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Abstract

We present some exact expressions for the evaluation of time-dependent forces on a body in an
incompressible and viscous cross-flow which only require the knowledge of the velocity field (and its
derivatives) in a finite and arbitrarily chosen region enclosing the body.

Given a control volume V' with external surface S which encloses an arbitrary body, the fluid-
dynamic force F on the body can be evaluated from one of the following three expressions (in

abbreviated form):

1 d [
F = “Woidm /V XAwdV + j{s ii- Ty dS + body motion terms,
d [
F = —— / udV + % - Ty dS + body motion terms,
dt Jy Js
F = 1o volume integral terms + % fi - T3dS + body motion terms,
48

where N is the space dimension, u is the flow velocity, w is the vorticity, x is the position vector,
and the tensors Ty, T3, T3 depend only on the velocity field u and its (spatial and temporal)
derivatives.

The first equation is already known for either simply connected domains or inviscid flows. We
re-derive it here for viscous flows in doubly connected domains (i.e. domains which include a body).
We then obtain the second and third equation through a simple algebraic manipulation of the first
equation.

These expressions are particularly useful for experimental techniques like Digital particle Image
Velocimetry (DPIV) which provide time sequences of 2D velocity fields but not pressure fields.

They are tested experimentally with DPIV on two-dimensional, low Reynolds number circular

cylinder flows. Both steady and unsteady motions are studied.
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Chapter 1 Introduction

1.1 Extrinsic vs. intrinsic force measurements

When a bluff body is submerged into a moving fluid, it experiences a force. The existence of such a
force has been demonstrated long before the emergence of the science of fluid mechanics. Any wild
animal such as a horse who attempts to cross a flowing river knows well the tremendous entraining
power of water despite the fact that he knows little about the discoveries of Leonardo da Vinci,
Daniel Bernoulli, and Leonhard Euler. Such awareness is the result of an exfrinsic measurement:
the horse “measures” the force of the stream from the strength it has to exert to walk or swim
through the water.

On the other hand, if Leonardo, Daniel, or Leonhard were riding the animal, they would observe
a vortical, perhaps turbulent, flowfield downstream of the animal and would probably be able to
deduce the force exerted by the fluid (the river) on the bluff body (the horse) by applying the equa-
tions of fluid mechanics to the observed flow configuration: they would be performing an intrinsic
measurermment.

But let’s not get ahead of our horses. We will first examine briefly how eztrinsic measurements

are performed, and we will then expand on intrinsic techniques in the remainder of this monograph.

1.2 Extrinsic force measurement techniques

1.2.1 Local measurements

Before a horse decides to cross the river, he could just put one of his hoofs into the stream and test
the streaming power of the water. He would thus be performing a local measurement on a part of
his body.

In laboratories, fluid dynamic forces can be measured in a similar way by paving the body with
an array of pressure and shear stress sensors. Sumiming the contribution of each signal from each
sensor over the surface of the body yields effectively the force on the body (Figure 1.1). Often, it
may be unpractical to have such a large array of sensors on the surface of the body, and one has to
resort to some other method.

Note though that this local technique is the only one thus far available for the measurement
of sectional forces. As a matter of fact, if one desires to measure the force only on a section of a

straight cylinder instead of on the whole cylinder, then one could place an array of pressure (and



Figure 1.1: Sketch showing local stresses on body surface.

shear) sensors around the periphery of the desired section, and integrate the pressure signal!. We

will see that intrinsic techniques may vet be an alternative method for measuring sectional forces.

1.2.2 Global measurements

When the horse finally makes up its mind and itnmerges itself into the river, he will not be able to
sense the water pressure and shear on each individual part of its body separately. Instead, he will
get a feel for the global force, which is the next topic in our story.

As mentioned in the preamble, an extrinsic technique can yield a fluid force without any a priori
kunowledge of Auid mechanics. Cousider a body of mass m whose center of mass follows a trajectory
x == x(t) with respect to an inertial frame of reference (Figure 1.2). Then, if the body is embedded

in a fluid, the force exerted by the fluid upon the body can be evaluated from the relation:

Fruig = —mx + Foyr, (1.1)

where Fgyiq is the fluid foree to be measured and Foy is a force ag imposed by an external agency.
For the horse crossing the river, the acceleration X is essentially zero (if the horse is still on its
feet), and the fluid force is nothing but equal and opposite to the force exerted by the ground on
the horse, or equivalently, the fluid force is equal to the force exerted by the horse outo the ground
to counteract the current.
If the horse loses its grip, aud decides to hang on to the branch of a tree extending from the river

bank, he would then be connected to a spring system for which the external force is:

Foxt = —(x — k’(x - XO): (12)

where ¢ is the damping coefficient, £ the spring constant, and x, the rest position of the spring. As

such, the spring system acts as a force balance. A knowledge of the motion x == x(f) of the horse’s

1Szepessy S. & Bearman P. W., Aspect ratio and end plate effects on vortex shedding from a circular cylinder,
Journal of Fluid Mechanics 234 (1992) 191-217.
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Figure 1.2: Sketch showing external global force on body.

center of mass supplies all the information needed to measure the fluid force:
Fﬂuid = —mX — CX — k'(X — Xo). (15)

A strain gauge, for example, is nothing but a spring system with a displacement x —xg much smaller
than the characteristic body dimension.

Now, if the branch breaks and if the river is just so deep that the horse’s feet are not touching the
river floor anymore, then the horse would have to swim. This would be the case of a self-propelling

body immersed in a fluid, such as a fish or a bird, for which the external force is simply null:

Feye = 0. ' (1.4)
Thus, for a self-propelling body moving at constant speed, the fluid force is absent:

Fauig = 0. (1.5)

This result may seem surprising to the reader, but it just happens that the swimming horse contorts
itself just enough not to feel any net fluid dynamic force. In engineering, one would introduce the
concepts of thrust and drag and say that the horse produces just enough fluid dynamic thrust to
balance the fluid dynamic drag. The concepts of thrust and drag are very useful engineering tools
to determine the characteristics of a ship or an aircraft, just because for these man-made devices,
thrust mechanisms are often distinct from drag mechanisms. An engine produces thrust while the
fuselage produces drag. End of story. However, from a rigorous point of view, thrust and drag are
arbitrary concepts, and often it is impossible to distinguish the separate contributions from drag
and thrust, especially for flexible organisms such as fish or birds (or swimming horses).

Finally, if the poor horse runs out of steam, then he would become a free falling object, for which



the external force is provided by gravity:
Feoxt = mg, (1.6)

where g is the gravitational acceleration. Thus, the hydrodynamic force on the sinking horse can be

inferred simply by tracing the motion of its center of gravity and using:
Fayiq = —mXx + mg. (1.7)

The conclusion of the story is that the force on the horse can be evaluated straightforwardly in
many situations despite the enormous complexity of the flow pattern around it. However, extrinsic
methods do not provide any insight on the relation between the fluid force Fgyq, the flow structure,

and the possible motion of the body x(t).

1.3 Motivation for an intrinsic force measurement technique

based on flowfield information

1.3.1 Brief description

An intrinsic technique measures the force on a body just from a knowledge of the flowfield around
the body (Figure 1.3), without any need for a force balance or similar external devices:
ou du *u o0®

Fﬂuid(t) = [:x U(X, t) - @(X,t), —a—)z, N

’6)(,-5{7-8—}(5;,‘”; (18)

where u(x, 1) is the velocity field and ®(x,t) is the thermodynamic field described by the pressure

D, the density p, and the temperature T

O(x,1) = [p(x, 1), p(x,), T(x,1)] . (1.9)

The operator Ly converts the spatial and temporal flow information around a bluff body into an
actual time dependent force Fgyiq(t). It does so through a manipulation of the (Navier-Stokes)
equations which govern the flow under study. In practical situations, however, it may be difficult
to measure the instantancous thermodynamic field ®(x,¢). It will be shown, though, that for
incompressible flows, fluid dynamic forces can actually be extracted from a simple quadrature of the
velocity field and its derivatives:

du du 0%u

Fﬂuid(t) = Lx u(x, t), 5}-{*, —5}}-, m, I

(1.10)



Figure 1.3: Sketch showing fluid-dynamic forces and local flowfields.

where Ly is a spatial integral operator. Present experimental techniques such as Digital Particle
Image Velocimetry? (DPIV) do indeed provide time series of velocity field data, and thus are well

suited for a practical implementation of intrinsic methods.

1.3.2 Practical motivations

Measurement of sectional vs. spanwise-averaged forces If Leonardo, Daniel and Leonhard
decide to rescue the ill-fated horse, they may try to throw a line into the stream hoping that the horse
would get a hold of it. The line does not remain straight, however, and assumes a very contorted
topology because the fluid dynamic forces are uneven along the length of the cable. Attaching a
force balance at one end of the rope (which yields a spanwise-averaged force) certainly does not
describe the force that each section of the rope is feeling. Moreover, paving the rope with sensors
is certainly not a simple task. An intrinsic measurement thus becomes the only alternative for an

effective measurement of the sectional force.

Measurement of small force levels In order to reduce the amount of wiggling in their cable,
Leonardo, Daniel, and Leonhard may reduce its diameter, and may also realize that now even a
force balance is unable to pick up the small force levels generated by the flow on their line. That
is because the Reynolds number based on the section of the rope is very small, and forces at small
Reynolds numbers are hardly measurable in a water medium. Given a rope diameter of d = 1 cm
and a flow speed of U =1 cm/s, the Reynolds number based on the diameter of the rope turns out
to be:

d
Re = U7 = 100, (1.11)

2Willert C. & Gharib M., Digital Particle Image Velocimetry, Ezperiments in Fluids 10 (1991) 181-193.
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where v is the kinematic viscosity of water. The force level on a line of length L = 1 m would then
be:
1
F= -2-CDpU2Ld ~5.0x107* N, (1.12)

where the coefficient of drag Cp has been taken approximately equal to unity. This corresponds to
a force level of less than one-tenth of a gram (= 0.05 gram) which is hardly measurable. An intrinsic

method which uses flowfield information to measure forces would certainly circumvent this problem.

Measurement of fluid forces in natural situations Before trying to pull the horse with
the rope, Leonardo, Daniel, and Leonhard may want to make sure that the current force on the
horse is not too strong to avoid breaking the rope or getting drenched. Obviously, the horse,
who is unconscious, cannot give them the information (this is a talking horse). A force balance is
unsuitable since the animal is lying on the river floor, and a strain gauge is useless for the body
is already strained under the water current. However, an intrinsic analysis based on the flowfield
around the body could provide the necessary information to evaluate the fluid force acting on the
animal.

Such situations may be encountered quite frequently, not only for man-made structures (hydro-
and aero-dynamic forces on offshore stations, buildings, bridges, etc...) where the use of extrinsic
methods may be unpractical, but also in Nature. It is not uncommon to see dragonflies or bumblebees
“glued” down to a force balance for the study of their flight energetics. We believe that the study
would be more trustworthy if the animals were allowed to fly or swim freely and the forces acting

on the animal wings or fins were measured though the use of a non-intrusive, intrinsic technique.

1.3.3 Scientific motivation

Despite all the practical advantages that intrinsic methods may have over extrinsic methods, none
may be as prominent as the scientific viewpoint.

As Leonardo, Daniel, and Leonhard are hoisting up their horse with a line, they may notice that
the quadruped is engaging himself into a wild oscillation transverse to the river current. Sure, they
may rig up a force balance to their line and quantify the oscillating force to which the animal is
subject. However, the three fellows will not possibly reach any new insight on the details of this
oscillation unless they start examining the flow structure around the animal. Realizing that vortex
shedding is at the source of the oscillation may not be sufficient to quantify the frequency and
amplitude of the oscillation.

An intrinsic method may yield a quantitative functional relationship between the periodic trans-
verse force and the vorticity patterns in the near wake of the object. It may thus shed some light

on the relation between the force acting on a cylinder in forced vibration and the various forms of
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vortex patterns observed in the wake of a cylinder in forced oscillation®. It may also help relating
wake structure to the frequency and amplitude of a freely oscillating cylinder in a cross flow.

The method should also apply to a more general class of flows which involve vortex-structure
interactions. Examples are biomechanical flows connected with animal flight and swimming, and

geophysical flows (tornadoes).

1.3.4 Master plan

Intrinsic techniques thus have the potential of measuring forces in situations where the use of extrinsic
methods may be unpractical or fail altogether. They may also yield the direct link between the flow
structure around a body and the force acting on it.

In this monograph, the equations that can be used for the implementation of an intrinsic technique
will first be derived. It will be shown that these equations can be put in various forms, some of which
may be more practical than others. From the start, we will specialize to the incompressible flow
case, since it is the case that can actually be implemented with present day experimental techniques.

The method will be first validated numerically for the flow past a cylinder oscillating in an
arbitrary fashion. The technique will then be applied to actual experimental situations. The two-
dimensional flow past a cylinder at Re ~ 100 will be used as a test bench. Both steady and unsteady
cylinder motions will be investigated.

By work end, we hope to make our horse realize that in wild flow situations, it is better to use

our instinet than our intellect.

3Williamson C. H. K. & Roshko A., Vortex formation in the wake of an oscillating cylinder, Journal of Fluids and
Structures 2 (1988) 355.



Chapter 2 Traditional expressions for fluid-dynamic forces

In Paragraph 2.1, the most fundamental equations for the evaluation of fluid-dynamic forces on a
bluff body will be derived. We will see that these equations involve a pressure term which needs to
be evaluated or measured. Since present day experimental techniques cannot yield a pressure field
directly, it has to be inferred from the velocity field (which can be measured).

In Paragraph 2.2, some simple, though approximate, methods for dealing with the pressure term
will first be presented. In particular, mention will be made of the Kutta-Zhukovsky Theorem, and
some wake survey techniques will be presented.

The remainder of the Chapter will be dedicated to exact methods.

In Paragraph 2.3, we derive an expression for the fluid-dynamic force in terms of two successive
integrations of the velocity field and its derivatives.

In Paragraph 2.4, the “impulse equation” for an infinite domain will be derived in two different
ways, one which uses the body as a kinematical domain of integration, and one that preserves the
body identity.

In Paragraph 2.5, the “impulse equation” for a finite, simply connected domain will be presented.
It will be derived classically, with the body considered as a fluid-dynamical entity.

In Chapter 3, the latter equation will be revisited through a derivation in a doubly connected

domain which keeps the body and fluid as separate entities.

2.1 Conservation of momentum equation for a finite control

volume

2.1.1 Formulation

The starting point is the integral formulation for the conservation of momentum principle in contin-

uum mechanics'. Consider a material control volume V;,,(t) bounded by a material surface? Sx (t).

IThe following derivation is very much along the lines of the one in Dimotakis P., Laser Doppler velocimetry
momentum defect measurements of cable drag at low to moderate Reynolds numbers, NCBC Report R541, 1977.
2The asterisk has been added for notation convenience, as shown later.



Conservation of momentum can be written ass:

4/
— pudV = ?{ n-xds, (2.1)
dt Jv,. ) J85.(1)

where p is the medium density, u its velocity, and X the stress tensor. Here, Vi(t) is a material
control volume enclosed by the surface SF (¢) with unit outward normal fi. For a Newtonian fluid,

we have:

Y=-pl+T, (2.2)
where p is the pressure and T is the viscous stress tensor:
T=MV - -u)l+p(Vu+Vua?). (2.3)

As seen in Figure 2.1, the surface S7,(¢) can be decomposed into the surface of the body S,(t)
(with outward normal pointing into the body), the exterior surface? S, (t), and the surface of the

umbilicus (or “branch cut”) §,(t) which joins the exterior surface to the body surface, that is:

S (t) = Sm(t) @ Sp(t) @ Sult), (2.4)
such that:
% ddS = <I>d5+/ (IDdS+/ ®dS. (2.5)
S (1)BSe(t)B S (1) S Em(t) J Sp(t) J8u(1)

Let us look closely at the surface integral over the umbilicus. If the umbilicus is chosen to be
of infinitesimal cross section, then the integrand varies only with the longitudinal coordinate of
the umbilicus. In other words, it can be approximated to be constant along the perimeter of the

umbilicus. By slicing the umbilicus into rings of infinitesimal area 65,(t), and taking the surface

3The equation should have another term on the right-hand side to include volume forces:

/ pfdV.
Vi (t)

Here, f is the volume force per unit mass (of gravitational or electromagnetic origin, for example). An a priori
knowledge of it is needed to carry on the algebra. Each case needs to be dealt with separately. In electromagnetics,
the coupling between fluid flow and electromagnetic forces is quite intricated. Even in the case of a gravitational field,
only a few cases lend themselves to further simplifications, as in the case of a fluid of uniform and constant density.
For the rest of the article, it will be assumed that the volume force pf is independent of the flow. In other words, it
can be measured in advance when the flow is turned off, and can be subtracted from the forces measured when the
flow is turned on (in constant and uniform density flows, this procedure would be equivalent to removing buoyancy
forces). Therefore, without too much loss in generality, the term in volume force is excluded from the rest of the
discussion.

4Now the reader should understand the reason for the asterisk. The exterior surface will play a dominant role and
will appear in most of the results. As such, we did not want to carry along any additional cumbersome notation to
express the fact that S, (t) is an exterior surface.
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S®)

Figure 2.1: Control volume analysis.

integral over one of these rings, one obtains:

/ f-XdS~xT[65,() - / fds, (2.6)
S5, (1) J§8(t)

where £7[65,(t)] is the value of the integrand X7 at the longitudinal position of the ring 85,(t).
Since:

/ fds =0, (2.7)
J68,(t)

the integration over the umbilicus does not contribute to the total surface integral, and we can write:

f $dS = D dS + }14 $ds, (2.8)
Sm,(t)QSb(t)@Su(t) & Sm,(t) * Sb(t)

where it is to be remembered that the unit normal fi over S,(#) is into the body.

Now, let us look at the surface integral over the body:
}[ n-xXdS= n-(—plt+T)dS. (2.9)
S5(t) J8u(t)

This integral is, by definition, the force exerted by the body on the fluid. The force of the fluid on
the body is then:

Fz—% n-xds. (2.10)
Sp(t)

Introducing this definition into the conservation of momentum equation yields:

Py
. pudv+}f i (—pl+ T)dS. (2.11)
dt Jv,. S8 (t)
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In practical applications, one prefers to use an arbitrary volume instead of a material volume.
Assume that at time ¢, the material volume V,,(t) coincides with an arbitrary volume V'(¢). Then,

we can use Reynolds Theorem®:

d d [
d <I>dV=—/ <I>dV+?{ fi-(u—ug)ddS, (2.12)
dt Sy, at Jyv ) VRO

where S*(t) = S, (t) and ug is the velocity of the surface S*(t). As a result, the force exerted by

the fluid on the body is:

4/ .
P o= = pudV——% n-(u—ug)puds
dt . V(t) J8*(t)
+ ?{ A-(—pl+T)dsS. (2.13)
J s

Note that the second integral in Equation 2.13 is taken over the whole surface S*(¢) whereas the third
one is taken over only the exterior surface S(t). The surface integral over S*(#) can be decomposed,
as before, into three surface integrals, and by making the surface integral over the umbilicus to

vanish, we obtain:

f it (u—ug)pudS = ﬁ-(u—us)pudS-i»% it (u-—ug)puds. (2.14)
5+(t) Su(t) Js()
The final result is:
d I
F = —-— / pudV
+ - [—pl —(u—ug)pu+T|dS (2.15)
8(1)

—% - (u—ug)puds.
4 Sp(t)

This is the most general expression for the hydrodynamic force acting on a body.

2.1.2 Boundary conditions on body surface

We see that Equation 2.15 involves an integral over the body surface. The motion of the body
surface as well as the behavior of the flow velocity at the body surface is an important feature of
bluff body flows hydrodynamics. A myriad of boundary conditions are possible, and here, only the

main ones will be mentioned.

1. Fluid flow conditions at the body surface

SCandel S.: Mécanique des fluides, p.86, Dunod, 1990.
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e No through flow condition:

(u—ug)-nf, =0. (2.16)
e No slip condition:
(u—ug)l, =0. (2.17)
2. Wall velocity conditions:
¢ Rigid body motion:
ug |, = f(t) +xy A g(t), (2.18)

where f(t) is the translational velocity of the body and g(t) is the angular velocity.

¢ Body motion with sliding walls:
ug A, = f[x(1), 1], (2.19)
ug -0, =g(t). (2.20)

2.1.3 Incompressible case

For simplicity, the rest of this monograph will be specialized to the case where the density p is
constant in time and uniform in space. Thereafter, the density will be set equal to unity (in dimen-
sionless units):

p=1 (2.21)
As a result, the starting equation for the rest of the analysis will be (see Equation 2.15):

d

F = ——

udv
+ f i-[—pl—(u—ug)u+T]dS (2.22)
5(t)
—% i-(u—ug)uds.
J Sp(t)

An additional relation which may be of use in later sections is the continuity equation:
V.u=90. (2.23)
Also, for incompressible flow, the integral involving the viscous tensor T can be written as:

j{ n-TdS = ,LLﬁ~VudSz—f piAwdS, (2.24)
8(t) S() 5(2)
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where w is the vorticity vector.
At this point, several options are possible, depending on how one wishes to use this expression

for force measurements. The possibilities will be reviewed in the following sections.

2.1.4 The pressure problem

Let us examine closely each term in Equation 2.22. The equation can be decomposed into three

major terms, depending on the domain of integration (see Figure 2.2):
1. A volume integral over the fluid enclosed in an arbitrary control volume V(¢):

d

2 uav. (2.25)
dt Jy @

A knowledge of the velocity field u(x,t) is sufficient to determine this term. Because of the
time derivative, a single snapshot of the flow (i.e. , u(x)) does not provide enough information

for the evaluation of instantaneous forces. A time series of the velocity field is needed.

2. A surface integral over the bounding surface S(#) of the control volume:
% i-[—pl—(u—ug)u+T]dS. (2.26)
JS(t).

This integral requires a knowledge of both the pressure field p(x) and the velocity field u(x).

The viscous terms can be readily evaluated from the velocity field and its derivatives.

3. A surface integral over the body surface Sy(¢):

- 7{ fi-(u—ug)udS. (2.27)
JSp(t)

For a no-through flow condition at the body surface, this term vanishes. Otherwise, it can be
evaluated in a straightforward manner according to the flow conditions at the body surface

(please refer to Paragraph 2.1.2).

Thus, as it is, Equation 2.22 may yield the instantaneous fluid-dynamic force acting on the body
from a knowledge of both the velocity field u(x, t) over the arbitrary volume V(t), and the pressure
field along the arbitrary, exterior bounding surface S(t).

