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Abstract: An attempt has been made to use recent magnetic
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cal solar active
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observations to trace the history of a typic
region from birth to death. DBy comparing the short~term
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the decay process is dominated, over pericds rancing from
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tes the ceometric pattern of the decayvinc region; the
actual quantity of surviving flux appears to be less, and

its ultimate annihilation more thoroug

xQ

expected. This probably indicates a continued subsurface
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etween opposite polarity features. In additicn,

the long-range agreement beiween theory and observation is

middle latitudes of each hemisphere, of a systenmatic, pole-

towards the understanding of basic solar phenomena by further

efforts in this direction is promising.
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1. Introduction

. Backorcund

b

The first comprehensive attempt to describe the mag-

L

netic history of a solar active region was apparently that
of Cowling (1948), who, upon the basis of the early Mount
Wilson observations of sunspots (Hale and Wicholson, 1938),

developed two now well-published ~urves showing the growth

oy i

and decay of "30 and 50 day spots”. These curves indirated

pede

Q)

b ]

a decay murh more rapid than that whish ~ould reasonably be
expected on the basis of Ohmic losses, and led to the sug-
gestion that in all probability the bulk of the field was

being ercded away by conve~tive motions in the atmosphere.

=

In the years since Cowling’s study the accepted picture

of active region strunture has undergone a dramatic evolution,

%

and it is now well understood that the spots themselves rep=

resent only a tiny portion of the total magnetic picture.

e

particular, it is now understood that the bulk of the field

in a decaying region is reg
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~ult to ohserve with

hnigue, but easily monitored by modern mag=-
netographs, (Berkers, 1971). These modern instruments are
capable of providing a detailed guantitative history of de-
velopment for individual .active regions in terms of the flux,

area, and separation between the polarities. In additien,

the perfection of high resolution photographic cancellation



techniques (Leighton, 1959; Leighton, ef al., 1962) has
provided a much ~learer picture of the photospherin velonity

fields under whose influenn he field is assumed to move.

o

There is a rertain inspiration to re-evaluate our under-

standing of the development of solar active regions in vears
of low activity, sinrce it is mainly then that they ~an be

regarded as isolated features seen against a “quiet” kark-

3

round (see, for example, 3aboosk and Babronk, 19535; Bumba

(o]

and Howard, 1965ab). Tor the most part, however, these mod-
ern re-evaluations have concentrated on the guantitative
description of a few individual rvegions, with a more gualita-
tive overview; tending to avandon the original effort towards

developing a solid guantitative description of the gversge

The present paper is intended to suggest the potential
for such a study based on the wealth of detailed magnetic
data now availapkle The results are drawn in part from an
observational program undertaken at BDig Bear during the sum-

the monthly reports of the National Oceanirs and Atmospherin
Administration (Solar=Ceophvsical Data) published during

particularly with regard tc fthe measurement of flux are

obviously rather «=rude; but even without referense to the



areas in which the presen! understanding of solar processes
is likely to be adequate to explain the observations, and
others in which it is not.

While many of the conclusions may be overturned by new
observations, or even by a more careful analysis of the
existing ones, one senses that it is, on the whole, at least

on of progress.

[N

a step in the direct

The solar active region is, basically, a magnetis phen-
omenon; which, at the photospheric level, can be thought of

ion of field whose properties are, at any

. 5

moment, characterized by a total flux and the area over which

2 1

it is spread, and a separation between the two polarities.

k)

In ge&ef&l, the pattern of development is one of rapid growth
followed by slow decay. The field seems to grow by eruption,
and decay by spreading.

Many unknowns go into determining the nature of the

growth phase; and in general, the factors ~ontrolling the

trength of the new fields, the dimensions of the eruption,
and the time scale are not well understood at present; nor
even is the nature of the instability permitting the transi-~
tion from spot to plage. In the following pages we shall
offer some suggestions, but the ultimate answers are still

far from clear.



By contrast, a remarkably wide range of observational
aspects of the decay phase can be brought together under the
general umbrella of a single unifying noncept: the ’random
walk’ (Leichton, 1964), whereby the individual flux tubes

in a decaying region are assumed to move freely in response

9!

to the essentially random pattern of supergranular motions

4

to which they are subje~ted, the fields ’adc in areas

nancelling’” in areas where

here ..ay be some esthetis

)

in accepting the degree of subsurface tangling

¥ :
which such a model would seem to predict, it is nonetheless

becoming innreasingly apparent (as we shall attempt to demon-

strate) that the growth of an active region in area and sep-

aration (as well, presumably, as its decline in flux) over

&

periods of many months, can all be explained by a single
diffusion ~onstant in the range D = 200-400 kmzfsec.

Horeover, this diffusion constant appears to be the
same as that implied by the dire~t observation of the motion
of individual field patches over periods of 24 hours and

<

less; which, in turn, is consistent with the kinds of mo-
tions that might be expected due fo a bending of the field
lines in response to the changing supergranular network.

If one accepts the general validity of the randeom walk
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2. The Growth Phase

2.1 Intreduction
Since the solar active region is a magnetic phenomenon,

it is natural to divide its development into a period of
|9

s

growth and a period of decay according to whether the net

L

surface flux is increasing or decreasing with time. Such
a definition is essentially the same as one based on spot
area, flare activity, or X-ray intensity, but should not be
confused with actual physical growth in the sense of increas-
ing area: the area occupied by the active region increases
during both the ¢rowth and the decay phases, at nearly the
same rate.

By net flux we are referring to {S-d% over one polarity.
The gross geometry of an active region is that of a kinked
tube with both ends disappearing beneath the surfacze. In the
strictest sense, the net flux throuch the surfane is zero;
although obviously the ’actual’ flux ~an either in~rease or
decline depending on whether new lines are added to or re-

moved from the tube.

<

Key points in the following dessription are the followin
1. The growth phase of spot=-producing regions is

short-lived, ranging from 1-10 days, with 4 or 5 being

typical.

16

2. The flux increases rapidly (~2x107° Mx/senr)

g:
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In addition very high resolution observations of the
events immediately preceding the birth of a substantial
antive region are very diffi~ult to obtain because the very
low probability of such an event happening in any small pre-
selected area {”2X10”7ISGG of useable time for the typinal

A A
4'x8' Big Bear frame).

2:2 A Description of Emercing Flux at Hich RPesolutio

Of the several examples of emerging flux observed with
the videomagnetograph at Big Bear, the best documented ~ase
is probably Helfath Region 11972. This particular region had
the happy chance of erupting in a relatively quiet area about
20° east of ~enter (on July 24, 1972), so that its develop-
ment during the first few days could be studied in consider-
able detail. Figure 1 provides a sample of the daily survey
pinrtures. The region was already prominent in H-alpha at
the time of the first observation -- with the characteristin

pattern of dark strongly aligned ar~nh filaments and bright

=

emission at the footpoints -- but a searnh of the full-disk
Singer Link n~overage indi~ated that the birth ~ould not have

taken plare more than about two



Figure 1: This sequence of photographs illustrates the
development of McMath Region 11972 during the first seven
days of its life. Keading from left to right, the pictures
indicate its appearance in H=-alpha, in Fel A5324 (magnetic
cancellation), and in the continuum 13 } from H-alpha. In
the videomagnetogram, positive polarity features appear light-
er than the average gray background. The splotchiness evi-
dent in some of the pictures is due to imperfections in the
original photographs.

With the clock in the upper left-hand corner, north is
at the top, and solar rotation from left to right. The
group is at a latitude of 7° in the northern hemisphere,
and crosses the central meridian on July 26.

Each row presents pictures as nearly simultaneous as

possible. The times are as follows:

(a) July 24, 1972 ~1825 UT (f) July 27, 1972 1702 UT
(b) July 24, 1972 ~2220 UT (g) July 28, 1972 190¢ UT
(c) July 25, 1972 1602 UT (h) July 29, 1972 ~2145 UT
{(d) July 26, 1972 0105 UT (1) July 30, 1972 1703 UT
(e} July 26, 1972 ~1725 UT

The width of each frame is approximately 2.8x105 km.

(all photographs courtesy Big Bear Solar Observatory)
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Ficure 2: The growth of Region 11972 can be thought of as

ing of at least four major sub=-eruptions. The simpole
bicolar configuration of the mature region (July 27-30),
from a merging of the contributions from
the suk-eruptions, as illustrated in the present Iigure.

The solid contours represent the outlines of the magnetic
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sized sunspot pores is 3already visible i

-

the preceding end
at the time of the first high-resolution observations.
Similar pores form in the following end an hour later.

The locations of the pores are easily recognizable in
the magnetograms, althouch the field appears to be ~onsider-
ably more extensive than the pores. For example, on the
first high resclution magnetogram, taken at 1837 UT on the
24th, the preceding end is already marked by a strong patch
of negative polarity covering 2x107 kmg (the smallest re-

solved features measure about 2 television lines on a side,

o

6 2, . . .
or 4x10° ¥m~ in area). The area of the underlying granule~
8 2
. . o . 4 - , ,
sized pores is 1x10 km . In other words, the pores have

the appearanne of islands in a larger pool of relatively

i

strong field. The c¢ranulation has a broken or “disturbed”

appearance in most of this area.
At the following end the disparity in areas is even
greater since there are no pores at all at the time of the

,
{

observation being discussed. The field does, however, have

. 7, . - i
a strongpore-like rore (~1x10 kn” in area) with a wispy,

[N}

barely=deterted tail (~ 4X107 xm? in area) trailing off
towards the preceding end. The disappearance of the diffuse
component seems to be associated with the formation of pores
in the following end at ~ 13840 UT. Otherwise, the field
does not appear to undergo any remarkable change in connec-

tion with the creation of the pores. This leaves one with
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the distinct impression that the pore has been produced by

a "condensation” of existing field, rather that by the erup~-

tion of some new kind of structure. In fant, the spots seen

to be nontinually en~roaehing on the surfare fields, ~ommand=-

ing a larger and larger frantion of the total area.

v

Amtual neasurements of the spot and total field areas

iy

for Region 11972 are shown in Fig. 3. At the beginning of

44

the growth phase, the field is ~ompletely of plage strength.
By the end, nearly half the field area is acrcounted for by
spots.

A serond obvious difference in the ~haracter of the

R B |
Lol

(as
[et)

£

iv

y

f
growth pattern of the spots, as opposed to that of
in general, is that the spots (both umbras and penumbras)
appear to grow by a discontinuous series of spurts, while
the general field grows steadily. This behavior not only
enhances the impression that the spots can be created or
destroyed by a very minor condensation or expansion of the
surface fields, but also permits one to estimate the strength
of the plage field, since the amount of flux represented by
spots of a given area is presumably well-known. For exanple,
an increase of 3x10 km; in the area of the p-spot unbra
between 24 and 33 hours, is offset by an (anomalous) innrease
of at most 6X107 kmz in the area of the following plage; and
between 72 and 100 hours (when observations are unfortunately

rather diffi~ult because the region is approaching the limb),
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Figure 3: The growth of spot and network fields in Region
11972. The open circles represent the total area occupied
by field on the videomacgnetocrams. The solid circles are
the umbral areas as seen in the continuum, with upward
extensions (shaded area) indicating the penumbra. Preceding

and following fields are shown separately. The zero of time

is 1600 UT on July 24, 1972.
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Of course the pisture of continuous growth in the total
flux is only an approximate one, relative to the pattern of
growth of the spots. Vhen examined in sufficient detail, it
too is also discontinuous. Fig. 2 indicates how the growth
of Region 11972 can be thought of as ~onsisting of at least
four distinct magnetic sub-eruptions over the ~ourse of 3
days. Each of these sub-eruptions is marked by arch-fila-
ments in H-alpha, and the fields which they rontribute seem
h those already existing so that at the end
of the growth period a single, simple bipolar structure re-
sults. The individual footpoints seem to strengthen as they

R 1 T e
ecause the lines

o’

pull apart, but this is probably Just
(which must initially lie horizontally in the surface) a.e
twisting into an angle more favorable for observation.
Any actual amplification of the fields on the surface would
be resisted by eddy ~urrents. The latter eruptions tend to
be more generally east-west than the initial one, so that
the region as a whole is brought around from its original
high inclination to a more normal one. When viewed at low
resolution it would appear to revolve through about 600.
The motions of individual features in emerging regions
have been studied by numerous authors (see, for example,
Frazier, 1972; or Vorpahl and Pope, 1272). Velonities of
0.3 - 2 km/se~ are encountered. In the present context we

are less concerned with the details of the eruption process
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Figure 4: Growth in separation for Region 11972. The open
circles are based on optical observations, and the crosses
on the magnetic data. The lower horizontal scale is marked
in days. The inset shows a magnified view of the growth
during the first day (July, 24, 1972). Its scale is in
universal time.

The last measurement is quite uncertain because the
region is close to the limb. The curve should, in fact,
probably be nearly horizontal after the 27 th .

The separaﬁion of the region is about 7.5%x10% km on

the next disk passage.
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than with the overall picture -- in parti~ular the flux and
separation at the end of the growth phase.

Figure 4 indi~ates the growth in the separation between
the centers of weight of the p- and f-plages over the first
five days. As was noted by Harvey and Martin (1373) in ~on-
ne~tion with the smaller ‘ephemeral’ regions, the rate of
expansion is most rapid at the outset and appears to denrease
~ontinuously throughout the life of the group. A growth rate
of 0.5 km/sec is observed during the first 10 hours.

0.2 km/sec is typiral of the next few days. An expansion

rate of several kilometers per second could easily onnur

i+
,’3..-

during the first hour or so sinre e footpoints are already
separated by«10,000 km when they first become prominent enough
to measure. Results for positions ~lose to the limb are rath-
er uncertain. When the region returns, the separation is

about 75,000 km.
2.3 = iso £ sults With t Developnm of Oth

The growth pattern of several other randomly selected
active regions was studied by means of the NOAA bulletins,
using particularly the years 1374-1976, when magnetic data
from both Xitt Peak and Mount Wilson were available. The

results suggest that Region 11972 is rather typical.

Tigure 5 presents measurements of the separation between
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Figure 5: Crowth in magnetic separation of selected regions
during the first few days of their lives. The curves label-
led with numbers are regions appearing during 1972, which

were included in a series of surveys conducted with the Big
Bear videomagnetograph, and do not, necessarily, appear in

Appendix II . Isolated crosses indicate single measurements
made at the first central meridian passage for regions whose

birth had been observed some number of days before.
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the peaks of the p- and f- polarity distributions as a fun~c-
tion of the number of days since the birth of the region

(the "birth” is defined as the moment of first appearance in
H=alpha and magneti~ally). In some ~ases, a single measure-
ment was made at the first central meridian passage. In
others, daily measurements were made, and ~orrerted for
foreshortening. The graph indicates separation rates of from
0.1 - 0.4 km/sen, starting with an initial separation between
5000 and 10000 k. The initial expansion rate does not seem
to provide much of a clue as to the eventual size of the
region (in terms of total flux) although the larger ones

seem napable of sustaining this rate for a longer period of
tine. Most of the regions shown appear to reach their "max-
imum” separation within 2-4 days.

The present results are not incompatible with those of
Bumba and Howard (1965a), who studied the semi-major axes of
the ellipses of K-line and H-alpha disturban~e, and found
numbers of 0.1 and 0.2 km/se~, respectively; although they
indi~ate an essentially linear growth over at least 7 days.
Nor are they intonsistent with the results of Harvey and
Martin (1973) showing ephemeral regions growing to typinal
"dimensions” of 30,000 km in times of between & and 24 hours,
provided one realizes that the "major axis” neasured by the
latter authors is approxinately ftwice the macneti~ "separa-~

tion” referred to above.
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Figure 6 presents measurements of a~tive region areas
over the same period. These areas should not be ~onfused
with the “areas o~rupied by field” referred to earlier. The
present neasurements refer, roughly, to the area of a smooth
aurve enclosing the "bulk” of the field. If a pre~ise def-
inition were required, it would probably ~orrespond fo some-
thing like the size of the smallest nircle ~ontaining 90%
of the field -- but such a definition is not needed, sinze
in practice the boundary between anttive region and background
fields is suffiriently sharp to make the measurement of su~h
a quantity relatively simple and unambiguous. Indeed, sin”e
the display of the weaker fields is always poor, it woulid
require careful reference to the original digital flux data,
and a corrention for the state of the batkground field euis-
ting before the appearance of the region, to be sure that
one were really in~luding 90% =-- or any other pre-determined
fraction -=- of the field in the ~hosen area; and su”h a re-
finement would be ~onsiderably beyond the s~ope of the present
study.

As always the measurements refer to gne polarity onlv.
The area of the total active region is approximately twice
as great.

As indicated in the figure, a considerable range of

3 2
growth rates is encountered: from as little as 2x10 kmn [ sec
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Figure 6: Total area dominated by each polarity versus
time for selected regions during the first few days of
their lives. Preceding and following polarities are
indicated separately, so that each region contributes
two curves. Isolated crosses arise from single

measurements at central meridian passage.
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to as much as 2x104 kmz/sec. In general, the faster rates
seem to be associated with the regions which generate the
most flux, but the correlation is far from perfect.

The observations of Dumba and Iloward (19653) regarding
the K-line and I-alpha ordering zones give valucs intermedi-
ate to those in the graph. If one assumes that their ellip-
ses are about half as tall as they are wide, then the K-line
areas correspond roughly to the lower envelope and the 7I-
alpha areas to the upper envelope of the curves in the figure.

The curves of area versus time show no obvious transi-
tion from growth to decay. In particular, they do not exhibit
the rapid rise to a plateau value characteristic of separation

data.

2:3.3 Flux

Figure 7 gives the measurements for flux (see Appendiz
I). Since the method is crude, the curves are generally
based on a single measurement made at the central meridizn.
The bulk of the regions seem to be growing at rates between
4x1015 and 3x10 ° lix/sec. Again, the higher rates tend to
apply to the larger regions, and the smaller rates to the
smaller regions; and again the correlation is not perfect.

Some of the growth rates undoubtedly appear artificially
low because the region may have reached its peak before the
time of the first measurement, but some of the low growth

rates are also real. McMath Region 13340, for example, grows
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Figure 7: Flux versus time for selected regions.
The measurements refer to the flux of a single plage, but
in general, results for the two halves of the region have

been averaged, so that a single point is given.
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steadily over two days, producing small spots (~10 million-
ths of a hemisphere in area), but at a rate of only ~1.5x

)
lOl Mx/sec. Region 13763 grows for two days at less than

1015 Mx/sec. On the other hand, Parvey and Martin, present

an example of an ephemeral region which adds 1820 x (at each
end) in 6 hours (~5x10  lx/sec).

At the high end of the scale, there is little evidence
for growth rates substantially higher than those shown. The
reversed-polarity August flare region of 1372 (Zirin and
Tanaka, 1973), for example, attained a maximum source strength
of about 4X1022 Ix in ~20 days ( 2.8}(1016 Mx/sec). The lar-
gest “normal” region considered in the present study, licllath
13790, was born on the backside and had reached 3x1022 lix by
the time of first central meridian passage. Assuwming that
its growth took place over 1-3 weeks, a rate in the range
(1.5—4.4)x1016 Mx/sec would be implied. Similarly, Cowling’s
(1946) study of the development of recurrent spots indicat;d
growth rates of 2.4 and 3.6x1016 lx/sec over 4 and 10 days,
respectively, for the “30” and “50” day varities.

We conclude that a considerable variety of eruption
rates is encountered with something like 1016 Mx/sec being
typical. Larger regions can be produced by higher than
normal eruption rates, or by a moderate eruption rate main-

tained over a longer than normal period of time, or by a

combination of the two effects. On average, the larger
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regions grow more rapidly, and sustain their grewth over a
longer period than the smaller regions, but the pattern is
not invioclable. Improved measurements mi¢ht reduce the

scatter, but it is unlikely that they would remove it entire-

ly-

2.3.4 Source Flux Versug Sunspot Area

Sheeley (1966), in an investigation of active region
magnetic fields, proposed the rule that the peak flux (of
each polarity) is directly proportional to the total area
of p- and f-spots (umbras plus penumbras) in the region at

its point of maximum development; or more precisely:
( N°/de'hAx\> = L2 (.A**/xcﬁscwﬁw

where NO is the source flux and Am ig the spot area.
A similar relationship (Gnevishev, 1938; in Allen,
1973, §88) exists between the area of a spot group and its

lifetime:

T (&a&s\ ~ O.12 AMay; (milviowths of a hemis?hgxe)

The development time is presumably some more-or-less fixed
fraction (~1/3) of this total lifetinme.

We have not attempted to verify Cnevishev’s result, but
it is quite easy to check the validity of "Sheeley’s rule”
using the previously calculated fluxes, since the NOAA

bulletins also include a report of the sunspot areas.
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near the point of maximum development, illustrating “Sheeley’s

Rule” .
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Figure 8 indicates generally excellent agreement (which
may be somewhat surprising since the present results, based
on the Mount Wilson contour plots, include a factor of 2
correction for line weakening, while Sheeley’s, based on the
dengity of photographic cancellations, do not). There are
some deviations in the sense of a few regions with Ndzlolex
that don't quite attain the required maximum sunspot area;
but the general trend is certainly there. It should also be
noted that the interrept is not precisely at the origin:

20 "

U2 e

spotless regions ~an have fluxes of up to about 10
If most spots have central fields of 2000-3000 gauss,

then it is easy to show that "Sheeley’s rule” corresponds

to a situation in which about half the flux is in spots and

half in the plage. This agrees well with one’s general

impression of the relative areas of spots and plage in high-

resolution magnetograms of a wide variety of regions at

"maximum development”.
2:3.9 Magnetic Separation versus Sunspot Axgé at Maximum
Development

One might hope that a similar simple relationship would
exist between the magnetic separation (center to center dis-
tance for the two polarities) and the spot area at maximum
development. Then all the important magnetic parameters
describing the growth of a region: flux, separation and

development time could, on the average be specified simply
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~ 180,000 kmn.

It is worth noting that the sunspot observations

(Greenwich, 1925; Waldmeier, 1941) show expansion rates
~.,1-.2 km/sec (lasting at most 5-10 days) in good accord

with the results of § 2.3.1 . The sunspot observations are
somewhat deceptive, however, in that after the rapid rise to
maximum separation, they tend to show a slight decrease in
separation as the spots dissipate. The magnetic observalions
invariably show that the average separation between the rem-
nants of the two polarities continues to expand, albeit at
a much reduced rate (ephemeral regions may violate this
general principle, but their decaying fields are so weak
that accurate observation is not possible at the present
time).
2.3.6 Sumnary

Based on the foregoing results, we can state that while
individual regions may grow in rather different ways, there
is a reasonably simple and consistent average pattern of
development. The typical region appears first as two iso-
lated magnetic footpoints, of negligible total flux, with a
separation of slightly under 10,000 km. During the next few
days it adds flux at -1016 Mx/sec, and separates at ~0.2 km/
sec. The regions which will eventually exhibit the largest
flux tend to have the largest initial growth rates in terms

of separation, area and flux, but the correspondence is not
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perfect.
The peak flux attained is proportional to the area of the
; 22
spots, with values ranging from ‘~2x1020 - ~4x10 x being

encountered for the regions involved in the present study.
1022 Mx is “typical”, but there is no definite limit at either
end of the scale. The peak separation has a weaker dependence
on the spot area, values from 40,000~-80,000 kn being typical
of a fairly wide range of smaller groups. The decay phase
presumably sets in immediately after the peak values have
been attained. Due to the inadequacy of the present source

of data, we have not demonstrated in detail that the onset

of the decline in flux is perfectly simultaneous with the
decline in area of the spots, but it seems unlikely that it
would be otherwise.

When examined at high resolution, the growth phase is
seen to consist of a series of discrete sub-eruptions. The
fields contributed by each individual sub-eruption merge to
form the final configuration. Spots seem to form by a local
"condensation’ of the erupted fields.

There is sowe hint in the NOAA bulletins that the erup-
tion of the largest regions may be preceeded by a general
"disturbance”, with a number of tentative, short-lived bi-
polar eruptions (see, for example, the area of llclath 13722
on June 13 and 14, 1875); but it is not entirely ~lear that

this is really related to the eventual eruption of the region.
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There is considerable interest in the inclination of
the magnetic axes of regions relative to lines of constant
latitude, since, as pointed ouf by Leighton (1964), it is
only the north-south component which, in the long run, con-
tributes to the formation of large-scale fields; and the
classic results are somewhat contradictory. Everyone agrees
that the groups are arranged, on the average, with the pre-
ceding end closest to the equator, but not everyone agyrees
by how much.

Joy (in Hale et al., 1919) and Brunner (1930), basing
their conclusions on extensive studies of drawings of "sun-
spot streams”, found an average inclination of about 8°
(with some dependence on latitude). Butler (1222), basing
his conclusions on an equally extensive study of K-line
spectroheliograms found 15°.

The present results are shown in Figure 10. While a
conclusion based on thirty-one examples obviously cannot
have the validity of one based on thousands, the average
magnetic inclination of 6.3Oi.3.60 certainly seems to be
miich closer to Joy and Brunner than to Butler. The dis-
crepancy could arise either because of a difference in the
age of the regions studied, or because of a peculiarity in
the part of the cycle used, but a plot of inclinations on

successive rotations (not shown) indicates no obvious trend
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Fiqure 10: Inclination of the magnetic axis of selected

regions with respect to lines of constant latitude.
(a) Tilt versus flux at maximum development
(logarithmic scale).
(b) Tilt versus latitude.

A positive inclination is one in which the preceding plage

is closest to the equator.
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for the average inclination to either increase or decrease
with age; and the former authors found only slight variations
in the average angle from year to year. Ve conclude that the
appearance of the calcium plage must have some tendency to

exaggerate the actual inclination of the magnetic axis.

2.5 Adoption of a Standard Zase
For purposes of the diffusion problem to be considered

tial

feed

in Section 3, it is desirable to establish a set of in
conditions corresponding.to an average or "typical” active
region (in the strictest sense there is no real ’average’
region, since an indeterminate number of ephemeral eruptions
would have to be included in the average).

From the preceding discussion we conclude that the
typical region whose decay we are going to be studying
could be represented by the injection of 10 2 Mx (of each
polarity) with a separation of 60,000 k¥m and an inclination
of 60. A typical latitude of eruption is 10-150 during the
period studied.

These initial conditions can be generalized by assuming
a flux proportional to the maximum sunspot area according to
"Sheeley’s rule”; leaving the separation and inclination
essentially unchanged. The present case corresponds to a

region with a sunspot area of about 250 millionths (of a solar

hemisphere), developing over ~4 days.
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2.5 Interpretation of Observations of Emeraina Flux

The mechanisms underlying the development and eruption
of solar fields are not particularly well understood. The
size of the eruptions suggests an association with the super-
granulation, but, at least according to Glackin (1975) there
is no persistent relationship between the point of emergence
and the form of the network. The size and strength of the
flux ropes is presumably determined by couplings rather deep
in the convective zone.

Bouyancy and/or convection may be important in getting
that field to the surface, but an order of magnitude calcula-
tion suggests that the generally assumed bouyancy force
(Parker, 19355) would be sufficient to pop a sunspot-sized
flux rope through the surface in a matter of a few minutes.

If we picture the erupting segment of field as being a
cylinder of radius ¥ and length L (Figure 11) then the
bouyant force, obtained by assuming that the magnetic pres-
sure inside the tube is -ompensated for by a reduced density,
would be:

- 2
= : ca o~ e
‘_bowdmn\- - (‘Fa&*'fﬂd\ . VUQ' % ~ ;—%z:;{; s L %

where <%*”> represents the mean-squared velocity (thermal
plus turbulent) which generates the normal fluid pressure
(assumed to be the same inside and out).

The bouyant force is resisted only by the tension ir
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- <

Figure 11: Illustration of bouyancy calculation
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the field lines and by the drag due to the fluid streaming
around the rising tube. We can write this, approximately,

in the form:

¥ B (e = Vel +2 .Ef me?
HT o> Hg ‘f (qw

where the first term on the right is the drag, and the sec-

ond is the tension. V 1is the velocity of ascent.

Now if we assume:

L = 20,000m.

5 v 12 Bl mme (T = HOO%K)

9 = 0. 2T [ nre®
then it is easy to see that the bouyant force far outweighs
the maximum possible restraint due to tension in the field
lines. Ignoring that term, we find a terminal ascent velo-

city of:

!

N ~ 2" le Vg

Bj:<U’ 45
How, it is probably safe to assume that ’(%1/8/34’\39)2 1 , so
that for a tube of sunspot-like width, v~ 3000 kua:

VZ \)?—BI ~ 30 )Z’W‘;/Q—‘Lg_

At such a velonity, the entire ftube would emerge in a little
over 3 minutes. To obtain a more reasonable time (on the
order of a few Jays) one would have to assume either that
the rope is highly fragmented (so that it would present a
large drag surface with a minimum of bouyancy), or else

that the individual “strands” corresponding to the sub-
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eruptions are released gradually, over the required period
by some, as-yet-unexplained mechanism. Of course, the bouy-
ancy calculation may also be wrong. Perhaps the magnetic
pressure inside the tube is offset by a slight deficit of
turbulence.

