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A Bbudy of the Bffect of Curveture on

Tully Developed Turbulent Flow

ABSTRACT

In aeronsutics we are especially interested in the
flow of alr édjacemt to surfaces, such as alrfolls. There
are two main types of flow of real fluids, laminar and tur-
bulent, and it is turbulent flow which is of practical import-

in aeronautics. We should like to be able to vredict the
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skin friction and flow conditions for any surface of any shape.

There has recently been much success with Uhe problem of pre-
dicting flow along a flat plate parallel to the direction of
flow, and the problem was attacked by investigation of fully
developed turbulent flow in straight channels, and direct
application of the semi-empirical laws obtained, to the flow
along a flat plate. However, surfaces met with in practice
are, in general, curved, so That it would be important to be
s8ble Lo predict the effect of curvature on turbulent flow.
Most of the previous work in curved flow, however, has been
with curved pipes and channels where the behavior of the flow
was complicated by secondary vertices.

The present work had the purposes of isolatimg a8
far as possible the effect of curvabture on a fully developed
turbulent flow, with two dimensional mean motion. The curved
chennels used were 5 cm. in b?eﬁdth and 0 cm. in depth, and

had straight entrance sections over 60 x breadth in length to

produce a fully developed straignht flow before subjecting it

g ., e Y -~ - -
to the effect of curveture., (hannel I had inner radius 45 cm,



and outer radius B0 cm,, while channel II had inner radius

20 cm. and oubter 25 cm. [n addition, measurements were made
in an appfétua congisting of two concentric cylinders, the
inner one of radius 20 cm. and rotating, the outer of radius
25.4 cm. and fixed. e curvature was made of the same order
as channel II for purpose of comparison.

oy

Measurements on the channels consisted of pressure

drop along the channel walls at several speeds, velocity dis-
tribution at 30V intervals around the curved portion, velocity
distributions at several :peeds, and for channel [T, determina-
tion of the shearing stress at the walls of one of the curved
gections.,

Measurements on the cylinders consisted of velocity
distributions at two speeds and determination of shearing
stress at Tthe outer wall.

Evaluation of results included: calculation of
resistance law, calculation of the shearing stress, distri
bution in radial direction across the curved portion, deter-
mination of the exponential law for the veloecity distribution
near the walls in the various cases, calculation of the
"mixing length" 1, from turbulent exchange theory, and several
dimensionless methods of plobtting velocity distributions to
show similarity between measurements in the channels and in
the concentric cylinders.

Also included are calculations of the laminar flow
distribution in.a curved channel, and a discussion of Rayleigh!

stability criterion.

It appears that the distribution of centrifugsal force



has a strong influence on the stability of Lhe Tlow, and &

materially the velocity distribution. The fact that similarity
can be obtained for several cases Dy proper dim@nsioniess rE-
duction based on the effective breadth of the mixing region
looks hopeful, and it remains for future investigations to

determine more facts about the effective breadth of the mixing

reglon.
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The flow of ideal fluids has been the subject of
thorough mathematical investigation for meny years, but it is
only in the last few decades thal a systematic attempt has been
made to study the flow of real fluids. There are two main

types of flow of real fluids: laminar and turbulent, of which

th
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latter ig the wmore important in practice. In aeroconautics
we are especlally interested in predicting skin friction of
surfaces, breakaway of {low and related phenomena, wnich de-
pend largely on the behavior of turbulent flow in the neigh-
borhood of a surface. There has been much success Wiﬁh semi-
empirical treatment of turbulent {low in straight channels
and along flat platés. Howe#er, flow encountered in practice
is subjected in genersl to the influence of pressure gradient
and curvature.. The effect of pressure gradient has already
been investigated to some extent in ceonvergent and divergent
channels. The present work gives experimental data on the
turbulent flow in two different curved channels, the object
of which was to isolate as far as possible the effect of
centrifugal force on turbulent flow and thereby give a deeper

insight into the mechanism of the flow of real fluids.

B. PREVIQUS WORK ON CURVED FLOW.
1. Hydraulic experiments.
Wiost of the previous experimental work on curved
flow has been done as gpeclal engineecring investigations of

such problems as resistance loss in pipe bends, and flow in

turbines and water channels. Nost of the investigations have



been made in channels whose denth and breadtl were of the same

mean
order of magnitude--in other words the flow occurring was

essentially three dimensional in character. The nature of
such flow, with its secondary longitudinal vortices has been
1

s s - - o o E - - i -
discussed to some extent by Lellt, Isaachsen<, Hinderks®, and

