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Abstract

Scalar transport is investigated at a density interface imbedded in a turbulent
shear flow. This problem is investigated first experimentally, and based on the

experimental findings, a physical model for entrainment is developed.

Steady-state interfacial shear flows are generated in a laboratory water
channpel for layer Richardson numbers, Ri, between about 1 and 10. The flow field is
made optically homogeneous, enabling the combined use of laser-Doppler velocimetry
and laser-induced fluorescence with photodiode array imaging to measure the velocity

and concentration fields at high resolution.

False-color images of the concentration field provide valuable insight into
mixing and transport at the interface. The dominant interfacial mixing mechanism is
found to depend on the local mean shear Richardson number, Rig: for Rig less than
about 0.40 to 0.45, local mixing is dominated by Kelvin-Helmholtz (K-H) instabilities;
for somewhat larger values of Rig, mixing is dominated by interfacial wave breaking. In
both cases, vertical transport of mixed fluid into adjacent turbulent layers is
accomplished by large-scale turbulent eddies which impinge on the interface and scour

fluid from its outer edges.

Based on the experimental results, a model for interfacial mixing and
entrainment is developed. A local equilibrium is assumed in which the rate of loss of
interfacial fluid by eddy scouring is balanced by the rate of production (local mixing) by
interfacial instabilities and molecular diffusion. In the case of one-sided entrainment,
the model results are as follows: when interfacial mixing is diffusion dominated, &/h ~
Pe-1/2 and E ~ Ri-1Pe-1/2, where & is the interface thickness, h is the boundary layer
thickness, Pe is the Péclet number, and E is the normalized entrainment velocity;

when mixing is wave breaking dominated, 8/h ~ Ri-1/2 and E ~ Ri-3/2; and when mixing



vi

is K-H dominated, 8/h ~ Ri-! and E ~ Ri-2. In all cases the maximum concentration

anomaly is I'y ~ Ri-l. The model for single-sided entrainment is simply extended to
the case in which both layers are entraining. In the latter case it is found that

entrainment depends on combinations of parameters from both layers.

The proposed entrainment model is supported by experimental results from

this and previous studies. The data from this study are in agreement with I'p;~Ri-!
and are consistent with model results for 6/h; results from previous studies support

model predictions for E and 6/h.
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CHAPTER 1

INTRODUCTION

1.1. General Background

Density interfaces occur commonly in a wide variety of flows of various scales.
Geophysical (large-scale) examples include haloclines in stratified estuaries,
temperature inversions in the atmospheric boundary layer, and thermoclines in the
upper layer of the ocean. Engineering (smaller-scale) examples include thermal and
wastewater discharges, methane gas flow in coal mines, artificial destratification in

reservoirs, and surface layer flow in solar ponds.

In most flows of practical interest, the scales of length and velocity are
(relatively) quite large, ensuring turbulent flow everywhere, except possibly very
close to the interface. There buoyancy forces can be so great that turbulent motions
are suppressed on all scales. The density interfaces in these flows are typically very

sharp and are characteristically regions of high density and velocity gradient.

Attention is restricted in this study to cases in which the flow away from the
interface is turbulent, but buoyancy forces in the interface are sufficiently large that the
interfacial flow is laminar (except possibly during sporadic periods of instability).
These cases comprise an important class of density-stratified shear flows due not
only to their practical relevance, but also because advances in their understanding

represent steps forward in understanding density stratified turbulence in general.

An idealized density interface is shown schematically in figure 1.1.1. A sharp
interface of mean thickness 0 separates fluid of density p1, above, from fluid of density

- p1+Ap, below. The layers have free stream velocities Uy and Ug and boundary layer



thicknessest hy and hg. The mean interface velocity is uj and gravity acts vertically
downward. In this problem a non-dimensional parameter of fundamental importance is

the layer Richardson number given by

Abh

Ri:m, (1.1.1)

where Ab=gAp/p1 is the buoyancy jump at the interface. The layer Richardson number
represents the relative importance of buoyancy and inertial forces. If viscosity and

molecular diffusion are important, then the layer Reynolds number

Re = IU__—L‘h, (1.1.2)
v
and Péclet number
pe = Uil (1.1.3)
K

are also relevant. Here v is the kinematic viscosity and k is the scalar diffusivity. In

general, when both layers are turbulent and entraining, the parameters Rig, Riy, Reg,

Req, Peg, and Pey govern the flow.

In problems of this type it is convenient to define an entrainment velocity, ue,
as the volume of equivalent adjacent layer fluid incorporated into a layer per unit area
per unit time. ue essentially determines the vertical transport of scalar across the
interface, which is of great interest in geophysical and engineering density interfacial

flows. In addition to controlling the concentrations of such important quantities as salt,

1 The boundary layer thickness is loosely defined here as the thickness of the turbulent layer. A more
precise definition is given in §3.1. ,



temperature, oxygen, and pollutant, entrainment also plays an important role in

determining overall circulation patterns.

- Us

= ”
1N : -
—

|

REERRER N

p, +Ap

FIGURE 1.1.1. Idealized density interface.

A number of experimental studies have investigated aspects of the interfacial
entrainment problem. Considerable attention has focussed on the determination of an
entrainment 'law’, or relation between normalized entrainment, E=u/U, and non-
dimensional parameters governing the flow. However, there is currently no consensus

on the form of such a relation.

In what follows, results relevant to the problem of mixing at a sheared density
interface are reviewed. Results involving additional complicating factors such as
~ rotation and double-diffusive convection are not considered. Also, results from shear-

free experiments such as the grid-generated turbulence experiments of Hannoun &



List (1988) are not discussed, since it is questionable? whether results from zero-
mean shear cases are germane to the sheared problem. Fernando (1991) reviews

recent work done on the general problem of turbulent mixing at a density interface.

Sheared density interfaces have been investigated in a variety of experimental
configurations. The first studies were performed by Ellison & Turner (1959) on surface
jet flows and and on gravity currents flowing down a sloping floor. Following this,
Lofquist (1960) investigated mixing between a horizontally flowing saline layer and
ambient fresh water. Next, in an annular tank with an applied surface stress, Kato &
Phillips (1969) investigated mixing between two fluid layers, the upper nearly
homogeneous and the lower linearly stratified. Following this, Moore & Long (1971)
investigated two-layer counterflows driven by horizontal jets issuing from the floor
and ceiling of a racetrack-shaped tank. Later, Kantha, Phillips & Azad (1977) and
Deardorff & Willis (1982) studied mixing in experiments similar to those of Kato &
Phillips. More recently, Narimousa, Long & Kitaigorodskii (1986) and Stephensen &
Fernando (1991) investigated two-layer flows in racetrack-shaped tanks; in their

case the upper layer motion was driven by a specially designed disc pump.

Generally speaking, qualitative observations from the experiments are as
follows. At low Ri, buoyancy inhibits massive interface convolutions, but small-scale
turbulence persists at the interface and entrainment proceeds in a manner qualitatively
similar to that at the outer edge of a turbulent boundary layer or jet. As Ri increases,
the interface becomes less convoluted and regularly spaced Kelvin-Helmholtz (K-H)
instabilities are observed. The unstable K-H waves grow and roll-up to form turbulent
billows, similar to those observed by Thorpe (1973). The K-H instabilities generated

at the sheared density interfaces are sporadic: they appear, grow, roll-up and collapse,

T The turbulence generated in the sheared case depends on the shear itself and, more importantly, the
mean shear is believed to play an important role in interfacial mixing processes.



and after some time they form again. As Ri is further increased, the billow amplitudes
decrease until finally K-H instabilities are no longer observed. At larger Ri, turbulent
eddies are observed to impinge upon the interface and shear the crests off from
interfacial waves. As Ri is further raised, interfacial wave activity is reduced, until

finally the interface is completely flat and entrainment is purely diffusive.

Values of Ri marking the transition between mixing regimes vary somewhat
with experiment; this may be attributed to the varying ways in which Ri is measured,
and complicating effects such as secondary circulations, side-wall drag and additional

sources of turbulence.

Quantitative results from the mixing experiments are as follows. Ellison &
Turner studied entrainment over the range 0 < Ri < 0.8 and found that E decreased
rapidly with Ri, tending toward zero for values of Ri greater than about 0.8.
Unfortunately, they could not obtain accurate estimates of E for values of Ri much
greater than this, and since their experiments lie primarily in the range of Ri for which
the interface is turbulent, their results are outside the scope of the present study.
Studying a much wider range of Ri, 1 < Ri < 40, Lofquist found that E decreased
monotonically with increasing Ri, but did not follow a simple power law over the entire
range. He also investigated the influence of Re on entrainment, but found no
systematic dependence over the range studied. Moore & Long studied entrainment for
1 < Ri < 30 and found that a relation of the form E ~ Ri-! fit thei; data reasonably well,
however the introduction of additional length and velocity scales associated with the

flow producing jets may have influenced their results.

Kato & Phillips scaled their results with the friction velocity, ux=V tg/p, where
Ts is the surface stress, and found that a relation of the form Ex ~ Ris-! represented

- their data reasonably well over the full Rix range studied, viz. 20 < Rix < 300. Here



Ex=ue/ux and Rix is based on ux. Based on their results, they suggested a
proportionality between the rate of increase of potential energy of the system and the

rate of dissipation of turbulent kinetic energy in the mixed layer. Later, in studying a
wider range of Rix, 30 < Rix < 1000, Kantha, Azad & Phillips found no simple power
law over the entire Rix range. Phillips (1977) then suggested that the relevant scaling
velocity was the mean difference in velocity between the two layers, since shear-flow
instabilities at the density interface appeared to initiate the entrainment process. With
this in mind, Price (1979) attempted to re-scale the experiments of Kato & Phillips
and Kantha, Azad & Phillips using a momentum balance and the assumption that Ri
assumed a quasi-equilibrium value of about 0.6. He found that for 0.5 < Ri < 1 the
data were reasonably represented by E ~ Ri*4. However, results from the experiments
of Deardorff & Willis questioned the validity of the quasi-equilibrium Ri hypothesis,
and further suggested that viscous diffusion of momentum was important, inasmuch as
it reduced the velocity difference across the interface. Deardorff & Willis suggested

that their data were well represented by Ex ~ Ri-1-4Rix-1/2,

More recently, Narimousa & Fernando (1987) analyzed the experiments of
Narimousa, Long & Kitaigorodskii and found that the data were reasonably
represented by E ~ Ri-l for 0.5 < Ri < 25. They also found that normalized rms wave
amplitudes were proportional to Ri"1/2 and from this suggested that the energy gained
by interfacial disturbances was proportional to the energy of large-scale eddies (which
presumably generated them). Finally, using laser-induced fluorescence and video
imaging, Stephensen & Fernando measured interfacial thicknesses and suggested

that 8/h ~ Ri*! for Ri less than about 5, and 8/h ~ constant for Ri greater than about 5.

As the results above show, there is currently no agreement on the form of an
entrainment relation. Experimental peculiarities make comparisons difficult, especially

in the absence of a theoretical model to suggest the basis on which experimental



results should be compared. Greatly needed is a self-consistent model for
entrainment, based on physical principles, that can be (critically) verified

experimentally.



1.2. Objectives

Given the current level of understanding of mixing processes in density

interfacial flows, the objectives of this study are as follows:

(1) to investigate experimentally, with high resolution laser diagnostic techniques,
scalar transport at a sheared density interface over a range of parameters for which

the interface is quasi-laminar and the flow in at least one adjacent layer is turbulent;

(2) to identify important mechanisms involved in mixing and transport processes at

the interface; and

(3) to develop a self-consistent model for the vertical transport of buoyancy

(entrainment).



1.3. Overview

The following is an overview of the remaining sections of this work. In §2 the
experimental facility used in this study is described in detail, including the flow
generation system and the laser diagnostic systems. In §3 results obtained from five
experiments are presented. In §4 experimental results are discussed, with particular
emphasis on implications concerning mixing and transport processes at the density
interface. In §5 a model for entrainment is developed. Model predictions are compared
with experimental results and practical applications are discussed. Finally, in §6 a

summary is given and suggestions are made for future work.
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CHAPTER 2

EXPERIMENTAL FACILITY

2.1. Flume Layout and Flow Generation System

The facility used in this study is essentially a modified version of a flume built
by Rasi (1989). Additional inlets and outlets (and associated flow management
devises) have been installed at each end of the original flume to enable the generation
of two-layer, quasi-equilibrium’ flows over a range of conditions. The modified flume

is shown schematically in figure 2.1.1.

The physical dimensions of the flume are as follows. The distance between the
two inlets is 4.87 m (including the length of the splitter plates) and the flume extends
an extra 1.80 m from the salt water inlet to the overflow weir. Between the two inlets
the flume is 10 cm wide and has a depth capacity of 67 cm. Immediately behind the
salt-water inlet (towards the overflow weir) there is a rectangular section of depth 85
cm, length 60 cm, and width 10 cm which leads to an outlet port below. Behind this

section, the flume widens to 60 cm and is bounded at the rear by a sharp-crested

overflow weir of height 20 cm.

The salt-water and fresh water inlets are shown in detail in figures 2.1.2 and
2.1.3, respectively. In each of the inlet sections, the flow passes through two series of
aluminum honeycomb and brass screen. The aluminum honeycomb consists of
hexagonal elements, spaced about 13 per cm2, and the brass screens are 18 x 18

mesh. The purpose of the honeycomb and screens is to straighten the flow and to

" 1 The flows are quasi-equilibrium in the sense that they are slowly varying in the longitudinal
direction; flow variables may then be considered dependent on local values of governing parameters.
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break larger-scale disturbances down to smaller-scales. They also act to enhance the

physical integrity of the inlet section.

. . lucite wall
carriage rail uette w fresh water
95 inlet \
]

i | | { | i | A | i 1 i 1

T T / |

A
1 1
23 salt water inlet 69 \
l steel frame
1375 — 387 60
2 s <
— LI [ Tr~NT 1 |13

LT T [Lh T 1]
N N |

overflow weir Support struts K carriage

end wall

FIGURE 2.1.1. Schematic of two-layer flow facility. Side view is shown above and

plan view below. All dimensions are in cm.
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FIGURE 2.1.2. Salt-water inlet. All dimensions are in cm.

