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Abstract

The class of electroactive polymers has been developed to a point where real life
applications as “artificial muscles” are conceivable. These actuator materials provide
attractive advantages: they are soft, lightweight, can undergo large deformation,
possess fast response time and are resilient. However, widespread application has
been hindered by their limitations: the need for a large electric field, relatively small
forces and energy density. However, recent experimental work shows great promise
that this limitation can be overcome by making composites of two materials with high
contrast in their dielectric modulus. In this thesis, a theoretical framework is derived
to describe the electrostatic effect of the dielectric elastomers. Numerical experiments
are conducted to explain the reason for the promising experimental results and to
explore better microstructures of the composites to enhance the favorable properties.

The starting point of this thesis is a general variational principle, which character-
izes the behavior of solids under combined mechanical and electrical loads. Based on
this variational principle, we assume the electric field is small as of order 5%, assume
further the deformation is caused by the electrostatic effects; the deformation field
is then of order . Using the tool of I'-convergence, we derive a small-strain model
in which the electric field and the deformation field are decoupled which results in a
huge simplification of the problem.

Based on this small-strain model, employing the powerful tool of two-scale con-
vergence, we derive the effective properties for dielectric composites conducting small
strains. A formula of the effective electromechanical coupling coefficients is given in
terms of the unit cell solutions.

Armed with these theoretical results, we carry out numerical experiments about
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the effective properties of different kind of composites. A very careful analysis of the
numerical results provides a deep understanding of the mechanism of the enhancement

in strain by making composites of different microstructures.
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Chapter 1

Introduction

Electroactive polymers (EAP) are polymers that can change their shape in response
to electrical stimulation. These lightweight and flexible actuators can be used in a
wide variety of applications such as robotic manipulators and vehicles, active damping
and conformal control surfaces. Moreover, these actuators can be miniaturized and
incorporated into MEMS (Micro-Electro-Mechanical Systems). In comparison with
other types of active materials such as EAC (electroactive ceramics) and SMA (shape
memory alloys), EAPs can undergo large strains [24, 39, 33, 41], their response time
is shorter [24], their density is lower and their resilience is greater [5]. At the present,
their main limitations are low actuation force and low mechanical energy density.

Broadly speaking, there are three classes of electroactive polymers: dielectric elas-
tomers, ionic polymers and ferric/liquid crystal elastomers. The first class is the
most developed and closest to application [34, 25]. Roughly speaking, they actuate
by squeezing a piece of elastomer between electrodes. The second class, the ionic
polymers including gels and conductive polymers, actuates by the differential defor-
mation induced by the electric-field-induced diffusion of ions. They tend to operate
under small fields, but are slow and require a controlled environment. Ferroelectric
as well as liquid crystal elastomers are new and promising [6, 38], and undergoing
rapid development.

The promising first class is limited by the large electric fields («~100 MV /m) they
require for meaningful actuation. The reason for this is poor electromechanical cou-

pling due to the fact that the typical polymers have a limited ratio of dielectric
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to elastic modulus (flexible polymers have low dielectric modulus while high dielec-
tric modulus polymers are stiff) [22]. Recent experimental works suggest that this
limitation can be overcome by making electroactive polymer composites (EAPC) by
combining an elastomer with a high dielectric or even conductive material [43, 22, 23].
Remarkably these works show that the effective electromechanical coupling is signif-
icantly larger than that can be expected naively from the ratio of effective dielectric
to effective elastic moduli. The reason for this high enhancement was pointed out by
Li, Huang, and Zhang [26, 27]. They pointed out that the electromechanical coupling
is nonlinear, and hence the effective behavior of the composite depends on the mean
square of the electric field rather than the square-mean. It follows that the contrast
between component properties promotes field fluctuation, and this in turn results in
the enhancement of the effective electromechanical coupling.

Within the class of electronic polymers two types of coupling between the electrical
and the mechanical fields are broadly distinguished, piezoelectric and electrostrictive.
The piezoelectric effect is a linear (and more generally odd) coupling between the
mechanical stress/strain and the electric field/displacement current. Piezoelectric
systems are reasonably well understood. For heterogeneous systems (composites),
the theoretical implications of the linear coupling have been examined extensively,
especially for small strains (see, e.g., [7]).

Electrostriction is a nonlinear effect where the strains depend quadratically (and
more generally in an even manner) on the applied electric field. It can arise due to
inherent material properties, or due to electrostatic effects through a Maxwell stress.
The dielectric elastomers discussed earlier are electrostrictive effect as a result of
electrostatic effects. From a theoretical point of view, the behavior of the composites
of electrostrictive materials is less known. This provides one of the motivations for
this thesis. Our aim is to develop a general theory for defining, calculating and
understanding the effective properties of electrostrictive composites under small-strain
assumption. This theory builds on the insights offered by Li et al. [26, 27] and gives
an engineer a tool to develop composites with high coupling.

Another motivation of this thesis is a rigorous derivation of a small-strain approx-
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(b)

Figure 1.1: One dimensional scale analysis.

imation for electrostrictive materials. The difficulties were pointed out by Toupin [37]
and are introduced in Chapter 2 as a formal computation.

The basic idea is apparent in a one-dimensional model calculation. Consider a
piece of one dimensional electroactive polymer as shown in Figure 1.1(a). The natural
length of the elastomer is [p. The current length under voltage V is [. Denote the

5

strain to be e = %, where 6l = [ — 5. Assume the polarization caused by the electric

field is p. Then the energy of this one dimensional system is

b (1 "o 4
Eiotal = / w (l—) dz +/ <§ > —p- 7) dy.
0 0 0

The solutions of this system, the polarization and the deformation, are the minimizers

of the above function. If we minimize FE with respect to p, we get p = 21 so that

l V2
Bt =W [ = ) lp — —.
total (lo) 0 2al

The two terms are shown in Figure 1.1(b) as Ejecn and Eee., and the sum as Eypq-
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Now assume that both V' and e are small and expand the energy around V = 0

and e = 0. Assume further that W (1) = 0,W’(1) = 0. A simple calculation leads to
lo " 2
E~_-Wl)e——+ —e+---

The first term on the right hand side is purely mechanical, the second term is purely
electrostatic and the third term is the electromechanical coupling. Note that if both
the electric field and the strain are small, the electromechanical coupling is smaller
than the electrostatic energy, irrespective of the relative magnitude of V' and e. Fur-
ther, assume that the deformation is of order €. If the electric field has the same order,
the coupling term can be neglected. Thus there is no electromechanical coupling with
this scaling.

If, however, the electric field is of order 5%, things are quite different. The leading
order energy is the electrostatic energy Fy = —‘;—i}, which is of order . Ejy depends
only on the electric field and does not involve the deformation of the material. The
second order energy is E — Eg = 2 W”(1)e* + % e. It is the sum of the mechanical
and the coupling terms. In fact, we may view this as the mechanical energy with the
forcing provided by the electric field and it can be looked as a correction term to the
leading order energy. This two-order expansion is also clear from Figure 1.1(b): The
ground state is Fjy given by the electrostatics, and the correction is mechanics driven
by the electrostatics. This suggests that we first compute the electrostatic field in the
reference configuration and then use it as the forcing term in the mechanical problem.
The second motivation is to generalize this idea to multidimensions.

This thesis is divided into seven chapters. Chapter 2 is the mathematical de-
scription of the physical problem together with formal computations. We consider
a piece of electroactive polymer attached with two thin layers of conductive elec-
trodes. The starting point is a variational principle which characterizes the behavior
of the electroactive polymer under electrical loads. This goes back to Toupin [37], but

follows the formulation in Shu and Bhattacharya [35], Xiao and Bhattacharya [40].

We define the relevant function spaces and give an existence result for the solution



5

of the Maxwell equation. Next, the Euler-Lagrange equations for this variational
principle are derived and analyzed under the small-strain assumption. If we consider
the electrostatic or electrostrictive coupling, the formal Taylor expansion of the Euler-
Lagrange equations suggests that the electromechanical coupling is present only when
the deformation has the same order as the square of the electric field. Specifically,
if the strain is of order ¢, then the electromechanical coupling is present only if the
electric field is of order £2. On the other hand, if we consider the piezoelectric cou-
pling, formal calculation reveals that the electromechanical coupling occurs when the
deformation field has the same order with the electric field.

By the formal calculation, the small-strain model for dielectric elastomers consists
of two equations. One of them is an elliptic equation in the reference configuration
for the electric field. The second equation is one of linear elasticity with the Maxwell
stress that is known from the solution of the electric field in the first equation acting
as the force term. This decoupling between the electric field and the strain field
provides a significant simplification of the original problem that allows us to carry
out a detailed analysis of the properties of dielectric EAPs.

In Chapter 3, we provide the rigorous proof for the above formal calculation of
dielectric elastomers. The main tool we use in this chapter is I'-convergence [18, 8, 29].
We rescale the electric field with £2 and the energy with €. In the first part of this
chapter, the energy functional is shown to I'-converge to a limit functional which does
not depend on the deformation. The equation for the electric field is derived after
that as the Euler-Lagrange equation of the limit functional. The main difficultly in
this part of the proof is that the strain field converges only in an integral norm, not
in £°° norm. Thus the function space on the reference region is not isomorphic to the
function space on the deformed region. We have to deal with this issue with care. In
the second part of this chapter, the order £ correction term of the first order energy
functional is derived. The Euler-Lagrange equation of this correction term gives the
strain equation. In this part, to make the Maxwell stress belong to the dual space of
the strain field, we assume the electric field to be quite regular. In fact, we need the

electric field to be £* bounded in some compact set containing the reference region.
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This provides some restriction to the geometries and microstructures that one can
consider in Chapter 4.

Chapter 4 is devoted to developing a homogenization theory for the heterogeneous
dielectric elastomers based on the small-strain model. Using the tool of two-scale con-
vergence, we derive a formula for the effective electromechanical coupling coefficients.
From this formula, the effective electromechanical coupling is composed of two parts.
One is the average Maxwell stress, and the second comes from the fluctuation of the
Maxwell stress. The main difficulty of this chapter is to find out the two-scale limit
of the Maxwell stress. We need the local strong convergence of the electric field and
it is proven by combining the two-scale convergence with the local estimate of the
oscillation terms.

In Chapter 5, we derive a simple formula to compute the effective electromechani-
cal coupling for dielectric laminates. Numerical results are provided to show the effect
of some parameters such as the volume fraction and the lamination angle on the effec-
tive electrocoupling of the laminates. An interesting phenomenon is observed which
distinguishes the nonlinear electrostriction effect from the linear piezoelectric effect.
Unlike the linear coupling of piezoelectric composites, the effective electromechanical
coupling of the dielectric laminates can exceed the electromechanical coupling of each
individual component material. More surprisingly, the example suggests that an infi-
nite strain can be obtained by sequential laminates. The numerical experiments are
consistent with the experimental results given by Huang and Zhang [22]. The care-
ful analysis of the numerical results reveals that the key to the enhancement of the
longitudinal strain is the high ratio of the dielectric modulus of the two constituent
materials. This provides a fluctuation of the dielectric modulus for the heterogeneous
dielectric material, which causes the fluctuation of the electric field and thus an os-
cillation of the Maxwell stress. The Maxwell stress in the compliant phase of the
heterogeneous elastomer is very large, and a large shear strain is generated because
of this.

Chapter 6 is devoted to the numerical experiments on particulate composites in

order to highlight fundamental parameters that influence the overall response of the
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electroactive polymer composites. With the guidelines gained from the analytical
study, unit cell solutions are constructed in a finite element code. We computed an
ellipsoidal stiff phase inside a square compliant dielectric material. Numerical results
show that for fixed volume fraction, the larger the ratio of the long axis length to the
short axis length for the ellipsoid, the larger the effective longitudinal strain. This
suggests that fiber like inclusion is a favorable inclusion to enhance the longitudinal
strain. Another factor that affects the longitudinal strain is the distance between the
inclusions. In order to make use of the squeezing effect caused by the fluctuation of
the electric field, it is very crucial to take a right distance between the inclusions.

In Appendix A, we give the rigorous derivation of the small-strain model for
piezoelectric materials.

This thesis is by no means the end of the story. There are still numerous interesting
and open problems about this topic. In Chapter 7, we discuss some of the possible

directions.






Chapter 2

Variational Principle of
Electroactive Polymers

2.1 Kinematics and Electrostatics

Consider a piece of electroactive polymer occupying a domain Q C RY as shown in
Figure 2.1. Assume that this reference region €2 has a relatively good regularity: it
satisfies the strong local Lipschitz condition, and there exists a constant rg, 2 < ry <
00, such that 2 € B (see Definition 3.2). We attach two thin layers of conductors Cy,
(1 to the material and apply an external electric field. The interaction between the
electroactive polymer and the applied electric field causes a deformation y : Q — RY
that brings the material to another shape y(€2). We assume that the deformation is
invertible and J = det F' > 0 almost everywhere in €2, where F(x) = V,y(x) is the
deformation gradient.

Denote by p : y(Q2) — RY the polarization of the electroactive polymer per unit
deformed volume and by py : @ — R the polarization per unit reference volume.

The relation between p(y) and po(z) is then

po(z) = det(V,y(z)) p(y(z)) = J(z) p(y(x)). (2.1)

The polarization of the material together with the conductors generate an electric

field in the entire space. The electrostatic potential ¢, at any point in R is obtained



10

% Y(C,)
. - -
_—>
w
y(c)
Voltage off Voltage on

Figure 2.1: Principle of operation of electroactive polymers.

by solving the Maxwell equation

Vy - [—e0Vyee + px(y(2))] =0 in RM\y(CO),
Vype =0 in y(C), (2.2)
Vygpe =0 in y(Cl)7

subject to boundary conditions ¢, = go on Jdy(Cy), ¢ = g1 on Jy(Cy), where g
and g; are two given constants. Above, we have denoted C' = Cy U C, and y(C) =
y(Co) Uy(Ch).

Since g and g; are constants, (2.2) is equivalent to

Vy - [~eoVyee +rx(y(2))] =0 in RM\y(O),
Ye = Jo in y(Coy), (2.3)

e = g1 in y(Ch).

Again, because gy and g; are constants, there exist Q) D y(Cy) and Q) D y(C}) such
that Q_g N Q_; = @. Construct g(y) such that g(y) € H{(RY) with compact support

and satisfying

go in QY
g9ly) = o
g, in Q.
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Then if we define ¢(y) = ve(y) — g(vy), ¢(y) satisfies

[—eoVye +px(¥(Q) —Vyg] =0 in RM\y(C),
0 on Jy(Cy), (2.4)
0 on Jy(Ch).

Y

€ 6 <
Il

To define the function space for ¢(y), denote first

D(0)={¢|¢ecC(0)}

for any open set O C RY. Space D(0O) is linear. Now, equip ® with norm ||¢[|?> =
(V§, Vo) 2mny and let D(O) be the completion of ©(O) under this norm. Then
D(0) is a Hilbert space. For problem (2.4), let us consider D(RV\y(C)). We say
that ¢ € D(R™\y(C)) is the weak solution of equation (2.4) if

o[ Ve Vadyte [ VoVigdy= [ pVpd @9
RN RN

y(€)

vy € D(RN\y(C)).

In this space, the bilinear form
Ll == [ Vyo-Vybdy
RN

is a coercive bounded bilinear operator. The integration is on the entire space, because
we extend any function in D(]RN\y(C’)) to the entire space by zero. V,g € L2(RY) C
D HRM\y(0)) and p € L3(y(Q)) € DH(RM\y(C)). Therefore, the Lax-Milgram
theorem applies, i.e., there exists a unique solution for the electric potential equation

(2.4) and the solution satisfies

1
HvyﬂoHﬁ(RN) < o <HpH£2(y(Q)) + ||€0vng£2(RN)> : (2.6)

Remark If Jy(C) is regular, for example, if it is Lipschitz continuous, then space
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D(RN\y(C)) is equivalent to the space

D (RM\y(C)) =={v | ¥ € L7 (R"), Vi € L2RY), v(¢)) =0 on 9y(C)}.

D; (RM\y(C)) is a complete Hilbert space under norm [[¢||> = (Vi, V4). In fact,
for any sequence 9! with V¢! a Cauchy sequence in L2(RY), there exists w =
(wy, ..., wx), w; € L2(RY) such that V' — w, since L2(RY) is a complete Hilbert
space. Now we need to find a function vy € £Z_(RY) such that Vi = w. To do

loc

this, we use the following lemma (see, for example, [13]).

Lemma 2.1 Suppose O is a connected open set with OO Lipschitz continuous. As-
sume that 00O = Ty U Ty, where I'1 and I'y are closed sets with 'y NI’y = @. T'1 has

positive measure. Then there exists a constant ¢(O) such that

HUHL2((’)) < c(0) Hquc‘z‘(oy
Vu € HY(O) with y(u) =0 on T}.

Armed with this lemma, we resume the above discussion. Consider a compact set
D D y(C). Using Lemma 2.1, ¢* form a Cauchy sequence with respect to H'(D) norm
on D. So there exists a ¥y(D) € H'(D) such that Vg = w and ¢* — v in H' (D).
By the continuity of trace with respect to H! norm, (1) = 0 on dy(C). Enlarging
D, 1y is then defined on the entire space R and it is in £ (R"). Therefore, D; is
complete and thus D; (RV\y(C)) = D(RV\y(C)) if dy(C) is Liptschtz continuous.

O
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2.2 Variational Principle

The total energy of the system described above is

F o= /W(:c,F,po>d:c+@/ Vel dy
0 2 JrY

—/ 9(y) (—eoVyee + P x(y())) -nod5y+/ Wedy.  (2.7)
ay(C) y(C)

Here, W is the stored energy per unit reference volume in the electroactive polymer.
It is a function of the deformation gradient F' and the polarization py. W, is the
elastic energy density of the conductor layers. n¢ is the outward pointing normal
vector to 0y(C).

Recalling that ¢. = ¢ + g(y), (2.7) can be rewritten as

F = /W(x,F,po) dx—l—/ W.dy

Q y(C)

€ 2 € 2
+50 V] dy+5°/ Vy9| dy+6o/ Ve Vygdy

RN RN RN
[ w(aVye - 20V + P () - neds, (28)
oy(C)
Multiplying equation (2.4) by g, we get
50/ Vyg : vy@ dy
RN

= —50/ !Vyg!2dy+/ Vyg-pdy
RN y(Q)

T / 9(9)(~20Vp + pX(H()) - nc dS,. (2.9)
0y(C)

The last term follows because g = go on ), g = g1 on Q.
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Plugging (2.9) into (2.8), the energy becomes,
F = / W (z, F, po) dz + @/ V0| dy
(e} 2 RN

5
+/ Vyg-pdy — 50/ \Vyg]2dy + / W.dy. (2.10)
y(2) RN y(C)

Remark. To see the physical meaning of the energy more clearly, we split the electric

field into two parts. One is ¢,, the solution of

Vy - [—eoVyep +ox(y(2)] =0 in RM\y(O),

(2.11)
0, =0 on 0y(C).
Another is ., the solution of
V- [—e0Vypexs]) =0 in RM\y(C),
Pext = Jo on ay(c())? (212)

Pext = g1 on Jy(Ch).

