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Abstract

An attempt is made to explain the ionization
bursts containing 400 - 1600 particles observed at high
altitudes in high pressure chembers heavily shielded
with lead, in terms of short-lived neutral mesons pro-
duced by primary protons colliding wifh shield nuclei;
neutrsl mesons instantly decay into photons which ini-
tiate electron cascades in the shield resulting in an
ionization burst inside the chambar. Thé primary inter-
sction is treated by means of a simple model for multiple
meson production which assumes constant eross section,
complete inelasticity and constant multiplicity through-
out the energy region 1011 -1013 ev; 1/3 of the primary
energy is assumed to g0 indo neutral mesons.

The contribution of the soft component of high
energy air showers is estimated and found to be negli-
gible at all altitudes. An analysis of burst data
obtained by Neher and Biehl at three altitudes (307 gm,
616 gm, 1030 gm) then shows that the majority of high
altitude bursts can be explained by neutral mesons pro-
duced in the primary encounter; but not a negligible
fraction‘must be attributed to secondary collisions.
From the date of Neher-Biehl and Fahy mean free paths
of 185 ¥ 20 gm in air and 355 F 55 gm in lead are deduced.
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Introduction

Large ionization burstis ebserved in hesavily
shielded high pressure chambers yield infermation on the
interaction with matter of the high energy part of
cosmic rays. The majerity ef such bursts are due te
many fast electrons and positrons resulting frem the
cascade multiplication of a few soft rays in the material
sabove the chamber. There are three main types eof e#ents
that generate these soft rays.

(a) p-mesons can produce fast electrons (imeck-on)
in their elastic cellisiens with atomic electrens or can
emit hard Y -rays in the electric field ef a nucleus
(bremsstrahlung).

(b) High energy pretens of the primary radiatien
can interact with the nuclei of the shield and produce
neutral mesons which instantly decay inte Y -rays.

(e) Air shewers with sufficiently high energies
can produce appreciable bursts either by penetrating the
shield with their soft cemponent eor by generating deeay
photens in the shield through nuclear interaction eof
their penetrating component.

The contribution of p-mesons was first calculated
by Christy and Kussks in 1940 (Ref. 1) and the results
ﬁere successfully applied to the interpretation ef the
sea level bursis observed by Schein and Gill (Ref. 2).



Although mere than enough to aceount for the ses level
bursts (owing to a teo low vaiuc for p-meson ﬁass), this
effect could not explain the high altitude bursts of
Schein end Gill and later of Schein and Lapp (Ref. 3) and
Lapp (Ref. 4). The rise of the burst frequency with
gltitude is mere rapid than theuabsarpfien of the p-mesons
in the stmosphere. The suggestion of Schein and Gill that
high altitude bursts could be due to gilant extensive showers
was felt te be unsatisfactery after it was shown by Lapp
that at sea level only a few percent of the bursts were
coincident with air showers snd it was difficult te see
h@w‘the‘frequéncy of such giant showers ceuld inecrease with
8&ltitude as rapldly as the burst frequency. A pessible
explanation in terms of primary protons was suggested by
Bridge, Rossi and Williams (Ref. 5) and again by Bridge,
Hazen and Roessi (Ref. 6) on the basis of coincidence exper-
ments made by means of & heavily shielded pulse ienizatien
chamber and & bank of G-M tubes. After the discovery at
Berkeley of short-lived neutral mesons that decay inte Y-
rays (Ref. 7, 8) it became evident that such was s signifi-
cant process in produeing bursts.

In the first part ef this thesis the frequency eof
bursts due to the interaction of primary protons with the
nuclei of the shield (shield bursts) is caleulsted on the

badis of a simple model for multiple meson preoduetien.



In the second part the contribution of the soft component
of air showers (air bursts) is estimated usiné the same
model. The results sare spplied in the third part te the
analysis of avallable burst data inecluding seme obtained
by Neher and Biehl in airplane flights at 30,000 feet.

Part I. Shield Bursts

1. Model for multiple meson preduction

The hursts that interest us centain mere than 300 -
2000 particles and can be initiated by protons in the
energy region of 1011 - 1012 ev. oOur knewledge of the
interaction between nuclei at such energies is very scanty
at present. So far there has been obtained only a few
phetegraphs showing such collisiens between an impinging
proten or d-particle and s nueleus at rest (Ref. 9 - 11).
Their general charasceteristics seem to be the follewing:

(a) After the collision several minimum ienization
traecks, presumed te be T -mesens beth pesitively and
negatively charged, emerge in the forward directien.
These tracks are divided inte twe distinct cones; a very
narrow core directly in line with the incoming particle
and a diffuse cone around it. At even wider angles a few
non-relativistice heavy particles are seen, some of which
emerge actually in the backward direetioen.

(bp) The number of mesons in the twe cones vary from
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one photegrsph te another, but it dees not seem to change
a8 rapidly as the primary energy. Thus it appéars teo favor
Fermi's statistical theory (Ref. 12) according te which the
multiplicity depends on the fourth reet of the energy of
the impinging nucleon in the laberatory system. We cannot
use this theery for our calculatiens difeetly since it
describes a collision between twe nucleons whereas we are
interested in cellisiens between & nucleon and & lead
nucleus. In such a case plural production effects are cer-
tainly significant and besides increasing the multiplieities
given by Fermi's pure multiple productien theory, intreduce
large fluctuatiens in these figures (Ref. 13). There is no
complete theory of plural-multiple preduection at present,

For our pﬁrpeses, however, becguse of the integrating
effeet of the casecsde process, & simplified model that
assumes a constant multiplicity throughout the energy region
of interest should suffice. As will be seen more clearly
later, the impertent facter in determining the burst fre-
quency is the amount of energy that goes inte Y -rays start-
ing the cascades and net se much the actuasl mechanism of
this transformation.

In choosing eur medel we have copied the R-star
obtained by Bradt, Peters and Kaplen (Ref. 9 and 14) whieh
is attributed to a ‘collision eof & primary « -particle of

energy areund 1012 ~ 1013 ey with s hesvy nueleus of the



emulsion (Ag er Br). The cellisien gave rise to a very
narrow shower of 23 relativistic singly eharged‘partieles
together with a diffuse shower of 33 relativistic particles.
Assuming that all these particles are charged m -mesons,
that the number of unseen neutral mesons is one half the
number of charged mesons, and that all four nucleons of the
o =particle contribute equally to the shewer, we have 21
mesons produced per incoming nucleon of energy around

2.5 x 101t - 2,5 x lOlzev,exﬁ'them in the narrow coere and
12 in the diffuse cone. We new simplify the angular distri-
butien by assuming that all nine particles ef the core make
equal angles with the axis (the direction of the inceming
nucleon) and conxequently have equal energies; and that
similarly all twelve particles of the diffuse shewer diverge
on the same cone with equal energies. Making the sdditiensl
assumption that particles in heth cones have the same trans-

verse momentum we obtain the fellowing relation

. . 6,
PWM,QU’ =P:,.,4"“' 9% . .z

(1.1)
Po [

&

Pon

where p_ , p. ., ©,, 6. &re respectively the momenta and
polar angles of the particles in the wide and narrew cenes,
a8 shown in the figure. Or since all the particles are

highly relativistic we can replace momenta by energies Y,



¥, and obtain

Ywmew: U o Bac (1.2)
from which
¥ Py

Let E be the total energy of the incoming nucleen,
then neglecting the small fraetion carried away by low

energy heavy perticles, we have

E = ?b/.,\,-l- /-'LZ/N— (104)

The percentages of energy in the narrow and wide cones

are respectively,

? ¥ 7
X = = (1.5)
FEo + 127, T+ /2.
12.0, 72,
[-x = - =
I8 + 12y G+ /2,

Since 1/3 of the meseons are neutral and they deocay
inte 2 ¥ -rays each we ebtain 6 phetens in the narrow cene
and 8 phetons in the wide one. The energy of a photon in the

narrow cone is given by

E = I _ xE _aE (1.6)
2 (Fx+172)




and in the wide cone by

£, =-Jw o U-0E € (1.7)
ad 2 24 2( 9=+ /2)

For the pelar angle €, we take the median value of
the observed angular distribution in the core of the R-star,
i.e. the value around whieh there are an equal number of
mesons en both sides, which is 1?5. The value for 6, is
similarly derived frem the R-star as 10°, but for convenience
in eur subsequent shower calculations we take f%g=ll° 20°,

With these values (1.3), (1.5), (1.6), (1.7) yield

A = 7.5
x = O. 35-
'3
£, =-£ , E, =
2/.2 /60

Therefore, for our purposes the cellision of &an incem-
ing proton ef energy E with a lead nucleus results in the
production of 6 photons of energy 2-13-2 and & photens ef energy
I%G which initisate in the shield 14 caseades jointly respon-
8ible for the bursts.

Several remarks may be made here:

(a) In computing the frequency of shield bursis we
can neglect the initial angular divergence of the showers
in the wide cone. The wide shewers contribute only 1/7 of
the total bursf particles; alsé near the edge of the chamber

the shewers that esecspe due to ebligueness are nearly compen-



sated by showers that enter the chamber eblique;y, &3 the
shield completely surrounde the chamber.

(b) The decay photons are smitted in the direetion
of motion of the neutral meson simply becsuse of 1ts high
energy and the resulting relativistic transformatien from
center of mass system to laboratory system. Assuming
isotropic emission of Y -rays in the center e¢f mass system
in which the neutral mesoen is at rest, one obtains in the

laboratory system an intensify distribution propertiensl

to { — » Where ¥ is the energy of the neutral
¥ (l-IBme)

meson in terms of its rest energy, p is ite velocity in

terms of velecity of light (alse ¥ = ——/_—_'_._—— ) and © is

= 5%
the laboratery angle of emission of the ;het@ns. Fer a
proten of 100 Bev energy, which iz abeut the minimum energy
for obtaining bursts with mere than 400 particles in the
Reher ienization chamber, we have for the mesens in the
narrow cone ¥ ~ 70 and for the ones in the wide cone

Y ~ 10, A pelar diagram show’ the intensity distribution
for ¥ = 10 is reproduced bel The distributien for ¥'= 70

is even more strongly peaker




(¢) The life-time of the neutral meson is estimated
to be less than 10~13 gec (Ref. 9,15). If we take it as
10“14 se¢, a neutral meson of energy ¥= 100 will travel
z x 1010 x 10-1% x 100 = 0.0 em before it decays; &
negligible distance compared to the radiation unit in lead
which is of the order of cm. Thus we ean safely assume
that 211 the shewers start at the ceellision point.

(d) The assumption that one-third of the total energy
6f the primary proton goes inte neutral mesons may be harder
to Jjustify. The observations of Carlson et al (Ref. 15)
which presumably refer to cellisions of primary nueleons of
energy 1 -10 Bey show that in fact on the average one
neutral meson is produced for every two charged x-mesons.
However it is net eclear that when we go to the higher range
100 - 1000 Bev the appearance of new particles (sueh as the
V-megons) will not change this balance significantly. The
statistiesl theory of Fermi predicts that in nueleon-nueleon
collisions the produetion of nweleon-antinucleon pairs will
be apprecisble only for energies higher than ~ 1000 Bev.
The effects of plural preduction mey perhaps be expected to
push this limit even higher., So that as far as nucleon-anti-
nucleon pairs are concerned we feel confident that the
assumed energy balance will be valid. The final justifica-
tion would lie in its succeess &8 a working hypothesis.
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(e) We have neglected the few heavy particles that
come out of the collision. In the R-star the total energy
earried by such partieles is only about 1% of the primery
energy. - Furthermore they are emitted nearly isotropically
in the laboratery system. Thus only one or twe heavily
ionizing particles will reach the chamber together with
the electron cascades and in & high pressure chamber their
ionization will noet appreciably increase the burst size.

(£) The eharged 7T -mesons in the nerrow cone coeuld
interset with lead nuclei a second time before reaching the
chamber and thus preduce new showers that would inerease
the size of the observed bursts. We shall estimate this
effect in seetion 3.4d.