Also, the equation involves only a single quadrature of the pressure and velocity field (and its
derivatives). This means that a knowledge of the pressure field p(x) and the velocity field u(x, )
(and its derivatives) yields the fluid-dynamic forces with one single integration.

From what has just been said, the usefulness of Equation 2.22 relies on a knowledge of the

pressure field p(x,t) over the arbitrary surface S(t). Present day experimental techniques such
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Figure 2.2: Domain of integration for the evaluation of fluid-dynamic forces on a bluff body.

as Digital Particle Image Velocimetry® (DPIV) certainly produce time sequences of velocity fields
u(z,t). However, no technique is yet available for the direct experimental evaluation of the pressure
field. This last point strongly undermines the utility of Equation 2.22 for the measurernent of forces.

Nonetheless, several methods exist to circumvent the pressure problem. In Paragraph 2.2, we
will start with some approximate methods.

In Paragraph 2.3, we will then present an exact method which will vield the force as a double
quadrature of the velocity field (and its derivatives) only. This latter method will thus eliminate the
need for the pressure field, albeit at the expense of an additional quadrature.

In Paragraph 2.4, we will derive the “impulse equation” and will show that the fluid-dynamic force
can actually be expressed in terms of a single quadrature of the velocity field (and its derivatives),
as long as the domain is infinite.

In Paragraph 2.4, an “impulse equation” will be presented for a domain which is finite, but simply
connected, in which the body is considered as part of the fluid. In Chapter 3, we will show that the
expression thus obtained is actually perfectly valid even in a doubly connected domain, where the

body is taken separate from the fluid.

SWillert C. & Gharib M., Digital Particle Image Velocimetry, Ezperiments in Fluids 10 (1991) 181-193.
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2.2 Approximate methods for the evaluation of pressure

2.2.1 The Kutta-Zhukovsky Theorem

If the flow is steady (non-time dependent) and if the surface S(t) lies wholly in vorticity-free regions,

then the total pressure pp may be taken as constant” over the surface S(#):

1
prlsey =P+ —2—11,2 = const. (2.28)
S(t)

Equation 2.22, which can be rewitten as follows:
+}1{ - [~(p+ zud)l+ =’ — (u—ug) u — pl Aw]dS (2.29)
S(t)

then becomes:

F = f ﬁ-[lu?l—(u~us)u1ds
sy 2

- % fi-(u—ug)uds. (2.30)
7 Sp(t)

If the no-through flow condition applies at the body surface, and if the bounding surface S(t) is
taken as being fixed (time-independent) such that ug = 0, then the fluid-dynamic force on the body
is given by:

F :f n- (Lﬂl —uu)ds. (2.31)
s 2

We have finally arrived at an expression which can effectively be used for the measurement of forces.
However, it is very limited in scope since it requires the flow to be stationary (time-independent)
and the surface S to lie wholly in vorticity-free flow.

Note that this expression can be turned into a well known relation by expressing it as a volume

integral through a vector identity:

S ,
}éﬁ-(-u%—uu)dsz uAwdV, (2.32)
g 2 JV4+V,

where the body has now be included as part of the fluid. Saffman® calls the term u A w the vortex

force, and attributes the concept to Prandtl (1918). In a two-dimensional space, a potential vortex

"For inviscid flows, the surface S(t) may lie in vortical regions as long as the surface S (t) is a streamsurface, in
which case the total pressure is also constant over the surface.
8Saffman P.E., Vorter dynamics, p. 46, Cambridge University Press, 1993.
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can be placed within the body volume V; (a “phantom vortex” as it is called by Wu & Wu®) such

that:
w =Té6(x), (2.33)

where T is the circulation vector (normal to the two-dimensional plane). The fluid-dynamic force

on the body is then:

F = / uAwdV
JV4+VY,

= / uATS(x)dV
SV 4V
up A F, (234)

Il

which is commonly known as the Kutta-Zhukovsky Theorem (1902).
The volume integral of uAw (or its equivalent surface integral given in Equation 2.31) will recur
quite often in the next chapters, and we will usually refer to it as cither the vortez force or the

Kutta- Zhukovsky force.

2.2.2 Wake surveys for time-averaged flows

In some drag measurement procedures, it is desired to measure the average drag of a body by
measuring quantities on the surface of the control volume only. The starting point is Equation 2.22

which we reproduce here for clarity:

g
F = —— udV
dt Jv (i)

+% fi-[—pl— (1~ ug)u+ T]dS (2.35)
s(t)

—9{ - (u-ug)uds.
JSu(t)

It is customary (and practical) in wake surveys to have the exterior surface of the control volume
fixed. The volume V'(t) can still be a function of time because the body can be deformable or be

moving around as a solid body!°.

YWu J. Z. & Wu J. M., Vorticity dynamics on boundaries, Advances in Applied Mechanics, §VIL.A, 32 (1996) 119.
190ne way to see this would be to expand the time derivative of the integral as follows:

iy .
Z wdv = / U v
dat Sy @

V()
+f ﬁ-usudS-i—% n-uguds,
Sp(t) 7 8(t)

where the surface integral over S vanishes if the surface is fixed. If the volume V(t) had not been a function of time,
the surface integral over Sp(t) would not have been there. A sufficient (although not necessary) condition for this
surface integral to vanish is for ug - i to be equal to zero.



17

We will now assume that the body motion coupled with the flow is stochastically periodic with

average period T. By this statement, we mean that:

n=N ti(n+1)T d
litn / (— pudV)dt = 0, (2.36)
N—oo o Jt4nT dt Jv )

or, in abbreviated notation:

4
(= [ pudV)=0. (2.37)
dt Jv

In other words, wake surveys allow drag measurements of time-averaged flows only. Note that the

time averaging was necessary to remove the integral over the volume V(t). Finally:

(F) = i(ﬁ-(—uu%—[)}ds

- (f' fi- (u—us)uds). (2.38)
Sp(t)

Moreover, if it is assumed that the no-through flow condition at the body surface is satisfied, then
we have, by construction:

i-(u-ug)|, =0, (2.39)

and the surface integral over the body vanishes!!.
Finally:
(F) = f fi- (—uu+ ) dS. (2.40)
S

Equation 2.40 cannot be used as yet without further assumptions regarding the value of the stress
tensor X on the surface S. If the surface lies some distance away from the body, the viscous stress

tensor T becomes negligible, and only the pressure term remains.

(F) = fgﬁ- {(—uu — pl)ds. (2.41)

Since wake surveys involve only flow velocity measurements on the surface .9, the pressure has
to be inferred. In general, it is assumed that the pressure in the far wake of the body is equal to the
pressure outside the wake of the body, where we know Bernoulli’s equation can be effectively used!?
(similar to a boundary layer assumption). This assumption is in general valid only far downstream
of the body. Other possibilities exist for inferring this pressure with more precision?3.

To conclude, traditional wake survey methods can be used only for time-averaged forces, and

11 This term would be present in the case of flows with surface injection, but it could be evaluated in a straightforward
manner.

128chlichting H., Boundary Layer Theory, McGraw Hill, 1987.

3 Dimotakis P., Laser Doppler velocimetry momentum defect measurements of cable drag at low io moderate
Reynolds numbers, NCBC Report R541, 1977.
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have to be applied several body diameters away from the body, where further assumptions about

pressure can be made.

2.3 Fluid-dynamic forces from a double quadrature of the
velocity field (and its derivatives)

As mentioned in the previous sections, the only troublesome term in Equation 2.22 is:
f B (—pl)dS = —% piidS. (2.42)
S() Jst)

In this Paragraph, we will show that it can be evaluated in a straightforward manner from the

velocity field (and its derivatives).

2.3.1 Formulation

This term can actually be expressed in terms of the velocity field (and its derivatives) through the

use of the Navier-Stokes equations in differential form:

ou
Vp:——é7—u-Vu+V~T. (2.43)
The right-hand side of this equation can be readily evaluated from a knowledge of the velocity field
u(x,t).
At a given time ¢, let us pick an arbitrary point xo within the control volume V (¢) (see Figure 2.3).

Then, the pressure p(x,t) at any location x on the surface S(t) is given by:

p(x,t) = p(xo,t)+/ di-Vp

Jxp
= p(xo,t)+/ i~(—%‘;—u-Vu+V-T)dl, (2.44)
Jxg v

where the line integration is performed along any arbitrary path (defined by the unit tangential
vector i) joining xo to x. Since the velocity field is generally known inside the control volume, the
path should be chosen to lie wholly within the control volume V(t) or on the surface S(t).

Thus, the pressure p(x,t) on the surface S(¢) can be evaluated to within an arbitrary constant

p(x0,t). This constant is actually irrelevant, because what we are after is not the pressure itself,

but the surface integral of the pressure over the bounding surface S(t):

0

—}{ p(x, 6 dS = —jlé p(xo,H)AdS — [/ 1 (_6_u —~u-Vu+ V- -T)dl|adS, (2.45)
5() 5(t) sy L/x ot
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fi

Figure 2.3: Arbitrary path xo — x along which the line integration is performed to evaluate the
pressure difference between points x and xg.

and using the fact that:

7§ p(xo0, ) dS = p(xo, 1) 7§ fdS =0, ' (2.46)
J st Js)
we finally obtain:
. ) . x_ ou A
- p(x, 1) dS = l-(==+u-Vu- V- -T)dl| HdS. (2.47)
Js) sy lUxe Ot

The left-hand side of this equation is independent of x¢, and so should the right-hand side. At the
moment, we cannot remove the explicit xo dependence from the right-hand side. We will see in
Chapter 4 how it can be done.

As it is, this equation is nonetheless perfectly usable to evaluate fluid forces from a knowledge of

the velocity field u(x,t) only. The final expression is:

F = _ 4 udV
dt V(t)

+]{ a-TpdS (2.48)
S(t)

—f it - (u-ug)uds.
Sb(t)

where the tensor'4 'f'p is given by:

'f‘sz i-(g—?—i—u'Vu—V-T)dl}I—(u—us)u+T. (2.49)
Xo

The tensor "f“p has been written with the index p because it enters an equation based on the flow momentum.
We will see in later chapters the relevance of this notation.
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In Chapter 4, we will show that the integrand :f‘p can be expressed explicitly, without quadratures.

2.3.2 Forces from the velocity field (and its derivatives) at the body sur-

face

The analysis in the previous paragraph can help us evaluate forces from information on the body
surface only. All we have to do is shrink the control volume such that the volume reduces to zero and
the surface S(t) coincides with the surface Sy(#). The original force equation given by Equation 2.22

then becomes:

F= 7{ a-(-pl+T)dS (2.50)
J Sp(t)

Note that the unit vector fi now points outward from the body surface, and that the term expressing
through flow, it - (u — us)u, has disappeared'®. This equation states that the force on the body is
just the surface integral of the pressure and the shear stress over the body surface. This should not
be surprising since it was our definition for the force to start with. The integral of the pressure can

be evaluated from the analysis given in the previous paragraph, thus yielding:

F:?{ i-T,ds, (2.51)
Sp(t)

where:

-?b:[/ i~(%‘%+u-Vu—V-T)dl}l+T. (2.52)
J Xg v

The line integration is again perfomed along an arbitrary path. For the particular case of a body in
steady motion with a no-slip boundary condition at the surface, the tensor ¥, assumes the simple
form:

'Y‘bz—[/:i‘(V-T)dl}hLT. (2.53)

where the line integration is now performed along the body surface and x¢ is any fixed point on the
body surface.

This equation says that the fluid-dynamic force on the body can be evaluated from a knowledge
of the viscous shear fi - T and the viscous force V - T (which is related to the pressure gradient)
along the body surface. In Chapter 4, T, will be given explicitly, without line integrations.

From a practical point of view, this equation is slightly prohibitive because it asks for the flow
velocity profile at the body surface. The resolution of the boundary layer is not as yet possible with
present whole-field techniques such as DPIV. Nonetheless, if the viscous shear and viscous force over
the body surface can somehow be determined by some alternative technique, this equation would

be of potential use (even more so the equivalent equation given in Chapter 4).

15This does not mean that there is no through flow.
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2.4 “Impulse equation” for an infinite domain

The “impulse equation”, which relates a fluid-dynamic force to the time derivative of the fluid-
dynamic impulse, has been known for a long time'S. The popularity of this equation stems from the
simple interpretation that can be made of the force due to a vortex. Since the equation requires the
vorticity over the whole domain, it has found its way in computational vortex methods where the
vorticity is always confined to a finite domain. As a result, we will often term the equation either
the “impulse equation” or the vortex method equation'”.

In this Paragraph, we will give the common, but incorrect, derivation of the equation. In Chap-

ter 3, we will present the correct version of the derivation.

2.4.1 A vector identity

Most of the transformations that will be used in the next sections rely on the following identity:

./‘l/x/\V/\adV:(./\f——l) /

adV—{—]{ xA (@ Aa)ds, (2.54)
Jv s

where a is an arbitrary vector and A is the dimension of the space (A = 3 in 3D and N = 2 in
2D for example). Most workers do not use this identity literally, and prefer a procedure involving

integration by parts'® which ultimately leads to Equation 2.54.

2.4.2 The kinematical fluid body

To carry on volume integrations involving wvelocity and vorticity fields, some authors'® extend the
velocity and vorticity fields into the body. This procedure is perfectly valid since it is kinematical
in nature. The picture that now emerges is the one shown in Figure 2.4, in which an imaginary
envelope separates the fluid body of volume V;(#) from the external fluid of volume V(#). On the
envelope (which is nothing but the actual body surface Sy(t)), any of the boundary conditions listed
in Paragraph 2.1.2 can be imposed. The exterior surface S(t) thus bounds the volumes V(¢) and
V4(t). In this picture, the fluid body only acts as an intermediate step, and the final answer should

not explicitly contain volume iutegrations over the body volume. Nevertheless, in simple situations

Lamb H., Hydrodynamics, §152, Dover, 1945; actually, Lamb mentions that J. J. Thomson had already derived
an equation for the impulse in 1883 in a memoir entitled On the motion of vortezx rings.

17Some authors in the world of fluid-structure interactions refer to it as the Lighthill equation. This is because
Lighthill, in a 1979 paper, mentioned that the “impulse equation” could be most useful for the evaluation of forces
on offshore structures. See Lighthill M. J., Waves and hydrodynamic loading, Proc. Int. Conf. Behav. Off-Shore
Struct., 2nd, 1 (1979) 1.

8Lamb H., Hydrodynamics, §152, Cambridge University Press, 1924; Batchelor G. K., An introduction to fluid
dynamics, §7.2, Cambridge University Press, 1967; Leonard A., Computing incompressible flows with vortex elements,
lecture notes from Numerical methods in fluid mechanics, Ae 232, Caltech, 1989, and Particle methods in fluid
mechanics, Ecole d’été d’analyse numérique, Le Breau sans Nappe, France, 1987.

19Leonard A., Computing incompressible flows with vortex elements, lecture notes from Numerical methods in fluid
mechanics, Ae 232, Caltech, 1989, and Particle methods in fluid mechanics, Ecole d'été d’analyse numérique, Le
Breau sans Nappe, France, 1987.; see also Saffman P.E., Vortez dynamics, Cambridge University Press, 1993.
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Figure 2.4: The fluid body.

(for the case of a rigid bluff-body for example), volume integrals over the body may be kept since
the fluid velocity and vorticity within the fluid body are then just the translational velocity and
(twice) the angular velocity of the rigid body.

Two remarks should be made at this point.

First, the kinematical body is a useful concept only in derivations which do not involve explicitly
dynamical quantities (such as pressure). We will see that pressure terms are, in general, arbitrarily
removed to avoid such complications.

Second, there exists an alternative derivation of the “impulse equation” for an infinite domain
which does not involve integrals over the body explicitly. We will show that, in general, kinematical

integrals can be evaluated without including the body volume in the integrations.

2.4.3 Boundary conditions at infinity

The topic of boundary conditions at infinity is not easy to tackle. In this section, only boundary
conditions proper to vortex methods will be considered.

In vortex methods, all the vorticity is produced at the surface of the body and is generally
confined in a finite region of space. As such, some deductions can be made regarding vorticity and
velocity at infinity.

When the vorticity decays exponentially at large distances, then the velocity, in a material frame
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Figure 2.5: Control volume analysis for the derivation of the “impulse equation” using a fluid body.

at rest at infinity, obeys the following relations?®:

r=3 3D
r—o00, |wj~e ", |ul~q r7} 2D with circulation (2.55)
=2 2D with no net circulation

Note, however, that no condition can be imposed on the pressure at infinity.

2.4.4 Incorrect starting equation

The surface S(t) bounding the control volume is now assumed to extend to infinity, as shown in
Figure 2.5.
Assuming that there is no net circulation (in 2D}, that the control volume surface is stationary

(us_ = 0), and that viscous effects are negligible at infinity, we then have:
75 fi- (—(u—ug)u+T)dS ~ 0. (2.56)
Soo

A priori, nothing can be said about the pressure integral. Often, it is tacitly (and wrongly!)

2OBatchelor G. K., An introduction to fluid dynamics, Cambridge University Press, 1967; Ting L., J. Fluid Mech.,
127 (1983) 497.
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assumed that this pressure integral is null?!:

f pdS ~ 0, (2.57)
J S

such that the (incorrect) starting equation turns out to be simply:

d I ,
F=-— udV—~f i-(u—ug)uds. (2.58)
At JVee 2) EX0)

However, we will see in Chapter 3 that the assumption of the pressure integral vanishing at infinity
is not necessary, notwithstanding the fact that it is incorrect as well! Equation 2.58 will nevertheless

yield the right answer because of an additional wrong assumption in the derivation.

2.4.5 Derivation, using the fluid body

The following derivation is similar to the one given by Leonard®?. The integral in Equation 2.58 is

first extended into the body as follows (see Figure 2.5):

d [ d [
F = -~ — udV + — / udV
Al Sy (1) 4+ Vi (1) dt Sty
— 7{ i (u-ug)uds. (2.59)
« Sb(t)

This integral can be evaluated by integration by parts, or we could just set u = a in the vector
identity given by Equation 2.54. The volume V is just the volume of “fuid” Vi (¢) + V;(¢) whereas

the surface S corresponds to the external bounding surface So. The result is:
/ x/\V/\udV:(N—l)/ udV+% xA{DiAu)dS. (2.60)
Ve + V(1) I Voo +Va(t) Soo

The derivation then requires the erroneous assumption that:
% xA(BAuw)dS ~ 0. (2.61)
Soc

With the x-dependence of the velocity at infinity, this integral does not vanish, but is conditionally
convergent to some non-zero value. We will see in Chapter 3 how the (time derivative of the) latter
term cancels the contribution from the pressure integral.

Nevertheless, forcing the latter integral to vanish and introducing the vorticity w = V A u, we

21Wu J. Z. & Wu J. M., Vorticity dynamics on boundaries, Advances in Applied Mechanics, 32 (1996) 119.
' 22Leonard A., Computing incompressible flows with vortex elemerits, lecture notes from Numerical methods in fluid
mechanics, Ae 232, Caltech, 1989.



Figure 2.6: Control volume analysis for the derivation of the “impulse equation” without using the
fluid body.

then obtain:

A L
/ udV = —— / xANwdV. (2.62)
Voo s vi(t) N =1 Jv 1w

The “impulse equation” for an infinite domain then takes the form:

1 d [
F - - ¢ ,
N“‘ldt./vocX/\de
+ 20 eyt d/' AwdV }{ - ( JudS.  (2.63)
— udV — — — XxAwdV — A-(u—ug ) .
dt Jy, N =1dt Jy, @ Su(t)

The integrals over the body can be readily evaluated for a solid body, and just represent the linear
and angular acceleration of the body.
In the following paragraph, we will rederive the same equation without including the body into

the integration.

2.4.6 Derivation, without fluid body

What follows is a derivation similar to one given by Wu & Wu?3. We first set u = a in the vector
identity given by Equation 2.54. From Figure 2.6, the volume V is just the volume of fluid Vi ()
whereas the surface S comprises the external surface Seo, the body surface Sp(t), and the umbilicus

surface S, (t) (over which the integral is made to vanish). The result is:

23Wu J. Z. & Wu J. M., Vorticity dynamics on boundaries, Advances in Applied Mechanics, 32 (1996) 119.
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/ xAVAudV:(N—l)/ uﬂh+% xAmAuMS+f xA@Au)dS. (2.64)
Voo (2) S Voo (1) /S0 Su(t)

Introducing the vorticity w = V A u and assuming (wrongly!) that:

]! X A (BAU)dS ~ 0, (2.65)
Seo
then:
1 1
ude-—-—-—/ x/\de~——j£ xA(fiAu)dS. 2.66)
/Vm(t) N=1 Jv N =1 Js, ( ) (

The “impulse equation” for an infinite domain then takes the form:

1 d
F = ——_ 2 AwdV
N=1df fy ™"
T df ABAWIS— ¢ fi-(u-—us)udS (2.67)
—— xA(fAu)dS — n-(u-—ug)uds, .
N —=1dt s, JSu(t)

where the unit vector i points into the body.

When the no-slip boundary conditions applies, the second term just describes the unsteady
motion of the body surface since the flow velocity is then equal to the surface velocity. The surface
could move as a rigid body or could just be a flexible surface as in the case of a fish or a bird. Note that
Equation 2.67 and Equation 2.63 are actually equivalent, sinv(:e from the identity in Equation 2.54,

we have:

1 d d [ d [
-————f x/\(ﬁ/\u)dS’:——/ udV — 1 4 XxAwdV, (2.68)
N — 1 dt Su(t) di JV (1) n—1dt SV (t)

where fi points into the body?4. Equation 2.67 has the correct form despite the fallacious derivation.
In Chapter 3, we will rederive it in a rigorous way, without any a priori assumptions about the
pressure terms which ultimately cancel.

In terms of the fluid-dynamic impulse i:

1 .
i=— ANwdV, 2.69
i N—l./vwm" w (2.69)
the equation takes the form:
_ di
dt
d
+— XA(BAU)dS — - (u—ug)uds, (2.70)
CEND 5u(1)

24This vector identity has been originally written for a unit vector pointing outward. In the few cases where the
unit vector points inward, as on the body surface, the signs have to be reversed. The reader will be notified each time
such case occurs.
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from which stems the name “impulse equation”.

2.4.7 The infinite domain problem

As it stands, Equation 2.67 could indeed be used for the measurement of bluff body forces. It does
not involve the pressure field, and can thus be used effectively in the laboratory with a technique
like Digital Particle Image Velocimetry. Also, note that the equation is very convenient because it
involves only a single quadrature, instead of two as seen Paragraph 2.3.

However, this equation suffers from a major handicap: it requires a knowledge of the vorticity
over the whole flowfield! For starting flows, the equation would be appropriate, since the vorticity
is then confined to a region close to the body. It would also be applicable for the case the body
performing small amplitude motions in an otherwise quiescent fluid (such that the vorticity remains
enclosed in a finite domain).

