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ABSTRACT

Radiative corrections to string scattering amplitude generate, in general, BRST
anomalies due to the massless particle tadpole, the on-shell external two-point func-
tion singularities, and the intermediate unphysical cut singularities. It is proved that
they originate from the boundaries of moduli space. Unitarity, analyticity, and BRST
invariance are restored only after we add appropriate local counterterms to the scat-
tering amplitudes. We show that counterterms have physical interpretations as the

Fischler-Susskind mechanism, the mass renormalization, and the contact interactions

respectively.
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1. Introduction

Our current understanding of the experimentally verifiable fundamental interac-
tions is well described by the gauge theory of quarks and leptons bascd on the local
symmetry group SU(3) X SU,(2) X Uy(1) [1]. However, inclusion of quantum gravity
has remained an unsolved problem. Of course, gravitational quantum fluctuations are
not significant until one reaches the Planck energy scale of 101° GeV. One may try to
quantize the covariant action of Einstcin’s general relativity, but the major problem
is its apparent lack of renormalizability and unitarity [2]. At the moment, we do not
have any viable alternative candidates whose low energy approximation reduces to

the standard Einstein gravity and at the same time circumvents both of the above

problems.

The superstring theory [3] is a candidate for self-consistent, supersymmetric, fi-
nite, and unique quantum theory of gravity. Importantly enough, it also unifies both
the spacetime geometry and the matter fields into string excitations. A realistic
unified model must contain the chiral {fermions we observe in the low energy world.
However this is strongly constrained due to potential chiral anomalies of the gauge,
gravitational, and supersymmetry invariances on the quantum level. Great progress
has been made since the discovery of anomaly cancellation mechanism in type-I super-
string theory [4]. There are at present several classes of anomaly-free models: type-I
open and closed superstring theory with gauge group SO(32) [5], type-II closed string
theory with no gauge particles and with chiral and nonchiral matter fermions [6],
heterotic strings based upon gauge group of SO(32) or L x Eg [7], and nonsuper-
symmetric, tachyon free O(16) x O(16) heterotic string theory [8]. Lower dimensional
variants of these models grow in number very rapidly but we do not count them as -

independent theories.

One crucial step to the internal consistency of string theory is a proof of unitarity
and finiteness. Without a consistent second-quantized formulation of string theory,
however, one finds it diflicult to prove the unitarity of string theory. One may argue

the unitarity by appealing to the light-cone formalism of string theory a I4 Mandel-



stam [9]. Only physical degrees of freedom are kept and there are no time-like or
longitudinal components propagating throughout the scattering process. However,
this is not manifestly covariant, and its proof of hidden covariance is an another com-
plicated calculational check. One may try to prove the Lorentz invariance by showing
the equivalence between the light-cone formalism and a certain covariant formalism
[10]. Still, this should not be regarded as a complcte proof of unitarity, finiteness,
and covariance since the above formal proof misses certain factorization limits of the
scattering amplitudes which actually turn out to be the central source of potential

unitarity violation. It is therefore important to examine this issue carefully.

This thesis addresses the issue of unitarity of string theories. For concreteness, we
mainly consider a closed orientable bosonic string theory in detail. Calculationally,
this is the simplest model, yet the underlying physics is very similar to that of the
open and closed bosonic string theory or the superstring theory. Unlike the standard
point particle theory, the string theory doesn’t have any concrete set of Feynman
rules for generic string field theories. This is an especially acute problem for the
closed (super) string field theory, and its construction has remained as an important
unsolved problem so far [11]. Therefore, we content ourselves with the proof of the
unitarity of the on-shell scattering amplitudes. The scattering amplitude may be
defined as a path integral over both the intrinsic string trajectory and its embedding
into the target spacetime [12]. The spacetime covariance is manifest only if we choose
a conformal gauge for fixing the worldsheet diffeomorphism symmetry. The gauge
fixing requires a subtraction of the gauge volume through the standard Faddeev-Popov
procedure. The gauge fixed path integral is most suitably described by introducing
the diffeomorphism ghost fields. Combined with the original gauge fixed action, this
results in BRST symmetry whose existence is traced back to the original conformal

symmetry [13].

This BRST formulation gives much useful information with which we study the
unitarity of scattering amplitudes [14]. We introduce a reparametrization ghost sys-

tem c¢?, b,, which is the basis of one-forms in tangent and cotangent space of moduli



space respectively. The Hilbert space of the resulting ¢ = 0 conformal field theory is
Hstring = H[‘Xua H= 1: AR 26] ® H[CZ’ bzz] @ H[cz’ béf]

and an exterior derivative

dz .
@BRST = f 5 - jBRST
Tl

provides the Hstring With a nice cohomological structure. The physical states are

represenied by

{Ker @prst/Im QprsT}-

What one has to check is the decoupling of unphysical states in the scattering ampli-
tude. For this purpose, one may calculate the scattering amplitudes involving states
in Im QpRrst. Unitarity is guaranteed only if these states decouple. What one has to
bear in mind is that there is a ghost charge duality in tangent space, so the decou-
pling of Im QpRrsT automatically ensures the decoupling of (Ker Qprst)*. The formal
proof of the decoupling proceeds via the integration contour deformation [14] of the
BRST current. Since the physical states are nonsingular when jppst passes through,
a complete deformation leaves f JBRST * 1 = 0. However, this has to be understood
with care, since when we factorize the scattering amplitude, the world sheet configu-
ration approaches the boundary of the moduli space. The above contour deformation
argument implicitly assumes that the moduli space is compact. The factorization is
a fundamental local property of the scattering amplitude, and the unitarity provides
the amplitudes with factorizability. Violation of factorizability also means the loss
of the analytic property of the scattering amplitudes, and eventually of the BRST

invariance of the underlying two-dimensional field theory.

Upon careful examination of the BRST invariance of the closed bosonic string
scattering amplitudes, we find potential BRST anomalics. The sources of BRST

anomalies are: (1) massless state tadpoles; (2) on-shell external two-point amplitudes;



and (3) intermediate pole singularities of unphysical states at some momentum con-
figurations. They all arise from the boundary of moduli space in a total derivative

structure.

Once the BRST anomalies are present, we must add local counterterms to restore
the unitarity and the analyticity, hence the two-dimensional conformal invariance.
We find that (1) the Fischler-Susskind mechanism [15,16], (2) the vertex operator
renormalization [17, 18], and (3) the contact interactions ,[19] are the appropriate
counterterms. It is probable that these constitute the only possible forms of coun-

terterms.

Extension of this proof to the superstring theory is straightforward. One has a
supcrsymmetry on the worldsheet so that one has fermionic spacetime coordinates
¥* in addition to the bosonic coordinates X*# introduced in eq. (1.1). Similarly, the
path integral of string trajectory is extended to fermionic parametrization variables
(worldsheet gravitino) [20]. Thus, after gauge fixing the super-diffeomorphism sym-
metry, one is left with the supersymmetric ghosts 3,9 and 4°. The total Hilbert space

is an extension of eq. (1.1) to
Hsuperstring = H[X“’ ¢I‘] ® H[Cza bes ’)'ga 5z0] 0 H[C:;a bzz : 'Yéa 55(5]

with a supersymmetric BRST charge Qprsr. Worldsheet {ermions may be given
two inequivalent spin structures: Neveu-Schwarz [21] and Ramond [22] satisfying an-
tiperiodic and periodic boundary conditions respectively. Spacetime supersymmetry
is achieved only after a GSO spin structure projection. Therefore, the proof of uni-
tarity and finiteness must be extended to incorporate both the worldsheet fermions
and the spin structure summation. This is not a problem at all. Actual calculation
in the lower orders of the string loop expansion shows a mathematical equivalence to
the bosonic strings and the absence of tachyons. For superstring amplitudes, in par-
ticular, one wants to cstablish a precise statement of the nonrenormalization theorem

[23] which exists once we have at least one spacelime supersymmetry.



The present thesis [24] is organized as follows. Chapter 2 is about BRST invari-
ant formulation of the string theory. Section 2.1 briefly illustrates BRST quantization
method in a simple point particle field theory. In sections 2.2 and 2.3, we formulate
BRST invariant Polyakov scattering amplitudes in terms of the punctured Riemann
surface Ry y. We illustrate this formalism with a simple calculation of a dilaton
tadpole in section 2.4 [25). Using this formalism, we find the BRST anomalies in the
form of total derivatives of moduli space integration in chapter 3. The one loop in-
vestigation is complete, proving that the divergence sources are a tadpole amplitude,
an on-shell two point amplitude, and intermediate state singularity. In chapter 4,
we describe the appropriate local counterterms we must add in order for BRST in-
variance to be restored. We explain in detail what spacetime interpretation we can
give to each type of the local counterterms. The analysis of chapter 3 and 4 are on
one-loop level. We consider two-loop and higher-loop BRST anomalies and the coun-
terterms in chapter 5, essentially proving that leading BRST anomalies all cancel out

by appropriate choice of counterterms.
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2. The BRST Quantization of String Theory

2.1 Introduction to BRST Quantization

In classical physics dynamics are completely specified by cquations of motion and
initial data which provides the equation of motion with causal structure. Dynami-
cal variables and their conjugate momenta form a phase space into which physical
solutions are mapped. However, in many cases, we are interested in situations with
dynamical constraints. The simplest example is a particle moving on a surface of
sphere of radius R when we use spherical polar coordinates r,0, ¢ as dynamical vari-
ables (constraint is ¢(r) — (r — R) = 0 in this case). The constraints restrict the
dynamical variables and their conjugate momenta to lie in a physically acceptable
subspace of the phase space. In principle one imposes constraints at every stage of
solving equations of motion. In practice we find it more convenient to extend dynam-
ical variables to include auxiliary ones, the so-called ‘method of Lagrange multipliers’
[1]. This enlarges the phase space so that it has a higher dimension. It is precisely
based on this observation that a physical phase space manifold, complicated by con-
straints, can be described in simpler way by embedding it in a higher dimensional,

unconstrained, phase space.

In quantum mechanics we need to quantize the dynamical variables. At the ini-
tial configuration this can be done once and for all with all of the conjugate pairs.
However, constraints are now operator-valued and in general do not commute with
the Hamiltonian. Therefore quantization cannot be consistently maintained at sub-
sequent time given a quantization prescription at initial data spacelike hypersurface.
As in the classical problem, we solve this problem by enlarging the quantum phase
space including constraints as dynamical ficlds then truncating the Ililbert space to
a subspacc that obeys the operator-valued constraint equations. What one does is to
make a canonical transformation of the Hamiltonian such that the constraints are dy-
namical variables and the truncate terms with conjugate momenta to the constraint

out. The result is a simultaneously diagonalized Hamiltonian and quantum constraint



conditions [2].

[t is always possible to formulate constrained systems as gauge theories [3]. By
gauge transformation we mean time-dependent transformation of the dynamical vari-
ables of extended phase space. An action is invariant under the gauge transformation
or, equivalently, the Lagrangian is changed by a total derivative. However, the Hamil-
tonian which is derived from the extended phase space is not gauge invariant. One can
make a time-dependent gauge transformation that vanishes at the initial data hyper-
surface and this is a gauge-theoretic manifestation of quantization problem mentioned
above. Because of these gauge transformations, the Iilbert space is even larger than
the Hilbert space for the extended phase spacc described above. The physical projec-
tion is implemented by demanding gauge invariance of Hilbert space states. This is an
analog of demanding that the operator-valued constraints be satisfied in the extended
phase space description. In covariant quantum field theories such as Yang-Mills the-
ory, we must have a perturbative scheme to calculate quantum Green functions and
subsequently S-matrix elements. However, a perturbative scheme is imnpossible with-
out fixing the gauge arbitrariness. Also one wants to keep the manifest spacetime
covariance of the theory. Canonical quantization does not fit into this procedure
and standard method one uses is an indefinite metric (Gupta-Bleuler) quantization

prescription [4].

Beccei, Rouct, and Stora [5] and independently Tyutin [6] realized yet another
scheme to fix the gauge invariance while maintaining a residual so-called BRST sym-
metry. BRST transformations correspond roughly to a fermionic gauge transforma-
tion. Therefore the BRST transformation must be nilpotent: {Qprst,@BRrsT} =0
where @ prst is the BRST charge operator. This also makes the Hilbert space of
the BRST formulation even bigger than the gauge theoretic or extended phase space
Hilbert spaces. Physical states are manifestly BRST invariant elements in the sub-
space Ker @prsT, annihilated by the BRST charge Qprsr. However, due to the
nilpotency of BRST charge algebra, there are trivially BRST invariant states in the
subspace of Im Q grsT. We therefore identify physical states as an equivalence class

defined by a quotient space Ker @ prst/Im QprsT. Beccei, Rouet, Stora, and Tyutin
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showed that both the perturbative renormalizability and gauge invariance of physical
S-matrices are easier to derive in this formalism.

