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ABSTRACT

Wall static pressure measurements and boundary layer pitot
pressure surveys were made near the throat of a flexible wall
supersonic wind-tunnel nozzle at three settings having throat
radii of curvature from 33 to 59 inches, It is found that the
longitudinal static pressure gradient at the nozzle throat cale-
culated from one-dimensional flow theory agreed with the measured
wall static pressure gradient.

The boundary-layer velocity profilss at the noszle throat
are presented and disecussed. The boundary layers were turbulent
and 0,0L6 $o 0.107 inch thick. It is found that the boundary=-
layer momentum thickness at the noszzle throat calculated using
the momentum-integral-equation and several approximations agrees
with the values determined from the measured boundary layer pro-
files, Finally, it is noted that in spite of the different static
pressure gradients, the boundary-lasyer velocity profiles for the
different nozsle settings are similar, and it is shown analytically
that thies simllarity is to be expected.
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HOMERCLATURE

B =87/

1" radius of curvature at nossle throat= 2/(d°t/ax’)"
H Mach number

Hg nozzle exit Mach number

¥ constamt in equation {u/al)'{:{/s )I/E

53 static pressure

Py supply rressure

pitot pressure

7 lecal height of nozzls

T temperature

Tg equilibrium temperaturs

p (1) total tempevature; (2) supply temperature
defined by Equation (3)

u wvelocity in x direction

Uy shearing stress velooity ~fﬁ§:

distance parallel to wall

4

distanwe perpendicular to wall
frecegtrean velocity gradient at nozzle throat

boundary layer thickness

- boundary layver parameter defined in text

#*
) displacement thickness

¥
¢
¥  ratio of specific heais
§
8}.

momentus thickneas

8
re inematic viscosity



e static density

T wall shearing siress

Subseripts

1 local value at boundary layer edge
w local wvalue at wall

Superscripts

#  value at M = 1 (except &)

- mean velue (evaluated at T)
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1. ORIGIN OF EXPERDMEWT

The use of ithe momentum-integraleeguation method for caleulating
the boundary-layer thickness corrsctions for wind-tunnel nozzle cone
tours is widely known and has been partially confirmed by experiment.
More recently, the boundary-layer integral equations have been used
to calenlate the heat transfer to windetunnel and rockst noszle walls
having turbulent boundary layers (e.z. Ref., 1). In these cases the
region of greatest interest is the nozzle throat where the heat transfer
rates are greatest (since @u is greatest there). The caleulation of
local heat transfer rates can be divided into two steps: (1) the cal-
culation of the local boundary-layer momsntum thickness (which gives
the local shearing stress), and (2) the caleulation of the ratie of
heat transfer to shearing stress (e.g., by using some form of Reynolds
analogy)., Whils it ias believed that the calculation of step 2 can
be made with sufficient accuracy, no measurements were available Yo
test the accuracy of the methods used in the caleulation of step 1.
Consequently, weasurements were made at several supersonicenczzle
throats to study the boundary lgvers there and to test the values of

throat momentunethicimess predicted by Reference 1.
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IT. BXPERTMENTAL TECHRIQUE

Measurements were made of the pitot tube pressure, p@’, across
the boundary layer and of the static pressurs, p, along the neszls
wall., Due %o the undesirability of drilling holes in the highly
gtressed nogzle flexible plats, a boundary lzyasr pitot probe was
developad whieh could be supported from the tunnel test section,

A schematic draving and photographs of the probe gre shown in Figure

1. The pitot tube iz fixed to a cantilever heam which is free to

move inside the body of the probe when the beam deflsction cable is
pulled. The deflection of the beam is sensed Wy & pair of strain

gages glued to the baam, and is measured by a self-balencing bridge
(using a modified Brown Electronik precision indicator). The bridge
was set so that one instrument division equalled 0,0002 inch, as
determined by calibrating the indicstor reading szainst the movement
of a micromster screws contach with the micrometer was debermined by