Clearly, ¢, is the electric field induced by the polarization of the electroactive polymer,
@ext 15 the external electric field and ¢, = @), + Yext-
Plug . = ¢, + pext into F:

€ €
F = / W (z, F, po) dz + —0/ |V Poxs| dy + —0/ V0| dy
Q 2 RN 2 RN
+€o/ VyPext - Vyp dy—/ 9(y) (—e0Vyep + X (¥(Q))) - ncdS,
RN y(C)
— / 9(y)(—eoVypext) - nc dS, + / W, dy. (2.13)
oy(C) y(C)
On the right hand side, we have
€0 / Vy()oext : v@p dy
RN

_ / Ve - py + / 9(0)(—0V 00 + DY) -1 dS, (2.14)
y(2) y(C)
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by multiplying equation (2.11) with @e. We also have

80/ \Vywext\QdyZ/ 9(W) (—e0Vypext) - nc dS, (2.15)
RN ay(C)

by multiplying equation (2.12) with @ey. Substituting (2.14) and (2.15) into (2.13),

we get

F = /W(vava)dx+%/ ‘Vy@pfdy
Q RN

e
+/ Vy@ext ' pdy - 50/ ‘Vygoext‘Qdy + Wc dy (216)
y(2) RY y(O)

The physical meaning of the energy functional (2.16) is now evident. The first term
is the stored energy. The second term is the electric potential energy induced by
the polarization. The third term is the interaction between the polarization and the
external electric field. The fourth term is the external electric field energy and the
last term is the stored elastic energy in the conductive layers. The last two terms
are constants if the external field is fixed, or in other words, the electrode layers are

detached from the material.
O

We seek to simplify this problem by neglecting the thickness of the two thin layers
of electrodes, i.e., to replace C' and y(C) with manifolds of dimension N — 1. To
do this, we need to address two issues. First we neglect the elastic energy of the
electrodes, the last term in (2.10). This is reasonable. Second, we need to ensure
that the electrostatic terms remain meaningful. This requires some care and follows

from the work of Bucur and Buttazzo [10, 11, 9].

Definition 2.1 Let O be an open bounded set in RY, and let Q, and Q0 be open

subsets of O. We say Q, y-converges to Q if for every f € H(O), uq, f — uqs
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strongly in HY(O), where ugq s is the solution for the problem

_Auﬂ,f - fa

(2.17)
uo f € H(l)(Q)

Definition 2.2 The Hausdorff distance between two open set 21 and €y is defined

as

dpe($h,€0) = d (QF, Q5).

Lemma 2.2 ([10]) €, — Q in HC¢-convergence is equivalent to Q, — Q in -

convergence if €, is in any of the following list of domain classes:

The class of Aunitcone 0f domains satisfying a uniform exterior cone property,
i.e., for every point xo on the boundary of every Q) € Aunitcone, there is a closed
cone, with uniform height and opening, and with vertexr in xg, lying in the

complement of €.

The class Aunif flat cone 0f domains satisfying a uniform flat cone condition, i.e.,
as above, but with the weaker requirement that the cone maybe flat of dimension

N —1.

Acap density, satisfying a uniform capacity density condition, i.e, there exist c,r >

0 such that for every ) € Acap density, and for every x € 02, we have

Cap(QC N Bx,t; Bz,2t)
Cap(Bx,ta Bx,2t)

>c vt € (0,r).

The class Aunit Wiener Satisfying a uniform Wiener condition, i.e., for every point

x € 0f)

— >G((r,R,x Vo<r< R<1,
Cap<Bx,ta Baz,2t) t ( )

/R Cap(2° N By, Byoy) dt

where G : (0,1) x (0,1) x O — Ry is fized, such that for every R € (0,1)

lir% G(r,R,z) = +00 locally uniformly on .
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e For N = 2, the class of all open subsets 2 of O for which the number of

connected components of O\Q is uniformly bounded.

The following inclusions can be established [10]:

Aconvex g Aunif cone g Aunif flat cone g Acap density g AunifWiener-

A uniform Wiener conditions is thus the weakest reasonable constraint to obtain a
continuity result in the Hausdorff complementary topology; it is based on a local
equicontinuity property of the solutions on the moving domain.

The above conclusion is also true for our equations in infinite domain. Indeed, we

have the following result.

Proposition 2.3 Let C" be a sequence of domains (electrode layers) with thickness
n — 0. Assume RN\C" is in one of the classes in Lemma 2.2. For fived y(Q), denote

by ©"(y) the solution of

Vy - [—e0Vye" +px(y(Q)) —eVyg] =0 in RN\y(C"),

(2.18)
" € D(RM\y(C")),
@ the solution of
V- [—e0Vye +px(y() —e0Vyg] =0 in RN \y(D),
(2.19)

¢ € D(RM\y(T)),

where y(I') = Jy(C") N Jy(R2). Assume y(C") — y(I') as n — 0 in dye sense, then
Hvygon — VygoHEQ(RN) —0 as n—0.
In addition, let F" be the corresponding energy (2.10) for ¢ and define

£ 2 £ 2
Q RN y(Q) RY
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we also have lim,_,o F" = F.

Proof Repeating the same arguments that lead to (2.6), we can establish the exis-

tence of the solution for (2.19) in space D(RV\y(I')) with

1
||V90H52(RN) < 6—0||px(y(9)) - 50Vy9”z2(]RN)' (2.20)

The proof of Proposition 2.3 is then exactly the same as in Bucur and Zolesio [11]. O

Proposition 2.3 shows that as long as we have some regularity for the electrode
layers—specifically, the complement set of the electrodes is in any of the above A

classes—then we may replace it with a boundary of dimension N — 1.

In summary, we have the following variational principle for electroactive polymers.
Consider an electroactive polymer occupying the reference region Q C RY with two
thin conductive layers I'y and I'; attached to it. Let y : Q@ — R” be the deformation
of the material. Assume g(y) € H*(RY) with compact support satisfying g(y) = go
in some small neighborhood of y(I'g) and g(y) = g1 in some neighborhood of y(I'y),
where go and g; are the boundary conditions for the electric field potential. Then the

energy of the described system is

€ €
]:::/W(x,F,po)dx—i—_O/ ‘Vygo‘zdy—l—/ vyg.pdy__o/ V,9)7dy, (2.21)
0 2 Jgrw Q) 2 JrN
where ¢ is the solution to

Vy - [—e0Vye +px(y() —e0Vyg] =0 in RM\y(T),

¢ € D(RM\y(I)).

(2.22)

We seek to find the deformation y(x) and the polarization p that minimize the energy

Fin (2.21).
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2.3 Euler-Lagrange Equations
To derive the Euler-Lagrange equations for the above variational principle, let us
first assume po(z) and y(x) are the minimizers of (2.21) subject to (2.22). Fix y(z)

and consider a perturbation to the polarization py(z). Let pi(z) = po(x) + tgo(x),
qo(z) € L2(Q) and ¢ is a small parameter. Denote ¢;(y) to be the solution of

Vy - [—eoVyer + (0 + ta)x (y(Q)) —eoVyg] =0 in RM\y(T),

o1 € D(RM\y(D)).

(2.23)

By the linearity of the equation, ¢1(y) = ¢(y) + to(y), where ¢(y) is the solution of

V- [=aVyd +ax(y(2)] =0 in RM\y(D),

¢ € D(RM\y(I)).

(2.24)

Define

&
h(t) = /W(%FapOﬂLtQO)dm"’Eo/ ‘Vy901|2dy
Q RN
£
+/ Vyg-(ertq)dy—;O/ V,9]" dy
y(£2) RN
= /W(a:,F,pOqu)d:H@/ Vo +1V,0|" dy
Q 2 JrN

£ 2
+/ Vyg - (p+tq)dy — 50/ Vg™ dy.
y(Q) RN

Since h(t) obtains its minimum at ¢ = 0, we have

oW (z, F, €
0=l = [ I et 2 [ 29,00yt [ Vgeady
Q Po R y(22)

B / OW (z, F, po)
Q

3 -qux+/ Vyso-qdy+/ Vyg-qdy
Po y(9) y(Q)

oW (2. F
- / {M FFT (Va0 + vxg)}  qodz.
Q 8p0
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Thus we get an equation for p, as

aW($a Fv pO)

+ F 1 (Vap + Vag) = 0. (2.25)
Ipo

Now, fix py and let y;(x) = y(x) + tz(z) be a perturbation of y(z), then F; =
V.yi(z) = F + tG. Let ¥(y) be the solution to equation (2.22) with deformation

yl(l’)»

Vi - [—eovylzﬂ +px(y1(Q)) — eovylg] =0 in RN\y, (D),

(UNS D(RN\yl (F)) .

(2.26)

If we denote 1(z) = ¢(y(z)), then the equation for ¢(z) in the reference coordinate
is
Vo - [—eoh Fy T (Voo () + Vag(z) + Flpox(Q)] =0 in RV,

(z) € D(RM\T).
(2.27)
Similarly, if we denote p(z) = ¢(y(z)), the equation for (z) in the reference coor-

dinate is

Vo [—eoJ FTPFT(Vap(z) + Vaeg(x) + Flpox(Q)] =0 in RM\T,

¢(z) € D(RM\T).
(2.28)
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Assume ¢ is small and consider the Taylor expansion of Fy ', .J; etc.:

Ji=det(F1) = det(F) (14 ttr(F'G)) + o(t) = J+ tJtr(F'G) + o(1);
Fi' = F'—tF'GF ' +o(t);
7= FTtFTGTFT + o(t);
NWF'FTT = JFT' P+t (we(FPIG) P FTT - JFTIGF TR
—JE'FTTGTFTT) + o(t)

= A+tB+ o(t),
where

A = JFFT,

B = tw(F'G)F'FT—-JF'GF'r T - JF'FTGT"F .
Thus, equation (2.27) can be written as
Vo [—o(A+tB+ 0(t) (Vo) + Vag) + (F —tF'\GF ™! + o(t))po] =0. (2.29)
To leading order, we obtain
V- [—EOA(VJC@D + Vag) + F_lpo] = 0.

This is exactly (2.28), the solution is ¢(x).

The second order equation is
Vi (—e0AV,0) =V, - [5OB(V190 +V.9) + FflGFflpo}. (2.30)

The solution for (2.27) is then ¢ (x) = ¢(x) + to(z) + oft).
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Now, define

r(t)

/W z, Fy,po) dx+— |vy1¢\ dy

o 2
+/ Vg -pdy — 3/ Vy9]” dy
y1(2) RN

/ Wz, F+tG,po)de + 2 | JLFYFTTV, 4 - Vot da
Q 2 Jgrv

+ / Fr'%V.9-po dx—%o LWET'FTTV g - Vg da
Q

IRN
/ W(z, F +tG,po) dz + % / (A+1tB)(Vop +tV,0) - (Vo +tV,0) da
Q RY
+ / (FT —tFTGTF1)V,g - podr — % N(A +tB)V,g - Vegdr + ot)
Q R
Q RY

+ / FTV,q - podr —t / FTGTFTV,q - podx
Q Q

+t {%0 / BV Vaup + 24V, - Vo — BV,g - Vayg dm} +o(t).
RN
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Since r(t) is minimized at ¢t = 0, we have
oW (z, F
0=7'(0) = / —(S’F 20) - g — / FTGTFV,g - pydz
Q Q

+%° BV Vap+24V,0 V.6 — BV,g - Vg da
R

F
= /—8W<‘”’ 7o) :de—/F_TGTF_Tvxg-podx

+5% | BV,p-Vep— BV,g- Vagdz
2 S

—/N e0B(Vop + Vag) - Vopdr — / FIGF 'py - Vypdx
R

Q
_ / (9W(1:,F,p0)
Q

:Gdr — / FTGTF 1 (Vap+ V,g) - podx
OF 0

_% B(Vep +Vag) - (Ve + V,g) dv
2 Jgy

W(x, F
- / [W 0] (F71 (Voo + Vig)) @ (F (Vaip + Vag)) F 7
Q

—(F " (Vap+ Vag)) @ poF T — % |F7(Vop+ Vo) F7| : G,

for any z(z) € H*(Q). Above, we use (2.30) in the second equality. Therefore, we get

the equation for the deformation:

. aw(xv F7 pO)

Ve OF

+ €0J(F_T(vz¢ + vmg)) ® (F_T<vz§0 + vmg))F_T

—(F " (Vaop + Vag)) @ poF " = %0 |F (Vo + Vag) 7| = 0. (2.31)

Collecting all the equations and remembering that ¢, = ¢ + g, we get

(
F
8W($, ap0) + F_Tvx@e _ O,
Ipo
Vo [~ F'F TV, 0c(x) + F'pox ()] =0,
ow €0 2
' | F_Twe F_Txe_ __F_Tg:e F_T:
\V {8F+<( Vepe) @ (e0JF ™" Vape — po) 2! Vs&l)

(2.32)
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These are the Euler-Lagrange equations.

2.4 Formal Derivation of Small-strain Models

Starting from the above Euler-Lagrange equations, under the small deformation as-
sumption, we can get small-strain models for dielectric elastomers and piezoelectric

elastomers by taking different scalings.

2.4.1 Small-strain Model for Dielectric Elastomers

Assume the deformation is of order . Let y(z) = z + eu(x). Then F(z) = I + eVu,

J = 1+4etr(Vu)+ o(e),
Ft = I—eVu+o(e),

FT = IT—eVul 4 o).

Assume that the electric field is of order €°, i.e., ¢, = €°®.. Then, from the first

equation of (2.32),

*wW O*wW 5 5
— Po + eVu+ e’V + o(e’) = 0.
Assume
O*wW B O*wW _ g
8p08F F:_{) Y apg F:_{) N ’
Po= 0=

then po should have the same order with o.. Let py = %Py, then we get an equation
of order £° for py,

H % + V,@. = 0.

The leading order in the Maxwell equation is also of order ° and we get

V. (—20Vape + Pox(Q)) = 0.
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In the third equation of (2.32), the first term is

oW _ oW eVu + il %P0 + gl % popo + o(e) + o(e®)
A u —_ 0 0
oF oF? zi)::% 6F8p0 Zi]::{) Po 8F(‘)p§ F:_{) Pobo ’
where we assume
*W B
(9F8p0 F=I N
po=0

The second term is

((F’Tlepe) ® (20 F Voo — po) — %‘Fﬁva%f) F

- - - - € -
= 626 [(%sz@e X VxSOe) - Vz@e X po — EO |Vm<pe|2} + 0(525).

Now, if we consider an electric field induced strain, the mechanical stress should

balance with the Maxwell stress, thus § = % If we assume

O*W PW

OF? | p=r - 8F8p3 F=I -

0=0 po=0

then from the third equation in (2.32), we get an order ¢ equation
~ ~ - ~ - - € ~
V:Jc ' vau + ApOp() + 50v1906 X Vx(pe - V:v(pe ®p0 - g‘vxwefj] = 0.

For simplicity, we still denote py , @, as py and .. The small-strain model for the

dielectric elastomer is then

(
Hpy + V0. =0,

V:Jc : [—EOVzQDQ(SC) —|—p0X(Q)} = 07

V:Jc ' [Cvzu + Apopo + 50vz§06 ® V:Jc()oe - vx@e ®p0 - %|vx¢e‘2[:| =0.
(2.33)

\
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From the first equation in (2.33), pg = —HV .. Plugging this into the other equa-

tions, we get

(

_V:E : [(801 + HX<Q))V:E()06('T)] = 07

v, - [cvxu + A(HV 300) (HV 300) + £0Vape @ Voo (2.34)

Voo & (HVap,) = 2| Vo ['T] = 0.

\

The first equation in (2.34) is an order ez equation which decides the electric field.
The second equation in (2.34) is an order € equation. Since the electric field is known
from the first equation, this equation determines the deformation field. This small-
strain model effectively decouples the electric field with the deformation field and

thus provides a huge simplification for the problem.

2.4.2 Small-strain Model for Piezoelectric Elastomers

Now take another scale. Assume the deformation field is of order € and the electric

field is of order € too. Let ¢, = ., then from the first equation of (2.32),

*wW *wW
— + eVu+eV,0. + o(e) = 0.
Denote
O*W B O*W _
OpoOF | r=1 - 8p§ N ’

F=I
po=0 0=0
then pg should have the same order with .. Let py = €py, we get an equation of
order ¢ as

H %o+ AVu + V5, = 0.

From the second equation of (2.32), the leading order equation for the Maxwell equa-
tion is also of order ¢

Vi (—20Va@e + Pox(2)) = 0.
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In the third equation of (2.32),

ow  0*wW 0? ~
OF = 0F7 | e SV T GFapy| e P00l
po=0 po=0
in which
P*wW B
8F8p0 F=I
po=0

On the other hand,

((F*Tvxgpe) ® (c0J F TV, 00 — po) — %O\F*Tvx%f) T2,

Thus we get another equation of order ¢ out of the third equation of (2.32),
Putting them together, and still denoting pg , Pe as pg, e, we get

H 'pg+ AVu + V0. =0,
Vo [—e0Vatpe() + pox(Q)] =0, (2.35)

From (2.35), we can see that the deformation field couples linearly with the polariza-

tion and the electric field. This is a linear model for piezoelectric material.

However, the above derivation is just a formal computation. In Chapter 3, we
are going to prove the small-strain model for the dielectric elastomers using the tool
of I'-convergence. The rigorous derivation of the small-strain model for piezoelectric

materials will be given in Appendix A.
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Chapter 3

Small-strain Model for Dielectric
Elastomers

This chapter is devoted to making the formal calculation of Section 2.4.1 rigorous us-
ing ['-convergence. Below, Section 3.1 provides a brief introduction to I'-convergence.
Section 3.2 lay out the assumptions and the main results of this chapter. In the

remaining two sections, rigorous proofs are provided for these results.

3.1 An Introduction to I'-convergence

The notion of I'-convergence is introduced by De Giorgi [19, 17]. The importance of
this notion lies in the fact that, under appropriate technical hypotheses, it implies
the convergence of minimizers which in our case are the deformation field and the
polarization. Below, we briefly recall definitions and some of the properties of I'-
convergence that are relevant to our development, and we refer to [4, 18, 8, 29, 20, 30]
for an overview and an extensive list of references on the subject.

Let X and Y be two given metric spaces, with X C Y. Consider a functional F :

X — R, and a one parameter family of functionals ¢ : X — R, with ¢ € (0, +00).

Definition 3.1 F° I'(Y)-converges to F if, for every sequence ; converging to zero,

the following two conditions hold:
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1. For every sequence v/ C X such that v/ — u inY,

liminf F% (v/) > F(u); (3.1)

j—-+oo
2. there emists a sequence W C X such that W — w in'Y and

lim F (@) = F(u). (3.2)

j—Foo

Condition 1 is often referred as the lower bound condition; condition 2 is often called
the existence of the recovery sequence. The definition above gives a notion of pointwise
convergence. We say that F¢ I'(Y)-converges to F in X or, equivalently, that F is
the I'(Y)-limit of ¢ in X if F° I'(Y)-converges to F at every u € X. A key property

of I'-convergence, which motivated its introduction, is given by the following result.

Proposition 3.1 Assume that F¢ T'(Y)-converges to F in X. Let u® be a sequence
such that
Fe(u®) <inf{F°(v) |ve X } +e.

Assume further that u® is compact in' Y. Let u® be any subsequence, say u® — u in

Y ase; — 0. Then
1. Flu) < F(v), Yve X;
2. F(u) = lim;_, 4o F5 (u).

For a proof see, for example, Attouch ([4], p.39-41).

3.2 Assumptions and Main Results

Through out this thesis, we assume that the reference region (2 has a relatively good
regularity: it satisfies the strong local Lipschitz condition, and there exists a constant

ro, 2 < 1o < 00, such that Q € B, where B is defined as follows.
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Definition 3.2 We say that a bounded domain O € RY is of class B™, 2 < ry < 0o,

if equation

Av = div f (3.3)

has a unique solution v in W™ for every f € £7(O) and V|| zro(0) < Cr0||ﬂ|LT0(O)

for some constant c,, independent of f.

