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ABSTRACT

An angular size-redshift cosmological test is presented
based on the projected separations between bright cluster
galaxies as the size statistic. The method is applied to
95 clusters of galaxies with redshifts ranging from .02 to
.46 yielding a value of the deceleration parameter before
evolution of dg = -.9. After correcting for known evolu-
tionary effects we obtain d, = -.8. The formal standard
deviation in dq at these values is .2, which corresponds to
an uncertainty of about .4 at dg = 0. It is argued that the
selection criteria for the sample, and the observed behavior
of the cluster size dispersion with redshift precludes the
existence of any major selection or evolutionary effects in
the data.

Structure parameters are presented for a sample of 64
cosmologically near clusters, and correlated with Rood and
Sastry type. New type classifications are presented for
23 clusters. Mean surface density profiles are determined
for the various cluster types. It is found that many

clusters are deficient in separations of one to two Mpc.
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INTRODUCTION

This thesis is divided into two parts, each in the form
of a paper submitted to the Astronomical Journal, and
intended to be independently readable. Some redundancy is
unavoidable with this approach but it is hoped that this
will not detract from the organization of the thesis. The
two parts should be read sequentially as the first provides
a foundation for the second. Part I deals with the nrohlem
of finding a cosmologically useful "standard meterstick"
based on the sizes of clusters of galaxies, and cluster
properties that may affect such a parameter are considered.
Part II develops an angular size-redshift test based on
the size parameter of Part I. The test is applied in Part
IT to a relatively large number of clusters of galaxies to

yvield a value of the deceleration parameter q,-



PART I

THE STRUCTURE OF NEARBY CLUSTERS OF GALAXIES



I. INTRODUCTION

Clusters of galaxies are perhaps the largest well
defined entities in the universe, which makes them powerful
tools for probing its structure. Probably the simplest
observational data that can be obtained from a cluster are
the positions of its brightest galaxies. Positions are easy
to measure, even for the most distant clusters, as one merely
requires that the galaxies be visible on deep photographic
plates. "Sizes" of clusters deduced from such measurements
provide a direct cosmological test via the angular size-
redshift diagram (Zwicky, 1957, Sandage, 1961). This test,
while free from many of the systematic errors and uncertain-
ties of the better known magnitude-redshift test (Sandage
and Hardy, 1973, Gunn and Oke, 1975) and the galaxy angular
diameter-redshift test (Sandage, 1961) has not gained
popularity for several reasons. The sizes of clusters as
conventionally measured display a considerable scatter due
to the variety of cluster types. One is forced to select
only rich, relaxed clusters whose shape is relatively well
defined in order to reduce the dispersions. Zwicky (1957)
has suggested that these clusters are well represented by
an 1isothermal distribution, and introduced the "core
radius" as a size parameter. Recent measurements have been

made by Bahcall (1975) and Austin and Peach (1974).



Unfortunately the éore radius ir rather sensitive to the
assumed location of the center of the cluster, and to any
departures from spherical symmetry. A éecond parameter
suggested by Zwicky was the radius at which the total
galaxy number density is twice that of the background. As
pointed out by Peach and Beard (1969), this ieads to sys-
tematic errors due to increasing background contamination
for more distant clusters. Noonan (1972) has suggested the
mean radius of cluster members as a size parameter for
clusters. Austin and Peach (1974) find an inverse correla-
tion between this parameter and core radius which they
attribute to cluster evolution, and use a combination of the
two to obtain a low dispersion.

To increase the power of the cluster angular size-
redshift test, however, one needs manv clusters to reduce
the statistics. In the present paper we introduce a size
parameter that is easy to measure, insensitive to cluster
geometry, has a maximal signal to noise ratio over the
background, a low dispersion, and may be applied to many
clusters and to great distances.

Before applying this parameter to an angular size-
redshift test, we need to know how it may be affected by
evolution or other systematic effects. We have therefore
undertaken a study of 64 cosmologically near clusters of

galaxies in an attempt to gain an understanding



of the structural differences between various types of
clusters, and how these differences may relate to evolution,
and our size parameter. The selection of the sample and
data reduction techniques are discussed in §II. The results
of the analysis are presented in §III. The cluster sizes are
first examined, then projected surface Jdensities are

determined and correlated with cluster type. The results

are discussed in §1V.

ITI. THE DATA

Our study sample consists of almost all clusters with
measured redshifts greater than z = .0205 and less than
.1000, having declination § > -30° and galactic latitude
Ibl > 15°. From the original sample, two clusters were
omitted due to poor visibility on the plate, and five were
rejected due to confusion from overlapping fields. The
remaining 64 are listed in Table I. Column 1 gives thé
cluster name, columns 2 and 3 the 1950 coordinates, column
4 the galactic 1latitude, column 5 the cluster redshift,
and column 6 the associated radio source if any.

All fields were photographed with the Palomar 48 inch
Schmidt telescope on ten-inch plates. Kodak 098-04 emulsion
was used behind 2 mm of RG-1 glass corresponding to the

photographic F band (Oemler, 1974). The plates were
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TABLE I

THE CLUSTERS STUDIED

(1)

(2)

(3)

(4)

(5)

(6)

Cluster a R b 4 Radio
Zw499-13 0016 +2947 -32.3 .0226

Zwéd78~5 0019 +2207 -40.0 .0207

A76 0036 +0612 ~-56.3 .0377

All9 0054 -0130 -64.1 .044¢ 3C29
Al47 0106 +0126 -60.9 .0441

0106+13 0106 +1304 -49.3 .0600 3C33
Al51 0106 -1536 ~77.6 .0526

0117+31 0117 +3155 -30.3 .0591 4C31.04
Al95 0126 +1842 ~43.0 .0437 PKS50124+18
A272 0152 +3340 -27.1 .0877

A278 0154 +3201 -28.6 . 0904

A376 0242 +3627 -20.8 .0487

2400 0255 +0552 -44.9 .0231

A407 0258 +3540 -20.0 .0473

A465 03438 +0613 -35.2 .0855

A505 0452 +7959 22.2 .0543

A539 0513 +0555 ~18.2 .0267

A548 0546 ~-2534 -24.6 .0391

A553 0608 +4841 ~14.0 .0670

AS568 0705 +3506 18.4 .0779

A576 0718 +5518 26.2 .0404

A592 0740 +0930 15.6 L0621

Zwll8-3 0801 +2523 26.4 .0597 3Cl92
A634 0812 +5818 33.8 .0266

Zw32-~7 0820 +0647 23.3 .0809 3Cl98
A671 0825 +3037 33.0 .0497

A754 0906 -0926 24.9 .0537

AB838 0935 -0449 33.2 .0507

Zw211-58 1010 +3922 55.0 .0222

A993 1019 -0440 41.6 .0530

Al020 1024 +1039 52.1 .0650

Al139 1055 +0147 52.6 .0376

Al1185 1107 +2852 67.5 .0349

Al228 1118 +3422 69.3 .0344

Al257 1124 +3538 70.2 .0339
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Table I (continued) The Clusters Studied

(1)

(2)

(3)

(4)

(5)

(6)