Intuitively, one would expect that other factors tend-
ing to limit the rate of flux eruption might include the tine
required to drain the photospheric material from the rising
loops, and the time required to erode away the ~onstricting
currents to the point where they can ~onform to the ’‘vacuum’
condition of the corona.

Roberts (1270, has calculated the draining time for a
flux tube, and finds ~1/2 hour. This seems to be related
to the visibility lifetime of arch filaments, but, since the
result is not particularly sensitive to the assumed aross-
section of the tube, could not be considered helpful in
explaining the eruption rate of the region as a whole.

From a different point of view, Letighton (1969) has
proposed an empirical model of the solar cycle in which a
characteristic eruption time T appears. This constant plays
a dual role: representing both the eruption time for a single
region, and {what in the smoothed model is the same thing)
the time between eruptions in a given sunspot-wide zone of
latitude. The value of T is adjusted toc make the period of

the solar ~-ycle come oubt right. Values of about & .conths are



required, which seens long indeed conpared to the observed
eruption time, even if one assumes that a considerable frac-

tion of the process is ta%ing place invisibly beneath the

surface.
It is, nonetheless, interesting to note that one zan,
roughly, reproduce the statistics of sunspot eruptions by

|

o1}

ssuning the active latitudes to be occupied by a series of

o -
sunspot~wide (say 1 ) active “bands” which are continually

in the process of producing an eruption at one longitude or

another. Thus, for example, in an average "active” year

!/
{
\

. Q- 3 r—o ] ]
one night have 30 bands oczupying ~15 in each hemisphere}.

If each band produced a region every two weeks, then there

pd

would be sonmething like two new regions per day, which is
about what is seen (Veart, 1372; Glaskin, 1273). Years of
high activity would reguire more active bands, and years of
low activity fewer.

It is not entirely clear what would cause an active band
to erupt for two weeks at one longitude {(we are assuming
that the initial stages of the eruption are not seen in the
photosphere), and then pask up and rove elsewhere, but the
follewing suggestion may be helpful. In §6.3 we will find
that the predicted rate of flux aanihilation in a region at

s point of maximuw development, {(wvhen the two polarities
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of eruption (»-1016 Mx/sez~). Since there is no a priori
reason to expect such a ccincidence, it leads one to sus-
pect that the development of a configuration favorable Lo
the recombination of fields may play a role in arresting
the instability which produced the eruption in the first
place. Given the observed initial separations, the diffu-
sion model would explain why times on the order of 3 week

are required to develop such a configuration.
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3. The Decay Phase

3.1 ITheoretical Considerations in Field Dispersal

The fields which erupt onto the solar surface find
thenselves embedded in a conducting plasma, which, for the
most part, tends to resist any sudden change in either their
strength or configuration. While the exact coupling between

the field and the plasma is no doubt very complicated, it is

o)

thought that, to a reasonable degree of approximation, their

interaction can be expressed by means of a “simplified mag-

netohydrodynamic equation” of the form:
MW . Fr(eeR) + LB
>t Yyrrs

(see, for example, Zowling, 1953) where O is the conduc-

(3.1)

tivity (in electromagnetic units). The equation is a simple
consequence of Maxwell’s equations, under the assumption
that the conductivity is uniform and isotropic, and that
"displacement currents” (due to changing electric fields)
can be neglected. Since the very presence of a field (as in
spots and faculae) obviously modifies the cenditions of the
plasma, the assumption of uniform zonductivity is suspect.
Nonetheless, equation (3.1) defines a kind of nominal
behavior against which the actual observations can be

conmpared.
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The significance of the two terms in equation (3.1) can
best be appreciated by considering them separately. When
the condustivity is high we have:

A —ly
2B L Ix@Bx®)
ot (3.1a}
It can be demonstrated that this corresponds to a situation

in which the flux through any loop moving with the fluid 1is
~onstant. Such a condition can be nost easily satisfied if
one pictures the field as keing composed of a fixed nuuber
of “field lines” which are transported, bodily, by the mo-
tions of the fluid; and, hence, it is referred to as the
"frozen-in” zondition.

At the surface, the field lines are primarily directed
in the radial direction, and the movement of the lines in
response tc turbulent horizontal motions present in the pho-
tosphere can be thought of as a two-dimensional random walk
(Leighton, 1964). 1In an averaged sense, the dispersal of the
field imposed by the frozen-in condition can then be expres-
sed by a simple diffusion equation of the form:

M. - DIUMm

ot (3.2)
where m is the number of field lines per unit area (i.e.,
the flux density or field strength). The diffusion constant,
D, has the dimensions of a change in area per unit time.

In the case of a random walk it would be on the order of the
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mean~squared step length divided by the step time. Taking
L ~15,000 km and ® ~ 20 hours, for the supergranulation;
or L ~ 6800 ¥m and r ~ 8 minutes for the granulation, we

would estimate:

N ~ Bl o~ (1= 3) %10 ot fenc

Conveetive, (3.3)

The second term in equation (3.1) dominates when the

conductivity is low:

o~

ot “ne (3.1b)

This term describes the effect of OChmic losses. In other
words, if one were to imagine a sunspot-like field, with
lines confined tc a cylindrical tube, the field would have
to be supported by a current flowing in a solenoidal fashion
at the surface. The current gradually decays because of the
finite resistivity of the medium, but as it decays the field
strength inside the tube decreases. This, in turn, sets up
eddy currents in the surrounding plasma, which try to resist
the change, but are only partially effective. As a result,

the field fuzzes out with the magnetic energy going into

heat.
Equation (3.1b) states explicity that this is a diffu-
sion-like process, which again can be represented by a fixed

nunber of field lines (preserving ‘fB-dR through the surfarse).

Flux 'disappears’ only where oppositely directed field lines
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happen to overlap. Assuming a surface condustivity of
O'Q=2X10-8 eru, the Chmic diffusion constant would be c¢iven
by:
Poie = —— = 4x10 bmfe .
e Yno
(3.4)
Evidently the expected transport of field lines due to con-
vective motions far outweighs the fuzzing-out of field
concentrations due to Ohmic losses (it is the neglect of the
convective term which leads to statements that spots should
last hundreds or thousands of years).

In summary, we find that the solar magnetic fields can,
to first order, be described by a fixed number of lines
being convected, deformed and transported by fluid motions.
The eruption of a new region could be thought of as an or-
ganized convective process; the dispersal of an old one as
a random convective process. The most important factor left
out of the present discussion is probably the possibility
that the lines might ’resist’ the fluid motions, and simply
allow the plasma to flow around them {(whish would not violate
the frozen=-in condition). This possibility will be consider=~
ed further in § 5.2 .

Leighton (1964) has already demonstrated that the dif-
fusional interpretation of active region decay is qualita-
tively in agreement with the observed pattern of spreading,

and quantitatively as well, at least as far as order of



oS4

magnitude. The data available at the time did not really
permit any closer quantitative comparison. The data avail-
able now do, and in the following sections we wish to deter-
mine just how far and how closely that comparison might be
pursued. We will find a generally excellent agreement be-
tween the predictions of the diffusion nodel and average
observed pattern of decay; but it is not entirely clear
that these predictions could be distinguished from those
characterizing a decay process of quite different origin.
To demonstrate that the apparent diffusion is actually caused
by a ’'random walk’, one would also have to be able to show
first, that the observed daily motions of individual features
are compatible with the required overall diffusion constant,
and, second, that those motions could be produced by the
available fluid motions. That will be the subject of §§ 485
For the present, it becomes necessary to define more

explicitly the predictions of the diffusion model, and then

to attempt to describe the pattern of decay which is actually

observed.
3.1.13 T Dj sion ation an finiti f
Diffusion Constant

The diffusion equation, in its simplest form is that

which we have enountered in the previous section:

2Mm = DIYM
. (3.5)
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where m 1is a density of “particles” per unit area (in two
- dimensions). In the present context the ”"particles” are
flux tubes (which can be assumed to be of some quantized
strength -- say leO18 mx), so that the density becomes the
local field strength and fmdA the total flux.

The diffusion equation is a mathematical way of expres-~
sing a process of smoothing: the function changes most
rapidly (with time) in the places where it varies most rap-
idly (in space) -- and changes in such a way as to iron out
the bumnps.

The fundamental solution is that representing the re-

lease of a point source of flux, NO, at t=0:
- {(x? T
Moy = No o TdvE
Yrrdt , (3.6)
-- a Gaussian whose width is increasing with fime.
(Since the sun is in fact spherical, rather than flat, the
final condition should actually correspond to one in which
the particles are spread uniformly over the surface at a
linmiting density of No/“htRé ; but in the present inves-
tigation we will not be employing time scales over which
this effect becomes significant).
If thought of in terms of a probability distribution,

then the probability of finding a particle within a dis-

tance rar4dr of the origin is given by:

-t

PlYar = MDD 2nrede _ v o '*Té"t&
No - ’
2Dt

(3.7)
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The mean-squared distance increases linearly with time:

{rE> = 4Dt (3.8)

The area within which “two-thirds” (1 - 1/e) of the
particles are confined -- which is also of interest =-- 1is

essentially the same except for an extra factor of T :

A2ﬁ3 = qTTtyt (3.9)

In modelling the solar fields, it will be noted that
the flux is not actually released all at once. In fact, in
§ 2 we found that new flux is being added even as the old
is diffusing away. Thus we may wish to consider the effect
which it would have if the flux were not released all in a
single packet of size No , but rather over a time T at a

rate:.

at - N fc\og-t'é’t
dx, T

(3.10)
The form of the resulting field configuration can be found
by thinking of the release as consisting of a series of in-

finitesimal packets whose solutions can be superposed:

T 2
.\ ~ Sp k-e)
"M (Y‘, 't) = — € . _Nr—. 4
YD lk-o) T

Q=0 (3-11}

At the end of the “timed release” the density is given by:

mlr =) = N E ( pe)

YymwpT (3.12)
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Ficure 12: Comparison of field distributions resulting
from "normal” (instantaneous) and “timed” release of flux.
The graph indicates a cross section along the x=-axis. In
the first case 1022 Mx is assumed to have been released
instantaneously at t=0, and allowed to diffuse at
D =400 kmzlsec. In the second case, the same amount of

5

flux is injected continuously over T=4x10" sec. The graph

is at t=4x105 sec.
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where El is the exponential integral (Abramowitz and Stegun,
1965; & 5.1.1).

Figure 12 indicates how the difference between this and
the standard solution is mainly in a higher central density.

This discrepancy damps out quickly for t>%T.

The simplest solution of the diffusion eguation which
night be hoped to approximate the dispersal of active reyion
fields is that representing the simultaneous release of NO
particles of positive polarity at +a, and JO particles of
negative polarity at ~a , along the x~axis. The form of
this solution can be found by superposing two point-source
solutions of the form given in eguation (3.6). The result
is:

- (2

4Dt . ,
x (_x,a,-t\ = Ne¢ € aunh LQ___)
21Dt 2

(3.13)
If NO is identified as the source strength, in maxwells,
and 2a as the initial separation (in centimeters), then
m(x,:,,t) will represent the predicted field strength, in
gauss. Of course, on the sun we expect the diffusing field
to be concentrated by the supergranulation into a few patches

of relatively high field strength, at the expense of larger
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Figqure 13: Typical solution to the diffusion equation with
discrete bipolar sources.
(a) Isogauss contours for the standard NO==1022 Mx
and a=3x10% km region when a2/Dt==l (i.e., an age of
52 days if D = 200 kmz/sec or 26 days if D =400 kmzlsec).
(b) Zross section along the x-axis for the same.
The dashed line indicates the predicted profile for an

equivalent “doublet” source (§>3.l.2b)
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voids with little or no flux: Mm(xy;t) should be thought of
as the field strength averaged over several supergranules.
The form of the bipolar solution is illustrated in
Figure 13; while Figures 14-16 indicate how the flux, sep-
aration and area evolve with time.
Explicitly, the net surviving flux (of one sign) =~
obtained by integrating the predicted density over the half-

plane x =2 0 or x &0 -- 1is given by:

N+ - Nom&(ﬁ_ﬁ%ﬁB (3.14)

where.ﬁq{ is the error function as defined in Abramowitz and

Stegun (1965; § 7.1.1).

The point, ‘x"ét), of maximum field intensity (along

the x-axis) can be found numerically by solving the equation:
2 = el (2 %may) (3.15)
K mon N 2D+ )
The separation, S, is given by:
sle) = Q_XM (3.158)
and the maximum field strencgth by:
Minan, = ""‘C“"’“W)jm,f) (3.17)
The area inside contours of a particular field strength,
or, alternatively, the area within which sowe fraction --

say two-thirds or 90% =-- of flux is contained, could be

evaluated numerically, by adding up the number of bins, on a
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Figures 14-16: The predicted variations in flux, separation,

and area with time for discrete bipolar sources.

The dashed lines indicate the corrections due to differ-

ential rotation. Since the exact correction depends on the
the assumed tilt, separation, diffusion constant, and rota-
tion law, these should, in general, only be regarded as
schematic. The curves given here are based on Leighton’s
(1964) calculation for a source with a =6.66x10% km, having
a preceding plage at 23.6° and a following plage at 24.8°
latitude. He assumed D =1535 km’/sec (T =10 years), and

used Newton and Nunn’s rotation law.
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printout, which satisfy the specified condition. Alterna-
tively, one finds that for a wide variety of smooth, Gaus-
sian-like forms the two-thirds area is given approximately
by the total flux (or number of particles) divided by the
peak field strength (or density). The 90% area is generally
about twice as great.
Since the measurements of active region areas based on

the NOAA reports are not particularly precise anyway, ( see

§ 3.2.3b), the latter approach should be guite adequate for

the present purpose. Thus, we will adopt:

A% ~ Neo (3.18)

A ok
and

a U S
% M (3.19)

Fortunately, these eqguations do not have to be worked out
separately for every choice of NO, a, D, and t which one
might wish to consider. It can be shown that equation (3.13)
expresses the same geometric form for any combination of con-
stants having a particular value az/Dt , provided that the
distances are expressed as fractions of the fundamental sep-
aration distance (more precisely, half the separation): a .
In other words, for a particular value of az/Dt the flux
will be proportional to N, , the peak field strength to

No/a2 , the separation to a, and the area to a .
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3el.2b Doublet Source

A additional simplifying feature of the equations, which
does not emerge very clearly from the preceding discussion,
is that for times t7>a2/D , the predicted flux, area, and
separation are relatively insensitive to the choice of a.
Since for a=30,000 km and D =400 kmz/sec this asympto-
tic condition begins to set in at t'z2x106 sez, or ~1 month;
it will be guite useful in parts of the following discussion.

The doublet source approximaticn is attained by letting
a->»0, in eguation (3.13), in such a way that the ”doublet
source strength”, Noa , remains constant:

| — (2234%)
mu,j,t\ = _QL\I_Q_%-,LX e Wbt _ (3.20)
T
The derived quantities corresponding to this long-time

limit are then:

N ,:: NQQ.
Yomn. . = qzxn? . +\ = 2%
Moy ) SL\ e (3-22)
. N Q
m ~ W.LM
moy “'Tevl ({‘Z_M‘)?/l (3-23)
Y- /.
Aap » 2@ *Dt= 8.265DE (3.24)

Aacy, = 2 Ay, = 163 Dt (5.25)
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form:

Ay oz 277 owdd dea L o.38Ta0t Ao bwp,

sy (3.27)
Wilcox and Howard (1970) suggest that a slightly smaller
anplitude nmay apply to aztive region fields. In any event,
the effects due to differential rotation are, in general,
rather complicated and difficult to anticipate.

Basically the differential rotation can be thought of
as an additional mode of mixing, with low velosity amplitude
but very lcng time constant, which dominates the ordinary
diffusion effects at long times. The differential rotation
operates both by pulling the sources apart (cr together --
depending on at what latitudes they are placed), and by draw-
ing out the diffusing patches into long skinny features,
which, by virtue of their relatively great “surface area”,
exhibit more diffusion than would octherwise take place.
Differentially, the process can be thought of as one of
alternately allowing the region to diffuse for a moneﬂt,
and then shearing; but over any finite amount of time, the
final field cannot be obtained by simply shearing the field
which would have developed in the absence of shearing.

The effects of differential rotation have been inves-
tigated empirically (by means of computer modelling) by
Leighton (1964). The region which he considers, with an

initial spacing of 12° (in longitude) and an inclination of

-+6.54o, is about twice the size of the 60,000 km nominal



71

region which we have adopted in § 2.5. On the other hand,

the diffusion constant, which he defines as:

2
D= Re /¢ (3.28)

with TO = 10 and 20 years, 1s about four times what we
later will find seems appropriate (§3.2).

The fact that the assumed separation is twice, and the
assumed diffusion constant about four times those in which
we will be interested is fortunate, sinre it means that the
value of az/D is about the same in the two cases; which
in turn means that, in the absence of differential rotation,
the expected field patterns would be about the same, except
with half as great the dimensions. Since the 'horizontal’
stretching due to differential rotation is roughly propor-
tional to the ‘width’ of the region (in latitude), it would
also be about half as great.

In other words, if we knew the fractional corrections
for the solutions at t=0.5 years with and without differ-
ential rotation assuming 2a =133,167 km and D=783 or
1535 kmzlsec (i.e., TO=20 or 10 years -- which we can obtain
from Leighton, 19584), then we can apply those correction
factors just as well to the cases a =30,000 km and D= 200
or 400 kmz/sec.

This has been done and the following results are

obtained:
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mat
L L]

D =200 km?‘/aec; t=0.5 vears

Without Diff. Rotation With Diff. Rotation
Surviving Flux .290 NO , <219 N,
Separation 1.64x10° km 3.03x10° km
Peak Field o9 11.1 gauss 5.2 gauss (p)
(Noz 10 Mx ) 4.0 gauss (f)
10 2 ) 10, 2
Rrea (2/3) 2.62x10" " km 4.34x10y4 kns (p)
5.66x10 km” (f)
1 1
Area (90%) 5.24x10 0 km2 8.42x101$ kmg (p)
1.17x10 km~ (f)
Table 3.2

D= 400 kn®/sec; t=0.5 vears

Without Diff. Rotation With Diff. Potation

Surviving flux .212 ﬁo .155 HO
c L=
Separation 2.27x10° ¥m 5.41x107 kn
Peak TField 29
(N =10 Mx)  4.02 gauss 2.1 causs (p)
© 1.4 gauss (f)
2 10
Rrea (2/3) 5.30x101% 1n 7.63x1094 kmg (p)
1.12x1077 kn® (f)
Area (90%) 1.06x10%! ¥m? 1.51%10-7 km2  (p)
o (8

2.20x10 km
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As can be deduced from the tables, the correcntion fac-

tors are not very different for the two cases except as re-
cgards the separation between the peaks of the two polarities.
For the assumed inclination of +6.50, it appears that the
preservation of flux due to the pulling apart of the sour-es
by shearing nearly ~ancels the enhancement of annihilation
caused by the elongated contact surface, so that the net
surviving flux at any time is nearly the same with or without
differential rotation. The area and separation ¢grow consid=
erably more rapidly, however, and over six months the effent
is more or less as if the diffusion constant had been doubled.

Figures 14-16 illustrate how the errors due to differen-
tial rotation accumulate with time. As pointed out by Leigh-
ton (1964), the separation, which would ordinarily grow oJE',
develops nearly linearly with time. The predicted growth of
area with time assumes a pseudo-parabolic form.

The exact corrections due to differential rotation, will,
of course, depend on the exact initial conditions. Leighton’s
source is placed at a latitude of ~24°. The shearing would
be less if it were placed at IOO; and even less if we were
to accept the differential rotation law of Wilcox and loward
(1370). We may, then, in a sense, recard the present results
as representing an upper limit on the possible corrections

due to differential rotation.
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3.1.4 The Importance of Annihilation

We have assumed, implicitly, in the preceding discussion
that the two halves of the decaying region are free to dif-
fuse into each other. Since it is not obvious that this
should be true one might wish to consider what woculd happen
in the ’opposite’ case -~ i.e., if the twe halves of the
region were separated by an invisible bharrier that prevented
any exchange of particles hetween themn.

The solution for the diffusion of a point source next to
a barrier can be derived by imagining an ‘imacge sourze’ of
equal strength (and the same polarity) plared symmetrinally,
an equal distance onthe other side of the karrier. The inace
sourze replaces those particles which would ctherwise cross
the barrier, and maintains a zero density-gradient at the
interface.

The solution (analogous to eqn. 3.13) obtained in this

manner is:

meqy) = Ne e = 4F¢ L2 emh (X
Yyt

where it is understood that the particles are positive in
the x>0 half-plane, and negative in the other.

The area covered by flux is about the same in this as
in the former solution. The guantity of flux would remain

constant, whish is distinst from the former solution (in
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which it falls off with time), but this might be somewhat

hard to demonstrate observationally because of the difficul-
ty of maintaining a uniform sensitivity as the field passes
through various stages of fragmentation. The neutral line
would also evolve differently: with a barrier, it would
sinply be sheared by differential rotation; with diffusion
it develops less curvature. But the most important differ-
ence is in the behavior of the separation between the peaks
of the two polarity conzentrations. Equation (3.29), far
from corresponding to a situation in which the two polarities
move apart, actually describes one in which they move fogeth-
er. At tiumes +>> YD it indicates an = Gaussian distribu-
tion of particles around the origin with the maximum concen-
tration of each polarity ocourring right at the barrier.
Thus it is the interdiffusion and ‘annihilation’ of opposite
polarity fields which causes the increase in separation in

the random walk model of active recion decay.
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3.2 Desno ioﬁion of Cbservations of Beszaving Active ions
and Comparison with fhe Pregisfions of fhe an4>? “allk
Yodel
3.2.1 Cualitative Pescrivtion and Overview
The leng term decay of active reglons was studied almost
exslusively by means of the full-disk cnetograns {(Tiitt Peak
and llount Wilson) published in the monthly UOAA Prompt Re-
ports of Solar-Geophysical Data. The data obtained at Big
Jear do not include a large enough field of view to provide
an accurate picture of the interastion of the decaying fields
rith their surroundings nory is the sensitiviiy quite as
good for the weak fields. , A total of 33 recgions, cbserved
on up to nine successive central neridian passages, are in-
cluded in the study (see Appendix II). iany of these are
the same as those discussad in §2.

Since a host

taneously investi

at this point, to
. oy .
sions. Those poi
134, I ot alRIP § o
e gLTTUsS1Oon cons

in §3.2.3 .
{a) During

of interrelated phenomena are being simul-

igated in such a study, it would seem useful
present a brief summary of the key conclu-
nts which are crucial to the evaluation of
tant will be elaborated in greater detail
vears of low activity, when the remnants of

I
13
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Fioqure 17: A series of enlargements from the Mount Wilson
daily magnetograms showing the development of McMath Region
13790 over the course of six rotations:

(a) August 8, 1975 (first central meridian passage)

(b) September 4, 1975

(c) October 1, 1975

(d) October 29, 1975

(e) November 24, 1975
North is at the top, and the direction of solar rotation is
from left to right. The boxes on the second‘and last pie-
tures indicate the area assigned to the preceding and follow-
ing plages. The Kitt Peak magnetograms are of considerable

assistance in defining the exact boundary.



Figure 17
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spreading out from the individual regions. It appears that

a patch one polarity is free to merge with a neighboring
patch of the same polarity, or, alternatively, to be swallow-
ed by an encroaching field of the opposite sign.

(b) All large, weak, ‘unipolar’ areas appear to be the
rennants of active region eruptions. In no case was it pos-
sible to find an extended unipolar area that could not be
traced back to the eruption of a substantial active region;
although the largest such areas may represent the sum of con-
tributions from several (apparently unrelated) regions. The
fine-scale mixed-polarity background which surrounds the uni-
polar areas most likely results from tiny, short-lived, local-
ized, eruptions.

(c) The larger regions emerge in a well-known pattern
with the center-of-weight of the preceding polarity being
closer to the equator than the center-of-weight of the follow-
ing polarity. The scatter is large enough, however, that
even “reverse-tilted” regions are not uncommon (see §2.4).

As the region evolves the apparent inclination may change
(often because of confusion due to small amounts of ’‘resur-

gent’ qctiviiy), but the overall average seems to stay at

about +6°.

(d) The regions rotate differentially. Those above 15°

drift towards lower Carrington longitudes, on successive ~en-

tral meridian passages, and those below 15° drift towards
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higher Zarrington longitudes.

(e) The form of the evolving regions is reminiscent of
the curved and elongated forms predicted by Leighton (1964);
although in the present (very limited) sample there seem to
be two classes: one which develops almost exactly the curve
predicted by Leighton, and another (with large positive in-
clinations) which seems to diffuse without shearing.

(f) Over those periods for which the field can be follow-
ed, the area dominated by each polarity increases more or
less uniformly at A-SXIO3 kmz/sec (slightly lower than the
average rate of expansion observed during the growth phase).
The expansion in area can be delayed by the presence of larce
long=lived spots (as in the p-ends of some regions).

(gj The separation between the peaks of the desaying
p= and f-field ~oncentrations increuses 2t ~ . 013 lu/cen

. 1

{about cne-tenth the rate nbserved curing the ¢rowth phase).

-~

(k) The curves for the average area anl separation as
a function of time ~an be fit by a diffusion constant of
D =400 kn®/sex (ignoring differential rotation) or
D =200 km2/sec (including differential rotation). The fornm
of the fit is better when differential rotation is included.
(1) The lifetime -- that is the time over which the
field remnants can be distinguished from the ‘undisturbed’
background -- is related to the source strength, Roa,
region. Again, the observed relation can be fit by a dif-

of the
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fusion constant in the range D= 200 - 40U kmz/sec .

(i) The flux seems to fall off more rapidly with tine
than would be predicted by the diffusion model. This is
attributed to the Jifficulties involved in trying to estim-
ate the total flux of a highly-dispersed regicn frow the ind
of Jdata used.

(k) The two polarities of the decaying region arve sep-
arated by 3 relatively field-rree “filawent ~hannel”, uliiah
expands at ~ 400 lun/day .

() An -=alpha filament forus in the neutral channel
on, typically, the first or second zentral meridian passace
after the disappearance of the spots. wualitatively, these
seen weaker and less stable than the filaments which form
between regions (no detailed study was wade). Otherwise,

the decay of a region is unspectacular in F-alpha.

3.2.2 The Problem of Resurgence

The study of active region decay is complicated by those
not-infrequent ~ases in which the flux appears to have under-
gone a rejuvenation while on the backside; or, indeed, in
which new, additional flux energes before our eyes and joins
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Probabil
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Ficure 18: The probability of accidental resurgence within

the boundaries of a decaying region (sunspot minimum).
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definite line ~an be drawn separatina ¢enuine resurgensaes
o7 growth from unrelated aztivity which serves only

3

fuse our interpretation of already-decaying fields.

seen after the true initial 1 - 10 day c¢rowth period are
nothing more than a reflection of the random probability of
naw region emerging within the boundaries of the old one.
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the state of a decaying active region, the easiest to measure,
and the one which gives the most unambiguous results, is the
separation between the peaks of the plus and minus field
distributions.

The results for separations over periods of up to
1.6x107 sec ( 7 rotations ) are shown in Figure 19. After a
quick surge to an initial peak separation of ~ 60,000 km, a
gradual, and essentially linear, expansion at ~ .015 km/sec
is seen. Of the 33 regions considered, about 10 survive long
enough to contribute to this trend. There is a possibility
that some of the short-lived regions may expand less rapidly
during their decay, but in those cases the remnant fields
are so weak that a definite judgement cannot really be made
( cf. §§2.3.1 & 2.3.5 ).

In the absence of differential rotation, the data could
be fit, approximately, by the predicted growth of a bipolar
source with D in the range 400-800 km/sec , but the para-
bolic shape of the predicted curves does not seem particularly
appropriate to the observed linear trend. A much better fit
is obtained if one includes the effects of differential ro-
tation as given in Table 3.1 and Figure 15. A diffusion

constant close to 200 km®/sec appears to be indicated.
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Figure 19: Measurements of separation versus time. Each

curve represents one of the 33 regions listed in Appendix II.
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3.2.3b Area
The area dominated by field of a particular sign is

much more difficult to estimate than the separation. For
the present study, the intention was to measure the area
over which the field appears to be 'noticeably’ enhanced
above the background level. A considerable degree of con-
sistency is found when this estimate is made, independently,
from either the Kitt Peak or the Mount Wilson data. Unfor-
tunately, it is less clear how this measured area relates to
the theoretical estimates developed in §3.1 .