SALT WATER INLET

l

50.0

ROTATING — |.10.0
SPLITTER TIP

1
U 50, B8
2‘54—1 {‘—[*14'4‘—}._21“ -___0.519.1___.I

ALUMINUM
HONEYCOMB

=2 OUTFLOW
TO VALVE

S —

50.0

—] \_spLiTTER — 9’4
— |\ PLATE i |
\-BRASS \ 064_—1_
(18 X 18 mesh) FLOOR



13
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FIGURE 2.1.3. Fresh-water inlet. All dimensions are in cm.
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The flume walls and floor are constructed of 1.27 cm thick Lucite. The side
walls are supported by lateral struts which keep lateral deflections below 1%. The
flume itself rests on a series of support bars spaced 20 to 30 cm apart. The support
bars have dimensions 2.5 cm x 17.8 ¢cm x 0.6 cm and are each supported by two
adjustable brass screws, raising them slightly above a steel platform of width 60 cm.
The brass screws enable the flume to be levelled to within 1.5 mm over 2 m. Precision

rails run along the top of the flume parallel to the side walls to support an instrument

carriage.

A series of irregular rock is packed on the flume floor to within approximately
10 cm of each inlet. The rocks are approximately ellipsoidal with average major and
minor diameters 1.8 cm and 1.0 cm, respectively, resulting in an average roughness
height of approximately 0.75 cm. The original purpose of the lower wall roughness was
to study effects of externally generated turbulence at the interface. However, the
relative importance of this was found negligible in the cases studied, and further

attemmpts to alter the roughness were not made.

A schematic diagram of the flow generation system is shown in figure 2.1.4.
NaCl and filtered lab water are mixed in a 1300 L tank by means of a bubble plume
emanating from the mixing tank floor. Ethanol and filtered lab water are mixed in a
1000 L tank using the method developed by Hannoun (1985) to match the index of
refraction of the saline solution. The saline solution is pumped up from the 1300 L tank
by a 1/3 HP pump through 1.9 cm diameter Tygon tubing to a constant head tank
approximately 5 m above the flume floor. The saline solution flows from there through
a valve and a precision flowmeter (F. & P. Co.) before entering the flume, as shown

in figure 2.1.2. The alcohol-water solution is pumped up to a second constant head
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tank, and flows through a valve and flowmeter before entering the fresh-water inlet,

as shown in figure 2.1.3.

A two-layer counterflow is thus established in the flume, with ethanol-water
solution flowing above index of refraction matched saline solution. The fluids exit the
flume by either passing through the outlets shown in figures 2.1.2 and 2.1.3, or by

flowing over the sharp-crested overflow weir which maintains a constant total depth

of fluid.
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2.2. Laser-Based Diagnostics
2.2.1. LDV Operations

In this section details pertaining to the design and operation of the laboratory's
two-component, reference-beam laser-Doppler velocimeter (LDV) are discussed.
These include: fundamentals of Doppler frequency shifting and reference beam
heterodyning, the configuration of the optical and signal processing equipment, the
laser beam geometry, and errors inherent in the measurement technique. For further
details concerning laser-Doppler velocimetry, see the comprehensive texts by Durst

et al. (1981) and Drain (1980).

A laser-Doppler velocimeter essentially measures the Doppler frequency shift
of light scattered by particles moving in the fluid. A schematic of light scattering by a
particle is shown in figure 2.2.1.1. Here a monochromatic light source at point S emits
light in the direction e; which is scattered by a particle, moving with velocity u, from P

toward an observer at O. The frequency of the light observed by the particle is
fi=fg(1—nu-&;/c¢),

where &; is a unit vector in the direction from S to P, ) is the frequency of the light in
the source frame of reference, c is the speed of light in a vacuum, and n is the index of
refraction of the medium in which the light propagates. The scattered light observed at

O 1s of frequency
fp =fil—nu-&; /)1,
where €7 is a unit vector in the direction from P to O. To order (1/c)?,

f) =fo(I1+nu-(éx —e;)/c),
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which may be written as fo=fy+{y, where

_ 2nUsin(68/2)

1)
D A

(2.2.1.1)

is the Doppler frequency shift (Durst ez al. 1981). Here U is the component of u in the
direction normal to the bisectrice of €; and €2 (as shown), 6 is the angle between &

and €2, and A is the wavelength of the light in a vacuum.

SO

g
A g

FIGURE 2.2.1.1. Geometry of light scattering by a moving particle.

In order to measure the Doppler frequency shift, two beams are heterodyned on

a photodetector. If the scattered beam has electric fieldf

Es =Ez(t)cosCnfrt+02),

T It is assumed that the light is linearly polarized; the electric field is thus treated as a scalar
quantity.
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and the reference beam has electric field

Er =Egcos2nfot + ¢g),

then the output current is given by
i(t) ~[Egcosnfot+ ¢g) + Eo(t) cos(2nf ot + §7)]2

(Drain 1980).7 Neglecting terms of high optical frequency (to which the photodetector

cannot respond) this yields
i(t) ~1/2[Eg? + Eo2 ()] + EgEz(t)cos[2r(fg —f)t+dg —d2].  (2.2.1.2)

Hence the Doppler frequency shift may be determined by measuring the frequency of

the second term in the RHS of (2.2.1.2).

The laboratory's LDV employs 2 reference beams and one scattering beam,
arranged to measure the vertical and streamwise components of velocity. A brief

description of the optical components used to generate the beams now follows.

Coherent, linearly polarized light of nominal power 15 mW and wavelength
632.8 nm exits the laser (Hughes model 3227H-PC), as shown in figure 2.2.1.2. The
beam diameter at the exit is 0.8 mm (nominal, measured at the 1/e2 points) with
divergence 1.1 mrad. The beam passes through a beam splitter which splits it into a
reference beam (~ 5% power) and a scattering beam (~ 90% power). Each beam is
then frequency shifted by approximately 40 MHz by passing through a Bragg cell
(Coherent model 305, powered by Electronic Navigation Industries' model 300 LRF
broad-band power amplifier). The frequencies of the scattering and reference beams

are reduced by approximately 41.2028 MHz and 41.1141 MHz, respectively, resulting

T The sign ~ is used here to denote proportionality.
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in a relative shift of approximately 88.7 KHz, the frequency of the reference beam
being greater. (This is done to facilitate directional discrimination.) The reference
beam then passes through a polarizing beam splitter cube which divides it into two
beams of nearly equal power. The downward reflected beam is reflected through two
90° prisms, making it approximately parallel to the companion beam. Both reference
beams then pass through 1° wedge prisms, making them approximately parallel to the
scattering beam. At this point the polarization vectors of all three beams are aligned.
(The scattering beam has passed through a half-wave plate.) The beams are then
reflected through a front surface mirror and pass through a 400 mm focal length

achromatic doublet, which focuses them at the center (spanwise) of the flume.
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FIGURE 2.2.1.2. LDV transmitting optics. Side view is shown above and plan view

below.



22

After passing through the flume, each reference beam is reflected by a front-
surface mirror and passes through a 125 mm focal length plano-convex lens. From
there each beam is focussed onto a 0.20 mm diameter pinhole, placed just in front of a

fast-response silicon photodiode (EG&G model DT-25), as shown below.

reference beams
r photodetector

/S~ pinhole

mirror

/
| @:125 mm lens
L lucite

wall beam stop
(for scattering beam)

FIGURE 2.2.1.3. LDV receiving optics.

The transmitting and receiving optics are mounted on an instrument carriage
designed by Rasi (1989). Figure 2.2.1.4 and 2.2.1.5 show, respectively, views of the
carriage looking down the channel and from above. The transmitting and receiving
optics' platforms move as a unit so that the entire depth of fluid (except very close to
the floor or free surface) can be surveyed. The carriage is supported by roller bearings
resting on precision rails extending the length of the flume, so the laser
_ Instrumentation can be moved to any position in the flume with relative ease. For

further details pertaining to the instrument carriage see Rasi (1989).
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25

Each of the signals from the silicon photodiodes is processed using a zero
crossings-counter type signal processor (designed by Gartrell 1978), shown

schematically in figure 2.2.1.6. An overview of the system now follows.

The pre-amplified signal from the photodiode is sent to the signal processor
where it is further amplified and band-pass filtered using fourth-order Butterworth
filters (Krohn-Hite model 3202). The lower and upper cut-off frequencies are 70 and
110 KHz, respectively, for the horizontal signal and 84 and 100 KHz, respectively, for
the vertical signal. The filtered signal is then sent to the crossings counter, which
measures the time taken for 24 zero crossings of the input signal. If 24 crossings are
successfully timed while the signal is above a threshold (set externally), then the
output from the timer is sent to the D/A converter.” The analog output from the D/A
converter is then amplified, offset, and low-pass filtered using a fourth-order
Butterworth filter (Krohn-Hite model 3202R). The cut-off frequency is set at 40 Hz to
avoid aliasing of the discretely sampled signal. The amplification and offset are set to
exploit as much of the range (-5V,+5V) of the Masscomp AD12FA A/D converter as
possible, while ensuring that the output signal is not clipped. Finally, the filtered
signal is sampled by the A/D converter and stored on the Masscomp 5450 disk. For

further details of the processor logic see Gartrell (1977).

T The time between updates from the crossings counter is typically in the range 2-5 ms. This
effectively sets an upper bound on the LDV sampling frequency.
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FIGURE 2.2.1.6. Schematic of the LDV signal processor.
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The output voltage from the signal processor is related to the input signal

frequency by

V=A+B/fp, (2.2.1.3)

where fy, is the measured input signal frequency, V is the output voltage, and A and B
are calibration coefficients. To determine A and B the signal processor is calibrated
immediately before and after an experiment using a pure sine wave input from a signal
generator. Ten input signals are used to calibrate the system, spanning the range of
expected input signal frequencies. Typical values of A and B are 43.985 Volts and
3830.215 KHz-Volts, respectively, for the horizontal signal and 74.976 Volts and
6651.226 KHz-Volts, respectively, for the vertical signal. Variations in the calibration

coefficients over the course of an experiment are found negligible.

In order to determine the velocity components three pairs of angles must be
measured. First, the angles between the bisectrices of the reference beam-scattering
beam pairs and the normal to the flume wall, 6yff, are measured (see figure 2.2.1.7). In
all cases these are negligibly small (approximately 0.16 deg and 0.03 deg for the
vertical and horizontal beams, respectively), so it may be assumed that the
bisectrices are effectively normal to the flume wall. Second, the angles between the

reference beams and the scattering beam are determined using the relation

W2 —wj

tan9 = ,
nfluidL

where wi, wp, and L are as shown in figure 2.2.1.7. Finally, the angles ¥ and B are
measured (see figure 2.2.1.8). Here vy is the angle between the plane containing the

vertical reference beam and the scattering beam and the plane normal to the flume
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sidewall. B is the angle between the plane containing the horizontal reference beam

and the scattering beam and the plane parallel to the flume floor.

scattering beam

H-0

lucite {
_ ( - .

Ooff

bisectrice

reference beam

FIGURE 2.2.1.7. Laser beam geometry.
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FIGURE 2.2.1.8. Scattering and reference beam positions.
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Using measured values of 8, (horizontal) and 0, (vertical), estimates of the
major and minor diameters, a and b, of the approximately ellipsoidal focal volume are
made, using formulas from Durst et al. (1981). The focal volume effectively defines the
(static) spatial resolution of the measurements. Values of a and b are given in table

2.2.1.1, along with values of 0, v, B, and k', where fp=k'U.

Velocities in the X' and §' directions (see figure 2.2.1.8) are determined using

(2.2.1.1). Velocities in the X (streamwise) and y (vertical) directions are given by

_u'cosy+v'sinf3 2.2.1.4)
[cosBcosy +sinBsiny]’ o
and
__~u smy+\{cos.[3 , (2.2.1.5)
[cosPBcosy +sinBsiny]
respectively, where
Af)
' Dy (2.2.1.6)

T onsin(0,/2)’
and

, ?ufDV

Note that fp=F-fp,, where fyy, is the frequency measured by the signal processor, and F
is the relative frequency shift between the scattering and reference beams (due to the

Bragg cell shift). Values of F are given in table 2.2.1.1.
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Experiment | Experiment | Experiment
land 4 10 and 11 13
By
1.69 1.70
Oy
1.89 1.90 1.89
(deg)
¥ -1.36 -1.23 -0.94
(deg)
B 0.82 0.70 1.14
(deg)
F
88.74 88.74 88.74
(KHz)
K'y
625.1 621.5 625.1
(Hz/cm/s)
k'v
695.0 698.7 695.0
(Hz/cm/s)
dy
13.2 13.3 13.2
(mm)
by
0.20 0.20 0.20
(mm)
dy
119 11.8 119
(mm)
by
0.20 0.20 0.20
(mm)

TABLE 2.2.1.1. LDV parameters.
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Finally, errors associated with the measurement of u and v are estimated. It is
first noted that LDV measures the velocity of particles in the fluid, not the velocity of
fluid particles themselves. For small scattering particles it can be shown (Drain 1980)
that particles essentially act as single-pole, low-pass filters to fluctuations in the fluid

velocity with cut-off frequency

fr=t (2.2.1.8)

4nppap
Here [ is the fluid viscosity, pp is the particle density, and ap is the radius of the
(assumed) spherical particle. It is found that there are effectively no particles larger
than about 5 wm (in radius) in the lab water (Gartrell 1979); the effective cut-off
frequency is then about 30 KHz. This is much larger than any frequency resolvable by

the LDV, so particle size poses no extra limitations on the system.

Using (2.2.1.1) and (2.2.1.4) to (2.2.1.7), and assuming 0, ¥ and B are small,

the velocity components may be written as

g ME—fm,)  BAE—fm,)

, 2.2.1.9
nBy, nBy ( )

and

V:7»(F~fmv)_y7»(F—~fmu)

. 2.2.1.10
no, nfy, ( )

Hence errors in F, 0, v, B, and f, all contribute to the total error in u and v. Typical
values of F, 6, v, BB, and fy, and their associated errors are given in table 2.2.1.2. The

most important of these is the error in fpy, made up of three components: (1) ambiguity
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in D/A conversion, (2) ambiguity in A/D conversion, and (3) noise on the input signal,
causing either an excess (high frequency noise) or deficiency (low frequency noise) of
zero-crossings counted. For further details pertaining to these errors see Gartrell

(1979).

Parameter Typical Error Units
value

F 88.74 0.02 KHz

Oy 1.69 0.04 deg

Oy 1.90 0.04 deg

Y -1.23 0.25 deg

B 0.70 0.25 deg

| fm (horizontal) 85.63 (1) 0.02 KHz

(2) 0.005 KHz

(3) 0.131°71 KHz

tm (vertical) 88.67 (1) 0.02 KHz

(2) 0.005 KHz

(3) 0.070 KHz

TABLE 2.2.1.2. LDV parameter errors.

