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Discrete Growth Illustration: Impurity Spectra -1 
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Continuous Growth Illustration I 

Consider a KP liquid and its spectrum (see facing page). Imagine 
slowly increasing the ~ strength s from O to 00 • The eigenenergies 
must increase (or remain unchanged), but they cannot cross (as they 
are nondegenerate). Hence, they now en masse to higher energies. 
The now is nonuniform. The eigenenergies bunch up in some places 
and thin out in others. Eventually. the now "chokes off" as zeros 
appear in the density of states. Then the opening of gaps tears the 
spectrum apart. 

(The integrated density of states for a finite array is 

_ rnumber of states ) ,..,.,, (number of ) L 
NL(E) • l with energy s; E /L zeros of •E 1 · 

For an infinite array, 

N(E) s Jim N (E). 
Ltoo L 

The limit is known to exist and to be a.s. a nonrandom continuous 
nondecreasing function (see [Pastur• 1980 ]). The density of states 
is simply dN/dE, where it exists.) 
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Consider a KP-alloy: 

The spectrum of a typical mixed-strength, fixed-length ~ array is the 
union of the spectra of all possible pure ~ arrays formed from it. 

a(mixed-strength) ~- Uo(fixed-strength) 

Why? 

Key: s-independent band edge ,; 

Know: a(random) ~- Uo(periodic) :2 Ua(pure) 

Need show: o(random) !:: Ua(pure) 

In fact: 

Idea: "Grow" the random array from the s;;:;1n array, and "grow" the 
spectrum a1ong with it. 
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This is illustrated below with repulsive ~·s. 