The random walk model does not predict that the flux
distribution will have a sharply defined edge. For example,
if we assume a typical step length of 8000 km in 24 hours,
then after, say, 4 rotations (lO7 sec), when the majority
of the flux is confined within a circle of radius 8.6x104 km,
an occasional line could have moved by as much as 8.8x105 km
(110 steps). This inherent imprecision of the border, com-
bined with the non-uniformity of the background field makes
the estimates of occupied area highly uncertain. When a
decaying plage is situated in the middle of weak pre-existing
fields of the same sign it can seem to expand very rapidly.
When it appears in the middle of an area of weak foreign
polarity its growth can be retarded, or it can even seem to
shrink. On the average one might hope that these errors

would cancel, contributing mainly a large scatter to the
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measured values.

Figure 20 presents the results. The areas are compar-
able to those reported by Bumba and Howard (1965b;.for uni-
polar magnetic regions; but significantly less than the size
of the UMR described in Babcock (1963), and referred to by
Leighton (1964), and others, which presumably represents e
complex of activity resulting from contributions of several
individual regions.

If one chooses to ignore the scatter, then it is fairly
clear that there is an average long-term growth rate of about

5x103 km2/sec . Assuming that these areas refer to A as

307
given by equation (3.5), a diffusion constant of D=a 300 km2!
sec would be inferred. A somewhat lower diffusion constant

(D~ 200 tn?/ser ) would be inferred if the trend towards {n-

creasing slope is attributed to differential rotation, as
seems likely (see Figure 16). On the other hand a hicher
diffusion constant is again indicated if the observed areas
correspond more nearly to AQO% than to A?@’ as also seems
likely, particularly in the more advanced stages of decay.

It will be noted that the lowest curves are produced by
regions with long-lived p-spots (e.g., McMath 13338 and
13722). The presence of the spot seems simply to delay the
release of the flux to the whims of the supergranular currents.

Once the spots disappear, the normal pattern of expansion sets

in.

%*
I am assuming that there is a factor of 10 error
in the scale of their Figure 5.



89

Figqure 20: Measurements of area versus time. Estimates
for the preceding and following plages are indicated
separately, so that each region contributes two curves.
Region 13338 (lowest curve) has a large, long-lived
p-spot, which appears to delay the expansion of the p-plage.
The dashed portion of the curve indicates the lifetime of

the spot.
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One might think that the measured areas would corres-
pond more nearly to the area within which the predicted
average field strength is above some fixed threshold level
(comparable to the average background field -- say 1 gauss
or S gauss), than to either Azh or AQO% . This possibility
was considered in some detail, but it was found that the pre-
dicted curves did not add up very well to what was observed.
In general, the area within a contour of a particular strength
(in the smoothed model) would be expected to rise fairly rap-
idly to a miximum, and then fall until, ultimately, there is
no field left above the chosen threshold. In the presence
of differential rotation, the curves (at the 1-2 gauss level),
reach higher peaks and terminate more rapidly (by factors~2).

This behavior might well be observed if the area could
be measured in a more objective manner (e.g., using the raw
digital data), but it does not correspond very well to what
is seen visually. Visually one sees the field weaken as it
expands, fading (or blending into the background) more-or-
less all at once at some ‘maximum’ area. One does not see it
recede in area, or leave a ’'shrinking’ residue (except in
those cases where it is obviously being sgueezed out by a
foreign polarity).

Part of the reason, obviously, is that in making the
study visually one is continually lowering the threshold

level of acceptance: when the region is young, only fields
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above S gauss (nominal) are considered as being a part of
it; when it is old, isolated fragments of flux averaging
less than 1 cgauss might be included. In addition, it should
be noted that the graph includes only those regions which
remain visible long enough to draw the curve. It is not
known how to determine the area over which the remnants are
spread when they are no longer strong enough to be distin-
guished from the normal background field. As a result, the
latter part of the curve will be biased towards the larger
source regions, and the early part towards the smaller source
regions.

In summary, the measurements of area are rather subjec--
tive, and subject to considerable uncertainty, but they seem
to indicate (if one includes the effects of differential ro-

tation) a diffusion constant in the range D % 200-400 kmz/sec.

3.2.3¢c Lifetime

The lifetime of a magnetic region can be defined as the
time over which its remnant fields can be distinguished from
the general background. In many cases the lifetime cannot be
determined (except as a lower limit) because of interference
from nearby, or seemingly resurgent, activity (see §3.2.2).
In those instances where interference is not a problem, a

reasonably definite value can usually be arrived at, even

though the idea is not entirely precise, and observed life-

times can be found ranging anywhere from £ 1 day (for an
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ephemeral region) up to ~ 1 year (for the largest).

The predicted lifetime can be estimated, in the random
walk model, by assuming that the lifetime is determined by
the condition that the maximum surviving field strength fall
below some threstold value. Since lifetime c~onsiderations
will, inevitably involve the most advanced stages of a re-
gion’s decay, we can use the doublet source approximation in
our theoretical considerations. From equation (3.23) we know
that the maximum field at time t 1is given, approximately,

by:
B o~ NQ ao L
e el (2pt)h

(3.31)
where N, is the flux (one sign) and a 1is the spacing
parameter (half the separation) of the source field. If we

demand that the peak field reach a threshold value B

thresh »
then we obtain for the lifetime, T , that:
: \ 2/ 2/
T = ) 3 MOQA
2D \ By reth ( (3.32)

Thus when plotted on log-log paper, one expects to find
a linear relationship between the lifetime and the doublet
source strength with a slope of two thirds. Figure 21 indi-
cates that such a slope is indeed observed (the individual
points are obviously rather uncertain, but because of the
large range of values being considered it becomes relatively

unimportant, as far as the slope is concerned, whether one
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says that a particular small region lasts & or 12 hours, or,
alternatively whether one says a particular large region
lasts S or maybe 7 rotations). The best fit to the points
(with TV=106 sec at 2N a = 1.26x1015 gauss—kmB)

indicates: 3 4
@Wakb f ~ Y3 7\1 0
(3.33)

where B is measured in gauss, and D in ka/sec.
thresh

The only significant deviation from a simple power-law
behavior seems to be among a few of the largest regions, which
do not appear to last quite as long as might be expected by
extrapolation from the smaller regions. The sense of the
deviation is understandable for two reasons. First, the
observations of the larger regions are more likely to be
terminated by interference from neighboring activity, so
that, on the average, one has a tendency to underestimate
their lifetimes relative to the others (i.e., they have a
higher effective Bthresh)' Second, the lifetimes of the
larger regions include increasing those times over which the
corrections due to differential rotation become significant,
giving them, in effect, a larger diffusion constant, as well
(by up to a factor ~2).

Now, in order to extract a diffusion constant from the
lifetime data, it is necessary to establish what the actual

threshold field level is. On the Mount Wilson magnetograms,



as they appear in the HOAA bulletins, the lowest contour is
labelled ”5 gauss”, but is is well known that a diffuse
field does not have to be as great as 5 gauss to produce
contours, since flux -- whatever its true average strength
~- will be concentrated into a few isolated pétches with
dimensions n»iﬁ and strengths of, perhaps as much as
1000 - 2000 gauss (see, for example, Stenflo, 1973) --

and these are the objects represented by the contours.

The level which we want to use in equation (3.33) is
neither the strength of the contours nor the true strength,
but rather the average strength which a typical ‘quielt’ back-
ground field would have if the flux represented by the con-
tours were spread oult uniformly over the spaces in between.
Unfortunately, this requires a knowledge of the amount of
signal at levels below those which are normally plotted.

The fact that extending the plotting to ”2 gauss” brings
up a general, and partially random, splotchiness to the mag-
netdgrams (Foward, 1374a) aﬁd the fact that on some days
there are obvious zero-biases apparent even at the 5 gauss
level would suggest that the average strength of a field which

1

is just beginning to disappear from the contour plot is some-

e

oo

where in the range 2 -~ 5 gauss. This is somewhat higher

than the average noise level, which we can estimate, by divid-

’
C \ - ‘o a
ing the average daily flux (2.1x10" Mx) by the area (1.98x

y
~21 2 £

. : o :
| 0%"en ), as being 1.1 gauss in the 40-50" latitude zone
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(Howard, 1974b), which should be typical of "quiet” fields.

It is reassuring that essentially the same lifetime is
obtained independent of whether one uses the Mount Wilson
or the Kitt Peak data (the present results are based on a
combination of the two); but, unfortunately, this observa-
tion does not assist us in defining any more precisely the
value of the threshold field. Without further information,
about all we can say is that the (nominal) average field
strength of a vanishing plage is probably between 1 and 5
gauss.

None of the numbers given above has been corrected for
the factor of two line weakening correction (Howard and Sten-=
flo, 1972); but the source strengths were. Thus it is the
threshold strength in ”"actual” gauss that we want to use in
equation 3.33 . B3ince one "Mount Wilson gauss” equals two
"actual gauss”, we have Bthresh'z 2 - 10 gauss. This im-
plies that D= 260 - 770 kmz/sec, depending on whether one
accepts the higher or the lower threshold estimate. The
correction for differential rotation would be guite small
since the fit is biased towards the short-lived regions, but
there is an intrinsic uncertainty of ~ % 50% due to the scat-

ter in the points.
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3.2.3d Flux

Of the primary measurements regarding the decay of
active region fields, the ones which, at present, add up
least well with the predictions of the random walk model
are those regarding the amount of surviving flux; and this
is hardly surprising considering the crudeness of the manner
in which the flux has been estimated (based on the areas
inside the contours on the tiny reproductions of full-disk
magnetograms published in the NOAA bulletins) -- which may
greatly underestimate the amount of field present in a dif-
fuse and highly-fragmented region.

From §3.1.2 we know that the flux should go like:

Ne = No 9"‘@(}%—5-{-) (3.34)

or, asymptotically:
Ny = Noo
NG (3.35)
Which means that one should be able to find one-tenth of the
original flux surviving at times =~ 30 az/D (with some small
correction due to differential rotation). For our nominal
a =30,000 km region, and D =200 ~ 400 kmz/sec, this corre-
sponds to something like 2 - 4 years.
In practice, it is difficult to find one-tenth of the
original flux, on a normal Mount Wilson 5 gauss contour plot,

after only 2 - 3 rotations. In fact, the flux represented



99

by the 5 gauss (and above) contours seems to fall off more-

6
or-less exponentially, with half-lives ranging from 5.4x10

22

sec for a region with NOQ:3xlD Mx (which can be followed

for 26 rotations) to r»1x106 sec for a region with NdzBﬁlozl
Mx (which can be followed for only 1 - 2 rotations) (one
rotation = 2.357x106 sec). If taken at face value, these
data would imply diffusion constants upwards of 800 kmz/sec.
Figure 22 shows an example of the kinds of discrepancies
which are encountered.

The present results must be discounted, however, because
of our incomplete knowledge of the amount of flux represented
by signals below the 5 gauss contour (which could easily be
the bulk of the field in a decaying region). Even with access
to the raw digital data it is unclear that an entirely accur-
ate estimate of the flux could be made, both because of one's
uncertainty in knowing how to define the boundary of the
region, and also because of a basic uncertainty as to whether
the magnetograph really accurately represents the relative
strength of fields exhibiting very different degrees of frag-
mentation, particularly when the apparent strength of those
fields is close to the threshold of the instrument.

If it were possible to make these corrections with +he
required degree of confidence, and if it should still turn
out that the rate of flux annihilation seems to be higher

than could be anticipated on the basis of the apparent
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Ficure 22: Measurements of flux versus time for Region
13790. The dashed line connects the observations (based

on the Mount Wilson S-gauss contour plots); while the
solid line indicates the predicted decline in flux for a
region with the observed initial separation (2a==1.15x105
km), neglecting differential rotation. The points labelled
15851 and 15852 represent smaller regions whose total flux
over 1-2 rotations was studied by Sheeley (1965) on the
basis of photographic cancellations. They have been plotted
on the same graph by scaling. In principle, all regions
should lie along approximately the same curve if the frac-
tional surviving flux is plotted against t/a?

(cf. Fig. 14).



TQ*_ (\Cfl'Nij
o

101

4N
4
00 4
LT
Se.
O
R
15852
|
[!585'
N

1 i
| 2
+ (107 sec)

Figure 22




102

spreading of the fields; then this would seen to indicate
the presence of some systematic tendency for field lines to
recombine with definite partners, even though over periods

of weeks, and even nonths, they may appear to be moving about

at random. One could imagine this happening, for example, if

==

ndividual reglons (including the coronal and subsurfane

1ds) were thought of as g¢great rising toroidal loops,

o
T1

(D

standing up vertically throuch the surface, and detazhed
from the deeper “general” field which generated them. COCver

s of

I

reasonable periods of time the fields, at their poin
contact with the photosphere, might seem to be fraying apart
“and spreading at random; but over the long run, as each

line of force is lifted out into the corona, two particular

footpoints come back together and cancel, and the region as

Fy

a whole would leave no lasting residue.

It is not meant to imply that there is anything in the

present data which either reguires, or even suggests, that

*

such a modification to our thinking is necessary (see, how-

ts that since the lifetime

fet

ever, §6,6). Indeed, one suspec

4
f
fod o

-ty

me is itseli

[

data work out rather well, and since the

he amount of

1~

deternined by a combination of the area and
surviving flux, there cannot be anything too seriously

iation. The nunbers are all
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ancies with the Predictions of the

3.3.1 The Developuent of the Filament Zhannel

~

n the outer fringes of an

e

ust as one expects that
expanding bipolar region there will be a point at which the
average field drops below the background level, so one also
expects that between the sources there will be a zone where
the opposite polarities have interdiffused to such an extent

that, at least at low resolution, no average field would be

Such a "neutral corrider” or “filament channel™ is

[l

where disrupted by resurgent activity); but, rather surpris-
ingly, at the present sensitivity it appears to be occupied
not by the fine-scale salt-and-peppering of polarities which
one would have anticipated, but rather to be almost totally
free of field of either sign, leading to a nearly perfect
segregation of the two polarities. If the random walk pic-

t
ture is at all eorrernt, and if this trend continues at h

igher
resolution and sensitivity, then it would indicate that the
pvrocess by which opposite~poiarity lines recombine in areas
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The main disagreement (if there is any) to the predic-
tions of the model seems more to be in the manner in which
the channel grows. Now, the present measurements were made
rather hastily, and are based almost exclusively on the ap-
pearance of the regions on the Kitt Peak magnetograms, so it
is quite possible that a uniform sensitivity was not employed,
but they seem to suggest that the width of the channel grows
in a manner more-or-less independent of the source strength
of the region. That is, the width after one or two rotations
can be just as great for a large region (that will go on for
many more) as for a small region (which is in the process of
dying, and should, one would have thought, have had a rela-
tively wide channel).

In any event the results are given in Ficure 23, where
the average channel width is shown for recions aged 2 - 9
rotations. One seems to see a fairiy clear linear trend at

~ 470 km/day; although the scatter for the individual regions
is large, and the measurement, in its present form, is rather
subjective (it is supposed to correspond to the average dis-
tance between ’‘significant’ opposite polarity fields at the
point of closest contact).

The predicted neutral channel width can be determined
easily enough by assuming that it represents the area in
which the average field strength is below some fixed thresh-

old level (A2 - 10 gauss, as in §3.2.30). We know from
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Ficure 23: The width of the filament channel on successive

rotations. Each point represents an average over all the
regions surviving that long. The measurement is difficult

and imprecise, and the scatter is large.
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equation (3.13) that the field near the neutral line (at

long times) can be approximated (cf. egn. 3.20) by:

‘o~ Ns@o -
B = q;bqttx (3.35)

where x 1is the distance from the neutral line along the
axis ~onnecting the two sources. The width, w , will be
aoiven by:

W = 2x = 8W~bz%4m‘\__;{1
N &

e~
o5
>
L]
Lal
~3
S

This predicted guadratic growth, does not seem to be

observed, but, then, 'he later points are bhiased fowards

recions with larcer source strencths, d that ~ould sup-

press such a trend even if it were present.
I+ should be noted that equations (3.36) and (32.37) are

£ 4

’ s el
not valid for times such that WD

Dt £ a
sion model densities begin locking live a real region only
after the two polarities have started diffusing into each
other. Indeed, in the approximation with discrete bipolar
sources, the width of the neutral channel, as defined above,
would artually decrease 3t first, beginning the guadratin
growth only after reaching sone minimum value. Thus the
narrowness of the neutral ~hannel in a wea¥, bubt not vetl
particularly well-diffused region, ~ould easily be imposed
by initial ~onditions beyond the scope of the normal 'random

walk’.
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hat B3 1 assume that
If we assume that Sthresh =6 gauss and assume that a
. . . . 4,
point in the middle of the ~urve (say w=5x10 km at
7 . . . .
tx10 ser) would correspond to our nominal region with
22 4 | . , e in Ve
-10 My and a=3x10" km; then we find that the width
of the neutral channel would be explained by a diffusion ~on-
e 2 . . . _ .
stant of Da 30U kn"/ser , which is certainly not incompatible
with the previous results. The predinted width would he
slichtly greater if the effects of differential rotation were
included, bhut that is a correction small compared to the
other uncertainties in the problen.

~

In summary, it seeans that the development cof the fila-

iy

ent channel, whish, at first, might seen to be a problem,

is not likely to be 3 problem at all, although the exact
pattern of growth will undoubtedly be sensitive to the exant
initial distribution of field. llore careful, and nore oixjen=

tive measurements would be useful.

+

1al Distribution of Tield Fracuents

oo

;.A.

3 L] 3 @ 2 The SD&

A suggestion was made in §3.3.3b that when the magneto-
grams are ~onpared visually an undisturbed field generally
seerns to fade more or less all at once at ifs naxinun area
(being visible on one rotation, and gone on the nest). The
same impression is had in K-line {3utler, 1924). By implica-
tion this might seem to mean that the flux winds up spread
mnre-or-less uniformly over an available area, rather than

having the fuzzy vaussian-like distribution which ~haraster-
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izes the random walk model. If such an impression was ~re-
ated it was unintentional. The visual iampression is Jjust as

~ronsistent with the "top’' of an extended Jdi
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below a threshold. The boundary of a dying recion is never
sharply defined.

It would be nire to be able to show explicitly that a
~ross section of field strencth through a decaving recion
a~tually has the Caussian-like shape predicted by the diffu-
sion model (and, indeed, the width of su~h a ~urve would
provide a far more objentive measure of the 'area’ ), but it

involves a process of spatial averaging which is beyond the

scope of the present paper.

A sketch of each region involved in the present study
was made on transparent plastic, showing its ceneral appear-
ance on each successive central meridian passage, primarily
with the idea that these transparencies could he laid on top
of each other to produce a pi~ture representing the averacge
pattern of developument (Figure 24). One of the nost obvious

characteristincs of this average pattern is the shear

ot

ng of
the neutral line.
Shearing is expected when the diffusion takes place in

the presence of differential rotation

e

the differential ro-
tation tries to draw out the (initially vertiral) line into

-

a ~nresrcent {just as it would distort a line of ~onstant



109

Figure 24: The average pattern of active region development
as deduced from a composite of tracings from Mount Wilson

and Kitt Peak daily magnetograms of 33 selected regions on

[{e]

successive rotations. Tracings from the southern hemisphere

have been inverted so that they ~ould be properly superimposed

on those from the northern hemisphere. Thus, the poleward

direction is at the top, and the equatorward direction at the

bottom of each ficure. Solar rotation is from left to right.
The regions are listed in Appendix II. Only four

(McMath 13722, 13790, 13890 and 13818) survive the entire

six rotations.
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Figure 24
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longitude); diffusion tries to straighten it out. Leighton
(1964) seems to have shown that the bending is relatively
insensitive to the choice of the diffusion constant, for
using both D= 768 kmz/sec and D= 1535 kmz/sen he finds
virtually the identical curvature after 0.5 vears, but in
both cases it is significantly less than might have been
predicted by the Newton and Nunn formula which was put into
the calculation.

In the present sample there appear to be two classes of
large active regions. Some such as Mclath 13730 and 13818
emerge in a east-west orientation, and develop, as they
decay, almost exactly the neutral line curvature predinted
by Leighton. Others, such as IlcMath 13820 and 13722 emerce
with large positive inclinations (Av+30-450) and seem to
evolve without shearing. The presence of these two long-
lived components gives the hooked appearance to the compos-
ites on rotations S5 - 7 (Figure 24).

On the average, then, one would have to say that the
shearing is somewhat less than predicted by Leighton, and
much less than predicted by Hdewton and Nunn, even though the
diffusion constant is small.

The present author does not entirely understand how
changes in the initial inclination would affect the pre-
dicted neutral line curvature. Conceivably it could explain

the presence of the two classes.
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3.3.4 Lack of Long-term Residue

The most serious conflict of the simple random walk
model with observation appears not to be in its description
of the evolution of any individual region, but rather in its

predictions regarding the long-term, cumulative effects of
many eruptions.

If one thinks of the magnetic polarities as being aver=
aged over narrow strips of equal latitude, then each region,
as it comes up, with its preceding polarity slightly closer
to the equator than the following one, will contribute a
tiny north-south dipole moment which spreads out in latitude
and weakens. The spreading is quite gradual, considering
the large dimensions involved, and even over periods of sev-
eral years one can think of the contributions from the indi-
vidual regions as, essentially just addiné (the two hemi-
spheres are widely enough separated that they can be thought
of as developing independently -- with only a slight cancel-~
lation at the equator).

These considerations lead to a very definite, and natural,
prediction, that the latitudes immediately poleward of the
active zones will develop a residual polarity (with the same
sign as the following spots) which grows with every new nvcle
spot that erupts. Leighton (1964), assuming diffusion ~on=
stants of D=768 and 1535 kmz/sec, and making some reasonable

assunptions about the amount of flux injected over the course
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of a cycle, was able to show that the residual field would
be on the order of a few gauss; which did not seem to con-
flict with any of the magnetic data available at the time.

Unfortunately, the strength of the field is inversely
proportional to the diffusion constant, so that if one ac-
cepts the range of diffusion constants (D= 200 - 400 kmzl
sec) suggested by the present measurements of active region
spreading, a residual field (immediately poleward of the
sunspot zones) on the order of 10-20 gauss would be antici-
pated, in the declining years of the cycle. This definitely
does not seem to be in accord with the observations. Howard
(1974a) finds that the average excess of following polarity
at 40-50° latitude is at most a few tenths of a gauss. It
is only right at the poles that one sees the same polarity,
consistently, day after day.

The lack of a substantial long-term residue suggests
that the seeningly over-rapid annihilation of flux mentioned
in §3.3.3d, and the somewhat shorter-than-anticipated life-
times (requiring slightly higher than ‘normal’ diffusion
constants) found in §3.3.3c, may be more than artifacts
arising from inadequate data. The active regions seem sur-
prisingly capable, over the long run, of erasing all record

of themselves.

This problem will be discussed in greater detail in

§6.6 .
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3.4 Summary

No empirical model of any real phenomenon is expected
to be perfect in every detail; those which coincide with
reality on more than one or two points are generally regard-
ed to be "successful’. By that standard, we have found the
simple bipolar diffusion model to be remarkably successful
(at least at the present level of sophistication) at predict-
ing the observed pattern of active region decay. Measure-
ments of separation, area and lifetime are all consistent
with a single diffusion constant somewhere in the range
D= 200 - 400 ka/sec. In addition, it seems likely that the
width and curvature of the neutral channel, as well as the
observed average spatial distribution of the field fragments,
are compatible with the same picture.

The only cloud, of any consequence, looming on the hor-
izon is the possibility that the rate of flux annihilation
is higher than anticipated. Direct measurements are diffi-
cult and uncertain, but indirect evidence (stemming from the
failure to appear of certain predicted long-term effects)
certainly suggests that, in the long run, cpposite polarity
features have a significantly greater-than~random probability
of recombining.

In spite of all this success, one would not be surprised
if, when examined in greater detail, the data revealed that

the diffusion constant required to explain, say, the separa-
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tion, is slightly different from that required to explain
the area, or the width of the neutral channel; or that a
slightly different diffusion constant is needed for differ-
ent-sized regions. Such deviations would simply indicate
that there are processes other than completely random dif-
fusion at work. All we can say at present, is that the
numbers seem to be the same, at least within a factor ~2,
and that, at least during those stages of decay which can
be followed, diffusion is the dominant process.

A final point == crucial to the acceptance of the random
walk model =-- and one which we cannot address adequately with
the present measurements is that of whether the scatter which
is found in the individual patterns of development (the part
not caused by observational errors) can be properly explained
by the variety of initial conditions (flux, separation, in-
clination, field distfibution, and background) that are en-
countered. Intuitively, one feels that they are enough, but

we obviously haven’t proved it.
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most natural framework within which to discuss the expected
motions of individual features.

In its simplest form, the two-dimensional random walk
can be described as a process whereby an array of points is
subjected to a pattern of motion such that in each interval
of time v, a particular point will underco a linear motion
by a distance L , in a direction which is random and uncor-
related with the direction of any of the previous steps.

The most striking statistical property of the random walk, as
of the diffusion proress, is that the mean-squared displace-
ment of a point frowm its point of origin inmreases linearly
with time.

This property can be easily demonstrated, for if we
assume that the displacement at time t 1is given by the
vector Ei , then at time 4+7T , the displacement zan bhe
written as;

- -
Rt+x) = R+ ¥
(4.1)
-
where ¥ 1is the random vector of length L . By squaring
equation (4.1) we obtain: |

. 2
‘Q?'({;\uc) = RO +2RL 0 4 L
(4.2)
= -
where © 1is the angle between R and © . Since & is
equally likely to assume any value between 0 and 360°,

if we average over a randomly-chosen selection of particles,
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In other words, the mean-sguared displacement increases

2 ]

by L in eanh t ™

me-interval of length "T. Comparing

e

this with equation (3.8), we see that the random walk can
be identified with a diffusion-like growth if we set:

D= L L

(this expression is sometines given, incorrectly, with a

r of 1/2 instead of 1/4).

=
o
1
i
(o]

N

Cver reasonable intervials of time it should be possible

h

to represent the displacements of the individual particles

by a probability function (cf. egn. 3.7) of the form:
. . e - %
P(ag = 23 ¢ >ds
S (4.5)

»

where P(¢) -d$ 1is the probability of having a displacement
in the range & —-® $+4d§ (this is simply a Gaussian modified to
account for the fa-t that there is more area available at the

larger displacenents).
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the measured (or apparent)} displacements; but this conven-
tion is not used throughout. The symbol r will also, at
times, be used to refer simply to distance. THopefully the

meaning will be obvious in ~ontext.

ﬂois the rms displacement, and for simple diffusion:

% = VUDE (4.6)

The fraction of particles which move less than any fixed

amount, r , is given by:

, VA
}(sr)z | - e ° (4.7

It is possible to exploit this property to construct a graph
paper, which we might -all "diffusion paper”, analogous Lo
ordinary “probability paper”, on which the integrated distri-
bution, when plotted, will produce a straight line. As we
will have reason to use this technigue shortly, it will bé
explained more fully in Appendix III.

Actually the properties of a random walk are not guite
as simple as the discussion thus far may have implied. If
one looks at the problem in too much detail, then it becomes
apparent that the growth of *> with time depends not only
on how far they move, but also on how they get from one point
to the other (Figure 25). In general, the linear growth of

{r*> 18 characteristic only of times long ~ompared to tLhe

'flight’ or ’motion time’, T, (0O¢ "C,&"c). Thus the most
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Ficure 25: The growth of <r2> with time in a random walk.
In each of the four cases shown, the particles are assumed
to move by a distance L in a time T .

~(a) and (b) both represent the average behaviour of a
collection of particles starting at t =0, but in the former
case, the flights are assumed to be instantaneous (with the
particles spending most of their time at the endpoints),
whereas in the latter, the motion is assumed to be continu-
ous (at a velocity ~ =Llk), giving a parabolic growth between
endpoints.

(¢) and (d) 1illustrate what happens when these two
basic curves of growth are averaged over all possible initial
phases (as we would expect to occur in the solar observations).
Both patterns can be described as straight lines with slope
44> = L for t»7, but in the latter case (d), due to a

dk
slow start, the actual displacements lag behind those ot the

2
former (b) by admrt>= —%« .
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correct way to extract a diffusion constant from displacement

data is to go by theslope at long times:

= L dce> . .
Doy = q S5 (4.8)

The diffusion constant will be somewhat underestimated if

undue weight is given to the first few observations {as in
the curved initial part of Figure 25d), when the random walk
has not yet had time to ’randomize’.

If a variety of random processes, with different tine
scales, are involved, the curvature can continue for an ex-
tended period. Motions with a low velocity amplitude but
long time constant (e.g., supergranulation) can eventually
produce a larger diffusion costant than a similar motion
with high velocity amplitude but short time constant (e.g.,
granulation) (see egn. 4.4).

In other words, a process which is actually randon
(i.e., a random walk) can look non-random at short times.