2 sensitive electrical fouling circuit., The position of the wall was
chosen as that probe deflection reading at which further movement of
the beam towards the wall gave no corresponding decrease in the measured
prassure; which showed that although the cable was bending the flexible
beam, the tip of the pitet tube was at a fixed position in the flow
{i.e., at the wall). The tip of the pitot tube was made of flatisned
hypodermic tubing and had an external height of 0.00LL inch and a widih
of 0,025 inch., The minimum probe Revnolds number was 1600 (based on a
length of 0,00LL inch), which was large enough to avoid errors dus to

visecous effects,



The wall static pressure was mesasured by moving a 0.050 inch
tube having four coplaner 0.008 inch holes along the nozzle wall
(Fig. 2). The tube was moved by a simple screw and mt arrangement,
and its position was read to 0,01 inch., HMeasurements were made (1)
with the tunnsl clear, and (2) with a dummy pitot probe installed
over the tube to check the extent %o which the probe disturbed the
flow field,
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III. DISCUSSION OF MEASUREMENTS

Megsuremants were made at three nozsle setiings corresponding
to test section Hach numbers, Mg, of 2.2, 3.3, and 3e8. The noszle
shape parameters and tummel supply conditions are given in Table 1.
Previous hot wire and pitot pressure measurements made aboul 30 inches
upatrean of the nozzle throat had shown that the boundary layer was
turbulent at that point. The static pressure ratio, 9/’%, surveys
are shown in Figure 3 where Py is the tunnel supply pressure and
x = (is the nozzle geawiric throat. It can be seen that the changs
in pressure due to the dumy pitot probe is small upstreanm of the
probe body. The measwred throat boundary layer pitot presswre ratio,
?0'/95_, iz plotted versus distance perpendicular to the wall, y, in
Figure L. Each profile represents thres or more traverses of the
boundary layer. The minimum distance, y, a2t which data were obiained
for run 2 is greater than for runs 1 and 3 due to a misalignment of
the pitot probe tip during run 2.

The wvelocity, u, in the boundary lagyer was caleulated using the
assumptions p = constant and TG = gonstant across the boundary layer.
The value of p was taken from the static tube survey, and 7. was taken

o
as the wind tunnel supply temperature. The values of ;s,/;}{; and u/ul

versus y/§ are tabulated in Table II, and the values of u/u, versus
¥/ 5 log u/uy versus log y/&, and Wui versus log y/§ are plotted
in Pigures 5, 6, and 7. The valus of § was chosen from Figure L as
the distance y at which ;39'/% = 3,995,

L straight line faired through the veloclity data plotted on the
log-log basis (Fig. 6) gives a slope of about 1/7.0 to 1/7.5. This



ghows that the throat boundary lsvers were turbulent, and suggests
that assuming a 1/7 power velocity profile in epplying the momentume
integral-equation to the calculation of nozzle-throat boundary layer
thickness should give good resulis.

Theoretical values of a/nl vs, y/§ were calculated from the ine

compressible turbulent velocity distribution of von Kérmén

w g
& ,..J.’M% g ¥ + 4 (875 10g 4 4 55)

7 (1)

evaluated for u, :Vf/& . The shearing stress |~ was calculated from
= \/4
= 0.0/26 '

_5.%/{ 0.0/ (—z/z—g—) (2)

which i3 the incompressible turbulent skin friction relation of Blasius

modified by the evaluation of @ and Z st a mean temperature

T = I%I- (3)