In this section we illustrate BRST quantization with the simplest gauge theory:

Abelian gauge theory. First we briefly go through quantization in canonical and

indefinite metric method and finally present BRST method.

Abelian gauge theory is a theory of massless vector boson field. The Lagrangian

is
1 o
L= -ZPWF , (2.1.1)
where

FR = gt A” — §” AP, (2.1.2)

The action is invariant under a local gauge transformation
6A, = 0uA(x) (2.1.3)
with arbitrary spacetime-dependent function A(z). When coupled to matter, the

gauge invariance implies a conservation of the gauge current. If we denote a matter

current by jﬂl, a gauge invariant minimal coupling gives
1 . o -
Liot. = —ZF,“,F‘“’ + M Ar. (2.1.4)
Under the gauge transformation, eq. (2.1.4) changes by

6L101. = jMOPA(). (2.1.5)

I

Upon integration by parts, we find that the action is invariant if and only if the matter

current is conserved.
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Canonical quantization of this theory is done by constructing a Hamiltonian and
commutation relations between dynamical variables and their conjugatc momenta
b(another method is by constructing a transition amplitude through path integration
with the above Lagrangian which will be mainly used in the subsequent discussion of

quantum siring theory). Denoting

Ei = aOAi - aiAO ) (216)
and
€ijrBr = 0;Aj — 0;A;, (2.1.7)
the conjugate momentum of A is
=95 _f (2.18)
0A

b

and Ag is not dynamical. By Legendre transformation, the Hamiltonian density is

1,5y = _
H = 5(H2 + B*) — AV -1 (2.1.9)

with the canonical commutation relation
[:(Z, 1), A;(7,1)] = —i6;;6®) (& — 7). (2.1.10)

However, given an initial data of A and ﬁ, we cannot consistently impose this canon-
ical commutation relation at later time since a time-dependent gauge transforma-

tion modifies canonical variables. Under a time-dependent gauge transformation, the

Hamiltonian changes into:
H—H =H— AV 1. (2.1.11)

We see that V - II is a generator of time-independent gauge transformation. This
means that the invariance of the Hamiltonian under time-dependent gauge transfor-

mation is equivalent to the invariance of Hilbert space state under time-independent
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gauge transformations. Therefore, restricting ourselves to gauge invariant states (or
equivalently, local operators), we get a consistent quantization rule. That is, the
physical Hilbert space is the subspace of the full Hilbert sapce which is annihilated
by V- Ii.

All is well except that we lost manifest Lorentz covariance through the use of the
canonical quantization procedure. Also this procedure, when applied to non-Abelian
gauge theory, makes it impossible to develop a consistent perturbation expansion
procedure. This is a serious problem, for example, if we need to prove renormal-
izability and unitarity of the quantum gauge theory. What one does instead is to
extend the phase space to include the auxiliary variable Ay as a dynamical field. One

conventionally adds a kinetic term for the Ag field to the Lagrangian:
@ 2
Ly g = ——é(aﬂA“) . (2.1.12)

Another way to see this is through the path integral quantization. The partition

function is defined by

Z= /DA,,exp[——/d“wiFm,F“”] (2.1.13)

but there is a flat direction of the integrand precisely along the gauge orbit. This
makes the functional integration ill-defined, and we need to add an longitudinal damp-
ing term of the form in eq.(2.1.12). With the gauge-fixing term eq.(2.1.12) added to

the Lagrangian, the equation of motion is modified to
(9,07 — (1 = @)0,8,)A%(x) = 0. (2.1.14)
From this we find that the on-shell solution satisfies
82(9,A*)(z) =0 (2.1.15)

and the gauge fields can be consistently solved for once initial data for A* and 9, A*
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are given over a spacelike hypersurface. In Gupta-Bleuler indefinite metric quantiza-

tion, the equal-time commutation relation is modified and postulated to be
(I4(Z,¢), A”(7,1)] = —ig"* §®)(F - ) (2.1.16)

consistent with the general covariance and the conjugate momenta are defined by

)
#T0AN
= Fgﬂ + @ goy (0,,/1"). (2‘1.17)

However, we immediately find that the gauge condition is incompatible with quanti-
zation since d, A* does not commute with Ag due to eq. (2.1.16). At best we demand

its quantum average over its positive frequency part be satisfied in the linear physical

Hilbert space:

(phys. 0,,AE‘+)|phys.) = 0. (2.1.18)

One can factorize the physical Hilbert states into products of transverse states and

longitudinal and scalar states:

|phys) = |transverse) @ |long. + scalar) (2.1.19)

where |long. + scalar) satisfies eq.(2.1.18). This means that the physical states are
defined by an equivalence class since we can add arbitrary states of purely lon-
gitudinal and scalar mode excitations without modifying the physical spectrum.
Due to the indefiniteness of commutation relation, we see that any such excita-
tions have zero norms once they satisfy eq. (2.1.18). LEquivalently, one finds that
(long. + scalar|A,(z)|long. + scalar) can always be written as a total derivative of

some spacetime dependent function.
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BRST quantization starts by promoting the gauge transformations to dynamics
by introducing Grassmann-valued BRST ghost and antighost fields b and ¢, and a

bosonic auxiliary variable 1. From the gauge transformation of eq. (2.1.3), we replace
8A, = eluc(). (2.1.20)
Under this BRST transformation, the gauge fixing term is transformed by
6Ly 5 = —a(aﬂA”) ed’c. (2.1.21)
Therefore we add a new BRST ghost Lagrangian
Lgp. =b0,0%c (2.1.22)
and postulate that the antighost b changes under BRST transformation by
6b = ea 0, A". (2.1.23)

Once this is done, the total Lagrangian is invariant under BRST transformations.
Obviously any gauge invariant operators are BRST invariant. However the converse
is not true in general. To match the counting of degrees of freedom we introduce an

auxiliary bosonic field 1. Thus we write the gauge fixing term as

/2
Lof. = =5+ (0,4 (2.1.20)

and define

§b= e, 6 =0,

§c = 0. (2.1.25)

The BRST Lagrangian, which is a sum of the gauge fixing term and the ghost kinetic



15

term, can be written as
1
Lprst = 8[b(2)(Fp A" — =), (2.1.26)
or, using the BRST charge,

3= 50
@BRST = /d T JpRsT)

JEpst = —icV - E — (%), (2.1.27)
as
1
Lprst = {QBRST, b (0 A* — %1&)}- (2.1.28)

A similar invariance exists for the anti-BRST transformation. Therefore, physical

states satisfy
QBrsTlphys.) =0 = Qprsriphys.) (2.1.29)
or equivalently
V. E|phys) =0
and

Oo|phys.) = aﬂAE‘+)|37/ly.9.) = 0. (2.1.30)

One also finds that the ghost and antighost form an indefinite metric Hilbert

space. Let us see this by quantizing the ghost system. One can write the ghost
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Lagrangian as

Lgp. = —0,b0 e (2.1.31)
The conjugate momenta are
Iy = doc, (2.1.32)
and
we = Oob, (2.1.33)
so that the Hamiltonian is
Hgp, =, - Iy + Vb - Ve (2.1.34)

Since the ghost and the antighost fields are independent of each other, we must satisfy

{b,c} = 0. (2.1.35)

Differentiating with respect to time, we get

{HC’C} = —{ba Hb} = -1,

{IL,, 1.} = 0. (2.1.36)

Therefore one has an indefinite metric Hilbert space of the ghosts. Combined with the
gauge field Hilbert space, the physical subspace consists of only positive norm states
and hence has no ghost excitations. Combined with the BRST invariance condition
eq. (2.1.29), one finds that this BRST invariant subspace is equivalent to the one

derived from the Gupta-Bleuler quantization procedure.



17

One finally needs to identify the physical subspace with Ker Qgrsr/ImQprsT.
Suppose one start with a state in the physical Hilbert space. The state is BRST
‘invariant since it is constructed out of the ghost and antighost creation operators
and also by an arbitrary gauge-invariant field creation operators. Acting on another
BRST gauge-fixing operator of the form eq. (2.1.28), we get a state in the Hilbert
subspace ImQprsr:

{@BRrsT, O}|phys.) = QBRrRsTO|phys.). (2.1.37)

The norm of this state is equal to

(Phys.|OF QL rsrOlphys.) = (phys.|OY(QprsT. {@BRsT, O}]|phys.) = 0, (2.1.38)

and one finds that states in this subspace have zero norms, isomorphic to the zero

norm states in Gupta-Bleuler formalism.

From this argument it follows that the equivalence class, Ker Qgrsr/Im QBRST,
constructed by moding out the gauge direction from any subspace of the covariantly
gauge-fixed theory, generates a theory isomorphic to the physical theory obtained from

canonical or indefinite metric quantized physical Hilbert space defined by constraint. _
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2.2 BRST Invariant String Path Integral

In the quantum theory of a point particle with mass m, the wave-particle duality
enables us to write a transition amplitude as a sum over the phase along all possible
particle trajectories [7]. We introduce a one dimensional metric g(¢) along the particle
trajectory and write the transition amplitude Z on the background of G, as a

functional integration over g(t) as well as X*:

Z= / DX*.Dg- exp[% / dt\/g(m? — g HOX* (X" ()G (X)) (2.2.1)

with the boundary conditions at the end points specified. This is a manifest Poincaré
and reparametrization invariant, where the latter follows from the invariant length

(ds)? = g(t) - (dt)? along the trajectory.

In a similar manner, the first quantized string transition amplitude may be writ-
ten as a phase sum over all possible trajectories with the given boundary conditions
[8]. The trajcctory of the string is a two dimensional manifold, hereafter called the
worldsheet, and the sum over the history naturally includes the sum over all possible
shapes of the two dimensional worldsheet geometries. This is conveniently described
by a map X#(o) from the two dimensional parameter space manifold of genus g
My, 0% € M, to the target spacetime. In the first quantization, the geometry of the
target spacetime is given, and the string represents fluctuations propagating on this
background. The dynamical determination of the background geometry requires the
second quantized formulation such as the string field theory. Still, one can examine
a consistent string propagation by demanding conformal invariance of the first quan-
tized string theory as will be discussed at length later. The most generally covariant

action is

S = Z / M(X)O(y)(0)ed?
M

d ) 1 1
= / (70)2\/5[6‘T(X) + TgabeaaxufabeGuy(X) + 27623(2)0(X)+---]. (2.2.2)

Here, € is a coordinate lattice cutoff to regularize the worldsheet short distance diver-
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gence, T is the string tension, and the ‘geometric couplings’ A = T'(X), G (X), D(X)
ctc. are dimensionless spacetime functionals associated with covariant worldsheet op-
erators. Ozd) =1,9%9, X X", R® etc. The action is invariant under local world-

sheet transformations of the following types:

(1) Diffeomorphism:
0" = 1%(0), gas(0)do®do® = Gap(n)dn®dn®
(2) Weyl transformation:
gab(0) = U0) - gap(0), o — 0" (2:2.3)
Formally, the string path integral is [9]

— - DgaDXF i _
Z= ;Zg = Zy: Vol(G) exp[—S(gap, X*)). (2.24)

9

The functional measure Dg,p and DX* are defined by the metric [10]:

|16 XH|? = / d2o\/g6 X PEXY I . (X),

and
1 c
|16ga5]1* = / &0/G89acEanal(9"9° = 59°°6™) - A(X) + ¢" ¢ B(X)], (2.2.5)

where H,,(X), A(x), and B(X) are some spacetime functions to be related to G, (X),
T(X), and D(X) in eq. (2.2.2) by a renormalization procedure of worldsheet action
S. One notes that the measures are diffeomorphism invariant but not Weyl invariant.
However, we find that a total Weyl anomaly is cancelled if we choose D=26 or 10 for

bosonic and supersymmetric strings respectively, thereby retaining the symmetries



20

of eq. (2.2.3). We will strictly set the spacetime dimensionality to these critical
values from now on. Therefore, with G = Gpiff. @ Gwey in eq. (2.2.4) we choose a

conformal gauge for gauge fixing:

gab(o) = 6¢(U)§ab(mi)- (2'2'6)

Here gq5(m;) is a fixed reference metric which depends on moduli parameters m;,7 =
1,-+-,39 — 3 to describe a global structure of the worldsheet manifold M,. In each
local coordinate patch, §,5(m;) can be chosen as 8, so that a complex structure
is manifest. The nontrivial moduli dependence comes from the global patching of
coordinates. Still, there is a residual conformal symmetry which is a combination of

a diffeomorphism and a Wey! transformation satisfying
Bubmp + Opbne = §ab0c61) = 66(0)Jab-

We use complex coordinates 2z = exp(t + ¢0) compatible with the complex structure
at each local coordinate patch with the reference metric gq5(m;). The most general

coordinate transformation compatible with the complex structure turns out to be the

conformal transformation

z— w(z) and zZ — w(z).