Cluster o B b A Radio
Al314 1132 +4929 63.5 . 0335

Al1377 1145 +5559 59.2 .0509

Zw4l-22 1215 +0400 65.2 .0766 MSH12+04
Al1589 1239 +1852 81.2 .0718

Al656 1257 +2814 88.0 .0230

Zwl60-23 1300 +3213 84.6 . 0950

1319+42 1319 +4251 73.4 .0797 3C285
Al736 1324 -2653 35.1 .0431

Al775 1341 +2626 78.4 .0718

1359-11 1359 -1128 47.6 .025 PKS1358-11
Al1904 1420 +4837 62.4 .0719

Al1983 1450 +1657 60.2 .0458 3C306
A2048 1513 +0433 48.8 . 0945

A2052 1514 +0712 50.2 .0351 3¢c317
A2065 1520 +2754 56.7 .0722

A2151 1603 +1755 44,5 .0360

A2162 1610 +3000 46.2 .0318

A2199 1627 +3939 43,7 .0312

A2197 1628 +4055 43.5 .0303

2059~-28 2059 -2813 -39.6 .0379 PKS2058-28
Zwd30-21 2247 +1107 -41.4 .0255 PKS2247+11
Zwd430-10 2256 +1350 ~-40.5 .0331 3C455
Zwd406-13 2308 +0720 -47.5 .0428 ’

A2593 2322 +1425 -43.,2 .0440

A2597 2323 -1224 -64.9 .0825 MSH23-112
A2634 2336 +2646 -33.1 .0307 3C465
A2657 2343 +0852 -50.4 .0414

A2666 2348 +2652 -33.8 .0273

A2670 2352 -1039 -68.5 .0753



developed 8 minutes in MWP2,

Data reduction proceeded as follows. The plates were
inspected visually, and the clusters identified. For each
cluster, the brightest galaxies were selected for measure-
ment. The number of galaxies selected per cluster ranged
between 40 and 80 but was typically about 60. Galaxies were
selected on the basis of their apparent luminosity as esti-
mated visually, regardless of their position in the cluster.
Galaxies closer to neighbouring clusters, and obvious fore-
ground galaxies were excluded. Pairs of galaxies in appar-
ent contact with one another were treated as single enti-
ties.

x-y coordinates of the selected galaxies were measured
using a grid. Coordinates thus obtained were accurate to
about .2 mm. From these coordinates, all possible separa-
tion vectors
e =~ - (1)
were constructed. These separations formed the basic set
of data defining each cluster. They preserve manv struc-
tural properties of the cluster, but contain no direct
reference to spatial features such as the location of the
cluster center. Moreover, irregular clusters may be treated
in the same manner as symmetric clusters. Concepts such as
the central density are replaced by the "maximum local

density". Physically, the spectrum of separations to nearby



galaxies is of greater consequence to a galaxy than its
particular location in a cluster as it is these separations

that determine the gravitational forces on the galaxy.

III. RESULTS

a) The Cluster Types

Rood and Sastry (1971) have devised a classification
scheme for clusters of galaxies based on the appearance of
the cluster. Forty one of our clusters are included in
their published classifications. The remainder were
classified according to their appearance on our plates fol-
lowing the type definitions outlined by Rood and Sastry.
Generally speaking, ¢D clusters are clusters containing a
supergiant (cD) galaxy (Morgan and Lesh, 1965). B clusters
contain two giant galaxies; the Coma cluster is a well known
example. L clusters contain a linear arrangement of the
brightest galaxies and C clusters contain a concentration
of the brighter members in a core-halo type configuration.

F clusters display an overall flattening, and I clusters

are irregular. The types for all our clusters are listed in
column 2 of Table II. The distribution of types in our
sample is shown in Figure 1. Irregular clusters predominate
followed by a large number of core-halo types. Fourteen

percent of our clusters contain cD galaxies. About one
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TABLE II

THE CLUSTER PARAMETERS

(1) (2) (3) (4) (5) (6) (7)

Cluster RS Type log>\c logkh log C log K N
Zw299-13 c -.009 .343 .352 .373 51
Zw478-5 C .009 .357 .348 .321 52
A76 L -.075 171 .246 .316 50
All9 C .085 .352 .269 .659 54
Al47 I .219 .514 .295 - .344 63
0106+13 cD .084 .324 . 240 . 246 64
Al51 cDp .107 .359 .252 .317 78
0117+31 I .094 .391 .297 .475 79
Al95 L .181 .493 .312 .353 54
A272 I -.090 .181 .271 . 315 48
A278 I -.033 .200 .233 .220 49
A376 I .106 .426 .320 .338 48
A400 I -.076 .251 .327 . 749 57
A407 C -.062 .260 .322 .525 58
7465 F .036 .271 .235 .282 57
A505 cD -.009 .210 .219 .171 51
A539 F -.079 .225 .304 .446 61
A548 F .002 .228 .226 .275 66
A553 T .011 .256 .245 .248 50
A568 c -.024 .301 .325 .547 56
A576 I .208 .559 .351 .796 57
A592 F .195 .468 .273 .484 64
Zwllg8-3 I .135 .453 .318 .690 56
A634 F .078 .349 .271 .403 51
Zw32-17 F .307 .606 .299 .547 54
A671 C .126 .436 .310 .306 61
A754 cDh .002 .261 .259 .247 67
A838 Bb .138 .413 .275 .336 58
Zw211-58 c -.177 .168 . 345 - .379 47
A993 I .141 .434 .293 .355 68
A1020 L .177 .430 .253 .326 57
Al139 I .019 .293 .274 .378 61
Al185 C .052 .458 . 406 .694 62
Al228 I L112 .374 .262 467 67
Al257 L .136 .374 .238 .306 68
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Table II (continued) The Cluster Parameters

(1) (2) (3) (4) (5) (6) (7)
Cluster RS Type log>\c log)\h log C log K N
Al314 C -.032 .283 . 315 .292 53
Al1377 B -.129 .179 .307 .423 76
Zwdl-22 1 .050 .278 .228 .238 €65
Al589 C .192 .503 .311 .296 67
A1656 B .078 .383 . 305 .268 71
Zwl60-23 F -.004 .280 .284 .325 64
1319442 I .055 .299 .244 .332 63
Al736 I .100 .388 .288 L417 76
Al775 B .126 .383 .257 .445 52
1359-11 I .236 . 585 . 349 .33% 56
Al1904 Bb .086 .444 .358 .528 73
Al983 F -.032 .235 .267 .215 56
22048 C .022 .254 .232 .227 57
A2052 cD -.059 .189 .248 .551 40
A2065 C ~-.126 .175 .301 . 345 68
A2151 F .019 .244 .225 .275 74
A2162 I .321 .604 .283 .243 45
A2199 cDp .149 .382 .233 .230 48
A2197 L .116 .314 .198 .159 53
2059-~-28 I -.053 .161 .214 .203 46
Zw430-21 B .173 .394 .221 .272 50
Zwd30-10 F . 155 .445 . 290 .171 42
Zw406-13 C .052 .281 .229 .230 50
A2593 Ip .331 .654 .314 .636 75
A2597 L .046 276 . . 230 .208 60
A2634 ch .201 .465 .264 .367 60
A2657 F .113 .443 .330 .618 73
A2666 cDp .117 .378 .261 .304 47

A2670 ch -.025 .221 .246 .285 66
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FIGURE 1

Distribution of clusters by Rood and Sastry type

classification.
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quarter of our sample contains one or more giant galaxies.

b) The Cluster Sizes
From the separations gij we compute the "core" size

Ac of a cluster from the definition

N -
A = ——2——2 T (2)
¢ = N(N—\)‘ Y > 1 U

t>)

and the "halo" size

N

N o= —l r.

h N(MZ y (3)
>

where N is the number of galaxies selected in the cluster.
Following Austin and Peach (1974) we define a "concentration
factor"

C = N, /A, (4)
which measures the degree of core-halo separation. Also of

interest is the "clumpiness" defined here as

N - L
= 1 2 e 2
<= xc{N(N") Z r}} =)
i

i>)

The resulting values are listed in column 3, 4, 5, and 6 of
Table II. The number of galaxies counted in each cluster is

listed in column 7.
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Any systematic relations between the size parameters and
cluster types are of considerable importance to the angular
size-redshift test, and to an understanding of cluster
evolution in general. In Figure 2 the structure parameters
are shown averaged over the cluster types. The bars extend
one standard deviation above and below the mean values. The
standard deviation of the mean is indicated by the shaded
portion. The numerical values are tabulated in Table III.
The most significant effect we observe, is that the sizes of
the clusters are remarkably constant, regardless of cluster
type. All clusters, from the irregulars to the cD clusters,
display nearly the same sizes. Formally the core radius AC
has the lowest standard deviation. It is also less sensi-
tive to the outer regions of the cluster where the signal to
noise (field galaxies) ratio is poor. Thus it would prob-
ably be the best statistic for cosmology.