The wvalue of Ta was calculated using a recovery factor of 0.9, Come
bining equations (1) and (2) gives u as a function of y for the known
values of the constants § , 9, Y, Qs @ 2 Z . The computed curves
for rans 1 and 3 (Fig. 7) bracket the data and, although the measursed
flow was not incompressible, it ig beliewved that this agreement implies
that the ?&”ﬁil shearing stiress did not differ greatly from the values

computed from Equation (2).
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The tunnel operating conditions and the measured boundary layer
parameters are summarized in Table I, A boundary layer thickness § log
has been defined as the value of y at u/uy = 1 given by a straight
line drawn through ths data on a plot of log u/zzz ve. log y. From
Figure & it can be seen that for these measurements Slsg/gg 0.8,
Table I shows that the boundary layer parameters were nearly constant
for the three runs. This would indicate (as do Figures 5 to 7) that
the boundary layer profiles had a similar shape in spite of their
having different static pressure gradients., This similarity will
be discussed in section IV. From Table I it can be seen that the
measured values of the boundary layer shape parameter, H, agreed
with the theoretical values tabulated by Tucker (Ref, 2) for N = 7,
A comparison of the measured and calculated values of /8 and §/§
shows that the measured physical boundary layer thickness, § , is

greater than that given by theory. However, if the measured value

of ‘rlog is used, the agreemsnt is improved,
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IV, COMPARISON WITH THEORY

A theoretiecal calculation of boundary lsyer growth along the
wind tunnel nozzle was made by means of the boundaryelayer momentum=-

integral -equation

S (irr o) g £ - O

uaing values of 7" given by equation (2) and values of H and &/§ from
Reference 2 for N = 7, The calculation wae started from a peint about
30 inches upstream of the nozzle throat where previous measurements
had shown the boundary layer to be turbulent and about 1/l inch thick.
The boundary layer thickness at the nozzle throat was also estim-
ated by the "throat approximation” formula {Ref., 1, Eg, 35 and Section
IV-C) |

.—#%— *  w\ A
g-..—.a.ovrz.(?) m('tyL , =L &
'70 70 72 (5)

The calculated and measured values of 8 and § are plotted on Figure 8
against the measured values of the velocity gradient parameter € . The
calculated values of @ were obtained (assuming one-dimensional, isen=

tropic flows of. Ref., 1, App. B) from

-
— d“ J—
0= (‘3‘;") = 9.0 [ ©

Equation (£) gave values of @ which agreed within 2 percent (Table I)
with the experimental values of § determined from the measured wall
static pressure gradient (e.g., Fig. 3). It can be seen that the
“throat approximation’ for @ agrees with the more exact calculation, and

that both caleulations agree with the measured values. The measured values
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of § are higher than those calculated whils the measured values of
§ log 2T€ in closer agreement with thosse calculated, as might be
expacted from the behavier of 8/§ as discussed in Section III.

It has been noted (Section III) that the non-dimensional
boundary lscm? velocity profiles from the differsnt noszszles are
similar, It hss been suggested (Ref, 3) that for incompressible
flow the shape of the welocity profile depends on a parameter of
the form (8/7)(dp/dx) which is the ratio of pressure to the viscous
forces acting on the boundary layer (c¢f., Eg. L). Consideration of
the "throat approximation” analysis of Reference 1, which is based
on a linear velocity gradient u; = @x, shows (Appendix 4) that for
2 particvlar nozzle (8/7)(dp/dx) does not vary with x; and, fTurthere
more, that this constant value of (8/7)(dp/dx) is independent of

nozale shape and supply conditions. The numerical valus is

B Pk - _o026
T dx o (7

This result impliss (1) that, neglecting the effects of compressibility
and within the accuracy of the "tiroat approximation” analysis, the
turbulent boundary layers near supersonic nozzle throats are equilibrium
layers, in the sense of Reference 33 and {2) that the profiles should
be similar since they have the same value of the equilibrium paramster,
Since T was not measuvred, it is not possible to check Equation (7)
directly.