Nippert%. Pig. 1 shows one of Hinderks! photographs of the

flow in a curved pipe, and Fig. 2

ghows a schematic diagram of the

probable behavior of the three

D

dimensional curved flow. In th
center section, AA', the pressure
at the outer wall, po, is greater
’thaﬂ P11, due to the centrifugal
force. Al the top and bottom
surfaces, boundary layers will

form adjacent to the surfsaces,

and the velocity will be decreased

50 that the centrifugal force of
the fluid will be less than it is
in the center section. Thus the fluid near the top and bottom
surfaces will be forced inwards, since the pressure gradient
along the radius will be unchanged in the boundary layer, and
will be the same as in the center. This gives rise to a cir-
culatory motion of two longitudinal vortices, whereby the
fast-moving particles in the center section tend to travel
outward, are diverted along tne walls toward the upper corners,

and from there toward the inner well, where they tend to collect

..



and form a so-called dead water region.

vifpvhoweV3rﬁ the depth of the chesnnel is large come
pared with the breadth, the influence of the top and bottom
boundaries on the flow is negligibly small and the behavior
of the flow is cuite different. The distribution of the
centrifugal force has an unstabilizing effect on the fluid

layers near the outer wall as will be discussed later. Thus

the mixing process will be increased near the outer wall and
will be decreased near the inner wall. The stability behavior

may be considered analogous to that of motion in the atmos-
phere undér different temperature gradients, where the tem=-
perature gradient plays an analogous role to that of the .
centrifugal force. Yhen warmer layers are moving over colder
layers, the system is stable; and the wnixing is small, while
if the colder layers move above the warmer, the systemn is

unstable and mixing is increased.

2. BRetz-filcken experiments.

A series of experiments on so-called two-dimensional

@

flow in curved channels was sbarted by Betsz in 1927. Wilcken?®
made the first investigations on the boundary layer flow in
a series of curved channels. In each case the channel depth

was large in comparison to the breadth in order to avoid the

formation of the above mentloned secondary vorticeas. Wilcken
found that the boundary layer on the concave outer surface

developed much more rupidly than on the convex inner surface,
which seems to confirm the supposition that thé mixing is
stronger at the outer wall. However, Wilcken dealt with two
boundary layers separated by potential flow, and since the

flow never reached a fully developed state, evaluation of



results was difficult. 1In the fully developed state the mean
velocities are parallel to the walls and depend only upon the

coordinate normal to the walls.

3. Maccoll-Wattendor{ experiments,

In 1929 J. W. Maéooll and the present writer used a
modified form of the Wilcken apparatus to study the further
d@V@lopmént of the flow after the boundary layers have come
together. The channel was 3 cm. wide and 50 cm. in outer
radius, and the boundary layers came together at about the
90Y position. Fig. 3 shows the development of the velocity
distribution. It is seen that the velocity profile undergoes
a change after the’meeting of the layers, but that the flow
has not yet reached a fully developed state. In order to
obtain a fully developed flow, a straight channel two meters
in length was built before the curved channel so that the flow
was already developed before it enﬁered the curved portion of
the channel. The velocity profiles are shown in Pig. 4, and
indicate the approaching of a final state. 7The measurements
were of an introductory nature and indicated clearly the need
for further systematic work. It was for this reason that
measuremnents were made in an luproved type of curved channel

at the California Institute of Technology.

4, Rotating cylinders,
A rather interesting case of curved flow is that
of flow between rotating cylinders. 1In this case there is

no pressure drop and for small ratios of gap to radius the
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conditions approach those of the so-called (ouette case for
straight flow. The laminar flow has been subject to many
investigations, but turbulent {low hsas been studied very

little up to the present time. G. I. Taylor especially has
studied the flow between rotating cylinders, both theoretically
and»experimentally.

Recently i. Wendt in (ottingen has investigated the
turbulent flow of water between rotating cylinders., There is
a great difference in the nature of the distribution depend-
ing on the relative direction and magnitude of rotation of
the cylinders. Fig. 5y illustrates the nature of the flow
when one of the cylindérs iz held stationary.

' of

Except for the absence pressure drop in the direc-
tion 5f flow, the flow near the stationaryy outer cylinder
with the inner cylinder rotating should be analogous to the
flow at the outer concave wall of the curved channel, while
if the imnner cylinder is fixed and the outer rotating the
flow near the inner cylinder should be analogoué to the flow
near the curved inner wall of the curved channel,

The first case, that of inner cylinder rotating and
outer cylinder stationary was investigated to some extent in
an apparatus described in a later section. Wr. J. . Nord-
guist cooperated with the author on the measurements with
this apparatus, and is now extending the experiments to an

investigation of surface roughness,
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1. Description of apparatus.

a., Chammels and motor.

Investigationsg were made

designated I and II. Channel I is

Fig. 6. The channel has & breadth

L

90 cm., so that the ratio of depth

ratio was chosen large to avoild as
disturbing influence of the top or

other words to avoid the formation

mentioned in section B-1l.

following main parts.

1 A

L @ A

bell shaped inteake
viding a smooth entrance.

o

large portion of

from outsidse.

The channel consisted of

in two different channels,
shown schematically in

of & cm. and a depth of
to breadth is 18:1. The
much as possible any
bottom on the flow, in
of longitudinal vortices

2

the

for tne purpose of pro-

A honeycomb was built into the

the funnel to straighten out eddies entering

2., A sbtraight section 305 cm. long, for the purpose

of building up the flow into a full

length is 61 times the channel
igations have found 50 b to be
fully developed flow.