The core size for C type clusters falls about two stan-
dard deviations below the mean. This results from small
subgroups of galaxies that affect the core size more
strongly than the halo size which is normal. This shows up
as high values for the concentration and clumpiness pa-
rameters.

Another pronounced effect here is the very low disper-
sion and mean value of the concentration parameter for cD

clusters. These clusters are uniformly smooth, with little
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FIGURE 2

Structure parameters for various cluster types. The
bars extend one standard deviation above and below the mean
values. The standard deviation of the mean is indicated by

the shaded portion.
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TABLE III

RS Type
Parameter cD B L cC F I All
<logAc> .067 .079 .090 .008 .072 .102 .069
a .083 .108 .091 .099 .113 . 127 .109
log)\c
O<logkc> .028 .044 .034 .027 .034 .030 .014
<1ngh> .312 .366 .334 .321 . 345 . 390 . 349
o .091 .094 .108 .102 .128 .151 .121
logxh
G<logkh> .030 .038 .041 .028 .039 .036 .015
<log C> . 245 .287 .244 . 313 .273 .286 .279
o .015 .047 .035 .049 .034 .039 .039
log C
0<log c> . 005 .019 .013 .014 .010 .009 .005
<log K> .261 .379 . 272 .400 . 367 .419 . 364
o .064 .104 .071 .156 .143 .183 .141
log K
.021 .042 .027 .043 .043 .043 .018

G<log K>
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tendency towards clumping of the galaxies. B clusters,
surprisingly do not show this effect, but appear to be more
like C clusters in clumpiness and concentration. L clusters
also show low values of these parameters, like the cD
clusters,

In Figure 3 we have plotted concentration against
cluster core size. There is a general tendency particularly
among the F and I type clusters for clusters with larger
core size to have larger values of C, i.e., relatively
larger halos. The figure suggests the approximate relation

Ae ~ N F (6)
The upper left corner of Figure 3 is occupied primarilv by
C type clusters. This is a result of small knots of
galaxies in these clusters that simultaneously decrease the
core size, and increase the concentration,

Since the number of galaxies (N) counted per cluster
was not fixed, we must check for any dependence of the sizes
on N, Counting different numbers of galaxies in the same
cluster would be inconclusive because of statistical fluctu-
ations. Instead we group the clusters into bins according
to the number of galaxies counted, and average the cluster
sizes in each bin. The results are shown in Figure 4 where
we plot the mean values. The error bars indicate the

standard deviations of the means. It is apparent that

there is little systematic effect, if any, between the
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FIGURE 3

The cluster concentration C = Kh/kc is plotted against
the core size AC for the 64 clusters in our sample. Symbols
indicate cluster type according to the type designations of

Rood and Sastry.
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FIGURE 4

Mean values of the core size Ac are plotted for ranges
of the number of galaxies counted. Error bars indicate the

standard deviations of the means.
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cluster sizes and the number of galaxies counted, within

this range.

c) The Cluster Profiles

The lack of symmetry of most clusters makes radial
surface density profiles difficult to determine, if they
can be meaningfully defined. A profile that arises
natuarally from the galaxy positions is the distribution of
intergalactic separations. This is a well determined
function for all types of clusters, and there are no fitting
parameters such as the location of the "center" of the
cluster. Since the number of intergalactic separations
between two small regions of a cluster is proportional to
the product of the number of galaxies in each region, it
follows that the distribution of separations is given by
the autocorrelation function of the surface density distri-

bution.

p(F) = o(¥) » o(¥) (7)

Thus we can obtain a relation between the distribution of
separations and the radial surface density distribution of a
cluster. If the number of separations in the range

(s, s + ds) is P(s) we have

T

P = 4ms [ [ o) o([rivst-2rs cose]F)rdrde (@

c 0
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The observed profiles are plotted in Figure 5, for
various cluster types. The cluster sizes have been scaled
by the size parameter kh, as measured for each cluster.
Since the number of galaxies counted per cluster was not
constant, the profiles are normalized to unit area.

The cD clusters show a fairly well defined mean profile.
By means of equation (8) we have fit an exponential surface
density distribution to the data, as shown by the dashed

line in Figure 5. We find the relation

o(r) ~ e "

where

n

.37 kh (%)
= .64 A

Yo

provides a good fit to the data for these clusters. The

mean value of r, for our cD clusters is
{rR) = .75 Mpc £ 20% (10)

The ¢D clusters that deviated the most from this profile
were those that had been classified by Rood and Sastry as
cDp due to the main body of the cD galaxy being multiple or
otherwise peculiar. These tended to have a small dip in the
profile near its maximum. The most outstanding deviant,
Abell 2666, is shown by the open circles in Figure 5. It is
deficient in separations of about 1 Mpc and shows an excess
at about 2 Mpc. The cluster itself lacks the uniformity of
the other cD clusters, and divides generallv into two main

groups of galaxies, one containing the cD galaxy which has
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FIGURE 5

The cluster profiles. The distribution of intergalactic
separations is shown for various cluster types. The dashed
line superimposed on the cD cluster distribution results
from an exponential surface density (projected) distribu-

tion. The open circles correspond to the cluster Abell 2666
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a small object adjacent to its nucleus, and shows some
structure in its outer envelope.

The B cluster profiles differed significantly from those
of the ¢D cluster. While the overall shape is the same,
most clusters show a distinct local minimum in the number
of separations between 1 and 2 Mpc. This may be related
to the feature observed in the luminosity profile of rich
clusters (Bahcall, 1971, Clark, 1968, Oemler, 1974). However
we find it to be less evident in c¢D clusters, but strong in
B and C types. Spatially it corresponds to a core-halo type
separation in the cluster, i.e., a two component picture in
which one or more relatively compact condensations appear in
a more tenuous envelope of galaxies.

The L and F profiles were very similar to those of the
cD clusters. The F distribution, however, tended to peak
at slightly larger relative separations indicating a slight
deficiency of small separations relative to the L and c¢D
clusters. The I cluster profiles tended to be somewhat
more irregular, but conformed, on the average, to the same

general distribution as the F clusters.
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IVv. DISCUSSION

The result that we would most like to emphasize here is
that clusters contain an intrinsic size parameter which
shows relatively little dispersion over a wide range of
cluster types and classes, yet can be easily measured from
the positions of relatively few bright galaxies. The
measured sizes Xc and kh can be directly related to an
intrinsic scale size r, describing the distribution of the
brighter galaxies. The low dispersion in the core size AC
is partly due to the fact that large, irregular clusters
contain relatively dense clumps of galaxies that tend to
offset the larger separations between the clumps. Clusters
that appear relaxed have a more uniform spacing of galaxies
(i.e., lower values of C and K), which tends to offset the
fact that their cores are smaller.