T The error due to (3) may be estimated by taking measurements in quiescent fluid.

~ 1 This value (and that for the vertical component) varies by as much as 50%. The variation is due to
changes in the signal quality with location in the flume.
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For small 0, v, and B, the difference between the measured value of u and its

true value is given approximately as

Au=Dma,AF u+Aeuu+ABv, (2.2.1.11)

= u
F - fmu F - fmu eu
and similarly for the vertical component

f
Av=my , AF v+A9Vv+Ayu. (2.2.1.12)

= \%
F-fm, F—fm, 0Oy

It should be noted that AF, A6, Ay, and A are fixed for a given experiment, while Afy,

is a random process.

Assuming that terms on the RHS of (2.2.1.11) and (2.2.1.12) are
approximately independent Gaussian random variables, estimates of the standard
deviations® of Au and Av may be made. This has been done for five different velocities
and the results are given in table 2.2.1.3. It should be noted that these are absolute

errors in individual measurements.

Of greater interest are errors’i in statistical quantities such as the sample

mean and variance. The sample mean is given by

u=—)» uj, (2.2.1.13)

where ujis the ih measured value of u, so the relative error in 1, for large N, is given

approximately by

T The error in a single measurement of u is defined here as the standard deviation of Au.

- 7 Errors discussed here are solely due to instrumentation effects; effects of finite sampling rate and
sampling time on the convergence of estimates of statistical quantities are presented in §3.2.
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—A:E=A+B§, (2.2.1.14)
u u
where
__AF A0
(F-fy) ©6°
and
B=AB.

with similar results holding for v .

The sample variance is given by

N
o2 :N-I:IZ(ui—ﬁﬂ, (2.2.1.15)

and typically the majority of the error in this arises from the first term in the RHS of

(2.2.1.11). The expected value of the error is always positive and hence measured

values of (S% are always greater than the true values. The error in G% , for large N, is

given approximately by

2
Ac? = [éfm—ﬂ : (2.2.1.16)
nBy,

with similar results holding for 0%. Estimates of the errors in U, V, 0%, and 6% are

given in table 2.2.1.3.



36

Error in: Error in:
U uj u ) v Vi v o2
(cm/s) | (cm/s) | (cm/s) (szu/sz) (cm/s) | (cm/s) | (cm/s) (sz"/sz)

1.0 0.21 0.04 0.045 0.1 0.10 0.03 0.010

3.0 0.22 0.08 0.045 0.3 0.11 0.03 0.010

5.0 0.24 0.13 0.045 0.5 0.11 0.04 0.010

7.0 0.27 0.17 0.045 0.7 0.11 0.04 0.010

10.0 0.32 0.25 0.045 1.0 0.11 0.06 0.010

TABLE 2.2.1.3. Estimates of the errors in instantaneous velocity, mean velocity and

velocity variance.
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2.2.2. LIF Operations

Laser-induced fluorescence (LIF), a quantitative measurement technique
developed over the last 15 years, is employed in this study to investigate local mixing
and transport between two streams of fluid. This technique essentially consists of
exciting a fluorescent dye with a high powered laser, and measuring the intensity of
the resulting fluorescence. The dye is pre-mixed with some fraction of fluid in the flow,
and from measurements of the fluorescent light intensity, the scalar dye concentration
may be determined. The LIF method has many attributes: it is non-intrusive, high-
resolution (both spatially and temporally), and provides detailed information about the

spatial structure of the flow. For further details about the history of LIF, see

Papantoniou (1989).

The method employed successfully by Koochesfahani (1984), Papantoniou
(1985) and more recently by Hannoun (1987) and Rasi (1989) is used in this work. A
linear photodiode array is used in conjunction with an Argon-Ion laser to measure the
spatial distribution of scalar concentration along a verticai line through the flow.
Rhodamine 6G dye, pre-mixed with the lower layer fluid, acts as the tracer. When
excited by laser light of wavelength 514.5 nm (green line) the dye emits light of
wavelength approximately 570 nm (yellow). The fluoresced light is focussed onto an
array of light-sensitive photo-diodes, and by sampling the photo-diode array rapidly
in succession, detailed information about fluid mixing and transport at the interface

may be obtained.

A schematic of the optical layout is shown in figure 2.2.2.1. Laser light of
wavelength 514.5 nm, diameter 1.25 mm (at 1/e? points) and divergence 0.69 mrad,

exits the 2W Argon-Ion laser (Spectra Physics model 265). The TEMgg mode is

~selected so that the beam intensity is approximately Gaussian in the radial direction.
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The laser is operated in the light-stabilized mode, maintaining a constant power
output to within 2%. The beam is reflected through a series of front surface mirrors,
passes through a beam reducer (100 mm and 20 mm focal length plano-convex lenses
separated by the sum of their focal lengths), and is focussed to a waist near the two-
fluid interface by an 800 mm focal length plano-convex lens. In order to avoid beam
wobbling due to free surface waves, the beam passes through a thin Lucite window at

the free surface.

The diameter of the beam at the focus effectively defines the spanwise spatial
resolution of the measurements, while the confocal parameter (defined as the distance
between the points at which the laser diameter is greater than that at the waist by a
factor of \/5), effectively defines the useful imaging section of the laser beam. Values
of these are given in table 2.2.2.1, along with values of the unattenuated laser beam
power, Ip, the dye attenuation coefficient, éCq, and the vertical and longitudinal
(static) spatial resolutions. (The Guassian beam formulas used in these estimates

are taken from Siegman 1986.)
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Experiment | I eCgo | Beam waist Confocal Spatial resolution
(W) { (mD (Lm) parameter (width x height)
(cm) (Wm x pum)
1 0.65 | 0.71 420 53.9 314 x 302
4 0.70 | 0.87 420 53.9 318 x 305
10 0.70 | 1.06 320 31.2 318 x 305
11 0.70 | 1.10 320 31.2 318 x 305
13 0.70 | 091 374 42.6 316 x 304

TABLE 2.2.2.1. LIF parameters.
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FIGURE 2.2.2.1. Schematic of LDV and LIF optical layouts.
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To measure the intensity of fluoresced light, a section of the laser beam
(always smaller than the confocal parameter) is focussed by a 50 mm f1.8 Nikon lens
onto an array of 1024 light sensitive photodiodes (Reticon RI.-1024 G), housed in a
camera (EG & G Reticon LC 300A). An optical filter is placed in front of the lens
which acts to block the green laser light and pass the yellow fluoresced light. The field
of view of the optical system is determined by the distance from the camera lens to the
laser beam, typically between 63 and 66 cm. Resulting values of (static) spatial

resolution are given in table 2.2.2.1.

The LC 300A camera operates in much the same way as an ordinary camera
with the photodiode array replacing the film. The photodiodes are in a single row with
center-to-center spacing of 25 um and aperture width 26 wm. Details of the electronic
circuitry are given in the Reticon LC 300A manual (1981). The frequency of scan of the
photodiodes (controlled by the computer clock) effectively defines the temporal

resolution of the measurements, given in table 2.2.3.1.

The camera is mounted in a custom built assembly, designed to accurately
align the array with the laser beam. The assembly consists of a gimbal mirror mount
(Newport model 6520-6) and a precision rotation stage (Newport model 471-A)
connected via an outer casing (see figure 2.2.2.2). The camera is positioned in the
assembly with the array at the gimbal point so the array can be accurately aligned

with the laser beam and a sharp focus can be achieved.
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FIGURE 2.2.2.2. LIF camera assembly.
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In practice, a thin Lucite sheet lined with dark horizontal bands spaced at 2.5
cm intervals is used to focus the beam onto the array. The sheet is placed just in front
of the laser beam, and the array is aligned so that the drop in intensity near the
uppermost and lowermost bands is as sharp as possible. The sheet is also used to
measure the magnification ratio of the imaging system, determined by the number of

pixels between low intensity regions (corresponding to dark bands on the sheet).

Photodiode readings are converted to dye concentrations using a method
similar to that developed by Koochesfahani (1984). The method involves the use of an
optical transfer function which corrects for: variable beam width, pixel response non-
uniformity, beam attenuation by the dye, non-uniformity of the imaging system, and
slight array misalignment with the laser beam. Following Koochesfahani, the

photodiode output may be written approximately as

(—séfiC(y)dy)

Vi=IgHie o C; +Dj, (2.2.2.1)
where Vj is the output from the ith photodiode, Ip is the laser beam intensity at the
laser exit, Cj is the dye concentration at the location &; (measured from the uppermost
edge of the imaged region), Dj is the dark response, and Hj is the optical transfer
function. H;j depends on the pixel sensitivity, the field of view, the line scan time, the

solid angle over which light is collected, the local beam width, and ¢, the dye

absorption coefficient.

Before each experiment, a calibration is performed with experimental run

solution. The transfer function is determined by

Vi — Di

—_Yei=Di 2222
I.e—€CotiCy ( )

Hj
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where Vjis the average reading from the ith pixel, and Cgpis the (uniform) dye

concentration. In the experimental run the measured dye concentration is then given

by

8 cy)

. (~¢Co j -—31dy)
G _L [ Vi— ]e Co (2.2.2.3)
Co Io|Vci—Dj

Approximating the integral in (2.2.2.3) by the sum
AyZ[l—— (2.2.2.4)

yields

CoA 1——J
Gi_Ie [Vl ]e[ 0 yZ( CO)]. (2.2.2.5)
D;

= =1
Co Ip[ Vei—

Note that € only appears in the combination €Cq in (2.2.2.5); hence only the

product €Cq need be determined.

This is done by taking measurements of beam intensity at the entrance and
exit of a Lucite box first filled with experimental run solution of concentration Cq and
then with pure water. This is done for ten different input intensities and the results are

averaged to reduce measurement errors. €Co is then determined by

£Co = ——In| 112 (2.2.2.6)
Lo |10,
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where I; and Iy are the laser beam intensities entering and exiting, respectively, the
box of length Ly with dyed solution, and I'; and I'y are beam intensities entering and

exiting the box with pure water. Measured values of €Cq are given in table 2.2.2.1.

For small €Cyq, 2.2.2.5 may be written approximately as

' . i1 .
Gi I Vi-Di l_gcoAyz(l_&) : (2.2.2.7)

Co  Iop Vei—D; o Co

Since the dye concentrations used typically result in beam attenuations < 20%, the
second term in the square brackets in (2.2.2.7) is small and measurements are
relatively insensitive to errors in €Cq and Ay. The main sources of error are laser
power fluctuations and electronic noise associated with photodiode circuitry. If the
fluid near the floor is unmixed, corrections may be made for laser power fluctuations by

normalizing (on a scan by scan basis) by near floor readings.

To validate the calibration and conversion procedures and to investigate the
overall accuracy of the measurement technique, a test is performed. The array is first
calibrated with a homogeneous solution of known dye concentration, Cq. The flume is
then drained and refilled with a homogeneous solution of concentration approximately
0.45Cp. Measurements are then made with the weaker solution and the flume is
flushed and refilled with pure water. A final series of scans is then recorded to

determine the dark noise level.

The results from the test are as follows. The rms difference between the time
averaged individual pixel readings and the overall spatial average is about 2.5%. This
may be attributed to non-linearities in the measurement system and possible

fluctuations in pixel sensitivity. The rms fluctuations about the time average for
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individual pixels is found to be between 1% and 2%, which may be attributed to
electronic noise and laser power fluctuations. The error in the spatially averaged
(measured) concentration is about 6%, which is accounted for by a shift in the laser

power between the calibration and the test run.
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2.2.3. Data Acquisition

A Masscomp SLS-5450-01 (Scientific Laboratory) computer system is used to
sample and store the LDV and LIF signals. This system is based on a 68020 CPU
with a 20 MHz clock. A 12 bit A/D converter is employed in the data acquisition which
samples at up to approximately 350 KHz when data is continuously stored on the 142
MB diskdrive. Data processing, after the initial acquisition, is performed on a

VAX3200 workstation. Timing parameters used in the experiments are given in table

2.2.3.1.

LIF parameters:
Sampling frequency (pixel to pixel) (Khz)

Blanking period following each scan (us)
Total line scan time (ms)

No. of sequential scans - calibration

No. of sequential scans - run conditions

Total sampling time (run) (sec)

LDV _parameters:
Sampling frequency (each channel) (Hz)

No. of samples (each channel)

Sampling time (sec)

50
800
21.28
1024
5120
108.9

100
16384
163.8

TABLE 2.2.3.1. Timing parameters for data acquisition.
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2.3. Experimental Procedure

Before any experiments are run, the flowmeters used to regulate the flow are
calibrated. Calibration is done in situ, over the full meter range. All flowmeters are
found to behave linearly, with volumetric flowrates given by Q =afR + bg. Here Q is

the volumetric flowrate, R is the flowmeter reading, and af and bf are calibration

coefficients, given in table 2.3.1.

Flowmeter ar b
(cm3/s) (cm3/s)

Saline in 6.39 93.4

Saline out 4.05 34.1

Alcohol-water in 3.92 36.9

Alcohol-water out 6.66 9.0

TABLE 2.3.1. Flowmeter calibration coefficients.

The procedural steps followed in performing an experiment are now outlined.
First the run solutions are prepared. NaCl is mixed with filtered lab water in the 1300
L tank and ethanol is mixed with filtered lab water in the 1000 L tank. The indices of
refraction are matched to within 0.00005 (to avoid laser beam wobbling) using the
procedure of Hannoun (1985) and the temperatures are matched to within 0.1 deg C
(using ice). Sodium sulfite is then added (approximately 4 mg/L) to de-chlorinate the

solutions (preventing the annihilation of Rhodamine dye by chlorine). An accurately
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measured amount of Rhodamine 6G dye is then added to the saline solution and
bubble plumes are run through both solutions for about 24 hours to eliminate any
inhomogeneities. Dye concentrations between about 0.5 x 1077 and 1 x 10-7 molar are
used which minimizes laser beam attenuation, while still providing adequate

fluorescent light to exploit the full range of the Reticon array.