(g) In analyzing the R-star the assumption of equal
-transverse momenta for all mesons was ﬁade te obtain the
relative energies of the narrew and wide cones. Whatever
the merits of this speecial pieture, since the apparent
angular distributien is se sharply pesked, it is reasonable
te expect that the aetusl energy division will net be signi-
fieantly different. For instance if one tskes the view that
only the narrow eore is produeed in the initial encounter
and the diffuse shower is produced in secondary and tertiary
collisions of the nucleons of the incoming « -particle and

the target nucleons, then assuming that the core mesons are
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enitted in the center of mass system monoenergetically and
with & cos® © distribution (which is one ef the alternatives
favored by Bradt et al) one finds that 86% of the ineoming

energy goes inte the narrow cone.

2. Remarks on Shower Theory

The development ¢f the photon-initiated eascades will
be described in‘terms 6f standard shower theory which
treats the longitudinal development of the shower independ-
ently from its lateral spread. Specifically we shall use
Snyder's recent figures for the total number of expected
particles at any point along the development of the shower
(Ref. 16). Two objections have to be met in this conneetion:

First, thé usual argument for neglecting the lateral
spread in cemputing the number of particles aleng the
shower axis, that the deviations due to multiple Coulemb
seaftering are snmall is net valid for showers in heavy ele-
ments sueh a8 lead. Aecording te ealculations of Nerdheim
and Roberg (Ref. 17) the average deflection of shower
partieles withleritical energy 1is around 66° in lesd. Thus
8 shower in legad, at & point near or after its maximum
development, looks almost isotropie. Fortunately however
the effeet of this heavy scattering on the shape of the
cascade curve (total number of partieles as function of

thickness traversed) is small due to the fact that the
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position and magnitude of the maximum are mainly determined
by high energy partieles. In fact Belenky has shown that
the inclusion of seattering in the diffusion equations with
neglect of ionization less, changes the position snd magni-
tude of the maximum only by about 5% for san initisting
electron of 0.5 Bev (Ref. 18). The showers that we are
interested in start with even higher energies snd conse-
quently should be even less affected by scattering in their
development.

Seattering alse introduces large boundary effects
whieh weuld be very hard te account feor theoretically but
which esn be largely eliminated experimentally by completely
surrounding the measuring apparatus with lead. As discussed
by Christy and Kusake (Ref. 1), for the comparison of theoret-
ical bﬁrst caleulstions with experiments it is essential
that this requirement be met. A spherical ionization
chamber surrounded by & spherical shield is an ideal arrange-
ment. Sinee our treatment applies'to sueh an arrangement we
feel Justified in neglecting scattering in the development
of our showers.

Secondly, in his treatment of the elementary processes
of bremssirahlung and pair ereation, Snyder uses the so-
eallei "completely screened”™ eross sections whieh are the

asymptotic ferms valid for very high energy particles. In
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this way teoe high & prebability is assigned to the processes
(especially pair creation) associated with the lower energy
particles in the shower. The difference was thought to be
insignificant on light materials such as air or water, bdbut
important in heavy materials like lead because of the
approximate 1/ dependence of the eritical energy in con-
sequence of which the average energy of a shower psrticle
&t the maximum development is about 10 times smaller in
lead compared teo air. (For instance, the total pair cross
seetion fer a photon decreases by & faecter of 3 by going
from the high initial energies of the shewer te the critieal
energy of ~ 10 Mev.) A recent investigation by Bernstein
(Ref. 19) shows that even for air there is an appreciable
correction to be made to Snyder's "completely screened”
figures. By means of & perturbation method he was able to
find the effeet of using & better approximation to the
acourate Bethe-Heitler ecross seetiens (Ref. 20) rather than
the "completely sereened® one. The result is, first, a
decrease in’the height of the shower maximum together with
8 slight shift te larger depths and, second, a deerease in
the average number of electrons present at small depths
with a eorresponding in¢rease at large depths. For our
purposes these features cean be represented in the first

approximation as an inerease in both the eritieal energy £
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and the shower unit X,. Sinee the height of the maximum
is inversely ﬁrepertienal to the critieal energy, the
‘inerease in § 1is determined by the required decrease in
the maximum as was already pointed eut by Christy and
Kusaka. Similarly, the required inecrease in the size of
the shewer unit may be deduced from the shift in the posi-
tion of the maximum. In this way one might be able to
represent with sufficient accuraey the development of the
showers near their maximum, which is the important region
for burst ealculations.

We ean not make direet use of Bernstein's numerieal
results to determine f and Xo. for lead. His perturbation
me thod gives quantitatively aceurate results only fer
light elements and bresks down for lead. Hewever, consid-
ering the general trend of his plots for air and iron it
is reasonable to expeet for P an inerease from the conven-
tional value of 7 Mev to something around 10 Mev (for an
initial energy given by 1n -ﬁ— =~ 8 in fig. 2 of Ref. 19)
with & smaller inerease for X, . This is in agreement
with Belenky's earlier results for lead. (Ref. 24) By
means of a slightly sapproximste methed of solving the
diffusion equations, Belenky has estimated for seversal

initial energies the effect of using the exact eross sec-

tion for pair produetion on the position and height of
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the maximbm in lead. Denoting by tym the position of the
meximum and by By the number of partieles at thé maximum

~he obtains

tm = K, ( %g) L (%) Xo

Vo = 2 (3% | £
S (82) P

with the following Table 1 for the values of K3, Kz for
several initial energies E,.

Table 1
Eo in Bev 4] Ko
0.5 1.4 0.172
1 1.33 0.180
10 1.23 0.200

In the "completely screened” approximation K3 sand
Kp are constants and have the usual values of K3 = 0.96,
Ko = 0.3. Neglecting the small change in the logsrithmic
factor and using Xp = 5.83 gm/cmz, /B = 7 Mev as the con-
ventional values we obtain from Belenky's figures the
following Table 2 for the corrected values of p eand Xo.

Table 2
Eo in Bev p in Mev X, in gm/cm?
0.5 12.2 8.5
1 11.7 8.1
10 10.5 7.5
100 9.6 7.1
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An experimental verification for the variation in
X, is provided by the recent experiments with the X-ray
beam of the 322 Mev synchrotron at Berkeley. From an
analysis of.shower curves obtained by Blocker et al (Ref.
21) W. Aron deduced the value of 8.8 gm/cm? for the
shower unit in lead. Subsequently Crowe and Hayward
étudied experimentally the differential energy spectrum
of electrons at the maximum of the shower in lead and
obtained good agreement with theory (as presented essen-
tially by Snyder) using X, = 8.8 gm/em®. This is in
satisfactory agreement with Belenky's value of Xg = 8.5
gn/en? for Eq = 500 Mev. A check on the value of fp can
not be obtained from these experiments becsuse of the
unknown normalizstion factors. On the theoretical side
we might note that recently Messel (Ref. 25) pointed out
that the number of particles at the maximum in lead as
given by Snyder and tentatively corrected by Bernstein
comes very close to that given earlier by Bhabha and
Chekrabarty (Ref. 26) who obtained this low value by letting
some of the shower energy escape in the form of low energy
quanta incspable of creating any pairs. Thus it appears
that according to all estimates Snyder's solution together
with Belenky's corrections represents the development of

the showers near the maximum sufficiently accurately for
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our purposes.

The shield bursts are effectively produced by photons
with energies of the order of 10 Bev. Hence in computing
such bursts we may use the values for Eg = 10 Bev as given
in Table 2 and neglect the small variation with burst size.
Similarly in dealing with the air bursts where the relevant
energies are higher by a factor of 10, the values for
Eo = 100 Bev may be used. However there is one more correc-
tion to be applied to P . In the original value of 7 Mev
as lonization loss in 5.9 gm/cm2 the polarization of the
medium was not taken into account. According to the
latest calculations by Halpern and Hall (Ref. 23) the
reducetion in loss due to polarization in lead is for an
electron of 10 Mev, A = 0.046 Mev per gm/cm? and for &
shower unit (7.5 gm/em?) it is 0.3 Mev. Thus we obtain
finally B = 10.2 Mev, Xo = 7.5 gm/om? for shield bursts
and p= 9.3 Mev, Xo = 7.1 gm/em? for air bursts.

In all our work we shall be sagtisfied with the
expected number of particles and shall not worry about the
actual fluctuations thet may occur around this average
value. rhis may be Jjustified by observing that our showers
start their development already with 14 particles, so that
even at the beginning where the fluctuations are usually

preponderant they are smoothed out in this case by the
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initial multiplicity.
3. Size-frequency distribution of shield bursts

() Analytical formulation. We are now going to

derive the frequency of bursts containing more than S
particles, produced under a given thickness « of lead.
The reason for obtaining an integral size-frequency dis-
tribution rather than a differential one is both theoreti-
cal and experimental. Theoretically it is easler to

derive such a distribution and experimentally one acquires
more accuracy and better statisties by adding up all the
bursts larger than a certain size. Let the differential
spectrum of the primary cosmic rediation at the atmospheric
depth t be f£(E,t)dE particles per cm? sec sterad, its
ebsorption mean free path in lead ) ,, and its collision
mean free path in lead Ac which may or may not be equal

to %A ; both A\, and X  will be assumed to be independent
of energy. Unless otherwise stated, all lengths connected
with the shield will be measured in terms of the shower
unit in lead while all distances in air will be measured
in terms of the shower unit in air. The average number

of pursts that originate at a distance X and in a thickmess
dX of the shield and which are due to protons with energies
between E and E +4E is given by

x-X
LE,AE & F EX per cm? sec stersd
b Xc
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where X is measured in the direction opposite to that of
the incoming beam. The number of particles contained in
these bursts will depend on the initial proton energy E
and on.the remaining distance X in the shield over which
the showers develop. For a sufficiently high initial
energy there will be a definite distance in the shield in
which if the proton makes a collision the resulting cas-
cades will have more than S particles when they reach the
ionization chamber. The limits of this burst range are
shown in the figure below where the cascade curves start-
ing at the two limit points and belonging to the same

initial energy are represented schematically.

X A LN

N !
: Shower has more Fhaw S here / /!
> line for S pa rhicks _/—,’_’_)

Thus the average number of bursts containing more

than S particles will be obtained by integrating over the
Primary spectrum weighted according to the allowed burst

range:
XLCE) d—x

Nes =t e § e M ax (3.1)
Es X (E) /\e
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where Eg is the proton energy that gives exactly S parti-
cles at the maximum of the showers and is therefore the
minimam energy that can initiate bursts with more than S

particles. integrating over X one obtains

A Xo (€ X (€]

N(>s) = g 2(€€) o€ e _;“A ( e A — = XA ) (3.2)
& €

As will be seen in the actual computations the burst
range AX= X, —X,  1s small compared to A, , so that one
can use the following approximation to simplify the calcu-

lations:
X X; X; X(E)

_ ~ AR AX(E)
/) = e _———’\A (3.3)

Since X3(E) is also small compared to X\, , the
exponential may be taken out of the energy integration by
substituting an effective value for X, , to be denoted by

37,(3) . Thus:

a Xi(s)
A Aa e
N(>5) = t S £(g¢) AXSCEJ oAk (3.4)
XO & per ew sec sterad.

Following the general practice we shall assume for
the vertical primary radiation a simple exponentisl absorp-
tion in the atmosphere with a constant mean free path t,.
Thus the form of the spectrum will remain unaltered through-

out the atmosphere. This assumption is usually justified
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by noting that because of the steepness of the energy
spectrum the increase in the low energy partiéles due to
the slowing down of the high energy ones is negligible

and consequently a oross section for catastrophic colli-
sions that does not depend on energy results in a uniform
decrease in the number of particles at'all energies.