By the same token a process which looks random over the short
run may become non-random when examined over the long.

Figure 26 illustrates this possibility. “Turve I is the
standard random walk with its linear growth of <&,

For curve II this random motion has been superimposed on

a steady linear expansion, which increasingly dominates the
displacements at long times. The same upward curvature

could also be caused by another component in the random walk,

with a low velority amplitude, but a long time ~onstant
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{r?

Fiqure 26: <Characteristic patterns of <r2% with time.



124

(which might look like a systematic expansion over short

times). Curve III 1is the case of the buoy tethered in the
harbor. Over short times it seems to be moving about at
random, but in the long run it can’t ever cget very far.

Any one of these behaviors, or some nomplicated combin-
ation of all three, could be found when the displacements of

features on the sun are plotted.

4.3 revious Vork
The most thorough, and objective study of the motion of

magnetic features in decaying plage regions, undertaken to

2

T
Ii

puds

€

N

date, is presumably that of Smithson (1372, 1373), in wh
the displacements were determined by marking, independently,
the position of prominent features on magnetograms at two
different times, ‘rotating’ the resulting dot patterns to a
common time, overlaying, registering and measuring. Accord-
ing to Smithson (1373), for 21 ‘identifiable’ magnetic fea-
tures an rms displacement of 6870% 560 km was found in 24
hours, and for 16 ’'identifiable’ features, a motion of
9118 £ 816 km in 48 hours.

These numbers are compatible with a linear growth of
%> at A<> A 500 km2/sec, rorresponding to a diffusion
constant D=125 kmz/sec; which is somewhat lower than,
but not entirely incompatible with our previous estimates of
the diffusion constant (~ 200 - 400 kmz/sec) based on the

long-term spreading rate of similar antive region placges.
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Furtherrore, Ficure 27, which is extracted from the data of

Figures 6 and 7 in Suithson (1973), shows ~learly that the

observed distributions of displacements are not at all in-
the

h

compatible with nodified-Gaussian distribution expected
for diffusion-like motions (egn. 4.5), though perhaps some-
what truncated.

The total data seen also to suggest slightly hicgher
rms displacements than those just quoted. The best fits to

™
pa

the histograms of Figure 27 (as determined by plotting the

integrated distributions on diffusion paper) require:

% = 8400% 80U k= for the magnetic data (105

oY

o]
+
w

and §.= 3700t 800 ¥m for the X-line (126 pts.),
indicating D=210 kmz/sec.

The prohlem with accepting these measurements as a def-k
initive description of the short-term motions of magnetic
features in a decaying plage is that about one-third of
the points cannot be identified. OSmithson himself suggests
that this unidentified component may ~onsist of flux which
has been transported over distances in excess of 15,000 ¥,
which could easily raise the mean-squared displacement by a
factor of two or more. Ve do nolt necessarily accept this
interpretation (an examination of his Figures 2-5 suggests
that most of the ’‘unidentifieds’

, and apparent large displace-

ments)may result from incomplete sampling around the edges
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of the plage), and it seems important to attempt to extend

the measurements to shorter times, where one can he more
confident that definite, discrete features are being follow-
ed. Oome additional comments about Buithson’s data will be
made 1in §14.5 .

As far as shorter intervals of time are concerned)the
only relevant study of which the author is aware is that of
Schr8ter and W8hl (1975), in which individual K-line bright-
ness features were followed, in real time, over periods of
3 - 5 hours, by a method of photoelectriz guiding. These
authors chose tc express their results in terms of a velonity
1ot they found to have a ‘llaxwellian
with V= 0.15 km/sec. If we assune (and this is not ertire-
1y obvious) that on the average these velonities were obtained
by taking the total displacement observed in ~4 hours, and

dividing by the time, then we would infer:

QAr§rMS:: &~ 2160 km in 4 Thours.
It is not entirely understood what size features this refers
to, or exactly how the photoelectric systen ~ontends with
short=term variations in form and brightness.

Finally, we have the statements of numerous ohservers
(e.g., Dunn and Zirker, 1973; and Dravins, 1975) that, when

examined at the hichest possible resolution, the “magnetins

filigree” is seen to be displaced by granule-like distances
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in granule-like lifetimes -- say, ~0C00 ¥uw in 10 minutes.
Again, there is some guestion as to the statistical signifi-
cance of these nurbers. l.e., are they peak values, or

"typical’ values or rms values? and, exa~tly how were they

3

determined? Even under the best seeincg conditions the rela-

tive distances between features can ~hange randomly, fron

i
frame to frame, by up to ~ 1| .

4.4 Attempts to Fo w_Individu Featu
There are two hasic reasons why the measurement of the

displacement of solar magnetis features is a non-trivial en-

terprise. TFirst, there is no way of distincuishing one field

line from another. Second, the field pat-hes are subjent to

L]

n ‘visibility’: a strong patrh ~an

ok

short-term variations

spread and weaken, a weak diffuse patah can concentrate and
1

strencthen; and patches of any strength can evolve hoth by

¢

merging and fragmentation, leaving the ohserver totally un-

certain as to what artually happened in terrs of the wolion

he detection of notion is least anlicucus when nagnetin
h 2 5
- ? R - 3 IR b I ¢ - 1 &y o2
~3ancellations are used, but fthe resolubtion is poor (=27,

and internal changes in the form of a field patch are likel
to take place in times comparable to that regquired for it to
move by its own diameter. In addition, there are problens in
dealing with marginal points dipping above and below the de-

tection threshold of the instrument.
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Higher resolution can be obtained by using observations
(e.g., ¥-line or \A3840) in which the presen-ce of the field
is inferred from its heating effects. Unfortunately, along
with the higher resolution comes more short-term vari-
ability. The apparent intensities both of the individual
granule-sized field points, and also of the larger (~ 3000 km
diameter) clumps into which they are organized ~an change
erratically over times ~ 10 minutes.

The present results (which are not much more satisfac-
tory than the previous ones) are based primarily on a seguence
of simultaneous nagnetic and K-line observations made at Big
Bear on July 2, 3 and 4, 1372 (Figure 28). The 47x67 field
of view shows a "quiet” region, at a latitude of ‘x300 N
crossing the central meridian on July 3. Approximately one-
guarter to one-third of the frame is occupled by enhan-e
network of positive ponlarity, whish is a remnant of the
following plage of Mellath 11857, born some 2% rotations
earlier. DBecause of the relatively high latitude, the dis-
ion of the field from day to day, due to solar rotation,

o first order it is a sinple linear shear-

)

3

ing, with the eguatorward edge of the frame appearing to ro-
tate faster than the poleward side. When ne~essary, the
shearing was removed by tracing the features at each latitude
onto a sheet of transparent plastic which could be moved by

a compensating amount.
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Figure 28: Photographs of the weak field area studied on
July 2-3, 1972.

Lower: Videomagnetogram (2345-0010 UT)

Upper: X-line filtergram (0010 UT; 0.6 & bandpass )
The videomagnetogram is a photographic average of ten normal
(256 frame) cancellations. North is at the top and solar
rotation is from left to right. The width of each frame is

approximately Z.SXIGS km.



Figure 28
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S

A number of attempts were made to extract the motions
by direct measurement. These will be discussed only briefly,
since widely different results can be obtained depending on

the subjective judgements of the observer. An objective,

}.J_
4]

i
f"")‘

and stat

n §4.6 .

c3lly more sound, procedure will be considered

[

4.4.1 ¥ey Points: Separations and Displacements

In the first attempt, the total set of data for July 3
(i .e., magnetograns plus ¥-line filtergrams) was examined

and an effort was made to define, subjectively, what appeared

.

"features”, ignoring short-term

to be the motions of discrete

variations in apparent strencth, and going by the center-of-

w %

] :

weight when fracmentation or merging seened to occur. The
position of approximately 30 prominent magnetic features was
narked, in this way, on prints of four key ¥-line frames, at

1434, 2000, 2230 and 0100 UT, giving intervals of ”5”, 2%

3y overlaying the dot patterns (after correction for

rotational shearing) lines could be obtained showing the path

4
O
@
a
rt-

of each identified feature. The

he tails indicate the positions on th

0
[
[EuN
At
.
bty
4
9)
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&
e
[
vy
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3 32 LR

subseqguent dots ~orrespond to the subseguent frames. VWheth-

1443
Q
h
prode
o
o
fud
<
pde
o
j
o]
pnd
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o

er these curves even resenble the path
lines on the sun is open to considerable guestion; bub one

]

would suspect, if anything, that the finer features exhibit



<

1

Lal

Y



134

h

consider—

3
A

e

mere

avern

an

I when a

&

ne exXeroised w

5

MAY

smoothing

Fed
o
AL

&
s

S oare

anement

1

i1sp

Y e

iean

e
Lhe

A5

e

0N

hours

,;:.

<

1Son

e
ML

't

<

3 of 3

s

he resul

t

et

s

INE .

4

versus

gt

Y

N

%.

4

noted

oe

5

gl

ne su

41

features on

Py

aptd

o

AT

3

eW!

Om

Ll

<
3

The

3

j .
wrd

sguare

n=

A

T

o
-

easurel

n
AL

.
N

@
et
£
)
0

W

g
o
e 4



out

O

5

th the

Wi

~

wers to be

tl

‘

proportion of
ent

.
ST

Lore
4

vy

ncons

i

granules as producing

learly

or 18 o
however,

rs, we would expect only a

the super

135
nocu
avi
ot,

.
1

I

i iy
e
15

H

reve:s
ed

over »~ 20
to

S

-

ns

o
'he observ

i

If we were
4
[
o

steady mo
steady.

i i g
0] i~ o @ e
e &} Gl s 19} s o [t e
i o e} jor 1= by s @ A3 A &) X o
g Tl et ] - © e W >y w @ O 4! v AN &
@ O PR o Goo 0 LT A3 o ) O ®
N fo 0 B [T i 4t O e 0 - QLo - 0
o JE S IS ot qe; $) o) 18] [ &= 2 w
u K @ Q ) n g ! © 'z et el -
Ui o £ Q o 7 apd & 0 [ 4 et 1) e L
- o = s @ M e e s w O 1)) O o L ot
O3 e 0 U b gt wmo U e © 5 e o
ot £t o3 tol ] @ Z by ) et ] w [0 T D o
2z 1o “pd Uy e T o] - gl by aQ rd [te} o] P o
] A e -t [N vt -fd fred ] P b N i e gt
8] W T ] @ 0 bt Qo O Q@ Uy I o
, = gl 5 o 58] ot £ N W bt oo
ey = T A b Qi - e} O Mol @] o s
el L2 ] @] o Q 0] 1] o A4 Ly -
Q R = = e o @A { © @ e
O 5 b o~ o O @ e el B Ua R B =5 ot
o] W 4 & e w @ @ o SR e O e T . o
o Q0 o ) B W T s R e et
=z b4 s &= b I S @ L ey D o~ W
o (55} s po o @ e G O G o
© e O] = w ot L2 e 0] o o e o o D
= n -t £ it} et 0 B e Uy It =gt @ o) =
It} e @ | 4} @ @ ) o) o 8} A4t O O i 4 o o
e 3 R = o [ < o @ il = uw o7 u
0 = e oW Qe S I w0 @ [ I
n D o o ol D e £ Q@ e 0 O T T -
50 = oo > N R N o B B T S S &
o3 et o nrd 0 o e § o o 10 D o
et [ bt w1 -t e, 1] [0} o By et i -t o o
o] [fo] O (e} &} al 1= (3} i e whd il St vl
Q &) Lo @ jon Q o] o} £ ~ O O e g
ey A * ey @ 4 O 0 e e w oDow
B O = A2 n 0 @ S 6] e n (e o o
o [} e A O = o ] Bog W w o Ly
S L R O S T T 2] o
Gt e o ) (o] s O] O R o A et £ o) @ o ! o
M ! p] b e I o (ORI ] @ Q@ et
=R &1 (O i e = -4 £ by g
o) ot e} W [55) 3 O o3 Q O e o] il & @ T ®
o I . ] & (@) 4] O ( e O 8] { s o =
& 44 e o 9] o) -+ [ o ool £ O et w o] £ et fad
@ Qe D~ s ® L T 15} > -t ot
O NN © BN S B s e N o 9] 1) W at O 0 e
A7 jn 5 n )l @ Qe ) n ® gt e
b o o IS b 15} [0} lte} o oped O s i o O
- < wped £ ot S5 @ [t = by 19} [ o (@] o 0
A - ) e} O e 42 0w I} e [ ite} o o}
e o] o] A5 0 W et = n @ @ . O
o O o by w (2] [ 8 0 [53] oo = O] Gt
N T S T o (5] M et W 2 [ B o 4 o]
o3 O lig} o 43 (of Q e o P @ et mGu ] wh
lto) o 44 e . o Ch QU i o i P cal -4
()] el 0 [ i m a i e ® e - el [oN o3
s e o 0] i O A Uy @ e} T U te} [OR = I O
- o O = W aN] e 3 O L2 N o @ o b )] A



Scatter plots showing the presence {(or absence)

Figure 30:
coherence in the apparent motions of the selected K-line

of
5 hours versus

features for 7-3-72.

{(a) = in separation over
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A very careful reader may discover that the rms change
in separation indicated by Figure 30 is approximately the
same as the rms displacement indicated by Figure 29, and not
enhanced by a square root of two (as one might have guessed
since there is independent motion at two ends). This is an
interesting point, but of such a mathematical nature that it
will be relegated to Appendix IV. Separation data have the
advantage that, to the extent that particular features can be
identified, the effects of geometric shearing and differen-
tial rotation can be avoided by considering only the compo-

nent of separation in the north-south direction.

4.4.2 todification to Include Fragmentation

One has an uneasy feeling, in attempting to follow fea-
tures “ignoring short-term variations”, as just described,
that the technique does not deal properly with the possibility
of fragmentation, and that some field lines may move consid-
erably more than the smoothed averages would imply. This is
a great problem, since when fragmentation does ocrur, there
1s no way to be sure exactly what kind of a reorganization
of the field lines was involved, nor that they will not (like
the buoy in the harbor) return to re-form the same clump
later on. lioreover, when one sees a feature fade at one
point and something else strengthen nearby it is never clear
if there was an actual transfer of flux between the two, or

if the appearance is simply an accident caused by one point
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randonly ) choosing to disperse a little, and the other

randonly choosing to concentrate or emerge at about thas same

ﬁ.

ime.
Tgnoring the problems, one can go ahead and try the ex-~
veriment anyway, just to sese what happens. Transparencies

showing the appearance both of the ¥-line and the magnetic

h

tures, were made and laid on top of corresponding photo-~

L]
[t
[o)]

|‘i“

phs taken at later or earlier times. “What seemed to be

k9]
H
jo)}

the maximum reasonable amount of rearrangement of flux was

LA |

estimated visually. Iost of the time this was divided into

two components: a motion of “clumps” (rouchly the size of a
supergranulp wall, or “vertex point”}, and an interanal motion
within the clumps. The two mean-sguared components were then
added to obtain a total mean-squared motion.

The results, which are at least as arbitrary and sub-

£

key”

L.A

ective as those obtained by trying to follow particular

Hy

‘eatures, are shown in Figure 31, along with the former ones.
2
One would hope that the true rate of growth of r with time

i3 somewnere between the two limits, 1.e.:
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4,5 A Refinement of the Smithscon Technigue

4,5.1 Theorv

In principle, it is possible to analyze the notions of

s

any array of long-lived particles in a completely objective
manner by marking, independently, their positions first at
a time which we can zall t=0, and then at a time which w

can call t=+ty , overlaying the patterns, and measuring

(without bias) the distance from each point in the pattern
at t=t, to its nearest partner at t=0 . If we can

show that this distance, when pictures at a particular inter-

&

val of time are compared, is greater than it would have been
1f the interval had been smaller, vet less than the value

which it approarhes at very long times; then it seems obvi-

ous that there must be a definite statistical procedure for

are indistinguishable) without invoking any vague {(and highly

questionable) notions ~oncerning what constitute “reasonable”
or "proper” motions.

In the largest sense of the effort to deteruine
this “degree of correlation” is rather pointless
since a far more elegant statistical procedure exists (§4.6);

used, and because it provides an intuitive framework wi

5

which the physical significan-e of cross-correlation functions

bl
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can be better understood.

Now, at short times (i.e., when the motions are small

L
e
-
jan

compared to the distance between features) the manne

which the displacements should be analyzed is fairly clear.

.

To the extent that the sampling is complete, nearly all the

points marked at t=t will have an unmistakable partner
= '§ =

at t=0; and the observed distribution of displanements

0
oy
=)
o
[
Mp
o
i+
0]
H
T
H
®
b
[
O«—J
43
rwl Y
=
ge!
freerkt
<
o3
W
H
[0}
1y

lecting the combined effect

of real motions and plotting errors. In addition to these

usually large separations from their nearest partners; but
Db wemes T A N aar +hat +h e mmtean s G Ao e 7
1t would be clear that they were caused by those occasional

the other, and that they should

P

mean-sguared displacement. This

b

ec

TN RS TR £ " 4 [ O N
Che nUMOery ol Iradments wihloh
y 41 P PR - - 3 3 4 e D4 e 4 T s
must be considered increases, and the ildentilication of wndi-
9 5 oy ¥ K 3 -~ N o e g T e v e ] g g e s S TSI e E AN
vidual points berowes increasingly uncertain. Ve will, there=-
o PR Tt NS PRI R PO o | . - ]
fore, atltempt *to describe a rmore correct mathematical prored-
ure.
=

Basically, we 2an say that we understand how to inter-

ured displacewments would resullt from any given distribution



o} rue disy nts; and, in order to do this, there are
two important effests which nust be considered. First, there
is the possibility that a particular point recorded at t= tl
was accidentally omitfed (or perhaps was not sufficiently
prominent to be recorded) at t=0. In that case it is like-

ly that the apparent “displacement” will be much larger than
the true motion. Secondly, there is the possibility that a
feature at t=:tl , even though it was properly recorded on
both frames, has moved so much that it will (by accident) be
identified with the wrong point at t=0.

C
reaks up into

ree independent flux tubes b

s, which proceed during the course of the

52

to move, in different directions, by

wash

measured, each of the

(properly) identified with the saue

18 re-

d

Q.

corce
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bor distances in a random array is given by:

. S T
m{dy = 2vom, v & - \

-3
3
[0
2
0]
<:
r‘i
(o]
i
Josi
]
e]
N
Q
o]
,....
D
by
I i o

is to determine the probability

~JF

P(r.), that a point at time t will have a partner within

distance r_, or less, at time t ; since then the prob-

()

ability of having a measured displacement in the range

A -~ g+48L 1is given by:

A s o Pry |

- s\}! s B N S e ;
= | ] /4 53
Lo T2l (de12)

Now the probability P(r ) can be deternmined 1if we can divide
o

up the possibilities into manageable pieces. TFirst, there is

[

the chance that the true displacement was less than r, , an
o

H

the chance that it was greater. These are given by:

%
(4] - % gi . Q’ef;{fé
13} &
| s @ 45 = |~ e e
A ;z {‘I-}.&a}
= ]
and o0 e v Zia
; LI S9N O S
KRN A5 = e -
J - i .
ro k{-\g (‘;-}.3{))
respectively.
If the true displacement is greater *than r , then

O

(4.14)
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ner sufficiently close to satisfy the ~ondi-

o

T the true displacement is less than r, there is a

I
probability (1 -4{) that the ~ondition will be satisfied
sroperly marked at  t=0) and an

dditfional probability:

£177 7 ot @ E al s Aot A

STLLL Dhe satlisried >j’ ICcoLden s
j}r adding all these possihilities tocether we obtain:
H SRt R LA Lilegs HUman sl L Lage Lol Lael SR GRINS I I ) g

{ﬁg - @, ’ é} - & N
___{!\’E '*l\ ’ﬂbﬁr&z
+ (E—>@ 5°g ﬁ“§34'§{§“€ h (4.13)
from which, by applyince eguation (4.12) we obtain, at last,
H
the measured distribution of displacements:
(Vm +3¥:Q1
. e\ 7 . s é:)
A - P L .
P{Q\aﬁ - {:‘ \3)527‘@@.;,%»“ o) b;j;
\ B
ij ‘2 “
.I. ~féﬁ§§‘{§‘ (4.16)
-+ Zwﬁﬁg‘Q 13 C{f;\

[

In spite of its somewhat forbidding appearance, one will see

”Q)

that, on reflection, equation (4.16) has in fact a very sim-

-

ple and elegant form. It consists of two of the now-familiar

modified Gaussian distributions -(characteristi

o of

‘sw! -

3
ranniot

g
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displacements in two dimensions), where the true distribu-
tion (given by egn. 4.10) has been perturbed by “noise”

onn of “"normal”

}»-"

The noise serves both to broaden the distributi
displacements (the first tern of egn. 4.16), through the
ication; and to contribute an inde-

pendent background distribution (the second term of egn. 4.18
1:

Under conditions where the real motions are small con-
pared to the spacing between points (i.e., 6, << ?F::} the

4,7

Lit

s provides the nathemalical

;ﬂgw

high~displacenent “tail”, as was done in Smifthson’s worlk.

There is still however a sliicht “saturation

must be considered.

equation (4.18) and compute the mean-squared displacement

which would be observed we obtain:

7 N
{1- LY ¢
e §2:/ = \% J ) o : )
& - ;: . [ . e ,; : \
b+ marat, Mt (4.17)
Even at very I “ines (¢ ~ )} the ol
Even at very long tinmes ( ¢, -» ) the observed displasce-
.. s S 2 A} - N . 1 7
S cannot rise above the baskground level set by the ran-
dom distribution of nearest neichhors.
. 2 A o ;) v ' i
Equation (4.17) ~an he inverted to eipress the true
. ; . - N TN iR N I .
ean-squared displacenent in terns of the observed one!
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Inserting these values into equation {(4.19), we deduce:

Lo . . .
ALt in 24 hours.

LY =L < g

trye

That is, the neasured mean-sguared displacement is (at least
in theory) expected to underestimate the ftrue mean~squared
displacement by only about 20%.

There is serious question, however, about applying our

s ~ase. If the field is concentrated into poor-

o

oy = b -
nethod i T

b

ly resolved «lumps, and our dots represent only the center-

of-weight of a nuwber of independently moving field lines;

¢

+the

ot

[

“
it
T

resolut

per supergranule fo 5 or 10 . We will find (surpris-

ingly) that this increased thoroughness of sampling brincs
out little or no evidence for signifi~ant additional fine-

5 -

scale motion; but the result is uncertain, because with the

byt

£

igher density of points comes an increased probability of

2]
o
e}
’w’c
o8
o
o
t
‘J-
Fhy
'J..
O
@
"t
el
O
o]
.
o
i
[
2
o
[ ]
i
}«..J
()
o)
G
iwé
]

s per supergranule it

=

is only possible to follow the motions, reliably, for +3 - 10
hours. As a result we will still be left in some confusion
as to how to extrapolate the short-term motions to longer
fimes: 1is the c~ontinuous, fine-scale, internal rearrange-

ment of field within the clumps important *to the long range
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evolution of the pattern or not? Only in §4.6 will we be
able to provide sound statistical evidence to the effe~t that

the fine-scale motions do not contribute significantly to the

b

long=term large=-scale rearrangenent of field.
2 g J

4.5.,2 Application to the Julv 3, 1972 Datsa

The hand~-sampling technique was applied to conposite
magnetograms (which brings out weak background detail) for
July 2, 1872; to ordinary magnetograms for July 3, 1972; and
to the 0.6 % pandpass K-line filtergrams ftaken on July 3.
E
[

The sampling was done by marking the sf

rongest features Tirst,

and then moving down to less and less prominent ones, until
at last 2 reasonable threshold seemed to have been reached.

As the sensitivity was increased, an effort was made to assign

dditional dots to the original, strong features, so that, to

s

some approximation, each dot could be thought of as represent-

-

ing a "guanta” of flux. This zould not he done perfently,

however, and there is almost certainly some bias towards the
£

weaker features.

In the area of the enhanced plage, the natural-seeming

density corresponded to about 4.5 points per supergranule
for the normal magnetograms (7-3-72), 5.5 points per super-
granule for the composite magnetograms (7-2-72), and 12 points

-

per supergranule for the ¥-line filtergrams (“supergranule”
here means an area of 10 km ;. The high

to describe the K-line features is probably due more to the
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Figure 32: Histograms of observed displacements for July 3,
1972 magnetic data. The displacements are measured in milli-

meters (with a 1/2 mm increment). 1 mmw 1270 knm.
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confusion raused by short-term heating fluctuations, than by
a genuinely lower sensitivity threshold; as some of the weak-
est isolated features on the magnetic composite appear to

v ™

correspond to a single, unusually bright K-line “granule”.

i fvpical sample consisted of about 100 points.
ye P P

b

or each series of dot patterns, the following guanti-
ties were determined:

(a) The density of points = mg .

(b} The actual distribution of nearest-neighbor distan-

ces on a single frame = < Q%3

-

The distribution of apparent displacements (nearest-

oy
(¢}
L

neighbor distances) when dot patterns recorded at

different times were superimposed in

(=

4

- z . M .
n each case, <8°> was determined by making ram of

(""&
o3}
e
t"" -
4]
r
0

«Q

the measured displacements and fitting the standard modified-

e

Gaussian to it,

e

gnoring the extended randon

2

ail, as describ-

ed in Appendix III.

P

The idea was to plug these nunbers into eguation (4.13)

so as to obtain the true mean-sguared displarement, but a

problem immediately arises: the dots are not randonmly dis-

in the clumps) have nearest neighbors zloser than would be
expected at random, but a few (the ones that happen to be in

the middle of a ~ell) have no ~lose neighbors at all. The

assumption we used in deriving eguation (4.15) =-- that the

egister = <A%>_ .
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probability of having a neichbor at a certain distance is
independent of where you happen to be -- is no longer valid.
At short times the measured rean-squared displacements are

limited to rather small values by the main neig

o
It
-
o
0
+

bor

"%

distribution, but for long times the displacements can be as
z - +3 AT I 4wt mem

great as XD 4 e the nean-sguared distanne to
a nearest neiohbor when the pattern is sampled from a random
point. <A, 4am <3N be determined, empirically, by laying
the dot pattern on a regular rectangular grid, and measurin

- pat) g
the distance from each point on the grid fo its nearest point

&

in the pattern. At short times it is appropriate to use
O 2 : SR (g Yoo on ,
{82, as LQ >k£=a> in eguation (4.19); whereas at long
times, {0 ,4em 1S correct. In general, the problem of how
the saturation level should be varied between the two extremes

is a very complicated one and we will not attempt to solve it

here, as it seems to be sufficient siuply to assume that the

[

proper value ‘<£T>gt=a5? at any time, is greater than
L8*>, but less than <&F>;&ﬂééw . By the way, it is

easy to show that when clumping is present:
L7 <« o
m,Tv romdom (4.20)
We present now the results:
Figure 32 shows the histograms of observed displacenents
for the July 3, 1972 magnetic data, with the ~haracteristic

progression from near-perfect overlap to randomness.
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Time Interval

(nearest neicghbors)
(random sampling)

54 hours

Tine Interval

(nearest neighbors)
(random sampling)
Q

minutes

v

r_«d

Loy

minutes

ot

hour

(V]

hours

5% hours

hours

[C]

Observed corrected Zorrected
28.2 % 5.9
63.7+13.4
65.961% 1.48 7.8 - Q.24
: Ju 3 9 i tic Data
Mean~sqguared Displacements
(n_= £.5%x107° 1 %)
Observed 2 ected Zorrected
45.1 = 8.0
T73.9%212.5
0.23 + .05
2.32 + .24 2.16 - 2.20
2.10 = .47 1.92 -  1.36
252 * .40 2.37 —  2.42
4.33 % .75 4£.42 - 4.81
11.7 = 1.8 13.6 15.4
15.0 2 2.5 18.5 22.1
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Ta 4.3
Time Interval Observed sorrected = ot
(nearest neighbors) 12.5 % 2.2
(random sampling) 29.6 = 4.8
0 0.34 * .06
4 seconds 0.34 = .06 0 U
9 minutes 1.85 % .29 1.61 1.77
30 minutes 1.37 % .24 1.07 1.15
1 hour 2.93 % .52 2.87 3.39
1% hours 3.87 * .76 4.06 5.12
3 hours 5.987 1.09 7 .07 10.8
S hours 3.18:1 1.82 12.8 3347
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v = K-line O= m&aneﬁc
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Figure 33: Objective measurements of mean-squared displace=-
ment based on nearest-neighbor method. Data in Tables 4.1~

4.3 &
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As stated in the intrecduction to this section, one seems

to find, over those intervals where a comparison is possible,

-5 4

essentially the same result independent of the sampling den-
sity that is used. The K-line data may show a slightly
more rapid increase of <r?*> with time, but the deviations
come mainly towards the end of the interval when the satura-

tion correction is most uncertain. Both the X-line and

o

nagnetic data show <r*> increasing rapidly (over 5 - 10

~ ~ =~y 7 "{ : :
tes) to a value of about 2x10° km~, remaining steady at

i
®

n

=
e

i

PR

that value for about an hour, and then developing a steady

s b i : Nk /
rise. Overall, the growth seens to be at about 700 km /sec
Z
-- corresponding f{cf. egn. 4.8) to D=175 kn [/sec -=- and

¢ : 3

there is little evidence (aside from one highly uncertain

®

K-line point at 5 hours) of any extended upward curvature of
the kind which we might expect if the dominant random walk

mechanism involved steady motions over pericds of more than

~

cure 25). If Smithson’s (corrected)

a few hours (cf. T

[

Qu

point at 24 hours is included, a slight upward curvature is

indicated giving a final slope of perhaps as much as
" e a2 . e . 2
o &> 1200 ¥tm"/sec , i.e., D=300 kn"/sec.
det
The interpretation of the plateau between =0 and

t = 1 hour is something of a puzzle. The most obvious

interpretation would be that it is just a slight res

-
.