This definition constitutes a condition of regularity on the boundary of O. It holds

for any value of ry if the boundary is sufficiently smooth. The proof depends on the

Calderon-Zygmund inequality for singular integrals (see [12] and Theorem 15.3" of

[2])-

For dielectric elastomers, we have the following assumptions on the stored energy

density W (z, F, p):

A

As.
As.

Ay

As.

Wz, F,py) is a nonnegtive function and subject to the condition of frame in-
difference

W(Iv QFJ Qp()) = W(J}, va())v VQ S SO(N> (34)
W(z, F,py) = 0 iff py =0 and F' € SO(N).

W = +4o0if J =det(F) < 6.

There exists a constant ¢ > 0 such that

1
lim —— inf W(x, F,0) > 0. (3.5)

|Fl—oo |F|t z€Q

Throughout this thesis, we assume this ¢ is big enough to satisfy all the require-

ments of it.

Because of the frame indifference, W (z, F, po) = V (2, FTF —I,py). Assume for
fixed po, V(z,a(FTF — I),po) increases monotonically with respect to «; for

fixed F', V(x, (FTF —I),8py) increases monotonically with respect to 3.

. Define

oW

-1
H = 5
Do [po=0,r=1

(3.6)
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and assume that there exists a constant ¢ independent of x, F' and pg, such that

1
W, Fopo) = 5H 'po - po > edist(F. SO(N))*. (3.7)

A;. There exists a constant pg, such that for |py| < po,

-1

H
‘W(%I’po) — 5 Po Do < w(|p0|) Ipol?, (3.8)

where w(|po|) — 0 monotonically as |py| — 0.

Ag. There exist constants p; and py, such that if [py| < p1, |G| < p2,

1
2
< wi(|G, [pol) Ipol* + wa (|G|, Ipo|) |G + w3 (|G, |pol) |G| |pol?,

1
'W(l} I+G,po) — Do * Po — §CGG — AGpopo — Bpé

where w1, wy, w3 — 0 monotonically as |pg| — 0 and |G| — 0.

From the scale analysis for dielectric material in Section 2.4.1, the electric field is
of order £2. Thus the leading order of the energy is the electric energy which is of

order £. Rescale the energy with ¢ and define

1
Fo = _/W(%Faafépg) d$+€_0/ \Vy905|2dy—@/ ]VygE\ngH— V95 p° dy,
£ (9] 2 RN 2 RN ye(Q)
(3.9)
where
V- [—eovy(gos +g°) +p° x(yE(Q))} =0 in RM\y(I), 3.10)

v € D(RM\y*(I)).
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We prove in Section 3.3 that under assumption A; to Ag above, the functional F*

['-converges to functional

(1
_/H_lpO'pde"‘@/ |V<p0|2dm
2 (e} 2 RN F():[
£ ’

+/Vg~p0da:——0/ |Vg‘2d:c (3.11)
9] 2 RN

%) otherwise,

!
I

\

where ¢ satisfies the equation

Vo [—20Va(@® + ) +pox(Q)] =0 in RM\T,

(3.12)
¢©° € D(RN\I).

In fact, we have the following theorem.

Theorem 3.2 (I'-convergence of the first order energy) Assume () satisfies the
strong local Lipschitz condition and belongs to class B"™. Suppose the energy density
W satisfies conditions A; to Ag, then the functional F¢ I'-converges to functional F°

under the norm WUt for y¢ and the L*(Q) weak norm for pj.

Proposition 3.3 The minimizer ©°(x) for functional F° exists and satisfies

(3.13)
0" € D(RN\I).

Proof Since ¢ is linear with respect to pg, F° is quadratic with respect to py. So
the minimizer exists. To derive the Euler-Lagrange equation for F°, denote by p a
perturbation to the minimizer py, p = po + tq, ¢ € (EQ(Q))N. Let ¢, be the solution
of

Vo (=€0Vaty +ax(2)) =0 in RM\T,

¢, € D(RM\T).

From the linearity of the Maxwell equation, Vo = V¢ + tV,.
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Hfl
I(t) = / (po+tq)? do+22 / |w°+tv¢q}2d:c+ / Vg-(po+tq) dz—20 / IVg|? d.
Q 2 2 ]RN Q 2 IRN

Since I(t) obtains its minimum at ¢ = 0,

0=1"(t)|t=0 /H‘1p0~qu+/Vg-qu+6o/ Vo, V' dx
Q Q RN

- /(H‘lpo + Vg +V¢') - qda.
0
So po = —H (Vg + V¢°). Plugging it into (3.12), we get

Vo [(20+ HX(Q)Vale®+9)] =0 imRM\T,
(3.14)

©? € DRN\IN).

Alternatively we can write it as

p

Vi [(e0+ Hx(Q))Va@l] =0 inRMT,

QOS = 9o on PO:

(3.15)
gpg =g only,
gog eL? (]RN), Vgog € EQ(]RN).

loc

\

The Euler-Lagrange equation is

/(Hlpo +Vg+V¢°)  qdz =0 (3.16)
Q

for any ¢ in (L2 (Q))N O
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Next, let us consider the € order correction of the first order energy. Specifically,

define

Fa_FO
£

1 1 1 Hfl
= 2|2 | W(a, F.e7p)) do — pod
. L/Q (z, F,e2py) do /Q 5 Popodz
+/ Vyga-psdy—/vxg-podm
ye(Q) Q

€0 c €0
) Vg |2dy+5/ V.g|? d
RY RN

12 [ Wi [ 9. (317)
RN RN

where ¢ satisfies (3.10) and ¢° satisfies (3.13). Define F? as

-1

H
o - qo dx + @/ ’qubO}de
2 2 ]RN

1
FO o= /§CVuVu+AVupopo+Bpédx+/
Q Q

+ 60/ (Vu + Vu' — tr(Vu)I)Vg - V" dr — / Vulpy - Ve do
RN Q

+ % (Vu + Vul — tr(Vu) )V, - Vo do — / VuV,g - podx
RN Q

+ % (Vu + Vul — tr(Vu)I)V,g - Vg dz, (3.18)
RN

where ¢° is the solution to

Vo (—e0Vad® +qox(2)) =0 in RV\T,

#° € D(RM\TI).
We have the following result.

Theorem 3.4 (I'-convergence of the second order energy) Under the same con-
ditions as in Theorem 3.2, if we assume further that there exists a constant w > 0 and
a compact set K D Q such that V°, the solution of equation (5.13), is in LY (K),

then F¢ T-converges to F?.
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Besides the above I'-convergence results, we also have the following compactness

results.

Proposition 3.5 Assume ) satisfies the strong local Lipschitz condition and belongs
to class B™. Suppose the energy density W satisfies conditions A, to Ag and u® =0
on I's, a part of the boundary with positive measure. Then if F¢ is bounded, there
exists a constant c, such that

F.—1

1
£t

<ec
L)

oy < |

Proposition 3.6 Under the same conditions with Proposition 3.5, assume further
that there exists a constant w > 0 and a compact set K D Q such that V¢°, the

solution of equation (3.13), is in LYTV(K). Then if F < c, there exists a constant c,

Armed with all these results, we get the small-strain model as follows.

such that
F.—1
€

Do — Po
1
E2

<c.
£2()

< ¢ and H

£2()

Theorem 3.7 Under the same conditions as in Proposition 3.0, if y°, pj satisfies

Frm) < _inf  Fd) +e
45EL2(Q)

ut = %(y6 — x) weakly convergent to u in WY2(Q) and ¢° weakly convergent to °,

then ¢° is the solution of equation (3.13), and u is the solution of

v, - [vau + A(HV 20) (HV 300) + Vape @ [(e0] + H)Vipe] — %\Vz%f [} — 0.
(3.19)

Proof According to Proposition 3.1, this theorem is the direction corollary of Propo-

sition 3.5, 3.6 and Theorem 3.2, 3.4 provided u is the minimizer of functional FV.
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Actually, Recalling 0 = ©° + g, FY can be rewritten as

-1

1 H
FO = /éCVUVU—i—Bpédx-i-/
Q Q

€
qo-qodx—i—go ‘Vrgbolzdx
RN

- / AVu (HV,9?) (HV,?) dz + / H'VuTV 00 - V00 da
Q Q

+ % (Vu+ Vu" — tr(Vu)I) V9l - Vol da.
RN

Minimizing F? first with respect to o, we get go = 0 and V,¢° = 0. Next, minimizing

F? with respect to u, the minimizer exists and satisfies equation (3.19). U

(3.13) is exactly the first equation in (2.34) recalling ¢, = ¢ + g, while (3.19)
is exactly the second equation in (2.34). Thus we derive rigorously the small-strain
model for dielectric elastomers. The proof of Proposition 3.5 and Theorem 3.2 is

given in Section 3.3, the proof of Proposition 3.6 and Theorem 3.4 is given in Section

3.4.

3.3 The First Order Limit Energy Functional

Proposition 3.8 (Lower bound for the first order energy) Assume () satisfies
the strong local Lipschitz condition and belongs to class B . Suppose the energy den-
sity W satisfies conditions Ay to Ag, then for any sequences y° — x in WHH(Q) and
p5 — po in L*(Q), we have

lim F* > F°.

e—0

Before the proof of Proposition 3.8, we give some convergence result about the defor-

mation first.

Lemma 3.9 Denote by K a compact set in RY. Let y*(x) be a sequence which

satisfies supp(y* —x) C K and J. = 6 for alle. Assume y*(x) converges to x strongly

in Wht. Let sy be the constant satisfying i +

L= 3, s2 be the constant satisfying
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i—l—l—l then

| 1]

—0 and || JF'FEST -1

—>O,

£51(K) £52(K

if t > t; = max(4sy,458s).

Proof
HFE_T ]} £51(K) < HFa_IHLQSl (K) HI_ FEHLZS1(K)
= H—cof iy HI— Fs“zQsl(K) — 0 if ¢t > 4s;.
[JF T =1 oy ey S |[eof(F)FTT = 1] 1oy

< [(cof(Fy) — DFST| oy + |F-T -

< Jeof () = Tl| oo o 1 ova ey + 1 = T oo

— 0 if t > 4s,.

0

Proof of Proposition 3.8
Since € satisfies strong local Lipschitz condition, by Stein extension theorem (see,

e.g., Stein [36] or Adams [1]), ¥* —  can be extended to the entire space R" such

that
(i) E(y* —z) =y° —z a.e. in O
(H) HE(y x)HWLf(RN) <c ||y6 - xHWLz(Q)v

where E is the extension operator. We can make y* — z = 0 outside some compact
set K.

Assume there exist two open sets Q0 D Ty and Q) D Ty, such that Q2N QL =&
Define g(z) € C°(RY) to be a function satisfying g(z) = go in Q0 and g(z) = ¢; in
Q. Let ¢°(y) = ¢° (v (x)) = g(), then g*(y) = go inside y*(22) D v*(To), ¢°(y) = o
inside y*(Q2}) D y*(I'1) and V,¢°(y(z)) = F. 7 (2)V,g(z). Clearly, ¢°(y) € Hy(RY)

€
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with compact support. Denote by K a big enough compact set in RY, such that

K > {K, Usupp(g(x)) Usupp(g°(y)) }-
To prove the lower bound of the first order energy, we examine the energy term

by term.
1 1
terma = —/W(I,Fs,wpg)dx
€Ja

1 1 1
= = U W(x,Fa,sépé)dx——/H‘lspé-pédx} +—/H_1p8-p8d$
g QO 2 QO 2 Q

(3.20)

WV

1
—/H1p0~podx as € — 0.
2 Ja

Equation (3.20) comes from (3.7) in assumption Ag and the lower semicontinuity of

the functional 1 [, H'p§ - pjda.

termb = / Vo - p°dy = / F"Vag(x) - pf da
y=(Q) Q

= /(F;T—])ng-pgdx—i—/ng-pf)dm
Q Q

— /ng-podm as ¢ — 0. (3.21)
Q

Equation (3.21) comes from Lemma 3.9 and the fact that p§ — po in £2(Q).

terme = —22 }Vyge|2dy
2 Jon

= —E—O JgFE_ng_TVmg : ng - va:g : ng dx — @ / ‘vwgf dx
2 RN 2 ]RN

= _%0 (JF'F-T —1)Vag - Vagde — %0/ Vgl du
RN RN

- 2 }V$g|2dm as € — 0.
RN

The last step is from Lemma 3.9.
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Now the only thing left to prove is

lim Vyo© - Vo dy > V" - Vol da. (3.22)

e—0 IRN ]RN

The difficulty here is that F. is not in £, so the function space D(RV\y*(I')) is not
isomorphic to function space D(RN\TI'). To overcome this difficulty, we regularize py.

Specifically, we introduce ¢9 € D(RV\T') to be the solution of

Vo [~20Ve) —0Veg +phx(2)] =0 in RM\L,
(3.23)
¢) € D(RM\D),

where p) € C(Q) and ||p} — poll 20 < % Clearly,

lim ||V — V‘pOHﬁ(RN) =0.

oo
Since 2 is in class B, following the same idea in [31], we will prove in Lemma 3.12
that V! € £12(RY). Now, denote ¢5(y*(2)) = ¢J(x), ¢5(y°(T)) = 0 and for any

compact set D,
2 2
[g@la=[ LSl <
D ()~ 1(D)

and

/R N Vo5 - Vs dy = JFFTV 00 - Vi) da < ¢

RN
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Above, we used the fact that J.F'F-T € £52(K) and V¢! € L (RY). Now,

loc

€
termd = — Vyo© -Vt dy
2 ]RN

€ & 5 2 S (S
= 50 |Vyo® — V| dy+6o/ Ve - Vi dy
RN RN

€ 1>
_ 30 » ,vy¢j‘2 dy (3.24)

\%

—60/ Vyg© - Vi dy + / p° - Vypidy — / - Vrgog dx
RN ¥ (Q) Q

RN RN

50 € (1

o o Ve Ve dy (3.25)
= &0 ng ’ vx@? - JaFg_Tvxg ’ Fg_TVxSO? dx + @ / Vm@? ’ va&@? dx

+ 2 [ (= L)V ,? - Vel da

2 IR,N
+ / o FI V@) = pl - V) da (3.26)

Q

= 50/ (I - JaFa_lFs_T)ng ’ Vm@? dzr + / pg ’ Fs_TVxSO? —Po- vz@? dx
RN Q

8 .
+ 30/ Vo) - Vapide + /(po — ) - Vi) da
RN Q

+ % (I = JF FT)V,02 - Vol da, (3.27)
IRN

(3.25) comes from (3.24) by dropping the first term in (3.24) and applying (3.23) and
(3.10). In (3.27), the first and the last integral go to zero for fixed j as ¢ — 0 from

lemma 3.9. As to the second integral, we have

/ (pS-F;TVm@?—pO-Vx@?) dx = / (pg—po)-vxgog dx—l—/ (F-T—1) p8~Vg0? dr — 0
Q Q

Q

for fixed j and € — 0.
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The fourth integral satisfies

[ o= Ve > [0 = o [V iy > =

Putting them together, we get

€0 o 0 0 C
0 >0 ). =
ll_r)% 2 Jow Vy©© - Vyptdy > A Vi - Ve do 7
Let j — +o00, on the right hand side,
. €0 0 0 €o 0 0
lim —/ Vi - Ve de — —/ V.o - Ve do.
j—+oo RN 2 RN

In the end,

termdzg—o/ ‘Vygos}zdy>@/ ‘Vzgoofdx as € — 0.
2 RN 2 IRN
Thus we proved

lim F¢ = lim(term a + term b + term ¢ + term d) > F°.

e—0 e—0

O

Proposition 3.10 (The recovery sequences for the first order energy) Under
the same assumption as in Proposition 5.8, there exist a sequence y* — x in WH(Q)

and a sequence pi — po in L2(Q) such that lim._ F¢ = F°.

Proof Let y* = z. For py, we construct pg as

pg_{po if [po| < Qe
=

0 otherwise

with Q. — +00 to be decided. We have p; — py because

/‘pg—po‘2dﬂf=/ |p0|2dx—>0 as € — 0.
Q |po|>Qe
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If we take Q. < pos_%, then from assumption As,
/leapo /H podx+w(€2Q€)Q2.
Let Q. = min{g_i,w(ai } Since w(|po|) — 0 monotonically as |py| — 0,

1
lim — [ W(x,I,e2 po) /H Do - Po dx.
e—0 g Q

The opposite inequality holds because of the lower semicontinuity of the functional

% fQ H*1p6 - pgdz, thus

1
hH(l) — [ W(x, I 52p0)dx—> /H Do+ podx.
e—0 & Q

The convergence of the other terms in the energy is obvious since pj — po and y* =«

O

Proof of Theorem 3.2 By the definition of I'-convergence, Theorem 3.2 is the

direct conclusion of Proposition 3.8 and Proposition 3.10 .

Now, let us prove one of the compactness results.
Proof of Proposition 3.5
Assume there exist Y and Q such that Q) N Q) = @, Q) D y*(Ty), Q, D y°(I'1)
for all e. Define function g(y) € C(RY) as a fixed function in y-space, satisfying
9(y) = go in Q) and g(y) = g1 in Q. Let g°(y) = g(y) for each . In this case, the

energy functional becomes

1 € €

Pt [Wa bt [ 9 Pay-3 [ [Valdr [ Vigsan
€ Jo 2 RN 2 RN y=(Q)

where ¢° is the solution of

V- [~e0Vye® —eoVyg +p°x(¥°(2))] =0 in RY,

¢* € D(RM\y(I)).

(3.28)
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In the energy, the term £ [, |V,g|*dy is a constant since g(y) is independent of «.

Now if F¢ < ¢, there exists a constant ¢ such that

> 7 [ Vil
RN

1 1 e € c|2 5
= —/W(m,FE,gpo)dx+§0/ ‘Vygo‘ dy+/ V9 - p°dy
19 9] ]RN ys(Q)

V

1 1
2 [ Wi B ) de = 940 g 7
Q
From (3.7) in assumption Ag,
W (z, F,0) > cdist(F, SO(N))". (3.29)

In addition, from assumption Ay, there exists a constant M and ¢ such that if |F| >
M,
W (z, F,0) > ¢|F|* > & dist (F, SO(N))". (3.30)

From (3.29) and (3.30), there exists a small enough constant (3, > 0 such that
W (z, F,0) > B, dist(F,SO(N))"  VF. (3.31)
(3.31) together with assumption As, we get

. 1 3
¢ > g/W(I,Fs,ﬁépé)dx—C||V99HL°°(RN)HPSHMQ)
Q

WV
m | =

l/mx,Fa,O)dml/W(x,f,e%p@d:v — 155 ] o
3 ). 2/, )

o

> —/dist(Fa,SO(N))tderE/H_I&TPE'PEW = c[|P§|] 22
2 Q 4 Q £

m | =

From rigidity theorem [16], we can find a rotation R§ € SO(NN) such that

/dist(FE,SO(N))tdx > c/dist(Fe,Rg)tdx.
Q Q
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Since the material is pinned on I's, Rj = I and

c > 1[ﬁo/dlst(Fa,SO( ))tdx—l-l/H_lepg-pgdx] —chSHEQ(Q)
el 2 Jg 4 Jq
> l[cﬂo/ds‘c(FE,I) dx + — /H Py - podx] CHp0||£2
el 2 Jq
1 ¢f
>~ B gy N5l 2oy — 196 oo

Therefore, there exists a constant ¢, such that

ol < |

Thus, if F¢ is bounded, F. — I in £/(Q2) and pj is uniformly bounded in £%(©2). This

gives the compactness of the electric and the deformation field.

Now, let us prove the local regularity of gog.