These considerations were recently quantitatively checked
by Milford and Foldy (Ref. 27) and found to be quite valid.
By assuming that & meson producing collision between two
relativistic nucleons is completely inelastic and that the
collision cross section is independent of energy they
showed that an initial power law differential spectrum
with an exponent of -3 will be absorbed exponentially
throughout the atmosphere and without changing its form,
provided we limit ourselves to energies higher than

~ 50 Bev. We therefore assume for the vertical radiation

a8 spectrum of the form

f(E)t) A€ = —=—0 R ‘A e (3.5)
n+

€

and we shall carry out calculgtions with n =1.5 and n= 2.

The sphericel ionization chamber receives rays coming
from the whole upper hemisphere. Assuming that the primary
radiation is hemispherically isotropic on top of the atmos-

Phere we can readily integrate over angles and obtain the
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Gross expression (Ref. 28) for the integrated intensity:

Ldect

R

2 —

g e ta 27 4em® D
o

.-_'ch:?e/ éA—_ﬁ.S _i:_wofu}.=-z‘c‘7(£/f4)
(3.6)

A plot of J(y) for the useful values of y will be
found in fig. 19. Combining (3.5) and (3.6) with (3.4)

one obtains

e K
A, A ©
N 1) = 2B T(4, ) — j X9 ar (3.7)
}\L £J Er\-fl

or substituting €E=2.2p8 e®  where p 1is the critical
energy in lead and & the new integration variasble, one

finds finally

. R
W A
N(>8) = _ﬁf"__nifcé/e*) b > M(s) par cmBsec,
' (2r-2p4) Ae (3.8)
el 2% )
with the abbreviation M(s) = S bXs (8D = de  (3.9)

&

(b) Eveluation of M(S). A graphical method is used

to determine Axs(w after which the integration is carried
out numerically. In shower theory it is convenient to use

for the energy variable &= ',TE‘ where E is the initial

energy; thus we have for the showers of the narrow snd wide
€

2:.2p /6oﬁ

cones respectively € = &n
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(It was to obtain such a simple relation between £ and
&’ that we took 110 20' for the angle of the wide cone
instead of 100 as suggested by the R-star.) In figure 1

we have plotted cascade curves for several values of €
which are obtained by adding 6 showers of initial energy
¢ together with 8 showers of initial energy & - 2. They
give the expected number of particles N at any distance
u from the point of collision. From these plots the
values of AXSCSD were derived for several values of &£

and S, in the way indicated below schematically.

S paPHclcl

Distarce . in sh. wn -

These values were in turn plotted to obtain the
variation of Axsce) for each S, as shown in fig. 2.
The zeros of aAX (¢) corresponding to the minimum values
g, are taken from fig. 3 which represents the variation

~s

of N, , the number of particles at the maximum of the
total shower, with € . Using the curves in fig. 2,M(S)
wes evaluated numerically for n = 1.5 and n = 2 by means

of Simpson's rule with intervals of A =0.,1. The results
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for S = 400 - 1600 are listed below in Table 3 and plotted
in fig. 4. The straight lines fitting the data in fig. 4
have slopes of -2.1 and 1.56 corresponding to n= 2.0 and
n=1.,5 respectively. Therefore the size-frequency distri-
bution of ghield bursts must reflect the shape of the
primary spectrum quite closely. Differences of * 0.1 in
the exponent are negligible owing to the low accuracy of
data. TFig. 4 also shows the variation of the product

M) - Lj%g for n = 2.0 where > = 310 gm/cm? (See III
14) and X,(» 1is taken from Table 2 (See 3 ¢); its slope

-2.06 is even closer to the original slope.

Table 3
s M(S) withn =1.5  M(S) with n= 2.0
400 45 x 10-5 141 x 10-7
500 32 91
600 24 60
700 18 43
800 15 33
- 900 12 26
1000 10.5 21
1100 9.1 17
1200 8.0 14
1300 7.0 12
1400 6.3 10
1500 5.6 8.8
1600 5.0 7.6

The figures in Table 3 are computed by assuming a
shield thickness of 13.45 shower units. However because
the main contribution to the integral comes from a distance

of only a few shower units, the actual value of M(S) is
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insensitive to the shield thickness as long as the latter
1s larger than about 13 shower units. In fact we have
computed M(1000) for o« =37.8 and found it to be larger
than that for a= 13.45 by only 3%.

(e¢) Most probable energies and effective burst

ranges for n = 2.

For estimating various corrections it is convenient
$o0 have approximgte but unique values of the energy and
burst range best suited to represent a given size burst.
Following Christy and Kusake we define for each S & most
probable energy Epoy 8iven by the energy at the maximum
of the integrand of M(S), and an effective burst range
given by the relation

~2€
M(J):I’.«qc e
3

where 3 = 27.2 )B ™
max

ax

We restrict ourselves to the case n = 2.0 as it seems to
be closer to the actual value. In the first four columns
of Table 4 we listed the figures for By, 4, EE%E and m

for bursts with S = 400 - 1600. B,y Was determined by
plotting the integrand of M(S) near its maximum for each

S and consequently it has an uncertainty of about ¥ 0.01;
this is responsible for the gpparent non-uniform variation

with S,
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Table 4
S Ermayx 7 €nu /PS Smin. Xi($)
400 6.36 9.4 30.6 6.06 3.5
500 6.60 9.8 2l.1 6.30 4.1
600 6.79 9.5 3l.4 6.50 4.2
700 6.96 9.5 31.9 6.67 4.3
800 7.10 9.7 32.1 6.81 4.4
900 7.23 9.9 32.5 6.94 4.6
1000 7.34 9.9 32.7 7.05 4.7
1100 7.44 9.9 32.8 7.16 4.9
1200 7.53 9.7 32.9 7.25 5.0
1300 7.61 9.8 32.9 7.34 5.1
1400 7.69 9.6 33.1 7.42 5.2
1500 7.77 9.9 53.4 7.49 5.3
1600 7.84 2.8 33.6 7.56 5.4

It will be noticed that in the burst size range
that we are interested in the effective burst range is
essentially & constant and equal to m = 10 X, whereas
the variation of the most probable energy can be approxi-
mately represented by Epax = 32 p 5. it is interesting
to eomparé these values with those obtained by Christy amd
Kusaka for P-bursts. Their analytical approximation
(See Ref. 1) to the shower curve gave m = 7Xo* and
E = 10@ S which would correspond to a proton energy Qf
E=30p5. This is an illuminating example to show how
small is the influence of the special conversion mechanism.

Excluding fluctuations the only effect of assuming an

* Actually Christy and Kusaka give ) = 3.5 Xo; but they
seem to have dropped a factor of 2 for simplicity as it
did not have any influence on their comnsiderations.
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initial multiplicity is to inerease the effective burst
range by 40%.

In the fifth column of Table 4 we have listed for
comparison the minimum values of E in the integration for
M(S), taken from fig. 3. The last column gives the approx-
imate values of Xj corresponding to Bpgxy obtained by
interpolation from fig. 1; we have used these values as
the effectivelii(s)'s in Eq. (3.8).

As an application of the effective burst range idea
we might justify the approximation (3.3). Since ~ = 10
and A, is of the order of 250 we have £~ 0.25 and

:'5 AX A

the error made in replacing e *4=1.28 by 1 + % - 1.25
is about 2%.

(d) Effect of a second interaction by charged mesons

It is of interest to estimate the contribution to the
burst size of the secondary showers initiated by possible
collisions of the charged w-mesons present in the narrow
cone. For this purpose we may neglect the secondary inter-
actions of the wide cone mesons. Let the collision and
absorption mean free paths in lead of charged mesons be [ 3
then assuming that after a collision of a charged meson
with a lead nucleus one-third of the incoming energy goes

into a photon-initiated shower we have for the number of
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particles at & distance y from the point of the first

collision of & proton of energy E with a lead nucleus,

o
»4‘4‘,(5,:)=WE,;¢)+S = i’;‘— 6nv (£59-%)

~

=N (Ey) + N (€, 3)

(3.10)
where V(f,y) is the expected number of particles in all
the cascades generated by the first collision and was com-
ruted previously, the integral represents the contribution
of the secondary interactions due to 6 charged mesons in
the narrow cone and N(-Bniz,y-x) gives the expected number of

particles at a thickness y-x in a shower initiated by a

0.85 E
hoton of ener = R
puoton ol enerey oo B =43

To evaluate the integral, we have used the approxi-

mate formula for WM(§4) given by Christy and Kusska whieh
is good for B =1010 . 1011 evy:

EL7 7 NN
e j (3.11)

_ 4 «)y € 5
W(E ) = { [~ (-2 (»)

After the substitution y - x = u we obtain for l?/:

N -
~ é e ol
° 7
where a=1= 2_%_@&_
b = 58 IE32é

¢ =8 eb
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The integrel cen now be easily carried out numeri-
‘cally. Table 5 lists the results for f= 27.2 sh.«.~
200 gm/cm? and an initial energy of 3%. = 1198 B corres-
ponding to € = 7.5; the values of ~ (£&,y) ere also
given for comparison. The value of 200 gm/cmz for fthe
mean free path of W-mesons is consistent with eloud-chember
observations on the nuclear interactions of the penetrating

secondaries produced by cosmic rays. (Ref. 29)

Table 5

N4 M (y) for E£=17.5 N(y) for &€=7.5
3 13 510
4 26 880
5 44 1210
6 66 1440
7 92 1510
8 117 1460
10 156 1110
12 177 685
14 187 370
18 igs
22 177

We have plotted in fig. 1 the corrected cascade
curve for €=17.5. Noticing that & = 7.5 gives
AX = 9,20 for S = 600 which is quite close to the effective
burst range we obtain for the correction on AX due to

secondary intersctions:

AX

cor _ 148 _ 44 (3.13)
AX q9.20
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Thus neglecting any possible change with S5, one may
ﬁultiply all frequencies by 1.14 to take care of the con-
tribution of the secondary showers. Any small change in
the assumed value of the mean free path for charged mesons

would presumsbly lead to a second order correction in this

factor.

(e) Effective path length in the shield

The expression (3.8) for the size-frequency distri-
bution under & thick shield ceontains in the exponential
absorption factor a, the thickness of the shield. The
question arises as to the thickness that must be used for
o sphericsl shield since it is not the same for all rays
in a given direction. Neglecting the scattering one can
obtain an effective path length as follows:

Let r be the redius of the ionization chamber, R-r
the thickness of the shield, s the path length in the shield
for a primary particle coming in the indiecated direction,

L its path length in’the chamber and 9,4 the polar angles
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a8 Indicated in the figure, the polar axis being drawn
aiong the radius in the direction of the incoming particles.
The number of particles with a path length of s will first
be proportional to the area of the ring given by 0,40,

i.e. to

Lrrsm@.rdo s = Zrr sine = L8

Secondly* the influence of these particles on the
observed ionization will depend on L. The ionization is
proportional to IS or comsequently to LE where E is the
energy of the incoming particle. As we are interested in
bursts of size greater than a definite S we are recording

only ionizations larger than e definite I = « lE, x being

1

e proportionality factor. Hence a shower that goes through
L in the chamber must have at least an energy of E = I/x L,
~ 1/L to produce an observable burst and the number of
particles capable of generating such showers is proportion-
al to l/Ez, or consequently to If. We thus obtain a welght
ing factor of L*. The effective path length in the shield
is then given by -

+ 2
Arnrson 8wn® sl d8

(3.14)

2w - ain Ocon® L dO

* 1 am indebted to Professor Christy for reminding me of
this point.
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which upon inserting

s= VR=r a9 — rcos ©
3.15
L: D rces © ( )
and integrating becomes
) &
s =2 L 20r)™ 2 27 (2rm e )l =% (3.16)
1S FY 5

In the third column of the following Table 6 we glve
the effective path lengths as computed by (3.16), corres-
ponding to the various chambers and shields that we shall
" be dealing with in Parts II and III.