The “impulse equation” for an infinite domain has indeed been applied successfully in laboratory
experiments by Lin & Rockwell?®| who measured the loading on an oscillating cylinder in quiescent
water.

However, in most experimental situations, it is rare for the vorticity to be confined in a finite
domain. Examples are cylinders in crossflow, for which wakes extend to infinity. The “impulse
equation” would then not be applicable in these flow situations.

In the following paragraph (Paragraph 2.5), we will see that the problem can actually be cir-
cumvented by keeping the surface of the control volume from extending to infinity. The result will
involve a single quadrature of the velocity field (and its derivatives) in an arbitrary, finite domain.
However, the derivation will require the use of a simply connected domain and the fluid body con-
cept. In Chapter 3, we will re-derive the equation for a doubly connected domain (thus keeping the

body apart from the surrounding fluid).

2.5 “Impulse equation” for a finite, simply connected domain

In this section, it will be shown that the force on a body can actually be evaluated from information

given in a finite domain, when the body itself is considered as a dynamical fluid body.

2.5.1 The dynamical fluid body

Contrary to workers in vortex methods, Saffman?® prefers the view of using the fluid body as an
actual part of the fluid. The fluid body is not merely a kinematical, but also a dynamical, entity.

The domain is thus simply connected (see Figure 2.7). A body force density feoy is applied within

%5Lin J. C. & Rockwell D., Force identification by vorticity fields: techniques based on flow imaging, Journal of
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Figure 2.7: Control volume analysis for the derivation of the “impulse equation” in a finite, simply
connected domain.

the body volume such that the external force required to maintain the fluid body in a given motion

can be expressed as:

Fo = / fune AV (2.71)
S V(1)

The force F of the fluid onto the body has to be inferred from Fey. Writing the sum of the forces

as the rate of change of momentum p, we obtain:

d
F+ Fop = d—f. (2.72)

The “rate of change of body momentum” may require some thought since the body is fluid. For
bodies in steady motion, it vanishes, and we just have: F = —F... Saffiman®’ does offer an
expression for it:

d

F+Feox = -——/ udVv. (2.73)
dt Vo (t)

We will see that this result, besides being acceptable from a physical point of view, is also consistent

with the equations obtained in Chapter 3.

Fluids and Structures 10 (1996) 663-668.
26Saffman P.E., Vortex dynamics, Cambridge University Press, 1993.
27Saffman P.E., Vortex dynamics, §4.2, Cambridge University Press, 1993.
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2.5.2 Starting equations

The starting point for Saffman’s derivation is the Navier-Stokes equations (actually the inviscid form

of them, ie. , the Euler equations):

du 1

— +V(=t?) —uAw=—-Vp+ o, (2.74)
ot 2

which are made valid both inside and outside the body, with the condition that the force density
fext be null outside the body. For instance, if the fluid body is rigid, the force density has to be just
large enough to keep each fluid particle within the body from moving. As a matter of fact, it should
just be equal to:

Oub

fext = 7 -+ Vp, <275)

where u, is the rigid body translational velocity and p, the pressure field within the fluid body.

As for the vorticity equation, we have:

%—‘:—VA(u/\w):VAfext. (2.76)

In Chapter 3, we will see that the representation of the body by a volume of (kinematical or

dynamical) fluid is actually unnecessary (even though it is perfectly valid).

2.5.3 Derivation

What follows is a derivation along the lines of the one given in Saffman’s monograph?8. He starts
g g grap

by taking the time derivative of the impulse, as defined in Paragraph 2.4.6:

1 d / 1 / O
—— — xAwdV = ——r XA —dV
N =1 dt Jvyivia N=1lvwmme 0
1 %
-+ n-usxAwdS. (2.77)
N =1 Jsw

Use of the vorticity equation (Equation 2.76) yields:

1 d/ 1 /

_ xAwdV = —— XA[VAUAwW)+ VAL ]dV

N=1dt Jvwyive N =1 Jvwy+vin v t
1

f{ i-ug(xAw)dS. (2.78)
5(t)

N-1
Application of the identity given in Equation 2.54 gives: )

L .
-————/ xA[VA(uAw)dV = / uAwdV
N =1 Jviy+viey V(O+Vh (1)

28Saffman P.E., Vortez dynamics, Chapters 3, 4, & 7, Cambridge University Press, 1993.
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+

and:

) , ,
— / XAV ALy dV = / foyt dV
N =1 Jvwy+ve) V(1) +Ve(t)

1

+—f % A (A A fuxt) dS.
N=1Jsw t

= fs(f)x/\[n/\(u/\w)}dS,

(2.79)

(2.80)

If the force density vanishes outside the body, the surface integral in the latter equation vanishes as

well. Also, with:

/ fodV = | o dV = Fon,
V{t)+Va(t) SV (t)

we obtain:

JV )+ ()
Ly
x/\[ﬁ/\(u/\w)}deL————-}g A-ugxAwdS.
N=1 -ﬁ(t) N =1Jsw

Rearranging the equation, we finally reach the desired result:

1 d :
—/ wadV:Fext+/ uAwdV
Ldt Jv@y+v
1

+

1 d '
—F.w = ————/ wadV+/ uAwdV
N =1dt Jyuysvm Jviy v
1 .
+ ———-—% {xARBAUAW)]+hR-usxAw} dS.

This equation can be modified a bit further using a previously encountered identity:

" ' 1
/ uAwdV = i (zu?l —uu)ds.
V() + Vi (t) Js@y 2

The final result is:

L4 .
_Fext:_ﬁ_“’/ X/\de_{—fg i-T{dS,
—Ladt Jyisvin S()

where the tensor T is:

1
T = —u2I—uu—L(u—ug)(x/\w)—{—;w(x/\u).

2 N -1 N -1

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)
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The tensor T has been written with the subscript i, which stands for the impulse, since it appears

in an equation in which the impulse appears explicitly?®. As a matter of fact, we can write:

dir [
Fo = ~—=L 4+ ¢ @-TdS, (2.87)
dt Jsq)

where ig is the total impulse in the whole region V(1) + V3 (t):

. 1 /
I =
N =1 v+

xAwdV. (2.88)

This equation can be found in Saffman’s monograph®®. With a similar derivation, Moreau®! obtained
an equation which included the viscous terms.
Note that the “impulse equation” for an infinite domain can be recovered since at suitably large

distances (with no net circulation in 2D), the surface integral vanishes:
?i n-T;dS ~0, (2.89)

Using the result in Equation 2.73 which relates Fqy; to F, the actual fluid-dynamic force, we then
see that Equation 2.85 does indeed transform into Equation 2.63. Incidentally, this result justifies a
posteriors the relation between Foyy and F as given in Equation 2.73.

We will see in Chapter 3 that Equation 2.85 can be recovered with a derivation in a doubly
connected domain in which the body is not used as a domain of integration. We will thus remove

any ambiguity that may have arisen in the reader’s mind from the use of a fluid body concept.

29The asterisk just characterizes the inwviscid form of the expression. Moreau derived a viscous version of this
equation, see Moreau J. J., J. Math. Pures Appl., Equation 14.5, 32 (1953) 41.

308affiman P.E., Vortez dynamics, Chapter 3, 4 & 7, Cambridge University Press, 1993.

31Moreau J. J., J. Math. Pures Appl., Equation 14.5, 32 (1953) 41.
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Chapter 3 “Impulse equation” for a finite, doubly

connected domain

In Chapter 2, it was first shown that the fluid-dynamic force on a bluff-body could be evaluated
ezactly from a knowledge of the velocity field (and its derivatives) in an arbitrary, finite domain
surrounding the body. However, the formulation required a double quadrature, i.e. , two successive
integrations.

It was also shown that the force on a bluff-body could be obtained from a single quadrature of
the velocity field (and its derivatives) albeit at the expense that the domain of integration be infinite.
Also, the derivation was strongly dependent on the pressure conditions at infinity.

Finally, we presented an expression for the force on a bluff-body which only depended on the
velocity field (and its derivatives) in a finite domain, with the condition that the domain be simply
connected. As such, the use of a fluid body concept was essential.

In this chapter, we will breed these formulations and derive an expression for forces in doubly
connected domains, i.e. , without integrations within the body, which only requires a single quadrature
of the velocity field (and its derivatives) in a finite, arbitrary domain surrounding the body.

In Paragraph 3.1, we will present some useful vector identities, including the Impulse-Momentum
Identity, which was already briefly introduced in Chapter 2, and the Pressure Identity.

In Paragraph 3.2, we will re-derive the “impulse equation”, as obtained in Chapter 2, using a
doubly connected domain.

In Paragraph 3.3, we will show a numerical validation of the resulting “impulse” equation.

In Paragraph 3.4, we will present a brief discussion about the added mass concept.

Finally, in Paragraph 3.5, we will give a detailed description of each term in the “impulse”
equatbion.

In Chapter 4, we will present a relation similar to the “impulse equation”, but with the impulse
replaced by the flow momentum. Chapter 5 will remove the impulse and momentum altogether, and

express the force in terms of surface integrals only.
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3.1 Some useful vector identities
3.1.1 The Impulse-Momentum Identity

Most of the transformations that will be used in this chapter rely on the following identity, which

we have already introduced in Chapter 2:

./‘./x/\V/\ad,Vz(N—l) /

adV+%x/\(ﬁ/\a)dS , (3.1)
v s

where a is an arbitrary vector field in a volume V bounded by a surface S and A is the dimension
of the space under consideration (M = 3 in 3D and A/ = 2 in 2D for example).
Historical prelude

Invariably, anyone trying to relate the vorticity to the velocity field will (unknowingly) “derive” this

identity. As a matter of fact, setting a = u in Equation 3.1 yields:

l/‘;x/\V/\udV:(./\f—l) /

udV + 7{ xA(RAu)dS, (3.2)
Jv Js

or:

1 " " 1
AwdV = d
N~1,/Vx w '/Vu V+'/\[_1

where u is the velocity field and w = V A u the vorticity. The term on the left-hand side is the

j[ X A (B A u)ds, (3.3)
S

impulse as already introduced in Chapter 2, whereas the volume integral on the right-hand side
should remind us of the flow momentum. It is Equation 3.3 (or an equation similar to it) which
appears in the works of Thomson?, Lamb?, and Batchelor®, although it is generally obtained from
integration by parts without invoking Equation 3.1 like it was done here. Saffman? is among the few
authors who calls directly upon Equation 3.1 for his derivations.

In 1931, Burgatti® derived an identity, of which Equation 3.1 was a particular case. However,
even though Burgatti recovered many already known fluid-dynamic identities from his generalized
identity, he did not write down Equation 3.1 nor Equation 3.3 explicitly, probably because he was
not aware of the latter at the time.

Thus, the identity given in Equation 3.1 cannot really be attributed to any single author. Also,
as we shall see, its proof is quite trivial, and ought not be christened with any particular name. As

a result, we will just refer to it as the Impulse-Momentum Identity.

Thomson J. J., On the motion of vortex rings, Adams prize Essay, London, 1883.

2Lamb H., Hydrodynamics, §152, Cambridge University Press, 1924.

3Batchelor G. K., An introduction to fluid dynamics, §7.2, Cambridge University Press, 1967.

4Saffman P.E., Vortez dynamics, Cambridge University Press, 1993.

SBurgatti P., Bolletino della Unione Matematica Italiana, 10 (1931) 1-5; see also Truesdell C., Kinematics of
vorticity, Equation 7.4, Indiana University Press, 1954.
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Proof

Note that the form of the Impulse-Momentum Identity depends strongly on the dimension of the
space, N. It is instructive to sec how the space dimension arises in this identity. As in other
identities involving the position vector (see the Appendix), the space dimension N appears quite
often because of the identity:

V-x=WN, (3.4)

where x is the position vector. The proof of this result is straightforward and is left to the reader.

With the help of indicial notation, it is possible to derive a myriad of new identities involving
the position vector x and any arbitrary vector a. The reader is encouraged to refer to the Appendix
for a partial listing of them.

One such identity is:
xA(VAa)=N-1a+V(x-a)— V- (xa), (3.5)
which can be readily proven using indicial notation. Volume integration of this vector identity yields:

/ XA(V Aa)dV = (A = 1) / adv+/ (V(x-a)— V- (xa)] dV. (3.6)
1% JV JV

The second integral ou the right-hand side can be transformed into a surface integral through Green’s

theorem, thus yielding:

/‘./x/\(V/\a)dV=(/\/—1) /

adV + 7{ - [(x-a)l - (xa)] dS. (3.7)
JV J S

We have basically arrived at the desired result. The surface integrand may be put into a more

elegant form:

n-[(x-a)l—(xa)] = (x-a)i— (A x)a,

= xA(hAa), (3.8)
from which we obtain the desired Impulse-Momentum Identity:

/Vx/\(V/\a)dV:(Nwl)/

adV—}—fx/\(ﬁ/\a)dS. (3.9)
v S

As mentioned in the historical prelude, this result can also be obtained from the generalized



Burgatti identity®:

/ (VAa)Ab+ (VADb)Aa+a(V b)+b(V-a)dV =
14

f [~ (ab + ba) — (a - b)A] dS, (3.10)
S

where a and b are any two arbitrary vectors. Now let b = x, and rewrite the above equation,

keeping in mind that:

VAx=0, (3.11)
and
V.-x=N, (3.12)
which yields:
/ (VAa)Ax+Na+x(V-a)dV = % [ii- (ax + xa) — (a-x)A]dS. (3.13)
v Js
Also, using the vector identities:
XA (R Aa)=(a -x)h—1h-(xa), (3.14)
and
V. (ax) =x(V -a) +a, (3.15)

one obtains:

/‘ xA(VAa)dV =
Jv

NVN-1) / adV + 7{ xA (A Aa)dS (3.16)

v Js
+/‘;V.(ax)dV—j£ﬁ~(ax)dS.

By Green’s theorem, the last two integrals cancel, and one finally recovers the Impulse-Momentum
Identity as given in Equation 3.1.

In Chapter 5, we will derive additional identities which will allow us to transform every volume
integral into a surface integral (under incompressible conditions).

As a final note, the space dimension N will be kept in the formulae throughout the derivations.
However, most of the equations involve the vorticity vector which can be defined rigorously only in

three dimensions, that is A’ = 3. Nevertheless, a vorticity vector for planar flows can be defined by

8Burgatti P., Bolletino della Unione Matematica Italiana, 10 (1931) 1-5.
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Figure 3.1: Doubly connected domain showing the surface of integration for the Pressure Identity.

extending the vortex lines to infinity in a direction normal to the plane of the flow. In this case, the

flow is effectively two-dimensional, and we can set A/ = 2.

3.1.2 The Pressure Identity

An essential identity which will allow us to bypass completely the fluid body concept is:

(3.17)

WV —1) £¢ﬁd5=~7{x/\(ﬁ/\v¢)d5

JS

where ¢ is a single-valued scalar on the surface S. Note that the domain enclosed by the surface

can be multiply connected and need not to be simply connected (see Figure 3.1).

Prelude

The reader may point out that the identity in Equation 3.17 is just a particular case of the Impulse-

Momentum identity in Equation 3.1 in which we set:
a=Vg. (3.18)

This is true if the domain is simply connected, in which case the volume integrals over the volume

V enclosed by S are well defined. As a matter of fact, we would have:

/h XAV A(V@)dV =0, (3.19)
\4
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and, from Green’s theorem:

| /V VédV = /S PR dS, (3.20)

and inserting these results into Equation 3.1 would, in fact, yield Equation 3.17. The above proof
is actually the one given by Saffman’.

However, for a multiply-connected domain, this derivation fails since the integrations are ill-
defined in parts of the volume V.

We will now see that the identity given by Equation 3.17 is actually correct for a multiply-
connected domain.

This identity will often arise when transforming integrals involving the pressure field p, in which
case we will set ¢ = p. We will thus refer to it as the Pressure Identity. Some authors know it only
as a particular case of the Impulse-Momentum Identity, but this is true only for simply connected

domains.

Proof

The proof of the Pressure Identity starts from the following vector identity:
VAEAI)=—=IN—-1)p —I(x-V¢)+xVe, (3.21)

where 1 is the unit tensor, ¢ a scalar, and x the position vector. Again, the reader is encouraged to
prove this identity with simple indicial notation.
Multiplying this vector identity with the unit vector @i from the left, and performing a surface

integration over S yields:
%Sn VA (XA Gl dS = —(N — 1) yiqbﬁdS - fs - (x- Vo)~ (5-x)Vg] dS.  (3.22)
The last integral on the right-hand side can be modified further from the identity:
n-(x-V¢)—(A-x)Vp=xA(AAV). (3.23)

From Stokes’ Theorem, the surface integral on the left-hand side vanishes exactly if the scalar ¢ is
single-valued on the surface S:

%ﬁ-V/\(X/\QSl)dSEO. (3.24)
5

We thus arrive at the desired result:

NV =1) }éqﬁﬁdS = —}{ x A (A A V) dS. (3.25)

S

"Saffman P. G., Vortez dynamics, §4.2, Cambridge University Press, 1993.
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The reader must appreciate that this derivation never required integrations anywhere else other than
on the surface itself,
Also, note that this identitv requires the scalar ¢ to be single valued. In the derivations, the
scalar @ will just represent the pressure field, which will be assuned single-valued from a physical

point of view.

3.2 The “impulse equation”

In this paragraph, we will re-derive the “impulse equation” without using the fluid body concept.

The starting cquation will be Equation 2.22 as given in Chapter 2, which we reproduce here:

d f
F = -— udV
al . V(t)
+ }{ i-[-pl-—-(u—ugju-+T]dS (3.26)
Js(t)

— 74 N-(u-ug)uds,
4 He(t)

where the last termn just expresses a through flow condition as the body surface, as in the case of a

jet engine.

3.2.1 Infinite domain

As in Chapter 2, we will assume that there is no net circulation, that ug__ = 0, and that the viscous

terms are negligible at infinity (see Figure 3.2), sothat:
7{ f-{~u—ug)u-+TidS ~ 0. (3.27)
I Sa

However, we will not make any assuraptions regarding the pressure intepral:

)‘4 piLds, (3.28)

S

which we are leaving as arbitrary®. We will actually see that it cancels another termn often erroneously

neglected. The starting equation will then be:

F = ——/ udV ~~~% pndS
at Jv. J 8
- f i (u-~ug)uds. (3.20)
JSe(t)

8We will see in Chapter 4 that this term is indeed not equal to zero.



Figure 3.2: Control volume analysis for the derivation of the “impulse equation” in an infinite,
doubly connected domain.

Using the Impulse-Momentum Identity with a = u on the first integral, and an umbilicus over which

the integral vanishes, we obtain:

=%

1 -
F = —-— — XAwdV

N_ldt.vx(f)
1 d f N o
+N_—1E%gwm(mu)ds_£mpnds (3.30)
1 d . L d
+N_1;1;'Sb(t)x/\(n/\u)d5’— Sb(t)n'(u—ug)u,S,

where 1i on Sj(t) points into the surface. Let us look at the time derivative of the surface integral

over Se. The time derivative can be taken inside the integral:

. ,
d x/\(ﬁ/\u)dSz;f x/\(ﬁ/\g—‘;)ds. (3.31)
S

N—1dt[g N-1

The integrand can be evaluated through the use of the Navier-Stokes equations:

?9—;1 =-Vp—-V -(uu)+ V- T. (3.32)
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With the proper behavior of the velocity at infinity (as indicated above), the integral of the inertia

and viscous terms over S,, vanishes:
7( XARA(=V - (uu)+ V- -T)]dS ~ 0. (3.33)
Soo
The pressure term can be given a different form by using the Pressure Identity:

—ﬁ fsw XA (B A Vp)dS = 3 phdS. (3.34)

We now see that this integral cancels the one in Equation 3.30, and the resulting equation becomes:

1 d
F = —-——_ %
N =14t Jy o

1 d% "
+ xA(LAu)dS — fi-(u-—ug)uds. (3.35)
N =1dt Js,) A Su(1) - us)

x AwdV

This is the most general equation for the instantaneous force on a body with the following assump-

tions:
e The flow is incompressible,
» The volume V(1) extends to infinity and encloses all the vorticity,
e The surface integrals of the viscous and convective terms vanish at infinity.

Note that no assumption was made about the nature of the body and about the pressure at infinity.

3.2.2 Finite domain

We are now ready to derive a general equation for the force on a bluff bedy in cross flow, in terms
of the vorticity field in its vicinity (see Figure 3.3).