Although no othsr equilibrium boundary-layer profiles having
favorable pressure gradients, (8/7%)(dp/dx) € 0, are available with which
to compare these throat profilea, & comparison can be made with the
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turbulent pipe flow profile for which (8/M)(dp/dx) ¥ «0.19 (Appendix
B). It can be seen {Fig. 7) that for the throat rrofiles u is linear
with log v almost to the outer sdge of the boundary layer, which is
also a well known characteristic of the pipe flow profile (Ref. L).
For flat plate flow, (8/7){dp/dx) = 0, and for equilibrium flows with
positive pressure gradients, the semi-logarithmic profile departs from

linearity well within the boundary layer (Ref. 3, Fig. 18).
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APPENDIX A:  (8/7)(dp/dx) FOR THROAT PROFILE

The basic analysis in Reference 1 assumes P = constant and
=1, I _oozzr 4 )
H 7 m = '[4%:' {a=1)

whnich combined with the morentum-integralesguation and the boundary

condition §(0) = 0 gives

%_ g “ [
$TH_ 0287 z
. 5 %)) =L 0=2)
(o)
In addition the "throat approximation® assumes
4= 6x )
J=x=0at «, =20 (2l)

Asgumptions (A=3) and (A=L) imply that
2
Ip folx = ~e8 " x (4e5)

Combining Equations (A=l) through (A=) gives

and
Y 003985 2 Kg W S (AaT)

Combining Equations (A=5), (A=8), and (A=7) gives
ﬁ .de_ = 026 (4=B)

If one partially acecounts {or the variation of density in the real
¥ = = i - =, A o
flow by taking @ (a'in Equation {A=l) and @ = @in Lquation (A=5),

the corresponding "quasi-incompressible” result is

de _ _ 026 £ (.
-%— e 3 {A=fa)
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APPENDIX B: (8/79(dp/dx) FOR PIPE FLOW

For fully developed flew in a circular pips

e 2T

e - (B=1)

where r is ihe pipe radius. For tuwbulent, incompressible flow

assuming a 1/7 power velocity profile

9 _ 7
> = 3z (B-2)

and therefore

L. dE 09 .
T dx (h=3)
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TABLE IC (cont'd). BOUNDARY-LAYER PROFILE DATA

p/Po u/uy y/8 P/Po u/uy y/8 p/pg u/uy y/8

Run 2
U = 1047 ft/sec; & = 0.057 in.

0.538 1.001 4.310 0.686 0.794 0.128 0.561 0.970 0.607
0.538 1.001 3.760 0.688 0.791 0.125 0.551 0.984 0.702
0.538 1.001 3.065 0.692 0.786 0.117 0.544 0.994 0.795
0.538 1.001 2.370 0.694 0.782 0.114 0.542 0.996 0.882
0.538 1.001 1.644 0.694 0.782 0.110 0.539 1.000 0.974
0.540 0.997 0.974 0.698 0.777 0.107 0.539 1.000 1.058
0.622 0.884 0.282 0.700 0.774 0.103 0.538 1.002 1.147
0.656 0.837 0.188 0.701 0.773 0.100 0.538 1.002 1.232
0.678 0.805 0.142 0.702 0.770 0.096 0.538 1.002 1.312
0.701 0.772 0.103 0.704 0.768 0.093 0.537 1.003 1.404
0.561 0.969 0.614 0.705 0.767 0.091 0.537 1.003 1.489
0.539 1.000 1.316 0.707 0.763 0.088 0.537 1.003 1.584
0.538 1.001 1.312 0.707 0.763 0.084 0.553 0.980 0.677
0.538 1.001 2.349 0.709 0.760 0.081 0.559 0.972 0.621
0.538 1.001 1.849 0.709 0.760 0.077 0.691 0.787 0.114
0.538 1.001 1.489 0.708 0.761 0.088 0.697 0.779 0.107
0.538 1.001 1.135 0.706 0.765 0.093 0.702 0.770 0.100
0.546 0.989 0.782 0.655 0.840 0.191 0.703 0.769 0.093
0.591 0.927 0.412 0.652 0.842 0.198 0.705 0.767 0.088
0.606 0.906 0.342 0.646 0.851 0.216 0.708 0.761 0.081
0.620 0.887 0.300 0.643 0.856 0.226 0.670 0.817 0.156
0.646 0.851 0.216 0.627 0.878 0.275 0.639 0.861 0.230
0.648 0.848 0.209 0.598 0.918 0.381 0.555 0.977 0.660
0.675 0.810 0.156 0.584 0.938 0.446 0.538 1.001 2.018
0.674 0.811 0.153 0.570 0.957 0.533

®Measurements are listed in chronological order,
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TABLE IL (concluded). BOUNDARY-LAYER PROFILE DATA

P/Po' “/“1 y/8 p/po' u/uy y/& p/pé u/uy y/8

Run 3
U = 1031 ft/sec; & = 0.046 in.