Considering the nature of the selection criteria for
these clusters, it seems likely that they provide a fair
sampling of cluster evolutionary types. The irregular
clusters are probably in the pre-collapse phase, but may
contain local bound condensations that have collapsed
sooner due to their higher density. c¢D clusters have almost
certainly completely collapsed and are near equilibrium
(with the possible excéption of clusters like A2666), as the

they display a high degree of regularity in their
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structure parameters. The situation regarding Abell 2666

is unclear. It may be that cD galaxies form from collisions
(Ostriker and Tremaine, 1975) in a dense core of galaxies
before all of the cluster has had time to relax. This would
account for the association between peculiar looking cD
galaxies and the irregularities in the cluster profiles, as
older, more relaxed clusters would contain cD galaxies that
would have had time to distribute their component material

more evenly.



-33=

REFERENCES

Austin, T. B., and Peach, J. V. 1974, M.N.R.A.S., 167, 437.
Bahcall, N. A. 1971, Ap.J., 1&, 995.

. 1975, Ap.J., 198, 249.
Clarke, E. E. 1968, Ap.J., 13, 1011.
Morgan, W. W., and Lesh, J. R. 1965, Ap.J., 142, 1364.
Noonan, T. W. 1972, A.J., 11, 134.
Oemler, A. 1974, Ap.J., 194, 1.

Ostriker, J. P., and Tremaine, S. D. 1975, Ap.J. (Letters),

02, L13.

Peach, J. V., and Beard, J. M. 1969, Ap. Letters, 4, 205.

Rood, H. J., and Sastry, G. N. 1971, P.A.S.P., 83, 313,
Sandage, A. 1961, Ap.J., 133, 355.
Zwicky, F. 1957, Morphological Astronomy, (Berlin: Springer

Verlag) .



~35m

I. INTRODUCTION

Direct observational determinations of the deceleration
parameter 95 have generally been by means of the magnitude
redshift test (Sandage, 1961, Sandage and Hardy, 1973, Gunn
and Oke, 1975). However the evolutionary correction to the
magnitudes of the brightest cluster galaxies remains uncer-
tain. It is therefore desirable to have as many different
approaches to the problem as possible. The concept of
using clusters of galaxies in an angular size-redshift test
was considered by Zwicky (1957) who suggested an isothermal
core radius as a suitable size parameter for rich clusters.
This approach has been recently applied by several authors
(Peach and Beard, 1969, Austin and Peach, 1974, Bahcall,
1975). Other size parameters have been investigated
(de Vaucoulers, 1948, Noonan, 1972, King, 1972) and applied
to rich clusters. Statistical uncertainties however remain
large. This motivated us in Part I to investigate the spa-
tial structure of a relatively large sample of clusters to
search for a size parameter that could be easily applied to
all types of clusters with a minimum of svstematic and sta-
tistical errors. Such a parameter was found, and in the
present paper we use a slightly modified version of it in an
angular size-redshift test with 95 clusters of galaxies.

The angular size red-shift test is developed in §II. Our
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size parameter and its statistics are discussed in §II a.

In 8II b we consider the contaminating effects of field
galaxies on the value of the size parameter and its accu-
racy. Our definition of the cluster size leads to a system-
atic effect similar to the "aperture effect" of the magni-
tude-redshift test. This effect is investigated in 8II c
with the help of Monte Carlo type numerical simulations. In
combination with the field galaxy contamination (background
effect) we develop an iterative technique to remove both
effects from the data. At this point we can predict the
accuracy of the method for determining qge The data for our
study is presented in §III and the reduction techniques
described in 8IV. Our results are given and discussed in
§V. Evolutionary corrections are considered in §VI and a
"corrected" value of 95 is determined. An upper limit is
found for possible evolutionary effects on 9e- In §VII we
discuss the accuracy and reliability of the test, and pro-

pose a way of extending it to greater distances.

ITI. THE TEST
a) The Size Parameter
In Part I we found that the harmonic mean separation
of the brightest galaxies in a cluster was a remarkably
constant statistic. We now wish to develop this into a

size parameter suitable for cosmological investigations.
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Although the results of Part I indicated little correlation
between the harmonic mean separation and the number of
galaxies measured (within the range of the data) we choose
to fix the number of galaxies so as to eliminate any
possible systematic error from this source. In view of the
poor visibility of distant clusters we adopt 40 as the
number of galaxies measured per cluster.

An important systematic effect arises due to the
decreasimg visibility of clusters with increasing distance.
As was pointed out by Peach and Beard (1969), in connection
with Zwicky (1961-1968) sizes of clusters, distant clusters
will appear smaller when measured to a given level of
contrast or visibility above the background (field galaxies).
Rather than be influenced by this.effect when estimating
cluster membership, we adopt the procedure of measuring all
eligible galaxies within a circle of constant metric radius
centered on the cluster (eligible here means being among the
40 brightest galaxies nbt brighter than the brightest
cluster galaxy). The angular size of the circle depends on
the cosmological model. This gives rise to an aperture
effect (discussed in §VI) which decreases the power of the
method. We would rather accept this however, than introduce
a poorly determined systematic error into the test. We
choose an angular size corresponding to a metric radius of

3 Mpc in an empty pressureless Friedmann universe with zero
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cosmological constant, and dq = 0.

We thus define the cluster size as the harmonic mean
(projected) separation between the 40 brightest (not ex-
ceeding the brightest cluster galaxy) galaxies within a

circle of 3 Mpc radius (qo = 0) centered on the cluster:

N -1
A = {-_Z__. }: 1 } (1)
NIN-D L sy
1>}
where Sij is the projected separation between the ith and
jth galaxy in Mpc (qO = (), and N = 40,

Let us estimate the errors associated with this
parameter. We measure N(N - 1)/2 separations between N
galaxies. However, only 2N - 3 of these may be considered
statistically independent. In practice we use all separa-
tions to determine A. This has little effect on the errors,
so for the purpose of the present discussion, we consider
only the independent separations.

If the number of separations in the range s + ds is P(s)

we have:

A= -—h ZS—‘ P(s) =¢(&) , M= 2N-3

Var X' = “;",'\'7.2 ‘é’iz VQVP(SQ = ”‘\‘7\‘7.2: .Si? P(sy) = "‘ﬂ<‘é'z> (2)

1

Thus we estimate the uncertainty in 1ln)l to be on the order
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of

(&) . _«x

~ l S

Ten = N (B T J@N-3) (3)

Numerical cluster simulations (described in §II c¢) give a
mean value of 1.6 for the clumpiness K. Taking N = 40

gives for our estimated uncertainty;

Tlan = .18 (4)
This error is consistent with standard deviations found in
the numerical simulations. In the above analysis we have
assumed that all the points are from the same distribution,
i.e., there are no field galaxies contaminating the sample.
We now consider the effects of field galaxies on the cluster

size and its uncertainty.

b) Field Galaxies
It is of utmost importance that the effects of field
galaxies be properly accounted for as they affect the
cluster sizes systematically. We assume that the number Nf
of field galaxies in our sample can be estimated by an
analysis of the sky surrounding the cluster. The details
of the actual method used are discussed in §V.

To proceed further, it is necessary to assume something

about the distribution of the field galaxies in the aperture.
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In general both foreground and background galaxies will be
present, both isolated and as members of other clusters.
Clusters showing obvious overlapping are rejected from the
study group. For those remaining we shall assume that the
field galaxies are distributed randomly over the aperture.

The degree to which field galaxies affect the measured
cluster size depends on several factors such as the number
of field galaxies, the "intrinsic" size of the cluster, and
the cutoff radius of the aperture (which is in itself a
function of qo). Due to the complexity of the effect, the
correction has been computed from the numerical cluster
simulations described in §IV. The results are shown in
Figure 1. With increasing background, the measured cluster
size increases at a rate determined by the ratio of the
"intrinsic" cluster size to the cutoff radius.