The derivation is identical to the one for the infinite domain, except that we do not neglect the
surface integrals of the viscous and convective terms. The starting equation is then Equation 3.26

which we reproduce:

d I
= - — udV
dt V(1)

+ ?{ i-[—pl—(u—ug)u+T]dS (3.36)
Js@)

—}{ fi-(u—ug)uds.
Sp(t)

Using the Impulse-Momentum Identity with a = u on the first integral, and an umbilicus over which
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Figure 3.3: Control volume analysis for the derivation of the “impulse equation” in a finite, doubly
connected domain.

the integral vanishes, we obtain:

1 4 f
F = - —— Awd
N—ldt,v(t)x wdV

QL

1 d % . ?g . o
+ = xA{fiAnu)dS + i-[—pl—(u—-ug)u+T]dS 3.37)
T oy <A BAWS sl (wmugu TS

1 d '
+ — — xA(fHAu)dS — i (u—ug)uds,
N =1 dt Js, VEXD)
where it is to be remembered that fi on S,(t) points into the body. Let us look at the time derivative

of the surface integral over S(t). The time derivative of the surface integral can be manipulated

through the use of a kinematic identity®:

d 0P
— n-dds = ﬁ-[~,——+u V-@}dS. (3.38)
dt [ Stt) ar T usl )
We can write the integrand of interest as follows:
xA(@Au)=1d-[(x-u)l—xu], (3.39)

so that the Aris identity in Equation 3.38 can be used with:

® = (x-u)l —xu, (3.40)

9Aris R., Vectors, tensors, and the basic equations of fluid mechanics, Dover, 1962; Aris only gives the relation
for a vector, but it is easy to generalize it to a tensor.
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which yields:

%fsmﬁ. [(x - w)l = xu] dS = (3.41)

fg(t)ﬁ. {%[(x.u)l —xul+usV-[(x-u)l —xu]} ds. (3.42)

The time derivative can be transformed back to:

Z%[(x-u)l-xu] =xA@A (Z—l:), (3.43)

where the u time derivative can be obtained from the Navier Stokes equations:

1
%1% =-V(p+ 511,2)+u/\w+V~T. (3.44)
The divergence term becomes:
V- [(x-u)l —xu] = V(x-u) -~ V- (xu). (3.45)

Each term can be evaluated separately:

Vix-u)=(x-Viu+u+xAw, (3.46)
and:
V. (xu) = Nu+ (x- V)u, (3.47)
therefore:
V. x-u)l-xu]=~N-Du+xAw. (3.48)

Finally, we obtain:

— xA(@Au)dS =
% XA {ﬁ/\[—-V(p—F%uQ)+u/\w+V-T)]} ds (3.49)
5(t)

+jg i-ug[—(N —1u+xAw]dS.
5(t)
Now, the integral involving the pressure tensor can be transformed using the Pressure Identity:

: ol VN T S,
fsmx/\{n/\[ V(P+2f)]}d5 N 1)‘%5(0(19—{— u?)adS (3.50)
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Finally:

47
—-—f xA@BAU)dS =
dt Js

% xANfA(uAw)dS (3.51)
S()
+f fi-us [~V — u+ xAw] dS

5(t)

+ N =1) f (p+lu2)ﬁd5+}{ XxABA(V-T)dS.
5(t) 2 Js(t)

The first integral on the right-hand side can be modified further:

}[xA[ﬁA(u/\w)}dsz [fi-w (XA ) —fi-u(x Aw)] dS. (3.52)
S(t) 7 S(t)

Similarly, the last integral on the right-hand side becomes:

7{ XARA(V-T)]dS = (x-V-T)h-(x-2)V-T]dS. (3.53)
J 5t Jst)

Then, Equation 3.51 becomes:

7
— xA(DLAu)dS =
7 B, <A AW

—?{ A-(u—ug)(xAw)dS (3.54)
S(t)
—(/\/'—1)% ﬁ-usudS~|—f h-w(xAu)ds

5(t) 5(t)

+(N—1)j{

1 R . “
oy P3RS+ f [(x-V-T) - (x- &)V - T] dS.

S(t)
Inserting Equation 3.54 back into Equation 3.37, one finally obtains the desired equation:

1 d

F = ——— d
Nold V(t)x/\w Vv
+ 7{ i T;ds (3.55)
J st
+ = d% xA(fiAu)dS A (u-ug)udS
—_— nAu - (u—ug)uds,
N*ldt_sb(t) J8u(t)
where the tensor T; is:
T, = 1u2l—uu--—1—(u~11)(x"/\t.:))+ ! w(xAu)
T2 N-1 s N-1
1
+ X (V- T=x(V-T]+T. (3.56)
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The subscript i in T; stands for the i-mpulse as given by the volume integral'®.

This is the most general equation for the force on a body. The body is not required to be neither
rigid nor solid. It is valid for rotational and viscous flows. The control volume which encloses the
body is arbitrary, and can be chosen at will. The surface of the control volume can lie anywhere in

the flow as long as it englobes the body.

Alternative forms

This expression can take many alternative forms. In Chapter 2, we introduced the identity:

. ) :
% A (24?1 — uu)dS - u/\de—% ﬁ'(lugl—uu)dS, (3.57)
J5(t) 2 2

Jv) VEND)

where the volume term is recognized as being the Kutta-Zhukovsky force (with the difference that

the present volume integral does not include the body). Introducing this identity into Equation 3.55

gives:
1 d [ "
F = —— x/\de+/ uAwdV
N =1dt Jy Jv)
+% Aa-T{dS (3.58)
Js(
L1 4 A (B Au)dS | (1 *h -1 )dS
e — X u)ds — ~y‘A—-f-usu ,
N‘l d‘t«Sb(t) Sb(f) 2
where the tensor Tg is:
T, = «——}—(u ug) (x Aw) + = w(xAu)
Y VA s N1
1
+N“1[x-(V~T)I—x(V-T)]+T. (3.59)

Yet another form can be obtained by considering the volume V() to be material such that on S(t)

and Sp(t), us = u. Then:

N
N -1

| =

F = - / XxXAwdV
T v

+ f ATy, dS (3.60)
S (t)

1 d
+o—_—— x A (L Au)dS,
N—ldfsb(f) ( )

Qu

10We will derive in Chapter 4 an equation with a volume integral representing the momentum, for which we will
use the subscript p. We will also present an expression devoid of volume integrals, in which case the subscript will be
absent all together.



Figure 3.4: Vorticity field from computations with bounding box for force calculations. (Courtesy
Doug Shiels.)

where the tensor T;, is:

Ty, = éuQI——uu—{—Flj—l—w(x/\u)
1 -
+N_1[x-(V~T)I—x(V-T)] +T. (3.61)

We have thus arrived at some expressions (as given in Equation 3.55, Equation 3.58, or Equation 3.60)
which could be used experimentally for the determination of forces. In the next paragraph, we will
show some numerical validations of these equations. In Paragraph 3.5, we will dissect these equations,
in order to develop a feel for each term and raise possible issues associated with these formulations.

Chapter 4 and Chapter 5 will be dedicated to the solution of these issues.

3.3 Numerical validation

The computational work was performed by Doug Shiels, to whom I am strongly indebted. The
details of the computation are given in a recent paper'!, and we will only mention the gross features.
A high resolution vortex-method code!? was used on the flow past a cylinder performing a normal

oscillation normal to the flow direction with velocity sin(4mt/13). The cylinder traveled 12 diameters

' Noca F., Shiels D., & Jeon D., Measuring instantaneous fluid dynamic forces on bodies, using only velocity fields
and their derivatives, Journal of Fluids and Structures, in press, 1997.

2Koumoutsakos P. & Leonard A., High-resolution simulations of the flow around an impulsively started cylinder
using vortex methods, Journal of Fluid Mechanics 296 (1995) 1-38.
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Figure 3.5: Comparison of lift coefficients C, obtained by several methods: ---, “impulse equation”
in an infinite domain (particle-based data); , pressure and shear stress on the body; — — —,
“impulse equation” in a finite domain (particle-based data); + + 4, “impulse equation” in a finite
domain (gridded data). (Courtesy Doug Shiels.)

downstream from an impulsive start, resulting in the vorticity field in Figure 3.4.

The lift coefficient on the cylinder was computed with different methods:
¢ pressure and shear stress on the body surface, Equation 2.10;
¢ “impulse equation” for an infinite domain, Equation 3.35;

¢ “impulse equation” for an finite domain, Equation 3.55, where the domain of integration is

shown by the box surrounding the cylinder in Figure 3.4;

e “impulse equation” for an finite domain, Equation 3.55, with data placed on a grid of mesh

size ~ 0.004 diameters.

The results are shown in Figure 3.5. The agreement is obviously very satisfactory. The reader is
strongly encouraged to refer to Doug Shiels’ report'® for a thorough discussion of the numerical

results.

13Shiels D., Ae 200 Report, California institute of Technology, Spring 1996.
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3.4 Added mass

Much confusion exists in the fluid mechanics community regarding the added mass concept. Saffman!*
gives a clear account of it. We will try to expand on Saffman discussion in order to provide a clearer
view of the concept.

If:
o the flow is inviscid,
o the flow is vorticity-free,
e there exists no net circulation around the body (in two dimensions),
o the no-through flow condition applies at the body surface,
then the fluid-dynamic force given by Equation 3.55 takes the form:

1 d [
Fz——-—]{ X A (B A u) dS, (3.62)
N =1dt s, ( )

which Saffman’® proves to be the force due to added mass. In particular, he shows that the term:

1 % .
ip = —— xA{(fLAu)dS, (3.63)
’ N=-1, Sp(t) ( )

is the virtual momentum of the body.
We would like to investigate the case where any of the conditions stated above fails to apply.
We will look at the case of a body which is started from rest with an impulsive acceleration in a

(initially vorticity-free) quiescent, viscous fluid. We assume that:
o the flow is viscous,
o the no-slip boundary condition applies at the body surface,
o the no-through flow condition applies at the body surface.

For early times (when the vorticity is limited to a vortex-sheet on the body surface), the fluid-

dynamic force on the body is given by:

1 df 1 d
Fi=0")= - —— — d e e AR A ds, 3.64
(t=07) Vol V(t)x/\w V+N—1dt£b(t)x (A A uyp) (3.64)

where u, is the body velocity.

M3affman, P. G., Vortex dynamics, §4, Cambridge University Press, 1993.
158affman, P. G., Vorter dynamics, §4, Cambridge University Press, 1993.
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For early times, the vortex sheet on the body surface is given by:
w=[MNA(u-—u)6x—xp), (3.65)

where u is the potential flow velocity outside the vortex sheet and u, is the body velocity. Then,

we can write:
/ xAwdV = / X A [ A (1= up)] 6(x — x5) AV
V() V(t)
- 7{ X A LA (1 — up)] dS, (3.66)
Sp(t)

where i points outward from the body. Inserting this result in Equation 3.64 and choosing the unit

vector i to point into the body, we obtain:

1 d [ 1 d [
Ft: + = —_——— N — A — n dS
(t=107) N1l Sb(t)x/\[n/\(u ub)}dS+N—'1dt.%gb(t)X/\(n/\Ub) ,
1 d%
= ——— x A (A Au)dS, 3.67)

which is exactly the same result as obtained previously with u representing not the body surface

velocity but the potential flow velocity right outside the body vortex sheet.

3.5 Discussion

Obviously, all the expressions in Equation 3.55, Equation 3.58, or Equation 3.60, are independent of
pressure. As a result, they can be evaluated as long as velocity field data is known. Experimentally,
a technique such as Digital Particle Image Velocimetry (DPIV) does yield velocity data, and thus
forces can actually be measured from a knowledge of the flowfield only.

A closer look at Equation 3.55 reveals three main terms, a volume term,

1 d f
—_— dv 3.68
N -1 dt./V(t)X/\w ’ (368)
a control surface term,
74 i-Tds, (3.60)
Js)
and a body surface term,
! df‘ x A (A Au)dS A (u—ug)uds (3.70)
- = 1S — -(u—ug)uds. , .
N —1dt Js,u Su(t)

We will now examine practical problems involved in the evaluation of these terms.
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e The volume integral:
1 d

Vo1 a—/t/v(t)x/\de, (3.71)
requires the evaluation of vorticity within the whole control volume. The DPIV technique does
allow such a measurement with good accuracy, except in the boundary layer region next to
the body, which may be under resolved. Note, though, that only the time derivative of this
quantity is needed. If the flow happens to be steady in the boundary layers, this term can be
reasonably neglected. However, in the case of unsteady boundary layers as for the flow past
an oscillating cylinder {or even for the flow past a stationary cylinder with an unsteady wake),

this assumption is completely invalid.

Note that a straight application of this volume integral to a quasi-steady boundary layer does
generate extremely noisy signal levels, well above the sought force signal. To begin with, the
vorticity levels in the boundary layer are extremely high, and any small virtual fluctuation
generated by under resolution vields a very large time derivative. Thus, for practical purposes,
this volume term has to be intentionally omitted in boundary layer regions, even in the case

of quasi-steady boundary layers.

Also, note that since DPIV is a two-dimensional technique, only the vorticity component
normal to the measurement plane can effectively be evaluated. Thus, this technique is only

suitable for nominally two-dimensional flows!6.

e The surface term:

?{ fi-TidS, (3.72)
J8(t)

is quite benign, since it involves no time derivatives and only integration over a surface at some
distance from the body. We therefore expect the flow scales to be larger than in a boundary
layer (at least for nominally two-dimensional flows) and to be accurately resolved. We will

now look at each term under the surface integral separately.

1. The control surface term,

1
7{ (202 — (4 - u) ] dS, (3.73)
Js(t)
was shown to be equivalent to the Kutta-Zhukovsky or vortex force:
.1, .
uAwdV — - (zu*l—uu)ds, (3.74)
40 s) 2

where the second term can be evaluated readily when the no-slip condition applies and
the body surface motion is known (see the discussion below about the body surface

terms). DPIV can evaluate both the surface and volume integrals independently, and

16 An upcoming three-dimensional version of DPIV may render the formulation applicable to 3D flows.
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thus offers two equivalent ways of evaluating the same term. From various experiments
applied to different flowfields, it was noticed that the results are essentially identical,
even if boundary layers are under resolved. This particularity probably results from the
presence of the velocity vector u inside the volume integral. Since in a boundary layer
velocity is small, it may remove the contribution from the boundary layers all together.
Nonetheless, if boundary layers may be a source of worry, the surface integral may just
be used instead.

Experiments show that this term (whether taken as a surface or as a volume integral)
yields a very “clean” signal, and it seems to be a dominant term for the force on bodies in
steady motion. The numerical and experimental results in Chapter 5 will illustrate this

point.

2. The term,
1

~—m}€;(t)ﬁ- (u—ug) (xAw)ds, (3.75)
requires the evaluation of vorticity along the surface of the control volume. This term
is in general smooth in an inertial frame. However, in the case of body-fixed frames for
non-inertial motions, it was noticed!” that this term is quite substantial in magnitude and
appears to be closely anticorrelated with the volume integral term. That is, whenever one
term is very large, the other one will be of the same order of magnitude, and opposite.
When added up, they tend to cancel for the most part except for a small remainder. In
experimental situations, it is always very problematic to have two large terms cancel each
other, and yield an accurate (small) remainder. This result probably suggests that either

the two terms ought to be combined or that the forces be measured in an inertial frame

(not body-fixed). Actually, the two terms are indeed connected through the relation:

1

d ’
2 dv = 3.76

% 1dt-/Vm(t)XAw % (3.76)
1

[ [ 1
—— x/\de—{-—% i-(u—ug){(xAw)dS,
N — 1 dt -/V(t) N e 1 S(t)
where V,,,(t) is the material control volume coinciding at time ¢ with the arbitrary control

volume V(t). However, in practice, material volumes are not easy to deal with experi-

mentally, and one often prefers to work with fixed volumes.

3. The term,

1 j{ . )
e n-w(xAu)ds, (3.77)
N -1 S(t) ( ) .

is a three-dimensional term. Since DPIV is intrinsically a 2D technique, this term can-

17D, Jeon, personal communication.
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not effectively be evaluated, and the technique for measuring forces is thus limited to
nominally two-dimensional flows. DPIV makes measurements over a plane, and only the
components of vorticity normal to this plane can be evaluated. Thus, by construction,
the measured vorticity field is perpendicular to the unit normal of the control volume

surface.

4. The term,

f;mﬁ.{Nl_l[x.(V‘T)l—x(v.T)]+T} s, (3.78)

involves only a knowledge of the viscous tensor over the surface of the control volume.
For flows at moderate to high Reynolds numbers and for control surfaces sufficiently
distant from the body (by one body diameter or more), this term is essentially negligible.

Nonetheless, it can be evaluated by DPIV, at least for nominally two-dimensional flows.

o The body surface term:

1 d}{ ‘
—_—— xA(BAuw)dS — fi-(u—ug)uds, (3.79)
N =1dt [, (BAw) Su(t)

may be evaluated in a straightforward manner from a knowledge of the body motion and the

body surface velocity.

1. The term,
1 d

m E Sb(t)X/\ (hAu)dS, (3.80)

can be casily evaluated from the unsteady flow velocity at the body surface Sy(¢).

For a no-slip condition at the wall, this term just requires the velocity component of the
wall. For instance, in the case of a fish, one would need to know the motion of the body
surface of the fish. If a body is suited with a sliding belt, as in the case of airfoils which

try to delay separation, then the velocity of the belt would have to be known.
2. The term,
—j{ - (u—ug)uds, (3.81)
Sb(t)

represents the net mass flux through the body surface. It is particularly important for self-
propelling bodies with a jet flow such as jet engines, or animals such as salps or squids'®.
Again, this term has to be known. In particular, for a no-through flow condition, this

integral vanishes.

3. The term,
u?h — fi - ugu) dS, (3.82)

NSRS

!

18Gharib M., lecture notes from Fluid mechanics in Nature, Ae 240, Caltech, 1997.
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which arises in Equation 3.58 in connection with the Kutta-Zhukovsky or vortex force,
can similarly be evaluated. The reader is referred to the preceding discussion regarding

the other body terms.

In summary, the only term that requires particular attention is the volume integral in Equa-
tion 3.71, i.e. , the time derivative of the impulse. In the following Chapter, we will see that this
volume integral (which involves the vorticity w) can be transformed into a volume integral involving
the velocity field u only, i.e. , the time derivative of the momentum. In Chapter 5, we will also show
that the volume terms can actually be removed altogether in incompressible flows, and be replaced

with surface integrals only.
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Chapter 4 “Momentum equation” for a finite, doubly

connected domain

In Chapter 3, we derived an “impulse equation” for a doubly connected domain which allowed the
evaluation of the force on a bluff body only from a knowledge of the velocity field (and its derivatives)
in an arbitrary, finite region surrounding the body. The expression required a single quadrature,

and was given by:

1 d [

F = ——r—— AwdV
N—ldt/vmx “
J5(t)
+ L _4d xA(fAu)dS n-(u—ug)uds
T o — (u—ug .
N =1dt [, Jso(t)

where the tensor Tj is:

T = 12!— ! (u—ug) XAw)+ L w(x A

i = U v s V-1 u)
+N1_ e (VT x(V T+ T. (4.2)

We pointed out that the volume integral, i.e. , the time derivative of the impulse, was problematic
in experimental work, since it required the evaluation of the vorticity in the body boundary layer.

In Paragraph 4.1 of this Chapter, we will replace the time derivative of the impulse by the
time derivative of the momentum with some algebraic manipulations. The resulting “momentum”
equation will thus involve volume integrations of the velocity field only, which presumably is easier
to resolve than the vorticity field, especially in the boundary layers.

In Paragraph 4.2, we will present a numerical validation of the “momentum” equation.

In Paragraph 4.3, we will compare the resulting equation with previous versions derived in
Chapter 2 which involve the flow momentum. In particular, we will see how the equations written
in terms of double quadrature can actually be transformed into single quadratures. We will then
discover how the pressure integral can be written as a surface integral of the velocity field and its
derivatives.

In Chapter 5, we will present an alternative expression which will be completely devoid of volume
integrals, and which will involve only surface integrals. This transformation will be made possible

by the incompressiblity condition.
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Figure 4.1: Control volume analysis for the “momentum equation”.
4.1 The “momentum equation”

4.1.1 Derivation

The starting point is the use of the Impulse-Momentum Identity on the volume integral in Equa-

tion 4.1 (see Figure 4.1):

1

e e — dV =
Vo1 V(t)x/\w Vv
d [ 1 d /
—— udV — e xA{fAu)dS 4.3)

1 d /
_—— x A (A Au)dS.

The force in Equation 4.1 then takes the form:

PR
= — udv
it Jv
L d/ xA(*Au)ds+7f AT dS (4.4)
e Co—— i o—— n - .
N —1dt [gu Ve, P

-f it (u—ug)uds,
Sb(t)

where the tensor T’p is just equal to T; given in Equation 4.2. The tensor T; has been written with
the subscript p, which stands for the momentum, since the equation involves the flow momentum.

In Equation 4.4, the volume integral is now taken over the velocity field u which presumably
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is smoother than the vorticity field w (or more exactly the moment of vorticity field x A w). This
is true in particular within the boundary layers next to the body. The penalty to be paid is the
evaluation of an additional integral over the surface of the bounding box and a time derivative of it.

The time derivative of the surface integral can be transformed further following the procedure

given in Chapter 3:

1 d/
——— xA@MAuw)dS =
1 i Ou ou
_— i - VM —-x—1 d 4.
1 /S(t,n [(X at) Xat] 5 (4:5)
——3—/ fi-us [—(N = Du+xAw] dS,
—1 /s
thus yielding:
d
= —— udV
+7§ A-T.dS (4.6)
Js(t)
—% i-(u—ugjuds,
7 Sp(t)
where the tensor T}, is equal to:
T, = 1uzl—i-(u —u)u ! u(xAw)+ = w(x Au)
P90 s N=-1 N-1
1 ou Ou
_ _ Y - x— .
N—1{(x ot Xat} (47)
1
+N_1{x~(V-T)I—x(V-T)]+T.

This last version (Equation 4.6) may or may not be preferable to Equation 4.4, depending on whether
the time derivative of a surface integral is smoother than the integral of a time derivative.
We are leaving to the reader the task of deriving alternate expressions in terms of material

volumes or in terms of the Kutta-Zhukovsky force, as in Chapter 3.

4.2 Numerical validation

The procedure used was identical to the one given in Paragraph 3.3. The only difference regards
the mesh size of the grid onto which the data was placed. Instead of a fine grid size of ~ 0.004
diameters, a coarser grid size of ~ 0.05 diameters was now used. A snapshot of the vorticity field at
t ~ 13 is shown in Figure 4.2,

The size of Figure 4.2 also represents the box size used for the domain of integration. The result
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Figure 4.2: Vorticity field from computations with data placed on a coarse grid.

for the lift coefficient is shown in Figure 4.3 and compared to the “exact” result as obtained from
the “impulse equation” with highly resolved data (see Paragraph 3.3). Again, the results are very
satisfactory. As a comparison, the “impulse equation” was tested on this coarse data, and Figure 4.3
certainly shows that the latter equation does not fare as well as the “momentum equation”. This
suggests that volume integration of velocity data is preferable to volume integration of vorticity data
(or more exactly, moment of vorticity data x A w). We will return to this point when discussing our

experimental results.

4.3 Comparison with other equations

In Chapter 2, we derived some expressions based on momentum. It would be interesting at this

point to see how they relate to Equation 4.6.

4.3.1 The original “momentum equation”

The original “momentum equation” is given in Equation 2.22 which we reproduce here:

d .
F = —— udvV
dt‘ V(1)

+]£ n-[—pl—(u—ug)u+T]dS (4.8)
5(t)

—f i (u—ug)uds.
Sy (t)
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Figure 4.3: Comparison of lift coeflicients Cy obtained by several methods: , “exact” data;
— — o — —, impulse equation; —e—, “momentum equation”.