Table 6
r (em) R-r (cm) s (cm) s1 (em)
7.62 11.74 12.59 12.94
17.5 11.95 13.63 14.37
17.5 27.95 29.74 31.11

The fourth column lists effective path lengths computed
by using a weighting factor of 1. which corresponds to
an integral primary spectrum of 1/E.
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Part II. Air bursts

4, Introdumction

Coincidence experiments with shielded spherical
ionization chambers surrounded by counters by Lapp (Ref.
4) and Fahy and Schein (Ref. 30) showed that apparently
both at sea level and at 3500 meters less than 5% of the
bursts with more than 200 particles were coincident with
air showers. Similarly at 30,000 feet McMahon, Rossi
and Burditt (Ref. 31) in experiments with a eylindrical
chamber placed under a hemisPherical shield and a coinci-
dence counter arrangement found that =a ncgligible fraction
of the bursts with more than 60 partieles coincided with
air showers. However, as one could not be sure that the
coﬁnter system used to detect the sair showers in these
experiments was fully effective, there remained some
doubt as to the actual contribution of air showers to
the observed bursts. Also Fahy and Schein (Ref. 32)
obtained at 350C m. 4 bursts with more than 4000 particles
out of which 3 were coincident with giant air showers.
This indiceted an increase in the relative importance of
air showers with the burst size, which fact, if true,
could help to explain the very low coincidence ratio
observed by Rossi et al. For these reasons it seemed

worth while to try to compute a theoretical size-frequency
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distribution for sir bursts at 30,000 feet. While this
work was in progress, Fahy (Ref. 33) and later Stinchcomb
(Ref. 58) by means of a more effective coincidence arrange-
ment and several absorbers of various thicknesses obtained
the variation with burst size of the percentage of the
bursts accompanied by air showers. Their work establishes
two points: (1) The percentage of bursts accompanied by
air showers increases with burst size. (2) The majority
of such bursts are generated by the penetrating component
of air showers. As we have been implicitly assuming that
the coincident bursts are mostly due to the soft component,
this second conclusion reduces the relative importance of
our calculations on air bursts in analyzing burst data.

We shall show however that it is not incompatible with
them. | |

5. Analytical formulation of the size-frequency

distribution.

We shall follow a procedure first developed by
Cocconi (Ref. 39) in interpreting the density spectrum of
extensive showers as obtained by counters and later applied
10 the case of lightly shielded ionization chambers by
Amaldi and his collaborators (Ref. 35). This approach is
besed on the observation that sinee the density of parti-

cles in an extensive shower decreases as Oone moves away



35

from the shower axis, if a specific shower has enough
density to produce an effectvof 8 given size S at a radial
distance r from the axis, it will produce an effect of
size larger than S at all points within a circle of radius
r. Therefore an integral size-frequency distribution can

be obtained simply by evalueting integrals of the type

S P(e) AE mr(€,€) (4.1)

£
3

where P (E)dE gives the number of primary particles with
energies between E and E + 4E which initiste the showers

at a point t shower units above the observation point.

In our case these showers must contain more than S particles
after crossing the thick shield surrounding the spheriecal
ionization chamber so as to produce bursts of size greater
than S.

By attempting to apply our multiple production model
to the initiation of extensive showers we introduce a com-
plication into the previous simple picture. However the
possible constructive interference effects between the
showers initiated by different photons, whiech would make
it very hard to determine r(E,t), can be largely neglected
in our case, due to the following consideratioms. On the
one hand, the large thickness of the lead shield eliminstes
the effect of the low energy particles and photons in the

extensive shower; so that to produce the required
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multiplication in going through the shield a shower must
effectively hit the chamber with its core. On the other
hand, by the time they arrive at the altitude of the
chamber the different cores will most likely be separated
from each other by distances large compared to the chamber
diameter. From the Schein star (Ref. 11) we obtain an
initial angular divergence of 0.001 rad. between two
photons of energy -~ 1012 ev. The air bursts sre predom-
inantly due to photons of initial energies ~ 1011 ev.

Now according to all the theories on multiple production
the initisl divergence would be a decreasing function of

of the energy; if we assume an inverse proportionality

(as suggested by Professor Christy) we deduce an angle of
0.01 rad. for our energies. Such an initial divergence
between two photons would result after going through a dis-
tance of one shower unit (which is ~ 900 m. at 30,000 feet,
~ 500 m. at 3500 m. and 330 m. at sea level) in a separa-
tion between two shower cores of ~ 1800 cm at 30,000 feet,
1000 em at 3500 m. and 660 cm at sea level; these separa-
tions are much larger than the diameters of the two chambers
used in burst experiments which are 15 c¢m for the Neher
chamber and 35 cm for the Carnegie Model C meter. There-
fore as a fi:st approximation at least, we can ascribe each

burst to one end only one photoh-initiated shower. Such an .
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approximation might result in too low a burst rate espec-
ially for large chambers at low altitudes. |

Consider now bursts of size larger than S due to
showers initiated by decay photons produced in collisions
t sh ow. above the chamber. In view of their low
energies the photons of the wide cone (See Pary I,1) can
be neglected here; also for simplicity 1/3 of the incoming
energy will be assumed to go into the 6 photons of the
narrow core, each getting an energy of E/18. We may reason-
ably assume that the cores of the showers initiated by
these photons will be uniformly spread over a circle of
radius R when they reach the asltitude of the chamber. Let
r be the radius correspondiing to the burst size S for a
shower of energy E/18 and distance t+ (which, as indicated
above, differs %ery little from the actual chamber radius);
we draw a circle of radius R -r around the center of the
eross section of the ionizatipn chamber. Then, as is clear-

ly seen from the accompanying figure, for any primary

- *»(:);)(NEGLEGTED REGION
N\

\ v,/'\\

|

CROSS SECTION OF_— /
THE ION GHAMBER \ , /=2 —LIMITING GIRCLE

N /
- s
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collision taking place at any point inside this ecirele,
t sh.u. above the chamber, the probability of producing

a burset of size larger than 8 will be proportional to

6 nr}’ C&,¢)

n R (€)

(4.2)

Consequently the number of bursis of size larger than S,
due to collisions t sh.u. above the chamber, will be pro-
portional to

o8

S bx v (&4, t)
Es xRY€)

x (R-+D" P o€ (4.3)

where P (E)dE is the differential spectrum of primary
protons t sh.u. above the chamber; or since R >»>r (4.3)

approximately reduces to

S 6,;{(,-?—,{:) PlEIAE (4.4)
€

5

As this result is independent of R(t) we are back to the
case of no initial multiplicity and all it remains to do
is an integration over t and over the zenith angles.

Let tA be the absorption mean free path in air of
the primary radiastion as before and to its collision mean
free path in air. Then using the accompanying figure, it
mey easily be seen that H(> S), the frequency of the air

bursts of size grester than S is given by
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= G secH . o
T

H(>S) = Slmmedes e ta At sec® g 6= ( £, (é—é)occe) hoae
o o éc s

r:>¢r Sec .

(4.5)

where t is the vertical distance in sh.u. measured from

the top of the atmosphere, t' the altitude of the ioniza-
tion chamber measured in the same way, © the zenith angle

of the direction of the incoming beam and rs[f%,(t‘—t)sec 9]
is evaluated specifically for the chamber whose burst
frequency is expressed by H(> S). We carry out calcula-
tions with only g% A€ a8 this type of spectrum seems to

be best suited to explain the shield bursts (Sec. 3.D).
Making the substitutions

(€=t)swcb =T , —dtsece =oT

and _Q_Pe&
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one finds
: = él""'e 1‘:/«:8—7_ o
(. T T Ra 4\ S, ) S e per sec.
AHM):JLJ—-SMMGJG 2 A S (5 (o)
',—7 ﬂlec P o X3 y

where T is now the distance over which the showers develop
and p, is the eritical energy in lead. Defining for ease
in calculations the functiomns £g(T) and gg(0,t') eas

o0

,z.(/3-—£)
ﬁfT)=S G(ET) = oLE (4.7)
£ '
and
.6{‘&‘__9 t/4¢c9-7—
- €
éh(e,cg =~§ e A 2 (T)AT (£.8)
one obtains finally
x
r S26 ? > i
H(>5) = 7'617 s °/92_ S }S(e)e’)ma iz Pgr-f—fc.(4.9)

6. Evaluation of fg(T)

This is the main part of the calculations as it
involves the lateral structure of the extensive showers and
we shall present it in some detail. One unfortunate aspect
of the computation might be mentioned here: As it turns

out, fS(T) depends very sensitively on the shield thickness
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so that strictly speaking the whole computgtion is wvalid
for only one thickness; thus its usefulness is severely
'limited, especially considering the uncertainty in the
size of the shower unit in lead which makes the shield
thickness somewhat uncertain. We shail try, in the end,
to remedy this defeet with an approximgte method of
extending the result to other thicknesses.

(a) Lateral distribution. We begin by a discussion

of the lateral spread of extensive showers. Let p(E,r)

be the radial distribution function for particles (or

photons) with the same energy E, i.e. the probability that
a particle (or photon) of energy E be found in a unit
square st a radial distance r from the shower axis. r

is measured in latersl shower units for which we find froms
teble given by M. Mille* (Ref. 37) x = 178 m at 33,000 £t
and use this value at 30,000 feet to take care of the

| density variation in the atmosphere. j(E,r) must be

normalized to give S-P(grj 2rrdr =| , The density

of particles (or photons) with energies between E and

E + dE may now be obtained as

* Strietly speaking, Milla' figures must be decreased in
the ratio 37.3/43 to correct for the contribution of atomic
electrons in the bremsstrahlung and pair creation processes;
however such & change would not have any effect in the
value of fg(T), as will be seen presently.
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PUE,r) dE = 7 (W, £, T) PLEF) dE (6.1)

where m (W,,E,T)dE is the average number of particles (or
photons) with energies between E and E+ dE at thickness T
in a shower initiated by a photon of energy W.-

For p(E,r), a Gaussian of the form

r.L

P(EF) = —L — = PR (6.2)
T rE(£E)

will be used, where the mean square radisl spread ;tiahralég

with E = 21 Mev and a? = 0.642, a;,,

electrons and photons respectively, is taken from the cal-

= 1.13 for

culations of Nordheim and Roberg (Ref. 17) who obtained it
directly by means of a self-comsistent method of treating
the electron scattering. It is known that the actual dis-
tribution function differs widely from a Gaussian over the
whole radial extension of the shower, mainly owing to the
occasional lafge single scatterings and to the influence
of earlier generations (See e.g. Moliere's grticle in
Helisenberg's book,Ref. 38). However in the immediate
vieinity of the shower axis where multiple scattering
predominates over single scattering a Gaussian may be
expected to be a good approximation. In fact as Moliere

points out, the radial density funetion for all shower



43

particles that one obtains from a Gaussian distribution
for p(E,r) has the same singularity of 1/r nesr fhe axis
as his more accurate density function. Since our purposes
require a lateral extension only up to r ~ 10-2 we feel
justified in using a Gaussian distridbution.

fS(T) can be determined by good approximate methods
for either T < 2 or T > 6. The remaining part can be
obtained by graphical interpolation. In this section we
shall use the shower formulae given by Rossi and Greisen
(Ref. 36) (R~-G in short) whose expression for the total
number of particles is nearly identical with that of
Snyder and who in addition give the energy distribution
of the shower particles and photons. We are'going to
determine fg(T) for S =400 and S="700 for the Neher chamber
which has a radius of r = 7.62 em and which will be assumed

to be surrounded by a lead shield 22.7 sh.u. thick.

(b) Computations for T < 2.

When the shower does not have time to develop appre-
ciably in the air before reaching the shield of the ioniza-
tion chamber we may neglect both its lateral extension and
its transition effect in passing from sir into lead. Thus
the actual radius r, may be taken as rg(& ) for all sizes
and enefgies with & determined from the simple longitudinal

development formula as the minimum energy that would produce
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S particles after going through 22.7 + T sh.u. of lead.
This caleulation is certainly correct for T = O and we
ghall somewhat arbitrarily take it as approximately valid
up to T = 2 after which mainly the lateral spread of the
shower in the air will make fS(T) deviate toward lower
values.