3. The curved section
2

concentric circular arcs, with the radius of the inner wall =

45 cm.

euff

with

and the radius of the outer wall =

y developed state. This

breadth and previous invest-

icient for producing a

the walls bent in

=

50 cm. The curva-

ture extended through about 300° of arc, in order to obtain

as far as possible =

fully developed curved flow.

This was

&n improvement over the author's Gottingen channel which ex-

tended only through 180°,



4. An exit cone fastened on to the curved channel
through a 180° gooseneck, and formed the transition between
the rectangular channel section of $0 cm x 5 cm.to the pro=-
peller section 55 cm. in diameter. The semi-angle of diverg-
ence of the transition section was about 8°.

5. The propeller and motor unit was designed by
Dre As Lie Kleih for use in a future small high speed wind

G.E.
tunniel., The motor was a Steritse, three phase, variable
frequency motor, delivering j§ H.r. at 9000 R.P.M., The motor
speed was controlled by vearying the frequency, and this method
proved to be highly satisfactory. The propeller was a four
bladed, adjustable pitech, steel propeller, 55 cm. in diameter.

The powef unit was capable of producing air speeds
up to 120 m.p.h. in this tunnel, but during experiments much
lower speeds were used to avoild collapsing of the channel
walls. Stiffeners were used on the straight section to min-
imize the sucking in of the walls.

Channel II, Fig. 7, was similar to Cﬁannel I except
that the radii of curvature were 20 cm. for the inner wall
and 25 for the outer. Also the straight entrance channel was
modified in that the walls were made of two sheets of 5/16"
plymetal, making a much more rigid structure, and avoiding
the necessity of using stiffeners. The entrance length was
shortened slightly from 205 cm. to 285 cm., which is still
57 times the breadth, and sutficient for producing a fully

developed flow. :
--—-—-§->- ---------- the consbruction of

Note: Mr. G. S. Lufkin was largely responsible forVchannel I,

ag well as preliminary measurements. CIT Master *s Thesis 1931.



b. Pitot tubes and manometers,

Fig. 8 shows some of the pitot tubes used in the
investigation. Tube a is one of the tubes for measuring total
head. It consists ot a 3/32" copper tube, bent at right angles,
with a short length of hypodermic needle, .7¢ mm. in diameter

carefully soldered intc its tip. The total length of the tip
was 38 mm. Two such tubes were used, one bent slightly so that
the tip would come intc good flat contact with the inner wall,
and & similar one adapted to use at the outer wall,

Some experiments were made with the small Prandtl
tube ¢, and also with a staetic tube not shown, but the results
were not used, since a method for calculabting static pressure
was found to bhe more satisfactory, as explained in section G-
Z-8.

The so=-called 3tanton type tube E was used for ine
vestigations of total head very close to the walls., It was
made by carefully flattening the end of a 5/52”‘copper tube.

A pilece of .001" shim stock was inserted in the end during
the flattening process in order to avoid closing of the air
passage., The outside dimensions of the tube were about .3 mm.
x 3 wn. snd inside abogt o115 mm. X 2.5 mm. The exact dimen-
sions are not important since the effective center was deter-
mined during the messurements.

The tubes were moved through the tunnel by means of
a hand operated micrometer, shown in Fig. 9. The measuring
stations on the channels are shown in Figures 6 and 7. AL
each station there were three screws projecting outwards from

the channel to accomodate the micrometer. The pitot tube



2 suitable hole in the channel

p

could then be inserted
wall and Tastened to the micrometer. There were observation
holes in the wooden top of the channel above each meszuring
station, so that the position of the tube could be properly
adjusted.

The measuring stations were situated halfway between
the top and bottom of the channel. At each station there was
a gmall orifice in the wall, even with the tip of the pitot
tube and displaced 2.5 cm. vertically from it, for the pur-
pose of gi?ing the static pressure at the walls,

Two micromanometers were used Ior the pressure
measurements. They were designed by Dr. A. 1., Klein and are
described in the report by Millikan and Klein®, They were
found tc be very satisfactory, even for very low heads.

c. Rotating cylinders.