0.549 1.000 2.770 0.554 0.993 0.883 0.690 0.798 0.148

0.549 1.000 2.324 0.552 0.996 0.952 0.643 0.868 0.256
0.549 1.000 1.909 0.551 0.997 1.035 0.623 0.895 0.322
0.549 1.000 1.554 0.550 0.998 1.170 0.608 0.918 0.387
0.550 0.998 1.091 0.550 0.998 1.280 0.594 0.938 0.459
0.567 0.974 0.667 0.550 0.998 1.424 0.584 0.952 0.515
0.675 0.820 0.174 0.550 0.998 1.515 0.576 0.962 0.576
0.699 0.785 0.130 0.550 0.998 1.706 0.567 0.975 0.667
0.676 0.819 0.174 0.549 1.001 1.957 0.550 0.998 1.078
0.679 0.815 0.170 0.548 1.001 2.154 0.549 1.001 1.506
0.682 0.811 0.161 0.548 1.001 2.363 0.548 1.001 1.922
0.685 0.806 0.156 0.568 0.973 0.635 0.548 1.001 2.787
0.688 0.802 0.152 0.575 0.963 0.572 0.548 1.001 3.648
0.690 0.798 0.148 0.598 0.931 0.433 0.549 1.001 4.559
0.693 0.793 0.143 0.614 0.909 0.361 0.618 0.902 0.339
0.696 0.790 0.139 0.659 0.844 0.213 0.631 0.885 0.300
0.702 0.780 0.130 0.675 0.822 0.178 0.634 0.880 0.287
0.711 0.767 0.117 0.702 0.781 0.130 0.652 0.855 0.239
0.715 0.761 0.113 0.705 0.777 0.126 0.658 0.846 0.222
0.718 0.756 0.109 0.708 0.772 0.122 0.670 0.828 0.200
0.720 0.754 0.104 0.711 0.767 0.117 0.684 0.808 0.165
0.724 0.748 0.100 0.714 0.764 0.113 | 0.714 0.764 0.122
0.728 0.741 0.096 0.721 0.753 0.096 0.714 0.764 0.117
0.746 0.714 0.056 0.729 0.740 0.091 0.717 0.759 0.113
0.747 0.712 0.052 0.731 0.737 0.087 0.720 0.754 0.104
0.731 0.736 0.091 0.734 0.734 0.083 0.726 0.745 0.100
0.736 0.729 0.078 0.738 0.726 0.074 0.732 0.735 0.096
0.740 0.722 0.074 0.740 0.724 0.070 | 0.736 0.731 0.091
0.744 0.716 0.065 0.742 0.720 0.065 0.744 0.717 0.061
0.745 0.715 0.061 0.744 0.717 0.056 0.746 0.714 0.052
0.687 0.803 0.143 0.746 0.714 0.052 0.564 0.980 0.689
0.570 0.970 0.633 0.746 0.714 0.052 0.557 0.989 0.820
0.561 0.984 0.750

*Measurements are listed in chronological order,
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(a) PROBE IN WIND TUNNEL

e " >

—PRESSURE TUBE
—CANTILEVER BEAM

STRAIN GAGES
BEAM DEFLECTION CABLE

(b) SIDE VIEW (schematic)

Fig. |. BOUNDARY-LAYER PITOT PROBE
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Fig. 3. WALL-STATIC-PRESSURE DISTRIBUTION
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