 9V (g(t)8” V(g(s)) G; : (t,t) G: : (t,8) G: - (s,5)ds dt
yp )1, 0°VE® V)G 5 () Gy j (1) Gy (59)

where |a| = 3 = |B|.

Here g = g’ and G = YT for (x,y,T) € B(xg, 8) X B(b, 65) x [Ty, 00).
See also Mizrahi (1], and Davies and Truman [1].
We want to show

4 T
(11.23) For each 7 € N, c’ﬁ al(x,y) = 0(T)
y

uniformly on B(x,, é65) x B(b, é5) x [T, o)
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and

_ ——wlT
(11.24) HY =F(uT) = b +0( 1)
uniformly for (x,T) € B(xg, é5) x (Tp» 00)
then z-L'jl[‘(x,y)ly=7 = (constant) T + f(x) + 0(T e )
uniformly on B(x,, 65), x [T, o) where f € C® (B(xg, 63), R).

It suffices to show (11.23) and (11.24) are valid for a term of each of the 3
types.

T IIx,y,T

To see that (11.23) holds for I’ , and V"1 we differentiate

under the integral signs and use (2.24), (2.26), and (2.53) to show the integrand is 0(1)

_wl(t_

. X,y,T s .
uniformly for I and O(e ) uniformly for the others.

To prove (11.24) for each type we use

(11.25) GV T (te) = GP(ts) + GT(s,t) + BT (s10)
from lemma 5.2 and the estimates in (2.58) - (2.60) together with

—w(T-t)

(1126) gF (1) = &) + o 17 ) by (2.42).

We will only do the calculations for type 3, say. The others are similiar.

w
Using (11.26) and §; < —2—1- < wy we get:



arery T = BaV(gXb(t)(G T {(f +1 )aﬂV(g"b(s))

J1J2
xy,T T -6,T
Gy, ( (s ,s)) : ds} dt + 0 (e )
_ T b xy,T T T .8 b
= [,0°VE®P® (c <t,t))j1j2{(fo+ 1) V(g ()
(G%P(ts) + GT(ts) + RX’T(t,s))j3j4
(G’l‘b(s,s) + GT(ss) + RX’T(s,s))j5j6 ds} dt + o(e 5Ty =
_ T xb x,T 7 x,T T, x,T —6,T
=] 0°V(e (t)(G (t,t))jle{Ell ;T (®+0(f IR (s5)lds)pdt +0(e 1)
_ T b x,T L xyT —-6,T
= ;O 8% V(g* (t))(G (t,t))jle{ igll i (t)} dt+ 0 (Te )

uniformly for.(x,T) € B(xy, 63) x [T, 00).

Where
X,T _ T ﬁ b X,b
ry u)-joa x(@x (t”LJ (Gl(*Q%QGdS
x,T _ t B xb ,b T
12 (t) = 1'03 V(g (s))(Gx1 (t’s))j3j4 (G2 (S,S))j5j6 ds

IX3’T(t) = j;raﬂv(gxb(s))(c’;’b(t,s))j3j4 (¢TI (s,s))j5j6 ds
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x, T, v _ ¢t 58y, xb V1 X,b
T = IOa V(g (s))((-2 (t.s))j3j4 (G1 (s,s))j5j6 ds

T,y _ T oByoxby T x,b
Ty = It 8" V(g (a))((.._, (t.s))j3j4 (G1 (s,s))j5j6 ds

¢ ;
IXG’T(t) = IOBﬂV(gXb(s))((ig (t.s))j3j4 (Gg (S’S))j5j6 ds
and

x,T _ T 8 b T T
P37 =J 0"V(e* O (H (‘*S))j3j4 (63 (S’s))jsjs de

Now we just have to look at each one of them.

By (2.58) and (2.14) we have: For a ¢ NOd

] —Qlt— —§.mi —wilt—
(11-28) %)za (G)l(’b(t’s) —e Q]t SI(QQ)_I) - O(e 61mln{t,s}e wl|t SI)
and

|| , —wyt
(11.29) 2 &Pt) =b)=0(e 1) uniformly.

ox?®

Hence

T, _ T.B. xb x,b x,b
ry() = 106 V(g (S))(Gl (t’s))j3j4 (Gl (S’S))j5j6 ds

T Y [t—s]
0 wj3wj5 J3lg Jgle
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+ f;)r 5ﬂv<b)[(c)§’b(‘*s))j354 (G)i’b“’s))jf,jﬁ‘ 3

e l|ds
W W-
13 15

T .8 x,b B b x,b
+ .[0 (0°V(Eg*(s)) — 8 v(b))(le (t,s))j3j4 (Gl (S,S))j5j6 ds

—w. t —sz(T—-t)

—w, |t—s|
© B ,b ,b )
(1130) {6, 1) =] "0 V(b){(GXl (t,S))j3j4 (63 (S’S))j5j6— Fo o :’ds

13 J5

T .B., x,b B X,b X,b
+ [ @VET @) = V) (e (t’s))j3j4 (61 (S’S))J’sie o

and by (1128) and (11.29):
x,T o g x,b ,b
(11.31) e°7(t) = jTa V(b)[(Gl (t,s))j3j4 (G’; (s,s))j

o B x,b B ,b
+ I @TVET() = 67V(b) (¢ (1»,,5))j3j4 (6

56
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oo —bi8 —w,|t—s —6,min{s,t —wq|t—s
s —ugliosl | =pmin{st} —wylt—s]

= IT O(e ) ds

0o —wqs —-6;T
+ [ 0O Pyas=0(e 1)
T
uniformly.
Differentiating (11.30) under the integral sign and using (11.28) and (11.29) gives:

For each v € Ng

17| —6qt
(11.32) 2= f(xt) = 0(e 1) uniformly for (x,t) € B(xg, 63) x [0, co).
ox

Now we state what one gets for the others Ix’iT ’s using (11.28), (11.29) and

—Q(2T—s—t
GI(ts) = —e (2T=s=1) 90y-1,
B
1t C= QB_V(_"_)_ 5. . 6. .
wj3wj5 J3lg Jslg
then
—2w. (T-t)
J —w,(T—-t) =6,T
iy =—C—e A P
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—2wj (T-t)
e 0 (T—t) if w; = 2w,
T =c 3 s
€ — £ if we # 2w.
(2wj5 - sz) I3 J5_
—wy(T—t) —6,T
+ 0O(e 1 )e 1 )
x, T x,T -6,T
P50t + T3 (1) = 55— +0(e 1)
I3
and
6 7 T 2w,
I3
Adding up gives:
7 x,T —w; t _wj (T-t)
+ (dy +dg (T-t) e Fit) +0(e 1)
5 "v()
for some constants d;... dg with d; = 3 —-—= and f satisfying (11.32).
1 5 178 2 w2 w,

13 15

Now we put (11.33) into (11.27) and we get:
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YT J'OT(a"V(b) + 8°V(g* (1) — 82V(B)(G (1) + GT (1) +

ey T¥35(T—1)

,T
+ R (6:))j5, (dg +dg e +dge + (dy + dg(T—t)

e— j5(T—t)+ f(x,t) + 0(e"61T)) dt + 0(e—61T)

(>

) —6,T —6,T
2——2+0(e 1)+0(e 1)
1

x,b 1)
where (G 1 (t,t))jlj2 w;
—2w. (T-t)
J1 -6,T
@I . =¢—— 5 . and ROT(tt) | = 0 1)
(Gt 5,

2w 192

)

by (11.28), (11.29) and (2.60).

Hence
y,T 0?V(b) BVﬂ(b)
m"’y’=(£ .6 6..)T
16wy 3w, )2 J3la sl

T
+ constant + [ (8%V(g™(t)) — 8*V(b)) d; +
0

—w. t
Ba(gx’b(t)) (f(x;t) + dy e '3 ) dt + 0(Te 61T)

which implies (11.24) holds by differéntiating under the ihtegral sign and apply (11.29)

and (11.32).



S184-

§11.4. A sketch of a proof a Jemma 1.4 and 1.5.

Recall that in the definition of K in (6.48) L{(-) is a differential operator of

order 2.

Slal+18]

Hence (4.23) follows from the results above and by showing 7
oy ®dx

by (x,¥)

= 0(1) b’(l;(x,y) which can be done by differentiating in (11.5) under the integral sign.
_ x.b —wyT
To prove (4.24) one uses W = g " (T;) + 0(Te ) uniformly by (2.42).

T
6'ﬂ|b00(x, W) I8l

B

—w, T
Hence, for instance, brg(x,gx’b(TO)) + 0(e 1 )

ALY 6Wﬂ

since all W — derivatives of order |8| + 1 are uniformly bounded. (4.25) is proven in

the same way as (6.23).
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12. The Proofs of Sublemma 4 and Proposition 1.

§12.1. Sublemma 4.4

§12.2. Sublemma 4.1.

§12.3. Sublemmas 4.2 and 4.3.

§12.4. The upperbound in Proposition 1.

§12.5. The lowerbound in Proposition 2.
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§12.1. Proof of sublemma 4.4.

We need to prove: If0 < a < 3 < landceg {a,b} then

9
c.Cqn -
(12.1) inf AlxyT) > L1057 — o?)
x—c|=eac
|x—c|=PB¢c
T>0

where q and ¢ are such that (10.1)-(10.3) hold.
Recall
AT
A(x,y,T) = mf{IO (377 + V(7))dt : ¥(0) = x, +(T) = y}
and note we only need to consider paths v in (12.1) with acy < lv(t) — | < ﬂcO for

t € [0,T] since 7|[t1,t2] , where t; := max{t € [0,T]: |y(t) — c| = acO}, and

to 1= min{t € [tl , T2 |v(t) = ¢] = Bco}, has less action than +.

2
c
From (10.1) and Taylor’s formula we get V(x) > 71(x - c)2 if |x — ¢| < ¢cq.

For this harmonic oscillator we solve the Euler-Lagrange equations ¥ = c%(‘y — o).

.. . . Xy sinh ¢, (T—t)
The minimal action paths are given by: vy (t) := ¢ + (x — c) b o T
sinh cqt

(y — ¢) =——= . Hence the R.H.S. if (12.1) is greater than
sinh T



» {gl([(x—C)Q + (y=c)2Jeosh ¢) T — 2<(x-c),(y—c»)} 5

|x—c|=acq L 2 sinh ¢; T
[x—c|=8¢c
T>0

2
2 (142 )cosh ;T — 25
o

2
2 '11‘n>f0 {CICSO ( sinh ¢; T )}

which attains its infimum value when cosh ¢;T = %(% + g) > 1 and leads to (12.1).

c
We recall the statement: If |[x — c| < —0__ then

( )

-+

ﬁl 0
[N]

Noh=
[

—C t —C t
(122) |x—cle 2 <|g)—cl<|x—cle *

and

' ‘1 2 3 2
(12.3) 2—C—2|X —c|® < p(xy¢) < 2—c—1|x —c|®.

First we show that
(12.4) ng’c(t) —¢| < ¢y if t > 0 and x as above and then we use (10.2),
cylx — c|2 < (VV(x),(x—c)) < colx — c|2 for [x —c| <¢p

to prove (12.2) and (12.3).

Taking

“C2t
Yt) =(x —c)e +cfort >0

as a trial path for
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p(x,c) = inf{ J:(% 52 4 V(v))dt| 7(0) = x, 7(0) = c}.

We get, by (10.1),

2
(12.5) j:’( 52 4+ V(y))dt <j G 3 + Z(r-b))adt =

c CoHC
= —QZI)(-—CI2 < 1222 .
23 +2
(2 Cl)
While going from {x : |x—¢c| =
e
2

then to ¢ makes

plee) = [T (E W + VE @) 2 °14°°

and so by (12.5) we get (12.4).

Now
(12.6) 3E°()? - V(g(
= Jim _(3(&°(1)?
= fim_ (@ ©

and so when we put f(t) = |g

t)) =

- V(g ) - 3@ (m)? -

- V(g

) - ¢f?

“)), &

we get

*E(t)dt =

2
1 c1°0 c2"0
1.%.) 1 4
(§+EI 2(2+c )
X,C
V(g (T)))
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X,C

f(t) = 2(6™)? + 2@ (8 —¢)) = 4V(E™) + 2AVV(g) (g =)
By (10.1) and (10.2)

(12.7)  4c? f(t) < f(t) < 4c3 £(1).

For n > 1 put fy(t) = f(t)|[0 n)’

sinh 2¢;(n—t) sinh 2¢t
hn(t) = 1(0) sinh 2¢;n +1(0) GoR 2¢qn
and
sinh 2co(n—t) sinh 2¢cot
kn(t) = 1(0) sinh 2con + 1(n) sinh 2con
Here hy, and kyj solve the comparison equations
Bn(t) = 4§ ha(t), hn(0) = fn(0), hn(n) = fa(n)
and

kn(t) = 4c3kn(t), kn(0) = f4(0), kn(n) = fa(n).

By Protter-Weinberger [1]
k(t) < fa(t) < hn(t) if t € [0,0],
hence
—2cyt —2cot
|x—c|2 e 2" = f(0) e 2 =nll-l-l+loo kn(t)
—2cqt

< lim fo(t) = f(t) < Jim_ hp(t) = |x — c[®e

which gives (12.2).