Before an experiment is started, the density difference between the ethanol-
water solution and the saline solution is determined. (The bubble plumes are shut off
at least one hour prior to this to allow time for the fluids to de-gas.) Two precision 25
ml gravity flasks are filled with saline solution and are weighed using a precision mass
balance. The flasks are then re-filled with alcohol-water solution and are weighed

again. The normalized density difference is then determined by

Ap _ M5 —My

. 2.3.1)
p My, — My

Here My is the mass of the flask filled with saline solution, My, is the mass of the
flask filled with alcohol-water solution and My is the dry flask mass. The difference
between the measured values of Ap/p (using each‘ﬂask) is typically less than
0.00005. Following this, the lenses, mirror and flume walls are cleaned and the flume

is filled with saline solution to a depth of 20 cm.

Next, the LDV and LIF equipment are positioned and the LDV is calibrated.
The Ar-Ion laser is aligned so that is intersects the LDV focal volume in the
(spanwise) center of the flume. The LDV angles (discussed in §2.2.1) are then
measured and the position of the flume floor on the LDV carriage scale is recorded.
Next, the dye attenuation coefficient, eCg, is measured, as discussed in §2.2.2. The
Ar-lon laser power is then increased to about 0.8 W (single-line) and is allowed to

stabilize for about 2 hours. After this, the LDV level detector and amplifier gain are
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adjusted to maximize the signal quality and the signal processor is calibrated (as

discussed in §2.2.1).

Following this, the LIF system is focussed and calibrated. First the focussing
sheet is positioned just in front of the Ar-Ion beam and the beam is focused onto the
Reticon array, as discussed in §2.2.2. Next, a series of array scans is recorded to
determine the magnification ratio of the imaging system (ratio of object height in the
plane of focus to the imaged object height in the plane of the array). The focusing sheet
is then removed and a slight flow of saline solution is generated. This is done to avoid
photo-bleaching and thermal blooming effects during calibration, as discussed by
Koochesfahani (1984). The unattenuated laser beam power is then measured with a
laser power meter (Newport model 815). Finally, a series of 1024 scans are recorded

to determine the optical transfer function, as discussed in §2.2.2.

Following the LIF calibration, the experiment begins. Saline solution is drawn
from the flume until the total depth of fluid is approximately 10 cm and ethanol-water
solution is then slowly added until the total depth is 20 cm. The inlet and outlet
flowrates of saline solution and alcohol-water solution are then slowly increased to
their predetermined levels (chosen as discussed in §3.4) and the flow is allowed to
equilibrate for 10 to 15 minutes. Typically the mean vertical position of the interface at
positions along the flume is stationary after only a couple of minutes; 10 to 15 minutes

are allowed for any small-scale imbalances to be rectified.

Once equilibrium is achieved, a series of 5120 LIF array scans are recorded.
Following this, LDV measurements are made at a number of positions along the
vertical beam path until the reservoir fluids are spent. (Effective run times are

typically about 20 minutes.)
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Once the reservoir fluids are exhausted, the flume is drained and flushed out
with chlorinated water (removing any residual dye). The flume is then refilled with
filtered lab water and a series of 1024 array scans are recorded to determine the
background noise level. The unattenuated laser power is then remeasured and the
LDV signal processor is re-calibrated. Following this, the LDV and LIF data are

transmitted to a VAXstation 3200 for further processing.
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2.4. Parameter Seftings

A variety of internal flow configurations may be realized in the flume depending
upon the choice of control parameters. The parameters that govern the overall flow

structure are: the difference between the reservoir fluid densities, Apg; the rate of
inflow of alcohol-water solution, Qj; the rate of inflow of saline solution, Q2; the
alcohol-water solution withdrawal rate (from the outlet behind the saline solution

inlet), Q3; and the saline solution withdrawal rate, Q4.

If the flowrates are large enough, internal hydraulic jumps can occur in the
channel. These are typically regions of increased turbulence and mixing and are
undesirable inasmuch as they tend to obscure interfacial mixing in more slowly varying

regions (and may preclude a local equilibrium analysis).

In idealized two-layer flow, internal hydraulic jumps separate regions of sub-

critical and super-critical flow. These are given, respectively, by

F124F;2<1, (2.4.1)
and

F12+Fp2>1, (2.4.2)
where

F2 :\tjﬁzb// (2.4.3)

is the layer internal Froude number (Armi, 1986). Here d is the single layer depth, Ab

is the buoyancy difference between the layers, and U is the layer velocity. To avoid
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these internal 'shocks', parameters are chosen which result in sub-critical flow

throughout.

The governing parameters chosen for 5 experiments are given in table 2.4.1.
Here Ab=gAp/p is the buoyancy difference between the reservoir fluids, Q1 to Q4 are
the flowrates (per unit span) previously discussed, Qs is the rate of flow (per unit
span) over the weir, H is the total depth of fluid, 1; is the distance from the

measurement site to the upper layer entrance splitter tip, and 1y is the distance from

the measurement site to the lower layer entrance splitter tip.
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Expt | Ab Q1 Q2 Q3 Q4 Qs H 15| 1)
(cm/s?) | (cm?/s) | (cm?/s) | (cm?/s)| (cm?/s) | (cm?%/s)| (cm) | (cm) | (cm)

1 | 1881 | 38.97 | 36.82 | 18.88 | 4220 | 14.62 | 1925| 49 | 338

4 | 1322 ] 3995 | 3874 | 2221 | 41.07 | 1541 | 1925 49 | 338

10 | 1277 | 39.75 | 3874 | 2021 | 41.07 | 1721 [ 19.25] 357 | 30
11 | 7.48 | 2642 | 3874 | 956 | 41.07 | 1452 | 19.25] 357 | 30
13 | 1895 | 39.75 | 38.74 | 21.55 | 40.67 | 1627 {19.25] 168 | 219

TABLE 2.4.1. Flow parameter settings.




55

CHAPTER 3

EXPERIMENTAL RESULTS

3.1. Governing Parameters

Results from five experiments are presented in this chapter. Local governing
parameters from these are given in table 3.1.1. Here d is the total depth of the lower
layer; h (concentration 'boundary layer' thickness) is the distance from the mean
interface position, N (defined in §3.3), to the location above (or below) the interface
where the probability of finding fluid differing in concentration from that of the local
mean by greater than .01Cq is 0.02;T U is the ratio of the volumetric flowrate to cross-
sectional area;TT u; is the mean horizontal velocity at the interface, estimated by linear

interpolation; hg (maximum velocity gradient thickness) is defined by

_ _(Ug-Up)
(aU/a}’)max |

S

where (0U / dy)max is the maximum mean velocity gradient at the interface; Rig (mean

shear Richardson number) is defined by

Abhg

=08 3.1.1
(Uo - Up)? G40

N

and Ri (layer Richardson number) is defined by (1.1.1), with the mean layer velocity

replacing the free stream velocity. (This is necessary as accurate estimates of

i Physically this is a measure of the level to which scalar is transported vertically by turbulent
motions. A number of alternative measures of h are considered, including momentum thickness,
displacement thickness, and thickness based on mean or rms concentration. Unfortunately, the sparsity
of velocity data precludes estimates of h based on velocity. After some exploration, it is found that a
definition of h based on concentration probability is the least sensitive to measurement errors. It is
also robust, in the sense that it is relatively insensitive to small changes in probability or
concentration deviation threshold.

1 In the upper layer U1=Q1/(H-d) and in the lower layer Up=Q4/d.
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maximum layer velocity could not be determined. This does, however, introduce some

uncertainty in Ri, since the ratio of layer maximum to mean velocity depends on the

relative widths of the boundary layers.)

EXP | d hg hy hg Uo U; uj Rig | Rip Rig

(cm) | (cm) | (cm) | (cm) | (cm/s)| (cm/s) | (cm/s)

1 6.17 1 414 | 466 | 293 | 6.89 | -2.97 | 3.34 | 6.19 | 2.20 | 0.57

4 710 | -7 1477 1155 573 | -3.29 | 1.22 - 3.10 | 0.25

10 110.57]16.12 | 445 1222 | 3.89 | -4.59] -0.04 | 5.09 | 2.75 | 0.40

11 111.83]1478 | 320 | 1.17 | 3.47 | -3.56| 0.78 | 495 | 1.27 | 0.18

13 | 81314841431 ] 180 499 {-3.58] 198 |10.13]| 2.64 | 0.46

TABLE 3.1.1. Local governing parameters.

) T The lower layer in experiment 4 is non-turbulent; hence hg and Rig are undefined.
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3.2 Velocity Measurements

Raw LDV signals are processed, as discussed in §2.2.1, to yield vertical and
horizontal components of fluid velocity at a number of locations along the LIF laser
beam path. Results from LDV measurements consist of profiles of mean streamwise
velocity, u, profiles of vertical and horizontal rms velocities, u' and v', and horizontal
and vertical velocity power spectral densities. Accurate estimates of Reynolds stress,
—pu'V', cannot be determined due to the large size of the LDV focal volume compared
with the size of the energy containing eddies. (The span of the focal volume is
typically 1.2 to 1.3 cm; energy containing eddies are presumably some fraction of the

concentration boundary layer thickness which ranges from about 3 to 6 cm.)

Noise levels encountered in the LDV signals are non-negligible so that some
filtering is necessary. Noise spikes, typically spanning one to two time steps, are
encountered in some of the velocity data sets (attributed to laser and photodiode
noise) which are removed essentially by drawing a straight line across their base.
More troublesome, however, is broad-band (white) noise. In measuring the Doppler
shifted frequency, broad-band noise is manifested as a random sampling error,
approximately independent of the magnitude of the velocity. Since the level of
turbulent fluctuations is typically low in the low-speed flows studied, relatively large

errors, ranging from 2% to 30%, are introduced in estimates of rms velocities (see

table 2.2.1.3).

In order to obtain best possible estimates of velocity fluctuations, Wiener
filtering is employed to 'optimally' remove noise from the data. This is done using an

algorithm suggested by Press er al. (1989). It involves estimating the power spectral
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density of the unfiltered data, E(f), estimating the noise spectrum, N(f),T and
calculating the optimal filter, ®(f) ~ [1-IN()IZ/[E(f)I2]. (The filter is optimal in the
sense that the mean square deviation between the measured and uncorrupted signal
is minimized.) The product of the optimal filter and the Fourier transform of the input

signal gives the optimally filtered signal (when transformed back to the time domain).

The statistical convergence is typically 1% to 3% for u and 3% to 8% for u' and
v'. (Here convergence is defined as the difference between the statistical estimate
using the entire record and that using only the first half of the record divided by the
value using the entire record.) Typical approach to convergence for u, u', and v' is
shown in figures 3.2.1, 3.2.2 and 3.2.3, respectively. Plotted are values of statisﬁcs
taken over increasingly longer time intervals: [0, T/(65-N)], where T is the total

sample time and N=1 ,..., 64.

T In all cases this is done by locating the noise 'floor’, IN(f)I2, from power spectral density estimates
and assuming IN(F)IZ ~ constant for all f.
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FIGURE 3.2.1. Convergence of mean streamwise velocity. Measurements are

from experiment 13 at (M-y)/hg=0.49. (Here y is the vertical co-ordinate.)
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FIGURE 3.2.2. Convergence of rms streamwise velocity.

from experiment 13 at (N-y)/hp=0.49.

Measurements are
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FIGURE 3.2.3. Convergence of rms vertical velocity. Measurements are from

experiment 13 at (1-y)/hp=0.49.
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Profiles of mean streamwise velocity, u, normalized by the difference between
the mean layer velocity and the velocity at the interface are shown in figures 3.2.4 and
3.2.5 with error bars on several representative data points. Here normalized velocity
error is due primarily to uncertainty in uj, estimated as (8/4)(dU / dy)max, Where & is
the density interface thickness. Positional error is primarily due to uncertainty in h,
estimated as the mean distance imaged by 10 pixels (typically ~ 0.25 cm). In these
figures y is the vertical co-ordinate. Profiles of rms streamwise and vertical velocity, u'

and v', are shown 1n figures 3.2.6 through 3.2.9.

1.0 T T T
0.8 ¢ Ri=4.9 —
O Ri=5.1
A Ri=10.1
o 0.6} |
= o
- b | |
K= i
= 0.4} . -
o
L T ]
T fﬂ 1
0.2} ?® .
< —2A—
0.04 © 1 I i
0.0 0.5 1.0 1.5 2.0

FIGURE 3.2.4. Mean streamwise velocity. Values are from the lower layer.
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FIGURE 3.2.5. Mean streamwise velocity. Values are from the upper layer.
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FIGURE 3.2.6. Rms streamwise velocity. Values are from the lower layer.
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FIGURE 3.2.7. Rms streamwise velocity. Values are from the upper layer.
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FIGURE 3.2.8. Rms vertical velocity. Values are from the lower layer.
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FIGURE 3.2.9. Rms vertical velocity. Values are from the upper layer.
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Estimates of streamwise and vertical velocity power spectral densities are
shown in figures 3.2.10 through 3.2.13. Spectral estimates are determined using a

slightly modified version of a method suggested by Press et al. (1989).

The data are initially read in as overlapping segments of length 2048 points
(overlap is 1024 points) and a least squares linear fit is subtracted from each segment
to remove any trends. Each segment is then multiplied by a Parzen (triangular)
window to minimize leakage of spectral power to neighboring frequency bins and an
FFT is performed. Finally, the squares of the frequency components from the
segments are appropriately averaged. Overlapping data segments and averaging in

this way reduces the spectral variance per data point by a factor of about 11.

The streamwise velocity power spectral density is defined such that

u?=

Eyu(f)df, (3.2.1)

O ey §

where E, is the power spectral density and f is the frequency. The vertical velocity
power spectral density is similarly defined. Shown in figures 3.2.10 to 3.2.13 are
normalized spectra, Eu/u2h, plotted versus normalized frequency, fh/u. Here u is the

magnitude of the local mean streamwise velocity and u' is the local rms velocity.
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Estimates are from the upper layer near (y-1)/h1=0.41.
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3.3 Concentration Measurements

Raw photodiode readings are processed to yield values of tracer dye
concentration, c(y,t), as discussed in §2.2.2. Each array scan is normalized by the
concentration close to the floor to correct for laser fluctuations (typically 1% to 2%).
This is justified since in all cases the fluid close to the floor is, to a very good
approximation, pure unmixed lower layer fluid. (In all cases deviations in concentration

from pure unmixed fluid near the floor are nearly undetectable.)

Statistical convergence for mean and rms concentrations is typically 1% to 2%
and 3% to 5%, respectively, as defined in §3.2. Typical approach to convergence for €

and ¢’ is shown in figures 3.3.1 and 3.3.2.
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FIGURE 3.3.1. Convergence of mean concentration, €, from experiment 13.

Measurements are taken at the mean interface position.
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Figure 3.3.2. Convergence of rms concentration, ¢', from experiment 13.