The sketch of the rotating cylinder apparatus is
shown in Fig. 10. It consists chiefly of an aluminum pulley,
with polished surface, 20 cm. in radius and with a 30 cn.
face, driven by a small Sterling three phage, variable fre-
quency motor, delivering .| H.P. at 3000 R.p.i. It is built
into a wooden cylindrical housing, lined with a smooth gal-
venized iron sheet, so that the inner surface of the housing
is concentric with the.pulley, with a 5.4 cm. gap between.
During measurements a cover was clamped on td the apparatus
so that the air in the space between the cylinders was shield-
ed from outside disturbance as much as possible,

The measurements were made with the same micrometer,

pitot tubes and manometers as for the curved channels,
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#. Measurements of total head and calculation of

static pressure.
Instead of using a pitot-static tube for velocity

measuremnents, closer distances to the wall could be obtained

e

by measuring the total head and static pressure separately.
The tubes have already been described, Alter preliminary work
with the statlc pressure btube, however, 1t was decided to cal-
culate the static pressure distribution from the readings ob-
tained at the static orifices in the walls., It had previously
been found that static tubes tend to read too low in turbulent
flow, and this Tact may be seen if we consider the characterig-
tlcg of a static tubes Pig. 11 shows the calibration curve of
pressure reading versus direction of mean flow for the static
pressure tube used. IU is clear that if the tube is placed in

4

an alr stream of fluctuating direction, the mean value of the
pressure reading will be lower then the meximum, the magnitude
depending on the percentage of angular fluctuation of the flow.
An additional error may alsc exist in the present case due to
the curvature of the streamlines around the tube. ALt the wall

]

orifices, however, the fluctuation normal to the wall must

T

vanish, and the stream lines will be parallel to the wall, so
gs given by the static orifices are probably
reasonably accurate.

The method of caleculating the static pressure dige
tribution from the wall readings is as followe:

et uw and v, (Fig. 12) be the tangential and normal

components of velocity in a curved flow at radius » from the
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enter of curvature, then

T dp/dr = fn%ﬁ@ fu dv/rde

\ if we can neglect the effect

<
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of the apparent stresses of th

o

4.

type “15”'n The first term
P ’r— e g

r represents the centrifugsal
force, and the second bterm
/ 3

*“s

the pressure due to the no:

mel component of velocity.

o - s -
Fig., 12 The cond ter snilshes for

fully developed flow, and even

ey
in the transition region is small against u“/rm
The 0416uiatioﬂ for the fully developed region where

the second term may be neglected is as follows:
e have
- o} o 9 2 3y
dp/dr = @uc/r - - = « - - o (1)
Now we assume that the weasured value of the total

head 1is accurate enough for our purpose

e

brd

=pt v - .o Lol L (2
It follows from (2)

fuc = 2 (H - p)
and substituting in (1) gives

dp/dr = (2/7) (H-p)
Using the pressure at one wall, say the inner wall, as refer-
ence,

d(p=py)/dr = (2/7) [Eﬁ«pi) - (pmpiij

This is & linear differential equation of the first order whosze

11
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solution 1s
P~ Py o= (1/r°) ﬁf (H-pj)2r dr

H is taken from the measured total head distribution, Py has
been messured by a static orifice in the inner wall with good
accuracy, and the function (pri}r is integrated graphically.
As a check , the measured value of the outer wall pressure was
in good accordance with our calculation,

b. Velocity distribution along channel at one speed.

The velocity i1z calculated from the curves of total
head and static pressure according to the equation

Hzp+ 3fud

The distribuﬁion tor channel I is shown in Fig. 13 and for
channel IT in Pig. 14. It is seen thaet the velocity of the
air is at first increased toward the inner wall, and that
after this the velocity tends to increase again in the outer
portion as though attempting to reach a distribubtion scmewhat
similar to potential "free vortex" flow with ur = const,
throughout the center portion of the channel. Jore will be
sald later of the comparison of the fully developed distri-
butions in the two different charmels.

c. Scale effect.

Flge. 15 shows dimensionless velocity distributions
for dif fer nt mean‘velocities in channel I, and Fig. 16 in
Tor 210°section.

charmel IT, It 18 seen that for this small range of veloci-
ties the scale effect is guite small,

d. Pressure drop measurements and registance law.

The pressure drop along the channels was deter-
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mined by two different methods: first by connecting the static
wall orifices to a multiple manometer and recording the heights

of the

]

leohol columnsg on Osalite paper by exposing to a bright

-

light; and secondly by connecting each orifice in turn to a

T

single micromanometer through a multiple cock. The micromano-

meter proved to be more accurate. Pressure distribution curves
at several mean speeds for channel I are shown in Fig. 17, and
for charmel II in ¥ig. 18. For channel I, the pressure drop
was measured only in the curved portion of the channel, while
for channel I1, the étraight section was measured as well. The
resistance coefficientAfor the channel was calculated according

to the definition,

ap _.,’( 1P =2
200 "o B

where U = mean velocity, b = channel breadth and rp = radius of
center line of the channel. Fig. 19 shows the result. It is
seen that the resistance coefficient for the straight entrance
is slightly lower than the Blasius law for straight pipes with
circular crosgs-section, and that the curved portion of the
channel has a resistance coefficient only slightly higher.
Higher resistance coefficients obtained in pipe bends of about
the same curvature may probably be attributéd to thé secondary
vortices of the three dimensional mean flow,

€. lieasurement of wall friction.