I I I I 
- J.,-··-.1_ ,l-····,1. ,l--···J ,k·-~ +- 1s ii I I I I I I 

~~~.~ -~~ .. - \~~.~ '~ .... 

The spectrum contracts under these continuous transformations as 
the growth of the repulsive a·s raises the energies of some of the 
wave functions but not through the energies of the s-independent 
band edge wave functions that don't "feel" them. 

The first illustration above can be understood as the 
aforementioned monotonicity of cr(s00

) with s. 

The second is the insight that clinches the result. 

~ 1 2 
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REMARKS: 

•The conclusion is actually 

a( {Sn})~- a(s;;1J. where s mln ... m~n { s n}. 

which can be found in [Kirsch/Martinelli• 1982]. (Although it is the 
above, new. formulation that generalizes; see below.) Thus, for 
example, altering a fraction of the ~ strengths in an array doesn't 
(typically) alter the spectrum! 

• The above argument hinges on the point nature of the interaction. 
In fact. the result is false for the next simplest interaction, namely, 
the "finite square wells" u and LJ . See [Kerner•1954]. 

• However, there are generalizations: 
• [Gesztesy/Holden/Kirsch• 1988] handles arrays of mixed 

attractive and repulsive ~·s, s , 0. 
• [Kirsch/Martinelli• 19821 considers generalized 

interactions, a- f. 

• The argument implies cr(mixed) c U cr(fixed) 

- Ee: a(mixed) - Ee: U a(fixed) 

- E tt U a(fixed) - E tt a(mixed) 

- E € np(fixed) - E € p(mixed) where p"" aC ... la- (J, 

Essentia11y. this is the seminal conjecture of [Saxon/Hutner • 1949]. 

• An atypical realization of "random" is s2. But a(s2) "1J a(s~) and 

s 
2 
> s 

1
. Hence, the "a .s." in a(random) ~ <1(pure). 
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Consider a KP-liguid : I I I Ln 15 I I 
(s > 0 QC s < 0 & E > 0) 

The spectrum of a typical mixed-length. fixed-strength a array is the 
union of the spectra of all possible pure 5 arrays formed from it 

a(mixed -length ) ~- U a(fixed -length) 

Why? 

Key: s-dependent band edge t 

Know: a(random) ~- Ua(periodic) :2 Ua(pure) 

Need show: Ua(periodic) ~ Ua(pure) 

~ a(periodic) ~ LJa(pure) (V periodic) 

~ Ee: a(periodic) - Ee: a(pure) (V E) (V periodic) (3: pure) 

Idea: For fixed E. state with highest s is an s-dependent band edge. 
The argument below demonstrates. by explicit construction, 
that a point in the spectrum of any periodic liquid is contai 
in the spectrum of a pure array. 
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For any spectral point (s, k) in the s-k plane of a given periodic liquid, 
here is constructed an s-dependent band edge wave function that 
passes at greater s, and hence below, (s, k), and thereby defines a 
spectral "wedge" containing (s, k). 

Fix E (hence ii.). Choose s>O. Pick a point in the spectrum of the liquid. 
The (real part of) corresponding wave function is a kinky sinusoid. (In 
the drawing. vertical lines ., o·s and horizontal lines ..,. amplitudes J 

• LOCATE a "local maximum" = interval characterized by "amplitude 
of (center) sinsuoid is at least that of adjacent sinuoids". (Why? 
Consider ,t, as s f 00 .) 

• FREE it and its adjacent sinusoids from the array. Only 2 o·s and 2 
kinks remain. At both o·s, the condition for negative amplitude shift 
is satisfied (see above). 

• SYMMETRIZE by translating the center sinusoid. Adjacent 
sinusoids adapt so that the adjacent amplitudes 

• equalize at an 
• amplitude D..Q1 greater than the center amplitude 

as the condition for negative amp1itude shift is sti11 satisfied. 

• EQUALIZE the adjacent amplitudes by increasing s (and hence 
deepening the kinks), whi1e holding the center sinusoid fixed. 

• REPLICATE the center cell. The result is an s-dependent band 
edge wave function 

• of a pure component of the liquid 
• that passes the chosen spectral point at greater s. 
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I 

local max 
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REMARKS: 

• This result is new. A similar argument should work for the ~,model. 

• Since the spectrum is a closed set. and an infinite union of closed 
sets need not be closed, it may be necessary to close the union of 
pure spectra when forming the generic random spectrum. That is why 
there is a closure in the statement. 

o(random) ~- Ua(pure). 

• For the binary harmonic chain (which is, of course, an "alter ego" of 
the attractive s<O KP liquid), the "pure components" are chains that I 
call "lightweights." They are of the form, 

(Mmn)
00 

where n e: {0, 1,2, ... }. 

Periodic with one heavy mass-per-unit ce11, this fami1y of chains 
systematically lightens to an a11-heavy chain and systematically 
"heavies" to an a11-1ight chain. The lightweights are fundamental 
constituent chains in that any mixed chain is a concatenation of 
lightweight chains. 

2 2( 3"' 2 ··· MMmMmMMMmmmMmMm ··· - ··· (MXMm) (M) Mm /\Mm) ··· 
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Spectral Construction 

On the fo 11 owing pages, the 
spectra of various 6 arrays 

and/or harmonic chains 