Using % c%lx - c|2 < V(x) < % c%]x — c]2 if [x — ¢| < ¢y, (12.6) and (12.2)
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we get
) = 2 VE (D) des [ Bpemel? e 21 ge < B
<€) = cSlx— —_“__
0 - 0 2 CI € - 2C1
and
00 —2cot 21x—c|?
P60 2 [ Bl 2" gp = A=
0 2¢o
which finishes the proof.
§12.3. The Proof of Sublemma 4.2 and 4.3.
X,
Put fp(t) :=lgp” (t + 1) — b2 for0 <t <ty —t, .
- L are Xy X . X,
Then fp) = 2612 + 27" (0),ET (1) —0))

v

2VV(gr” (1)),(eT” (1) —¢))

v

2, X
2iler (1) — el® 2 <f (1)
where used the assumption |gi}’y(t) —cl S cyifty <t <ty (10.2) and the Euler-
Lagrange equations. Therefore (Protter and Weinberger [1])

sinh ¢ (ty—t;—t) sinh c,t

fp(t) < £1(0) + fp(ty — t9)

sinh ¢ (to—t;) sinh ¢;(to—tq)

if t € [0,ty—t;] and so gy (t) — ¢|? = f(t)

o sinh cq(ty—t) o sinh c(t—ty)

X,y X,y
_— + t —c| = =
sinh ¢y (ty—t;) leT (t2) | sinh ¢;(ty—t;)

< lgp” (t1) — ¢
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IA

XY, 2 sinh ¢, (tg~t) + sinh c;(t—t;)
max ) {er” 0 -} (— )

IA

X,y 2
max t.)—c forall t €[t,,t
i€{1,2}{fg’r ( ,) f } o [1 2]

and sublemma (4.2) follows.

sinh ¢ (T—t)

sk c2T 4+ c as a trial

To prove sublemma (4.3) take (1) = (x — ¢)

2
c
path for A(x,c,T) and use V(x) < f’lx - c|2 if [x —¢] < <o -

§12.4. The Upperbound in Proposition 1.

We prove the upperbound in 3 steps.

First we consider x and y = b with p(x,b) < p(x,a) + p(a,b) then x = a and

y = b and finally the general case.

Step 1. If p(xO ,b) < p(xg.a) + p(a,b) then there exist 6(x0) > 0 such that
—2c1T
A(x,b,T) < p(x,b) + 0(e ) uniformly for x € B(x , §)as T — oo .
To prove step 1, pick 6 > 0 such that
(12.8) p(x,b) < p(x,a) + p(a,b) for all x € B(xq.6) -
Claim. There exists 6y > 0s.t.

(12.9) {0 (1), t €[0,00]}) N Baysy) = 0.

( U
xeB(xO,é')
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x
Otherwise, we have xn € B(xg,6), xp — X and yp := g n’b(tn) — a

asn — oo .

This implies (proof below)

(12.10)  p(R,b) > p(R,a) + p(a,b)

which contradicts (12.8) and hence proves (12.9) by contradiction.

X
We write g (t) := g n’b(t) and to prove (12.10) we notice

. li t i
(12.11) Am tn > 0 since

tn
len(tn) — xnl% = Ign(tn) — gn(0)% < ty I &a(u) du

< (sup{p(n,b)}) tn » Xn — % # a and gn(tn) — aasn — oo.
n
By lemma 4, the triangle inequality and (12.11)

Tny .o
(1212) IO ('? gn + V(Sn))dt Z A(xn s ¥Yn » tn)

> A(xp , a, 2ty))dt — A(yp , a, tp)

¢olyn —a|2 cosh cotp

2 P(xn ’ a') - 2 - p(ﬁsa)

sinh ¢y ty
asn — oo, sincex; — Xand y, — aasn — oo. Now pick s, — 00 as n — oo such

that s, — tp — oo and with z := sp) — basn — oo . Then
n n gn(sn



-193-

m 13 sﬂ .
(1213) |3 &7 + V(en)dt 2 [ (3 65 + Vien)et
n n
> A(Yn > 2n »Sn — tn) > A(a,b,3(sp—tp))

—A(aaYnaSn"tn)_A(znab’sn"tn)

S b c2|za,—yn|2 cosh co(sp—tn) c2|zn—-b|2 cosh co(sp—tn)
2 p(a;b) — 2 sinh co(sp—tn) - 2 sinh co(sp—tn)

— p(a,b) asn — oo .

Now (12.12) and (12.13) imply (12.10) and by above we have (12.9). Pick

c
69 >0 with 65 < —0 s that (12.9) holds and é5 > 0 such that V(x) < 63 implies

1,%
_+_
(2 Cl)

NI

x € B(ady) U B(bby) . If x € Blxg.dp) then by above V(g*>(ty)) < 65 implies

X,b )
lg”™* (tg) — b] < 69 < 1 and by sublemma 4.1
1,%2y2
('2'+c1)
c —cq(t—t
() — b < —0 e 10=%0) 4 > tg .
en 1
s

Since

gt : V() 2 )] < [TGEP @) + VET) d < max__o(xcb)

x€B(x),
we get
c —cq(t=T -
122)  1g°P)-b| < —0 . 10To) ¢ alix e B(xg:)
1,922
max
if t> TO e ———

b3
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Now set, for T > TO + 1,

7x,b(t) = g0ty if t € [0,T—1]
B (b—gbeT—IDG—T+1)+gxb(r—l)ﬂtE(T—lﬂj
Then A(x,b,T) < _f:(% "yi + V(yp)) dt =

= p(xb) - Tl(é(g"’b(t)ﬁ + VP ) dt + I (&2 + Ve

2
< plxb) + | Qg Pr-1)-b2 + 21" (T-T)?)a
TI1

2

< p(x b) + ( 202) e—2C1(T—1—T0)

2
0
I Co.
2

%c—')

forall T > Ty + 1andx € B(xo,él) which completes the proof of step 1.

Step 2. If K; is compact then (and similar when b is replaced by a).

2c1T

3

(12.13) A(x,b,T) < p(x,b) + O(e ) uniformly for x € K; as T — oo .

Proof. Given x € K. If p(x,b) < p(x,a) + p(a,b) then (12.13) holds near ¢ by step 1.

If p(x,b) = p(x,a) + p(a,b) then for some x5 with p(x, ,a) = % p(a,b) = p(xg » b),

p(x,b) = p(x,a) + p(a,,xo) + p(xg > b) and (12.13) holds near x by applying step 1 to
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A(xb,T) € A(xa,3) + AlaxgE) + AxgobT) -
Uniformity on compacts follows also.

Step 3. Given a compact K; x Ko C R x Rd . By the triangle inequality and step 2

we have: Uniformly for x € K; and y € K,

A(x,y,T) < min Ax,,I +Ac,,I
(x,y )_ce{a,b}{ ( C2) ( YQ)}

_at _af
= min | {pixc) + O(e )+ pley) +0e 3 )}
clT
= i X,C c kR
= crg{g’b}{p{ <€) + p(c,y)} + O(e )}
asT — o0 .

§12.5. Proof of the Lower Bound in Proposition 1.

Let K x K2 be a compact subset of IRd X Rd . Put

(12.14) E = sup {A(x,y,T)}
(x,y,T)€K{ xKgx[1,00)

and pick 64 > 0 such that

c c
12.15 V(x) < 6, implies x € B a,——O UB b,—0 , where c is as in (10.1).
4 2 2 0

We reduce to proving
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(12.16) There is a Ty such that for each T € [T , o)
there exists a time interval [t .t + Sp] € [0,T)
T-E

. I
with S1. > ——IG—E‘-— =:¢3T - ¢, and so that gTy(t) € B(a,20) U B(b,w 0)
3clcg+l

for (x,y,T,t) € Ky x Ko x [T, 0] x [t , tp + Sp] -

Assuming (12.16) we now prove the lowerbound.

By sublemma 4.2

o sinh ¢q(tp+Sp—t)

X,y 2
(12.17) g7 () —cl® < lgT” (ty)—c|? Sinh ¢; 5

o sinh ¢;(t—tp—t)

Y
+ ler(ep + Sp)—el® —p 5T

S

(smh ¢y (tp+Sy—t)+sinh ¢ (t— tT)) < ﬁ
sinh ¢S = 4

if t € [tp , tp + Sp] where ¢ € {a,b}.
Put Ry = tp + 3 Sp then by (12.16)
(12.18) Rr»T—-Rp 2 2(c3T —cy)

and by (12.15)
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.y ? _9°T kel

Y(Rp)—€ — 2

(12.19) lgg (R —-c|2} = 0(e ) = 0(e )
lgr” (T-R1)

uniformly for those (X,Y,T)’s-

X X,y
Now using the triangle inequality A(x,y,T) =A(x,gT’y(t)’t) + A(gT (t).y,T~t)

if t € (0,T), p(x,y) =,}‘n>f0 {A[x,y,T]}, sublemma 4.3, (12.18) and (12.19) gives

x’ b -—
A(xy,T) = A(xgp” (Rp),Rp) + Al (R)YT Rr)

v

A(x,c,T) — A(gé’y(RT),c,T——RT) +

+ A(cy,T) — Al (Rp)eRp) 2

2 COSh(CQRT)
c|

€ XY — 2
> p(x,c) + p(cy) — 'Q_lgT (RT)_ sinh(c2T)

9 cosh(c2(T—RT))
sinh(cy(T—Rr))

C X,
- ZlgT” (T-Rp)—¢|

c1c3T
= p(x,c) + pley) + 0= 1)

uniformly for (x,y,T) € K xKg x [T0 ,00). This gives the lowerbound in Proposition 1.

c <
We prove (12.16) by estimating the total time g)r;\’y(t) is inside B(a,io) U B(a,—zg)
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X, .
from below and the number of times gTy(t) is there from above.

With E and 64 as in (12.14) and (12.15)

(12.20)  |{t € [0,T] :g’l‘:y € B(a, %0) U B(a, f2—0)}| >

{t € [0,T] : V(g (1)) S 64} =
T — |{t € [0,T] : V(g (1) > 6,3 > T — 53_4

if (x,y,T) € K; x Kg X [1,00]. The last inequality is valid since
(1)) < 64} < JTV( Y (t) dt
s4lte € (0.1 : VigE" (1) < 8431 € ] V(eT

< sup {A(x,y,T)} = E.
(x,y,T)eK1 ><K2 x[T,00]

c
If ¢ € {a,b} then by sublemma 4.2 g),;"y never leaves {x : |[x—c| < 70} and

comes back to that set without leaving {x : |[x—c| < cO}. Doing so contributes at least

2
c 9 .
4 ZO 1 - 711) = i% ¢y ¢p to A(x,y,T) by sublemma (4.4). Hence, the number of times

c c c
g);‘,y is inside B(a,70) UB(b, —0) < (number of times g),;\’y can go from {x:|x—c| =70}

16E
<75+ 1L

to {x: |x—c| = co} for c € {a,b}) + 1
3cqcq

Now write
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X, C C N
{t € [0.T]: g7 (t) € Blarg) U B(ag)} = U [t - t; + )

where s; >0and N = N(x,y,T) < —1-6—E—2 +1
3c1c0

then by (12.20)

1—

N
T — % < 21 s; < N(x,y,T) maix{si(x,y,T)}
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§13.1. Infimum is attained and so on (sublemma 5).
§13.2. Proof of lemma 1.

§13.3. On the uniqueness and nondegeneracy of gx’b (sublemma 6).

§13.4. There is a unique and nondegenerate minimum of the action for large
T’s (sublemma 7).
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13. Some Basic Properties of Agmon Geodesics and Minimal Action Paths.

§13.1. Infimum is attained and so on (sublemma 5).

KT >0let) =[0,T), [-T.T]. [0.x) or (—00,00) and for y € C(J) define
(13.1)  A(y) := jJ(% 52 + V(1)) dt

which we will only write when A(q) < o .

We start by showing infimum in
M oo l '2 7

(18:2) pxg , ) = inf{[(} 3% + V()dta(0) = xg , 7(e0) = b}
is attained when
(13.3) p(xg,b) < p(xO ,a) + p(a,b).
Sublemma 5.
1. Assume (13.3). If 7, € C([0,T,]) for Ty, € (0,00] where Ty, — oo, 'yn(O) - Xqg»
7n(Tn) — b, or -yn(t) — bast — oo if T, = oo, and .A(-yn) — p(xg,b)asn — oo

Xn,b
then there exists g 0 € Coo([O,oo)) minimizing (13.2) and a subsequence 7, such

k
XO,b .
that ||y —g Iy oo — 0 as k — oo . Hence by continuity of p(x,b): If
ny L [O,Tnk]
Xgob . x,b . e
g is unique and for x near x, , g"’" is some minimizing path for p(x,b) then
b Xq,b
“gx, —80 Il —-»0asx—»x0.