A gauge slice of eq. (2.2.6) is defined over the Teichmuller space with complex

coordinates m;,2 = 1,---,39 —3. The tangent space variation of the metric is written
as
695, = Big”&mi + &gzzém; +2P1,6m,, (2.2.7)
and
8g.: = a,jgzgémi + 059.:6m; + 6¢9.;5. (2.2.8)

Here, ¢ is a conformal factor, », a diffeomorphism vector, and P; the differential
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operator mapping (1,0) vector field into (-2, 0) tensors:
btzy = (P160)z, = V.61,
with an associated adjoint structure
(P;F6tl6n) = (6t|P16n).

One can further decompose J;g,, into zero modes h;,. of Pj, called holomorphic

quadratic differentials, and deformation orthogonal to them
8igzz =V,vi; + AMij,szz, (229)
and similarly for 0;g,,. Using (2.2.8), eq.(2.2.5) can be written as

1690117 = ACX) / dz A dz g |[Py(26m, + visbm® + vz, 6m7)].. 2

+4A(X )b 6md MEMY(hyz hs:)

+B(X) / dz Ndz g,z|6¢ + 6migzz iG2z + 6m;gzzaigzz|2. (2.2.10)
From eq. (2.2.9), we calculate JVI{:
M7 = (pZihiss) - (hrsslhjzz) ™" (2.2.11)

where the Beltrami differential, xZ,, and the inner product arc defined by

(ilhsee) = [ Eaishiss (2.2.12)
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Therefore, the partition function eq. (2.2.3) can be written as

39=3 det(pz.|hjsz) |
zZ =/ H dm; A dm; - ; Sﬂ,zl i) - Zgat(mi, m;). (2.2.13)
i1 det/? (hizz|hz;;) |

Here,
Zat(mi,m;) = /Vol_l(CKV) DX DbDeDbDe exp{—Sppsr(X, b, c: §)] (2.2.14)

is a conformal gauge-fixed partition function of spacetime coordinates and diffeomor-

phism ghost fields b,, and ¢* and

SprsT(X,b,c: §)=S(X : g) +/d2z[bszgcz + c.c). (2.2.15)
This yields the two-point functions

< X*(2)X¥(w) >= —In|z — wl|?

and
< byo(2)e¥(w) >= (z — w) ™. (2.2.16)
For a flat spacetime background, we have:
393 det(pZ |h:.
Z, :/ H dm; A dm; 1/£ﬂ'2| jz)
i=1 det (hizZ|h}§2)
|det’ P P12 | det!(—g778,85) |21 2217
Vol(CKV) JdzNdz -

The action Sppsr in eq. (2.2.15) is BRST invariant. The BRST transformation
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is deduced from the diffeomorphism transformation

SXH = —€(c?8, + c705) X",
6¢* = —ec® .7,

t24

6b;, = €|Gu(X)0, X"0: X" 4+ Vb, - & + 2b,, - V.7, (2.2.18)

where € i1s a constant Grassman c-number on the worldsheet.

The energy momentum tensor is defined by a response to the change of action

Sprst with respect to that of worldsheet metric. The X* responds according to
’ 1 v
F_g; = _'z_azxuazX G#y(X)'*‘"',
Tsz =T.,. (2.2.19)
With a flat spacetime, the cnergy momentum tensor satisfies an opcrator algebra:
D -4 -2 -19
Te:Tww = 7)-(2 —w) T+ 2(z —w) Tww + (2 — 0)" 0w Tww- (2.2.20)

The first term is a manifestation of the conformal anomaly, and is related to the

component 17;. The energy momentum tensor associated with the ghosts is {11]:
Tyn(z) = cVb+2(Vc)b. (2.2.21)
The operator product expansion is
Tn(2)Tyn(w) = =13(z — w) ™ + 2(z — w0) 2 Tyn(w) + (2 — w) 0Ty (w). (2.2.22

We find that the total conformal anomaly of eq.(2.2.20) and eq.(2.2.22) disappears
only if the spacetime dimension is 26, and allows decouplng of the unphysical states

by application of these Virasoro conditions.
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This can be compactly described by the BRST Noether current [20]:

JBRST _ %czwbzz/&)

=CZ[T22( )+ Tzz(bzza z)]

which satisfies the chiral current conservation law
9;JBRST = ¢, 5,JBRST — ¢, (2.2.23)
Using energy-momentum conservation, we can show that these are equivalent to
T, =0=T3,, (2.2.24)

which is the condition for conformal invariance.

In BRST formulation, there are nontrivial normalizable classical solutions of

V:(§)b =

in a given background metric §,;. Because of these zero modes, the ghost density

currents j, = ¢*b,, and j; = c®b;z; are anomalous [13]

3
L, = —— (2)
89]2 167‘_\/§R
and

js = 167r\/- R(?), (2.2.25)

Integrating this, we get the relation of the zero modes to the topological invariant of

manifold M, called Euler characteristic of the background worldsheet:
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(number of ¢ complex zero modes) — (number of b complex zero modes)

- / (05, + D]
M

fl
ot

. Xg
=3:(1-yg). (2.2.26)
We must couple the dilaton background to the diffeomorphism ghost fields starting
from the action eq.(2.2.2). This is achieved by a dilaton coupled rotation defined by
the new BRST transformation [14]
SXH = —¢. e4D(X)/3(cz32 + c%0;) X*,

5(64D(X)/3 . cz) — —CCSD(X)/SCzazCZ,

§(e~*PX3.p,,) = e(G,wazX”azX”JréazD(X)buc@azbzz-cz+2bzz-8zcz)- (2.2.27)

New BRST invariant action is
SBRST = /dQZ[G,“,(X)azX”(‘)ZX" +5,,Vsic® + %@D(X)bzzcz +cc] (2.2.28)
and the BRST Noether current becomes
JBRST — 2,0, X0, XY + ¢*b,,0,¢% — 2—17;&330()(). (2.2.29)

This BRST invariant dilaton coupling will be used later when we construct local

perturbations of spacetime backgrounds.
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2.3 Scattering Amplitude on the Punctured Riemann Surface

In the previous section, we defined the covariant, first quantization of quantum
string through path integration and BRST invariance. A physically measurable quan-
tity is a scattering amplitude directly compared to an experimental setup. We prepare
with the ‘in’ and ‘out’ set of complete physical states at asymptotic past and future
respectively. The unitary transformation of the prepared incoming particle Hilbert
space states to the outcoming particle Hilbert space states coresponds to the scatter-

ing amplitude [15].

First, to each asymptotic physical state of quantum number A and momentum p,
we associate a local worldsheet vertex operator, denoted by V4(z : p) with its position
z on the worldshect. The vertex operator represents a small fluctuation around the
given background of quantum number A: 6T(X),8G,,(X),6D(X) and so on. The
partition function of eq. (2.2.3) is nothing but a generating functional of scattering |

amplitudes [16] Denoting a functional average of an operator @ with the action eq.
(223) by (0>backgrounda

Z(T + 6T, Guw +6Guw,D +6D,---) =< exp[—é65] >T,Gp,D,

where
de

6S =
[

with

/dz A dz[5T(p) - Vi(z : p) + 6G - VP(z : p) + 6D(p) - V(= : p)),

Vr(z : p) = explip- X (2)],
VI (z 1 p) = 0, X" 0: X" explip - X(2)],

Vp(z:p) = R®) exp[zp - X (2)]. (2.3.1)

However, these set of local operators are not of conformal dimension (1,1) in general.
This is because there arise operator mixings of operators with the same naive dimen-

sions. First, we prescribe a normal ordering to cure the Weyl anomaly. Then, new
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invariant operators are

Vir(X) = krexplip- X (2)],
VEY(X) = kg : 0, X*0; X" : explip- X(2)],

| 1 .
Vp(X :p) = kpl: 8, X"0: X, : —l—éﬁ-nm] explip - X (z)], (2.3.2)

for tachyon, graviton, and physical dilaton vertex operators respectively. We can
generalize this procedure to arbitrary higher mass levels [17]. We explicitly displayed
the vertex operator cbupling constants k4 to emphasizec that they differ for different
particle states. Their renormalized coupling constants must satisfy the unitarity

relation that we will derive below (cf. eq. (2.3.8)).

A normal ordered vertex operator is equivalent to a string wave function defined
on the rim of a small hole which is then shrunk to a point to get a local operator
perturbation [18]. To see this, consider a surface where a vertex operator on a punc-
ture is rcplaced by a small disc of radius § centered at the puncture position. Then
the amplitude computed by an insertion of the vertex operator is the same as the one
found by doing the path integral over the disc whose boundary is S;. That is, the

wave function equals the path integral of the vertex operator over the disc
VX ()] = [ DX Vil : pexpl-S(X)]
with generic vertex operator of a form
Va(z : p) = O(8X;0X) explip - X](2). (2.3.3)
We may evaluate the wave function by using a change of coordinates
Xt(z) = X¥(2) + £4(2)

where X*# satifies the classical equation of motion, while ¢# is a fluctuation satisfying
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the Dirichlet boundary conditions at D; = Sy. Then,

U[X(z)] = /D§ -O(0X + 0¢) exp(ip-f—%/dz.’;“@fé{) exp(ip- X — % / dnX 0, X).

oD
(2.3.4)

If we hormal order the original vertex operators the integration is trivial. So we get
U[X(2)] = O(dX;0X)exp(ip- X) (2.3.5)

modulo a renormalization of the vertex operator coupling constant. Note that the
surface term drops out in the limit é goes to zero. This shows an equivalence between
normal ordered vertex operators and string wave functions defined on the rim around

the punctured disc.

Next, we examine what kinds of string loop expansions and vertex operator nor-

malizations are consistent with unitarity.

An N-point scattering amplitude is defined by

N
iSy = (20)P6P (1 +p2 + - +py) - An(pr,-- o) /[[J(2m) PV - 2007 (2.3.6)

1=1
where the reduced amplitude Ay (py,---,pn) is
AN = ZAQ,N(ph' o apN)’
g
N
A, v =Cy /’DgabDX“ exp[tS(g,X)] - /HdzaiV(ai,pi). (2.3.7)
Rg . 1=—‘1

Here, g sums over all genuses with different weights C,, and a sum over different topol-
ogy is made at each given genus g. The normalization of verlex operators and the

weighting factor Cy must be consistent with the unitarity of the invariant amplitude.
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So consider a generic g loop, N external state invariant amplitude 4, y. Factorization
into M-particle discontinuity transforms this into a product of two invariant ampli-
tudes integrated over all allowed phase space of intermediate states. Certainly, they
are diagrams with Ny, g1 and N, g2 respacetively. The diagrammatics tell us that
N =(N1—M)+(Na—M) and g; + g2 + (M — 1) = g. Rearranging this to eliminate
M, we get

N +2g—2=(N; +2g1 —2) + (N2 + 2g2 — 2)

We note that 2g — 2 is essentially the factor counting the string loop expansion
coupling constant, which is accounted for by the vacuum expectation value of the
dilaton field < D >= 1log in eq. (2.2.2) [16]. Here & is the renormalized string
loop coupling constant. We also find that correctly normalized vertex operators are
needed to satisfy unitarity. Now, consider a one-particle unitarity cut. The invariant

amplitude must obey:

—1

A(pr,--+,pN) = %:A(pl,---,m,—pz) . m - A(pr,pr+1,-+,pn). (2.3.8)

Here, the intermediate sum is over all possible on-shell states with masses Mj.

In this section, we reformulate the above scattering amplitude in a manifestly
BRST invariant way. At g-th order in the string perturbation expansion, the world-
sheet has g handles, and N punctures associated with the vertex operator insertions.

The Riemann surface of such type is denoted by My n.