(including those of the 

initial experiments) are 
constructed simply from 
the spectra of their pure 

components. 

The construction 
utilizes the major 

result: 

Ua(fixed -length) ~- o(mixed-length ). 

Special attention 
is given to the 
complementary 
"resolvent" or 

"gap" sets. 
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Construction Guideline I 
(D(i0 s>o) 

As a warm-up. and to introduce the style of presentation, here 
is a pure array, its spectrum (="bands"), and its complement 
(="gaps"). The complement is presented twice. once in (~.k) and 
once in (s.E ). Gaps open only at s=O. 

® ( L 1 = L O L 2 .. 2L O s > o ) 

Two simplest commensurate lengths. Gaps open at 2 values of s. 

® ( L 1 ... 2L O L 2 - 3L O s > o ) 

Two commensurate lengths. Gaps open at 4 values of s. 

0(L,=L 0 L 2 -,v'2L 0 s>O) 

Two incommensurate lengths. Gaps open at infinite values of s. 
Compare with (5). 

® ( L € [L 0 ,-v'2L 0] s > 0 ) 

A continuum of .lengths. Only 3 gaps! Compare with (4). 

© ( L 1 = L O L 2 = 2L O L 3 = 3L O s < 0 ) 

( M g no more than 3 consecutive ) or ~ m oc. m's anywhere in the chain 

Finite gaps. Compare with (7). The spectral complement is 
presented twice, once in (~.k) or (M,k) and once in(M/m, 00 2). 

0 ( L n = nl (n € II) s < 0 ) 

or ( M ~ m) 
Infinitesimal gaps. Compare with (6). 
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Lo s > 0 (:;'\ 

SI I I I I I I I I I I I I \V 
Lo 

k 

- --

E 

: Spectral gaps 
: open at: 

. : (~.k) == (O,j) 
: where 0 

j == o. 1,2. 090 : 
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L1 =Lo L 2 = 2L 0 S)O ® s1 I I I I 
L, Ll 

2 4/2 

,+ 3/2 --2/2 

1/2 

0 
0/2 

" • " ,. " ...... " " .. 0 " " ,, 

Spectral gaps 
open at: 

(~,k) = (O,j)& - - ( 1 . 1 ) - = 2,J + 7 
where 

j • 0, 1.2 •... 
0 ¢ C C " " <> <t <> " 0 0 S <> 

E 

s 
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L1 = L 0 L 2 =~Lo s > 0 

sl I I I I I I 

k 

: Spectral gaps 
: open at: . 
: (~.k) ,.. (j-v2(mod 1),j)& : -- - : = (j ~(mod 1),j ~) : 

where 
j ... 0, 1,2, ... 

E 
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L e: [Lo,-v'2Lo] s > 0 

I I I I I I I I I I 

-- -

E 

: Spectral gaps 
· open at: 

: (~.k) ... [(0,0)&] : 
: = ( -v'2 - 1, 1 )& : 
. ,.. (2-v'2 - 1.2) : 



0 
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•Where 

-- -

j = [OJ. 1,2, ... 
2 

Wmax 

2 
00 

j=O 
----------------'-----:'.00 +- 1-M/m -1 
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M~m 

•·· ·•··· •• ·•·· ·•·. ·•·····. ·•· •••••• t=i\ 
11 I I II I I ! I I 110 

L n "" nl (n € 00) s < 0 

+ 

., ., " .. " ., ., .... (I " .... " .. " " " " " .. 

:Spectral "gaps" 
'.open at: 

~ (~[or M] .k) = ( -1 + ~ • ~ + j f 
:where 

j = [O]. 1,2 •... 

:and f is irreducible. 
: q 

'> S, (I 9 " Q ~ C <l ,0 <> ti l> <> ., " <> $ (I <> $ 

+ 

- --

(Compare with [Hori• 1968].) 
4llf-- 1-M/m -1 

2 
00 

j=O 
00 
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-1 f1 
This is the elegant structure underlying the intricate way in which 
density-of-states zeros (or spectral "gaps") appear as the bi 
harmonic chain mass ratio is varied. line represents a 
density-of-states zero. The intricacy, but not the el , was 
observed in one of the initial experiments. 

0 
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I Afterword I 
I began 3 years ago wondering if there was any simple structure 
underlying the complicated appearance of zeros in the density of 
states of the binary harmonic chain. I found it, but in so doing my 
research had to encompass the famous Saxon-Hutner conjecture 
concerning the robustness of spectral gaps in ordered and disordered 
systems (on the physics side) and Kirsch's elegant expression 
relating the spectra of ordered and disordered systems (on the 
mathematics side) and, indeed, to extend them. 

Although this success is satisfying, the thesis contains some loose 
ends. In particular, 

• It does not address the special case of hyperbolic wave 
functions (involving attractive ij's and negative energies); 

• It does not consider mixed attractive/repulsive l> arrays; 

• It does not consider generalizations to nonpoint interactions. 

With respect to the latter point: 

Using transfer matrix techniques it is easy to show that, 
for a fixed energy, an ·arbitrary ( 1-dimensional) potential 
well can be characterized by 3 parameters, "strength," 
"extent," "location," and hence can be represented by a 5. 
There follow several Saxon-Hutner-type results for 
arbitrary potential· wells. 

Also, the results herein should hold for sufficiently small 
energies (= sufficiently large wavelengths) if the point 
interactions are replaced by arbitrary potential wells of 
sufficiently small width. (Specifically, if the widths are 
much smal1er than the free particle wavelength, then the 
wells appear pointlike to the particle.) 

Finally, while there is hope that the results herein generalize 
more realistic models), the techniques do not (except in broad 
outline). 
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