Background galaxies also decrease the sensitivity of
the test. The effect is twofold: Due to the inclusion of

Nf field galaxies in the sample, we have only Nc = 40 - N

f
cluster galaxies from which to estimate the cluster size
which gives a larger statistical uncertainty. Also the
statistics of the field galaxies contributes additional

uncertainty to our calculated size A. The magnitude of the

effect may be estimated as follows: For N. field galaxies

f
there are 2Nc - 3 independent separations containing infor-
mation about the cluster, where NC + Nf = 40,
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FIGURE I

Effect of field galaxy contamination on the measured

cluster sizes.
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Thus there remain 2N - 3 - (2NC - 3) = 2Nf independent
separations contributing only “noise". So
ZNC‘3 2N§
—-i [
Var {(2N-3) X'} = ) & R(9 +z LR
1=0 1=0 L

(2N.-3)* Var X

Vayr Xl = —i_f\—ll;g <—é;_>c + (QZNNE) < > (5)

Setting € = Nf/Ncwe obtain

Var X' = e {“”)%X ¥ ““’Q%U

oy = m‘;—%i{(ue)%[uqii)z]é} (6)

The error has been increased by the factor in parenthesis
which for Kf = Kc becomes 1 + £. Taking Nf = 14 as our
worst case gives an increase in uncertainty by a factor

1.5 over an uncontaminated cluster.
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c) The Aperture Effect

For reasons already discussed, a fixed cutoff radius
was introduced into the definition of the cluster size.
Since this requires a knowledge of Ag 7 negative feedback is
introduced which decreases the sensitivity of the test.
The effect is analagous to the aperture correction of the
magnitude-redshift test (see Gunn and Oke, 1975 for a com-
plete discussion).

If q, is not zero, the cutoff will not occur at the
same metric radius for all clusters, so the values of ) will
be systematically in error. In our case, however, the
magnitude of the error for any particular cluster depends
not only on the value of Ay but also on the "intrinsic"
cluster size, and the number of field galaxies in the sample.
To analyze these effects we have constructed a sequence of
Monte Carlo type computer simulations of clusters of
gélaxies. Clusters are represented by 40 points, Nc of
which are distributed by an exponential proiected surface
density with scale factor r (the "intrinsic" cluster size)
and cutoff radius Ro. The remaining Nf points are distrib-
uted at random within the circle defined by the cutoff
radius R,. An exponential distribution was chosen for the
cluster because it conforms well to the observed profiles
of the cluster studied in Part 1I.

Models were calculated for a range of values of N and
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g = log(ro/Rc). For each pair of values (Nf, ;) twenty-five
statistical realizations of the cluster were analyzed and
the resulting values of A averaged. The statistical
dispersion in logh averaged about .05. The results of the
models appear in Figure 2. To remove statistical fluctua-
tions, and to make the results manageble, the data has

been fit with the following equation:

‘oS(A/nQ = '——lﬁli——— + Y

(&
where — ]+ M

Vo= = = 424 —& _
4 bl /’l ‘/(‘+€) + 15.9

Y = .0l6 £ (1+€%) —.268 e = —Ns (7)
( ) 6 ’ 40‘N§,

Equation (7) 1is the result of an eyebhall fit to the data
and is taken to be répresentative of the underlying distrib-
ution governing these variables within the range of these
models. For any given RC (from the cosmological model

being tested) and measured A and Nf, the "intrinsic" size

r, may be determined iterativelv from equation (7) This

eguation may then be reapplied to give the corrected or

"standard" size Ar by using RC = 3 Mpc, Nf = (), and takina
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FIGURE 2

The aperture correction. The ratio of measured to
intrinsic size is plotted versus cutoff radius and field

galaxy content.
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ry from the iterative calculation.

ITI. THE DATA

A study sample of clusters for this test was selected
according to the following criteria:

1. The clusters all had measured redshifts

z > .0205.

2. The clusters were north of § = -30°.

3. The clusters had galactic latitude |b| > 15°,
Clusters with redshifts less than z = .1 were photographed
with limiting exposures on 10 inch 098-04 plates behind 2mm
RG~1 glass on the 48 inch Schimidt telescope at Palomar.
Kodak type 127-02 plates, baked nine hours in N2 at 65°C
were used to record clusters of redshift z = .1 or greater.
Again limiting exposures with the RG~1 filter were employed.

Of the original sample, five clusters were rejected
because of uncertainty in their membership due to overlap-
ping fields. Fifteen clusters were either poorly defined
or invisible on the plate and were rejected. The remaininq
88 clusters are listed in Table I. Column 1 contains the
cluster name, columns 2 and 3 the 1250 coordinates,
column 4 the galactic latitude, column 5 the cluster

radshift, and column 6 the associated radio source, if any.
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TABLE I

THE CLUSTERS STUDIED

(1) (2) (3) (4) (5) (6)
Cluster a § b z Radio
Zw499-13 0016 +2947 -32.3 .0226
Zw4d78-5 0019 +2207 -40.0 .0207
Zwds57~27 0024 +1654 -45,3 .29
Zw457-28 0024 +1654 -45.3 .392
A3l 0025 +2223 -39.9 .1592 3C381
A76 0C36 +0612 ~-56.3 .0377
Alls 0053 +2604 -36.5 .1959 3C28
All9 0054 -0130 -64.1 .0446 3C29
Al4d7 0106 +0126 -60.9 .0441
0106+13 0106 +1304 -~49,3 .0600 3C33
Al51 0106 ~-1536 -77.6 .0526
0117+31 0117 +3155 -30.3 .0591 4C31.04
Al95 0126 +1842 -43.0 .0437 PKS0124+18
A234 0138 +1840 -42.4 .1731
A272 0152 +3340 -27.1 .0877
A278 0154 +3201 -28.6 .0904
A376 0242 +3627 -20.8 .0487
A400 0255 +0552 -44.9 .0231
A407 0258 +3540 -20.0 .0473
Ad65 0348 +0613 -35.2 .0855
A505 0452 +7959 22.2 .0543
A539 0513 +0555 -18.2 .0267
A548 0546 -2534 -24.6 .0391
A553 0608 +4841 14.0 .0670
A568 0705 +3506 18.4 .0779
A576 0718 +5518 26.2 .0404
A592 0740 +0930 15.6 .0621
Zwll8-3 0801 +2523 26.4 .0599 3C1l92
A634 0812 +5818 33.8 .0266
A646 0818 +4716 34.5 .1303 3Cl97.1
Zw32-7 0820 +0647 23.3 .0809 3Cl98
A671 0825 +3037 33.0 .0497
A665 0826 +6606 34.6 .1832
A732 0855 +0321 29.3 .2030
A754 0906 -0926 24.7 .0537
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Table I (continued) The Clusters Studied

(1) (2) (3) (4) (5) (6)

Cluster o g b z Radio
Zw238-18 0918 +4548 44.8 .1745 3C218
AB838 0935 -0449 33.2 . 0507