L([0,00))



2. Assume

(13.4)  p(xg > b) + p(byg) < p(xg . 8) + p(ayg)-
If T, € C([0,Ty]) where Ty < x T — o0, 7n(0) — Xg > YH(Tn) - Y
xo,b

and .A('yn) — ,o(xO +b) + p(b.yy) as n — oo then there are g and

AN
g 07 in C%([0,00)) minimizing p(xq , b) and p(yq » b) in (13.2)

Xn,b
0’
and a subsequence 7nk such that ||g 7nk||Loo[0’Tnk] -0
2
YOab
and [lg° —v, (Tay= )l —0ask—oo.
o k 0o np
L>[0,—X]
2
b b

X0 Xn,
Hence by Proposition 1: If g 0" and g 0" are unique and for (x,y,T) near

(xg » Yo »°) gé’y is a minimal action path then

b
X,y X0>
lery —g O |
and

L*®[0,1) - 0

as

(X’yaT) - (XO ) yO ) OO).
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3. Let gx’b be a minimizing path for (13.2), where x satisfies (13.3), and
x,b ) . xO,b . xo,b
Xg =& (to) for some tj > 0. Then there is a unique g (t) given by g t) =

gx’ (t + tg)l . Moreover its second variation is positive definite.
00
b

Remark. The last part of sublemma 5.3 implies (see (2.9)): There is no nonzero

solution of the Jacobi’s equations.
(13.5) f(t) = V”(gx’b(t)) (t) on [0,00) vanishing twice on [0,00).

Since every solution of (13.5) that vanishes at oo, decays exponentially, this can by
(13.8) below, be strengthened to: No nonzero solution of (13.5) vanishes twice on
[0,00]. So we remind on Jacobi’s condition (see Hestenes [1], p. 124) that says: An
endpoint and a point between endpoints of a geodesic, without corners, are not

conjugate.

Proof of Sublemma 5.1.

We can assume 7, is defined on [0,00), by extending it to be (7n(Tn)—b)

—(t=T
e ( Il)+bon(Tn,oo),ian<oo.

Going to a subsequence we may assume "yn — ¥ weakly in L2(0,oo), since a

bounded set in a reflexive Banach space is weakly sequentially compact (Berger [1], p.

31) and then J'OO 42 dt < lirrln J,oo "yﬁ dt (also Berger).
0 0
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Now Ascoli’s Theorem (Royden [1]) implies there is a subsequence (call it also)

vyn such that T, ~ 7 uniformly on compacts if we show {-yn}neN is an equicontinuous

family and pointwise bounded.

Equicontinuity follows from
f f(s)|2 ‘i) 2
sup  [f(u) — 1(s)|° < (t = s) [_[{(V)[” dv, ¥ (0) — xq
u€fs,t) s n
and sup .A(‘yn) < oo .

Pointwise bound follows from

00 > sup A(y ) 2 A(7, ljg ¢

v

(7, ()57 (0)) 2 £(7, (t).b) — p(b,y (0))

v

6 -
\J; |7n(t)| constant

where we used: There exist § > 0 and R > 0 such that p(x,b) > \rg |x| if |x|] > R (see

beginning of §13.2).

Then y(0) = lim 7n(0) = X and for any L > 0 by the Fatou lemma and

above

L
I, G457+ V(n) dt <lim |

n

442 + Vi e
0211 n

R
< lim IO (37, + V(v )dt = p(xq , b),

for any L > 0. Theref A2 v d
y . erefore J.O (5 ¥° + V(7)) dt < p(xy, b) so y(t) — aor (t) — b
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0o
for any L > 0. Therefore [ (% ’72 + V(7)) dt < p(xg , b) so y(t) — aor y(t) — b
0
as t — oo. Recall 7n(Tn) — b as n — oo and so if y(t) —a as t — oo there is a

sequence 0 < S < Tp such that 7n(Sn) — aas n — oo and we get

Sn
(g » b) = ligp A(yn) = lim [ "() + lim J:( ) > plxg > a) + plasb),

which contradicts assumption (13.3). Hence ¥(t) — b, ¥ is a minimizing path of (13.2)

. X(sb
and we write vy = g .

Xp,b
0 .
Now we want to show |§7n— g ”L°°(0, ) — 0 as n — oo for this

subsequence, which we do by help from sublemma 4.

Xp,b
Given a small ¢ > 0 pick T > 0 such that |g 0’ (t)—b| < € if t > T and pick

Xn,b
M such that Tn > T, llv, —g * lljcorgp1 < & 4(v,) < p(xg,b) + € and

(0,T)

lp(7,(0),b) — p(xq , b)| < €% ifn > M.

Then forn > M

T
I, (37 + VOt 2 p(7,(0),7,(T)

> inf 0),b) — p(y,b
> Iy_b|_<-5(p(‘rn() ) — p(y,b))
n>M
C
2 plxg 2 b) = (1 + %) ¢?
2c1
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by sublemma 4.1. By above

2 T oo
P(xg,b) + 2> A(y )= (] +
0 ) = U I
_ 2y .2
Z P(XO J b) (1 + 2C1) €
or
© 1.2 €2, .2
IT (37, + V(v ) dt < (2 +2—°1) €
and

Iy (T) = bl < ¢.

By sublemma 4.4 this implies

2

4 2
sup sup |y (t) — b] < \j1+——(2+-——) € .
n>m t€[T,00) " T2
. Xq:b .
Assumption (13.3) makes the minimizing paths g for (13.2) stay outside a
neighborhood of a and by sublemma 4.1 stay away from b on any bounded subinterval

Xn,b
of [0,00) and by Hilbert’s differentiability theorem (see Hestenes[1]), g 0" ¢ C*([0,00))

as function of t.
Proof of Sublemma 5.2.

As in the beginning of the proof of sublemma 5.1 we get 715,79 € C(0,00) and

a subsequence (call it also) 7, with

Ty
7, Ty 77 » 7 (Tn =l 271 = 72

[0,
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Ty
iforml ts in (0 ® 2 41 < lim [ - 52 dt
uniformly on compacts in (0,00), IO 1 _lnmj'o e
Ty
00 2
and I 52 dt < lim | $2(T — ) dtasn — 0.

Using Fatou’s lemma we get

.[oo(l ‘72 < b
0 271+ V(77)) dt < p(xq » b) + (bsyg)

and

174 42
G 2 2 ’+‘ V(72)) dt < P(XQ ’ b) + p(bsYQ) )

Therefore

71(t) = ¢q € {a,b} and 74(t) — cy € {a,b}

as t — oo, implying there is a subsequence u, — oo as ¢ — oo and sequences up and

Th

vp with Un, < Te < Vn, such that -yne(une) — ¢y and 7ne(vne) — cgasl — oo.

Hence

p(Xq » b) + P(b’YO) =

Tn, 2 ¢ ¢
= lim L+ V(y Ndt2lim [ () +lim [ ()2
Azl G "a) nl 2l
“n‘Z Vny Tn
>lim[ ()+lm[ ()+lm[ ()2
-t ¢ Tun, T 0 -
> p(xg s cq) + pleg 5 c9) + pley , ¥g)

and we conclude from (13.4) that ¢; = ¢y = b.
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Now 77(0) = x5 , 79(0) = yq and 7;(o0) = b = 79(00) implies

(o ]
plxg . b) < S (3 53+ V(7)) dt
and

g > b) < [T (333 + V(rg)) dt
P > ) < 0 379 + 79 .
We also have for any L > 0
L L, .
[G 75 + V) dt + [ (G 73 + V(rp) dt

L+ o L. o o
. =l 22 ; (A4 (T —1t))* -
lim _[0(2 Tt V(‘yn)) dt + hrgn IO(Q(yn(T t))“ + V(‘yn(T t)) dt

IA

n

lm | k32 4 V(r ) = b) + p(b
Slim [ (57, + V(1)) = p0xg > b) + p(bwyg):
Hence
m .
IO (% 7% + V(77)) dt = p(x( , b)
and
m -
.[0 (% 7% + V(72)) dt = P(yO » b)
so
X0 ,b ¥Ya,b
71=g0 and72=g0 .
Since P(XO ’ b) + p(bsYO) < p(xo ’ a') + p(a',YO)
implies P(XO ’ b) < P(XO ’ a') + p(a"b)
and p(yy » b) < p(yg > a) + p(ab)

we get, by sublemma 5.1, a new subsequence 7, from the subsequence 7, above such

k
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that
Xn,b
g ®" -, —
and
xo,b
e = =, (T—l 7, —0ask—oo
k L0,

b Xqsb .
g(t) = g 0 (t + t0)|[0,oo) minimizes (13.2) with xy = x and to prove the

uniqueness one can use an argument similar to one given in Kobayashi (1], p. 99.

b

Now assume the second variation of gx is not positive definite (and we will

b

X
0°" s non-negative). Then by (2.9)

get contradiction to the second variation of g
. Xn,b
there are tj < t; < t9 < oo and a solution f # 0 of f(t) = V(g 0 (t)) 1(t) on

(t1,to) with f(t;) = 0 = f(ty).

Then f(tl) # 0 and so there is some h ¢ C8°((0,oo),IRd) with (f(tl)’h(tl)) <0

but h(ty) = 0. Now for small § > 0 put ¢(t) = f(¢) + 6h(t) where f is extended to

be zero outside (t; , t5).
Then
[> <25 XO,b
0] (1252 + (V'"(g O )ogs » 25)) at
t

= Itz( 2 + (v 0) £0) at
1

t
+ 26 ftQ((f,B) + (V! '(gxo’b)f,h)) dt
1

+ 62 IZO(IB!Q + (V”(gxo’b)h,h» dt

= 26 ((t).h(ty)) + 52 f;°(|13|2 + (v"(g"O’b) h,h)) dt
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which is strictly negative for § small enough.

§13.2. Proof of Lemma 1.

First we show K = {x : p(x,a) = p(x,b) = Laé’l-))} is compact. By continuity
of x — p(x,a) and x — p(x,b) K is closed and it is bounded since p(x,a), p(x,b) —
as |x| — oo . To prove the last statement pick § > 0 and R > 0 such that V(y) 2 6 if

|ly] > R. When

1
Ix| > 2R, p(xa), p(x,b) > inf _ p(x,y) = inf _ {inf [[ {2V(7) [¥lds : 7(0) = X,
yI=R yl=r "7 "o

W) = ¥} 2 i finf (03 [ fiGe)lds 9(0) = x,

7(1) = v} 2 V2(Ixl~Iy]) = 5 Ixl
If xy € K then using sublemma 5.1 we see the problem

(136)  p(ab) = inf{[* (352 + V(M)dtlx(~o) = 3, 7(c0) = b, 7(0) = xo}

has a minimizing path gx -

. x,b
Pick t; € (0,00) and put x = gxo(—to). Then g > (t) := gxo(t - tO)l[O,oo]

minimizes p(x,b) in (1.3.2). Since x; = gx’b(to) and p(x,b) < p(a,b) < p(x,a) +
X0 b x,b . .
p(a,b) we get from sublemma 5.3 g (t) = g " (t+ t0)|[0 o) 18 the unique
minimizing for p(x;,b) in (13.2) and has a positive definite second variation.
Xy,
Similarly ngI(—oo,O] (-t)=¢g 0’ (t) is the unique minimizing path for ,o(x0 , a) and
has positive definite second variation. Therefore this 8x is the unique minimizing path

for (13.6).



. X,a x,b
Now we apply lemma 2 and we get unique g~ and g’ for x near X and
their second variations are strictly positive. Moreover p(x,a) and p(x,b) are C™ near

X,C Xq.b X(,a

xp and p'(x,c) = —£°(0) . By above g O =g and g " = gxgl(_oo,0)

so p'(x,a) — p'(x,b)[x=x0 = ngo(O) which is not zero since % g,2(0(0) = V(xo) # 0.
The continuity of p'(x,a) - p'(x.b), implies it’s nonzero near X and lemma 1

follows, since K is compact.

x,b

§13.3. On Uniqueness and Nondegeneracy of g (Sublemma 6).

We will show that if (13.3) holds and

(13.7) there is a unique gx’b minimizing (13.2)

and the second variation of

k]

gx b is positive definite holds at x = XQ

then (13.7) holds for x near Xq -

Sublemma 6. Assume (13.3) and (13.7) for x = x

(=)

Then there are 6; > 0 and k > 0 such that if x € B(xq , 6p) then there is a

unique gx’b and if ||y — < 6 then

x,b||
& 11L%0,00)

(13.8) 1762 + (V'(v)ma)dt > Klinll
0 L°°[0,00)

for all 5 € Dy(0,00) := {n € AC([0,00),RY)

n(0) = 0 and 5, # € L2([0,00),RY)}.



Xn.b
Proof. By sublemma 5.1 ||gx’b -8 0 I

L°°[0,00) — 0 as x — x( so it suffices to

prove

Xqn,b
(13.9) There exist ; > 0 and k; > 0 such that ||y — g 0 ”Lﬁ? ) <&
400

00
implies [ (i72 + (V”(-))r)ln)) dt > k1||7)||2 for all n € D((0,00).
0 L°°[0,00)

To see (13.9) implies there is a unique gx’b for x near x( , we assume 7y, and

79 are two minimizing path for p(x,b) in (13.2). By sublemma 5.1 they are both close
Xp,b

to g 0°™ for x close to xg - Hence, y;, = 7v9 + 71 for n € Dy(0,00) and we get by

(13.9), using v; and 7y, satisfy the Euler-Lagrange equation ¥ = VV(v):

0 = A(yy) — A(v9) = A(19 + 1) — A(79)

a2 22
= 180[9—2—2—”)— - 72—2 + V(79 + 1) — V(75))dt
oy
=[o (5 — 49 -1+ V(rg + 1) = V(73)) dt
00 2
=1 (- + V(g + 1) = V(r9) — VV(7y) - n) dt
1 (32 "
=3 fo (5 + (V19 + B)n,m)) dt

where ”%”LOO[O o0) < ”’7”L°°[0,oo) = v - 72”L°°[0 ) ° Hence 79 + 2 is close
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xo,b
tog and by (13.9)

— _ 1 2 —1 _ 2
0 = A7) = A(r)2 BhylInlif oo g oy = Bkill71 = Yollfeorg o)

and we have 7 =79 -

To prove (13.9) we split [0,00) into two pieces [0,t + 1] and [ty + 1, 00), for

tg > 0 to be chosen. On [0, ty + 1] we use the positivity of the second variation of
xg:b "
g and on [ty + 1, co0) we use V'(b) > 0.