Measurements are taken at the mean interface position.
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False color images of concentration in.t-y space are shown in figures 3.3.3
through 3.3.8. Here t is time and y is vertical position (zero references are taken
arbitrarily). Images are created using a VAXstation 3200 with a 1024 x 864, 8-plane
(256 color) graphics monitor. In each of these figures time increases from left to right
with reference scales as shown. Using a Taylor type hypothesis the t-axis in these
images may be viewed locally as x/u, where u is the local convection velocity (which

varies in the vertical), and x is distance in the horizontal.

In figures 3.3.3, 3.3.4, and 3.3.5 the point at which u=0 is displaced
approximately 0.8 cm, 0.4 cm, and 0.4 cm, respectively, above the mean position of the
interface. Below the point of zero velocity the flow may be viewed locally as moving
from right to left with vorticity in the clockwise sense; above the point of zero velocity
the flow may also be viewed locally as moving from right to left, but with vorticity in

the counter-clockwise sense.

Figures 3.3.3 to 3.3.5 show concentration evolution over 1024 array scans from
3 different experiments. Figures 3.3.6, 3.3.7, and 3.3.8 show, respectively, a close-up

of a wave-breaking event, a K-H instability, and intense K-H shear instabilities.
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FIGURE 3.3.6. False colour image of a wave breaking event from experiment 1

(Rig=0.57). The zero velocity point is displaced approximately 1.0 cm above the mean

interface position.
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FIGURE 3.3.7. False colour image of a large scale Kelvin-Helmholtz instability from
experiment 4. The zero velocity point is displaced approximately 0.4 cm above the

mean interface position.
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FIGURE 3.3.8. False colour image of intense shear instabilities from experiment 11.
The zero velocity point is displaced approximately 0.4 cm above the mean interface

position.
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Profiles of mean concentration, €, in the upper layer are shown in figure 3.3.9.
Here (and in following figures) concentration is measured in a frame of reference
moving with the interface to filter out effects of interfacial waves. In figure 3.3.1
profiles are shown in the upper half of the concentration boundary layer where it is
assumed that variations in mean concentration are due to turbulent scalar transport. In
almost all cases this region lies well above the region of influence of local interfacial

instabilities.
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FIGURE 3.3.9. Mean concentration in a frame of reference moving with the

interface. Values are from the upper layer. Here AC is the difference in mean

concentration between the layers and ce is the mean concentration at the

outer edge of the layer.
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In figures 3.3.10 and 3.3.11 mean concentration near the interface is shown
versus normalized distance from the interface. Here distance is normalized by the
interface half-width, 8g or 81, defined as the vertical distance between 1 and the point
below (above) m where ¢ first rises (falls) above (below) 0.9AC (0.1AC). Near the
interface, interfacial instabilities strongly influence the form of the mean concentration
profile. In figure 3.3.12 a typical instantaneous profile is shown superposed on the

corresponding mean profile.

(m-y) /8,

FIGURE 3.3.10. Mean concentration in a frame of reference moving with the

interface. Values are from the lower layer.
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FIGURE 3.3.11. Mean concentration in a frame of reference moving with the

interface. Values are from the upper layer.
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FIGURE 3.3.12. Typical instantaneous concentration profile superposed on

the corresponding mean profile. Values are taken from experiment 13.
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Profiles of rms concentration fluctuations in the upper half of the upper layer are
shown in figure 3.3.13. Here it is assumed that fluctuations are due to turbulent scalar
transport (and not interfacial instabilities). The average noise level shown in figure

3.3.13 is based on measured values of ¢' in an equivalent homogeneous layer.

1.0 , :
0.9 average noise | Ri=1.3 |
' level ---- Ri=2.2
------- Ri=2.6
"""" Ri=2.7
< 98F —— Ri=3.1 -
G
>
~ 0.7t . _
0.6} B}
0.5 : ‘ L |
0.000 0.005 0.010 0.015 0.020
c'/AC

FIGURE 3.3.13. Rms concentration in a frame of reference moving with the

interface. Values are from the upper layer.
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In figures 3.3.14 and 3.3.15 rms concentration fluctuations near the interface are

shown. Here relatively large fluctuations are due primarily to interfacial instabilities.

(n-y) /3,

¢c'/AC

FIGURE 3.3.14. Rms concentration in a frame of reference moving with the

interface. Values are from the lower layer.
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FIGURE 3.3.15. Rms concentration in a frame of reference moving with the

interface. Values are from the upper layer.
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A portion of a typical concentration-time trace is shown in figure 3.3.16. Here
concentration is measured at the center of the upper layer and time is normalized by
the large-scale time, Uy/hy. The section from tU1/h1=18.1 to tU3/h;=36.2 corresponds

to the false color image segment shown in figure 3.3.3.

0.05

0.04

0.03

c/AC
|

0.02

0.01( (/. Jh 1 ‘

40

FIGURE 3.3.16. Concentration fluctuations at (y-1)/h1=0.5 from experiment

13.
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Probability distribution functions of dye concentration anomaly are shown in

figures 3.3.17 and 3.3.18 (strictly speaking these are plots of 1-P, where P is the
traditional probability distribution function). Plotted is the probability of finding fluid of
concentration greater than the local mean concentration by an amount I.

Measurements are taken a distance h/2 from the interface (in a frame of reference
moving with the interface).

0.10 I I |
o Ri=4.9
0.08} N [ Ri=5.1 7]
R 3‘ --- Ri=6.2
= R - Ri=10.1
$0.06F B
< ;
o ‘-.
120.041 N
& 'a
0.02F -
0.00 S o \'\t‘::: ______ T I |
0.00 0.05 0.10 0.15 0.20
r

FIGURE 3.3.17. Probability distribution function of concentration anomaly.

Measurements are taken below the interface at (1-y)/hg=0.5.
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FIGURE 3.3.18. Probability distribution function of concentration anomaly.

Measurements are taken above the interface at (y-1n)/h1=0.5.
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The maximum (normalized) concentration anomaly is defined here as the

concentration, I, for which

Ilc—Tl
Pr >I'm =K, 3.1
{ AC } m (3.3.1)

at ly-ni/h=0.5. Le. the probability of finding concentration anomaly, |c—¢|/AC, in
excess of I'y is K, the probability threshold. Figure 3.3.19 shows I'y, as a function of
Ri for K=0.01. Error bars shown indicate maximum probable deviations from measured
values. (There is some arbitrariness in the selection of K; however, variations in K do

not significantly alter the nature of the results so long as K is sufficiently small.)
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FIGURE 3.3.19. Maximum concentration anomaly. Here the probability

threshold, K, is 0.01.
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Power spectral density estimates for concentration fluctuations are shown in
figure 3.3.20. These are determined as discussed in §3.2, except here the data are read
in as overlapping segments of length 1024, rather than 2048 points. The concentration

power spectral density is defined such that

o2
(ACY?

= [Ec(f)df, (3.3.2)
0

where Ecis the concentration power spectral density and f is the frequency. In figure
3.3.20 normalized spectra, Ecu/c'2h, are plotted versus normalized frequency, fh/u.
Here u is the local mean streamwise velocity and ¢' is the (normalized) local rms

concentration.
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FIGURE 3.3.20. Power spectral density estimates for concentration.
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Estimates are from the upper layer at (n-y)/ho=0.5.
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In figure 3.3.21 estimates of interfacial displacement power spectral density are
shown, determined as for c¢'. Here the displacement power spectral density is defined

such that

N2 = [@q(b)df, (3.3.3)
0

where 7 is the interface position and ®y is the power spectral density.

The interface position, M(t), is defined as the vertical position where the

concentration crosses the 50% threshold. le.

c(m(®)—Ay,t) 2 0.5AC, (3.3.4)

and

c(M(t) +Ay,t) <0.5AC, (3.3.5)

where Ay is the vertical distance between regions imaged by successive pixels. This,
in itself, does not define 1(t) uniquely; in regions of mutivaluedness the following
procedure is used. If 7 is single-valued at time ty, then at time ty+At if c(n(tg),tQ+At)
< 0.5AC then n(tp+At) is the first position below M(tQ) where ¢ crosses the 50%
threshold; if c(n(t0),t0+At) > 0.5AC then 1(tQ+At) is the first position above 1(tQ)

where ¢ crosses the 50% threshold.

Spectra are plotted for frequencies up to 2 Hz; beyond this, measurements are

limited by spatial resolution of the imaging system.
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FIGURE 3.3.21. Power spectral density estimates for interfacial displacement.
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Mean interfacial thicknesses, S, are shown in figure 3.3.22. The interfacial
thickness, 8(t), is defined as the vertical distance between the point below m(t)

where c first rises above 0.9AC and the point above 1 (t) where ¢ first drops below

0.1AC.
1 1 L ¥ T L R
[ K-H regime i wave breaking
v : regime
<01t 'O -
{{Ze) i \ O N
! | J
|
f | ]
001 1 1 11 1 1 1 1 1
0.1 1
Ri

FIGURE 3.3.22. Mean interfacial thickness.
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Finally, estimates of Rig in the interface are shown in figure 3.3.23 as a function

of Rig. Here Rig is the mean gradient Richardson number defined as

N2

— 3.3.6
(9u/ 3z)* 530

where

_q1/2
N= {Egﬂ (3.3.7)

is the Brunt-Viisild frequency.

In the interface Rig may be approximated as

_ Abhg?

i = SAD (3.3.8)

where AU=(Up-U1).
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FIGURE 3.3.23. Mean gradient Richardson number in the interface.
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CHAPTER 4

DISCUSSION OF RESULTS

4.1. Velocity Measurements

Motivated by the 'law of the wall' (see Clauser 1956) for turbulent flow over a
rigid surface, Csanady (1978) suggests an analogous 'law of the interface' for turbulent
flow over a sharp density interface with scaling

bl WS Ly (4.1.1)
ux* Ve

in a region very close to the interface, and

U—-u

U*

=g
=80, (4.1.2)

some distance away. Here y is the distance from the interface, u*=\/”ci/p is the
interfacial shear velocity (7 is the interfacial stress), U is the free stream velocity, h
is the boundary layer thickness, and Ve is an 'effective viscosity' at the interface

representing the transfer of momentum by both molecular diffusion and sheared

interfacial waves.

The velocity data from this study have been cast in the forms (4.1.1) and
(4.1.2), but difficulty in obtaining accurate estimates of ux and the relative sparsity of
data points has limited the analysis (a proper investigation of 4.1.1 and 4.1.2 requires
considerably more data than obtained here). Crudely speaking though, the results are
not inconsistent with a logarithmic profile near the interface, as suggested in the

analysis of Csanady. The individual velocity profiles, however, do not collapse on a
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single curve as in the 'law of the wall'. Csanady suggests that the ‘effective roughness'

in this case should depend on the interfacial wave field.

In the 'law of the interface' it is tacitly assumed that the buoyancy flux has
negligible effect on the form of the velocity profile. To investigate this, appeal is made
to results from Monin & Yaglom (1971) for the problem of a horizontally
homogeneous boundary layer in the presence of a stabilizing heat flux. If the density
interface is approximated as a rigid surface across which there is a stabilizing
buoyancy flux, then Monin & Yaglom's analysis suggests that the influence of
buoyancy should be small when y/L<<1. Here y is the distance from the interface, and

L is the Monin-Obukhov length, given by

u*3

L:'—:—— (4.1.1)
kgp'v'/p

(k 1s the von-Kdrmdn constant). Using results from Lofquist (1960), estimates of h/L
in the experiments studied have been made; it is found that h/L ranges from about .05
to 0.3, which may not be small enough to completely neglect the effects of the
buoyancy flux. However, an investigation of this is outside the scope of this study and
henceforth it is assumed that any such effects are secondary insofar as mixing and

transport at the interface are concerned.

Shown in figures 3.2.4 and 3.2.5 are profiles of mean velocity, normalized by U.
Here U is not the preferred scaling velocity, but accurate estimates of u* or Upgx (the
layer maximum velocity) could not be obtained. Since the ratio Upax/U is
(presumably) higher in the lower layer than in the upper layer (the bottom layer has
an additional boundary layer at the lower wall), normalized profiles above and below
the interface cannot be directly compared. This is evidenced by the consistently higher

values of normalized velocity below the interface than above. Viewing each layer
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separately, the data collapse (within experimental error) is reasonable and no obvious

trends with Ri are observed.

Rms velocity fluctuations are shown in figures 3.2.6 to 3.2.9, normalized by U.
Normalized fluctuations are consistently greater below the interface then above, which
may be attributed to the difference in Upax/U mentioned previously. (The lower wall
boundary layer, however, does not appear to significantly influence velocity
fluctuations near the interface; in figures 3.2.6 and 3.2.8 there is no discernable
increase in velocity fluctuations at Ri=10.1, 219 cm downstream of the lower layer
inlet, over those at Ri=5.1 and Ri=4.9, 30 cm downstream of the inlet.) Within the
accuracy of the data, there appears to be an increase in u' and, to a lesser degree, in V'
as the interface is approached, in qualitative agreement with the results of Grass

(1971) for flow over a roughened floor in free surface channel flow.

The largg increase in u' and v' in figures 3.2.6 and 3.2.8 immediately at the
interface, however, is attributed to interfacial waves. It should be borne in mind that
turbulent fluctuations and fluctuations induced by interfacial waves both contribute to
rms velocities in figures 3.2.6 to 3.2.9. Ideally, if a spectral gap exists between the
energy containing interfacial waves and the turbulence, and if the waves and
turbulence are statistically independent, then effective filtering can be employed to
separate them (Lumley & Panofsky, 1964). Although the lowest mode seiching
motions (f ~ .01 Hz to .1 Hz) may be separated from turbulent fluctuations, higher
frequency interfacial waves (presumably generated by turbulent eddy impacts on the
interface) have frequencies comparable to those of the turbulent fluctuations, making

their separation difficult.

To estimate the contribution to the velocity variance from wave-induced

- fluctuations, results from Phillips (1966) for the case of two irrotational, homogeneous



106

layers separated by a sharp interface may be used. Phillips' results may be assumed
approximately valid away from the interface, insofar as estimates of magnitudes of
velocity fluctuations are concerned, if the zone of high shear is confined to a small

region about the interface.