We evaluated the partition function of closed bosonic string with an exact nor-
malization in the previous section. Then the Polyakov prescription for an N-point,

g-loop scattering amplitude Ay(1,..., N) for a closed bosonic string is defined by the
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average of a product of vertex operators [17]:

3g9-3 N
Ag(1,...,N) = / H dm,’/\drhi/ H dzgq A dza
1=1 A=1
9,0

2
| _det(pilhy)
det!/2(h;|h;)
det'(—g**020%)
JdzNdz

|(@et w12 (23.9)

-D/2 ) N
: <H VB(zB)>
B=1 X

Here, My denotes the moduli space of genus-g compact Riemann surfaces Ry

’2

with local complex coordinates (m;,m;) at each slice (: = 1,...,3¢g — 3). In tangent

and cotangent space, we have associated one forms: Beltrami differentials p?; and

quadratic holomorphic differentials h;,, respectively. The inner product between
them is defined by

(pilhj) = /dz ANdzpZ bz, (2.3.10)

and
(hilhj) = /dz A dz g** hizzhj.,. (2.3.11)
The vertex operators V4(z4),A = 1,..., N are conformal dimension (1,1) highest

weight states, and they are avcraged over X*# coordinates in eq. (2.3.9).

A manifestly BRST invariant description of the scattering amplitude is formed
by considering a genus g, N-punctured Riemann surface Ry y, and summing over all
its conformally inequivalent configurations. The resulting moduli spacc M, y [18]
has a complex dimension (3¢ + N — 3). This formulation treats the vertex operator
insertion points z4 on an equal footing with m;’s, and this way, we will find all BRST

anomalies can be traced [rom the same source: the boundary of moduli space M y.

Given the vertex operators V4(z4) of conformal dimension (1,1), the BRST in-
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variant vertex operators [17] are
wA4 = 4 Va(z4), A=1,...,N, - (2.3.12)

in the sense that
[@rsT, W] =0 (2.3.13)

identically. Here

dw BR
— =% BRST
QBRST = f 274 Jw )

j-BRST = " Tuww(X") + bywc” Oyc” + g_afucw. (2.3.14)

In My N, WAAs are modular (1,1) forms with respect to the moduli coordinates
z4, and N-point correlation functions are (N, N} modular forms. We can define a
Beltrami differential 4%, dual to dz4 which induces a shift of z4 by unity. Locally,

we can always find a vector field v% defining the tangent direction in M, y. It is

vP =68, (2.3.15)
and
py, =Vivy, A=1,...,N. (2.3.16)

Thesc distributional Beltrami differentials p% . are unique up to a z-derivative of some

vector field vanishing at every puncture.

Cotangent space conjugate one-forms are defined by scalar products

(£ald) = /dz Adz p;b,, = %vibu, (2.3.17)

and together with conjugate one-forms associated with moduli variables m;andm;

(i|) = /dz A dz pib;,, (2.3.18)
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the volume form of the moduli space M, y is written as

3g-3 ‘
dV(Mg.n) H dm; A ding|(p;10) H dza A dza|(palb)|? (2.3.19)
i=1 A=1

Therefore, we can rewrite eq. (2.3.9) as an integration over moduli of M, y with

combined X*# and (b, c*) conformal field theory of central charge ¢ = 0:

N -
Ag>2(1,...,N) = / <dV(./Vlg’N) H W/lA(zA)>

Mg‘V A=1 X,‘b)c
39-3

/ H dm; A dm; H dza ANdzy (2.3.20)
=1 A=1

3g—3 B
<n Gl n |(u3|b>:2wBB<zB>>
X,b,c

=1

Taking c-zero modes for g = 0,1 cases, the same amplitudes can be expressed for
all g and N. The equivalence between eq. (2.3.9) and (2.3.16) also explains the proper
(b:z,c*) ghost insertion rules with respect to each puncture generated by conformal

dimension (1,1) operator (i.e., marginal operator) perturbations, which will be used

in chapter 3.

There seems to remain a puzzle. Irom cq. (2.2.2), we find that a dilaton field
condensate < D(X) >= %log k generates a multiplicative factor k™X¢ to the g-loop
string path integral in eq. (2.2.4). String coupling constant is part of string dynamics.
This result is also consistent with the unitarity relation that we discussed following
eq. (2.3.7). However, in the BRST gauge fixed formulation, it appears that we do not
get a relation between the string coupling constant and the dilaton condensate. The
dilaton turned out to interact with the ghosts through a derivative coupling as in eq.
(2.2.28) and the action does not say anything whether the dilaton is condensated or
not. The resolution is in the definition of path integral of eq. (2.2.14) or equivalently
of eq. (2.3.20). Due to the ghost number anomaly relation eq. (2.2.25), the path
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integration measure in eq. (2.2.14) must take into account of insertions of b,, and ¢*
zero modes. This is explicitly shown in eq. (2.3.20) through |(y;])|? insertions. We

observe that dilaton condensate scales the ghost and the antighost fields according to
by, — e~ 3<D(X)> b,

and

¢’ — e3 . (2.3.21)

But this means that the path integrals of eq. (2.2.14) and eq. (2.3.20) are multiplied

by e=2Xs <D(X)> and correctly reproduce the coupling constant multiplicative factor

K X9,
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2.4 Example-Calculation of the Dilaton Tadpoles

In previous sections, we showed that the path integral over the punctured Rie-
mann surface Ry y corresponds to a N point on-shell g-loop scattering amplitude. In
this section, we confirm this by an explicit calculation of simple scattering amplitudes
already known. The Riemann surface we are considering is a disc with one puncture
and a real projective plane with one puncture. We construct them from the annulus

and the Mobius strip by taking a shrinking hole limit.

This calculation is important in another respect too. In string theory, solutions
of the classical equations of motion are equivalent to conformally invariant sigma
models. Therefore, Gell-Mann-Low beta functions [19] of string condensate fields

vanish. Actually, one has to minimize the quantum effective potential, that is,

> (Va), =0 (2.4.1)

genus

for all vertex operators denoted by subscript A, and the sum is over string quantum
loops. Equation (2.4.1) is on-shell only for massless particles, since momentum con-
servation requires the vertex operator to carry zero momentum. Tree level approx-
imation generates the beta functions for massless fields. In particular, the dilaton

one-point function determines the effective action for massless fields [20].

The calculation goes schematically as follows: we first prescribe the one-point
amplitude on the annulus (Cy) and Mobius strip (M2) topologies. In the limit that
the small hole shrinks to a punctual state, we get a zero momentum tadpole of scalar
particles. We extract the logarithmic divergence and its residue to get a massless state
amplitude by the standard LSZ reduction formula. Finally, we work out the ampli-
tudes with equivalent operator insertions on Dy or RP; topologies. The ghost con-
tribution terms may be crucial in extracting consistent loop corrected beta-functions

of a string propagating in background fields [21].

The world-sheet topology of interest can be described by a rectangle A, with a



metric
(ds)? = (doy)? 4 A}(doy)? =dz-dZ,  (0< A< oo), (2.4.2)
01,02 € [0,1], z = 01 + tAo3.

Az can be mapped into the cylinder C or the Mdobius strip M through a mapping
w = exp[2wiz]. (2.4.3)

As A — oo, Cy and My become the disc D; and the real projective plane RP,
respectively with a puncture at the center. The inner circles of Cy and M, are

parametrized by ¢, and the off-shell state is described by X#(t).

The string one-point off-shell amplitude can be written as:

dZ -Dgab DX*# —S[g;X]
- 24.4
/v /VD]H Y@YW © (24.4)

and

Slg: X] = g. / o\ /790, X Oy X"

]
+—éﬂ /d2a\/§R+2/dtK
M oM
+ 2 [ax
&r .
oM

where K denotes the extrinsic curvature on the boundary.

The second term signifies a string loop expansion via topology, and the last term

is a Weyl anomaly counterterm. The punctual state we are interested in is described
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by a constant map [22]:
X§(t)=X*,  XF=XE+E6X" - (24.5)

With this prescription, the amplitude (2.4.4) can be written, after metric gauge fixing,

a) =+ / A o Sldet PP [det AP expl=S(X)). (246)

pw ~p denotes the Weil-Petersson measure. The factor % is included to take care of

the orientation reversing discrete transformation
o1 —1—o0p, oy — 0. (2.4.7)

We now briefly describe the boundary conditions. The diffeomorphism vector fields
§¢%(o) satisty [23]:

gabna 6§b

=0,
oM

gap(nt® + n°t€)V 868 = 0. (2.4.8)

oM

The vectors n® and t* denote the inward normal vector and the tangent vector,

respectively, on the boundary dM. Therefore, we have
551(01,02) = 6{1(0'1 + 1,02)
8,66 (01,02 = 0) = 0 = B8 (o, 0% = 1)

and

8% (at,0%) = 66%(0® + 1,0%)
66%(a', 02 =0) =0 =66%(o', 0% = 1). (2.4.9)

The Weil-Petersson measure, and the Faddeev-Popov ghost determinant can be
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calculated for the metric (2.4.2)

rw—p = \/_2:'3 V(CKV) = \/Xa

and

[det P+P]]/2 \/_/\e—m\/:i H(l —47r_n/\)2'

n>1

For X* field, the boundary condition is such that

§X"(o',0%) = 6X" (o' +1,0?),

0,6X* (o', 0% = 0) = 0,
and
6X# (a0t =1)=0.
Therefore the scalar Laplacian determinant is

det A = det(—g®8,)

72 1
= H [47r2n§ +3z(n2 + 5)2]

ny 20
n=2

By Sommerfeld-Watson evaluation, we get

n>1

-D/2
[det A]—D/2 — { —7Af3 H —47rn/\ :l )

Finally, the solution X§' to the boundary condition (2.4.5) and R X (o

(2.4.10)

(2.4.11)

(2.4.12)

Lo?2=0)=0
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is simply
X{ (o, 0?) = X*, . (2.4.13)
and s[X{/] = 0. Therefore, substituting equations (2.4.9), (2.4.11), and (2.4.12) into

eq. (2.4.6),

G(1 =2—D/2/d/\e4r/\ 41rn)\ l+e —4mni\—D
¢ 11[ X r (2.4.14)

= G(X").

The momentum space one-point string amplitude is defined by

i1(2m)26P) (p)G(p) = / dP X* explipX]G(XH). (2.4.15)

and dg(n, D) denotes the “bare” degeneracy of the nth mass level. In particular,

dn=20,D)=1, off-shell tachyon,

(2.4.17)
din=1,D)=—(D—-2)—4, on-shell dilaton.

When the punctual state limit is taken, we need to renormalize punctures so that the
propagator takes the canonical form —i(p? 4+ M?)~!. This “wave-function” renormal-

ization can be determined by considering the off-shell propagator [21] in the punctual
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state limit. The appropriate coordinate boundary conditions are:

Xg(ol,0 =0) = XY,

Xb(ol 0? = 1) = X’}L. (2.4.18)
and
6XHo! 6% =0,1)=0.
The classical action becomes
S(Xo) = 3(){'“ — X¥)2, (2.4.19)
2x T

With these modifications, the propagator is

oo —-(D-2
el | R I TR
3 n>1

The momentum space propagator is

i(27)P 6P (p1 + p2)Gf (p1,p2) = //dDXidDXfeXP[i(PIXi+P2Xf)]G(Xz‘,Xf)-

(2.4.21)
This gives
iG(p1 = —p2 = p)
p/2 A (D-2)
— Zr_ 22 r _ —4xa)|
- (T) /d/\exp[ 2T(p 87rf)] 1;[1 [1 e ]
0 "= (2.4.22)
o0
=Y Zu(D)[p’* — (n —1)8xT] ",
n=0
and “wave-function” renormalizations Z,(D) of interest are
Zneo(D) = 2T (x/T)P/? off-shell tachyon,
olD) = 2(x/T) (2.4.23)

Zn=1(D) = 2T(D — 2)(x/T)P/2  on-shell dilaton.

Therefore, eqs. (2.4.15), (2.4.16), and (2.4.22) enable us to extract the punctual
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dilaton tadpole amplitude

D(p=0)=+ip?G(?)|  (Zn=1) " *Tr(\)wxy

p*=0

= —4/3T" 1372 (L) (1 + —4—)

(2.4.24)
9D/2 D-2

where we include the Chan-Paton factor [24] for the gauge group SO(N) on the outer
boundary of Cs.