Recall (10.1), there are ¢; , ¢; and ¢y > 0 such that if ¢ € {a,b} and |x—c| <

Xn,b
c.2 . Pick to > 0 such that |g 0

then 02 < v!(x) N
1 = ¥V X “0

S |

IA

()
(t) = bl <5 ift >t .

0 0

Then
(13.10) there exist 6, > 0 and ko > 0
h that Xo: <6
suc a “7 - g ”Lw[o,t0+11 = "2
t0+1 9 9
impli ; A% dt > k
and

c
0
5 then

IA

13.11)  If %o
(4310 101 =8 oo, 41 o)

00 . c
[ 1(n2 + (V!(1)nqw)) dt > inll?

to+ L°°[t0+1,oo]
[
Now (13.10) and (13.11) imply (13.9) with k; = min{ky, -}

. )
and §; = min{éy , 7}
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To prove (13.10) set

t.0+1 9 xO’b
kq := inf { (@ + (Vg © )nm))dt
3" neDy(0,00) Jo :
tg+l
Io |7|2dt=1

Then kg > 0; proof by contradiction. Assume kg = 0. Then there exist np with

N7l 1 and

L2[0,t5+1)

t0+l
7 G+ '
0

By Alaoglu’s Theorem, a bounded set in a reflexive Banach space is weakly sequentially

kl

compact (see Berger [1]) and we may assume 7, weary n e L2[0,t0 + 1]. Since
t

[mn(t) — nu(s)2 < (t — s) [ #2(u)du < (t —s)ift — s > 0 and for all n and 7,(0)
s

= 0 we may assume by the Ascoli’s theorem (Royden [1]) that n, — 7 in Clo,ty + 1].

If we show n = 0 we get contradiction, by above, since

to+1
(.[ 0 (V”(gxo’b)ﬂ nn)dt| = 0(]| ||2 ) = 0asn — o©
0 0>/ = Sln L[0,tq+1] .

We have a small problem in using the positivity of the second variation of

xO,b .
g since we only know Unl[o t0+1]€D(0’t0 + 1):={17€AC([0,t0+1],Rd)’7’7€L2

and n(0) = 0} and it is not necessarily in D((0,ty + 1) (we don’t have nn(ty +1) =0).
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Define D(0,t5 + 1) f 3 — f € Dy(0,ty + 1) by

. f(t) if 0<t <t
(t) = f(t)(tg+1—1t) if ty < t < tg + 1

If we show 7} = 0 then 7 = 0 and we are done.

On [ty , tg + 1] we have

2 . X ,b

2 <22ty +1-1)2 + 22 and S< V(g O (1)) < 3,
th+1
0 2 X ,b - =

hence | 2 + (v!"(g O Hi0) dt
t
0

2y tg+l
(2+22) ) Jto (2 + (v )0) e
‘1

<2+

0

Therefore, by uniform convergence of 7, and weak L2-convergence of fin , We
g n g n

have

tp+1

,b
G (Vg 07) §,7)) dt <

t0+1

li : 2 " xO’b ~ ~ d
San_.fO (Jml* + (V'(g © ) fin » iin)) dt

2 th+1
24+c . 0 . X ’b
<@+ lp ] G+ (V) o m)) dt =0
C
1

X(sb
By the positivity of the second variation of g 0 ,7 = 0and we conclude k3 >0.
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Therefore

o+l 1, XoP 2
. 7 >
(13.12) Io (" +(V'ig "~ )n m)dt 2 k3“7l||Loo[0,t0+1]

for all n € D((0,00) where kg > 0.

t
Having in the mind |n(t)[2 < t [ [#2(u)] du if 5(0) = 0, hence
0
lIn()112 < (tg + DlIAl? and
L®[0,t5+1) =70 L%[0,t5+1]

( 0+ 1)°
LCUTMIRE il oopg ¢ 41

Xn,b
we pick  &; > 0 such that ||y — g 0 ”LOO[O o0) < &y

implies ~ V''(3(t)) > V”(gx"’b(t)) - —k—3—2
(tg+1)

for t € [0,00)
(V is uniformly continuous on compacts).
For such ¥’s

t0+1
I (12 + (V''(y) n, n)) dt >

2
k
312 3 2
> 2 > — s
=9 ”n“L2[0,t0+1] = (t0+l)2 “n“LOO[O,tO-}-].]

which completes the proof of (13.10).



Now we prove (13.11). From the choice of t; and since
‘0

xO,b <

we have,

00 ) ey .
(1313) [ @2+ (V') e di 2 [ (32 + 3 1) dt.
t0+1 t0+1

|n(t)| is continuous and tends to 0 at co. Pick t; and towith tg < t; < o0,

InC4)l = Wl oopy 11,00y

In(to)l = %nnnLoo[tOHm)

and

In(t )1 2 In(t)] 2 n(ty)] for t € [ty , to].

Then by (13.13)

t
0o 2
7 @2+ (V")) dt > [ T(7% + ¢y n?) dt >
to+1 t 1
ot : 1

lIn(to)l ~In(to)] |2 .
e PMLOICRUY

v

1 2 1 2
0 2771

v

2 Il oo :
2 L®[tyt+1,00)
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_— A R =

The results stated below imply lemmas 3.1, 3.3 and a part of lemma 2.2.

Sublemma 7. Assume (13.4)

p(xg » b) + p(biyy) < p(xq 5 a) + p(asyp)

and
Xn,b yn,b
there are unique g 0" and g 0 , each one
having positive definite second variation.
Then there are positive constants é, , T and k such that if
(x.y,T) € B(xg » 85) x B(yg » &g) % [Ty, )
then

1. There is a unique minimal action path gé’y

. X,y
dif - <6
and if ||y — g “Loo[t0+1,oo) < 9
T . 2
then [ (5 + (V''(3) . n)) dt > kllnligcofo,T)

Vn € Dy(0,T) = {n € AC([0,T},RY) : # € L?[0,T] n(0) = 0 = n(T)}.

5 X, r
2. Ag + 1) = A®T") 2 k min{&F , Inl[Z copo,)} forall 7 € Dp(0.T).

3. f(xp s¥n, Th) = (xy,T) as n — oo then

XnsYn, Tpy X,
llgr " "C- )-8

X —
Ty“LOO[O,T] — QO asn 0 .
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Proof of Sublemma 7.1.

Xg-b ) ¥o-b “,
Pick t3 > 0 such that [g (t) = b] < 5 and |g (t) — b| < 3 ift >t

where ¢, is as in (10.1)-(10.3).

By (13.10) there are 6§, > 0 and k; > 0 such that If

Xo,b Yosb
(13.14) v — ¢ ”L°°[t0+1] <ébgorifly—g ”L°°[t0+1] < by

(t0+1) o " 2
then _[0 (7° + (V7(7) n,n)) dt > k4”'l”L°°[t0+1]

ln €D, ty + 1) = {n € AC([0, t5 + 1], RY):

£,
10T ax

=3

i € L2[0, ty + 1] and 7(0) = 0}.

By sublemma 5.2 there exists §5 > 0 and Ty > 4(tg + 1) such that

X, Xq,b .
then “gTy —g 0 ”Loo[o I] < (lj mm(64 ; CO)
*2

X Xgsb .
and JlgT” (T — ) — & 0 Il oo | S g min(ey . §).

I
0.2

Now we prove that if
X,y .
then |17 — &1 ll oojg_) < 3 min(8, » <),

for some minimal action path g)r;"y, implies
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T .2 " . o c% 2

for all n € D;(0,T).

(13.14) and (13.15) imply
(tg+1)

(3a7) [ #% + (V"'(7) nm)) dt > k4”’7”i°°[0,t0+1]

and [ (52 + (V'(2) n, ) dt 2 kyllnll?
T—(tg+1) ’ = 4TI O[T —(t5+1),T]

for all n € Dy(0,T) and 7’s like in (13.16) as can be checked using the triangie

inequality.
On [tq+1,T—(ty+1)] we have V”('y)Zc% since Ih_b”L°°[€+1,T~—(Z+1)] <¢o-
There we split into two cases depending on whether
1
[n(t)] > 2“’7”1,00[’504-1,’1‘—(1;0-%1)]

forallt € [ty + 1, T —(tp+1)] or not. In the first case we get

T—(tg+1) T—(tg+1)
(13.18) (f @+ (V) ) dt >3 | n>(t) dt
t0-+-1 t0+1
C% 2
2 Il oore 10— (tg+1)]

(Ty — 2(tg+1))

2
20tg+l) 9 2 1) 12
2—3 01||’7”Loo[t0+1’T_(t0+1)] 2 7”"”L°°[t0+l,T—(t0+1)] .



~
[
—_—

In the second case do as in the proof of (13.11) and get

T—(tg+1)
(13.19) [

c
. : 2
72+ (V'"(3) n. ) dt > 2l oo .
tg+1 ( ( 5 lIlly, [tg+ 1, T—(tg+1)]

. Tt Te+l T-(g+1)
Now write | =1 + ] +
0 0 ty+1 T—(ty+1)

and (13.16) follows from (13.17)-(13.19).
(13.15) implies that if (x.y.T) € B(xq , é5) x B(y 65) X [TO , 00] then the

difference of any two minimal action paths between x and y in time T, has uniform

norm less than % min{é, , co} Hence the uniqueness of gTy follows from
(13.20) If (x,y,T) € B(xq , é5) x B(yg . bg) x [TO , 00]

X,y . - .
and gT’y is some minimal action path, then

RS DO(O,T)a “n”LOO[O.T] < :‘13 mil’l(64 , cO)
) X,
implies Az + 1) — Agr”) 2 kslnllZ copg 1y

1. - < C%
where k5 =3 mm{k4 'y ,—2-} .

X,
To prove (13.20) we integrate by parts, use g),i\’y = VV(gTy) and we get
> Xy
A(g” +m) — Algr”) =

—I ¢ 02+ V(g Y4 ) = Vgr?) — vV(gr ) dt
= %Ig(fﬂ + (Vg7 + B) n, n) dt

where ”%”LOO[O T] = ||71||Loo[0 T] -



Now (13.20) follows from (13.16) and sublemma 7.1 from (13.16) and the

uniqueness of g)r}’y .

Proof of Sublemma 7.3. We prove a slightly stronger statement that we use in proving

sublemma 7.2.
(13.21)  If yp € C([0,Tp]), Tn — T. yn(0) — x and 7,(T) — vy,
where (x,y,T) € B(xq . 65) x B(yg » b5) x [TO , 00),
Tn j.0
and A(vp) = IO (5"7n + V(9n)) dt — A(x,y,T)

tT X,
n)_g y

then sup |vp( T (t)  0asn — oo
0<t<T

If (13.21) is false then we have for a subsequence, as in the proof of (13.10),
y tTy
sup |7n( Dy — gr (] 2 g > 0, yn(=) — ¥(t)
0<t<T

in C[0,T] (by Ascoll)and at 7n( D) — 4(t) weakly in L2[0 T] (by the Alaoglu theorem).

Then 7(0) = x, ¥(T) = y, Iy - g7° I 00,1 2 €0 but
I @ 42 + V(v)) dt < im I: (& (22 + Virn(RD)) at
=lp T IO "AEE)? 330) + V(rn(w)) dt

= A(x,y,T)

which contradicts the uniqueness of g;’y for (x,y,T)’s as in (13.20) and completes the

proof of (13.21).
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Proof of Sublemma 7.2. By (13.20) it suffices to show that if

(13.22) 6 = 1 min(8, , cg) then

. X, X,
gl {4 + n1) - AT} > 0
(x,y,T)€B(xg, %) xB(y,5) X[T,00]

np € Dy(0,T) and [lnpll > 6 .

Proof by contradiction: If not we have

(xn > ¥n » Tn) = (x,¥,T) € B(xg , 65) x B(yg » 65) x [T ,o0)

Xns¥n

X 9
AT + np ) = AT™) — 0asn — oo

If T < oo we get a contradiction using (13.21). If T = oo sublemma 5.2 gives

XO’b y0’b

contradiction, since g and g are unique.
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14. Some Estimates (Sublemma &).
Let CO s C1 and C2 be as in (10.1) and put
C
(14.1) Cg = -0

1,3
(§+a§)

Then we have

Sublemma 8.