Comparison with equation 4.6 shows that the pressure integral is equal to:

_ 74 padS=¢ Tds, (4.9)
JS(t) 5(t)
where:
T, = %uzl - ./\/'1—- 1u(x/\w) + A—;.—I:—Iw(x/\u)
_/\Tl——I {(x. %ltl)' - x%‘ﬂ (4.10)
+N.1_1{x-(V-T)I—x(V‘T)].
This relation can be rearranged into the following more elegant form:
% (p+ luz)ﬁds S f x A (DL Avp)dS, (4.11)
s 2 N =1 Jsw
where the vector v, is given by:
du T (4.12)
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Equation 4.11 should not surprise us. It is just the Pressure Identity itself, since from the Navier-
Stokes equations, we have:

1
v, =—V(p+ 5u?). (4.13)

Basically, Equation 4.6 could have been arrived at by applying the Pressure Identity to Equation 2.22.
Equation 4.9 reveals that as the surface S(t) is taken to infinity, the surface integral of the

pressure does not vanish because of the terms containing time-derivatives:

N—L_ : [(x- g—?)l - x%‘ﬂ , (4.14)

Actually, for 2D flows with net circulation, the integral diverges. Saffman' shows that in the 3D
case, the integral is conditionally convergent and can be expressed in terms of the time derivative of

the impulse for a spherical control surface So:

m% pﬁdS:—l,i xAwdV. (4.15)
S5 6 dt Jv+vin

4.3.2 The double-quadrature equation

It is interesting to compare Equation 4.6 to Equation 2.48 which we reproduce here:
+% i-T,ds (4.16)
Jst)

where the tensor 'f'p is given by:

'f‘p:[/ i'(da—;l—%u-Vu—V-T)dl]I—(uvuS)u+T. (4.17)
Xo ’

The result of the comparison is (after some algebra):
"X
/ i-(@ﬂ—u-Vu—V-T)dl} ds =

i
%9@) [xg ot
1, 1 f . (811 )
—~u“ndS — —— XAR| — —uAw-V -T]dS. (4.18)

We, therefore, see that the double-quadrature in Equation 2.48 can be turned into a simple quadra-

ture. In experimental work, we will thus completely omit the double-quadrature equation, and

1Saffman P.E., Vortez dynamics, §3.3, Cambridge University Press, 1993; Batchelor presents a similar discussion,
see Batchelor G. K., An introduction to fluid dynamics, §7.2, Cambridge University Press, 1967.
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Chapter 5 “Flux equation” for a finite, doubly connected

domain

It was mentioned in Chapter 3 that the volume integral is troublesome because it requires the
boundary layers on the body surface to be resolved - an experimentally prohibitive task most of the
time. Even though the volume integral can be taken over the velocity field instead of the vorticity
field, as shown in Chapter 4, the procedure may still raise problems.

In this chapter, it will be shown that the volume integral can be substituted with a surface integral
in the case of an incompressible flow.

In Paragraph 5.1, we will first derive a useful vector identity which will allow us to carry on the
algebra.

In Paragraph 5.2, the force will then be obtained in terms of surface integrals over the control
surface. The expression, valid for incompressible flows only, will be derived in a doubly connected
domain. It will be termed the “flux” equation.

In Paragraph 5.3, we will show a numerical validation of the “flux” equation.

In Paragraph 5.4, we will discuss the possibility of implementing a time-dependent wake survey

technique.

5.1 A useful vector identity

The algebraic procedure relies on the following vector identity:
a=V.(ax) - (V-a)x, (5.1)

where x is the position vector and a any vector. Inserting this identity into the local form of the

Impulse-Momentum Identity (see Equation 3.5 in Chapter 3):
xA(VAa)=N-1)a+V(x-a)— V- (xa), (5.2)

we obtain:
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Equation 5.1 and Equation 5.3 are not particularly well known. The reader is referred to the
Appendix for a listing of many such relations involving the position vector. Note in particular that

for a divergence free vector a (that is V -a = 0), these identities take the form:
a=V-(ax), (5.4)
xA(VAa)=(N—-1)V. (ax)+ V(x-a) - V- (xa). (5.5)
In a two-dimesional space (A = 2), the latter expression takes the form:
xA(VAa)=V(x-a)+VA(EXAa), (5.6)
where use was made of the general identity:
VA(xAa)=V-(ax — xa). (5.7)

The usefulness of the identities in Equation 5.1 and Equation 5.3 will now be demonstrated.
Equation 5.1 and Equation 5.3 can be put in volume integral form. Some of the volume terms can

be transformed into surface terms through the use of Green’s theorem. The result is:

/ adV:—'/‘; (v-a)xdv+){ﬁ-(ax)ds, (5.8)

|4 )

‘/‘./x/\(V/\a)d,V = “(N“l)/‘;(v-a)xdv

+ }{ i [(x-a)l —xa+ (N — 1)ax] dS. (5.9)
s

In particular, if the vector a happens to be divergence-free (V - a = 0), then all volume integrals on

the right-hand side of these expressions drop out, and we are left with:

/adeffy(ax)dS , V.a=0, (5.10)
v s

/ x/\(V/\a)dV:fﬁ{(x-a)l—xa—%—(N—l)ax] dS |, V-a=0. (5.11)
4 5

Equation5.10 does appear in Saffman’s monograph?!.

1Saffman P. G., Vortez dynamics, §3.2, Cambridge University press, 1993.



62

Figure 5.1: Control volume analysis for the “flux equation”.

5.2 The “flux equation”

In Equation 5.10 and Equation 5.11, we can now set a equal to the flow velocity u and impose the
flow to be incompressible (V - u =0):

/ udV:f n-(ux)dS, V-u=0,
1 5

/ x/\de:f
Jv

a-[(x-u)l—xu+ N - 1lux]dS, V-u=0.
s

(5.
We thus have the possibility of converting all volume integrals encountered thus far into surface
integrals.

Thus, Equation 3.55 or Equation 4.4 become (see Figure 5.1):

1
F d

TN =1dt [

= - [(x-ul —xu+ (N - 1ux] dS
+f a-T'ds
S(t)

(5.14)

where the tensor T’ is equal to T; in Equation 4.2. This equation can be transformed further by
inserting the time derivative inside the integral. The result is:

F

7{ n-TdS
Jst)

d
—% A-(u—ug)udS—— i - (ux)dSs, (5.15)
Sy (t) dt Js,(t)
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where:

1
T = %uzl—-uu—Nl_lu(wa)+mw(xAu)
1 Ou Ou du
S IV —x— 1= 5
Vo1 (x 8t) X +WN=1) 51 X (5.16)

-+

1
N,_l{x-(V-T)I—x(V-T)] +T.
Note that the latter expression is also valid for a material surface S(t) = S,,(t). Also, for a rigid

body, the second body term can be shown to be equal to:

d

dub
- f-(ux)dS = V,—, (5.17)

where V;, is the body volume and u, its velocity.

5.3 Numerical validation

Following the procedure of Paragraph 3.3 and Paragraph 4.2, Equation 5.15 was tested on coarse
gridded data as shown in Figure 4.2. The results are given in Figure 5.2, and again reveal a good
agreement with the “exact data”. As a comparison, the results from the momentum formulation are

plotted as well.

5.4 Application to wake surveys

In this paragraph, we will discuss whether Equation 5.15 is well suited for possible time-dependent
wake surveys. We will first concentrate on time-averaged wakes (similarly to the procedure followed

in Paragraph 2.2.2), and then try to extend the technique to instantaneous wakes.

5.4.1 Time-averaged wake surveys

In this picture, the flow is assumed stochastically periodic (as defined in Paragraph 2.2.2) such that
a time average of the equations over any number of periods removes effectively the time derivatives.
As a result, the “impulse equation”, the “momentum equation”, and the “Aux equation” become

identical and equal to:

—{ f-(u—ug)uds), (5.18)



64

Non-dimensional time

Figure 5.2: Comparison of lift coefficients Cr, obtained by several methods: , “exact” data;
— — o~ —, “momentum equation”; —e—, “flux equation”. (The open circle symbols may not be
apparent on the graph because they lie almost exactly underneath the solid circle symbols.)
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where:

(F) = S - faw) — e ( (xAw)) + T (@ (XA W)
b (7 T = x(V )]+ (T), (519)

and where the surface S is assumed to be independent of time. If the no-through flow condition

applies at the body surface, the integration over the body surface vanishes, and we are just left with:

(F) = fi A (T)dS. (5.20)

The velocity u can be set equal to the sum of a freestream velocity ue, and a “disturbance” velocity
u';

u(x,t) = ue + u'(x,1), (5.21)

such that:

(' (x,1)) = 0. (5.22)

After some simple algebra, the time-averaged force takes the form:

(F) = 72 A (") dS, (5.23)
with:
(F) = S0 ) = 1 o (A )+ e (! (e )
+N_—‘i TV T =x(V - TH] +(T'). (5.24)

We could have arrived at this equation in an alternate way, by using the expression for the surface
integral of the pressure field derived in Chapter 4.

In many flow cases, the disturbarnce velocity u’ is non-zero only in the wake portion of the flow.
Thus, measurements can be limited to the wake only.

For flows with net circulation, the disturbance velocity would be present over the whole surface
S. The Kutta-Zhukovsky term, which requires integration over the whole surface, would actually

contribute to yield a net lift force on the body.



66

5.4.2 Time-dependent wake surveys

Instead of taking the time average of the “flux” equation, we now have to preserve its original form.
Setting like before:
u(x,t) = e + u'(x,1), (5.25)

we arrive at the equation:

F = %ﬁ-TtdS
5

d
—]{ i-(u—ug)uds -~ —7{ - (ux)ds, (5.26)
Su(t) dt Js, )
where
1 12 / / ! ot
T = —2—u |4+ U -u'l —u'u, —u,u —u'u
o 1(u’—%—um) (x/\w’)+/\T1:Iw’ [x A (u' + ue)] (5.27)
1 od’ ou’ ou’
e xE -x - 5.98
N1 | t N g (5.28)
1 ? '3 !
) . — ) T
+N._1[x (V-TH—x(V-T)] +

One may conjecture that u’ is non-zero in the wake only, and evaluate time-dependent forces using
the latter equation and data from a wake survey only.

Anatol Roshko? suggested placing the CCD camera downstream of the cylinder, and concentrat-
ing on the structure of the far wake in order to gather the velocity field (and its derivatives) with
great accuracy in this region. The cylinder would then be completely omitted from the field of view.
If indeed all the information lies on the patch of surface cutting the wake (a Trefftz plane, as it is
usually called when the plane lies far downstream), then the forces could be evaluated by applying
the “flux” equation on this surface as well as on an imaginary surface lying at infinity on which
the velocity is presumably known and assumed to be steady. This technique would effectively be
identical to a classical wake survey technique, with the only difference that on the wake plane, not
only the velocity but also its derivatives (temporal and spatial) would have to be measured.

However, we believe that such a procedure may be too ambitious because the surface integral of
the terms:

1 ou’ ou’ o’

1 (x-S =X+ (N = 1) mx (5.29)

may not vanish on a distant surface (even if it does not intersect the wake). This feature was already
encountered in the previous chapters where it was argued that the surface integral of the pressure

at infinity could not be neglected because the surface integral of similar terms did not vanish at

2Personal communication.
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Chapter 6 Experimental procedure

The formulations developed in the preceding chapters for the evaluation of fluid-dynamic force acting
on a body will now be applied to laboratory situations.

Since the technique used in this work for measuring flow velocities (Digital Particle Image Ve-
locimetry) yields the projection of the velocity fields onto a plane only, our focus will be mostly on
nominally two-dimensional flows. In other words, the bodies used will be cylinders placed normal to
a cross-flow, and the measuring plane will be normal to the cylinder axis. As a result, we expect that
the velocity vectors will have components mostly on that plane (two-dimensional flow) such that
a measurement of the flow velocity on that plane will yield a complete description of the velocity
field. At low Reynolds numbers, the flow is indeed two-dimensional, and a plane measurement does
provide all the necessary information about the flowfield. However, we do know that this is not the
case for flows at intermediate or high Reynolds numbers since the flow becomes intrinsically three-
dimensional despite the cylinder geometry being two-dimensional. As a result, a plane measurement
will be in general incomplete since the out-of-plane velocity component will not be captured.

In Paragraph 6.1, we will describe the experimental setup in a tow tank for the low Reynolds
number, two-dimensional studies.

In Paragraph 6.2, the methodology for the evaluation of forces will be presented.

In Chapter 7, we will apply the force formulations to a circular cylinder flow at low Reynolds
number (Re ~ 100) which we can compare with numerical data.

In Chapter 8, we will apply the formulation to a circular cylinder in a jerking motion, ie. , a
sinusoidal motion along the direction of travel.

Finally, in Chapter 9, we will discuss the results and try to see how present day techniques are

viable for the intrinsic measurement of fluid-dynamic forces.

6.1 Low Reynolds number experimental setup

6.1.1 The tow tank facility

The experiments were conducted in the GALCIT Towing Tank. The facility was built by Charles
Williamson in 1986, and was extensively used by him and Derek Lisoski, a former graduate student
of Anatol Roshko. A complete account of the laboratory set-up can be found Lisoski’s Ph.D. thesis!,

and only a quick overview will be given here.

Lisoski, D. L. A., Nominally two-dimensional flow about a normal flat plate, Ph.D. Thesis, California Institute
of Technology, 1993.
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T t'T
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Figure 6.1: Carriage velocity profiles u/U vs. time t/T: (a) Start-up motion with constant acceler-
ation followed by a constant velocity motion; (b) Jerking motion, i.e. , a time-dependent sinusoidal
motion.

The tank is 450 cm long, 96 cm wide and 78 cm deep. The wetted depth is typically 75 cm.
On top of the tank, a carriage rides along two cylindrical Lintech rails which run parallel to the
length of the tank. Lisoski originally supported the carriage with Teflon blocks in order to minimize
vibrations. Since our work did not include the use of a force balance (which is most sensitive to
vibrations especially at low force levels), and since we wanted to avoid problems associated with the
stickiness of Teflon blocks especially at start-up?, we decided to opt for stainless steel wheels.

The carriage is driven by a pulley and cable drive from a DC servo motor and gear box mounted
at one end of the tank. The DC servo motor is attached to a PMI optical encoder with a resolution
of 1024 counts per revolution, which corresponds to about 1500 counts per cm of travel (with
the gearing used). The encoder is attached to a Galil DMC 400b position controller in a PC AT
computer. A computer program, written by Lisoski, allows a variety of carriage motions, of which

two were selected:

e Start-up motion with constant acceleration during a time T, followed by a constant velocity

motion with velocity U (Figure 6.1(a));

e Jerking motion, i.e. , a time-dependent sinusoidal motion, with period T and with the velocity

bound between 0 and U (Figure 6.1(b)).

6.1.2 Model

The model was a thin-wall, glass cylinder of 1 ¢m in diameter. When immersed, its aspect ratio

was about 75. The cylinder was held vertically and was adjusted to graze the bottom of the tank

2Lisoski was very meticulous at lifting the carriage by a couple of millimeters before each run, greasing the underpart
of the Teflon blocks, and lowering the carriage back onto the rails right before start-up.
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Carriage CCD camera
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Figure 6.2: Sketch of experimental setup.

(about 2 mm off the bottom). No endplate was used at the lower end, and from the work of Slaouti
& Gerrard®, it was concluded that a small gap between the cylinder end and the tank bottom was
a satisfactory boundary condition for preserving parallel shedding.

The boundary condition at the upper end of the cylinder was dictated by the supporting mecha-
nism for the cylinder. A 30 ecm x 30 cm, 1/2 inch thick, plexiglas plate was attached to the carriage
and placed flat on top of the water surface. The purpose of the plate was to hold the cylinder
vertically and at the same time allow optical access from the top over the whole circumference of
the cylinder, as shown in Figure 6.2 (thereby the need for a transparent plate).

The plate actually served an additional purpose. With the plexiglas plate not touching the
water, a lensing effect, due to a meniscus at the cylinder and water surface junction, prevented the
flowfield from being resolved very near the cylinder. Following an idea by Mory Gharib on one of his
student’s project, we removed the problem by lowering the plexiglas plate by a couple of millimeters
into the water. However, we realized that, as demonstrated by Slaouti & Gerrard?, the plate is not
an ideal boundary condition for promoting parallel shedding along the whole span of the cylinder.
As observed by these authors, a clean water surface is clearly a better alternative to a plate. The
authors suggest that if a plate is used at the free-surface, then a better boundary condition at the
lower end of the cylinder is just a free-end. Under such conditions, the flow does assume parallel

shedding over the central portion of the cylinder span, as shown in their Figure 3.

3Slacuti A. & Gerrard J. H., An experimental investigation of the end effects on the wake of a circular cylinder
towed through water at low Reynolds number, Journal of Fluid Mechanics, 112 (1981) 297-314.
4idem.
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In our experiments, we decided to keep the lower end of the cylinder close to the tank bottom.
As a result, the shedding was oblique, as shown in Figure 6.3 which compares very well with their
Figure 7. Even though the shedding was not parallel, it was very uniform along a large portion of
the span. The flow visualization was performed by introducing some dye (with a syringe) around the
cylinder just before the start of the motion. As a result, the background turbulence was probably
higher than in typical DPIV measurements where care was taken not to disturb the flow (see later
sections).

Our motivation for preferring flow uniformity over a parallel-shedding condition was based on the
results of Williamson & Roshko® and Hammache & Gharib®. These authors first showed that oblique
shedding affects the base pressure coefficient by only a few percent. Thus, forces don’t secem to be
greatly affected by slanted shedding. Also, both groups noted that near the cylinder ends (within 30
or 40 diameters from the ends) the flow is non-uniform because of the control mechanisms (end-plates
or end-cylinders), and the base pressure coefficient can be affected by as much as thirty percent (see
Figure 5 of Williamson & Roshko, and Figure 9 of Hammache & Gharib). Since our aspect ratio
was only 75, we argued that any control mechanism at the ends to promote parallel shedding would
have introduced substantial non-uniformities along the span of the cylinder.

For these reasons, uniform but oblique shedding was preferred to parallel shedding with manip-
ulated end conditions.

The readers may object to an oblique shedding condition since it destroys the two-dimensionality
of the flow which was sought in the first place. However, we noted the following phenomenon with
our DPIV particle images. Particles were observed to enter and leave the field of view of the camera
without ever leaving the laser sheet which was placed normal to the cylinder axis at midspan. It was
thus concluded that the flow was at least very close to being planar if not two-dimensional. This

feature was judged as sufficient for the implementation of a two-dimensional force formulation.

6.1.3 Velocity measurement technique

The technique used was Digital Particle Image Velocimetry as described in Willert & Gharib?. A
laser sheet was generated by sending a beam from a continuous 8-Watt argon-ion laser through
a cylindrical lens. The sheet was projected horizontally at about the cylinder midspan, from the
downstream side of the cylinder. In order to provide seamless illumination over the whole circum-
ference of the cylinder, including the upstream side, we followed an idea of Mory Gharib and used a
thin-wall, glass cylinder filled with water. A slight lensing effect was observed because of the finite

thickness of the cylinder walls. As a result, two thin regions of shade appeared on the upstream side,

5Williamson C. H. K. & Roshko A., Measurements of base pressure in the wake of a cylinder at low Reynolds
numbers, Z. Flugwiss. Weltraumforsch 14 (1990) 38-46.

SHammache M. & Gharib M., An experimental study of the parallel and oblique vortex shedding from circular
cylinders, 232 (1991) 567-590.

"Willert C. & Gharib M., Digital Particle Image Velocimetry, Ezperiments in Fluids 10 (1991) 181-193.
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Figure 6.3: Spanwise view of cylinder flow at Re ~ 100 obtained with dye visualization.
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Figure 6.4: Optical setup for DPIV.

as shown in Figure 6.4. These regions often led to spurious velocity vectors, which were anyway
automatically removed as outliers during the processing procedure.

Since the cylinder traveled several diameters away from the laser source, the light intensity
diminished because of the spreading of the sheet. To remove this problem, we introduced a second
cylindrical lens of large breadth (about 5 cm) in order to focus the diverging sheet into a ribbon
of parallel rays. The size of the resulting ribbon was basically equal to the breadth of the second
cylindrical lens. Since the cylinder diameter was only 1 ¢m, we were able to visualize the flow over
about two diameters on each side of the cylinder.

In another experiment where a bigger field of view was required, we settled for the diverging
sheet, and tried to optimize the sheet intensity between the beginning of the run and the end of the
run by regulating the divergence angle.

The flow was seeded with 14-micron, silver-coated particles. The particles were not neutrally
buoyant and had a tendency of settling to the bottom of the tank quite rapidly (within a couple
of hours). Since the tank needed to be stirred in order to eliminate large scale convection currents,
the particles were thus automatically re-distributed throughout the tank. For best results, it was
observed by Lisoski that a waiting time of about one hour was sufficient for the small scale turbulence
generated by the stirring process to dissipate, and still not too long for the particles to settle or
for the convection currents to set in. No effort was made to control convection currents, as in
Williamson® or Slaouti & Gerrard®.

An image of the particle-seeded sheet was captured with a 768-pixel x 480-pixel CCD camera
which was placed above the plexiglas plate and was towed along on the carriage. The CCD camera

was thus always at rest with respect to the cylinder. Depending on the field of view needed, we

8Williamson C. H. K., Oblique and parallel modes of vortex shedding in the wake of a circular cylinder at low
Reynolds numbers, Journal of Fluid mechanics, 206 (1989) 579-627.

9Slaouti A. & Gerrard J. H., An experimental investigation of the end effects on the wake of a circular cylinder
towed through water at low Reynolds number, Journal of Fluid Mechanics, 112 (1981) 297-314.
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used lenses of different focal length. Since the effective diameter of the lens was larger than the
dimension of the cylinder, we were able to capture the whole field around the cylinder including the
near wall region of the cylinder. However, this near-wall region was dimmer than the outer region
because of the extent of the cylinder. Also, some of the particles near the wall had a slight crescent,
instead of spherical, shape. Yet, satisfactory velocity fields were obtained despite the poor quality
of the images near the wall of the cylinder. Nevertheless, it is highly improbable that we were able
to resolve the boundary layer structure near the body. We will return to this point when discussing
the results.

Since the flow was very slow (1 cm/s over a field of view of 5cm x 5em), no shutting of the laser
sheet was necessary. Thus, images were acquired at video rate (30 Hz). In order to avoid streaking,
the internal camera shutter was set at 1/125 s.

Time sequences of images from the CCD camera were fed into videodisks which can store up to
86,000 images. The images were subsequently retrieved for further processing.

Each image captures a field of particles, and from two such images separated by a time interval
6t, it is possible to reconstruct the velocity field by cross-correlating the two images and obtaining
the displacement field. Depending on the flow velocity and field of view, we correlated either every
image with the next one (image 1 and image 2, image 2 and image 3, etc, ...) or the second to next
(image 1 and image 3, image 2 and image 4, etc, ...). The analysis was performed with 32-pixel x
32-pixel windows (the quality of the images did not allow for a smaller window).

From the velocity data, we computed the vorticity field, after having removed beforehand any
velocity vector from inside the cylinder region (which are present because of particle reflections on
the cylinder wall).

An example of processed velocity and vorticity fields is shown in Figure 6.5.

6.1.4 On the impossibility of using a force balance

A preliminary idea was to use a force balance in order to produce independent force measurements
to compare with. However, it was soon realized that this project was not realizable, for the reasons
listed below.