Definition 3.3 Let g be a number such that 1 < q < oo. Define ¢ by % + é = 1.

Further, define ¢* by q% = é — % if ¢ < N and to be any number in the range

l<q¢"<ooifg=> N

Consider differential equation

V- (a(z)Vu(z)) = div f(z) + h(z) in O, (3.32)

where O is a bounded domain of class B" for some r, 2 < r < 0o. Assume there exist

constants M and \; such that for any £ € RY, a(x) satisfies the following condition

)\1’5‘2< (a(m)g,f),
la(x) & < M[g].

(3.33)
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Define quantity 6 by means of the equation

(3.34)

Since the ratio in (3.34) is less than 1 for large values of ¢, we have 1 —6 < 1. Denote

Aitcr

¢1 the value of ¢ at which the minimum in (3.34) is attained. Setting A = =%

Theorem 3.11 (Meyers’ theorem [31]) Assume that equation (3.32) holds with
a(zx) satisfying all the above conditions. Then (3.32) has a unique solution in W&’p((’))
for every vector field f(z) € LP(O) and every function h(z) € LU(O) with ¢* > p,
provided v’ < Q' <p< Q<.

Here (Q > 2 depends only on O and constant O\ in such a way that QQ — r as

O\ — 1 and QQ — 2 as O\ — 0. The solution satisfies

V2@ 2oy < e {NF @ oo + 1@ 2oy} (3.35)
where ¢ is a constant depending only on O, O\, p, and q.

Lemma 3.12 (The local L™ regularity of ¢f) Assume ¢} is the solution of

Vo [e0Vep) —e0Vag + X ()] =0 in RMT,
(3.36)
¢} € D(RM\I),

in which p) € C®(Q), g(x) € C(RN), Q € B". Then for any given compact set

D Cc RY, there exists a constant ¢ such that

Vo2 ()]

crom) < Vet gro oy T 16X oy }- (3.37)

Proof Equation (3.36) satisfies the hypothesis of Meyers’ theorem. But we have an

unbounded domain. Therefore, we need to prove it.
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Let {(x) be an infinitely continuously differentiable function such that

1 for |z| <3,
o]

1
2
0 for |z]>3.

Assume Q C supp(g(z)) C D C Bg. Let £ = ( (5%), then

1 for |z| <R,
§(z) =
0 for |z|>3R.

Denote by 9 the unique solution of equation (3.36) in space Hg(Byr\I'). Then by
Meyers’ theorem, @D? € WS’TO(BQR\F). Here p = ry since \d = 1. Set qb? = apg — ?,
then for any 1) € Hy*(Bag\I'), we have

/ Vo) - Vipdz = 0. (3.38)
Bar

Now consider v(z) = &(x)¢)(x). v(x) = ¢9(z) for |z| < R and v(z) = 0 for |z| > 2.

For any ¢ € Hy?(Bayg\I'), we then have

/B 2oV (£(x)¢(x)) - Vi da

= [ aVe)V(ewwie)) do— [ 96 V- q) VE- Ve
Bagr

Baor

The first integral on the right hand side is zero because of (3.38). Thus v(z) satisfies

V- (eng) =V (d)? €0V§) +eoVE - Vd)? in Bygp\l,
(3.39)

NS H(l)(BgR\F)

V9 € L?(Bsg), hence ¢ € LV from embedding theorem. Therefore, v € Wy (Byg\T)
for all p; < min(N*,rg) = ro from Meyers’ theorem. Thus ¢} (x) € W, (Bg\I') and
50 @) € W, (Bg\D). In the end, we get V) e L(D). O
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With the same idea to prove Lemma 3.12, we can prove the following local regu-

larity result for the minimizer of F°.

Proposition 3.13 Assume  is in class B, then there exists a number r1 < rg

such that the solution for equation (5.13) has higher local regularity: V© € L™(Q).

Proof Define ((z) and £(z) as in Lemma 3.12. Denote by 1" the unique solution of
equation (3.13) in space Hy(Byg\I'). Then by Meyers’ theorem, 90 € Wy P (Bag\T),
for any 2 < p < Q < rg. Here, () depends only on N and )\6(60[ + H(:c)x(Q)) Set
¢ = ¢° — 40, then for any ¢ € Hy*(Bag\I),

/ (HX(Q) + 20])V o - Vab dr = 0.
Bagr

Now consider v(z) = &£(z)d(z). v(z) = ¢(z) for |z < R and v(z) = 0 for |z| > 3£,
Then for any 1 € Hy”(Bar\I),

[ @)+ ) Vo) o
- /BZR(HX(Q) +e0l)Vo - V(E(2)d(x)) da
) /BQR<HX(Q) + 2l )6V - VE — (HX(Q) + 2] )0VE - Vi da.
The first integral on the right hand side is zero, so v(z) satisfies

V- [(eol + Hx(Q)) Vo] = V- [¢(co] + Hx(Q))VE] + VE - (Hx(Q) 4 0l) Vo,
v € H{(Bar\I).
(3.40)
V¢ € L2(Byr), hence ¢ € LY (Byr) by embedding theorem. Therefore, v is in
HP (Bag) for all 2 < p; < min(N*, Q). Thus ¢(z) € Hy" (Bg) and then ¢° €
H(l]’pl(BR). In the end, we get V' € L(Q) for any 2 < r; < p; < 7. O

Remark Here, p; depends only on @), while @) depends on the quantity A\0. If
A — 1, p — 1rg; if A0 — oo, then p; — 2.
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In the second order energy part, to make V- V' € H71(Q), V° has to be a
little bit more regular than £4(€2). That requires strong assumptions on A\f. However,
the above conclusion is a general result for any distribution H(z). For particulate

composite, we have better regularity for H(z).

3.4 The Second Order Limit Energy Functional

Proposition 3.14 (Lower bound for the second order energy) Assume (2 sat-
isfies the strong local Lipschitz condition and belongs to class B™. Suppose the energy
density W satisfies conditions Ay to As. Assume further that there exists a constant
w > 0 and a compact set K D Q such that V°, the solution of equation (3.13), is in
LA(K). Let y° be any sequence satisfying y* — « in Wh' and Vu® = 1V (yf —z) —
Vu in L2(Q). Let p§ be any sequence such that ¢5 = 8_%<p8 —po) — qo in L2(Q).
Then for the functional defined in (3.17), we have

lim 75 > FP,

e—0

where F? is defined in (5.18).

T

Proof Again, examine the energy term by term.

term1 := [/ Vg - p°dy — / Vg o dx}
¥ () Q

{/ FE_TV@-Q - (po + 6%6_18) dr — / Va9 po dx]
Q Q

m | =

M | =

-T

FT -1 1 E
— /E—ng‘poder—/ng-ééquerSé/ ——— V.9 qpdx
0 € € Jq Q €

FJT—] 1 c
= ————V.g -podr +e72 | Vug-g5de+ o(1).
Q € Q

Note that we have

-1 FY(I-F
13 — £ ( 6) :F_
€ 9 9
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I~ —Vu, and FZ! — I, thus

F1—-1
- — —Vu.
€
Similarly,
F-T 1 . —1
—=—— ~ - Vu' and J — tr(Vu).
€
Therefore,
term 1 —>€_5/ng-qum—k/(—Vu)TVIg-podx.
Q Q
L [eo 2 €0 2
t 2 = - |—= V.| doe — — V., | d
m = 2[5 [ Vel aa =3 [ 19l
I — J.F'FT
= 2 = Tt V,g-V,gdx
2 ]RN £
- 2 (Vu + Vu' — tr(Vu)I)V,g - Vg dz.
2 ]RN
To address

1le . €
term 3 := z [EO/]RJJV%O |2dy— go/RN‘VwWOde] )

denote ). (v°(z)) = ¢°(x), then P (y°(I)) =0,

/}wgs(y)\Z)dy:/ Je{goo(x)|2d:c<c
D (y¢)~H(D)

for any compact set D, and

/ Vysoge : VySOSE dy = JEFQIFE*TVIQOO Ve dr < c.
]R,N

RN

(3.41)
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Above, we used the fact that V¢® € £ and F. — I in £Y(Q) for ¢ big enough.
Thus ¢J(y) € D(RV\y(T')). Therefore,

% V9 - Vyp© dy
IRN

Qdy

€o 2 €o
= 5 | Ve = V| dy + 2 / Ve Ve dy — / |Vypye
RN RN RN

€0 2
= — ‘Vycpe — Vygoga dy — 50/ V,9° - Vygogs dy + / p° - Vygogs dy
2 Jrw RV ¥ ()

— / po - Voo da + 50/ V.g- Ve dr + g V. - Voo do
Q

RN RN

€o
= & / Veg Voo — L TV,g - TV,  do + 0 V. - Voo do
IRN 2 ]RN
I G S 0 Sty S AvARECI VS P / IV, — Vil P dy
2 RN 2 ]RN Yy

+/pE-FaTVx900 —po - Vo' do
Q

= £ / (I — J.FE'EWV,eg - Ve do + %0 (I — J.E'EYWV " - Ve do
IRN

RN

+ / p(E) ’ FaiTVIQDO — Do v:c(,po dz + @ VISDO : VIQOO dx
Q 2 RN

? dy.

€0 € 0
+ 5 . ‘vy@ - Vygoys

Thus,

[— JF\F-T
2dy} +50/ e ¢ VgV, dr
]RN

1 €0
t 3 = —|—= V., — V00,
erm 8 { / | yP yPy -

2 RN

-1

o7
szﬁo-szooder/ — po - Vo dx
Q

€0 I — JEFE_lFE_T
2 RN £

Fl-1
+g‘1/2/qg Vo' dr + 51/2/ 05 Vo dr. (3.42)
Q Q
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Similar to the idea in Proposition 3.8, we define gb?(x) as the solution of

Vo (—20Vad) + @x(Q)) =0  in RM\T,

¢ € D(RM\I),

in which qg € C>(Q) and ||qg — qollz20) < %
Denote ¢5(y°(z)) = ¢2(x), then ¢5(y) € D(RV\y*(T')). We have

V

1 €0 c
SET R
1{e
- {_0/ ‘v%oa_vy@y — &z Vygzﬂ dy} / |Vy¢6| dy
5 2 RN
1 .
+ = el 2(Vyp® — vngf) ’ 55Vy¢§ dy
£ 2 ]RN
g
2. (£3Vy¢° - Uy 65 — 20,00 Vy05) dy - 5 ]vy(f{ dy
1 1 c 1 c 1 c e
g/ —e3egV,g +52p)-vy¢j—ezgovy¢y vﬂdy—— |vy¢| dy

g/ [ 0 F- F TV 09 - Vot + F TV 00 - po+e2FTY 29) - 4§
]RN

Nl oA VP v ¢0] do — 20 JFVFTV,00 - V.60 da

RN

/ ) FTV, 69 g do — %0 JEFTV,0 - V.60 da
R

RN

+5% / 571(_50vxg ’ VI¢9 + vx¢§) “Po — €va¢? ' vxgpo) dr + 0(1)
RN

/ Vx¢ qodx—— !V ¢O} dr as € — 0
IRN 2
o

) ’Vx¢0|2d:c as j — +o00. (3.43)
N
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Now we can estimate term 3.

1
term3 = —[E—O/ |Vyg0—V
RN

I — J.F'FT
}—i—so/ S v v
]RN £

el 2

I—JF'FT FT_-1
2 e ¢ VmsOOVmsOOdchr/ o Vap'dx
+e71/2 / @ - Vo' dz + o(1) (3.44)
Q
> — ‘Vngolz dx + €9 / (Vu + Vu' — tr(Vu)I)Vg - V" dx
2 N RN
+ % (Vu + Vul — tr(Vu) )V, - Vo do — / Vupy - Ve do
RN Q
+e71/? / 4 - Vo' dx.
Q
Finally,
1 1. €H71
term4 = — Wz, F.,e2pg) — Do - Po| dx
g Q 2
1 -1
= 3 {W(ﬂf F.e2pf) — —5 P ~p8} dx
H~ 1 3 1 -1/ ¢
(po_po)d$+g H™ (p5 — po) - podz
Q
= termA + termB + termC .
On the right hand side,
H 1 H-! H!
gl(l)g )+ (5 = po) dar = lim QTqS-quﬂc>/ﬂ 5 qodz.
termC = — /H ) podr =¢e~ é/H_lqg-podat.
Q

TermC will be a part of the Euler-Lagrange equation (3.16).
Now look at termA,

1 1 H!
termA 1= — [W(aj,FE,@pg) _ < 5 P -pg] dx
€ Ja
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where pj = po + ééqg.
Since the deformation field is not in £°°, we use truncation lemma to separate the

fast growing part from the deformation field so that we can use Taylor expansion.

Lemma 3.15 (Truncation Lemma [16]) Let O be a bounded Lipschitz domain in
RYN. Then there exists a constant ¢ depending on O such that for every M > m > 1
and every function u : O — RN with Vu € L2(O;RN’), there exists a A € [m, M)

and a function u* : O — RN such that |Vu| < X and

c||Vul g2

N |[{ut # u}| < ()m)

Applying the truncation lemma to u® with m = 1, M = M, yields truncation

function v¢, which satisfies
V| <A, 1< A<M,

and

O R —

S (L)’ where Z,(¢) := {z|u*(z) = v°(z)}.

For some suitable number (). — +oc which is to be decided later, define two sets

Z,(¢) and Z,(¢) as
o)

o).

Denote Z(¢), Z5(¢), Z¢(e) to be the complements to Z,(¢), Z,(€), Z,(¢) in 2 respec-

20 = {ze0: i) <

N = Do =

Z,(e) = {x € |g(x)| <

tively. For simplicity, we write them as Z,,, Z,,, Z,, but they depend on ¢.
Assume (), and M, satisfy

Qa < plgié and ME < p25717
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then

|5Vu5| = ‘6VU‘ eM. < py in Z,,

’5%1)8! = ‘&‘5])0 —|—8q8‘ < pr in Z,N Z,.

Now we can use Taylor expansion on termA.

1 eH!
termA = = {W($71+8vusagé(po+8;qg)) 5 (po+2245) (p0+5éqg)} dx
Q
1 eH ! 1 1
_ 1 W=+ ) o+ )] o
€ JzunZpn2Z, 2
€% Jzeuze €% Jzenznz, 2
1
> / ~CVoEV® + AV (pg + £2¢5) (po + €2¢5) + Blpo + e2¢5)* da
ZuNZpNZq
[ T RN 51+ wa(elVe7 ) Ve
ZuNZpNZg
‘/ ws(e|Vof|, 2 [pj|) [V [pj [*da
ZuNZpNZg
1
P / SOV VAV + AVUEpopo + B(po)* da
ZuNZpNZg

—/ ‘AVUEE%QS(}QO + 5%q8)| dx
ZuNZpNZg

1 1 1
B((e2¢5)* + 3(e245)°po + 6(2¢5) %P2 + 3(c2¢5)pd )| dx
mz,,mzq

mezq

w([ Ve, 2 |pg ) | Vo pg [P de

/ wn (Ve 3 |p)) [l + wa (e Vo], €3 [p5]) Vo [P

mzpmzq

e / _CVUEV’US + AVv*popo + Bl(po)* da
ZuNZyNZ,

—e(Me2Q? +2Q1 + 2 Qt + 2Qt + 22QY)

—(wy(eM.,22Q.) QY + wa(e Mz, £2Q.) M? + wy(e M., 2 Q) M.Q?).
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Take
M. = min{ehwi(eh,28) (el ef) Hwg(ed e 4 20 1Zgl 4
Q- = min {7, wy(eh )7 (et )7
then
1 3 1
ME@Q?+€2Q§+€§Q§+5Q§+55Q;‘—>0 as € — 0,
and

wy (e M., 55625)@? + wy (e M., S%Qa)Mf + w3 (e M., S%Qa)Man —0 as € — 0.
Thus we get

1
termA > / (§CVUEVU€ + AV popo + Bpf;) dx
0
1 5 5 £ 4
— —CVv* Vv + AV popy + Bp, | dz
ZenZpnZy \2
1
— / (—CVUEVUE + AV v popo + Bpé) dx
Z507¢
1 5 5 5 4
— §CV/U V'U + AV’U PoPo —I— BpO dl’
0
1 5 5 5 4
— —CVvVv® + AV popy + Bp, | dz.
Ze02e0(Z5NZp () Zg) \ 2

The second integral in the above formula goes to zero. Actually,

/ SCIV P de <o (125] 4 1250) M2 < e (121 + 1251)* — 0,
Z;UZ; 2

1 - . c
/Zc 5C}Vu " de < eN?|Z¢) < oL 0,

u

/ Bpéda:—>0 and / Bpéd:v—>0,
ZiNZpNZg Zeuze
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because |Z¢| + |Z5| — 0 and |Z; N Z, N Z,| — 0. Further,

/ AV v popo dx

Z5UZEU(Z5NZpNZ4)
1 1
2 2

4 |2
< ¢ |po|”* dx V| dw
Z5UZSU(Z5NZpN Zy) Z5UZSU(ZENZpNZy)
— 0.

Therefore,

-1

2

1 1
termA = — [/ Wiz, I+ EVUS,é“%pO +eqq) — < (po + 55q8> . (po + €%qg> dx}
€ Q

1
> / éC’VuVu + AVupopo + Bpy dx
Q

because Vv, — Vu.
Putting all the terms together and using the Euler-Lagrange equation (3.16), we

get for any Vu® — Vu and ¢ — qo,

-1

qo " qodx

1 H
Fe>F) = / §C’VuVu + AVupopo + Bpa dr + / 5
Q Q

+ % / |qu§0‘2 dx + 60/ (Vu+ Vu" — tx(Vu)I) Vg - V" do
RN RN

+ % (Vu+ Vu" — tr(Vu)I) V,” - Vo da
RN

— / Vupg - Veldr — / Vul'V,q - pode
Q Q

+ % (Vu+ VT — tx(Vu)I) Vg - Vg da.
RN

This completes the proof of Proposition 3.14 0
Proposition 3.16 (Recovery sequences for the second order energy) Under

the same assumption in Proposition 3.1/, we can find a sequence y° satisfying y° — x

in WH, Vus = 1V(yf —2) — Vu in L3(Q) and a sequence p§ satisfying qf =
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|
ol

(p§ — po) = qo in L*(Y), such that
lsn (07, 56) = F2(0,g0).

Proof If Vu* — Vu and g5 — qo, terml and term2 converge from the proof of
Proposition 3.14. We now prove that if ¢§ — ¢o, term3 also converges. From (3.42)

and (3.43), to do that, we only need to prove

1 1
R

First, let us find out the equation for Vygpgs in the y-space for each fixed . Vi)(y) €
D(RM\y*(I)), we define ¢ (y(z)) = ¢(x), then ¢S(z) € D(RV\T), since ¢5(z) €
LA(RY), V05 (2) = FV,0(y) € £2(RY) and 45(T) = 6 (y(T)) = 0.