As will later be shown, the wall friction ﬁ; is not
uniquely determined by the pressure drop along the channel,
although the distribution may be calculated if the value of T
et #he one point is known. Therefore it is of particular im-

portance to determine experimentally the approximate value of

.



at the walls. The measuvements were mede with the Stanton

type tube, previously scribed.

For 4#e orifices of such small dimensions, 3Stanton
+hat

foumdAthe total head reading of the tube does not correspond

with the total head at the geometrical center of the tubejbutLM%
the pressure at an "eflective center, at a distance 5ﬁ%fr0m
the wall of the channel, when the tube is in contact with the
wall. Stanton determined the effective center by calibrating
the tubes in a channel where the flow was laminar in character.
Tor the present experiments, however, an approximabte method
was used, as follows:
The shearing stress 1, at the wall of the straiph
entrance section is determined by the pressure drop,
Y5 =b/2 (dp/dx)
where b is the breadth of the channel. In the region guite
close to the wall we have a so-called "laminar sub-layer”,
where the shearing stress is given essentially by the formula
T = MouBy),
VY is the coefficient of viscosity and (3u/ay)o represents
the velocity gradient at the wall,
If we define the distance from the t& the effect-
ive center ss 5“% and the reading of the total head of the tube

=
)

as H”, then the effective velocity is givén a8

82
%'f v*? oz wte p
where p = the measured stetic pressure at the wall,
We have then for 73 sprroximately
To = ugh

from which §% may be calculated, since 7% is known for the

straight channel. Now we assume thatd ¥ is the same function
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of U” and the breadth of the orifice of the Stanton tube in

B

the curved channel as has just been found in the straight
channel, when in both cases the Stanton tube was in contact
with the wall. 7§ is determined from the messured U® and the
corresponding value of &a% taken from the curve,

In each case 0 ¥ is debermined for several speeds
so that the value of T can be plotted against the reference
wall pressure/while the other physical parameters involved,
such as the diameter of the orifice, and }*’remain unchanged.
Fig., 20 shows the cu°vecy% ainst the wall pressure, Tig. 21
of U7 against wall pressure, and Fig. 22v?3~against wall
pfe*sure The appnlications of this determination will follow
in & later section,’

f. HMeasurements with concentric cylinders.
For comparison with the flow in the curved channe)

measurements were made in the rotating cylinder apparatus.

The inner cylinder rotates, the outer cylinder is fixed. The
das corvéd channel I

curvature was roughly of the same ordeR§ the inner radius being

the same, with the gap between the cylinders being 5.4 ci. as

against 5 for the curved channel. The measurements were made

with the same total head tubes, as well as with a Stanton tube.

H.

As far as the [low at the stationary outer wall
concerned, the curvature effect should be aboubt the same.
There i1s no pressure drop in this, the so-called Coustite case.

For comparison with the curved channel, consecutive
measurements were made with the Stanton tube, first at the
outer wall of the curved channel, and then at the wall of the

stationary outer cylinder. In order to obtain the condition



of the same wall friction, the speed of the inner rotating
cylinder was adjusted until the reading of the Stanton tube
was the same as for the curved channel, and this condition
was found to occur when the velocity head of the so-called
"free vortex" in the center region between the cylinders

was the same as for the curved channel.

Fig. 23 ghows the measured total head and caleulate-

o]
>
w
@
o
}...J
o

ed static pressure distribution for the cylind
seen that the total head is practically constant throughout
a large region, corresponding to the condition of "free
vortex" flow. Dimensionless velocity distribution for two
speeds are shown in Fig. 24.

The distfibution of T for the rotating cylinder
may easlily be calculated from the value measured at the
outer wall by means of the Stanton tube, by means of the
equation of constant moment of force,

Tr = const.
and the value 7’1 for the inner wall is
4 Ti= Tovo /vy

Ls & check on the accuracy of the Stanton btube
measurement, the value of 7’1 for the inner cylinder ob-
tained by the calculation first mentioned was compared wibl
corresponding wmeasurements of H. Wendt of thtingen whio
actually measured the torgue on the ianer rotating cylinder
in a2 similar experiment with waﬁera The values check withe
in 5%;

5. Cealculations and analysis of results.
g&. Calculation of the velocity distribution in
laminar flow for the present channel, and one ol stronger

curvature,

16
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aminar

It was thought of interest to compute the las
flow in a channel cof the same dimension as the rresent
II, to see how the shape compared with lsminar flow in
straight chammel. The anslysis is as follows:

Referring to the
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Tpt@grffiﬁg, we have

Clad tC o) =

Now, since

p) (vr)/dr =

tangeptial dizx

Differentiating (1) gi

are Fig. 25, let u =
gential veloclity of flow,

channel
a
dia=-

Vv = the radial velocity z O,
for the fully developed case,
Also oW/ Qe = O when fully de=

veloped. Appl

ying equations

~

O

momentum transport in tangential

and radial directions,

radial direction,
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We

have:



we can write

d(ur)/dr = c}{_ b +aac,
Jgf(cﬂ’“”r}‘#g’rcl (@T ‘{'Ca

= 2 ,J‘l
- co4 &[22 bor42] ¢ 25
P 2 Ll‘_; B

w A"