The force balance that we wanted to use was designed by Derek Lisoski and is fully described in
his Ph.D. Thesis!®. It is a three-component force balance which can resolve two normal loads and
one side load, from which it is possible to infer lift, drag, and moment. The balance can support
a maximum load of about 180 g. Since the accuracy of the force balance is 0.1 g (in the best

conditions), the flow has to be such that the fluid dynamic force is of the order of at least 1 g.

®Lisoski, D. L. A., Nominally two-dimensional flow about a normal flat plate, Ph.D. Thesis, California Institute
of Technology, 1993.
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Figure 6.5: Example of velocity field (top) and vorticity field (bottom) for a circular cylinder flow
at Re ~ 100 in the tow tank.
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An estimate of the order of magnitude of the force on the cylinder is given by:
1 2
F= -2—0de dL, (6.1)

where U is a characteristic flow velocity, d a characteristic body dimension (cylinder diameter), L
the cylinder length (equal to the wetted depth of the tank, i.e. , about 75 cm), Cy the drag coefficient
of the body (close to unity for a circular cylinder in cross flow), and p the density of water (around
1000 kg/m?®). The quantities which can be chosen at will in this equation are U and d.

A constraint on U and d is given by the Reynolds number which we fixed at 100 to ensure that
the flow was two-dimensional:

Re = vd ~ 100, (6.2)
v

where v is the kinematic viscosity of water.

Another condition on U and d can be derived based on the flow time scales. Since our formulations
require a time derivative between pairs of velocity fields (not images) for which the minimum time
separation is 7 ~ 1/30 s, we do not want the flow variations to be too large during this timelength.

A characteristic timescale of the flow is given by the shedding frequency:

6.3
3 (63)

where St is the Strouhal number (close to 0.2 for a circular cylinder at Re ~ 100). If we would like
to capture about N velocity fields per shedding cycle, then the flow time scale, 1/f, would have to

be:

1
~ ~Nr, 6.4
7 (6.4)
i.e.
1 d .

If N has been set (at 200 images/cycle say), the only flexible quantities in this relation are U and d.

Combining Equation 6.2 and Equation 6.5, one can solve for the flow velocity U and the diameter

1

vRe \?
I ~J 6~6
( NTS8t ) ’ (6:6)

d~ (VReStNT)? . (6.7)

Application to our flowcase yields U ~ 1.0 cm/s and d ~ 1 em. If these values are inserted into

Equation 6.1, the force on the cylinder can be evaluated to be:

F~0.05g, (6.8)
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which is well below the resolution of our force balance. For such reasons, the idea of using a force

balance was abandoned.

6.2 Force evaluation

6.2.1 Compendium

We give here a compendium of all the formulae that can be used for evaluating forces. All the

equations are written for an arbitrary control volume (CV) in the following way:

F = integral over the volume of fluid enclosed by the CV
+ integral over the outer surface of the CV (6.9)

+ integral over the body surface (body motion).

The body surface integral generally describes the body surface motion when the no-slip condition
applies. The equations involve only single integrations of the velocity field and its (temporal and
spatial) derivatives.

The equations include the “impulse equation”, the “momentum equation” and the “flux equa-
tion”. Some use the Kutta-Zhukovsky term as either a surface integral or volume integral. Some are
expressed with either time derivatives of integrals or integrals of time derivatives. In parentheses, we

have labeled the equations with a code (“mom1” or “flux3”) which will be useful for future reference.

“Impulse equation” (“imp”)

® “imp177 ,

1 df '
F = ——— wadV+/ uAwdV
+f A-TidS (6.10)
5(t)
44 A (B Aw)dS (1 i —h-usu)dS
——— xA{hAu - —y ‘i — - ug 1S,
T, = - ! (u—ug)( /\w)-{—————l——w(x/\u)
PN s/ N1
1 ‘
. ST - -T T. 6.11
g (VT =x(V - T) + (6.11)

° “irﬂpQ” ,
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1 d%
+ = xA(@Au)dS — n-(u-—ugjuds,
N =1 dt Js, Su(1)
T = lu2l—uu— ! (u—ug)(xAw)+ 1 w(xAu)
S N-1 g N=-1

N_l{x-(V-T)I—x(V'T)H-T.

“Momentum equation” (“mom”)

° “moml”,
d 7 .
F = —— udV—i—/ uAwdV
dt Jy Jvy
+]{ N
S(t)
1 2 A ~
- (zu“h—f-ugu)ds,
Sy(t) 2
T, = uu»Lu(x/\w%& ! w(xAu)
S N-1
1 (x._a_lfﬂ_x@
N-1 ot ot
1
+N_1{x‘(V-T)l—x(V-T)]+T.
e “mom?2”,

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)
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u(xAw)+

1 1 1
Te = gwl+(us—wu- g N -1
1 8u| _8_2}
o1 |
1
T (Y DI=x(V T+ T.

° ‘4m0m377 ,

d " .
= - udV+/ ulAwdV
dt. V(f,) V(T)

1 d

—— X A ﬁ/\u)dS+?{ n-TidS
N ~1dt, S() ( Jst) !

Jsuwy 2

e “mom4”,

“Flux equation” (“flux”)

Py “ﬁuxlﬂ ,

ou Ou ou
V1 {(x EZ)I —Xgr + W - 1)5t—x}

x-(V-D—x(V-T]+T.

w(xAu)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)
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PY “ﬁuXQ”,
F = % n-TdS
5(t)
—f ﬁ~(u—u5)ud5’——d— - (ux)ds, (6.22)
Su(t) at Jsy )
1, 1 1
T = iul——uu—N_lu(x/\w)+A—/,:——w(x/\u)
1 ou Ju Ou
e - Dy 8 & ;.2:
Y= [(x 8t)l x6t+(N 1)atx} (6.23)
+N1_1[x (V-TH=x(V-T)+ T
o “flux3”,
F = / uAwdV
Jv ()
1 d . P .
——————%n-[(x-u)l—xu—’r(./\/—l)ux]dS—{—f n-TidS (6.24)
1 ,. d [
- (zuA—h-ugu)dS — — - (ux)ds,
So(t) 2 dt Js,
o “flux4”,
F ! d%ﬁ{(x M- xu+ (N - 1) ]d5+}{ ALTidS  (6.25)
= ——— Jx-u)l = xu —1Dux] d a-Tid :
- ﬁ-(u——us)uds—if i - (ux)ds,
Su(®) dt Js, )

6.2.2 Space dimension

Since DPIV is intrinsically a two-dimensional technique, it can yield only the projection of a velocity
field onto a plane. To be able to apply the above formulae with accuracy, the flow ought to be two-
dimensional. For this reason, most of the work in this monograph will concentrate on flows which
are two-dimensional (low Reynolds number) or at least nominally two-dimensional.

As a result, only the two-dimensional version of the equations given above is used. The space is

thus two-dimensional, i.e. :

N =2. (6.26)
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The effets of three-dimensionality in the flow will not be considered in this monograph.

6.2.3 Spatial differentiation and integration

Spatial differentiation of velocity fields was performed with first-order differencing schemes. The
vorticity fields were obtained directly from the DPIV post-processing software which also uses first-

order differencing schemes. For spatial integration, a simple trapezoidal scheme was used.

6.2.4 Time sequences

The formulations presented in the previous chapters require not only the spatial description of the
velocity fleld at a particular instant of time, but also the variation in time of this velocity field.
A single snapshot of the velocity field (and its spatial derivatives) is insufficient for evaluating the
fluid-dynamic forces on a bluff body.

This statement raises the following interesting remark: if we run two different experiments, and
at a particular instant of time, the velocity field in one experiment happens to be identical to a
velocity field in the other experiment, the fluid-dynamical forces on the body may not be the same
because the time variation of these velocity fields may be different!

Thus, it is necessary that a time sequence of the velocity fields be acquired. With DPIV, the
rate at which subsequent velocity fields may be captured is limited by video rate (30 Hz). For the
low Reynolds number experiments, it was possible to achieve this rate for the velocity fields (see

Paragraph 6.1.3).

6.2.5 Forward time differencing

The first step was a simple implementation of the code written by Doug Shiels for the validation of
the formulations. The code was written for numerical data which is highly accurate. Thus, a simple
forward time differencing was implemented. In such case, the code needs the velocity field (and its
spatial derivatives) at time ¢ and the velocity field (and its spatial derivatives) at time ¢ + 6t.

In the experiments, the smallest 6§t was 6t ~ 0.033 s. Just as a test, we processed the images

by varying the time interval 6t to integer values of §tnin, i.c. :
6t = (n+ 1) X 8tmin, (6.27)

where n is a positive integer, n > 0, corresponding to the number of images skipped in a time
sequence. For example, if n = 0, then no images are skipped, and the time derivative is applied to

two successive images.
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The time derivative of a quantity A is then taken as:

dA  A(t+8t) — A(t)

e 2
dt ot (6.28)

6.2.6 Central time differencing

In a second step, it was decided to improve on the time differencing algorithm by going from forward
time differencing to central time differencing. In this case, the code needs velocity fields at time
t — 6t, time ¢, and time t + 6t. The quantities which were not subject to time differencing were

evaluated at time ¢ whereas the time derivative of a quantity A was performed as follows:

dA At +61) - At — 6t)
dt 261

. (6.29)

6.2.7 Time differencing and spatial integration

As seen in Paragraph 6.2.1, the equations can be written either in terms of time derivatives of spatial
integrals or in terms of spatial integrals of time derivatives. We noticed that both versions yielded
identical results. This was to be expected since the time differencing procedure and the spatial
integration procedure are both linear, and can be freely interchanged. We will return to this point

in the next Chapter.

6.2.8 Filtering

The evaluation of forces following the above procedure generally produced very noisy signals. In the
next Chapter, we will investigate the origin of this noise and show how it can be effectively removed
through a filtering procedure, which we describe here.

The filter that was used is a IIR lowpass, 5th order Butterworth filter. The filter is monotonic
throughout the spectrum, with ripples in neither the passband nor the stopband (see Figure 6.6).
Because the filter is of IIR type (instead Of FIR), it introduces non-linear phase distortions. To
eliminate these phase delays, the filter is run twice, first for increasing time and then for decreasing
time. The result is a zero-phase distortion output. The drawback is a reduction in amplitude by
the square of the original amplitude reduction of the single filter. In our experiments, the amplitude
reduction was less than a few percent.

All the filtering functions were obtained from Matlab. No particular care was taken to ensure
the reliability of the filter. This is because our analysis focused more on the self-consistency of the

results than on their absolute magnitude.
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Figure 6.6: Magnitude squared for a Butterworth lowpass filter (5th order) with cutoff frequency at
1 rad/sec.



84

Chapter 7 Low Reynolds number experiments: steady

motions

In this Chapter, the force formulation will be applied to a circular cylinder in steady motion at
Re ~ 100. For the reader’s convenience, most of the figures have been placed at the end of the

Chapter.

7.1 Experimental results

7.1.1 Motion parameters

As explained in Chapter 6, the experiments were conducted in a tow tank. The motion imposed
on the cylinder is shown in Figure 7.1. It consists of a start-up motion with constant acceleration
during a time T = 1 s, followed by a coustant velocity motion with velocity U = 1 c¢m/s. Since
the cylinder had a diameter of d = 1 ¢m and since the experiment was run in water, the Reynolds

number based on the diameter of the cylinder was:

d
Re = UT ~ 100, (7.1)

where v is the kinematic viscosity of water, which, for the water conditions in the tank (temperature
0 ~ 18° C) was equal to v ~ 1.0 x 1078 m?/s.

The units were normalized as follows. The length unit was normalized with the cylinder diameter.

uw/U

Figure 7.1: Carriage velocity profiles u/U vs. time t/T for a cylinder 1 cm in diameter at Re ~ 100
in water: start-up motion with constant acceleration during a time T = 1 s, followed by a constant
velocity motion with velocity U = 1 cm/s.
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The time unit was taken as the number of diameters that the cylinder would have travelled if it had
moved with velocity U = 1 cm/s from ¢ = 0. Note that ¢ does not represent the actual distance
travelled by the cylinder since the cylinder is accelerated during the first second of motion. Frequency
is just the inverse of this time unit. The sampling of the images, which was at 30 Hz, was thus 30
in these non-dimensional units. Sirmilarly, the shedding frequency of the cylinder, which was around

0.16 Hz, was 0.16.

7.1.2 Flowfields

A 100-diameter time sequence of the flow was captured with DPIV (i.e., 0 < # < 100). Figure 7.2 and
Figure 7.3 show a short time sequence of the velocity and vorticity fields obtained for approximately
one shedding cycle (6 time units) between times t = 85 and t = 90.

The fields were obtained by cross-correlating particle images (captured at 30 Hz) in the following
way: image 1 and image 2, image 2 and image 3, etc.... The sampling frequency for the velocity
and vorticity fields was thus 30 (in non-dimensional units).

Note that in the velocity field, some spurious velocity vectors are present. These vectors are the
result of poor correlations in the thin regions of shade cast by the cylinder (upstream) or in the
regions of laser reflections (on the port and starboard sides of the cylinder). The wake seems to be
free of these kind of vectors.

As for the vorticity field, it is just the result of numerical differentiation of the velocity field. We
will, therefore, not discuss the resolution of the vorticity field, since it is a derived, not a measured,

quantity. This point will become clearer as we we apply the force formulations.

7.2 Force evaluation

As mentioned in the previous Chapter, only the two-dimensional version of the equations (with N’ =
2) has been used. When comparing the equations with each other, we will raise the problems involved

by using the two-dimensional version instead of the three-dimensional version of the equations.

7.2.1 Forward time differencing scheme

As a first step, we applied the force formulations like they were written for the numerical code, i.e. ,
with simple forward time differencing. This procedure was later improved with a central differencing
scheme, as we shall see in a later section.

For the analysis given in this and subsequent sections, we chose Equation “mom1” from the
compendium in the previous Chapter. It is one of the “momentum” equations with the Kutta-
Zhukovsky term as a volume integral. We will later see how the different equations fare with respect

to each other.
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Choosing a time step 6t equal to the sampling period, 6 ~ 0.033 s, we performed the computa-
tions with the velocity fields given at time ¢ and time ¢ + 6t and the vorticity fields given at time ?,
for the full range of motion 0 < ¢ < 100. The results for the lift coefficient are shown in Figure 7.4.
Obviously, the signal is very noisy. A RMS lift coefficient of 0.2 is expected at Re ~ 100, whereas
we seemed to obtain values larger by two orders of magnitudes.

We then decided to look at the power spectral density (PSD) of the signal in order to locate
the source of noise. The PSD is shown in Figure 7.5 on a semi-log scale for which the frequency
axis extends up to the Nyquist frequency at 15 (or about 1.2 in log coordinates). The PSD was
computed for the time interval 50 < ¢ < 100 where presumably the cylinder had reached a steady
shedding state.

The figure reveals some interesting features. First, the shedding frequency is very well apparent
at a normalized frequency around 10797505 ~ (.18 4 0.02. This frequency is a bit higher than
what it should be (0.165 from numerical computations), but it is also very coarse since there are
only ten shedding cycles in the signal. We will later improve on this value by counting zero-value
Crossings.

Also, most of the power in the noise seems to arise at much higher frequencies, around and
above the Nyquist frequency. We, therefore, decided to apply a lowpass filter to remove the high
frequency components (the filter is described in the previous Chapter). With a cutoff frequency
at 1, the resulting filtered signal is shown in Figure 7.6 with a PSD as given in Figure 7.7. The
periodic lift coefficient signal associated with vortex shedding is now strongly apparent. The RMS
for 50 < ¢ < 100 has been evaluated to be about 0.28. From the PSD, it may be noticed that the
filtering process has only slightly reduced the power of the shedding peak.

Further filtering at a cutoff frequency of 0.3 yields the lift signal as given in Figure 7.8 with a
PSD as given in Figure 7.9. The shedding peak has been reduced further by the filtering process,
and the RMS value at 0.23 should probably not be trusted. However, this signal will be used for

comparison with other time differencing schemes.

7.2.2 Forward time differencing scheme with large time step

In the previous paragraph, the time step for time differencing was taken as the sampling period
of 6t = 6tmin ~ 0.033. In this paragraph, we examine the effect of this time step on the results.
Figure 7.10 and Figure 7.11 show the unfiltered lift coefficient for &t = 56tyi, and 6t = 10 6t.n
respectively. The noise level is remarkably reduced with an increasing time step.

However, a major drawback of the increase in time step is the alteration of the (filtered) lift
signal: as the time step is increased, the amplitude of the signal increases, as shown in Figure 7.12
and Figure 7.13. We attributed this effect to the forward time differencing scheme, and we, therefore,

decided to turn to a central differencing scheme, which will be the topic of the following paragraph.
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7.2.3 Central time differencing scheme

As in the previous paragraphs, the “momentum” equation “moml” was used to test the central
differencing scheme. With a time step equal to the sampling period, i.e. , 6t = &tny,, the lift
coefficient was computed, and the unfiltered result is shown in Figure 7.14, which seems to be less
noisy than the equivalent signal obtained from forward time differencing (Figure 7.4). A look at the
PSD in Figure 7.15 definitely reveals the reduction in noise around the Nyquist frequency. Applying
a filter with a cutoff frequency of .3 yields the signal shown in Figure 7.16, where we have included
the similar filtered signal obtained with forward differencing. The RMS of the signal for the time
interval 50 < t < 100 is around 0.27, which is higher than the value of 0.23 obtained with forward

time differencing.

7.2.4 Central time differencing with large time step

As for the forward time differencing scheme, we investigated the effect of time step on the convergence
of the scheme. Figure 7.17 and Figure 7.18 show the unfiltered result for 6t = 56tm;, and 6t =
10 6tmin respectively. For the latter case, the periodic signal associated with shedding is indeed
apparent. ‘

After filtering at a cutoff frequency of 0.3, we sce that a large time step scheme does not affect
the signal amplitude, as exemplified in Figure 7.19. This is in contrast with the forward differencing
scheme for which the amplitude of the signal increased dramatically by increasing the time step.
From a single-time step scheme to a ten-time step scheme, the RMS is only slightly reduced (from
0.27 to 0.26).

In summary, we felt that the central time differencing scheme was a better alternative to the

forward time differencing scheme.

7.2.5 Temporal differentiation and spatial integration

Thus far, we have only investigated the time differentiation scheme. In the previous Chapter,
the equations were written with either time derivatives of integrals (equations “mom3”, “mom4”,
“flux3”, and “flux4”) or with integrals of time derivatives (equations “mom1”, “mom2”, “Aux1”,
and “flux2”). We have argued already that for differencing schemes, the two alternatives should be
identical within precision error. In Figure 7.20, we compare the results for the lift signal as obtained
from Equation “moml1” and Equation “mom2” which are different only in the order of the temporal
differentiation and the spatial integration. Obviously, the results are identical. The same procedure
has been tested on the pairs of equations, “mom3”-“mom4”, “Aux1”-“AQux?2”, and “fux3’-“flux4”,

which only differ in the order of the operators, and good agreement was obtained.
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7.2.6 Kutta-Zhukovsky term

The Kutta-Zhukovsky term can be evaluated as either a surface integral (involving only the velocity)

or a volume integral (involving the velocity and the vorticity) thanks to the following identity:

%ﬁ'('l‘ugl”uu)dsz/ u/\de—f ﬁ-(—1-u2l——uu)d,S. (7.2)
Js 2 v s 2

For a non-rotating, rigid body with a no-slip condition at the body surface, the body surface inte-

gration can be shown to vanish, and we are left with:

fﬁ-(lu%-uu)dsz/ uAwdV. (7.3)
s 2 Jv

Thus, some of the equations differ only by the Kutta-Zhukovsky force being a surface integration
or a volume integration, such as the pairs of equations “imp1”-“imp2”, “mom1”-“mom?2”, “mom3”-
“mom4”, “fux1”-“Aux2”, and “Hux3”-“fux4”.

A comparison was made of our original Equation “mom1” with its counterpart Equation “mom2”.
The result is shown in Figure 7.21. Again, the agreement between the two equations is remarkable,
even though it is not perfect.

Note that the identity is valid in two dimensions if the flow is two-dimensional and in three
dimensions if the flow is three-dimensional, but it cannot be valid on a two-dimensional plane (like
a DPIV image) if the flow is three-dimensional. If our nominally two-dimensional flow suffers from
some intrinsic three-dimensionality, then it cannot be said which version, the surface or the volume
integration, yields a better result.

The problems related to three-dimensionality will not be tackled in this monograph.

7.2.7 The “impulse”, “momentum”, and “flux” equations

Forces can be evaluated with three different versions of the equations, as presented in Chapter 3,

Chapter 4, and Chapter 5.

The “impulse” and “momentum” equation

The “impulse equation” requires an integration of the moment of vorticity x A w over the volume
of fluid surrounding the body. The use of such an equation may be objectionable on the ground
that the vorticity field cannot be resolved in the boundary layers next to the body. Note though
that only the time derivative of this integral is needed. Thus, steady boundary layers would not
contribute to the force. l

Nevertheless, the objection may be overruled by using an “improved” version of the equation,

the “momentum equation”, which requires only the integration of the velocity over the volume of
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fluid surrounding the body. One may argue that the velocity field being smoother may yield better
results.

However, this statement is not correct in the present experimental situation. The only measured
quantity is the velocity field. The vorticity field is a computed quantity. Since the “impulse” and
the “momentum” equation are related by a vector identity, they must yield the same answer (within
precision error) just because they are both based on the same original data - the velocity field. Note
that the argument holds if the flow were wholly three-dimensional because we are using the two-
dimensional version of the vector identity with a vector field based on a plane. The vector field on
the plane is completely arbitrary and is not even required to be divergence free!

This can be demonstrated by comparing the results of equation “impl” and “moml” in Fig-
ure 7.22 for the filtered (cutoff frequency of 1) lift coefficient. Obviously, the two signals are very
similar.

If an experiment were setup to generate vorticity and velocity independently, then the two equa-
tions would probably produce different answers, depending on the accuracy of the experimental
technique for measuring either fields.

The reader may be left perplexed by the numerical results shown in Chapter 4, which revealed
a difference between the results of the “impulse” and “momentum” equation. There, the derived
quantity was the velocity field which was computed from the original vorticity field based on the
particles, and not from the vorticity field placed on the grid. The vorticity field was only later placed
on a grid (by interpolation) for processing purposes. Thus, because of interpolation, the vorticity
field (on the grid) lacked the accuracy of the velocity field. If the forces had been computed from the

original vorticity field, the results would have been identical to the ones obtained with the velocity
field.
The “momentum” and “flux” equation

The “flux” equation is related to the other equations through a vector identity which holds only

when the velocity field is divergence free, i.e. :

V-u=0, (7.4)
or:
ou Ov  Ow
T H A T 7.5
Or + Oy + Oz 0, (7:5)

where u, v, and w are respectively the z-component, y-component, and z-component of the velocity
field. It may be thought that this condition should be trivially satisfied if the experiments are
conducted in water at low speeds, in which case the flow is almost truly incompressible.