Now we have

&
/RN jOFangySOZE -Vyh(y) dy

= / EOVxSOD : wa;:; dx
RN

= / —€0V:c9 : vxwi +p0 : v:c'l/}; dx
RN

6 >4
- / (—TOFEFETVygs -V + Foph x (v () - V@ﬂ/f) dy,
RN €

__ po(x)

where p§ (y(z)) = SOk

Because D (RV\y*(T)) is dense in D(RV\y*(T')), L FLF V0. € DR \y(T))
and F.pl € D! (R™\y*(I")), the above equality holds for any ¢ (y) € D(RM\y*(T)).
Thus the equation for V,¢). is

e £ c € €
Uy | RFIV g + P ERFIV,g = Fpf X (v ()| =0.
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Similarly, ¢S satisfies

€
vy ' |:J_0F€F5Tvy¢§ - Feq;EX(yE(Q)):| = O,

where ¢5 = —36((;;

Since the equation for V,¢® is
€ 1 . €
V- [-60%9@5 —eoVyg® + 08 X (47 () + 2 X (y (Q))} =0,
we get

[ 1
Vy - |eoVye" —eVyppe — 5052Vy¢§]

=V, :—50Vyg025 — soe%vyd)j —e0Vyg° + 8 X (V5 (Q)) + s%qax(yE(Q))]

= V,- <?FEFST — 50> Vygogs + (3—0F5F5T - 50> eévyaﬁj}

+V,- K?FFT _ 50) Vygé}

=

+V,- {—Fspé’gx(ys(ﬂ)) +p X (1 () +¢ (qsx(ys(ﬂ)) —qufx(ys(Q))ﬂ :

On the right hand side, j—OFeFET — ol is of order ¢, so is I — F.. Therefore,

2
L2(RN)

1 1
EH g0V yp© — 50Vyg025 — gpe? quﬁgs

2 .
< o€ =G [y 20 ase—0, 5 — +oo,
because
. o 2 1. j 2 .
W) =W dy = | Flai(@) — (@) dz =0 as e =0, j = +oo.
y(Q) Q Je

Thus we get (3.45) and the the convergence of term 3.
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Now, the only thing left is term4. term4 = termA + termB + termC.

H-! H-!
termB = / —q; - qydxr — / qo - odx
o 2 o 2

if [|g5 — qo”LQ(Q) — 0.
Next, we need to construct Vu® — Vu and ¢ — ¢qo such that termA converges.
Define Z, = {z € Q: 2 |po(a)| < e*} for some s to be decided.
Define Z, = {:c €N: |q0(:c)‘ < %Qe} for some (). to be decided.

We construct ¢ as follows

qo if xe Zp N Zq,
¢%=19 —p if x€Z (3.46)
0 if ©€ZiNZ,

Then ¢§ — qo. Actually,

Ja-wlde < [ jf'des [ =t - ol ds
Q zg VA

1
< 2/ —Ipo|2d:v+2/ o] d
zs € ZeuZzg

< 2 / |pol* dz
Z

2

1\2;\5+2/ o d. (3.47)
€ Z8UZE

If py € L4+w,
|Z;| (557%)(4%}) < / lpo|*T* dx — 0.
ZC

P

By choosing s small enough such that (% —s)(4+w) > 2,
‘Z;Pe_l — 0.

Thus the right hand side of (3.47) goes to zero and ¢§ — ¢y follows.
We construct the recovery sequence u° as the truncation of u for m =1, M = M.

to be decided. Assume M, < pye~ !, then eVu® < p, on the whole domain Q. If we
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1 1 1 .
take Q. < €°7 2, then py + €2¢f < €° + €2().. Now we can use Taylor expansion on

termA.
1 7 . 1 . eH™! 1. 1.
= g W(x, +5Vu,e2po+sq0)— 7 <p0+52qo>'<100+526]o> dx
1
< /Q S CVU VUt + AVU (po + e2q5)(po +€7¢5) + B(po +£2¢5)" du
€ 1, ¢ 5 € 1y ¢ €
—l—/ wy (e|Vus|, e2[pg]) Ipg|* + wa(e|Vus|, e2|pj|) [V |* d
Q
+ [ sl <Hpgl) [V g
Q
1
< /—CVuEVue dx—i—/ AV popo + B(po)* dx
02 ZenZ,
+/ AV (po + €20 (po + €2q0) + B(po + £7q0)" da
ZpNZ4
—l—/ wi (| V], 23 |po|) [po|* + wa (e] V|, 2 po|) [Vl |? dae
ZenZ,
+/ ws (e| V|, 3 |po|) |Vu€|]p0]2dx—|—/ ws (e| V|, 3 |pg|) [Vl ||pg|? da
ZgNZp ZqNZp
+/ wi (| V], 3 |p5|) p5|* + wa (e]Vd], 2 p§|) [Vl |? dae
ZyNZyp
1
< /§CVu5Vu6dx+/ AVucpopo + B(po)* dx:
Q Z

P

+c (MSSSQE + 525M5) + CgsHpOH4E4(9)

+ ¢ (wy (eM., €S)Hpo||4£4(ﬂ) + wy(e My, e%) M2 + ws(e M., 6S)M5||p0||%2(9)).
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In the right hand side,

/ECVUEVugdx:/ 1C’VUEVusdx—l—/ 1C’VuVudx
02 e 2 2

u

= /ECVuVudx—/ 1C’VuVudx—l—/ 1C’VUEVugdx
02 e 2 2 2

C
u

< /lcvuvudxﬂ/ (Vul|* do + ¢| 2| A2
Q2 Zg

— /ECVuVudx,
Q2

/ AV upopo dr < / AV upopo dx +/ |AVu5p0p0‘ dx
Zp ZpﬂZu Zﬁ

: :
< / AVupopodz + ¢ (/ ’Vuef dx) (/ [po|* dx) + / | AVupopo| d
Q VA3 zZe Z5uzs

— /AVupOpodx,
Q

and
/B(po)4dx—> B(po)" dx
Z, O
Choose
M. = min{e 8,677, wy(e?, ") 77, wy(e,e%) 7},
Q. = minfet uy(eh )t )
then

¢ (M.e°Q. + €*°M.) + C€S||p0||4c4(9)
¢ (wi(eMe, €°)[[pol sy + wa(eMe, %) M2 + ws(eMe, ) Me|pol|Z2(o))

— 0 as € — 0.
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Therefore, we proved that

1 eH™!
termA = = lW(x, I+ 6Vu5,s%po + 6q8) - (po + 6%(]8) . (po + 6%8)} dx
Q

1
— / §CVUVU + AVupopo + B(po)* du.
Q

Putting all the things together and remembering the Fuler-Lagrange equation (3.16),

we thus complete the construction of the recovery sequences. 0

Proof of Theorem 3.4
Again, this is the direct conclusion of Proposition 3.14 and Proposition 3.16 by the

definition of I'-convergence.

Now, let us prove the other compactness result.
Proof of Proposition 3.6
Still analyze the energy F; term by term.

1 1 H!
term4 = —2{/ W(:IJ,FE,€§Z?6)—€ po‘Podl’]
9 Q 2
eH ' _ | 1 (HY,
= WﬂUFe»g po) 5 ——D, - podr + — _(po'po_pO'po)df
€ Jo 2
2 1 H! c c
> /|F O(N)] d:c+—/ (P5 — po) - (PG — Po)
€ Jo 2
/H ) - podx
FE—I
> c —I—c‘pO 7p0 /H Po - (P5 — po) da.
€ ez ez lr2q)
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Above, the first inequality comes from (3.7) in assumption Ag. The second inequality

comes from the rigidity theorem and the boundary condition.

U Vyge-pgdy—/vxg-podx}
ye(Q) Q

1
= - [/ F;Tvmg-péd:ﬁ—/vmg-podx}
€ LJa Q

1 1
= —/(Fs_T—I)ng-pf)dijg/ng-(pg—po)da:
Q Q

m | =

term1 =

€
F. -1 1 .
> —c +—/ng~(p0—p0)da:.
Since V,g € L(R"Y) and
/ I—J.F'E-T F.—1
d > —C )
RN g 19 LQ(Q)

1|e £ .
term2 = B {EO/RN|V,CQ‘2da:—EO/RN‘Vyg |2dy}

1
_ 22 U |ng‘2 — JLF'FTV,9 - Vag da:}
2 g RN
1
_ % - U (I —J.F'FEWV,g- Vg dx}
]RN
F.—1

—C

WV

€

L£2(Q) '
Finally, recalling ¢§ = 5*%(p8 — po) in (3.44), we have

F.—1
€

1
term 3 > —c +

2 €
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Putting all the inequalities together,

c = F;=term1+term?2+ term 3 + term 4

F—TI|?

€

()
Po — Do
1
£2

=Z C

2 HF5—1
— C
13

—i—c’

£2(Q) £2(9) £2(9)

1 _ R e c
+g |:/QH lpo'(po_p0)+vw@o‘(Po—p0)+Vg'(Po_p0)dm]'

From Euler-Lagrange equation (3.16), the last term is zero. Hence there exist a

constant ¢ such that

o — Po

1

™\
N
™

~

H F. -1
£2(2)

3

and ’

ez o
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Chapter 4

Homogenization of the Small-strain
Dielectric Model

4.1 Introduction of the Main Results

In Chapter 3, we derived a small-strain model for deformable dielectric elastomers.

The electric field ¢.(x) satisfies

;

V- [(e0+ Hx(Q))Vaope] =0 in RM\T,

Pe = Jo on Iy,

(4.1)
Pe = 01 on F17
| e € Li(RY), V. € L2(RY).
The strain field satisfies
~V - (CVu+ AVp V) =0 in Q,
(CVu + flVg&eVgoe) n=f on Iy, (4.2)

u=20 on I's.

For simplicity, from now on, we will just drop the subscription e, denote by ¢ our
electric field with inhomogeneous boundary condition. And we will also drop the tilde

on tensor A. Now suppose we have a composite with periodic microstructure. Assume
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Hé(z) =H (%), C°(x) = C (%) and A°(z) = A (%). Denote by ¢* the solution of

V. [(e0+ Hx(Q))Vag®] =0 in RM\T,

£

¥ = 9Jo on FO)

(4.3)
=0 on I,
| ¢ € LR.(RY), Vo© e L2(RY).
Denote by u®(z) the solution of
—V - (CVu + AV V) =0 in Q,
(C’EVUE + AEV@EV@E) n=f on I, (4.4)

u® =0 on I'.

The effective property of periodic dielectric composites is studied in this chapter. We

will prove first the following result,

Theorem 4.1 When ¢ — 0, ¢°, the solution of (4.3), two-scale converges to ©°(z),

the solution of the following equation

(

Vo [(g0+ H'X(Q)) V"] =0 in RM\T,

SO = 9o on FOa
(4.5)

¥ =01 on Fla

| ©" e L (RY), Ve L2(RY),

in which H° is defined as

1 X, (y)
0 _ _— g _H. J
Hij - Y] /YHzJ(y) Hi(y) 0y_k dy, (4.6)
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where X; s the unit cell solution satisfying

( N
8 8 0i; + Hii(y )
~Vy - [(col + H) V%] == 0 Jay‘ i) in v,
=1 ¢
N 4.
MY(XJ) =0, ( 7)
\ X; periodic in y.

Assume further V* is uniformly bounded in £4(£2), then we will derive the following

homogenized equation for the deformation field.

Theorem 4.2 When ¢ — 0, uf, the solution of (4.4), two-scale converges to u°(z),

the solution of the following equation

V. (C’HVUO + AHVQOOVQOO) =0 in £,
(CHVW + AHV V) -n=Ff  on Ty, (4.8)

u’ =0 on I.

In (4.8), CH is defined as

;"
Czjkh ‘Y‘ / Z]kh +02]lm< )aylm dy, (49)

where x* is the solution of the unit cell problem satisfying

kh .
—i (CijlmaXl ) = OChu in €,
j

dy; Y dy;
X Y — periodic, (4.10)
My(th) = 0.

A s defined as

okh

X
A L 4.11
Az]kh |Y| / leh +C'lem< )aym dy7 ( )
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in which
Xk IXn Xk OXn
wn = Aijen = Aijin g, -~ Ay, "+ Aijas g, 5 (4.12)
XM= (XM XA s the solution of the equation
0 oxrh OB;;
- (C’lem —Xl ) = ZuRR kh ln Q,
9y; Y 9y;
X* Y — periodic, (4.13)
My (x*") = 0.

We will use the tool of two-scale convergence. In the following, Section 4.2 is a brief
introduction to two-scale convergence. For details, we refer to [3] and [13]. Section
4.3 is the proof of Theorem 4.1. Since the domain for the Maxwell equation (4.3) is
unbounded and the matrix eI + H(Z)x(f2) in (4.3) is not exactly periodic, we will
write down the complete proof, although the method we use here is standard. Section
4.5 is the proof of Theorem 4.2, in which we used the local strong convergence of the

electric field. We derived that property in Section 4.4.

4.2 Introduction to Two-scale Convergence

Let O be an open set in RY and Y = [0, 1] be the closed unit cube. We denote by
Co°(Y') the space of infinitely differentiable functions in RY that are periodic in Y.
Then £Z(Y) and H;(Y') are the completions of C;°(Y") with respect to the £*(Y) and
the H'(Y) norms respectively.

Definition 4.1 A sequence of function v¢ in L2(O) is said to two-scale converge to
a limit v°(x, y) belonging to L2(O X Y) if , for any function ¢(z,y) € D(O;C2(Y)),

we have

lim Ozf(:r)qﬁ(a:,g) dx:/o/yvo(:v,y)zﬁ(:v,y) dydzx.

e—0

Allaire has shown [3] the test functions in the definition above can be enlarged to

an “admissible” test function set A,q4. A function ¢(z,y) € L1(O x Y), periodic in
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y, is an admissible test function if ¢ (x,y) is measurable and

lig%/o (w (xg)’ dxz/o/yw(x,y)\dydx.

Allaire has proved [3] that if ¢(z,y) € L1(O;C4(Y)) or L;(Y;C(O)), then ¢(z,y) €
Aad- It @/}(x,y) = ¢1(x)¢2(y)7 in which ¢1($) S ‘CS(O)a ?/)z(y) € ﬁg(y)a r and s
satisfying % + % = 1, then we also have ¢(z,y) € Aaq.

For a two-scale convergence sequence v°, we have the following property

Proposition 4.3 Let v° be a sequence of functions in L*(O), which two-scale con-
verges to a limit v°(x,y) € L2(OXY). Then v° converges also to v(x) = [, v°(z,y) dy

in L2(O) weakly. Furthermore, we have

lim [|o%lc2(0) > (10”2 (0xy) = IIvlle20)- (4.14)

One of the main result in the theory of two-scale convergence is the following propo-

sition.

Proposition 4.4 ([13]) If v*(x) is a bounded sequence in H'(O) that converges
weakly to a limit v(z) in H*(O), then v° two-scale converges to v(x), and there exists
a function vi(x,y) € L ((’); H% (Y)/]R) such that , up to a subsequence, Vv© two-scale

converges to V,v(z) + Vo' (z,y).

4.3 The Two-scale Convergence of the Electric Field
Potential

In this section, we will prove Theorem 4.1.

Proof Using the same method to get (2.6), we have for each ¢, the solution of
(4.3) exists and satisfies HvxgosHp(]RN) < ¢, in which ¢ depends only on H(y),
€9, the boundary condition, but not on €. Now, for any integer n, ¢° is uni-
formly bounded in H!(B,\I'). According to Proposition 4.4, there exists a function
0% € HY(B,\I'), such that ¢* — ¢ in H'(B,\I'), and another function ¢} (z,y) €
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L2 (B \I'; Hi(Y)/R) such that Vg two-scale converges to V¢ + V). Increase
n, we get another ¢ and ¢!, but they are the same on their common region. In
this way, we can find a subsequence ¢° and two functions ¢°(z) € D;(RM\I') and

o'z, y) € Lo (RN, H}(Y)/R) such that Vi — Vi in L2(RY), and V* two-

loc

scale converges to V" + V,¢° for any test function ¢(z,y) € A,q that has compact

support with respect to variable z. Actually, for any compact set K C RY,

e = in £*(K),

V* — Vi in £*(K),

Vi© two-scale converges to V¢ + Vo'

From Proposition 4.3, for any compact set K,

vaf#’o + Vy‘P1H£2(KxY)< Hmf“ﬁ?(K)< HV(psHﬂ(RN)'

Therefore, o' € L2(RN\I'; Hi(Y)/R).
¢° is the solution of equation (4.3) if for any ¢» € D(RV\T),

/ (eol + H*x(Q))V,¢® - Vo do = 0. (4.15)
]RN

Now for any ¢° € D (RV\I'), ¢*(z,y) € D(RN\I; Cé’O(Y)), using ¢°(z) +e¢'(z, £) as

a test function in equation (4.15), we have

0 — /}RN (20 + H*X(Q)) Vi <Vx¢>0(a:) + V¢! (x g) eV, ol (x g)) dx
- /}R Vet <Vx¢0(x) + V¢! (x g) F eV, 0! (a: g)) dx

+ /Q Ho @)V (V20"(@) + 930" (2, 2) + 90" (2, %) ) da
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T

Since eV, ¢! (2, %) — 0 in £L? and V© two-scale converges to V,¢"(x) + V' (2,7),

/R _eoVapt (Vzgzﬁo(x) + V0! (x g) 4 eV,o! (x g)) dr

% /RN /Y&TO(vgc(,OO<I> + Vygol(xay» . (VI¢0(x) + qusl(x’y)) dydx

As to the other term, first V¢ two-scale converges to V,¢"(z) + V,¢'(x,y) on
the smaller region Q. Second H(y) € LZ(Y), Vo' (z,y) € D(RN\[;C°(Y)), so
H(y)Vy¢'(z,y) and H(y)V.¢°(x) are both in £](Y;C(€2)), and can be looked as the

test functions for the two-scale convergence of V© on €2, therefore,
( 0 (. % 1, *
/H v¢( )+ V,6 <x,€)+5vz¢ <x€)> dz
v / H) (Vo6 (0) + V2 0.9) - (Vad?(0) + V0! (2.0) dy

Putting these together,

[ [l + B (T @) + V0 (2.) - (7:6°(0) + V0 (2.3 dyde = 0

(4.16)
Using exactly the same method in Chapter 9 of [13], it is easy to obtain the existence
and the uniqueness of the solution for (4.16).

Choosing ¢ = 0 in (4.16),
— Vy - ((eo + Hy)x () (Vo' (x) + Vo' (2, 9)) = 0. (4.17)

If o ¢ Q, (4.17) becomes
—Vy - Vy‘Pl(xa y) =0

with p!(z,y) periodic in y and zero mean on Y. Thus if z ¢ Q, o'(x,y) = 0.
However, if z € Q, (4.17) is

—Vy - [(eol + HW)) V@' (2,9)] = Vy - [(e0] + H(y)) Vot ()] (4.18)
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If we define X; as the solution of

p

N
. d(e0dij + Hiz(y)) .
—~V, - [(EOI—FH(y))Vij} = — ( J@y- J ) in Y,
i=1 t
My (x;) =0,
\ X; periodic in y,
! can be expressed as
N
L 000
o (w,y) = —x(Q) Y X(v) 5 + ¢(a)
J

Next, choosing ¢'(x,y) = 0 in (4.16),

=V [ (ol + HND) (Vo @) + V' (0.0) dy =0

Plugging (4.20) into (4.21), the equation for ¢°(z) is then
— V.- [(eod + HX(Q)) Vo (z)] =0,
where

ox;(y)
Oy

1
ﬁz—/%wa@ dy.
vy

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

4.4 The Local Strong Convergence of the Electric

Field

Now, assume that V© is locally uniformly bounded on € in £% norm, then V¢© con-

verges strongly on the smaller region 2. This fact is very important in the derivation

of the homogenized equation for the deformation field. Since this strong convergence

is not for the entire domain, but only valid locally on €2, we can not use the similar
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results in the theory of two-scale convergence. Here, we will prove it by combining

the local fluctuation estimation with two-scale convergence.