7Zw211-58 1010 +3922 55.0 .0222

A993 1019 -0440 41.6 .0530

21020 1024 +1039 52.1 .0650

All32 1055 +5702 54.2 .1363

All39 1055 +0147 52.6 .0376

All85 1107 +2852 67.5 .0349

Al228 1118 +3422 69.3 .0344

Al257 1124 +3538 70.2 .0339

Al314 1132 +4921 63.5 .0335

Al1377 1145 +5559 59.2 .0509

Al413 1153 +2341 76.8 .1427

Zwdl-22 1215 +0400 65.2 .0766 MSH12+04
Al553 1228 +1050 72.7 .1652

Al589 1239 +1852 81l.2 .0718

Al643 1253 +4422 73.0 .1981

Al656 1257 +2814 88.0 .0230

Zwle0-23 1300 +3213 84.6 . 0950

Ale77 1304 +3110 85.0 .1832

Zwl60-43 1306 +2716 86.2 .2394 3C284
Al689 1309 -0105 61.1 L1747

1319+42 1319 +4251 73.4 .0797 3C285
Al736 1324 -2653 35.1 .0431

Al775 1341 +2626 78.4 .0718

1359-11 1359 -1128 47.6 .025 PKS1358-11
1410+52 1410 +5224 60.8 L4619 3C295
Al904 1420 +4837 62.4 .0719

Al930 1431 +3146 67.5 .1313

Zwl34-20 1448 +2617 63.5 .369

Al983 14590 +1657 60.2 .0458 3C306
A2048 1513 +0433 48.8 .0945

A2052 1514 +0712 50.2 .0351 3C317
A2065 1520 +2754 56.7 .0722

A2100 1534 +3749 54.0 .1533
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Table I (continued) The Clusters Studied

(1) (2) (3) (4) (5) (6)

Cluster o B b z Radio
Zwl36-2 1545 +2104 49.6 .267 3C323.1
A2151 1603 +1755 44.5 .0360

A2162 1610 +3000 46.2 .0318

A2165 1612 +2636 45.1 .1286

A2199 1627 +3939 43.7 .0312

A2197 1628 +4055 43.5 .0303

A2266 1723 +3208 31.4 L1671 3C357
2059-28 2059 -2813 -39.6 .0379 PKS52058-28
Zw430-21 2247 +1107 -41.4 .0255 PKS2247+11
Zw430-20 2250 +1116 -41.8 .3271 PKS2251+11
Zwd30-10 2256 +1350 -40.5 .0331 3C455
Zwd06~13 2308 +0720 ~-47.5 .0428

A2593 2322 +1425 -43.2 .0440

A2597 2323 -1224 -64.9 .0825 MSH23-112
A2634 2336 +2646 -33.1 .0307 3C465
A2657 2343 +0852 -50.4 .0414

A2666 2348 +2652 -33.8 .0273

A2670 2352 -1036 -68.5 .0753
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In addition to the 48 inch sample, seven clusters
rhotographed on the Palomar 200 inch telescope with the
90 mm image tube at the prime focus, were kindly made avail-
able to me by Professors Gunn and Oke.

Data reduction proceeded as follows. The plates were
inspected and the clusters identified. Using the cluster
redshift, H = 55 km/sec/Mpc, and d, = 0, a 3 Mpc circle was
drawn on the back of each plate, centered on the cluster.
Within this circle, x-y positions were measured with a grid,
to an accuracy of about .2 mm, for the fourty brightest
(as estimated visually) galaxies not brighter than the
brighteét cluster galaxy. To estimate the number of field
galaxies in the sample, circles of the same radius, space
permitting, were drawn surrounding the cluster. In each of
these circles, the number of galaxies within the magnitude
range of the 40 galaxies in the cluster sample were counted.
The mean number for all surrounding circles was taken to be
Nf, the number of field galaxies in the sample. Occasion-
ally smaller circles had to be used. The counts were then
multiplied by the ratio of the areas. TFrom the measured
positions, all possible separations were computed and the

values of A determined.
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IV. DATA ANALYSIS

The models we chose to test are zero pressure Friedmann
models with zero cosmological constant. The cosmology is
then specified by the present Hubble constant HO = (f{/R)O
and deceleration parameter q, = —(ﬁR/ﬁz)o where R is the

scale factor in the metric

ds? = ¢* dt? - R*W) [ du? + o 2(W)(de* + sin?adéd?)]. (8)

We adopt the value HO = 55 km/sec/Mpc in our analysis. It
makes no difference to the value of A r however, as all de-
pendence on the Hubble constant is absorbed in the mean
metric cluster size Ao’ determined from the data.

To determine what value of dq is most consistent with
our observations, we compare the predictions of a series of
trial models, with varying qgy to the observed cluster sizes.
The model with the minimum residuals then fixes dge Our
procedure is as follows. The angular size 6 of an object
at a cosmological redshift z is related to its metric size

% by

£

0= 1 e (1an'g! {g,1 + (a0 [ Mg -}

for dy > 0 and

g = £ptk.£l;tZQf__ £ = 0.
< Z(L+Z/2) or g (10)
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In measuring our clusters we chose an angular cutoff radius
corresponding to £ = 3 Mpc in equation (9), For q_ # 0,

however, this angular size corresponds to a metric radius of

Re (Mpe) = z—(l%r—% é {307.+ (qo—l)[j(\+2%1)—l]}_(ll)

This value of Rc is used in equation (7) to determine r

for each cluster. The "corrected" size Ar is then computed
from equation (7) wusing RC = 3, and Nf = 0, From our
definition of A,

N = 2 |+ z/2 (12)
Ho (|+ Z)z ©

where 6 is the angular size of the cluster, so the values

of kr must be compared to the values of the function

!
(13)

F(9,,2) = 2(1+3)q2 { q.2 + (q,-)[/(1+292) - 1]}

The cluster sizes Xri are distributed about a mean value

AO. These are determined by minimizing the residuals

Ncl
i=1
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where Nc% is the number of clusters, 95. The variance Oi
for each cluster is taken as the mean value from the data

weighted by the background correction factor from §II b:

2 2
U-l — (o] (\+Ez> N(_\ - (15)

l N
>, ey

1=

For each trial model, KO may be determined directly from the

relation

Z éz(\"g?‘ri ~ logFy)

7 L (16)

l
o

] l

iog Ao =

d, is then determined by comparing the residuals from
various models. The standard deviation of d, and AO is
determined by considering x? and log ko as functions of U

Details are given in Appendix A.

V. RESULTS FOR NO EVOLUTION

The ¥? residuals are plotted against q, in Figure 3.
Negative values of q, are obtained by extending equation
(13) by analytic continuation, and do not represent physical
models. The residuals for the steady state model

(F(z) = (L + z/2)/(1+2)) are indicated by the circle at
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FIGURE 3
Least-squares analysis. x? residuals are plotted
against test values of S The circle denotes the steady

state model.
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d, = -1, Over the range of redshifts considered here, the
steady state is very similar to the a, = ~.5 Friedmann
model. In Figure 4 we plot the corrected sizes Ar for four
models with d, = .5, 0, -.5 and ~1 (not the steady state).
The solid line in each case is the function log F + log ko
for the appropriate model, Ao in each case having been

determined from equation (16). The best least squares fit

to the data is
dy = -.90 +.18
(17)
log AO = ~-,015 *.010
The sensitivity of the function F(qo) to dg increases
rapidly as d, approaches -1 (as described in Appendix A).
If the best least squares fit had resulted in d, = 0, the
standard deviation of 9, would have been o = .4,
The results for our clusters are presented ?n Table II.
Column 1 contains the cluster name, column 2 the redshift,
column 3 the estimated number of contaminating field

galaxies N column 4 the measured size log A, and column

£
5 the corrected size log Ar for d, = -.9.

The above results are for no evolution, and are present-
ed here because of the present uncertainty of evolutionary

corrections. Let us now consider the possible effects of

evolution in the cluster sizes on this result.
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FIGURE 4

The angular size redshift diagram. The reduced
cluster size is plotted against redshift for four values
of the deceleration parameter. Open circles represent

the 200-inch clusters of Gunn and Oke.