1. Uniformly for x € B(b,cg) and i € {1. ..., d}

x,b . ) —w:t B 2 '—‘min{wi,le}t)

a

and hence
(14.3)  p(x,b) = 4(2(x=b),(x=b)) + 0(|x — b[®) uniformly.
2. For any compact K; C {x p(x,b) < p(x,a) + p(a,b)} there is a constant D, such
that
. xb xb -t
(14.4) g7 (t), lg""(t) — b < D;e uniformly for (x,t) € K; x [0,00)
and
x1b Xob x;b Xob
(145) g1 () -8 2 WI<Dlg " —g 2 Il oorg ooy ®

uniformly for (x; , xy , t) € K% x [0,00).
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3. For any compact K; C {(x,y) € Rd x RY

p(x,b) + p(b.y) < p(x,a) + p(ay)}
there are TO and D2 such that uniformly for

(X,y,T,t) € K2 X [TO ’ 00) X [O’T]

—w(T-t)

. X, R —wqt .
(14.6) &7 ()] lgr” (t) ~ bl < Dole 1 + min{ly~b|,cg}e )-

Hence
x —w,T
(14.7)  Ep(xy) = 3@ )% - Vg ) = o 1)

and

(14.8)  A(x,y,T) = p(x,b) + p(b,y) + O(e 1 ) uniformly for those (x,y,T)’s.

4. Let Kl be as in part 2 then there are 60 > 0 and TO such that

(149) & (T) = 0y - B+ 0t 1) 0 T 4 y—bi2)

uniformly for (x,y,T) € K; x B(b,6,) x [Tg » ).

Xn,b
5. Assume p(xO ,b) < p(xO ,a) + p(a,b), there is only one g 0°™ and it has positive
definite second variation. Then there are §; > 0 and T; < oco such that (recall

sublemma 6 and 7 say there are unique gx’b and g),;\’y)

: b
ler” (1) — gx WI°] _ oe 1T

X, x,b
g7 (t) — g (1))

—cl(T—t)

—c,t
(14.10) e 1 4+ ]y-b? e )

if t € [0,T)
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X,y va 2 —_ I_
(14.11) leT™ (1) — & (;)I —oe e (2 t)) el
leT” (T—t) — " (t)I

ift € [0,1)

and

X,y Xoy X1y Xo¥ =<t
(14.12) Ing L) - gT2 2% = 0(||8T1 - 8T2 2”%00[0"1‘] e !

1(T=

—c t)y .
+ ly; — y2|2 e ) if t € [0,T]

everything uniform on B(x( , 65) x B(b,6y) x [Ty , 00).

Proof of Sublemma 8.1. Write

where 0 < w) Swy << wy and
(14.13)  R(x) € Dy |x — b|% for |x — b| < ¢ .

With g = gx’b we set
(14.14) g=f+r

where

—w:t

(14.15)  f(t) =(x —b),e ' + b,

i.e.,
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—w:t

(14.15)  fi(t) = (x —b);e | + b,

e, (1) = w2(f, — b;), f(0) = x and f(o0) = b

s0 £(t) = w? r;(t) + R;(g(t)), r;(0) = 0 and r;(c0) = 0.

Therefore
e_""’it t sinh wit co —uw;s
(14.16) ri(t) = — o IO sinh(w;s)R;(g(s))ds ~ w; _[t e R;(g(s))ds
and
B _wit t
(14.17) rl(t) =e JrO smh(wls) B.i(g(s)) ds —

Recall sublemma 4.1 says
(14.18)  1€P() = bl < x = ble i |x — b| < c3 -
Without loss of generality we assume
nc; € {wq, ..., wy}forn =1, 2, ... (take smaller c, if needed).

n0+1
Ifc1 <2c2 < < 2 cq and we put

(m) =35 1
n) =
4 iS1 (W2-@2" T e)?)

forn=0, 1,...,n5 and for r >0, By(r) =1 and ﬁj+1(r) =1+2D, ﬁj2(r) q(j) r, we get:



(14.19) If0 <j<njand |x — b| < cqg then
x,b _2]‘:1t ..
£°°(t) = bl < e — bl B(x—bl) e 1" implies

. j+1
x,b —min(w 2T )t
g7 (t) = bl < Ix — bl B(Ix—bl) e e

For j = 0 this follows from (14.14).

For the induction step, we assume [gx’b(t) — b] < Blx — b e % fort >0

and 0 < o < wy and 2a # w; ,fori =1, .., d. We obtain by (14.9) and (14.12)

e—wit t wis ew-t 00
Iy (t)] < 7 IO e " |R;(g(s))| ds + 78 It €

IR (g(s))] ds

<D0ﬂ2|x—b|2{e—2at et —2at

—e
-— [ A

+

2Dy A% —min{w; 20}t
< —F——— ¢ 1 .
" lef —(20)

Hence

lg;(t) — bl < I5(t) — by + I(1)] <

| —min(w;,2a)t
X, —

+ —_—
o |w? —(20)?|

which proves the induction step and therefore implies (14.19) with j = n,

x,b —wqt
(14200 1g°7(t) = bl < Ix = bl B L q(Ix = bl)e 1

whenever |[x — b| < cgand t > 0.
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Now (14.20) and (14.13) put into (14.16) and (14.17) imply (14.2). (14.3)

follows by putting (14.2) into

pleb) = [ GE )7 + VE W) dv = [TE(0)? .

Proof of Sublemma 8.2.

Let xj € {x : p(x,b) < p(x,a) + p(a,b)} and pick § > 0 such that
B(xg,6) € {x: p(x,b) < p(x,a) + p(a,b)}.

By compactness it suffices to prove (14.4) for x € B(xg , 6).

By (12.9) there exist € > 0 such that

x,b : I’ a =
(14.21) xEBl(Jx0,6){g (t) : t € [0,00]} N B(a,e) = ¢.

Once gx’b is inside B(b,cg) it doesn’t leave B(b,c3), by (14.14) and we bound from

above the total time the gx’b ’s spend outside B(b,c3) by

x.b c1€2
p(x;,b) > I V(g (t)dt > —5—|{t:[g
{t:1€°°P(8)—b|> ¢}

%P _pl 5 e}

Therefore there is a t; < oo so that |gx’b(t0)—b| < cgforallx € B(x(,6) and (14.2)

implies (14.4) for x € B(x,6) .

2
w
To prove (14.5) we pick € >0 such that |[x —b| < € implies v(x)> 31- and T,

x,b —wlt £p
such that by (14.4) |[g"""(t) — b| < Dye < 3 forx € Ky and t > T,.

Now we get
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as22) 00 - 8% = viEe T W) - viE )
b x4 b Xaob b b
= I; VI 20 + sg (1) — g 2 ) €L (1) — g 2 (1)) ds

b b b
= Vg2 +Bt) (gL () —g 2 (1)

where
x2b x2b x2b xlb
lg < (t) + B(t) = bl <|g “ (t) = bl + (g “ (t) —g ~ (t)
€n _ Xob ) -~ xyb )
<2+lg2 () —bl+lg’ (1) —bl<eg
if t> Ty andxl,XQGKl.

2 x,b Xob
Hence 5 1g () —g 2 (1)
dt

b x.b b b b
=2V 2 () + B L () —g 2 (1) (gL —g2))

v

x1b Xob
Wl (W) —g 2 ®PFift>T,.

As in the proof of sublemma 4.1 we get

x1b Xob x1b Xob —wq(t=T5)
gl -—g2@><lg! (T)—g2 (TPPe 1 1

—w, T x;b xob —w,t
11 1 27,2 1
<e llg —g ”L°°[O,oo) €

if t > T, which gives (14.5).
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Proof of Sublemma 8.3 and 8.4.

It suffices, by compactness, to show (14.6) holds near any (XO s yO) with

p(xqg » b) + p(bsyg) < p(xg , a) + p(ayg)-
Given such (xq , y) we pick 6; > 0 such that

(14.23)  p(x,b) + p(b,y) < p(x,2) + p(ay) for all x € B(x,6;) .

Now we claim there exist 65 > 0 and Ty > 0 such that

(14.24) U ( u {&®:te[0T) ] nBlasy) = ¢
. Tle ( XGB(XO,(SI) T ’ 2
Y€EB(yq:61)

We prove the claim by contradiction. Otherwise thereexist Tp — 00, 0 <tp < T,

na)’n(t

— —— X
Xp — X € B(xp,61) » yn — 7 € B(yg+%;) and 8T, p) —aasn — 0o.

Then by Proposition 1

p(X,b) + p(by) = Crgi{r; ,b}{p(fc,c) + p(c,9)}

tn
. H l - Xn->¥n 2 Xns¥Yn
= lim  A(xp ,yp,Tn) 2 lim IO (&, " ") + Ve, ™)) dt

Tn XnsY
+ lim _[t (%(gé‘r;aYn)Q + V(gTI:1 M)y dt

n n

> p(%,a) + p(a,y) which contradicts (14.23).
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CO .
__1} and pick 64 > 0 such that

4cq =
(1+_c?2)2

V(x) < 8, implies x € B(a,é35) U B(b,63) since 63 < &,
and (14.24) we have
XY

I{t € [0,T] : |gp” (t) — b] < 83}| >

X,y
[{t € [0,T] : V(g" (t)) < 84} =

x’

=T — |{t € [0,T] : V(¥ (t) > 63}

>T—2 _max __ {p(xb) + p(by)} =T —tg
4 x€B(x(,07)

YEB(yq+01)
(defining t) for all

x € B(xO R 61),y € B(yO , 61) and T > some Ty > T .

Here we used

521t € [0,T] : V(g (1) 2 84} 2 A(x.y,T)

and Proposition 1 that says

A(xy,T) — cmei(r; ’b){p(x,C) + p(c.y)}

= p(x:b) + p(byy) < max{p(x,b) + p(b.y)}

uniformly on B(x(,8;) x B(x(,6;) as T — oo.
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. X,
For T > Ty put t; := min {t: IgTy(t)—b| < 63}

T if ly=b| < é4
and ty 1= x.v ’
Thenty —t; 2T — ty and we now show
14.26 |gx’y(t) — b] <cpn, Vt € [t; . t,] and then we use sublemma 4.2.
T 0 172
The path
) = gr (1) if 0t <ty or tg <t<T
= X,y sinh c,(t,—t) X,y sinh c,(t—t;)
b+ (e (t1)=b) sinh ¢cy(ty—t,) + (g7 (t9)—b) sinh ¢cy(ty—t,)
ift; <t <t,
t
2 X, X,
shows NCIE Y)? + v(gr¥ (1) dt <
1
X, X, X, X,
gz(ugTy(tl)—b|2+|gTy<t2)—b|2] cosh(cy(ty—t1))=2((e> (t)=b)(eT" (t9)—b))
2 sinh(cy(tg—1t7))
Co 63( ) < 2c2 63

sin(cqo(tg—t1))

ifTZsomeT32T2,|x—x0|561and

ly — y0| < 61 (since t2 - tl >T — to).

)



On the other hand leaving {x : |[x—-b| < cO} in [t1 . t2] would make

t 2 2
) c,c é
It (%(g)r;"y(t))2 + V(g;’y(t)) dt > 2(—-—14—(—)(1 - -%)) by sublemma 4.4. Then by above
1 0
2 CIC% 6% Co 9 By
2cy 63> —Q_(l - —2)) or (1+ 437) 40 > ¢ which contradicts (and explains!) (14.25).
c
0

Therefore we have (14.26) and sublemma 4.2 implies

-

sin h(cq(t—t;))
sin h(cy(tg—t;)) "

o sin h(c (15—1))
3 sin h(cl(t:,—il))

X, .
ler (1) — b2 < 6 + min(63 , ly—b|?)

We have uniform bounds on |g§3y(t) — bl on [0,t;] and [ty , T] and then since

to—t; 2T =t where t, is independent of T we obtain

c,(T—
1( t))

uniformly for |[x — xg| < 6, , |y — y0| <é,and T > Tg.

—c,t —_
(14.27)  [gx¥()-bZ <0(e ! + min(6Z, [y—b|2)e

Now we want to improve this and get (14.6). As before we write

U? (x—b),
Vix)=| ¢ : + R(x)
2 —_
where R(x) < Dylx — b|2if [x — b < ¢,

and 0<w1<w2 <L wy -
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On [t , to] put g),;’y(t) = 1(t) + r(t) where

‘ s.inh wi(to—t)
1 Slnh wi(t2"tl)

sinh w,(t—t;)

X,y
+ (g1 (t2)-b); sinh w;(tg—t;)

X,y
satisfies f. = w-2(f- - b.)
i iYi i

X, X,
f(t)) = g7 (t;) and f(to) = g1 () -
Therefore T satisfies
o x,
(1) — w?r(t) = Ry(gy> (t))
i.e.,
sinh wi(tQ-—t) t X,¥Y

J sinh w.(s—t;) R;(gp" (s)) ds

(14.28) r(t) = —
ty

3 Sil.lh w;(t—t;) J_t2
w; sinh wi(tg~ty) ¢

sinh w,(ty—s) Ri(g).;"y(s)) ds

and

(14.20) fi(t) _ cosh wi(tQ-t)

L X,y
- ] sinh w.(s—t;) R.(g7" (s)) ds
sinh wi(t2—t1) t 1 1/ "M\ST

t
3 cosh w; (t—t;) [ 2
sinh wi(tQ_tl) t

sinh w;(to—s) R;(g]” (s)) ds

since t; < to and T — tg <ty where to is independent of T and

RS () = o1 4 42”1 Y

uniformly if ¥ = min(ég , |y—b|2), we obtain
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t w:s —-—cls

—wqt —cq(T—5s)
|#;(t)], Ir;(t)] = O(e 1 JO e 1 (e +42e 1

)d

. e—wi(T—t) IT ec«.)i(T—s)(e—cls 4 72 e_cl(T_s))ds)

t

—c,t —c,(T-t)
=0 1l +9%e 17 )

) . —wit —wy(T—t)
Since |f(t)], |f(t) — b] < 0(e + ve ) we get

—cjt —cl(T—t))

ler” (O e (1) — | < 0(e  — + 7e

—min(wl,2c1)(T—t))

Usingthisestimatein (14.2

\-/

and (14.28) yields |t. (t)l Ir;(t) = 0(e

Assuming ncy ¢ {wl y eeny ud} forn = 1, ..., 2, ... we get by induction

|£;(t)], Ir;(t)] = O(e + 77e )

and hence
—wqt —w(T—t)
e O g (1) —bl =0 T +7e 1)

uniformly. This completes the proof of (14.6).