1

We have, then, as a final form of the velocity distribution,
U = €17 = (cp/r) - (p'/2Mr les v
where
- e 4 I
C = pt = 9Jp/oe = pressure drop per radian.
The boundary conditions are
T 2 prg =wee-- u = 0,
P RP eemcee u = 0,
Substituting in the equation, we have
c A C, =

[

c
CoAL 4 KAy YAz =0

[

where Lk = pt'/2f~
Solving for cg

By e, d kA Ao ey 20

I '

o, Aa te, da ogpdrd, b it =0

Whence - 4+
ﬁ /T‘ . ‘Vm..im&’ =0
and
@

A
8.
K%Q&QQM&z

e a 2.
2" =45
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Solving for ¢y

e, 7 +c, k4t 2o
6142%~+Cg-+3<4i1§4~42 =0

e, (#™2Y + K[ s ~ At b ) S0

and
F PRD R PR il
C1 = —K = T
PR
We have th as the complete expression lor u,
o} EN 4 4"0
- 47 A% AT —= «
b = % bt o KRR L kAl

: _ -4
/{" A7 ,ﬁ;L‘%l

This can be simplified for calculation pbrnoaeg as follows:

2.4 .3:‘2_ A2 i i
w = +K'E§§§£;;igm.$ ~K,¢2 . z Al 4'K ra'rkmxz’fkffbw
A A i ~ e
But  kr log r an be written as
oy Y 2 Sy
’ [AT A /
/?'&é,m_zvr £ - = /
K g;_/fgi"ff ﬂ2_‘{{;2§1
since -
, . 7
vxﬁ‘“‘ﬂl‘ _ A { =
. a
. 'E

Combining terms we have

Rt " ' A
=k 2 le s b TRy TR Lk e
-1 -
and 2 _a 2 A A‘;-.z ﬁ%‘!‘
R R MR e N B
w s K| OIS r o ~7¢
[
&
or,
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LB Torm for celculation purposes is: ,
' 2
, e 4
T 2 § Ar A Ao ( =~ [ 1
umK’FQ (b ?QM Vo f{:”f_
(4

This expression, except for the constant factor, was cal-

culated for the two cases

1)  r; =20, r, z 25;
23) ry = 5, ro = 10,

o
and the calculated distribution is shown in Fig. 26. This
gshows only & slight deviatism from the parabola of the

straight flow, but the shift in maximum V@‘ocluy is toward

&0
L)

the inner wall and the slope near the center seems to be

oward the potential flow. The measured turbulent flow hsas

he same tendency bult to a much greater degree.

b. Rayleights stability criterion.
‘ 7 s 7] LY - y s ey & FY
Rayleigh' has studied the stability of fiuid in

curved {low, as follows,

Consider ile undisturbed flow
of a fluid in a curved path. It a

— T fluid element moving with tangential
—3>U . .
velocity u at a distance r from

e the center of curvature o, be dis-

P placed by a disturbi

’:S

g force acting

7 glong the radius, the moment of mo-

mentum taken around the azis perven-

dicular to u through o, of the element
o
Fig. 27 must remaln unchanged,
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O ol Lthe digturl i Aivection.
T 3 34 @t f . Tl ey Ty o 1119 o T TN L HP N By v, s CR
In the undisturbed flow, the preszsure gradient along is in
gquilibriun with the centrifugsal force.
4
1. 2o P

et us consider now s

o -

flow where LThe product up

decreages with increasing r .
fuz , ' The accompanying sketch shows
r R S T TP T U
the distribution of centri-

fugal force for such a case,

If a fluid element at »r -

Sh---
Sy

e displaced) where it has

the velocity &, Youtward along
7

r , the requirement for con-

stent moment of momentum is

UGl = Uyl  oF

at the time,

ot
ot
o2
7
o

ocity of the fluid elemen

The centrifugal force of the element is

i 0 TR
2. ? ue® g§@a Lo

l’ﬁ

We have

along the

o

oLy

for » 7 vy where u is the

Hence lor the centrifugal force
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%U“ﬂzituiing equation 1) and 2j 1in the above inequality we

have
du
4. 2 Pue”
dr r
Hence the centrifugal force of the displaced fluid
element is greater than the centripetal pressure graodient, and

the motion 1s unstable, because the tendency is for the dis-

placed particle to move further in the same direction. Con-

versely, 1€ the displacement is inward, the centritugal torce
will Dbe less than Lhe centripetal pressure gradient, and the

glement will be forced further inward.

In a similar manner we arrive at the conclusion that

in & flow where ur is increasing outward, the elements displaced
from their equilibrium positions will be forced back to their
positions, and the action will be stabilizing.

If we are dealing with a flow where ur = const. the
conclusion is that the stability is neutral.