In his analysis, Phillips finds that lowest mode waves of wavelength

significantly greater than the thickness of the interface are dispersive with frequency

®?2 = Abk[cothkd + cothk(H —d)]-L (4.1.4)

Here k is the wave number, d is the upper layer depth, H-d is the lower layer depth,
and Ab is the buoyancy difference. The resultant amplitudes of velocity fluctuations
induced by a single-frequency wave are shown in figures 4.1.1 and 4.1.2 at five
different wave frequencies. Typically, the lowest frequency interfacial waves resolved
in the experiments have wavenumber about kd=0.5 so that, assuming most of the
wave energy 1s in low frequency waves, estimates of wave-induced fluctuations a
distance h/2 above the interface give u'/(uj-Ujq) ~ 0.02 to 0.04 and v'/(uj-Uj) ~ 0.01 to
0.02. Based on these estimates, measured velocity fluctuations in figures 3.2.6 to 3.2.9
would be reduced by about 10% to 15% in the absence of interfacial wave activity.
However, immediately at the interface, contributions from high frequency waves may

be considerable, as evidenced in figures 3.2.6 and 3.2.8.
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FIGURE 4.1.1. Horizontal velocity fluctuations induced by a single frequency

interfacial wave.
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In figures 3.2.10 to 3.2.13 inertial (large-scale) scaling is used to normalize the
velocity spectra. The lowest frequency oscillations (fh/u of order 10-1) in the spectra
are believed due to interfacial wave induced fluctuations. (The lowest frequency
oscillations in the flume, however, are not resolved; the period of the lowest mode
seiching motion in the flume is typically about 100 seconds, estimated using results
from Turner 1973 for an idealized two-layer narrow channel, which is about 5 times
greater than the longest period oscillations resolved.) Higher frequency fluctuations in
the spectra are believed due to both waves and turbulence. The existence of an inertial
subrange is unlikely in these spectra as Reynolds numbers are relatively smallf
(Tennekes & Lumley 1972); and, in light of the relatively high noise floor, any

suggestion of such would be highly speculative.

T Although Re is relatively small, turbulent flow is expected. In a similar flow, Keulegan (1949)
finds that the flow becomes turbulent (except at the interface) for Re greater than about 1800 (based
on the mean layer velocity and total layer depth); similarly determined Reynolds numbers in this
study are typically several times greater than this. Larger Reynolds numbers are of course desirable,
but necessitate a larger facility.
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4.2. Concentration Measurements

False color images of concentration such as those shown in figures 3.3.3 to
3.3.8 provide valuable insight into mixing and transport at the interface. Through the
study of such images a number of features are found common to all of the flows. These
are first detailed and following this, observed variations in interfacial mixing are

discussed.

In each of the 5 experiments, entrainment of fluid appears to be due to large-
scale eddies which scour fluid from the interface into adjacent layers.” Once in an
adjacent layer, interfacial fluid becomes permanently incorporated through the
combined action of turbulent straining (stretching marked fluid into thin strands) and
molecular diffusion. If the scoured fluid is too heavy, though, it appears to fall back to
the interface (is not incorporated), resulting in an interfacial disturbance. In no
experiment is it observed that pure unmixed fluid is entrained directly from one layer
to the other; it is always fluid from the interface of intermediate c’oncentration and

density that is entrained.

Rough estimates show that the length (in time) of a scouring ‘event' is typically
~ 11, to 271, and the time between events 1s typically ~ 5tr, to 101, independent of Ri.

Here 11 =h/U is the large scale time. Also, in all cases, scouring events appear to be

uncorrelated (in time) with the occurrence of local interfacial instabilities.

T In figures 3.3.3 to 3.3.5 scouring events are more clearly observed above the interface than below.
This is an artifact of the asymmetric color thresholding and not a manifestation of a physical
asymmetry. A component of noise in the concentration measurements (due to photodiodes, amplifiers,
etc.) is proportional to the signal, so that absolute errors above the interface are considerably less
than those below. Since it 1s the difference between the instantaneous concentration and the local mean
that is of interest, the relative error in measuring these small deviations is much smaller above the
interface than below. Asymmetric color thresholding is employed so that noise in the lower layer is
not unduly highlighted.



111

Balancing the sharpening action of scouring eddies is production (local mixing)
by interfacial instabilities and molecular diffusion. The dominant thickening mechanism
is found to depend on the mean shear Richardson number, Rig. When Rig is below
about 0.4 to 0.45, large-scale K-H instabilities are observed at the interface. When
Rig is greater than this, K-H instabilities are no longer observed and interfacial wave
breaking appears to dominate the thickening process. The local (in time) variation in
interface thickness may be attributed to the random nature of the local scouring events

and interfacial instabilities.

In figure 3.3.4 (Rig=0.25), K-H instabilities at various stages of growth can be
clearly seen (in figure 3.3.7 a close-up of one of these in its initial stages of growth is
shown). In figure 3.3.5 (Rig=0.17), more intense and more frequently occurring K-H
type shear instabilities are observed (a close-up of the more intense mixing region is
shown in figure 3.3.8). At Rig=0.40 (not shown) K-H instabilities are also observed.
The K-H instabilities in these experiments appear to be cyclically generated: they
form, roll-up into billows, grow, and collapse, and after some period of time they form

again. The evolution of the K-H instabilities and their cyclic nature is discussed in

§5.1.

In figure 3.3.4 K-H billows are markedly asymmetric with respect to the
density interface. In this case, billows form almost entirely below the center of the
interface and the upper half of the interface remains remarkably sharp. Such
asymmetries can be induced by a displacement between the density interface and the
region of maximum shear (Lawrence, Browand & Redekopp 1991). In experiment 4

such an asymmetry likely exists since the flow beneath the interface is non-turbulent.

In figure 3.3.3 (Rig=0.46) K-H instabilities are no longer observed; the

dominant thickening mechanism now appears to be interfacial wave breaking, as
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discussed in §5.1. At Rig=0.57 wave breaking also dominates interfacial mixing (a

close-up of a wave breaking event at Rig=0.57 is shown in figure 3.3.6).

The examination of false color images has aided the extraction of quantitative
information from concentration measurements. Quantitative results shown in figures

3.3.9 to 3.3.23 are now discussed.

Profiles of normalized concentration anomaly, [c —ce|/AC, away from the
interface are shown in figure 3.3.9. On dimensional grounds (assuming buoyancy

effects away from the interface are small) it may be expected that

where ux is the interfacial shear velocity. If (4.2.1) is valid then profiles in figure 3.3.9
suggest up/ux does not depend simply on Ri. The model developed in §5 suggests in
this case that entrainment depends on combinations of parameters from both layers. If
it is assumed that ux is proportional (approximately) to [U— uj| then concentration
profiles in figure 3.3.9 are in qualitative agreement with estimates for entrainment

based on the model results (except for the case of experiment 11 in which us/|U — uj

may be increased due to greater surface deformations).

Profiles of mean concentration near the interface are shown in figures 3.3.10
and 3.3.11. In figure 3.3.10 the zone of rapidly varying concentration is confined to a
region about one interfacial half-width from the interface for Rig=0.46 and 0.57 (wave
breaking dominated mixing), and to a region 3 to 4 interfacial half-widths from the
interface for Rig=0.18, 0.25 and 0.40 (K-H dominated mixing). In the former case,
wave breaking events have relatively small vertical scale and occur relatively

- infrequently so that broadening of mean concentration profiles is minimal. In the latter
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case, K-H instabilities have a larger vertical scale and result in greater variations in
interfacial thickness. In comparing profiles in figures 3.3.10 and 3.3.11, asymmetries
are observed which may be attributed to a displacement between the center of the

density interface and the location of maximum shear.

Since concentration is measured in a frame of reference moving with the
interface, profile spreading due to interfacial waves is avoided. However, local
interfacial instabilities and eddy scouring can result in instantaneous profiles

somewhat different from their corresponding mean profiles, as seen in figure 3.3.12.

Figure 3.3.13 shows profiles of rms concentration fluctuations away from the
interface. Here concentration fluctuations are presumably due to strands of interfacial
fluid convecting in nearly homogeneous unmixed fluid, as observed in figures 3.3.3 to
3.3.5. Drawing further conclusions from these profiles is difficult due to the relatively

high noise levels.

Profiles of rms concentration fluctuations near the interface are shown in
figures 3.3.14 and 3.3.15. Note the markedly different profile forms in figure 3.3.14 for
Rig=0.18, 0.25 and 0.40 (K-H regime) compared with those for Rig=0.46 and 0.57
(wave breaking regime). The off-axis maxima in the former case are considerably
greater than those in the latter, as are the fluctuations out to about 4 interfacial half-
widths from the interface. Concentration fluctuations are relatively low, however, at
Rig=0.25 compared with those at Rig=0.18 and 0.40, which may be attributed to the
absence of eddy scouring beneath the interface at Rig=0.25 (experiment 4). Relatively
high values of ¢' in the interface are manifestations of the limited spatial resolution
there. When the interface is very sharp, the highest concentration gradient region may
span only 3 to 4 pixels so there is some variability in the concentration at y=m. ¢'

~ measured in a frame of reference moving with the interface is therefore artificially high
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there. In comparing figures 3.3.14 and 3.3.15, there are asymmetries in the rms profiles
which may be attributed to velocity profile asymmetries (with respect to the density

interface) and differences in the intensity of eddy scouring from above and below.

Figure 3.3.16 shows a typical concentration-time trace, measured a distance
h/2 above the interface. Here eddy scouring events are manifested as regions of
relatively high fluctuations in concentration, typically spanning 1 to 2 large-scale
times, and spaced by about 5 to 7 large scale times. During a scouring event, the
concentration signal is highly intermittent; regions of scoured fluid of intermediate
concentration are interspersed between regions of nearly pure unmixed upper layer
fluid. Note in this case that the highest scalar concentration observed is only about 4%

of that in the lower layer.

Probability distributions of scalar concentration anomaly are shown in figures
3.3.17 and 3.3.18. It is expected that the scalar flux depends on combinations of
parameters from both sides of the interface (see §5.1) so it is not surprising that
distribution functions do not display a simple Ri dependence. The maximum
concentration anomaly, I'y,, however, is expected to depend solely on Ri. Figure 3.3.19
shows 'y as a function of Ri (using a probability threshold, K, of 0.01), and with the
exception of one point at Ri=10.1 (whose error may be underestimated), the data are

well represented by I'p~ Ri-1.

In figure 3.3.20 concentration power spectra are shown, normalized using
inertial (large-scale) scaling. Here the spectra collapse quite well, suggesting that
large-scale disturbances scale with h and convect with the local mean velocity, u,

independent of Ri.

Interfacial displacement spectra are shown in figure 3.3.21. A variety of

mechanisms may be active in generating disturbances contributing to these spectra.



115

Low-frequency oscillations may be generated during start-up and persist through an
experiment;T low and intermediate frequency oscillations may be induced by the roll-
up and collapse of large-scale K-H billows (when Rig is sufficiently small); and high
frequency waves may be generated by random pressure fluctuations induced by
turbulent eddies impacting on the density interface (Phillips, 1966), or possibly by the
feedback mechanism discussed by Lighthill (1962) for waves whose phase speed

matches the fluid convection velocity close to the interface.

In figure 3.3.22 mean interfacial thicknesses are shown versus Rig. The model

developed in §5.1 predicts 6/hg ~ Rig-! in the K-H regime’ and

8{Uo /[Rig +Uj /W/Ril] 42.2)

Up/ho+Ui/Iy

in the wave breaking regime. The data shown are consistent with these results.

In figure 3.3.23 the mean gradient Richardson number, Rig, is shown versus the
mean shear Richardson number, Ris. In the K-H dominated regime, the data are
consistent with Rig ~ RigZ, which follows directly from 8/hg ~ Rig! (see 3.3.8). In order
for K-H instabilities to be active, Hazel (1972) suggests that the local gradient
Richardson number (in the interface) must be less than about 0.2 to 0.25. (The critical
value for instability depends on the precise forms of the velocity and density profiles
and the location of boundaries.) In flows where K-H instabilities occur in a cyclic
manner, this criterion may need only be met for a short period of time, so that the

time-averaged gradient Richardson number, Rig, may be considerably larger than 0.25.

T It is believed, however, that long-period waves play no role in mixing and transport processes at the
interface; it is intermediate (K-H) and high frequency waves which become locally unstable and lead
to interfacial mixing.

7T Here the velocity gradient thickness, hg, is artificially introduced. It is included merely for
convenience 1o exhibit the differing forms for § in the two mixing regimes.
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An ad hoc criterion for (cyclic) instability in this case may be Rig < Rigc, where Rigc is
the maximum value of Rig for which the local (in time) Richardson number can drop
below about 0.2 to 0.25. Since Rig is determined by Rig (in the K-H regime) this may

be given equivalently as Rig < Rigc (here experiments suggest Rigc ~ 0.4 to 0.45).
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CHAPTER 5

ENTRAINMENT MODEL

5.1. Model Development

Consider two fluid layers of density p1 and p1+Ap, velocity (free stream) Uy
and Ug and (boundary layer) thickness hj and hg, respectively, separated by an
interface of thickness 8, as shown below. The layer Reynolds numbers are assumed
sufficiently large that the flow is turbulent, except very close to the interface where

buoyancy forces are appreciable.

— ()

IREREREERE N
4._
(o]

—f by

Ug p, +4p

FIGURE 5.1.1. Schematic of two-layer entraining flow.
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Consider turbulent eddiest of size ~ / and fluctuating velocity scale ~ u
convecting past the interface with mean velocity ~ U. It is assumed that large-scale

. . . . . —= —5 — 1/2
eddies contain the bulk of the turbulent kinetic energy so that u ~ [u'z +v2 +w'2]

3

where u', v', and w' are, respectively, the x, y, and z components of the fluctuating
velocity (here and throughout the symbol ~ denotes proportionality). It is understood
that distributions about characteristic scales are implied in the scaling arguments; it is
assumed that distributions do not change significantly with variations in Reynolds
number or buoyancy flux (i.e. h/L is small, where L is the Monin-Obukhov length,
given by 4.1.1). The average spacing between entraining eddies is taken to scale with

the eddy size so that at a fixed position, x¢, near the interface, the frequency of eddy

interaction (from one side of the interface) is given by
fe~7 (5.1.1)
and the average duration of an eddy interaction is

i~ (5.1.2)

These assumptions are supported by experimental observations which suggest that
scouring 'events' are spaced by about 5h/U to 10h/U and have duration h/U to 2h/U,
independent of Ri. During an interaction, the influence of an eddy extends, on average,

a distance
di ~ utj

into the interface, or using (5.1.2),

‘ T An ‘eddy’ is loosely defined here as a compact, coherent turbulent formation (inhomogeneity). It is
assumed that large-scale eddies are responsible for the bulk of the entrainment and henceforth ‘eddy’
refers to a large-scale eddy.
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ul
dj ~6—. (5.1.3)

Assuming that during an eddy interaction interfacial fluid is accelerated to velocity ~ u

in the vertical, then in time t; this fluid travels a vertical distance
Yi ~uty

or, using (5.1.2),

yi~ul/U.