-60~-

|
L ] ! | | ] |
°
0.0 [ _J °* * ‘ ..
‘o
o L ® o* ** ® ¢ : . ;
o) ° 00 o % o ® o
N .« s o Juo . oy e @
o ° 000 .Q g QQ ’ "
® . b Y ° ® [ ]
° ° oo ’
OHO_U )
&
i 000 o L4 . * .0 :
. oo oo . L4 e ® )
. . ¢ o' AL °® o * o
\0\0\\\0‘\\‘ e o o ® uo * ood.ldoo * y
. e ooo b oof ¢
° d * d ¢
° ooo o
) HOU * )
GO J

20-

20



-61-

20-

20



-62~

TABLE II

THE CLUSTER SIZES

(1)

—~
L

(2)

(4)

(5)

Cluster Z Nf logA logxr
Zw478-5 .0207 3 -.108 ~.148
Zw211-58 .0222 4 -.108 -.115
Zwd499-13 .0226 5 -.016 -.071
Al656 .0230 3 .019 -.010
A400 .0231 4 .051 .016
1359-11 .0250 7 .127 .086
Zw430-21 . 0255 3 .077 .054
A634 .0266 4 ~-.066 -.116
A539 . 0267 5 -.027 -.084
A2666 .0273 10 .061 -.032
A2197 .0303 7 .016 -.056
A2634 .0307 6 -.033 -.103
A2199 .0312 7 .006 -.069
A2162 .0318 5 .024 -.025
Zwd30-10 .0331 5 .093 .057
Al314 .0335 4 -.113 -.167
Al1257 .0339 4 .014 -.026
Al228 .0344 5 .055 .011
Al1185 .0349 6 .052 .002
A2052 .0351 5 -.021 -.078
A2151 .0360 4 .001 -.041
Al139 .0376 5 -.058 -.120
A76 .0377 7 .003 -.073
2059-28 .0379 4 .067 .034
A548 .0391 3 .039 .012
A576 .0404 6 .022 -.038
A2657 .0414 5 .032 -.016
Zw406-13 .0428 6 .105 .064
Al736 . 0431 6 124 .088
Al95 .0431 6 .140 .108
A2593 .0440 5 .022 -.028
Al47 .0441 7 .010 -.064
All9 .04456 9 .088 .015
Al983 .0458 6 .004 -.060
A407 .0473 7 .148 L112
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Table II {(continued) The Cluster Sizes

(3) (5)

(1) (2) (4)

Cluster Z Nf logh logkr
A376 .0487 5 .072 .031
A671 .0497 6 -.060 -.135
AB38 .0507 5 .018 .074
Al1377 .0509 5 -.092 -.158
Al51 .0526 4 -.004 -.047
A993 .0530 5 .097 .061
A754 .0537 4 .013 -.028
A505 .0543 7 .004 -.072
0117+31 .0591 6 .078 .029
Zwll8-3 .0597 6 .191 .174
0106+13 .0600 6 -.024 -.094
A592 .0621 5 .060 .016
Al1020 .0650 6 . 091 . 045
A553 .0670 5 .032 -.017
Al1l589 .0718 3 .011 -.020
Al775 .0718 6 . 055 . 000
Al1904 .0719 7 .054 -.011
A2065 .0722 5 .071 .029
A2670 .0753 4 .009 ~.033
Zw4l-22 .0766 5 .073 .031
A568 .0779 7 .002 -.076
1319+42 .0797 9 .081 .002
Zw32-7 .0809 7 .155 119
A2597 .0825 7 .132 .088
A4d65 . 0855 10 .047 -.055
A272 .0877 8 -.062 -.166
A278 .0904 8 -.026 -.123
A2048 .0945 9 -.005 -.111
Zwl60-23 . 0950 8 .024 -.062
A2165 .1286 12 -.002 -.152
A646 .1303 9 .103 .028
A1930 .1313 10 .073 -.024
All32 .1363 8 -.137 -.256
Al413 .1427 6 .051 -.008
A2100 .1533 10 .114 .030
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Table II (continued) The Cluster Sizes

(1) (2) (3) (4) (5)

Cluster z Nf logh logkr
A3l .1596 6 -.075 -.157
Al553 .1652 10 .007 -.114
A2266 L1671 12 .093 -.025
A234 1731 11 .027 -.103
Zw238-18 .1745 12 -.003 -.157
Al689 .1747 10 . 169 .106
A665 .1832 7 . 107 .048
Al677 .1832 8 .061 -.021
AllS .1959 11 .039 -.089
Al643 .1981 12 .009 -.144
A732 .2030 11 -.003 - —.144
Zwl60-43 .2394 10 .028 -.094
Zwl36-2 .267 14 .078 -.091
Zwd57-27 .29 8 -.029 -.139
Zw430-20 . 3271 10 .067 -.054
Zwl34-20 . 369 12 .004 -.169
Zw457-28 .392 9 -.019 -.151

1410+52 .4619 14 -.001 -.224
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VI. EVOLUTIONARY EFFECTS

It is generally accepted that at any given distance we
see clusters in varying evolutionary phases. This is
probably a consequence of the dispersion in cluster collapse
times resulting from the spectrum of densities of the pre-
cluster perturbations at recombination (Gunn and Gott, 1972)
As discussed in Part I the varying cluster types and char-
acteristics are probably largely a result of varying evolu~-
tionary phases. This allows us to estimate the maximum pos-
sible effect of evolution on the cluster sizes. If we
accept that all evolutionary phases of a cluster
are present in our nearby sample (z < .1) then it follows
that in this sample we should see clusters in their oldest
evolutionary phases (the clusters that were the first to
collapse and thus have evolved for the greatest number of
collapse times) and also clusters in very early evolutionary
phases (those pre-collapse clusters that have just reached
sufficient density to be recognizable as clusters). As we
look back in time with increasing distance, distant clusters
must fall within these evolutionary extremes. If there were
a significant evolutionary correction to the cluster sizes,
we would expect the more distant clusters to show less
dispersion than the nearby clusters as they do not contain

clusters as old as some of the nearby ones. This trend
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is in fact observed. After correcting for background
galaxies (which make the dispersion larger than it should

be) we find a difference of Aglnx .= .05 between the disper;
r

sion of the 14 most distant clusters, and the dispersion
of the nearest clusters. This could be attributed to
evolutionary effects, and results in a change in qq of
about .1l.

The same argument holds for selection effects. Given
the assumption that all cluster types are represented in
the nearby sample, it follows that any selection effects in
the more distant clusters will reduce the dispersion of
their sizes. The data then limit the combined effect of

possible evolutionary or selection effects to Aglnk = ,05
r

or Ago = .1 (at a, = -.9).

Let us now consider possible evolutionary effects. For
convenience we adopt the term "positive" for those that
would increase 9, and "negative" for those effects that
would decrease it. Evolution in the cluster sizes can
result from two effects: 1) The size Ar of a cluster will be
a function of the "relative age" of a cluster 1 = t/tc where
t. is the cluster collapse time, and 2) The size of a
cluster may depend on its collapse time tC (i.e., by initial
conditions at recombination).

To investigate the first effect we have calculated the

size Kr of a numerically simulated collapsing cluster due to
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Aarseth. One hundred points distributed randomly within a
sphere were released and followed through collapse. The
size is calculated at various times from the projected
positions of the 40 most massive points within a 3 Mpc
circle. The results are shown in Figure 5. After going
through a minimum at the collapsed phase, the size returns
to about half of the pre-collapse maximum then decreases at
a rate of about 4% per collapse time. The slow decrease in
size after collapse is primarily due to two bodv relaxation
which removes energy from the core.