Jua

s
joN

X

"noise” caused by plotting errors and seeing fluctuations,

but, at least for the ¥-line data, this does not seem to be
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the correct explanation. Seeing changes totally in less
than a second, yvet Table 4.3 shows clearly that a X-line
frame taken at t =4 seconds is more similar to the one
taken at t =0 +than is one taken at t=2 wuinutes.

The second most obvious explanation would be that it
is a physical effect of the kind anticipated in §4.2 .
One could say: aha®%' this is the effect of the granula-
tion which can push the field around for a few minutes, but
rained, by the supergranulation, from ever push-
11 see in Section
S5, if the granulation interacts with the field in at all the
same way as the supergranulation, fthen one would expect it
to displace the field, in a granule lifetime, by at most a
tiny fraction of a granule diameter; yet, according to the

tables, the rms fluctuation in position of the dots is

about 1400 km in 6 - 8 minutes.
We are left with one remaining plausible possibility:

P
that we are seeing fluctuations in the localized heating ef-
fects which determine the visibility of the field at any
particular instant. Over periods of 5 - 10 minutes, there

is evidently a tendency

Lt
b
]
=
Q
=1
®
(o)
O
L
i
H -
@]
jon]

of a field patech to
dim and another to brighten, so that one assigns the position
of the peak field in a slichtly different way, even though
there may actually have been no motion of flux involved.

The presence of such temperature fluctuations is certainly
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not in contradiction of one’s impression on viewing the

K-line filtergram movies. On magnetic movies, the features
seem quite steady in intensity, but they change in shape and
area.

As a final note, we should mention that an effort was
nade to apply the hand-sanpling technique to photographis
prints of Kitt Peak full-disk magnetograms showing very guiet
unipolar recions near disk center on successive days.

A point density of ~3x10 ° points/kmz, seemed sufficient to
represent most of the flux; and at such a density, if the
motions are as small as we claim, 1t should be feasible to
identify most of the features after 24 hours. In spite of
the slight correlation which was visible to the eye, the ob-

5

served nearest-neighbor distribution at a2t = 24 hours, was
much closer to the ultimate, completely random distribution
of distances than expected. This is disturbing, but it is
very likely due in large part to the small scale {(lum =8000
km) of the prints which were used. The cross-correlation
functions, which are to be discussed in the next sub-section
11 provide a much more obj ive indication of the amount
of rearrangement which takes place in weak-field areas over

24 hours.
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4.6 Extraction of the Diffusion Zonstant by Tross-gcorrela-

tion
4.6.]1 Introduction

The simplest intuitive procedure for showing that there

is correlation between two photographs is not to draw dots
showing the positions of a few of the most prominent features,
and to try to show that those dots lie closer together than

they would have at random; but rather, it is to take trans-

parencies of the photooraphs themselves, and to lay those on
top of each other. If there is a correlation, then there

will be a definite position in which the overlap of features,
though perhaps not perfect, is at least distin~tly “non-
randomn”.

This intuitive method of measuring the zorrelation can
be made completely guantitative and objective by measuring th
transmission of light through the sandwiched pair. The trans-
mission will ke highest when the overlap is most perfert, and,
to the extent that the sample is statistically howogeneous
{that is, to the extent that the surroundings have the sane

28

e are slid
ar out of register. The height of the resulting “-correla-
is a measure of the degree of non-random overlap,
and its width is a measure of the "sorrelation distance”.

When the pictures are the same, the tracing is called an

“auto~correlation” curve, and the correlation distance is
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interpreted as & measure of the size of the features. When

they are different, it is called a “cross=-correlation”.

If a time sequence of photographs is being considered,
it is customary to express the residual correlation found
when a plcture at time £t 1is counpared to one at t=0
as a fraction of the "perfect correlation” found when two

(S} 1

pictures with a1t =0 are compared. Cenerally this number

3

is found by dividing the height of the cross-morrelation
curve by the height of the auto-correlation ~urve {(which is
the cross=-correlation at at=0 ). Sometimes the areas un-
der the curves are alsc used.

For a more precise mathematical description of the photo-
graphic correlation method, and for a consideration of the
effects introduced by film contrast, non-linearities, back-
ground fog, etc., the reader is referred to Joyes (19383) and
Simon (1963). lumerous other references exist.

Leighton's (1957) measurement of the lifetime of granu-

b

lation was one of the first applications of this te~hnigue

i

¢ the study of evolving solar features. Ve will desmaribe
that work briefly now; both bhecause it vrovides a useful
illustration of the way in which the method works, and he-
cause there wmay have been some tendency on the part of others
to ~arry ideas which work very well under one set of ~ir-um-
stances, over into 3 guite different appli~ition where a new

interpretation is more appropriate.
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.

Enpirically, one finds that the cress-correlation curves
obtained between ¢ranulation plates taken over different in-
tervals of time are all about the same width, but that their
height falls off rapidly as the interval is increased. If

we think of the granules as ephemeral features which <ome

and go primarily by changes in brightness (as opposed to
changes in position), then the interpretation of this beha-
vior is straichtforward. The background level to which the

"

correlation heights are referred is found either by coupar-

i

in

0

1

-

wo identical plates when they are placed out of register,
cr by comparing two plates taken with a lo

ng interval between,
using any relative orientation. lathematically it is deter-
mined by the condition that a given bright (dark) feature on
the first plate will have a purely random chance of being
overlain by a bright or dark feature on the second. At places
where a granule “died”, the average transmission drops auto-
matically to the background level, so that the residual trans~
mission above the background that is found when the plates
are registered is simply a nmeasure of the number of surviving
granules {(or, more precisely, of the frartion of the original
number which survive).

The width of the ~urve is a measure of the size of the
granules (or at least their brightness pattern) and it is
not expected to change very murh (as long as the granules

A

don’t shuffle around during their lifetine) because the s

] S )

fod

b

ze
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of the ones surviving after 5 minutes would not be expected,
on the averace, to be either much smalle; or much larger than
the ones at t=0 (note that the width is due solely to
those surviving features which correlate, and is not affected
by the random background).

Now, the photographic correlation technique ~an ocbvious-

ly be applied equally well to pictures showing magnetic fea-

[l
l,..ml-

tures ~changing with time, but in making that applicat

O w

@

must reconsider what we are doing. The field lines, or flux
tubes, of which the macgnetic pattern is composed cannot, like
granules, be thought of as temporary features that can dis-
appear and never be heard from again. The average field line,
though it may occasionally fluctuate in visibility, will

sist, in some form or another, for tines very long compared

to those over which the “visual pattern” ~hanges (see §6.1} .
The loss in correlation found when magnetograms taken some

numper of hours apart is, then, caused not, primarily, by the

disappearance of the original objects, or by the emercence of

ok
o

I i - ¥ ¥
new ones { the sense of ¢ranules being born and dyving); but

. ¢

rather, it is ~aused, prirarily, by the gpatial rearrangement

a fixed nuuber of long-~lived features.

P

While this may, in one sense, complicate our interpreta-
tion of the cross-correlation ocurves; it will, at the sane
time, provide us with exantly what we have heen trying to

find. If we imagine the flux tubes as being subject to randon
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displacements, then (provided we consider only tines =10

nutes, over which the short-term variations in visibility
have had a ~hance to smooth themselves out)] we should be able
to predict in a precise guantitative manner: given an initi-
al pattern, tow will the correlation decline as that pattern
fuzzes out into a new and unrelated one?

In general this might seem to be a very complicrated
problem, considering all the possible initial patterns which
might be encountered; but, as we shall see, there is, for all
practical purposes, only one property of the initial pattern

s

wnich affects the rate of decline of correlation, and that

s +

property is its "width” or "correlation distance” Thus, 1F

L4

our theory works, it should be possible to extract the dif-
fusion constant in a precise and unambiguous manner, since
there will be only one diffusion constant which, in conjunc-
tion with the measured correlation width is capable of repro-
ducing the observed decay of ~orrelation with tine.

The photographis procedure is superior to the hand-

sanpling technigue in inumerable ways. ot enly is the

and to the extent that the norrelation ~an he deteated, the
errors due to accidental overlap, <lwmping, and finite reso-
lution, can all be properly accounted for and ncorre-ted

siwply by: (1) conmparing tle transmission in register ke
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ssion out of register; and (2) using the enpiri-

[#]

Iy

the transm

f

cally determined correlation width in the formulas. The
ability to properly incorporate these ~orrestions would
permit even the extraction of a statistir~ally significant
diffusion constant for areas, such as an active region plage,
in which the packing of lines is so dense that the identifi-
cation of individual features is uncertain after any finite
time.

The only real disadvantage of the correlation data is
that the actual distribution of displacenments (as opposed to
the overall mean-squared value] is hidden in the ghape of the

1

correlation ~urve, along with a number of other parameters,
such as the size and shape of the individual features, and
the extent of large-scale ordering. Even this, however, may
not long be a disadvantage, since the ability to produce cor-
ion curves with high-speed scanning digital wmicrophoto-
meters pernits the analysis of those shapes at a level of
sophistication that was never before feasible.

Unfortunately, to the author’s best knowledge, the photo-

graphic cross=-rorrelation technigque has never been applied to
any of the vast number of high-resolution photographic images
of solar magnetic fields obtained in the last ~15 years;

perhaps because the potential significanne of the results has

not been fully appreciated.
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In the following paragraphs we shall attempt to ~larify

that significance, and to shcow how the results, at least for

guiet regions, can already be anticipated on the basis of

the “network

(12970). The

lifetime” studies of 3imon (1963) and Rogers

ability of the derived formulas to reproduce

the broad qualitative features of their observations, and to

account quant

itatively for the numerical differences between

them, must be regarded as inmpressive evidence for the valid-

ity of thinking of the cross-correlation data in terms of a

diffusion model.

.6. ThQQI!
4.6.2a The lovable Digk

The key
functions is
ple, and one

in which the

to understanding the auto- and cross-correlation

to understand how they work in a specific exam-

of the easiest examples to think about is that

circular patches, or disks (thése could be the flux tubes,

smeared out by heating effects and seeing to a finite size).

Zonsider

what happens when two such images are plared

on top of each other. Intuitively, it is easy to see that

1f the disks

clear, then twice as much area will be

are opague, and 1f the rest of the plate is

Q

overed up when the

images are out of register as when they are in register.

It is this dip in transmission which generates the correla-

tion curve.

It is alsoc nlear that the distance over which
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the plates must bhe moved in order to go from one situation
to the other is on the order of the radius of the individual
disks. There may seem to be some gquestion about the exa-t
background level, because, depending on the size of the
disks and the number per unit area, there will be some prob-
ability, even when out of register, that a disk on the first
plate will accidentally overlap one on the second; but this
probability of random overlap is the same for every pair of
plates in the series, and it will be subtracted in computing
the correlation heights. There may also seem to be sone
question about the overall normalization of the curve --

which, surely, depends on the contrast of the film and the

background density -- but since we are concerned here only
with fractional correlations, that, too, will cancel out.

The only thing we do have to worry about is the possi-
bility that the disks are organized into a larger-scale
pattern, with some degree of non~random ordering. For ex-
ample, if they are scrunched together into a few isolated
clunps, then the distance which has to ke moved to go from
“in register” to "out of register” is the size of the clumps,
rather than the size of the individual dis¥s, and that cain
change the way the correlation develops with time. This is
a point which is crucial to understanding the interpretation
of the solar data, and we will come back to it shortly, but

[

for the monent let us suppose that the disks are placed at
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randorm.

For the reasons given above, the only non-random effect
~mapable of ~ausing the transmission to rise above the baci-
ground level (when the plates are placed in register) is the
probability that a disk overlaps with the original image of
itself (we are assuming that the intensities add linearly,
so that the overall solution ~an be found by a superposition
of the individual solutions). In other words, to compute
the shape of the auto-correlation function, all we have to

do is to calculate A{x), the area over which a cizrcle of

radius 1 overlaps with itself when the cenlers are dic-
placed by some distance x . This is easily Jone, and the

L,

This function is plotted in Figure 34. It is very nearly a

s

triangle, and c¢in be approximated by

The photographic technigue will pick out this funection jlpde-

pendent of the density of patches, and independent of any

larger-scale (random) splotchiness which the eve may sce.
The full width at half nmaximunm of egn. (4.21) reflects

only the size of the component digks:
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(3)

(b)

]
A A -l o +ic, +20

Eiqure 34: Overlap between displaced circles
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(FWHM), . = 1.6

(=
(4.23)
So that if the size of the disks were not known beforehand,
it could be obtained from the width of the auto-correlation

curve. The result in egn. (4.23), by the way, is consider-
ably more general than it might seem. Simon (1963) has
shown that the factor of 1.6 relates the width of the cor-
relation curve to the “size” of the features for a wide vari-
ety of reasonable geometric shapes.

3y the same token as we were able to predict the ghaps
of the auto-correlation curve by considering the overlap of
a single disk with itself, we can predict the heicht of the
cross-correlation curve (in the presence of random motions)

by calculating the average overlap which a disk will have

with itself if, in the second image, it is subject to a ran-

For simple diffusion (cf. egn. 3.7), the distribution

of displacements, & , after time t goes like:
g,
TSy PO TouTRE
Ul @ —S— 2 P 4% ra.94
2Lt (4.24)

. & JURD SO 21 e - ' ' o
che 218K 1N tae second 1mace 1s sudject
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Y X
o>, = | ~NOX & .
R R (A Y
v AL LY
o
(4.25)
e 3 . 3 EI s~ 2
The integral is straightforward, and if we divide by TI,
then we will have expressed the average overlap at time t

as a fraction of the overlap at t=0 :

FoEy

ce = <AY o }_‘hﬂm ®%<“7m
T 1% (4.26)

This, then, is our fundamental result for the fractional

ar disks

o

correlation of a collection of randomly-noving circu

‘.._r.

at unity

r'{"

with their image at t=0 . The correlation starts

2

at time zero (meaning that the overlap is perfect), and

drops to zero at long times (meaning that there is nothing
left but the random overlap, and hence that the cross-
correlation curve has zero height). At short times the

correlation can be expressed as:

col) ~ |~ Nmbt \ JUBEt s v, )

At long times, it goes like 1/t

(4.28)

Roughly speaking, the time it takes for the correlation

b

to fall off significantly is on the order of the time it
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takes for the particles to move by their own diameter. Ilore

precisely (for egn. 4.286);
CC =05 when J0BE = 0980

where QL¥9t ‘15 the rms displacement of the disks.
1

Unlike in the case of granu .5.1) where the

o}
r-f-,
r»‘-
O
)
~~
T
o

ng in

et

correlation curve simply fell in height without grow

&3

width, the curve here does increase in width, indicating
that the pattern is changing by (on the average) “fuzzing
out”, rather than by the physical disappearance of features.

K 4

To explore this quantitatively one would want to calculate the

N

shape of the cross-correlation function, which is to say the
fractional overlap when the disk in the second image is sub-
ject to random displacements about a point gff-set from the
original center by an amount = . This is a very messy
problem, and we will give only the asymptotic result at long

times:

that is, the width of the cross-correlation ~urve at long

times is proportional to the rms displacement of the particles.

Vore precisely:

(o r PN T S
g

-
=
A
i
-]
w3
(@)}
w
g

Loe NmUL e Ty (4.31)
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Tomparing this to egn. (4.23), and considering that random
things usually add up by the sum of the squares, one would
not be surprised to find that in general the width of the

cross=correlation went lite:

[e))]

i

’
rnnany

-4
fed

T
et ~ 1 L

but we have not proved this

In summary, we have found that we ~an deal in a guite

1

precise mathewatical way with the correlation of uwoving disks,
vided that they are placed, initially, at random. Unflortu-
nately, the objects on the sun in which we are interested (the

flux tubes) are not placed a3t random, but rather are very def-
7

-

initely bhunched together in non-random clunps. “an the formal-

isin whlch works for randow initial conditions ! {1 f

t

ied

”2,

O

€ Lo

> £

account for non-random ones, and if so, low? (The reader nay

be reminded of the frustrations of trying to answer this
guestion for “hand-saupling”).

While there may in general be neo simple perfectly-norrect
solution to the problem, there is, at least, ~onsiderably
more reason for optinmism in Lhe present ~ase. The fundarental
flaw in the hand-sampling nethod was that in the presenr~e of
~lumping, the pro ”
neichboring feature depended on where vou were in the pi~ture,

P P : ER 3 - = L1 e e s PR, B S G s~c£$
which in turn dewvended nn The patTern and < how juch oliiu-

sion had taven ulase, so
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at any particular time, for the limiting or “random” nearest
neighbor distribution. In the present case, the probability
of random overlap is explored ewmpirically, by placing the
plates out of register, and the result is automatically
subtracted in determining the height of the curve. Thus we
conpletely avoid the basic problem which caused our downfall
before (giving us, perhaps, a clue as to how we could “cor-
re~t” the hand-sampling method if it ever seemed worthwhile
s

to resurrect it). In addition, the correlation nurves give

i

us a guantitative estinate of the importance of the non-

o
)
3
Q
Q
=
[0}
- b

or the width of the auto-correlaltion curve

correlation heigbt, in the nase where pattern is evolving
by simple diffusion. There are two obvious ~onsiderations.
First, if there is a significant amount of ~lumping, then
the crucial distance over whi objects have to move in

rder to affect the correlat

[

on is the size of the ~lumps

rather than the size of the individual features; and

oy

-%u.

.
O

clunping were only partial, fthen 1t would nobt be surprising

pebe

to find that the mixture of ~luuwp sizes and particle sizes
represented by the width of the auto-correlation curve is
the proper uixture to use as the “crifical” distance (~f.

egqn. 4.29). The second consideration is that if the ~lumps
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are made up of a number of independent parts (whose dis-
placements have the diffusion-like form) is it the distance
traveled by the individual parts which has to be ~omparable
to the size of the clumps? or is it the center of weight of
the clump as a whole (which would move much more slowly)
that has to go that far?

We propose the following solution: 1if we are ~onsider-
ing a pattern generated by the superposition of any number
of independently moving particles, whose displacenents are
described by an effentive diffusion constant D, then
even though those particles be initially organized in a non=
randon fashion, the decline in correlation will for all
practical purpcoses, still be described by egn. (4.28), with

'

ication =-- that for r, we use not the *true

hy

only one modi

size of tre independent features, but instead, the effective

correlation distance as defined by egn. (4.23). That is:

CcC 4 = ) = FB 9/{ {-{‘?.fi\\‘z (4.33)
H }rg SN fy {":lq;)t / T
where g
e = (FwsMe
. = -
i,!&
(4.34)

In other words it is only the motion of the independent par-

ticles that counts, and when that motion is comparable to
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the size of the features, as defined by the width of the
auto-correlation curve, it will des*troy the correlation.
Our "proof” will consist of two examples in which the

initial distribution is non-random, and in which fragmenta-~

tion of the constituent particles is permitted.

As our first exanmple we will consider what has to be
about as opposite an extreme as there can be fron randomly
placed particles: namely a situation in which all the par-
ticles are bunched together into a few discrete sources from
which they are released at time zero, being permitted to
swarnm out in accordance with the diffusion eguation. The
density about each injection point {(cf. egn. 3.6) ~an then

e written in the form:
®2 a0l

s

PEPRTSERRES

fn(x>%}i§ =

\ AT
(A} TJTQ« LYY

where the paraneter to has been introduced to give the

distribution a finite size (which we might visualize as

oy

eing comparable to the size of the observed network patabh-

es) at t= 0 .
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In order to determine &

~h
v
=
M

e across-—correlation we d

the overlap function:

Loy
d //
/
i ]

' A + e AN
i:Y\CK ‘1‘6)(2)“&} N\(X)%] ‘—‘O'f.;s‘ié;}ﬁ)

J
)(!'-{1‘0})

wnere we have introduced both a spatial offset, A , and a

]

time interval t . From our previous discussions, it is

1] b

~lear that the normalized cross-correlation surve is related
R 1.1 = L q .
to the overlap function by:

\
a(a-a;1=0)

NP ot

" ~
eyt ~

C,(A)t\ = "'2

(azo,t=0) = %ias.sea}t:c)

(4.37)
(A, t) being the frastional correlation between a plate at
time +t and the one aft time zero, when placzed with an off-

set A from the point of perfect registration. Again, the
ntegrals are straightforward, so we give only the result:
e
Claf)= 2t © 4D (t+2tc)

A4
T+ Tre (4.33)

ficient is the value of egquation

.
o~
()

o~
H>
-
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f
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“unctionally, this doesn’t lock very much like equation

EN

4.33), but to make the comparison objectively we have to

e~
O |
}-.J
|-—J

ow through with the second part of our program. That is,

we claim that the present “observed” correlation (egquation

4.39) will be deseribed by equation (4.33) provided we exan-—
ine the width of the “observed” zorrelation curve (eguation

\
4.33) at t=0 , and base our value of r, {in egquation

4.33) upon it (~f. egqn. 4.34). tow the full width at half

4 L e N
£

maxinum of equation (4.33) at +t=0 is: 2.35 4Dt
o

So azcording to equation (4.34) we should use ro::l.39 x

-

A0t . Thus the "predicted” zross-correlation for the

“Gaussian swarn”, based on our progosed rule, is:

&

ccly) = I - Wf_j,on{(z J_cto)

The numerical values of “observed” (egn. 4.393) and

LIk SN, N RO I 3 - g - 4. B End e, O S - - P N o
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Fugure 35: The Correlation Curve for a CGaussian Swarm
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constituent particles wove independently and at random, and
that we use for the characteristic distance the auto-norre-
lation width. In one case the auto-correlation width is the
size of the moving features, and in the other it has no re-

lation to them.

4.6.2¢c The Fragmented Disk

To demonstrate that the preceding result is more than
some strange pecularity of the Gaussian distribution we con-
sider one additional example: that in which a number of
circular disks, of the kind discussed in §é.6.2a, are bundl-
ed together, at t=0, so as to form a larger disk of radius
Ry » We shall attempt to show that if it is the smaller
particles which are moving, then it is the time for them,
and pot the center-of-mass, to move by ?O which is iwport-
ant.

Let us suppose, then, that each small disk is subjected
to diffusion-like motions about its original position in the

bundle. After any time t , some fraction of the particles,
having executed their random walk, will continue fto overlie
the original position of the bundle, whereas the rest will

have moved outside its boundaries. Zlearly, the fractional

correlation between the pattern at time + and that at = 0

within the original boundary. In principle, this is a gquan-

tity which is easy to calculate, since each particle simply
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)

has an expanding Caussian-like probability distribution
(egqn. 4.24) about its point of origin, but in practice, try-
ing to integrate a Caussian over an offset circle is hardly
trivial. It is, however, possible to investigate the asyip-

totic cases of very short and very lonca tires.
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Viithout going

L I~

essentially that of saleulating the propability of “evapcr-

ation” fror a surface. Only particles -lose to the surface
have a ~hance of es~aping, and the probability for tlen is
easily caleoulated because when vou're close the wall lools
long and flat. The result is:

CCi) ~ 1= 2B Jet] Los TTA <,

T,
RS
»
fod

At long times, the Caussian probability functions are

so fuzzed out that the probability density near the oricin

can be regarded as a constant, and the integration benomes
simply a matter of multiplying by the area of the “acceptanc
, 2
circle” TTEQ . The result is:
~ " o~ 0 5)2 T )
Clley v RS Ko g JUDE >¥ &,
T g (4.42)

This is the “bserved” correlation.

orrelation, we have to look at the

J#

For the "predicted
shape of the t=0 auto-correlation curve, whose width will

tell us the value of r to use in eqgn. (1.33). Obviously,

.y

the auto-correlation function is going to look lilke egn.
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(4.21) and the full width at half maximum will be 1.6 R,.

That is, the only thing the sliding plates show is the main

pei

hm]

clump --none of the fine structure. DBy equation (4.34) we

find (not surprisingly) that we should use 1 =R, in egn.

(4.33). Thus the "predicted” correlation is:

cce) =\ - Di_ c,( 17 R

[ —

Tais / (4.43)

wnich at short times (of. egn 4.27) goes like:

COt e | = 108 TR Lo, QLT 2Ry

PSR

R U (4.44)

and at long times (zf. eqn. 4.28) like:

o % S
col) ~ O Ko Leo JUDE >R,
Tt Y (4.4

\M
S

/

Comparing egquations (4.44) and (4.45) with eguations
) and (4.42) one sees that the asymptotic forms of the

I

1

“predicted” and “observed” correlation r~urves (for the frag-
menting disk) have precisely the same mathewmatir~al form, and
very nearly the same coefficients. One is slightly hicher
at short times, the other is slightly hicher at long times.
At most the deviations are a few percent. Thus once again,
we have found that the loss in correlation with tine is
caused by the motion of the independent fracuents {(of which

the pattern is composed) over distances comparable to the

size of the <lunps (as seen by the auto-correlation device).
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4.6.2d Generxalized Initial “Conditions and Conclusions

It is possible to generalize the results of §4.6.3c to
include situations in which, at time zero, the fracments are
organized not in circular bundles, but rather in the form of
figures of arbitrary shape with perimeter p and area & .

In that case, the asymptotic forms are given by:

cclel ~ |- osedp JBE Jo. ot << b
s ‘ (4.456)
and
cCy ~ 0,079 _A Lo s d
Tt |

(4.47)
Clearly, it would not, in general, be possible to pick a

gingle value of r (in equation 4.33) which will precise-

o
ly imitate both of these asymptotic conditions; but it is
also clear that the value of ry dictated by equation
(4.34) will represent a reasonable compromise. The presence
of an intricate fine structure (such as we would probably ex-
pect to find only in very high-resolution magnetograms of
young active region plages) causes mainlv a slightly more-
rapid-than-average decline in correlation at short times,

and a somewhat less-rapid-than-average decline at long tiues.

If a higher level of sophistication is required, then

it would, in prinéiple, be possible to compute (numerically)
the average effects of diffusion on the actually observed

initial configuration, and to deduce the result by comparing
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the observed correlation curve to those generated by various
values of the diffusion constant.
ee

Such a degree of sophisiication weuld lie superfluous

here, however. For our present purpose, it is guite sufficzi-
ent to use equations (4.33) and (4.44)
4.6.3 Results

¥ rincipal 1ished data to which th s s of

The in al published data izh the results of
§4.6.2 ~an be applied are the “network 1ifetine” studies of
Cimon (1263; Zinon and Leicghton, 1264) and Pogers (1870).
Simon obtained cross-—correlations between K-line spesire-
heliograms of sele~ted guiet regions near Jdisk n~enter “at

N A N & R , )

various wavelengths within &~ 2 0.21 of line ~senfer” over

: :

ntervals of up to 50 hours. TFogers used a 50 hour seguence

of hich-resolution off-band L-alpha filtergrams ( 1,+C.85 & )
to obtain cross-correlations over intervals of up to 30 hours
{(see Figure 36).

Rogers indicates that the fu width at half maxinun of

the correlation curves is 3730 km at ot=3 sec, and that

it increases monotonically, reaching 7670 m at at =4 hours.
Simon does not specifizally give the half-width of any of his

across-correlation curves, but states elsewhere that the full-

width at half maximum for auto-correlation surves of compar-

able spectroheliocgrams taken in K“v is - 8000 - 7000 km, and
2
~ 39000 - 10,000 ¥m in KQ; expressing the belief that the
(o
b L7

latter figure is closer to the “true” network size { the
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former being somewhat influenced by the prominent granula-
tion-like fine structure that is seen in the wings). It is
possible that some of the plates used in the cross-corrvelation
experiment were of poorer guality.

Numerically, the results obtained by Simon and Rogers
are gquite different. Rogers shows the correlation dropping
rapidly to about 25% over ~4 hodrs, and then declining more
slowly. Simon shows a gradual decrease over ~20 hours, and
then an even more gradual decrease for the rest of the obser-
vation period.