We have therefore from (4.7)

(- L (13- &
.fSCT)zro"S 2 = de = L';_p,l % (6.3)
£J
Using R - G formulee for the number of particles at thick-
ness u we obtein the following Table 7 for the required

minimum energies and the resulting velues of fg(T).

Table 7
T u €400 €700 £400(T)  £400(T)
0 22.7  10.93 11.33 576 x 10-® 259 x10~®
1 23.7  1l.14 11.53 378 174
2 24.7  11.44 11.77 208 107

(c) Computations for T > 6

This is the region in which the air shower has suf-
ficiently developed so thgt the major contribution to a
burst under the lesd shield comes from medium energy
particles and photons of the air shower whose differential

spectrum can be well represented by the R -G expressions.
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Our procedure consists in determining S(r), the number of
particles that penetrate into the chamber as a function
"of r for several initial energies ( & ) and in inverting
these plots graphlicelly to obtain rs(e ) for S = 400 and
S = 700. |

For an air shower whose axis is &t s distance r from
the center of the ionization chamber, the density of the
particles penetrating to the chamber will be clearly given

by
k/ rLE—L
© kN - T z
P(,,)=S . 2 16 m(W,,E,T)AE T (g, o, T)
ra® £
EC el 3
W r>W*
© wl —_ a_"k é_:, ,
Ym0 TP (e, W AW T (W, T
W n“pke:f

(6.4)

where we are using the well-known notation of R-~G for

the differential and integral spectra in which E refer

to particle energy and W %o photon energy; T is the thick-
ness in air, T' the thickness in lead (22.7 sh.u) and E ,
W, are convenient lower energy limits for the shower
particles and photons. As the sharply pesked distribution
- of the Gaussian dominates over the slowly varying product
of spectra, the integrals are effectively evaluated

around the maxima of the Gaussians, i.e. around the values
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of E and W that give ——— =/ and L " _ =/
o] € a.':Lé_",

respectively which are found to be

? 2.2x/l?
1.?xlo I3 eV
€ = 2V 2 [4

< r Ll

Corresponding to r = 10~4 - 10-2 we obtain
E.,~ We ~ 2 x 109 - 2 x 1011 ev. Thus teking the oriti-
cal energy in air &s B g3, = 100 Mev, we see that for
initial energies ranging from W,= 2 x 1012 upwards,
the major contribution to the integrals will come from
medium energies safely distant from the two extremes of
initial and critical energies. We can therefore use R-G
expressions for the spectra without any corrections.
Also in the differential spectra ionization loss in air
can be neglected and the lower limits E,» W, may be taken

equal to ,B Substituting the R~-G spectfa we obtain

air’
for the part of p due to the electrons of the air shower,

"tgb 7 7/
° z _—— MO T ALDT
= d a &Y Yy Wo S € * !
£ _.l;( 7;41‘}5‘;" e 1 AE(S)S) (——E) ?(F) < (6.5)
Air
where
A (s,5) =L /s M& H () Ky (5D (6.6)
¢ A s’ [»\f'(:) T~ J"‘[A () T v L ]”L
/ W, )
T = — b Mo 4 .

A€ ( e 25) ' (6.7)
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/ / £ e
T Ve o~ ) (6.8)

4
and M(S), E, (S), X,(S,-8), A (S8), X,(8), ) (S) are
functions tabulated or plotted in the R ~ G review. To

carry out the integration numerically it is convenient

to make the substitution

which gives
6" 2 (€ ~E)
£, =\ 5 A (5,5 ”"fgz(é—i)—e - «‘—U+‘Eff’ﬂ*"l(‘)r’"A’(HTi}a{{i
e crt
(6.10)
with £ = b Do (6.11)
o = PA'I'P 0
£ o= on Mo _ r W (6.12)
e Ec - "‘¢.1£:S
£ = n %z—e = &n f (6.13)
and
/
=—A£(.r) <€+1—; (6.14)
T el (- -5) (6.15)
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We have plotted the last two relations for T = 6.8
and T = 9.3 with T'!' = 22.7 and p= 10 Mev, F»air-=.100 Mev
to obtain the functions S =f£( £), S' = £'( €). As
A (S,8') varies slowly, it was taken out of the integration;
after the integration was carried out by mesns of Simpson's
rule with intervals of A& =0.,5, the result was multiplied
by AS(S,S') in which the values of S,5' that make the ex-
ponential integrand maximum were substituted. A similar
procedure gives f}h , 1.e. the part of P due to the
photons of the air shower, which must be independently
calculated because of the different values of fr,AE(S,S')
and ¢ = £(S), &£'=f£'(S') for photons. The results are
listed below in Table 8, in particles per lateral sh.u.
square, for T = 6.8, T = 9.3 and for several energies W, ;

they are also plotted in figs. 5 and 6.

Table 8

an l.Sh.u.) ?el(r) Pph (r f+.+‘_‘ (r)

T=6.8 3x10-4¢ 8.8x108 24.6x108 3.34x109
W-1014 gv | .9 1.9 x108 5.6 x108 7.5 x108
o= 10 2.1 x107 7.1x107 9.2 x107
?=6.8 3x10-4¢ 9.9x107 2.86x108 3.8 x 108
W,=1013 ev | 5 2.4 x107 7.2x107 9.6 x 107
10 3,3 x106 1.1x107 1.4 x 107




Table 8 (continued)
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T‘(l‘n l.:h.u.) Pel (r) FPI\(") ﬂ;.,;,,l r)
_ 3x10% 7.0x108 1.55x10% =2.25x 102
T=9.3,,1 s 1.8x103 4.0 x 103 5.8 x 108
Wo=1.2x10-% | 19 2.3x107 5.1 x 107 7.4 x 10
_ 3x10-¢ 0.59x10% 1,7x108 2.2x108
To'lg-i” 5 1.6 x 107 5.0x107 6.6 x10
Wo=1 ev | 10 0.35x107 0.86x107 1.2x107

In the actual computations many approximate short
cuts were used, especially in deducing the values for p,,,
s0o that the above figures may have'errors in them up to
10%, which is a sufficient approximgtion for our purposes.
It im apparent that the density varies considerably
in the region r = 0 - 10=3. The assumption of a constant
density over the extenéion,of the chamber for deriving
from'f; the number of particles S that penetrate into the
chamber would thus lead to quife insccurate results for
showers whose axes hit the chamber. In order to account
for this effect of the finite size of the chamber we must
discuss the case of a shower whose axis passes through the
center of the ionization chamber. For such a shower S,
and Srh can clearly be obtained by a direct integration

over I
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No r\.gb

o 2 _ .
S, (= Serd:——g M": ;- W1& g (W€, T) dE T (E,0,T")
4 4_'-" el 3
(6.16)
r‘ N' _ VL”L
S?k(o): S Qxrdr S nw"E" 2 a;:L&-.' m W, W, TId4i T(W,0,T)
o Na &p
ﬁA.r ph (6.17)
and S (o) = J;l (o) +J‘Pk (’) (6018)

where r, is the radius of the Neher ionization chamber in
lateral units, i.e. r = 4.28 x 104, Integrating with

respect to r one obtains for S )

klo _ r.'I-EL
S 1 () =S (/-—e u:;é;‘) (W, €,7) TT(E0,T7) A€ (6.19)
Pﬁir

The spreading influence of the Gaussian is canceled
in the integration over r and now the integral is evaluated
a,roundthe maximum of the product of spectra; this maximum
energy though higher than the E_, of the previous calcula-
tion is still lower than W, by about a factor of 10.
Inserting therefore the R - G spectra and making the afore-
mentioned substitution we obtain

Sf,l(") = g 7(,-0)5) A (5,57 M/;»{EJ+£/.$‘/+A,(J) T+h, () T’} AdE (6.20)

(-]

where W
t V2
g(re,€) = /= enp f —el( “'15‘) } (6.21)
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end S,S' are given in (6.14) and (6.15). There is a
similsar expression for %ma} The results are shown in Table
" for T = 6.8, T = 9.3 and several initial energies. One

' thing that comes out of these calculations is the small-
ness of the effect of q(r.,£) (which is the factor bringing
in the size of the chamber) in determining S. It is found
that most of the contribution to the integral (6.16) comes
from distances up to r = 1.5 x 10-4. This fact suggests

a simple way of obtaining S for a shower whose axls passes
through the chamber at a distance r from the center. The
accompanying figure shows that faor sueh a shower, S will
be given to a good approximation by

S(l“) =Sk,_l~ (0) + T [roL—(ro"")L]f (r") _For r£3xlo“q

(6.22)

where S, (o) is given by the integrals (6.16), (6.17)
in which +r, is replaced by r,-r.

As the vgriation of the density slows down when one
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moves away from the axis, it majr be considered to be con-
stant over the extension of the chamber for distances
larger than the diameter of the chamber, or perhaps for

r ) 10-3. Thus for r » 10-3 we have simply
Sty = rnt plr) =675 x1o7 p(r) (6.23)

To check this last assumption we have computed
S (7.28) for W,=1013ev and for T =6.8, T= 9.3 by the

following more accurate method.

From the figure we have,

F+7e
S(rD =S 2Re dR p(r) for 2T
r-rg

and using r,2= R®+ r2 - 2Rr cos 9, we find

iy

S(r = :zS pR)R m"(.ﬁ'f:_rzi) oAR (6.24)

rro 2 Rr
A numerical integration for the cases mentioned gave

results in good agreement with the previous more approxi-

mate calculations.
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The results obtained by means of (6.3), (6.10),
(6.20), (6.22), (6.23) and (6.24) are listed in Table 9.

Table 9
r Se1(r) sph(r) Stota1(T)
T=6.8 19500 52400 71900
Wo = 1014 10x 10- 12 41 53
0 560 1500 2060
T=6.8 1x10-4% 556 1470 2026
Wo = 1013 2 531 1390 1921
3 479 1230 1709
7.28 212
10 1.9 6.4 8.3
0 228 668 896
T=6.8 1 10 886
Wo=6x 1012 2 805
3 675
T-6.8 0 102 300 402
Wo=3.64x1012| 1 x10-4 94 284 378
0 11400 25400 36800
1x10-4 36400
T=9.3 2 35200
W,= 1.2x1014 | 3 32600
728 155
10 14 29 43
0 214 495 709
1x10-4 690
Tx9.3 2 639
Wo = 1013 3 546
10 2.0 4.9 6.9
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Table 9 (continued)

r Sel(r) Sph(r) Stotal(r)
T=9.3 40
Wo= 7x 1012 0 0
0 73 197 270
T=9.3 1x10-4 257
Wo = 6x1012 2 242
3 196

The remark gbout the errors in Table 8 applies also to
Table 9. In figures 5 and 6, the variation of S(r) with
r for ssveral energies is shown as obtained from Taeble 7
and plotted in terms of an effective density defined so

as to coincide with the actual density for large r, namely

88 pui= ;ﬁ:; S(r) = ;:; S(r) - Curves in dashed line
represent the actual density as obtained from Table 6.

By means of these plots it is easy to derive the variation
of Wo(r) with r for S = 260, S = 400 and S = 700 as shown
in the figures 7 and 8 for T = 6.8 and T = 9.3. The
appearance of these curves substantiates our initial assump-
tion as to the core-selecting property of the thick shield;
thus in the region r = 0 - & x 10~4 where the shower core

is hitting the chamber essentially the same minimum energy

is needed to produce the given size burst, but after



55

r=~ 3 x 10~4 the necessary energy rises sharply and for

a. shower whose axis is away from the center by one

diameter’it has already increased by a factor of 100.
Finelly using the plots in figs.'7 and 8 & numeri-

cal integration yields fg(T) for § = 400, S = 700 and

T - 6.8, T =9.3. The details of this integration may be

seen in fig. 9 where we have plotted the integrand of

f5(T) (multiplied by 108) for S = 400, S = 700 and

T =6.8, T =9.3. The following Table 101lists all the

values of fg(T) so far obtained.