Proposition 4.5 Assume there exist a compact set K O Q and a constant ¢, such

that Hvx@EHﬁ(K) < ¢, then
Vi — Ve — V0! (x g) 0 in £2(Q). (4.24)

Proof Construct function £(z) € C°(RY) satisfying supp(€) C K and £(z) = 1 in
Q. First we prove that there exists a constant ¢ such that for any © € (D (K \F))N,

lim sup [|£()Ve* — £(@)Ve® + VO o < €|V + Vi oy (425)
where {5(z) = x(Q); (£). In fact,

S|V — E@) V60 + VRO [
< /K (ol +H () () (V¢ = V" +x( )V (2) ©:) -
(6v¢" — eV XV () ©1) da
= [ oo+ 1 (2) X(@) (9" = €9¢") - (V" ~9") d
e (5) ) v (2) o v, (2 o
42 /Q (501 v H (f) X(Q)) (6Ve — V") - Yy (g) 0, dr.

Note that H(y)Xi(y)©,;0; can be the test function for the two-scale convergence of

T

X (g) and ¢°. Therefore,

[ (e (2) xo) v (2) 0093 (2) ey

. / / (ol + H(y)) Viily) ©: - VX, (1)) dyda
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and
2/ <50]+H< ) X(©Q )) (EVF — V) - Vi, (g) O, dx
— / / eol + H(y)) £ (V" + V' — V¢°) - V%i(y)O; dydx
= 2 /Q /Y (2ol + H(y)) V' - VXi(y)O; dyda.
Meanwhile,

V- (Ve — V') d

V- (Ve — V') dz

= / / (eol + H(y))Vyp' - £V, " dyda.
QJY

(4.26)

(4.27)

(4.28)

Above, (4.26) comes from equation (4.15). (4.27) is because ¢° — ¢’ — 0 in L?(K).

(4.28) comes from (4.18).
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Putting these together, we obtain
ol |6@) Ve — E(0) Ve + VRO B
< /Q /Y (eol + H(y))Vye' - £V, " dyda
+ 2/{2/}/(€OI+ H(y)) V' - VXi(y)O; dyda
w [ (@l + HE) V- T ()8 duds
< Ve + Vy?gi@i”w(

Qxy)’

Now consider

Hg(:c)vw — &(2)Ve" + x (VR <§> Vig” ;<K>

2

< Hf(x)Vng —&(2)Ve" + x(Q) VX (g) O,

L2(K)

2

S RGORTOLE

£2(Q)

2

N

[e@)vet —e@ve + x@ v (2) o

L2(K)

2

L£4(Q)

+; |-+ Vi 2oy [V (5)

/N

c||Vye' + Vyf(i@i“@(nxyﬁ CZH_@Z' - Vi‘POHZ(Q) (4.29)
< o[ =Vii)Vie’ + Viki)Oi| pa gyt CZH—@i + VWOHZ&(Q) (4.30)
< cZH—@i + V¢<p0||i4(m.

Above, (4.29) comes from the estimate (4.25) and the £* boundedness of ¥;(y). (4.30)

comes from (4.20).
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If we choose ©; — V;¢" in £1(Q), then

2

—0 ase—0.

sove — et + v (2) 9|,

€

&(x)=11n Q, so

2

— 0 as € — 0.

Vet (z) — V(z) — V0! f‘
[ver@) = ve'@) - Vet (=.2)|..o

€

O

With this result, we can prove the two-scale convergence of the Maxwell stress.
Consider the electromechanical coupling tensor A°(z) = A (%), A(y) is Y periodic in
y and is £ bounded. For any test function v(z,y) € (C§°(<; H;(Y)/]R))N, we have

lim | A*V¢*Veu (x, g) dz

e—0 Q

= lim [ A°Vy© (ng — V¢ — Vygol (m, f)) v (x, E) dx
e—0 Q £ 9

+ lim [ A°V*© (Vmgoo + V' (z, f)) v (x, f) dz
e—=0 Jq £ 9

= lim A AV p* (Vacgao + V0! (x, g)) v (a:, g) dz (4.31)

e—0

|71| /Q /y A) (Vo + Voo (2,)) (Vo + Vo' (2, 9))v(2, y) dydz,

in which (4.31) comes from Proposition 4.5. The last step is because V'V? two-
scale converges to itself and we can use A(y)Vyx;VX;v(z,y) as the test function for

this convergence, because A(y)Vx;VXiv(z,y) € L] (Y;C()).

4.5 The Two-scale Convergence of the Deforma-

tion Field

Before the proof of Theorem 4.2, we will give some basic notation, assumption and

existence result in the homogenization theory of elasticity as in [13] first.
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In the component form, equation (4.2) is

0 Ouy, Op Op )
— | Coikh=— + Ajith————=—1 =0 Q,
0z ( tha:ch + ]khaxk axh> 1n
Ouy, dp Oy
T PR it C— f. T (4.32)
(Cfukh 83:h + ijkh aﬂfk 8:1:h) n; fz on 2
u=0 on I'.

\

Above, we used the classical notation about fourth order tensors as follows. If C' =

(cijrn) is a fourth order tensor, & = (&), &' = (£};) are square matrices, we set

C¢ = ((C9)i5) = ((cijrnbun)ij),
C &€ = cijen &ij &,
o= (o)’

Definition 4.2 Let o, € R, such that 0 < a < [ and let ) be an open set of
RY. We denote by M.(aq,az, Q) the set of the fourth order tensor C' = (cijen) which

satisfies
(
C(Jf)ijkheﬁoo(ﬁ) Vi,j,kj,h:L...,N,
Cijkh = Cijhk = Ckhij Vi, jk,h=1,.....N, Ve,
al| PP S CEE Y symmetric matriz &,
\ |C¢| < anl €| Y matriz €.

As in the classical elasticity theory, introduce the linearized strain tensor e defined

by

e(u) = (ei(u),  ey(u) = % (21;: * ZZZ> '

Then for any C' € M, (a1, as, ),

8uk

(Ce(u))ij = Cijin €xn(W) = Cijkn



30

Define space V' by
V={v|veH (Q), 7(v) =0 on T's}.

Set V = (V)Y and equip V with norm

N , 3
Jofl,= (Zuww) ,
=1

then V is a Hilbert space with inner product
N
(u,v)y = Z(Vui, Vvi)pm) Vu, v in V.

=1

Observe that V' = (V/)V.
Now, assume C' = (Cyjpn) € Me(on,a2,Q) and f = (f1,...., fn) € (H‘é (FQ))N,
thanks to equation (4.33), the weak form for equation (4.4) is

/QC’(x) e(u) e(v) dm—f—/QA(x)V(pVgDVvdx: (s 0) =172man N (r1/2meyv,  (4.34)

for any v € V.

Define bilinear form by

Su(u,v):/QC(x)e(u) e(v) dx.

Then £,(u,v) is a bounded bilinear map because C(x) € L>(£2).
On the other hand, since C'(z) € M.(ay, as,2), we get

al/ |e(v)‘2dx<£u(v,v), Vove.
Q
From the second Kohn inequality,

2
SU(U,U) > al/ |€('U)‘ dx > CH,UH'?-ll(Q)
Q
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In addition, f € (H_%(Fg))N C V', and A(z)VeVe € L* C V', hence the Lax-

Milgram theorem applies, a unique solution exists and satisfies

lully < & (1]l gz + 1A@) V(@) V(@) oy ) - (4.35)

Now, let us prove Theorem 4.2 in this framework.
Proof Since V,¢° is locally uniformly bounded in £* norm, from (4.35), v is

uniformly bounded in (Hl(Q))N. Thus we can find a subsequence and a function u°

such that u® — u° in (Hl(Q))N. Moreover, there exists u'(z,y) € £*(Q; H;(Y)/]R)N
such that up to a subsequence, Vu® two-scale converges to V,u’ + V,u'(z,y). Now
consider

Ox) € ()" and vl(z,y) € (CRQHLHY)/R))Y,

we have v(z) = v(z) + ev'(x, %) € (Hé(Q))N. Using this as a test function for

equation (4.34), we get

| @ e e do+ | A@VETET do = (07 g e
(4.36)
First,

Aﬁ@dwmﬂm:/ﬁ@dﬂmﬂm

Q

Ous ous
Second, e(uf);; = % ( =+ _ag;) two-scale converges to
J i

1 /o) 0u)  oul  Ouj . 1

where

0 _ 1 i J 1 — ? _J

Since C(y) € (EOO(Y))NQ, C¢e(v®) can be used as the test function for the two-scale
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convergence of e(u®), we then get

}:i_r)% QC’E(x)e( u) e(v) der = |Y|// %) + ey (uh)) (e (v°) + ey (v")) dyda.

We already know from the end of Section 4.4 that

E—

lim AEVQDEchaVU (x —) dx
1

= —//A(y)(Wpo+Vysol(x,y))(vxsoo+Vy901(fv,y))
Y JaJy

(V0" (z) + Vyo'(z,y)) dydz.

In addition,

lim £, v%) e-12ean /2oy = (0 g1/ v a2y

Hence by passing to the limit in equation (4.36) as € — 0, we finally get

[Y] / / %) + ey (uh)) (ex(0°) + e, (")) dydz

IYI / / AW (Vo + Vi (2,1)) (Vo + Vy' (2,7))

(V' (z) + Vo' (z,9)) dyda

= <f (% > H=1/2(D))N (H1/2(Tg))N (437)

Let us show that (4.37) is a variational equation in the space

Moo= [HQ)]" x [ H (V)/R)]Y

and that the hypotheses of the Lax-Milgram theorem are fulfilled. Indeed, endowing
the space H, with the norm

HVHHUZ HUOH?W(Q))N"’_ ||U1H?£2(Q;H§(Y)/R))N7 YV =" v') € Ha,
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the bilinear form defined by

UV =57 [ [ Cdest) + ey )) exl) +e,(0%) duda

is then continuous on H,,.

Since C(y) € M(aq,a0,Y),
£.(U,U) |Y|//Z e ()i + ey (u')yy)” dydz. (4.38)
3,7=1

Observe that

//Z ea(u)i; + ey (u')i)” dyde

i,7=1

o e Iy [ [ 35 el ) e

2,7=1
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On the other hand,

N
2// Zex(uo)ijey(ul)ijdyda:
QIY =1
ou; ou}
B _Z// (8% ) Dy Ay
ou; duj
D) Z//Z(a% Z) yi dyde
N
1 ud  Ouf
N> ay](<axj 3 ) ) i
MY ot dyd
E Z//Zayz((axj oe.) )
oy
_ _Z//8Y a:c + 52 ) ulng dS,yda
] (2

AELLEE )

= 0.

Above, we used the periodicity of u!(z,y) with respect to variable y.

Therefore, (4.38) becomes

o 2 2
e00) > 5 (lea) g Hles ) sy,

WV

(H“OH (HY(92)) N+HU1H (L2(QHL(Y)/R)N )

= |l

This gives the coerciveness of £,(U,U). Furthermore, the following mappings are
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linear and continuous on H,,,

Lo (0%0Y) = (£,0") gem12many /(o
2: (0" — / / (Vae” + V' (2,9)) (Vg + Vye' (2,9))
(V' (z) + Vyo'(z,9)) dyda.
Now, we can apply the Lax-Milgram theorem to obtain the existence and the unique-
ness of (u’,u') € H, as a solution of (4.37). Choosing first v* = 0 and after v' = 0,
we see that equation (4.37) is equivalent to the following problem,
(
=V, (C)Vyu') =V, - (Cy)Vou’ + Ay) (Ve + V') (Vo + Vi),
—V, - / Cy)(Vau" + Vyu') dy =V, - / AW)(Vae” + V') (Vg + V') dy,
Y Y

U C(y)(Vou’ + Vyu') + A(y)(Var” + Vo ) (Vo + Vyp' ) dy | n = [ on Ty,
Y

Ku:0 on I's.

(4.39)
Recalling that
N
0"
S
i1 ij
then
AW)(Vag’ + Vo' ) (Vo + Vi)
0 Opt\ (000 Ot
—  Aly).
(W)ijos <8$a + MYa Oxg + 0yg
0 . 0 0 . 0
— Ay Op B OXx Op dp _ OXn Op (4.40)
0ro Oy Oyr ) \Oxg  Oys Oy
dp° d¢” Oxn 0p° 0p° OXk 0¢° 0p"° Xk OXn, 0" 0"

- Az « — Ay — Ao e .
i Baxa Oxg i 56@/5 oyn (%a i 68% oY al'g + Ay ﬁ@ya 0yg Oyi, Oz,
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If we define
Xk IXn IXx OXn
Bijkn = Aijkn — Aijin—— — Aijii—=— + Aijasa— 5>
Jkh Jkh jlh oy ki o0 + Ajj ﬂf)ya s
and let x* = (x* ..., xA") be the solution of
O 0C;
— i C’lem —Xl = Jhh ln Q,
Jy; Y Jy;
X Y — periodic,
My (x™) =0,
= (XA XA be the solution of
oxr" 0B;;
0 (o T B
dy, OYm 9y,
X Y — periodic,
My (X™) =0,
then u!(z,y) can be expressed as
oul 0® O¢°
1 _ kb NYYE ckh, N7 -
w(z,y) =x"(y) . (@) + X" (y) 0 ) 3 ().

Plugging (4.44) into the second equation of (4.39), we get

8_335 m 0Ty, OYm Oxp,  Oym Oxp Oxp
Now, define
1 axkh
C'gkh = v /Y Cijrn(y) + Cijlm(y)ay—lm d
and
1 ox™

_7|Y iy g %

0 kh 5,0 “kh 5,0 9 0
0 [ 1 /Oijlm(y) <8ul N ox;" ouf N oX;" 0 O )—I—B
Y

0 0
O’ Oy p

i —— ——
* 8xk aLCh

(4.41)

(4.42)

(4.43)

(4.44)

=0.

(4.45)

(4.46)
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the homogenized equation for u°(z) is then
—V - (CHVU + ATVOVEY) =0 in Q,
(CHVU + AHV V) -n=f  on T, (4.47)

u =0 on I'.
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Chapter 5

Numerical Results of Lamination

5.1 Basic Formula for Laminates

In this chapter, we will apply our reduced model to one of the idealized micro-
structures: the laminated and sequentially laminated structures. The simple mi-
crostructure of laminates allows us a simple computation for the effective properties.
The motivation of this study is threefold. First, in small deformation elasticity and
electrostatics, in the linear (e.g., [32]) and the nonlinear (e.g., [14, 21]) regimes, these
materials are extremal. Thus the results for these microstructures provide straight-
forward estimates for the possible range of actuation strains, energy densities and
breakdown fields. Second, the understanding of the lamination results shed some
light on more complicated microstructures. Finally, we note that in plane strain con-
ditions, laminated structures can provide good approximation for fiber composites.
Thus for example, these results can be used to determine the response of EAPCs with
carbon nanotubes inclusions.

We note that this chapter is similar to the independent work of deBotton et al.
[15].

Let us now consider a laminate composite made out of two electroactive polymer
materials as in Figure 5.1. One of the constituent material has a relatively low electric
and elastic modulus and is referred as the compliant material. The other one has a
relatively high electric and elastic modulus and is referred as the stiff material. We

denote by € the lamination angle. It is the angle between the interface of the two



90

A
\6

compliant
material

Figure 5.1: Two dimensional laminates.

st lﬂ
material

constituent materials and the positive direction of the x; axis. The tangential vector
of the interface is t = (t1, ) = (cosf,sin ), and the normal vector of the interface is

n = (ny,ny) = (—sinf, cosf). We take the distribution of material properties as
Dielectricconstant — H;; = HEx + HixC,
Elasticmodulus  Cyji = Cfpy X+ Clig X, (5.1)
Electromechanical coupling  Ajjr = A X° + Afju X5
where x¢ is the characteristic function of the region occupied by the compliant mate-
rial and y® is the characteristic function of the region occupied by the stiff material.
Note the tensor H here is g/ + H in the previous chapters. The volume fractions are

A¢ and A\ respectively. \* =1 — \°

The reduced model in Chapter 3 gives the equation of the electric field
V- (HVy)=0 (5.2)

subject to (V) = E. The solution for (5.2) with H in (5.1) is piecewise constant.

Denote the electric field Vi in the two materials by E¢ and E* respectively, equation
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(5.2) reduces to
NEC+ NE* =,
(E°—E?®)-t=0, (5.3)
(H°E®— H°E?®) -n=0.
The physical meanings of the above equations are clear. The first equation says
that the average electric field is £. The second equation comes from the fact that
the electric field is continuous along the interface. The third equation says that the
electric displacement is continuous across the interface.

Equation (5.3) has four unknowns with four equations and the solution can be

verified to be

E°=B°E = (I —nn" + ant” + cnn" H*) E,

E*=B*E = (I —nn" +ant” + cnn" H) E, (5.4)
where
T(NSH®+ XH®)t
o= L WH A NE)E (5.5)
nT (NHe¢ 4+ XH®)n
1
o=

T (\sHe + MHs)n'
Thus the average electric displacement is

HE = XNHE‘+NHE®

— XH°B°E + NH*B'E = (\°H°B° + N*H*B*) E. (5.6)

Therefore, the effective dielectric constant for this laminate is

H = X\H°B° + \*H*B". (5.7)
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With the electric field solved, the equation for the elastic field u is
V- (CVu+ AVpVp) =0 (5.8)

subject to (Vu) = €. Again, the above equation has a piecewise constant solution. If

we denote the strain tensor by ¢ and € in the two materials, (5.8) reduces to

A€C + N’ =€,
tT (¢ —€) t =0, (5.9)

(Ce + AECES — C%€® — ASE*E*)n = 0.

The first equation specifies the average strain. The second equation is the kinematic
compatibility. The third equation gives the traction continuity. From the first equa-

tion of (5.9), N
€ — A\%¢
s — . Nl
€ e (5.10)

Plugging (5.10) together with (5.4) into the second and the third equation of (5.9),

we get the equation for €,

tTect =tTet,
(5.11)
(AC®+ X°C*) en = Cen — X* (A°B°EB°E — A*B*EB°E) n.

In Cartesian coordinates the strain and stress tensor are represented as 2 X 2 sym-
metric matrices. To solve (5.11) conveniently, we represent them as three dimensional
vectors, where each element of the vector is related to a corresponding element of the
matrix. Accordingly the constitutive relation linking the stress and strain components

can be rewritten as

T11 01111 01122 \/501112 €11
T22 = 02211 02222 \/502212 €29 . (5-12)
\/57'12 \/§ Cion \/§ Ciao2 2C1912 \/5612
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Remark 5.1 Above, we give a way to transform a fourth order tensor into a sec-
ond order tensor. For the elastic modulus, since it has a symmetry property as
Cijtt = Ciint = Chriij, we get a symmetric matriz. But for the electromechanical
coupling tensor, we only have A;jp = Aji = Aiji, its corresponding matriz could be

nonsymmetric.

For any 2 x 2 matrix &, denote by & the vector created from ¢ as follows

11
22
\% (&12 + &a1)

78
I

Then if we let T be the row vector generated from matrix ¢¢7, the first equation in
(5.11) can be rewritten as

Te =TE, (5.13)

where € and € is the column vector form of tensor € and €.

Define
D’S’LL)H = A?jk’l Blim Blsn n; — Agjkl Bl?m Blcn nj,
W = (X Gy + 2 Clg) 154 (5.14)

Vk(ll )= Csjkl nj,

)

and denote by d, w®, v the row vector form of matrix D@, W® and V' respec-

tively. We now construct matrices using these row vectors as follows:

T T 0
R = w(l) 75 = v(l) ’P = )\Sd(l)
w(2) U(Q) )\Sd(?)