Next, we evaluate the same amplitude for the Mobius strip. In terms of the

coordinate (o, 0?) of eq. (2.3.2), it is identified with
(01,02) ~ (o1 +1,—02 + 1) mod 2 (2.4.25)
Therefore, the boundary conditions for the diffeomorphism vector are

651(01 + la —0o2 + 1) = 651 (UlaUZ)a

02664 (01,0% = 0) = 0 = D66 (0}, 0% = 1),
and
6{2(01 +1,—02+41) = —652(0'1,02),
6% (01,00 =0) = 0 = 66%(01,00 = 1). (2.4.26)
Similarly, the boundary condition for X#(o) are
Xp(a',0?) = X%,
§XHP(o1+1,—02 4+ 1) = §X*(01,02),

and

§X* (01,00 =0)=0=6X*(o,0% = 1). (2.4.27)

The evaluation of the determinants is straightforward, and the one-point string
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amplitude reads

G'(X") = 1 / o [T [

)n —Tn/\) (1+( )n —xn/\) D] . : (2428)
n>1

The factor again comes from the order of the mapping class group of the Mobius

strip in unorlented open string theory. Therefore,

i (p = 0) / D ] l:(l-}-( e ::::\\) (14 (=)e=™)- (D—2)]

n>1

T / g—;le::Od'B(n,D)exp [—SLT(;? —(n— I)SWT)]

]
o

p?=0
vt dg(n, D)
=2T
7;) PP —(n—1)82T

(2.4.29)
and again d'y(b, D) denotes the “bare” degeneracy of the nth mass level. Also,

d(n=0,D)=1 off-shell tachyon,

/ ' (2.4.30)
d(n=1,D)=+(D -2)+4  on-shell dilaton.

Renormalizing the wave-function of the puncture the dilaton tadpole amplitude of
RP; is

D'(p=0)=ip’G(p*)| (Zn=1)/?

p?=0

4
— 44 7,_-13/2 .
+4V3T I+ 5—

(2.4.31)

Equations (2.4.23) and (2.4.31) are the results of the dilaton tadpole amplitudes.
The first term of each equation denotes the previously calculated dilaton vertex op-
erator tadpoles [25]. These tadpoles cancel with each other when the gauge group is
chosen to be SO(2° / 2). The off-shell zero momentum tachyon tadpoles also have been
calculated [26], and the off-shell prescription automatically ensures that the off-shell
tachyon tadpole is finite.
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The second terms of eq. (2.4.23) and (2.4.31) however were not found in the
previous calculations in terms of vertex operators. Of course, they cancel each other
if the above gauge group is chosen. Similar terms have been considered previously
within the context of a two loop vacuum amplitude factorization [27]. This term
looks obscure within the context of tadpole calculation using vertex operators. We
want to interpret them arising from some conformal dimension (1,1) operator at zero
momentum. For this purpose, we consider the BRST invariant action of a string

moving on background condensates, considered by Banks et al., [28]
T 2 A v N 2 8 0 z
S = 3 d*z[0X*0XVGu(X) + {2b,,0.c" + -3—az(<I)(X)bzzc )+ece}]  (24.32)

and for simplicity, we consider only graviton and dilaton condensates. The one-point
amplitude of massless particles in conventional vertex operator language corresponds
to the linear approximation of eq. (2.4.32) in a flat background spacetime. The first
term of eq. (2.4.32) generates, in particular, the trace part of 6G,,(z), which is

proportional to
/ d*2 0,0, X*9, X" XX, k2 =0. (2.4.33)
Similarly, the ghost couplings generate the vertex operator proportional to

/ d?2[0,(b,.c?eF XY + cc], K =0. (2.4.34)

The right combination to give the dilaton vertex operator was derived in the previous

section (also derived in ref. [29]) which is

2T _ . 1 . S
e 2. © ik-X 5 2 ik-X el Y. L
=5 _Zh: /d z ( 0. X%0,X e - I:——IQWT(L(I)WC e Y+ ¢ c] ) (2.4.35)

At zero momentum this reduces to

2T 2 (. A 1 i .
__mh/d z ( c'}zX aqu - '1—2—7‘_7[02(()32(1 )+ C.C.].) R (2436)

Comparing this with egs. (2.4.23) and (2.4.31), we sec that the second terms of
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these equations are gencrated by the insertion of

4 1 2,19 z
A—D_—-_2 m d 4{32(1)226 + c.c.)} (2.4.37)
4 16 2 (I /
= A—0r = z 2 t
AD 29T 8 /d VIR 42 JdiK
1o OMo

where A denotes the numerical coeflicient of the first terms in egs. (2.4.23) and
(2.4.31) and we used the ghost current anomaly equation of eq. (2.2.23) general-

ized to a manifold with a boundary:

/ 0, (b,,c%) = / 9, jghost = / 2\/5 R(2)+% / K. (2.4.38)
AMO

Mo

In eq. (2.4.37), the manifold My to integrate over is clearly D2 or RP;, since we have
already taken the singular puncture limit and replaced the puncture by an equivalent

vertex operator insertion. Therefore, eq. (2.4.37) becomes
A A
EXE(Mo) =17 for My = Dy or RP»

(full treatment of ghost current contributions could be done explicitly by including
ghosts in Polyakov path integration ). This argument can be shown explicitly through
a careful treatment of vertex operators in the factorization of a (gencrically higher

genus Riemann surface) bosonic string amplitude [30].

Suppose we have an NV-point amplitude on Dy or RP;. When all N moduli are
near the origin, the D; or RP, degenerate into an N + 1-point amplitude on a sphere
S, whose one extra operator insertion comes from a tadpolec on Dy or RP;. This
degeneration could be understood as the following procedure. Draw an imaginary
closed path around which pinching occurs. We have two surfaces by this procedure:

Dy & C; for the original Dy amplitude, and Dy & M3 for the original RP; amplitude.
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All the N vertex operators are inside Da, which is a result of the dissecting process.
We give a Dirichlet boundary condition on the imaginary closed path, and integrate
over all possible reparametrizations on the path to make the whole amplitude Weyl-

invariant. As the pinching is performed, the original amplitudes factorize into the

following form:

(‘/1 e VN)D2 or RPz

~ / nO(n = 2
% <‘ b LA O(n))52 [P2 + 1\13]p2=0 <O(n)>D2 or RP> (2439)

where {n} runs over all conformal dimension (1,1) operator sets. This contains, in
particular, the operator set of eq. (2.4.36), which generatcs a logarithmic divergence
due to the zero momentum propagator of these massless states. The Fischler-Susskind
mechanism was shown to provide a consistent background solution by cancelling these
infinities [31]. Obviously, the world-sheet curvature or ,cquivalently, a ghost current

insertion contributes to the Gell-Mann-Low S-function of the dilaton.

At this point, it is worthwhile to mention why only physical states appear as we
take an on-shell limit both in the two point propagator eq. (2.4.22), and the one
point tadpoles eq. (2.4.16) or eq. (2.4.29). Actually, this is a general feature of
the open Dirichlet boundaries [21]. Recall that our off-shell amplitudes are defined
to be invariant under the local worldsheet symmetries. This essentially guarantees
the decoupling of the unphysical states in the on-shell limit, since any anomalous
contribution to the worldsheet symmetries cannot appear and the longitudinal degrees
of freedom give, at most, surface terms which vanish as the boundary runs off to
infinity. Alternatively, a semi-off-shell amplilude with open Dirichlet boundaries can
be reduced into an on-shell scattering amplitude without the boundaries. It is easy
to sec that the amplitude agrees with the dual scattering amplitude evaluated with
additional ‘physical state’ vertex operators, corresponding to each Dirichlet boundary.
Either argument proves that unphysical states such as the trace of the graviton never

appear in the on-shell limit of the Dirichlet open boundary. (This relationship between
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the local worldsheet symmetries and the spacctime symmetry was exploited in the

second paper of reference [21})
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3 BRST Anomalies in One Loop Scattering Amplitudes

3.1 Degeneration of One Loop Scattering Amplitudes

As alluded to in the previous section, potential BRST anomalies can arise when
the world sheet Riemann surface R, v becomes degenerate. In this section, we eval-

uate the BRST anomalies explicitly by examining all possible degeneration configu-

rations.

Consider, for this purpose, (N +1)-point scattering amplitudes involving N phys-
ical vertex operators and one unphysical state, represented by {ImQpprst}, which is
supposed to decouple from a physical scattering process [1]. In this chapter, we

examine the lowest order radiative correction, namely a torus 7> diagram:

N
.Agzl(l,...,N-l— 1) = C(g=1)]d27/ H d?2 4 (|- 1)
A=1

N
H (1 l&)PWER - Wy (v 1)), (3.1.1)

Here, C(y=1) denotes a combinatoric factor that satisfies the factorization condition

eq. (2.2.8). We choose the (N+1)-st vertex operator’ to be a representative of
{Im@prsr}:

Wi 11(zv41) = {QBrsT, EVy 41 (2541)}

dw :
= yf 9 JBRSTFVNH(ZNH) (3.1.2)

W=ZN41

This will be useful later once we choose V2 +1(Z¥+1) to be a physical vertex operator.

* We take Vi, other than the dilaton vertex operator, in which case we must consider the
holomorphic and anti-holomorphic pieces together [2].
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One may also consider a longitudinal state

W i1(en41) = {@BRsT: V41 (2811))

dW .ppsT 0
= - f s cVy1(2n+1)

W=ZN41

but the following argument is exactly same in this case also. We will unwrap the BRST
current contour around Vy,; and move it to other regions [3] using the worldsheet

analytic property of the integrand in eq. (3.1.1). Since
[QprsT, WEP] =0, B=1,...,N, (3.1.3)

the only nontrivial term comes from [4]:
{QBrsT, (140)} = (nalT%2). (3.1.4)

This gives a total derivative with respect to the modulus z 4, which is the source of
the BRST anomaly. Consider the degeneration limits of the amplitude A,=; (1,..., N+
1) of eq. (3.1.1). These configurations are conformally equivalent to the ones achieved

by the following transformation™ of the complex z4 moduli coordinates
Z4— ZN41 = twy (A> k+1), (3.1.5)

and
Wiy =1

Actually, we need a more careful treatment of the coordinate transformation, since
the worldsheet needs a specification of local coordinates around the pinching point.
The correct method is to use a Riemann normal coordinate expansion between z4
and zy41. This often gives an extra piece to the conformal anomaly in factorizations
[14]. Still, the factorizations that we discuss are free of this complication and we use

the coordinate transformation eq. (3.1.5).

* In paper [5], the Susskind-Fischler mechanism in open and closed bosonic string theory was
studied using this transformation.
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Under this coordinate transformation, the integration measure in eq. (3.1.1) is

transformed into:

N k N
(d*r H d?z,) = (d*r H d’zp)- i Y H d*wp), (3.1.6)
A=1 A=1 DB=k+2

since this measure is an invariant density under the coordinate transformation of

Mg n. Also, using (3.1.4),

({@aro, (ualO)) = ((kalT2)OC) = 5= (D)

where (’j(zA) is a (0,1) modular form with respect to z4. Therefore, the A = &k + 1

derivative term becomes a total derivative in ¢t modular integration. It is

/ (d% fI d2zA> ( ﬁ deB) / d%% [|t|2N—zk—2}

A=1 B=k+2

N N )
: <|(ﬂrnb>|2(ﬁk+1|f)> - II oty T we2- atfﬁ+1(zN+l)> (3.1.8)
T:

D=k+2 E=1

2

There are other terms involving total derivatives in the w,4. However, it is easy
to show that these terms do not generate any nonvanishing contributions at ¢ = 0.

The boundary of Im7 — 0o, we will discuss at the end of this section.

It is appropriate to recapitulate a heuristic argument why the BRST anomaly ap-
pears in the degeneration limit as described above. In the degeneration configuration,
we try to deform the BRST current around the (N +1)-th puncture. Deformation gen-
erates new closed BRST current contours around the other punctures at k+1,..., NV,
and a node denoted as P. Contours around punctures vanish due to eq. (3.1.3). How-
ever the closed contour at the node P is singular in the following sense: the contour
must contract to an ill-defined “point loop” if we try to pull the contour into the

other side past the other node denoted as (). Only after we can accomplish this the



BRST invariance is guaranteed. The singularity mentioned above as a surface term is
an obstruction to the stripping off of the BRST current, and hence generates a BRST
anomaly. Equivalently, by representing the nodes P and @ as states in the string
Hilbert space of BRST cohomology ( as will be described in the following paragraph),

unphysical state propagation is signaled by nonvanishing action of QgrsT on the

nodes.

The correlation function in eq. (3.1.8) is written as

k ~ —
<t(ﬂr\b}|2 H Iz IO PWOC (241 + 1)|B) - WEFLEH
C=1

N =
I 1u(znaa + rwp) ) PwPP at/18+1(z1v+1>> (3.L.9)
D=k+2 T

2

We may insert a complete set of highest weight states, i.e., primary fields {¢;} of
conformal dimension (hy, k) propagating on the collar between two necks P and Q
[7]. We describe the collar as a cylinder C = D, — {zy41} where D; denotes a disc

of radius twy around the point zy.41. The length of the cylinder is log Jt|~! as ¢ — 0.
Then, eq. (3.1.9) becomes

1 A=1

— ~ P k ) . —
3 (twr)™ (Fwp)™ <¢z(zf)|(ur|b)|- I1 I<ﬂA|b>r2WAA>
T

B=k+2

—— N =
: <(m|@>w'~‘+“‘+l<t) T I(u(twp)s) 2w B(tewp) af£~+1<0)¢z<mur>>
S>

after a uniform shift of wy coordinates on Sy using SL(2,C) invariance.
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The intermediate states ¢~> 7 may be written as [3]
61(z) = &@Vy(z), (hy = hi). (3.1.11)

Using the fact that g4 is a conjugate one form with respect to z4, We find that

(p(tw)[b) ~ (%)(u(w)lb) ast — 0.