How there are obviously other effects present, but to
first order it certainly seems plausible that the principal
agent causing the decline in correlation (at least for times

2 10 minutes), is the general, continuous, rearrangement
of field lines; since in one case it is the bright “floa~

] .1

~uli” which are being correlated, and in the other, the dark

M

spicules -- both of which phencmena are well-known to be

by

ith the

p

pde

ocat

£
5

intimately associate on of magnetic flux
(Leighton, Noyes, and Simon, 1962; Simon and Leighton,
1964
Surprisingly, it is possible to sinply take the data at
face value, using r_= 2400 kn for Rogers and r_ = 5000 km
for Simon (as dictated by egn. 4.34), and obtain a not at all
5

unreasonable fit to the data. 3imon requires U= 200 ku /[sec.

Rogers takes D=300 km /sec (if one is vernitted to over-
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Figure 36: Cross-correlation data for K-line and H-alpha
network features.

(a) Simon’s K-line data, fit by r,= 5000 km and
D =200 kmzlsec (dashed), and by r_ =6000 km, D= 200 kmzlsec
(solid =-- normalized to 0.8 at t=20).

(b) Rogers’ H-alpha data, fit by r = 2400 km and
D =300 an/sec (dashed, and by r_= 3500 kn, D=280km2/sec
(solid -- normalized to 0.5 at t+=0).
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+ (hours)

Figure 36
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estimate the correlation a little at short times, and under-
estimate it at long times).

Such success is too much to ask for, however, benause
it is well known that the flomculi fluctuate in brightness
and that the spicules come and go over times ~10 minutes;
and surely most of the initial very rapid drop in correlation
( to ~80-85% for Simon, and S50-60% for Rogers) is caused by
these “visibility fluctuations” rather than by an actual
motion of field lines. It is only the data at t210 min-~
utes, for which the fluctuations have had a chance to smooth

themselves out, that we would expect to accurately reflect

by

the more gradual motions of the sites of floccula and splie-
ule production {(i.e., the magnetic plages).

Our discussion of the expected correlation curves has
not dealt explicitly with the possibility of visibility
fluctuations (which could be larcgely avoided by using mag-
netic cancellations), but it is fairly clear that the only

significant mo

£

ification that would be necessary would be

that in evaluating r_ (egn. 4.34) one should use not the

3
h
o

1

1)
O

g 1 eneo

o

3

[

width of the auto-correlation function {(which

dtl

b
)
1]

by the brightness fine-structure), but rather the w

the cross-correlation at +2 10 nminutes (which shows

=

o

Ybe

o}
i

ly the size of the non-fluctuating, average pattern).
Unfortunately, neither author tells us what this size

is. DBased on the limited information available to us, we
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would tend to guess that the correlation width is ~9600 km
for Simon (i.e., close to the KS size) and ~S5600 km for
Rogers (i.e., somewhere between the 3 second and the 4 hour
widths) giving r =™ 6000 km and 3500 km, respectively. Us-
ing these values in equation (4.33), and normalizing the
curves to 0.8 and 0.5 at t=0 , one obtains very reason-
able fits using D =200 ka/sec (Figure 36).

Actually, because of the form of equation (4.33), it is
only the value of D/ri which is being determined. Thus,

if our assumptions about r  are incorrect, a somewhat dif-

ferent value of D might be indicated.

3

There is one important effect which we have not so far
included, and that is (cf. g 4.2}, that 1if fthe motions are
being generated by a random walk, the effective diffusion
“constant” would be expected to increase slightly over times
short compared to the "flight time’. This might, in part,
explain the “shoulder” in Simon’s data, which causes the
early points to lie a little above the predicted curve.

The somewhat lower-than-expected correlation coefficients at
t = 20 hours, could also, in part, be due, as he suggests,

to problems with geometric distortion; although the pattern
should, by then, be sufficiently fuzzy that precise registra-
tion is less important than it was initially.

A partially independent estimate of the diffusion con-~

stant can be made by comparing Rogers’ width data at 3
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seconds and 4 hours. If we assume that the width grows

as indicated by eguation (4.32), then the total effective
mean-squared displacement, 4Dt, including both real rotions
and fluctuations in the spicules, could not have heen more
than ~ 1.64 x 18/ ¥m ; corresponding to a diffusion constant
D £ 284 kmz/sec over 4 hours.

-

The ability of the diffusion model to reproduce the main
gualitative features of the data of 3imon and Rogers, and t
account, in a quantitative fashion, for the differences be-
tween them 1s very encouraging; and it would be nost inter-

[ £

esting to see what the cross-correlation technigue says when

applied to magnetin photograghs of regions in various states
of dezay.
4.7 Zopnclusions Regardinc the Bhort-Teri Motions of
YMacnetis Teatures
In sumrmary, we have investigated the dispersal of rnac-
netic features over periods of up to ~ 20-50 hours, using
three different feshnigues:
(1) Dirent (subjestive) estimates.
(2) Objentive sampling of prominent features.
(3) Zross norrelation.
The results of all three wethods are consistent with a dif-

The subjective estimates indicate a diffusion most

[\]

probably in the range D™138 =~ 300 ¥ /sec, depending upon
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how much fine-scale fracuentation one is willing to recog-
nize. The "“objective” sampling tends to indicate values

“ L.l . ,
closer to D =175 km /sec, over 10 hours, but possibly as

il

high as D=z 300 Vm /ser 1f we include Smithson’s data at 24
hours. There is little or no evidence of steady motions
(in quiet regions) lasting more than ~ 5 hours, so the short-

time process can be properly characterized as a random wall,

o’

ut in neither c~ase is it clear that the long-range effects
of fine-scale motion and fragmentation have been properly

dealt with.

The cross-correlation technique provides an obiective
J
indication of the total wmotion of the independent field frag-

ments. It has not yet been applied

&

preliminary results, based on published cross-correlation

studies of I'-alpha and ¥X-line photographs, sugoest that a
total effective diffusion sonstant of D= 200 kmzfsec is
appropriate in “quiet” areas. In other words, it appears to
be orly the gross motions of the obvious field patches (which

can be easily followed by hand) and not the fine-scale dis-

tortions and fraguentations, which lead to the long- range

o

dispersal of field.

¥

~ o 35

We reject the idea put forward by Suithson (1372, 197:

)

(3

4 3

that the most important mechanism in f

3 «

eld dispersal is a

ot

“squrting” process distinct from the “normal” random walk.

Occasional rotions over distances ~ 5000 km in a few hours
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(say once every 6 hours) are not (cf. egn. 4.4) incompatible
with an overall diffusion constant of D =200 - 300 kmzfsec;
nor (cf. § S) with the kinds of instabilities which nicht be
generated by changes in the supergranulation (as Smithson
himself points out).

The short-term diffusion constants found above are in
excellent agreenent with the active region spreading rates
measured in Section 3. It is felt, that because of the widely
different scales and sources of the data employved, and because
of the numerous internal checks, this agreerent nust be re-

garded as something more than an observational bias. It

ore, that a random wall of

polarities ocours, is the dominant process governing the

geonetry of a decaying active region, at least over periods
of up to many nonths. Vithin the ancurary of the data, there
is no reason for invoking the presence of any additicunal
systematic mechanism (such as expansion or sontraction) f
explain the geometry; there nay, however, (see Sention 5.6)

X f q e =2 ¢ 4 g £ 4 — 3 ~ ER 3

be reasons for suspecting significant non-random effects in

L |L1

connection with the eventual long-term disappearance of

field lines.
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5. IThe Dispersal of Field bv Cranulation -
and Supergranulation

2:1 Introduciion

Having established that the ‘random’ daily motions of
field lines in decaying active regions are (if extrapolated
to greater times), in all probability sufficient to explain
their long-rancge spreading and eventual “death”, we are com-
pelled to ask if that motion could be caused by the convec-
tive currents which are known to exist at the surface (i.e.,
the granulation and supergranulation) or if it necessarily
reflects a connection of the lines to deeper layers of the

BUnoe

5.2 The Bending of Flux Tubes

Before attempting to estimate the amount of diffusion
that would be caused by the convective motions, we must first
ask whether they are capable of causing motion at all. This
may seem like a strange question, since it is well known
(cf. §3.1) that the field lines are thorouchly “frozen” in
a plasma whose conductivity is as high as that of the photo-
sphere; but it is a necessary guestion, because the field
line= have a tension, and if the tension is sufficient, it
can (without violating the “frozen-in” condition) forse the
moving fluid to flow garound the flux tube, leaving it virtu-

ally undisplaced.
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To consider the problem of field line bending, we draw
a picture (Ficure 37) =- not unlike Figure 11 -~ in which a
sectioﬁ of length X of a flux tube of radius r is subjected
to the flow of an ionized fluid at densityJQ and velocity
V. VWe estimate the force acting on it (assuming it tries
tc remain stationary) in exactly the same way we might esti-
mate the force of a wind blowing against a house, or of the
water beating against a stick in a stream. The force is
generated by the condition that the fluid must alter its
momentum in order to avoid the obstruction, and since the
amount of material (per second) which strikes the tube is
proportional to the velocity, the pressure will be propor-
tional both to the density and to the velocity sguared.
To compute the force, we multiply the pressure by the sur-
face area which the tube presents to the flowing fluid.
Hence:

_{QGJQ'\j (:Z Y-.S}j\}

o

F{i il = ( JE'
(5.1)

There should, of course, be an additional coefficient of some
sort (a "drac” ), Dbut since we know very little about eith=-
er the true fine-structure of the tube or of its interaction
with the surrounding fluid, we will simply assume that it is
one of the order of one.

The only force which the tube can offer in opposition

to the fluid flow is the tension. According to Zowling
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Y

A4

Figure 37: The bending of flux tubes.
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(1953), the tension (per unit cross-sectional area) is
gi/qv ; and since, at the moment when the bent portion of
the tube is just about to be swept away, nearly the whole

tension tries to resist the flow, we can write:

@ ";‘ :,f \-1
Fia, L= <wf AT
o LT/

(5.2)

Comparing equations (5.2) and (5.1) we conclude that
the tube will be “bendable” -- that is, it will move with
the fluid flow -- if:

;épﬁijQ‘ > R -
- (5.3)
(at least in order of maginitude]).

We conclude that a flux tube of any size and strencth
can be bent by a flow at any speed, provided only that the
flow acts over a sufficiently deep layer, . On the
other hand, for a flow of specified depth and strencth, the
tube will look increasingly “stiff” as either the field
strencth or the radius is increased.

In order to apply this result to the sun, we have to
make assumptions about densities, velocities, field strengths,
and dimensions. XNone of these is likely to be *too accurate,
but that may not be as important as it might seem, since the
balance of equation (5.3) could easily co very strongly one
way or the other; and in any event it is likely that we wili_

be able to make a reasonable estimate as to the relative
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effectiveness of granulation versus supergranulation.

For the depth, we will assume that the convective mo-
tions persist over a layer whose thickness is comparable to,
or perhaps somewhat smaller than the radius of the cells:
say, £=5,000 - 10,000 ¥m for the supercranulation, and

£ =200 - 400 km for the ordinary granulation. Using these
values of {4, and consulting the tables in Allen (1973;4%76
& 77) one would guess that the appropriate densities to use
in equation (5.3) are P SXIO_S gm/cm3 for the supergranu-
lation, and\f::4x10—7 gm/cm3 for the ordinary cranulation.

The typical horizontal velocities at the depths where
these densities occur are obviocusly not well known, but one

would assume that they have to be at least as great as the

cell radius divided by the cell lifetime. That is:

AT Lt 5 : b ey " L. % it
50 Tor 0.2 km/sec for supercranules
and o o~ 500 km - 1.0 km/sec for cranules
8 min

The true velorities could easily be higher by a factor of
two or more.

Finally, as to the fine structure of the fields which
are to be pushed about, the author is inclined (based pri-
marily on instances in which a sunspot seems to be balanced
by a plage of nearly equal area) to arcept the view of
Stenflo (1373), and others, that in most of the important

network features, the flux has been concentrated intoc small
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(second of arc) areas of high (thousand gauss) strencgth ==~
say B ~1000 gauss and r =500 km (Stenflo, indeed, suggests
B~ 2000 gauss and r =50 - 150 km). These values apply at
the surface. Below the surface, even higher field strencths
and smaller dimensions might be found.

Putting these numbers (B =1000 gauss; v=0.2 and 1.0
km/sec) into equation (5.3) we obtain the condition that the
fluid flows ~an freely bend (and, therefore, transport) flux

tubes of radius r provided:
SN for the supergranulation

and LS et NI for the ordinary granulation.
Although these numbers can (at best) be trusted only as
to order of macnitude, two important conclusions emerge.
First, the granules, in spite of their high velocities, are
less effective than supergranules at pushinc fields around
(the supergranules win in part because they are assumed to
operate upon the tube along a greater length, but more im-
portantly because they are assumed *toc operate at a much
higher average density). Second, because of the great dif-
ference in relative "bending power”, it seems conceivable
that a flux tube which appears pliable to a supergranule
could appear stiff to an ordinary granule. Thus we would

expect the supergranules to be the dominant force behind the

movement of fields over substantial distances. There could
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be a significant amount of interaction at the granule level,
but it would be expected to be much more of a give-and-take
situation, with the field affecting the velocities at least
as much as the velocities affect the field. Indeed, the
observation that the network field is (apparently) concentra-
ted in the lanes between the cgranules {Dunn and Zirker, 18973)
could arise more because the granule motions are forced to
avoid the flux tubes, than because the field has been physic-
ally swept to the boundaries. If the field does move in re-
sponse to the granulation, then, according to the present
considerations, that would seem to imply either that the tubes
arz frayed to extremely small dimensions at the surface, or
else that their shapes have been distorted in such a way as
to present a much larger-than-expected surface area to the
flows.

Substantially the same conclusion regarding the relative
importance of granulation versus supergranulation was reached
by Parker (1963) using verv different words, and (what now
seems) possibly out-dated information about the strencth of
the network field.

5.3 T
a _Convective Network

The prediction of the effective diffusion constant for
particles injected into various kinds of one- two- and three-

dimensional flows, is a branch of fluid nmechanics which has
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reached very high levels of sophistication (see, for example,
Kraichnan, 1374). Such levels are hardly appropriate here,
however, considering the crudeness of our present understand-
ing of the properties of the solar flows.

A1l we really know is that the magnetic fields appear
to be concentrated at the boundaries of the velocity super-
granules (Simon and Leighton, 1964). It is thought that the
time over which the cells come and go is on the order of 20
hours (Simon and Leighton, 1364; Janssens, 1970), but that
cannot be regarded as being very certain, since (cf.fié.B),
the “lifetime” estimates are in fact only measurements of
the time it takes for the boundaries of the cells to distort
to where the magnetic features are hard to recognize as what
they were before. It is conceivable that the velocity struc-
ture could persist for a much longer time, but it seems
unlikely.

Virtually nothing is known about the dynamics of how
the velocity cells develop or of how the field comes to be
located at the boundary. It seems likely that there is a
kind of equilibrium in which the field finds itself always
squeezed between flows, in such a way that as new cells come
and old ones go it can accomodate to the changing boundary
without actually ever finding itself in the center of an es-
tablished cell; but this has not been proved.

In addition it is not known if there is any tendency



204

either for the supergranules to repeat, or for them to come
up preferentially in the spaces between the existing cells;
nor if, when a new cell emerges, it must physically push
aside the existing cells, or if it can superimpose itself
upon them in a more subtle fashion. The answer to anv one
of these gquestions could dramatically alter the way in which
one would have to attempt to estimate the rate of field
dispersal.

’In view of this uncertainty, we seem justified in adopt-
ing a far simpler approach to the basic guestion of whether
the supergranulation is capable of producing the observed
diffusion constant. Namely, we will ask: given a convective
network. with certain dimensions, and given that the fields
are concentrated at the boundaries of the cells, how much
motion is involved if the field has to adjust to a complete-
1y new pattern of cells in some characteristic time . 2
It would be very surprising if the numbers inferred in this
way did not, at least roughly, agree with our previous re-
sults, but it will still be satisfying to see how the magni-
tude of the displacements is related to the size of the cells.

If we assume that the adjustment of the field to the new
convective pattern requires displacements of size L , then
according to equation (4.4) the resulting diffusion constant

(regarding the process as a random walk) is:
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4T (5.4)
where {1*> is the mean-squared displacement.

In the simplest possible supergranular model we would
assume that the field is concentrated uniformly around the
borders of a pattern of closely-packed circular cells of
radius R, % 15,000 km; and we can estimate how much the
average field line has to move by imagining that the origin-
al field is suddenly placed in a new and unrelated convect-
ive pattern. Of the field fragments that find themselves
within the midst of these new cells, a few will be at the
center, and have to move by the full cell radius; others
will already be near the edges, and not have to move very

far to get to their new ”stable” positions. On the average:

o

72 - £ Nt ; 2

L\ = | L) 2333%; = —%-?KQ

where the integration variable, r , represents the dis-

tance of a fragment from the center of the cell.

Using R,=15,000 km and « =20 hours, we deduce (cf.
egn. 5.4) D =130 kmz/sec. Essentially the same argument
could be applied to the granulation (if we believed that it
could bend the lines) which, with ROT:SOO ¥m and <=8 min-

2
utes would give D= 22 kn /sec.
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These numbers are less than the diffusion constants
calculated by Leichton (1964), both because of the factor of
6 in equation (5.5) and because of the factor of 4 (instead
of 2) in equation (5.4). They could be made even smaller
if we considered the fact that some fraction of the field
lines will probably find themselves not in the midst of new
convective cells, but rather in the “gaps” or “dead spaces”
between. If we accept the estimates of Leicghton, Noyes and
Simon (1962) that there are ~ 5000 supergranules on the sun
at any one time (4.0—5.5X103 according to Simon, 1963),
then there is evidently something like ~50% of the surface
which is between the 30,000 km diameter cells. Since the
particles which find themselves in that area do not have to
nove at all in order to adjust to the new pattern, our esti-
mate of the diffusion constant could be lowered to as little
as Dx80-70 kmzlsec. It seems unlikely, however, that such
a large correction would be needed. In fact, we should prob-
ably be using in equation (5.5), not the apparent radius
whish the cells have at the surface, but rather the effective
radius which they would have in the layers below the surface,
where it is likely that they are packed densely together.
That radius ~ould easily be closer to 20,000 km than to
15,000 km (if the fiocure of 5000 rells for the whole sun is
correct), raising the predicted diffusion censtant to a

1ittle over 200 kmz/sec.
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The predi~ted diffusion constant continues to rise if
we include the effect described by Smithson (1972), and
others, which is that the field appears *to be concentrated
at a few, isolated "stable points”, rather than being spread
either randomly or uniformly around the boundaries of the
supergranules. (It is generally assumed that these stable
points are at the major stagnation sites where several velo-
city cells come together). If this is actually the case
(it is very difficult to establish observationally), then
the distance which a field fracment would have *o move in
order to adjust to the new convective pattern is not simply
the distance to the nearest border, but rather, the distance
to the nearest stable point (which will tend to be farther

3

away). Ve can estimate this distance by saying that on the
average the locations of the new stable points will be dis-
tributed at random relative to the old ones, and that most
of the time a field fragment will be able *to nove to its

nearest neichbor in this new pattern. Thus, we can use the

results of Appendix V to obtain:

TN o |
- 7 -

e -
Mot (5.8)
where n, is the number of stable points per unit area.
The predicted value of N,  varies dependinc on exantly

how the cells are packed together. For a network of close-

packed circular cells, one would expect an average of about
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two major stagnation points per cell; but for a loose-packed
network, there micht onlvy he one (see Figure 38). Thus, if
the total number of cells on the sun is ~5000, we would esti-
mate no'::;:(8-]_65):>§:10"10 km—g , giving <L2> = (2 - 4)x108 km2.
According to equation (5.4) this implies a diffusion constant
of D=700 km2/sec - 1400 kmgfsec (using the standard == 20
hours).

These numbers begin to strain the limits on the observ-
ed short-term (and long-term) diffusion constant of D+ 200
kmz/sec - 400 kmz/sec- Thus if we wish to accept the ”“stable
point method” of estimating the rate of field dispersal as
being the more reasonable of the two alternatives, then we
must seek some explanation for why the predicted D comes
out so high. There are two obvious possibilities. One is
that there could be more stable points than anticipated.
To some extent this is undoubtedly true, since there are
always a few places where nearly conplete cells are outlined
by field; but in general, counts of the nunmber of important,
distinct, isolated magnetic features in quiet regions tend to
give numbers in the rancge (1‘3)X1@9 km~2 ,  which is not
very different from what we have used above {the point den-
sities of 5x10 ~ - 12x10°° kn® reported in £4.5 1included

a considerable amount of “fine structure” within the clumps]).
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@) Close-Packed Cells

2. stable Poiwts per cell

(b)) Loose-Packed Cells

1 stable point per cell

Figure 38: Stable points in a convective network.
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The other possibility is that we have underestimated
the lifetime of the velocity cells, perhaps by as nuch as a
factor of two or three. When one realizes that the standard
20 hour lifetime is based on the appearance of the magnetic
network, this does not seem at all impossible. If the field
patches are really concentrated at stable points, and if the
stable points are determined hy, say on the average, the in-
tersection of three velorcity cells, then (very rouchly speak-
ing) each point would be vulnerable to chances in any one of
three cells; and so the pattern of field patches could eas-
ily change enough to become difficult to recoonize in on the
order of one-third the lifetime of the individual cells.

(In this respect, it may be interesting to note that one fre~
quently hears corments to the effect that in the enhanced
network around active regions -- where the velocity pattern
is presumably more clearly defined by the network -- it sone-
times seems possible to follow gradual distortions in cells
over periods of up to several days).

The true explanation of the observed diffusion constant
is probably a combination of these two effects: that the
field is not ronpletely constrained to a few stable points,
but only prefers to be there; and that the lifetime of the

velocity rells is a little longer than cenerally assumed.
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In summary, we have found that it is not at all diffi-
cult to account for the cbserved diffusion constant on the
basis of motions in response to a convective network with
the general size and lifetime of the supergranulation.

The observation that the field is concentrated at the
boundaries of the velocity cells makes it virtually certainv
that the supergranulation plays some role in dispersing the
field. The present considerations make it seem unlikely
that any additional mechanism is necessary, at least over
the periods of several months for which the observed diffu-
sion constant of D =200 kmz/sec seens to apply. The cal-
culations are very sensitive, however, to conditions regard-
ing which we have little information; and thus it is impos-
sible, by this means, to defipitelvy rule out the need for
couplings to deeper layers, either to enhance or to restrain
the long-range effects of the supercgranular motions.

Finally, it does not appear likely that the ordinary
granulation would be effective in transporting the field

over any substantial distance.
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6. Implications of the Random Walk
Jdodel of Active Pegion Decay

b

6.1 t uction

In the preceding three sections we have been able to
develop a reasonably clear and coherent picture of the decay
of active recions, in which the dominant mechanism appears
tc be a ‘randonm walk’ of field lines. The broad outlines of
the average pattern of development -- the growth in area,
the increase in separation, the decline in flux, the life-
time -- ~an all be guantitatively reprodured by assuminc
only that the field lines move freely and independently in
response to the supergranular notions. We have been able to
show first that there is reason for believing that supergran-
ular motions could displace field lines, second, that the
predicted rate of dispersal agrees reasonably well with the
motions actually observed over periods of 10-30 hours, and
finally, that if those motions are extrapolated to loncer
periods ( ~ months), they would indeed cenerate the proper
rate of diffusion to produce the observed lonc-term spread-
ing and decay. At each stage in the arcument, there is con-
siderable uncertainty (va factor of 2), and we cannot say
with certainty that a refinement in the numbers would im-
prove the acreement; but there does, at least, seem to be a
certain “correctness” to this way of viewing astive recion

decay.
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In accepting the basic validity of the diffusion or
random-walk model, we are, by implication, accepting certain
consequences of the model with which we have not yet specif-
ically dealt. It is the purpose of this section to enumer-
ate a few of those implications, and to attempt to demonstrate
that in those areas a comparison of the observations with the
predictions of the model does indeed inprove our understand-
ing of what we have found, by isolating those aspects which
are simply a reflection of the random motions, from those

which are of other origins.

6.2 The "True” Lifetime of Hetwork Features

8.2:1 The Lifetime of Magnetic Field L

fret

nes

In Section 4, we assumed explicitly that in studying the
motion of magnetic flux in a decaying recion, the field lines
could be regarded as long-lived objects. Vhether or not the
random-walk model correctly predicts the rate of flux annihil-
ation, it is clear that this is a reasonable assunmption:
for if a decaying plage can remain visible over several
months, then surely the fraction of lines which it loses
during a single day’s observations cannot be very creat.

Using the model, however, it is possible to make an
even nore definite prediction. For a doublet sourne (~f. egn.

3.21), the survivino flux in each plage goes like:
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Ny = Nooo
ot (6.1)

where No is the initial strength. The fractional chance,

then, in any interval t , 1is simply:
aBe 4 oAt
!\&4. 2 t (602)

Thus, for a region which is, say, two rotations old

( t= leO6 sec), the fractional loss in a typical 8 hour
cbserving period would be less than 0.3%. While there might
be some additional annihilation due to the interaction of the
flux with pre-existing fields, and alsoc from the extra mixing
caused by differential rotaticn, it is clear that if the dif-
fusion nodel is at all correct, the loss of flux in a decay-
ing plage would be expected to be a very slow and subtle
thing. Only for the smallest and most short-lived regions

could the loss in a single day be important.

6.2.2 The Lifetime of MYagnetic "Features”

In view of the precedinc remarks, it may seem diffi~ult
tco understand how there could be measurements indicatinc that
macnetic (K-line) points last only 3 or 4 days (Smithson,
1373), or perhaps even only 10 hours (Macris, 1962). The
dilemma is resolved when one realizes that these measurements

refer not to field lines, but rather to the larger “network
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features” which are formed by the association of many lines.
These features can “die” either by the dispersal of the field
lines, or, simply by their moving relative to one another
until identification becomes difficult. In neither case is
it necessary that the constituent field lines actually ‘dis-
appear’ or be annihilated. The measured “lifetimes” then,
are presumably an indication both of the characteristic time
over which the associations ’disband’, and of the time over
which they move, as units. The distinction between these two
aspects of the decay is seldom very clear, and the usual pro-
cedure is to pick some arbitrary “rejection criterion”, Ty o«
such that a point will be declared as having “disappeared”
if nothing can be found within that distance of the original
point. The diffusion model does not tell us anything about
how long the clumpings should hang together (that is a com-
plicated matter involving exactly how the field adjuststo the
continual changes in the locations of the stagnation points
provided by the supercranulation); but it dces provide us
with a more objective means for isolating the points which
escape detection due to motion from those which actually
undergo changes in appearance.

Using the reasoning in Section 4, and the nearest-
neighbor distribution for a random array (Appendix V), we
would estimate that the probability, P , of finding a point,

after time t , within a distance r of one of the orig-
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wrnere n is the density of points, and D 1is the diffusion

by

irst term represents the probability that t

=
=

real motion is less than Iy - The second, indicates the
probability of an accidental identification even ir the true
notion exceeds the “rejection crifterion” ( Ty e This

expression can be rewritten 1in the Iform:

(6.4)

Since even infinitely-long-lived clumps would escape identi-

fication at this rate, a lifetime measurement should be re-
garded as being sicgnificant only if it shows that the fraction

of points surviving after a time t is less than the fraction
specified by equation (6.4).

Thus, for example, for Smithson, (1373) with nof:lxlo

kn ., and r = 15,000 kn, we would expect ¥ =0.88 after

nissing” features had undergone changes in form.

This interpretation is not ftotally obvious, however, since
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Figure 33: The lifetime data of liacris, and the predinted

correlation for infinitely long-lived -~lumps.
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he also reports that there is, by the same criterion, only
about 66% reproducibility when different observers attempt
to identify features on fhe same picture.

The results of HMacris (1962) are even more difficult to
interpret because we don 't know exactly how he decided which
points had survived. TFigure 32 shows how, at D= 200 km2/sec,
the general form of his results could be produced by infinite-
ly long=-lived clumpings assuming a rejection criterion of
r = 5,000 km and a peint density of nO: lxl(}-9 km_z
(~1 peint per supercgranule). This is meant mainly to illus-

trate the shape of the predicted curve. It is not known if

rt

hese are even close to the parameters used by Yacris.

In summary, we must conclude that the guestion of how
long the field line associations stick together has not vet
been satisfactorily answered, because of the possibility of
confusion between changes and notions. The diffusion model
does, however, provide a quantitative framework, within which
these two aspects of the problem can, at least in principle,

be isolated.