Ky =Ky x{y: ly—b| < 63} as in part 4, then to = T and we get

& (T); = 1,(T) + £(T)

. y ) B cosh w,(T—t;)
“i (gT (t1)=b); (sinh wi(T—tl)) (v =P w;(T—t;)

—w,T
+0( 1 +]y-1b?

—2u T ~w; T 2
= w;(y — b); (1 + 0(e )) + 0(e + |ly—b|“)

uniformly in Kq x [T3 , 00) which proves (14.9).
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By the Euler-Lagrange equations % (g)’;"y(t))2 - V(g),;\’y(t)) is independent of

t € [0,T] and (14.7) follows from (14.6).

To prove (14.8)

A(x,y,T) = p(x,b) + p(b,y) + O(e )
uniformly we use

(14.30) A(xy,T) = A(x,g),iw’y(%‘),%‘) + A(g?y(%),y,%) for the lowerbound

and

(14.31) A(x,y,T) < A(x,b%) + A(b,y,%) for the upperbound.
If p(x,b) + p(byy) < p(x,2) + p(ay) then p(x,b) < p(x,a) + p(a,b) and so

estimate (14.4) holds for gx’b(t). Taking

Pt) for t € [0,T—1]

rp(t) =
T (b—gx’b(T—t))(t—T+1) + gx’b(T—l)

fort € (T-1,T)

as a trial path for A(x,b,T) gives

—2w1T
(14.32)  A(x,b,T) < p(x,b) x O(e ) uniformly.

—2w,T
For the same reason A(b,y,T) < p(b,y) + 0(e 1 ), and by (14.31) we get the

upperbound in (14.8)

—w,T
A(xy,T) € p(x;b) + p(by) + 0(e 1)

uniformly.
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The triangle inequality, sublemma 4 and (14.6) give the lowerbound by (14.26)
A(xy.T) = A (5).D) + AT D). d)
> A(xb,T) — AT (3),b,%)
+  A(by,T) — A(bgy” (),3) 2

> p(x,b) + p(b.y) — 2A(e7” (£):b,3)

h(c I)
XY Ty _pi2 o129
(by) — colgT” (5)—bl sinh(CQg)

/ T\ YAl AY ny _wlT\
p(x,b) + p{b,y) + U(e )

v

uniformly.

Proof of Sublemma 8.5. We reduce to proving that if ty is such that

(14.43) g %o (t)—b| < 2 2 for t > tg
then
X
(14.44) Ifg = ngyl org = gx’b then
2 2
ng V() —g®)? 2 cllg Y(t)—g(t)l

. . x,b x,b

1ft€[t0,T]and1fg=gT org=g¢g andsz2(t0+1)
then

(1445)  lleT” = &llfoopg g = OUET (5)~&(s)] leT” (5)~e(s)])

uniformly near (xO » b, 00).
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By the differential inequality in (14.44) for g = g)r;\’y and the endpoint

conditions
Ig’r}’y(to) - g;lyl(to)l2 < llg’fr’y - g;1y1||Loo[0,T],
187 (T) — 8 VADP= Iy - 12y
we get (see Protter and Weinberger [1]).

X, , sin h ¢;(T—t)
(14.46)  lgr” (t) — gt)I® < lgT” (tg) — ()l e, (T=ig)

qin h ¢
Siil a2 C

X,y 2 1 0/ _

+ lgp" (T) — &(T)I Sn b, (T—tg)
X X, —c1(T—t)
= 0(ler” —T IF oo, ry e + +ly—yilPe T )

uniformly, which proves (14.12).

If we take S = % and g = gx’b org = g),i\’y in (14.44) we get
X, X, —w,T
e (tg) — &(tg)l? < g — ell? 1) = 0Ce 1

L[ 0,

uniformly by (14.4) and (14.6).

Also in both cases
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2w1T

g5 (T) — g(T)2 = 0(ly~bl2 +e ~ 1)

and now by (14.44) we have the first part of (14.46) which implies (recall ¢; < wy)

X,y 2 —w T sinh ¢;(T—t)
IgT (t) - g(t)l < 0(8 ) sinh CI(T_tO)

—2w(T _sinh cl(t—to)

—pbl2 il S 14
+ 0(ly=bl” + e sinh ¢, (T—tg)

wlT

—c(T—
i« t))

- —cqt
= 0(e e ! + |ly— b|2e

and we have proven (14.10).

The first part of (14.11) follows from the differential inequality in (14.44)

x,b

, T X,y —w T :
applied to [tg , 5] and the bound ||gp” — ”L°°[0 I] =0(e ) mentioned above.

The second part can be proven by an a—na.log of (14.45) on [T — S, TJ.

Next we will prove (14.44). Using sublemma 5 in chapter 13 we choose §; and

X1y c
Ty such that ng 1(t), gx’b(t) € B(b,—O) for all

(xl syl ’T ’t‘) € B(XO ’ 60) X B(baéo) x [TO ’ OO) X [to 9T]
where t is from (14.43).

X1Y
Ifg = ng ! or g = gx’b then
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2 X, . X, .
(14.47) :?lgTy(t) - g(t)? = 21g7Y — &)°

XY . 5
+ 2@ —&)(ep —8) =
=27 — &1 + 2((V'(eR)- V(@) (er —8))
. X ) 1 X, X, X,
=2lgy’ — &% + 2(10 V(g +u(el’ —e)(er” —8).(gr" —8)) du

. X,y . X, X,
=2lgr” — &I% + 2AV"(g+3)(e7’ ) (gr —8)) -

When t € [t; , T], g(t) + B(t) € B(b,cy) and we get by (10.1) and (14.47)
2 xy X,
i—QIgT - g > QC%IgTy—gl2

x’
> C%IgTy — g|?

which is (14.44).
(14.47) also implies for s > 2(tg + 1)

§ d2l X,y 2
“ler” (t) — g(t)|” dt =
‘[t0+1 dt2 ®

8 . X . X
<2 (g — 8% + 3leyY —gl?) at
t0+1

. PATIR.S
< mm(cl s Cl)“gTy—g”ioo[tO.;-l,s]

as in the proof of (13.16).
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X,y x,b o+l 42, xy 2
Ifg =gy org =g then IO (—it—2|gT’ — g|© dt

ta+1
0 . X, . X, X,
=1 @Y - &2 + 2V"(g + B)Er - e)(e7’ — g)) dt

Xy 9

after taking smaller 6 > 0 and larger Ty < oo if needed. By the above we have:
Ifs > 2(ty + 1) then

2AET” () — ()7 (s) — &(s)))

s g2\ xy 2
=I0dTQIgT — g|© dt

8 .X, . X, X,
= QIO(Ig’r}y — &1 + (V'"(g+2) (T’ —g).(gT" —8)) dt

b

v

. X, X, X,
mm(kl ) C%)”gTy - g”i‘”[o,s] forg = gTy org

which completes the proof.
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15. On the Solutions of the Jacobi Equations.

§15.1. Asymptotics.

§15.2. Estimates and derivatives of minimal action paths and Agmon geodesics.
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§15.1. Asvmptotics.

We assume (1.33) V''(b) = 02 where @ = diag(w; ..., wy) With 0 < w; < wy

< wy and we put

c
15.1 6, = min —l,w-—w- >0.
( ) 1 {j:w. 1¢w} { 2 J J_l}
J— J
. xO,b
Sublemma 9. Assume p(xg,b) < p(xy,a) + p(a,b) there is a unique g and it

has positive definite second variation. Then there exist 60 and TO positive such that

1. Forall x € B(xg , 65)

(15.2) Z(t) = V"(gx’b(t)) Z(t) on [0,00) has matrix solutions Xx’b and Yx’b_(t)

such that uniformly for x € B(x , 6,)
—b64t .
(15.3) X*P(t) =(1 + 0(e 1))e~ = —x*P(t) @1 and

- =64t .
154) YP)y = (1 +0 1)) e =v*Pt)alast — oo
where Xx’b(t) is nonsingular by (13.8).
Moreover

x,b X b
—£ 9 lloo) =

15.5) 1P -X0 (1) = o 1'lg
1P () - %00 ()

and

,b xnb =61t x,b Xgb
15.6)  |(Y*P®)-Y O ()| =0oc 1Ig""—g O lloo) =

3 . Xnb
= (VP () =Y 0 (1))e)).
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If x( then Xb’b(t) = e and Yb’b(t) = 5% and

;b —épt - y,b
15.7) X —q =0 ! ly=b]) = X¥V°@t) 2 + @
and
—6,t .
(158)  Y*P) e —q =0 Lly-b]) = [¥*P(t) ¥ - |

uniformly for y € B(b,6;) as t — oo .

2. If W(t) for t € (0,00) are (d x d)-matrices that are integrable with IOO‘W(t)Idt < oo
0
then
. " X,b . X,b X,b
(15.9)  Z(t) = (V'(g"" (t)) + W(t)) Z(t) on [0,00) has solutions Xy5;" and Yy
satisfying

1(t—s)

(15.10) x’\‘,(,b(t) - x50 = o f:)e_6 [W(s)|ds + I:OIW(S)|ds)e_Qt

= X5P() — X*P)

and

x,b —6,(t—s)

(15.11) Yir(t) - Y

®) = 0(f e IW(E)Ids + 1 1W(s)lds) e

. x.b . %X,b )
= Yx“’, (t) - v (t) uniformly for x € B(x( , 6p)-
3. The system
xy,T

(15.12)  Z(t) = V”gi}’y(t)) Z(t) on [0,T] has matrix solutions Xx’y’Tand Y

such that



T
,b Y12
(15.13) (XY T)=x*P)) e = 01e 12 4 |y—b|)
= XY T ()% *P(1)) N
and
T
—u —
(15.14) (Y T) = YP)) e = oe 12 4 |y—b|)

— (YansT(t)_Yxab(t)) e—Qt .

4. For (r,T)€[0,r{]x[T(,00) let \Nfr(t) be continuous symmetric (d x d)-matrices on

T
(15.15) | |WrT(t)| dt = 0(r) as r | O uniformly for T € [TO ,00).
0

Then there exist h that (-d—2 + V'Y () + Wh(t)) > 0
€ €eXi1sts a I‘O suc a dt2 gT T on

D((0,T) (see (2.30) and (2.31)) for all (x,y.T,r) € B(x(,83) x B(b,6,) x [Tg,00) x[0,ry].

Moreover

15.16) Z = (V" gx,y t) x Wi (1)) Z(t) on [0,T] has matrix solutions Xi-(’y’T and
T T

Y;(’y’T satisfying

x,y, T

1517y X3 Ty — x (t) =

—6,(t—s T
1t )IWrT(S)MS + _[t |WrrI\(s)|ds)e'_Qt =

t
=0([ e

IO
- x;(ay’T(t) _ XX»Y’T(t)

and
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%y, T

(1518) YV Ty -y (t) =

—~6,(t—s T
oaf} 1 )lw&<s>x + 1 IWEL(s)]ds)eS =
= vV Ty -y Ty,

Proof. To prove (15.3) we write (15.2) as

o X,b x9b

Z(t) = V(g (1) 2 = (2% + V(" (4)-0?) %(1)
as a first order system

(15.19)  p(t) = (A + R™P(t) p(t)

where A = dia.g(,\l R /\2 y e ’\Qd) with '\2i—1 = w;
 and '\2i = —uw, fori € {1,...,d} and Rx’b(t)
. x,b 1, X%sb 1
satisfies |[R™7(t)| = O0(JV''(g”” (t))—=V"(b)[)
x,b —wlt
= 0(lg"’ (t) — b]) = 0(e ),
by (14.4).

Then we use successive approximations as described in exercise 29 of chapter 3

in Coddington-Levinson [1].

Notice ¢, A and Rx’b in (15.19) are (2d x 2d)-matrices. We get (15.19) from

(15.2) by defining a (2d x 2d)-matrix through
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(15.21) 21—1,2_]—1_ i 21,2) l_
Zoi—1,2j = 0 and By 9 = Zj;

Then set

(15.22) ¢ = C% where

1
C= diag( [_:11 ﬂ ) s [_:‘; 1])

For j € {1,...,d} be Pl,j and PQ,j be projection matrices such that

(15.23) Plj + P2,j =1 and

V, . (t) := eAt P . contains e/\kt with A, < A, and"
1 1 k =7

V, :(t) := eAt P, . contains eAkt with A, > A
25V T 2, k="7"

Then there are constants li and kQJ such that kl,d + k2,d = 2d and

(A =8t
(15.24) |V, :(t)| <k, e 3 if t>0
1 1,
At
Vo0 S kg e J ift <0

(recall (15.1)) where [A| = 3 |a; ;| for an (n x n) — matrix A.
1<ij<n ¥

Pick tO such that
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oo _x,b
(15.25) (2d) j't0|R () dt < 3 for all x € B(xg , &p)

where 60 is as in sublemma 8.5 in chapter 14.