However, it should be remembered that the two-dimensional version of the equations was used,
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for which the divergence-free condition takes the form:

Oou Ov
= —— = (. 7.6
Or 0Oy (7.6)
Even though Equation 7.5 is always satisfied under incompressible conditions, it is not so for Equa-
tion 7.6. The solenoidal nature of the velocity field may be respected in the whole three-dimensional
flow, and yet, the projection of the same velocity field onto a plane may not be divergence free! If
the flow is purely two-dimensional and if the plane of measurement (say the z-y plane) is coplanar

with the flow, then indeed the velocity field will be solenoidal on the plane of measurement, i.e. :

ou  Ov

Oxr Oy
since w = 0 from the experimental conditions. However, if there happens to be some intrinsic three-
dimensionality such that w # 0, or more precisely, dw/3z # 0, then on the plane of the measurement

we will still have:

ou Ov Ow
— = 7.
o Ty Tor Y (78)
but:
ou  Ov
Ll L. 7.9
o " o9 # (7.9)

Thus, if we use the two-dimensional version of the identity (which we must since DPIV is a two-
dimensional technique), it may not be satisfied because of intrinsic three-dimensionality in the flow.

This point is confirmed in Figure 7.23 where we have plotted the lift coefficient as obtained from
the “momentum” equation and the “flux” equation. There are indeed some slight differences between
the two signals, whereas the “impulse” equation yielded almost identical results as the “momentum”
equation. The difference is even more substantial in the drag signal, shown in Figure 7.24. In order
to locate the origin of the slight discrepancy, the divergence field was evaluated, and is shown in
Figure 7.25. We immediately see that the velocity field is non-solenoidal near the body. We do not
believe that the divergence arises because of actual intrinsic three-dimensionality. We think that
it is an artifact of the measurement, which was quite delicate especially near the body surface as
explained in Chapter 6. Also, since the regions near the body are regions of high strain, it may be
difficult experimentally to force a large quantity such as Ou/dz to cancel a similar large quantity of
opposite sign dv/dy.

The question that arises naturally is which of the formulae, the “momentum” (or equivalently,
the “impulse”) or the “flux” equation, gives the most reliable result!. The answer is as follows.

If the flow is actually three-dimensional, we do not believe that cither gives an accurate result.

1We obviously mean the two-dimensional versions of these equations. The three-dimensional versions are identically
equivalent if the three-dimensional velocity field is given.
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It is beyond the scope of the present monograph to include the effects of three-dimensionality, but
we do realize that it is a relevant consideration that ought to be studied in future work.

If the flow is two-dimensional, but the measurement generates spurious divergence in the velocity
field, then the “flux” equation will give the most accurate answer because it does not rely on any
(spurious) information contained within the control volume. The flux equation is thus strongly
preferred in situations where parallax or lensing effects (see Chapter 6) prevent the flow from being

resolved accurately near the body surface.

7.2.8 Domain size

Since the equations depend on an integration over a volume and/or a surface, it is natural to

investigate the effect of domain size or shape on the results.

Identical data with different domains of integration

In Figure 7.26, we show the three different domains that were considered. These domains are
obtained by cropping the original data set to some desired dimension. The “intermediate” domain
is thus only a subset of the “large” domain, and the “small” domain is a subset of the two larger
ones.

Figure 7.27 shows a comparison of the lift coefficient evaluated with the “large” and the “inter-
mediate” domain. The trend is very similar in both signals, but there exists a slight discrepancy of
the order of 0.1 for the peak values. The RMS value calculated for the “intermediate” domain is
around 0.20, which is very close to the value obtained from numerical computations. This value is
definitely smaller than the value for the “large” domain (about 0.28).

When comparing the “intermediate” domain to the “small” domain, a similar discrepancy is
present, as shown in Figure 7.28. Here, the RMS value for the lift coefficient evaluated with the
“small” domain is about 0.23, which is intermediary between the values obtained from the “large”
and the “intermediate” domain.

Before discussing these results, we will look at another case where the domain of integration was

chosen to be much larger.

Different data on a very large domain of integration

The field of view that was used in this study is shown in Figure 7.29. Note that since the cylinder was
off-axis with respect to the optical axis of the CCD camera, a small region (half cylinder diameter in
size) near the “leading edge” of the cylinder was obscured by the cylinder itself (“parallax” effect).
The computed vorticity thus seems to extend upstream of the cylinder. The “flux” equation which

is oblivious to the measurement inaccuracies within the volume will give us an estimate of the errors
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introduced by these parallax effects. Note also that the resolution is much lower than in the domains
studied thus far. We will now investigate the effects of a lower resolution and a bigger domain on
the evaluation of forces.

Figure 7.30 and Figure 7.31 show the unfiltered signal along with the power spectral density.
Note that compared to Figure 7.15, the power in the shedding signal as well as in the high frequency
noise seems to be higher in this very large domain. This high power is illustrated vividly in the next
figure which shows the filtered lift signal (Figure 7.32). The peak values for the lift coefficient are an
order of magnitude higher, 1.5 instead of 0.2 for the smaller domains! These large values are not due
to the spurious vorticity fields near the body, since the “Aux” equation vyields similar high signals.
The drag coefficient is also slightly altered in the mean (Figure 7.33). For times greater than 20, the
mean was evaluated at 2.0, which is higher than the value of 1.4 as obtained with smaller domains
(see Figure 7.24).

In Chapter 9, we will present a brief analysis of the discrepancies created by the domain size.

7.3 Discussion of physical results

7.3.1 Lift coefficient

The lift coefficient was evaluated with a central time differencing scheme, and the filtered signal
(cutoff frequency at 0.3) is shown in Figure 7.34, along with the period-based mean lift signal
(obtained with a filtering procedure with a cutoff frequency at 0.05) obtained form the “large”
domain.

As stated in the previous paragraphs, the RMS of the lift signal was around 0.27, which is slightly
larger than the value obtained from numerical computations® (around 0.21). We can attribute this
higher experimental value to several factors.

From a physical point of view, the background turbulence level is larger in the tow tank than
it is in numerical computations (where “background turbulence” arises only from truncation errors
in general). These turbulent structures occur on a large scale (several cylinder diameters) and thus
affect the wake as a whole. Instead of being rectilinear, the wake assumes an irregular, serpentine
shape which could raise the RMS lift signal.

The irregularity of the wake structure is strongly suggested by the wandering of the period-based
mean lift signal in Figure 7.34 which; instead of lying at zero, varies as a function of time. This
feature was also observed visually. The shedding of vortices did not seem to be spatially symmetric
from one half-period to the next: the cylinder would preferentially shed vortices towards one side,

and would then revert towards the other side after a few cycles. As we mentioned it before, we

2Henderson R., personal communication.
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believe that this phenomenon is a result of the large scale convection currents which were present in
the tank and which probably distorted the whole wake.

We think, however, that the discrepancy between the measured and computed value is purely
a result of experimental precision. We will see in Chapter 9, that the force formulations are very
sensitive to the position vector which introduces a “moment arm” effect and amplifies the error. We
already saw in this Chapter that the domain size does indeed affect the absolute measured values
(RMS lift coefficients of 0.27 and 0.20 for the “large” and “intermediate” domains respectively).
One may argue that since the flow is not purely two-dimensional, the information contained in
a given integration volume may not be preserved in a larger or smaller volume, thereby altering
the value of evaluated forces. Even though the latter argument may be satisfactory, it does not
completely explain why for the very large domain, the lift coefficient is an order of magnitude larger!
In Chapter 9, we will elucidate this mystery.

Returning to Figure 7.34, we can use the filtered signal to measure the shedding frequency from
a count of the zero-crossing points. This procedure yields an estimate of the shedding frequency at
0.16£0.01, which is in good agreement with published results3. This number lacks accuracy because
of the oblique shedding regime in our experiments, and precision because of the little number of

sampled shedding cycles.

7.3.2 Drag coefficient

The drag signal filtered with a cutoff frequency of 1 is shown in Figure 7.35. The signal reveals a low
drag portion for the time interval 0 < ¢ < 70, with Cp ~ 1.27, and a high drag portion for the time
interval 70 < ¢ < 100, with Cp ~ 1.48. This feature correlates well with the lift coefficient signal
which tends to reach maximuin amplitude only after about 50 diameters of travel. This phenomenon
is characteristic of low (small-scale) turbulence tanks in which the shedding pattern behind a bluff
body requires many diameters of travel to reach its final, periodic state.

Using a force balance, Lisoski? measured the drag on a flat plate towed in the same facility, and
his Figure 3.5 strongly resembles the drag curve obtained here for the cylinder. He also observed a
“drag plateau” before the inception of “steady-state” shedding.

The drag coefficient obtained in our experiments (Cp ~ 1.48 in the shedding regime) is, like the
RMS lift coefficient, higher than what it should be. Numerical computations® yield a value only
slightly above 1.3. We attribute our higher value to the wake structure being more irregular in our

experiments.

SHammache M. & Gharib M., An experimental study of the parallel and oblique vortex shedding from circular
cylinders, 232 (1991) 567-590.

4Lisoski, D. L. A., Nominally two-dimensional flow about a normal flat plate, Ph.D. Thesis, California Institute
of Technology, 1993.

5Henderson R. D., Details of the drag curve near the onset of vortex shedding, Physics of fluids (1995).
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Figure 7.35 also reveals an interesting peak at the start of the motion. Since the camera was
towed with the cylinder, it was not in an inertial frame during the accelerated part of the motion.
The forces obtained from the formulations should have been corrected for the acceleration of the
frame during this initial stage of motion. We decided not to worry with this correction (which can
be readily done) for the following reasons.

A ramp acceleration has two singularities, one at the start of the motion and one at the end of
the acceleration. At these two points, the time derivative of the velocity is discontinuous. Exper-
imentally, such discontinuities cannot be captured reliably. Since the acceleration signal is a hat
profile, it must be broadband and contain an infinite number of frequencies. Because our signal
had to be filtered, and because it was limited by the sampling frequency at 30, we believe that we
could not resolve the initial peak accurately. As a matter of fact, by varying the cutoff frequency
of the filtered signal, we did observe that the peak amplitude varied, as shown in Figure 7.36 and

Figure 7.37.
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Figure 7.4: Unfiltered lift coefficient vs. time, obtained with forward time differencing (time step
equal to sampling period).
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Figure 7.5: Power spectral density of lift coefficient, obtained with forward time differencing (time
step equal to sampling period). :
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Figure 7.6: Lift coefficient vs. time, obtained with forward time differencing (time step equal to
sampling period) and low-pass cutoff at a frequency of 1.
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Figure 7.7: Power spectral density of lift coefficient, obtained with forward time differencing (time
step equal to sampling period) and low-pass cutoff at a frequency of 1.
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Figure 7.8: Lift coefficient vs. time, obtained with forward time differencing (time step equal to
sampling period) and low-pass cutoff at a frequency of 0.3.
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Figure 7.9: Power spectral density of lift coefficient, obtained with forward time differencing (time
step equal to sampling period) and low-pass cutoff at a frequency of 0.3.
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Figure 7.10: Unfiltered lift coefficient vs. time, obtained with forward time differencing (time step
equal to § times sampling period).
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Figure 7.11: Unfiltered lift coefficient vs. time, obtained with forward time differencing (time step
equal to 10 times sampling period).
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Figure 7.12: Lift coefficient vs. time, obtained with forward time differencing (time step equal to 5
times sampling period) and low-pass cutoff at a frequency of 1.
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Figure 7.13: Lift coefficient vs. time, obtained with forward time differencing (time step equal to 10
times sampling period) and low-pass cutofl at a frequency of 1.
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Figure 7.14: Unfiltered lift coefficient vs. time, obtained with central time differencing (time step
equal to sampling period).
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Figure 7.15: Power spectral density of lift coefficient, obtained with central time differencing (time
step equal to sampling period).
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Figure 7.16: Lift coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3: ——,

central time differencing (time step equal to sampling period); - - -, forward time differencing (time
step equal to sampling period).
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Figure 7.17: Unfiltered lift coefficient vs. time, obtained with central time differencing (time step
equal to 5 times sampling period).
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Figure 7.18: Unfiltered lift coeflicient vs. time, obtained with central time differencing (time step
equal to 10 times sampling period).
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Figure 7.19: Lift coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3: , central

time differencing (time step equal to 10 times sampling period); - - -, central time differencing (time
step equal to sampling period).
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Figure 7.20: Lift coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3: —,
equation “mom3” (time derivative of spatial integral); - -, equation “moml” (spatial integral of
time derivative).
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Figure 7.21: Lift coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3: —
, equation “moml” (Kutta-Zhukovsky term as volume integral); - - -, equation “mom2” (Kutta-
Zhukovsky term as surface integral).
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Figure 7.22: Lift coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3: —,
“impulse equation”; - - -, “momentum equation”.
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Figure 7.23: Lift coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3: —,
“mormentum” equation; « - -, “Aux” equation.
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Figure 7.24: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3: ——,
“momentum” equation; - - -, “fux” equation.
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Figure 7.25: Time sequence of normalized velocity divergence fields for a circular cylinder at Re ~
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Figure 7.27: Lift coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3: ——
intermediate domain; - - -, large domain.
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Figure 7.28: Lift coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3:
domain; - - -, intermediate domain.

, small



112

t=30 t=33

35 35

3 3

25 25

2 2

15 15

1 1

05 05

0 0

-05 -05

-1 -1

-15 -15

-2 -2

=25 ~25.

-3 -3

B Al Wi s Lt Lt M Mt s L M e -35 R e e A L L

-4 -3 -2 -1 0 1 2 3 4 H -4 -1 0 1 2 3 4 5
t=31 t=34

35 35

3 3

25 25

2 2

15 15

1 1

05 05

0 0

-05 -05

-1 -1

~15 -15

-2 -2

25 -25

-3 -3

L Al L L i e -35 i E L KA AAAA AL e S

-4 -3 -2 -1 ] 1 2 3 4 ] -4 -1 0 1 2 3 4 5
t=32 t=35

35 35

3 3

25 25

2 2

15 15

1 1

05 05

0 1 0

i

05 / 05

-1 g -1

-15 < -15

-2 -2

-25 ~25

-3 -3

=35Frrrrrererprrerrrrrrereereeey rrrrrpreery v T T T ~35 rrreer reverprreey . . v v

Figure 7.29: Time sequence of vorticity fields for a circular cylinder at Re ~ 100 during one shedding
cycle for the very large domain (contours are incremented by 0.4; dashed lines represent negative

values, solid lines positive values).
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Figure 7.30: Unfiltered lift coeflicient vs. time for the very large domain.
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Figure 7.32: Lift coefficient vs. time for the very large domain, obtained with low-pass cutoff at a
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Figure 7.33: Drag coefficient vs. time for the very large domain, obtained with low-pass cutoff at a
frequency of 0.3.
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Figure 7.34: Lift coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3; also shown,
low frequency oscillation with low-pass cutoff at a frequency of 0.05.
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Figure 7.35: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 0.3.
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Figure 7.36: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 1.
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Chapter 8 Low Reynolds number experiments: unsteady

motions

In this Chapter, the force formulation will be applied to a circular cylinder performing a jerking
motion at Re ~ 100. For the reader’s convenience, most of the figures have been placed at the
end of the Chapter. Most of the analysis performed in the previous Chapter will be applied to the

present case as well.

8.1 Experimental results

8.1.1 Motion parameters

As explained in Chapter 6, the experiments were conducted in a tow tank. The motion imposed on
the cylinder is shown in Figure 8.1. The streamwise velocity is sinusoidal in time, reaching a peak
velocity U = 1 ecm/s. The period of oscillation was chosen such that it matched the natural shedding
period of steady cylinder flow at Re ~ 100, i.e. , T = 1/0.164 ~ 6.10 s.

The units were normalized as for the steady cylinder flow case (see Chapter 7). Thus, the jerking

frequency was 0.164.

8.1.2 Non-inertial frame

All of the results were acquired in a frame fixed with the cylinder. The frame was thus non-inertial.

The forces evaluated from the flowfields are, therefore, not the actual fluid-dynamic forces, and have

w/U

0 1 2
t/T

Figure 8.1: Carriage velocity profiles u/U vs. time t/T for a cylinder 1 em in diameter: sinusoidal
velocity profile of frequency 1/T = 0.164 Hz with minimum velocity U = 0 and peak velocity
U=1cm/s. ,
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to be corrected by adding a (time-dependent) term which describes the acceleration of the frame.
In the analysis portion of the section, the signals were left uncorrected, and the graphs were

labeled accordingly.

8.1.3 Flowfields

A 50-diameter time sequence of the flow was captured with DPIV (i.e., 0 < ¢ < 50). Figure 8.2 and
Figure 8.3 show a short time sequence of the velocity and vorticity fields obtained for approximately
one shedding cycle (6 time units) between times ¢ = 20 and ¢ = 25.

The fields were obtained by cross-correlating particle images (captured at 30 Hz) in the following
way: image 1 and image 2, image 2 and image 3, etc.... The sampling fequency for the velocity

and vorticity fields was thus 30 (in non-dimensional units).

8.2 Force evaluation

8.2.1 Forward time differencing scheme

As in the previous Chapter, we chose Equation “mom1” as a benchmark equation.

Choosing a time step 6t equal to the sampling period, 6t ~ 0.033 s, we performed the computa-
tions with the velocity fields given at time ¢ and time ¢ + §f and the vorticity fields given at time ¢,
for the full range of motion 0 < t < 50. The results for the drag coefficient are shown in Figure 8.4.
The signal is noisy, but still the periodic trend is easily noticeable contrary to the lift signal in the
steady motion case.

Applying a low-pass filter with a cutoff frequency at 1, we obtained the drag signal as shown in
Figure 8.5. Contrary to the steady motion case, not much effort is needed to extract a very “clean”
force signal. It is to be noted that the peak-to-peak amplitude is around 5 in this case, instead of

only 0.5 for the lift coefficient in the steady case.

8.2.2 Forward time differencing scheme with large time step

In the previous Chapter, it was noted that increasing the time step in a forward time differencing
scheme would alter the amplitude of the signal. Figure 8.6 shows the unfiltered drag coefficient
for a time step 6t = 10 6tmin in the present case. The noise level is remarkably reduced with an
increasing time step. Also, contrary to the steady motion case, the large time step scheme seems to
yield the same answer as the small time step scheme. This feature can be seen in the filtered signal

in Figure 8.7.
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8.2.3 Central time differencing scheme

With a time step equal to the sampling period, i.e. , §t = 8tyin, the drag coefficient was computed,
and the unfiltered result is shown in Figure 8.8, along with the power spectral density which reveals
noise mostly near the Nyquist frequency (Figure 8.9). Applying a filter with a cutoff frequency of 1
yields the signal shown in Figure 8.10, where we have included the similar filtered signal obtained

with forward differencing. The two signals are practically identical.

8.2.4 Central time differencing with large time step

As for the forward time differencing scheme, we investigated the effect of time step on the convergence
of the scheme. Figure 8.11 shows the unfiltered result for 6t = 106ty,,. After filtering at a cutoff
frequency of 1, the signals do not lose or gain amplitude, as exemplified in Figure 8.12.

In summary, for strong signals, the central time differencing scheme is very much equivalent to

the forward time differencing scheme.

8.2.5 The “impulse”, “momentum”, and “flux” equations

We saw in the previous Chapter that the “impulse” and “momentum” equation are practically
equivalent. Figure 8.13 reveals again the similitude for this flow case. As for the “flux” equation, it
is compared to the “momentum” equation in Figure 8.14. Again, a slight discrepancy arises between
the two equations, probably because of a spurious divergence field near the body surface as seen in

Figure 8.15.

8.2.6 Domain size

We used two different domain sizes in the analysis, as shown in Figure 8.16. In Figure 8.17, the drag
was computed with the “momentum” equation for both domains. The peak values seem to differ
by about 0.1, which incidentally is close to the discrepancy in lift amplitude obtained in the steady
case for similar domains. However, since the signal is very much stronger in the unsteady case, the
discrepancy is not as noticeable. The “flux” equation shows a similar discrepancy (Figure 8.18).

We also tried a different smaller domain by squeezing the lateral boundaries instead of the
downstream boundary, as shown in Figure 8.19. The results again seem to be almost unaffected by
the change in domain size, as exemplified in Figure 8.20. The discrepancy is again of the order of
0.1.

The reader is referred to Chapter 9 for a dicussion of the influence of the domain size on the

accuracy of the results.
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8.3 Discussion of results

8.3.1 Repeatability

The experiment was repeated under the same conditions in order to check for the repeatability of
the experiment and/or the technique. The results are shown in Figure 8.21. The agreement between

the two drag signals is quite remarkable.

8.3.2 Lift coefficient

For perfect flow conditions, the lift signal should be identically zero throughout the motion. However,
because of asymmetries in the flow conditions, the vortices were observed not to shed symmetrically
on either side of the cylinder trajectory. Thus, from the start, we expected to measure a substantial
lift signal. Figure 8.22 shows such a signal obtained from the “momentum” and the “flux” equation.
Note that the two equations do not seem to yield the same result. From the analysis above, it is

probable that the “flux” equation yields a better estimate than the “momentum” equation does.
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Figure 8.2: Time sequence of velocity fields for a jerking circular cylinder at Re ~ 100 during one
shedding cycle.
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Figure 8.4: Unfiltered drag coefficient vs. time, obtained with forward time differencing (time step
equal to sampling period).
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Figure 8.5: Drag coefficient vs. time, obtained with forward time differencing (time step equal to
sampling period) and low-pass cutoff at a frequency of 1.
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Figure 8.6: Unfiltered drag coefficient vs. time, obtained with forward time differencing (time step
equal to 10 times sampling period).
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Figure 8.7: Drag coefficient, obtained with forward time differencing and low-pass cutoff at a fre-
quency of 1: =, time step equal to 10 times sampling period; - - -, time step equal to sampling
period.
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Figure 8.8: Unfiltered drag coefficient vs. time, obtained with central time differencing (time step
equal to sampling period).
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Figure 8.9: Power spectral density of drag coefficient, obtained with central time differencing (time
step equal to sampling period).
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Figure 8.10: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 1: —,
central time differencing (time step equal to sampling period); -« +, forward time differencing (time
step equal to sampling period).



127

Drag coefficient (uncor.)

-4 i 1 L : 1 t 1 ! 3
0 5 10 15 20 25 30 35 40 45 50

Non-dimensional time

Figure 8.11: Unfiltered drag coefficient vs. time, obtained with central time differencing (time step
equal to 10 times sampling period).
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Figure 8.12: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 1: , central
time differencing (time step equal to 10 times sampling period); « - -, central time differencing (time
step equal to sampling period).