The effect of initial conditions on cluster sizes can be
approached theoretically. In the standard picture of
cluster formation (Gunn and Gott, 1972) the size scale of

a cluster for any fixed relative age T is proportional to

2
R~ .2 (18)

3
where -3

e~ Py (19)

and is the density perturbation above the critical

Py
density 3H2/8NG. If , following Peebles (1974), Press and
Schecter (1974), and Gott (1975), we assume a white noise

spectrum of density perturbations, we obtain for the

distribution of collapse times

wju

P(t) ~ t . (20)
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FIGURE 5

Numerical simulation of cluster evolution. The reduced
cluster size is shown as a function of the relative age of

the cluster.
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The distribution of relative ages at any time t then is

P(t) ~ T 3. (21)

Thus we have the evolutionary picture shown in Figure 6.

As time progresses, new clusters enter our sample when they
reach sufficient density to be recognizable. These clusters
however are larger as they have longer collapse times
(equation (18)). The size of any given cluster may be

written

i

A~ ot ? (T (22)

where f£(1) is the function illustrated in Figure 5. At any

fixed time t, the mean value of ln}\r will be

B A 2
f In X P(T)dT ﬁn(r fP(T)dt
<|n >‘r~> = = P = —%— lnt + &

J P dr (b
Y] X

(23)

where o is the relative age at which a cluster enters our

sample (assumed constant), and B (t) = t/tcmaX is the

relative age of the oldest cluster in our sample. The
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FIGURE 6

Cluster evolution. Sizes of clusters in our sample are

shown as a function of cosmic time.
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only t dependence in the integrals in equation (23) is

through the upper limit, i.e., the oldest clusters. For

large T,

- X
f(ty ~ e T (24)

where To is the decay time from two body relaxation. A

least squares fit to the 11 post-collapse data points of

Figure 5 gives

To = 30. (25)

Evaluating equation (23) we obtain to first order in a/B

>

(nngy = -2 L[5 ] - 2 m[ L))+ comst

e 84022~ 2 11481 2319 00

The first term in equation (26) represents negative evolu-
tion due to the shrinking of the cores of the collapsed
clusters by two body relaxation. The second term represents
positive evolution due to young clusters with longer
collapse times entering our sample. Both effects are small,
and tend to cancel. Our oldest clusters have probably

evolved for the order of 10 collapse times, or 10'° vears
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- _ 3 : .
so B = 10 and tomax = 10°. WwWith these values we obtain
ALY . —.014+.018 _ _.004 (27)
At tC wax t(. max

Over the range of our data this becomes

A, {Inn) = .04 (28)

which is surprisingly close to our estimate obtained from
the dispersions. Including this evolutionary correction
would raise ds to
9o = -8 (29)

An effect that may not be properly represented by the
numerical models is that of dynamical friction (Ostriker and
Tremain, 1976, White, 1976). The effect of galaxy
coalescence on the parameter Ar is uncertain, but may result
in positive evolution. Also, tidal stripping in the center
of dense clusters (Richstone, 1975) may reduce the magnitude
of central galaxies. Some of these may then drop out of our
sample of the forty brightest galaxies causing Ar to
increase. Mass loss from this effect would, however, occur
primarily in the outermost regions of the galaxies, and thus
would have a less pronounced effect on our visually esti-
mated magnitudes. The timescales associated with these
processes are rather uncertain, and more work is needed in

this area.
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VII. DISCUSSION

Let us summarize our results. We have outlined a cos-
mological test that can make use of a large number of
clusters of galaxies to determine 08 to a relatively high
degree of accuracy. The test suffers from relatively few
systematic uncertainties, the primary ones being evolution
and selection effects. From our cluster sample we obtain a
pre-evolution value for 95 of -.9 with a standard deviation
of .2 (.4 at q, = 0). Our best estimate of evolution in the
cluster sizes increases d, to -.8. The steady state model
is consistent with the data, but does not produce the best
least squares fit.

The dispersions in the cluster sizes suggest that no
major evolutionary effects or selection effects in cluster
types are present in the data. This does not preclude
selection effects in cluster richness, as not all richness
classes are present in the nearby sample. An analysis of
the residuals in the sizes of Abell clusters in our sample,
however, shows no systematic dependence of the cluster sizes
on richness class. The existance of a size-richness effect
of sufficient magnitude to raise 9, to 0 appears very
unlikely, but further observations are needed to determine
definitive limits for such an effect.

All that remains that may affect our result is possible
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subjective bias in selecting the galaxies that represent
each cluster, or in estimating the background. 1In principle
none should exist as the method is completely objective.

The galaxy magnitudes, however, have been estimated visually
so some margin for error exists, kbut we believe it to be
small. Removing the seven 200 inch clusters from the sample
gives dg = -.94, and even removing the three smallest, most
distant cluster does not raise d, above -.5. Clearly, the
inclusion of more distant clusters in our sample would
increase the power of the test, and the weight of its
results.

A possible way of extending this test to greater
distances would be by applying it to distant clusters with
associated quasars. Clusters too distant to have redshifts
measured can still be measured by our technique to determine
their sizes. The sizes can then be plotted against quasar
redshift in the angular size-redshift test. If the qguasar
redshift is cosmological, it should be representative of the
cluster (Oemler, Gunn and Oke, 1972, Gunn, 1971), and would
provide a strong cosmological test. Conversely, agreement
with other determinations of dqq would support the cosmo-

logical hypothesis for quasar redshifts.
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APPENDIX A

Statistical Reductions

The best value of q, and AO are those which minimize
the gquantity

Nc\
X* = 2 é—{l(\of)}‘ri ~ log Fy —log Ao) |

(1)
1=\

The condition ——jiZi; = 0 leads to
5\03 Mo
Nl
) o (log Ay ~log Fy)
loghg = — No (2)
=

N
ol - gz(l+€ﬂ2Na

Nei y 9= ji: % )
C
2
:2: (1+€)
1=\

For each trial run, log ko is determined, and xz(qo)
evaluated.

The errors in dg and log Ao are determined bv the
relations
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oc* = co° (D—‘\w (4)

= N éﬁb)(@ﬁ.ﬁ s
where ny ZL, (ax ay

(5)
6= < (log Xi = log F; = log Ao)
This gives qu ~ %2 é@ig(xz) , = log A,
Dpp = z %; = N\‘Clzi(\+g)2<\+gy2, (6)
Doq = Dgb = Dup %?o

which are easily evaluated from the trial runs. When
evaluated at our "best fit" wvalue of d, = -.90, the formal
error in 9, is qu = .18. This should not be directly
compared with previous determinations that place q, near
zero, because of the increased sensitivity of the function

F(qo) for negative values of d,- The errors at different

values of q, may be computed by means of the relation

N

dln A 2+ J(142q,2) —1 + (Qo-(1¥+29,2) 2 2 )

2
99, Lo 4o + (Q-N1V(1+2q,2) - 1]
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Values of this quantity are listed in Table AI for a range
of 9, and z. Applying equation (9) to our distant clusters

i = =0,
gives dqo .4 at d,
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TABLE AT
3 1n A
d 95
q, z = .2 z = .3 z = .4 z = .5 zZ = .6
.5 .095 .138 .179 .217 .253
.4 .097 .143 .187 .230 .270
3 .100 .149 .197 .244 .289
.2 .103 .155 .208 .260 .311
.1 .106 .162 .220 .278 .338
.0 .109 .170 .233 . 300 .369
-.1 .113 .178 . 249 . 326 .408
-.2 .116 .187 .267 . 357 .457
-.3 .120 .198 .288 . 395 .521
-.4 .125 .209 .314 . 444 .608
-.5 .129 .223 . 345 .508 . 737
-.6 .134 .238 .383 .435 .950
-.7 .140 .256 .433 .734 1.393
-.8 .146 .278 .500 .971 3.333
-.9 .153 .304 . 597 1.532

-1.0 . 160 .336 . 752
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