Thercfore, we have

k -
D AR g <l(ur|b)|205V1(ZI)' 11 1<:uA|b)|2W*‘A>
I : T;

A=1

N _
- <av}3 11(0)ceVer(VedeaVi(wr) - [ Wk B‘b)12WBB> (3.1.12)
B=k+2 S

2

where

k
A= (P% + m(j)), PI = Zp,’, my = mass of V.

From eq. (3.1.8) and (3.1.11), the moduli space boundary term is

> Agaa (L, K1) - Dr(pr) - Apg(Tik+ 1o, N+ 1) (3.1.13)
1
with
2 8 1 AI -AI
. ot \ 't
disc

k k
Ag=1(1,... k1) = / d*r H d*z < |(r|6)]* H (up|b)PWBB . ccV[(z1)>

(3.1.15)

and

A o(Lk+1,...,N+1)=
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N
/ H d*wy <EV1Qr+1(0)-cEVk+1 1) - cdceVi{wr) H |(xB|b) IQWBB>

(3.1.16)

In this expression, {I}-summation means the sum over degenerate states allowed by
the selection rule. Ay—; is the scattering amplitude of 1,-- -,k partial vertex opera-
tors, and one intermediate state of momentum p; = Zle p;. All the information on

the boundary behavior of the moduli space is summarized in Dj(py) of eq. (3.1.14).

Also, we note a choice-dependent factor a in Dy(pr), which is traced back to the
“off-shell” states of V}’s for general momentum p;’s. This has been observed in the
two-loop vacuum amplitude factorization [8], and in the context of the dilaton tadpole
factorization of open bosonic strings [9]. This arises because the conformal invariance
is broken, and the amplitude involving “each” separate V; insertion explicitly depends
upon the choice of the wj position on the world sheet. However, the whole expression

(3.1.13) is a conformally invariant statement.

Now, eq. (3.1.14) is

a (1 a (1 1
A 2 dY =1 A 2, HIAY — i 2| eA
@ /‘“at (t‘ltl )—!L’%M /d ot (ZM ) 31_{%[ 2|CYI 5 }

unit ltlsc

disc

(3.1.17)
by using analyticity away [rom ¢ = 0 and the Stoke’s theorem. Therefore, for A < 0,

we have a nonzero Dj(pr) and BRST invariance is lost.

One must not regard the BRST anomalies as arising {rom a short distance physics
in spacetime. String theory has a fundamental scale parameter, the string tension,
and it is impossible to squeeze a string down below this size. The BRST anomalies
we encountered come from worldsheet short distance physics. Actually short distance
singularity of worldsheet corresponds to a larger and larger spacetime domain fluctu-

ation so it is rather in a spacetime infrared singularity limit that BRST symmetries

become anomalous.
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3.2 Structure of BRST Anomalies

We now examine the £k = 0, 1, and k < 2 cases separately for an explicit calcula-

tion. The BRST anomalies have distinctive structure for each case.

The case k = 0 corresponds to a one-loop tadpole configuration. Eq. (3.1.13) can

be written, using eq. (3.1.17) and p;y = 0, as

Lo N
~g limlac™ [ r (iGurlb)PecVeen)y,

A=2 B=2

N N .
- / IT #*wa <EVA‘}+I(O) - ceVi(1) - edeeVr(wy) [ |(u31b)|2WBB>
S2

_%/dz"' <l(l‘r|b)|QCEVD(zI)>T2

N N )
./Hd2u,»A <aq§’,+1(0)-cavl(l)-cacavg(oo) IT |(uB|b)|2WBB> :
A=2 Sz

B=2
(3.2.1)

The first term is the anomaly due to the ofl-shell tachyon, and the second is the
one due to an on-shell graviton and a dilaton. The tachyon anomaly is a pathology of
generic bosonic strings, which we want to eliminate by considering supersymmetric
string theories instead. The on-shell graviton/dilaton BRST anomaly is a physical
anomaly, in the sense that it has a spacetime local interpretation, and even for su-
persymmetric strings it is known that this tadpole can arise in certain circumstances

[10]. Therefore, we mainly concentrate on the second term in eq. (3.2.1).

Next, k£ = 1 generates an on-shell two-point function. We assume no degenera-

cies in the particle spectrum. Then only one state contributes in /-summation in
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eq. (3.1.13). It is

1 ’ 2z =
3 / dPrd®z (|(pe|0) 21 0) W2 - c2Vi(21))o,

B=3

N N
/ I dwa <av,3+1(0)-cav2(1)-cacaV,(oo) II |(/¢B|b)]2WBB> . (3.2.2)
A=3 ) Sz

a BRST anomaly for each vertex opcrator W?4%4. By our assumption, céVj(z1) =
W’I‘f(z = z71), and the first correlation of eq. (3.2.2) is just the two point function on

a torus.

Finally, we look at k > 2 configurations. From eq. (3.1.17) and a discussion
therealter, we see that the BRST anomalies arise for all intermediate states for which
A1 <0. So, eq. (3.1.14) is

) o 1A
lim Y [—5lac|®]

AI<0

B=1

k k _
. / 7 I d*24 <|(/tr|b>\2 I1 |(uu|b)|2W”céWzr)>
A=1 T

N N
/ II wa <av°,+1(0) ceeViqa(1) - cdeeVi(wr) ] |(,uB1b)|2WBB> .
A=k+2 B=k+2 S,

(3.2.3)

In general, a sufficiently timelike configuration of intermediate momentum py will
generatc a large number of divergent BRST anomalous terms. The usual argument
for getting around this is to start with a sufficiently spacelike configuration of p; so
that there is no BRST anomaly at all (i.e., p; — o0). then analytically continue to
other momentum configurations. However, we need to have a prescription to calcu-
late scattering amplitudes directly at physical momentum without a priori assuming

analytic continuation of external momentum [11].
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There is also a boundary of moduli space where Im7 — oo [12]. This configuration
corresponds to the scattering amplitude on Sz with N vertex operators plus two
intermediate state punctures, connected together by an appropriate propagator. This
limit shows an infinity due to the existence of the tachyon in the spectrum of the
bosonic string. Therefore, this divergence has a fundamentally different origin from
the ones we discuss in this paper. Actually, we will find that there are no local
counterterms, which may cancel out this type of anomaly. This problem is another
indication that bosonic string theory is internally inconsistent; of course it does not

arise in the superstring theories with consistent spacetime backgrounds.
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4 One Loop Local Counterterms

4.1 General Strategy for Local Counterterms

Once BRST anomalies show up, we may look for local (both on the worldsheet
and in spacetime) counterterms that can restore the BRST invariance of the scatter-
ing amplitudes. In this section, we explain the idea behind the introduction of the

counterterms nccessary for those BRST anomalies we found in the previous chapter.

The BRST invariance was required to decouple unphysical states in any unitarity
cut of the string loop diagrams. What we have found is that the BRST anomalies
arise whenever the worldsheet becomes degenerate at the boundary of moduli space.
This boundary is the boundary of moduli space between different values of g and N:
My Ny and Mg nr. This suggests that we can introduce local counterterms to the
scattering amplitude defined on Ry y as some scattering amplitudes defined on the
manifold Ry n/, thereby approaching their common boundary of moduli space from
opposite sides. The unique feature of string theory is that these counterterms admit

interesting physical interpretations from the point particle field theory viewpoint [1].

One now wants to relate this to the string infinities cancellation mechanism [2].
String theory exhibits a better ultraviolet divergence behavior than point particle
field theories. The cause of this is duality or, equivalently, the modular invariance of
the scattering amplitudes [3]. The string theory introduces a built-in cutoff in the
ultraviolet limit of the radiative processes, thereby eliminating the necd for infinite
renormalization. There is another source of the divergences, the infrared divergence.
This arises because there are exceptional momentum subspaces in the scattering kine-
matics. In point particle field theory, we can always work away from the exceptional
momentum kinematics. This is also guaranteed by the analyticity of the scattering
amplitudes. In string theory, one must prove the analyticily of the scattering ampli-
tudes in order to follow the same argument as in the point particle field theory. The
spacetime infrared divergence is associated with the short distance behavior on the

string worldsheet as we discussed at the end of section 3.1. Therefore, the classifica-
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tion of the potential (infrared) infinities in scattering amplitudes is directly related

to the classifications of BRST anomalies [1].

It is also related to potential chiral anomalies in superstring theories [6]: gauge,
gravitational, local Lorentz, and supersymmetry anomalies. A realistic supcrstring
must yield chiral fermions with the nontrivial local symmetry charge assignments as
we obscrve in the low energy world. One the other hand this charge assignments
are strongly constrained by condition that chiral anomalies be ahsent in order to
have gauge invariances intact on the quantum level. The chiral anomalies mean that
unphysical longitudinal components of the gauge fields do propagate in the scattcring
amplitudes. However, we saw that the unphysical longitudinal states of gauge fields
are elements of Im@Q pprst as discussed in section 2.1 and their propagation should
again arise at the boundaries of moduli space by the same argument as the BRST
anomalies. This can be also seen by observing that the longitudinal components of

gauge fields may be written as
puV*(z : p) = pudX*O(8X,0X)exp(ip - X).

This is a total derivative in the puncture moduli, and we need to take care of its
worldsheet short distance singularities. All these are not accidental at all. Actually,
the BRST anomalies, the gauge anomalies, and the infinities arising to the string
scattering dmplitudes are all generated by the unphysical states ImQprsT in the
indefinite metric Hilbert space. The short distance limit on the worldsheet is where

the Hilbert space structure gets distorted.
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4.2 Fischler-Susskind Mechanism as Tadpole Counterterm

Once BRST anomalies show up, we may look for local (both on the world sheet
and in space-time) counterterms that can restore the BRST invariance of the scat-
tering amplitudes. In this section, we present the counterterms necessary for those
BRST anomalies we found in chapter 3. As we will see, the procedure of adding local

counterterms is more natural in a space-time point of view.

First we look at k£ = 0, the one-loop tadpole case. The second term of eq. (3.2.1)
is due to the exchange of the graviton and the dilaton. Rewriting eq. (3.2.1),

N N
1 ; 9 B
~5Ti(p = 0)- / IT #wa <evN+l(0) - c2Vy(1) - cdedVp(w = o) [ | |<m|b)|~WBB>
A=2 B=2 Sa
(4.2.1)

denoting the one-loop tadpolc as

Tip=0) = [ ér urlt)PecVoen))y, (422)

We note that this has the structure of a string tree level amplitude with one local
operator insertion at w = oo (after BRST current contour deformation). Therefore,
it is natural to look for a counterterm on string tree level with an explicitly BRST
anomalous local opecrator insertion. Since BRST invariance amounts to restricting
all mass-level states on their classical ones satisfying the equations of motion, we
consider general states away from classical solutions. It is sufficient to consider only
massless states, i.e., a graviton condensate G,,(X) and a dilaton condensate D(X).

The action for a string propagating in this background [7] is written as
4 .
Sy = /d2 0, X"0: XVG (X)) + -gag(D(X)bzzcz) + c.cl. (4.2.3)

Now, a weak field perturbative expansion amounts to a systematic insertion of con-
formal dimension (1,1) (i.e., marginal perturbation) local operators on the Riemann
surface Ry 41 to make an amplitude on Ry y42. The Feynman rules for ghost inser-

tion were given in section 2.3. Eq. (4.2.1) tells us that a single insertion of marginal
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perturbation for the action of eq. (1.2.3) can serve as the local counterterm we are

looking for. So, with that insertion, we consider an amplitude

SAY_o(I;1,...,N +1)

N
"2/ H dzwA<{QBRST»CVN+1(O }eeVi(1) ee 6L (w H (15]b) |2WBB(U?B)>
B=2 S5
(4.2.4)
where
6L(z) = %E)X’@X"[GW(X) Muv] + 3[ (X)bzzc®] + c.c. (4.2.5)

After the BRST contour deformation, this is written as

5/19._0( ,1V+].)