Note that 0 is a 3 component vector in the expression of P.
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Using these new notations, equation (5.11) can be rewritten as
Ré& =Sé+ PE (5.15)

with E the column vector form of matrix EET. Clearly, the solution for equation
(5.15) is
&=RI'Sé+R'PE. (5.16)

Let @ be the matrix form of the fourth order tensor
A" Aija B Bin + X Ajjg Bin B
the average total stress is then

AC%C _|_ )\S 7’_8

=K
I

= MNCE+NC¢+QF
= [C*+ X (C°—C*)R'S] ¢

+[x(C—C)R'P+ Q] E. (5.17)

Thus we obtain the effective tensor C' and A as

Qe
|

o 1 X (C°— C°) RS,

N
I

X (CC=C*)R'P+Q. (5.18)

Now, assume an external electric field E. is applied on this composite. Let Eo

be the column vector for matrix EeFL,. The electric field induced strain for the

ext”

laminate is then given by:
strain = —(é)*ljl Eeoxt. (5.19)

We can compute the effective property for any rank-n laminates by iteration.
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5.2 Numerical Results

Consider a rank-1 laminate made out of a homogeneous stiff material (2) with a high
dielectric constant and a homogeneous compliant material (1) with a low dielectric
constant. Assume that both materials have the same electrostatic strain response
(i.e., the ratios of the shear to the dielectric modulus are the same). For numerical
studies, we consider the following values consistent with experimental observations as

in [15]:

AW = 10e,, A = 1000e;
oV = 105MPa, ¥ = 10° MPa; (5.20)

pM =10MPa,  u® = 1000 MPa.

Above g is the free-space permittivity (8.85 x 1072 Fm™'), a is the Lame modulus,
w is the shear modulus. We take the Lame modulus (thus the bulk modulus) very
large, so that the materials are nearly incompressible.

As mentioned in Zhang et al. [42], a large external electric field is needed to gain
a practically meaningful strain. A simple computation shows that for the above pure
materials, the longitudinal strain is 2.212% under an external field of 100 MV /m.

Now, let us examine the longitudinal field-induced strain for the rank-1 laminate.
Assume in formula (5.19) that the external electric field is in the [0, 1] direction. We
are considering the longitudinal strain in the vertical direction, the [1,0] direction.
Figure 5.2 shows the longitudinal field-induced strain €;; as a function of the lam-
ination angle # and the compliant material volume fraction A, we see that the
maximum longitudinal strain is achieved at A = 0.5, # = 0.66m and has a value of
2.4768%. This means we can achieve as much as a 12% increase of the longitudinal
strain compared to each of the constituent material by making a rank-1 laminate.
We also observe that the longitudinal strain depends significantly on the lamination
angle ¢, but little on the volume fraction of the compliant material. To be accurate,

the longitudinal strain depends on the relative angle between the applied electric field
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Figure 5.2: Effective longitudinal field-induced strain for rank-1 laminates

and the interface. If we fix the interface at 6 = 0, apply an electric field of different
directions to the laminates, we get exactly the same strain in the electric field perpen-
dicular direction as Figure 5.2. This means the rank-1 laminate is highly anisotropic.
If we apply the electric field in the right direction, we can gain a large strain. In
some other directions however, we get very small strains, even much smaller than the
constituent materials.

While A and A® are the volume fractions of material (1) and (2) in a compos-
ite respectively, we introduce new notations A and )] when we consider multirank
laminates. Assume a rank-n laminate is composed of two materials (homogeneous
or heterogeneous). One of them has a relatively small elastic and electric modulus.
We denote its volume fraction by A{. The other one has a relatively large elastic and
electric modulus. We denote its volume fraction by AJ. We extend this notation to
rank-1 laminates by letting A = A" and A\ = A®). Further, we define 6, to be the

lamination angle of a rank-n laminate.
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Figure 5.3: Two ways to construct a rank-2 laminate.

Now consider a rank-2 laminate. There are two ways to make the laminate. One
is to laminate the rank-1 composite with the pure compliant material (1), as shown
in (a) of Figure 5.3, the other is to laminate the rank-1 composite with the pure stiff
material (2), as shown in (b) of Figure 5.3. For choice (a), no matter how we choose
the volume fraction and the angle, we can get at most 2.72% for the longitudinal
strain. However for choice (b), if we laminate the rank-1 composite (A = 0.98,
0, = 0.667) with the pure stiff material, a very high longitudinal strain of 8.124%
(increased 267.27%) can be achieved at \§ = 0.04, 6, = 0.24. Figure 5.4 is the
longitudinal strain for the rank-2 material as a function of the lamination angle and
the volume fraction for the compliant material.

Observe that a much larger longitudinal strain can be obtained from the rank-2
laminate compared to the rank-1 laminate for the same amount of compliant material
at A1) = 0.04. Further, the rank-1 composite depends significantly on the lamination
angle, but little on the volume fraction of the compliant material. In contrast, the
rank-2 laminates depend on the lamination angle as well as the volume fraction of
the compliant material. We now explain the underlying reason for these differences.

Inside the laminates, the electric fields satisfy equation (5.3). This results in
fluctuation of the electric field. The electric field in the compliant material is quite
different from that in the stiff material. Figure 5.5 is the norm of the electric field in

the compliant material for rank-1 laminates. We can see that the electric field in the
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Figure 5.4: Effective longitudinal field-induced strain for rank-2 laminates

compliant material gains a very large increase when \¢ is very small. The direction of
the electric field also changes with the angle of the laminates. However, the electric
field in the stiff material behaves quite differently. Figure 5.6 is the norm of the electric
field in the stiff material. To explain the difference between the electric fields in the
compliant material and the stiff material, let us look at (5.4). The main contribution
for each electric field comes from the last term in (5.4). For the compliant material

this term is approximately

h* 1
AShe 4+ Achs  \sBS 4 \e”

(5.21)

Because of the large ratio of the dielectric constants of the two materials, when \° is

small, this term becomes very large. Meanwhile, the contribution of this term to the



99

100

| E | in the Compliant Material

Figure 5.5: The norm of the electric field in the compliant material for rank-1 laminates

electric field in the stiff material is approximately

h¢ 1
)\shc_|_ )\chs )\c% +)\s

(5.22)

h®

7o, this term almost contributes nothing to the

Again, because of the large value of
electric field in the stiff material. Thus the electric field in the stiff material is always
smaller than the average electric field.

In the expression of the effective coupling (5.18), the second term is

Q = NA°E°E° + N A°E°E°. (5.23)

This is the average of the Maxwell stress. As we have shown, the electric field in
the compliant material increases significantly when A¢ is small. However, since there
are two small factors in front of the product of E°E€ the average Maxwell stress

behaves the same way as the effective compliance modulus. Figure 5.7 shows the 11
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Figure 5.6: The norm of the electric field in the stiff material for rank-1 laminates

component of the average Maxwell stress and the 1111 component of the effective
compliance. Clearly the average Maxwell stress and the elastic modulus behave in
the same way qualitatively. Physically, when A\ becomes smaller, the Maxwell stress
becomes bigger. But the whole material becomes stiffer. Therefore, this part of the
contribution to the effective longitudinal strain does not change very much with the
volume fraction of the compliant material.

The first term in (5.18) is the contribution from the fluctuation of the Maxwell
stress as we can see from its equation (5.9) (or equation (5.11)). Basically, the differ-
ence of the Maxwell stress in the two materials provides a stress for the small scale
deformation in the laminate. The force in the compliant material on any surface with

normal vector n is

— N (A°ECE® — AE*E*)n. (5.24)

Let n be the angle between this force and the normal vector n, Figure 5.8 gives the

norm and the angle n of the force as a function of the lamination angle # and the
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Figure 5.7: The 11 component of the average Maxwell stress and the 1111 component of the
effective compliance in rank-1 laminates.

Norm of the Surface Traction

Figure 5.8: The norm and the angle of the surface traction in rank-1 laminates.

volume fraction \°. In the first figure, the force becomes very large when \° is small.
This is natural, because now we do not have a small factor \° in front of the big
product E¢E°. However, in the rank-1 laminates, the small scale deformation caused
by this force turns out to be very small. The answer lies in the angle n of the force.

From the second picture of Figure 5.8, the direction of the force is exactly the
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same with the normal vector of the interface. Actually,

A°E°E‘n
— WE°® En=hE(E) n
= h°(E°-n)(I—nn" +ant” +cnn"H?) E
= h(E°-n)E+h°(E°n)(at"E+cn"HE —n"E)n

= hh’c(n-E)E+h*(E°-n)(at"E+cn"H°E—n"E)n. (5.25)
Similarly,

A’E*E®n
= WE*® E*n=h°E*(E*)"n
= K (E*-n)(I—nn" +ant” +cnn"H) E
= KW (E* n)E+h*(E° -n)(at"E4+cn"HE—n"E)n

= Whc(n-E)E+h*(E°-n)(at"E+cn"HE —n"E)n. (5.26)

Deducting (5.26) from (5.25), we end up a vector along n direction. Now the force
is along n direction, but the first equation in (5.11) says that there is no strain in
t direction. In addition, the material is incompressible. Putting these together, it
is difficult for this big force to contribute anything to the strain in the compliant
material and the stiff material.

Thus, in the rank-1 laminate, the main contribution of the longitudinal strain
comes from the product of the average Maxwell stress and the effective compliance
modulus. From the above analysis, it does not depend on the volume fraction very
much, but depends on the direction of the interface. The contribution from the small
scale oscillation is small. Now, look at the rank-2 laminate. In this laminate, one of
the materials is the rank-1 composite with 2% stiff material. This laminate is soft and

has a low dielectric constant. Thus, we still have high contrast between the dielectric
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Figure 5.9: The norm of the electric field in the compliant material and the stiff material for
rank-2 laminates.

modulus of the two materials. Therefore, as shown in Figure 5.9, the norm of the
electric field in the compliant material and the stiff material still behaves the same
way as in the rank-1 laminates. So are the average Maxwell stress and the effective
compliance (Figure 5.10). The contribution of the average Maxwell stress term to the
longitudinal strain is shown in Figure 5.11. The qualitative property of this part is
the same as that in the rank-1 composites.

However, the contribution from the small scale oscillation is quite different in the
rank-2 laminates. Figure 5.12 shows the norm and the angle n of the force on the
interface in rank-2 laminates. From the first figure, the norm of the surface traction
increases significantly when A° is small just as in the rank-1 laminates. However, the
direction of the force is no longer the same as in the rank-1 case because of two reasons.
First, the dielectric constant is no longer isotropic for the rank-1 laminate. Second,
the electromechanical coupling for the rank-1 laminate is not related to its dielectric
constant anymore. Now, if we choose the right lamination angle, there is a big shear
stress in the compliant material and the compliant material will generate a large shear
strain under this big shear stress. Thus the fluctuation of the Maxwell stress creates
a small scale deformation field in the laminates. This is a major contribution to the
longitudinal strain.

Clearly, in the rank-2 laminate, between the two terms composing the effective
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Figure 5.10: Average Maxwell stress and effective compliance in rank-2 laminates.

longitudinal strain, the contribution from the small scale oscillation is much larger
than that from the average Maxwell stress. But to generate the small scale defor-
mation, using a compliant material with an anisotropic dielectric constant is very
crucial. We did not get a big increase in the longitudinal strain in the rank-1 lam-
inate, but we create a compliant material with anisotropic electric property, which
has a relatively bigger component in the direction of the external electric field. This
reminds us to use an anisotropic material in the rank-1 laminates. Actually, if we
use a compliant material with dielectric constant as Hﬁ) = 10¢, Hg) = 20¢g, the
longitudinal strain for the rank-1 laminates is shown in Figure 5.13. We gain a strain
as large as 12.5952% when A{ = 0.02,60; = 0.787 in this case. Of course, it is very
crucial to choose the right lamination angle as well as the volume fraction.

In the previous rank-2 material, the ratio of the stiff material is about 96%. It
is not a practical material to use. However, this composite can be used as a stiff
material to laminate with the pure compliant material again. The longitudinal strain
for such rank-3 laminates is shown in Figure 5.14. Again the longitudinal strain does
not depend on the volume fraction significantly for the same reason as in the rank-1
laminates and we gain a longitudinal strain of 10.241% at A§ = 0.9 and 03 = 0.527.
This material is a compliant material.

Now, laminate this compliant material with the pure stiff material again, and we
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Figure 5.11: Contribution of the average Maxwell stress term to the effective longitudinal strain

get rank-4 laminates. The effective longitudinal strain is shown in Figure 5.15. Again,
for the same reason as in rank-2 laminates, a dramatic increase in the longitudinal
strain is achieved at A{ = 0.06, 6, = 0.16. With the strain increased to 29.632%,
that is 13.4 times of the strain generated by the pure materials. This material is
a stiff material again. And we can laminate it with the pure compliant material.
If we keep doing this alternate lamination, the effective longitudinal stain increases
very quickly. Figure 5.16 shows the strain as a function of rank n. The stars are
the effective longitudinal strain as a function of the rank n, the bottom line is the
function f(n) = 3"2 . It appears that the strain becomes unbounded with increasing
n.

The alternate lamination as shown in Figure 5.17 is very crucial in this process. If
we keep laminating the rank-n composite with the compliant material, we will not get
any increase of the strain after several steps. The reason is as follows. The effective
longitudinal strain depends very much on the fluctuation of the electric field, which is
generated by the high contrast of the dielectric constants. If we keep doing lamination
with the compliant material, we will end up laminating two compliant materials with

low dielectric constants eventually. Therefore we do not get the fluctuation of the
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electric field any more.

During the alternate lamination, the same pattern occurs. Whenever we laminate
the hard composite material with the pure compliant material, the effective longi-
tudinal strain behaves similarly to the rank-3 laminates. It depends significantly on
the lamination angle, but little on the volume fraction. Whenever we laminate the
soft composite material with the pure stiff material, the effective longitudinal strain
behaves similarly to rank-2 laminates. We gain a dramatic increase in the strain, and
it depends both on the volume fraction and the lamination angle.

This exciting potentially unbounded strain is only a theoretical result. In practice,
it is hard to make multirank laminates. Besides, there is always a breakdown field
for each material. From the above analysis, we gain a very high longitudinal strain
because a very high electric field is generated inside the compliant material. Actually,
in the above rank-2 laminate, the electric field in the compliant material is about 10
times of the external electric field. Therefore, the effective breakdown field for the
composite decreases. In the above process, each time we gain a dramatic increase
of about 300% in the effective longitudinal strain, the breakdown field decreases by
1/10.

Clearly, if both materials have their own breakdown fields, no matter how we

construct the microstructure, the average longitudinal strain can never exceed the
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Figure 5.17: Alternate lamination to get an infinite strain

maximum value of the longitudinal strains that the two materials can achieve under
their own breakdown fields.

To illustrate the importance of the high contrast of the dielectric constants, we
compute two extreme cases. In the first one, we choose two materials with A1) = 10e,,
h® = 10h™ and p® = 10MPa, u® = 10u™. Figure 5.18 gives the longitudinal
strain for the corresponding rank-2 laminates. We get a maximum strain only to
2.4571%.

In the second case, we laminate two materials with A = 10gy, h® = 1000~V
and p¢ = 10 MPa, u® = 1000uY. The effective strain is shown in Figure 5.19. In
rank-1 laminates, the maximum strain is 2.48%, achieved at A\{ = 0.52,6; = 0.347. In
rank-2 laminates, the maximum strain is 38.3807%, achieved at A§ = 0.02,6, = 0.27

and A{ = 0.98,6; = 0.667.
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Figure 5.18: The longitudinal strain of rank-2 laminates with low contrast of dielectric modulus.
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Chapter 6

Numerical Results for Particulate
Composites

In Chapter 4, we derived the effective property for the dielectric composites with
periodic microstructure. (4.45) and (4.46) give the effective elastic modulus and
the effective eletromechanical coupling coefficient. If we apply a 100 MV /m external
electric field in [1,0] direction on the composites, the effective longitudinal strain in

0, 1] direction is

Coai; Al (6.1)
From (4.46)
Al = L/ Biju(y) + C; lm(y)ailn dy (6.2)
1511 |Y| v J J aym ’
where
X1 ox1 ox1 0x1
s I gy T gy T 9y Dy (6:3)

As we can see from (4.19), the physical meaning of x; is the small scale electric field
in the unit cell generated by the oscillation of the dielectric constant if the average
electric field is [1,0]. Thus from (4.40), B;j1; is the distribution of the Maxwell stress
in the unit cell if the average electric field is [1,0]. x!!' is then the deformation field
in the unit cell caused by the oscillation of the Maxwell stress B;;1; as we can see
from (4.43). Therefore, Agn is composed of two terms; the first term is the average
Maxwell stress in the unit cell, the second term is the contribution from the small

scale oscillation of the Maxwell stress.
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Before the more general computation of particulate composites, we use this for-
mula to compute the effective strain of the lamination geometry. Numerical experi-
ments show that the results given by the finite element computation match with the
results in chapter 5 for at least 6 digits. This provides a simple test for our finite
element program.

Consider a unit cell [0, 1] x [0, 1] and a composite with a microstructure as follows.
In the unit cell, the stiff material inclusion is surrounded by the compliant material.
The stiff inclusion has a geometry of ellipsoid. The properties of the two materials

are similar to those in the laminate computation. We take

A = 10e,, h? = 1000ey;
oV = 5000 MPa, «a® = 5000 MPa; (6.4)
pY = 10 MPa, 12 = 1000 MPa..

Choose the axis lengths of the ellipsoid as a = 0.40, b = 0.09. The volume fraction for
the stiff material is about A = 0.1131. By the numerical computation, the effective
longitudinal strain is 3.31%. Compared with the 2.209% strain of the pure compliant
material, this gives an almost 50% increase. Figure 6.1 shows the electric field caused
by the oscillation of the dielectric constant in the unit cell. Figure 6.1(a) is the first
component of the electric field. Figure 6.1(b) is the second component of the electric
field. Clearly, the oscillation of the dielectric constant causes a fluctuation of the
electric field in the unit cell. The electric field in the stiff material is small. However,
there are two hot spots near the ends of the ellipsoid in the compliant material.
Because of this high electric field, the compliant material near that area is squeezed
significantly, as we can see from (a) of Figure 6.2. At the same time, because the
material is incompressible, it is then hardly stretched in the [0, 1] direction as shown
in (b) of Figure 6.2.

Keep the volume fraction and increase the length ratio of the axis of the ellipsoid.
Let a = 0.48,b = 0.075, we get an effective longitudinal strain of 7.29%. It is more

than three times of the original strain. This means the longer the long axis of the
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Figure 6.1: The electric field caused by the oscillation of the dielectric constant.

ellipsoid, the bigger the effective longitudinal strain. The reason behind this can be
seen very clearly from Figure 6.3 and 6.4. In Figure 6.3, the longer the long axis
of the ellipsoid, the narrower the region between every two ellipsoids, the higher the
electric field in that region due to the same reason as shown in (5.21) and (5.22). In
Figure 6.4, the higher the electric field in the compliant material, the harder the soft
material is squeezed in [1, 0] direction and stretched in [0, 1] direction. Thus we get a
larger effective longitudinal strain.