128

N
T
1

—_
T
1

(e}
P
i

Drag coefficient (uncor.)

__3 i 13 H i I 1 1 1 i
0 5 10 15 20 25 30 35 40 45 50

Non-dimensional time

Figure 8.13: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 1. —,
“impulse equation”; - - -, “momentum equation”.
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Figure 8.14: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 1: ,
“momentum” equation; - - -, “flux” equation.
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Figure 8.17: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 1 and the
“momentum” equation: , small domain; - - -, large domain.
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Figure 8.18: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 1 and the
“flux” equation: , small domain; -« -, large domain.
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Figure 8.20: Drag coefficient vs. time, obtained with low-pass cutoff at a frequency of 1 and the
“momentum” equation: , small domain; - - -, large domain.
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Figure 8.21: Drag coefficient obtained from two different runs: ,run 1; - -« run 2.
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Chapter 9 Discussion and conclusions

In this work, no independent force measurement (with a force balance for instance) was performed,
and thus the precision of the method could not be determined. Nevertheless, the method was tested
for self-consistency by using different equations and modifying the domains of integrations. In this
Chapter, the discussion will thus bear only on self-consistency.

In the two previous chapters, we observed that the method was indeed self-consistent when the
force levels were high (as in the case of the cylinder in jerking motion). However, for small force
levels (around 0.2), we noticed some inconsistency when the domain size was varied.

From a theoretical point of view, as demonstrated by the formulations, time-dependent forces
on a body can be evaluated with measurements of the velocity field at arbitrarily large distances
from the body (using the “flux” equation). Looking at the flow some 100 diameters away from the
cylinder, an observer can theoretically affirm: “Haha, I know exactly the instantaneous force acting
right now on a body which I can’t even see since it lics so far away from me!” Philosophically, this
is a disturbing fact, and experimentally, we did see (in Chapter 7) that a very large domain does
not yield the right answer. Somehow, Nature seems to prevent the observer from performing such a
measurement with accuracy.

In Paragraph 9.1, we will show how errors, introduced from the velocity measurement technique,
actually amplify when the domain size increases.

In Paragraph 9.2, we will discover that it is indeed possible to trick Nature, and obtain a rea-
sonable force measurement, even in a very big domain.

Finally, in Paragraph 9.3, we will present some conclusive remarks and lay out the work that is
needed in the future to pin down the accuracy and precision of the method and to possibly develop

a time-dependent wake-survey technique.

9.1 The “moment arm” dilemma

All equations contain the position vector x which enters predominantly as a factor in a velocity time
derivative (for surface integrals) or a vorticity time derivative (for volume integrals). For the “fux”
equation, the time dependence of the force roughly depends on the surface integral of terms of the

form:
bu

L= 9.1
X = (9.1)
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where u is the velocity and x the position vector, which had the cylinder center as origin in our
experiments. We will assume that the time derivative can be evaluated with infinite precision.
We saw in our experiments that the noise in the time derivative actually occurred at much higher
frequencies that the actual flow frequency (shedding frequency) if the sampling time was small
enough. With a filtering process, the noise could then be effectively removed.

With proper normalization, the term can be put in the following non-dimensional form:

xr

U

where d is the cylinder diameter, U, the flow velocity, and St, the Strouhal frequency which takes
the role of the time derivative.
In a two-dimensional wake, the z-component of the velocity field at large distances from the

body assumes a self-similar profile given by!:

@ - @ 03

where u is the velocity defect in the wake, U is the external flow velocity, 2 is a coordinate along
the flow direction (roughly equal to the downstream distance from the cylinder), y is the coordinate
normal to the flow direction with origin at the wake centerline, d is the cylinder characteristic

dimension, and b is the wake width. The term,

- @' o4

has always a value between 0 and 1 from the definition of the wake width, and thus does not affect

the order of magnitude variation of the velocity defect with downstream distance:

x| - . 9.5
i ~ (9.5)
We will assume that the fluctuating components of the velocity scale in a similar way. If we now
take the moment of the time derivative of the velocity, we obtain the following z-dependence:

T u T3

Zx Stz o (2)7, 9.6

d U d (9.6)
where we have omitted the Strouhal number since it is of order unity. A surface integration of this
term across the wake (i.e. , along y) does not change its z-dependence. We arrive at the (annoying)
result that as « increases, i.e. , as the domain of integration increases, this term increases as the

square root of the distance. Obviously, this term cannot be the only one in the equation, otherwise

1Schlichting H., Boundary-layer theory, §XXXIV-c-3, McGraw-Hill, 1979.
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it would lead to an infinite force if the domain were infinite. There must be (and there are!) other
terms in the “flux” equation (the reader is invited to browse through Chapter 5 to remind himself of
the form of the “flux” equation) with the same = dependence which ought to cancel these infinities.
In practical situation as in experimental work, it is always delicate to force two very large terms to
cancel!

We believe that this (un)balance between large terms may be responsible for the much larger
force amplitudes in larger domains. In smaller domains, the effect may not be as pronounced, but
it may arise (and it did!), especially if the force levels are very low (as in the case of a cylinder in
steady motion).

One may think that this problem arises only in two-dimensional flows. This is inexact. For a
turbulent circular wake, the z dependence of the velocity along the centerline scales as 2~%/3, and

therefore, the moment grows also as '/, which also diverges for large .

9.2 A solution to the “moment arm” dilemma

A possible solution to the “moment arm” problem was suggested by Anthony Leonard? to whom I
am strongly indebted.

Since all the information about the fluid-dynamic force on the body seems to lie in the wake,
it would be interesting to evaluate the force by taking the origin of coordinates where the wake
crosses the domain of integration. If, indeed, the only relevant information is in the wake, then this
procedure should decrease the moment arm expecially for the “flux” equation.

However, this procedure may not be intuitively right for the “impulse” equation which requires
a “moment arm” throughout the volume. If the origin of coordinates is downstream in the wake,
the moment arm of the vorticity near the body may become very large!

This idea was nonetheless tested on the circular cylinder flow for the very large domain, as
investigated in Chapter 7. There, we evaluated lift forces which seemed to be an order of magnitude
larger than what they ought to be (see Figure 7.32). We do understand now why this was so.

The graphs were rescaled such as to place the origin of coordinates near the downstream edge
of the integration box, as shown in Figure 9.1. The lift coefficient evaluated with this rescaling is
shown in Figure 9.2 and Figure 9.3. We, therefore, see that a simple rescaling sufficed to lower the
force levels down to reasonable values. Note that the “impulse” and “momentum” equation again
yield identical answers, whereas the “flux” equation seems to behave very differently. Nevertheless,
the signal amplitudes are very similar (RMS lift of 0.36 for the “fux” equation, and 0.25 for the
other two equations).

We decided to perform a similar rescaling to the smaller domains.

2Personal communication.
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For the jerking cylinder, the results remained unaffected when the origin of coordinates was
placed on the downstream edge (see Figure 9.4 and Figure 9.5). It can be argued that such a
displacement of the origin along the stream direction should not affect the drag value since the
moment enters as x A w. If the moment arm has an effect at all, it should appear with the origin
displaced normally to the stream direction. In Figure 9.7, the drag was computed with the origin of
coordinates placed on the bottom edge (see Figure 9.6), and here a slight discrepancy of order 0.1
did appear.

For the cylinder in steady motion with the grid placed on the downstream edge, the agreement
was far from being perfect (see Figure 9.8 and Figure 9.9). The RMS lift coefficient value was
preserved, but the mean profile was strongly altered. Again, the results were tested to be only
slightly dependent on the equation used as shown in Figure 9.10. Intuitively, we expect the results
to be more reliable with the origin placed on the dowmstream edge of the domain (where the wake
crosses the domain) because the moments x - fu/8t are then minimized (at least for the “Aux”
equation).

A more rigorous justification for the rescaling is as follows. In the “impulse” equation, the only
two moments are X Aw over the volume and fi-u(x Aw) on the surface. By placing the origin on the
downstream edge, the second moment does not contribute to the lift coefficient anymore, and only
the first moment remains. This procedure thus eliminates a possible conflict between large numbers.

It was noticed by Dave Jeon® that for a cylinder oscillating transversely to a cross-flow, the
integral of the two moments x A w and i - u(x A w) are indeed in mutual conflict, both being wvery
large and opposite. A simple shift of origin would probably eradicate the problem.

We decided to apply this idea to the case of the cylinder in steady motion, with the grid origin
placed on the downstream edge of three domain sizes (see Figure 9.11). The agreement between
the lift coefficient obtained with the different domains was reasonable (within an error of 0.2) as
suggested by Figure 9.12 and Figure 9.13. From the arguments presented above, it is probable that
a shift in grid origin improves the accuracy of the results, but not the precision. As a last remark,

it should be noted that as the domain size got smaller, so did the amplitude of the lift signal.

9.3 Future work

In our experiments, fluid-dynamic forces were estimated by observing the flow in an arbitrary and
finite domain surrounding the body. A very succinct parametric study was performed to confirm

the viability of the method. It yielded satisfactory results, which can be summarized as follows.

1. For the cylinder in forced motion, the results were consistently repeatable for every procedure

that was undertaken. Thus, it seems that the method is very effective in the case of bodies in

3Personal communication.
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unsteady motion for which the vortex shedding pattern is very well accentuated and the force

signals are very high.

Since only self-consistency was checked in these experiments, the experiments should be re-
peated with a force balance in order to produce independent measurements and thus determine

the precision of the method.

. For the case of a body in steady motion (natural shedding) at low Reynolds number, the RMS
values compared reasonably well with those from numerical computations. However, it was
not possible to obtain self-consistent results with a change in domain size. The moment arm

of the velocity field measurement error seemed to have a large effect on these low level signals.

Also, the “Yortex shedding” process at these low Reynolds numbers may not be pronounced
enough to deduce forces from it. It is true that vortices appear distinctively in the cylin-
der wake. However, the shedding process per se close to the base of the cylinder is a very
“sluggish” phenomenon with very elongated vorticity fields instead of well defined vortex cores
(see Figure 7.3 for example). The determination of forces from these poorly defined vortex

structures may thus not be a simple task.

Nonetheless, we believe that the experimental procedure can be strongly improved by in-
creasing the particle seeding and using smaller DPIV processing windows (16-pixel x 16-pixel
window). Also, a spatial central differencing procedure (instead of plain simple differencing

algorithm) should improve the results.

3. The effects of flow three-dimensionality were not treated in this work. It is known that intrinsic

three-dimensionality does lower force coeflicients as compared to force coefficients obtained

from two-dimensional computations.

In the equations, we did not only set the space dimension A equal to 2, but we also assumed
the vorticity field to be normal to the plane of measurement. By doing so, we arbitrarily
removed terms in the equations which may have a strong effect when three-dimensionality is

present.

Since the essence of this work was aimed towards flows about bodies in unsteady motion, we
reasoned that such flows are very close to being two-dimensional and that the present method

should apply satisfactorily to them.

Nevertheless, the effects of three-dimensionality should certainly be considered seriously in

future work.



140

t=30

Figure 9.1: Velocity field and vorticity field for a circular cylinder at Re ~ 100, with the grid origin
placed on the downstream surface of the control volume.
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Figure 9.2: Lift coefficient vs. time, obtained with lowpass cutoff at a frequency of 0.3: —,
“impulse” equation; - - -, “momentum” equation.
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Figure 9.3: Lift coefficient vs. time, obtained with lowpass cutoff at a frequency of 0.3: —,
“momentum” equation; -+ -, “flux” equation.
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1 t=20

Figure 9.4: Velocity field for a jerking circular cylinder at Re ~ 100, with the grid origin placed on
the downstream edge of the control volume.
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Figure 9.5: Drag coefficient vs. time for the jerking cylinder, obtained with lowpass cutoff at a
frequency of 1.0 and the “momentum” equation: , origin at the downstream edge; - - -, origin
at the cylinder center.
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Figure 9.6: Velocity field for a jerking circular cylinder at Re ~ 100, with the grid origin placed on
the bottom edge of the control volume.
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Figure 9.7: Drag coefficient vs. time for the jerking cylinder, obtained with lowpass cutoff at a
frequency of 1.0 and the “momentum” equation: , origin at the bottom edge; - - -, origin at the
cylinder center.
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Figure 9.8: Velocity field for a circular cylinder in steady motion at Re ~ 100, with the grid origin
placed on the downstream edge of the control volume.
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Figure 9.9: Lift coefficient vs. time for the cylinder in steady motion (Re ~ 100), obtained with
lowpass cutoff at a frequency of 0.3 and the “momentum” equation: , origin at the downstream
edge; - - -, origin at the cylinder center.
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Figure 9.10: Lift coefficient vs. time for the cylinder in steady motion (Re ~ 100), obtained with
lowpass cutoff at a frequency of 0.3 and the grid origin on the downstream edge: , “momentum”
equation; - - -, “fAux” equation.
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Figure 9.11: Domain sizes used for integration with grid origin on the downstream edge, from top
to bottom: large domain, intermediate domain, small domain (circular cylinder in steady motion at
Re ~ 100).



147

0.5f .

Lift coefficient
)
3]
T
—
— >

| I
U IV

-15 L 1 1 — 1 1 I ! L
0 10 20 30 40 50 60 70 80 90 100
Non-dimensional time

Figure 9.12: Lift coefficient vs. time, obtained with lowpass cutoff at a frequency of 0.3 and the
“momentum” equation: , intermediate domain; - - -, large domain.
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Figure 9.13: Lift coefficient vs. time, obtained with lowpass cutoff at a frequency of 0.3 and the
“momentum” equation: , small domain; - - -, intermediate domain.
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Appendix A Vector and tensor identities

A.1 Operations with vectors

a-bza,;bi

[a A b], = e,;jkajbk

V-.a= B%:(z,
[V Aal; = e,;jkb—i—jak
[Va]izgi—ia
aAb=-bAa

a-(bAc)=b-(cAa)
aA(bAc)=(a-c)b~—(a-b)c

(aAb)-(cAd)=(a-c)(b-d)—(a-d)(b-c)

V. -(oa)=Va-a+aV-a
V. (VAa)=0
VA(Va)=0

V A(aa) = (Va)Aa+aV Aa

VA(VAa)=V(V-a)-V- -Va

V(a-b)=a-(Vb)+b-(Va)+aA(VADb)+bA(VAa)

V(a-b)=a(V-b)+b(V-a)+(aAV)Ab+(bAV)Aa

V(a-b)=(Va)-b+ (Vb)-a

(A.10)
(A.11)
(A.12)
(A.13)

(A.14)

(A.15)
(A.16)

(A.17)
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V-(aAb)=(VAa)-b—a-(VADb)
VA(aAb)=a(V -b)-b(V-a)+b-(Va)—a-(Vb)

VA(aAb)=aA(VADb)—(aAV)Ab—-bA(VAa) +(bAV)Aa

aN(VAb)—(aAV)Ab=a(V-b)—a-(Vb)
V(a-a)=2aA(VAa)+2a-(Va)
V(a-a)=2(Va)-a

(Va)-a=a-(Va)+aA(VAa)

A.2 Operations with tensors

[A-a); = Ajja,
[a-Al; =a;A;
A% = A
(A :B];; = A;;Bi;

[A . B]U = A,jkBkj

d
0
[VAAL; = eilm’(EAmj
1
[dualA]l = §6ijkAjk
TrA = An

1
DetA = EéijkqurAiijqur

(A-B)T =BT .AT
A-a=a- AT

A-B-a=A-(B-a)j=(A-B)-a

(A.18)
(A.19)

(A.20)

(A.21)
(A.22)
(A.23)

(A.24)

(A.25)
(A.26)
(A.27)
(A.28)
(A.29)

(A.30)
(A.31)
(A.32)
(A.33)

(A.34)

(A.35)
(A.36)

(A.37)
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(A-a)-B#£A-(a-B)

V. (aA)=Va-A+aV-A
VA (eA) = (Va)AA+aV AA
V. (A-a)=(V-A)-a+A:(Va)

V. (a-A)=Tr(Va-A)+a-V-AT
VA(A-a)=(VAA)-a—2dual[A-(Va)T)
V- (VAA) =0
V- (VAA)T =vAV. (AT

VA(VAA) =V(V-A) -V VA

Tr(A-B)=Tr(B-A)

dual AT = —dual A
1 T
V/\dualA:EV-(A —-A)
1
dual VAA = -2-(V-AT—VTrA)
1
Vo dualA = TrVAA
1 T
dual A - dual B = ~A: (B - BY)

dual A - dual B = i(A -AT):B

(A.38)

(A.39)
(A.40)
(A.41)
(A.42)
(A.43)
(A.44)
(A.45)

(A.46)

(A.47)
(A.48)

(A.49)

(A.50)

(A.51)

(A.52)
(A.53)
(A.54)
(A.55)

(A.56)
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A.3 Operations with anti-symmetric tensors W

Wm‘ = -—Wji (A57)
TTW =0 (A.58)
W.a=—(dualW)Aa (A.59)
a-W = —aA (dual W) (A.60)
V- -W = -V A (dual W) (A.61)
V- W =V A (dual W) (A.62)
dual V AW = —%V-W (A.63)
W: Va = (dualW)-V Aa (A.64)

W, = dual “1a
(A.65)

[Wa}ij = €ijkQk
aAb=-W, b (A.66)
aAb=-a W, (A.67)
VAa=-V-W, (A.68)
VAaa=V.-WT (A.69)
a-VAb=W,:Vb (A.70)
aAA=-W, A (A.71)
Aha=—A-W, (A.72)
a-(bAA)=(aAb)-A (A.73)
(ANa)-b=A-(aAb) (A.74)
(aAA)-b=aA(A-b) (A.75)

a-(AAb)=(a-A)ADb (A.76)
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aA(AAD)=(aAA)AD
VAAANa)=A(V -a)+(a-V)A—(V-Al)a—(A-V)a

A.4 Operations with symmetric tensors S
Sij = qu
dual§ =0

TTVAS=90

A.5 Operations with dyadics

[abli; = a;b;

(ab) - (ed) = a(b - c)d
(ab)Aec=a(bAc)
aA (be) = (aAb)c

(ab) A (ed) = a(bAc)d
cA(aAb)=c- (ba—ab)

cA{aAb)=(ab—ba) c

dual (ab) = —21—a/\b
dual(ab +ba) =0

dual(ab ~ba)=aAb
W, - W, =ba— (a-b)l

0
[Va);; = e

a-(Vb)=(a-V)b

aj

(A.77)

(A.78)

(A.79)
(A.80)

(A.81)

(A.82)

(A.83)
(A.84)
(A.85)
(A.86)
(A.87)

(A.88)

(A.89)
(A.90)

(A.91)

(A.92)

(A.93)

(A.94)
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V(ca) = (Va)la+ aVa

V- (Va)l =Vv(V.a)
VA(Va)=0

VA(Va)l = (Vv aa)T

V(aAb)=(Va)Ab—(Vb)Aa
V- (ab) = (V a)b+(a- V)b
V A(ab) = (V Aa)b—(aA V)b
(Va)T —Va]-b=(VAa)Ab

VA(aAb)=V-(ba-—ab)

A.6 Operations with the unit tensor |
lra=a-l=a
INa=aAl=-W,
aAb=(Ina)-b

(Ihna)? =aa—1

(Ina)® = —IAa
(Iha)* =1—aa
(1na)> =1Aa

(aAb)Al=Dba—ab
aAb=(1Aa)-b
aAb=a-(IAD)

I-A=A-1=A

[:Va=V - a

(A.96)
(A.97)

(A.98)

(A.99)
(A.100)
(A.101)
(A.102)

(A.103)

(A.104)
(A.105)
(A.106)
(A.107)
(A.108)
(A.109)
(A.110)
(A.111)
(A.112)
(A.113)
(A.114)

(A.115)
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A.7 Operations with vectors, dyadics, and tensors that use

the position vector

A.7.1 Operations with one position vector

V-x=N
VAx=10
Vx =1

V. (ax)=x-Va+Na

Viax) = (Va)x + ol

(A.116)
(A.117)
(A.118)
(A.119)

(A.120)

A.7.2 Operations with one arbitrary vector and one position vector

V- (xAa)=-x-(VAa)
V- -(aAnx)=x-(V Aa)

V A (ax) = (Va) Ax
VA(xAa)=x(V-a)— (N ~1a—-(x Va
V(x-a)=(x-V)a+a+xA(VAa)
V(x-a)=a+(Va)-x
(Va) - x= (x-V)a+xA(VAa)
(aAV)Ax=-2a
V(x-a)=(xAV)Aa+xV-a+ (N —2)a
VA(anx)=2a-xA(VAa)+(xAV)Aa
Vixna)=Ilrna— (Va)Ax
V. (ax) = (V-a)x+a
V- (xa) =Na+ (x-V)a
V- (xa—ax)=VA(aAx)

V- -(xa+ax)=2a+2(V-a)x+VA(aAx)

(A.121)
(A.122)
(A.123)
(A.124)
(A.125)
(A.126)
(A.127)
(A.128)
(A.129)
(A.130)
(A.131)
(A.132)
(A.133)
(A.134)

(A.135)
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xA(VAa)=N-1a+V(x-a)— V- (xa) (A.136)
xAN(VAa)=(N-2)a+V(x-a)—VA(aAx)— (V- -a)x (A.137)

VAKA(VAQ)]=~N-1)VAa—(x-V)VAa (A.138)

A.7.3 Operations with two arbitrary vectors and one position vector

V-[(aAb)x]=[(x-V)a]Ab+aA[(x-V)b]+NaAb (A.139)
V-[(aAb)x]=[(VAa)-b—a-(VAb)x+aAb (A.140)
(a-V)(xAb)=aAb+xA(a-V)b (A.141)

A.7.4 Operations with one arbitrary vector and two position vectors

V. (xx) = (N + 1)x (A.142)
x-[V(xAa)=xAa+xA(x-Va) (A.143)

V- [x(xAa)=(N+1)(xAa)+xA(x Va) (A.144)

V. [(xAa)x] = (xAa)— (x  V Aa)x (A.145)

XAV A(xAa)]=-(N—-1xAa—xA(x-Va) (A.146)
x/\{V/\(x/\a)]=(N~1)an—V-{x(xA;)] (A.147)
XA[VA(xAa))=2xANa—V-[x(xAa) (A.148)
VA[xAa)Ax]=NxAa+(x-VAa)x+xA(x-Va) (A.149)
VA[(xx)-a]=(x-Va)Ax+aAx—xA[xA(VAa) (A.150)

A.7.5 Operations with tensors and one position vector
V- -(8AX)=-xA(V-8§) (A.151)
V- WAX)=-2w+xA(VAW) (A.152)

V- -(xAA)=—-x-(VAA) (A.153)
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