Flg. 29 shows curves of ur for the curved channel I1,
and the concentric cylinders. According to the above ahalyeis
the flow at both inner and outer walls of the concentric cylin-
ders and at the outer wall of the curved channel is subject to
an unstabilizing effect, while at the inner wall of the curved
channel the effect is stabilizing. &ln the regions where we
find instability of the above outlined kind the mixing will be
ircreased, and therefore the region ur = couou, which represents
g certain equilibrium condition,will be more rabidly avproached.

This instability criterion has been first stated as
far as we know by Lord rayleigh in 1916 and has been applied
end refined by taki ing the viscosity effect into consideration

by G.I . Taylor in his work on the insta 01ility of laminar flow
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between two robtabting cylinders in 1923, ILater this instability
has been found independently by Bjlerknes and Solberg in the
course of their meteorological investigations in 1827. L.

Frandtl pointed oubt a2 similar theorem in 1929 at the Aschen

Aerodynamics Congress.

¢c. Calculation of the T distribution for the
curved channel.

The distribution of the shearing stress T for a
fully developed curved flow may be calculated from a congide
eration of The moments ot momentun about t®¥e center of cupre
vature of the channel.

Consgider the forces acting on a émall glement of

fluid in a curved channel. Pig. 30 represents an element

o

at radius r.. The flow is assuned fully developed, that is

?'!3

there is no change of momentum in the tangential direction
and the mean value of the normal component is everywhere =0.
The only forces acting are pressure and shearing stress, If
we take T as the she ing stress, then the shearing force on
the area formed by the arc rde and unit depth is

‘Trd@b
end the moment of this force about the center is

T rede

If p = pressure, the moment of the vressure about

the origin is pdr . r.

Lguating momerts of force we have

745?2,7'P2 de f’éﬁzzgi dr d6 - Tr? ge =

104.581@45 pdr ,{.g__g de dr - pdr
2 .




&
or Tre o e
op +

4 3

natant over the radiuvs. This last

where QHE is

0 e

agsumption can be derived from the fact that u is independ=-

@
&
&
D
i
W
w
o
o

ent of @ in the fully developed flow. We have only to differ-
entiate Tthe ecuation

dp - p u?
oo P

with respect to €, which gives

2- .

T 08 oe
independent of r.

The constant of integration may be determined if

we know the value of T at one point. If we take the point

in the channel where T = 0 as reference, and call the radius
. o T N ey 1
at this point r,, we have
.
- r
c = - JiE il 1
0@ 2

and finally

/r

L 9P 1 - (ﬁl 27
= Q 1

¢
)

The cholce of r has been subjiect to some discuse-
sion,according to the detinition of T . Tor laminar flow in

a curved path, we have
T:;L&..E}
where Je is the coefficient of viscosity of the fluid. Tt

1s customary to use an analogous expression for 7 oin a
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turbulent flow, namely,
T =5¢ ou 1)
or ry
where & represents the "apparent' coefficient of kinematic
viscosgity, or "exchange coefficient” of the turbulent mixing

process. From this point of view it would seem obvious that

£

T =0 when

uou
A R
0 r
f

1“&
For straight flow, we have

7, -~ é ;a_,;u‘—’-
Prandtl introduced the so-called "mixing lengtn”™ 1 or the
mean distance which a fluid element travels before losing
its identity. By means of "1", T may be expressed

7_: ?ﬁQ(%;;i

By an analysis in which he assumes that a displaced

*,

fluid element in curved flow maintains its moment of momentum,

-

Prandtl gives as the expression for | in a curved flow?

1. fjf.-_-?lz @_% ?>a

whereby it is seen that T = 0 for bu~1.2 =0
However, on the basis of the assumption that a
displaced fluid element in curved flow maintains ilts vor-
ticity, we obtain the expression
. T o= paF(ou _u)F
: or 1

whereby Y =0 for éau 1
r r

4V

The ilmportance of determining [ experimentally is

evident, and it was for this reason that an approximate method



of determining 7, &

3

was developed Ior
Curves ¥

he two cases corr
rm-auo

and al

@.P f'r = ’A

measured wall valu

the curve with the

two, and is closer

t the walls, by means of the Jtanton tube
Channel II.

ribution of } in ngrme TT for
= Q).20m
esponding to ¥ = 0 at ou u )
~ T — = = () and
BT T A
& 5
so the distribution corresponding te the
(rmxx @aﬁ 7)
esAis shown in Pig. 31. It is seen th

oF

or bthe dis

t

=
o

measured end points lies between the cther

to the curve which has its zero point at

0% % = o wherey,=20%

or r

Physically this may mean that since the different

expressions for T

are attempts at approximations to the true

conditions, they may both be partly right, and the actusl

flow maey be a combination of several processes, and be between

the two theoretics

.1 curves. The evaluation of results for

channel II were made on the basis of the curve corresponding

to the meassured wall points. ( Yim ‘11"7)

d. Power laws.