8.3 FIlare Production, : the Rate of i tic Ene
Dissipation in a Decaving Region

In a similar vein, it is of interest to estimate the
amount of macnetic energy which is, potentially, available
from the random ~ocllisions (and subsequent ‘annihilations’)

between opposite-polarity features in 2 decaying recion.
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It would not bPe surprising to find this available eneray is

related to the rates of surging, flaring, X-ray production,

and other manifestations of active region "astivity’.

o

i

he exact rate of flux annihilation in a diffusion model
with discrete sources injected at t=0 can be found by

differentiating equation (3.14):

2

— O
AMe L Ny T g

Ak AR B (6.5)

The form of this function is shown in Ficure 40. It reaches

a peak rate of:

RN
SN — O 7o
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2
at t=a"/6D . For our standard region with a =30,000 km,

this condition would occur at an age of 4 - 9 days, for
- 2 .
D =200~400 ¥m /sec. Intuitively, the maximum rate of flux

annihilation occurs when the region is in its maxinum state
of development. In the model it happens at this time because
it is when the polarities from the two point sources first
start to strongly interdiffuse. The curve in Ficure 40 is
very reminiscent of the graph in Waldmeier (1955; his Ficure
46) showino the rate of flare produstion in a ‘tvpical’
region rising to a maximum at about the time of maximum sun-
spot development, then falling.

In order to convert the rate of flux annihilation into

an energy we have to consider the dimensions involved, and
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Figure 40: The predicted rate of flux annihilation for

discrete bipolar sources.
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at this point our arguments become very rough. If the flux

P

s at a strength B , and spread uniformly over an area A& ,
then the energy in connecting looos would be on the ordser of

2
(3 /8% JAL , where L 1is the characteristic “size” of the

™
L

=
e

region (see cure 41) Rewriting this in terms of the

2

flux, and setting A=L" , we obtain the following expression
Tor the magnetic enercv:
A
N\:_-';-EP‘ = KK = N+
8nl
(6.7)
(the enercy could be considerably hicher if the coronal field

=N TR (PO
ok R SEN Bwa o©x (5.8)
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At the point of maxinun development, using equation (6.6),

=

and taking N,= ¥ we obtain:
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41: “alculation of magnetic energy dissipation
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. 30 31
Hansen’s (1367) estimate of 10 - 10 ercs.

It should be noted, perhaps, that flare production rep-
resents only a very small part of the overall enercy balarce
of an active recgion. If, for example, the associated faculae
were only 1% brichter than the surrounding photosphere over
an area as small as 500 millionths of a hemisphere, then the
steady excess energy radiated by them would be nearly a hun-
dred times greater than the rates which we are considering
here. Thus the decision as to whether some small fraction
of the total enercy should be released in one way or ancther,
or at exactly what moment that energy should be released, mav
well be determined by relatively subtle conditions -- such as
the exact conficuration of field along the neutral line -~
beyond the scope of the simple diffusion model. What the
diffusion model does indi~ate is that there is likely *o be a
nore than ample pool of macnetic energy available simply as
a result of the normal desay of flux; so that flares gould
be produced should the conditions be favorable for tapping
it.

“hen the observed rate of flare production {on the basis
of the reports in the monthly HOAA bulletins) is evaluated
for some of the simpler regions listed in Appendix II, it 1is
found that equation (6.3) offers at best only a very roucgh
guide as to the maximum level of activity. Ffor example,

licilath 13790 and 13278 have approximately the same value of
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Nglas , and similar, simple bipolar configurations, yet the
former one has 22 class 1 flares and 143 subflares during its
first disk passace; whereas the latter has only ~45 sub~
flares.

As far as the amount of activity for a particular re-
¢ion on successive rotations, we can give one example. The
The number of flare reports for Region 13730 on its first
three disk passages (lumping the class ones and the subflares
together) goes like: 165 : 26 : O . This can be conpared
to the ‘loss of magnetic enerogy’, in the respective two week
periods, as computed using equation (6.7} with the gbserved

- N

fluxes, and L=150 se are (in ergsj):

38 3
2.3x10 : 2.8x%10 : 1.22x10 . Thus there is some dif-
ficulty in understanding why there should be flares on the
second rotation but not on the third; and the confusion would
be even worse if we had used the predicted rate of flux de-
cline (see Figure 22). In any case, there seems to be con-
siderably more enerqgy available per event than is necessary,
so perhaps the important guestion is not where the enercay
comes from, but why it is sometimes released as flares and

sometimes not.

€.4 Differential Rotation
There are two long=-standinc and well-known observational
problems with respect to the sun’s differential rotation.

Cne is that the sunspots seen at times to rotate faster than



225

the photospheric plasma by as nuch as almost a decree per
day (see, for example, Howard and Farvey, 1370). The other
is that many of the manifestations of weak macnetic fields,
such as filaments (see, for example, Glackin, 1974) -- and
indeed direct ~ross-correlations of the macnetic sianals
themselves (Wilrnox and Foward, 1970) -- seem to indicate
that the weak fields rotate more rigidly than their sources,
the spots.

As to the problem of the discrepancy between the spot
and photospheric rates, we can have little to sav. If the

diffusion model is richt, and the field lines move freely in

by

fisult to see how

o

response to the supergranulation, it is
they could fgnore a general streaminc of the photosphere past
them. In other words, we would expect the decaying fields to
become very strung out in longitude, something as if we had
dipped a pen in a moving stream of water and were watching
the ink flow out. While it is possible that this effect
could indeed happen to some extent on the sun, it is a little
hard to believe that it ~ould happen to the extent of one
degree per day. Perhaps there is some unsuspented subtlety
in the inte;pretation of the Doppler observations.

The diffusion model is more helpful in explaining why
the weak fields should rotate more rigidly than their sourres:
the answer to that must to some extent be simplv that the

source fields are, on the average, alioned with the plus and
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minus polarities separated in the east-west direction. Each
source, as it decays and spreads is trving to build a north-
south neutral line, and hence will influenre the measured
rotation rate at both hicrer and lower 7atitudes. The net
effect is to broaden the differential rotation curve, and
that see s to be pratty much the effect that is observed.

The exact calculation of how much diffusion broadens
the differential rotation curve is rather complicated, and
we will not attempt it here. It depends to some extent on
the latitude distribution of the source fields. For example,
the weak fields at 30O latitude would be strongly dominated
by the remnants of lower-latitude injections, and hence tend
to reflect the relatively high rotation rate of their scurces.
Veak fields at, say, lOo latitude, on the other hand, would
be influenced by both hicher-and lower-latitude sources in
more or less equal numbers; and hence might, on the average,
rotate at about the same rate as the spots.

Without explicitly making the calculation it is very
difficult to estimate what fraction of the filament-spot
"errcr” is a simple consegquence of diffusion and what frac-
tion is necessarily of a different oricin. Ve note only that
the amount of neutral line shearing found by Leighton (1964),
in calculations of diffusion in the presence of differential
rotation, is much closer to the filament rotation law of

d’Azambuja and d’Azambuja than to the spot rotation law of
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Newton and Nunn, even though the photospheric plasma was
assumed to rotate in accordance with the latter law. We
attribute this to the tendency of the east-west sourczes to
fight to establish 'ricgidly rotating’ north-south neutral

lines.

ity Back un

We have already noted ( $3.3.1) that the absence of
any obvious fine-scale mixing of polarities along the neutral
line separating the two halves of a decaying active region
seems to imply that in the areas where opposite polarity
lines diffuse together they are able to recombine and dis-
appear in a very rapid and efficient manner. It is somewhat
surprising, then, to find that when one examines full-disk
macnetocorams with both high spatial resolution and high sen-
sitivity (such as those from Kitt Peak), there are indeed
areas of weak mixed polarity. These are most prominent in
the gaps between the extended ‘unipolar’ patches that are the
obvious remnants of substantial active regions, but that
could be simply because there is no dominant field there to
obscure the underlying background. While it is possible that
the process of recombination is less efficient hetween recg-
ions than it is withip recions, so that greater mixing could
occur, the evidence does not seem to point in that direction,

and it is poft felt that these areas of mixed polarity result
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from the random association of lines which once emerged in
major active regions. Rather, it seems more likely that they
reflect a general background maintained by a continuous ser-
ies of 'micro-eruptions’ (ephemeral regions and smaller)
which appear and dissipate more or less in place. One will
note that the diffusion model predicts a very short lifetime
for the residue of an eruption with a small initial separa-

tion (cf. £3.2.3¢c).

6.6 The Development of Large Scale Fields

It is of considerable interest to try to follow the
progress of the diffusion model over periods longer than
the < 6 months for which individual regions can be observed;
and there are two approaches which suggest themselves.

One is to attempt to model the observed fields for the
whole sun be inserting sources at each place where fields are
seen to erupt, and then computing the total superimposed
field that would result from all of these, assuming each
field line to move independently of the others, and then
comparing the predicted background pattern to that which is
actually observed, hopefully improving the agreement by ad-
justing the diffusion ~onstant, and perhaps the differential
rotation law.

One might worry that all the tiny eruptions =-- many of
which would be missed because they happened on the back side --

would have to be included to cet a reliable result, and hence
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the very macnitude of the task would make it quite impossible.
This is not true, however, for even if, as Harvey and Martin
(1973) suggest, the total flux injected onto the surface by
the small, spotless eruptions is as great or even greater
than that injected by the major active regions, their net
effect, at least as far as the large scale fields are ~on-
cerned, would be much less. This is for two reasons. First
because of their small initial separations, the injeated
flux does not linger very long on the surface: most of it
will be gone after a day or two, whereas a sionificant amount
of the flux injected by a major active center can remain for
many weeks (the characteristic time goes like aZ/D where
a is half the initial separation). Second, they emerce
with nearly random orientations (Farvey, Harvey, and lMartin,
1975), and will probably tend to cancel out each other’s
effects more thoroughly than would the larger regions, with
their systematic +6° tilt. Thus it is only the larger spot-
strength regions which will contribute significantly to the
formation of large-scale fields, and their source strencths
(flux times separation), can, on the averace, be pretty well
specified just by giving the size of the spots. As a3 result,
the program of physically modelling the observed pattern of
eruptions is not as unfeasible as it micht at first seen,

but it would still certainly be messy.
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A far more elegant approach, if one is only interested

in the long-term diffusion constant, is that suggested by

Leighton (1964): which is to look only at the ‘component’

of field averaged over longitude, thereby reducing the prob-
lem to the one-dimensional one of how the sources spread in
latitude. This spatially-averaged field, as it turns out, is
expected to evolve in a way which is completely independent
of any assumptions regarding the differential rotation (or,
more generally, regarding systematic currents along lines of
constant latitude) (Leighton, 1964; egqn. 15):

poiny om s

e RY cmah 2R o (6.10)

24 - D 3 (o Pian)

where Ry is the radius of the sun and A 1is the latitude.
In general, this equation can be solved in terms of spheri-
cal harmonics (see Leighton, 1964); but, we can adopt a
simpler approach, since, considering the small diffusien
constants which we have found in Sections 3-5, we will be
interested mainly in times over which the spreading is small
compared to the radius; and furthermore, in sources which
are placed close to the equator (A =0 ).

Under those circumstances, and knowing that we don’t
have to worry about differential rotation, we can approxi-=
nate the solutions of equation (6.10), by considering the
now-familiar doublet source (egn. 3.20), in flat, non-shear-

ing coordinates; evaluating the averace field by adding up
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the flux which it contributes to various strips of ”"latitude”,
and dividing by the area of the strips -- assuming that the
source is inclined at some angle o relative to the eguator.

The result is:

. - uﬂ/&;:}*
<%> = - QNOQ_MQS_ e 4

ISPt

o (UrrDty? (6.11)

where y is the linear distance (km) from the point of ori-
gin in the north-south direction. If « =0 -- that is, if
the source is aligned parallel to the equator ~-- the average
field is identically zero at every latitude (since the recion
contributes equal amounts of preceding and following polarity
to each strip). On the other hand, if it has a positive in-
clination (p=-end closer to equator) then there will be an
excess of following (negative) polarity at y> 0 (hicher
latitudes), and an excess of preceding (positive) polarity
at y<0 (lower latitudes). In other words, a tilted region
contributes a tiny doublet moment in the north-south direc-
tion, and as the region decays, that moment fuzzes out in
latitude. This behavior, for the standard region with
Ng=10%2 Mx, a=30000 kn, and = =+6°, is shown in Ficure
42, assuming D= 200 km2/sec.

Because of the large dimensions invelved, the spreading
in latitude is quite gradual. The peaks of equation (6.11)
occur at:

6. - :t "é-'D:t‘
e / (6.12)
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and the peak field is given by:

R e v | (6.13)
Thus, for example, if D= 200 kmz/sec, then after one year
( t:-3.16x107 sec), the primary influence of the region has
spread by only ~ 100,000 km or ~%10° in latitude.

As a result, we expect the accumulated effects of the
many individual regions that erupt over the cycle to produce
a "striping” or “banding” when the observed field is averaged
over latitude. That is, the poleward side of the active zone
should be fringed by following polarity, and the eguatorward
side by preceding polarity. It is these accumulated remnants,
by the way, which are supposed to fuzz out to form the polar
fields.

Stenfle (1972) has actually added up the average field
seen in various latitude zones on lount Wilson magnetograms
from 1960-1963. If we accept his numbers (and they seem to
be confirmed by Howard, 1974a), then there is some slicht
evidence for the predicted active zone ”stripiné”, but it is
only at most the ~ 1 gauss level (even after correction for
line weakening) in the yearly averaces; and the polar field,
in his ‘butterfly diagram’, seems to form more by a concen-
tration of weak remnants than by the diffusion of strong ones

(see Figure 43).
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Figure 43: "Butterfly diagrams” cof longitudinally-averaged
solar magnetic fields.

(a) The results of Stenflo (1972) based on Mount Wilson
daily data. The contours correspond to %, 1, 2, 4, 8, and
16 gauss (after correction for line weakening). The strengths
near the poles have been corrected for foreshortening (assum-
ing a radial field) and are highly uncertain. The low-
latitude peaks in 1966-1971 coincide almost exactly with the
observed distribution, and are anot offset towards lower or
hicher latitudes, as might have been expected. They exhibit
the same polarity as the preceding spots in each hemisphere.

Stenflo’s data end in 1970. The contours beyond that
date have been added by rough visual estimates based on the
daily contour plots, and should not be trusted as to strength.

(b) Predicted large scale field for the same period
based on Leighton’s (1964) calculations with TO=.20 vears
(D=767). The contours represent linear increments in field
strength, but there is no overall calibration. Note that the
low-latitude peaks are offset from the zone of miximum spot

activity.
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We can estimate the predicted strength of the remnant
bands, for any given diffusion constant (they are expected
to be most prominent when the diffusion constant is lowest),
by adding up the contributions from a reasonable number of
sources (much as was done numerically by Leighton, 1964,
though he assumed a much higher diffusion constant than now
seems appropriate).

In order to determine what number of sources is ’reason-
able’ we counted the number of sunspot groups of various siz-
es actually reported in different latitude zones for a six
month period (May-October) in 1972. Since that was a vear
of average activity, one might expect the results to be typ-
ical of the yearly eruption rate for a single hemisphere.

The results are given in Table 6.1, where each group is list-
ed according to its maximum total (i.e., umbra plus penumbra)
sunspot area in millionths of a hemisphere. No effort was
made to correct either for ’‘returns’ or for the cases in
which a group was probably not seen at its point of maximum

development.
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Table 6.1 i N s i '
One Hemisphere over a l2-Month Period

Peak Sunspot Area (millionths of ’i??QE;)

50~ 100~ 200- 500~ 1000~ 1500~
Latitude 10 10-50 _100 200 500 1000 1500 2000

0-5° 0 2 1 0 2 0 0 0
65-10" 12 8 4 8 7 9 0 0
11-15° 10 6 7 7 5 2 1 1
16-20" 5 5 2 4 3 0 0 0
21-25° 3 1 0 1 0 0 0 0
Total 30 22 14 20 17 4 1 1

While the smaller groups are more numerous, it will be
noted that the average area is +160 millionths, and that
half of the (l-?xlO4 millionths) total area is contributed
by regions with peak areas greater than ~40C millionths.

How since we know that the source strength is roughly
proportional to the spot area, and since we know that our
nominal region with NO :1022Mx and a=30,000 kn has an
area of about 250 millionths; the level of activity indi-
cated by the table is eguivalent to something like 70 of the
nominal groups per vear. This could be raised, perhaps, by
a Tactor of 2 if we wished to correct for the flux which was
rissed when groups reached their peak on the back, and per-
haps by another factor of 2 if we wished tc consider a vear

of higher activity; so we would conclude that around the
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peak of the cycle, the number of eruptions in each hemisphere
is probably equivalent to about 250-300 of the nominal reg-
ions per year.

Since the spreading is so slow, the residual field at
any time can be thought of as representing the sum of contri-
butions from all the regions erupting over the previous 5-10
years, but it will be dominated by the most recent ones. Ve
could estimate a typical residual field by adding the contri-
butions over, say, ~4 years around the peak of the cycle.
From Table 6.1 we deduced that there would be ~1000 (nominal)
regions in that period; and according to Figure 42, the con-
tribution from each would be ~.007 = .028 gauss (or even
more depending on how close the eruption was to the moment
of observation). Thus we conclude that if D= 200 kmzfsec,
the residual background “banding” that results from the sys-
tematic tilt of the individual regions, should build up to

~ 10 - 30 gauss in the declining vears of the cycle. This
is clearly verv much coreater than what is observed.

There are several possibilities for why the anticipated
long-tern residual fields night fail to materialize in the
observations. One is that the magnetis regions may not be
tilted in the way that has lonc been inferred from sunspot
drawings; but we have checked that (£2.4) and the inclin-
ations seem to be as advertised. Another is that we may have

grossly underestimated the diffusion constant =-- but that too
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seems unlikely, since we have made many checks,; considering
not only the areas of the decaying plages (which are admit-
tedly hard to measure) but also the separation, and the
width of the filament channel, and the short-term motions --
and in any event, the polar field doesn’t look (observation-
ally) as if it is formed simply by the fuzzing out of an
active region residue at any diffusion constant. Finally,
there is the possibility suggested in § 3.2.3d, that even
though each field line may seem for all practical purposes
to be moving at random, and even though the area develops in
that way, it is still possible that the two ends may never
entirely lose track of each other, so that there could be a
very slight systematic “attraction”, which in the end domin-
ates the annihilation of flux, and causes the two halves of
the region to destroy each other much more thoroughly than
would have been expected at random.

It will perhaps be recalled that this is not the first
indication we have had that there could be something wrong
with the rate of flux annihilation. The direct measurements
from the lMount Wilson macnetograms (€ 3.2.3d) seemed also
to show that the flux was disappearing too rapidly =-- although
we could write that off as perhaps being due to a lark of
knowledge about the amount of flux present below the 5=~
gauss’ level. And the lifetime measurerments ( §$3.2.3c), too,

seenmed to come out shorter than expected; but at the time
pe
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we were mainly interested in the slope of the line (Figure
21) and managed to patch up the normalization by using a
threshold field somewhat higher than may have seemed reason-
able. Even so, "large” diffusion constants seemed to be

needed to get the proper lifetime ( B hc:6 gauss to get

thres
D= 375 kmzlsec )« Vhen these difficulties are combined with
the absence of the expected long-term residual fields, the
weight of circumstantial evidence seems clearly to be lean-
ing in the direction of accepting the notion that the long-
term annihilation of field is dominated by non-random forces.
In the final section ( ¢7) we will endeavor to show that
even the slight residual field which is observed could be
sufficient to account for the observed variations in the

polar fields, provided the diffusional motions are assisted

by a systematic poleward meridional flow.
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7. Polar Fields, long-term Mixing, and M¥eridional Flows

7.1 The Poleward Migration of Filaments

The poleward migration of filaments that is observed
during the ascending part of each cycle has long been assoc-
iated with the encroachment of new-cynle polarities on the
existing polar fields (see, for example, Valdmeier, 1960;
and Howard, 1974a). Leighton (1964) sugcested that the phe-
nonenon could be guantitatively understood on the basis of
diffusion alone. 3y subjecting the observed pattern of sun-
spot eruptions to a diffusion-like spreadinc, he was able to
show that the zone of zero longitudinally-averaged field
would be expected to move towards the pole at approximately
the observed rate, provided one was willing to assume that
D=1000 kmz/sec (To=15 years; cf. egn. 3.28).

We have two reasons, now, for believing that this is not
an entirely conplete explanation. First, the observed dif-
fusion constant appears to be much lower -- -loser to 200
kmz/sec . And second, there does not seem to be a suffisient
pool of residual following polarity along the poleward sides
of the active zones to account for the formation of the polar
fields purely by diffusion. Observationally, the averace
‘mid-latitude’ field appears to be less than a causs [even
after correction of line weakening), whereas the pclar fields
are perhaps several gauss (they are too close to the limb to

measure as~urately). In any purely diffusional model the
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numbers would have to be turned the other way around -- that
is, the mid-latitude ‘source’ has to be stronger than the
tail which reaches to the pole.

Figure 44 presents observations of the poleward migra-
tion of filaments as derived from the data of Bocchino (1233)
and Waldmeier (1946-1275). Each author gives yearly averaces
of the area of prominences in 5° wide zones of latitude.
When one examines the numbers, it is customary (during the
ascending part of the cycle) to find, in each hemisphere, a
rajor peak somewhere near the equator, and a secondary peak
at higher latitudes. The curves in Figure 44, represent the
position of this higher latitude peak as a function of the
number of years since sunspot minimum. In a few cases the
equatorward peak has also been indicated.

There seems to be a slicht systematic difference in the
rates of migration for the years reported by the two authors,
but in both cases the basic poleward motion is clearly defin-
ed. The migration, which appears to begin at ~40—500 lati-
tude very near the time of sunspot minimum, advances steadily
in latitude ‘reaching’ the pole (by extrapolation) in 5% - 6
vears (the actual migration dissipates at ~75-80°).
Bocchino’s data suggest a speed of - 6.80/year, with a
slight hint of acceleration. Waldmeier shows an almost per-
fectly linear motion at '~9.20/year. The average is 8 /year,

or 3 meters/sec.
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Figure 44: The filament migration observations of Bocchino
(1880-1931) and Waldmeier (1945-1973).

Data from the northern and southern hemispheres have
been combined. The horizontal scale is calibrated in years
since sunspot minimum (for the whole sun).

In the upper figure, the dashed lines indicate the
poleward motion of the zone of zero longitudinally-averaged
field as predicted by Leighton (1964) on the basis of the
observed average pattern of sunspot eruptions at Toz 10, 20,

and 30 vears. (D=1534, 767, 511 kmzfsec, respectively).
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While there nay, as Foward (1974a) points out, be some

difficulty in identifying the prominence zcne exactly with
the latitude of zero longitudinally-averaged field, and that
could conceivably account for part of the phase difference,
it seems clear that the observed nigration is both much earl-
ier and more rapid than would be expected on the basis of a
pure diffusion model with D= 200 kmz/sec (TO= 80 vears).
The next most obvious explanation, then, would be that the
fracments of insurgent field are simply being carried toward
the pole by a meridional flow, operating at least between

o
~ 40 - 70 and moving at ~3 m/sec (cf. Bocchino, 1333).

7:2 Uhite Light F

Purther evidence for the probable existence of such a
systematic flow was uncovered during the course of a study of
+he latitudinal distribution of white light faculae, as rep-
resented on the daily plates in the kount VWilson archives.

Sheelev (1364) had already shown that the number of isolated

pobn

T -
ik

fasulae shown on these plates, at the pole, varies in a s

ple manner (and again in a manner which could easily be under=

tdy

stood on the basis of diffusion at T_=15-20 vears, but not

o
at TO==8O years) but had not indicated very clearly what
rappened in the mid-latitudes.

In the present study, tracings were produced by marking

the positions of the most prominent facular granules on a

transparent overlay. 3ince the white light faculae are only
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visible within about 20° of the limb, it is easy to entirely

nmiss an equatorial recion if it does not happen to be favor-
ably located on the ~hosen day. For that reason, the trac-
ing shown in Ficure 45 1is actually a composite of tracings
for 10 separate days during the rotation of August, 1972;
which gives a reasonably accurate visual impression of the
latitude distribution of the faculae for that year. One will
note that the polar fields (particularly in the north, which
happens to be tipped towards the observer by 7O in August)
are clearly detached from the fields of the lower latitude
active recions, with very little flux between ~40% and 650.
This distribution was found to be characteristic of the de-
clining years of the cycle, and of the sunspot minimum.

The interpretation of such an observation is not very
obvious in terms of any purely diffusional model of active
recion decay. One could understand how, perhaps, during the
ascending vears of the cycle, when the following polarity
being injected by the new cycle spots is opposite to the po-
larity of the established polar field, that there could be
some annihilation and that micht lead to a dip in the number
of faculae; but this is the descending part of the cycle,
and the polar flux is of the same sign as the field being
injected by the spots, and there is no obvious reason to ex-
pect a minimum in the distribution. If anything, diffusion

should be working to smocoth out the existing distribution,
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and even to disperse the polar field that had already accum-
ulated. In fact, the cap-like concentration of field seens
to be becominc continually stronger and more prominent.

The minimum in flux density could, however, be easily
understood if the field fragments were being physically swept
across the mid~latitudes, from a source near the equator to
an accumulation near the pole.

In all, we have three pieces of evidence suggesting the
existence of the current:

(1) The appearance in the butterfly diagram of longitu-

dinally-averaged field that the polar field forms by a

concentration of weaker fragments

(2) The fact that the poleward micration of filaments

is earlier and more rapid than expected in the diffusion

nodel

(3) The minimum in the distribution of white licht fac-

ulae (and, by inference, a minimum in the density of

nagnetic flux) at mid-latitudes during the denlining
years of the cycle.

Z.3 The Relative Strencths of Mid-latitude and Polar fields
in _the Presence of 3 Meridional Flow

Diffusion is not a very efficient way of getting field
remnants to the pole. Much of the flux is cancelled on the
way, and the part that does cet there doesn’t have to stav.

Cn the other hand, the polar fields are guite weak comnpared
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to the total amount of flux made available by the major ac-

tive regions which erupt during the course of the cycle. If

we visualize the polar field (at sunspot minimum) as consis-

o~

B =
pole
o
1 - 2 gauss, above some latitude No=60 , then the total

ting of a cap of more-or-less uniform intensity,

polar flux would only be:

i . '\,‘ \;-2 :

Dolar

(7.1)
or about half the strength of a single plage in our nominal
1022 Jx  'average-sized’ region. Since there are well over
a thousand such ‘average’ regions in the course of the cycle,
less than 0.1% of the original following polarity field
would ever have to make it to the pole.

Indeed, one might worry, then, that a systenatic flow,
which could catch each available fracment, sweep 1t to the
pole, and hold it there for the rest of the cvcle would pro-
duce not too weak, but too strong a polar field. t is dif-
ficult to answer this problem directly, because, as we have
seen in § 6.6 , there is some confusion about just how much
residual field is actually left by the typical decaying ac-
tive region -~ it seems to be much less *han would have been
expected on the basis of random diffusion alone. About the
best we can do, then, is to take the observed mid-latitude
field (i.e., that in an area a little above the sunspot zones)

and ask: 1if that flux were being systematically transported
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towards the pole, would it produce a reasonable final field?
If we assume that the average field at some middle lat-

itude, A, has a strength B, , then the current of flux
v M

moving towards the pole will be:

{éfi\ ~ 2R iy LIS

SO (7.2)
where 4;, is the speed of the flow. In order to make the
polar fields work in the way that is observed, this current,
integrated over the cycle, has to be sufficient to supply
about twice the peak polar flux (once to cancel the exist-
ing field, and once again to establish the new one).

That is:

AR S
}\ a:l PN ,V;M\.';,; 1;\/'; e
. Y

* (7.3)

Combining the three equations we obtain:

B, = 2Relizenw Ap) Boge

A\j—-M T f\'\\H Ti‘?(\{j (7.4)

-

Using k?=600 and Tcycle::ll years, one finds that for a

8 m/sec flow, the average field at 450 would only have to

be about one-quarter the strength of the peak polar field.

This is not at all unlike what actually seems to be observed.
The same result could be obtained in a more intuitive

way by noting that the total area of the mid-latitude zone

(say, 30o to 600) is approximately three times as great as

the area above 600. Thus, if the average flux density in
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Pigure 46: The Presumed iMeridional Flow
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structed out of the very weak field remnants that seem to be
available, but also by providing a rough guantitative ’justi-
fication’ for the relative strengths of the polar versus mid-

latitude fields that are actually seen.