A=2

N N
= k2 / 1 wA<aVN+1(0) -ceVi(1)-[@pRsT, c2L(w = 00)] EZI(M““’)'ZWBB>

Sz
(4.2.6)
Calculating the BRST charge commutator, we find
[@BRST, cCOL(2)] = f [ 0w X* 0w Xp(w) + buwwc”Fuc® + gaicw]
w=z
z 1 VYo 4 r z
P [~ =Ry X 0: X" XX + 5v,,vumﬂX"ag(b,,,,,.c )+ e, ro
=c*0 czéz[—-l-ﬂc 9. X"3: X" + 6% - (éa-(b ) +ece)]+--
= 0:CC =58, 0: A7 0; g0albzs e (4.2.7)

with

BS, = Ruy +2V,V, 8 + -+,
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and

1
8% = -V2o — B+ (4.2.8)

Therefore,

6AY_o(I;1,...,N +1)

N |
= x2 / 11 #waleViv1(0) cavl(l)caca{_.;.ﬁf,,awéwiq’(gé(bzzcz)+c.c.)}(oo)
A=2

N
T Wealb)PwbBys,, (4.2.9)
B=2
and for the marginal operators
OX*0X” and  9(b,,c?), (4.2.10)

we have local counterterms with appropriate choices of ﬂgy and 32. However, with

the ghost current anomaly equation (cf. eq. (2.2.23)):

3
Bz (bzac®) = é-\/g‘R@)(z), (4.2.11)

we find that the torus has no tadpole associated with the insertion of 9;(b,.c*) or its

complex conjugate operator. Therefore, we get

1 - NV
5K B, 0X 10X
= —%/dz’f <|(ﬂrlb)]2CEaXﬂ5Xﬂ>T2 * az‘XﬂazXVT]uV

= _%Tl (0X*0X,) - 0, X"0: X" 1y
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and
B 50s(berc®) = 0, O 4219)

in the lowest order of the string loop perturbation expansion. Therefore seting

BS, = Ryy +2V,V,D(X) + - --

= K*T(X*0X,) G (X)
and
8% =0, (4.2.13)

we cancel a tadpole BRST anomaly in the lowest order of string loop and background
expansions. This is the same counterterm as the one that Fischler-Susskind [8] in-
troduced to cancel an infinity due to non-vanishing one loop dilaton tadpole. As we
discussed in section 4.1, we have anticipated that same local counterterm is used to

cancel both the finite tadpole BRST anomaly and the infinity due to dilaton tadpole.
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4.3 Mass Renormalization as Mass-Shell Counterterm

The case k =1 is an on-shell two-point function. The BRST anomaly is

N B
—-m / Hdzw <cvv+1(o) ceVa(1) - cdceVy( )H|(,¢B|b)|2w33>
Sz

A=3 B=3

where

I = /dszzz<](,ur|b)|2|(u2|b)|2cEV1(z)céf/](2])>T . (4.3.1)

2

The correlation function on 3 is exactly the same amplitude with the N + 1 vertex
operators of the original set we had on the torus, eq. (3.2.1). Therefore, the only
source of local counterterms would be a modification of the vertex operator Vj(z) in

an explicitly BRST anomalous way. A general vertex operator is of the form
V(z;p) = Dye?X (4.3.2)

where Dy is a function of covariant derivatives on X*#, apart from polarization tensor,
momentum p, and coupling constant dependences. The subscript /N denotes the con-
formal dimension (N, N) of Dy, where N is the total number of covariant derivatives

V.. Therefore, V(z;p) has a conformal dimension (N + p?/2, N + p?/2).

T..V — [ 22_] —2 — )] ular
2V (w) = [N+ 5 (z— V(w) + (2 —w)” 0yV(w) + regular terms . (4.3.3)

The vertex operator W% = ¢*¢*V(z) is BRST invariant only if

2
N+%=L (4.3.4)
i.e., if
. p2 — .
[@BrsT, W**(P)] = (N + 5 1> c?0,¢°¢*V(z;p) = 0. (4.3.5)

Therefore, the counterterm amounts to a shift of the mass-shell condition of eq. (4.3.4),
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and we consider the local counterterm amplitude

SA0_o(1,..., N +1)

. N
- 5—2/ H Fea <[QBRST’EVN+1(0)] - eeVz(1) - ceVi(oo, p1 + ép1) H (1B1B)|" WBB>

o
D2

Ap [
- [ Tl
A=3

N ]
.<a@+doyca@uyc&fWﬁm)IIIWBMN“VBB>
S

B=3 )

with
Ap? = (p1+ 6p1)® — pi. (1.3.6)

Therefore, the BRST anomaly in eq. (3.3.1) can be cancelled by choosing Ap?
eq. (4.3.6) by

Ap? = k? -0 (p] = —M7}), (1.3.7)

and the shift in mass spectrum is given by two-point amplitudes [9]. In case of massless
gauge particles, we do not expect any mass-shell shift since their gauge invariances

protect them from getting any masses.

Analogous to the dual model of hadrons, the mass-shell renormalization must
become smaller for higher massive level states. This follows from a string version of
correspondence principle*. Even in superstring theories we expect similar finite mass-
shell renormalizations. This also suggests that by considering scattering amplitudes
involving rmassless state vertex operators only we can avoid complications due to mass-
shell renormalizations. From these massless state scattering amplitudes, massive state

scattering amplitudes can be obtained by factorization in appropriate channels.

* I thank the late R.P. Feynman for this argument.
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4.4 Contact Interaction as Intermediate Cut Counterterm

~ Finally, if £ > 2, we have an anomaly due to the intermediate state singularity.
It 1s

L ; TR ‘
‘52%£3W|”4"g—( kT Aok +1,..,N+1)  (4.4.1)
1

where A;—1 and -'42:0 are given by egs. (3.1.15) and (3.1.16) respectively. Note that
Ag in eq. (3.4.1) is defined by

k
= () _pi)* + M} (4.4.2)
1=1

and therefore depends upon the intermediate momentum configuration. One should
recall that Ag—; and -Ag:o are (k+1) and (N —k + 1) point amplitudes respectively
with one vertex operator (corresponding to the intermediate exchange state) off-shell

in general. The local counterterm one must add is a contact interaction [10] amplitude:

S A oIk +1,---,N+1)

_2/ H w4 {({QprsT>VN41(0)}etViy1(1) ceVi(wr) H uplb)[P WBByg,
ASk+2 B=k+42
(4.4.3)
where
2
Vi(wrp) = |5 / &s6@(s)las® | Vi(wr; p). (4.4.4)
|s|<|ore|

Therefore, the complete counterterm is

Z&IAQ o Ag=1= Z hm|aelA’A (1,...,k; 1)

A1<0
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N AV
/ H dzwA<EVN+1(O)-céVk+1(1) - cOccVi(wr; p) H |(ﬂ13|b)|2W'BB> .
A=k+2 ’ B=k+2 . S2

(4.4.5)

This cancels the BRST anomalies arising in eq. (1.4.1) to guarantee (perturba-
tive) unitarity, and analyticity over all intermediate momentum configurations. The
singular limit of eq. (4.4.4) is characteristic of the contact interaction, meaning a
pointlike interaction in the boundary of moduli space. The contact interactions can
be understood in terms of the principal value prescription of the worldsheet short

distance singularity by subtracting out the delta function part:
(z—w) ™' = PP(z—w) ' +ix6P(z — w).

In terms of BRST formalism, the propagation of Im @) prst states is cancclled by
that of (Ker Qrst)" states in the dual Iilbert space of ghost number [11]. This
is very analogous to the point particle field theory cases. For example, in quantum
electrodynamics, the Ward identity is satisfied only after including the contribution

of the seagull term [12].

The reason why contact interactions arise is because particle spectrum of string
excitations has its lower bound at the tachyon state. Once energy transfer across
the degeneration point is below the tachyon mass threshold we cannot create any

particles and must have a regular behavior of the string scattering amplitudes.

A brief digression is in order. A Ward identity could be derived also within the
fully second quantized string field theory [13]. However, the derivation is with an
assumption of no contact interaction contribution. Following the above description
in the first quantized language, one must expect a similar contribution in the string
field theoretic derivations also. Actually, in superstring field theory, both in light-cone
gauge [10] and in covariant gauge [14], it was pointed out that the contact interactions

are important to guarantee unitarity.
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5 Analysis of Higher Loop Scattering Amplitudes

5.1 Two Loop Scattering Amplitudes

The next step is to extend the previous analysis to higher orders in the radiative
correction. It becomes vastly complicated, however, since we must deal with many
possible sources of BRST anomalies together. For a consistency check it is necessary
to do a calculation explicitly, at least to the next to leading order in string loop ex-
pansion. Fortunately, the degeneration process is a local statement on the worldshect,
and this essentially enables us to analyze BRST anomalies order by order in the string

loop expansion.

The same spirit as the one loop order of sections 3 and 4 applies straight{forwardly
to multiloop diagrams. However, we have to identify all the overlapping divergences
and the one-particle reducible diagrams beforehand. This requires an examination in
the higher co-dimension factorization of scattering amplitudes around the boundary

of moduli space My y for the punctured Riemann surfaces Ry n.

‘One particle reducible’ diagrams are those which contains string subdiagrams
connected by a single particle state propagator. Analogously to ordinary field theory,
one particle reducible diagrams are not counted for higher order corrections. This is

ensured by the lower order local counterterms, and their various combinations.

This section is devoted to demonstrating the above assertion through an explicit

calculation at two-loop order.
Consider a N-punctured Riemann surface Ry y of genus two. This defines N-

point scattering amplitudes of two loop level:

Ag:Q(l,...,N + 1)

N+1 3 N )
= Hz/HdQTi H dzzA <H|(ﬂr.-|b)|2 H I(#Blb)|2WBB> (5'1.1)
9 ' A=1 —

=1 =1 B=1

Here, 7, 1 = 1,2,3 denotes the moduli variables of an unpunctured ¢ = 2 Riemann
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surface Ry related to the Siegel period matrix [1]:

T T
Q= ( : 3) : (5.1.2)
T3 T2

and FJ denotes the fundamental domain of the moduli space, which we may choose

as [2]
1 )
(1) |Rer;| < 3 1=1,2,3,

(2) 0 < |2Im7;| < Imm < Immy (5.1.3)

A B
(3)  For (C D>esp(4,2), |det(C Q@+ D)} > 1.

However, we do not need any specific information other than this.

We again look at (N + 1) point amplitude involving a null state

Wo(zn+1) = {QBrsT, V(2N 41)} :

A p(1,...,N +1)

3 N+1 3 N+1 )
= KZ/Hd%-,' H d2zA< I(”rilb)F H [(;LB,b)lszB>

N 3
9
= K- /d22’N+1 H dzzAHd2T,‘
A=1 =1

=1 B=1

3 N )
<H (e B)2 T 1(reslo) PWES - l(uN+1lb)|2{QBRST,af“(zN+1)}> (5.1.4)
g=2

One configuration with BRST anomalies is when all punctures approach one another,
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described by the ¢ ~ 0 boundary of

za=zN+1+twa (k+1<ALN),
AT (F+1sa<h) (5.1.5)
Wiy = 1
Deforming the BRST current contour,
Ayl N 4 1)
9 k N 3
:K2/d2t5-t'|t|2N_2k_2/ Hd2zAd22N+1/ H deB/Hd2T,’
A=1 B=k+1 1=1
3 k .
<H el TT I8 W g g [5) W1,
1=1 C=1
N )
I |(MD|5)|2WDD'|(MN+1Ib)|2EV0(N+1)> (5.1.6)
D=k+2 _

g=2

Inserting a complete basis set, we find that the correlation function becomes

3 k
> <H (10 T] I(uc[b)12wcé|<p,>
I i=1 C=1

9=2

— N _
<¢)I' (ﬂk-i-l ‘b) Wk+1k+1 H |(MD|b)l2WDD : l(/lN_H Ib)|2 5V0(ZN+1)>
D=k+2 S

2

and we let
11
@1) =W I(ZN+2)
where zy42 = ZN41 + tweo. Thercfore, the amplitude A2=2 becomes

o k 3 N
-2 2 2N -2k- ,
K ./d ia|t|° 2 2/d22N+1J:[1d22AHd27‘i-/ H d*wp
= =1

B=k+42
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k - -
. (e |B)? H [(1al®)PWAA - (1 4110) 2 WII(ZN+2)>

3
1=1 A=1 9=2

>

1

1 . ] il ) BB-v‘(0)> . (5.18)
<?> cOceVi(weo ) - ceVi(t) H |(eB(twp)|b)|* WZZeVo < ’

B=k+2

2

This can be rewritten as

o fed (]