At

. xb x,b 2,d
With ¢j,—1(t) =0, %50 (t)y=e? {:] wherei:i = (6i,j)i=1 and
At
x,b 9 t x,b
(15.26) goj’g+1(t) =e f:’ + It Vl,j(t_s) R (s) (pj,e(s) ds

0

_J':°V2d(t—s) Rx’b(s) wj’e(s) ds

we get by induction, using (15.24) and (15.25),

At

x,b x,b J
(15.27) |<pj,2+1 - %t )] < fm and therefore

x,b 4 x,b x,b x,b
¢ 5,0t =k§O(so 5k =@ k(1) = ey (0)

uniformly on compacts as ¢ — oo .

At
By (15.27) lgo;(’b(t)l < 2e " and then by (15.26) it satisfies

Ast t b b
(1528) g0 = e g+ [ V) j-s) R0 9700 -
0

= 1V (t=s) R0 9370 e) ds

and hence it is a solution of (15.19).
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w
Using (15.20), (15.24) and 6, < ——21 one can show
At
x,b NP
|‘Pj (t) —e fj| =

o) _’\j(t"s) —wys

t (A=8)(t—s) —u s
i e 1 ds + [ e e ds)
t

= O(It e
0

(A =67t
= 0(e J ) uniformly.

Extend the gp;(’b(t) as a solution of (15.19) to all of (0,00) and form a matrix

h

solution Tx’b(t) whose jt1-column is <p3(’b . Then

-6t
(15.29) Tx’b(t) = (I + 0(e 1 )) eAt uniformly as t — oo and Tx’b(t)
is a fundamental solution of (15.19) on (0,00),

since by Liouville-formula (Hartman [1])

(15.30)  det TP(s).= det TP (t) exp( j: trace(A + R¥°(s))ds)

and det Tx’b(t) # 0 for t large.

To make it easier to control the x-dependence of the solutions we don’t use

these ¢’s but put
x,b _ mX,b x,b -1
(15.31) VQJ (t,8) = T7U(¢), Pl,j(T (s)) and
x,b x,b x,b -
V53 (ts) = T0(1), Py (B (s) T

where Pl,j and P2,j are from (15.23). Then by (15.29)



x.b ('\j_bl)“—s)
(15.32)  [V]7(ts)] = O(e ) if st>0,t—5>0

z\j(t—s)

|V)2(:]-b(t,s)| = O(e ) if st >0,t~s<0

again uniformly for x € B(x . bg)-

xo,b xo.b
Now we define tl’j (t) = v; (1) and
,b Xq.b t  x.b b Xq,b Xq,b
(15.33)  ¢77(0) = ;0" (1) + I VTSR () = R 07 ()) 4,07 (s) ds

,b Xq.b X ,b
—I:o V;;-b(t,s)(Rx (s) = R 97 (s)) wjo (s) ds

which solves (15.19) and satisfies

At (A =8t

(1531)  ¥°(1) = e U1+ oge ).

Going back to the second order system (15.2) w).z(:ib(t) give a solution X;(’b(t)

—w:t —6,t O X,b
(recall '\Q,j = —wj) satisfying X;’b(t) = e (ej + 0(e 1 ) = — X wj(t) (t)

where e = (6i,j)id=l and X)Q(jlil(t) gives solutions Y;(’b(t) of (15.2) satisfying Yj"b(t)

w-t _6 t Yx,b
=e (o 1) ="x

)

Hence the matrix Xx’b(t) whose jth column is X‘;(’b(t) is a solution of (15.2)
P .. . . x,b x,b .
satisfying (15.3). Similarly we get a matrix function Y ' (t) from the Yj is that

satisfies (15.2) and (15.4).
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Using (14.5) that says

x,b Xp,b t

Xpn,b X,b ) —wl
1) —g O Wl =0lg"” —g % lloe 2

in (15.33) gives

(’\j—él)t gxo,b

b Xq>b X ,b
970 — % 7 ()] = 0(e g - £ lloo)

which implies (15.5) and (15.6).

Xpn,b Xn,b At
If xy = b then R 0" = 0 s0 z/;jb’b(t) = gojo () =-e 3" and hence Xbb(t) =

e~ and Yb’b(t) =St

In that case ||gy’b(t) — blleo = 0(]y—b]|) and (15.7) follows from (15.5) and

(15.8) from (15.6).

Proof of Sublemma 9.2.

We follow the proof of part 1 above and write (15.9) as a first order system
(15.35)  @(t) = (A + RP(t) + W(t)) p(t) with A and R® from (15.19)
and

(15.36)  W(t) = O(|W(t)|).

Successive approximations give solutions go;(’\t of (15.35) such that
9

At At

i xb, o7
(15.37) e |<pj’w(t) e f:]|

—64t 6.8 ~ 00 -
=0 ! I: e L(IRMP(s)] + [W(s)l)ds + Iy (IR*P(s)] + [W(s)])ds)
. ,

uniformly for (x,t) € B(xp , 64) X [ty ,00), for some t, > 0.
0°°0 0 0
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Now extend <p;(’£ as a solution of (15.35) on all of (0,00) and let it be the jth-

column of a matrix T)v(v’b(t) on (0,00).

According to (15.37)

(15.38)  T5P(t) = (1 + 0(1)) eAt uniformly,

thus by an analog of (15.30) Tﬁ’b(t)

is a fundamental solution of (15.35) on (0,00).

e = s = . 74 = N Y : ‘,X,b a4 N L mx?blt\
1 Pl,j and P2,j are as n (l19.23) and we put Vl,j’w\L,S) = Tw (b)
x,b - x,b x,b x,b _
Py (FW () 1 and Vaiw (18) i= TR (8) Py (B3 (s)) 1 then, by (15.38)
%,b (X=61)(t=s)
- (15.39) |V1:j w(ts)| = 0O(e ) ifts>0andt —s>0

VS (h8)] = 0(e'\j(t‘s)) ifts>0andt —s <0
2,j,W ’ - ¥ = -
uniformly for x € B(xg , §()-
. x,b
With 1/)j (t) from (15.32) we set
‘ x,b x,b t  x,b = x,b
(15.40) ¢j,w(t) = '/’j (t) + IO Vl,j,w(t’s) W(s) ¢j (s)

oo x,b = x,b
_J't Vlj,w(t’s) W(s) d)j (s) ds

which satisfies (15.35) and using (15.39), (15.34) and (15.36) we get
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t (=8)(t—s) Ass

x,b x,b _ - 3
(1541) W50 = ¥ W] = 0 e | Ws)l el ds
A:(t—s) A:s
00 -
+jt e | W(s)| e ds) =
t —6,(t—s) 00 At
=0(f e 1 | W)l ds + [T IW(s)] ds)e I
x,b . . . x,b
Now ¢2j,w(t) in (15.39) gives a solution Xj,w(t) of (15.9) that by (15.40)

obeys (recall '\Qj = —wj)

t —o,(t—s) t —w.t
ij,lk(t) - X ()= 0f 157 Wis)) ds + J, W)l ds) e ]

- X,b . X,b
= Xj,w(t) XJ. (t)

where X;(’b(t) are as in the proof of part 1 and (15.10) follows if we let X;("::(t) be the
jth-column of X@’b(t).

Similarly the ¢)2(1]'b—1 w 8 give a matrix solution Y)‘i,’b(t) of (15.9) satisfying

(15.11).

Proof of Sublemma 9.3.

We will follow the proof of sublemma 9.1 closely. Write (15.12) as a first order

system

(1542) ¢V 1) = (4 + R™VT(0)) YT (1) on [0,7)

where A is as in (15.19) and
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(1543)  [R*VT (o)) = ov"(g¥ (1)) - V(b)) = 0(Ig%Y (t) — bI)

—wy —w (T-t)

t
= (e + ly—ble )

uniformly for

(x,y,T,t) € b(xq , 6g) x B(b,63) x [T ,00) x [0,T], by (14.6).
As in the proof of part 1 we get, using successive approximations, Tx’y’T(t,s)

of

(15.42) such that if Pl,j and P2J are as in (15.23) then

X,y,T x,y,T xYy,T, \\—

VI () s= TV () Py (@ () T
and

x,y, T x,y,T x,y,T -

Vo (ts) 1= TV () Py (Y ()
satisfy

(Aj—él)(t—s)

(15.44) VOV T(6)] = 0(e YT > t,8 >0

1,
andt — s > 0 and

A (t—s)
V3T Tl =0 d  )iT2ts20amdt -5 <0

uniformly for (x,y,T) € B(xg , 65) x B(b,6p) x [Ty , ).

For (x,y,T,t) € B(x; , §3)x B(b,6;) x [T, 00) x [0,T] put



(&)
N
=]

(15.45)  y% Ty = v by + j VI T(t,s)(Rx’y’T(s)—Rx’b(s)) 1!);(’b(s) ds
—J VT T T - () 97P(s) ds

with ¢J?"b(t) as in (15.33), which solves (15.42).

On [0,%] we estimate

R¥ T 6) = R¥P(5)] = 01} (6) - £*P(s)))

uniformly by (14.11) and on [112—‘ , T] we get
X, ,T X,b X, X,b
IR*Y>"(s) ~ R™7(s) = 0(lgT" (s) — & ()]}

= 0(1gxY (s) — bl + 1°°(s) — bl)
—ws —w(T—s)

= 0(e )

+ |ly—b|e
uniformly by (14.4) and (14.6).

Those estimates and (15.44) put into (15.45) give

At

T

-—w —_—
1

2 4 |y—blye’

(15.46) 1[)3(’y’T(t) = 1/;3(’b(t) + 0(e

which implies (15.13) and (15.14).
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The Qutlines Of A Proof Of Sublemma 9.5.

2
The positivity of (—ﬁ + V”(g}’y) + W,rr) on DO(O,T) follows from the
apee d2 1, Xy . .
positivity of (———i + V' (g1 )) (see sublemma 7.1 in chapter 13) and the estimate
dt

(15.15).

We write (15.16) as a first order system

T

15.47) ¢ = (A + R + Wt )¢ and we get, using successive approximations, a
T g

x3y’T’r

fundamental solution ¥(t) = ¥ (t) so that

x,y, T,r

(t,s) := F(t), PlJ(T(S))—l and

x’Y’Tﬂr

Vo N (s) 1= B (L), Py (F(s) 7]

satisfy the estimate in (15.44)

With 7Y 'T(t) as in (15.45) we set

x,y,T,r

X,y,T x,y, Tr
Y. t) =v. :
( ) 15

T
J J (

(t) + f; \% (t.5) WH(s) ¢J?"y’ s) ds

T X, ,T,I‘ X ) 3T
-1 VI () Wis) 957V (s) ds

which solves (15.47) and we get

At

t—s T
1 )|er(5)| ds + jt IWE(s)|ds) e

| Y Tor

x,y,T t —§6
— . =0 e

which implies (15.17) and (15.18).
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§15.2. Estimates And Derivatives Of Minimal Action Paths And Agmon Goedesics.

Sublemma 10. Under the assumptions of sublemma 9 and with 60 and TO as there, we

have

1. g;’y and gx’b are differentiable w.r.t. x and y for
(x,y,T) € B(xq »6() x B(b,6g) x [T ,00)-

T

with X = X' T and ¥ = YT as in (15.13)

(1548) (47 2 er’ () = a—"i;((%f e (1) =
(Y (®)=Y(O(Y(T) T IX(T)X(©) = Y(O)(Y(T) ~1X(T) ™!

and

(1549)  (§) 2 B €T () = ai(;;if gr (t) =
(GY(Y()-X(£)(X(0)) LY O)(V(T)-X(T)(X(0)) "1 ¥(0))~F e
and with X**° as in (15.3).

1550 (&) & e’ = g”—(dif g (1) = (&Y KPPy
fori € {1,...,d} and j € {0,1}.

2. Moreover

ass1) e ) — g2 2wl e i) - & 20

—w,t —w (T—t)
= 0(lx;—xgle L 4 ly;-vole ' )
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xl,b x2,b _xl,b .x2,b —wyt
(15.52) g (1) —g 2 (B 1g T (1) —& 2 (W =0(x; —xgle 1)
and

,b ,b . X,b .%,b —wT —w(T-t)
(1553)  Igp (1) —g (L IgT () =& Wl =0 1 e T 7

uniformly for X,Xq yXg € B(xo ,60), Y» Y1, Yo € B(b,60) and T € [TO , 00).

A Proof Of Sublemma 10.2.

We observe that (15.52) follows from (15.51) and (15.53) by writing
10 — £ 200 = @10 - kW)
F O - e ) + e © - 82 )
(similar for t-derivatives) and taking T — oo . Also (15.53) follows from (15.51) since
gx’b(t)l[o,T] = g).i\’y(t) where § = gx’b(T) = b+ O(e—wlT) uniformly by (14.4).