An eddy will interact with the interface for a time

~2 (5.1.4)

(eddy turnover time), and will effectively scour fluid over a distance ~ Ul/u along the
interface. From conservation of energy it is required that the kinetic energy of an eddy
be greater than or equal to the work done in lifting interfacial fluid; this then requires
that Ri < ¢, where ¢ is a constant between about 10 and 100. If Ri > c then the spacing
between entraining eddies and the distance over which they scour may depend on Ri.

For the purposes of this discussion it is assumed Ri < c.

It may be assumed that interfacial fluid is permanently entrained if it resides in

the layer long enough to become 'incorporated’, the time taken scaling with the eddy

turnover time, te.T Scoured interfacial fluid whose residence time is less than this falls

T The incorporation process consists of sireiching fluid elements into fine strands so that molecular
diffusion can act effectively. Broadwell & Mungal (1991) suggest that the time required to stretch
the interface of a large-scale 'blob' of passive scalar to scales on the order of the Kolmogorov
~ microscale scales with //u. The additional time required for local straining to further reduce the scale

of the interface (to the Batchelor scale) and for subsequent molecular diffusion is negligible compared
with //u. Thus the total time for 'incorporation’ scales with //u.
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back to the interface and is not entrained.

Consider an element of fluid of density p1+0Ap (0 ranging from O to 1) scoured
from the interface and accelerated to velocity ~ u in the vertical. Upon being scoured,
the fluid element is subject to a gravitational force ~ I'Apg acting toward the interface
(here T is the concentration anomaly, defined such that if fluid is scoured from above,
I'=0, and if fluid is scoured from below, I'=1-0). In the absence of turbulent motions,

the time that the fluid element resides in the layer is given by

2u
~— 5.1.5
I'Ab ( )

ta

For permanent entrainment it is necessary that ty be greater than to which places an
upper bound on I, for permanent entrainment, given by

u2

~— 5.1.6
Ab! ( )

m

It is convenient in flows of this type to define an entrainment velocity, ue, as
the equivalent volume of adjacent layer fluid incorporated into a layer per unit area per
unit time. For convenience, u, will henceforth denote the one-way entrainment from
lower to upper layer and all unsubscripted symbols will refer to upper layer variables.
(All results apply equally to the reciprocal case of one-way entrainment from below.)

The entrainment velocity at xg is given by

dyy
ue ~ fe [T(E)dE, (5.1.7)
0
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where dp, is the maximum depth into the interface fluid may be drawn from and
permanently entrained. Assuming I is slowly varying, except in a narrow region near

the center of the interface, this gives

ue ~ [0l - (5.1.8)

Under this assumption it also follows that

dm ~ 9. (5.1.9)

Substituting (5.1.6) and (5.1.1) into (5.1.8) yields

2
B ,._5_(_“_), (5.1.10)
1\ Abl

where E=ue/U. (If the interface velocity, u;, is non-zero then U is replaced by [U — uj|.)

It then remains to find &/1.

The mean interface thickness, 0, is now determined by considering a balance
between eddy scouring (sharpening) and interfacial instabilities and molecular
diffusion (thickening). Three interfacial mixing regimes are considered, classified as:
(1) diffusion dominated, (2) wave breaking dominated, and (3) Kelvin-Helmholtz

(K-H) dominated.
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Case 1: Diffusion Dominated Interface

When the stability of the interface is so great that interfacial instabilities
rarely, if ever, occur, then the thickening of the interface is due primarily to molecular
diffusion. In this case, the rate of spreading of the interface (in the absence of eddy
scouring) is given by d&/dt ~ k/d, where ¥ is the molecular diffusivity of the stratifying

scalar. The volume gained per unit area per unit time, uGp, by the interface is then

given by

uGD ~l§—C, (5.1.11)

where C is the area of the (distorted) interface divided by its projection on the
horizontal plane (it is assumed here that C ~ 1, due to the high stability of the

interface).

The volume lost from the interface per unit area per unit time, due to eddy

scouring, is given by
ur, ~ dmofeo +dmifer,

and using (5.1.9) and (5.1.1) this gives

up, ~ & —U—O+EI— . (5.1.12)
lo h

Assuming an equilibrium state, ur, ~ uGp, the equilibrium interface thickness is given

by
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(5.1.13)

Assuming [~ h (supported by experimental observations which suggest t; ~ h/U to
2h/U, independent of Ri), and u ~ U (which follows from u ~ ux, assuming u*/U does

not vary appreciably with Ri, Re, or Pe), substituting (5.1.13) into (5.1.10) yields

2 1/2
N (R E S (5.1.14)
Abh Jh Uy Ui /
—_—t —
hg hy

In the simpler case when fluid on only one side of the interface is entraining, this

reduces to

2 1/2
E ~ [AU—MJL—J'%] , (5.1.15)

or

E ~Ri~1pe-1/2, (5.1.16)
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Case 2: Wave Breaking Regime

When the stability of the interface is such that large-scale K-H instabilities
cannot occur, but finite-amplitude waves can become gravitationally unstable (upon
interacting with the mean shear) and break, then thickening of the interface is

dominated by wave effects.

It may be assumed that waves generated with sufficiently large aspect ratio,
a/A, (a is the initial wave amplitude and A its wavelength) are distorted relatively
quickly by the mean shear so that wave amplitudes and wavelengths at the time of
breaking are not significantly different from initial values. (This is motivated by results
from Frankignoul 1972 in a similar flow.) If an eddy generates a disturbance of
wavelength A ~ Ul/u with energy proportional to the kinetic energy of the eddy, then
the wave amplitude, a ~ u\/m (supported by experimental results from
Narimousa & Fernando 1987). In this case, the frequency of wave breaking scales

with the frequency of wave generation ~ fe, and the volume gained per unit area per

unit time by the interface is
uGB ~ [fequo~/loug / AbU( + ferug+/ iy / AbU1 . (5.1.17)

Assuming an equilibrium state, ugp ~ ur, the equilibrium interface thickness is given

by

U U
[I—OMO\/IOMO / AbUqg + Tl—uh/llul /AbUl]
0 1

5.1.18
(Uo /1o +U1 /4] ( )

66B ~

Substituting this into (5.1.10) and assuming, as before, / ~ h and u ~ U this yields
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I:Uo + Uj :I
p~_LYRI0 VRiL] .

h[Ug /ho + Uy / hy] )

(5.1.19)

When fluid on only one side of the interface is entraining this reduces simply to

E ~Ri3/2, (5.1.20)
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Case 3: K-H Regime

When the stability of the interface is such that large-scale K-H instabilities
can occur, then these dominate the thickening process. Interfacial mixing (thickening)
is effected by turbulent billows, which result from the roll-up of K-H instabilities. The

maximum amplitude, ap, achieved by a billow (before buoyancy forces precipitate its

collapse) is given by

2
ap ~ (au) ) (5.1.21)

Ab

where AU is the velocity difference between the two layers. (This is suggested by the
experiments of Thorpe 1973, with constant of proportionality ~ 0.6.) After a billow
collapses, the time taken for eddies to re-sharpen the interface sufficiently to induce a

successive instability is taken as

tg ~—, (5.1.22)
ur

so that the volume gained per unit area per unit time by the interface is

(AU)?

. 5.1.2
ABS - ¢-1.239)

UGKH ~

(Here it is implicitly assumed that the time for a billow to form and collapse is

considerably less than the time for eddies to re-sharpen the interface.)

Assuming an equilibrium state, UGKH ~ ur,, the equilibrium interface thickness

is given by

(AU)2
) ~ . 5.1.24
eKH Ab ( )
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Substituting this into (5.1.10) and assuming, as before, ! ~ h and u ~ U, this yields

. [EJ[ (AU)? J (5.1.25)
Abh | Abh

In the case when fluid on only one side of the interface is entraining, this simplifies to

E~Ri2, (5.1.26)

(Here it is assumed AU ~ U.)

Energv Considerations

In the case when fluid on only one side of the interface is entraining, the rate of
supply of energy to the interfacial region (per unit area) is
pu2[2

Cg R
It

or using (5.1.4),

es ~ pud. (5.1.27)

The concomitant rate of gain of potential energy by the entraining layer (per unit area)
1s

epe -~ AngQZ. (5.1.28)

The ratio of these, eé=epe/es, represents the fraction of eddy kinetic energy that is
converted to potential energy, or the 'efficiency’ of energy conversion. Using (5.1.27)

and (5.1.28), and assuming / ~ h and u ~ U, this gives
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e ~RiE. (5.1.29)
The energy conversion efficiency in each mixing regime is now determined.

In the diffusion dominated regime,

g~Pe-1/2, (5.1.30)

As Pe decreases, 0// increases and an increasing fraction of eddy kinetic energy goes
toward raising fluid for permanent entrainment and a decreasing fraction goes into
wave energy. (This does not violate the assumption of proportionality between wave
energy and eddy kinetic energy, however, since it is assumed that € is always small.)
To maximize entrainment, the energy transferred to interfacial waves should be
minimized since this energy is lost to viscous dissipation and to the mean flow

through shear-wave interaction.

In the wave breaking regime,

e ~Ri1/2, (5.1.31)

Although a portion of energy supplied to interfacial waves in this case goes toward
increasing 8/l (and enhancing entrainment), some fraction of wave energy is
dissipated in the wave breaking process and is transferred back to the mean flow
through shear-wave interaction. As Ri decreases, the energy lost (eventually) to
dissipation and shear-wave interaction decreases (relatively) and the potential

energy gain by the entraining layer increases.

In the K-H regime,

e~Ri 1 (5.1.32)
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In this case K-H billows (which extract energy from the mean flow directly) dominate
the thickening process so that energy transferred to interfacial waves contributes little

to epe- As Ri decreases, & increases (by K-H billowing) and a greater fraction of fluid

scoured from the interface can be permanently entrained.

Mixing Regime Boundaries

The boundaries separating mixing regimes are now explored for the case when

fluid on only one side of the interface is entraining.

As discussed in §4.2, it is found that cyclical K-H instabilities are active when
Rig is less than about 0.4 to 0.45. Assuming Rig=Rig(R1), the criterion for (cyclical) K-
H instability may be given equivalently as Ri < Ri; (Narimousa & Fernando 1987

suggest Ric ~ 5 in their experiments), which sets an upper bound on Ri for K-H

mixing. The lower bound in the K-H regime is governed by Ri at the onset of (small-

scale) turbulence in the interface. If the interface first becomes turbulent at Ri=Ri,

then model results for K-H mixing should be valid for Ri; < Ri < Ric.

In the wave breaking regime, it is assumed that mixing by shear-driven wave
instabilities is effective when a/A (~ Ri-1/2)is greater than some value, say (a/A)c.
This effectively sets an upper bound on Ri for wave breaking, given by Riy ~ [(a/A)c]?

(Narimousa & Fernando suggest Rip ~ 20 in their experiments).

When Ri. < Ri < Riy, interfacial thickening by molecular diffusion is also active.
Using (5.1.11), (5.1.17), (5.1.1), and (5.1.12), its contribution becomes important

(relative to mixing by wave breaking) when

Pe = cRi, (5.1.33)
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where c is a constant of order 1000.

The proposed boundaries separating mixing regimes are shown in figure 5.1.2.

10" | I |
- Ri=Ri; Ri=Ri, Ri=Ri,
6 oo
10 ¢ wave
F turbulent breaking
[ interface regime
10° K-H
2 r regime diffusion
- _~— dominated
10* F Pe=cRi regime
10" F
1 02 | L H L L1 L | 1 1 i1 I 1 1 1 1 1 11 IJ
1 10 100
Ri

FIGURE 5.1.2. Mixing regime boundaries in Ri-Pe space. Numerical values of

Ri and Pe delineating borders are only approximate.
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5.2. Comparison with Experiment

To recapitulate, the main results from §5.1 for the case when fluid on only one
side of the interface is entraining are: when interfacial mixing is primarily due to

molecular diffusion,

§ ~Pe1/2,
h

and E ~ Ri—1pe—1/2;
when interfacial mixing is primarily due to interfacial wave breaking,

§ ~Ri—V2,
h

and E ~Ri—3/2;

when interfacial mixing is primarily due to K-H instabilities,

5 g,
and E ~Ri™2;
and in all cases

I'm ~Ri~L.

Experimental results from the present study support the model predictions. As
seen in figure 3.3.19, the data for I'y, are well represented by I'yy ~ Ri-! (independent
of the dominant interfacial mixing mechanism), as predicted by the model. In figure
3.3.22 measurements (3) of interfacial thicknesses in the K-H regime are in

agreement with the model result: & ~ c1(AU)2/Ab, with ¢ ~ 0.1. Also, in the wave
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breaking regime, interfacial thicknesses (2) are consistent with the model result,

(4.2.2), with constant of proportionality ~ 0.4.

Results from previous studies also give support to the proposed entrainment
model. Care must be taken, however, in assessing numerical values of E and Ri from

different experiments as different investigators use different measures of velocity and

length scales.

Entrainment results from Lofquist (1960) are re-plotted in figure 5.2.1. They
may be interpreted as E ~ Ri-2 for Ri less than about 5 and E ~ Ri-3/2 for 5 < Ri < 10,
in agreement with model predictions (assuming, in his case, that mixing is K-H
dominated for Ri < 5, and wave breaking dominated for 5 < Ri < 10). For Ri > 10 the
data are widely scattered due to difficulties associated with measuring low

entrainment rates (it is also expected that diffusion effects become important at high

Ri).
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FIGURE 5.2.1. Entrainment results from Lofquist (1960). Here Ri is based on
the mean layer velocity and the layer hydraulic radius (typically about one-

third of the layer depth).
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The entrainment results of Deardorff & Willis (1982) are re-plotted in figure
5.2.2. Their results may be interpreted as E ~ Ri-2 for 0.7 < Ri < 3 and E ~ Ri-3/2 for
3 < Ri < 20, in agreement with model predictions (assuming, in their case, that mixing

is K-H dominated in the first range and wave breaking dominated in the second).