It has been found that for turbulent flow in straight

channels, the velocity throughout the greater part of the

channel may be expressed &§ an exponential function of the

distance from The

n) for flow in cha

wall.

nnels at Reynolds numbers around 200,000

is about . However, it has been shown, chiefly by von Karman

that the exponent

is a function of The Reynolds number, and n

. . o . or. . .
increases with Reynolds number, T,aohlng 9 arwd 10 at

Ry e~1,000,000. The increasing exponent in this case corresg-

ponds to the flatt

ening off of the velocity distribution with

26
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b
3

increasing scale. The flattening off of the velocity distri-

e an increased mixing near the

ot

bution, would seem to indica

walls, since with increased mixing the central veloecity is soone:

approached than when the mixing is less. Tig. 3@ shows the

e¢locity distribution near the walls ol both curved channels,
for s, &= 100,000

ss well as the strailght Section,Ap ofted logarithmically and

rly good straight lines can be drawn

("D
Q]
<
"y
i
jas
ct
iy
fude

it is s

oo

through the points,
I we take . B as a measure of curvabure whers
o
b = channel breadth end ry = radius of curvature of the outer
wall, calling concave curvature positive and convex negative,
and plot the exponent n against the curvebure for the dif-

ferent cases we get the result shown in figure 3&. In accord-

ance with our stability criterion we see that increasing n

goes bogether with increasging instability, while decreasing n
goes tegether with stability,
. Universal laws.
sl
Prandtl” introduced a dimensionless method of plob-

ting velocity distribution near the walls of

and NikuradselO applied this to flow in straigh

different wall roughnesses and found that all points for the
different conditions fitted well on & gingle curve which he
terms the universal velocity distribution near walls ™e

result for the curved channel and concentric cylinders, plot-

ted in this dimensionless manner is shown in ¥Pig, 34. Tvident-

?-\

ly the universsl law applies only to straight pipes and

~

channels because our pointe for the straight section fit

"’J

\

(’2)
]
G

W
o]

izels curve wh

ikura

r..h

other cases deviate sysbem=
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a modification of the Stanitor-karmen methodl of plotiing.

Karman obtains similarity in straight flow by plotting the

¢

Upex = 4 . .
function max S against % where D is channel

%ff >

oreadth. We have modified this for the curved channel by

using u - the velocity which a potential {low would have

pot.,

2t the considered point, whereby the potential velocity

distribution is tangent To the actual curve ab the point

du = - u

b =
dr r

The dimension

where Te 1a the measured

ig made dimensionless by dividing by the so-called effective

2y

hreadth

R

o)
.
-

.

Og 1s defined as the distance from the channel

wall to the where the votential velocity distribution

is tangent to the weasured velocity curve. De is the effect-
ive breadth for the outer wall region, and b8 For the inner

=
b
o
B
€1
0]
o
fond
[y
-
[43]
in
2
o
bt
=
i
e
ol
°
[¢N)
n
N
i
ct
[_J.,
w
w
&
[¢]
3
ot
o
=
o
o

&1
-
[
i
O]
[N
f#s]
"
3
O
&
o
an
bt
@]
<3
-~
Nt
[
P
jof
o
¢
Ha
¢
¢
(i
oot
48
o
[0
@]
LA
)
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)
(O]
O
o
[ n
O]
!
o
=3
Iy
s
-
-
o
(]
e
[
o
-
L)
<
Fas)
@D
i
S

channel I1 and the outer stationary cylinder, and also

and ths

<
i
b
i
oty

rotating cylinder. Straight flow however, falls outside, and
it ia interesting to consider thalt straight flow has no well

defined effective breadti, in other words there is no

flattening out of the velocity curve at the charmnel center,
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3

The measulement

nders have sh

curvebures, and with the concentric cyl:
following general I
1. That there is only slight increase in channel

reaistance due to the curvature indicating thal previous re-

the secondary vorlices of three dimensional mean flow.

2+ That the velocity distributionsg are strongl

influenced by curvature and thal the Tlow through

"2 - ~ 4.3 i } 1 N - .
regilon approaches the pobential flow with the law ur = const.
= " T e - T T N . A el 4 e
Se  That Rayleight's sbability criterion predicts

outer wall of the

curved channels and both wallg of the concentric cylinders,
and stanility at the inner wall of the curved channel, (Cone
ideration of the power laws and effective breadth bear out
the criterion,
4., That similarity in the velocity profiles can be

ohtained with th

'CD

flow in concentric cylinders of the saums

curvature by proper reduction,

of

wge of the "effective
hreadth',
indicate the need of further =

. i £ 3 - 2 iy o -~ .
stematic experiments on tur-

bulent flow, with the attempt of isoclating

Tluences as much as possible and forming semi~eupirical laws

£

for them which may later be combined to apply to the problens

of sero and hydrodynamics of practical importance.

SRk aTe -y W g
hese two channels of differen

29
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LONGITUDINAL VORTICES IN CURVED
CHANNEL OF SQUARE CROSS SECTION
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