Iable 10
T T400(T) £ro0(T)
0 576 x 10~8 259 x 10-8
1 378 174
2 208 107
6.8 8.80 4.45
9.3 2.59 . 1.26

These points are plotted in fig. 10 and a smooth
curve 1s drawn through them to obtain the functions

£400(T) and fpoo(T) throughout the region of interest
0 £7T £10.
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The substitution T=t'sec @ in (4.8) yields

T -1

I (t) = S P L (7D oT

(7.1)

To carry out the integration numerically, we have

to know the value of tA. However a usgeful approximgte

integration can be done if we try to represent fg(T) by

en exponential of the form

-+

b(r)= F & T

where 1.65 is taken from the plots in fig.

ing this in (7.1) one obtains

T T __7_-.
) < LT
(x) = F = § =
3: s >
165 ¢
where x = L&A
EptbS

and integrating,
. X -=
g ()=wof 2 A (1—e )

which for ©r>»« reduces to

Jo 0 F 2 Fs e

(7.2)

10. Insert-

(7.3)

(7.4)

(7.5)

(7.6)
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T >e would be satisfied if f' >« is satisfied. But
as t, is expected to be ~ 3.5 - 4.5 (corresponding to
130 - 170 gm/cm?) « might be ~ 2.6 - 3.1 and the con-
dition t'>» 3 is indeed satisfied in the whole region
of interest, i.e. from sea level (t':=.27.7) up to 30,000
feet (t'= 8.2). At 30,000 feet the neglected factor
1 - e~8-2/3 gmounts to ~ 0.06.
From (4.9) and (7.6) we obtain for the size-frequency

distribution of air bursts,

. c x theeo
e Po 5 S - T e .
H(>3) = n,.? ‘. )a’- ) e A AenB dO (7.7)
7\:,'.0_-16 “Erpa 7
= T(+¢ .
= 27 fcﬁ" ( /éﬁ) per Sec. (7.8)

which brings out the interesting result that the altitude
variation of air bursts is the same as that of shield
burste from sea level up to 30,000 feet. Thus the ratio
of air bursts to shield bursts should be independent of
altitude for the Neher chamber. It is true that because
of the altitude variation in the sigze of the lateral
shower unit and the consequent decrease in the lateral
extension of air showers for lower altitudes, f5(6.8)

and £5(9.3) are different at lower altitudes from what we
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calculated at 30,000 feet. However as gg( T ) is mainly
determined by values of fg(T) for T < 2, the influence
of this change on gs(za) is expected to be negligible in
the first approximation.

To estimate the influence of the approximation
(7.2) on this result we have integrated (7.l1) numerically
for ty = 4.55 and for several values of T> 8.2. As may
be seen in fig. 11, the results can be well represented

by the expression

T

Fooo (20 = A;,:,: o W for €279 (7.9)
700

The slight increase of the exponential length from 4.55
to 4.65 has = negligible effect on T (€74 )+ Phus,
owing to the iterating influence of the integral, gs(t)
can be approximated by a simple exponential much better
than the original fg(T) could be. From fig. 11 we also
obtain the values of Fyq0, Frpoo by fitting the expression

(7.6) to the curves at T = 8.2; we find

Fa00 = 615 x 10-8

- (7.10)
700 = 310 x 107°

8. Extension to other chambers and shields

So far we have considered only Neher's ionization
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chamber with a radius of ro = 4.28 x 10-4 and a lead
shield of thickness T'= 22.7. In the evaluation of

fs(T) we made explicit use of T' for T £ 2 and of both

r, and T' for T > 6. The part for T < 2 can be easily
extended to other thicknesses as it doés not involve the
lateral extension of the air shower, but the part for

T > 6 can not be extended to other chambers or thicknesses
without going through the whole calculation. Again
becsuse of the small influence of the actual values of
£5(T) for large T in determining gg( T ), a first approxi-
mation will be obtained by neglecting the effects of the
different lateral distributions. Then two size-freguency
distributieons belonging to two different arrangements will
differ by a constant factor determined by the ratio

) @) (1)
4 (e S5 2 Agg

= - = e ' (8.1)

[2D) -
;.:(0) P

where Aesm’ is the difference between the minimum energies

for the two shields, provided the frequencies agre éxpressed
in bursts per em?. Of course this scheme can only be
applied when the differences between the two redii and
shield thicknesses are not so large as to modify the dis-
tinctive character (core-selecting property) of such

events. As the two chambers considered in our analysis
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satisfy this requirement we shall use it to ohtain the
ratio of air bursts to shield bursts for the actual
shields used with the Neher chember and with the Carnegie

model C meter.

9. Ratio of sir bursts to shield bursts for

Neher's ion chamber.

From {(3.8), (3.13) and (7.8) divided by rnr’=
18.3 © x 10-8 we derive for the ratio of air bursts to

shield bursts

2 s ;‘7(3) _f (a
H(=s) - é‘-"ﬁ(z/.z)l,g 1.3 A F; e e M o Aa 5 {“weker)
N (>5) 2x27x18.3x 1414 B Mo e ’ Ly (22.7)
K; (5D
(25
- [q har
= 2.47x lo™¥ —E{— %Ac e M o A _ﬂr_.:__i
M) €, A, (227)

(9.1)

The Neher chamber was surrounded with 0.31 cm of
iron (inner wall), 10.16 em of lead'(shield) and 1.27 cm
of iron (outer wall). According to Table 6, the total
absorber thickness of 11.74 cm corresponds for this
chamber to an effective thickness of 12.59 ¢m which when
subdivided proportionately imto ite different parts gives

from the center outward 0.33 cem of irom, 10.90 cm of lead
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and 1.36 cm of iron. The effect of the immer wall is to
change P slightly and need not conecern us here. The
outer wall, as far as shield bursts are concerned, acts
simply as an added absorber for the primary radiation
since the generation of bursts takes piace in the part
of the lead shield immediately surrounding the chamber.
(See remark at the end of seetion 3 b). Consequently we

have for the Heher chamber

oL

A
e-‘x_k- 24.— /\A)Fe < 2 AA Ph — o. 95/ x 0. 708 —o-670 (9.2)

where we have used A, = 350 gn/cm® and A pe = 210 gm/om?
(See section 14).
On the other hand for alr bursts the outer wall scts

as part of the shower producing region, being equal to

1.36x 7.7
13.9

outer wall are mostly at the beginning of their development

=0.75 sh.u. As the showers going through the

we neglect any transition effects that might occur in
entering from air into iron or from iron into lead and
eimply add the thickness of iron in sh.u. to the thickness
of the lead shield in sh.u. We thus obtain a totel shield
thickness of 18.1 sh.u. Consequentl& we have for the con-
version factor

#s@Mmr) — #SU&O _ 2.3 (9.3)
fs (22.7) £ (22.2)




62

In Part III we shall present evidence for adopting
350 180
the values Aa =—_~)\c = =5 sh.u. and t, = {L: 75 sh.u.
Using these values and substituting (9.2), (9.3) in (9.1)

we find
X1 (5)
HOS) L orq o 767 Fs (9.4)
N (>5) Mmis)

and from (7.10) and Table 3 we obtain finally

HO%00) s or ( H ) —0.029
N(>%400) H+N  /yo0
(9.5)
H(>700) _ 549 or ( H .__) = 0097
N (>700) H+N  J700

These points are plotted in fig. 13 and joined by
a straight line. This plot will be used for correcting
the Neher-Biehl data for air bursts from ses level up to

30,000 feet.

10. Comparison with coincidence experiments

Fehy and later Stinchcomd made burst experiments at
3500 m using a heavily shielded Carnegie model C meter
together with G-M tube coincidence circuits and determined
the percentage of bursts coincident with air showers. The
figures obteined for this percentage by the two observers
agree with each other within statistical errors; therefore
we confine ourselves to the discussion of Stinchcomb's

data whlch have somewhat better statistics. Stinchcomb
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obtained the variation with burst size of this percentsge
when the chamber was shielded by 10.7 cm of lead and also
when it was shielded by 130 gm/cm2 of iron in addition to
10.7 cm of léad. The interesting result was that the
addition of 130 gm/cm? of iron (9.5 sh.u.) caused only a
slight decrease in the coincidence ratio; for instance
the percentage changed from 5.2 ¥ 0.8 # to 4.1 ¥ 0.8 %
for S = 400, from 10 ¥ 2 % to 8 +3 % for S = 1000 and
from 56 ¥ 31 % to 50 ¥ 33 for S = 4000. As pointed out
by Stinchcomb, this fact indicates that the majority of
the bursts accompanied by air showers are due to the pene-
trating component of air showers (presumably composed of
high energy nucleons snd 7 -mesons). The extra absorber
of 9 sh.u. would cut down the frequency of the bursts due
to the soft component of air showers (i.e. air bursts)

by a factor of ~ 10 according to (8.1). Therefore only
the small difference between the two cases must be due

to air bursts; a percentage which increases from 1% for

S = 400 to 2% for S = 1000. Fow this is not incompatible
with our theoretical estimate. Using an effective shield

thickness of 138 gm/em”™ = 19.4 sh.u. which gives & conver-

fg (Neher) _ fg (18.1)

gsion factor of ?S 1Carnegie)"f§(lg.4) = 1.8, we deduce

from (92.5),
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400

|

w2 (5

" H>
= 2.6 for S = 1000
+ & carnegie #

The experimental percentage includes some contri-
butions from p-bursts and secondery nucleon or pion
bursts. But the poormess of the statistics mekes it

meaningless to try to sort out the pure ratio

( H ) from the experimental percentage. All

N + H/carnegie

we can say is that there is agreement between theory and
experiment as to the order of magnitude and kind of
variation with burst size of the ratio of air bursts to

shield bursts.
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Part III. Analysis of data

11. Introduction

Ih this part some unpublished burst data obtained
by Neher and Biehl will be presented and analyzed on the
basis of ideas developed in the first two parts. For
this purpose Christy and Kusaka's calculations for B-
bursts will have to be revised.‘ The absorption mean free
paeth in lead for primary protons in the energy range
1011 . 1012 ev will be deduced from Fahy's absorption
experiments and the absorption mean free path in air
will be deduced from the-altitude variation of the Neher-
Biehl data. Finally, after assuming a value for the
rrimery intensity, the theoretical burst rates will be
compared to the burst rates deduced from the Neher-Biehl
data.

12. ©The data of Neher and Biehl

Neher and Biehl obtained the size-frequency distri-
bution of bursts at sea level (1033 gm), at mountain
tops (altitude 14,500 feet or 616 gm, which is the average
of data at Andes 14,700 feet, 612 gm and Pike's Peak
14,100 feet, 621 gm) and in airplane flights at 30,000
feet, 307 gm. The ionization chamber used in these exper-

iments was & steel sphere of inside radius 7.62 cm and
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wall thickness 0.31 cm whose two halves were held together
by & steel ring of diemeter 2.54 cm. A spherical shield
of thickness 10,16 cm made of solid lead and enclosed in
a steel shell of wall thickness 1.27 cm surrounded the
chamber completely. The chamber was filled with 10 atmos-
pheres of argon in the 307 gm experiments and by 30 atmospheres
of air in the others. At one altitude observations were
made at places with different latitudes, so that the data
are effectively averaged over latitudes.

Owing to the rarity of such events the statisties
are not as good as it would be desirable. The total obser-
vation times were 31.1 hrs at 307 gmn, 270 hrs at 616 gm
and 850 hrs at 1033 gm. The observed number of bursts with
more than 1000 particles is ~ 20 at 307 gm and 616 gm and
~ 10 at sea level. Furthermore the possibility of confus-
ing some small bursts with background introduces a system-
atic error whose importance increases with altitude. The
ionization chamber records the background ionization as &
continuous straight line with a slope slightly different
from zero at sea level, on which the bursts are observed
as small vertical jumps. As one goes up in the atmosphere
the background ionization and consequently the slope of
the straight line increases; thus, as shown schemgtically

below, it becomes inereasingly difficult to distinguish
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the smallest observable bursts from the accidental wiggles
due to statistical fluctuations of the background ioniza-
tion, this being especially true for the sirplane data
where the motion of the plane is another cause for acciden-

tal wiggles. In such ambiguous cases, the tendency of all

—

At sea level
At mountain tops

In the airplane

experimenters, understandebly, seems to be in the direction
of under-estimating the number of smallest size bursts (See
Ref. 1,4). We therefore expect the observed frequency of
these bursts to be too low by an unknown amount.