107 g —
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w i i
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10-5 1 1 A ll L H 1 1 L 1 ) lJ L i

1 10
Ri

FIGURE 5.2.2. Entrainment results from Deardorff & Willis (1982). Here Ri

is based on the mixed layer depth and the velocity jump at the interface.
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Recent measurements of interfacial thicknesses by Stephensen & Fernando
(1991) using LIF are re-plotted in figure 5.2.3. For Ri less than about 5 the data are
well represented by &/h ~ Ri*l, in agreement with the model result (assuming mixing

is K-H dominated). For Ri > 5 their results are consistent with 8/h ~ Ri-1/2, however

scatter in the data is appreciable.

T ¥ lllllll 1 T v F 1T T U1

0.1
- -1 slope

d/ h

o
= -1/2 slope

001 1 1 eooa o0 41 1 I T T T T |
1 10 100

Ri

FIGURE 5.2.3. Mean interface thicknesses from Stephensen & Fernando
(1991).
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5.3. Application of Results

Phillips (1966) broadly classifies density interfacial entrainment as either (a)
fully turbulent, (b) buoyancy attenuated turbulent, or (c) quasi-laminar. In the first
case, buoyancy has negligible effect on turbulent motions (Ri<<1); the interface is
grossly convoluted by large-scale eddies and entrainment proceeds as if the fluids are
homogeneous. In the second case, buoyancy prevents large-scale deformations of the
interface; however, the interface thickness, 9, is much smaller than the scale at which
buoyancy forces are appreciable (given by the Ozmidov scale, Ir ~ (e/N3)1/2, where €
is the dissipation rate and N is the Brunt-Viisdldi frequency) and small-scale
turbulence persists at the interface. In the third case, 6>>Ir and small-scale turbulent
motions are inhibited at the interface. Results from this study fall into category (c):

quasi-laminar entrainment.

Of course practical situations arise for which the present results are not
applicable. Flows falling into category (a) or (b) are outside the region of validity of
the entrainment model. Also, the model results are not applicable to flows where the
density interface is replaced by a gradual buoyancy gradient, such as in a partially

mixed estuary (results of Rohr er al. 1988 are relevant in this case).

Important problems for which the present results are directly applicable
include: stratified estuary flow (with a sharp internal density interface), mixed layer
deepening in the ocean, and mixed-layer growth beneath a temperature inversion in

the atmospheric boundary layer.

The entrainment results may be directly incorporated in an integral formulation
of the stratified estuary problem, akin to the approach taken by Ellison & Turner
(1959). This method gives results for integral properties in each layer as a function of

longitudinal position, such as mean velocity and species concentration, as well as the
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mean position of the interface. (Of course numerical constants need to be determined

by scale experiments for a given geometry.)

The model results may also be employed directly in the study of mixed layer
growth in the upper ocean or atmospheric boundary layer. Ignoring Coriolis effects and
assuming horizontally homogeneous flow with an initially linear buoyancy gradient,

the mixed layer growth rate is given by

@:UE, (5.3.1)
dt

where D is the depth of the mixed layer (Kato & Phillips 1969). For simplicity it may

also be assumed that U is constant and Ab=N2D, where Nq is the initial

Brunt-Visild frequency.

In the initial stages of growth it is expected that mixing is K-H dominated so

that, using (5.1.26), the mixed layer growth rate is

5
DB 532

As Ri increases (D and Ab increase with time), mixing eventually becomes wave

breaking dominated and, using (5.1.20),

4
%’i— ~ (}%;)D‘i (5.3.3)

As Ri further increases, interfacial mixing may become diffusion dominated, in which

case, using (5.1.16),
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1/2
5
OB AL O 3 (5.3.4)
dt No*

(Again, numerical constants in 5.3.2 to 5.3.4 need to be determined by scale

experiments for a given flow geometry.)
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CHAPTER 6

CONCLUSIONS

6.1. Discussion

As discussed previously, the present model predictions for entrainment and
interface thickness receive support from experimental results from this study, and from
the previous work of Lofquist (1960), Deardorff & Willis (1982), and Stephensen &
Fernando> (1991); however, some seemingly contradictory results appear in the

literature, which must be reconciled.

As mentioned in §1.1, Ellison & Turner (1959) studied entrainment primaril):/
over a range of Ri, 0 < Ri < 0.8, in which the interface was turbulent; their results fall
into Phillips' category (a) fully turbulent entrainment, or (b) buoyancy attenuated
turbulent entrainment, and are not germane to the present study. It is expected that
when flow at the interface is turbulent, adjacent layer fluid may be directly
incorporated by the engulfing action of locally generated eddies (and subsequent
diffusion and amplification of vorticity). In this case, present model results are no
longer applicable; the entrainment relation is expected to be of a different form and any
similarity to results of the present model for quasi-laminar entrainment would be

entirely fortuitous.

Although entrainment results of Lofquist lend support to the current model, his
results also suggest &/h ~ constant for 2 < Ri < 40, which is at variance with present
model predictions and disagrees with experimental results from the present work and
the results of Stephensen & Fernando. Narimousa & Fernando (1987) also suggest
d/h ~ constant for 1 < Ri < 15. A lack of spatial resolution in both Lofquist's and

Narimousa & Fernando's experiments may explain the apparent discrepancy,
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especially in light of the fact that interface thicknesses measured using LIF in this
study and those measured by Stephensen & Fernando are considerably smaller than

the thicknesses measured by Lofquist and Narimousa & Fernando.

Kato & Phillips (KP, 1966) and Kantha, Phillips & Azad (KPA, 1977) use the
shear velocity, ux, to scale their results. Since the contribution to ux from side-wall
drag can be appreciable in their experiments (see Price 1979), it is difficult to compare
their results with results from the present entrainment model. Price (1979) has
attempted to re-scale the KP and KPA results using an inferred mean velocity, U;
however, this analysis is questionable (see Deardorff & Willis 1982), and his derived

result, E ~ Ri4, is dubious.

The results of Moore & Long (1971) suggest an entrainment relation E ~ Ri-!
for 1 < Ri < 30, in disagreement both with present model predictions and with results
from Lofquist and Deardorff & Willis. Linden (1973) comments that jets employed by
Moore & Long to generate their flow must have introduced additional turbulent length
and velocity scales, not accounted for in a single Ri parameterization. The extent to
which the jets influenced entrainment at the interface in their experiments is uncertain,

and the relevance of Moore & Long's result is questionable.

More recent results from Narimousa & Fernando appear to follow E ~ Ri-1.2
for 1.5 < Ri < 15. This result is also at variance both with present model predictions
and with results from Lofquist and Deardorff & Willis. The reason for this discrepancy
is currently not understood; it is possible that peculiarities in start-up conditions may
account for this, but more experimental information is necessary to find the definite

cause for the disagreement.

Although the entrainment model developed by Linden (1973) pertains, strictly

speaking, to zero-mean shear entrainment, it is instructive to compare his model to
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that developed here. In his model, Linden assumes that large-scale eddies are
responsible for the bulk of entrainment, and models them as a collection of coherent
vortices. He assumes that the eddies, or vortices, randomly impinge on the interface,
and entrainment is by ejection (‘splashing') of adjacent layer fluid into the turbulent
layer during the interface recoil stage (as suggested by his experiments using vortex
rings). He assumes that potential energy gained through entrainment is proportional
to kinetic energy supplied by the impinging eddies. He further assumes that the

spacing between impinging eddies is proportional to the distorted eddy size, /' ~ Ril/2,

and that the vortex interaction time scales with \/ I/Ab (interface recoil time). From
this he derives E ~ Ri-3/2, where Ri is defined in terms of characteristic velocity and

s

length scales of the eddies.

In the current model, it is also proposed that large-scale eddies are
responsible for the bulk of entrainment. However, the regime considered here is one in
which eddies cannot fully penetrate the interface (and permanently entrain adjacent
layer fluid); they can only scour pre-mixed, intermediate density fluid from the
interfacial region. As in Linden's model, it is assumed that energy transferred to
interfacial disturbances is proportional to the kinetic energy supplied by large-scale
eddies. However, in contrast with Linden's work, the potential energy ultimately
gained by the system is not assumed proportional to the energy supplied by the
eddies. A fraction of interfacial disturbance energy (not proportional to the eddy kinetic
energy) is lost through viscous dissipation and is transferred back to the mean flow
through shear-wave interaction. It is also assumed in the present model that the
spacing between entraining eddies scales with / (not /') and that an eddy will interact

with the interface for a period of time that scales with //u (not \I/Ab).

Linden's model was presumably developed to describe low Ri, zero-mean

shear experiments; the present entrainment model is germane to cases in which a
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mean shear exists, and Ri is large enough so that the interfacial flow is (quasi)
laminar. The present model predicts E ~ Ri-1Pe-1/2, E ~ Ri-3/2 and E ~ Ri-2 in the
diffusive, wave breaking, and K-H mixing regimes, respectively; Linden's model
predicts E ~ Ri-3/2, The agreement between the two in the present model's wave

breaking regime is purely coincidental.

Mory (1991) has also developed an entrainment model for zero-mean shear
mixing. In contrast with Linden's model, Mory assumes entrainment is due to small-
scale eddies which induce (locally) high shear rates at the interface, resulting in
small-scale K-H instabilities. He assumes that potential energy gained through K-H
mixing (and subsequent advection of mixed fluid by turbulent eddies) is proportional to
kinetic energy supplied by small—scaile eddies. From this he derives E ~ Ri-3/2, when
Pe is large, and E ~ Pe- 1/3Ri-1, for low to moderate Pe, where Ri and Pe are defined in

terms of local turbulent length and velocity scales.

Contrary to the Mory model, experimental observations in the present work
suggest entrainment is due to large-scale eddies; there appears to be no evidence of
small-scale K-H type instabilities induced by small-scale eddies. Moreover, the
scouring events and local interfacial instabilities (either K-H or wave breaking) in the

present experiments appear to be uncorrelated in time.

To conclude this discussion, it is interesting to note the difference between
interfacial waves generated in the zero-mean shear experiments of Hannoun & List
(HL, 1988) and those in the present study. In the former case, it is suggested that
interfacial waves, generated by random pressure fluctuations induced by turbulent
eddies, induce local regions of intense shear in the interface which lead to breakdown
by K-H instability (as first postulated by Phillips 1966). Wave energy is confined to a

small region about the interface and the wave field becomes saturated (to the limit of
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the Phillips instability) over a finite range of wavenumbers. In the present
experiments, it appears that Phillips' mechanism for interfacial mixing is inactive since
waves generated by turbulent pressure fluctuations are immediately distorted by the
mean shear and either transfer energy back to the mean flow through shear-wave
interaction (Phillips, 1966) or, if their initial aspect ratio (a/A) is sufficiently large,
become gravitationally unstable and break in a relatively short period of time

(Frankignoul, 1972).
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CHAPTER 6

CONCLUSIONS

6.1. Summary

High resolution velocity and concentration measurements have been made
using combined LDV and LIF in two-layer, density stratified shear flows for Ri
between about 1 and 10. Through the study of velocity and concentration data, mixing
and transport mechanisms at the density interface have been identified, and a model
for interfacial mixing and entrainment has been developed. The main results from the

experiments and model are now summarized.

1. Profiles of mean and fluctuating velocity near the density interface for Ri
between about 1 and 10 are qualitatively similar to those in an equivalent turbulent
boundary layer flow over a rigid surface. Estimates of the Monin-Obukhov length
show that the effect of the buoyancy flux on turbulence characteristics near the

interface should be small.

2. The experiments suggest that entrainment in all cases is due to scouring by
large-scale turbulent eddies; these act to sharpen the interface by stripping fluid from

its outer edges.

3. In no cases studied is fluid entrained directly from one layer to the other;

entrainment is always of premixed interfacial fluid of intermediate density.

4. Interfacial mixing is found to depend on the mean shear Richardson number,

Rig. For Rig less than about 0.4 to 0.45, large-scale K-H instabilities are observed

whose formation and growth into turbulent billows occurs in a cyclic manner; at larger
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Rig, shear driven (finite-amplitude) wave breaking is observed. The net result of the

instabilities in both cases is the local mixing of fluid and thickening of the interface.

5. A model for entrainment has been developed based on a local equilibrium
hypothesis. It is suggested that if the flow is in an approximate (local) equilibrium
then the rate of loss of fluid from the interfacial region by eddy scouring is balanced by
the rate of production of mixed fluid by interfacial instabilities and molecular diffusion.
The main results of the model for one-sided entrainment are as follows: when
interfacial mixing is molecular diffusion dominated, 8/h ~ Pe-1/2 and E ~ Ri-1Pe-1/2;
when mixing is wave breaking dominated, 8/h ~ Ri-12 and E ~ Ri-3/2; when mixing is
K-H dominated, 8/h ~ Ri-! and E ~ Ri-2; and in all cases the maximum concentration

anomaly is 'y, ~ Ri-1.

6. Experimental results from this study support the proposed entrainment

model: the data are in agreement with TI'p, ~ Ri-l, and measured interfacial

thicknesses are consistent with model results.

7. Results from previous studies also support the model: the entrainment data
of Lofquist (1960) and Deardorff & Willis (1982) are in agreement with model

predictions, as are the interfacial thickness measurements of Stephensen & Fernando

(1991).

8. The one-sided entrainment model has been simply extended to include the
case when both layers are entraining. In the latter case entrainment is no longer a
simple function of Ri or Pe; rather it depends on combinations of parameters from both

layers.
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6.2. Suggestions for Future Work

In order to make progress in some reasonable period of time, the scope of this
study has been necessarily restricted. During the course of the investigation,
however, important issues have arisen whose study would have constituted the basis
of several additional theses. These issues have therefore been only cursorily
addressed and further study is needed. Such issues include: (1) the role played by
sheared interfacial waves in the vertical transport of momentum and the dependence of
the interfacial velocity gradient on local parameters; (2) the effect of Reynolds number
on entrainment; (3) the influence of the buoyancy flux on properties of turbulence near
and away from the interface; (4) the mechanics of interfacial wave generation by a
turbulent shear flow; and (5) the evolution of finite-amplitude waves on a sheared

density interface.

In addition, further experiments are desired to test the validity of the proposed
entrainment model. In particular, high resolution measurements of interfacial
thicknesses, maximum concentration anomaly, and scalar flux are desirable over a

wide range of Ri.

It is anticipated that with recent advances in experimental, theoretical and
computational techniques, further advances will be forthcoming so that mixing and
entrainment can be confidently modelled in this important class of density-stratified

shear flows.
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