Ag=a(L, ... ks ) - A)_o(Lk+1,...,N +1)

where
3 k
_Ag=2 = K2 / H d27','d221v+2 H dzzA
i=1 A=1
3 k ) )
- <1‘[ (ure )2 T 1Al WAL (o |6) P (20 42)
i=1 A=1 9=2
and

N N _
Agz(,:,g-?/ II dzwA<EV0(0)-céVl(l)-cacEVJ(woo) 11 |(/¢B|b)|2WBB>
S

A=k+2 B=k+2
(5.1.9)

after a change of variables from zy41 to zy42. Now, part of the potential BRST
anomaly comes from the second order processes of the one-loop anomalies in a form
of “one particle reducible” diagrams [3]. However, at the same order, we have con-
tributions coming from the lower order local counterterms. We will explicitly verify

that these two sources cancel with each other.
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5.2 Structure of Two-Loop Anomalies and Counterterms

First, consider the two loop tadpole. Its BRST anomaly comes from eq. (5.9)
with £ = 0:

2,0 (1
.‘Cz/d"t& (?) Tz(p] = 0) . -A2=0(PI =0;1,...,N + 1) (521)

where

3 3
To(pr = 0) = / Hd"n-d2zw+z<HI(unlb)|2(uN+2|b>FW”(zN+2)> . (5.22)

g=2

From eq. (5.1.2), we sec that 73 ~ 0 gives a one-particle reducible diagram

d*r3 P -
Tor =0~ [ 2 [ e (WP W e )ect ()
T3~0 ?
. / &7 (|(2 D) PV (200) g, - (523)
Here we used the fact that
1
(13]6)r,—0 — —bo
73
and similarly,
. 12
(230)r3—0 — —bo.
73
This one particle irreducible part shows a structure of
To(pr = 0) ~ =ln|t| - Ta(pr = 0) - Uy (p; = 0). (5.2.4)
Therefore, eq. (4.2.1) gives a one particle reducible BRST anomaly of
&2
—lult| - Ta(pr = 0) - Mi(pr = 0) - Ag—g(pr = 0;1,..., N + 1). (5.2.5)

Now we examine the amplitudes coming from the lower order local counterterms.
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They are

1 , B .
~7 <BSD8X”8X”>T2 -In|t| - M1(p; = 0) - Ag=0(p1 =0;1,...,N+1)  (5.2.6)

and
1 -
—77i(pr =0)-Inft] §ME(pr = 0) - AD_o(pr = 0;1,...,N+1) (5.2.7)

respectively. Therefore, we see that equations (5.2.5)-(5.2.6) give a final BRST

anomaly
(2
TA2=0(PI =0;1,...,N+1)-Ti(p; = 0) - T (pr = 0), (5:2.7)
where T/(pr = 0) denotes the one-loop tadpole less the massless particle state singu-
larity. This can be cancelled by a higher order BRST local counterterm in eq. (4.2.12)

and (4.2.13):
1 5 8 3
55 {=BEOX XY + BP2{B(bosc”) + cc])
- _%’ﬁ(nuuaX‘@X ") OX X s

2 -—
+%H1 [=nuwdX"0X +

ol oo

I(bo2c*) + c.c] - Ty(pr = 0). (5.2.8)

Next, we consider the two loop on-shell two point amplitude:

d (1
? /dztg (;) Ma(p} = —M7) - Ago(pf = ~M};2,... N +1) (5.2.9)
where

3 3
1 = [ ] énda e <H e s )P 16
=1 =1

e il
‘/V v(~1)W (Z]\,+2)>g=2. (5210)
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Again, the degeneration around the trivial homology cycle gives

dir o
o= [ T2 [ dn o (B sl Fee? (oW o)

2

o
[ sy (PP e o),
+ [ @ dasa ([(on P G BPW 1)
w2 BYPW oy a)eeVo ) -/d2r2 (D) PeiV(z)). (5211

The first term arises when the two vertex operators at zy and zy4 are in different
tori after the pinching, while the second term comes from the case that two vertex

operators are on the same torus. Therefore, the one particle reducible pieces are

1 :
—552 In[t[{[y(p} = —M})]* + T - Ag=1(po; 1, 1)}

A _o(p} = —ME;2,... N +1). (5.2.12)

On the other hand, those terms coming from the lower order local counterterms

are

2
2k / dzt% (%m tf) (%’%) SM{ - A)_o(p} = —M7;2,...,N + 1)+

1 _ 9 \ -
+§n2 Inlt| T1(0X"0X,) - Ag=a(6L;1, 1) - AS_o(p} = —M{52,...,N +1). (5.2.13)

The first term comes from a renormalized vertex operator and the second term from

the background field insertion. Again, eq. (5.2.13) cancels eq. (5.2.12) completely.
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Finally, we are left with the intermediate state anomaly. It is

0 [1
2 2 Z141Ar Ar
E K /d t—at [{|t| :| lar]

Ar<0
Ag=a(1,.. . ks T) - A)p(IE+1,... N +1) (5.2.14)
with
3 k>2
.Ag=2 = K2/Hd27'i d22N+2 H dQZA
i=1 A=1
3 k ) ~
-<Il|uuAbn211|uuuwFVVAAKuN+ﬂbn%vf%zN+g>
and

N
Agzo = 5'2/ H dZwA<éV0(O) ceVi(1) c0eVi(weo)
A=k42

N —
I K#Bwn%v33>
Sz

B=k+2

First consider one-particle reducible diagrams with one or two loop tadpoles.

They have anomaly structures

8 1
.2 E : 2 Ag A

Ar<0
-,Agzo(];k +1,...,N+1)
'{Ag=0(‘[; 1,.. ,k, J) . [— In lt, : 7};:2(]3.7 = 0)]

+Ag=1(I 1, ks J) - [~ nft] - Ty=a(py = 0)]} (5.2.15)

However, inside the bracket, each term can be renormalized by adding local countert-



79

erms. That is, by adding local counterterms

K23 /d2t6(2)(t)]t|A’|a[A’.A2=0(1; E+1,.. N+1)
Ar<0

AAg=o(L;1,...,k;J) + Ag=1(L;1, ..., k; D }pr (5.2.16)

to the contact interaction, we cancel completely all the anomalies in eq. (5.2.14). A
similar analysis goes through for other configurations of puncture moduli variables.
One thing to note in this analysis is that, for a general intermediate state configuration

we have two possible degeneration combinatorics

K2 Z /dzt%

Ar<0

LA A
] a2

AN _o(Iik+1,...,N +1)

{Aj=o(I; 1+ 1,...,k J) -/dzt'lt'|AJ_2|ﬂ[AJ cAg=2(J;1,...,1)

FAg=a(L; 141,k J) - /dzt’lt'!A’_QWIA’ cAg=o(J;1,...,D}. (5.2.17)

Of course, they receive separate local counterterms. We checked the cancellation for
all possible degencration limits, and confirmed the notion of one-particle irreducible

diagrams in a systecmatic renormalization scheme.

There is an another degeneration limit which give one-particle reducible diagrams.

It comes from the 73 ~ 0 boundary of the genus two moduli space with a base manifold
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of genus one [2]. The BRST anomaly structure is

g [1
2 2 R FITAY; Ar
K EI /d t—at [[|t| ] |

A _(Lk+1,.. N +1) - A (1, .., k1) (5.2.18)
with
k k )
Ag=1= /dzf I 424 <\(ur|b)l2 H (palb)WA4 céVz(zoo)>
- A=1 A=1 T2
and
N+1
A = / @ T 24 (1(eelb)Pl(en+110)2 2V0(0)
A=k+1

N
- cBeeVi(z0) ] \<;LB|b>|2WBB>
T:

B=k+1 2

Again, depending on whether & = 0, 1, or > 2, we have a tadpole, on-shell
two-point amplitude, and intermediate state singularity BRST anomalies. The can-
cellation of the anomalies is exactly the same as in chapter 3, except now we are

dealing with a genus one null amplitude Ag___l.
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5-3. Higher Loop Generalization

The one and two loop analysis of BRST anomalies and local counterterms revealed
that only three types of anomaly are relevant: tadpole, on-shell two point amplitude,
and intermediate unphysical cut. In this section, we give a general inductive argument
to extend the proof of the BRST anomaly and its cancellation to any finite order of
string loop perturbation theory ( In superstring theory, a complete argument has not

been achieved yet, due to mathematical difficulties. See, for example, ref. [4]).

Given the one loop BRST anomalies of chapter 3, we introduced zero loop (tree
level diagram) local counterterms to restore BRST invariance. This can be generalized
trivially to the following situations. Suppose we start from a g + 1 loop scattering

amplitude involving a longitudinal state:

3(g+1)-3 N
Agi(l,---,N) = / H dm,/\dm~HdzA/\dzA
Mgiin
3(9+1)-3 N )
C I 10st®E TT 1eslPWPR p) xa,e. (53.)
j=1 B=1

We consider a boundary of moduli space such that this amplitude is degenerated into

g loop scattering amplitude and a one loop scattering amplitude:
Agp1(L,---,N) = A,(1,-, M, )Dy(pr) A1 (I, M + 1,-, N), (5.3.2)

where Dj(Py) is given in eq. (3.1.14). If there is no vertex operator on the one
loop amplitude part, this is the tadpole BRST anomaly. Then we introduce a local
counterterm of g loop scattering amplitude through the Fischler-Susskind mechanism.
Since the counterterm is local on the worldsheet, there is no special role of the base
worldsheet manifold of genus g with vertex operators. Similarly, we can introduce
local counterterms to the other BRST anomalies we classified in chapter 3. This

completes an introduction of g loop level counterterms to g+ 1 loop BRST anomalies.
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Next, consider a boundary of moduli space where g + 1 loop degenerates into g — 1
loop and 2 loop amplitudes. The analysis in the previous two sections shows that
all subleading anomalies are automatically cancelled by one loop counterterms. After
subtracting them, the ‘one-particle irreducible’ BRST anomaly can be again cancelled

by a two-loop local counterterm by the Fischler-Susskind mechanism.

We now generalize inductively this process: suppose we degenerate a g loop scat-
tering amplitude into all possible g;i loop and (g — g;) loop scattering amplitudes.
Regard ¢; loop amplitude part as a base manifold, even though we have a reflection

symmetry between two degenerated amplitudes of g; loop and (g — g;1) loop:

A, (1 ZZAg _a(L,-- M, D1 (pr) A (I, M +1,--- N).  (5.3.3)

We denote by A(1,-- -, N) a scattering amplitude summed over all orders in string

loop perturbation expansion:

A, N = ) AL, (5.3.4)

genus

Then, the sum over g in eq. (5.3.3) gives

=Y AL, M, Dy(P)Y Au(IM +1,--,N). (5.3.5)
M

g1

The structure of counterterms, which we denote as C, for g loop order counterterm

in the string loop perturbation expansion, is as follows:
SN =SSN A (1, MG, (LM 4 1,4, N). (5.3.6)
M
Again summing over g, we have

. N) = ZA M, 1) Dy, (I, M +1,--,N), (5.3.7)

131
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Therefore, adding eq. (5.3.5) to eq. (5.3.7), we have a ‘renormalized’ amplitude:

ALy, N)+C(1,---,N) = Y AQ1, -+, M, T)
M

> A (LM 41, N) +Coy (I, M +1,--+, N)]. (5.3.8)
9
Note that we have introduced the local counterterms order by order in string loop
perturbative expansion. Therefore, the sum over g; gives a ‘renormalized’ scattering

amplitude, which we denote with subscript ‘ren.”:

Aren (L, ,N) =D A, , M, D Apen (I, M + 1, ,N). (5.3.9)
M

The above invariant renormalization structure is again independent of the num-
ber of external legs. This is especially true for zero-point amplitude and one-point
amplitude. Now we can now proceed again with an inductive argument to show that
the right hand side of eq. (5.3.9) must hold for any value of N and any decompositon
M. Therefore, we find that the left hand side of eq. (5.3.9) is indeed ‘renormalized’ to
give a BRST invariant amplitude to all orders of the string loop expansion. This com-
pletes an inductive argument to prove a perturbative restoration of BRST invariance

to all finite orders in the string loop expansion.

A similar argument may be implemented in the superstring perturbation expan-
sion to prove the BRST invariance, especially the finiteness of scattering amplitudes.
The above bosonic scattering amplitude analysis is particularly relevant to the het-
crotic string theory with anomalous U(1) gauge groups since in this class of theories
it is known that vacuum energy is induced at two-loop order due to nonvanishing
one-loop Fayet-Iliopoulos D-term [5]. Also, this argument may be used to establish
an exact (to all orders of string loop expansion) nonrenormalization theorem [6] to
massless particle scattering amplitudes. These are beyond the scope of the present

thesis, but under current investigation (7).
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