In converting the ionization as observed in ion-pairs
to the number of particles respomsible for it, the conven-
tionel value of 60 ion-pairs per cem per atmosphere of air
is used. This value was taken from Swenn's meesurements of
the ionization produced by cosmic rays in traversing a
cylindrical high pressure (5 atms of argon) chamber (Ref.
39). A semi-theoretical justification can be given by

computing the energy loss of a high energy electron (e.g.
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by means of the formula given by Bethe (Ref. 40))_and
converting it into ion-pairs, using for the effective
ionization potential I and the energy spent per ion-pair

w that go into such a calculation the experimental values
obtained by Segre and Bakker (Ref. 4l1) for 340 Mev protons.
Thus one finds with I = 80 ev and w = 33.3 ev/ion-pair,
exactly 60 ion-pairs per ¢m path of air at 1 atm. and 20°C
for an electron of total energy E = 1.7 Mev (minimum ioni-
zation) and 63 ion-pairs for an electron of energy

E = 10 Mev. As the electrons responsible for bursts, being
shower particles at or near the maximum development have
mostly energies in the region 1 - 10 Mev, the conventional
value of 60 ion-pairs seems satisfactory.

In presenting the data care was taken to follow the
remark mpde by Christy end Kusaka (See Ref. 1, footnote 5)
to the effect that a burst observed to have S particles
actually has a number of particles between two limits
enclosing S which are determined by the accuracy of the
reading, so thet in obtaining an integral distribution the
lower limit must be substituted for S.

The cumulative data are shown in Tables 11, 12 and
13 for the altitudes of 307 gm, 616 gm and 1033 gm respec-

tively. 1In the first four columns are listed the observed

number of bursts with more than S particles and their
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resulting frequency both per hour and per sec om®. The
observed bursts (to be denoted by 0) are the sum total
‘of shield bursts (N), air bursts (H) and p-bursts ().
To study the altitude dependeﬁce and the size-frequency
distribution of shield bursts we must separate them from
others. In Tables 12 and 13, the fifth column gives the
frequency per cm? gec corrected for P—bursts by & method
explained in seetion 13; the p-correction to 307 gm data
is negligible. PFinally the last column in each table
gives the frequency per cm® sec of shield bursts obtained
from the preceding column by subtracting the air bursts
as given in fig. 13.

Table 11 (t =307 gm)

No of Observed 0(>8) per N(>S) per
s bursts 0(>8S) per hr sec cm2 em? sec
310 45 1.45 2.21x10"6 2.18x10"6
520 40 1.29 1l.96 1.89
730 a7 0.87 1.32 1.26
935 24 0.77 1.17 1.10
1140 22 0.71 1.08 1.00
1350 18 0.58 0.88 0.81
1550 12 0.39 0.59 0.54
1770 8 0.26 0.39 0.35

2080 7 0.23 0.35 0.31
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Table 12 (1 =616 gm)

No.of Ob. O(>S) 0(>S) per

S Bursts per hr cm2 sec 0-M(>s) N(>8)
235 140 0.52 7.91x10~7 7.35x10-7 7.21x10-"7
465 66 0.24 2,65 3.61 %.40
935 28 0.10 1.52 1.49 1.40
1860 10 0.027 0.41 0.40 0.36

Table 13 (t=1033 gm)

No of Ob. 0O(>S) 0(>S) per

S Bursts per hr eom@ sec 0-M(>8) N(>8)
235 80 0.083 1.41x10-7 1.00x10-7 0.98x10-7
465 29 0.033 0.50 0.38 0.37
935 12 0.012 0.20 - 0.17 0.16
1860 4 0.004 0.06 0.054 0.048

The data for N(>S) are plotted in figs. 14, 15, lé.
The indicated errors are standard deviations and do not
include systematic errors. In each case a straight line
is drawn through the experiméntal points whiech passes above
the point for the smallest size burst as this point is
presumed to be somewhat underestimsted. The slope of the
line is found to be =1.75 ¥ 0.20 at sea level, -1.54 7 0.15
at 616 gm and -1.14 ¥ 0.20 at 307 gm (30,000 feet); the
errors being composites of the statistical errors and the

theoretical unecertainties in the P-burst estimates.
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According to section 3.b the shape of the size-frequency
distribution of the shield bursts should reflect quite
closely the shape of the integral spectrum of the
primary particles. Hence the observed change with
altitude in the slope of the size-frequency distribution
disagrees with our assumption of a simple exponential
absorption of the primary spectrum. This discrepancy
indicates the existence of another agent for producing
shield bursts. The most likely cause would be the secon-
dary particles that come out of meson-producing colli-
sions in the air, mainly charged w -mesons and perhaps
some high energy nucleons whose effects are neglected
in our analysis. These may well account for a part of
the shield bursts whose relative importance ihcreases
with altitude; though it is not possible to make a quan-
titative estimate at present. Some experimental evidence
in favor of such a hypothesis can be drawn from burst
experiments with chambers screened by coincidence
circuits. By excluding the bursts accompanied by air
showers both Fahy and Stinchcomb obtained at 3500 m
(675 gm) a size-frequency distribution that has a slope
of -2, which would correspond to an inverse cube law for
the primary differential spectrum as we have assumed.

But when the bursts accompanied by air showers are added
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to the previous data, the slope becomes -1.8. Further-
more the bursts accompanied by air showers are'shown to
be mainly due to the penetrating component (See section
10).

We might also note that at sea level Lapp obtained
the same inverse square law with a similar counter-
chamber arrangement to exclude air showers. As the p-
bursts are expected to give an inverse square distribu-
tion, this faect is additional evidence for assuming a

primery differential spectrum of the form F, %g .

13. Remgrks on p-bursts

A theoretical size-frequency distribution for p-
bursts at sea level was computed by Christy and Kusaka
(Ref. 1). We have used their results after applying the
following corrections:

1) In C - K's calculations the mass of the p-
meson was taken as mP.z 177 m and the total intensity
of the p-meson beam at sea level as I = 1.00 x 10-2
em-2 gec-l sterad-l. We changed these figures to
mp = 215 m as given by Brode (Ref. 42) and
I= 0.8% x 10~2 cm~% sec-l sterad-l as g£iven by Rossi
(Ref. 28).

2) € -K used the "completely screened"™ wvalue for
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the shower unit in lead (i.e. 5.9 gm/cm®) We changed
it to 7.5 gm/cm@; this, by extending the effective burst

range, increases the burst rate by a factor of %-.g- = 1.27.

3) The effect of fluctuations seems to ha';'e been
over-estimated by C-K. At that time the preliminary
calculations of Nordsieck, Lamb and Uhlenbeck (Ref. 43)
had shown that the dispersion & (defined by o*=(s"), — (SM)")
is of the order of % S)v near the maximum of the shower.
As the approximate Furry model (Ref. 44) gives a disper-
sion 0f o ~ 8yy while the classical Poisson distribu-
tion gives only o ~ 31/2, C - K concluded theat near the
maximum of the shower where the largest contribution to
bursts arises the actual fluctuations would be better
approximated by the Furry model; the result of using
this model was an increase of the burst rate by a factor
of 1.5. ILater, however, Scott and Uhlenbeck (Ref. 45)
improved their early calculations and reduced their
estimate for o to only & few times the Poisson value;
'therefore it seems now that a better approximation to the
actual burst rate will be obtained by completely neglect-
ing the fluctuations. The same conclusion is drawn by
Belenky (Ref. 46) from Landau's unpublished calculations.

The results of C~ K with the indicated modifications
are listed in Table 14 below and plotted in fig. 17, in
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burst per cm? sec, where p is in ev.

Tgble 14

Bremsstrahlung Knock-on

BS bursts bursts =~ Total bursts
2x 10° 5.71x 10-8 0.86 x10-8 6.57x 10-8
4 1.81 x10-8 0.16 x10-8 1.97x10-8
8 0.48 x 10-8 2.68 x10-10 5,04 x10-°

16 1.20x10-9 3.87x10-11 1,24 x10-9
32 2.43x10-10 5.74 x10-12  2,49x10-10

To obtain the burst rate at + = 616 gm we may
assume that the high energy mesons responsible for
bursts are formed very high up in the atmosphere so
that the difference between the meson spectra at 616
gm and at 1033 gm is solely due to the absorption
through ionization loss and decay. At sea level C-XK

used a differential spectrum of the form

de 40

2

in which 1.8 Bev corresponds to the energy loss through-

N(E) dE 401 = (13.1)

out the atmosphere. If we take the energy loss between
616 gm and 1033 gm to be 0.8 Bev (for a meson of energy
~ 10 Bev) and denote by %&i%%%%% the survival probabil-
ity for a meson of energy E in going from 616 gm to 1033

gm along a pgth making an angle @ with the vertical, we
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obtain at 616 gm & spectrum of the form

N(E) dE dit = —dE L w(6l6) (13.2)
(54_ / 3 w (1033)
cosd

Assuming en exponential atmosphere and a linear variation

of momentum with path length one easily finds,

£3 /-3
w(616) /o33 ( P+ ;Lfa) pné+2 o8 PPRTIEY
= [ = 1.6 8 ( I+ ma)
€ (133) 6l6 p P
(13.3)

where p is the momentum corresponding to E(ie. pc = E).
The effect of using the spectrum (13.2) on the final
burst rate may be estimated by calculating the following

ratio
/-3

X —_—
3 =

- .8 posds2
S —___._s___"“‘e‘(gz [/.(,g(/.,. "’a){
s (Eraece) P

g .«
T smedd

§ (Fs r-8ecc0)™

where E is now the effective energy for producing a burst
of size larger then S (as given by E = 6pS) and for this
reason the denominators are only squared. The results
for the Neher chamber and for the values of S needed in
section 11 are listed below in Table 15.
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Pable 15
N M1 033 Mg1g
S EinBev £  in cm-2sec-l in cm-Zgec-l
235 16 1.3¢ 0.415x10~7 0.56x10"7
465 31 1.20 0.12 x 10-7 0.142x 10-7
935 63 1.10 0.29 x 10-8 0.32 x 10-8
1860 126 1.05 0.61 x 10-9 0.695x 10-°

In computing the energies of the second column
we have used f = 11.23 Mev. The slight difference from
p= 10.2 Mev as deduced in section 2 is due to the
presence of a steel wall between the lead shield and
ion chamber (inner wall). This wall introduces a
transition effect for the electron showers traversing
it; &s the eritical énergy for iron is larger than that
for lead, the number of electrons absorbed in passing
through the iron wall is larger than the number created
therein. According to the estimate @f Christy and
Kusaka one can take care of this absorption by multiply-
ing by 1.5 for a wall 1.5 em thick. We shall change
this estimate slightly as suggested by the more recent
analyses (See Ref. 4 and Ref. 33) and take the factor

as 1.6; then by assuming an exponential absorption in
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the iron wall to interpolate from 1.5 cm to 0.33

em we obtain 1.11 for the absorption factor in
Neher}s chamber which finally gives f geher =

10.2 x 1.11 = 11.3 Mev. The figures in the fourth
column are teken from Fig. 17 and those in the last
column are obtained by multiplying together the
corresponding figures in the third and fourth
columns.