Another factor that affects the longitudinal strain significantly is the distance
between the inclusions. Figure 6.5 and 6.6 is the electric field and the deformation
field in the unit cell if the distance between two a = 0.48,b = 0.075 ellipsoids is % We
get a longitudinal strain of only 5.6% in this case. The reason is as follows: when
the distance of every two ellipsoids becomes smaller, the material becomes very hard
to be squeezed. If we look at (b) of Figure 6.6, the compliant material between the
two ellipsoids is being pushed up and pulled down simultaneously, these two effects
cancel each other and weaken the squeezing effect. Table 6.1 is the longitudinal strain
for different distances between the ellipsoids. The strain increases with respect to the
distance at first, then goes down at a certain distance. This is reasonable, because
once the distance is too large, part of the compliant material between the ellipsoids is

out of the squeezing zone. Thus the longitudinal strain will decrease with the increase



Figure 6.3: The electric field caused by the oscillation of the dielectric constant.

of the distance after that.
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Figure 6.5: The electric field caused by the oscillation of the dielectric constant.

distance | 0.25 1 0.333 | 0.5 | 0.7 | 1.0 | 1.2
strain | 3.75 | 5.60 | 5.90 | 6.72 | 7.29 | 6.34

Table 6.1: The longitudinal strain as a function of the distances between inclusions
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Figure 6.6: ¢;; and ez caused by the fluctuation of the Maxwell stress.
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Chapter 7

Conclusion

Electroactive polymers (EAPs) offer unique capabilities in the form of flexible and
lightweight actuators. However, current EAPs suffer from either high operation field
(such as SRI dielectric elastomer) or inadequate strain level (such as the electrostric-
tive PVDF terpolymers, transverse strain of ~ 5%). Recent experimental work sug-
gests that this limitation can be overcome by making composites of flexible and high
dielectric modulus materials. One approach is to make electroactive polymer com-
posites (EAPC) by combining an elastomer with a high dielectric or even conductive
material [43, 22, 23|. This thesis provides a theoretical study of such composites.

The first accomplishment is the rigorous derivation in Chapter 3 of an approximate
model of deformable dielectric EAPs which preserves the quadratic elelctrostrictive
coupling between strain and electric field. We start from a finite deformation model of
a deformable dielectric EAPs [37] and perform an asymptotic development under the
assumption that the strain is of order € and the electric field is of order 3. We show
that the leading order energy is the electrostatic energy assuming no deformation.
The next order correction is the elastic energy under the forcing induced by the
electrostatic fields through the Maxwell stress. The analysis is carried out using the
notion of I'-convergence and I'-development.

The resulting model is described by two equations. The first is the classical
equation of electrostatics. The second is linear elastostatics where the forcing is
determined by the solution to the first. Notice that the coupling is one way: the

electric field affects the deformation but not the other way. Further, both equations
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are linear; however the forcing term in the elastostatic equation depends nonlinearly
on the electric field. Finally, the result shows why the electrostrictive coupling is
necessarily weak: the leading order energy is independent of deformation.

The second accomplishment of the thesis is a rigorous periodic homogenization
theory in Chapter 4. The analysis used the two-scale convergence method developed
by Allaire [3]. Recall that the elastic forcing depends quadratically on the electric
field. Consequently the overall deformation depends on the square of the electric
fluctuation. This can be very large in a heterogeneous material and accounts for
the unexpected experimental observations. This result is consistent with that of Li
27, 26] and [15].

This result is complemented with a study of laminate composites. Numerical com-
putations and analysis reveal several important facts about the laminate composites.
First, a larger longitudinal strain can be obtained by laminating compliant material
and stiff material with high dielectric contrasts. Second, between the two terms com-
posing the effective electromechanical coupling, the contribution from the oscillation
of the Maxwell stress plays a key role to enhance the effective longitudinal strain. The
mechanism is as follows. The composites have different dielectric properties which
cause the fluctuation of the electric field. A much larger electric field is then gen-
erated in the soft material. On the other hand, the electric field together with the
Maxwell stress in the hard material are relatively small. Thus we get a big jump of
the Maxwell stress between the two materials. This provides a force for a small scale
deformation field which contributes significantly to the effective longitudinal strain.
While the fluctuation of the electric field provides a mechanism to increase the longi-
tudinal strain, it also decreases the effective breakdown field. Another suggestion is
that an infinite longitudinal strain can be achieved by making sequential laminates.

Finally the thesis describes numerical experiments on particulate composites with
periodic microstructures. For different geometries, we compute the unit cell solu-
tions, and then the effective longitudinal strain using the effective properties derived
in Chapter 4. Numerical results shows that we can get a much larger effective longitu-

dinal strain from fiber like inclusions. The mechanism here is still the oscillation of the
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electric field as in the laminate case. The difference is that there is a strong squeeze-
stretch effect besides the shear stress. This squeeze-stretch effect is not present in
the laminate composite and maybe the reason for the larger strain of the particulate
composite than the laminate composite.

While this thesis gave a theoretical framework for the dielectric elastomers, it
is by no means the end of the story. One promising direction is to incorporate
the breakdown field. As we analyzed in Chapter 5, if both materials have their
own breakdown fields, no matter how we construct the microstructure, the effective
longitudinal strain can never exceed the maximum value of the longitudinal strains
that the two materials can achieve under their own breakdown fields. However, this is
a very loose bound. Thus the maximum effective longitudinal strain and the optimum
microstructure under the constraint of breakdown fields is an interesting and open
problem. A second open problem is the validity of the assumptions that lead to the

approximate model in this thesis.
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Appendix A

Small-strain Model for
Piezoelectric Material

A.1 Assumptions and Results

For piezoelectric elastomers, we assume the energy density function W satisfies A;

and Aj in Chapter 3 plus the following conditions:

By. Assume that there exists a constant ¢ independent of x, F' and py, such that

W (x,1,po) = cpo- po (A1)
and
W (x, F,0) > cdist(F, SO(N))>. (A.2)
Bs. Denote
2 2 2
oW _ A oW _ g, oW _C
aanF F=I ap% F=I OF? | r=1
Po=0 po=0 Po=0
We assume
1 1
§C(Vu)2 + §H_1p(2) + AVupy = 0, (A.3)

for any Vu and pg. In addition, the functional

1 1
0= /Q §C(Vu)2 + §H_1p(2) + AVupy dx (A.4)
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is lower semicontinuous.

B3. Assume there exist constant p; and py such that for [po| < p1, |G| < p2, we have

-1

H
}W(xvj—i_G:pO)_ 92

< a(o) w1(|G|, |po|) Ipol* + b(x) w2(|G|7 |P0|) lel

1
Po - Po— §CGG — AGpo }

Here wy,wy — 0 as [pg| — 0, |G| — 0 monotonically, a(x),b(z) € L} ().

From the scale analysis for piezoelectric material in Section 2.4.2, if both the electric
field and the deformation field are of order ¢, then the electric energy and the elastic

energy are all of order €2. We rescale the energy by £ and define

1
& = —Q/W(x,FE,Epg)dx—l—g—o/ ‘Vygpa}zdy
3 9] 2 RN
€ £ 2 13 (S
e MR R (A5)
RN ¥ (Q)

where ¢° satisfies

Vy [—eoVy(e® +9) + p x(¥°(Q))] =0 in RM\y(D),

(A.6)
p° € D(RV\y*(I)).
Define Z° to be
1 5o 1
70 = QC(VU) + §H Po - po + AVupg dz
Q
+@ |Vg00|2dx+/Vg-podx—@/ |Vg|2d:v, (A.7)
2 ]RN 9] 2 RN
in which ¢° is the solution of
A8

¢ € D(RN\I).
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Then we have the following theorem:

Theorem A.1 Assume ) satisfies the strong local Lipschitz condition and belongs to
class B . Suppose the energy density W satisfies conditions Ay to As and By to Bs,
then the functional Z¢ T'-converges to functional I° under the norm WYt for ¢ and

the L2(Q) weak norm for pj.
In addition, we have the following compactness result.

Proposition A.2 Under the same condition as in Theorem A.1, assume further the
material is pined on part of the boundary. Then if the energy functional Z¢ is bounded,

there exists a constant c, such that

<c and Hpg _pOHLZ(Q) <c.

H Fe—1
£2(Q)

3

In addition, we have F* — Iin L'().
As a direct corollary of Theorem A.1 and Proposition A.2, we have

Theorem A.3 Assume () satisfies the strong local Lipschitz condition and belongs to
class B . Suppose the energy density W satisfies conditions Ay to As and By to Bs.
If y*, pg satisfies

I°(y°,py) < inf  I°(2%,q) +e,

z£ewlit(Q)
a§eL?(Q)

ut = é(y6 — x) weakly convergent to u in WH(Q) and p5 weakly convergent to py in

L2(2), then
1. Io(u7p0) < Io(vvq0)a Vo € WLQ(Q)’ do € LQ(Q)i

2. lim._oZ%(z + eu®, p§) = Z°(u, po).

A.2 The I'-limit of the energy functional

Proposition A.4 (Lower bound of the energy functional) Assume Q satisfies

the strong local Lipschitz condition and belongs to class B™. Suppose the energy
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density W satisfies conditions Ay to As and By to Bs. Then for any sequences y* — x
in WH(Q), Vu = 1V (y* — 2) = Vu in L2(Q) and p§ — po in L*(Q), we have

limZ¢ > 7°.

e—0
where I°¢ is defined in (A.5) and I° is defined in (A.7).

Proof In this proof, we take ¢°(y) as ¢° (gf(x)) = g(z), the same as in the proof of
Proposition 3.8 and 3.14.
Exactly as in the proof of Proposition 3.14, we still have

/ Vyg° -p°dy — / V.9 - podx as ¢ — 0, (A.9)
y= () Q
- E ‘Vyg | dy — ——/ ‘ng‘ der  as € — 0, (A.10)
and
llm Vy© - Vo dy > V.0 - Vo da. (A.11)
RN RN

The only thing we need to prove is that for any u® — u in H'(Q2) and p§ — pp in
L2(Q),
e—0 52

1
hm—/W x, F* epy ) dx / C’VUVU—I—2H po-po+ AVupydr. (A.12)
Q2

Applying the truncation lemma to u® with m = 1, M = M. yields truncation function

v, which satisfies

V| <A, 1< A<M,
and
N|Zo| < ln(jW)’ where Z, = { z : u*(z) = v°(x) }.

Now, define another set Z,, for some (). — +00 to be decided later by,

Zy={zeQ:|p(x)] < 5Q }.
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Denote by Z;, Z; the complements of Z,, Z, in () respectively.
Assume

Q. < plefl, M, < p2€’1,

then

‘EVUE‘ = }6V7J5‘ <eM. < py on set Z,,

‘€p8| < Q< ;m on set Z,.
From assumption B3

1
g—Q/W(Jc,I—i-sVus,epg) dx
Q

1
= — W(x, I +eVu®, epy) de

2
€ Jz.n7,

1
+—= W(x, I+ eVu, epg) dx

2
€ Jzguzg

WV

1 1
/ —CVv Vo + —H 95 - pf + AV p dw
ZuNZ. 2
ul1Zp

—/ a(z) w1 ([Vo] elpgl) p5I* + b(x) wa (e Vo7, elpg]) [V d
ZuNZy

WV

1 1
/ —CVv Vo + —H 'pf - pf + AVo°pf da
ZuNZp 2
—c (w1(eMe, £Qc) Q2 + wy(e M., £Q.) M?).

Choose

M. = min{e7%, wy(e2,e2) 71, |2 71},

)75},

N|=
N|=

Q. = min{e_%,wl(e €

then wy (e M., eQ.) Q? + wy(e M., eQ.) M? — 0 as e — 0.
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Thus we get
1 € (3
—Q/W(x,f+6Vu ,Epg) dx
e Ja
1 € € 1 —1,¢ £
> —CVv* Ve dx + —H ™ "pj - pydx
02 ZunZp 2

1
—l—/ AVvepgdx — / ~CVv*V© dz.
ZuNZ,p Z5UZ5

Observe that

=

— 0, as e—0,

/Zc %CWW do < e|Z5| M2 < e (1Z5])

/.

On the other hand, we have pj x(Z, N Z,) — po. Actually for any h(z) € (£L2(Q))V,

and

%CVUEVUE dr < c)\g ‘ZS! < 0.

c
H
In M.,

c
u

/Qh(x) -po(x)dr =lim | h(z)pg(x)dx

e—0 Q

= lim p5(2) - h(x) dz + lim p5(x) - h(z) dx,

=0 2.07, e=0J zeuzg

/Z i) b dn < [ ) gy — 0, s =0

p u

Hence

/Qh(x) - po(z) dx = lim py(x) - h(z) dx,

=0 Jz.nz,
which means p§ x(Z, N Z,) — po. From this and the weak convergence of Vv to Vu,

together with the lower semicontinuity property in (A.4), we get

1 1 1
lim—/W(as,Fa,spg)d:v > / §CVuVu+ —H 'py-po+ AVupyde.  (A.13)
Q Q

e—0 g2 2
Putting (A.9), (A.10), (A.11), and (A.13) together, we have lim. .o Z¢ > Z°. O

Proposition A.5 (The existence of the recovery sequences) Under the same



127

condition with Proposition A.J, there exist a sequence y° — x in WH(Q), Vu® =

IV(y* — x) = Vu in L2(Q) and a sequence p§ — po in L*(Q), such that

limZ¢ = 7°.

e—0
where I°¢ is defined in (A.5) and I° is defined in (A.7).

Proof First, (A.9) and (A.10) still hold for any sequences Vu® — Vu in £2(2) and
p; weakly convergent to py in £2(£2). Next, let us prove that

limg—o/ ‘Vyws‘Qdyzg—o/ V.| de  as e —0, (A.14)
RN 2 RN

if p§ — po in L3(Q).

Denote 5 (v¥(z)) = p)(x), ) € D(RV\D) is the solution of (3.23). Let us derive
the equation for V,¢5 in the y-space for each fixed e and j. Actually, V(y) €
D(RM\y*(I)), define ¥ (y(z)) = ¥5(x), then ¥(z) € D(RM\T'). This is because
V() € L(RY), V,us(e) = EV,0(y) € L(RY) and v3(T) = ¥ (s (D)) = 0.

Now we have

9
| SREI e Vs = [ eVl Vs ds
RN Je RN

]RN

19
= / (—TOFEFETVygE -V + Fop - vyw) dy,
RN €

_ ph(@

where pj (y(x)) = T
Since D (RV\y*(T)) is dense inside D(RM\y*()), LF.FIV,05 € DHRN\y* (D)),
F.p5 € D7H(RM\y#(T')), the above equality holds for any ¢ (y) € D(R™\y*(T')). Thus

the equation for V5 is

£ €
V| TEFIN,g+ TRV, — R x (v () | =0. (A.15)
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Denote by ¢f the solution of

Vy - [—20Vy¢5 — 20V +p5x (v ()] =0 in RN\ (D),

(A.16)
¢; € D(RM\y* (1)),
then the equation for ¢© — ¢f is
Vy - [e0Vye® = eoVyd5 + (0f — ) x(y°(2)) ] =0 in RM\y*(D), A

¢F — ¢ € D(RV\y#(T)).

Thus

HVWE - vy(b;HLQ(IRN)
< v _ijL’?(yS(Q)) < c|lp _pg)“ﬁ(@)
< (6 = poll gy + [lpo = 23]])

— 0 as € — 0 and j — +o0.
On the other hand, the equation for ¢S — ¢f is

Vy - (50vy¢§ - 50vy90§)
= V- 05x(y°(Q) —Vy - Vyg© — &V, - Vi

19 e € 15 £ €
+V, - {joFaFaTVysoj + TOFSFETVyg — Fopix(y (Q))}

& &
= V,- { <70FFT — 501) V5 + (TOFFT — 501> V9 + (I — Fg)pjx(ye(Q))

The right hand side of the above equation goes to zero as ¢ — 0 for any j.
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Now

HVWEHMRN) S Hvy¢§||a2(w) + ”vy?b; - VWEHMRN)
< V85 oy + € (1185 = Poll gy + 120 = Pl o)
< Vil aqamy + 19685 = Vo | oy ¢ (196 = Poll oy + 1o = 2l ey )
< Vel aamy + (19685 cagmry = 1958 oy ) + 19055 = V5 cogamy

+c ( 125 _p0||z:2(sz) +||po _péH@(Q)) .
In the right hand side, for each fixed j, as ¢ — 0

HvygijL?(]RN)_HVISO%H[;z(RN)_) 0,
Hvygoj - Vy¢§||ﬁ2(RN)_> 0,

6 — pOHLQ(Q)_) 0.

Next, let j — +oo, Hpﬂ _%”52(9) — 0. Thus we get ||Vy90€”£2(]RN)< HVyQDOHEQ(RN).

This means as long as ||p§ — p0}|£2(9)—> 0,

lim@/ ‘Vygoafdy:@/ ‘ngp0|2d:v as € — 0.
RN RN

Now, The only thing left is to find a sequence ¢ — u in H'(Q2) and p§ — po in
L£2(Q), such that

1 1 1
lim — / Wz, F¢,epg) de = / —OVuVu + =H 'py - py + AVup d.
e—0 52 Q Q 2 2

Define Z, = {z : |po(z)| < 3Q:} for some Q. to be decided.

We construct pf as

c Po lf xr € Zp,
by =
0 if z¢ Z;.
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Then p§ — po in L2(£2) since

/|P3—Po|2d$ = /‘polzdx—>0 as € — 0.
Q Z}g

We construct the recovery sequence u® as the truncation of u for m =1, M = M. to
be decided. Assume M. < poe™! and Q. < pie~!, then eVuf < py and ep§ < p; on

the whole domain 2. Now we can use Taylor expansion.

1
E/W(x,]—i—sVue,gpg) dx
Q

N

1 € € 1 — (> (> €€
/Q§C’Vu Vu —|—§H pg - pf + AVUSp; d

+ [ oty

1 € &€ 1 — (> (> €€
/Q§C’Vu Vu —|—§H pg - pf + AVUSp; d

“elpg)) [p5]” + bx) ws (e pi) | Ve | da

N

+c (wl(sME, £Q.) Q* + wy(e M., Q) Mf) .
Take

1._1
M, = mm{s 2 wo(e2,e2) 4},

m»—-
m\»—-
N»—-

—

Q: = mln{e 2wy (e

then
wy (M., 2Q.) Q? + wy(eM,,£Q.) M? — 0 as € — 0.

Therefore,

hm—/Wx]—keVu epy) dx

e—0 52

N

1
lim §CVU€VUE + EH_lpg - py + AVuspg dz

e—0 Q

1 1
Q
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(A.18) comes from the fact pj — pp and Vu® — Vu. Actually,

/’Vua—Vu‘zdx:/ |Vu5—Vu‘2dx
Q ze

< 2/ |Vu5|2+‘Vu‘2dx—>0 as € — 0.
Z

This completes the proof. O

A.3 The Compactness of the Electric and Elastic
Fields

Now, let us prove the compactness result for the piezoelectric material.

Proof of Proposition A.2

In this part, we take ¢°(y) the same as in the proof of Proposition 3.5 and 3.6. That
is, assume there exist ) and Q) such that Q) N Q) = @, Q) D y*(Iy), Q, D y*(I'1)
for all e. Define function g(y) € C°(RY) as a fixed function in y-space, satisfying

9(y) = go in Q) and g(y) = g1 in Q. Let g°(y) = g(y) for each e. Then the quantity

3 s Va(y) - Vg(y) dy

is a constant. As in the proof of Proposition 3.5, if Z¢ < ¢, there exists a constant ¢
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such that
€
& > Z€+—O/ V,9]" dy
2 ]RN

1 € £ € g 2 £
= —Q/W(x,F,apO)dx—l——O/ }Vyg0| dy+/ Vg -p°dy
g Q 2 RN yE(Q)

WV

1
= [ W P ) o = 19401 ey D

[62/1/1/51:17E )dr + — /W:z: ,€pg) d }

= l[Vu9ll ey 193] 20

WV

lre c
3 [5—2 1F= = 1]l + 3 lep62ge0] = € 1508 e gy 196120

Thus there exists a constant ¢ such that

Fe—1
€

1Pb]] 2oy <
< ¢,

‘ L2Q)

Fe—1 in L£'(Q).
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