1.4 Summary
The relatively low diffusion constant (D= 200 kmz/sec
or TOC:SO vyears) suggested by our measurements of the rate
of active region spreading would, if confirmed, destroy much
of the beauty of Leighton’s (1964) calculations of the devel-
opment of large scale field patterns over the course of the
cycle. The active region remnants would, if only under the
influence of diffusion at D =200 km2/sec, arrive at the pole
much too late and with too little strength. It would be im=-
possible, then, to explain, on the basis of the observed pat-
tern of sunspot eruptions, either why the filaments migrate
towards the pole as early in the cycle as they do, or why the
polar field reaches its maximum intensity around the time of
sunspot minimum.
We find, however, that the basic agreement can in large

part be restored if one is willing to assume that in the mid-
dle latitudes the diffusional processes are assisted by a
systematic poleward-moving meridional flow with a velocity

~ 3 m/sec. The migration of filaments is, then, automatic-
ally accounted for. The timing of the polar reversals and

maxima can be thought of simply in terms of the available
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source fields. The pole will intensify as long as there is

a fresh supply of the appropriate polarity, but weaken as
soon as the following parts of new cycle regions begin to
inject the opposite sign. HMoreover, the proposed current
appears to reproduce the approximate ratio. of field strengths
between the poles and the mid-latitudes that is actually ob-
served, and to explain the general impression one gets from
the magnetic butterfly diagram that the polar field is formed
rore by concentration than by diffusion. The mid-latitude
minimun in the observed distribution of white light faculae
(during the declining vears of the cycle) provides addition-

al evidence for the existence of such a current.
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8. Zonclu s

8.1 The Heed for Better Observations

We have attempted to use recent solar observations to
follow the history of selected magnetic regions; and in so
doing to develop guestions through whose answers we micht
hope to gain a better understanding of the fundamental mech-
anisms underlying the process of active region decay. Vhile
a more careful analysis of the same data would undoubtedly
result in a considerably more refined comprehensien of the
answers, a number of interesting points emerce even at the
present relatively low level of sophistication; and a number
of cautions and suggestions for those who micht wish to at-
tenpt to improve upon the results.

Most importantly, we find that the random walk model of
active recion decay provides a remarkably useful key to in-
terpreting and understanding the observations. The rate of
increase in area and separation is well within the range that
would be anticipated on the basis of the observed daily mo-

tions (provided one includes the effects of differential

[

rotation), and those, in turn, are within the rance that
would be expected for motion in response to the changing
supergranular pattern (although the velocity cells may last
a little longer than generally assumed). The only obvious
deviations from the pure random walk picture that have been

uncovered, are that the annihilation of flux seems to be
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more rapid and more thorough than anticipated; and that in
order to form a proper polar field it would be necessary to
assume that the diffusional decay is assisted, in the middle-
latitudes, by a systematic poleward-moving meridional flow.
It is important, then, to attempt to isolate the guestion of
the geometri~ pattern of the decaying flux, from the guestion
of its guantity.

Our best quess is that the diffusion constant (govern-
ing the ceometric arrangement of field lines) is close to
D =200 kmzlsec (corresponding to TO::SO years in the models
of Leighton, 1964, 1969); but, because of the crudeness of
the present analysis, this could be off by perhaps as much
as a factor of two. A diffusion constant as high as D=
1000 ka/sec (TO=:15 years) seems, however, definitely to
be excluded.

This conclusion is based mainly on measurements regard-
ing the separation between the opposite-polarity peaks in
the decaying field distribution; and is somewhat sensitive
to assumptions regarding the law of differential rotation.
Thus, it is important, if the present method of analysis is
considered interesting, that these conclusions be verified
using a more precise modelling of the predicted pattern of
evolution for the initial flux conficurations that were
actually observed, rather than relyinag completely on aver-

ages.
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Similarly, if the measurements of area are repeated, it
is important that it be clearly defined whether the measured
areas correspond to the surface within which 2/3 or 90%
or some other fraction of the surviving flux is confined;
and also that proper allowance be made for the possibiility
that even though the area seems to be growing at random, the
flux may be being annihilated more rapidly than expected
(we have avoided this problem here by using a “subjective”
measure of the area, but at the expense of being uncertain
as to how to interpret it). The most useful technique in
this respect micght well be to smear out the high-resolution
macnetic observations in such a way that the width of the
resulting Gaussian-like distribution could be taken as an
objective measure of the area.

As far as the short-term motions of the individual fea-
tures are concerned, we have found that two-dimensional
cross-correlations offer, potentially, the most efficient
and unambiguous way of determining the diffusion constant
over periods of up to ~20 - 30 hours. The older measurements,’
based on photographs of the chromospheric network, should ke
repeated using magnetic cancellations. 3y carefully analyz-
ing the short-term data one micght be able to isolate the
part of the diffusion which is due to granulation (prcbably
very little) from that which is due to the more gradual su-

pergranular motions. In any event it should be possible to
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state quite precisely whether the observed short-term motions

are exactly, or only roughly, sufficient to account for the
long-term spreading.

Finally, the whole question of computing theoretical
dispersal rates for field lines embedded in the supergranu-
lation is one which we have barely touched; and which begs
for a better definition of the observational parameters.

It will be noted, however, that the primarv need here,
as in so many areas, is not so much for pew observations, as

for a better analysis of those that already exist.

8.2 The Results

We come, then, to the summing up-.

This work does not, obviously, represent the last or
final word in the problem of active region decay. HMany
refinements are needed, some major, some minor; and in time,
many of our assertions will probably be totally overturned.
Ve do, however, feel sufficiently confident in the broad
outlines to feel that it is a step in the direction of pro-
gress, and that the picture which we are about to paint lies
somewhere between that first, tentative effort of Jowlina
(1946), and the final, ultimate, infinitely-precise descrip-
tion whose subtleties we cannot yet probably even cuess.

Appreciating, then, that nearly every number in this
list could be changed by a factor of~2, and with due a~knowl-

edgement to those whose previous efforts have contributed
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toward the development of this model, what we seem to have
found is as follows:

1. The active region first appears as a localized bi-
polar eruption of magnetic flux, and grows, over a period of
4-5 days at a rate of ~1016 lix/secz , by a series of dis-
crete sub-eruptions which coalesce to form a final confiqur-
ation whose strencgth is roughly proportional to the total
sunspot area.

2. Typical values are 1022 Mx for the place of each
sion, at a separation of ~60,000 km, for a group with a
sunspot area of 250 millionths (of a solar hemisphere).

3. The magnetic axes of the regions are systematically
inclined, at an average of +6° , with the preceding end clos-
est to the equator.

4. The growth phase may be terminated by the develop-
ment of a situation in which the rate of accidental recom-
bination of opposite-polarity magnetic features becomes
comparable to the eruption rate, but that is only speculation
at this point.

S. BSurging, flare and X-ray production are probably
also related to the rate of magnetic recombination, which is
expected to be greatest when the region is at its point of
maximum development.

6. At the point of maxinum development, about half the

flux appears to be in spots, and half in plage. The transi-
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tion from spot-strength to plage-strencgth field appears to be
accomplished without effort, although the presence of major
long-lived spots can delay the subsequent spreading in area.

7. Once the spots have disappeared, the development of
the region seems to be dictated almost entirely by the condi-
tion that each field line move in response toc the changing
pattern of supergranular convection, with cancellation in
those areas where opposite polarities overlap.

8. The absence of any obvious fine-scale mixing of
polarities around the borders of decaying plages, and more
particularly, along the neutral line separating the two
halves of the decaying region, suggests that where overlap
occurs, the cancellation is rapid and efficient.

9. Quantitatively, the observed increase in separation
{between the peaks of the decaying opposite-polarity concen-
trations) at a rate of ~0.015 km/sec 1is consistent with a
diffusion constant of D= 200 kmz/sec, assuming that the
sources are also, to some extent, pulled apart by differen-
tial rotation. The observed rate of increase in the area
dominated by each polarity (NleO3 kmz/sec over 4 months),
is also consistent with a diffusion constant D =200 kmz/sec
(in the presence of differential rotation), assuming the meas-
ured areas correspond to that within which ~90% of the sur-

viving flux is located.
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10. This diffusion constant agrees closely with that

obtained by direct measurement of the motions of individual
magnetic features; and is sufficient to explain why, in
‘quiet’ areas, the network should be difficult to recognize
after ~24 hours.

11. The guantity of surviving flux appears to be notice-
ably less than would be expected for purely random annihila-
tion. The decay looks exponential on the Mount Wilson con-
tour plots, but one does not know how to correct for the
amount of flux that might be lost below the ’5-gauss’ con-
tour. We estimate, however, that less than 0.1% of the
injected following polarity ever reaches the poles.

12. The visibility lifetime of active region residues,
over at least three crders of magnitude (in source strength),
is also explicable in terms of simple diffusion (D= 200 kmz/
sec), but only by assuming a threshold field of ~15 gauss
(7% 'Mount Wilson gauss’) =-- which probably corrects for the
overly-rapid annihilation of flux.

13. The influence of a decaying region spreads in lat-
itude as well as in longitude. Since the sources are dispos-
ed basically along lines of latitude, diffusion will attempt
to establish a north-south neutral line, while differential
rotation will attempt to draw it out east and west. The
result is a compromise in which the neutral line is more

nearly north-south than might have been expected, and as a
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result, the weak field remnants appear to rotate more rigid-
ly than their sources.

14. The scattered mixed-polarity component of the back-
ground field is probably due to small short-lived regions,
which appear and dissipate in place. The larger patterns
seem entirely to be the remnants of major active regions.

15. The proposed diffusion constant is, by itself,
insufficient to account for either the poleward migration
of filaments or the formation of the polar caps. We sug-
gest that in the middle latitudes the basic diffusional pro-
cess is assisted by a systematic meridional flow of ~ 3 m/sec,
which sweeps up the long-term active region residues (which
are much smaller than expected but still preferentially of

the following sign), and transports them bodily to the poles.

It should be emphasized that each of these fifteen
points refers only to an average pattern of evolution, which
may not, in detail be followed by any single region. The
actual observations suggest a great deal of scatter. We do
not know what portion of that scatter is due to the crudeness
of reduction, and what portion to a true diversity in the
patterns of development available to individual regions; but
it is clear that only by attempting to tackle such problems
will we begin to be able to say that we truly understand the

non-random processes which play a role in active region decay.
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The questions, then, are there, and they are solvable,

but much work remains to be done.
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Appendix I Flux Measurements
The measurements of flux presented in this paper are
rough estimates based on the area inside the magnetic con-
tours as they appear on the 85 mm diameter full disk Hount
Wilson magnetograms published in the NOAA Prompt Reporfs.
The flux is computed according to the following formula:
Fapparent = (107 A5)x7% + (Agp= A39)x1S + (Rgg-Ryg)x30

+ (Aao" ‘5340 )XBO -+ A80X120 (Al-l)

or, equivalently,

Papparent:: (AS%-AIO)X7% + RggxlS + Aygx30 + Agyx60
(Al1.2)

where A, 1indicates the total area inside the ‘n-gauss’
contour (5, 10, 20, 40, and 80 gauss levels are normally
plotted; 1 mm = 16,380 km). Since the regions studied are
generally near disk-center, the measured field strengths will
be low due to line weakening. In accordance with the results
of Howard and Stenflo (1972), the nominal flux is multiplied
by a factor of 2 to get the true flux.

In addition, some correction has to be made for the
sunspot flux, which is not properly recorded on the normal

contour plots. This correction is made using the sunspot

areas and umbral field strengths listed in the 'Regions of

Solar Activity’ section of the NOAA Prompt Reports.
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If we use the formula given by Kiepenheuer (1853), that the
distribution of field strength in a spot goes like:
%{:ﬁ = gm(“' "é{}r
e (A1.3)
where b 1is the penumbral radius; then the total flux of

a spot should be:
" ‘ ;
R = Jei0emeds = 4 Byt
| ’ (A1.4)
that is, half the peak field times the total area.

The NOAA reports do not generally specify in any quanti-
tative fashion how the spots are divided between p- and f-
polarity, so, unless it is obvious from the sunspot drawing
that the spots are all at one end, the correction is divided
equally between the two plages.

We have neglected certain considerations involving field
geometry in computing equation (Al.4); and no effort has

been made to correct the plage fluxes for fields not indica-~

ted by the 5 gauss and hicgher contours.
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Appendix II List of Regions
The following table lists, by lMcMath plage number, all
the regions used in the present study of active region devel-
opment and decay. The numbers are intended to represent the
source strencth, that is, the flux and separation at the point
of maximum development. For simplicity, however, the measure-
ments were usually made when the region was close to the cen-
tral meridian, and hence may not correspond precisely to the
point of maximum development that would be disclosed in mcre
careful day by day measurements.
The column labelled 'Age’ gives the approximate time

(in days) from the birth of the region to the time to which
the measurements of flux, separation, and sunspot area refer.
The symbol 7M 1is used when the birth of the region was not
witnessed. 3Such a measurement, made simply at the first cen-
tral meridian passage, could refer to an age anywhere between
7 and 21 days. Vhen the age is marked by an asterisk (*),
this means that it was evident from the appearance of the
region on the next rotation that it had reached its maxinum
development (either by continued growth or by resurgence) on
the back side. In such cases, the flux is estimated by ex-
trapoclating backwards the subsequent curve of flux with time,
and is somewhat higher than either of the first two measure-
ments; the separation and tilt are averages of those seen on

the first two rotations; and the sunspot area is the larcgest
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actually reported.

The ‘Tilt’ of the magnetic axis is given in degrees,
with positive meaning that the preceding polarity is closest
to the equator. No tilt angle is given for two regions which
develop complicated reversed polarity magnetic conficurations.

"Fluxes’ are in maxwells, and have been corrected for
line weakening and sunspot fields as explained in Appendix I.
They are the average of observations for the two plages.

The ’'Separation’ is the total distance between the ap-
parent peaks of the positive and negative polarity concentra-
tions, and wherever possible, the numbers given are an aver-
age of estimates made from the Kitt Peak and the Mount Wilson
magnetograms.

The ‘Sunspot Areas’ are the larges§ values for the par-
ticular region, as reported in the NOAA bulletins. 1In some
cases, obviously, the true maximum spot area may have occur-
red when the region was behind the limb. The units are
millionths of a solar hemisphere (1 millionth::3.04xl@6 kmz).

The ‘Lifetimes’ (in seconds) are rough estimates of the
total time over which the remnants of the region remained
distinguishable from the normal ‘undisturbed’ magnetic back-
ground. Generally, they were obtained by noticing that a
region was visible on one rotation and not on the next. In

many cases, however, the observations had to be terminated

due to confusion with nearby activity. In such cases only
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a lower limit could be placed on the lifetime. Note that

1 rotation = 2.35x106 sec.

The regions are ranked in order of decreasing source
flux. McMath 11958 is a complex of activity that developed
over several rotations.

To complete the table, we might note that, according to
Harvey and Martin (1973), the spotless ephemeral regions,
which never attain McMath plage status, have typical source
strengths of Nwl(]z0 Mx and 2a~15,000 km (Harvey and
Martin’s definition of ‘typical dimension’ corresponds to
roughly twice our definition of ’‘separation’). Their life-
times are 1-2 days or less, and their inclinations are
nearly random. This is, of course, only one in a continuous
spectrum of region sizes to which there is no clear lower
limit.

None of the measured values, incidentally, is likely to
be accurate to more than one significant figure, but they are

reported as they were recorded.



Table A2-1 List of Regions by Source Flux
McMath Age Flux Separation Spot Lifetime
# (days) Lat. Tilt (N,) (2a: km) Area (sec)

11957 22 13°N  --  4.2x10%2 1.1x10° 1120  ~2x10’
13225 oM 7°N -- 4x10%2  s5x10% 1000  ~3x107
13790 W €N -2 3.0x1022 1.2x10° 1140  2.2x10
13722 3 PPN +10° 2x10%2  gx10%* 460 ~2.5x107
13736 3 g5 +¢° 2x10%2  sx10%t 270 >7x10°
11958  -- 11°S +19° 1.7x1022 1.6x10° 500 29.6x10°
13338 2M 14N +3° 1.3x1022 e.6x10% 700 ~1.5x107
13373 5 12°8  +3°  1x10%2  sxi0 60 ~1.1x107
13278 10 19°S  +6° 9.5x102} s.7x10% 150 ~1.3x107
13343 oM 9°W -11° 9.1x10%!  gx10% 25 ~1.8x107
11972 & 7°N +18°  9x10%' 7.sx10% 210 >5x10°
13890 5  5°N 0 8.2x10%0 6.5x10% 220 1.4x10°
13788 CM  7°N +10° 6.6x10%1 sg.2x10%* 200 1.2x10°
13818 27 13°s +12°  ex10%2l  ex10% 200 ~1.4x107
13783 4 N +12° s5.6x10%1 s5.7x10% 140 >2.6x10°
11993 6 25°S +26° 4.9x10%1 7.4x10% 120 > 5x10°
13875 M 33°§  -8° 4.3x10%1 s5.7x10% 140 ~6x108
13341 4% 3°N -17° 3.4x1021  sx10% 30 ~3.9x10°
12050 27 18°N 0" 3x1021  s5x10% 30 2 3x10°
13532 6 13°s +9°  3x102} 1.1x10° 80 7x10%
14120 4 34°N +18° 2.1x10%1 s3.ax10% 50 --



McMath Age

# (days) Lat.

13817
133992
12008
13611
11989
13811
13859
13927
13340
13924
13499
13763

3*
4

13°N
4°s
18° N
11° 8
14° N
28° N
7°N
8°S
4°N
4°N
10°N

10° N

Table
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A2-1

(continued)

e U]
£11°  2x10%1
-12°  2.0x10%1
+9° 1.7x10%1
+17° 1.2x1021
-6°  1.0x102!
+3° lxlOZl
+3°  7.6x1020
+3* 6.4x10%0
0 3x1020
+4°  2.8x1020
+29°  2x10%0
+16°  8x10%°

Separation Spot
t k Area
7x10% 50
4.1x10% 50
5.6x10% 20
8.2x10% 0
4.7x10% 20

6x10% 30
4.1x10% 20
4.1x10% 10
2.4x10% 10
2.4x10% 10

sx10* 10
2.4x10% 0

Lifetime
_(sec)

6x106

>4.3x10°

< 2x108
6.3x10°
< 2x108
~6x10°
1.2x10°
~ 3.10°
~1.10
3.9x10

S5.6x10

(SN ¥ 2 B €2 BN ¢

3.9x10
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With the exception of Region 11357 (the complex of
activity), all regions in the text are referred to by the
McMath plage number which they were assigned on their first
disk passage. In many cases, however, the regions maintained
sufficient strength to be assigned new plage numbers on their
second, or even later, passages.

Table A2-1 gives, in order of increasing number, each of
the 33 reqgions used in this study, and, where appropriate,
the numbers which were assigned to them on successive rota-
tions (counting the first appearance as ’‘Rotation 1° ).
Asterisks are used to indicate cases where the identification
of the plage number with the magnetic remnants of the origin-
al recgion is partial or imperfect (usually due to resurgence).

This is meant only to clarify the identification of the
regions, and not (except roughly) to indicate their lifetimes.
The remnants of many regions remain visible magnetically long

after the plage numbers have ceased to be assigned.
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Table A2-2 Identification of Regions on Successive Rotations

(McMath Calcium Plage Number)

Rot. 1 Rot. 2 Rot. 3 Rot. 4 Rot. §  Rot. 6
11957 11976 12007 12045 -
11958 11986 12025 -
11972  11994*  12029* -
11989 -
11993 12031 -
12008 -

12050 12077 -
13225 13280 13324 -

13278 13318 13361 -

13338 13380 13423 13471 13526 -
13340 -

13341 13384 -

13343 13382 13426 -

13373 13411 13463 -

13499 -

13517 13547 -

13532 13568 13629% -

13611 -

13722 13750 13786 13820 13865% -
13736 13766 13796  13832% -

13738 13777 13808™ -
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Tabl e az_z

(continued)

Rot. 1 Rot. 2 Rot. 3 Rot. 4 Rot. S ot. ©
13763 -

13783 -

13790 13826 13867 13906 13945 -
13811 13831 -

13818 13849 13892 13933 13970 14013%
13859 -

13875 13914 -

13890 13926 13965% 14004 -

13922 13960 13992 -

13924 -

13927 -

14120 14152" no data
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Appendix IJI Diffusion Paper, Curve Fitting and Errors

When random moti;ns occur in two dimensions, it is
common to find particles with displacements, r , distribu-
ted according to a probability function of the form:

’z e
- /‘(o(,
£ S

r2 (33.1)

1

~

/1
®

Pl b

where ¥, 1is the rms displacenment.

The measured displacements, when presented in the form
of a histogram, showing the number of results in different
intervals, will cgenerally show roughly this form, but the
mean-squared displacement can vary considerably, depending
on the chance occurrence of a few large-displacement events.
One wishes, then, to develop a method for fitting a curve of
the form (A3.1) to the data which does not rely unduly on
the high-displacement points.

One simple method which suggests itself is to consider
the integrated distribution ffirer , that is, the total
number of events with displacements less than some threshold
value ¥'. According to equation (A3.1):

Jc(r“q: {’Pi\*\ér = k~e’rl2’/‘"3 _
2o (A3.2)

,'rl

This can be converted intc a linear relationship by means of

a little algebra:

Bt

o= oo -am (- 5)
(A3.3)
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In other words we expect a linear relationship if we
plot {0 (") against r‘ . This can be done most
easily by constructing a special non-linear graph paper on
which the horizontal scale is calibrated in terms of the in-
dicated quantity. The process is analogous to the construc-
tion of ordinary “probability paper” for studying a normal
Gaussian distribution. Figure A3-1 shows an example of the
paper,on which the data for the K-line displacements shown in
Figure 29 of the text, at intervals of 24 , 5 , and 10 hours,
have been plotted. If the observed distribution differs
from the form of equation (A3.1), by having too few or too
many high displacement points, the data will veer off the
line at the larger values of T . The points for at= 2%
hours show an example of this. The effect of these points
can be minimized by ignoring them in drawing the best-fit
straight line.

For those who may be interested, the positions of the
horizontal ticks (in arbitrary units) are:

‘Table A3 - 1 Diffusion Paper

.
i St i P SR
NN { SO

AN N 5 4 :
e 0 .30 .5872 .70 1.0973
.01 .1002 .40 .7147 .80 1.268¢6
.05 . 2265 .50 .8326 « 90 1.817

.10 . 3245 .60 .9572 .99 1.7808

.20 .4724 .632 1.0000 .98 1.9779
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According to equation (A3.1) the best fit curve is de-
termined by the single parameter T, (plus the overall norm-
alization to the number of points); and equation (A3.3)
implies that this quantity can be read directly off the “dif-

fusion paper graph” in any one of a number of ways. For

example :
r = l.414...7r’ when § =z .3935...
o)
ro = 1-2011--1" when ..g.: -SG (A3-4)
Iy = r’ when §-= 6321

which correspond to fitting the curve at (a) the peak in
the histogram; (b)) the median; and (c) the point at
which 1r' = r, - We can call these three ‘natural’ fitting
points Isg »  TsQ s and Tgg o respectively. Figure A3-1
illustrates the use of Tgs to determine r_, (note that one
does not actually have to use diffusion paper to determine
the median or either of the other two fitting points, but to
see the straight line is heartening).

In practice, each of the fitting points was read off
the graph and the average of the three inferred values of T,
was used in all subsequent calculations.

To estimate the reliability of this method of determin=-
ing ry from the median of the observed distribution, when
the histogram is based on a limited amount of data, we have

to ask ourselves: if we were to draw, at random, a sampling

of N points from a population distributed exacgtly accord-
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ing to equation (A3.1), how close would we expect the median
of those N points to be to the nominal value (ISO:
.8326..145)7

Without going into details, this question is answered
by saying that if on the average N/2 of the points lie to
the left of the median, and N/2 +to the richt; then in any
particular sample, those numbers could (with 2/3 confidence)
fluctuate by * {N'/2 (the difference between them fluctuates
by *JN" ). Looking at the probability density you can esti-
nate how much that excess (or deficiency) is likely to move
the measured median, and in turn how much that could change
the inferred value of r, - The result is:

AT, = 0.722) G
N (A3.5)
where Ax, is the accuracy of inferred rms displacement
based on the median of a sample of N points distributed
according to equation (A3.1).

In principle, the accuracy of the present method is a
little higher, because by drawing a straicht line on the dif-
fusion paper we are smoothing out some of the statistical
fluctuations. But there is alsc some fudging involved in
"disregarding’ the high displacement tail. For that reason,
we have rounded off the 0.72... to 1 . The errors guoted
in the text of the paper, then, are obtained simply by divid-

ing the inferred rms displacement by the square root of the
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number of measurements. The mean-squared displacements have

twice that fractional error.

N.B.: If the same reasoning were applied toc a normal causs-

ian distribution, one would decide that (at the 2/3 confi-
dence level) the median based on a sample of N ©points

should be within:

A= = JFT. . = *192¢c
P b

(A3.8)
of the true central value, where ¢ 1is the standard devia-

tion.



Appendix IV: Separations Between Randomly Moving Particles

The motion of magnetic features can be studied either
by measuring directly the displacement of individual points
(as in Ficqure 29), or by studying variations in the separa-
tion between selected pairs.

As stated in the text, there are certain advantages in
using the separations; but also, certain subtleties in their
interpretation. In Figure A4-1(a) we visualize two points,
separated initially by a vector s , subject to random dis-

P S

placenments Arl and AT, - The lenagth of the displace-
ment vectors is taken to be (¢ , the “true” size of the in-
dividual point displacements. The net effect of A}l and

AT, will be to add an amount As to the original separa-
tion, where As 1is a random vector of length [2 f.

Thus, by the “law of cosines”, the connection between
the original separation, !§! ,and the final separation,

g =N

—n N
8 + Hsy, 1s:

!")15; -

18

i —
RN SR B

(R4.1)
where © is the ancgle between & and AXs (which is
equally likely to assume any value between ( and 27 ).
In searching for spatial coherencies in the pattern of
motion, the natural thing is to try to show that the mean-
squared change in separation for closely-spaced pairs is
different from the mean-squared change in separation for

widely-spaced pairs.
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According to equation (A4.1) this quantity is given by:
- /'L

LYY =2 428" - ds (gn &fﬁj FTZT PR
o Toe (A4.2)

which can be re-written in the form:

it (A4.3)
Where E 1is the complete elliptic integral of the second
kind (Abramowitz & Stegun, 1965; - 17.3.4).

This function (egn. A4.3) is sketched in Figure A4-1(b).

It will be noted that even for completely random motion
there is a difference in the expected mean-sguared change in
separation of close- and wide-spaced pairs. If the points
are extremely close together, the mean-squared chance in
separation will be twice the mean-squared displacement.
However, in practice we will not be able to explore this
regime because we cannot distinguish the motions of (unlabel-
led) features whose separation is closer than the typical
displacement.

Thus, in our solar work, the rule will be that the mean-
squared change in separation is equal toc the mean-sguared
displacement, as shown in the latter part of Figure A4-1(b).
The reason that it is equal, and not twice, as might have
been auessed, is that only that component of displacement
which acts parallel to the original direction of separation

is effective at increasing the separation. The perpendicular
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Figure A4-1: The mean-squared chance in separation for
randomly moving particles
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component changes the vector separation, but it does not add

siconificantly to the length.
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Appendix V.

D . .
Random Arrav
To determine the distribution of nearest neighbors in
a random array, consider N points placed at random in an
area A , of large dimensions. We select one of these points.
Call it P . The probability that P will have a nearest
neighbor within a radius r-r +dr can be found by imagin-
ing that all the other points are suddenly removed, and then
replaced, one by one. Each falls with an egual probability,
1/A , of landing in any given unit area. In order for P to
have its nearest neighbor in the rance r->r-+dr , these
other points must come down in such a way that there is pnone
closer than r , but one or more in the annulus révrﬁ-dr.
Since the probability that all N points will miss the circle
of radius r around P is (1 ~E§2)N; and since the prob-
ability of something falling in the annulus of radius r-—r+
dr is the sum of the probabilities for each of ¥ iden-
tical tries; the probability of P‘s nearest neighbor being

at rar+dr is:

(A5.1)
This can be simplified by taking the limit where A ->» &
but in such a way that the density, mo?4N/R , is held con~-

stant, i.e.:

. ‘,’ b,\;\‘ H. v(.?\\ﬂ , ’ N 2 v A .{ o ’ ~ '\'*‘,"'; " 'fL .
tac T ) R LT Lo T Ty = M e MRTTY “ sy P
pCT 5\; = e f‘ /o §-'~ i 4 / LT, AT

~ o™ ,"‘t"\,‘l / ;
> (A5.2)
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Or:

- ~ MY
Mrjor = 2Tm, T & Ay

(A5.3)
This is the expression used in the text. It is normalized

to unity: o

A (A5.4)
and has the standard modified-gaussian form which we have
come to recognize as being characteristic of the distribu-
tion of random displacements in two-dimensions.

The most frequent nearest-neighbor distance (the peak

of the distribution) is:

} §
A =

‘fv\_a e \‘ ":Zf:-—/;, ';““'1 ( AS *® 5 )

The nean-sguared nearest-neighbor distance is:

oD

I

Ler> = { o lhhe - b
A

(A5.8)
o

£
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