We have used these figures in correcting the
data of Neher-Biehl for p-bursts. It must be men-
tioned however that these theoretical figures may
be wrong by as much as a factor of 2 when applied
to & specific ion chamber because of an unknown
sensitivity factor peculier to every chamber. As
it was already pointed out by Schein-Gill (Ref. 2),
for apparently unaccountable experimental resasons
différent meters even though located at the same
place record different burst rates. Recently
Stinchcomb (Ref. 58) found a difference up to a
factor of 2 between the burst rates recorded by the

three Carnegie Model C meters that he used.
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14. Mean free paths in lead

In his burst experiments at Climax, Fahy has
varied the thickness of the lead shield surrounding the
Carnegie meter (Ref. 33). He found a general decrease
in the burst rate by a factor of 1.6 ¥ 0.06 for an in-
crease in shield thickness from 10.7 em to 26.7 cm.
Thie factor was independent of burst size in the range
S = 200 - 2000. As such an absorption is predicted in
our expression (3.8) we shall use this experiment to
deduce the absorption mean free path in lead )% of the
primary radiation. A similar analysis was already made
by Fahy.

As the chamber was screened against air showers
by means of a coincidence counting arrangement, the
bursts observed by Fahy include mainly shield bursts
with a few P-bursts. We have therefofe

(N+M),, .

@4M%&7

= /-6 (14.1)

According to (3.8), N-bursts are expomentially absorbed:

ax _ 2z
_ A A {(14.2)
Mo = Moy ¢ ™ =N,5 ¢

where Aa=182 gm is the difference in the effective
shield thickness derived by means of the Table 6.

The absorption of p-mesons in going through 182 gm
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of lead can be neglected as it amounts to an energy loss
of ~ 380 Mev = 0.38 Bev vwhereas the effective energy
for producing bursts with S = 1000 is from Christy-Kuseka,
E=10p8 =10 x 1.6 x 107 x 102= 160 Bev. Thus We have

Mpg.7 = M10.7 (14.3)

Combining Fahy's experimentel value of N+ M =

1.95 x 108 em~2sec~! and the theorstical value of

y — 0.138 x 1.07
1.18

imately for Climax as explained in section 13) with (14.1,

= O.ls(k 10‘8)cm'2 gee~l (derived approx-

2,3), one finds

\,= 355 ¥ 55 gm/cm®

The error indicated is compounded of the uncertainties in
the exXperimentael absorption factor and the theoretical
value for M. In his analysis, Fahy found X = 346 ¥ 36
owing mainly to his slightly different figure for M.
Since there are no reasons to the contrary in our
analysis, we shall assume the equality of the absorption

and colllision mean free paths in lead. We then obtsin

)&c=3£'.$'$§'f gm/cm"

which is about twice the geometrical mean free path
(160 gm) corresponding to the geometrical cross section

for collisions. In some cases it has been suggested (see
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e.g. Ref. 47) that & geometrical cross section for catas-
trophic collisions mey still give rise to an absorption
length of ~ 300 gm by means of & cascade process. How-
ever in burst experiments where the detection scheme is

80 heavily energy sensitive, the effect of the secondary
nucleons will be negligible owing to their strong energy
degeneration. The bossibly larger effeect of the secondary
t -mesons was slready teken care of in 3.4 and shown to be
in faet quite small.

Our value for the absorption meen free path agrees
with the results of several suthors (See Ref. 48) on the
absorption of star-producing and penetrating shower produc-
ing radiations. On the other hand, our collision mean
free path disagrees with the results of Cocconi (Ref. 49)
and Sitte (Ref. 50) who found ~ 160 gm for the interasction
mean free path in lead of the penetrating shower producing
rediation. It does agree though with an extrapolation of
the Berkeley results on the collision cross sections of
high energy neutrons in various mgterials. By varying the
neutron energy from 90 Mev up to 270 Mev, DedJuren and
Moyer found that the total cross section (which includes
the effect of "shadow scattering™) for each material drops
rapidly between 100 and 180 Mev fto a level which continues
with ‘little further variation up to 270 Mev (Ref. 51).
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The result for lead at 270 Mev is & i, ip7 = 2.84 barnes.
Also Deduren (Ref. 52) by means of a "poor geometry"™
arrangement measured the inelastic collision cross section

(which may be somewhat lower than the actual one) and

Sin . = 0.50 for 270 Mev neﬁtrons on lead.

o—-i-o-l-
Combining the two values for 270 Mev, one obtains A =

found thet

242 gm/cm® for lead. An increase from 242 to 355 would
be reasonable considering the large gap between the two

energy regions.

15. Mean free paths in air

To obtain the altitude variation of shield bursts
we have plotted in fig. 18 the points for S = 500, 1000
and 1500 derived from Neher-Biehl data at 307 gm, 616 gm
and 1033 gm. The errors are compounded of the statistical
errors and the theoretical uncertainty in the p-burst
estimates, but are still somewhat arbitrary. The uncertain-
ty in the p-burst estimate affects mostly the sea level
data. The straight line (deshed in fig. 18) that joins
the three points for S = 1000 gives +tyui = 159 gm for
the absorption length of the integrated intemsity. From
fig. 19 we see that an approximately exponential variastion
between 300 gm and 1000 gm with an apparent tint = 159 gm

can be obtained after the Gross transformation if we assume
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ty = 185 gm. Similarly the points for 8 = 500 give

ty = 200 gm and those for S = 1500 give t, = 175 gm.

The observed discrepancy in the values of ty for different
burst sizes is a reflection of the fact that the size-.
frequency distributions at different alfitudes do not

have exactly the same shape. We adopt & final value of
ty = 185 7 20 gm/cm?

For the collision mean free path in air we shall
assume the seme value tpo = 185 F 20 gm/cm2, as we did in
lead. The collision cross section thus found is consis-
tent with the results of Berkeley experiments (see section
14) with high energy neutrons from which a collision mean
free path of 142 gm/cm? for 270 Mev neutrons in air ean
be deduced. However, contrary to the case for lead, the
value for the absorption mean free path does not agree with
that obtained by several observers for the star-producing
and penetrating shower producing rgdiations which is around
120 -~ 140 gm/em? (See e.g. Ref. 48). It is especially
difficult to reconciliate it with the values of t, = 124+ 38
gm given by Fahy for the absorption of bursts between 3500
m (675 gm) and sea level or t) = 65 F¥ 14 gm given by
Stinchcomb for the absorption between the top of the atmos-~
phere and 3500 m or ty = 125 ¥ 8 gm and ty = 135 ¥ 11 given
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by Rossi et al (Ref. 31) for the absorption between 383

gm and 273 gm of bursts conteining more. than ~ 100

particles at the respective latitudes of 559 N and 20° N.
Perhaps all one can do is to point out the general disagree-

ment thet exists between the other observers as well,

l6. Primary specirum

To compare the theoretical burst rate as given by
(3.8) with the data, we have to know the spectrum and
intensity of the primary radistion. We have seen that the
shape of the size-frequency distributiop feflects the shape
of the primary spectrum quite closely (See 3b), so that we

must have

f(é') dE = .i‘s.. dE _‘o)- £ 280 Bev .

For smaller energles we have the information obtained by
Millikan and his colleborators in ionization measurements
‘throughout the atmosphere at several latitudes (see e.g.
Jenossy's book, Ref. 53). According to Neher the results
suggest a differential primary spectrum of Eﬁ;ﬁg dE in
the range 10 Bev < E ¢ 20 Bev. The same experiments give
also the total intensity of the primary radiastion entering

the atmosphere. According to Neher's recent reappraisal

of the data (Ref. 54), the total vertical intensity at the ¢
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equator is I = 0.012 particles/cm? sec sterad. 'The

simplest way to combine these informations is to assume
/-§3

F(EILE = % % for 1264 € L0 Ber.
and _
& 2 dE
f L) _E_ ;OI’ -zoé E
£ g

where « , «, are to be determined from the continuity

/.('3 (

and the total intensity relation

T oo = (2) e 5(5) P

{a-6
and where 12.6 Bev is the minimum energy of the protons

condition

arriving to the equator and is d&ifferent from the usual
velue of 15 Bev because of a correction due to the tilt
between the earth's axis and the magnetic dipole (See Ref.
53). One thus obtains, |

feoraE = ZL dE per cm? sec sterad
£

(where E is in Bev)

near the vertical at the top of the atmosphere. It must be
- mentioned that Van Allen and Singer's more direct measure-
ments of the primary intensity at the top of the atmosphere

by means of G -M counter telescopes placed in rockets gave
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results disagreeing with ionization results by a‘factor of

2 (See e.g. Ref. 55, 56). Van Allen's latest value at the
equator is I = 0.024, However the counter results may be
to0 high due to the atmospheric albedo which is difficult

to account for completely. The jonization results on the
other hand must be increased by about 20% to take into
account the energy lost in the form of neutrinos. In our
case there is another factor which about compensates this
increase. It has been found that only 80% of the primary
cosmic radiation consists of protons, the remainder being
made up of heavier nuclel, mainly «-particles. (See e.g.
Ref. 57). According to Bradt end Peters the heavy particles
have a collision cross section very close to the geometrical
one; they should therefore be absorbed in the air much more
rapidly than the protons and consequently only 80% of the
total incoming intensity would be effeetive in producing

the observed bursts. Thus we shall adopt the spectrum
£(E)4E =e%ﬁ%.dE without any corrections with the understend-
ing that it may be too low by 50%.

17. Comparlison of the theoretical burst rate with

the data of Neher-Biehl

Substitution in (3.8) of the values for A , &A, A s X
, X,(s) » M(s), p and multiplication by 1.14 for secondary
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interactions give for S8 = 500, 1000, 1500,

NM(»500) = 7-28 x =% T ( (:/éA) it sec .

N (>[o00) = /-7 x to=* J(é/(:A) e sed’. (17.1)

N (>1500) = 7.724 xlo™¢ J'(é/éﬁ) omi? gec’

From the experimental points for the corresponding burst
sizes it was found in section 15 that t, = 200 for S= 500,
ty, = 185 for S = 1000 and t3 = 175 for S = 1500. Substi-
tuting these values in (17.1) and using fig. 19 we derive
the theoretical burst rates for various altitudes and

burst sizes. The results are shown in fig. 18 where the
experimental points are joined by dashed lines while the
theoretical points are joined by full curves. The theoreti-
cal and experimental points agree quite well for S = 1000;
for 8 = 500 the theoretical cufve lies higher by a factor

of 2 and for 8§ = 1500 it lies lower by a factor of 1.5.

This variation with S is & consequence of the non-identical
shapes of the experimental size-~-frequency distributions at
three altitudes. It shows that we cannot use this data to
obtain some confirmation or refutation for the value of any
of the quantities used in our analysis without subtracting
first the bursts due to secondary particles. However it

is evident that there is agreement as to the order of magni-

tude in the whole interval 400 { S £ 1600.
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18. Summary of conclusions

The production of photons through the intermediary
of short-lived neutral mesons in collisions of primary
protons with shield nuclei is shown to be a process capable
of explaining the bulk of the high-sltitude bursts of size
'S = 400 - 1000 observed under thick absorbers. The abso-
lute burst rate predicted according to the neutral meson
hypothesis, by assuming a primary differentlial spectrum
in the form f£(E)dE = éﬁ% dE particles per cm? sec sterad,
an exponential absorpigon in the air with a mean free path
of 185 ¥ 20 gm/cm® and a collision-absorption mean free
path in lead of 355 F 55 gm/cme agrees within experimental
errors with the burst rate found by Neher-Biehl. The
absorption mean free path in air is deduced from the data
of Neher-Biehl while that in lead is deduced from Fahy's
data. The form of the primary spectrum is chosen so as to
agree with the results of counter-chamber coincidenée exper-
ments by Lapp, Fahy and Stinchcomb; its absolute value is
derived frém the ionization measurements of Millikan and
his collaborators. The contribution of the soft component
of air showers is estimated to be negligible at all
altitudes while that of p-mesons is significant only at sea

level.

On the other hand, the experimental size-frequency
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distributions at three altitudes do not agree with each
other if one attributes all shield bursts to primary
protons, which are absorbed exponentially throughout the
atmosphere. A fraction of the high altitude bursts must
therefore be due to secondary particles, presumably
charged mw -mesons and secondary nucleons. A quantitative
estimate of this fraction is not available at present,
partly because of the lack of statistical accuracy in
the data and partly because of the lack of detailed
knowledge about the primary interaction.
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