To prove

—w(T—t)

X,y x9y —wqt
lep L(t) — g 2(tl = 0(Ix; — xgle 1 +|y; — yole )
T T 2 1 2

in (15.51) it suffices to show

X1,y Xo,¥Y —w,t
(15.54)  lgp” (t) — g ()] = 0(lx; — xgle 1)

and
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—wy(T-t)

X,y X,y
(15.55)  lgp M(t) — g7 (1) = 0(ly; — yole )

uniformly, as we see from writing

X1y Xo,Y X1y Xo.y XY XosY
el - 22 = @ 2 4 g2 - e2”2).

Now we show (15.54), (15.55) is proven in a similar way. Write
X15¥ X9,Y
h(t) = g (t) — g72 then h(0) = x; — Xo , h(T) = 0

. Xq,Y X,
and b = V/(gt™) - V(g7 (1))

y

1 X9,y X1, X0y Xo,Y X1,y
=1 Vg +ser” — e ) (@ —&p )ds=

XqoY
(V”(gT0 ) + W)h where

Y

T T 1 X5,y Xo, Xo,Y
J, W)l dt=0(IOI0|ng1 + (1=s) g7 — g7% | ds dt)

XY —clt

(14a2) T 1 = X3,y
= 0 —
(.[0 IO sllgT gr ”L°°[O,T] e +

X 3y X ’y
+(1-9)ler”” —&r Il copgr) ds dt) = 0(K(6)),

if we define

) XO,y .
1(6) = sup  (llgr” — g I oofn 1) -
x€B(x(),6) T T TL%[0,T]

.. XgsY
Bysublemmab.2, f(6) — 0asé |0, and by sublemma 9.4, Z = (V”(gT0 )+ W)Z

on [0,T] has matrix solutions X and Y such that
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XA ,’I‘ aYa
(15.56) X(t) — X 0 y (t) = 0(f(#)) e~ = X(1) — X %0 (t)
and

XY, T

9. ’T . .
Y (t):()(f(?))PQt =Y(t)—Y 0 (t)

X0
(15.57) Y(t) - Y
and by taking 60 smaller X(0) is invertible for all Xq

and x, in B(xg , 6p)-
Now (15.54) follows from
Yy — g2 (1) = h(1) = (X(t) — Y(E)(Y(T) ™! X(T))
(X(0) = Y(O(Y(T) ™1 x(T) ™1 (x; — xp)
(15.56), (15.57) and the estimates in lemma 2.
The second part of (15.51), [g" (t) — &2° (8) = O(x; — ol e

1—s)x, +5Xq,y
A ( ! 2 (t) ds and (15.48) that we

1
follows from gT (t) - gT (1) ) ds
0

prove next.

Proof of Sublemma 10.1.

For small ¢ we are interested in
X+6 X,y
fe(t) := (g7 (t) — gy (t) e~
7 Loy, X+ " T
We observe that f¢(t) = [ V (gT (t)) ds f (t) = (V (g (t)) + We(t))
0

—wqt
fe(t), fe(0) = 0 and f(T) = e; where [WT(1)] = 0(ce 1) by (15.54).
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By sublemma (9.4)

(15.58)  fe(t) = (Ye(t) — Xe(t)(X(0) ™1 Y (0))

(Ye(T) = Xe(T)X(0) ™1 Ye(0)) 71 ¢
where
Xe(t) = XV T (1) = o(e) e~ = X (1) - XV T (v),

and

Y (t) — Yx’y’T(t) = 0(¢) St Y e(t) - Yx,y,T(t)

Now we take £ to zero in (15.58) and we get (15.48) for g?’y. To obtain

(15.48) for g’}’y we differentiate (15.58) w.r.t. t and then take ¢ — 0.
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§16.1. A sketch of a proof of lemma 2.
§16.2. A proof of lemma 3.

§16.3. A sketch of a proof of lemma 4.
§16.4. A sketch of a proof of lemma 5.

§16.5. A proof of lemma 6.
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— ——— e e e s e

Proof of Lemma 2.1. Sublemma 6 in section 13.3 says there is a unique gx’b and it has

positive definite second variation for x € B(xO , 60) for some 60 > 0 (which will be
getting smaller as the proof goes on). (2.14) with |a| = 0 is (14.4) in sublemma 8.2

(2.15) is (14.2) and (2.16) is (15.3) and (15.4) is sublemma 9.

L3
—_ w-
. i
(2.18) that says det Xx’b(t) > constant e '=!' > 0 follows from Xx’b(t) =

_61t -0t x,b . .
(I + 0O(e )) e (see (2.16)) and X"’ "(t) is nonsingular by (13.8) of sublemma 6.

More precisely, we can find to such that

d
x,b =6yt —tiglwi 1 —Pglwi
det X™77(t) = (1 + O(e e T >5e 1=

if (x,t) € B(xo,éo) X [tO y ) (slightly smallr 7). Then by compactness of B(x,é)
x [0,t9] and continuity of det(Xx’b(t)) (its nonzero and positive for large t)

min det(X*2(t)) > 0
B(xo,do)x[O,tO]

so (2.18) follows.

(2.19) is (15.50) of sublemma 10 and (2.20) follows from (2.19), (2.14) with

ol = 0 and p(xb) = [ (& (1) + V(g (1) dt.
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(2.14) for |a| > 0 follows from (2.19) and (2.17) and so to complete the proof it

suffices to prove (2.17).

We use the proof of lemma 9.1 and we let gp.;(’eb(t) be as in (15.26),
(16.1) (t) = E (; k (t) %5, k 1(t)) as in (15.28),

V)l(;;)(t,s) and V;:]-b(t,s) as in (15.31) and as in (15.38)
0 xO,b xo,b
(16.2) (t) =9 (1) + I V (t s)(R™ (5) —R T ()¢ (s)ds

- f VA’"(t,S)(RA’"( s) - R "o (S))¢ 0 (S) ds

for x € B(x , 6p) and t € (0,00).

. d . a'al x,b
(2.17) follows if we show that for each a € No with |a| > 1—6—;6 %’ (t) =

(/\-—5 )t 5
0(e 3 ) uniformly on B(xo ) _2(_)) x (0,00), which can be done by induction. Let

m = 2,3, 4, ... and @, B, v € Ng and let I, , I, and Ill;, denote the following

statements. f 0 < |a] <m —2,0< 8] <m —1and1 < [y] £ m — 1 then

6|al X+ce; ,b la xb
+1 +1
Im: |(—;+—<t>———u—<t>)
jaf x+eepb lal xb
.0 0" el (=6t
~(—3F— 0 - @ W) <D, e ‘

uniformly for (x,t) € B(xO,(l——(%1 + 4 2—},,—))50) where D 1,17 <

E,_q By (e+1)m~1
N;

, for € = 0, 1, 2, ey Ei is independent of ¢ and tO as in (15.25).
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18] (A =861)(t—s)
e 2 v’l‘:].b(t,s) =0 3 ! )ift,s > 0,t —s >0,
ox
18] Ai(t—s)
il x,b _ J . _
andaﬂVQ,j(t’S)_O(e )ift,s >0, t —s<0

uniformly x € B(xg , (1 — (711 +-+ 2%)60))

Finally

byl (A:—67)t
Iy g——,, WPy =0 3 )
x N

uniformly on B(x , (1 — (;11 +--+ 2Lm)60)) x (0,00).

We leave out the proof but we point out that I, implies we can interchange

ﬂ (/\.—6 )t
differentiation and summation in (16.1) and get =—; a (t) = (e ) which is
3x

Py
used in the proof of II;, . Notice also —ﬂ rR® (t) = 0(| (g (t)—b)|)
_ 6xﬂ ﬁ

Olg ""’(t) bl if 18] =1

o 5 125 e wec )b it je > 1
ol =TAI-1 o

and II, gives by induction we can differentiate under the integral sign in (6.2).
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A sketch of a proof of Jemma 2.2.

By sublemma 7.1 in section 13.3 there is a unique g?y for (x,y,T) € B(xqg , ép)
x B(b,8y) x [T , o) and it has positive definite second variation. (2.25) follows from
w
(15.13) and (15.14), (2.22) from (2.25) and (2.16) since we assume §; < —21 .

(2.23) follows from (2.25) and (2.18). (2.26) except a—A(g&,y—’T) = 1% (1)

+ V(y) follows from (15.48) and (15.49) in sublemma 10.

(2.26) follows by showing g?’y is differentiable w.r.t. T and differentiate
T
A(xy,T) = J.O (%(g;’y)2 + V(g),;\’y)) dt and use g?’y(T) = y for all T, g;’y(O) = X

for all T and the Euler-Lagrange equations.

To prove (2.26) one can show that 1/)3(’y’T(t) in (15.45) in the proof of

ol +|B] At
a9 w?c’y’T(t) =0(1) e J by an induction similar to that

sublemma 9.3 obeys i

6x00yﬁ

one sketched for ¢;(’b(t) above.

Now finally (2.27) follows from (2.24) and (2.26).

§16.2. A Proof of Lemma 3.

Lemma 3.1 and 3.3 is contained in sublemma 7, section 13.4. Lemma 3.2 is

contained in sublemma 8.1 and 8.3, section 14.1. Lemma 3.4 except (2.41) follows
. X1,y

from sublemma 10.2 in chapter 15. (2.41 follows by setting a(t) = |gT1 1(t) -

X9:¥9 (12 . 6.2 . 2 :
&T (t)|“ then & = 2&4° + 2(a,o) > c] @, by use of Euler-Lagrange equations and
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the mean value theorem. Now (Protter-Weinberger [1]) this implies a(t) < Ixy — x2|2

sinh ¢, (T—t) sinh ¢t
1 2 1 2 2
sinh cl T + Iyl_y2| sinh C]T so a(t') S ma'x(lxl - X2| ’ Iyl"YQ| )'

2
9.4. That G;™’" (t,s) defined in lemma 4 is a Green’s matrix for (—d—2 + V"(g)r;’y)

dt
+ Wfr) on [0,T] with Dirichlet’s boundary condition can be easily checked but see also
Heimes [1]. Notice Z(t) := Y(t) — X(t) X~ 1(t) Y(t) satisfies Z(t) = —X(t) X ~1(t)

Z(t) and is nonsingular at t = T, by the asymptotics in (2.46) and (2.22) and so it is

always nonsingular by the Liouville formula (Hartman [1]).

One can obtain the estimates in (2.51) and (2.52) by inserting (2.46) and (2.22)

into (2.50). The estimates in (2.53) follows from (2.50) and (2.24).

§16.4. A Sketch of a Proof of Lemma 5.

(2.55) and (2.56) for |a] = 1 are obtained by going though the successive

approximations to obtain (recall (15.44) and (2.42))
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’y’ (T=V,T—u) = (I + 0O(e 51(T_V))) Vi =+ 0(e_61(T~")))

and similar for V;:]-y’T(T—v,T—u). Then by differentiating (15.45) and by showing

v A:(T—u) —6,(T—u)
9, ’T
¥ (T—u) = e (f; + 0(e ! )
3 aT yab -6 (T—u) — W u)
OR™ — OR 1 1
b (Tl = B lyy, + 06 e 1Y)
and
v —wiT —wyu — T—u
y’T(T —u) = Rx’b(T — u) + 0(e “1 (e “1 + e “1( )))
we get
y,T —A.u
31/)x,Y’ J
6—yi- (T- j Vl,](u v) 6 (u)|y —b € du
—Au AT

—I V2’Ju v) 6 (u)|y b€ ] du]eJ f:]

A.=6)(T—v
o ),

—8,(T=v =A(T—v)
=: (q(v)f; + Oe 1T=9)) 75

whereby (15.24) and

b
oRY’ Y.
T () =g g,

1

—wju
(214 0(e 1 ), we have

AV o (Xi=6)(u=Vv) _u —Au
q(v) = 0(e J ('[v e(J 1 )e 17e 1 du

A(u—v) _yu —Au
+_[Ve‘] e 1 e du) = 0(1)
0
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which gives (2.55) and (2.56) with |o| = 1. (2.55) and (2.56), for |@| > 1, are proven

similarly by induction.

The first part of lemma (5.2) follows from the formula for Gx’y’T(t,s) in (2.51)
and the estimates in lemma 2. The second part is then obtained using (2.55) and

(2.56).

§16.5. Proof of Lemma 6.

By (2.26) and (14.9)

] . X,y —2w T —w T 9
Ay(xy,T) = g7 (T) = Qy — b)(1 + 0(e )) + O(e + ly—b[?)
uniformly for (x,y,T) € B(xO R 60) X B(b,&O) X [T0 , 00). Hence A;,(x,y,T) =0

. . *WlT .
impliesy — b = (e ) uniformly. Now (4.18) that says

Al Ty = Q —4T b
yy(xy,T) = Q + 0(e + ly—bl)

uniformly implies B(b,6) 3 y — A(x,y,T) attains its absolute minimum at a unique
——— NPT ~w T

point ¥ satisfying ¥ = b + 0(e ) uniformly for (x,T) € B(xy,$) x [TO , 00)

some § € (0,60] (taking Ty larger, if needed). The proof of the statement for B(b,6) 3

y — A(xy,T) + %(Q(y—b), (y—b)) is similar.
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